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Martin Bilodeau, Aurélien Guetsop Nangue

18(75):1–34 Recovering PCA and Sparse PCA via Hybrid-(l1,l2) Sparse Sam-
pling of Data Elements
Abhisek Kundu, Petros Drineas, Malik Magdon-Ismail

18(76):1–61 Quantifying the Informativeness of Similarity Measurements
Austin J. Brockmeier, Tingting Mu, Sophia Ananiadou, John Y. Gouler-
mas

18(77):1–36 Time for a Change: a Tutorial for Comparing Multiple Classi-
fiers Through Bayesian Analysis
Alessio Benavoli, Giorgio Corani, Janez Demšar, Marco Zaffalon

18(78):1–44 Relational Reinforcement Learning for Planning with Exoge-
nous Effects
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Guillaume Lecué, Shahar Mendelson

18(147):1–25 Matrix Completion with Noisy Entries and Outliers
Raymond K. W. Wong, Thomas C. M. Lee

18(148):1–29 Faithfulness of Probability Distributions and Graphs
Kayvan Sadeghi

18(149):1–49 Community Extraction in Multilayer Networks with Heteroge-
neous Community Structure
James D. Wilson, John Palowitch, Shankar Bhamidi, Andrew B. No-
bel





Jo
ur

na
lo

fM
ac

hi
ne

L
ea

rn
in

g
R

es
ea

rc
h

18
(2

01
7)

1-
29

Su
bm

itt
ed

6/
14

;R
ev

is
ed

10
/1

6;
Pu

bl
is

he
d

1/
17

Av
er

ag
ed

C
ol

la
ps

ed
Va

ri
at

io
na

lB
ay

es
In

fe
re

nc
e

K
at

su
hi

ko
Is

hi
gu

ro
k

.is
h
ig
u
r
o
.jp

@
ie
e
e
.o
r
g

N
TT

C
om

m
un

ic
at

io
n

Sc
ie

nc
e

La
bo

ra
to

ri
es

N
TT

C
or

po
ra

tio
n

K
yo

to
61

9-
02

37
,J

ap
an

Is
se

iS
at

o
sa
to

@
k

.u
-t
o
k
y
o
.a
c
.jp

G
ra

du
at

e
Sc

ho
ol

of
Fr

on
tie

r
Sc

ie
nc

es
Th

e
U

ni
ve

rs
ity

of
To

ky
o

To
ky

o
11

3-
00

33
,J

ap
an

N
ao

no
ri

U
ed

a
u
e
d
a
.n
a
o
n
o
r
i@
la
b
.n
t
t.
c
o
.jp

N
TT

C
om

m
un

ic
at

io
n

Sc
ie

nc
e

La
bo

ra
to

ri
es

N
TT

C
or

po
ra

tio
n

K
yo

to
61

9-
02

37
,J

ap
an

E
di

to
r:

D
av

id
B

le
i

A
bs

tr
ac

t
T

hi
s

pa
pe

r
pr

es
en

ts
th

e
A

ve
ra

ge
d

C
V

B
(A

C
V

B
)

in
fe

re
nc

e
an

d
off

er
s

co
nv

er
ge

nc
e-

gu
ar

an
te

ed
an

d
pr

ac
tic

al
ly

us
ef

ul
fa

st
C

ol
la

ps
ed

V
ar

ia
tio

na
lB

ay
es

(C
V

B
)

in
fe

re
nc

es
.

C
V

B
in

fe
re

nc
es

yi
el

d
m

or
e

pr
ec

is
e

in
fe

re
nc

es
of

B
ay

es
ia

n
pr

ob
ab

ili
st

ic
m

od
el

s
th

an
V

ar
ia

tio
na

lB
ay

es
(V

B
)i

nf
er

en
ce

s.
H

ow
-

ev
er

,t
he

ir
co

nv
er

ge
nc

e
as

pe
ct

is
fa

ir
ly

un
kn

ow
n

an
d

ha
s

no
tb

ee
n

sc
ru

tin
iz

ed
.T

o
m

ak
e

C
V

B
m

or
e

us
ef

ul
,w

e
st

ud
y

th
ei

r
co

nv
er

ge
nc

e
be

ha
vi

or
s

in
a

em
pi

ri
ca

la
nd

pr
ac

tic
al

ap
pr

oa
ch

.
W

e
de

ve
lo

p
a

co
nv

er
ge

nc
e-

gu
ar

an
te

ed
al

go
ri

th
m

fo
r

an
y

C
V

B
-b

as
ed

in
fe

re
nc

e
ca

lle
d

A
C

V
B

,
w

hi
ch

en
ab

le
s

au
to

m
at

ic
co

nv
er

ge
nc

e
de

te
ct

io
n

an
d

fr
ee

s
no

n-
ex

pe
rt

pr
ac

tit
io

ne
rs

fr
om

th
e

di
ffi

cu
lt

an
d

co
st

ly
m

an
ua

l
m

on
ito

ri
ng

of
in

fe
re

nc
e

pr
oc

es
se

s.
In

ex
pe

ri
m

en
ts

,A
C

V
B

in
fe

re
nc

es
ar

e
co

m
pa

ra
bl

e
to

or
be

tte
r

th
an

th
os

e
of

ex
is

tin
g

in
fe

re
nc

e
m

et
ho

ds
an

d
de

te
rm

in
is

tic
,f

as
t,

an
d

pr
ov

id
e

ea
si

er
co

n-
ve

rg
en

ce
de

te
ct

io
n.

T
he

se
fe

at
ur

es
ar

e
es

pe
ci

al
ly

co
nv

en
ie

nt
fo

r
pr

ac
tit

io
ne

rs
w

ho
w

an
t

pr
ec

is
e

B
ay

es
ia

n
in

fe
re

nc
e

w
ith

as
su

re
d

co
nv

er
ge

nc
e.

K
ey

w
or

ds
:

no
np

ar
am

et
ri

c
B

ay
es

,c
ol

la
ps

ed
va

ri
at

io
na

lB
ay

es
in

fe
re

nc
e,

av
er

ag
ed

C
V

B

1.
In

tr
od

uc
tio

n

B
ay

es
ia

n
pr

ob
ab

ili
st

ic
m

od
el

s
ar

e
po

w
er

fu
lb

ec
au

se
th

ey
ar

e
ca

pa
bl

e
of

ex
pr

es
si

ng
co

m
pl

ex
st

ru
c-

tu
re

s
un

de
rl

yi
ng

da
ta

us
in

g
va

ri
ou

s
la

te
nt

va
ri

ab
le

s
by

fo
rm

ul
at

in
g

th
e

in
he

re
nt

un
ce

rt
ai

nt
y

of
th

e
da

ta
ge

ne
ra

tio
n

an
d

co
lle

ct
io

n
pr

oc
es

s
as

st
oc

ha
st

ic
pe

rt
ur

ba
tio

ns
.

To
fu

lly
ut

ili
ze

su
ch

B
ay

es
ia

n
pr

ob
ab

ili
st

ic
m

od
el

s,
w

e
re

ly
on

B
ay

es
ia

n
in

fe
re

nc
es

th
at

co
m

pu
te

th
e

po
st

er
io

rd
is

tr
ib

ut
io

ns
of

th
e

m
od

el
gi

ve
n

th
e

da
ta

.
B

ay
es

ia
n

in
fe

re
nc

es
in

fe
rt

he
sh

ap
es

of
th

e
po

st
er

io
rd

is
tr

ib
ut

io
n,

in
co

nt
ra

st
to

th
e

po
in

te
st

im
at

e
in

fe
re

nc
es

su
ch

as
M

ax
im

um
L

ik
el

ih
oo

d
(M

L
)i

nf
er

en
ce

sa
nd

M
ax

im
um

a
Po

s-
te

ri
or

(M
A

P)
in

fe
re

nc
e

th
at

ap
pr

ox
im

at
e

a
co

m
pl

ic
at

ed
pa

ra
m

et
er

di
st

ri
bu

tio
n

by
a

si
ng

le
pa

ra
m

et
er

(s
et

). Tw
o

B
ay

es
ia

n
in

fe
re

nc
e

al
go

ri
th

m
s

ar
e

fr
eq

ue
nt

ly
us

ed
fo

r
B

ay
es

ia
n

pr
ob

ab
ili

st
ic

m
od

el
s:

th
e

G
ib

bs
sa

m
pl

er
an

d
va

ri
at

io
na

l
B

ay
es

(c
f.

B
is

ho
p,

20
06

;
M

ur
ph

y,
20

12
).

T
he

fo
rm

er
gu

ar
an

te
es

as
ym

pt
ot

ic
co

nv
er

ge
nc

e
to

th
e

tr
ue

po
st

er
io

rs
of

ra
nd

om
va

ri
ab

le
s

gi
ve

n
in

fin
ite

ly
m

an
y

st
oc

ha
st

ic

c ©2
01

7
Is

hi
gu

ro
,S

at
o

an
d

U
ed

a.

L
ic

en
se

:C
C

-B
Y

4.
0,

se
e
h
t
t
p
s
:
/
/
c
r
e
a
t
i
v
e
c
o
m
m
o
n
s
.
o
r
g
/
l
i
c
e
n
s
e
s
/
b
y
/
4
.
0
/

.A
ttr

ib
ut

io
n

re
qu

ir
em

en
ts

ar
e

pr
ov

id
ed

at
h
t
t
p
:
/
/
j
m
l
r
.
o
r
g
/
p
a
p
e
r
s
/
v
1
8
/
1
4
-
2
4
9
.
h
t
m
l

.

JM
L

R
 1

8(
1)

:1
-2

9,
 2

01
7

Is
h
ig
u
r
o

,S
at
o
,a
n
d

U
e
d
a

sa
m

pl
es

.
V

ar
ia

tio
na

l
B

ay
es

(V
B

)
so

lu
tio

ns
(c

f.
A

tti
as

,2
00

0;
B

le
i

et
al

.,
20

16
)

of
te

n
en

jo
y

fa
st

er
co

nv
er

ge
nc

e
w

ith
de

te
rm

in
is

tic
ite

ra
tiv

e
co

m
pu

ta
tio

ns
an

d
m

as
si

ve
ly

pa
ra

lle
l

co
m

pu
ta

tio
n

th
an

ks
to

th
e

fa
ct

or
iz

at
io

n.
T

he
V

B
ap

pr
oa

ch
es

al
so

al
lo

w
ea

sy
an

d
au

to
m

at
ic

de
te

ct
io

n
of

co
nv

er
ge

nc
e.

H
ow

ev
er

,V
B

yi
el

ds
on

ly
lo

ca
lo

pt
im

al
so

lu
tio

ns
du

e
to

its
us

e
of

ap
pr

ox
im

at
ed

po
st

er
io

rs
.

W
e

ca
n

im
pr

ov
e

th
es

e
in

fe
re

nc
e

m
et

ho
ds

by
de

ve
lo

pi
ng

co
lla

ps
ed

es
tim

at
or

s,
w

hi
ch

in
te

gr
at

e
so

m
e

pa
ra

m
et

er
s

ou
tf

ro
m

in
fe

re
nc

es
.C

ol
la

ps
ed

G
ib

bs
sa

m
pl

er
s

ar
e

on
e

of
th

e
be

st
in

fe
re

nc
e

so
lu

-
tio

ns
si

nc
e

th
ey

ac
hi

ev
e

fa
st

er
co

nv
er

ge
nc

e
an

d
be

tte
r

es
tim

at
io

n
th

an
th

e
or

ig
in

al
G

ib
bs

sa
m

pl
er

s.
R

ec
en

tly
,c

ol
la

ps
ed

va
ri

at
io

na
lB

ay
es

(C
V

B
)s

ol
ut

io
ns

ha
ve

be
en

in
te

ns
iv

el
y

st
ud

ie
d,

es
pe

ci
al

ly
fo

r
to

pi
c

m
od

el
s

su
ch

as
la

te
nt

D
ir

ic
hl

et
al

lo
ca

tio
n

(L
D

A
)(

Te
h

et
al

.,
20

07
;A

su
nc

io
n

et
al

.,
20

09
;S

at
o

an
d

N
ak

ag
aw

a,
20

12
)

an
d

H
D

P-
L

D
A

(S
at

o
et

al
.,

20
12

).
T

he
se

m
in

al
pa

pe
r

by
Te

h
an

d
ot

he
rs

ex
am

in
ed

a
2n

d-
or

de
rT

ay
lo

ra
pp

ro
xi

m
at

io
n

of
va

ri
at

io
na

le
xp

ec
ta

tio
n

(T
eh

et
al

.,
20

07
).

A
si

m
pl

er
0t

h-
or

de
r

ap
pr

ox
im

at
ed

C
V

B
(C

V
B

0)
so

lu
tio

n
ha

s
al

so
be

en
de

ve
lo

pe
d

as
an

op
tim

al
so

lu
tio

n
in

th
e

se
ns

e
of

m
in

im
iz

ed
α

-d
iv

er
ge

nc
e

(S
at

o
an

d
N

ak
ag

aw
a,

20
12

).
T

he
se

pa
pe

rs
re

po
rt

th
at

C
V

B
an

d
C

V
B

0
yi

el
d

be
tte

r
in

fe
re

nc
e

re
su

lts
th

an
V

B
so

lu
tio

ns
an

d
ev

en
sl

ig
ht

ly
be

tte
r

th
an

ex
ac

tc
ol

-
la

ps
ed

G
ib

bs
in

da
ta

m
od

el
in

g
(K

ur
ih

ar
a

et
al

.,
20

07
;T

eh
et

al
.,

20
07

;A
su

nc
io

n
et

al
.,

20
09

),
lin

k
pr

ed
ic

tio
n,

an
d

ne
ig

hb
or

ho
od

se
ar

ch
(S

at
o

et
al

.,
20

12
).

In
th

is
pa

pe
r,

w
e

ar
e

in
te

re
st

ed
in

th
e

co
nv

er
ge

nc
e

is
su

e
of

C
V

B
in

fe
re

nc
es

.
T

he
co

nv
er

ge
nc

e
be

ha
vi

or
of

C
V

B
in

fe
re

nc
es

re
m

ai
ns

di
ffi

cu
lt

to
an

al
yz

e
th

eo
re

tic
al

ly
,b

ut
ba

si
ca

lly
th

er
e

is
no

gu
ar

-
an

te
e

of
co

nv
er

ge
nc

e
fo

r
ge

ne
ra

lC
V

B
in

fe
re

nc
es

.
In

te
re

st
in

gl
y,

th
is

pr
ob

le
m

ha
s

no
td

is
cu

ss
ed

in
th

e
lit

er
at

ur
e

w
ith

on
e

ex
ce

pt
io

n
(F

ou
ld

s
et

al
.,

20
13

),
w

he
re

th
e

au
th

or
s

st
ud

ie
d

th
e

co
nv

er
ge

nc
e

of
C

V
B

on
L

D
A

.U
nf

or
tu

na
te

ly
,t

he
ir

pr
op

os
al

is
an

on
lin

e
st

oc
ha

st
ic

ap
pr

ox
im

at
io

n
of

M
A

P
w

hi
ch

is
on

ly
va

lid
fo

r
L

D
A

.T
he

co
nv

er
ge

nc
e

is
su

e
of

C
V

B
in

fe
re

nc
e

is
,h

ow
ev

er
,a

m
or

e
ge

ne
ra

la
nd

pr
ob

le
m

at
ic

is
su

e
fo

r
pr

ac
tit

io
ne

rs
w

ho
ar

e
un

fa
m

ili
ar

w
ith

,b
ut

st
ill

w
an

tt
o

ta
ck

le
st

at
e-

of
-t

he
-a

rt
m

ac
hi

ne
le

ar
ni

ng
te

ch
ni

qu
es

to
va

ri
ou

s
m

od
el

s,
no

tl
im

ite
d

to
L

D
A

.S
in

ce
th

er
e

is
no

th
eo

re
tic

al
ly

so
un

d
w

ay
of

de
te

rm
in

in
g

an
d

de
te

ct
in

g
co

nv
er

ge
nc

e
of

C
V

B
in

fe
re

nc
es

,u
se

rs
m

us
tm

an
ua

lly
de

-
te

rm
in

e
th

e
co

nv
er

ge
nc

e
of

th
e

C
V

B
in

fe
re

nc
es

:
a

da
un

tin
g

ta
sk

fo
r

no
n-

ex
pe

rt
s.

In
th

at
se

ns
e,

C
V

B
is

le
ss

at
tr

ac
tiv

e
th

an
na

iv
e

V
B

an
d

E
M

al
go

ri
th

m
s,

w
ho

se
co

nv
er

ge
nc

es
ar

e
gu

ar
an

te
ed

an
d

ea
sy

to
de

te
ct

au
to

m
at

ic
al

ly
.T

he
se

re
as

on
s

m
ot

iv
at

e
us

to
st

ud
y

th
e

co
nv

er
ge

nc
e

be
ha

vi
or

s
of

C
V

B
in

fe
re

nc
es

.E
ve

n
th

ou
gh

th
e

pr
ob

le
m

re
m

ai
ns

di
ffi

cu
lt

in
th

eo
ry

,w
e

ta
ke

an
em

pi
ri

ca
la

nd
a

pr
ac

ti-
ca

la
pp

ro
ac

h
to

it.
W

e
fir

st
m

on
ito

rt
he

na
iv

e
va

ri
at

io
na

ll
ow

er
bo

un
d

an
d

th
e

ps
eu

do
le

av
e-

on
e-

ou
t

(L
O

O
)

tr
ai

ni
ng

lo
g

lik
el

ih
oo

d,
an

d
th

en
em

pi
ri

ca
lly

sh
ow

th
at

th
e

la
tte

r
m

ay
se

rv
e

as
co

nv
er

ge
nc

e
m

et
ri

cs
.

N
ex

t,
w

e
de

ve
lo

p
a

si
m

pl
e

an
d

eff
ec

tiv
e

te
ch

ni
qu

e
th

at
as

su
re

s
C

V
B

co
nv

er
ge

nc
e

fo
r

ge
ne

ra
lB

ay
es

ia
n

pr
ob

ab
ili

st
ic

m
od

el
s.

O
ur

pr
op

os
ed

an
ne

al
in

g
te

ch
ni

qu
e,

ca
lle

d
Av

er
ag

ed
C

V
B

(A
C

V
B

),
gu

ar
an

te
es

C
V

B
co

nv
er

ge
nc

e
an

d
al

lo
w

s
au

to
m

at
ic

co
nv

er
ge

nc
e

de
te

ct
io

n.
A

C
V

B
ha

s
tw

o
ad

va
nt

ag
es

.
Fi

rs
t,

A
C

V
B

po
st

er
io

r
up

da
te

s
off

er
as

su
re

d
co

nv
er

ge
nc

e
du

e
to

a
si

m
pl

e
an

ne
al

-
in

g
m

ec
ha

ni
sm

.S
ec

on
d,

fix
ed

po
in

ts
of

th
e

C
V

B
al

go
ri

th
m

ar
e

eq
ui

va
le

nt
to

th
e

co
nv

er
ge

d
so

lu
tio

n
of

A
C

V
B

,
if

th
e

or
ig

in
al

C
V

B
al

go
ri

th
m

ha
s

fix
ed

po
in

ts
.

O
ur

fo
rm

ul
at

io
n

is
ap

pl
ic

ab
le

to
an

y
m

od
el

an
d

is
eq

ua
lly

va
lid

fo
r

C
V

B
as

w
el

la
s

C
V

B
0.

A
co

nv
er

ge
nc

e-
gu

ar
an

te
ed

A
C

V
B

w
ill

be
th

e
pr

ef
er

re
d

ch
oi

ce
fo

rp
ra

ct
iti

on
er

s
w

ho
w

an
tt

o
ap

pl
y

st
at

e-
of

-t
he

-a
rt

in
fe

re
nc

e
to

th
ei

rp
ro

bl
em

s.
In

Ta
bl

e
1,

w
e

su
m

m
ar

iz
e

th
e

ex
is

tin
g

C
V

B
w

or
ks

an
d

th
is

pa
pe

r,
ba

se
d

on
ap

pl
ie

d
m

od
el

s
an

d
th

e
co

nv
er

ge
nc

e
is

su
e.

W
e

va
lid

at
e

ou
r

pr
op

os
ed

id
ea

on
tw

o
po

pu
la

r
B

ay
es

ia
n

pr
ob

ab
ili

st
ic

m
od

el
s.

A
s

a
si

m
pl

er
m

od
el

fa
m

ily
,w

e
ch

oo
se

L
D

A
(B

le
ie

ta
l.,

20
03

),
w

hi
ch

is
a

fin
ite

m
ix

tu
re

m
od

el
fo

ra
ty

pi
ca

lB
ag

-
of

-W
or

ds
do

cu
m

en
td

at
a

w
he

re
an

ob
se

rv
at

io
n

is
go

ve
rn

ed
by

a
si

ng
le

la
te

nt
va

ri
ab

le
.

A
s

a
m

or
e

co
m

pl
ex

m
od

el
fa

m
ily

,w
e

ch
oo

se
th

e
In

fin
ite

R
el

at
io

na
lM

od
el

(I
R

M
,

K
em

p
et

al
.,

20
06

),
w

hi
ch

2
JM

L
R

 1
8(

1)
:1

-2
9,

 2
01

7



A
v
e
r
a
g
e
d

C
V

B

Paper
A

pplied
m

odel
C

onvergence
C

om
m

ents
Teh

etal.(2007)
L

D
A

-
T

he
sem

inalpaper
A

suncion
et

al.
(2009)

L
D

A
-

Introduces
C

V
B

0

Sato
and

N
akagaw

a
(2012)

L
D

A
-

O
ptim

ality
analysis

by
α-divergence

Foulds
etal.(2013)

L
D

A
partially

Stochastic
approx.

M
A

P
rather

than
C

V
B

0,only
valid

forL
D

A
K

urihara
et

al.
(2007)

D
PM

-
Firstattem

ptatD
PM

Teh
etal.(2008)

H
D

P
-

Firstattem
ptatH

D
P

Sato
etal.(2012)

H
D

P
-

A
pprox.solution

B
leier(2013)

H
D

P
-

Stochastic
approx.

W
an

(2013)
H

M
M

-
Firstattem

ptatH
M

M
W

ang
and

B
lunsom

(2013)
PC

FG
-

Firstattem
ptatPC

FG

K
onishietal.(2014)

IR
M

-
Firstattem

ptatIR
M

T
his

paper
L

D
A

,IR
M

X
C

onvergence
assurance

for
any

m
od-

els

Table
1:C

V
B

-related
studies

sum
m

ary:in
term

s
ofapplied

m
odels

and
convergence

is
an

infinite
m

ixture
m

odelfora
relational(netw

ork)data
w

here
an

observation
link

is
governed

by
tw

o
latentvariables.
In

experim
ents

using
severalreal-w

orld
relationaldatasets,w

e
observe

thatthe
A

veraged
C

V
B

0
(A

C
V

B
0)

inferences
o
ffer

good
data

m
odeling

perform
ances,

outperform
naive

V
B

inferences
in

m
any

cases,and
often

show
significantly

better
perform

ances
than

the
2nd-order

C
V

B
and

its
av-

eraged
version.

W
e

also
observe

thatA
C

V
B

0
typically

converges
quickly

in
term

s
of

C
PU

tim
e,

com
pared

to
the

2nd-order
C

V
B

s
and

A
C

V
B

s.
T

he
A

C
V

B
0

achieves
com

petitive
results

w
ith

the
0-th

order
C

V
B

0
inference,w

hich
is

know
n

to
be

one
of

the
bestB

ayesian
inference

m
ethods.

In
addition,the

A
C

V
B

0
guarantees

the
convergence

ofthe
algorithm

w
hile

the
C

V
B

0
does

not.B
ased

on
these

findings,w
e

conclude
thatA

C
V

B
0

inference
is

convenientand
appealing

forpractitioners
because

itshow
sgood

m
odeling

perform
ance,assuresautom

atic
convergence

and
hasrelatively

fast
com

putation.
T

he
contributions

ofthis
paperare

sum
m

arized
as

follow
s:

1.
W

e
em

pirically
study

the
convergence

behaviors
ofC

V
B

inferences
and

propose
a

sim
ple

but
effective

annealing
technique

called
A

veraged
C

ollapsed
V

ariationalB
ayes(A

C
V

B
)inference

thatassures
the

convergence
ofC

V
B

inferences
forallm

odels.

2.
W

e
confirm

thatC
V

B
0

w
ith

the
above

averaging
technique

(A
C

V
B

0)
inference

o
ffers

com
-

petitive
m

odeling
perform

ances
com

pared
to

the
C

V
B

0
inference,w

hich
is

one
of

the
best

B
ayesian

inference
solutions.

W
e

reportthatthe
A

C
V

B
0

and
C

V
B

0
solutions

i)
outperform

naive
V

B
s

in
m

ostcases,ii)are
often

significantly
betterthan

the
2nd-ordercounterparts,and

iii)are
in

generalcom
putationally

fasterthan
the

2nd-orderA
C

V
B

and
C

V
B

solutions.
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Ish
ig
u
r
o,S
ato,
a
n
d

U
e
d
a

T
he

restof
this

paper
is

organized
as

follow
s.

In
the

2nd
section,w

e
firstintroduce

B
ayesian

probabilistic
m

odels
used

in
experim

entalvalidation.T
hen

w
e

briefly
review

the
variationalB

ayes
and

the
collapsed

variationalB
ayes

inferences.T
hen

w
e

presentthe
convergence

issue
ofthe

C
V

B
inferences

using
tw

o
sections.

In
section

3,w
e

firstem
pirically

show
thatw

e
can

m
onitorthe

con-
vergence

ofthe
C

V
B

inference
by

a
handy

m
easurem

ent:
the

pseudo
leave-one-outlog-likelihood.

In
section

4,w
e

propose
a

sim
ple

buteffective
variantofthe

C
V

B
,the

averaged
collapsed

variational
B

ayes
(A

C
V

B
)

inference
thatensure

the
convergence

of
the

inference
process.

T
he

5th
section

is
devoted

to
experim

entalevaluations,and
the

finalsection
concludes

the
paper.

2.B
ackground

2.1
G

enerative
M

odels

In
experim

entalvalidations,w
e

chose
tw

o
types

ofdifferentB
ayesian

probabilistic
m

odels.
In

this
section

w
e

firstbriefly
explain

them
.

2.1.1
L

D
A

L
atentD

irichletallocation(L
D

A
)

(B
leietal.,2003)

is
a

popular
B

ayesian
probabilistic

m
odelfor

topic
m

odeling
ofB

ag-of-W
ords

(B
oW

)style
docum

entdata
collections.

In
this

paper,w
e

em
ploy

L
D

A
as

a
representative

ofa
m

odelfam
ily

w
here

an
observed

w
ord

(sam
ple)is

governed
by

a
single

latentvariable.

A
ssum

e
the

observed
B

oW
data

collection
consistsofD

docum
ents,w

here
each

d(∈{1
,2
,...,D})-

th
docum

enthas
N

d
tokens.A

token
m

ay
choose

a
value

(w
ord)from

the
setofunique

w
ords

w
hose

cardinality
is

V
.T

hen
a

probabilistic
generative

process
ofL

D
A

is
w

ritten
as

follow
s:

β
k |β

0 ∼
D

irichlet (β
0 )
,

(1)

θ
d |α

∼
D

irichlet (α
)
,

(2)

zd
,i |θ

d ∼
D

iscrete
(θ

d )
,

(3)

x
d
,i |β

k ,zd
,i ∼

D
iscrete (β

zd
,i )
.

(4)

Topic
m

odels
including

L
D

A
are

characterized
by

the
notion

of
topics.

A
topic

is
represented

as
a

V
-dim

ensional
vector

w
hose

v-th
attribute

indicates
the

m
ixing

ratio
of

a
v-th

w
ord,
β

k ,
in

E
quation

(1).W
e

assum
e

the
num

beroftopics
is

given
as

a
hyperparam

eter,and
denote

the
num

ber
of

topics
by

K
and

thus
k∈
{1
,2
,...,K}.

A
docum

entis
form

ulated
as

a
m

ixture
of

topics.
T

he
m

ixing
proportion

ofthe
K

topics
ford∈{1

,2
,...,D}th

docum
entis

θ
d ,in

E
quation

(2).

zd
,i in

E
quation

(3)
denotes

a
topic

assignm
entof

the
dth

docum
ent’s

ith
observed

w
ord.

B
e-

cause
θ

is
a

K
-dim

ensional
vector,

zd
,i

=
k
∈
{1
,2
,...,K}.

T
hroughout

our
paper,

w
e

inter-
changeably

choose
the

1-of-K
representation

of
Z

,
w

here
zd
,i

=
k

is
equivalently

represented
by

zd
,i,k

=
1
,zd

,i,l,
k

=
0.

W
e

generate
the

observed
i-th

observation
(token)ofthe

d-th
docum

entfrom
a

V
-dim

ensionalD
iscrete

distribution,as
in

E
quation

(4).
x

d
,i

=
v

m
eans

the
i-th

token
is

the
v-th

sym
bol(w

ord)outofV
vocabularies.
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ct
ur

e
(F

ig
ur

e
1

(b
))

.
A

sa
sp

ec
ia

lc
as

e,
w

e
ca

n
bu

ild
an

IR
M

fo
ra

bi
na

ry
tw

o-
pl

ac
e

re
la

tio
n

be
tw

ee
n

th
e

sa
m

e
do

m
ai

n
ob

je
ct

s
D
×

D
→
{0,

1}.
T

he
pr

ob
ab

ili
st

ic
ge

ne
ra

tiv
e

m
od

el
of

th
e

si
ng

le
-d

om
ai

n
IR

M
is

de
sc

ri
be

d
as

fo
llo

w
s:

θ k
,l|a

k,
l,

b k
,l
∼

B
et

a
( a k

,l,
b k
,l) ,

(9
)

z i
|α
∼

C
R

P
( α

) ,
(1

0)

x i
,j
|Z
,{θ
}∼

B
er

no
ul

li
( θ z

i,
z j

) .
(1

1)

T
he

ge
ne

ra
tiv

e
m

od
el

cl
ea

rl
y

sh
ow

s
th

e
di

ff
er

en
ce

of
a

m
ul

ti-
do

m
ai

n
IR

M
(E

qs
.(

5-
8)

)a
nd

a
si

ng
le

-
do

m
ai

n
IR

M
(E

qs
.

(9
-1

1)
).

In
th

e
la

tte
r,

th
er

e
ar

e
on

ly
N

ob
je

ct
s

in
do

m
ai

n
D

,a
nd

th
ey

se
rv

e
as

ei
th

er
fr

om
-n

od
es

or
to

-n
od

es
in

th
e

ne
tw

or
k.

O
bj

ec
ti

nd
ic

es
ia

nd
jp

oi
nt

to
th

e
sa

m
e

do
m

ai
n.

O
n

th
e

ot
he

rh
an

d,
a

m
ul

ti-
do

m
ai

n
IR

M
di

st
in

gu
is

he
s

th
e

fir
st

do
m

ai
n

ob
je

ct
if

ro
m

th
e

se
co

nd
do

m
ai

n
ob

je
ct

j.
K

on
is

hi
et

al
.(

20
14

)
fir

st
in

tr
od

uc
ed

C
V

B
al

go
ri

th
m

s
fo

r
th

e
si

ng
le

-d
om

ai
n

IR
M

.H
ow

ev
er

,i
t

is
no

ta
pp

lic
ab

le
w

he
n

th
e

nu
m

be
r

of
fr

om
-n

od
es

an
d

to
-n

od
es

ar
e

di
ff

er
en

t.
Fu

rt
he

r,
its

us
e

is
in

-
ap

pr
op

ri
at

e
if

th
e

re
la

tio
ns

ar
e

di
re

ct
io

na
l.

T
hu

s,
th

e
si

ng
le

-d
om

ai
n

m
od

el
ha

s
lim

ite
d

ap
pl

ic
ab

ili
ty

,
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Is
h
ig
u
r
o

,S
at
o
,a
n
d

U
e
d
a

2
n

d
 d

o
m

a
in

 o
b

je
c
t 

j

2
n

d
 d

o
m

a
in

 o
b

je
c
t 

j 
(s

o
rt

e
d

)

1st domain object i

1st domain object i (sorted)

(a
)

(b
)

k
 =

 1

k
 =

 2

k
 =

 3

l 
=

 1
l 

=
 2

l 
=

 3

Fi
gu

re
1:

E
xa

m
pl

e
of

In
fin

ite
R

el
at

io
na

lM
od

el
s

(I
R

M
):

(a
)i

np
ut

ob
se

rv
at

io
n

X
.(

b)
a

vi
su

al
iz

at
io

n
of

in
fe

rr
ed

cl
us

te
rs

Z
.

un
lik

e
th

e
m

ul
ti-

do
m

ai
n

IR
M

.E
ve

n
th

ou
gh

w
e

fo
cu

s
on

th
e

m
ul

ti-
do

m
ai

n
IR

M
,a

ll
di

sc
us

si
on

s
ar

e
al

so
va

lid
fo

ra
si

ng
le

-d
om

ai
n

IR
M

.
L

as
tly

,w
e

as
su

m
e

tw
o-

pl
ac

e
re

la
tio

ns
th

ro
ug

ho
ut

th
is

pa
pe

r,
bu

te
xt

en
si

on
th

at
co

ve
rs

hi
gh

er
-

or
de

rr
el

at
io

ns
is

st
ra

ig
ht

fo
rw

ar
d.

2.
2

Va
ri

at
io

na
lB

ay
es

(V
B

)I
nf

er
en

ce

It
is

be
ne

fic
ia

lt
o

qu
ic

kl
y

de
riv

e
a

V
B

so
lu

tio
n

fo
r

co
m

pa
ri

so
n

w
ith

a
co

lla
ps

ed
V

B
in

fe
re

nc
e.

Fo
r

th
e

V
B

in
fe

re
nc

e
of

L
D

A
an

d
IR

M
,w

e
m

ax
im

iz
e

th
e

V
B

lo
w

er
bo

un
d,

w
hi

ch
is

de
fin

ed
as

:

L
=

∫
q

( Z
,Φ

) l
og

p
( X
,Z
,Φ

)
q

( Z
,φ

)
dZ

dΦ
,

(1
2)

w
he

re
Z

de
no

te
s

al
lo

ft
he

hi
dd

en
va

ri
ab

le
s

(a
ss

um
e

Z
=
{Z

1,
Z

2}
fo

rt
he

IR
M

ca
se

),
Φ

de
no

te
s

al
l

of
th

e
as

so
ci

at
ed

pa
ra

m
et

er
s

(e
.g

.,
α

d
an

d
β

k
in

L
D

A
,θ

k,
l
in

IR
M

),
X

de
no

te
s

al
lo

ft
he

ob
se

rv
at

io
ns

,
an

d
q(
·)s

ar
e

va
ri

at
io

na
lp

os
te

ri
or

s
th

at
ap

pr
ox

im
at

e
th

e
tr

ue
po

st
er

io
rs

.T
he

fo
rm

of
th

e
va

ri
at

io
na

l
po

st
er

io
rs

ar
e

ch
os

en
to

m
ak

e
th

e
in

fe
re

nc
e

al
go

ri
th

m
effi

ci
en

t.
Fo

re
xa

m
pl

e,
al

lv
ar

ia
tio

na
lp

os
te

ri
-

or
sa

re
as

su
m

ed
to

be
in

de
pe

nd
en

tf
ro

m
ea

ch
ot

he
rw

he
n

th
e

m
ea

n-
fie

ld
ap

pr
ox

im
at

io
n

is
em

pl
oy

ed
.

T
he

lo
w

er
bo

un
d

is
de

riv
ed

fr
om

th
e

fo
llo

w
in

g
re

-f
or

m
ul

at
io

n
of

th
e

m
ar

gi
na

ll
og

lik
el

ih
oo

d
(m

od
el

ev
id

en
ce

)
p

( X
) b

y
Je

ns
en

’s
in

eq
ua

lit
y

(B
is

ho
p,

20
06

;M
ur

ph
y,

20
12

):

lo
g

p
( X

)
=

lo
g
∫

p
( X
,Z
,Φ

) d
Z

dΦ

=
lo

g
∫

q
( Z
,Φ

)
p

( X
,Z
,Φ

)
q

( Z
,Φ

)
dZ

dΦ

≥
∫

q
( Z
,Φ

) l
og

p
( X
,Z
,Φ

)
q

( Z
,Φ

)
dZ

dΦ
=

L
.

T
hu

s
m

ax
im

iz
in

g
th

e
lo

w
er

bo
un

d
by

id
en

tif
yi

ng
go

od
va

ri
at

io
na

lp
os

te
ri

or
s

q
is

re
as

on
ab

le
in

th
e

se
ns

e
th

at
it

is
an

ap
pr

ox
im

at
io

n
of

th
e

m
ar

gi
na

ll
og

lik
el

ih
oo

d.
M

ax
im

iz
in

g
th

e
V

B
lo

w
er

bo
un

d
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A
v
e
r
a
g
e
d

C
V

B

is
also

equivalent
to

m
inim

izing
the

K
ullback-L

eibler
divergence

betw
een

true
posteriors

p ∗
and

variationalposteriors
q:

log
p

(X
)

=
L
−

∫
q

(Z
,Φ

)log
p

(Z
,Φ
|X

)
q

(Z
,Φ

)
dZ

d
Φ

=
L

+
K

L
(q|p ∗ )

.

W
e

can
readily

obtain
a

general
update

rule
of

variational
posterior

q
(Z

)
and

q
(Φ

)
(B

ishop,
2006;M

urphy,2012).Forexam
ple,w

e
have

the
follow

ing
update

rule
forthe

variationalposterior
ofthe

ith
hidden

variable:

q
(zi )∝

exp (E
q( Z

\i) ,q (Φ
) [log

p
(X
,Z
,Φ

) ] )
,

(13)

w
here

Z
\idenotes

allofthe
hidden

variables
excluding

the
ith

hidden
variable.N

ote
thatthe

varia-
tionalposteriorofa

hidden
variable

is
dependenton

the
currentvalues

ofq
(Φ

),i.e.,the
variational

posteriors
of

allof
the

associated
param

eters.
T

he
resulting

update
rules

boildow
n

to
sim

ple
up-

dates
ofthe

su
ffi

cientstatistics
ofthe

distributions
forhidden

variables
and

param
eters

forL
D

A
and

IR
M

.

2.3
C

ollapsed
VariationalB

ayes(C
V

B
)Inference

T
he

generalidea
ofC

V
B

inferencesforhierarchicalprobabilistic
m

odels
(K

urihara
etal.,2007;Teh

etal.,2007,2008;A
suncion

etal.,2009;Sato
and

N
akagaw

a,2012;Sato
etal.,2012)assum

es
the

variationalposteriors
of

the
hidden

variables
of

the
m

odelw
here

the
param

eters
are

m
arginalized

outbeforehand.In
E

quation
(12),since

param
eters

Φ
are

notm
arginalized

(collapsed)out,w
e

need
to

com
pute

their
variationalposteriors

as
w

ell.
T

he
variationalposteriors

of
the

param
eters

im
pact

the
inference

results
and

m
ay

increase
the

risk
ofbeing

trapped
ata

bad
localoptim

alpoint.
C

V
B

inference
firstm

arginalizes
outthe

param
eters

in
an

exactw
ay

(as
in

a
collapsed

G
ibbs

sam
pler).A

fterthat,the
rem

aining
hidden

variables
are

assum
ed

to
be

independentfrom
each

other.
T

his
brings

tw
o

advantages
to

C
V

B
.First,the

effects
of

the
m

arginalized
param

eters
are

correctly
evaluated

in
C

V
B

w
hile

V
B

approxim
ates

them
.

T
his

m
eans

thatthe
variationalposteriors

com
-

puted
by

C
V

B
w

illapproxim
ate

the
true

posteriors
betterthan

those
ofV

B
.Second,w

e
can

reduce
the

num
ber

of
unknow

n
quantities

to
be

inferred
because

the
param

eters
are

already
m

arginalized.
T

his
m

akes
the

inference
faster,m

ore
stable,and

decreases
the

risk
ofbeing

trapped
in

localoptim
al

solutions.
M

athem
atically,ithas

been
proven

thatthe
low

er
bound

of
C

V
B

is
alw

ays
tighter

than
thatofthe

originalV
B

(Teh
etal.,2007).T

his
m

eans
C

V
B

is
alw

ays
a

betterapproxim
ation

ofthe
true

posteriorthan
V

B
.

T
he

follow
ing

is
the

form
aldefinition

ofthe
C

V
B

low
erbound:

L
[Z

]
=

∫
q

(Z
)log

p
(X
,Z

)
q

(Z
)

dZ
.

(14)

T
his

is
the

sam
e

form
ulation

as
E

quation
(12)

exceptfor
the

absense
of

m
arginalized

param
eters.

T
herefore,a

generalsolution
is

derived
in

the
sam

e
m

anneras
in

the
V

B
case:

q
(zi )∝

exp (E
q( Z

\i) [log
p

(X
,Z

) ] )
.

(15)

T
he

C
V

B
inference

procedure
resem

bles
collapsed

G
ibbs

sam
plers.

W
e

rem
ove

one
object

from
the

m
odel,

recom
pute

the
posterior

of
the

object
cluster

assignm
ent,

and
return

it
to

the
m

odel.
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Ish
ig
u
r
o,S
ato,
a
n
d

U
e
d
a

O
ne

difference
is

thatC
V

B
com

putes
the

softcluster
assignm

ents
of

Z
w

hile
the

collapsed
G

ibbs
sam

pler
com

putes
hard

assignm
ents

for
each

process.
W

e
repeatthis

process
on

allobjects.
T

his
one

sw
eep

ofupdates
corresponds

to
one

iteration
ofC

V
B

inference.
O

ne
problem

is
thatitis

diffi
cultto

conductprecise
update

com
putations

for
C

V
B

unlike
the

originalV
B

,even
forsuch

relatively
sim

ple
B

ayesian
probabilistic

m
odels

as
L

D
A

and
IR

M
.M

ore
specifically,taking

expectationsoverq(Z
\i)require

intractable
discrete

com
binatorialcom

putations.
To

rem
edy

this
issue,C

V
B

inference
approxim

ates
these

expectations
by

Taylor
expansion.

If
w

e
denote

the
expectation

ofpredicate
x

as
a

=
E

[x],w
e

have:

f (x )≈
f (a )

+
f ′(a )(x−

a )
+

12
f ′′(a )(x−

a ) 2
.

(16)

Taking
the

expectations
ofboth

sides
ofE

quation
(16)yields

the
follow

ing
equation:

E
[f (x )]≈

E
[f (a )]

+
E

[f ′(a )(x−
a )]

+
12
E

[f ′′(a )(x−
a ) 2]

=
f (a )

+
12
E

[f ′′(a )(x−
a ) 2]

=
f (E

[x] )
+

12
f ′′(E

[x] )
V

[x]
.

(17)

T
he

0th-orderterm
is

constant.T
he

1st-orderterm
is

canceled
because

x−
a

becom
es

zero
by

taking
the

expectation.
V

denotes
the

posteriorvariance.
T

here
are

tw
o

types
of

approxim
ations

in
C

V
B

studies.
T

he
originalC

V
B

(Teh
et

al.,2007)
em

ploys2nd-orderTaylorapproxim
ation

and
considersthe

variance,asin
E

quation
(17).(A

suncion
et

al.,2009)
revealed

that
the

0th-order
Taylor

approxim
ation

perform
s

quite
w

ell
in

practice
for

L
D

A
.T

his
is

called
the

C
V

B
0

solution,w
hich

approxim
ates

the
posteriorexpectation

by

E
[f(x)]≈

f(E
[x]).

(18)

O
bviously,the

C
V

B
0

solution
is

sim
pler

than
thatof

the
2nd-order

approxim
ation.

H
ow

ever
itis

often
superior

to
the

2nd-order
C

V
B

in
term

s
of

the
perplexity

of
the

learned
m

odel
(A

suncion
etal.,2009;Sato

and
N

akagaw
a,2012;Sato

etal.,2012).
T

his
m

ay
seem

counter-intuitive
since

a
0th-order

approxim
ation

does
notapproxim

ate
anything.

To
answ

er
this

question,w
e

note
that

a
0th-order

approxim
ation

C
V

B
0

is
in

fact
a

1st-order
approxim

ation:
“C

V
B

1”.
R

ecall
that

in
E

quation
(17)

the
1st-order

term
vanished.

T
his

indicates
thatthe

0th-order
expansion

is
equalto

the
1st-order

expansion.
M

oreover,itis
reasonable

thatthe
1st-order

approxim
ation

w
orks

w
ellin

generalcases
and

indeed
m

ay
outperform

higher-order
approxim

ations
due

to
uncertainties

w
ithin

the
data

and
im

perfections
in

inference
algorithm

s.

3.C
onvergence

Issue
ofC

V
B

3.1
O

ur
Interest:N

o
A

ssurance
for

C
V

B
C

onvergence

Itis
theoretically

guaranteed
thateach

iteration
ofV

B
m

onotonically
increases

the
variationallow

er
bound

(E
quation

(12))
(A

ttias,2000;B
ishop,2006).

T
his

m
eans

V
B

inference
m

onotonically
im

-
provesthe

approxim
ated

posterior,and
eventually

convergesto
itslocaloptim

alsolutions.T
hus,V

B
inference

yields
easy

detection
of

convergence
by

m
onitoring

the
low

er
bound,and

the
algorithm

autom
atically

halts
w

hen
itreaches

a
localoptim

alpoint.
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Av
e
r
a
g
e
d

C
V

B

U
nf

or
tu

na
te

ly
,n

o
th

eo
re

tic
al

gu
ar

an
te

e
of

C
V

B
co

nv
er

ge
nc

e
ha

s
be

en
pr

ov
id

ed
so

fa
r,

pr
ob

ab
ly

be
ca

us
e

w
e

ca
nn

ot
co

rr
ec

tly
ev

al
ua

te
th

e
po

st
er

io
r

ex
pe

ct
at

io
ns

ov
er

Z
.

W
ha

t
w

e
tr

y
to

fin
d

in
C

V
B

so
lu

tio
ns

is
a

st
at

io
na

ry
po

in
to

f
a

Ta
yl

or
-a

pp
ro

xi
m

at
ed

C
V

B
lo

w
er

bo
un

d;
w

e
ar

e
no

ts
ur

e
th

at
th

e
pr

oc
ed

ur
e

ac
tu

al
ly

m
on

ot
on

ic
al

ly
im

pr
ov

es
th

e
tr

ue
lo

w
er

bo
un

d.
M

or
eo

ve
r,

it
is

un
kn

ow
n

w
he

th
er

if
th

e
C

V
B

up
da

te
al

go
ri

th
m

ha
s

a
(a

lg
or

ith
m

ic
)

fix
ed

po
in

t.
W

e
ar

e
no

ts
ur

e
w

he
th

er
th

e
al

go
ri

th
m

w
ill

ev
en

st
op

af
te

r
in

fin
ite

ly
m

an
y

ite
ra

tio
ns

.
C

on
ve

rg
en

ce
an

al
ys

is
of

C
V

B
in

fe
re

nc
e

re
m

ai
ns

an
im

po
rt

an
to

pe
n

pr
ob

le
m

in
th

e
m

ac
hi

ne
le

ar
ni

ng
fie

ld
.

H
ow

ev
er

,t
he

pr
ob

le
m

ha
s

no
t

be
en

w
el

ld
is

cu
ss

ed
in

th
e

lit
er
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Figure
2:

E
volution

of
tw

o
quantities

over
C

V
B

iterations.
Solid

lines
indicate

the
evolution

of
naive

V
B

low
erbound.D

ashed
lines

indicate
the

evolution
ofpseudo

L
O

O
log

likelihood
on

training
data.

E
rror

bars
denote

the
standard

deviations.
U

pper
panels:

L
D

A
results

on
tw

o
synthetic

data.L
ow

erpanels:IR
M

results
on

tw
o

synthetics
data.

titioners:
they

are
convergence

guaranteed
and

the
convergence

is
easy

to
detect.

A
convergence-

guaranteed
A

C
V

B
m

otivates
users

to
use

C
V

B
inference,w

hich
is

m
ore

precise
than

naive
V

B
in

theory,w
ith

autom
atic

com
putation

term
ination

ata
guaranteed

convergence.

To
the

best
of

our
know

ledge,a
paper

by
Foulds

et
al.(Foulds

et
al.,2013)

is
the

only
w

ork
thatproposes

convergence-assured
C

V
B

inference.T
his

m
odel,w

hich
is

based
on

the
R

obbins
and

M
onro

stochastic
approxim

ation
(R

obbins
and

M
onro,1951),is

only
valid

for
L

D
A

-C
V

B
0.

M
ore

precisely,the
solution

presented
in

the
paper

is
a

M
A

P
solution,leveraging

the
factthatthe

M
A

P
solution

closely
resem

bles
the

C
V

B
0

solution
in

the
case

ofL
D

A
.T

hey
changed

the
C

V
B

0
update

by
ignoring

the
subtraction

of
a

topic
assignm

ent
probability

vector
from

su
ffi

cient
statistics

and
m

anually
adjusting

the
D

irichletparam
eters,w

hich
m

akes
the

C
V

B
0

update
is

equalto
the

M
A

P
update

in
L

D
A

.H
ow

ever,this
approach

is
notvalid

forIR
M

because
the

M
A

P
and

C
V

B
0

solutions
are

different.
O

n
the

contrary,the
A

C
V

B
is

valid
for

any
probabilistic

m
odels

and
indeed

for
both

C
V

B
and

C
V

B
0.

11
JM

L
R

 18(1):1-29, 2017

Ish
ig
u
r
o,S
ato,
a
n
d

U
e
d
a

V
B

 L
o

w
e

rb
o

u
n

d

P
s
e

u
d

o
 L

O
O

 L
o

g
 L

ik
e

lih
o

o
d

-6
0

0
0

-8
0

0
0

-1
0

0
0

0

-1
2

0
0

0

-1
4

0
0

0

-1
6

0
0

0

-1
8

0
0

0

-2
0

0
0

0

-2
2

0
0

0

-2
4

0
0

0

Evaluation Quantity Value

Ite
ra

tio
n
s

0
2

0
4

0
6

0
8

0
1

0
0

V
B

 L
o

w
e

rb
o

u
n

d

P
s
e

u
d

o
 L

O
O

 L
o

g
 L

ik
e

lih
o

o
d

-4
0

0
0

0
0

-6
0

0
0

0
0

-8
0

0
0

0
0

-1
0

0
0

0
0

0

-1
2

0
0

0
0

0

-1
4

0
0

0
0

0

-1
6

0
0

0
0

0

-1
8

0
0

0
0

0

Evaluation Quantity Value

Ite
ra

tio
n
s

0
2

0
4

0
6

0
8

0
1

0
0

IR
M

, s
m

a
lle

r s
y
n
th

e
tic

 d
a
ta

IR
M

, la
rg

e
r s

y
n
th

e
tic

 d
a
ta

V
B

 L
o
w

e
rb

o
u
n
d
 &

 P
s
e
u
d
o
 L

O
O

 L
o
g

 L
ik

e
lih

o
o
d
 (C

V
B

 0
th

 o
rd

e
r)

L
D

A
, s

m
a
lle

r s
y
n
th

e
tic

 d
a
ta

L
D

A
, la

rg
e
r s

y
n
th

e
tic

 d
a
ta

Ite
ra

tio
n
s

0
2

0
4

0
6

0
8

0
1

0
0

Ite
ra

tio
n
s

0
2

0
4

0
6

0
8

0
1

0
0

-2
7

0
0

0
0

0

-2
8

0
0

0
0

0

-2
9

0
0

0
0

0

-3
0

0
0

0
0

0

-3
1

0
0

0
0

0

-3
2

0
0

0
0

0

-3
3

0
0

0
0

0

-3
4

0
0

0
0

0

-3
5

0
0

0
0

0

Evaluation Quantity Value

-1
0

0
0

0
0

0

-1
1

0
0

0
0

0

-1
2

0
0

0
0

0

-1
3

0
0

0
0

0

-1
4

0
0

0
0

0

-1
5

0
0

0
0

0

-1
6

0
0

0
0

0

-1
7

0
0

0
0

0

-1
8

0
0

0
0

0

-1
9

0
0

0
0

0

Evaluation Quantity Value

V
B

 L
o

w
e

rb
o

u
n

d

P
s
e

u
d

o
 L

O
O

 L
o

g
 L

ik
e

lih
o

o
d

V
B

 L
o

w
e

rb
o

u
n

d

P
s
e

u
d

o
 L

O
O

 L
o

g
 L

ik
e

lih
o

o
d

Figure
3:

E
volution

of
tw

o
quantities

over
C

V
B

0
iterations.

Solid
lines

indicate
the

evolution
of

naive
V

B
low

erbound.D
ashed

lines
indicate

the
evolution

ofpseudo
L

O
O

log
likelihood

on
training

data.
E

rror
bars

denote
the

standard
deviations.

U
pper

panels:
L

D
A

results
on

tw
o

synthetic
data.L

ow
erpanels:IR

M
results

on
tw

o
synthetics

data.

4.1
Procedure

ofA
C

V
B

T
his

technique
is

based
on

m
onitoring

the
changes

ofq(Z
).T

he
rationale

is
sim

ple:itis
reasonable

to
m

onitor
q(Z

)
since

the
C

V
B

solutions
are

trying
to

obtain
the

stationary
point

of
the

Taylor-
approxim

ated
low

erbound
w

ith
respectto

q(Z
),even

though
w

e
don’tknow

w
hetherthe

stationary
pointexists,as

explained
before.

O
ur

solution
is

a
sim

ple
annealing

technique
called

A
veraged

C
V

B
(A

C
V

B
)

w
hich

assures
the

convergence
of

C
V

B
solutionD

fw
e

s.
W

e
em

phasize
that

the
A

C
V

B
discussion

is
not

lim
ited

to
L

D
A

and
IR

M
;this

technique
is

applicable
to

C
V

B
inference

on
any

m
odel.A

lso,A
C

V
B

is
equally

valid
forC

V
B

(2nd
order)and

C
V

B
0.

A
fter

a
certain

num
ber

of
iterations

for
“burn-in”,

w
e

gradually
decrease

the
portion

of
the

variationalposteriorchanges:

q̄
(s+

1)
=

(1−
1

s
+

1 )q̄
(s)

+
1

s
+

1
q

(s+
1),

or
q̄

(S
)

=
1S

S∑s=
1

q
(s),“

(21)
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e
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ur

in
g

th
e
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rn

-i
n

pe
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od
,w

e
m

on
ito

r
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ge

s
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nv

er
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s
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re
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ng

th
e
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in

g
pr
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es

s.
H

er
ea

ft
er

,
w

e
re

sp
ec

tiv
el

y
de

no
te

th
e

(n
ai

ve
)

C
V

B
so

lu
tio

n
an

d
th

e
C

V
B

0
so

lu
tio

n,
bo

th
fo

r
A

C
V

B
,a

s
A

C
V

B
an

d
A

C
V

B
0

so
lu

tio
ns

.

4.
2

Pr
op

er
tie

so
fA

C
V

B

C
on

ce
rn

in
g

th
e

co
nv

er
ge

nc
e

of
A

C
V

B
,t

he
re

ar
e

th
re

e
po

in
ts

to
no

te
.T

he
fir

st
is

ra
th

er
ev

id
en

tb
ut

m
ak

es
A

C
V

B
us

ef
ul

fo
r

pr
ac

tic
al

C
V

B
in

fe
re

nc
e.

A
C

V
B

as
su

re
co

nv
er

ge
nc

e,
an

d
w

e
ca

n
ea

si
ly

de
te

ct
it

by
ta

ki
ng

th
e

di
ff

er
en

ce
of

q̄
in

su
cc

es
si

ve
ite

ra
tio

ns
.

L
em

m
a

1
Av

er
ag

ed
va

ri
at

io
na

l
po

st
er

io
r

q̄(s
)

is
co

nv
er

ge
nc

e-
as

su
re

d:
∀ε

>
0,
∃S

0,
s.

t.
∀S

>

S
0
⇒

1 N
∑

N i=
1

∣ ∣ ∣ ∣q̄(S
)

i
−q̄

(S
−1

)
i

∣ ∣ ∣ ∣<
ε.

Pr
oo

f
Si

nc
e

1 S

S ∑ s=
1

q(s
)

=

( 1
−

1 S

)
1

S
−1

S
−1 ∑ s=

1

q(s
)
+

1 S
q(S

) ,

w
e

ha
ve

∣ ∣ ∣ ∣ ∣ ∣ ∣1 S

S ∑ s=
1

q(s
)
−

1
S
−1

S
−1 ∑ s=

1

q(s
)∣ ∣ ∣ ∣ ∣ ∣ ∣=

∣ ∣ ∣ ∣ ∣ ∣ ∣−
1 S

1
S
−1

S
−1 ∑ s=

1

q(s
)
+

1 S
q(S

)∣ ∣ ∣ ∣ ∣ ∣ ∣

≤
1 S

1
S
−1

S
−1 ∑ s=

1

|q(s
) |+

1 S
|q(S

) |

≤
1 S

1
S
−1

(S
−1

)+
1 S

=
2 S
.

T
hu

s,

1 N

N ∑ i=
1

∣ ∣ ∣ ∣ ∣ ∣ ∣1 S

S ∑ s=
1

q(s
)

i
−

1
S
−1

S
−1 ∑ s=

1

q(s
)

i

∣ ∣ ∣ ∣ ∣ ∣ ∣≤
2 S
.

If
w

e
se

tS
0

=
2 ε
,t

he
n
∀S

>
S

0,

1 N

N ∑ i=
1

∣ ∣ ∣ ∣ ∣ ∣ ∣1 S

S ∑ s=
1

q(s
)

i
−

1
S
−1

S
−1 ∑ s=

1

q(s
)

i

∣ ∣ ∣ ∣ ∣ ∣ ∣≤
2 S
<

2 S
0

=
ε.

T
hi

s
m

ea
ns

1 N

N ∑ i=
1

∣ ∣ ∣ ∣q̄(S
)

i
−q̄

(S
−1

)
i

∣ ∣ ∣ ∣<
ε.

13
JM

L
R

 1
8(

1)
:1

-2
9,

 2
01

7

Is
h
ig
u
r
o

,S
at
o
,a
n
d

U
e
d
a

T
hu

s,
w

e
ca

n
au

to
m

at
ic

al
ly

st
op

th
e

A
C

V
B

in
fe

re
nc

e
by

a
st

op
pi

ng
ru

le
ba

se
d

on
th

e
di

ff
er

en
ce

of
th

e
A

C
V

B
po

st
er

io
rs

.
T

he
se

co
nd

po
in

t
is

al
so

no
te

w
or

th
y

an
d

va
lid

at
es

th
e

us
e

of
A

C
V

B
in

B
ay

es
ia

n
in

fe
re

nc
e.

W
e

ca
n

pr
ov

e
th

at
co

nv
er

ge
d

q̄
is

as
ym

pt
ot

ic
al

ly
eq

ui
va

le
nt

to
th

e
fix

ed
po

in
to

f
th

e
C

V
B

up
da

te
al

go
ri

th
m

,i
fi

te
xi

st
s

(n
ot

e
th

at
it

is
un

cl
ea

rw
he

th
er

th
e

or
ig

in
al

C
V

B
up

da
te

al
go

ri
th

m
ha

s
a

fix
ed

po
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at
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⇒
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re
fo

re
,

lim s→
∞

q̄(s
)

=
q∗
.

N
ot

e
th

at
th

e
lit

er
at

ur
e

fa
ils

to
re

so
lv

e
w

he
th

er
th

e
C

V
B

al
go

ri
th

m
(b

as
ed

on
Ta

yl
or

ap
pr

ox
im

at
io

n)
ha

s
an

al
go

ri
th

m
ic

fix
ed

po
in

t.
H

ow
ev

er
,A

C
V

B
re

m
ai

ns
us

ef
ul

be
ca

us
e

it
as

su
re

s
th

e
co

nv
er

ge
nc

e
of

th
e

in
fe

re
nc

e
pr

oc
es

s
an

d
w

ill
fin

d
th

e
tr

ue
so

lu
tio

n
if

C
V

B
ha

s
a

fix
ed

po
in

t.
N

o
so

lu
tio

ns
to

th
e

co
nv

er
ge

nc
e

pr
ob

le
m

of
C

V
B

ha
ve

ev
er

be
en

pu
bl

is
he

d,
to

th
e

be
st

of
ou

rk
no

w
le

dg
e.

A
s

th
e

th
ir

d
po

in
t,

w
e

no
te

on
th

e
re

qu
ir

ed
ite

ra
tio

n,
S

,
fo

r
th

e
co

nv
er

ge
nc

e
of

A
C

V
B

.
T

he
fo

llo
w

in
g

le
m

m
a

pr
ov

id
es

-a
n

in
si

gh
tt

o
se

tu
p

th
e

m
ax

im
um

nu
m

be
ro

fi
te

ra
tio

ns
.
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A
v
e
r
a
g
e
d

C
V

B

L
em

m
a

3
The

m
axim

um
distance

betw
een

the
averaged

variationalposteriors
ofconsecutive

steps
is

upperbounded
by

a
term

proportionalto
1s

w
here

s
is

the
num

ber
ofiterations.

Proof
C

onsiderthe
averaged

variationalposteriorconcerning
one

hidden
variable,zi .A

lso
consider

thatq̄(zi )isa
real-valued

vectoron
a

sim
plex

(say,on
a

K
dim

ensionalsim
plex).From

the
definition,

w
e

see:

∥∥∥q̄
(s+

1)(zi )−
q̄

(s)(zi ) ∥∥∥
=

1
s

+
1

∥∥∥q̄
(s)(zi )−

q̄
(s+

1)(zi ) ∥∥∥
.

T
he

m
axim

um
L

2
distance

betw
een

tw
o

sim
plex

vectors
is √

2.T
herefore:

∥∥∥q̄
(s+

1)(zi )−
q̄

(s)(zi ) ∥∥∥
=

1
s

+
1

∥∥∥q̄
(s)(zi )−

q̄
(s+

1)(zi ) ∥∥∥≤
√

2
s

+
1
.

U
sing

this
lem

m
a,w

e
roughly

expectthe
num

berofm
axim

um
iterations

to
satisfy

a
certain

thresh-
old

of
the

averaged
C

V
B

posterior
differences.

For
exam

ple,
w

e
have

∥∥∥q̄
(s+

1)(zi )−
q̄

(s)(zi ) ∥∥∥
<

1
.4×

10 −
3

w
ith

s
=

1000
iterations,

and
∥∥∥q̄

(s+
1)(zi )−

q̄
(s)(zi ) ∥∥∥

<
1
.0×

10 −
4

w
ith

s
=

14000
it-

erations.
W

e
can

use
these

s
as

the
num

ber
of

m
axim

um
iterations

for
running

the
program

.
In

practice
w

e
typically

need
m

uch
few

eriterations
to

achieve
the

designed
threshold.

5.E
xperim

ents

T
his

section
presents

ourexperim
entalvalidations.In

sum
m

ary,w
e

obtained
the

follow
ing

results.

1.
Foralm

ostallthe
datasets,C

V
B

and
A

C
V

B
inferencesachieved

betterm
odeling

perform
ance

than
the

naive
V

B
,in

both
L

D
A

and
IR

M
.

2.
C

V
B

0
and

A
C

V
B

0
inferences

often
perform

ed
significantly

betterthan
their2nd-ordercoun-

terparts.

3.
T

he
com

putations
of

the
C

V
B

0
and

A
C

V
B

0
inferences

are
generally

faster
than

the
other

V
B

-based
m

ethods.

5.1
Procedure

W
e

com
pared

the
perform

ance
of

the
proposed

averaged
C

V
B

solutions
(A

C
V

B
,A

C
V

B
0)

w
ith

naive
variationalB

ayes
(V

B
)

and
C

V
B

solutions
(C

V
B

,C
V

B
0),w

hich
are

the
baseline

determ
in-

istic
inferences.

A
s

a
reference,w

e
also

include
com

parisons
w

ith
the

collapsed
G

ibbs
sam

plers
(G

ibbs)w
ith

a
sm

allnum
berofiterations.

Initialization
and

hyperparam
eterchoices

are
im

portantfora
faircom

parison
ofinference

m
eth-

ods.
W

e
em

ploy
hyperparam

eter
updates

for
all

solutions:
fixed

point
iterations

for
V

B
,

C
V

B
,

C
V

B
0,A

C
V

B
,and

A
C

V
B

0
and

hyper-priorsam
pling

forG
ibbs.ForL

D
A

,w
e

fixed
the

initialhy-
perparam

eter
values

based
on

know
ledge

from
the

existing
(m

any)
L

D
A

w
orks,especially

relying
on

the
resultof

(A
suncion

etal.,2009).
For

IR
M

,w
e

tested
severalinitialhyperparam

eter
values

and
reportthe

results
com

puted
using

the
besthyperparam

eter
setting.

A
llof

the
hidden

variables
w

ere
initialized

in
a

com
pletely

random
m

anner
w

ith
the

uniform
distribution

to
assign

softvalues
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Ish
ig
u
r
o,S
ato,
a
n
d

U
e
d
a

D
ataset

D
V

N

20
new

s
group

10,000
13,178

1,046,101
E

nron
10,000

15,258
937,113

Table
2:D

atasetsizes
used

in
ourL

D
A

experim
ents.

of
p(zi

=
k).

In
the

case
of

G
ibbs,w

e
perform

ed
hard

assignm
ents

of
zi

=
k

to
the

m
ostw

eighted
cluster.

For
the

V
B

,
C

V
B

,
C

V
B

0,
A

C
V

B
,

and
A

C
V

B
0

solutions,
w

e
norm

alized
the

assigned
w

eights.Forthe
L

D
A

experim
ents,w

e
setthe

num
beroftopics

as
K
∈{50

,100
,200}.Forthe

IR
M

experim
ents,allof

the
inferences

exceptG
ibbs

require
a

num
ber

of
truncated

clusters
a

priori.
To

assess
the

effectof
the

truncation
level,our

experim
ents

exam
ined

K
1

=
K

2
=

K
∈{20

,40
,60}.

In
practice,w

e
justneed

to
prepare

a
su

ffi
ciently

large
K

to
handle

data
com

plexity.
W

e
com

pared
the

perform
ance

ofthe
inference

m
ethods

by
testdata

perplexity
forL

D
A

and
by

the
averaged

testdata
m

arginallog
likelihood

for
IR

M
.G

iven
an

observation
dataset,w

e
excluded

roughly
10%

of
the

observations
from

the
inference

as
held-outtestdata.

A
fter

the
inference

w
as

finished,w
e

com
puted

the
perplexity

or
the

m
arginallog

likelihoods
of

the
testdata.

T
he

testdata
w

ere
random

ly
sam

pled
for

each
run.

T
he

perplexity
and

the
log

likelihood
w

ere
com

puted
for

20
runs

w
ith

differentinitialization
and

hyperparam
etersettings.

In
the

experim
ents,w

e
setthe

m
axim

um
num

bers
ofinference

iterations
and

iterated
the

infer-
ences

until
w

e
reached

that
m

axim
um

.
T

hen
w

e
reported

the
final

values
of

the
perplexities

(for
L

D
A

)
or

the
averaged

log
likelihood

(for
IR

M
)

as
w

ell
the

evolutions
of

these
values

versus
the

C
PU

tim
es.

For
the

reference
G

ibbs
sam

pler
on

L
D

A
,w

e
iterated

the
sam

pling
procedure

1
,000

tim
es

and
discarded

the
first100

iterations
as

the
burn-in

period.Forthe
reference

G
ibbs

sam
pleron

IR
M

,w
e

iterated
the

sam
pling

procedure
3
,000

tim
es

and
discarded

the
first1

,500
iterations

as
the

burn-in
period.

5.2
D

atasets

Forourexperim
ents,w

e
prepared

severalreal-w
orld

datasets
thatallow

ed
us

to
assess

the
inference

perform
ance

atseveralscales
and

densities.
Forthe

L
D

A
experim

ents
w

e
em

ployed
tw

o
popularreal-w

orld
datasets

and
converted

them
to

the
B

oW
form

at.
T

he
firstdatasetisthe

20
new

sgroup
corpus(A

suncion
etal.,2009;Sato

and
N

akagaw
a,2012),

including
random

ly
chosen

D
=

10
,000

docum
ents

w
ith

a
vocabulary

size
V

=
13
,178.T

he
second

datasetis
the

E
nron

em
ailcorpus

(M
cC

allum
etal.,2005)including

random
ly

chosen
D

=
10
,000

docum
ents

w
ith

a
vocabulary

size
ofV

=
15
,258.Stop

w
ords

w
ere

elim
inated.N

ote
the

reference
m

aterials
fordetailed

inform
ation

ofthese
datasets.T

he
data

sizes
and

densities
are

sum
m

arized
in

Table
5.2.

For
the

IR
M

experim
ents,w

e
collected

sm
alland

large
real-w

orld
datasets.

W
e

explain
them

m
ore

closely
since

the
IR

M
and

the
relationaldata

analysis
are

probably
less

com
m

on
than

the
L

D
A

and
the

topic
m

odelresearches
form

any
readers.

T
he

firstreal-w
orld

relationaldatasetis
the

E
nron

e-m
aildataset(K

lim
tand

Y
ang,2004),w

hich
has

been
used

in
m

any
studies

(Tang
etal.,2008;Fu

etal.,2009;Ishiguro
etal.,2010,2012).

W
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fo
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T
he

da
ta

se
tc

on
ta

in
s

N
=
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=
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arginaltestdata

log
likelihood

pertestdata
entry

(10%
testdata)on

IR
M

after200
iter-

ations.
L

arger
values

are
better.

B
oldface

indicates
the

bestm
ethod

w
ithin

determ
inistic

m
ethods

and
is

significantly
better

than
m

ethod(s)
m

arked
w

ith∗
(by

t-test,
p

=
0
.05).

N
um
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ofthe

G
ibbs

sam
plerare

com
puted

after3
,000

iterations.U
pperpanel:

K
=

20,
m

iddle
panel:

K
=

40,low
erpanel:

K
=

60.

T
hus

itis
perfectly

possible
thata

collapsed
G

ibbs
outperform

ed
allthe

V
B

-based
techniques,given

m
ore

sophisticated
sam

pling
techniques

and
m

any
m

ore
iterations.

O
ur

results
dem

onstrate
one

pointof
contention.

T
he

A
C

V
B

and
C

V
B

inferences
are

signifi-
cantly

better
than

naive
V

B
inference

for
alm

ostallthe
IR

M
cases.

T
his

apparently
conflicts

w
ith

a
form

er
IR

M
-C

V
B

study
(K

onishietal.,2014)
for

single-dom
ain

IR
M

s.
T

hey
reported

thatC
V

B
inference

isinferiorto
V

B
forsparse

relationaldata.H
ow

ever,in
ourexperim

ents,V
B

neveroutper-
form

ed
A

C
V

B
orC

V
B

.O
urspeculation

isthatthisisdue
to

the
m

odelstructure
ofthe

m
ulti-dom

ain
IR

M
(the

focusofthispaper)and
the

single-dom
ain

IR
M

in
K

onishietal.(2014).In
the

observation
process

ofa
m

ulti-dom
ain

IR
M

(E
quation

8),tw
o

hidden
variables

from
tw

o
independentdom

ains
interact(i.e.,z1

,i and
z2
,j ),w

hereas
tw

o
from

the
sam

e
dom

ain
do

not(e.g.,z1
,i and

z1
,i ′).
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Ish
ig
u
r
o,S
ato,
a
n
d

U
e
d
a

otherhand,in
the

case
ofa

single-dom
ain

IR
M

(E
quation

11),tw
o

hidden
variables

from
the

sam
e

(and
the

sole)dom
ain

interact(i.e.zi and
z

j ).G
iven

thatL
D

A
has

no
such

variable
interactions,w

e
believe

the
m

ulti-dom
ain

IR
M

is
one

step
closer

to
L

D
A

than
the

single-dom
ain

IR
M

in
term

s
of

interaction
com

plication.T
herefore,perhaps

the
behaviors

ofthe
(A

)C
V

B
and

V
B

inferences
in

the
m

ulti-dom
ain

IR
M

resem
bles

the
L

D
A

cases:C
V

B
is

superiorto
V

B
.

Figures4
and

5
presentexam

plesofthe
clustering

attained
fortheSynth2

and
L

astfm
U

serX
U

ser
data

in
K

=
60.A

llofthe
objectindices

in
the

figures
are

sorted
so

thatthe
objects

are
grouped

into
blocks.T

he
horizontaland

verticalcolorlinesrespectively
indicate

the
bordersofthe

objectclusters
forfirstdom

ain
k

and
second

dom
ain

l.W
e

show
the

M
A

P
assignm

ents
and

assign
an

objectto
the

clusterw
ith

the
highestposteriorprobability.

Finally,w
e

show
a

few
plots

of
perform

ance
m

easures
over

C
PU

tim
e.

Figure
6

illustrates
the

tim
e

evolution
ofthe

testdata
perplexity

ofL
D

A
on

differentdata
sets.Figure

7
illustrates

the
tim

e
evolution

of
the

testdata
likelihood

of
IR

M
on

differentdata
sets.

W
e

refrain
from

presenting
the

C
PU

tim
e

evolutions
ofournaive

im
plem

entations
ofthe

collapsed
G

ibbs
sam

plers,since
there

is
a

num
berofvery

effi
cientsam

pling
m

ethods
forL

D
A

(L
ietal.,2014).

W
e

observe
thatthe

A
C

V
B

0
and

C
V

B
0

inferences
generally

proceed
faster

than
the

other
in-

ference
m

ethods.
C

om
bined

w
ith

assured
convergence

and
the

good
num

ericalperform
ances,w

e
conclude

thatthe
A

C
V

B
0

solution
is

a
good

inference
choice

forpracticalusages.

6.C
onclusion

In
this

paper,w
e

proposed
an

A
veraged

C
ollapsed

V
ariationalB

ayes
(A

C
V

B
)

inference,w
hich

is
a

convergence-guaranteed
and

usefuldeterm
inistic

inference
algorithm

thatis
expected

to
replace

naive
V

B
in

practicalapplications.
W

e
studied

the
convergence

aspectofC
V

B
inference

in
tw

o
w

ays
to

address
its

open
problem

.
W

e
started

by
exam

ining
tw

o
possible

convergence
m

etric
candidates

for
C

V
B

solutions.
N

ext,
w

e
proposed

a
sim

ple
and

effective
annealing

technique,
A

veraged
C

V
B

(A
C

V
B

),
to

assure
the

convergence
of

C
V

B
solutions.

A
C

V
B

posterior
updates

o
ffer

assured
convergence

due
to

their
sim

ple
annealing

m
echanism

.
M

oreover,the
fixed

pointof
the

originalC
V

B
update

algorithm
is

equivalent
to

the
converged

solution
of

A
C

V
B

,if
the

C
V

B
algorithm

has
a

fixed
point

(an
issue

unresolved
in

the
literature).

A
C

V
B

is
applicable

to
any

m
odeland

is
equally

valid
for

C
V

B
and

C
V

B
0.

In
experim

ents
using

several
real-w

orld
relational

data
sets,

w
e

concluded
that

the
A

veraged
C

V
B

0
(A

C
V

B
0)

inference
o
ffers

the
follow

ing
im

pressive
perform

ances.
Itoutperform

s
naive

V
B

inference
in

m
any

cases
and

often
show

s
significantly

better
perform

ances
than

2nd-order
C

V
B

and
its

averaged
version.

A
C

V
B

0
typically

converges
faster

than
the

2nd-order
C

V
B

and
A

C
V

B
.

A
C

V
B

0
achieves

com
petitive

results
w

ith
0-th

order
C

V
B

0
inference,

w
hich

is
one

of
the

best
B

ayesian
inference

m
ethods.

In
addition,

A
C

V
B

0
guarantees

the
convergence

of
the

algorithm
w

hile
C

V
B

0
does

not.
B

ased
on

these
findings

w
e

conclude
thatA

C
V

B
0

is
an

appealing
B

ayesian
inference

m
ethod

forpractitioners,w
ho

needs
precise

posteriorinferences
w

ith
guaranteed

com
pu-

tationalconvergences.
For

future
w

ork,
w

e
w

ill
enhance

the
inference

speed,
especially

for
relatively

slow
er

IR
M

s.
O

ne
candidate

is
to

stochastically
approxim

ate
the

sam
ple

size
as

in
SG

D
.R

ecently,(Foulds
etal.,

2013)
proposed
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approach
parallelizes

the
inference
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cedure

(H
ansen

et
al.,

2011;
A

lbers
et

al.,
2013);

they
exam

ined
the

parallelization
of

collapsed
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=
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Table
6:

M
arginaltestdata

log
likelihood

pertestdata
entry

(10%
testdata)on

IR
M

afterconver-
gence.L

argervalues
are

better.B
oldfaces

indicate
the

bestm
ethod,w

hich
is

significantly
better

than
the

m
ethod(s)

m
arked

w
ith∗

(by
t-test,

p
=

0
.05).

T
he

num
bers

of
the

G
ibbs

sam
pler

is
that

of
after

3
,000

iterations.
U

pper
panel:

K
=

20,m
iddle

panel:
K

=
40,

low
erpanel:

K
=

60.

in
the

m
onitored

quantity;
if

the
changes
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ere

sm
aller

than
0
.001%

of
the

current
value

of
the

quantity,w
e

assum
ed

thatthe
algorithm

had
converged.

T
he

m
odeling

perform
ances

are
presented

in
Table

6.
T

hey
show

the
averages

of
the

testdata
m

arginal
log

likelihood
after

convergence.
T

he
results

of
the

best
setup

are
presented

for
each

solution.In
addition,w

e
conducted

statisticalsignificance
tests

using
t-tests.

O
verall,
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that
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C

V
B

and
A

C
V

B
0

perform
ed

slightly
better

than
the

experim
ental

resultsw
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a
fixed

num
berofiterations.T
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sm

oothed
posteriorsofA

C
V

B
and

A
C

V
B

0
are

possibly
close
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good
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true
C

V
B

posteriors.
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09
,

20
10

a,
b
,

20
11

,
20

12
;

Ie
n
co

et
a
l.
,

2
0
1
0
;

G
oy

a
l

et
al

.,
20

11
a,

b
;
G

om
ez

-R
o
d
ri

gu
ez

an
d

S
ch

öl
ko

p
f,

20
12

),
w

h
er

e
it

h
as

b
ee

n
ty

p
ic

a
ll
y

a
ss

u
m

ed
th

at
th

e
h
os

t
(e

.g
.,

th
e

ow
n
er

of
an

on
li
n
e

so
ci

al
p
la

tf
or

m
)

fa
ce

s
a

si
n
gl

e
p
ro

d
u
ct

,
en

d
le

ss
u
se

r
at

te
n
ti

on
,

u
n
li
m

it
ed

b
u
d
ge

ts
an

d
u
n
b

ou
n
d
ed

ti
m

e.
H

ow
ev

er
,

in
re

al
it

y,
th

e
h
o
st

o
ft

en
en

co
u
n
te

rs
a

m
u
ch

m
or

e
co

n
st

ra
in

ed
sc

en
ar

io
:

•
M

u
lt

ip
le

-I
te

m
C

o
n

st
ra

in
ts

:
m

u
lt

ip
le

p
ro

d
u
ct

s
ca

n
sp

re
ad

si
m

u
lt

an
eo

u
sl

y
a
m

o
n
g

th
e

sa
m

e
se

t
of

so
ci

al
en

ti
ti

es
.

T
h
es

e
p
ro

d
u
ct

s
m

ay
h
av

e
d
iff

er
en

t
ch

ar
a
ct

er
is

ti
cs

,
su

ch
as

th
ei

r
re

ve
n
u
es

an
d

sp
ee

d
of

sp
re

ad
.

•
T

im
in

g
C

o
n

st
ra

in
ts

:
th

e
ad

ve
rt

is
er

s
ex

p
ec

t
th

e
in

fl
u
en

ce
to

o
cc

u
r

w
it

h
in

a
ce

rt
a
in

ti
m

e
w

in
d
ow

,
an

d
d
iff

er
en

t
p
ro

d
u
ct

s
m

ay
h
av

e
d
iff

er
en

t
ti

m
in

g
re

q
u
ir

em
en

ts
.

•
U

se
r

C
o
n

st
ra

in
ts

:
u
se

rs
of

th
e

so
ci

al
n
et

w
or

k
,

ea
ch

of
w

h
ic

h
ca

n
b

e
a

p
o
te

n
ti

a
l

so
u
rc

e,
w

ou
ld

li
ke

to
b

e
ex

p
os

ed
to

on
ly

a
sm

al
l

n
u
m

b
er

of
ad

s.
F

u
rt

h
er

m
o
re

,
u
se

rs
m

ay
b

e
gr

ou
p

ed
b
y

th
ei

r
ge

og
ra

p
h
ic

al
lo

ca
ti

on
s,

an
d

ad
ve

rt
is

er
s

m
ay

h
av

e
a

ta
rg

et
p

op
u
la

ti
on

th
ey

w
an

t
to

re
ac

h
.

•
P

ro
d

u
c
t

C
o
n

st
ra

in
ts

:
se

ek
in

g
in

it
ia

l
ad

op
te

rs
en

ta
il
s

a
co

st
to

th
e

a
d
ve

rt
is

er
,

w
h
o

n
ee

d
s

to
p
ay

to
th

e
h
os

t
an

d
of

te
n

h
as

a
li
m

it
ed

am
ou

n
t

of
m

on
ey

.

F
or

ex
am

p
le

,
F

ac
eb

o
ok

(i
.e

.,
th

e
h
os

t)
n
ee

d
s

to
al

lo
ca

te
ad

s
fo

r
va

ri
o
u
s

p
ro

d
u
ct

s
w

it
h

d
iff

er
en

t
ch

ar
ac

te
ri

st
ic

s,
e.

g.
,

cl
ot

h
es

,
b

o
ok

s,
o
r

co
sm

et
ic

s.
W

h
il
e

so
m

e
p
ro

d
u
ct

s,
su

ch
a
s

cl
ot

h
es

,
ai

m
at

in
fl
u
en

ci
n
g

w
it

h
in

a
sh

or
t

ti
m

e
w

in
d
ow

,
so

m
e

ot
h
er

s,
su

ch
a
s

b
o
o
k
s,

m
ay

al
lo

w
fo

r
lo

n
ge

r
p

er
io

d
s.

M
or

eo
ve

r,
F

ac
eb

o
ok

li
m

it
s

th
e

n
u
m

b
er

of
ad

s
in

ea
ch

u
se

r’
s

si
d
e-

b
ar

(t
y
p
ic

al
ly

it
sh

ow
s

le
ss

th
an

fi
ve

)
an

d
,

a
s

a
co

n
se

q
u
en

ce
,

it
ca

n
n
ot

as
si

g
n

a
ll

a
d
s

to
a

fe
w

h
ig

h
ly

in
fl
u
en

ti
al

u
se

rs
.

F
in

al
ly

,
ea

ch
ad

v
er

ti
se

r
h
as

a
li
m

it
ed

b
u
d
ge

t
to

p
ay

fo
r

a
d
s

o
n

F
ac

eb
o
ok

an
d

th
u
s

ea
ch

ad
ca

n
on

ly
b

e
d
is

p
la

ye
d

to
so

m
e

su
b
se

t
of

u
se

rs
.

In
o
u
r

w
o
rk

,
w

e
in

co
rp

or
at

e
th

es
e

m
y
ri

ad
s

of
p
ra

ct
ic

al
an

d
im

p
or

ta
n
t

re
q
u
ir

em
en

ts
in

to
co

n
si

d
er

a
ti

o
n

in
th

e
in

fl
u
en

ce
m

ax
im

iz
at

io
n

p
ro

b
le

m
.

W
e

ac
co

u
n
t

fo
r

th
e

m
u
lt

i-
p
ro

d
u
ct

an
d

ti
m

in
g

co
n
st

ra
in

ts
b
y

ap
p
ly

in
g

p
ro

d
u
ct

-s
p

ec
ifi

c
co

n
ti

n
u
ou

s-
ti

m
e

d
iff

u
si

on
m

o
d
el

s.
H

er
e,

w
e

op
t

fo
r

co
n
ti

n
u
ou

s-
ti

m
e

d
iff

u
si

o
n

m
o
d
el

s
in

-
st

ea
d

of
d
is

cr
et

e-
ti

m
e

m
o
d
el

s,
w

h
ic

h
h
av

e
b

ee
n

m
os

tl
y

u
se

d
in

p
re

v
io

u
s

w
or

k
(K

em
p

e
et

a
l.
,

20
03

;
C

h
en

et
al

.,
20

09
,

20
10

a,
b
,

20
11

,
20

12
;

B
or

gs
et

al
.,

20
12

).
T

h
is

is
b

ec
a
u
se

a
rt

i-
fi
ci

al
ly

d
is

cr
et

iz
in

g
th

e
ti

m
e

ax
is

in
to

b
in

s
in

tr
o
d
u
ce

s
ad

d
it

io
n
al

er
ro

rs
.

O
n
e

ca
n

a
d
ju

st
th

e
ad

d
it

io
n
al

tu
n
in

g
p
ar

am
et

er
s,

li
ke

th
e

b
in

si
ze

,
to

b
al

an
ce

th
e

tr
ad

eo
ff

b
et

w
ee

n
th

e
er

ro
r

an
d

th
e

co
m

p
u
ta

ti
on

al
co

st
,

b
u
t

th
e

p
ar

am
et

er
s

ar
e

n
o
t

ea
sy

to
ch

o
o
se

o
p
ti

m
a
ll
y.

E
x
te

n
si

ve
ex

p
er

im
en

ta
l

co
m

p
ar

is
on

s
on

b
ot

h
sy

n
th

et
ic

an
d

re
al

-w
or

ld
d
at

a
h
av

e
sh

ow
n

th
at

d
is

cr
et

e-
ti

m
e

m
o
d
el

s
p
ro

v
id

e
le

ss
ac

cu
ra

te
in

fl
u
en

ce
es

ti
m

at
io

n
th

an
th

ei
r

co
n
ti

n
u
o
u
s-

ti
m

e
co

u
n
te

rp
ar

ts
(G

om
ez

-R
o
d
ri

gu
ez

et
al

.,
20

11
;

G
om

ez
-R

o
d
ri

gu
ez

an
d

S
ch

ö
lk

o
p
f,

2
0
1
2
;

G
om

ez
-R

o
d
ri

gu
ez

et
al

.,
20

13
;

D
u

et
al

.,
20

13
a,

b
).

H
ow

ev
er

,
m

ax
im

iz
in

g
in

fl
u
en

ce
b
as

ed
on

co
n
ti

n
u
ou

s-
ti

m
e

d
iff

u
si

on
m

o
d
el

s
a
ls

o
en

ta
il
s

ad
d
it

io
n
al

ch
al

le
n
ge

s.
F

ir
st

,
ev

al
u
at

in
g

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

of
th

e
in

fl
u
en

ce
m

a
x
im

iz
a
ti

on

2
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L
R
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C
o
n
t
in
u
o
u
s-T

im
e
In

f
l
u
e
n
c
e
M
a
x
im

iz
a
t
io
n
o
f
M
u
lt

ip
l
e
It
e
m
s

p
ro

b
lem

(i.e.,
th

e
in

fl
u
en

ce
estim

ation
p
rob

lem
)

in
th

is
settin

g
is

a
d
iffi

cu
lt

grap
h
ical

m
o
d
el

in
feren

ce
p
ro

b
lem

,
i.e.,

com
p
u
tin

g
th

e
m

argin
al

d
en

sity
of

con
tin

u
ou

s
variab

les
in

lo
op

y
g
ra

p
h
ical

m
o
d
els.

T
h
e

ex
act

an
sw

er
can

b
e

com
p
u
ted

on
ly

for
very

sp
ecial

cases.
F

or
ex

-
a
m

p
le,

G
o
m

ez-R
o
d
rigu

ez
an

d
S
ch

ölkop
f

(2012)
h
ave

sh
ow

n
th

at
th

e
p
rob

lem
can

b
e

solv
ed

ex
a
ctly

w
h
en

th
e

tran
sm

ission
fu

n
ction

s
are

ex
p

on
en

tia
l
d
en

sities,
b
y

u
sin

g
con

tin
u
ou

s
tim

e
M

a
rkov

p
ro

cesses
th

eory.
H

ow
ev

er,
th

e
com

p
u
tation

al
com

p
lex

ity
of

su
ch

ap
p
roach

,
in

gen
-

era
l,

sca
les

ex
p

on
en

tially
w

ith
th

e
size

an
d

d
en

sity
of

th
e

n
etw

ork
.

M
oreov

er,
ex

ten
d
in

g
th

e
a
p
p
ro

a
ch

to
d
eal

w
ith

arb
itrary

tran
sm

ission
fu

n
ction

s
w

ou
ld

req
u
ire

ad
d
ition

al
n
on

triv
ial

a
p
p
rox

im
a
tio

n
s

w
h
ich

w
ou

ld
in

crease
even

m
ore

th
e

com
p
u
tation

al
com

p
lex

ity.
S
econ

d
,

it
is

u
n
clea

r
h
ow

to
scale

u
p

in
fl
u
en

ce
estim

ation
an

d
m

ax
im

ization
algorith

m
s

b
a
sed

on
co

n
tin

u
o
u
s-tim

e
d
iff

u
sion

m
o
d
els

to
m

illio
n
s

of
n
o
d
es.

E
sp

ecially
in

th
e

m
ax

im
ization

case,
th

e
in

fl
u
en

ce
estim

ation
p
ro

ced
u
re

n
eed

s
to

b
e

called
m

an
y

tim
es

for
d
iff

eren
t

su
b
sets

of
selected

n
o
d
es.

T
h
u

s,
o
u

r
fi

rst
goa

l
is

to
d
esign

a
sca

la
ble

a
lgo

rith
m

w
h
ich

ca
n

perfo
rm

in
fl

u
en

ce
estim

a
tio

n
in

th
e

regim
e

o
f

n
etw

o
rks

w
ith

m
illio

n
s

o
f

n
od

es.

W
e

a
cco

u
n
t

for
th

e
u
ser

an
d

p
ro

d
u
ct

con
strain

ts
b
y

restrictin
g

th
e

feasib
le

d
om

ain
over

w
h
ich

th
e

m
ax

im
ization

is
p

erform
ed

.
W

e
fi
rst

sh
ow

th
at

th
e

ov
era

ll
in

fl
u
en

ce
fu

n
ction

of
m

u
ltip

le
p
ro

d
u
cts

is
a

su
b
m

o
d
u
lar

fu
n
ction

an
d

th
en

realize
th

at
th

e
u
ser

an
d

p
ro

d
u
ct

con
-

stra
in

ts
co

rresp
on

d
to

con
strain

ts
over

th
e

grou
n
d

set
of

th
is

su
b
m

o
d
u
lar

fu
n
ction

.
T

o
th

e
b

est
o
f

ou
r

k
n
ow

led
ge,

p
rev

iou
s

w
ork

h
as

n
ot

con
sid

ered
b

oth
u
ser

an
d

p
ro

d
u
ct

con
strain

ts
sim

u
lta

n
eo

u
sly

over
gen

eral
u
n
k
n
ow

n
d
iff

eren
t

d
iff

u
sion

n
etw

ork
s

w
ith

n
on

-u
n
iform

costs.
In

p
a
rticu

la
r,

(D
atta

et
al.,

2010)
fi
rst

tried
to

m
o
d
el

b
oth

th
e

p
ro

d
u
ct

an
d

u
ser

con
strain

ts
o
n
ly

w
ith

u
n
ifo

rm
costs

an
d

in
fi
n
ite

tim
e

w
in

d
ow

,
w

h
ich

essen
tially

red
u
ces

to
a

sp
ecial

ca
se

o
f

o
u
r

fo
rm

u
lation

s.
S
im

ilarly,
(L

u
et

al.,
2013)

con
sid

ered
th

e
allo

cation
p
rob

lem
o
f

m
u
ltip

le
p
ro

d
u
cts

w
h
ich

m
ay

h
ave

com
p

etition
s

w
ith

in
th

e
in

fi
n
ite

tim
e

w
in

d
ow

.
B

e-
sid

es,
th

ey
all

a
ssu

m
e

th
at

m
u
ltip

le
p
ro

d
u
cts

sp
read

w
ith

in
th

e
sam

e
n
etw

o
rk

.
In

con
trast,

o
u
r

fo
rm

u
la

tio
n
s

gen
erally

allow
p
ro

d
u
cts

to
h
av

e
d
iff

eren
t

d
iff

u
sion

n
etw

ork
s,

w
h
ich

can
b

e
u
n
k
n
ow

n
in

p
ractice.

S
om

a
et

al.
(2014)

stu
d
ied

th
e

in
fl
u
en

ce
m

ax
im

ization
p
rob

lem
fo

r
o
n
e

p
ro

d
u
ct

su
b

ject
to

on
e

k
n
ap

sack
con

strain
t

over
a

k
n
ow

n
b
ip

artite
grap

h
b

etw
een

m
arketin

g
ch

a
n
n
els

an
d

p
oten

tial
cu

sto
m

ers;
Ien

co
et

al.
(2010)

an
d

S
u
n

et
al.

(2011)
con

-
sid

ered
u
ser

con
strain

ts
b
u
t

d
isregard

ed
p
ro

d
u
ct

con
strain

ts
d
u
rin

g
th

e
in

itial
assign

m
en

t;
a
n
d
,

N
a
raya

n
a
m

an
d

N
an

avati
(2012)

stu
d
ied

th
e

cross-sell
p
h
en

om
en

on
(th

e
sellin

g
of

th
e

fi
rst

p
ro

d
u
ct

ra
ises

th
e

ch
an

ce
of

sellin
g

th
e

secon
d
)

an
d

in
clu

d
ed

m
on

etary
con

strain
ts

for
a
ll

th
e

p
ro

d
u
cts.

H
ow

ever,
n
o

u
ser

con
strain

ts
w

ere
con

sid
ered

,
an

d
th

e
cost

of
each

u
ser

w
a
s

still
u
n
ifo

rm
for

each
p
ro

d
u
ct.

T
h
u

s,
o
u

r
seco

n
d

goa
l

is
to

d
esign

a
n

effi
cien

t
su

bm
od

-
u

la
r

m
a
xim

iza
tio

n
a
lgo

rith
m

w
h
ich

ca
n

ta
ke

in
to

a
cco

u
n

t
bo

th
u

ser
a
n

d
p
rod

u
ct

co
n

stra
in

ts
sim

u
lta

n
eo

u
sly.

O
vera

ll,
th

is
article

in
clu

d
es

th
e

follow
in

g
m

a
jor

con
trib

u
tion

s:

•
U

n
like

p
rior

w
ork

th
at

con
sid

ers
an

a
p
riori

d
escrib

ed
sim

p
listic

d
iscrete-tim

e
d
iff

u
-

sio
n

m
o
d
el,

w
e

fi
rst

le
a
rn

th
e

d
iff

u
sion

n
etw

ork
s

from
d
ata

b
y

u
sin

g
con

tin
u
ou

s-tim
e

d
iff

u
sio

n
m

o
d
els.

T
h
is

allow
s

u
s

to
ad

d
ress

th
e

tim
in

g
con

strain
ts

in
a

p
rin

cip
led

w
ay.

•
W

e
p
rov

id
e

a
n
ovel

form
u
lation

o
f

th
e

in
fl
u
en

ce
estim

ation
p
rob

lem
in

th
e

con
tin

u
o
u
s-

tim
e

d
iff

u
sion

m
o
d
el

from
th

e
p

ersp
ectiv

e
of

p
rob

ab
ilistic

grap
h
ical

m
o
d
els,

w
h
ich

a
llow

s
h
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ti
on

s
b
as

ed
on

th
e

In
d
ep

en
d
en

t-
In

fe
ct

io
n

p
ro

p
er

ty
:

p
(t
i|{
t j
} j
∈π

i
)

=
∑

j∈
π
i

f j
i(
t i
|t j

)
∏

l∈
π
i
,l
6=
j
S

(t
i|t
l)
,

(2
)

w
h
ic

h
is

th
e

su
m

of
th

e
li
ke

li
h
o
o
d
s

th
at

n
o
d
e
i

is
in

fe
ct

ed
b
y

ea
ch

p
ar

en
t

n
o
d
e
j.

M
o
re

p
re

ci
se

ly
,

ea
ch

te
rm

in
th

e
su

m
m

at
io

n
ca

n
b

e
in

te
rp

re
te

d
a
s

th
e

li
ke

li
h
o
o
d
f j
i(
t i
|t j

)
o
f

n
o
d
e

i
b

ei
n
g

in
fe

ct
ed

at
t i

b
y

n
o
d
e
j

m
u
lt

ip
li
ed

b
y

th
e

p
ro

b
ab

il
it

y
S

(t
i|t
l)

th
at

it
h
a
s

su
rv

iv
ed

fr
om

th
e

in
fe

ct
io

n
of

ea
ch

ot
h
er

p
ar

en
t

n
o
d
e
l
6=
j

u
n
ti

l
ti

m
e
t i

.

P
er

h
ap

s
su

rp
ri

si
n
gl

y,
th

e
fa

ct
or

iz
at

io
n

in
E

q
u
at

io
n

(1
)

is
th

e
sa

m
e

fa
ct

o
ri

za
ti

o
n

th
at

ca
n

b
e

u
se

d
fo

r
an

ar
b
it

ra
ry

in
d
u
ce

d
D

A
G

co
n
si

st
en

t
w

it
h

th
e

co
n
ta

ct
n
et

w
o
rk
G.

In
th

is
ca

se
,

w
e

on
ly

n
ee

d
to

re
p
la

ce
th

e
d
efi

n
it

io
n

of
π
i

(t
h
e

p
ar

en
t

of
n
o
d
e
i

in
th

e
D

A
G

)
to

th
e

se
t

of
n
ei

gh
b

or
s

of
n
o
d
e
i

w
it

h
an

ed
ge

p
oi

n
ti

n
g

to
n
o
d
e
i

in
G.

T
h
is

is
n
o
t

im
m

ed
ia

te
ly

ob
v
io

u
s

fr
om

E
q
u
at

io
n

(1
),

si
n
ce

th
e

co
n
ta

ct
n
et

w
or

k
G

ca
n

co
n
ta

in
d
ir

ec
te

d
lo

o
p
s

w
h
ic

h
se

em
s

to
b

e
in

co
n
fl
ic

t
w

it
h

th
e

co
n
d
it

io
n
al

in
d
ep

en
d
en

ce
se

m
an

ti
cs

of
d
ir

ec
te

d
g
ra

p
h
ic

a
l

m
o
d
el

s.
T

h
e

re
as

on
w

h
y

it
is

p
os

si
b
le

to
d
o

so
is

as
fo

ll
ow

s:
an

y
fi
x
ed

se
t

o
f

in
fe

ct
io

n
ti

m
es

,
t 1
,.
..
,t
d
,

in
d
u
ce

s
an

or
d
er

in
g

of
th

e
in

fe
ct

io
n

ti
m

es
.

If
t i
≤
t j

fo
r

a
n

ed
g
e
j
→

i
in
G,
h
ji

(t
i|t
j
)

=
0
,

an
d

th
e

co
rr

es
p

on
d
in

g
te

rm
in

E
q
u
at

io
n

(2
)

is
ze

ro
ed

ou
t,

m
a
k
in

g
th

e
co

n
d
it

io
n
al

d
en

si
ty

co
n
si

st
en

t
w

it
h

th
e

se
m

an
ti

cs
of

d
ir

ec
te

d
gr

ap
h
ic

al
m

o
d
el

s.

In
st

ea
d

of
d
ir

ec
tl

y
m

o
d
el

in
g

th
e

in
fe

ct
io

n
ti

m
es
t i

,
w

e
ca

n
fo

cu
s

on
th

e
se

t
o
f

m
u
tu

a
ll
y

in
d
ep

en
d
en

t
ra

n
d
om

tr
an

sm
is

si
on

ti
m

es
τ j
i

=
t i
−
t j

.
In

te
re

st
in

gl
y,

b
y

sw
it

ch
in

g
fr

o
m

a
n
o
d
e-

ce
n
tr

ic
v
ie

w
to

an
ed

ge
-c

en
tr

ic
v
ie

w
,

w
e

ob
ta

in
a

fu
ll
y

fa
ct

or
iz

ed
jo

in
t

d
en

si
ty

o
f

th
e

se
t

of
tr

an
sm

is
si

on
ti

m
es

p
( {
τ j
i}

(j
,i
)∈
E)

=
∏

(j
,i
)∈
E
f j
i(
τ j
i)
,

(3
)

B
as

ed
on

th
e

S
h
or

te
st

-P
at

h
p
ro

p
er

ty
of

th
e

in
d
ep

en
d
en

t
ca

sc
ad

e
m

o
d
el

,
ea

ch
va

ri
a
b
le
t i

ca
n

b
e

v
ie

w
ed

as
a

tr
an

sf
or

m
at

io
n

fr
om

th
e

co
ll
ec

ti
on

of
va

ri
ab

le
s
{τ
ji
} (
j,
i)
∈E

.
M

o
re

sp
ec

ifi
ca

ll
y,

le
t
Q
i

b
e

th
e

co
ll
ec

ti
on

of
d
ir

ec
te

d
p
at

h
s

in
G

fr
om

th
e

so
u
rc

e
n
o
d
es

to
n
o
d
e
i,

w
h
er

e
ea

ch
p
at

h
q
∈
Q
i

co
n
ta

in
s

a
se

q
u
en

ce
of

d
ir

ec
te

d
ed

ge
s

(j
,l

).
A

ss
u
m

in
g

al
l

so
u
rc

e
n
o
d
es

a
re

in
fe

ct
ed

at
ti

m
e

ze
ro

,
th

en
w

e
ob

ta
in

va
ri

ab
le
t i

v
ia

t i
=
g i
( {
τ j
i}

(j
,i
)∈
E|
A
) =

m
in

q
∈Q

i

∑
(j
,l
)∈
q
τ j
l,

(4
)

w
h
er

e
th

e
tr

an
sf

or
m

at
io

n
g i

(·|
A

)
is

th
e

va
lu

e
of

th
e

sh
or

te
st

-p
a
th

m
in

im
iz

a
ti

o
n
.

A
s

a
sp

ec
ia

l
ca

se
,

w
e

ca
n

n
ow

co
m

p
u
te

th
e

p
ro

b
ab

il
it

y
of

n
o
d
e
i

in
fe

ct
ed

b
ef

or
e
T

u
si

n
g

a
se

t
o
f

in
d
ep

en
d
en

t
va

ri
ab

le
s:

P
r
{t
i
≤
T
|A
}

=
P

r
{ g

i

( {
τ j
i}

(j
,i
)∈
E|
A
) ≤

T
} .

(5
)

T
h
e

si
gn

ifi
ca

n
ce

of
th

e
re

la
ti

on
is

th
at

it
al

lo
w

s
u
s

to
tr

an
sf

or
m

a
p
ro

b
le

m
in

vo
lv

in
g

a
se

q
u
en

ce
of

d
ep

en
d
en

t
va

ri
ab

le
s
{t
i}
i∈
V

to
on

e
w

it
h

in
d
ep

en
d
en

t
va

ri
ab

le
s
{τ
ji
} (
j,
i)
∈E

.
F

u
rt

h
er

m
or

e,
th

e
tw

o
p

er
sp

ec
ti

ve
s

ar
e

co
n
n
ec

te
d

v
ia

th
e

sh
o
rt

es
t

p
a
th

al
go

ri
th

m
in

w
ei

g
h
te

d
d
ir

ec
te

d
gr

ap
h
,

a
st

an
d
ar

d
w

el
l-

st
u
d
ie

d
op

er
at

io
n

in
gr

ap
h

an
al

y
si

s.
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C
o
n
t
in
u
o
u
s-T

im
e
In

f
l
u
e
n
c
e
M
a
x
im

iz
a
t
io
n
o
f
M
u
lt

ip
l
e
It
e
m
s

2
.3

In
fl

u
e
n

c
e

E
stim

a
tio

n
P

ro
b

le
m

in
C

o
n
tin

u
o
u

s-T
im

e
D

iff
u

sio
n

N
e
tw

o
rk

s

In
tu

itively,
g
iv

en
a

tim
e

w
in

d
ow

,
th

e
w

id
er

th
e

sp
read

of
in

fection
,

th
e

m
ore

in
fl
u
en

tial
th

e
set

of
so

u
rces.

W
e

ad
op

t
th

e
d
efi

n
ition

of
in

fl
u
en

ce
as

th
e

ex
p

ected
n
u
m

b
er

of
in

fected
n
o
d
es

g
iven

a
set

o
f

so
u
rce

n
o
d
es

an
d

a
tim

e
w

in
d
ow

,
as

in
p
rev

iou
s

w
ork

(G
om

ez-R
o
d
rigu

ez
an

d
S
ch

ö
lko

p
f,

2
0
1
2
).

M
ore

form
ally,

con
sid

er
a

set
of

sou
rce

n
o
d
esA

⊆
V
,|A
|≤

C
w

h
ich

get
in

fected
a
t

tim
e

zero.
T

h
en

,
given

a
tim

e
w

in
d
ow

T
,

a
n
o
d
e
i

is
in

fected
w

ith
in

th
e

tim
e

w
in

d
ow

if
ti ≤

T
.

T
h
e

ex
p

ected
n
u
m

b
er

o
f

in
fected

n
o
d
es

(or
th

e
in

fl
u
en

ce)
given

th
e

set
o
f

tra
n
sm

issio
n

fu
n
ction

s{
f
ji }

(j,i)∈E
can

b
e

com
p
u
ted

as

σ
(A
,T

)
=

E
[∑

i∈V
I{
ti ≤

T|A
} ]

=
∑

i∈V
P

r{
ti ≤

T|A
}
,

(6)

w
h
ere

I{·}
is

th
e

in
d
icator

fu
n
ction

an
d

th
e

ex
p

ectation
is

taken
ov

er
th

e
th

e
set

of
d
epen

d
en

t
va

ria
b
les
{
ti }

i∈V
.

B
y

con
stru

ction
,
σ

(A
,T

)
is

a
n
on

-n
egative,

m
on

oton
ic

n
on

d
ecreasin

g
su

b
m

o
d
u
la

r
fu

n
ction

in
th

e
set

of
sou

rce
n
o
d
es

sh
ow

n
b
y

G
om

ez-R
o
d
rigu

ez
a
n
d

S
ch

ölkop
f

(2
0
1
2
).

E
ssen

tia
lly,

th
e

in
fl
u
en

ce
estim

ation
p
rob

lem
in

E
q
u
ation

(6)
is

an
in

feren
ce

p
rob

lem
for

g
ra

p
h
ica

l
m

o
d
els,

w
h
ere

th
e

p
rob

ab
ility

of
even

t
ti ≤

T
given

sou
rces

in
A

can
b

e
ob

tain
ed

b
y

su
m

m
in

g
o
u
t

th
e

p
ossib

le
con

fi
gu

ration
of

oth
er

variab
les{

tj }
j6=
i .

T
h
at

is

P
r{ti ≤

T|A
}

=

∫
∞0
··· ∫

T

t
i =

0 ··· ∫
∞0

(∏
j∈V

p (tj |{tl }
l∈
π
j ) )(∏

j∈V
d
tj )

,
(7)

w
h
ich

is,
in

g
en

eral,
a

v
ery

ch
allen

gin
g

p
rob

lem
.

F
irst,

th
e

corresp
on

d
in

g
d
irected

grap
h
ical

m
o
d
els

ca
n

co
n
tain

n
o
d
es

w
ith

h
igh

in
-d

egree
an

d
h
igh

ou
t-d

egree.
F

or
ex

am
p
le,

in
T

w
itter,

a
u
ser

ca
n

fo
llow

d
ozen

s
of

oth
er

u
sers,

an
d

an
oth

er
u
ser

can
h
ave

h
u
n
d
red

s
of

“follow
ers”.

T
h
e

tree-w
id

th
corresp

on
d
in

g
to

th
is

d
irected

grap
h
ical

m
o
d
el

can
b

e
very

h
igh

,
an

d
w

e
n
eed

to
p

erfo
rm

in
tegration

for
fu

n
ction

s
in

volv
in

g
m

an
y

co
n
tin

u
ou

s
variab

les.
S
econ

d
,

th
e

in
teg

ra
l

in
gen

eral
can

n
ot

b
e

eva
lu

ated
an

aly
tically

for
h
eterogen

eou
s

tran
sm

ission
fu

n
ctio

n
s,

w
h
ich

m
ean

s
th

at
w

e
n
eed

to
resort

to
n
u
m

erical
in

tegration
b
y

d
iscretizin

g
th

e
d
om

a
in

[0,∞
).

If
w

e
u
se
N

levels
of

d
iscretization

for
each

variab
le,

w
e

w
ou

ld
n
eed

to
en

u
m

era
te
O

(N
|π
i |)

en
tries,

ex
p

on
en

tial
in

th
e

n
u
m

b
er

of
p
aren

ts.

O
n
ly

in
very

sp
ecial

cases,
can

on
e

d
erive

th
e

closed
-form

eq
u
ation

for
com

p
u
tin

g
P

r{
ti ≤

T|A
}.

F
or

in
stan

ce,
G

om
ez-R

o
d
rigu

ez
an

d
S
ch

ölk
op

f
(2012

)
p
rop

osed
an

ap
p
roach

fo
r

ex
p

o
n
en

tia
l

tran
sm

ission
fu

n
ction

s,
w

h
ere

th
e

sp
ecial

p
rop

erties
of

ex
p

o
n
en

tial
d
en

sity
a
re

u
sed

to
m

a
p

th
e

p
rob

lem
in

to
a

con
tin

u
ou

s
tim

e
M

arkov
p
ro

cess
p
rob

lem
,

an
d

th
e

com
-

p
u
ta

tio
n

ca
n

b
e

carried
ou

t
v
ia

a
m

atrix
ex

p
on

en
tial.

H
ow

ever,
w

ith
ou

t
fu

rth
er

h
eu

ristic
a
p
p
rox

im
a
tio

n
,

th
e

com
p
u
tation

al
co

m
p
lex

ity
of

th
e

algorith
m

is
ex

p
on

en
tial

in
th

e
size

a
n
d

d
en

sity
of

th
e

n
etw

ork
.

T
h
e

in
trin

sic
com

p
lex

ity
of

th
e

p
rob

lem
en

tails
th

e
u
tilization

o
f

a
p
p
rox

im
a
tio

n
algorith

m
s,

su
ch

as
m

ean
fi
eld

algorith
m

s
or

m
essage

p
assin

g
algorith

m
s.

W
e

w
ill

d
esig

n
an

effi
cien

t
ran

d
om

ized
(or

sam
p
lin

g)
algorith

m
in

th
e

n
ex

t
section

.

2
.4

E
ffi

c
ie

n
t

In
fl

u
e
n

c
e

E
stim

a
tio

n
in

C
o
n
tin

u
o
u

s-T
im

e
D

iff
u

sio
n

N
e
tw

o
rk

s

O
u
r

fi
rst

key
o
b
servation

is
th

at
w

e
can

tran
sform

th
e

in
fl
u
en

ce
estim

ation
p
rob

lem
in

E
q
u
a
tion

(6
)

in
to

a
p
rob

lem
w

ith
in

d
epen

d
en

t
variab

les.
W

ith
th

e
relation

in
E

q
u
ation

(5),
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D
u
,
L
ia
n
g
,
B
a
l
c
a
n
,
G
o
m
e
z
-R

o
d
r
ig
u
e
z
,
Z
h
a
a
n
d

S
o
n
g

w
e

can
d
erive

th
e

in
fl
u
en

ce
fu

n
ction

as

σ
(A
,T

)
=
∑

i∈V
P

r {
g
i ({τ

ji }
(j,i)∈E |A

)≤
T }

=
E
[∑

i∈V
I {
g
i ({

τ
ji }

(j,i)∈E |A
)≤

T } ]
,

(8)

w
h
ere

th
e

ex
p

ectation
is

w
ith

resp
ect

to
th

e
set

of
in

d
ep

en
d
en

t
variab

les{τ
ji }

(j,i)∈E
.

T
h
is

eq
u
ivalen

t
form

u
lation

su
ggests

a
n
aive

sam
p
lin

g
(N

S
)

algorith
m

for
ap

p
rox

im
atin

g
σ

(A
,T

):
d
raw

n
sam

p
les

of{
τ
ji }

(j,i)∈E
,

ru
n

a
sh

ortest
p
ath

a
lgorith

m
for

each
sam

p
le,

an
d

fi
n
ally

average
th

e
resu

lts
(see

A
p
p

en
d
ix

A
for

m
ore

d
etails).

H
ow

ever,
th

is
n
aive

sam
p
lin

g
a
p
-

p
roach

h
as

a
com

p
u
tation

al
com

p
lex

ity
of
O

(n
C
|V||E|+

n
C
|V| 2

log|V|)
d
u
e

to
th

e
rep

eated
callin

g
of

th
e

sh
ortest

p
ath

algorith
m

.
T

h
is

is
q
u
ad

ratic
to

th
e

n
etw

ork
size,

an
d

h
en

ce
n
ot

scalab
le

to
m

illion
s

of
n
o
d
es.

O
u
r

secon
d

key
ob

servation
is

th
at

fo
r

each
sam

p
le{

τ
ji }

(j,i)∈E
,

w
e

are
on

ly
in

terested
in

th
e

n
eigh

b
orh

o
o
d

size
of

th
e

sou
rce

n
o
d
es,

i.e.,
th

e
su

m
m

ation
∑

i∈V
I{·}

in
E

q
u
ation

(8),
rath

er
th

an
in

th
e

in
d
iv

id
u
al

sh
ortest

p
ath

s.
F

ortu
n
ately,

th
e

n
eigh

b
orh

o
o
d

size
estim

ation
p
rob

lem
h
as

b
een

stu
d
ied

in
th

e
th

eoretical
com

p
u
ter

scien
ce

literatu
re.

H
ere,

w
e

ad
ap

t
a

very
effi

cien
t

ran
d
om

ized
algorith

m
b
y

C
oh

en
(1997)

to
ou

r
in

fl
u
en

ce
estim

ation
p
rob

lem
.

T
h
is

ran
d
om

ized
algorith

m
h
as

a
com

p
u
tation

al
com

p
lex

ity
of
O

(|E|log|V|
+
|V|log

2|V|)
an

d
it

estim
ates

th
e

n
eigh

b
orh

o
o
d

sizes
for

a
ll

p
ossib

le
sin

gle
sou

rce
n
o
d
e

lo
cation

s.
S
in

ce
it

n
eed

s
to

ru
n

on
ce

for
each

sam
p
le

of{τ
ji }

(j,i)∈E
,

w
e

ob
tain

an
overall

in
fl
u
en

ce
estim

ation

algorith
m

w
ith

O
(n|E|log|V|

+
n|V|log

2|V|)
com

p
u
tation

,
n
early

lin
ear

in
n
etw

ork
size.

N
ex

t
w

e
w

ill
rev

isit
C

oh
en

’s
algorith

m
for

n
eigh

b
orh

o
o
d

estim
ation

.

2
.4
.1

R
a
n
d
o
m
iz
e
d

A
l
g
o
r
it
h
m

f
o
r
S
in
g
l
e
-S
o
u
r
c
e
N
e
ig
h
b
o
r
h
o
o
d
-S
iz
e

E
st

im
a
t
io
n

G
iven

a
fi
x
ed

set
of

ed
ge

tran
sm

ission
tim

es
{
τ
ji }

(j,i)∈E
an

d
a

sou
rce

n
o
d
e
s,

in
fected

at
tim

e
zero,

th
e

n
eigh

b
orh

o
o
d
N

(s,T
)

of
a

sou
rce

n
o
d
e
s

given
a

tim
e

w
in

d
ow

T
is

th
e

set
of

n
o
d
es

w
ith

in
d
istan

ce
T

from
s,

i.e.,

N
(s,T

)
=
{
i ∣∣

g
i ({τ

ji }
(j,i)∈E )≤

T
,
i∈
V }

.
(9)

In
stead

of
estim

atin
gN

(s,T
)

d
irectly,

th
e

algo
rith

m
w

ill
assign

an
ex

p
on

en
tially

d
istrib

u
ted

ran
d
om

lab
el
r
i
to

each
n
etw

ork
n
o
d
e
i.

T
h
en

,
it

m
akes

u
se

of
th

e
fact

th
at

th
e

m
in

im
u
m

of
a

set
of

ex
p

on
en

tial
ran

d
om

variab
les{r

i }
i∈N

(s,T
)

is
still

an
ex

p
on

en
tial

ran
d
om

variab
le,

b
u
t

w
ith

its
p
aram

eter
b

ein
g

eq
u
al

to
th

e
total

n
u
m

b
er

of
variab

les,
th

at
is,

if
each

r
i ∼

ex
p
(−
r
i ),

th
en

th
e

sm
allest

lab
el

w
ith

in
d
istan

ce
T

from
sou

rce
s,
r∗

:=
m

in
i∈N

(s,T
)
r
i ,

w
ill

d
istrib

u
te

as
r∗
∼

ex
p{−
|N

(s,T
)|r∗ }

.
S
u
p
p

ose
w

e
ran

d
om

ize
over

th
e

lab
elin

g
m

tim
es

an
d

ob
tain

m
su

ch
least

lab
els,{r

u∗ }
mu
=
1 .

T
h
en

th
e

n
eigh

b
orh

o
o
d

size
can

b
e

estim
ated

as

|N
(s,T

)|≈
m
−

1
∑

mu
=
1
r
u∗
.

(10)

w
h
ich

is
sh

ow
n

b
y

C
oh

en
(1997)

to
b

e
an

u
n
b
iased

estim
ator

of|N
(s,T

)|.
T

h
is

is
an

eleg
an

t
relation

sin
ce

it
allow

s
u
s

to
tran

sform
th

e
cou

n
tin

g
p
rob

lem
in

(9)
to

a
p
rob

lem
of

fi
n
d
in

g
th

e
m

in
im

u
m

ran
d
om

lab
el
r∗ .

T
h
e

key
q
u
estion

is
w

h
eth

er
w

e
can

com
p
u
te

th
e

least
lab

el
r∗

effi
cien

tly,
given

ran
d
om

lab
els{

r
i }
i∈V

an
d

an
y

sou
rce

n
o
d
e
s.
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C
o
n
t
in
u
o
u
s-
T
im

e
In

f
l
u
e
n
c
e
M
a
x
im

iz
a
t
io
n
o
f
M
u
lt

ip
l
e
It
e
m
s

C
oh

en
(1

99
7)

d
es

ig
n
ed

a
m

o
d
ifi

ed
D

ij
k
st

ra
’s

al
go

ri
th

m
(A

lg
or

it
h
m

3)
to

co
n
st

ru
ct

a
d
at

a
st

ru
ct

u
re
r ∗

(s
),

ca
ll
ed

le
as

t
la

b
el

li
st

,
fo

r
ea

ch
n
o
d
e
s

to
su

p
p

or
t

su
ch

q
u
er

y.
E

ss
en

ti
al

ly
,

th
e

al
go

ri
th

m
st

ar
ts

w
it

h
th

e
n
o
d
e
i

w
it

h
th

e
sm

al
le

st
la

b
el
r i

,
an

d
th

en
it

tr
av

er
se

s
in

b
re

ad
th

-
fi
rs

t
se

ar
ch

fa
sh

io
n

al
on

g
th

e
re

ve
rs

e
d
ir

ec
ti

on
of

th
e

gr
ap

h
ed

ge
s

to
fi
n
d

al
l
re

ac
h
ab

le
n
o
d
es

.
F

or
ea

ch
re

ac
h
ab

le
n
o
d
e
s,

th
e

d
is

ta
n
ce
d
∗

b
et

w
ee

n
i

an
d
s,

an
d
r i

ar
e

ad
d
ed

to
th

e
en

d
of
r ∗

(s
).

T
h
en

th
e

al
go

ri
th

m
m

ov
es

to
th

e
n
o
d
e
i′

w
it

h
th

e
se

co
n
d

sm
al

le
st

la
b

el
r i
′ ,

an
d

si
m

il
ar

ly
fi
n
d

al
l

re
ac

h
ab

le
n
o
d
es

.
F

or
ea

ch
re

ac
h
ab

le
n
o
d
e
s,

th
e

a
lg

or
it

h
m

w
il
l

co
m

p
ar

e
th

e
cu

rr
en

t
d
is

ta
n
ce
d
∗

b
et

w
ee

n
i′

an
d
s

w
it

h
th

e
la

st
re

co
rd

ed
d
is

ta
n
ce

in
r ∗

(s
).

If
th

e
cu

rr
en

t
d
is

ta
n
ce

is
sm

al
le

r,
th

en
th

e
cu

rr
en

t
d
∗

an
d
r i
′

ar
e

ad
d
ed

to
th

e
en

d
of
r ∗

(s
).

T
h
en

th
e

al
go

ri
th

m
m

ov
e

to
th

e
n
o
d
e

w
it

h
th

e
th

ir
d

sm
al

le
st

la
b

el
an

d
so

on
.

T
h
e

al
go

ri
th

m
is

su
m

m
ar

iz
ed

in
A

lg
or

it
h
m

3
in

A
p
p

en
d
ix

B
.

A
lg

or
it

h
m

3
re

tu
rn

s
a

li
st
r ∗

(s
)

p
er

n
o
d
e
s
∈
V,

w
h
ic

h
co

n
ta

in
s

in
fo

rm
at

io
n

ab
o
u
t

d
is

ta
n
ce

to
th

e
sm

al
le

st
re

ac
h
ab

le
la

b
el

s
fr

om
s.

In
p
ar

ti
cu

la
r,

ea
ch

li
st

co
n
ta

in
s

p
ai

rs
of

d
is

ta
n
ce

an
d

ra
n
d
om

la
b

el
s,

(d
,r

),
an

d
th

es
e

p
ai

rs
ar

e
or

d
er

ed
as

∞
>
d
(1
)
>
d
(2
)
>
..
.
>
d
(|r
∗(
s)
|)

=
0

(1
1)

r (
1
)
<
r (

2
)
<
..
.
<
r (
|r ∗

(s
)|)
,

(1
2)

w
h
er

e
{·
} (
l)

d
en

ot
es

th
e
l-

th
el

em
en

t
in

th
e

li
st

.
(s

ee
A

p
p

en
d
ix

B
fo

r
an

ex
am

p
le

).
If

w
e

w
an

t
to

q
u
er

y
th

e
sm

al
le

st
re

ac
h
ab

le
ra

n
d
om

la
b

el
r ∗

fo
r

a
gi

v
en

so
u
rc

e
s

an
d

a
ti

m
e
T

,
w

e
on

ly
n
ee

d
to

p
er

fo
rm

a
b
in

ar
y

se
ar

ch
on

th
e

li
st

fo
r

n
o
d
e
s:

r ∗
=
r (
l)
,

w
h
er

e
d
(l
−
1
)
>
T
≥
d
(l
).

(1
3)

F
in

al
ly

,
to

es
ti

m
at

e
|N

(s
,T

)|,
w

e
ge

n
er

at
e
m

i.
i.

d
.

co
ll
ec

ti
on

s
o
f

ra
n
d
om

la
b

el
s,

ru
n

A
lg

o-
ri

th
m

3
on

ea
ch

co
ll
ec

ti
on

,
an

d
ob

ta
in
m

va
lu

es
{r
u ∗}
m u
=
1
,

w
h
ic

h
w

e
u
se

in
E

q
u
at

io
n

(1
0
)

to
es

ti
m

at
e
|N

(i
,T

)|.
T

h
e

co
m

p
u
ta

ti
on

al
co

m
p
le

x
it

y
of

A
lg

or
it

h
m

3
is
O

(|E
|lo

g
|V
|+
|V
|lo

g
2
|V
|),

w
it

h
ex

-
p

ec
te

d
si

ze
of

ea
ch

r ∗
(s

)
b

ei
n
g
O

(l
og
|V
|).

T
h
en

th
e

ex
p

ec
te

d
ti

m
e

fo
r

q
u
er

y
in

g
r ∗

is
O

(l
og

lo
g
|V
|)

u
si

n
g

b
in

ar
y

se
ar

ch
.

S
in

ce
w

e
n
ee

d
to

ge
n
er

at
e
m

se
t

of
ra

n
d
om

la
b

el
s

an
d

ru
n

A
lg

or
it

h
m

3
m

ti
m

es
,

th
e

ov
er

al
l

co
m

p
u
ta

ti
on

al
co

m
p
le

x
it

y
fo

r
es

ti
m

at
in

g
th

e
si

n
gl

e-
so

u
rc

e
n
ei

gh
b

or
h
o
o
d

si
ze

fo
r

al
l
s
∈
V

is
O

(m
|E
|lo

g
|V
|+

m
|V
|lo

g
2
|V
|+

m
|V
|lo

g
lo

g
|V
|).

F
or

la
rg

e-
sc

al
e

n
et

w
or

k
,

an
d

w
h
en

m
�

m
in
{|
V|
,|E
|}

,
th

is
ra

n
d
om

iz
ed

al
go

ri
th

m
ca

n
b

e
m

u
ch

m
or

e
effi

ci
en

t
th

an
ap

p
ro

ac
h
es

b
as

ed
on

d
ir

ec
tl

y
ca

lc
u
la

ti
n
g

th
e

sh
o
rt

es
t

p
at

h
s.

2
.4
.2

C
o
n
st

r
u
c
t
in
g

E
st

im
a
t
io
n
f
o
r
M
u
lt

ip
l
e
-S
o
u
r
c
e
N
e
ig
h
b
o
r
h
o
o
d

S
iz
e

W
h
en

w
e

h
av

e
a

se
t

of
so

u
rc

es
,
A

,
it

s
n
ei

gh
b

or
h
o
o
d

is
th

e
u
n
io

n
of

th
e

n
ei

gh
b

o
rh

o
o
d
s

of
it

s
co

n
st

it
u
en

t
so

u
rc

es

N
(A
,T

)
=
⋃

i∈
A
N

(i
,T

).
(1

4)

T
h
is

is
tr

u
e

b
ec

au
se

ea
ch

so
u
rc

e
in

d
ep

en
d
en

tl
y

in
fe

ct
s

it
s

d
ow

n
st

re
am

n
o
d
es

.
F

u
rt

h
er

m
or

e,
to

ca
lc

u
la

te
th

e
le

as
t

la
b

el
li
st
r ∗

co
rr

es
p

on
d
in

g
to
N

(A
,T

),
w

e
ca

n
si

m
p
ly

re
u
se

th
e

le
as

t
la

b
el

li
st
r ∗

(i
)

of
ea

ch
in

d
iv

id
u
al

so
u
rc

e
i
∈
A

.
M

or
e

fo
rm

al
ly

,

r ∗
=

m
in
i∈
A

m
in
j∈
N

(i
,T

)
r j
,

(1
5)
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 1
8(

2)
:1

-4
5,

 2
01

7

D
u
,
L
ia
n
g
,
B
a
l
c
a
n
,
G
o
m
e
z
-R

o
d
r
ig
u
e
z
,
Z
h
a
a
n
d

S
o
n
g

w
h
er

e
th

e
in

n
er

m
in

im
iz

at
io

n
ca

n
b

e
ca

rr
ie

d
ou

t
b
y

q
u
er

y
in

g
r ∗

(i
).

S
im

il
a
rl

y,
a
ft

er
w

e
ob

ta
in
m

sa
m

p
le

s
of
r ∗

,
w

e
ca

n
es

ti
m

at
e
|N

(A
,T

)|
u
si

n
g

E
q
u
at

io
n

(1
0)

.
Im

p
o
rt

a
n
tl

y,
ve

ry
li
tt

le
ad

d
it

io
n
al

w
or

k
is

n
ee

d
ed

w
h
en

w
e

w
an

t
to

ca
lc

u
la

te
r ∗

fo
r

a
se

t
of

so
u
rc

es
A

,
a
n
d

w
e

ca
n

re
u
se

w
or

k
d
on

e
fo

r
a

si
n
gl

e
so

u
rc

e.
T

h
is

is
ve

ry
d
iff

er
en

t
fr

om
a

n
a
iv

e
sa

m
p
li
n
g

ap
p
ro

ac
h

w
h
er

e
th

e
sa

m
p
li
n
g

p
ro

ce
ss

n
ee

d
s

to
b

e
d
on

e
co

m
p
le

te
ly

an
ew

if
w

e
in

cr
ea

se
th

e
so

u
rc

e
se

t.
In

co
n
tr

as
t,

u
si

n
g

th
e

ra
n
d
om

iz
ed

al
go

ri
th

m
,

on
ly

an
ad

d
it

io
n
al

co
n
st

a
n
t-

ti
m

e
m

in
im

iz
at

io
n

ov
er
|A
|n

u
m

b
er

s
is

n
ee

d
ed

.

2
.4
.3

O
v
e
r
a
l
l
A
l
g
o
r
it
h
m

S
o

fa
r,

w
e

h
av

e
ac

h
ie

ve
d

effi
ci

en
t

n
ei

gh
b

or
h
o
o
d

si
ze

es
ti

m
at

io
n

of
|N

(A
,T

)|
w

it
h

re
sp

ec
t

to
a

gi
ve

n
se

t
of

tr
an

sm
is

si
on

ti
m

es
{τ
ji
} (
j,
i)
∈E

.
N

ex
t,

w
e

w
il
l
es

ti
m

at
e

th
e

in
fl
u
en

ce
b
y

av
er

a
g
in

g
ov

er
m

u
lt

ip
le

se
ts

of
sa

m
p
le

s
fo

r
{τ
ji
} (
j,
i)
∈E

.
M

or
e

sp
ec

ifi
ca

ll
y,

th
e

re
la

ti
on

fr
o
m

(8
)

σ
(A
,T

)
=

E {
τ j
i
} (
j
,i
)∈
E

[|N
(A
,T

)|]
=

E {
τ j
i
}E
{r

1
,.
..
,r
m
}|
{τ
j
i
}

[
m
−

1
∑

m u
=
1
ru ∗

] ,
(1

6
)

su
gg

es
ts

th
e

fo
ll
ow

in
g

ov
er

al
l

al
go

ri
th

m
:

C
on

ti
n
u
ou

s-
T

im
e

In
fl
u
en

ce
E

st
im

at
io

n
(C

o
n
T
in
E
st

):

1.
S
am

p
le
n

se
ts

of
ra

n
d
om

tr
an

sm
is

si
on

ti
m

es
{τ

l ij
} (
j,
i)
∈E
∼
∏

(j
,i
)∈
E
f j
i(
τ j
i)
.

2.
G

iv
en

a
se

t
of
{τ

l ij
} (
j,
i)
∈E

,
sa

m
p
le
m

se
ts

of
ra

n
d
o
m

la
b

el
s
{r
u i
} i∈
V
∼
∏
i∈
V

ex
p
(−
r i

).

3.
E

st
im

at
e
σ

(A
,T

)
b
y

sa
m

p
le

av
er

ag
es
σ

(A
,T

)
≈

1 n

∑
n l=

1

( (m
−

1)
/
∑

m u
l=

1
ru

l ∗
) .

W
h
at

is
ev

en
m

or
e

im
p

or
ta

n
t

is
th

at
th

e
n
u
m

b
er

of
ra

n
d
om

la
b

el
s,
m

,
d
o
es

n
o
t

n
ee

d
to

b
e

v
er

y
la

rg
e.

S
in

ce
th

e
es

ti
m

at
or

fo
r
|N

(A
,T

)|
is

u
n
b
ia

se
d

(C
o
h
en

,
19

9
7
),

es
se

n
ti

a
ll
y

th
e

ou
te

r-
lo

op
of

av
er

ag
in

g
ov

er
n

sa
m

p
le

s
of

ra
n
d
om

tr
an

sm
is

si
on

ti
m

es
fu

rt
h
er

re
d
u
ce

s
th

e
va

ri
an

ce
of

th
e

es
ti

m
at

or
in

a
ra

te
of
O

(1
/n

).
In

p
ra

ct
ic

e,
w

e
ca

n
u
se

a
v
er

y
sm

a
ll
m

(e
.g

.,
5

or
10

)
an

d
st

il
l

ac
h
ie

ve
go

o
d

re
su

lt
s,

w
h
ic

h
is

a
ls

o
co

n
fi
rm

ed
b
y

ou
r

la
te

r
ex

p
er

i-
m

en
ts

.
C

om
p
ar

ed
to

(C
h
en

et
al

.,
20

09
),

th
e

n
ov

el
ap

p
li
ca

ti
on

of
C

oh
en

’s
a
lg

o
ri

th
m

a
ri

se
s

fo
r

es
ti

m
at

in
g

in
fl
u
en

ce
fo

r
m

u
lt

ip
le

so
u
rc

es
,

w
h
ic

h
d
ra

st
ic

al
ly

re
d
u
ce

s
th

e
co

m
p
u
ta

ti
on

b
y

cl
ev

er
ly

u
si

n
g

th
e

le
as

t-
la

b
el

li
st

fr
om

si
n
gl

e
so

u
rc

e.
M

or
eo

ve
r,

w
e

h
av

e
th

e
fo

ll
ow

in
g

th
eo

re
ti

ca
l

gu
ar

an
te

e
(s

ee
A

p
p

en
d
ix

C
fo

r
th

e
p
ro

of
).

T
h

e
o
re

m
1

D
ra

w
th

e
fo

ll
o
w

in
g

n
u

m
be

r
o
f

sa
m

p
le

s
fo

r
th

e
se

t
o
f

ra
n

d
o
m

tr
a
n

sm
is

si
o
n

ti
m

es

n
≥
C

Λ ε2
lo

g

(
2|
V| α

)
(1

7
)

w
h
er

e
Λ

:=
m

ax
A
:|A
|≤
C

2
σ

(A
,T

)2
/
(m
−

2)
+

2V
a
r(
|N

(A
,T

)|)
(m
−

1)
/
(m
−

2
)

+
2a
ε/

3
a
n

d
|N

(A
,T

)|
≤
|V
|,

a
n

d
fo

r
ea

ch
se

t
o
f

ra
n

d
o
m

tr
a
n

sm
is

si
o
n

ti
m

es
,

d
ra

w
m

se
ts

o
f

ra
n

d
o
m

la
be

ls
.

T
h
en
|σ̂

(A
,T

)
−
σ

(A
,T

)|
≤
ε

u
n

if
o
rm

ly
fo

r
a
ll
A

w
it

h
|A
|≤

C
,

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
α

.
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e
In
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l
u
e
n
c
e
M
a
x
im

iz
a
t
io
n
o
f
M
u
lt

ip
l
e
It
e
m
s

T
h
e

th
eo

rem
in

d
icates

th
at

th
e

m
in

im
u
m

n
u
m

b
er

of
sam

p
les,

n
,

n
eed

ed
to

ach
iev

e
certa

in
a
ccu

racy
is

related
to

th
e

actu
al

size
of

th
e

in
fl
u
en

ce
σ

(A
,T

),
an

d
th

e
varian

ce
o
f

th
e

n
eig

h
b

o
rh

o
o
d

size
|N

(A
,T

)|
over

th
e

ran
d
om

d
raw

of
sam

p
les.

T
h
e

n
u
m

b
er

of
ra

n
d
o
m

la
b

els,
m

,
d
raw

n
in

th
e

in
n
er

lo
op

of
th

e
algorith

m
w

ill
m

on
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ically
d
ecrease

th
e

d
ep

en
d
en

cy
o
f
n

on
σ

(A
,T

).
It

su
ffi

ces
to

d
raw

a
sm

all
n
u
m

b
er

of
ran

d
o
m

lab
els,

as
lon

g
a
s

th
e

va
lu

e
o
f
σ

(A
,T

)
2/(m

−
2)

m
atch

es
th

at
of
V
a
r(|N

(A
,T

)|).
A

n
oth

er
im

p
lication

is
th

a
t

in
fl
u
en

ce
a
t

larger
tim

e
w

in
d
ow

T
is

h
ard

er
to

estim
ate,

sin
ce
σ

(A
,T

)
w

ill
gen

erally
b

e
la

rg
er

a
n
d

h
en

ce
req

u
ire

m
ore

ran
d
om

sam
p
les.

3
.

C
o
n
stra

in
ts

o
f

P
ra

ctica
l

Im
p

o
rta

n
ce

B
y

trea
tin

g
o
u
r

p
rop

osed
in

fl
u
en

ce
estim

ation
algorith

m
C
o
n
T
in
E
st

as
a

b
u
ild

in
g

b
lo

ck
,
w

e
ca

n
n
ow

ta
ck

le
th

e
in

fl
u
en

ce
m

ax
im

ization
p
rob

lem
u
n
d
er

variou
s

con
strain

ts
of

p
ractical

im
p

o
rta

n
ce.

H
ere,

sin
ce

C
o
n
T
in
E
st

can
estim

ate
th

e
in

fl
u
en

ce
valu

e
of

an
y

sou
rce

set
w

ith
resp

ect
to

an
y

given
tim

e
w

in
d
ow

T
,

th
e

T
im

in
g

C
o
n

stra
in

ts
can

th
u
s

b
e

n
atu

rally
sa

tisfi
ed

.
T

h
erefore,

in
th

e
follow

in
g

section
s,

w
e

m
ain

ly
fo

cu
s

on
m

o
d
elin

g
th

e
M

u
ltip

le
-

Ite
m

C
o
n

stra
in

ts,
th

e
U

se
r

C
o
n

stra
in

ts
an

d
th

e
P

ro
d

u
c
t

C
o
n

stra
in

ts.
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.1

M
u

ltip
le

-Ite
m

C
o
n

stra
in

ts

M
u
ltip

le
p
ro

d
u
cts

can
sp

read
sim

u
ltan

eou
sly

across
th

e
sam

e
set

of
so

cial
en

tities
over

d
iff

eren
t

d
iff

u
sion

ch
an

n
els.

S
in

ce
th

ese
p
ro

d
u
cts

m
ay

h
av

e
d
iff

eren
t

ch
ara

cteristics,
su

ch
a
s

th
e

rev
en

u
e

an
d

th
e

sp
eed

of
sp

read
,

an
d

th
u
s

m
ay

follow
d
iff

eren
t

d
iff

u
sion

d
y
n
am

ics,
w

e
w

ill
u
se

m
u
ltip

le
d
iff

u
sion

n
etw

ork
s

fo
r

d
iff

eren
t

ty
p

es
of

p
ro

d
u
cts.

S
u
p
p

o
se

w
e

h
ave

a
set

of
p
ro

d
u
ctsL

th
at

p
rop

agate
on

th
e

sam
e

set
o
f

n
o
d
esV

.
T

h
e

d
iff

u
sio

n
n
etw

o
rk

for
p
ro

d
u
ct
i

is
d
en

oted
asG

i
=

(V
,E
i ).

F
or

each
p
ro

d
u
ct
i∈
L

,
w

e
sea

rch
fo

r
a

set
o
f

so
u
rce

n
o
d
esR

i ⊆
V

to
w

h
ich

w
e

can
assign

th
e

p
ro

d
u
ct
i

to
start

its
cam

p
aign

.
W

e
ca

n
rep

resen
t

th
e

selection
ofR

i ’s
u
sin

g
an

assign
m

en
t

m
atrix

A
∈
{0
,1} |L|×

|V|
as

fo
llow

s:
A
ij

=
1

if
j
∈
R
i

an
d
A
ij

=
0

oth
erw

ise.
B

ased
on

th
is

rep
resen

ta
tion

,
w

e
d
efi

n
e

a
n
ew

gro
u
n
d

setZ
=
L
×
V

of
size

N
=
|L|×

|V|.
E

ach
elem

en
t

ofZ
corresp

on
d
s

to
th

e
in

d
ex

(i,j)
o
f

a
n

en
try

in
th

e
assign

m
en

t
m

atrix
A

,
an

d
selectin

g
elem

en
t
z

=
(i,j)

m
ea

n
s

a
ssig

n
in

g
p
ro

d
u
ct
i

to
u
ser

j
(see

F
igu

re
1

for
an

illu
stration

).
W

e
also

d
en

oteZ
∗
j

=
L
×
{j}

a
n
d
Z
i∗

=
{i}×

V
as

th
e
j-th

colu
m

n
an

d
i-th

row
of

m
atrix

A
,

resp
ectively.

T
h
en

,
u
n
d
er

th
e

a
b

ove
m

en
tion

ed
ad

d
ition

al
req

u
irem

en
ts,

w
e

w
ou

ld
like

to
fi
n
d

a
set

of
assign

m
en

ts
S
⊆
Z

so
a
s

to
m

ax
im

ize
th

e
follow

in
g

o
v
e
ra

ll
in

fl
u

e
n

c
e

f
(S

)
=
∑i∈L

a
i σ
i (R

i ,T
i ),

(18)

w
h
ere

σ
i (R

i ,T
i )

d
en

ote
th

e
in

fl
u
en

ce
of

p
ro

d
u
ct
i

fo
r

a
given

tim
e
T
i ,{

a
i
>

0}
is

a
set

of
w

eig
h
ts

refl
ectin

g
th

e
d
iff

eren
t

b
en

efi
ts

of
th

e
p
ro

d
u
cts

an
d
R
i

=
{j
∈
V

:
(i,j)∈

S}
.

W
e

n
ow

sh
ow

th
a
t

th
e

overall
in

fl
u
en

ce
fu

n
ction

f
(S

)
in

E
q
u
ation

(18)
is

su
b
m

o
d
u
lar

over
th

e
g
ro

u
n
d

setZ
.

L
e
m

m
a

2
U

n
d
er

th
e

co
n

tin
u

o
u

s-tim
e

in
d
epen

d
en

t
ca

sca
d
e

m
od

el,
th

e
o
vera

ll
in

fl
u

en
ce

f
(S

)
is

a
n

o
rm

a
lized

m
o
n

o
to

n
e

su
bm

od
u

la
r

fu
n

ctio
n

o
f
S

.
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D
u
,
L
ia
n
g
,
B
a
l
c
a
n
,
G
o
m
e
z
-R

o
d
r
ig
u
e
z
,
Z
h
a
a
n
d

S
o
n
g

i

j

F
igu

re
1:

Illu
stration

of
th

e
assign

m
en

t
m

atrix
A

asso
ciated

w
ith

p
artition

m
atroid

M
1

an
d

grou
p

k
n
ap

sack
con

strain
ts.

If
p
ro

d
u
ct
i

is
assign

ed
to

u
ser

j,
th

en
A
ij

=
1

(colored
in

red
).

T
h
e

grou
n
d

setZ
is

th
e

set
of

in
d
ices

of
th

e
en

tries
in
A

,
an

d
selectin

g
an

elem
en

t
(i,j)∈

Z
m

ean
s

a
ssign

in
g

p
ro

d
u
ct
i

to
u
ser

j.
T

h
e

u
ser

con
strain

t
m

ean
s

th
at

th
ere

are
at

m
ost

u
j

elem
en

ts
selected

in
th

e
j-th

colu
m

n
;

th
e

p
ro

d
u
ct

co
n
stra

in
t

m
ean

s
th

at
th

e
total

cost
of

th
e

elem
en

ts
selected

in
th

e
i-th

row
is

at
m

ost
B
i .

P
ro

o
f

B
y

d
efi

n
ition

,
f

(∅)
=

0
an

d
f

(S
)

is
m

on
oton

e.
B

y
T

h
eorem

4
in

G
om

ez-R
o
d
rigu

ez
an

d
S
ch

ölkop
f

(2012),
th

e
com

p
on

en
t

in
fl
u
en

ce
fu

n
ction

σ
i (R

i ,T
i )

for
p
ro

d
u
ct
i

is
su

b
m

o
d
u
-

lar
in
R
i ⊆
V

.
S
in

ce
n
on

-n
egative

lin
ear

com
b
in

ation
s

of
su

b
m

o
d
u
lar

fu
n
ction

s
are

still
su

b
-

m
o
d
u
lar,

f
i (S

)
:=

a
i σ
i (R

i ,T
i )

is
also

su
b
m

o
d
u
lar

in
S
⊆
Z

=
L×
V

,
an

d
f

(S
)

=
∑

i∈L
f
i (S

)
is

su
b
m

o
d
u
lar.

3
.2

U
se

r
C

o
n

stra
in

ts

E
ach

so
cial

n
etw

o
rk

u
ser

can
b

e
a

p
oten

tial
sou

rce
an

d
w

ou
ld

like
to

b
e

ex
p

osed
on

ly
to

a
sm

all
n
u
m

b
er

of
ad

s.
F

u
rth

erm
ore,

u
sers

m
ay

b
e

grou
p

ed
accord

in
g

to
th

eir
geograp

h
ical

lo
cation

s,
an

d
ad

vertisers
m

ay
h
ave

a
target

p
op

u
lation

th
ey

w
an

t
to

reach
.

H
ere,

w
e

w
ill

in
corp

orate
th

ese
con

strain
ts

u
sin

g
th

e
m

atroid
s

w
h
ich

are
com

b
in

atorial
stru

ctu
res

th
at

gen
eralize

th
e

n
otion

of
lin

ear
in

d
ep

en
d
en

ce
in

m
atrices

(S
ch

rijver,
2003;

F
u
jish

ige,
2005).

F
orm

u
latin

g
ou

r
con

strain
ed

in
fl
u
en

ce
m

ax
im

ization
task

w
ith

m
atroid

s
allow

s
u
s

to
d
esign

a
greed

y
algorith

m
w

ith
p
rovab

le
gu

aran
tees.

F
orm

ally,
su

p
p

ose
th

at
each

u
ser

j
can

b
e

assign
ed

to
at

m
ost

u
j

p
ro

d
u
cts.

A
m

atroid
can

b
e

d
efi

n
ed

as
follow

s:

D
e
fi

n
itio

n
3

A
m

a
tro

id
is

a
pa

ir,M
=

(Z
,I

),
d
efi

n
ed

o
ver

a
fi

n
ite

set
(th

e
gro

u
n

d
set)

Z
a
n

d
a

fa
m

ily
o
f

sets
(th

e
in

d
epen

d
en

t
sets)I

,
th

a
t

sa
tisfi

es
th

ree
a
xio

m
s:

1
.

N
o
n

-em
p
tin

ess:
T

h
e

em
p
ty

set∅
∈
I

.

2
.

H
ered

ity:
If
Y
∈
I

a
n

d
X
⊆
Y

,
th

en
X
∈
I

.

3
.

E
xch

a
n

ge:
If
X
∈
I
,Y
∈
I

a
n

d
|Y
|
>
|X
|,

th
en

th
ere

exists
z
∈
Y
\
X

su
ch

th
a
t

X
∪
{
z}
∈
I

.
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p
ar
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1
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T
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ra
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P
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m
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ro

id
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p
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th

e
gr

ou
n
d

se
t
Z

in
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j
=
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×
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}

ea
ch

of
w

h
ic

h
co

rr
es

p
on

d
s

to
a

co
lu

m
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.
T

h
en
M

1
=
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=
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⊆
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an
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,∀
j}
.

3
.3

P
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d
u

c
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C
o
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st
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ts

S
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k
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g
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l
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op
te
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en
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a
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e
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ve
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er
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w
h
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h
n
ee

d
s

to
b

e
p
a
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to
th

e
h
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w

h
il
e
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ve

rt
is

er
s

of
ea

ch
p
ro

d
u
ct

h
av

e
a

li
m

it
ed

am
ou

n
t

of
m

on
ey

.
H

er
e,

w
e

w
il
l

in
co

rp
or

at
e

th
es

e
re

q
u
ir

em
en

ts
u
si

n
g

k
n
ap

sa
ck

co
n
st

ra
in

ts
w

h
ic

h
w

e
d
es

cr
ib

e
b

el
ow

.
F

or
m

al
ly

,
su

p
p

os
e

th
at

ea
ch

p
ro

d
u
ct
i

h
as

a
b
u
d
ge

t
B
i,

an
d

as
si

gn
in

g
it

em
i

to
u
se

r
j

co
st

s
c i
j
>

0.
N

ex
t,

w
e

in
tr

o
d
u
ce

th
e

fo
ll
ow

in
g

n
ot

at
io

n
to

d
es

cr
ib

e
p
ro

d
u
ct

co
n
st

ra
in

ts
ov

er
th

e
gr

ou
n
d

se
t
Z

.
F

or
an

el
em

en
t
z

=
(i
,j

)
∈
Z

,
d
efi

n
e

it
s

co
st

as
c(
z
)

:=
c i
j
.

A
b
u
si

n
g

th
e

n
ot

at
io

n
sl

ig
h
tl

y,
w

e
d
en

ot
e

th
e

co
st

of
a

su
b
se

t
S
⊆
Z

as
c(
S

)
:=
∑

z
∈S
c(
z
).

T
h
en

,
in

a
fe

as
ib

le
so

lu
ti

on
S
⊆
Z

,
th

e
co

st
of

as
si

gn
in

g
p
ro

d
u
ct
i,
c(
S
∩
Z i
∗)

,
sh

ou
ld

n
ot

b
e

la
rg

er
th

an
it

s
b
u
d
ge

t
B
i.

N
ow

,
w

it
h
ou

t
lo

ss
of

ge
n
er

al
it

y,
w

e
ca

n
a
ss

u
m

e
B
i

=
1

(b
y

n
or

m
al

iz
in

g
c i
j

w
it

h
B
i)

,
an

d
al

so
c i
j
∈

(0
,1

]
(b

y
th

ro
w

in
g

aw
ay

an
y

el
em

en
t

(i
,j

)
w

it
h
c i
j
>

1
),

an
d

d
efi

n
e

G
ro

u
p
-k

n
ap

sa
ck

:
p
ar

ti
ti

on
th

e
gr

ou
n
d

se
t

in
to
Z i
∗

=
{i
}
×
V

ea
ch

of
w

h
ic

h
co

rr
es

p
on

d
s

to
on

e
ro

w
of
A

.
T

h
en

a
fe

as
ib

le
so

lu
ti

on
S
⊆
Z

sa
ti

sfi
es

c(
S
∩
Z i
∗)
≤

1
,∀
i.

Im
p

or
ta

n
tl

y,
th

es
e

k
n
ap

sa
ck

co
n
st

ra
in

ts
h
av

e
ve

ry
sp

ec
ifi

c
st

ru
ct

u
re

:
th

ey
ar

e
on

d
iff

er
-

en
t

gr
ou

p
s

of
a

p
ar

ti
ti

on
{Z

i∗
}

of
th

e
gr

ou
n
d

se
t

an
d

th
e

su
b
m

o
d
u
la

r
fu

n
ct

io
n
f

(S
)

=
∑

i
a
iσ
i(
R
i,
T
i)

is
d
efi

n
ed

ov
er

th
e

p
ar

ti
ti

on
.

In
co

n
se

q
u
en

ce
,

su
ch

st
ru

ct
u
re

s
al

lo
w

u
s

to
d
es

ig
n

an
effi

ci
en

t
al

go
ri

th
m

w
it

h
im

p
ro

ve
d

gu
ar

an
te

es
ov

er
th

e
k
n
ow

n
re

su
lt

s.

3
.4

O
v
e
ra

ll
P

ro
b

le
m

F
o
rm

u
la

ti
o
n

B
as

ed
on

th
e

ab
ov

e
d
is

cu
ss

io
n

of
va

ri
ou

s
co

n
st

ra
in

ts
in

v
ir

al
m

ar
ke

ti
n
g

an
d

ou
r

d
es

ig
n

ch
oi

ce
s

fo
r

ta
ck

li
n
g

th
em

,
w

e
ca

n
th

in
k

of
th

e
in

fl
u
en

ce
m

ax
im

iz
at

io
n

p
ro

b
le

m
a
s

a
sp

ec
ia

l
ca

se
of

th
e

fo
ll
ow

in
g

co
n
st

ra
in

ed
su

b
m

o
d
u
la

r
m

ax
im

iz
at

io
n

p
ro

b
le

m
w

it
h
P

=
1

m
at

ro
id

co
n
st

ra
in

ts
an

d
k

=
|L
|k

n
ap

sa
ck

co
n
st

ra
in

ts
,

m
ax

S
⊆
Z

f
(S

)
(1

9)

su
b

je
ct

to
c(
S
∩
Z i
∗)
≤

1
,

1
≤
i
≤
k
,

S
∈

P ⋂ p
=
1

I p
,

w
h
er

e,
fo

r
si

m
p
li
ci

ty
,

w
e

w
il
l

d
en

ot
e

al
l

th
e

fe
as

ib
le

so
lu

ti
on

s
S
⊆
Z

as
F

.
T

h
is

fo
rm

u
la

ti
on

in
ge

n
er

al
in

cl
u
d
es

th
e

fo
ll
ow

in
g

ca
se

s
of

p
ra

ct
ic

al
im

p
or

ta
n
ce

:
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7

D
u
,
L
ia
n
g
,
B
a
l
c
a
n
,
G
o
m
e
z
-R

o
d
r
ig
u
e
z
,
Z
h
a
a
n
d

S
o
n
g

U
n

if
o
rm

U
se

r-
C

o
st

.
A

n
im

p
or

ta
n
t

ca
se

of
in

fl
u
en

ce
m

ax
im

iz
at

io
n
,

w
h
ic

h
w

e
d
en

o
te

a
s

th
e

U
n
if

or
m

C
os

t,
is

th
at

fo
r

ea
ch

p
ro

d
u
ct
i,

al
l

u
se

rs
h
av

e
th

e
sa

m
e

co
st
c i
∗,

i.
e.

,
c i
j

=
c i
∗.

E
q
u
iv

al
en

tl
y,

ea
ch

p
ro

d
u
ct
i

ca
n

b
e

as
si

gn
ed

to
a
t

m
os

t
b i

:=
bB

i/
c i
∗c

u
se

rs
.

T
h
en

th
e

p
ro

d
u
ct

co
n
st

ra
in

ts
ar

e
si

m
p
li
fi
ed

to

P
ar

ti
ti

on
m

at
ro

id
M

2
:

fo
r

th
e

p
ro

d
u
ct

co
n
st

ra
in

ts
w

it
h

u
n
if

or
m

co
st

,
d
efi

n
e

a
m

at
ro

id
M

2
=
{Z

,I
2
}

w
h
er

e

I 2
=
{S
|S
⊆
Z

an
d
|S
∩
Z i
∗|
≤
b i
,∀
i}
.

In
th

is
ca

se
,

th
e

in
fl
u
en

ce
m

ax
im

iz
at

io
n

p
ro

b
le

m
d
efi

n
ed

b
y

E
q
u
at

io
n

(1
9
)

b
ec

o
m

es
th

e
p
ro

b
le

m
w

it
h
P

=
2

m
at

ro
id

co
n
st

ra
in

ts
an

d
n
o

k
n
ap

sa
ck

co
n
st

ra
in

ts
(k

=
0
).

In
a
d
d
it

io
n
,

if
w

e
as

su
m

e
on

ly
on

e
p
ro

d
u
ct

n
ee

d
s

ca
m

p
ai

g
n
,

th
e

fo
rm

u
la

ti
on

of
E

q
u
at

io
n

(1
9
)

fu
rt

h
er

re
d
u
ce

s
to

th
e

cl
as

si
c

in
fl
u
en

ce
m

ax
im

iz
at

io
n

p
ro

b
le

m
w

it
h

th
e

si
m

p
le

ca
rd

in
a
li
ty

co
n
st

ra
in

t.

U
se

r
G

ro
u

p
C

o
n

st
ra

in
t.

O
u
r

fo
rm

u
la

ti
on

in
E

q
u
at

io
n

(1
9)

es
se

n
ti

al
ly

a
ll
ow

s
fo

r
g
en

-
er

al
m

at
ro

id
s

w
h
ic

h
ca

n
m

o
d
el

m
or

e
so

p
h
is

ti
ca

te
d

re
al

-w
or

ld
co

n
st

ra
in

ts
,

an
d

th
e

p
ro

p
o
se

d
fo

rm
u
la

ti
on

,
al

go
ri

th
m

s,
an

d
an

al
y
si

s
ca

n
st

il
l

h
ol

d
.

F
or

in
st

an
ce

,
su

p
p

os
e

th
er

e
is

a
h
ie

r-
ar

ch
ic

al
co

m
m

u
n
it

y
st

ru
ct

u
re

on
th

e
u
se

rs
,

i.
e.

,
a

tr
ee
T

w
h
er

e
le

av
es

ar
e

th
e

u
se

rs
a
n
d

th
e

in
te

rn
al

n
o
d
es

ar
e

co
m

m
u
n
it

ie
s

co
n
si

st
in

g
of

al
l

u
se

rs
u
n
d
er

n
ea

th
,

su
ch

a
s

cu
st

o
m

er
s

in
d
iff

er
en

t
co

u
n
tr

ie
s

ar
ou

n
d

th
e

w
or

ld
.

In
co

n
se

q
u
en

ce
of

m
ar

k
et

in
g

st
ra

te
g
ie

s,
o
n

ea
ch

co
m

m
u
n
it

y
C
∈
T

,
th

er
e

ar
e

at
m

os
t
u
C

sl
ot

s
fo

r
as

si
gn

in
g

th
e

p
ro

d
u
ct

s.
S
u
ch

co
n
st

ra
in

ts
ar

e
re

ad
il
y

m
o
d
el

ed
b
y

th
e

L
am

in
ar

M
at

ro
id

,
w

h
ic

h
ge

n
er

al
iz

es
th

e
p
ar

ti
ti

o
n

m
a
tr

o
id

b
y

al
lo

w
in

g
th

e
se

t
{Z

i}
to

b
e

a
la

m
in

ar
fa

m
il
y

(i
.e

.,
fo

r
an

y
Z i
6=
Z j

,
ei

th
er
Z i
⊆
Z j

,
o
r

Z j
⊆
Z i

,
or
Z i
∩
Z j

=
∅)

.
It

ca
n

b
e

sh
ow

n
th

at
th

e
co

m
m

u
n
it

y
co

n
st

ra
in

ts
ca

n
b

e
ca

p
tu

re
d

b
y

th
e

m
at

ro
id
M

=
(Z
,I

)
w

h
er

e
I

=
{S
⊆
Z

:
|S
∩
C
|≤

u
C
,∀
C
∈
T
}.

In
th

e
n
ex

t
se

c-
ti

on
,

w
e

fi
rs

t
p
re

se
n
t

ou
r

al
go

ri
th

m
,

th
en

p
ro

v
id

e
th

e
an

al
y
si

s
fo

r
th

e
u
n
if

or
m

co
st

ca
se

a
n
d

fi
n
al

ly
le

ve
ra

ge
su

ch
an

al
y
si

s
fo

r
th

e
ge

n
er

al
ca

se
.

4
.

In
fl
u
e
n
ce

M
a
x
im

iz
a
ti

o
n

In
th

is
se

ct
io

n
,
w

e
fi
rs

t
d
ev

el
op

a
si

m
p
le

,
p
ra

ct
ic

al
a
n
d

in
tu

it
iv

e
ad

ap
ti

ve
-t

h
re

sh
o
ld

in
g

g
re

ed
y

al
go

ri
th

m
to

so
lv

e
th

e
co

n
ti

n
u
ou

s-
ti

m
e

in
fl
u
en

ce
m

a
x
im

iz
at

io
n

p
ro

b
le

m
w

it
h

th
e

a
fo

re
m

en
-

ti
on

ed
co

n
st

ra
in

ts
.

T
h
en

,
w

e
p
ro

v
id

e
a

d
et

ai
le

d
th

eo
re

ti
ca

l
an

al
y
si

s
of

it
s

p
er

fo
rm

a
n
ce

.

4
.1

O
v
e
ra

ll
A

lg
o
ri

th
m

T
h
er

e
ex

is
t

al
go

ri
th

m
s

fo
r

su
b
m

o
d
u
la

r
m

ax
im

iz
at

io
n

u
n
d
er

m
u
lt

ip
le

k
n
ap

sa
ck

co
n
st

ra
in

ts
ac

h
ie

v
in

g
a

1
−

1 e
ap

p
ro

x
im

at
io

n
fa

ct
or

b
y

(S
v
ir

id
en

ko
,

20
04

).
T

h
u
s,

on
e

m
ay

b
e

te
m

p
te

d
to

co
n
ve

rt
th

e
m

at
ro

id
co

n
st

ra
in

t
in

th
e

p
ro

b
le

m
d
efi

n
ed

b
y

E
q
u
at

io
n

(1
9)

to
|V
|k

n
a
p
sa

ck
co

n
st

ra
in

ts
,

so
th

a
t

th
e

p
ro

b
le

m
b

ec
om

es
a

su
b
m

o
d
u
la

r
m

ax
im

iz
at

io
n

p
ro

b
le

m
u
n
d
er
|L
|+

|V
|k

n
ap

sa
ck

co
n
st

ra
in

ts
.

H
ow

ev
er

,
th

is
n
ai

v
e

ap
p
ro

ac
h

is
n
ot

p
ra

ct
ic

al
fo

r
la

rg
e-

sc
a
le

sc
en

ar
io

s
b

ec
au

se
th

e
ru

n
n
in

g
ti

m
e

of
su

ch
al

go
ri

th
m

s
is

ex
p

o
n
en

ti
al

in
th

e
n
u
m

b
er

o
f

k
n
ap

sa
ck

co
n
st

ra
in

ts
.

In
st

ea
d
,

if
w

e
op

t
fo

r
al

go
ri

th
m

s
fo

r
su

b
m

o
d
u
la

r
m

ax
im

iz
a
ti

o
n

u
n
d
er

k
k
n
ap

sa
ck

co
n
st

ra
in

ts
an

d
P

m
at

ro
id

s
co

n
st

ra
in

ts
,

th
e

b
es

t
ap

p
ro

x
im

at
io

n
fa

ct
o
r

a
ch

ie
ve

d
b
y

p
ol

y
n
om

ia
l

ti
m

e
al

go
ri

th
m

s
is

1
P
+
2
k
+
1

(B
ad

an
id

iy
u
ru

an
d

V
on

d
rá

k
,

20
1
4
).

H
ow

ev
er

,

1
4
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C
o
n
t
in
u
o
u
s-T

im
e
In

f
l
u
e
n
c
e
M
a
x
im

iz
a
t
io
n
o
f
M
u
lt

ip
l
e
It
e
m
s

A
lg

o
rith

m
1
:

D
en

sity
T

h
resh

old
E

n
u
m

eration

In
p

u
t:

p
aram

eter
δ;

ob
jective

f
or

its
ap

p
rox

im
ation

f̂
;

assig
n
m

en
t

co
st
c(z

),z
∈
Z

1
S
et
d

=
m

a
x{
f

({
z})

:
z
∈
Z
}
;

2
fo

r
ρ
∈
{

2
d

P
+
2
k
+
1 ,(1

+
δ)

2
d

P
+
2
k
+
1 ,...,

2|Z
|d

P
+
2
k
+
1 }

d
o

3
C

a
ll

A
lgorith

m
2

to
get

S
ρ ;

O
u

tp
u

t:
a
rgm

ax
S
ρ
f

(S
ρ )

th
is

is
n
o
t

go
o
d

en
ou

gh
yet,

sin
ce

in
ou

r
p
rob

lem
k

=
|L|

can
b

e
large,

th
ou

gh
P

=
1

is
sm

a
ll.

H
ere,

w
e

w
ill

d
esign

an
algorith

m
th

at
a
ch

ieves
a

b
etter

ap
p
rox

im
ation

factor
b
y

ex
-

p
lo

itin
g

th
e

fo
llow

in
g

key
ob

servation
ab

ou
t

th
e

stru
ctu

re
of

th
e

p
rob

lem
d
efi

n
ed

b
y

E
q
u
a-

tio
n

(1
9
):

th
e

k
n
ap

sack
con

strain
ts

are
over

d
iff

eren
t

grou
p
sZ

i∗
of

th
e

w
h
ole

grou
n
d

set,
a
n
d

th
e

o
b

jective
fu

n
ction

is
a

su
m

of
su

b
m

o
d
u
lar

fu
n
ction

s
over

th
ese

d
iff

eren
t

grou
p
s.

T
h
e

d
eta

ils
of

th
e

algorith
m

,
called

B
u
d
g
e
t
M
a
x

,
are

d
escrib

ed
in

A
lgorith

m
1.

B
u
d
-

g
e
t
M
a
x

en
u
m

erates
d
iff

eren
t

valu
es

of
a

so-ca
lled

d
en

sity
th

resh
old

ρ
,

ru
n
s

a
su

b
rou

tin
e

to
fi
n
d

a
solu

tion
for

each
ρ
,

w
h
ich

q
u
a
n
tifi

es
th

e
cost-eff

ectiv
en

ess
of

assig
n
in

g
a

p
articu

-
la

r
p
ro

d
u
ct

to
a

sp
ecifi

c
u
ser,

an
d

fi
n
ally

ou
tp

u
ts

th
e

solu
tion

w
ith

th
e

m
ax

im
u
m

ob
jective

va
lu

e.
In

tu
itively,

th
e

algorith
m

restricts
th

e
search

sp
ace

to
b

e
th

e
set

of
m

ost
cost-eff

ective
a
llo

ca
tio

n
s.

T
h
e

d
etails

of
th

e
su

b
rou

tin
e

to
fi
n
d

a
solu

tion
for

a
fi
x
ed

d
en

sity
th

resh
old

ρ
a
re

d
escrib

ed
in

A
lgorith

m
2.

In
sp

ired
b
y

th
e

lazy
evalu

ation
h
eu

ristic
(L

eskovec
et

al.,
2
0
0
7
),

th
e

a
lg

o
rith

m
m

ain
tain

s
a

w
ork

in
g

set
G

an
d

a
m

argin
al

gain
th

resh
old

w
t ,

w
h
ich

g
eo

m
etrica

lly
d
ecreases

b
y

a
factor

of
1

+
δ

u
n
til

it
is

su
ffi

cien
tly

sm
all

to
b

e
set

to
zero.

A
t

ea
ch

w
t ,

th
e

su
b
rou

tin
e

selects
each

n
ew

elem
en

t
z

th
at

satisfi
es

th
e

follow
in

g
p
rop

erties:

1
.

It
is

feasib
le

an
d

th
e

d
en

sity
ratio

(th
e

ratio
b

etw
een

th
e

m
a
rgin

al
gain

an
d

th
e

cost)
is

a
b

ove
th

e
cu

rren
t

d
en

sity
th

resh
old

;

2
.

Its
m

a
rgin

al
gain

f
(z|G

)
:=

f
(G
∪
{
z})−

f
(G

)

is
a
b

ove
th

e
cu

rren
t

m
argin

al
gain

th
resh

old
.

T
h
e

term
“
d
en

sity
”

com
es

from
th

e
k
n
ap

sack
p
rob

lem
,

w
h
ere

th
e

m
argin

al
gain

is
th

e
m

ass
a
n
d

th
e

co
st

is
th

e
volu

m
e.

A
large

d
en

sity
m

ean
s

gain
in

g
a

lot
w

ith
ou

t
p
ay

in
g

m
u
ch

.
In

sh
o
rt,

th
e

alg
o
rith

m
con

sid
ers

on
ly

h
igh

-q
u
ality

assign
m

en
ts

an
d

rep
eated

ly
selects

feasib
le

o
n
es

w
ith

m
a
rg

in
al

gain
ran

gin
g

from
large

to
sm

all.

R
e
m

a
rk

1
.

T
h
e

trad
ition

al
lazy

eva
lu

ation
h
eu

ristic
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keep
s

a
th

resh
old

,
h
ow

ev
er,

it
o
n
ly

u
ses

th
e

th
resh

old
to

sp
eed

u
p

selectin
g

th
e

elem
en

t
w

ith
m

ax
im

u
m

m
argin

a
l

gain
.

In
stea

d
,

A
lg

o
rith

m
2

can
ad

d
m

u
ltip

le
elem

en
ts
z

from
th

e
grou

n
d

set
at

each
th

resh
old

a
cco

rd
in

g
to

th
e

d
escen

d
in

g
ord

er
of

th
eir

m
argin

al
gain

s,
an

d
th

u
s

red
u
ces

th
e

n
u
m

b
er

of
ro

u
n
d
s

fro
m

th
e

size
of

th
e

solu
tion

to
th

e
n
u
m

b
er

of
th

resh
old

s
O

(
1δ

log
Nδ

).
T

h
is

allow
s

u
s

to
tra

d
e

o
ff

b
etw

een
th

e
ru

n
tim

e
an

d
th

e
ap

p
rox

im
ation

ratio
(refer

to
o
u
r

th
eoretical

g
u
a
ra

n
tees

in
section

4.2).
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D
u
,
L
ia
n
g
,
B
a
l
c
a
n
,
G
o
m
e
z
-R

o
d
r
ig
u
e
z
,
Z
h
a
a
n
d

S
o
n
g

A
lg

o
rith

m
2
:

A
d
ap

tive
T

h
resh

old
G

reed
y

for
F

ix
ed

D
en

sity

In
p

u
t:

p
aram

eters
ρ
,
δ;

ob
jective

f
or

its
ap

p
rox

im
ation

f̂
;

assign
m

en
t

cost
c(z

),z
∈
Z

;set
of

feasib
le

solu
tion

sF
;

an
d
d

from
A

lgorith
m

1.
1

S
et
d
ρ

=
m

ax{f
({z}

)
:
z
∈
Z
,f

({
z})≥

c(z
)ρ}

;

2
S
et
w
t

=
d
ρ

(1
+
δ
)
t

for
t

=
0,...,L

=
argm

in
i [w

i ≤
δ
dN ]

an
d
w
L
+
1

=
0;

3
S
et
G

=
∅
;

4
fo

r
t

=
0,1

,...,L
,L

+
1

d
o

5
fo

r
z
6∈
G

w
ith

G
∪
{
z}
∈
F

a
n

d
f

(z|G
)≥

c(z
)ρ

d
o

6
if
f

(z|G
)≥

w
t

th
e
n

7
S
et
G
←
G
∪
{
z};

O
u
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u

t:
S
ρ

=
G

R
e
m
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2
.

E
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g
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e
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fl
u
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ce
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e
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p
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d
u
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p

en
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e
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d
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2.4.3
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p
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(·)
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e
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f

(·).

4
.2
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h
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to
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F
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w
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e
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p
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w
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cost,
w

h
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b
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g
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e
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4
.2
.1
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r
m

C
o
st

A
s
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n
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th
e

en
d
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ection

3.4,
th

e
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u
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ce
m

ax
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,

in
th
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case,

corresp
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d
s

to
th

e
p
rob

lem
d
efi

n
ed

b
y

E
q
u
ation

(19)
w
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P

=
2

an
d

n
o

k
n
ap

sack
co

n
strain

ts.
T

h
u
s,

w
e

can
sim

p
ly

ru
n

A
lgorith

m
2

w
ith

ρ
=

0
to

ob
tain

a
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tion
G

,
w

h
ich

is
rou

gh
ly

a
1

P
+
1 -ap

p
rox

im
atio

n
.

In
tu

itio
n

.
T

h
e

algorith
m

greed
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feasib

le
elem

en
ts

w
ith

su
ffi

cien
tly

large
m

argin
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gain
.

H
ow

ever,
it

is
u
n
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w
h
eth

er
ou

r
algo

rith
m

w
ill

fi
n
d

good
solu

tion
s

an
d

w
h
eth

er
it

w
ill

b
e

ro
bu

st
to

n
oise.

R
egard

in
g

th
e

form
er,

o
n
e

m
igh

t
w

o
n
d
er

w
h
eth

er
th

e
algorith

m
w

ill
select

ju
st

a
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elem
en

ts
w

h
ile

m
an

y
elem

en
ts

in
th

e
op

tim
al

solu
tion

O
w

ill
b

ecom
e

in
fea-

sib
le

an
d

w
ill

n
ot

b
e

selected
,

in
w

h
ich

case
th

e
greed

y
solu

tion
G

is
a

p
o
or

ap
p
rox

im
ation

.
R

egard
in

g
th

e
latter,

w
e

on
ly

u
se

th
e

estim
atio

n
f̂

of
th

e
in

fl
u
en

ce
f

(i.e.,|f̂
(S

)−
f

(S
)|≤

ε
for

an
y
S
⊆
Z

),
w

h
ich

in
tro

d
u
ces

ad
d
ition

al
erro

r
to

th
e

fu
n
ction

valu
e.

A
cru

cial
q
u
estion

,
w

h
ich

h
as

n
ot

b
een

ad
d
ressed

b
efore

(B
ad

an
id

iy
u
ru

an
d

V
on

d
rák

,
2014),

is
w

h
eth

er
th

e
ad

ap
tive

th
resh

old
greed

y
algorith

m
is

rob
u
st

to
su

ch
p

ertu
rb

ation
s.

F
ortu

n
ately,

it
tu

rn
s

ou
t

th
at

th
e

algorith
m

w
ill

p
rovab

ly
select

su
ffi

cien
tly

m
a
n
y

ele-
m

en
ts

of
h
igh

q
u
ality.

F
irst,

th
e

elem
en

ts
selected

in
th

e
op

tim
al

solu
tio

n
O

b
u
t

n
ot

selected
in
G

can
b

e
p
artition

ed
in

to
|G
|

grou
p
s,

each
o
f

w
h
ich

is
asso

ciated
w

ith
an

elem
en

t
in
G

.
T

h
u
s,

th
e

n
u
m

b
er

of
elem

en
ts

in
th

e
grou

p
s

asso
ciated

w
ith

th
e

fi
rst

t
elem

en
ts

in
G

,
b
y

th
e

p
rop

erty
of

th
e

in
tersection

of
m

atroid
s,

are
b

o
u
n
d
ed

b
y
P
t.

S
ee

F
igu

re
2

for
an

illu
s-

tration
.

S
econ

d
,

th
e

m
argin

al
gain

of
each

elem
en

t
in
G

is
at

least
as

large
as

th
at

of
an

y
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e

m
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as

t
on

e
of

th
e

m
at

ro
id

co
n
st

ra
in

ts
si

n
ce

T
2

is
m

ax
im

a
l.

T
h
en

,
le

t
{V

i}
1
≤
i≤
P

d
en

ot
e

al
l

el
em

en
ts

in
T
1
\T

2
th

at
v
io

la
te

th
e
i-

th
m

at
ro

id
,

an
d

p
a
rt

it
io

n
T
1
∩
T
2

ar
b
it

ra
ri

ly
am

on
g

th
es

e
V
i’

s
so

th
at

th
ey

co
ve

r
T
1
.

In
th

is
co

n
st

ru
ct

io
n
,

th
e

si
ze

o
f

ea
ch

V
i

m
u
st

b
e

at
m

os
t
|T

2
|,

si
n
ce

ot
h
er

w
is

e
b
y

th
e

E
x
ch

an
ge

ax
io

m
,

th
er

e
w

ou
ld

ex
is

t
z
∈
V
i
\T

2

th
at

ca
n

b
e

ad
d
ed

to
T
2
,

w
it

h
ou

t
v
io

la
ti

n
g

th
e
i-

th
m

at
ro

id
,

le
ad

in
g

to
a

co
n
tr

a
d
ic

ti
o
n
.

T
h
er

ef
or

e,
|T

1
|i

s
at

m
os

t
P

ti
m

es
|T

2
|.

N
ex

t,
w

e
ap

p
ly

th
e

ab
ov

e
p
ro

p
er

ty
a
s

fo
ll
ow

s.
L

et
Q

b
e

th
e

u
n
io

n
of
G
t

a
n
d
⋃
t i=

1
C
t.

O
n

on
e

h
an

d
,
G
t

is
a

m
ax

im
al

in
d
ep

en
d
en

t
su

b
se

t
of
Q

,
si

n
ce

n
o

el
em

en
t

in
⋃
t i=

1
C
t

ca
n

b
e

ad
d
ed

to
G
t

w
it

h
ou

t
v
io

la
ti

n
g

th
e

m
at

ro
id

co
n
st

ra
in

ts
.

O
n

th
e

ot
h
er

h
a
n
d
,
⋃
t i=

1
C
t

is
an

in
d
ep

en
d
en

t
su

b
se

t
of
Q

,
si

n
ce

it
is

p
ar

t
of

th
e

op
ti

m
al

so
lu

ti
on

.
T

h
er

ef
o
re

,
⋃
t i=

1
C
t

h
as

si
ze

at
m

os
t
P

ti
m

es
|G

t |,
w

h
ic

h
is
P
t.

N
ot

e
th

at
th

e
p
ro

p
er

ti
es

o
f

m
at

ro
id

s
a
re

cr
u
ci

a
l

fo
r

th
is

an
al

y
si

s,
w

h
ic

h
ju

st
ifi

es
ou

r
fo

rm
u
la

ti
on

u
si

n
g

m
at

ro
id

s.
In

su
m

m
ar

y,
w

e
h
av

e

C
la

im
1
∑

t i=
1
|C
i|
≤
P
t,

fo
r
t

=
1,
..
.,
|G
|.

N
ow

,
w

e
co

n
si

d
er

th
e

m
ar

gi
n
al

ga
in

of
ea

ch
el

em
en

t
in
C
t

as
so

ci
at

ed
w

it
h
g t

.
F

ir
st

,
su

p
p

os
e
g t

is
se

le
ct

ed
at

th
e

th
re

sh
ol

d
τ t
>

0.
T

h
en

,
an

y
j
∈
C
t

h
as

m
ar

gi
n
a
l

g
a
in

b
o
u
n
d
ed

b
y

(1
+
δ)
τ t

+
2
ε,

si
n
ce

ot
h
er

w
is

e
j

w
ou

ld
h
av

e
b

ee
n

se
le

ct
ed

at
a

la
rg

er
th

re
sh

o
ld

b
ef

o
re
τ t

b
y

th
e

gr
ee

d
y

cr
it

er
io

n
.

S
ec

on
d
,

su
p
p

os
e
g t

is
se

le
ct

ed
at

th
e

th
re

sh
ol

d
w
L
+
1

=
0
.

T
h
en

,
an

y
j
∈
C
t

h
as

m
ar

gi
n
al

ga
in

ap
p
ro

x
im

at
el

y
b

ou
n
d
ed

b
y

δ N
d
.

S
in

ce
th

e
gr

ee
d
y

a
lg

o
ri

th
m

m
u
st

p
ic

k
g 1

w
it

h
f̂

(g
1
)

=
d

an
d
d
≤
f

(g
1
)

+
ε,

an
y
j
∈
C
t

h
as

m
ar

gi
n
al

ga
in

b
o
u
n
d
ed

b
y

δ N
f

(G
)

+
O

(ε
).

P
u
tt

in
g

ev
er

y
th

in
g

to
ge

th
er

w
e

h
av

e:

C
la

im
2

S
u

p
po

se
g t

is
se

le
ct

ed
a
t

th
e

th
re

sh
o
ld
τ t

.
T

h
en

f
(j
|G

t−
1
)
≤

(1
+
δ)
τ t

+
4ε

+
δ N
f

(G
)

fo
r

a
n

y
j
∈
C
t.

S
in

ce
th

e
ev

al
u
at

io
n

of
th

e
m

ar
gi

n
al

ga
in

of
g t

sh
ou

ld
b

e
at

le
as

t
τ t

,
th

is
cl

a
im

s
es

se
n
ti

a
ll
y

in
d
ic

at
es

th
at

th
e

m
ar

gi
n
al

ga
in

of
j

is
ap

p
ro

x
im

at
el

y
b

ou
n
d
ed

b
y

th
at

of
g t

.
S
in

ce
th

er
e

ar
e

n
ot

m
an

y
el

em
en

ts
in
C
t

(C
la

im
1)

an
d

th
e

m
ar

gi
n
al

ga
in

o
f

ea
ch

o
f

it
s

el
em

en
ts

is
n
ot

m
u
ch

la
rg

er
th

an
th

at
of
g t

(C
la

im
2)

,
w

e
ca

n
co

n
cl

u
d
e

th
a
t

th
e

m
a
rg

in
a
l

ga
in

of
O
\G

=
⋃
|G
|

i=
1
C
t

is
n
ot

m
u
ch

la
rg

er
th

an
th

a
t

of
G

,
w

h
ic

h
is

ju
st
f

(G
).

C
la

im
3

T
h
e

m
a
rg

in
a
l

ga
in

o
f
O
\G

sa
ti

sfi
es

∑

j∈
O
\G
f

(j
|G

)
≤

[(
1

+
δ)
P

+
δ]
f

(G
)

+
(6

+
2δ

)ε
P
|G
|.

F
in

al
ly

,
si

n
ce

b
y

su
b
m

o
d
u
la

ri
ty

,
f

(O
)
≤
f

(O
∪
G

)
≤
f

(G
)

+
∑

j∈
O
\G
f

(j
|G

),
C

la
im

3
sh

ow
s

th
at
f

(G
)

is
cl

os
e

to
f

(O
)

u
p

to
a

m
u
lt

ip
li
ca

ti
ve

fa
ct

or
ro

u
gh

ly
(1

+
P

)
a
n
d

a
d
d
it

iv
e

fa
ct

or
O

(ε
P
|G
|).

G
iv

en
th

at
f

(G
)
>
|G
|,

it
le

ad
s

to
ro

u
gh

ly
a

1
/
3-

ap
p
ro

x
im

a
ti

o
n

fo
r

o
u
r

in
fl
u
en

ce
m

ax
im

iz
at

io
n

p
ro

b
le

m
b
y

se
tt

in
g
ε

=
δ/

16
w

h
en

ev
al

u
at

in
g
f̂

w
it

h
C
o
n
T
in
E
st

.
C

om
b
in

in
g

th
e

ab
ov

e
an

al
y
si

s
an

d
th

e
ru

n
ti

m
e

of
th

e
in

fl
u
en

ce
es

ti
m

at
io

n
a
lg

o
ri

th
m

,
w

e
h
av

e
ou

r
fi
n
al

gu
ar

an
te

e
in

T
h
eo

re
m

4.
A

p
p

en
d
ix

D
.1

p
re

se
n
ts

th
e

co
m

p
le

te
p
ro

o
fs

.

4
.2
.2

G
e
n
e
r
a
l
C
a
se

In
th

is
se

ct
io

n
,

w
e

co
n
si

d
er

th
e

ge
n
er

al
ca

se
,

in
w

h
ic

h
u
se

rs
m

ay
h
av

e
d
iff

er
en

t
a
ss

o
ci

a
te

d
co

st
s.

R
ec

al
l
th

at
th

is
ca

se
co

rr
es

p
on

d
s

to
th

e
p
ro

b
le

m
d
efi

n
ed

b
y

E
q
u
at

io
n

(1
9
)

w
it

h
P

=
1

m
at

ro
id

co
n
st

ra
in

ts
an

d
k

=
|L
|g

ro
u
p
-k

n
ap

sa
ck

co
n
st

ra
in

ts
.

H
er

e,
w

e
w

il
l

sh
ow

th
a
t

th
er

e
is

a
st

ep
in

A
lg

or
it

h
m

1
w

h
ic

h
ou

tp
u
ts

a
so

lu
ti

on
S
ρ

th
at

is
a

go
o
d

ap
p
ro

x
im

a
ti

o
n
.
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C
o
n
t
in
u
o
u
s-T

im
e
In

f
l
u
e
n
c
e
M
a
x
im

iz
a
t
io
n
o
f
M
u
lt

ip
l
e
It
e
m
s

In
tu

itio
n

.
T

h
e

k
ey

id
ea

b
eh

in
d

A
lgorith

m
1

an
d

A
lgorith

m
2

is
sim

p
le:

sp
en

d
th

e
b
u
d
gets

effi
cien

tly
a
n
d

sp
en

d
th

em
a
s

m
u

ch
a
s

po
ssible.

B
y

sp
en

d
in

g
th

em
effi

cien
tly,

w
e

m
ean

to
o
n
ly

select
th

o
se

elem
en

ts
w

h
ose

d
en

sity
ratio

b
etw

een
th

e
m

argin
al

gain
an

d
th

e
cost

is
a
b

ove
th

e
th

resh
old

ρ
.

T
h
at

is,
w

e
assign

p
ro

d
u
ct
i

to
u
ser

j
on

ly
if

th
e

assign
m

en
t

lead
s

to
la

rg
e

m
a
rg

in
al

gain
w

ith
ou

t
p
ay

in
g

to
o

m
u
ch

.
B

y
sp

en
d
in

g
th

e
b
u
d
gets

as
m

u
ch

as
p

o
ssib

le,
w

e
m

ean
to

stop
assign

in
g

p
ro

d
u
ct
i

on
ly

if
its

b
u
d
get

is
alm

ost
ex

h
au

sted
or

n
o

m
o
re

a
ssig

n
m

en
ts

are
p

ossib
le

w
ith

ou
t

v
iolatin

g
th

e
m

atroid
con

strain
ts.

H
ere

w
e

m
ake

u
se

o
f

th
e

sp
ecia

l
stru

ctu
re

of
th

e
k
n
ap

sack
con

strain
ts

on
th

e
b
u
d
gets:

each
con

strain
t

is
on

ly
rela

ted
to

th
e

a
ssign

m
en

t
of

th
e

corresp
on

d
in

g
p
ro

d
u
ct

an
d

its
b
u
d
get,

so
th

at
w

h
en

th
e

b
u
d
g
et

o
f

o
n
e

p
ro

d
u
ct

is
ex

h
au

sted
,

it
d
o
es

n
ot

aff
ect

th
e

assign
m

en
t

of
th

e
oth

er
p
ro

d
u
cts.

In
th

e
la

n
g
u
a
ge

of
su

b
m

o
d
u
lar

op
tim

ization
,

th
e

k
n
ap

sack
con

strain
ts

are
on

a
p
artition

Z
i∗

of
th

e
g
ro

u
n
d

set
an

d
th

e
ob

jective
fu

n
ction

is
a

su
m

of
su

b
m

o
d
u
lar

fu
n
ction

s
over

th
e

p
a
rtitio

n
.

H
ow

ever,
th

ere
seem

s
to

b
e

a
h
id

d
en

con
trad

iction
b

etw
een

sp
en

d
in

g
th

e
b
u
d
gets

effi
-

cien
tly

an
d

sp
en

d
in

g
th

em
as

m
u
ch

as
p

ossib
le.

O
n

on
e

h
an

d
,

effi
cien

cy
m

ean
s

th
e

d
en

sity
ra

tio
sh

o
u
ld

b
e

large,
so

th
e

th
resh

old
ρ

sh
ou

ld
b

e
large;

on
th

e
oth

er
h
an

d
,

if
ρ

is
large,

th
ere

a
re

ju
st

a
few

elem
en

ts
th

at
can

b
e

con
sid

ered
,

an
d

th
u
s

th
e

b
u
d
get

m
igh

t
n
ot

b
e

ex
h
a
u
sted

.
A

fter
all,

if
w

e
set

ρ
to

b
e

even
larger

th
an

th
e

m
ax

im
u
m

p
ossib

le
valu

e,
th

en
n
o

elem
en

t
is

con
sid

ered
an

d
n
o

gain
is

ach
ieved

.
In

th
e

oth
er

ex
trem

e,
if

w
e

set
ρ

=
0

an
d

co
n
sid

er
a
ll

th
e

elem
en

ts,
th

en
a

few
elem

en
ts

w
ith

large
costs

m
ay

b
e

selected
,

ex
h
au

stin
g

a
ll

th
e

b
u
d
g
ets

an
d

lead
in

g
to

a
p

o
or

solu
tion

.

F
o
rtu

n
a
tely,

th
ere

ex
ists

a
su

itab
le

th
resh

old
ρ

th
a
t

ach
ieves

a
go

o
d

trad
eoff

b
etw

een
th

e
tw

o
a
n
d

lead
s

to
a

go
o
d

ap
p
rox

im
ation

.
O

n
on

e
h
a
n
d
,
th

e
th

resh
old

is
su

ffi
cien

tly
sm

all,
so

th
a
t

th
e

o
p
tim

al
elem

en
ts

w
e

ab
an

d
on

(i.e.,
th

ose
w

ith
low

-d
en

sity
ratio)

h
ave

a
total

g
a
in

a
t

m
ost

a
fraction

of
th

e
op

tim
u
m

;
on

th
e

oth
er

h
an

d
,

it
is

also
su

ffi
cien

tly
large,

so
th

a
t

th
e

elem
en

ts
selected

are
of

h
igh

q
u
ality

(i.e.,
of

h
igh

-d
en

sity
ratio),

an
d

w
e

ach
ieve

su
ffi

cien
t

g
a
in

even
if

th
e

b
u
d
gets

of
som

e
item

s
are

ex
h
au

sted
.

T
h

e
o
re

m
5

S
u

p
po

se
f̂

is
eva

lu
a
ted

u
p

to
erro

r
ε

=
δ/1

6
w

ith
C
o
n
T
in
E
st

.
In

A
lgo

rith
m

1
,

th
ere

exists
a
ρ

su
ch

th
a
t

f
(S
ρ )≥

m
ax{

k
a ,1}

(2|L|+
2)(1

+
3δ) f

(O
)

w
h
ere

k
a

is
th

e
n

u
m

ber
o
f

a
ctive

kn
a
p
sa

ck
co

n
stra

in
ts:

k
a

=
|{i

:
S
ρ ∪
{
z}
6∈
F
,∀
z
∈
Z
i∗ }|.

T
h
e

expected
ru

n
n

in
g

tim
e

isÕ
(
|E
i ∗ |+
|V|

δ
2

+
|L||V|
δ
4

)
.

Im
p

o
rta

n
tly,

th
e

ap
p
rox

im
ation

factor
im

p
roves

over
th

e
b

est
k
n
ow

n
gu

a
ran

tee
1

P
+
2
k
+
1

=
1

2|L|+
2

fo
r

effi
cien

tly
m

ax
im

izin
g

su
b
m

o
d
u
lar

fu
n
ction

s
over

P
m

atroid
s

an
d
k

gen
eral

k
n
ap

-
sa

ck
co

n
stra

in
ts.

M
oreover,

sin
ce

th
e

ru
n
tim

e
h
as

a
lin

ear
d
ep

en
d
en

ce
on

th
e

n
etw

ork
size,

th
e

a
lg

o
rith

m
easily

scales
to

large
n
etw

o
rk

s.
A

s
in

th
e

u
n
iform

cost
case,

th
e

p
aram

eter
δ

in
tro

d
u
ces

a
trad

eoff
b

etw
een

th
e

ap
p
rox

im
atio

n
an

d
th

e
ru

n
tim

e.
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D
u
,
L
ia
n
g
,
B
a
l
c
a
n
,
G
o
m
e
z
-R

o
d
r
ig
u
e
z
,
Z
h
a
a
n
d

S
o
n
g

A
n

a
ly

sis.
T

h
e

an
aly

sis
follow

s
th

e
in

tu
ition

.
P

ick
ρ

=
2
f
(O

)
P
+
2
k
+
1 ,

w
h
ere

O
is

th
e

op
tim

al
solu

tion
,

an
d

d
efi

n
e

O
−

:=
{z
∈
O
\
S
ρ

:
f

(z|S
ρ )
<
c(z

)ρ
+

2
ε}
,

O
+

:=
{z
∈
O
\
S
ρ

:
z
6∈
O
− }

.

N
ote

th
at,

b
y

su
b
m

o
d
u
larity,

O
−

is
a

su
p

erset
of

th
e

elem
en

ts
in

th
e

op
tim

al
solu

tion
th

at
w

e
ab

an
d
on

d
u
e

to
th
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te

n
d
s

to
fl
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te
n
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d

th
e
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m

p
et
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B
u
d
g
e
t
M
a
x

b
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om
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th

e
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h
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ve
d

in
fl
u
en
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n
st

th
e

b
u
d
ge
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p

er
u
se

r,
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n
si
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er
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g
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p
ro
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d
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x
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e
b
u
d
ge

t
p

er
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u
ct
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e
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n
d
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at
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e

b
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d
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t
p

er
u
se

r
in
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e
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x
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b
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d
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w
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d
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b
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b
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b
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p
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n
h
ar
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d
d
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n
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o
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b
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e
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h
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u
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c
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In
th
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d
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e
t
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a
x
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n
d
er
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on
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n
if

or
m
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n
-
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ra

in
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,
u
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n
g
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o
n
T
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E
st
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a
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b
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u
ti
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e
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fl
u
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m

at
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n
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u
r

d
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n
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g
of

u
se

r-
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to
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a

re
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sc
en
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,
w

h
er

e
ad
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e
m
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b
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w
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n
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k
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s
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to
n
or

m
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n
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T
o

d
o

so
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w
e

le
t
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∝
d
1
/
n

i
w

h
er

e
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th

e
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st
,
d
i

is
th

e
d
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e,

an
d
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e

in
cr
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g
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d
of
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sp
ec

t
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th
e

d
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e.
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r
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p
er
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w
e

u
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n

=
3

an
d

n
or

m
al
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e
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b

e
w

it
h
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M

or
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,
w
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e
p
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-b
u
d
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a
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lu
e

fr
om

1
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d
a
d
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n
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m
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n

fr
om

a
u
n
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m

d
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u
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U
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p
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r
m
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o
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o
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n
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e
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n
o
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d
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b
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eu
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ed

y
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re
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an

d
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e
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e
b
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o
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ri
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w
h
ic
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w

e
st

il
l

re
fe

r
to

as
G

re
ed
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b
ot

h
th

e
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p
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j
∈
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n
d
in
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ra
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o
d
j
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j
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e
d
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et

w
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so
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ed
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p
ro

d
u
ct
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in
st

ea
d

of
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m
p
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e

n
o
d
e-
j’

s
d
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re
e,

an
d

th
en

p
ro
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ed

s
si

m
il
ar

ly
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b
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In
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e
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n
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w
h
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h
w

e
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G
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ed

y
L

o
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lD
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e

u
se
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e
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m

e
d
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re
e-
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st

ra
ti

o
b
u
t
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w
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b
e

p
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on
ed

in
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d
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ti
n
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ou

p
s

(o
r

co
m

m
u
n
it

ie
s)
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d

p
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k
th

e
m

os
t
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p
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w

it
h
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ch

gr
ou

p
lo

ca
ll
y

in
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p
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b
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p
ro

d
u
ct

s,
(b

)
th

e
b
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d
ge

t
p

er
p
ro

d
u
ct

,
(c

)
th
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b
u
d
ge

t
p
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u
se
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d
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)
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e
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m
e

w
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T
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w
h
il
e
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x
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g
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e
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h
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l
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B
u
d
g
e
t
M
a
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h
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n
d
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e
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d
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fl
u
en
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s
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ot
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w

it
h
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th
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va
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e

m
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h
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e
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p
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d
.
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d
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u
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,
w

e
st

u
d
y

th
e

eff
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t
of

th
e

L
am

in
ar

m
at

ro
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co
m

b
in
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w

it
h

gr
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p
k
n
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n
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ra
in
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,

w
h
ic

h
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e

m
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t
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n
er
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p
e

of
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n
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ra
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t
w

e
h
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p
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S
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4)

.
T

h
e
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u
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h
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p
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on
ed
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K
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p
s

ra
n
d
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w

h
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h
h
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,
Q
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i
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1
..
.K

,
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m
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w

h
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h
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n
st

ra
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s
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e
m
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u
m
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.
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p
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g
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u
p

m
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h
t
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p
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d
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a
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p
h
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co

m
m

u
n
it

y
or
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n
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at
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p
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p
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t
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=
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.K

to
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b
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d
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b
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d
ge

t
p

er
u
se

r
fo

r
K

=
8

eq
u
al

ly
-s

iz
ed

gr
ou

p
s

an
d
Q
i

=
16
,i

=
1
..
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c
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r
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e
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u
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u
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d
ge

t
at

1.
0

an
d

u
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ra
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r
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n
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p
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u
d
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x
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u
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r-
co
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ra
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)
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n
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ra
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x
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u
d
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d
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T
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d
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ra
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p
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(a)
δ

v
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(b
)
δ

v
s.
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e

F
ig

u
re
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:

T
h
e

relativ
e

accu
racy

an
d

th
e

ru
n
-tim

e
for

d
iff

eren
t

th
resh

old
p
aram

eter
δ.

estim
a
ted

in
fl
u
en

ce
d
o
es

n
ot

in
crease

sign
ifi

can
tly

w
ith

resp
ect

to
th

e
b
u
d
get

(i.e.,
n
u
m

b
er

o
f

slo
ts)

p
er

u
ser.

T
h
is

is
d
u
e

to
th

e
fi
x
ed

b
u
d
get

p
er

grou
p
,

w
h
ich

p
reven

ts
ad

d
itio

n
al

n
ew

n
o
d
es

to
b

e
a
ssign

ed
,

even
th

ou
gh

th
e

n
u
m

b
er

of
availab

le
slots

p
er

u
ser

in
creases.

5
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f
f
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c
t
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o
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A
d
a
p
t
iv
e
T
h
r
e
sh

o
l
d
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g
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F
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u
re

7
,

w
e

in
vestigate

th
e

im
p
act

th
at

th
e

th
resh

old
valu

e
δ

h
as

o
n

th
e

accu
racy

a
n
d

ru
n
tim

e
o
f

o
u
r

ad
ap

tive
th
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old

in
g
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m

an
d
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p
are

it
w

ith
th

e
lazy
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ation
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o
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.
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p
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b
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e

ach
ieved
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fl
u
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e
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o
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δ.

A
s

ex
p
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,
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e
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e
δ
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e
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e
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ra

cy.
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ev
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ou

r
m
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o
d
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G
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d
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P
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0
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1
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1
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T

0

1
0

2
0

3
0

4
0

5
0

6
0

7
0

8
0

influence

C
o
n
T

in
E

s
t(W

b
l)

G
re

e
d
y
(IC

)
S

P
1
M

P
M

IA
M

IA
-M

(a)
In

fl
u
en

ce
v
s.

#
sou

rces
(b

)
In

fl
u
en

ce
v
s.

tim
e

F
ig

u
re

1
3
:

In
M

em
eT

racker
d
ataset,

(a)
com

p
arison

of
th

e
in

fl
u
en

ce
o
f
th

e
selected

n
o
d
es

b
y

fi
x
in

g
th

e
o
b
servation

w
in

d
ow

T
=

5
an

d
vary

in
g

th
e

n
u
m

b
er

sou
rces,

an
d

(b
)

com
p
ariso

n
o
f

th
e

in
fl
u
en

ce
of

th
e

selected
n
o
d
es

b
y

fi
x
in

g
th

e
n
u
m

b
er

of
sou

rces
to

50
an

d
vary

in
g

th
e

tim
e

w
in

d
ow

.

m
o
d
el,

w
e

o
p
t

for
N
e
t
R
a
t
e

(G
om

ez-R
o
d
rigu

ez
et

al.,
2011)

w
ith

ex
p

on
en

tial
tran

sm
ission

fu
n
ctio

n
s

(fi
x
in

g
th

e
sh

ap
e

p
aram

eter
of

th
e

W
eib

u
ll

fam
ily

to
b

e
on

e)
to

learn
th

e
d
iff

u
sion

n
etw

o
rk

s
b
y

m
ax

im
izin

g
th

e
likelih

o
o
d

of
th

e
ob

served
cascad

es.
F

or
th

e
d
iscrete-tim

e
m

o
d
el,

w
e

lea
rn

th
e

in
fection

p
rob

ab
ilities

u
sin

g
th

e
m

eth
o
d

b
y

N
etrap

alli
an

d
S
an

gh
av

i
(2

0
1
2
).

S
eco

n
d
,

let
C

(u
)

b
e

th
e

set
of

all
cascad

es
w

h
ere

u
w

as
th

e
so

u
rce

n
o
d
e.

B
y

cou
n
t-

in
g

th
e

to
ta

l
n
u
m

b
er

of
d
istin

ct
n
o
d
es

in
fected

b
efore

T
in
C

(u
),

w
e

can
q
u
an

tify
th

e
real

in
fl
u
en

ce
o
f

n
o
d
e
u

u
p

to
tim

e
T

.
T

h
u
s,

w
e

can
evalu

ate
th

e
q
u
a
lity

of
th

e
in

fl
u
en

ce
es-

tim
a
tio

n
b
y

co
m

p
u
tin

g
th

e
average

(across
n
o
d
es)

M
ean

A
b
solu

te
E

rror
(M

A
E

)
b

etw
een

th
e

rea
l

a
n
d

th
e

estim
ated

in
fl
u
en

ce
on

th
e

test
set,

w
h
ich

w
e

sh
ow

in
F

igu
re

12.
C

learly,
C
o
n
T
in
E
st

p
erform

s
th

e
b

est
statistically.

S
in

ce
th

e
len

gth
of

real
cascad

es
em

p
irically

co
n
fo

rm
s

to
a

p
ow

er-law
d
istrib

u
tion

,
w

h
ere

m
ost

cascad
es

are
very

sh
ort

(2-4
n
o
d
es),

th
e

g
a
p

o
f

th
e

estim
ation

error
is

n
ot

to
o

large.
H

ow
ev

er,
w

e
em

p
h
asize

th
at

su
ch

accu
racy

im
p
rovem

en
t

is
critical

for
m

ax
im

izin
g

lon
g-term

in
fl
u
en

ce
sin

ce
th

e
estim

ation
error

for
in

-
d
iv

id
u
a
ls

w
ill

a
ccu

m
u
late

alon
g

th
e

sp
read

in
g

p
ath

s.
H

en
ce,

a
n
y

con
sisten

t
im

p
rov

em
en

t
in

in
fl
u
en

ce
estim

ation
can

lead
to

sign
ifi

can
t

im
p
rovem

en
t

to
th

e
overall

in
fl
u
en

ce
estim

ation
a
n
d

m
a
x
im

iza
tion

task
,

w
h
ich

is
fu

rth
er

con
fi
rm

ed
in

th
e

follow
in

g
sectio

n
s.

5
.2
.2

In
f
l
u
e
n
c
e
M
a
x
im

iz
a
t
io
n
w
it
h
U
n
if
o
r
m

C
o
st

W
e

fi
rst

ap
p
ly

C
o
n
T
in
E
st

to
th

e
con

tin
u
ou

s-tim
e

in
fl
u
en

ce
m

ax
im

ization
task

w
ith

th
e

sim
p
le

ca
rd

in
a
lity

con
strain

t
on

th
e

u
sers.

W
e

evalu
ate

th
e

in
fl
u
en

ce
of

th
e

selected
n
o
d
es

in
th

e
sa

m
e

sp
irit

as
in

fl
u
en

ce
estim

ation
:

th
e

tru
e

in
fl
u
en

ce
is

calcu
lated

as
th

e
total

n
u
m

b
er

of
d
istin

ct
n
o
d
es

in
fected

b
efore

T
b
ased

on
C

(u
)

of
th

e
selected

n
o
d
es.

F
igu

re
13

sh
ow

s
th

a
t

th
e

selected
sou

rces
given

b
y
C
o
n
T
in
E
st

ach
ieve

th
e

b
est

p
erfo

rm
an

ce
as

w
e

vary
th

e
n
u
m

b
er

o
f

selected
sou

rces
an

d
th

e
ob

servatio
n

tim
e

w
in

d
ow

.
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D
u
,
L
ia
n
g
,
B
a
l
c
a
n
,
G
o
m
e
z
-R

o
d
r
ig
u
e
z
,
Z
h
a
a
n
d

S
o
n
g

N
ex

t,
w

e
evalu

ate
th

e
p

erform
an

ce
of

B
u
d
g
e
t
M
a
x

on
cascad

es
from

M
em

etrack
er

traced
from

q
u
otes

w
h
ich

are
sh

ort
tex

tu
al

p
h
rases

sp
read

in
g

th
rou

gh
th

e
w

eb
sites.

B
ecau

se
all

p
u
b
lish

ed
d
o
cu

m
en

ts
con

tain
in

g
a

p
a
rticu

lar
q
u
ote

are
tim

e-stam
p

ed
,

a
cascad

e
in

d
u
ced

b
y

th
e

sam
e

q
u
ote

is
a

collection
of

tim
es

w
h
en

th
e

m
ed

ia
site

fi
rst

m
en

tion
ed

it.
In

d
etail,

w
e

u
se

th
e

p
u
b
lic

d
ataset

released
b
y

G
om

ez-R
o
d
rigu

ez
et

al.
(2013),

w
h
ich

sp
lits

th
e

origin
al

M
em

etrack
er

d
ataset

in
to

grou
p
s,

each
asso

ciated
to

a
top

ic
or

real-w
orld

even
t.

E
ach

gro
u
p

con
sists

of
cascad

es
b
u
ilt

from
q
u
otes

w
h
ich

w
ere

m
en

tion
ed

in
p

osts
con

tain
in

g
p
articu

lar
key

w
ord

s.
W

e
co

n
sid

ered
64

grou
p
s,

w
ith

at
least

100,000
cascad

es,
w

h
ich

p
lay

th
e

role
of

p
ro

d
u
cts.

T
h
erein

,
w

e
d
istin

gu
ish

w
ell-k

n
ow

n
top

ics,
su

ch
as

“A
p
p
le”

an
d

“O
ccu

p
y

W
all-S

treet”,
or

real-w
orld

even
ts,

su
ch

as
th

e
F

u
k
u
sh

im
a

n
u
clear

d
isaster

in
2013

an
d

th
e

m
arriage

b
etw

een
K

ate
M

id
d
leton

an
d

P
rin

ce
W

illiam
in

2011.

W
e

th
en

evalu
ate

th
e

accu
racy

of
B
u
d
g
e
t
M
a
x

in
th

e
follow

in
g

w
ay.

F
irst,

w
e

ev
en

ly
sp

lit
each

grou
p

in
to

a
train

in
g

an
d

a
test

set
an

d
th

en
learn

on
e

con
tin

u
ou

s-tim
e

m
o
d
el

an
d

a
d
iscrete-tim

e
m

o
d
el

p
er

grou
p

u
sin

g
th

e
train

in
g

sets.
A

s
p
rev

iou
sly,

for
th

e
con

tin
u
ou

s-
tim

e
m

o
d
el,

w
e

op
t

for
N
e
t
R
a
t
e

(G
om

ez-R
o
d
rigu

ez
et

al.,
2011)

w
ith

ex
p

on
en

tial
tra

n
s-

m
ission

fu
n
ction

s,
an

d
for

th
e

d
iscrete-tim

e
m

o
d
el,

w
e

learn
th

e
in

fection
p
rob

ab
ilities

u
sin

g
th

e
m

eth
o
d

b
y

N
etrap

alli
an

d
S
an

gh
av

i
(2012),

w
h
ere

th
e

step
-len

gth
is

set
to

on
e.

S
econ

d
,

w
e

ru
n
B
u
d
g
e
t
M
a
x

u
sin

g
b

oth
th

e
co

n
tin

u
ou

s-tim
e

m
o
d
el

an
d

th
e

d
iscrete-tim

e
m

o
d
el.

W
e

refer
to

B
u
d
g
e
t
M
a
x

w
ith

th
e

d
iscrete-tim

e
m

o
d
el

as
th

e
G

reed
y
(d

iscrete)
m

eth
o
d
.

S
in

ce
w

e
d
o

h
ave

n
o

grou
n
d
-tru

th
in

form
ation

ab
ou

t
cost

of
each

n
o
d
e,

w
e

fo
cu

s
ou

r
ex

-
p

erim
en

ts
u
sin

g
a

u
n
iform

cost.
T

h
ird

,
on

ce
w

e
h
ave

fou
n
d

an
allo

cation
over

th
e

learn
ed

n
etw

ork
s,

w
e

evalu
ate

th
e

p
erform

an
ce

of
th

e
tw

o
m

eth
o
d
s

u
sin

g
th

e
cascad

es
in

th
e

test
set

as
follow

s:
giv

en
a

grou
p
-n

o
d
e

p
air

(i,j),
letC

(j)
d
en

ote
th

e
set

of
cascad

es
in

d
u
ced

b
y

grou
p
i

th
at

con
tain

s
n
o
d
e
j.

T
h
en

,
w

e
take

th
e

average
n
u
m

b
er

of
n
o
d
es

com
in

g
after

j
for

all
th

e
cascad

es
in
C

(j)
as

a
p
rox

y
of

th
e

av
erage

in
fl
u
en

ce
in

d
u
ced

b
y

assign
in

g
grou

p
i

to
n
o
d
e
j.

F
in

ally,
th

e
in

fl
u
en

ce
of

an
allo

cation
is

ju
st

th
e

su
m

of
th

e
average

in
fl
u
en

ce
of

each
grou

p
-n

o
d
e

p
air

in
th

e
solu

tion
.

In
ou

r
ex

p
erim

en
ts,

w
e

ran
d
om

ly
select

128
n
o
d
es

as
ou

r
target

u
sers.

F
igu

re
14

su
m

m
arizes

th
e

ach
ieved

in
fl
u
en

ce
again

st
fou

r
fa

ctors:
(a)

th
e

n
u
m

b
er

of
p
ro

d
u
cts,

(b
)

th
e

b
u
d
get

p
er

p
ro

d
u
ct,

(c)
th

e
b
u
d
get

p
er

u
ser

an
d

(d
)

th
e

tim
e

w
in

d
ow

T
,

w
h
ile

fi
x
in

g
th

e
oth

er
factors.

In
com

p
arison

w
ith

th
e

G
reed

y
(IC

)
an

d
a

ran
d
om

allo
cation

,
B
u
d
g
e
t
M
a
x

fi
n
d
s

an
allo

cation
th

at
in

d
eed

in
d
u
ces

th
e

la
rgest

d
iff

u
sion

in
th

e
test

d
ata,

w
ith

an
average

20-p
ercen

t
im

p
rovem

en
t

overall.

In
th

e
en

d
,

F
igu

re
15

in
vestigates

q
u
alitatively

th
e

actu
al

allo
cation

s
of

grou
p
s

(top
-

ics
or

real-w
orld

even
ts;

in
red

)
an

d
sites

(in
b
la

ck
).

H
ere,

w
e

fi
n
d

ex
am

p
les

th
at

in
tu

-
itively

on
e

cou
ld

ex
p

ect:
“jap

an
to

d
ay.com

”
is

a
ssign

ed
to

F
u
k
u
sh

im
a

N
u
clear

d
isaster

or
“fi

n
an

ce.yah
o
o.com

”
is

assign
ed

to
“O

ccu
p
y

W
all-street”.

M
oreover,

b
ecau

se
w

e
con

sid
er

several
top

ics
an

d
real-w

orld
even

ts
w

ith
d
iff

eren
t

u
n
d
erly

in
g

d
iff

u
sion

n
etw

ork
s,

th
e

se-
lected

n
o
d
es

are
n
ot

on
ly

very
p

op
u
lar

m
ed

ia
sites

su
ch

as
n
y
tim

es.com
or

cn
n
.com

b
u
t

also
several

m
o
d
est

sites
(B

ak
sh

y
et

al.,
2011),

often
sp

ecialized
or

lo
cal,

su
ch

as
freep

.co
m

or
lo

caln
ew

s8.com
.
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B
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ra
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influence
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B
u

d
g

e
tM

a
x

G
re

e
d

y
(d

is
c
re

te
)

R
a

n
d

o
m

(c
)

B
y

u
se

r
co

n
st

ra
in

ts
(d

)
B

y
ti

m
e

F
ig

u
re

14
:

O
ve

r
th

e
in

fe
rr

ed
64

p
ro

d
u
ct

-s
p

ec
ifi

c
d
iff

u
si

on
n
et

w
or

k
s,

th
e

tr
u
e

in
fl
u
en

ce
es

ti
m

at
ed

fr
om

se
p
ar

at
ed

te
st

in
g

d
at

a
(a

)
fo

r
in

cr
ea

si
n
g

th
e

n
u
m

b
er

of
p
ro

d
u
ct

s
b
y

fi
x
in

g
th

e
p
ro

d
u
ct

-c
on

st
ra

in
t

at
8

an
d

u
se

r-
co

n
st

ra
in

t
at

2;
(b

)
fo

r
in

cr
ea

si
n
g

p
ro

d
u
ct

-c
on

st
ra

in
t

b
y

fi
x
in

g
u
se

r-
co

n
st

ra
in

t
at

2;
(c

)
fo

r
in

cr
ea

si
n
g

u
se

r-
co

n
st

ra
in

t
b
y

fi
x
in

g
p
ro

d
u
ct

-c
on

st
ra

in
t

at
8;

(d
)

fo
r

d
iff

er
en

t
ti

m
e

w
in

d
ow

T
.

6
.

C
o
n
cl

u
si

o
n

W
e

h
av

e
st

u
d
ie

d
th

e
in

fl
u
en

ce
es

ti
m

at
io

n
an

d
m

ax
im
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v
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∅
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v
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e
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p
aren

th
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=
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p
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ra
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m
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−
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+
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−
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−
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ra
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ra
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=
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ra
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τ −
S
τ )

2]
=
S
2τ /

(m
−

2)
(C

oh
en

,
1
9
9
7
).

39
JM

L
R

 18(2):1-45, 2017

D
u
,
L
ia
n
g
,
B
a
l
c
a
n
,
G
o
m
e
z
-R

o
d
r
ig
u
e
z
,
Z
h
a
a
n
d

S
o
n
g

T
h
en

Ŝ
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τ ]

=
E
τ [S

τ ]
=
σ

(A
,T

).
Its

varian
ce

is

V
a
r(Ŝ
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τ −
S
τ )(S

τ −
σ

(A
,T

))]+
E
τ
,r [(S

τ −
σ

(A
,T

))
2]

=
E
τ [S

2τ /
(m
−
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−
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−

1)/
(m
−
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Ŝ
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r(Ŝ

τ )
+

2
a
ε/3 )

(21)

w
h
ere

Ŝ
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−
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−
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−
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+
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d
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−
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+
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−
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−
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+
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p
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b
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b
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d
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ob
tain

th
e

gu
aran

tee
for

ou
r

in
fl
u
en

ce
m

ax
im

ization
p
rob

lem
(T

h
eo-

rem
4).

4
0

JM
L

R
 18(2):1-45, 2017



C
o
n
t
in
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u
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e
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∈
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p
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p
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∈
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⊆
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∪
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at
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∪
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⊆
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⊆
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∑
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p
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p
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⊆
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b
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d
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b
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m
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d
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b
se

t
of
Q

if
an

d
on

ly
if

:

•
T
⊆
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∈
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∪
{z
}
6∈
F

fo
r

an
y
z
∈
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∈
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}∪

T
2

v
io

la
te

s
at

le
as

t
on

e
of

th
e

m
at

ro
id

co
n
st

ra
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d
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p
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b
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b
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∈
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h
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P
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p
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p
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b
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h
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−
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∑
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∑
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∑
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∑
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≥
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≥
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=
ρ
i −

ρ
i+

1 ,i
=

0
,...,K

−
1

(w
h
ere

ρ
K

=
0)

is
d
u
al

fea-
sib

le
w

ith
va

lu
e
∑
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∑
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=
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⊆
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+
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c
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b
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∑j∈
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b
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b
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p
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d
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p
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Õ
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b
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b
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s
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≤
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b
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.
In

C
o
n
T
in
E
st

(D
u

et
a
l.,

2013a),
b
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a
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takes
tim

e

O
(
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n
tim

e
of

o
u
r
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d
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b
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d
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+
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b
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∈
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∈
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+
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+
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−
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m
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d
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∪
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m
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d
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b
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+
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+
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+
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∩
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berofdata
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show
thatthis
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possible

given
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targetclustering
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naturalstability
property

(see
Section

2).
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the

w
ell-know

n
correlation-clustering

ob-
jective

(B
ansaletal.,2004),w

hich
considers

pairs
of

points
thatare

clustered
inconsistently

w
ith

respectto
the

targetclustering
(see

Section
2).

1.1
O

ur
R

esults

O
urlocalinteractive

clustering
m

odelis
sum

m
arized

in
Section

2.4.T
his

m
odelis

then
instantiated

w
ith

specific
split/m

erge
algorithm

s
in

Section
3

and
Section

4.In
Section

3
w

e
study

the
η-m

erge
m

odel.
H

ere
w

e
assum

e
thatthe

user
m

ay
requestto

splita
cluster

C
i

only
if
C
i

contains
points

from
severalground-truth

clusters.
T

he
user

m
ay

requestto
m

erge
C
i and

C
j

only
if

an
η-fraction

ofthe
points

in
each

C
i and

C
j

are
from

the
sam

e
ground-truth

cluster.
N

ote
thatthese

restrictions
are

on
the

user
requests,and

notthe
clustering

w
e

are
editing.

In
particular,there

m
ay

be
pairs

of
clusters

C
i and

C
j

w
here

a
sm

aller
fraction

of
the

points
are

from
the

sam
e

targetcluster.
B

utw
e

assum
e

thatthe
userw

illnotrequestto
m

erge
C
i and

C
j

in
such

cases
because

there
is

notenough
evidence

to
requestthis

m
erge.Instead,w

e
assum

e
thatthe

userw
illask

fora
splitof

C
i and/or

C
j

first,orask
foranotherm

erge
involving

C
i or

C
j

(w
here

there
is

m
ore

evidence
thatthey

need
to

be
m

erged).T
his

is
a

realistic
restriction

because
w

e
assum

e
thatthe

m
erge

requests
com

e
from

high-
levelobservations

aboutthe
clusters,forexam

ple
from

observing
the

clusterprofiles/sum
m

aries.
For

this
m

odelfor
η
>

0
.5,given

an
initialclustering

w
ith

overclustering
error

δ
o

and
under-

clustering
error

δ
u ,

w
e

present
interactive

clustering
algorithm

s
that

require
δ
o

split
requests

and
2
(δ
u

+
k
)

log
1

1−
η
n

m
erge

requests
to

find
the

targetclustering,w
here

n
is

the
num

berofpoints
in

the
data

set.For
η
>

2/
3,given

an
initialclustering

w
ith

correlation-clustering
error

δ
cc ,w

e
present

algorithm
s

thatrequire
atm

ost
δ
cc

editrequests
to

find
the

targetclustering.
In

Section
4

w
e

relax
the

condition
on

the
m

erges
and

allow
the

userto
requesta

m
erge

even
if

C
i and

C
j

only
have

a
single

pointfrom
the

sam
e

targetcluster.W
e

callthis
the

unrestricted-m
erge

m
odel.

H
ere

the
requirem

ent
on

the
accuracy

of
the

user
response

is
m

uch
w

eaker
and

w
e

need
to

m
ake

further
assum

ptions
about

the
nature

of
the

requests.
In

particular,w
e

assum
e

that
each

m
erge

requestis
chosen

uniform
ly

atrandom
from

the
setof

possible
m

erge
requests.

U
nder

this
assum

ption
w

e
presentalgorithm

s
thatw

ith
probability

atleast
1−

ε
require

δ
o

splitrequests
and

O
(lo

g
kε δ

2u )
m

erge
requests

to
find

the
targetclustering.

O
urinteractive

clustering
algorithm

s
take

eitherglobalorlocalpairw
ise

sim
ilarity

data
as

input.
O

ur
m

ostgeneralalgorithm
s

use
the

globalaverage-linkage
tree

T
g
lo
b

to
com

pute
localclustering

edits.
T

his
tree

is
constructed

from
all

the
data

points
in

the
clustering,

but
it

is
too

large
to

be
directly

pruned
by

users.Still,w
e

can
use

this
globaltree

to
com

pute
accurate

localclustering
edits.

O
ur

splitalgorithm
finds

the
node

in
T
g
lo
b

w
here

the
corresponding

points
are

firstsplitin
tw

o.
It

is
m

ore
challenging

to
design

a
correct

m
erge

procedure,
given

that
w

e
allow

“im
pure”

m
erges,

w
here

the
clusters

in
the

m
erge

requestintersectm
ore

than
one

ground-truth
cluster.

To
perform

such
m

erges,
in

the
η-m

erge
m

odel
w

e
design

an
algorithm

to
extract

the
“pure”

subsets
of

the
tw

o
clusters,w

hich
m

ustonly
contain

points
from

the
sam

e
targetcluster.

O
ur

algorithm
searches

for
the

deepestnode
in
T
g
lo
b

thathas
enough

points
from

both
clusters.

In
the

unrestricted-m
erge

m
odel,w

e
develop

anotherm
erge

algorithm
thateitherm

erges
the

tw
o

clusters
orm

erges
them

and
splits

them
.

T
his

algorithm
alw

ays
m

akes
progress

if
the

requested
m

erge
is

“im
pure,”

and
m

akes
progress

on
average

ifitis
“pure”

(both
clusters

are
subsetofthe

sam
e

targetcluster).
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A
W

A
S

T
H

I,B
A

L
C

A
N

A
N

D
V

O
E

V
O

D
S

K
I

W
hen

the
data

satisfies
stronger

assum
ptions,w

e
presentm

ore
efficientsplitand

m
erge

algo-
rithm

s
that

do
not

require
global

pairw
ise

sim
ilarity

inform
ation.

T
hese

procedures
com

pute
the

editby
only

considering
the

sim
ilarities

betw
een

the
points

in
the

userrequest.
In

Section
5

w
e

dem
onstrate

the
effectiveness

ofouralgorithm
s

on
realdata.

W
e

show
thatfor

the
purposes

of
splitting

know
n

overclustering
instances,our

splitalgorithm
perform

s
better

than
w

ell-know
n

algorithm
s

in
unsupervised

split/m
erge

clustering
literature,such

as
spectralclustering

and
k-m

eans.
W

e
also

testour
entire

interactive
clustering

fram
ew

ork
on

the
20

N
ew

sgroup
data

set,w
hich

is
know

n
to

very
challenging

for
unsupervised

(Telgarsky
and

D
asgupta,2012;

H
eller

and
G

hahram
ani,

2005;
D

asgupta
and

H
su,

2008;
D

ai
et

al.,
2010;

B
oulis

and
O

stendorf,
2004;

Z
hong,2005)

and
sem

i-supervised
clustering

m
ethods

(B
asu

et
al.,2002,2004).

W
e

find
that

in
m

any
scenarios

our
fram

ew
ork

is
able

find
the

targetN
ew

sgroup
clustering

after
a

lim
ited

num
ber

ofeditrequests.

1.2
R

elated
w

ork

In
this

section
w

e
give

an
overview

ofthe
related

w
ork

in
the

literature.
Interactive

C
lustering:

Interactive
clustering

m
odels

in
previous

w
orks

(B
alcan

and
B

lum
,

2008;A
w

asthiand
Z

adeh,2010)w
ere

inspired
by

an
analogous

m
odelforlearning

underfeedback
(A

ngluin,1998).
In

this
m

odel,the
algorithm

can
propose

a
hypothesis

to
the

user
(in

this
case,a

clustering
of

the
data)

and
getsom

e
feedback

regarding
the

correctness
of

the
currenthypothesis.

A
s

in
our

m
odel,

the
feedback

in
B

alcan
and

B
lum

(2008);
A

w
asthi

and
Z

adeh
(2010)

is
in

the
form

of
splitand

m
erge

requests.
T

he
goalis

to
design

efficientalgorithm
s

thatrequire
few

user
requests.

A
m

ajor
lim

itation
in

the
m

odels
of

B
alcan

and
B

lum
(2008)

and
A

w
asthi

and
Z

adeh
(2010)

is
thatthe

algorithm
is

able
to

choose
any

arbitrary
clustering

as
the

starting
point,and

can
m

ake
arbitrary

changes
to

the
clustering

in
each

step.H
ence

these
algorithm

s
m

ay
propose

a
series

of
“bad”

clusterings
to

the
user

to
quickly

prune
the

search
space

and
reach

the
targetclustering.

O
ur

interactive
clustering

m
odelis

in
the

contextof
an

initialclustering;
w

e
are

restricted
to

only
m

aking
localchanges

to
this

clustering
to

correctthe
errors

pointed
outby

the
user.

T
his

m
odelis

w
ell-m

otivated
by

severalapplications,including
the

G
oogle

application
described

in
Section

5.1.
A

ctive
C

lustering:
O

ther
active

clustering
fram

ew
orks

have
been

proposed,w
here

active
ei-

therrefers
to

selecting
w

hich
pairw

ise
sim

ilarities
to

consider(notstudied
here),orrequesting

user
supervision

w
ith

respect
to

the
ground-truth

clustering.
For

the
form

er
problem

,
E

rikkson
et

al.
(2011)study

m
inim

izing
the

num
berofpairw

ise
sim

ilarities
needed

foran
algorithm

to
com

pute
an

accurate
clustering.

T
hey

propose
an

adaptive
algorithm

thatselects
w

hich
pairw

ise
sim

ilarities
to

consider.T
he

assum
ption

on
the

sim
ilarity

function
thatthey

study,w
hich

they
calltightclustering

condition,is
equivalentto

the
strictseparation

property
studied

here.
K

rishnam
urthy

etal.(2012)
propose

a
different

fram
ew

ork
to

adaptively
select

w
hich

pairw
ise

sim
ilarities

to
consider.

T
hey

also
study

an
assum

ption
on

the
sim

ilarity
function,w

hich
is

a
generalization

of
the

strictsepara-
tion

property
thatconsiders

the
expected

pairw
ise

sim
ilarities.

T
heir

fram
ew

ork
recursively

splits
clusters;they

propose
a

spectral-clustering
algorithm

to
perform

the
split.

T
hey

also
suggestusing

the
k-m

eans
algorithm

to
perform

the
split(albeitw

ith
no

provable
guarantees).In

ourexperim
ental

section
w

e
com

pare
our

proposed
splitprocedures

w
ith

a
sim

ilar
spectralclustering

algorithm
and

the
k-m

eans
algorithm

(see
Section

5.1).
For

the
latter

sem
i-supervised

clustering
problem

,N
ie

etal.(2012)
develop

a
clustering

algo-
rithm

thatiteratively
extends

class
labels.

Itm
ay

be
used

w
ith

an
em

pty
setof

initiallabels
(unsu-
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er

m
us

t
st

ud
y

th
e

in
di

vi
du

al
da

ta
po

in
ts

to
pr

ov
id

e
in

st
an

ce
cl

as
s

la
be

ls
as

in
N

ie
et

al
.(

20
12

)a
nd

B
as

u
et

al
.(

20
02

),
or

st
ud

y
pa

ir
w

is
e

re
la

tio
ns

hi
ps

be
tw

ee
n

in
di

vi
du

al
da

ta
po

in
ts

to
pr

ov
id

e
m

us
t-

lin
k

an
d

ca
nn

ot
-l

in
k

co
ns

tr
ai

nt
s

as
in

B
as

u
et

al
.(

20
04

)a
nd

A
sh

tia
ni

et
al

.(
20

16
).

T
he

su
pe

rv
is

io
n

in
th

e
fo

rm
of

cl
us

te
r

sp
lit

/m
er

ge
re

qu
es

ts
th

at
w

e
co

ns
id

er
he

re
is

a
m

or
e

re
al

is
tic

fo
rm

of
in

te
ra

ct
io

n
-

it
on

ly
re

qu
ir

es
th

e
us

er
to

un
de

rs
ta

nd
th

e
hi

gh
-l

ev
el

pr
op

er
tie

s
of

th
e

cl
us

te
rs

.
Sp

lit
/M

er
ge

Te
ch

ni
qu

es
:

Se
ve

ra
l

un
su

pe
rv

is
ed

sp
lit

/m
er

ge
fr

am
ew

or
ks

ha
ve

al
so

be
en

pr
o-

po
se

d
(D

in
g

an
d

H
e,

20
02

;
L

ee
et

al
.,

20
12

;
C

ha
ud

hu
ri

et
al

.,
19

92
).

T
he

y
fo

cu
s

on
de

si
gn

in
g

sp
lit

/m
er

ge
al

go
ri

th
m

s
bu

td
o

no
tc

on
si

de
ra

ny
us

er
fe

ed
ba

ck
.D

in
g

an
d

H
e

(2
00

2)
pr

op
os

e
to

us
e

a
sp

ec
tr

al
cl

us
te

ri
ng

al
go

ri
th

m
to

pe
rf

or
m

th
e

sp
lit

s.
To

pe
rf

or
m

m
er

ge
s,

th
ey

on
ly

co
ns

id
er

re
tu

rn
in

g
th

e
un

io
n

of
th

e
po

in
ts

in
th

e
tw

o
cl

us
te

rs
.I

n
ou

re
xp

er
im

en
ts

,w
e

co
m

pa
re

th
e

ef
fe

ct
iv

en
es

s
of

ou
r

sp
lit

pr
oc

ed
ur

es
w

ith
sp

lit
s

gi
ve

n
by

sp
ec

tr
al

cl
us

te
ri

ng
(s

ee
Se

ct
io

n
5.

1)
.

W
ith

re
sp

ec
tt

o
m

er
ge

s,
ou

r
m

er
ge

al
go

ri
th

m
s

fo
r
η

=
1

ar
e

eq
ui

va
le

nt
to

th
e

m
er

ge
pr

op
os

ed
by

D
in

g
an

d
H

e
(2

00
2)

,b
ut

5
JM

L
R

 1
8(

3)
:1

-3
5,

 2
01

7

A
W

A
S

T
H

I,
B

A
L

C
A

N
A

N
D

V
O

E
V

O
D

S
K

I

in
ou

rf
ra

m
ew

or
k

m
er

ge
s

m
ay

on
ly

be
in

iti
at

ed
by

us
er

re
qu

es
ts

,w
hi

le
D

in
g

an
d

H
e

(2
00

2)
pr

op
os

e
au

to
m

at
ic

al
ly

se
le

ct
in

g
th

e
ne

xt
cl

us
te

rs
to

m
er

ge
us

in
g

th
e

m
ax

-m
in

-c
ut

cr
ite

ri
on

(w
ith

ou
ta

ny
us

er
su

pe
rv

is
io

n)
,w

hi
ch

th
ey

sh
ow

w
or

ks
w

el
li

n
pr

ac
tic

e.
H

ow
ev

er
,t

he
ex

pe
ri

m
en

ts
of

D
in

g
an

d
H

e
(2

00
2)

al
so

as
su

m
e

th
at

w
e

kn
ow

th
e

ta
rg

et
nu

m
be

ro
fc

lu
st

er
s,

w
hi

le
ou

rm
od

el
do

es
no

tm
ak

e
su

ch
as

su
m

pt
io

ns
.

L
ee

et
al

.(
20

12
)

pr
op

os
e

a
di

ff
er

en
tu

ns
up

er
vi

se
d

sp
lit

/m
er

ge
fr

am
ew

or
k

ba
se

d
on

op
tim

iz
in

g
B

ay
es

er
ro

r.
T

he
y

pr
op

os
e

sp
ec

tr
al

cl
us

te
ri

ng
an

d
k-

m
ea

ns
fo

r
co

m
pu

tin
g

th
e

sp
lit

s,
w

hi
ch

w
e

co
m

pa
re

w
ith

in
ou

r
ex

pe
ri

m
en

ta
l

se
ct

io
n

(s
ee

Se
ct

io
n

5.
1)

.
To

pe
rf

or
m

m
er

ge
s,

th
ey

ag
ai

n
on

ly
co

ns
id

er
re

tu
rn

in
g

th
e

un
io

n
of

th
e

tw
o

cl
us

te
rs

;t
he

ne
xt

tw
o

cl
us

te
rs

to
m

er
ge

ar
e

se
le

ct
ed

by
op

-
tim

iz
in

g
B

ay
es

er
ro

r.
U

nl
ik

e
D

in
g

an
d

H
e

(2
00

2)
,t

he
y

do
no

ta
ss

um
e

th
at

w
e

kn
ow

th
e

nu
m

be
r

of
ta

rg
et

cl
us

te
rs

.
T

he
y

sh
ow

go
od

ex
pe

ri
m

en
ta

lr
es

ul
ts

fo
r

vi
de

o
se

gm
en

ta
tio

n,
bu

tt
he

ir
un

su
pe

r-
vi

se
d

ap
pr

oa
ch

m
ay

no
tw

or
k

fo
r

ch
al

le
ng

in
g

da
ta

se
ts

lik
e

20
N

ew
sg

ro
up

s,
w

he
re

it
m

ay
no

tb
e

po
ss

ib
le

to
fin

d
th

e
gr

ou
nd

tr
ut

h
w

ith
ou

tu
se

r
fe

ed
ba

ck
.

C
ha

ud
hu

ri
et

al
.(

19
92

)
pr

op
os

e
an

ot
he

r
un

su
pe

rv
is

ed
sp

lit
/m

er
ge

fr
am

ew
or

k
fo

r
im

ag
e-

se
gm

en
ta

tio
n

ap
pl

ic
at

io
ns

.
T

he
ir

sp
lit

pr
oc

ed
ur

e
is

ap
pl

ic
at

io
n-

sp
ec

ifi
c

be
ca

us
e

it
co

ns
id

er
s

gr
ay

-s
ca

le
va

lu
es

(w
e

ca
nn

ot
co

m
pa

re
w

ith
it)

,w
hi

le
th

ei
r

m
er

ge
is

ba
se

d
on

ed
ge

de
ns

ity
.

D
at

a
Se

pa
ra

bi
lit

y
Pr

op
er

tie
s:

T
he

da
ta

se
pa

ra
bi

lit
y

(s
ta

bi
lit

y)
pr

op
er

ty
th

at
w

e
co

ns
id

er
in

th
is

w
or

k
is

a
na

tu
ra

lg
en

er
al

iz
at

io
n

of
th

e
“s

ta
bl

e
m

ar
ri

ag
e”

pr
op

er
ty

(s
ee

D
efi

ni
tio

n
2)

,w
hi

ch
ha

s
be

en
st

ud
ie

d
in

a
va

ri
et

y
of

pr
ev

io
us

w
or

ks
(B

al
ca

n
et

al
.,

20
08

;
B

ry
an

t
an

d
B

er
ry

,
20

01
).

It
is

th
e

w
ea

ke
st

am
on

g
th

e
st

ab
ili

ty
pr

op
er

tie
s

th
at

ha
ve

be
en

st
ud

ie
d

re
ce

nt
ly

su
ch

as
st

ri
ct

se
pa

ra
tio

n
an

d
st

ri
ct

th
re

sh
ol

d
se

pa
ra

tio
n

(B
al

ca
n

et
al

.,
20

08
;E

ri
kk

so
n

et
al

.,
20

11
;A

ck
er

m
an

et
al

.,
20

12
;

A
ck

er
m

an
an

d
D

as
gu

pt
a,

20
14

;B
al

ca
n

et
al

.,
20

14
).

T
hi

s
pr

op
er

ty
is

al
so

kn
ow

n
to

ho
ld

fo
r

re
al

-
w

or
ld

da
ta

.
In

pa
rt

ic
ul

ar
,

Vo
ev

od
sk

i
et

al
.

(2
01

2)
ob

se
rv

ed
th

at
th

is
pr

op
er

ty
ho

ld
s

fo
r

pr
ot

ei
n

se
qu

en
ce

da
ta

,w
he

re
si

m
ila

ri
tie

s
ar

e
co

m
pu

te
d

w
ith

se
qu

en
ce

al
ig

nm
en

ta
nd

gr
ou

nd
tr

ut
h

cl
us

te
rs

co
rr

es
po

nd
to

ev
ol

ut
io

na
ry

-r
el

at
ed

pr
ot

ei
ns

.
O

th
er

st
ro

ng
er

se
pa

ra
bi

lit
y

pr
op

er
tie

s
ha

ve
al

so
be

en
co

ns
id

er
ed

in
th

e
lit

er
at

ur
e

(A
w

as
th

ia
nd

B
al

ca
n,

20
15

).

2.
N

ot
at

io
n

an
d

Pr
el

im
in

ar
ie

s

G
iv

en
a

da
ta

se
tX

of
n

po
in

ts
w

e
de

fin
e
C

=
{C

1
,C

2
,.
..
C
k
}

to
be

a
k

-c
lu

st
er

in
g

of
X

w
he

re
th

e
C
i’s

re
pr

es
en

tt
he

in
di

vi
du

al
cl

us
te

rs
.

G
iv

en
tw

o
cl

us
te

ri
ng

s
C

an
d
C′

,w
e

ne
xt

de
fin

e
se

ve
ra

l
no

tio
ns

of
cl

us
te

ri
ng

er
ro

r,
w

hi
ch

ar
e

us
ed

in
ou

rt
he

or
et

ic
al

an
al

ys
is

.

2.
1

C
lu

st
er

in
g

E
rr

or

G
iv

en
tw

o
cl

us
te

ri
ng

s
C

an
d
C′

,w
e

de
fin

e
th

e
di

st
an

ce
be

tw
ee

n
a

cl
us

te
rC

i
∈
C

an
d

th
e

cl
us

te
ri

ng
C′

as
:

d
is

t(
C
i,
C′

)
=
|{
C
′ j
∈
C′

:
C
′ j
∩
C
i
6=
∅}
|−

1.

T
hi

s
di

st
an

ce
is

th
e

nu
m

be
ro

fa
dd

iti
on

al
cl

us
te

rs
in
C′

th
at

co
nt

ai
n

po
in

ts
fr

om
C
i;

it
ev

al
ua

te
s

to
0

w
he

n
al

lp
oi

nt
s

in
C
i

ar
e

co
nt

ai
ne

d
in

a
si

ng
le

cl
us

te
r

in
C′

.
N

at
ur

al
ly

,w
e

ca
n

th
en

de
fin

e
th

e
di

st
an

ce
be

tw
ee

n
C

an
d
C′

as
:

d
is

t(
C,
C′

)
=
∑ C
i
∈C

d
is

t(
C
i,
C′

).
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L
O

C
A

L
A

L
G

O
R

IT
H

M
S

F
O

R
IN

T
E

R
A

C
T

IV
E

C
L

U
S

T
E

R
IN

G

N
otice

that
this

notion
of

clustering
distance

is
asym

m
etric:

d
ist(C

,C
′)
6=

d
ist(C

′,C
).

A
lso

note
that

d
ist(C

,C
′)

=
0

ifand
only

ifC
refinesC

′.O
bserve

thatifC
is

the
ground-truth

clustering,
and
C
′is

a
proposed

clustering,
then

d
ist(C

,C
′)

can
be

considered
an

underclustering
error,

and
d

ist(C
′,C

)
an

overclustering
error.

A
n

underclustering
error

is
an

instance
of

severalclusters
in

a
proposed

clustering
containing

points
from

the
sam

e
ground-truth

cluster;
this

ground-truth
cluster

is
said

to
be

underclustered.
C

onversely,an
overclustering

error
is

an
instance

of
points

from
severalground-truth

clusters
con-

tained
in

the
sam

e
clusterin

a
proposed

clustering;this
proposed

clusteris
said

to
be

overclustered.
In

the
follow

ing
sections

w
e

useC
∗

=
{C
∗1 ,C

∗2 ,...C
∗k }

to
referto

the
ground-truth

clustering,and
useC

to
referto

a
proposed

clustering.W
e

use
δ
u

to
referto

the
underclustering

errorofa
proposed

clustering,
and

δ
o

to
refer

to
the

overclustering
error.

In
other

w
ords,

w
e

have
δ
u

=
d

ist(C
∗,C

)
and

δ
o

=
d

ist(C
,C
∗).

W
e

use
δ

to
denote

the
sum

of
the

tw
o

errors:
δ

=
δ
u

+
δ
o .

W
e

call
δ

the
under/overclustering

error,and
use

δ(C
,C
∗)

to
referto

the
errorofC

w
ith

respecttoC
∗.

W
e

observe
that

the
under/overclustering

error
δ(C

,C
∗)

m
ay

also
be

restated
in

term
s

of
the

bipartite
cluster-intersection

graph
of

X
iang

et
al.

(2012).
T

his
bipartite

graph
G

=
(C
,C
∗,E

)
describes

the
relationships

betw
een

the
clusters

ofC
andC

∗,w
ith

nodes
on

one
side

corresponding
to

the
clusters

ofC
and

nodes
on

the
other

side
corresponding

to
the

clusters
ofC

∗.
T

he
set

of
(unw

eighted)edges
E

corresponds
to

the
intersections

betw
een

the
tw

o
sets

ofclusters:
there

is
an

edge
if

the
corresponding

clusters
intersect

on
at

least
one

data
point

(X
iang

et
al.,2012).

T
hen

w
e

can
express

the
under/overclustering

error
δ(C

,C
∗)

using
vol(G

),the
sum

ofthe
degrees

ofthe
nodes

of
G

:

δ(C
,C
∗)

=
vol(G

)−
|C|−

|C
∗|.

In
addition

to
the

under/overclustering
error

defined
above,in

parts
of

our
analysis

w
e

define
the

distance
betw

een
tw

o
clusterings

using
the

correlation-clustering
objective

function.
G

iven
a

proposed
clustering

C,and
a

ground-truth
clustering

C
∗,w

e
define

the
correlation-clustering

error
δ
cc

as
the

num
berof(ordered)pairs

ofpoints
thatare

clustered
inconsistently

w
ithC

∗:

δ
cc

=
|{(u

,v
)∈

X
×
X

:
c(u

,v
)6=

c ∗(u
,v

)}|,
w

here
c(u

,v
)

=
1

if
u

and
v

are
in

the
sam

e
cluster

inC,and
0

otherw
ise;

c ∗(u
,v

)
=

1
if
u

and
v

are
in

the
sam

e
clusterinC

∗,and
0

otherw
ise.

In
ouranalysis

w
e

also
calleach

such
pairofpoints

a
pairw

ise
correlation-clustering

error.
N

ote
thatas

before
w

e
m

ay
divide

the
correlation-clustering

error
δ
cc

into
overclustering

com
-

ponent
δ
cco

and
underclustering

com
ponent

δ
ccu :

δ
cco

=
|{(u

,v
)∈

X
×
X

:
c(u

,v
)

=
1

and
c ∗(u

,v
)

=
0}|,

δ
ccu

=
|{(u

,v
)∈

X
×
X

:
c(u

,v
)

=
0

and
c ∗(u

,v
)

=
1}|.

O
bserve

thatby
definition

δ
cc

=
δ
cco

+
δ
ccu .

2.2
D

efinitions

O
urinteractive

clustering
m

odelconcerns
com

puting
localclustering

edits,w
hich

only
change

the
partofthe

clustering
thatthe

useris
com

plaining
about.T

his
intuition

is
captured

by
the

follow
ing

definition.
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A
W

A
S

T
H

I,B
A

L
C

A
N

A
N

D
V

O
E

V
O

D
S

K
I

D
efinition

1
(L

ocalalgorithm
)

W
e

say
thatan

interactive
clustering

algorithm
is

localifin
each

iteration
only

the
cluster

assignm
ents

ofthe
points

involved
in

the
editrequestm

ay
be

changed.
If

the
user

requests
to

split
C
i ,the

algorithm
m

ay
only

reassign
the

points
in
C
i .

Ifthe
user

requests
to

m
erge

C
i and

C
j ,the

algorithm
m

ay
only

reassign
the

points
in
C
i ∪

C
j .

W
e

next
define

the
properties

of
a

clustering
that

w
e

study
in

this
w

ork,w
hich

describe
how

separable
the

ground-truth
clusters

are.

D
efinition

2
(Stability)

G
iven

a
clusteringC

=
{
C
1 ,C

2 ,···C
k }

over
a

dom
ain

X
and

a
sim

ilarly
function

S
:
X
×
X
7→
<

,
w

e
say

thatC
satisfies

stability
w

ith
respect

to
S

if
for

all
i
6=
j,

and
for

all
A
⊂

C
i

and
A
′
⊆

C
j ,
S

(A
,C

i \
A

)
>

S
(A
,A
′),

w
here

for
any

tw
o

sets
A
,A
′,

S
(A
,A
′)

=
E
x∈
A
,y∈

A
′S

(x
,y

).

In
addition

to
the

stability
property,w

e
also

study
the

strongerstrictseparation
and

strictthresh-
old

separation
properties,

w
hich

w
ere

first
introduced

in
B

alcan
et

al.(2008).
T

hey
are

defined
below

.C
learly,w

e
can

verify
thatstrictseparation

and
strictthreshold

separation
im

ply
stability.

D
efinition

3
(Strictseparation)

G
iven

a
clustering

C
=
{
C
1 ,C

2 ,···C
k }

over
a

dom
ain

X
and

a
sim

ilarly
function

S
:
X
×
X
7→
<

,w
e

say
that

C
satisfies

strictseparation
w

ith
respectto

S
iffor

all
i6=

j,x
,y
∈
C
i and

z
∈
C
j ,
S

(x
,y

)
>
S

(x
,z

).

D
efinition

4
(Strictthreshold

separation)
G

iven
a

clustering
C

=
{
C
1 ,C

2 ,···C
k }

over
a

do-
m

ain
X

and
a

sim
ilarly

function
S

:
X
×
X
7→
<

,w
e

say
thatC

satisfies
strictthreshold

separation
w

ith
respectto

S
ifthere

exists
a

threshold
t

such
that,for

all
i,
x
,y
∈
C
i ,
S

(x
,y

)
>
t,and,for

all
i6=

j,x
∈
C
i ,y
∈
C
j ,
S

(x
,y

)≤
t.

W
e

m
odel

the
user

as
an

oracle
that

provides
edit

requests.
In

order
for

our
algorithm

s
to

m
ake

progress,the
oracle

requests
m

ustbe
som

ew
hatconsistentw

ith
the

targetclustering,w
hich

is
captured

by
the

follow
ing

definitions.

D
efinition

5
(η-m

erge
m

odel)
The

oracle
m

ay
request

to
split

a
cluster

C
i

only
if
C
i

contains
points

from
m

ore
than

one
targetcluster.

The
oracle

m
ay

requestto
m

erge
tw

o
clusters

C
i and

C
j

only
ifatleastan

η-fraction
ofthe

points
in

each
C
i and

C
j

belong
to

the
sam

e
targetcluster.

D
efinition

6
(unrestricted-m

erge
m

odel)
The

oracle
m

ay
requestto

splita
cluster

C
i

only
if
C
i

contains
points

from
m

ore
than

one
targetcluster.The

oracle
m

ay
requestto

m
erge

tw
o

clusters
C
i

and
C
j

only
if
C
i and

C
j

both
intersectthe

sam
e

targetcluster.

N
ote

thatthe
assum

ptions
aboutthe

splitrequests
are

the
sam

e
in

both
m

odels.
W

ith
respect

to
the

m
erges,in

the
η-m

erge
m

odel
the

oracle
m

ay
request

to
m

erge
tw

o
clusters

if
both

have
a

constantfraction
ofpoints

from
the

sam
e

targetcluster.In
the

unrestricted-m
erge

m
odel,the

oracle
m

ay
requestto

m
erge

tw
o

clusters
even

ifboth
only

have
som

e
points

from
the

sam
e

targetcluster.
In

each
m

odel,w
e

w
illrefer

to
the

split/m
erge

requests
thatsatisfy

these
definitions

as
valid

edit
requests.

A
lso

note
thatin

the
η-m

erge
m

odelthe
restrictions

on
valid

m
erge

requests
are

w
ith

respectto
the

oracle
requests,and

notthe
clustering

w
e

are
editing.In

particular,there
m

ay
be

pairsofclusters
C
i

and
C
j

w
here

a
sm

aller
fraction

of
the

points
are

from
the

sam
e

targetcluster.
B

utw
e

assum
e

thatthe
oracle

w
illnotrequestto

m
erge

C
i and

C
j

in
such

cases.Instead,w
e

assum
e

thatthe
oracle

w
illask

fora
splitof

C
i and/or

C
j

first,orask
fora

different(valid)m
erge

involving
C
i or

C
j .
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R
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T
E

R
A

C
T

IV
E

C
L

U
S

T
E

R
IN

G

To
im

plem
entStep

1
in

Figure
2,w

e
startatthe

rootof
T
g
lo
b and

“follow
”

the
points

in
C
i dow

n
one

ofthe
branches

untilw
e

find
a

node
thatsplits

them
.In

orderto
im

plem
entStep

2
in

Figure
3,it

suffices
to

perform
a

post-ordertraversalof
T
g
lo
b

and
return

the
firstnode

thathas
“enough”

points
from

both
clusters.

Figure
2:Splitprocedure

A
lgorithm

:
S

P
L

IT
P

R
O

C
E

D
U

R
E

Input:C
luster

C
i ,globalaverage-linkage

tree
T
g
lo
b .

1.
Search

T
g
lo
b

to
find

the
node

N
atw

hich
the

setofpoints
in
C
i are

firstsplitin
tw

o.

2.
L

et
N

1
and

N
2

be
the

children
of
N

.Set
C
i,1

=
N

1 ∩
C
i ,C

i,2
=
N

2 ∩
C
i .

3.
D

elete
C
i and

replace
itw

ith
C
i,1

and
C
i,2 .M

ark
the

tw
o

new
clusters

as
“im

pure”.

T
he

split
procedure

is
fairly

intuitive:
if

the
average-linkage

tree
is

consistent
w

ith
the

target
clustering,itsuffices

to
find

the
node

in
the

tree
w

here
the

corresponding
points

are
firstsplitin

tw
o.

Itis
m

ore
challenging

to
develop

a
correctm

erge
procedure:

note
thatStep

2
in

Figure
3

is
only

correctif
η
>

0.5,w
hich

ensures
thatif

tw
o

nodes
in

the
tree

have
m

ore
than

an
η-fraction

of
the

points
from

C
i and

C
j ,one

m
ustbe

an
ancestorofthe

other.Ifthe
average-linkage

tree
is

consistent
w

ith
the

ground-truth,then
clearly

the
node

equivalentto
the

corresponding
targetcluster

(that
C
i

and
C
j

both
intersect)

w
illhave

enough
points

from
C
i and

C
j ;therefore

the
node

thatw
e

find
in

Step
2

m
ustbe

this
node

or
one

of
its

descendants.
In

addition,because
our

m
erge

procedure
m

ay
replace

tw
o

clusters
w

ith
three,w

e
require

pure/im
pure

labels
for

the
m

erge
requests

to
term

inate:
“pure”

clusters
m

ay
only

have
other

points
added

to
them

,
and

retain
this

label
throughout

the
execution

ofthe
algorithm

.

Figure
3:M

erge
procedure

A
lgorithm

:
M

E
R

G
E

P
R

O
C

E
D

U
R

E

Input:C
lusters

C
i and

C
j ,globalaverage-linkage

tree
T
g
lo
b .

1.
If
C
i is

m
arked

as
“pure”

set
η
1

=
1

else
set

η
1

=
η.Sim

ilarly
set

η
2

for
C
j .

2.
Search

T
g
lo
b

for
a

node
of

m
axim

aldepth
N

thatcontains
enough

points
from

C
i

and
C
j :|N

∩
C
i |≥

η
1 |C

i |and|N
∩
C
j |≥

η
2 |C

j |.

3.
R

eplace
C
i by

C
i \
N

,replace
C
j

by
C
j \

N
.

4.
A

dd
a

new
clustercontaining

N
∩

(C
i ∪

C
j ),m

ark
itas

“pure”.

W
e

now
state

the
perform

ance
guarantee

forthese
splitand

m
erge

algorithm
s.

T
heorem

10
Suppose

the
targetclustering

satisfies
stability,and

the
initialclustering

has
overclus-

tering
error

δ
o

and
underclustering

error
δ
u .In

the
η-m

erge
m

odel,for
any

η
>

0
.5,the

algorithm
s
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A
W

A
S

T
H

I,B
A

L
C

A
N

A
N

D
V

O
E

V
O

D
S

K
I

in
Figure

2
and

Figure
3

require
atm

ost
δ
o

splitrequests
and

2(δ
u

+
k
)

log
1

1−
η
n

m
erge

requests
to

find
the

targetclustering.

In
order

to
prove

the
theorem

,w
e

m
ustdo

som
e

prelim
inary

analysis.
First,w

e
observe

thatif
the

targetclustering
satisfies

stability,then
every

node
of

the
average-linkage

tree
m

ustbe
lam

inar
(consistent)

w
ith

respectto
the

targetclustering.
Inform

ally,each
node

in
a

hierarchicalclustering
tree

T
is

said
to

be
lam

inar
(consistent)

w
ith

respectto
the

clusteringC
if

for
each

cluster
C
i ∈
C,

the
points

in
C
i are

firstgrouped
together

in
T

before
they

are
grouped

w
ith

points
from

any
other

cluster
C
j6=
i .W

e
form

ally
state

and
prove

these
observations

next.

D
efinition

11
(L

am
inar)

A
node

N
is

lam
inar

w
ith

respect
to

a
clustering

C
if

for
each

cluster
C
i ∈
C

w
e

have
either

N
∩
C
i

=
∅,
N
⊆
C
i ,or

C
i ⊂

N
.

L
em

m
a

12
Suppose

the
ground-truth

clusteringC
∗

over
a

dom
ain

X
satisfies

stability
w

ith
respect

to
a

sim
ilarity

function
S

.Let
T

be
the

average-linkage
tree

for
X

constructed
w

ith
S

.Then
every

node
in
T

is
lam

inar
w.r.t.C

∗.

Proof
T

he
proofofthis

statem
entcan

be
found

in
B

alcan
etal.(2008).T

he
intuition

is
thatifthere

is
a

node
in
T

thatis
notlam

inar
w

.r.t.
C
∗,then

the
average-linkage

algorithm
,atsom

e
step,m

ust
have

m
erged

A
⊆
C
∗i ,w

ith
B
⊂
C
∗j

for
som

e
i6=

j.
H

ow
ever,this

w
illcontradictthe

stability
property

forthe
sets

A
and/orB

.

Itfollow
s

thatthe
splitcom

puted
by

the
algorithm

in
Figure

2
m

ustalso
be

consistentw
ith

the
targetclustering;w

e
callsuch

splits
clean.

D
efinition

13
(C

lean
split)

A
partition

(split)
ofa

cluster
C
i

into
clusters

C
i,1

and
C
i,2

is
said

to
be

clean
ifC

i,1
and

C
i,2

are
non-em

pty,and
for

each
ground-truth

cluster
C
∗j

such
thatC

∗j ∩
C
i 6=
∅,

either
C
∗j ∩

C
i

=
C
∗j ∩

C
i,1

or
C
∗j ∩

C
i

=
C
∗j ∩

C
i,2 .

W
e

now
prove

the
follow

ing
properties

regarding
the

correctness
ofthe

split/m
erge

procedures;
these

properties
are

then
used

in
the

proofofT
heorem

10.

L
em

m
a

14
Ifthe

ground-truth
clustering

satisfies
stability

and
η
>

0.5
then,

a.
The

splitprocedure
in

Figure
2

alw
ays

produces
a

clean
split.

b.
The

new
clusteradded

by
the

m
erge

procedure
in

Figure
3

m
ustbe

“pure”,i.e.,itm
ustcontain

points
from

a
single

ground-truth
cluster.

Proof
a.Forpurposesofcontradiction,suppose

the
returned

splitisnotclean:
C
i,1

and
C
i,2

contain
points

from
the

sam
e

ground-truth
cluster

C
∗j .Itm

ustbe
the

case
that

C
i contains

points
from

sev-
eralground-truth

clusters,w
hich

im
plies

thatw
.l.o.g.

C
i,1

contains
points

from
som

e
otherground-

truth
cluster

C
∗l6=
j .T

his
im

plies
thatN

1
is

notlam
inarw

.r.t.C
∗,w

hich
contradicts

L
em

m
a

12.b.B
y

our
assum

ption,atleast
η|C

i |points
from

C
i and

η|C
j |points

from
C
j

are
from

the
sam

e
ground-

truth
cluster

C
∗l .C

learly,the
node

N
′in

T
g
lo
b

thatis
equivalentto

C
∗l

(w
hich

contains
allthe

points
in
C
∗l

and
no

other
points)

m
ustcontain

enough
points

from
C
i

and
C
j ,and

only
ascendants

and
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L
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en
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Fi
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ov
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by
ex

ac
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1.

Pr
oo

f
Su

pp
os

e
w

e
ex

ec
ut

e
Sp

lit
(C

1
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an
d

ca
ll

th
e

re
su
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ng

cl
us

te
rs
C
2

an
d
C
3
.

C
al

lδ
1

th
e
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-
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sp
lit
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us

te
ri

ng
er

ro
r

af
te

r
th

e
sp

lit
.

L
et

’s
us

e
k
1

to
re

fe
r

to
th

e
nu

m
be

r
of

gr
ou

nd
-t

ru
th

cl
us

te
rs

th
at

in
te

rs
ec

tC
1
,a

nd
de

fin
e
k
2

an
d
k
3

in
th

e
sa

m
e

m
an

ne
r.

D
ue

to
th

e
cl

ea
n

sp
lit

pr
op

er
ty

,n
o

gr
ou

nd
-t

ru
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at
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+
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=
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>
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=
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−
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+
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−
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+
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−
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ru
n-

tim
e

bo
un

d
in

T
he

or
em

10
in

te
rm

s
of

an
y

na
tu

ra
lc

lu
st

er
in

g
er

ro
r

γ
.T

he
fo

llo
w

in
g

co
ro

lla
ry

fo
llo

w
s

fr
om

T
he

or
em

10
an

d
T

he
or

em
9.
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H
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N
D
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V

O
D

S
K
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C
or

ol
la

ry
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Su
pp

os
e

th
e

ta
rg

et
cl

us
te

ri
ng

sa
tis

fie
s

st
ab

ili
ty

,a
nd

th
e

in
iti

al
cl

us
te

ri
ng

ha
s

cl
us

te
r-

in
g

er
ro

r
γ

,w
he

re
γ

is
an

y
na

tu
ra

lc
lu

st
er

in
g

er
ro

r
as

de
fin

ed
in

D
efi

ni
tio

n
7.

In
th

e
η

-m
er

ge
m

od
el

,
fo

r
an

y
η
>

0.
5,

th
e

al
go

ri
th

m
s

in
Fi

gu
re

2
an

d
Fi

gu
re

3
re

qu
ir

e
at

m
os

tO
((
γ

+
k
)

lo
g

1
1
−
η
n

)
ed

it
re

qu
es

ts
to

fin
d

th
e

ta
rg

et
cl

us
te

ri
ng

.

3.
1

A
lg

or
ith

m
sf

or
co

rr
el

at
io

n-
cl

us
te

ri
ng

er
ro

r

To
ef

fic
ie

nt
ly

fin
d

th
e

ta
rg

et
cl

us
te

ri
ng

w
ith

re
sp

ec
tt

o
th

e
co

rr
el

at
io

n
cl

us
te

ri
ng

er
ro

r,
w

e
pr

op
os

e
a

di
ff

er
en

tm
er

ge
pr

oc
ed

ur
e,

w
hi

ch
is

de
sc

ri
be

d
in

Fi
gu

re
4.

Fi
gu

re
4:

M
er

ge
pr

oc
ed

ur
e

fo
rt

he
co

rr
el

at
io

n-
cl

us
te

ri
ng

ob
je

ct
iv

e
A

lg
or

ith
m

:
M

E
R

G
E

P
R

O
C

E
D

U
R

E

In
pu

t:
C

lu
st

er
s
C
i

an
d
C
j
,g

lo
ba

la
ve

ra
ge

-l
in

ka
ge

tr
ee
T
g
lo
b

Se
ar

ch
T
g
lo
b

fo
r

a
no

de
of

m
ax

im
al

de
pt

h
N

th
at

co
nt

ai
ns

en
ou

gh
po

in
ts

fr
om

C
i

an
d
C
j
:

|N
∩
C
i|
≥
η
|C
i|

an
d
|N
∩
C
j
|≥

η
|C
j
|

if
|C
i|
≥
|C
j
|t

he
n

R
ep

la
ce
C
i

by
C
i
∪

(N
∩
C
j
)

R
ep

la
ce
C
j

by
C
j
\N

el
se R

ep
la

ce
C
i

by
C
i
\N

re
pl

ac
e
C
j

by
C
j
∪

(N
∩
C
i)

en
d

if

H
er

e
in

st
ea

d
of

cr
ea

tin
g

a
ne

w
“p

ur
e”

cl
us

te
r,

w
e

ad
d

th
e

co
rr

es
po

nd
in

g
po

in
ts

to
th

e
la

rg
er

of
th

e
tw

o
cl

us
te

rs
in

th
e

m
er

ge
re

qu
es

t.
N

ot
ic

e
th

at
th

is
al

go
ri

th
m

is
m

uc
h

si
m

pl
er

th
an

th
e

m
er

ge
al

go
ri

th
m

in
Fi

gu
re

3,
an

d
do

es
no

tr
eq

ui
re

pu
re

/im
pu

re
la

be
ls

.U
si

ng
th

is
m

er
ge

pr
oc

ed
ur

e
an

d
th

e
sp

lit
pr

oc
ed

ur
e

pr
es

en
te

d
ea

rl
ie

rg
iv

es
th

e
fo

llo
w

in
g

pe
rf

or
m

an
ce

gu
ar

an
te

e.

T
he

or
em

17
Su

pp
os

e
th

e
ta

rg
et

cl
us

te
ri

ng
sa

tis
fie

ss
ta

bi
lit

y,
an

d
th

e
in

iti
al

cl
us

te
ri

ng
ha

sc
or

re
la

tio
n-

cl
us

te
ri

ng
er

ro
r
δ c
c
.

In
th

e
η

-m
er

ge
m

od
el

,f
or

an
y
η
>

2/
3,

us
in

g
th

e
sp

lit
an

d
m

er
ge

pr
oc

ed
ur

es
in

Fi
gu

re
s

2
an

d
4

re
qu

ir
es

at
m

os
tδ
cc

ed
it

re
qu

es
ts

to
fin

d
th

e
ta

rg
et

cl
us

te
ri

ng
.

Pr
oo

f
R

ec
al

lt
ha

tw
e

m
ay

ex
pr

es
s

th
e

co
rr

el
at

io
n

cl
us

te
ri

ng
er

ro
r
δ c
c

as
a

su
m

m
at

io
n

of
ov

er
cl

us
-

te
ri

ng
er

ro
r
δ c
co

an
d

un
de

rc
lu

st
er

in
g

er
ro

r
δ c
cu

(s
ee

Se
ct

io
n

2.
1)

.
C

on
si

de
r

th
e

co
nt

ri
bu

tio
ns

of
in

di
vi

du
al

po
in

ts
to
δ c
co

an
d
δ c
cu

,w
hi

ch
ar

e
de

fin
ed

as
:

δ c
co

(u
)

=
|{
v
∈
X

:
c(
u
,v

)
=

1
an

d
c∗

(u
,v

)
=

0
}|
,

δ c
cu

(u
)

=
|{
v
∈
X

:
c(
u
,v

)
=

0
an

d
c∗

(u
,v

)
=

1
}|
.

W
e

fir
st

ar
gu

e
th

at
a

sp
lit

of
a

cl
us

te
rC

i
m

us
tr

ed
uc

e
δ c
c
.G

iv
en

th
at

th
e

sp
lit

is
cl

ea
n,

it
is

ea
sy

to
ve

ri
fy

th
at

th
e

ou
tc

om
e

m
ay

no
ti

nc
re

as
e
δ c
cu

(u
)

fo
ra

ny
u
∈
C
i.

W
e

ca
n

al
so

ve
ri

fy
th

at
fo

re
ac

h
u
∈
C
i,
δ c
co

(u
)

m
us

td
ec

re
as

e
by

at
le

as
t1

.
T

hi
s

co
m

pl
et

es
th

e
ar

gu
m

en
t,

gi
ve

n
th

at
fo

r
al

lo
th

er
po

in
ts
w
/∈
C
i,
δ c
co

(w
)

an
d
δ c
cu

(w
)

re
m

ai
n

un
ch

an
ge

d.
W

e
no

w
ar

gu
e

th
at

if
η
>

2/
3,

ea
ch

m
er

ge
of
C
i

an
d
C
j

m
us

t
re

du
ce
δ c
c
.

W
ith

ou
t

lo
ss

of
ge

ne
ra

lit
y,

su
pp

os
e

th
at
|C
i|
≥
|C
j
|,

an
d

le
t

us
us

e
P

to
re

fe
r

to
th

e
“p

ur
e”

su
bs

et
of
C
j

th
at

is
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C
A

L
A

L
G

O
R

IT
H

M
S

F
O

R
IN

T
E

R
A

C
T

IV
E

C
L

U
S

T
E

R
IN

G

m
oved

to
C
i .W

e
observe

thatthe
outcom

e
m

ustrem
ove

atleast
δ
1

pairw
ise

correlation-clustering
errors(see

Section
2.1),w

here
δ
1

satisfies
δ
1 ≥

2|P
|(η|C

i |).Sim
ilarly,w

e
observe

thatthe
outcom

e
m

ay
add

atm
ost

δ
2

pairw
ise

correlation-clustering
errors,w

here
δ
2

satisfies:

δ
2 ≤

2|P
|((1−

η
)|C

i |)
+

2|P
|((1−

η
)|C

j |)≤
4|P
|((1−

η
)|C

i |).

It
follow

s
that

for
η
>

2
/3,

δ
1

m
ust

exceed
δ
2 ;

therefore
the

num
ber

of
pairw

ise
correlation-

clustering
errors

m
ustdecrease,giving

a
low

ercorrelation-clustering
error.

O
bserve

thatthe
runtim

e
bound

in
T

heorem
17

is
tightup

to
a

constant:
in

som
e

instances
any

localalgorithm
requires

atleast
δ
cc /2

edits
to

find
the

targetclustering.
To

verify
this,suppose

the
targetclustering

is
com

posed
of
n

singleton
clusters,and

the
initialclustering

contains
n
/
2

clusters
ofsize

2.In
this

instance,the
initialcorrelation

clustering
error

δ
cc

=
n,and

the
oracle

m
ustissue

at
leastn

/
2

splitrequestsbefore
w

e
reach

the
targetclustering

(one
foreach

ofthe
n
/2

initialclusters).

3.2
A

lgorithm
sunder

stronger
assum

ptions

W
hen

the
data

satisfies
stronger

separability
properties

w
e

m
ay

sim
plify

the
presented

algorithm
s

and/orobtain
betterperform

ance
guarantees.

In
particular,if

the
data

satisfies
the

strictseparation
property

(see
D

efinition
3),w

e
m

ay
change

the
splitand

m
erge

algorithm
s

to
use

the
localaverage-

linkage
tree,w

hich
is

constructed
from

only
the

points
in

the
editrequest.

In
addition,if

the
data

satisfies
strictthreshold

separation
(see

D
efinition

4),w
e

m
ay

rem
ove

the
restriction

on
η

and
use

a
differentm

erge
procedure

thatis
correctforany

η
>

0.

T
heorem

18
Suppose

the
targetclustering

satisfies
strictseparation,and

the
initialclustering

has
overclustering

error
δ
o

and
underclustering

error
δ
u .

In
the

η-m
erge

m
odel,for

any
η
>

0
.5,the

algorithm
s

in
Figure

5
and

Figure
6

require
atm

ost
δ
o

splitrequests
and

2(δ
u

+
k
)

lo
g

1
1−
η
n

m
erge

requests
to

find
the

targetclustering.

Proof
L

etus
useL

∗
to

referto
the

ground-truth
clustering

ofthe
points

in
the

split/m
erge

request.
If

the
target

clustering
satisfies

strict
separation,

it
is

easy
to

verify
that

every
node

in
the

local
average-linkage

tree
T
lo
c

m
ustbe

lam
inar

(consistent)
w

.r.t.L
∗.

W
e

can
then

use
this

observation
to

prove
the

equivalent
of

L
em

m
a

14
for

strict
separation

for
the

split
procedure

in
Figure

5
and

the
m

erge
procedure

in
Figure

6.
Sim

ilarly,
w

e
can

prove
the

equivalent
of

L
em

m
a

15
for

strict
separation

forthe
splitprocedure

in
Figure

5.T
he

analysis
in

T
heorem

10
rem

ains
unchanged.

T
heorem

19
Suppose

the
targetclustering

satisfies
strictthreshold

separation,and
the

initialclus-
tering

has
overclustering

error
δ
o

and
underclustering

error
δ
u .In

the
η-m

erge
m

odel,for
any

η
>

0,the
algorithm

s
in

Figure
5

and
Figure

7
require

atm
ost

δ
o

splitrequests
and

2(δ
u

+
k
)

log
1

1−
η
n

m
erge

requests
to

find
the

targetclustering.

Proof
Ifthe

targetclustering
satisfies

strictthreshold
separation,w

e
can

verify
thatforany

η
>

0,
the

splitprocedure
in

Figure
5

and
the

m
erge

procedure
in

Figure
7

stillhave
the

properties
stated

in
L

em
m

a
14

and
L

em
m

a
15.T

he
analysis

in
T

heorem
10

rem
ains

unchanged.
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V
O

D
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K
I

To
verify

thatthe
splitprocedure

alw
ays

produces
a

clean
split,again

letus
useL

∗
to

refer
to

the
ground-truth

clustering
of

the
points

in
the

splitrequest.
If

the
targetclustering

satisfies
strict

threshold
separation,w

e
can

again
verify

thatevery
node

in
the

localaverage-linkage
tree

T
lo
c

m
ust

be
lam

inar
(consistent)

w
.r.t.L

∗.
Itfollow

s
thatthe

splitprocedure
alw

ays
produces

a
clean

split
and

m
ustreduce

overclustering
errorby

exactly
1.N

ote
thatclearly

this
argum

entdoes
notdepend

on
the

setting
of
η.

W
e

now
verify

thatthe
new

cluster
added

by
the

m
erge

procedure
in

Figure
7

m
ustbe

“pure”
(m

ustcontain
points

from
a

single
targetcluster).O

bserve
thatdue

to
the

strictthreshold
separation

property,in
the

graph
G

in
Figure

7,allpairs
of

points
from

the
sam

e
targetcluster

m
ustbe

con-
nected

before
any

pairs
of

points
from

differenttargetclusters.
Itfollow

s
thatthe

firstcom
ponent

thatcontains
atleastan

η-fraction
ofpoints

from
C
i and

C
j

m
ustbe

“pure”.N
ote

thatthis
argum

ent
applies

forany
η
>

0.Figure
5:Splitprocedure

understrongerassum
ptions

A
lgorithm

:
S

P
L

IT
P

R
O

C
E

D
U

R
E

Input:C
luster

C
i ,localaverage-linkage

tree
T
lo
c .

1.
L

et
C
i,1

and
C
i,2

be
the

children
ofthe

rootin
T
lo
c .

2.
D

elete
C
i and

replace
itw

ith
C
i,1

and
C
i,2 .M

ark
the

tw
o

new
clusters

as
“im

pure”.

Figure
6:M

erge
procedure

understrictseparation
A

lgorithm
:

M
E

R
G

E
P

R
O

C
E

D
U

R
E

Input:C
lusters

C
i and

C
j ,localaverage-linkage

tree
T
lo
c .

1.
If
C
i is

m
arked

as
“pure”

set
η
1

=
1

else
set

η
1

=
η.Sim

ilarly
set

η
2

for
C
j .

2.
Search

T
lo
c

fora
node

ofm
axim

aldepth
N

thatcontains
enough

points
from

C
i and

C
j :

|N
∩
C
i |≥

η
1 |C

i |and|N
∩
C
j |≥

η
2 |C

j |.

3.
R

eplace
C
i by

C
i \
N

,replace
C
j

by
C
j \

N
.

4.
A

dd
a

new
clustercontaining

N
∩

(C
i ∪

C
j ),m

ark
itas

“pure”.

A
s

in
C

orollary
16,w

e
m

ay
also

restate
the

run-tim
e

bounds
in

T
heorem

18
and

T
heorem

19
in

term
s

of
any

natural
clustering

error
γ.

T
he

follow
ing

corollaries
follow

from
T

heorem
18,

T
heorem

19
and

T
heorem

9.

C
orollary

20
Suppose

the
targetclustering

satisfies
strictseparation,and

the
initialclustering

has
clustering

error
γ,w

here
γ

is
any

naturalclustering
error

as
defined

in
D

efinition
7.In

the
η-m

erge
m

odel,forany
η
>

0
.5,the

algorithm
sin

Figure
5

and
Figure

6
require

atm
ostO

((γ
+
k
)

log
1

1−
η
n

)

editrequests
to

find
the

targetclustering.
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C
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U
S

T
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R
IN

G

Fi
gu

re
7:

M
er

ge
pr

oc
ed

ur
e

un
de

rs
tr

ic
tt

hr
es

ho
ld

se
pa

ra
tio

n
A

lg
or

ith
m

:
M

E
R

G
E

P
R

O
C

E
D

U
R

E

In
pu

t:
C

lu
st

er
s
C
i

an
d
C
j
.

1.
If
C
i

is
m

ar
ke

d
as

“p
ur

e”
se

tη
1

=
1

el
se

se
tη

1
=
η

.S
im

ila
rl

y
se

tη
2

fo
rC

j
.

2.
L

et
G

=
(V
,E

)
be

a
gr

ap
h

w
he

re
V

=
C
i
∪
C
j

an
d
E

=
∅.

Se
tN

=
∅.

3.
W

hi
le

tr
ue

:
C

on
ne

ct
th

e
ne

xt
-c

lo
se

st
pa

ir
of

po
in

ts
in

G
;

L
et
Ĉ
1
,Ĉ

2
,.
..
,Ĉ

m
be

th
e

co
nn

ec
te

d
co

m
po

ne
nt

s
of
G

;
if

th
er

e
ex

is
ts
Ĉ
l

su
ch

th
at
|Ĉ
l
∩
C
i|
≥
η
|C
i|

an
d
|Ĉ
l
∩
C
j
|≥

η
|C
j
|t

he
n

N
=
Ĉ
l;

br
ea

k;
en

d
if

4.
R

ep
la

ce
C
i

by
C
i
\N

,r
ep

la
ce
C
j

by
C
j
\N

.

5.
A

dd
a

ne
w

cl
us

te
rc

on
ta

in
in

g
N

,m
ar

k
it

as
“p

ur
e”

.

C
or

ol
la

ry
21

Su
pp

os
e

th
e

ta
rg

et
cl

us
te

ri
ng

sa
tis

fie
ss

tr
ic

tt
hr

es
ho

ld
se

pa
ra

tio
n,

an
d

th
e

in
iti

al
cl

us
-

te
ri

ng
ha

s
cl

us
te

ri
ng

er
ro

r
γ

,
w

he
re
γ

is
an

y
na

tu
ra

l
cl

us
te

ri
ng

er
ro

r
as

de
fin

ed
in

D
efi

ni
tio

n
7.

In
th

e
η

-m
er

ge
m

od
el

,
fo

r
an

y
η
>

0
,

th
e

al
go

ri
th

m
s

in
Fi

gu
re

5
an

d
Fi

gu
re

7
re

qu
ir

e
at

m
os

t
O

((
γ

+
k
)

lo
g

1
1
−
η
n

)
ed

it
re

qu
es

ts
to

fin
d

th
e

ta
rg

et
cl

us
te

ri
ng

.

4.
T

he
un

re
st

ri
ct

ed
-m

er
ge

m
od

el

In
th

is
se

ct
io

n
w

e
fu

rt
he

r
re

la
x

th
e

as
su

m
pt

io
ns

ab
ou

tt
he

na
tu

re
of

th
e

or
ac

le
re

qu
es

ts
.

A
s

be
fo

re
,

th
e

or
ac

le
m

ay
re

qu
es

tt
o

sp
lit

a
cl

us
te

r
if

it
co

nt
ai

ns
po

in
ts

fr
om

tw
o

or
m

or
e

ta
rg

et
cl

us
te

rs
.

Fo
r

m
er

ge
s,

no
w

th
e

or
ac

le
m

ay
re

qu
es

t
to

m
er

ge
C
i

an
d
C
j

if
bo

th
cl

us
te

rs
co

nt
ai

n
on

ly
a

si
ng

le
po

in
t

fr
om

th
e

sa
m

e
gr

ou
nd

-t
ru

th
cl

us
te

r.
W

e
no

te
th

at
th

is
is

a
m

in
im

al
se

t
of

as
su

m
pt

io
ns

fo
r

a
lo

ca
l

al
go

ri
th

m
to

m
ak

e
pr

og
re

ss
,

ot
he

rw
is

e
th

e
or

ac
le

m
ay

re
qu

es
t

ir
re

le
va

nt
sp

lit
s

or
m

er
ge

s
th

at
pr

ev
en

tt
he

al
go

ri
th

m
fr

om
fin

di
ng

th
e

ta
rg

et
cl

us
te

ri
ng

.
Fo

r
th

is
m

od
el

w
e

pr
op

os
e

th
e

m
er

ge
al

go
ri

th
m

de
sc

ri
be

d
in

Fi
gu

re
8.

T
he

sp
lit

al
go

ri
th

m
re

m
ai

ns
th

e
sa

m
e

as
in

Fi
gu

re
2.

To
pr

ov
ab

ly
fin

d
th

e
gr

ou
nd

-t
ru

th
cl

us
te

ri
ng

in
th

is
se

tti
ng

w
e

re
qu

ir
e

th
at

ea
ch

m
er

ge
re

qu
es

t
m

us
t

be
ch

os
en

un
if

or
m

ly
at

ra
nd

om
fr

om
th

e
se

t
of

va
lid

m
er

ge
re

qu
es

ts
.

T
hi

s
as

su
m

pt
io

n
is

co
ns

is
te

nt
w

ith
th

e
ob

se
rv

at
io

n
in

A
w

as
th

ia
nd

Z
ad

eh
(2

01
0)

th
at

in
th

e
un

re
st

ri
ct

ed
-m

er
ge

m
od

el
w

ith
ar

bi
tr

ar
y

re
qu

es
ts

eq
ue

nc
es

,e
ve

n
ve

ry
si

m
pl

e
cl

us
te

ri
ng

in
st

an
ce

s
re

qu
ir

e
a

pr
oh

ib
iti

ve
ly

la
rg

e
nu

m
be

r
of

re
qu

es
ts

.
W

e
do

no
tm

ak
e

ad
di

tio
na

la
ss

um
pt

io
ns

ab
ou

tt
he

na
tu

re
of

th
e

sp
lit

re
qu

es
ts

;
in

ea
ch

ite
ra

tio
n

an
y

va
lid

sp
lit

m
ay

be
pr

op
os

ed
by

th
e

or
ac

le
.

In
th

is
se

tti
ng

ou
r

al
go

ri
th

m
s

ha
ve

th
e

fo
llo

w
in

g
pe

rf
or

m
an

ce
gu

ar
an

te
e.

T
he

or
em

22
Su

pp
os

e
th

e
ta

rg
et

cl
us

te
ri

ng
sa

tis
fie

s
st

ab
ili

ty
,a

nd
th

e
in

iti
al

cl
us

te
ri

ng
ha

s
ov

er
cl

us
-

te
ri

ng
er

ro
r
δ o

an
d

un
de

rc
lu

st
er

in
g

er
ro

r
δ u

.
In

th
e

un
re

st
ri

ct
ed

-m
er

ge
m

od
el

,a
ss

um
in

g
th

at
ea

ch
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N
A

N
D

V
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E
V
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S
K

I

Fi
gu

re
8:

M
er

ge
pr

oc
ed

ur
e

fo
rt

he
un

re
st

ri
ct

ed
-m

er
ge

m
od

el
A

lg
or

ith
m

:
M

E
R

G
E

P
R

O
C

E
D

U
R

E

In
pu

t:
C

lu
st

er
s
C
i

an
d
C
j
,g

lo
ba

la
ve

ra
ge

-l
in

ka
ge

tr
ee
T
a
v
g
.

1.
L

et
C
′ i,
C
′ j

=
Sp

lit
(C

i
∪
C
j
),

w
he

re
th

e
sp

lit
is

pe
rf

or
m

ed
as

in
Fi

gu
re

2.

2.
D

el
et

e
C
i

an
d
C
j
.

3.
If

th
e

se
ts
C
′ ia

nd
C
′ j

ar
e

th
e

sa
m

e
as
C
i

an
d
C
j
,t

he
n

ad
d
C
i
∪
C
j
,o

th
er

w
is

e
ad

d
C
′ ia

nd
C
′ j.

m
er

ge
re

qu
es

ti
s

ch
os

en
un

ifo
rm

ly
at

ra
nd

om
fr

om
th

e
se

to
fv

al
id

m
er

ge
re

qu
es

ts
,w

ith
pr

ob
ab

ili
ty

at
le

as
t

1
−
ε,

th
e

al
go

ri
th

m
s

in
Fi

gu
re

2
an

d
Fi

gu
re

8
re

qu
ir

e
δ o

sp
lit

re
qu

es
ts

an
d
O

(l
o
g
k ε
δ2 u

)
m

er
ge

re
qu

es
ts

to
fin

d
th

e
ta

rg
et

cl
us

te
ri

ng
.

T
he

or
em

22
is

pr
ov

ed
in

th
e

fo
llo

w
in

g
le

m
m

as
.W

e
fir

st
st

at
e

a
le

m
m

a
re

ga
rd

in
g

th
e

co
rr

ec
tn

es
s

of
th

e
A

lg
or

ith
m

in
Fi

gu
re

8.
W

e
ar

gu
e

th
at

if
th

e
al

go
ri

th
m

m
er

ge
s
C
i

an
d
C
j
,i

tm
us

tb
e

th
e

ca
se

th
at

bo
th
C
i

an
d
C
j

on
ly

co
nt

ai
n

po
in

ts
fr

om
th

e
sa

m
e

gr
ou

nd
-t

ru
th

cl
us

te
r.

L
em

m
a

23
If

th
e

al
go

ri
th

m
in

Fi
gu

re
8

m
er

ge
s
C
i

an
d
C
j

in
St

ep
3,

it
m

us
t

be
th

e
ca

se
th

at
C
i
⊂
C
∗ l

an
d
C
j
⊂
C
∗ l

fo
r

so
m

e
gr

ou
nd

-t
ru

th
cl

us
te

r
C
∗ l.

Pr
oo

f
W

e
pr

ov
e

th
e

co
nt

ra
po

si
tiv

e.
Su

pp
os

e
C
i

an
d
C
j

bo
th

co
nt

ai
n

po
in

ts
fr

om
C
∗ l,

an
d

in
ad

di
-

tio
n
C
i
∪
C
j

co
nt

ai
ns

po
in

ts
fr

om
so

m
e

ot
he

rg
ro

un
d-

tr
ut

h
cl

us
te

r.
L

et
us

de
fin

e
S
1

=
C
∗ l
∩
C
i

an
d

S
2

=
C
∗ l
∩
C
j
.B

ec
au

se
th

e
cl

us
te

rs
C
′ i,
C
′ j

re
su

lt
fr

om
a

cl
ea

n
sp

lit
,i

tf
ol

lo
w

s
th

at
S
1
,S

2
⊂
C
′ i

or
S
1
,S

2
⊂
C
′ j.

W
ith

ou
tl

os
s

of
ge

ne
ra

lit
y,

as
su

m
e
S
1
,S

2
⊂
C
′ i.

T
he

n
cl

ea
rl

y
C
′ i
6=
C
i

an
d
C
′ i
6=
C
j
,

so
C
i

an
d
C
j

ar
e

no
tm

er
ge

d.

T
he
δ o

bo
un

d
on

th
e

nu
m

be
ro

fs
pl

it
re

qu
es

ts
fo

llo
w

sf
ro

m
th

e
ob

se
rv

at
io

n
th

at
ea

ch
sp

lit
re

du
ce

s
th

e
ov

er
cl

us
te

ri
ng

er
ro

r
by

ex
ac

tly
1

(s
ee

L
em

m
a

15
),

an
d

th
e

fa
ct

th
at

th
e

m
er

ge
pr

oc
ed

ur
e

do
es

no
ti

nc
re

as
e

ov
er

cl
us

te
ri

ng
er

ro
r(

se
e

L
em

m
a

24
).

L
em

m
a

24
Th

e
m

er
ge

al
go

ri
th

m
in

Fi
gu

re
8

do
es

no
ti

nc
re

as
e

ov
er

cl
us

te
ri

ng
er

ro
r.

Pr
oo

f
Su

pp
os

e
C
i
∪
C
j

in
te

rs
ec

ts
se

ve
ra

l
gr

ou
nd

-t
ru

th
cl

us
te

rs
,

an
d

he
nc

e
w

e
ob

ta
in

tw
o

ne
w

cl
us

te
rs
C
′ i,
C
′ j.

L
et

us
ca

ll
δ 1

th
e

ov
er

cl
us

te
ri

ng
er

ro
r

be
fo

re
th

e
m

er
ge

,a
nd
δ 2

th
e

ov
er

cl
us

te
ri

ng
er

ro
r

af
te

r
th

e
m

er
ge

.
L

et
’s

us
e
k
1

to
re

fe
r

to
th

e
nu

m
be

r
of

gr
ou

nd
-t

ru
th

cl
us

te
rs

th
at

in
te

rs
ec

tC
i,

k
2

to
re

fe
rt

o
th

e
nu

m
be

ro
fg

ro
un

d-
tr

ut
h

cl
us

te
rs

th
at

in
te

rs
ec

tC
j
,a

nd
de

fin
e
k
′ 1

an
d
k
′ 2

in
th

e
sa

m
e

m
an

ne
r.

T
he

ne
w

cl
us

te
rs
C
′ i

an
d
C
′ j

re
su

lt
fr

om
a

“c
le

an
”

sp
lit

,t
he

re
fo

re
no

gr
ou

nd
-t

ru
th

cl
us

te
r

m
ay

in
te

rs
ec

tb
ot

h
of

th
em

.I
tf

ol
lo

w
s

th
at
k
′ 1

+
k
′ 2
<
k
1

+
k
2
.T

he
re

fo
re

w
e

no
w

ha
ve

:

δ 2
=

δ 1
−

(k
1
−

1)
−

(k
2
−

1)
+

(k
′ 1
−

1)
+

(k
′ 2
−

1)

=
δ 1
−

(k
1

+
k
2
)

+
(k
′ 1

+
k
′ 2
)
<
δ 1
.
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L
O

C
A

L
A

L
G

O
R

IT
H

M
S

F
O

R
IN

T
E

R
A

C
T

IV
E

C
L

U
S

T
E

R
IN

G

If
C
i and

C
j

are
both

subsetofthe
sam

e
ground-truth

cluster,then
clearly

the
m

erge
operation

has
no

effecton
the

overclustering
error.

Finally,
L

em
m

a
25

and
L

em
m

a
26

bound
the

num
ber

of
im

pure
and

pure
m

erges.
H

ere
w

e
calla

proposed
m

erge
pure

if
both

clusters
are

subsetof
the

sam
e

ground-truth
cluster,and

im
pure

otherw
ise.

L
em

m
a

25
The

m
erge

algorithm
in

Figure
8

requires
atm

ost
δ
u

im
pure

m
erge

requests.

Proof
W

e
argue

thatthe
resultofeach

im
pure

m
erge

requestm
ustreduce

the
underclustering

error
δ
u

by
atleast1.R

ecallfrom
Section

2.1
thatw

e
m

ay
express

δ
u

as
a

sum
m

ation
ofunderclustering

error
w

ith
respectto

each
targetcluster.

Suppose
the

oracle
requests

to
m

erge
C
i

and
C
j ,and

C
′i

and
C
′j

are
the

resulting
clusters.

C
learly,the

localedithas
no

effecton
the

underclustering
error

w
ith

respect
to

target
clusters

that
do

not
intersect

C
i

or
C
j .

In
addition,

because
the

new
clus-

ters
C
′i and

C
′j

resultfrom
a

clean
split,for

targetclusters
thatintersectexactly

one
of
C
i ,
C
j ,the

underclustering
error

m
uststay

the
sam

e.
For

targetclusters
thatintersectboth

C
i and

C
j ,the

un-
derclustering

errorm
ustdecrease

by
exactly

one;the
num

berofsuch
targetclustersisatleastone.

L
em

m
a

26
A

ssum
ing

thateach
m

erge
requestis

chosen
uniform

ly
atrandom

from
the

setofvalid
m

erge
requests,the

probability
thatthe

algorithm
in

Figure
8

requires
m

ore
than

O
(log

kε δ
2u )

pure
m

erge
requests

is
less

than
ε.

Proof
W

e
first

consider
the

pure
m

erge
requests

involving
points

from
som

e
ground-truth

clus-
ter

C
∗i ,

the
total

num
ber

of
pure

m
erge

requests
(involving

any
ground-truth

cluster)
can

then
be

bounded
w

ith
a

union-bound.
To

facilitate
our

argum
ent,letus

assign
an

identifier
to

each
cluster

containing
points

from
C
∗i

in
the

follow
ing

m
anner:

1.
M

aintain
a

cluster-id
variable,

w
hich

is
initialized

to
1.

To
assign

a
“new

”
identifier

to
a

cluster,setits
identifierto

cluster-id,and
increm

entcluster-id.

2.
In

the
initialclustering,assign

a
new

identifierto
each

clustercontaining
points

from
C
∗i .

3.
W

hen
w

e
splita

cluster
containing

points
from

C
∗i ,assign

its
identifier

to
the

new
ly-form

ed
clustercontaining

points
from

C
∗i .

4.
W

hen
w

e
m

erge
tw

o
clusters

thatare
notboth

subsetof
the

sam
e

targetcluster,if
one

of
the

clusters
contains

points
from

C
∗i ,assign

its
identifier

to
the

new
ly-form

ed
cluster

containing
points

from
C
∗i .Ifboth

clusters
contain

points
from

C
∗i ,assign

a
new

identifierto
the

new
ly-

form
ed

clustercontaining
points

from
C
∗i .

5.
W

hen
w

e
m

erge
tw

o
clusters

C
1

and
C
2 ,and

both
contain

only
pointsfrom

C
∗i ,ifthe

outcom
e

is
one

new
cluster,assign

ita
new

identifier.
Ifthe

outcom
e

is
tw

o
new

clusters,assign
them

the
identifiers

of
C
1

and
C
2 .

O
bserve

thatw
hen

clusters
containing

points
from

C
∗i

are
assigned

identifiers
in

this
m

anner,
the

m
axim

um
value

of
cluster-id

is
bounded

by
O

(δ
i ),w

here
δ
i

denotes
the

underclustering
error
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K
I

ofthe
initialclustering

w
ith

respectto
C
∗i :
δ
i

=
d

ist(C
∗i ,C

).To
verify

this,considerthatw
e

assign
exactly

δ
i
+

1
new

identifiers
in

Step
2,and

each
tim

e
w

e
assign

a
new

identifier
in

Steps
4

and
5,

δ
i decreases

by
one.

W
e

say
that

a
pure

m
erge

request
involving

points
from

C
∗i

is
original

if
the

user
has

never
asked

us
to

m
erge

clusters
w

ith
the

given
identifiers,otherw

ise
w

e
say

that
this

m
erge

request
is

repeated.
G

iven
that

the
m

axim
um

value
of

cluster-id
is

bounded
by

O
(δ
i ),

the
total

num
ber

of
originalm

erge
requests

m
ustbe

O
(δ

2i ).
W

e
now

argue
thatifa

m
erge

requestis
notoriginal,w

e
can

low
erbound

the
probability

thatit
w

illresultin
the

m
erging

of
the

tw
o

clusters.
For

a
repeated

m
erge

request
M
i

=
M

erge(C
1 ,C

2 ),
let
X
i be

a
random

variable
defined

as
follow

s:

X
i

=


1

ifneither
C
1

nor
C
2

have
been

involved
in

a
pure

m
erge

requestsince
the

lasttim
e

a
m

erge
ofclusters

w
ith

these
identifiers

w
as

proposed.
0

otherw
ise.

C
learly,

w
hen

X
i

=
1

it
m

ust
be

the
case

that
C
1

and
C
2

are
m

erged.
A

ssum
ing

that
each

m
erge

requestis
chosen

uniform
ly

atrandom
from

the
setofvalid

m
erge

requests,w
e

observe
that

Pr[X
i

=
1]
>

1
2
δ
i +

1 .
To

verify
this,

observe
that

in
each

m
erge

request
the

probability
that

the
user

requests
to

m
erge

C
1

and
C
2

is
1m

,
and

the
probability

that
the

user
requests

a
pure

m
erge

involving
C
1

or
C
2

and
som

e
other

cluster
is

less
than

2
δ
i

m
,w

here
m

is
the

totalnum
ber

of
valid

m
erge

requests;w
e

can
then

bound
the

probability
thatthe

form
erhappens

before
the

latter.
W

e
can

then
use

a
C

hernoffbound
to

argue
thatafter

t
=
O

(log
kε δ

2i )
repeated

m
erge

requests,
the

probability
that ∑

ti=
1
X
i
<
δ
i (w

hich
m

ustbe
true

if
w

e
need

m
ore

repeated
m

erge
requests)

is
less

than
ε/k.

T
herefore,

the
probability

that
w

e
need

m
ore

than
O

(log
kε δ

2i )
repeated

m
erge

requests
is

less
than

ε/k.
B

y
the

union-bound,
the

probability
that

w
e

need
m

ore
than

O
(log

kε δ
2i )

repeated
m

erge
re-

quests
for

any
ground-truth

cluster
C
∗i

is
less

than
k
·
ε/k

=
ε.

T
herefore

w
ith

probability
atleast

1
−
ε

for
all

ground-truth
clusters

w
e

need
∑

i O
(log

kε δ
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=
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(log
kε ∑

i δ
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=
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(log
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2u )
re-

peated
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is
the

underclustering
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of
the
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recall
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(δ
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originalm
erge

requests.
A

dding
the

tw
o

term
s

together,itfollow
s

thatw
ith

probability
atleast

1−
ε

w
e

need
a

totalof
O

(log
kε δ

2u )
pure

m
erge

requests.

A
s

in
the

previous
section,w
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bound
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heorem

22
in

term
s

of
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naturalclustering
error
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he

follow
ing

corollary
follow

s
from

T
heorem

22
and

T
heorem

9.

C
orollary

27
Suppose

the
targetclustering

satisfies
stability,and

the
initialclustering

has
cluster-

ing
error

γ,w
here

γ
is

any
naturalclustering

error
as

defined
in

D
efinition

7.
In
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unrestricted-
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odel,assum

ing
thateach
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requestis
chosen

uniform
ly

atrandom
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the
setofvalid

m
erge

requests,
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probability

at
least

1
−
ε,

the
algorithm
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in

Figure
2

and
Figure

8
require

O
(log

kε γ
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editrequests
to

find
the

targetclustering.

4.1
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lgorithm
sunder

stronger
assum

ptions

A
sin

Section
3.2,ifthe

data
satisfiesstrictseparation,then

instead
ofthe

splitprocedure
in

Figure
2

w
e

can
use

the
procedure

in
Figure

5,w
hich

uses
the

localaverage-linkage
tree

(constructed
from
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Table
2:

C
hange

in
correlation-clustering

error
for

splits
on

the
G

oogle
business

listings
data

sets.
A

negative
value

corresponds
to

a
decrease

in
error.

D
ata

Set
C

lean-Split
2-M

edian
1

-14
-14

2
-5

-5
3

-11
-11

4
-117

-117
5

-42
+90

6
-4

-4
7

-12
-30

8
-27

-27
9

-6
-6

10
-6

-6
11

+6
-8

12
-10

+14
13

-6
-6

14
-12

-22
15

-6
-6

16
-10

+14
17

-11
-27

18
-10

-10
19

-11
-5

20
-10

-10

To
sim

ulate
userfeedback,w

e
com

pute
the

setofallvalid
splitand

m
erge

requests.C
onsistent

w
ith

our
m

odel,a
splitof

a
cluster

is
considered

valid
if

itcontains
points

from
2

or
m

ore
ground-

truth
clusters,and

a
m

erge
is

considered
valid

if
atleastan

η-
fraction

of
the

points
in

each
cluster

are
from

the
sam

e
ground-truth

cluster.
W

e
then

choose
one

of
the

valid
splits/m

erges
uniform

ly
atrandom

,and
ask

the
algorithm

to
com

pute
the

corresponding
split/m

erge.W
e

continue
to

iterate
until

w
e

find
the

ground-truth
clustering

or
reach

a
lim

it
on

the
num

ber
of

edit
requests

(set
to

20000).
T

he
N

ew
sgroup

data
is

know
to

be
very

challenging
forunsupervised

(Telgarsky
and

D
asgupta,

2012;H
ellerand

G
hahram

ani,2005)and
sem

i-supervised
clustering

algorithm
s

(B
asu

etal.,2002,
2004).

In
particular,on

harder
N

ew
sgroup

clustering
instances

B
asu

etal.(2002)
and

B
asu

etal.
(2004)

report
that

they
are

unable
to

com
e

close
to

finding
the

ground-truth
clustering

even
w

ith
considerable

supervision.
To

study
how

ouralgorithm
s

perform
on

easierclustering
instances,w

e
also

slightly
prune

our
data

sets.
O

ur
heuristic

iteratively
finds

and
rem

oves
the

outlier
in

each
target

cluster,w
here

the
outlier

is
the

pointw
ith

m
inim

um
sum

-sim
ilarity

to
the

other
points

in
the

targetcluster.
For

each

23
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A
W

A
S

T
H

I,B
A

L
C

A
N

A
N

D
V

O
E

V
O

D
S

K
I

data
set,

w
e

perform
experim

ents
w

ith
the

original
(unpruned)

data
set,

a
pruned

data
set

w
ith

2
points

rem
oved

per
target

cluster,and
a

pruned
data

set
w

ith
4

points
rem

oved
per

target
cluster,

w
hich

prunes
40

and
80

points,respectively.
O

ur
pruning

heuristic
generates

clustering
instances

w
here

the
ground-truth

clusters
are

m
ore

separable,sim
ilarto

the
D

ifferent-3
data

setofB
asu

etal.
(2002)and

the
N

ew
s-diff3

data
setofB

asu
etal.(2004).

5.2.1
E

X
P

E
R

IM
E

N
T

S
IN

T
H

E
η-M

E
R

G
E

M
O

D
E

L

W
e

firstexperim
entw

ith
algorithm

s
in

the
η-m

erge
m

odel.
H

ere
w

e
use

the
algorithm

in
Figure

2
to

perform
the

splits,and
the

algorithm
in

Figure
3

to
perform

the
m

erges.W
e

show
the

results
for

data
setA

in
Figure

9;the
com

plete
experim

entalresults
are

in
A

ppendix
B

.W
e

find
thatforlarger

settings
of
η,the

am
ountof

supervision
(num

ber
of

split/m
erge

requests
needed

to
find

the
target

clustering)is
quite

low
and

consistentw
ith

ourtheoreticalanalysis.T
he

results
are

betterforpruned
data

sets,w
here

w
e

getvery
good

perform
ance

regardless
of

the
setting

of
η.

T
he

results
for

the
algorithm

s
in

Figure
2

and
Figure

4
(for

the
correlation-clustering

objective)
are

very
favorable

as
w

ell.

5.2.2
E

X
P

E
R

IM
E

N
T

S
IN

T
H

E
U

N
R

E
S

T
R

IC
T

E
D

-M
E

R
G

E
M

O
D

E
L

W
e

also
experim

entw
ith

algorithm
s

in
the

unrestricted
m

erge
m

odel.
H

ere
w

e
use

the
sam

e
algo-

rithm
to

perform
the

splits,and
use

the
algorithm

in
Figure

8
to

perform
the

m
erges.

W
e

show
the

results
on

data
setA

in
Figure

10;
the

com
plete

experim
entalresults

are
in

A
ppendix

B
.W

e
find

that
again

for
larger

settings
of
η

the
am

ount
of

supervision
is

quite
low

and
consistent

w
ith

our
theoretic

analysis
(w

e
only

show
results

for
η
≥

0
.5),and

perform
ance

im
proves

furtherforpruned
data

sets.O
urinvestigations

show
thatforunpruned

data
sets

and
sm

allersettings
of
η,w

e
are

still
able

to
quickly

achieve
very

sm
allclustering

error(results
notshow

n),butthe
algorithm

s
are

unable
to

converge
to

the
ground-truth

clustering
due

to
inconsistencies

in
the

average-linkage
tree.W

e
can

address
som

e
of

these
inconsistencies

by
constructing

the
tree

in
a

m
ore

robustw
ay,w

hich
indeed

gives
im

proved
perform

ance
(see

A
ppendix

C
).

5.2.3
E

X
P

E
R

IM
E

N
T

S
W

IT
H

S
M

A
L

L
IN

IT
IA

L
E

R
R

O
R

W
e

also
considera

setting
w

here
the

initialclustering
is

already
very

accurate.In
orderto

sim
ulate

this
scenario,w

hen
w

e
com

pute
the

initialclustering,for
each

docum
entw

e
keep

its
ground-truth

cluster
assignm

ent
w

ith
probability

0
.95,

and
otherw

ise
reassign

it
to

one
of

the
other

clusters,
w

hich
is

chosen
uniform

ly
atrandom

.T
his

procedure
usually

gives
us

initialclusterings
w

ith
over-

clustering
and

underclustering
errorbetw

een
5

and
20,and

correlation-clustering
errorbetw

een
500

and
1000.

N
ote

that
this

setting
also

closely
m

atches
the

scenario
w

here
the

initial
clustering

is
com

puted
using

a
good

clustering
algorithm

,w
hich

is
quite

realistic
in

som
e

applications.

A
sexpected,in

thissetting
ourinteractive

algorithm
sperform

m
uch

better,especially
on

pruned
data

sets.
Figure

11
displays

the
results;w

e
can

see
thatin

these
scenarios

itoften
takes

less
than

one
hundred

editrequests
to

find
the

targetclustering
in

both
m

odels.
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Figure
11:

E
xperim

entalresultsforinitialclusteringsw
ith

sm
allerror.R

esultspresented
forpruned

data
sets

(4
points

percluster).T
he

second
chartcorresponds

to
algorithm

s
forcorrela-

tion
clustering

error.
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A
W

A
S

T
H

I,B
A

L
C

A
N

A
N

D
V

O
E

V
O

D
S

K
I

B
asu

etal.(2002),and
3.9

tim
es

m
ore

supervision
than

B
asu

etal.(2004)
to

achieve
a

com
pletely

correctclustering
(N

M
I=

1.0)as
opposed

to
a

m
ostly-correctclustering

(N
M

I=
0.88).

T
hese

are
favorable

com
parisons

for
our

m
odel-

w
e

are
able

to
com

pute
m

ore
accurate

clus-
terings

w
hile

using
a

com
parable

am
ountof

supervision.
W

e
also

note
thatfor

B
asu

etal.(2002)
and

B
asu

etal.(2004),additionalsupervision
does

notim
prove

accuracy
-

the
stated

perform
ance

is
the

bestaccuracy
they

can
achieve.O

urfram
ew

ork
is

the
only

approach
thathas

dem
onstrated

a
com

plete
recovery

ofthe
ground

truth
on

the
N

ew
sgroup

data.

Table
3:Fram

ew
ork

com
parison

on
harderN

ew
sgroup

clustering
instance.

Fram
ew

ork
D

ata
SetN

am
e

D
ata

SetSize
A

m
ountofSupervision

O
utputA

ccuracy
B

asu
etal.(2002)

Sam
e-3

3000
1500

labeled
data

points
N

M
I=

0.44
B

asu
etal.(2004)

N
ew

s-sim
3

300
1000

pairw
ise

constraints
N

M
I=

0.55
Interactive

clustering
D

ata
SetE

301
7573

split/m
erge

requests
N

M
I=

1.0

Table
4:Fram

ew
ork

com
parison

on
easierN

ew
sgroup

clustering
instance.

Fram
ew

ork
D

ata
SetN

am
e

D
ata

SetSize
A

m
ountofSupervision

O
utputA

ccuracy
B

asu
etal.(2002)

D
ifferent-3

3000
1500

labeled
data

points
N

M
I=

0.88
B

asu
etal.(2004)

N
ew

s-diff3
300

1000
pairw

ise
constraints

N
M

I=
0.88

Interactive
clustering

D
ata

SetD
276

3548
split/m

erge
requests

N
M

I=
1.0

6.D
iscussion

In
this

w
ork

w
e

m
otivated

and
studied

a
new

fram
ew

ork
and

algorithm
s

for
interactive

clustering.
O

urfram
ew

ork
m

odelspracticalconstraintson
the

algorithm
s:w

e
startw

ith
an

initialclustering
that

w
e

cannotm
odify

arbitrarily,and
are

only
allow

ed
to

m
ake

localedits
consistentw

ith
userrequests.

In
thissetting,w

e
develop

severalsim
ple,yeteffective

algorithm
sunderdifferentassum

ptionsabout
the

nature
of

the
edit

requests
and

the
structure

of
the

data.
W

e
present

theoretical
analysis

that
show

s
thatour

algorithm
s

converge
to

the
targetclustering

after
a

lim
ited

num
ber

of
editrequests.

W
e

also
presentexperim

entalevidence
thatshow

s
thatouralgorithm

s
w

ork
w

ellin
practice.

Several
directions

com
e

out
of

this
w

ork.
It

w
ould

be
interesting

to
relax

the
condition

on
η

in
the

η-m
erge

m
odel,

and
the

assum
ption

about
the

request
sequences

in
the

unrestricted-m
erge

m
odel.

Itis
also

im
portantto

study
additionalproperties

of
an

interactive
clustering

algorithm
.

In
particular,itis

often
desirable

thatthe
algorithm

never
increase

the
error

of
the

currentclustering.
O

uralgorithm
s

in
Figures

2,
4

and
8

have
this

property,butthe
algorithm

in
Figure

3
does

not.

O
ther

user
feedback

m
odels

have
also

been
proposed

(see
A

ppendix
A

for
how

they
relate

to
the

split/m
erge

feedback
considered

here).
Itis

valuable
to

further
study

the
practicalapplicability

ofeach
kind

offeedback
and

understand
underw

hatconditions
they

are
equivalent.

28
JM

L
R

 18(3):1-35, 2017



L
O

C
A

L
A

L
G

O
R

IT
H

M
S

F
O

R
IN

T
E

R
A

C
T

IV
E

C
L

U
S

T
E

R
IN

G

7.
A

ck
no

w
le

dg
m

en
ts

T
hi

s
w

or
k

w
as

su
pp

or
te

d
in

pa
rt

by
gr

an
ts

N
SF

C
C

F-
09

53
19

2,
N

SF
-C

C
F

15
35

96
7,

N
SF

C
C

F-
14

22
91

0,
N

SF
II

S1
61

87
14

,
O

N
R

gr
an

t
N

00
01

4-
09

-1
-0

75
1,

A
FO

SR
gr

an
t

FA
95

50
-0

9-
1-

05
38

,
a

G
oo

gl
e

R
es

ea
rc

h
A

w
ar

d,
an

d
a

M
ic

ro
so

ft
R

es
ea

rc
h

Fe
llo

w
sh

ip
.

R
ef

er
en

ce
s

D
im

itr
is

A
ch

lio
pt

as
an

d
Fr

an
k

M
cS

he
rr

y.
O

n
sp

ec
tr

al
le

ar
ni

ng
of

m
ix

tu
re

s
of

di
st

ri
bu

tio
ns

.
In

C
O

LT
,2

00
5.

M
ar

ga
re

ta
A

ck
er

m
an

an
d

Sa
jo

y
D

as
gu

pt
a.

In
cr

em
en

ta
lc

lu
st

er
in

g:
T

he
ca

se
fo

r
ex

tr
a

cl
us

te
rs

.
In

N
IP

S,
20

14
.

M
ar

ga
re

ta
A

ck
er

m
an

,S
ha

iB
en

-D
av

id
,S

im
in

a
B

râ
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te

A
na

ly
si

s,
98

(5
):

87
3–

89
5,

20
07

.

A
nk

ur
M

oi
tr

a
an

d
G

re
go

ry
V

al
ia

nt
.

Se
ttl

in
g

th
e

po
ly

no
m

ia
ll

ea
rn

ab
ili

ty
of

m
ix

tu
re

s
of

ga
us

si
an

s.
In

F
O

C
S,

20
10

.

Fe
ip

in
g

N
ie

,
D

on
g

X
u,

an
d

X
ue

lo
ng

L
i.

In
iti

al
iz

at
io

n
in

de
pe

nd
en

t
cl

us
te

ri
ng

w
ith

ac
tiv

el
y

se
lf

-
tr

ai
ni

ng
m

et
ho

d.
IE

E
E

Tr
an

sa
ct

io
ns

on
Sy

st
em

s,
M

an
an

d
C

yb
er

ne
tic

s,
Pa

rt
B

,
42

(1
):

17
–2

7,
20

12
.

A
le

ss
an

dr
o

R
in

al
do

an
d

L
ar

ry
W

as
se

rm
an

.G
en

er
al

iz
ed

de
ns

ity
cl

us
te

ri
ng

.T
he

A
nn

al
s

of
St

at
is

tic
s,

38
(5

):
26

78
–2

72
2,

20
10

.

30
JM

L
R

 1
8(

3)
:1

-3
5,

 2
01

7



L
O

C
A

L
A

L
G

O
R

IT
H

M
S

F
O

R
IN
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E

R
A

C
T

IV
E

C
L

U
S

T
E

R
IN

G

G
erard

Salton
and

C
hristopher

B
uckley.

Term
-w

eighting
approaches

in
autom

atic
text

retrieval.
Inform

ation
processing

and
m

anagem
ent,24(5):513–523,1988.

A
lexander

Strehl,Joydeep
G

hosh,and
R

aym
ond

M
ooney.

Im
pactof

sim
ilarity

m
easures

on
w

eb-
page

clustering.
In

A
A

A
I,2000.

M
atus

Telgarsky
and

Sanjoy
D

asgupta.
A

gglom
erative

bregm
an

clustering.
In

IC
M

L,2012.

K
onstantin

Voevodski,M
aria-Florina

B
alcan,H

eiko
R

öglin,Shang-H
ua

Teng,and
Y

u
X

ia.
A

ctive
clustering

ofbiologicalsequences.
JournalofM

achine
Learning

R
esearch,13:203–225,2012.

Q
iaoliang

X
iang,Q

iM
ao,K

ian
M

ing
A

.C
hai,H

aiL
eong

C
hieu,IvorW

ai-H
ung

T
sang,and

Z
hen-

dong
Z

hao.
A

split-m
erge

fram
ew

ork
forcom

paring
clusterings.

In
IC

M
L,2012.

Shi
Z

hong.
G

enerative
m

odel-based
docum

ent
clustering:

a
com

parative
study.

K
now

ledge
and

Inform
ation

System
s,8:374–384,2005.

A
ppendix

A
.O

ther
feedback

m
odels

B
esides

the
cluster

split/m
erge

feedback
considered

here,
tw

o
other

kinds
of

feedback
have

also
been

studied
in

the
literature:

cluster-assignm
entfeedback

(B
asu

etal.,2002;N
ie

etal.,2012)and
m

ust-link/cannot-link
feedback

(B
asu

et
al.,2004;

A
shtiani

et
al.,2016).

T
he

form
er

reveals
the

ground-truth
cluster

assignm
ent

of
a

single
data

point;
the

latter
reveals

w
hether

or
not

a
pair

of
points

are
in

the
sam

e
ground-truth

cluster.

C
laim

28
C

luster-assignm
ent

feedback
and

m
ust-link/cannot

link
feedback

can
be

converted
to

cluster
split/m

erge
feedback

in
the

unrestricted-m
erge

m
odel.

Proof
W

e
firstobserve

thatcluster-assignm
entfeedback

can
be

converted
to

m
ust-link/cannot-link

feedback
as

follow
s.

For
every

tw
o

know
n

cluster
assignm

ents
for

points
x

and
y

s.t.
x

and
y

belong
to

the
sam

e
ground-truth

cluster,
output

a
m

ust-link
feedback

for
(x
,y

).
For

every
tw

o
know

n
clusterassignm

ents
forpoints

x
and

y
s.t.

x
and

y
belong

to
differentground-truth

clusters,
outputa

cannot-link
feedback

for
(x
,y

).
W

e
next

observe
that

m
ust-link/cannot-link

feedback
can

be
converted

to
cluster

split/m
erge

feedback
in

the
unrestricted

m
erge

m
odelas

follow
s.Forevery

m
ust-link

feedback
forpoints

x
and

y,if
x

and
y

belong
to

differentclusters
in

the
proposed

clustering,requestto
m

erge
these

tw
o

clus-
ters.Forevery

cannot-link
feedback

forpoints
x

and
y,if

x
and

y
belong

to
the

sam
e

clusterin
the

proposed
clustering,requestto

splitthis
cluster.

O
bserve

thatby
definition,the

outputsplit/m
erge

requests
satisfy

the
assum

ptions
ofthe

unrestricted-m
erge

m
odel.

H
ow

ever,the
conversion

in
C

laim
28

issom
etim

esvacuous:clustersplit/m
erge

feedback
isonly

output
w

hen
the

cluster-assignm
ent

or
m

ust-link/cannot-link
feedback

disagrees
w

ith
the

current
clustering.

Still,itis
reasonable

to
assum

e
thatw

hile
the

proposed
clustering

is
notequivalentto

the
ground

truth,a
constantfraction

ofsuch
feedback

w
illdisagree

w
ith

the
proposed

clustering.
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A
ppendix

B
.C

om
plete

experim
entalresults

T
he

follow
ing

figures
show

the
com

plete
experim

ental
results

for
all

the
algorithm

s.
Figure

12
show

s
the

results
in

the
η-m

erge
m

odel.
Figure

13
show

s
the

results
in

the
η-m

erge
m

odelfor
the

algorithm
s

in
Figure

2
and

Figure
4

(for
the

correlation-clustering
objective).

Figure
14

show
s

the
results

in
the

unrestricted-m
erge

m
odel.
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A
ppendix

C
.E

xperim
entsw

ith
robustaverage-linkage

tree

W
hen

w
e

investigate
instances

w
here

our
algorithm

s
are

unable
to

find
the

target
clustering,

w
e

observe
that

there
are

outlier
points

that
are

attached
near

the
root

of
the

average-linkage
tree,

w
hich

are
incorrectly

splitoffand
re-m

erged
by

the
algorithm

w
ithoutm

aking
any

progress
tow

ards
finding

the
targetclustering.

W
e

can
address

these
outliers

by
constructing

the
average-linkage

tree
in

a
m

ore
robust

w
ay:

firstfind
groups

(“blobs”)ofsim
ilarpoints

ofsom
e

m
inim

um
size,com

pute
an

average-linkage
tree

for
each

group,and
then

com
bine

these
trees

using
average-linkage.

T
he

tree
constructed

in
such

fashion
m

ay
then

be
used

by
ouralgorithm
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č
,

B
o
y
d
,

a
n
d

L
e
sk

o
v
e
c

or
ig

in
al

co
n
ve

x
op

ti
m

iz
at

io
n

p
ro

b
le

m
.

T
h
is

re
p
re

se
n
ta

ti
on

ca
n

re
fe

r
to

p
ro

b
le

m
s

d
efi

n
ed

o
n

ac
tu

al
n
et

w
or

k
s,

su
ch

as
so

ci
al

or
tr

an
sp

or
ta

ti
on

sy
st

em
s,

or
q
u
es

ti
on

s
cl

as
si

ca
ll
y

m
o
d
el

ed
in

ot
h
er

w
ay

s,
su

ch
as

co
n
tr

ol
th

eo
ry

or
ti

m
e-

se
ri

es
an

a
ly

si
s.

H
er

e,
w

e
p
re

se
n
t

S
n
ap

V
X

,
a

so
lv

er
th

at
is

b
ot

h
sc

al
ab

le
an

d
ge

n
er

al
o
n

o
p
ti

m
iz

a
ti

o
n

p
ro

b
le

m
s

d
efi

n
ed

ov
er

n
et

w
or

k
s.

It
co

m
b
in

es
th

e
gr

ap
h

ca
p
ab

il
it

ie
s

of
S
n
ap

.p
y

(L
es

ko
ve

c
an

d
S
os

ič
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a
li
ze

d
so

lu
ti

o
n
).

In
fo

ll
ow

-u
p

w
or

k
,

Z
in

ke
v
ic

h
et

al
.
(2

01
0)

st
u
d
ie

d
a

va
ri

an
t

of
av

er
ag

in
g

w
h
er

e
ea

ch
m

a
ch

in
e

co
m

p
u
te

s
a

lo
ca

le
st

im
at

or
w

it
h

st
o
ch

as
ti

c
gr

ad
ie

n
t

d
es

ce
n
t

(S
G

D
)

on
a

ra
n
d
o
m

su
b
se

t
o
f
th

e
d
at

as
et

.
T

h
ey

sh
ow

,
am

on
g

ot
h
er

th
in

gs
,

th
at

th
ei

r
es

ti
m

at
or

co
n
ve

rg
es

to
th

e
ce

n
tr

a
li
ze

d
es

ti
m

at
or

.

M
or

e
re

ce
n
tl

y,
Z

h
an

g
et

al
.

(2
01

3)
st

u
d
ie

d
av

er
ag

ed
em

p
ir

ic
al

ri
sk

m
in

im
iz

a
ti

o
n

(E
R

M
).

T
h
ey

sh
ow

th
at

th
e

m
ea

n
sq

u
ar

ed
er

ro
r

(M
S
E

)
of

th
e

av
er

ag
ed

E
R

M
d
ec

ay
s

li
ke
O
( N
−

1 2
+

m N

) ,
w

h
er

e
m

is
th

e
n
u
m

b
er

of
m

ac
h
in

es
an

d
N

is
th

e
to

ta
l

n
u
m

b
er

of
sa

m
p
le

s.
T

h
u
s,

so

lo
n
g

as
m
.
√
N
,

th
e

av
er

ag
ed

E
R

M
m

at
ch

es
th

e
N
−

1 2
co

n
ve

rg
en

ce
ra

te
of

th
e

ce
n
tr

a
li
ze

d
E

R
M

.
E

ve
n

m
or

e
re

ce
n
tl

y,
R

os
en

b
la

tt
an

d
N

ad
le

r
(2

01
4)

st
u
d
ie

d
th

e
op

ti
m

al
it

y
o
f

av
er

a
g
ed

E
R

M
in

tw
o

as
y
m

p
to

ti
c

se
tt

in
gs

:
N
→
∞

,
m
,p

fi
x
ed

an
d
p
,n
→
∞

,
p n
→
µ
l
∈

(0
,1

),
w

h
er

e
n

=
N m

is
th

e
n
u
m

b
er

of
sa

m
p
le

s
p

er
m

ac
h
in

e.
T

h
ey

sh
ow

th
at

in
th

e
n
→
∞

,
p

fi
x
ed

se
tt

in
g,

th
e

av
er

ag
ed

E
R

M
is

fi
rs

t-
or

d
er

eq
u
iv

al
en

t
to

th
e

ce
n
tr

al
iz

ed
E

R
M

.
H

ow
ev

er
,

w
h
en

p
,n
→
∞
,

th
e

av
er

ag
ed

E
R

M
is

su
b

op
ti

m
al

(v
er

su
s

th
e

ce
n
tr

al
iz

ed
E

R
M

).

W
e

d
ev

el
op

a
d
iv

id
e

an
d

co
n
q
u
er

ap
p
ro

ac
h

to
st

at
is

ti
ca

ll
ea

rn
in

g.
In

th
e

h
ig

h
-d

im
en

si
o
n
a
l

se
tt

in
g,

re
gu

la
ri

za
ti

on
is

es
se

n
ti

al
.

T
h
e

ke
y

id
ea

is
to

av
er

a
ge

d
eb

ia
se

d
or

d
es

pa
rs

ifi
ed

re
g
-

u
la

ri
ze

d
M

-e
st

im
at

or
s.

U
n
d
er

su
it

ab
le

co
n
d
it

io
n
s,

it
is

p
os

si
b
le

to
sh

ow
th

a
t

th
e

lo
ca

l
d
eb

ia
se

d
es

ti
m

at
or

s
ar

e
as

y
m

p
to

ti
ca

ll
y

n
or

m
al

.
th

u
s

th
e

av
er

ag
ed

es
ti

m
at

o
r

d
el

iv
er

s
th

e
sa

m
e

st
at

is
ti

ca
l

p
er

fo
rm

an
ce

as
th

e
co

m
p
u
ta

ti
on

al
ly

in
fe

as
ib

le
ce

n
tr

al
iz

ed
M

-e
st

im
a
to

r.

F
or

m
al

ly
,

w
e

sh
ow

th
at

th
e

er
ro

r
of

th
e

av
er

ag
ed

es
ti

m
at

or
d
ec

om
p

os
es

in
to

a
Õ
P

(
1 √
N

)

as
y
m

p
to

ti
ca

ll
y

n
or

m
al

te
rm

an
d

a
re

m
ai

n
d
er

te
rm

.
A

s
lo

n
g

as
m
.

√
N

s
lo

g
p
,

w
h
er

e
s

is
th

e
sp

ar
si

ty
of

th
e

u
n
k
n
ow

n
re

gr
es

si
on

co
effi

ci
en

ts
,

th
e

re
m

in
d
er

te
rm

is
as

y
m

p
to

ti
ca

ll
y

n
eg

li
-

gi
b
le

.
T

h
u
s

th
e

av
er

ag
ed

es
ti

m
at

or
co

n
v
er

ge
s

at
th

e
sa

m
e

ra
te

as
a

ce
n
tr

al
iz

ed
es

ti
m

a
to

r.
F

u
rt

h
er

,
th

e
av

er
ag

ed
es

ti
m

at
or

is
m

o
d
el

se
le

ct
io

n
co

n
si

st
en

t
u
n
d
er

a
w

ea
k

m
in

im
u
m

si
g
n
a
l

st
re

n
gt

h
co

n
d
it

io
n
.

In
th

e
fo

ll
ow

in
g

se
ct

io
n
,
w

e
re

v
ie

w
th

e
th

eo
re

ti
ca

l
p
ro

p
er

ti
es

o
f

th
e

la
ss

o
an

d
d
eb

ia
se

d
la

ss
o

an
d

d
es

cr
ib

e
ou

r
co

n
tr

ib
u
ti

on
s

m
or

e
fo

rm
al

ly
.

2
.

A
d
iv

id
e
-a

n
d
-c

o
n
q
u
e
r

a
p
p
ro

a
ch

to
sp

a
rs

e
re

g
re

ss
io

n

T
o

ke
ep

th
in

gs
si

m
p
le

,
w

e
fo

cu
s

on
sp

ar
se

li
n
ea

r
re

gr
es

si
on

.
C

on
si

d
er

th
e

sp
a
rs

e
li
n
ea

r
m

o
d
el

y
=
X
β
∗

+
ε,

w
h
er

e
th

e
ro

w
s

of
X
∈

R
n
×
p

ar
e

p
re

d
ic

to
rs

,
an

d
th

e
co

m
p

on
en

ts
of
y
∈

R
n

ar
e

th
e

re
sp

o
n
se

s.
T

o
ke

ep
th

in
gs

si
m

p
le

,
w

e
as

su
m

e

(A
1)

th
e

p
re

d
ic

to
rs
x
∈

R
p

ar
e

in
d
ep

en
d
en

t
σ
x
-s

u
b
ga

u
ss

ia
n

ra
n
d
om

ve
ct

o
rs

w
it

h
w

h
o
se

co
va

ri
an

ce
Σ

h
as

sm
al

le
st

ei
ge

n
va

lu
e
σ
p
(Σ

)
>
λ

m
in

an
d

la
rg

es
t

ei
ge

n
va

lu
e
σ

1
(Σ

)
<

λ
m

a
x
;

2
JM

L
R

 1
8(

5)
:1

-3
0,

 2
01
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C
o
m
m
u
n
ic
a
t
io
n
-e
f
f
ic
ie
n
t
S
pa

r
se

R
e
g
r
e
ssio

n

(A
2
)

th
e

reg
ression

co
effi

cien
ts
β
∗
∈

R
p

are
s-sp

arse,
i.e.

all
b
u
t
s

com
p

on
en

ts
of
β
∗

are
zero

;

(A
3
)

th
e

co
m

p
on

en
ts

of
th

e
n
oise

ε
are

in
d
ep

en
d
en

t,
m

ean
zero

σ
y -su

b
gau

ssian
ran

d
om

va
ria

b
les.

G
iven

th
e

p
red

ictors
an

d
resp

on
ses,

th
e

lasso
estim

ates
β
∗

b
y

β̂
:=

arg
m

in
β∈

R
p

12n ‖y−
X
β‖

22
+
λ‖
β‖

1 .

T
h
ere

is
a

w
ell-d

evelop
ed

th
eory

of
th

e
lasso

th
at

say
s,

u
n
d
er

su
itab

le
assu

m
p
tion

s
on

X
,

th
e

la
sso

estim
ator

β̂
is

n
early

m
in

im
ax

op
tim

al(e.g.
see

H
astie

et
al.

(2015),
C

h
ap

ter
11

fo
r

a
n

overv
iew

).
M

ore
p
recisely,

u
n
d
er

som
e

con
d
ition

s
on

1n
X
T
X
,

th
e

M
S
E

of
th

e
lasso

estim
a
tor

is
rou

gh
ly

s
lo

g
p

n
,

w
h
ich

is
th

e
m

in
im

ax
rate.

2
.1

B
a
ck

g
ro

u
n

d
o
n

th
e

la
sso

a
n

d
d

e
b

ia
sin

g

H
ow

ever,
th

e
la

sso
estim

ator
is

also
b
iased

1.
S
in

ce
avera

gin
g

on
ly

red
u
ces

varia
n
ce,

n
ot

b
ias,

w
e

g
a
in

(alm
ost)

n
oth

in
g

b
y

averagin
g

th
e

b
ia

sed
lasso

estim
ators.

T
h
at

is,
it

is
p

ossib
le

to
sh

ow
if

w
e

n
aiv

ely
averaged

lo
cal

lasso
estim

ators,
th

e
M

S
E

of
th

e
averaged

estim
ator

is
o
f

th
e

sa
m

e
o
rd

er
as

th
at

of
th

e
lo

cal
estim

ators.
T

h
e

key
to

overcom
in

g
th

e
b
ias

of
th

e
avera

g
ed

la
sso

estim
ator

is
to

“d
eb

ias”
th

e
lasso

estim
ators

b
efore

averag
in

g.
T

h
e

d
ebia

sed
la

sso
estim

a
to

r
b
y

J
avan

m
ard

an
d

M
on

tan
ari

(2013a)
is

β̂
d

:=
β̂

+
1n

Θ̂
X
T

(y−
X
β̂

),
(1)

w
h
ere

β̂
is

th
e

lasso
estim

ator
an

d
Θ̂
∈

R
p×
p

is
an

ap
p
rox

im
ate

in
verse

to
Σ̂

=
1n
X
T
X
.

In
tu

itively,
th

e
d
eb

iased
lasso

estim
ator

tra
d
es

b
ias

for
varian

ce.
T

h
e

trad
e-off

is
ob

v
iou

s
w

h
en

Σ̂
is

n
o
n
-sin

gu
lar:

settin
g

Θ̂
=

Σ̂
−

1
gives

th
e

ord
in

ary
least

sq
u
ares

(O
L

S
)

estim
ator

(X
T
X

) −
1X

T
y
.

A
n
o
th

er
w

ay
to

in
terp

ret
th

e
d
eb

iased
lasso

estim
ator

is
a

corrected
estim

ator
th

at
com

-
p

en
sa

tes
fo

r
th

e
b
ias

in
cu

rred
b
y

sh
rin

kage.
B

y
th

e
op

tim
ality

con
d
ition

s
o
f

th
e

lasso,
th

e
co

rrectio
n

term
1n
X
T

(y
−
X
β̂

)
is

a
su

b
grad

ien
t

of
λ‖·‖

1
at
β̂
.

B
y

ad
d
in

g
a

term
p
rop

or-
tio

n
a
l

to
th

e
su

b
grad

ien
t

of
th

e
regu

larizer,
th

e
d
eb

iased
lasso

estim
ator

com
p

en
sates

for
th

e
b
ia

s
in

cu
rred

b
y

regu
larization

.
T

h
e

d
eb

iased
lasso

estim
ator

h
as

p
rev

iou
sly

b
een

u
sed

to
p

erfo
rm

in
feren

ce
on

th
e

regression
co

effi
cien

ts
in

h
igh

-d
im

en
sion

al
regression

m
o
d
els.

W
e

refer
to

th
e

p
ap

ers
b
y

J
avan

m
ard

an
d

M
on

tan
ari

(2013a);
van

d
e

G
eer

et
al.

(2013);
Z

h
a
n
g

a
n
d

Z
h
a
n
g

(2014);
B

ellon
i

et
al.

(2
011)

for
d
eta

ils.
T

h
e

ch
oice

of
Θ̂

in
th

e
correction

term
is

cru
cial

to
th

e
p

erform
a
n
ce

of
th

e
d
eb

iased
estim

a
tor.

J
ava

n
m

ard
an

d
M

on
tan

ari
(2013a)

su
ggest

form
in

g
Θ̂

row
b
y

row
:

th
e
j-th

row
o
f

Θ̂
is

th
e

o
p
tim

u
m

of
m

in
im

ize
θ∈

R
p

θ
T

Σ̂
θ

su
b

ject
to
‖
Σ̂
θ−

e
j ‖∞

≤
δ.

(2)

1
.
W
e
refer

to
S
ectio

n
2
.2

in
J
ava

n
m
a
rd

a
n
d
M
o
n
ta
n
a
ri

(2
0
1
3
a
)
fo
r
a
m
o
re

fo
rm

a
l
d
iscu

ssio
n
o
f
th
e
b
ia
s
o
f

th
e
la
sso

estim
a
to
r.

3
JM

L
R

 18(5):1-30, 2017

L
e
e
e
t
a
l
.

T
h
e

p
aram

eter
δ

sh
ou

ld
large

en
ou

gh
to

keep
th

e
p
rob

lem
feasib

le,
b
u
t

as
sm

all
as

p
ossib

le
to

keep
th

e
b
ias

(of
th

e
d
eb

iased
lasso

estim
ator)

sm
all.

A
s

w
e

sh
all

see,
w

h
en

th
e

row
s

of

X
are

su
b
gau

ssian
,

settin
g
δ∼

(
lo

g
p

n

)
12

is
u
su

ally
large

en
ou

gh
to

keep
(2)

feasib
le.

D
e
fi

n
itio

n
1

(G
e
n

e
ra

liz
e
d

c
o
h

e
re

n
c
e
)

G
iven

X
∈

R
n×

p,
let

Σ̂
=

1n
X
T
X
.

T
h
e

gen
eral-

ized
coh

eren
ce

betw
een

Σ̂
a
n

d
Θ
∈

R
p×
p

is

G
C

(Σ̂
,Θ

)
=

m
ax

j∈
[p

] ‖Σ̂
Θ
Tj
−
e
j ‖∞

.

T
h
e

p
reced

in
g

d
efi

n
ition

is
a

gen
eralization

of
th

e
u
su

al
n
otion

of
coh

eren
ce

as
it

a
p
p

ears
in

th
e

com
p
ressed

sen
sin

g
literatu

re.
A

ssu
m

e
th

e
colu

m
n
s

of
X

are
n
orm

a
lized

so
th

at
‖x

j ‖
2

=
1,

an
d

Θ
=
I
.

T
h
e

d
iagon

al
en

tries
of

Σ̂
Θ
−
I

van
ish

.
T

h
u
s

G
C

(Σ̂
,Θ

)
is

th
e

largest
off

d
iagon

al
en

try
of

Σ̂
,

w
h
ich

is
th

e
largest

in
n
er

p
ro

d
u
ct

b
etw

een
colu

m
n
s

of
X

:
1n

m
ax

i6=
j ∣∣e

Ti
X
T
X
e
j ∣∣.

W
e

recogn
ize

th
e

p
reced

in
g

q
u
an

tity
as

th
e

coh
eren

ce
of
X

.

L
e
m

m
a

2
(J

a
v
a
n

m
a
rd

a
n

d
M

o
n
ta

n
a
ri

(2
0
1
3
a
))

U
n

d
er

(A
1
),

w
h
en

16κ
σ

4x n
>

log
p
,

th
e

even
t

E
G

C
(Σ̂

)
:=
{

G
C

(Σ̂
,Σ
−

1)≤
8
√
c

1 √
κ
σ

2x (
log

p

n

)
12 }

occu
rs

w
ith

p
ro

ba
bility

a
t

lea
st

1−
2
p −

2
fo

r
so

m
e
c

1
>

0,
w

h
ere

κ
:=

λ
m

a
x
(Σ

)
λ

m
in

(Σ
)

is
th

e
co

n
d
itio

n
n

u
m

ber
o
f

Σ
.

A
s

w
e

sh
all

see,
th

e
b
ias

of
th

e
d
eb

iased
lasso

estim
ate

is
of

h
igh

er
ord

er
th

an
its

varian
ce

u
n
d
er

su
itab

le
con

d
ition

s
on

Σ̂
.

In
p
articu

lar,
w

e
req

u
ire

Σ̂
to

satisfy
th

e
restricted

eigen
va

lu
e

(R
E

)
co

n
d
itio

n
.

D
e
fi

n
itio

n
3

(R
E

c
o
n

d
itio

n
)

F
o
r

a
n

y
S
⊂

[p
],

let

C
(S

)
:=
{∆
∈

R
p|‖∆

S
c‖

1 ≤
3‖

∆
S ‖

1 }.

W
e

sa
y

Σ̂
sa

tisfi
es

th
e

R
E

co
n

d
itio

n
o
n

th
e

co
n

e
C

(S
)

w
h
en

∆
T

Σ̂
∆
≥
µ
l ‖∆

S ‖
22

fo
r

so
m

e
µ
l
>

0
a
n

d
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n

w
h
ere

th
e

co
m

p
on

en
ts

of
γ̂
j

are
in

d
ex

ed
b
y
k
∈
{1,...,j−

1
,j

+
1
,...,p}

.
W

e
scale

th
e

row
s

o
f
Ĉ

b
y

d
ia

g ([τ̂
1 ,...,τ̂

p ] )
,

w
h
ere

τ̂
j

=
(

1n ‖X
j −

X
−
j γ̂
j ‖

22
+
λ
j ‖
γ̂
j ‖

1 )
12,

to
fo

rm
Θ̂

=
T̂
−

2Ĉ
.

E
ach

row
of

Θ̂
is

g
iven

b
y

Θ̂
j,·

=
−

1τ̂
2j [γ̂

j,1
...

γ̂
j,j−

1
1

γ̂
j,j+

1
...

γ̂
j,p ]

.
(6)

S
in

ce
γ̂
j

an
d
τ̂
j

on
ly

d
ep

en
d

on
X
k ,

th
ey

can
b

e
form

ed
w

ith
ou

t
an

y
com

m
u
n
ica

tion
.

B
efo

re
w

e
ju

stify
th

e
ch

oice
of

Θ̂
th

eoretically,
w

e
m

en
tion

th
at

it
is

an
ap

p
rox

im
ate

“
in

verse”
o
f

Σ̂
(in

a
com

p
on

en
t-w

ise
sen

se).
B

y
th

e
op

tim
ality

con
d
ition

s
of

n
o
d
ew

ise
reg

ressio
n
,

τ̂
2j

=
1n ‖
X
j −

X
−
j γ̂
j ‖

22
+
λ
j ‖γ̂

j ‖
1

=
1n ‖
X
j −

X
−
j γ̂
j ‖

22
+

1n
(X

j −
X
−
j γ̂
j )
T
X
T−
j γ̂
j

=
1n
X
j (X

j −
X
−
j γ̂

).

R
eca

llin
g

th
e

d
efi

n
tition

of
Θ̂

,
w

e
h
ave

1n
Θ̂
j,· X

T
X
j

=
1τ̂
2j

1n
(X

j −
γ̂
Tj
X
−
j )
T
X
j

=
λ
j

an
d

1n ‖Θ̂
j,· X

T
X
−
j ‖∞

=
1τ̂
2j ∥∥∥

1n
(X

j −
γ̂
Tj
X
−
j )
T
X
−
j ∥∥∥∞

≤
λ
j

τ̂
2j

fo
r

a
n
y
j∈

[p
].

T
h
u
s

m
ax

j∈
[p

] ‖
Θ̂
j,· Σ̂
−
e
j ‖∞

≤
λ
j

τ̂
2j

.
(7)

va
n

d
e

G
eer

et
al.

(2013)
sh

ow
th

at
w

h
en

th
e

row
s

of
X

are
i.i.d

.
su

b
gau

ssia
n

ran
-

d
o
m

v
ecto

rs
an

d
th

e
p
recision

m
atrix

Σ
−

1
is

sp
arse,

Θ̂
j,·

con
verges

to
Σ
−

1
j

at
th

e
u
su

al
co

n
verg

en
ce

ra
te

of
th

e
lasso.

F
or

com
p
leten

ess,
w

e
restate

th
eir

resu
lt.

W
e

co
n
sid

er
a

seq
u
en

ce
of

regression
p
rob

lem
s

in
d
ex

ed
b
y

th
e

sam
p
le

size
N

,
d
im

en
sion

p
,

sp
a
rsity

s
0

th
at

satisfi
es

(A
1),

(A
2),

an
d

(A
3).

A
s
N

grow
s

to
in

fi
n
ity,

b
oth

p
=
p
(N

)
a
n
d
s

=
s(N

)
m

ay
also

grow
as

a
fu

n
ction

of
N
.

T
o

k
eep

n
otatio

n
m

an
agea

b
le,

w
e

d
rop

th
e

in
d
ex

N
.

W
e

fu
rth

er
assu

m
e

(A
4
)

th
e

cova
rian

ce
of

th
e

p
red

ictors
(row

s
of
X

)
h
a
s

sm
allest

eigen
valu

e
λ

m
in (Σ

)∼
Ω

(1)
a
n
d

la
rg

est
d
iagon

al
en

try
m

ax
j∈

[p
] Σ

j,j ∼
O

(1),

(A
5
)

th
e

row
s

of
Σ
−

1
are

sp
arse:

m
ax

j∈
[p

]
s
2j

lo
g
p

n
∼
o(1),

w
h
ere

s
j

is
th

e
sp

arsity
of

Σ
−

1
j

.
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L
e
e
e
t
a
l
.

L
e
m

m
a

1
5

(v
a
n

d
e

G
e
e
r

e
t

a
l.

(2
0
1
3
),

T
h

e
o
re

m
2
.4

)
U

n
d
er

(A
1
)–

(A
5
),

(6)
w

ith
su

it-

a
ble

pa
ra

m
eters

λ
j ∼

(
lo

g
p

n

)
12

sa
tisfi

es

‖
Θ̂
j,· −

Σ
−

1
j
‖

1 .
P

(
s

2j
log

p

n

)
12

fo
r

a
n

y
j∈

[p
].

W
e

sh
ow

th
at

th
e

averaged
estim

ator
(5)

m
atch

es
th

e
con

v
ergen

ce
rate

of
th

e
cen

tralized
lasso.

T
h

e
o
re

m
1
6

U
n

d
er

(A
1
)–

(A
5
),

(5),
w

h
ere

Θ̂
is

given
by

(6),
w

ith
su

ita
ble

pa
ra

m
eters

λ
j ,λ

k ∼
(

lo
g
p

n

)
12,
j∈

[p
],
k
∈

[m
]

sa
tisfi

es

‖
β̄
−
β
∗‖∞

.
P

(
log

p

N

)
12

+
s

m
a
x

log
p

n
,

w
h
ere

s
m

a
x

:=
m

ax{s
0 ,s

1 ,...,s
p }.

P
ro

o
f

S
ee

th
e

ap
p

en
d
ix

.

B
y

com
b
in

in
g

th
e

L
em

m
a

11
w

ith
T

h
eorem

16,
w

e
can

sh
ow

th
at
β̃
h
t

:=
H

T
(β̃
,t)

for
an

ap
p
rop

riate
th

resh
old

t
con

verges
to
β
∗

at
th

e
sam

e
rates

a
s

th
e

cen
tralized

lasso.

T
h

e
o
re

m
1
7

U
n

d
er

th
e

co
n

d
itio

n
s

o
f

T
h
eo

rem
1
6
,

h
a
rd

-th
resh

o
ld

in
g
β̃

a
t
t∼

(
lo

g
p

N

)
12

+
s
m

a
x

lo
g
p

n
gives

1
.
‖β̃

h
t−

β
∗‖∞

.
P

(
lo

g
p

N

)
12

+
s
m

a
x

lo
g
p

n
,

2
.
‖β̃

h
t−

β
∗‖

2 .
P

(
s
0

lo
g
p

N

)
12

+
√
s
0
s
m

a
x

lo
g
p

n
,

3
.
‖β̃

h
t−

β
∗‖

1 .
P

(
s
20

lo
g
p

N

)
12

+
s
0
s
m

a
x

lo
g
p

n
.

T
h
eorem

17
sh

ow
s

th
at

for
m
.

n
s
2m

a
x

lo
g
p
,

th
e

varian
ce

term
is

d
om

in
an

t,
so

th
e

con
ver-

gen
ce

rates
sim

p
lify

:

1.
‖β̃

h
t−

β
∗‖∞

.
P

(
lo

g
p

N

)
12,

2.
‖β̃

h
t−

β
∗‖

2 .
P

(
s
m

a
x

lo
g
p

N

)
12,

3.
‖β̃

h
t−

β
∗‖

1 .
P

(
s
2m

a
x

lo
g
p

N

)
12.

T
h
u
s,

estim
ator

β̃
h
t

sh
ares

th
e

ad
van

tages
of
β̄
h
t

over
th

e
cen

tralized
la

sso
(cf.

R
em

ark
13).

It
also

ach
ieves

com
p
u
tation

al
gain

s
over

β̄
h
t

b
y

am
ortizin

g
th

e
cost

o
f

d
eb

iasin
g

across
m

m
ach

in
es.
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.

A
sh

a
rp

e
r

e
st

im
a
ti

o
n

re
su

lt

It
is

p
os

si
b
le

to
ob

ta
in

a
sh

ar
p

er
es

ti
m

at
io

n
re

su
lt

b
y

fo
rg

oi
n
g

th
e
` ∞

n
o
rm

co
n
ve

rg
en

ce
ra

te
.

B
y

sh
ar

p
er

,
w

e
m

ea
n

th
e

sa
m

p
le

co
m

p
le

x
it

y
of

th
e

av
er

ag
ed

es
ti

m
at

or
fr

om
m
.

n
s2 0

lo
g
p

to

m
.

n
s 0

lo
g
p
.

T
h
e

sh
ar

p
er

es
ti

m
at

io
n

re
su

lt
d
ep

en
d
s

on
a

re
su

lt
b
y

J
av

an
m

ar
d

an
d

M
on

ta
n
ar

i
(2

01
3b

),
w

h
ic

h
w

e
co

m
b
in

e
w

it
h

L
em

m
a

15
a
n
d

re
st

at
e

fo
r

co
m

p
le

te
n
es

s.
B

ef
or

e
st

a
ti

n
g

th
e

re
su

lt
s,

w
e

d
efi

n
e

th
e

(∞
,l

)
n
or

m
of

a
p

oi
n
t
x
∈

R
p

as

‖x
‖ (
∞
,l

)
:=

m
ax
A
⊂

[p
],
|A
|≥
l
‖x
A
‖ 2
√
l
.

W
h
en

l
=

1,
th

e
(∞

,l
)

n
or

m
of
x

is
it

s
` ∞

n
or

m
.

W
h
en

l
=
p
,

th
e

(∞
,l

)
n
or

m
is

th
e
` 2

n
or

m
(r

es
ca

le
d

b
y

1 √
p
).

T
h
u
s

th
e

(∞
,l

)
n
or

m
in

te
rp

o
la

te
s

b
et

w
ee

n
th

e
` 2

an
d
` ∞

n
or

m
s.

J
av

an
m

ar
d

an
d

M
on

ta
n
ar

i
(2

01
3b

),
T

h
eo

re
m

2.
3

sh
ow

s
th

at
th

e
b
ia

s
of

th
e

d
eb

ia
se

d
la

ss
o

is
of

or
d
er
√
s 0

lo
g
p

n
.

L
e
m

m
a

1
8

U
n

d
er

th
e

co
n

d
it

io
n

s
o
f

T
h
eo

re
m

1
6
,

‖∆̂
k
‖ (
∞
,c
′ s

0
)
.
P
c√
s 0

lo
g
p

n
fo

r
a
n

y
k
∈

[m
]

fo
r

a
n

y
c′
>

0
,

w
h
er

e
c

is
a

co
n

st
a
n

t
th

a
t

d
ep

en
d
s

o
n

ly
o
n
c′

a
n

d
Σ

.

B
y

L
em

m
a

18
,

th
e

es
ti

m
at

or
(5

)
is

co
n
si

st
en

t
in

th
e

(∞
,s

0
)

n
or

m
.

T
h
e

ar
gu

m
en

t
is

si
m

il
ar

to
th

e
p
ro

of
of

T
h
eo

re
m

16
.

T
h

e
o
re

m
1
9

U
n

d
er

th
e

co
n

d
it

io
n

s
o
f

T
h
eo

re
m

1
6
,

‖β̄
−
β
∗ ‖

(∞
,c
′ s

0
)
∼
O
P

((
lo

g
p

N

)1 2
+

√
s 0

lo
g
p

n

) .

T
h

e
o
re

m
2
0

U
n

d
er

th
e

co
n

d
it

io
n

s
o

f
T

h
eo

re
m

1
6
,

h
a
rd

-t
h
re

sh
o
ld

in
g
β̃

a
t
t

=
|β̃
| (ŝ

0
)

fo
r

so
m

e
ŝ 0
∼
s 0

,
i.

e.
se

tt
in

g
a
ll

bu
t

th
e

la
rg

es
t
ŝ 0

d
eb

ia
se

d
co

effi
ci

en
ts

to
ze

ro
,

gi
ve

s

1
.
‖β̃

h
t
−
β
∗ ‖

2
.
P

( s
0

lo
g
p

N

)1 2
+

s 0
lo

g
p

n
,

2
.
‖β̄

h
t
−
β
∗ ‖

1
.
P

( s
2 0

lo
g
p

N

)1 2
+

s3
/
2

0
lo

g
p

n
.

B
y

T
h
eo

re
m

20
,

w
h
en
m
.

N
s 0

lo
g
p
,

th
e

va
ri

an
ce

te
rm

is
d
om

in
an

t
an

d
th

e
co

n
v
er

ge
n
ce

ra
te

s
gi

ve
n

b
y

th
e

th
eo

re
m

si
m

p
li
fy

to
th

e
co

n
ve

rg
en

ce
ra

te
s

of
th

e
(c

en
tr

al
iz

ed
)

la
ss

o
es

ti
m

at
or

:

1.
‖β̄

h
t
−
β
∗ ‖

2
.
P

( s
0

lo
g
p

N

)1 2
,

2.
‖β̄

h
t
−
β
∗ ‖

1
.
P

( s
2 0

lo
g
p

N

)1 2
.

T
h
u
s,

b
y

fo
rg

oi
n
g

es
ti

m
at

io
n

er
ro

r
in

th
e
` ∞

n
or

m
,

it
is

p
os

si
b
le

to
re

d
u
ce

th
e

sa
m

p
le

co
m

p
le

x
it

y
of

th
e

av
er

ag
ed

es
ti

m
at

or
to
m
.

s 0
lo

g
p

N
.

W
h
en

m
=

1,
w

e
re

co
ve

r
th

e
sa

m
p
le

co
m

p
le

x
it

y
of

th
e

ce
n
tr

al
iz

ed
la

ss
o
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ti

m
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or
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L
e
e
e
t
a
l
.

5
.

A
v
e
ra

g
in

g
d
e
b
ia

se
d

` 1
re

g
u
la

ri
ze

d
M

-e
st

im
a
to

rs

T
h
e

d
is

tr
ib

u
te

d
ap

p
ro

ac
h

to
d
eb

ia
si

n
g

ex
te

n
d
s

re
ad

il
y

to
` 1

re
gu

la
ri

ze
d

M
-e

st
im

a
to

rs
.

A
s

b
ef

or
e,

w
e

ar
e

gi
v
en

N
p
ai

rs
(x
i,
y i

)
st

or
ed

on
m

m
ac

h
in

es
.

L
et
ρ
(y
i,
a
)

b
e

a
lo

ss
fu

n
ct

io
n

fu
n
ct

io
n
,

w
h
ic

h
is

co
n
ve

x
in
a
,

an
d
ρ̇
,
ρ̈

b
e

it
s

d
er

iv
at

iv
es

w
it

h
re

sp
ec

t
to
a
.

T
h
a
t

is

ρ̇
(y
,a

)
=

d d
a
ρ
(y
,a

),
ρ̈
(y
,a

)
=

d
2

d
a

2
ρ
(y
,a

).

W
e

d
efi

n
e
` k

(β
)

=
1 n

∑
n i=

1
ρ
(y
i,
x
T i
β

),
w

h
er

e
th

e
su

m
is

on
ly

ov
er

th
e

p
ai

rs
o
n

m
a
ch

in
e
k
.

T
h
e

av
er

ag
ed

es
ti

m
at

or
is

β̄
:=

1 m

m ∑ k
=

1

β̂
k

+
Θ̂
(

1 m

m ∑ k
=

1

∇
` k

(β̂
k
)) ,

(8
)

w
h
er

e
β̂
k

is
th

e
lo

ca
l
` 1

re
gu

la
ri

ze
d

M
-e

st
im

at
or

:
β̂
k

:=
ar

g
m

in
β
∈R

p
` k

(β
)

+
λ
k
‖β
‖ 1

.
A

s

b
ef

or
e,

w
e

fo
rm

Θ̂
b
y

n
o
d
ew

is
e

re
gr

es
si

on
on

th
e

w
ei

gh
te

d
d
es

ig
n

m
at

ri
x
X
β̂
k

:=
W
β̂
k
X
k
,

w
h
er

e
W
β̂
k

is
d
ia

go
n
al

an
d

it
s

d
ia

go
n
al

en
tr

ie
s

ar
e

( W
β̂
k

) i,
i

:=
ρ̈
(y
i,
x
T i
β̂
k
)1 2
.

T
h
at

is
,

fo
r

so
m

e
j
∈

[p
]

th
at

m
ac

h
in

e
k

is
d
eb

ia
si

n
g,

th
e

m
a
ch

in
e

so
lv

es

γ̂
j

:=
ar

g
m

in
γ
∈R

p
−

1

1 2
n
‖X

β̂
k
,j
−
X
β̂
k
,−
j
γ
‖2 2

+
λ
j
‖γ
‖ 1
,
j
∈

[p
],

an
d

fo
rm

s

Θ̂
j,
·=
−

1 τ̂
2 j

[ γ̂
j,

1
..
.

γ̂
j,
j−

1
1

γ̂
j,
j+

1
..
.

γ̂
j,
p

] ,

w
h
er

e

τ̂ j
=
( 1 n
‖X

β̂
k
,j
−
X
β̂
k
,−
j
γ̂
j
‖2 2

+
λ
j
‖γ̂

j
‖ 1
)1 2
.

W
e

as
su

m
e

(B
1)

th
e

p
ai

rs
{(
x
i,
y i

)}
i∈

[N
]

ar
e

i.
i.

d
.;

th
e

p
re

d
ic

to
rs

ar
e

b
ou

n
d
ed

:

m
a
x
i∈

[N
]
‖x

i‖
∞
.

1;

th
e

p
ro

je
ct

io
n

of
X
β
∗ ,
j

on
R

(X
β
∗ ,
−
j
)

in
th

e
E
[ ∇

2
` k

(β
∗ )
]

in
n
er

p
ro

d
u
ct

is
b

o
u
n
d
ed

:
‖X

β
∗ ,
−
j
γ
β
∗ ,
j
‖ ∞
.

1
fo

r
an

y
j
∈

[p
],

w
h
er

e

γ
β
∗ ,
j

:=
ar

g
m

in
γ
∈R

p
−

1

E
[ ‖
X
β
∗ ,
j
−
X
β
∗ ,
−
j
γ
‖2 2

] .

(B
2)

th
e

ro
w

s
of

E
[ ∇

2
` k

(β
∗ )
] −

1
ar

e
sp

ar
se

:
m

ax
j∈

[p
]
s2 j

lo
g
p

n
∼
o(

1)
,

w
h
er

e
s j

is
th

e
sp

a
rs

it
y

of
( E
[ ∇

2
` k

(β
∗ )
] −

1
) j,
·.

(B
3)

th
e

sm
al

le
st

ei
ge

n
va

lu
e

of
E
[ ∇

2
` k

(β
∗ )
] is

b
ou

n
d
ed

aw
ay

fr
o
m

ze
ro

an
d

it
s

en
tr

ie
s

a
re

b
ou

n
d
ed

.
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C
o
m
m
u
n
ic
a
t
io
n
-e
f
f
ic
ie
n
t
S
pa

r
se

R
e
g
r
e
ssio

n

(B
4)

fo
r

a
n
y
β

su
ch

th
at‖

β
−
β
∗‖

1 ≤
δ

for
som

e
δ
>

0,
th

e
d
iagon

al
en

tries
of
W
β

stay
s

aw
ay

from
zero,

an
d

|ρ̈
(y
,x

T
β

)−
ρ̈
(y
,x

T
β
∗)|≤

|x
T

(β
−
β
∗)|.

(B
5
)

w
e

h
ave

1n ‖
X
k (β̂

k −
β
∗)‖

22 .
P
s

0 λ
2k

an
d
‖
β̂
k −

β
∗‖

1 .
P
s

0 λ
k .

(B
6
)

th
e

d
eriva

tives
ρ̇
(y
,a

),
ρ̈
(y
,a

)
is

lo
cally

L
ip

sch
itz:

m
ax

i∈
[N

] su
p|a

,a ′−
x
Ti
β
∗|≤

δ
su

p
y
|ρ̈

(y
,a

)−
ρ̈
(y
,a ′)|

|a−
a ′|

≤
K

for
som

e
δ
>

0.

F
u
rth

er,

m
ax

i∈
[N

] su
p
y |ρ̇

(y
,x

Ti
β

)|∼
O

(1),

m
ax

i∈
[N

] su
p|a−

x
Ti
β
∗|≤

δ
su

p
y |ρ̈

(y
,a

)|∼
O

(1).

(B
7
)

th
e

d
ia

g
o
n
al

en
tries

of

E [∇
2`
k (β
∗) ]−

1
E [∇

`
k (β
∗)∇

`
k (β
∗)
T ]

E [∇
2`
k (β
∗) ]−

1

a
re

b
ou

n
d
ed

.

T
h
e

p
reced

in
g

assu
m

p
tion

s
d
eserve

elab
oration

.
A

ssu
m

p
tion

s
(B

1),
(B

4),
(B

6),
an

d
(B

7
)

a
re

stan
d
ard

in
th

e
literatu

re
on

h
ig

h
-d

im
en

sion
al

regression
.

T
h
ey

en
su

re
th

e
variou

s
in

term
ed

iate
q
u
an

tities,
su

ch
as
ρ
(y
,x

T
β

)
an

d
its

d
erivaties,

rem
ain

b
ou

n
d
ed

.
A

ssu
m

p
tion

(B
2
)

is
p

erh
a
p
s

th
e

m
ost

restrictive.
T

h
e

assu
m

p
tion

serves
to

en
su

re
th

at
th

e
d
eb

iasin
g

step
is

eff
ective

in
red

u
cin

g
th

e
b
ias

of
th

e
regu

larized
estim

ator.
It

m
ay

b
e

relax
ed

(at
th

e
cost

of

a
d
d
itio

n
a
l

tech
n
icalities)

to
th

e
row

s
of

E
[∇

2`
k (β
∗) ]−

1
ad

m
it

a
s
j -sp

arse
a
p
p
rox

im
ation

.
W

e
refer

to
B

ü
h
lm

an
n

an
d

V
an

D
e

G
eer

(2011)
for

th
e

d
etails.

A
ssu

m
p
tion

(B
3)

is
a

q
u
a
n
tita

tive
version

of
th

e
u
su

al
ran

k
con

d
ition

in
regression

.
It

en
su

res
th

e
regressio

n
co

effi
cien

ts
a
re

id
en

tifi
ab

le
in

th
e

lim
it.

A
ssu

m
p
tion

(B
5)

is
n
ot

n
ecessary

;
it

is
im

p
lied

b
y

th
e

o
th

er
a
ssu

m
p
tion

s.
W

e
refer

to
B

ü
h
lm

an
n

an
d

V
an

D
e

G
eer

(2011),
C

h
ap

ter
6

for
th

e
d
eta

ils.
H

ere
w

e
state

it
as

an
assu

m
p
tio

n
to

sim
p
lify

th
e

ex
p

osition
.

W
e

a
re

read
y

to
state

ou
r

m
ain

resu
lts

con
cern

in
g

th
e

averaged
estim

ator(8).
It

sh
ow

s
th

e
avera

g
ed

estim
ator

ach
ieves

th
e

con
v
ergen

ce
rate

of
th

e
cen

tralized
`
1 -regu

la
rized

M
-

estim
a
to

r.

T
h

e
o
re

m
2
1

U
n

d
er

(B
1
)–

(B
7
),

(8)
w

ith
su

ita
ble

pa
ra

m
eters

λ
j ,λ

k ∼
(

lo
g
p

n

)
12,
j∈

[p
],
k
∈

[m
]

sa
tisfi

es

‖
β̄
−
β
∗‖∞

.
P

(
log

p

N

)
12

+
s

m
a
x

log
p

n
,

(9)

w
h
ere

s
m

a
x

:=
m

ax{s
0 ,s

1 ,...,s
p }.
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L
e
e
e
t
a
l
.

P
ro

o
f

T
h
e

averaged
estim

ator
is

given
b
y

β̄
−
β
∗

=
1m

m
∑k

=
1

β̂
k −

Θ̂
∇
`
k (β̂

k )(β̂
k −

β
∗)−

β
∗.

B
y

th
e

sm
o
oth

n
ess

of
ρ
,

ρ̇
(y
i ,x

Ti
β̂
k )

=
ρ̇
(y
i ,x

Ti
β
∗)

+
ρ̈
(y
i ,ã

i )x
Ti

(β̂
k −

β
∗),

w
h
ere

ã
i

is
a

p
oin

t
b

etw
een

x
Ti
β̂
k

an
d
x
Ti
β
∗.

T
h
u
s

β̄
−
β
∗

=
1m

m
∑k

=
1

β̂
k −

Θ̂
(∇
`
k (β
∗)

+
Q
k (β̂

k −
β
∗))−

β
∗

=
−

Θ̂
(

1m

∑
mk
=

1 ∇
`
k (β
∗) )

+
1m

m
∑k

=
1 (I−

Θ̂
Q
k )(β̂

k −
β
∗).

w
h
ere

Q
k

=
1n ∑

ni=
1
ρ̈
(y
i ,ã

i )x
i x
Ti

,
w

h
ere

th
e

su
m

is
over

th
e

d
ata

p
oin

ts
on

m
ach

in
e
k
.

T
ak

in
g

n
orm

s,
w

e
ob

tain

‖
β̄
−
β
∗‖∞

≤
∥∥
Θ̂
(

1m

∑
mk
=

1 ∇
`
k (β
∗) ) ∥∥∞

+
1m

m
∑k

=
1 ∥∥ (I−

Θ̂
Q
k )(β̂

k −
β
∗) ∥∥∞

.

It
is

p
ossib

le
to

sh
ow

th
at ∥∥

Θ̂
(

1m

∑
mk
=

1 ∇
`
k (β
∗) ) ∥∥∞

.
P

(
lo

g
p

N

)
12,

w
h
ich

corresp
on

d
s

to
th

e
fi
rst

term
in

(9).
W

e
refer

to
B

ü
h
lm

an
n

an
d

V
an

D
e

G
eer

(2011),
C

h
ap

ter
6

fo
r

th
e

d
etails.

W
e

tu
rn

ou
r

atten
tion

to
th

e
secon

d
term

.
B

y
th

e
trian

gle
in

eq
u
ality,

‖(I−
Θ̂
Q
k )(β̂

k −
β
∗)‖∞

≤
∥∥ (I−

Θ̂
∇

2`
k (β̂

k ) )(β̂
k −

β
∗) ∥∥∞

+
∥∥
Θ̂

(∇
2`
k (β̂

k )−
Q
k )(β̂

k −
β
∗) ∥∥∞

≤
m

ax
j∈

[p
] ∥∥
e
Tj
−

Θ̂
j,· ∇

2`
k (β̂

k ) ∥∥∞
‖
β̂
k −

β
∗‖

1

+
1n

n
∑i=

1 ‖
Θ̂
x
i ‖∞

∣∣ρ̈
(y
i ,x

Ti
β̂
k )−

ρ̈
(y
i ,ã

i )x
Ti

(β̂
k −

β
∗) ∣∣.

W
e

p
ro

ceed
term

b
y

term
.

B
y

(7),

m
ax

j∈
[p

] ∥∥
e
Tj
−

Θ̂
j,· ∇

2`
k (β̂

k ) ∥∥∞
≤
λ
j

τ̂
2j

.
1τ̂
2j (

log
p

n

)
12.

B
y

van
d
e

G
eer

et
al.

(2013),
T

h
eorem

3.2,

|τ̂
2j −

τ
2j |.

P

(
m

ax{
s

0 ,s
j }

log
p

n

)
12

T
h
u
s

m
ax

j∈
[p

] ∥∥
e
Tj
−

Θ̂
j,· ∇

2`
k (β̂

k ) ∥∥∞
.
P

(
lo

g
p

n

)
12

an
d
,

b
y

(B
5
),

m
ax

j∈
[p

] ∥∥
e
Tj
−

Θ̂
j,· ∇

2`
k (β̂

k ) ∥∥∞
‖
β̂
k −

β
∗‖

1 .
P
s

m
a
x

log
p

n
.
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S
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r
se

R
e
g
r
e
ss
io
n

W
e

tu
rn

ou
r

at
te

n
ti

on
to

th
e

se
co

n
d

te
rm

.
W

e
h
av

e
‖Θ̂
x
i‖
∞
.
P

1
b

ec
au

se

‖Θ̂
x
i‖
∞
≤

m
ax

j∈
[p

]
‖Θ̂

j,
·X

T k
‖ ∞
.

m
ax

j∈
[p

]
‖Θ̂

j,
·X

T k
,β
∗
‖ ∞

≤
m

ax
j∈

[p
]

1 τ̂
2 j

‖(
X
k
,β
∗
) j
−

(X
k
,β
∗
) −
j
γ̂
j
‖ ∞

.

A
ga

in
,

b
y

va
n

d
e

G
ee

r
et

al
.

(2
01

3)
,

T
h
eo

re
m

3.
2,

.
P

m
ax

j∈
[p

]
1 τ
2 j

‖(
X
k
,β
∗
) j
−

(X
k
,β
∗
) −
j
γ̂
j
‖ ∞

.
P

m
ax

j∈
[p

]
1 τ
2 j

‖(
X
k
,β
∗
) j
−

(X
k
,β
∗
) −
j
γ
j
‖ ∞

+
1 τ
2 j

‖(
X
k
,β
∗
) j
‖ ∞
‖(
γ̂
j
−
γ
j
)‖

1
.

w
h
ic

h
,

b
y

(B
1)

an
d

va
n

d
e

G
ee

r
et

al
.

(2
01

3)
,

T
h
eo

re
m

3.
2,

.
P

1
+
s j

lo
g
p

n
.

T
h
u
s

1 n

n ∑ i=
1

‖Θ̂
x
i‖
∞
∣ ∣ ρ̈

(y
i,
x
T i
β̂
k
)
−
ρ̈
(y
i,
ã
i)
x
T i

(β̂
k
−
β
∗ )
∣ ∣

.
P

1 n

n ∑ i=
1

∣ ∣ ρ̈
(y
i,
x
T i
β̂
k
)
−
ρ̈
(y
i,
ã
i)
x
T i

(β̂
k
−
β
∗ )
∣ ∣ ,

w
h
ic

h
,

b
y

(B
5)

an
d

(B
6)

,
is

at
m

os
t

.
1 n
‖X

k
(β̂
k
−
β
∗ )
‖2 2
.
P
s 0

lo
g
p

n
.

W
e

p
u
t

th
e

p
ie

ce
s

to
ge

th
er

to
d
ed

u
ce

1 m

∑
m k
=

1

∥ ∥(
I
−

Θ̂
Q
k

) (β̂
k
−
β
∗ )
∥ ∥ ∞
.
P

s m
a
x

lo
g
p

n
.

B
y

co
m

b
in

in
g

th
e

L
em

m
a

11
w

it
h

T
h
eo

re
m

16
,

w
e

ca
n

sh
ow

th
at
β̃
h
t

:=
H

T
(β̃
,t

)
fo

r
an

ap
p
ro

p
ri

at
e

th
re

sh
ol

d
t

co
n
ve

rg
es

to
β
∗

at
th

e
sa

m
e

ra
te

s
as

th
e

ce
n
tr

al
iz

ed
` 1

-r
eg

u
la

ri
ze

d
M

-e
st

im
at

or
.

T
h

e
o
re

m
2
2

U
n

d
er

th
e

co
n

d
it

io
n

s
o
f

T
h
eo

re
m

2
1
,

h
a
rd

-t
h
re

sh
o
ld

in
g
β̃

a
t
t
∼
( l

o
g
p

N

)1 2
+

m
a
x
j
∈

[p
]
s j

lo
g
p

n
gi

ve
s

1
.
‖β̃

h
t
−
β
∗ ‖
∞
.
P

( l
o
g
p

N

)1 2
+

s m
a
x

lo
g
p

n
,

2
.
‖β̃

h
t
−
β
∗ ‖

2
.
P

( s
0

lo
g
p

N

)1 2
+
√
s 0
s m

a
x

lo
g
p

n
,
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3
4

5 x 
10

4

−
2.

7

−
2.

6

−
2.

5

−
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4

−
2.

3

−
2.

2

1
2

3
4

5 x 
10

4

−
2.

6

−
2.

5

−
2.

4

−
2.

3

−
2.

2

−
2.

1

  

G
lo

ba
l L

as
so

N
ai

ve
−

A
vg

A
vg
−

D
eb

ia
se

d

T
ot

al
N

u
m

b
er

of
S
am

p
le

s
(n
k
)

T
ot

al
N

u
m

b
er

of
S
am

p
le

s
(n
k
)

(Σ
=
I
,
p

=
10

4
,
n

=
5
×

10
3
)

(Σ
ij

=
0.

5|
i−
j|

,
p

=
10

4
,
n

=
5
×

1
03

)

log10`∞Error

log10`∞Error

F
ig

u
re

1:
T

h
e

es
ti

m
at

io
n

er
ro

r
(i

n
` ∞

n
or

m
)

of
th

e
av

er
ag

ed
d
eb

ia
se

d
la

ss
o

es
ti

m
a
to

r
ve

rs
u
s

th
at

of
th

e
ce

n
tr

al
iz

ed
la

ss
o

w
h
en

th
e

p
re

d
ic

to
rs

ar
e

G
au

ss
ia

n
.

In
b

o
th

se
tt

in
g
s,

th
e

es
ti

m
at

io
n

er
ro

r
of

th
e

av
er

ag
ed

d
eb

ia
se

d
es

ti
m

at
or

is
co

m
p
ar

a
b
le

to
th

a
t

o
f

th
e

ce
n
tr

al
iz

ed
la

ss
o,

w
h
il
e

th
at

of
th

e
n
ai

v
e

av
er

ag
ed

la
ss

o
is

m
u
ch

w
o
rs

e.

3
.
‖β̃

h
t
−
β
∗ ‖

1
.
P

( s
2 0

lo
g
p

N

)1 2
+

s 0
m

a
x
j
∈

[p
]
s j

lo
g
p

n
.

A
ss

u
m

in
g
s 0
∼
s m

a
x
,

T
h
eo

re
m

22
sh

ow
s

w
h
en

m
.

n
s2 0

lo
g
p
,

th
e

va
ri

an
ce

te
rm

is
d
o
m

i-

n
an

t,
so

th
e

co
n
v
er

ge
n
ce

ra
te

s
si

m
p
li
fy

to

1.
‖β̃

h
t
−
β
∗ ‖
∞
.
P

( l
o
g
p

N

)1 2
,

2.
‖β̃

h
t
−
β
∗ ‖

2
.
P

( s
0

lo
g
p

N

)1 2
,

3.
‖β̃

h
t
−
β
∗ ‖

1
.
P

( s
2 0

lo
g
p

N

)1 2
.

6
.

S
im

u
la

ti
o
n
s

W
e

va
li
d
at

e
ou

r
th

eo
re

ti
ca

l
re

su
lt

s
w

it
h

si
m

u
la

ti
on

s.
F

ir
st

,
w

e
st

u
d
y

th
e

es
ti

m
a
ti

o
n

er
ro

r
of

th
e

av
er

ag
ed

d
eb

ia
se

d
la

ss
o

in
` ∞

n
o
rm

.
T

o
fo

cu
s

on
th

e
eff

ec
t

of
av

er
a
g
in

g
,

w
e

g
ro

w
th

e
n
u
m

b
er

of
m

ac
h
in

es
m

li
n
ea

rl
y

w
it

h
th

e
(t

ot
al

)
sa

m
p
le

si
ze

N
.

In
ot

h
er

w
o
rd

s,
w

e
fi
x

th
e

sa
m

p
le

si
ze

p
er

m
ac

h
in

e
n

an
d

gr
ow

th
e

to
ta

l
sa

m
p
le

si
ze
N

b
y

ad
d
in

g
m

a
ch

in
es

.
T

h
e

tu
n
in

g
p
ar

am
et

er
s

w
er

e
se

t
to

th
ei

r
or

ac
le

va
lu

es
st

at
ed

in
th

e
T

h
eo

re
m

1
2
.

F
ig

u
re

1
co

m
p
ar

es
th

e
es

ti
m

at
io

n
er

ro
r

(i
n
` ∞

n
or

m
)

of
th

e
av

er
ag

ed
d
eb

ia
se

d
la

ss
o

es
ti

m
a
to

r
w

it
h

th
at

of
th

e
ce

n
tr

al
iz

ed
la

ss
o.

W
e

se
e

th
e

es
ti

m
at

io
n

er
ro

r
of

th
e

av
er

ag
ed

d
eb

ia
se

d
la

ss
o

es
ti

m
at

or
is

co
m

p
ar

ab
le

to
th

at
of

th
e

ce
n
tr

al
iz

ed
la

ss
o,

w
h
il
e

th
at

of
th

e
n
a
iv

e
av

er
a
g
ed

la
ss

o
is

m
u
ch

w
or

se
.

W
e

co
n
d
u
ct

a
se

co
n
d

se
t

of
si

m
u
la

ti
on

s
to

st
u
d
y

th
e

eff
ec

t
of

th
e

n
u
m

b
er

o
f

m
a
ch

in
es

on
th

e
es

ti
m

at
io

n
eff

or
t

of
th

e
av

er
ag

ed
es

ti
m

at
or

.
T

o
fo

cu
s

on
th

e
eff

ec
t

of
th

e
n
u
m

b
er
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C
o
m
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u
n
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a
t
io
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-e
f
f
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ie
n
t
S
pa

r
se

R
e
g
r
e
ssio

n

5
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−
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−
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−
2.5

−
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−
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−
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20
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−
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−
2.5

−
2.4

−
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−
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−
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−
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G
lobal Lasso

N
aive−

A
vg

A
vg−

D
ebiased

N
u
m

b
er

of
M

ach
in

es
(k

)
N

u
m

b
er

of
M

ach
in

es
(k

)

(Σ
=
I
,
p

=
10

4,
n
k

=
2×

10
5)

(Σ
ij

=
0.5 |i−

j|,
p

=
10

4,
n
k

=
2×

10
5)

log10 `∞ Error

log10 `∞ Error
F

ig
u
re

2
:

T
h
e

estim
ation

error
(in

`∞
n
orm

)
of

th
e

averaged
estim

ator
as

th
e

n
u
m

b
er

of
m

a
ch

in
es
k

vary.
W

h
en

th
e

n
u
m

b
er

of
m

ach
in

es
is

sm
all,

th
e

error
is

com
p
arab

le
to

th
at

of
th

e
cen

tralized
lasso.

H
ow

ever,
w

h
en

th
e

n
u
m

b
er

of
m

ach
in

es
ex

ceed
s

a
certain

th
resh

old
,

th
e

b
ias

term
(w

h
ich

grow
s

lin
early

in
k
)

is
d
om

in
an

t,
a
n
d

th
e

p
erform

an
ce

of
th

e
averaged

estim
ator

d
egrad

es.

m
a
ch

in
es
k
,

w
e

fi
x

th
e

(total)
sam

p
le

size
N

an
d

va
ry

th
e

n
u
m

b
er

of
m

ach
in

es
th

e
sam

p
les

a
re

d
istrib

u
ted

across.
T

h
e

tu
n
in

g
p
aram

eters
w

ere
again

set
to

th
e

oracle
valu

es
stated

in
th

e
T

h
eo

rem
1
2.

F
igu

re
2

sh
ow

s
h
ow

th
e

estim
ation

error
(in

`∞
n
orm

)
of

th
e

avera
ged

estim
a
to

r
g
row

s
as

th
e

n
u
m

b
er

of
m

ach
in

es
grow

s.
W

h
en

th
e

n
u
m

b
er

of
m

ach
in

es
is

sm
all,

th
e

estim
a
tio

n
error

of
th

e
averaged

estim
ator

is
com

p
arab

le
to

th
at

of
th

e
cen

tra
lized

la
sso

.
H

ow
ever,

w
h
en

th
e

n
u
m

b
er

of
m

ach
in

es
ex

ceed
s

a
certa

in
th

resh
old

,
th

e
estim

ation

erro
r

g
row

s
w

ith
th

e
n
u
m

b
er

of
m

ach
in

es.
T

h
is

tran
sition

o
ccu

rs
w

h
en

s
lo

g
p

n
&
(

lo
g
p

N

)
12,

o
r

eq
u
iva

len
tly,

w
h
en

k
&
(

N
s
2

lo
g
p )

12.
T

h
e

p
reced

in
g

ob
servation

is
con

sisten
t

w
ith

th
e

p
red

ictio
n

o
f

L
em

m
a

10:
w

h
en

th
e

n
u
m

b
er

of
m

ach
in

es
ex

ceed
s

a
certa

in
th

resh
old

,
th

e
b
ia

s
term

o
f

ord
er

s
lo

g
p

n
b

ecom
es

d
om

in
an

t.
S
in

ce
s

lo
g
p

n
∝
k
,

w
e

ex
p

ect
th

e
error

to
grow

lin
ea

rly
w

ith
k
,

w
h
ich

agrees
w

ith
th

e
tren

d
s

in
F

igu
re

2.

W
e

con
d
u
ct

a
th

ird
set

of
sim

u
lation

s
to

stu
d
y

th
e

eff
ect

of
th

resh
old

in
g

on
th

e
estim

ation
erro

r
in
`
2

n
o
rm

.
T

h
e

tu
n
in

g
p
aram

eters
w

ere
set

to
th

e
oracle

valu
es

stated
in

th
e

T
h
eorem

1
2
.

F
ig

u
re

3
co

m
p
ares

th
e

estim
ation

error
in

cu
rred

b
y

th
e

averag
ed

estim
ator

w
ith

an
d

w
ith

o
u
t

th
resh

old
in

g
v
ersu

s
th

at
of

th
e

cen
tralized

lasso.
S
in

ce
th

e
avera

ged
estim

a
tor

is
u
su

a
lly

d
en

se,
its

estim
ation

error
(in

`
2

n
orm

)
is

large
com

p
ared

to
th

at
of

th
e

cen
tralized

la
sso

.
H

ow
ever,

after
th

resh
old

in
g,

th
e

averaged
estim

ator
p

erform
s

com
p
arab

ly
v
ersu

s
th

e
cen

tra
lized

la
sso.

T
h
is

d
em

on
strates

th
e

im
p

orta
n
ce

of
th

e
th

resh
old

in
g

step
to

ach
ieve

low
`
2

erro
r.

In
p
ra

ctice,
it

is
p

ossib
le

to
set

th
e

tu
n
in

g
p
aram

eter
δ

b
y

th
e

b
isection

m
eth

o
d

in
th

e
a
cco

m
p
a
n
y
in

g
co

d
e

to
J
avan

m
ard

an
d

M
o
n
ta

n
ari

(201
3a);

v
ia

b
isection

,
th

ey
search

for
th

e
sm

a
llest

δ
su

ch
th

at
th

e
op

tim
ization

p
rogram

in
(2)

is
feasib

le.
T

h
e

lasso
tu

n
in

g
p
aram

eter
λ

is
set

b
y

fi
rst

estim
atin

g
th

e
n
oise

varian
ce

u
sin

g
th

e
resid

u
als

an
d

th
en

u
sin

g
th

e
form

u
la
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G
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A
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D
ebiased

H
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A
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D
ebiased

T
otal

N
u
m

b
er
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S
am

p
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(n
k
)

T
otal

N
u
m

b
er

o
f

S
am

p
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(n
k
)
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=
I
,
p

=
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4,
n

=
5×
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3)

(Σ
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=
0.5 |i−

j|,
p

=
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4,
n

=
5×
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3)

log10 `2 Error

log10 `2 Error

F
igu

re
3:

T
h
e

estim
ation

error
(in

`
2

n
orm

)
of

th
e

averaged
estim

ator
w

ith
an

d
w

ith
ou

t
th

resh
old

in
g

versu
s

th
at

of
th

e
cen

tralized
lasso

w
h
en

th
e

p
red

ictors
are

G
a
u
s-

sian
.

In
b

oth
settin

gs,
th

resh
old

in
g

red
u
ces

th
e

estim
ation

error
b
y

ord
er(s)

of
m

agn
itu

d
e.

A
lth

ou
gh

th
e

estim
ation

error
of

th
e

av
eraged

estim
ator

is
large

com
p
ared

to
th

at
of

th
e

cen
tralized

lasso,
th

e
th

resh
old

ed
averaged

estim
ator

p
erform

s
com

p
arab

ly,
or

even
b

etter
th

an
,

th
e

cen
tralized

lasso.

λ
=
σ √

2
log

p
.

T
h
e

p
aram

eter
λ

can
b

e
ch

osen
in

d
ep

en
d
en

tly
of
σ

,
if

w
e

rep
lace

th
e

lasso
w

ith
th

e
sq

rt-lasso
B

ellon
i

et
al.

(2011);
all

of
th

e
sam

e
th

eoretical
gu

aran
tees

still
ap

p
ly,

sin
ce

th
e

sq
rt-lasso

h
as

th
e

sam
e

con
sisten

cy
gu

aran
tees.

F
or

gen
eralized

lin
ear

m
o
d
els,

th
e

oracle
ch

oice
of
λ

d
ep

en
d
s

on
k
n
ow

n
q
u
an

tities
N

egah
b
an

et
al.

(2012).
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S
u
m

m
a
ry

a
n
d

d
iscu

ssio
n

W
e

d
ev

ised
a

com
m

u
n
ication

-effi
cien

t
ap

p
roach

to
d
istrib

u
ted

sp
arse

regression
in

th
e

h
igh

-
d
im

en
sion

al
settin

g.
T

h
e

key
id

ea
is

fi
rst

“d
eb

iasin
g”

lo
cal

lasso
estim

ators,
an

d
th

en
averagin

g
th

e
d
eb

iased
estim

ators.
W

e
sh

ow
th

at
as

lon
g

as
th

e
d
ata

is
n
ot

sp
lit

across
to

o
m

an
y

m
ach

in
es,

th
e

averaged
estim

ator
ach

iev
es

th
e

con
v
ergen

ce
rate

of
th

e
cen

tralized
lasso

estim
ator.

In
th

e
ap

p
en

d
ix

,
w

e
sh

ow
th

at
b
y

foregoin
g

con
sisten

cy
in

th
e
`∞

n
orm

,
it

is
p

ossib
le

to
fu

rth
er

red
u
ce

th
e

sam
p
le

com
p
lex

ity
of

th
e

averaged
estim

ator
to

th
at

of
th

e
cen

tralized
lasso

estim
ator.

F
u
rth

er,
th

e
d
istrib

u
ted

ap
p
roach

to
d
eb

iasin
g

ex
ten

d
s

read
ily

to
oth

er
`
1

regu
larized

M
-estim

ators.
In

con
cu

rren
t

w
ork

,
th

e
ap

p
roach

of
averagin

g
d
eb

iased
M

-estim
ators

w
as

p
rop

osed
b
y

B
attey

et
al.

(2
015)

for
h
igh

-d
im

en
sion

al
in

feren
ce.
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a
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n
a
n

d
C

o
m

p
u

ta
tio

n
a
l

c
o
m

p
le

x
ity

In
recen

t
years,

th
ere

h
as

a
b

een
a

fl
u
rry

of
w

ork
on

estab
lish

in
g

com
m

u
n
ica

tion
low

er
b

ou
n
d
s

for
m

ean
estim

ation
in

th
e

G
au

ssian
d
istrib

u
tion

.
In

oth
er

w
ord

s,
th

ey
estab

lish
th

e
m

in
im

u
m

com
m

u
n
ication

C
n
eed

ed
to
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tain

`
22

risk
R

,
w

h
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‖β̂
−
β
∗‖

22 ≤
R

(D
u
ch

i
et

al.,
2014;

G
arg

et
al.,

2014).
T

h
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lts
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n
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d
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p
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2
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C
o
m
m
u
n
ic
a
t
io
n
-e
f
f
ic
ie
n
t
S
pa

r
se

R
e
g
r
e
ss
io
n

re
gr

es
si

on
,

si
n
ce

th
ey

d
o

n
ot

im
p

os
e

sp
ar

si
ty

on
th

e
m

ea
n
.

In
B

ra
v
er

m
an

et
al

.
(2

01
5)

,

th
e

au
th

or
s

es
ta

b
li
sh

ed
th

at
to

ob
ta

in
ri

sk
R
≤

s
lo

g
p

N
at

le
as

t
Ω
( m

m
in

(n
,p

)
lo

g
p

)
b
it

s
of

co
m

-

m
u
n
ic

at
io

n
is

re
q
u
ir

ed
.

O
u
r

ap
p
ro

ac
h

co
m

m
u
n
ic

at
es
Õ

(m
p
)

b
it

s
to

ac
h
ie

ve
ri

sk
o
f
s

lo
g
p

N
,

so
is

co
m

m
u
n
ic

at
io

n
-o

p
ti

m
al

w
h
en

p
.
n

.
T

o
ou

r
k
n
ow

le
d
ge

,
lo

w
es

t
k
n
ow

n
co

m
m

u
n
ic

a-

ti
on

co
m

p
le

x
it

y
fo

r
so

lv
in

g
th

e
la

ss
o

is
at

le
as

t
m
p
σ

m
a
x
(Σ

)
σ

m
in

(Σ
)

lo
g

1 ε
,

fo
r

an
y

d
es

ir
ed

ac
cu

ra
cy

ε
&
√

s
lo

g
p

n
(A

ga
rw

al
et

al
.,

20
12

).
T

h
is

co
m

m
u
n
ic

at
io

n
co

st
is

la
rg

er
th

an
ou

r
al

go
ri

th
m

b
y

a
m

u
lt

ip
li
ca

ti
ve

fa
ct

or
of

σ
m

a
x
(Σ

)
σ

m
in

(Σ
)

lo
g

1 ε
,

w
h
ic

h
is

su
b
st

an
ti

al
ly

la
rg

er
w

h
en

th
e

p
ro

b
le

m
is

p
o
or

ly
co

n
d
it

io
n
ed

.
In

li
gh

t
of

th
e

fa
ct

th
at

ou
r

ap
p
ro

ac
h

is
es

se
n
ti

al
ly

op
ti

m
al

in
te

rm
s

of
co

m
m

u
n
ic

at
io

n
co

st
,

w
e

tu
rn

to
th

e
co

m
p
u
ta

ti
on

al
co

m
p
le

x
it

y
of

ou
r

m
et

h
o
d
.

T
h
e

m
os

t
in

te
n
si

v
e

st
ep

of
ou

r
ap

p
ro

ac
h

is
th

e
co

m
p
u
ta

ti
o
n

of
Θ̂

.
T

o
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m
p
u
te
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e

ro
w

of
Θ̂

re
q
u
ir
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so
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in

g
an
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ti

m
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at
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n
p
ro

b
le

m
w

h
os

e
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st
is

eq
u
iv

al
en

t
to

a
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o

in
d
im

en
si

on
p

w
it

h
n

sa
m

p
le

s.
F

or
th

e
p
u
rp

os
e

of
co

m
p
ar

is
on

,
le

t
u
s
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su

m
e

th
at

th
e

la
ss

o
so

lv
er

p
er

fo
rm

s
T

it
er

at
io

n
s.

T
h
u
s

th
e

co
m

p
le

x
it

y
of

so
lv

in
g

a
la

ss
o

in
d
im

en
si

on
p

w
it

h
n

sa
m

p
le

s
is
O

(n
p
T

).
In

th
e

si
m

p
le

ap
p
ro

ac
h

of
S
ec

ti
on

2
w

h
er

e
ea

ch
m

a
ch

in
e

co
m

p
u
te

s
it

s
ow

n
Θ̂

,
th

e
p
ar

al
le

l
ru

n
ti

m
e

is
O

(n
p

2
T

).
H

ow
ev

er
u
si

n
g

th
e

ap
p
ro

ac
h

of
S
ec

ti
on

3,
ea

ch
m

ac
h
in

e
is

on
ly

co
m

p
u
ti

n
g
p
/m

ro
w

s
of

Θ̂
.

T
h
is

b
ri

n
gs

d
ow

n
th

e
p
ar

al
le
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th

e
ex

p
ecta

tio
n

co
n
sisten

t
ap

p
rox

im
ation

to
m

itigate
for

errors
on

h
igh

er
ord

er
cu

m
u
lan

ts
h
ave

1
.

F
o
r

b
rev

ity
in

ex
p

ressio
n

s
w

e
w

ill
u

se
th

e
n

o
ta

tio
n
x

b
o
th

fo
r

a
ra

n
d

o
m

va
ria

b
le

a
n

d
its

rea
liza

tio
n

,
rely

in
g

o
n

co
n
tex

t
fo

r
th

e
d

istin
ctio

n
.
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R
a
y
m
o
n
d

a
n
d

R
ic
c
i-T

e
r
se

n
g
h
i

sh
ow

n
p
rom

ise
in

O
p
p

er,
P

aq
u
et,

an
d

W
in

th
er

(2
013)

an
d

P
aq

u
et,

W
in

th
er,

an
d

O
p
p

er
(2009),

b
u
t

at
th

is
p

oin
t

com
e

w
ith

few
th

eoretical
gu

aran
tees.

In
th

e
con

tex
t

of
m

ach
in

e
learn

in
g,

oth
er

related
ap

p
roach

es
for

im
p
rov

in
g

m
ean

-fi
eld

estim
ation

h
ave

b
een

su
ccessfu

lly
d
em

on
strated

in
K

ap
p

en
an

d
R

o
d
rigu

ez
(1998)

an
d

G
ior-

d
an

o,
B

ro
d
erick

,
an

d
J
ord

an
(2015).

M
ean

-fi
eld

va
riation

al
B

ayes
is

an
im

p
ortan

t
ap

-
p
lication

of
variation

al
ap

p
rox

im
ation

s,
b
u
t

th
e

ab
sen

ce
of

an
accu

rate
u
n
d
erstan

d
in

g
of

covarian
ce

in
th

e
m

o
d
el

p
aram

eters
h
ad

b
een

a
w

eak
n
ess.

R
ecen

tly
it

w
as

sh
ow

n
b
y

G
ior-

d
an

o,
B

ro
d
erick

,
an

d
J
ord

an
(2015)

th
at

lin
ear

resp
on

se
cou

ld
b

e
u
sed

to
m

ore
accu

rately
estim

ate
th

ese
q
u
an

tities.

T
h
e

B
eth

e
variation

al
ap

p
rox

im
ation

is
also

an
im

p
ortan

t
ap

p
rox

im
a
tion

in
th

e
con

tex
t

of
sp

arse
grap

h
ical

m
o
d
els,

for
w

h
ich

lo
o
p
y

b
elief

p
rop

agation
(L

B
P

)
is

th
e

m
ost

fam
ou

s
algorith

m
.

L
in

ear
resp

on
se

h
as

also
b

een
u
sed

to
im

p
rove

th
is

ap
p
rox

im
ation

,
ex

am
p
les

in
-

clu
d
e

M
on

tan
ari

an
d

R
izzo

(2005)
an

d
M

o
oij,

W
em

m
en

h
ove,

K
ap

p
en

,
an

d
R

izzo
(2007).

A
large

p
art

of
th

is
d
evelop

m
en

t
h
as

b
een

th
rou

gh
lo

op
-correctio

n
algorith

m
s

sin
ce

th
e

failu
re

of
th

e
ap

p
rox

im
ation

is
k
n
ow

n
to

b
e

related
to

lo
op

s
in

th
e

grap
h
ical

m
o
d
el

rep
resen

tation
.

T
h
ere

also
ex

ist
elegan

t
lo

op
correction

m
eth

o
d
s

n
ot

rely
in

g
on

th
e

lin
ear

resp
on

se:
lib

D
A

I
is

a
co

d
e

rep
ository

th
at

h
as

collected
so

m
e

of
th

e
m

eth
o
d
s

togeth
er

(see
M

o
oij,

2010),
w

e
d
evelop

ed
ou

r
m

eth
o
d
s

b
ased

on
th

is
lib

rary,
in

p
articu

lar,
th

e
im

p
lem

en
tation

of
H

esk
es,

A
lb

ers,
an

d
K

ap
p

en
(2003).

A
n

ex
p
an

sion
ab

ou
t

th
e

lo
op

free
ap

p
rox

im
ation

w
as

d
evelop

ed
b
y

C
h
ertk

ov
an

d
C

h
ern

yak
(2006),

b
u
t

is
cu

m
b

ersom
e

w
h
en

m
an

y
lo

op
s

are
p
resen

t.

S
everal

p
ap

ers
related

to
an

ex
ten

sion
of

th
e

B
eth

e
ap

p
rox

im
ation

w
ere

p
u
b
lish

ed
b
y

Y
asu

d
a

an
d

T
an

aka
(2013),

R
ay

m
on

d
a
n
d

R
icci-T

ersen
gh

i
(2013b

),R
ay

m
on

d
an

d
R

icci-
T

ersen
gh

i
(2013a)

an
d

Y
asu

d
a

(2013).
T

h
e

id
ea

w
as

very
sim

ilar
to

th
at

of
ad

ap
tiv

e-T
A

P
,
to

m
in

im
ize

th
e

variation
al

fu
n
ction

su
b

ject
to

th
e

con
strain

t
of

statistical
con

sisten
cy.

W
h
en

ap
p
lied

to
th

e
m

ean
-fi

eld
ap

p
rox

im
ation

it
w

as
realized

th
ese

m
eth

o
d
s

w
ere

eq
u
ivalen

t
to

ad
ap

tive-T
A

P
,

b
u
t

in
th

e
con

tex
t

o
f

B
eth

e
an

d
region

-b
a
sed

free
en

ergies
im

p
roved

p
erfor-

m
an

ce
w

as
id

en
tifi

ed
.

In
R

ay
m

on
d

an
d

R
icci-T

ersen
gh

i
(2013b

)
an

d
H

u
an

g
an

d
K

ab
ash

im
a

(2013)
lin

ear
resp

on
se

fram
ew

ork
s

w
ere

also
leveraged

in
th

e
rev

erse
d
irection

to
solv

e
th

e
in

verse-Isin
g

p
rob

lem
(in

ferrin
g

p
aram

eters
from

statistics).

T
h
ese

variation
al

fram
ew

ork
s

w
ere

ap
p
lied

in
itia

lly
to

B
eth

e
an

d
m

ean
-fi

eld
ap

p
rox

im
a-

tion
s

on
p
airw

ise
b
in

ary
state

m
o
d
els,

in
Y

asu
d
a

(20
13)

an
ex

ten
sion

to
gen

eral
d
iscrete

states
w

as
p
rov

id
ed

,
w

h
ereas

R
ay

m
on

d
an

d
R

icci-T
ersen

gh
i
(2013b

)
ap

p
lied

th
e

tech
n
iq

u
e

to
region

-b
ased

variation
al

fram
ew

ork
s

an
d

a
b
ro

ad
er

ra
n
ge

of
con

strain
t

ty
p

es.
In

th
is

p
ap

er,
w

e
con

sid
er

gen
eric

d
iscrete

alp
h
ab

ets,
region

-b
ased

free
en

ergies
(in

clu
sive

of
th

e
B

eth
e

ap
-

p
rox

im
ation

)
an

d
b

oth
sin

gle-variab
le

a
n
d

p
a
irw

ise
variab

le
con

sisten
cy

con
strain

ts.
B

u
ild

-
in

g
on

a
b

elief
p
rop

agation
ap

p
roach

w
e

d
erive

to
ols

for
m

in
im

izin
g

con
strain

ed
variatio

n
al

free
en

ergies.

1
.2

O
u

tlin
e

In
S
ection

2,
w

e
d
efi

n
e

a
set

of
variation

al
ap

p
rox

im
ation

s
an

d
m

otivate
th

e
in

clu
sion

of
ad

d
i-

tion
al

con
strain

ts.
In

S
ection

3,
w

e
d
escrib

e
m

eth
o
d
s

to
m

in
im

ize
th

e
free

en
ergy

su
b

ject
to

th
ese

con
strain

ts.
In

S
ection

4,
w

e
com

p
are

th
e

p
erform

an
ce

of
con

strain
ed

ap
p
rox

im
ation

s
again

st
ex

act
resu

lts
on

som
e

stan
d
ard

m
o
d
els,

d
em

on
stratin

g
a

sign
ifi

can
t

ad
van

tage
in

m
an

y
cases.

In
S
ection

5,
w

e
d
iscu

ss
ou

r
fi
n
d
in

gs
in

th
e

con
tex

t
of

all
ex

p
erim

en
tal

resu
lts
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V
a
r
ia
t
io
n
a
l
M
e
t
h
o
d
s
a
n
d

L
in
e
a
r
R
e
sp

o
n
se

F
ig

u
re

1:
T

h
e

co
n
st

ra
in

ed
va

ri
at

io
n
al

ap
p
ro

x
im

at
io

n
s

w
e

p
re

se
n
t

ca
n

b
e

a
p
p
li
ed

to
m

o
d
el

s
w

it
h

m
u
lt

i-
va

ri
ab

le
in

te
ra

ct
io

n
s,

as
re

p
re

se
n
te

d
b
y

fa
ct

or
gr

ap
h
s.

T
w

o
ex

am
p
le

s
ar

e
sh

ow
n
.

T
op

:
th

e
al

ar
m

n
et

w
or

k
is

a
w

el
l-

k
n
ow

n
to

y
ex

am
p
le

of
a

B
ay

es
ia

n
n
et

,
h
er

e
re

p
re

se
n
te

d
as

a
fa

ct
or

gr
ap

h
.

S
q
u
ar

es
d
en

ot
e

fa
ct

or
s
ψ
a
(x
a
),

w
h
ic

h
ac

t
ov

er
su

b
se

ts
of

va
ri

ab
le

s
x
a
,

ea
ch

va
ri

ab
le

re
p
re

se
n
te

d
b
y

a
ci

rc
le

.
B

ot
to

m
:
N

=
10

va
ri

ab
le

s
in

te
ra

ct
in

g
a
cc

or
d
in

g
to

a
ra

n
d
om

cu
b
ic

gr
ap

h
is

re
p
re

se
n
te

d
,

ea
ch

co
u
p
li
n
g

(J
)

is
re

p
re

se
n
te

d
b
y

a
fa

ct
or

w
it

h
tw

o
co

n
n
ec

ti
on

s,
ea

ch
fi
el

d
(h

)
b
y

a
si

n
gl

y
co

n
n
ec

te
d

fa
ct

or
.

an
d

ot
h
er

in
si

gh
ts

ga
in

ed
,

b
ef

or
e

co
n
cl

u
d
in

g
in

S
ec

ti
on

6.
A

p
p

en
d
ic

es
in

cl
u
d
e

ex
ac

t
ex

-
p
re

ss
io

n
s

fo
r

th
e

fu
ll
y

co
n
n
ec

te
d

fe
rr

om
ag

n
et

ex
am

p
le

,
p
se

u
d
o
co

d
e

an
d

al
go

ri
th

m
ic

d
et

ai
ls

,
p
ro

of
s

of
co

n
ve

rg
en

ce
fo

r
so

m
e

m
et

h
o
d
s,

d
is

cu
ss

io
n

of
so

lu
ti

on
ex

is
te

n
ce

an
d

co
n
ve

rg
en

ce
,

an
d

h
ow

to
se

le
ct

co
n
st

ra
in

ts
fo

r
in

cl
u
si

on
.

2
.

C
o
n
st

ra
in

e
d

V
a
ri

a
ti

o
n
a
l

A
p
p
ro

x
im

a
ti

o
n
s

V
ar

ia
ti

on
al

fr
ee

en
er

gy
ap

p
ro

x
im

at
io

n
s

ar
e

p
ow

er
fu

l
to

ol
s

fo
r

a
p
p
ro

x
im

a
te

in
fe

re
n
ce

(s
ee

Y
ed

id
ia

et
al

.,
20

05
;

O
p
p

er
an

d
W

in
th

er
,

2
00

5;
W

ai
n
w

ri
gh

t
an

d
J
or

d
an

,
20

08
;

M
ez

ar
d

an
d

M
on

ta
n
ar

i,
20

09
).

W
e

in
tr

o
d
u
ce

in
th

is
se

ct
io

n
th

e
m

ea
n
-fi

el
d
,

B
et

h
e,

an
d

re
gi

on
-b

as
ed

(a
ls

o
ca

ll
ed

K
ik

u
ch

i)
ap

p
ro

x
im

at
io

n
s.

A
se

t
of

si
m

p
li
fi
ed

ex
p
re

ss
io

n
s

ap
p
ro

p
ri

at
e

to
th

e
B

et
h
e

ap
p
ro

x
im

at
io

n
fo

r
an

Is
in

g
m

o
d
el

is
gi

ve
n

al
on

gs
id

e
th

e
g
en

er
al

ex
p
re

ss
io

n
s.

W
e

fi
rs

t
in

tr
o
d
u
ce

a
ge

n
er

al
iz

at
io

n
of

th
e

p
ro

b
ab

il
it

y
ov

er
th

e
N

va
ri

ab
le

s
x

,
in

tr
o
d
u
ci

n
g

au
x
il
ia

ry
p
ar

am
et

er
s
ν

,

p
ν
(x

)
=

1

Z
(ν

)

M ∏ a
=
1

ψ
a
(x
a
)
N ∏ i=
1

[ ∏

y

ex
p

(ν
i,
y
δ x
i
,y

)]
.

(2
)

T
h
is

co
in

ci
d
es

w
it

h
(1

)
in

th
e

li
m

it
ν
→

0.
T

h
e

p
ro

d
u
ct

on
y

is
ov

er
al

l
p

os
si

b
le

st
at

es
of
x
i.

F
or

ou
r

m
et

h
o
d

to
ap

p
ly

th
e

p
ro

b
ab

il
it

y
n
ee

d
s

to
b

e
d
iff

er
en

ti
ab

le
w

it
h

re
sp

ec
t

to
th

e
p
ar

am
et

er
s
ν

,
th

ou
gh

m
o
d
ifi

ca
ti

on
s

al
lo

w
fo

r
th

e
m

or
e

ge
n
er

al
ca

se
2
.

T
h
e

ch
oi

ce
of

st
at

is
ti

cs
{δ
x
i
,y
}

si
m

p
li
fi
es

ou
r

p
re

se
n
ta

ti
on

,
b
u
t

m
or

e
ge

n
er

al
ly

w
e

m
ig

h
t

co
n
si

d
er

a
se

t
of

si
n
gl

e
va

ri
ab

le
fu

n
ct

io
n
s
{φ

y
(x
i)
},

th
is

is
d
is

cu
ss

ed
in

A
p
p

en
d
ix

B
.2

.

A
B

ol
tz

m
an

n
m

ac
h
in

e
w

il
l

b
e

p
re

se
n
te

d
as

a
ru

n
n
in

g
ex

am
p
le

.
T

h
e

m
o
d
el
3

h
as

Is
in

g
sp

in
va

ri
ab

le
s
x
∈
{−

1
,1
}N

,
fi
el

d
s
h

an
d

p
ai

rw
is

e
co

u
p
li
n
gs
J

.
A

co
n
n
ec

te
d

gr
ap

h
ic

al
m

o
d
el

w
il
l

b
e

as
su

m
ed

fo
r

n
ot

at
io

n
al

si
m

p
li
ci

ty
,

so
ea

ch
va

ri
ab

le
h
as

co
n
n
ec

ti
v
it

y
k
i
≥

1,
an

d
a

u
n
iq

u
e

co
n
n
ec

te
d

co
m

p
on

en
t

ex
is

ts
.

If
an

ed
ge

se
t
E

=
{(
i,
j)
}

sp
ec

ifi
es

th
e

in
te

ra
ct

in
g

2
.

S
p

ec
ia

l
ca

re
sh

o
u

ld
b

e
ta

k
en

in
ca

se
s

w
h

er
e
ψ
a
(x
a
)

=
0

fo
r

so
m

e
x
a
,

in
su

ch
ca

se
s

it
m

ay
n

o
t

b
e

m
ea

n
in

g
fu

l
to

p
er

tu
rb

b
y
ν

.
F

u
rt

h
er

m
o
re

,
w

e
n

o
te

th
a
t
ν

a
re

a
re

d
u

n
d

a
n
t

se
t

o
f

p
a
ra

m
et

er
s

si
n

ce
va

ri
a
ti

o
n

o
f
∑
y
ν
i,
y

le
av

es
th

e
p

ro
b

a
b

il
it

y
u

n
ch

a
n

g
ed

.

3
.

F
o
r

b
in

a
ry

va
ri

a
b

le
s,

w
e

w
il

l
u

se
Is

in
g

sp
in

s
s

=
±

1
in

p
la

ce
o
f

b
in

a
ry

st
a
te

s
b
∈
{0
,1
}.

T
h

e
tr

a
n

sf
o
rm

a
-

ti
o
n
s

=
1
−

2
b

a
ll

ow
s

co
n
v
er

si
o
n

b
et

w
ee

n
th

es
e

tw
o

co
n
v
en

ti
o
n
s.
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8(

6)
:1

-3
6,

 2
01

7

R
a
y
m
o
n
d

a
n
d

R
ic
c
i-
T
e
r
se

n
g
h
i

va
ri

ab
le

s,
th

en

p
ν
(x

)
=

1

Z
(ν

)

∏

(i
,j
)∈
E

ex
p
(J
ij
x
ix
j
)
∏ i

ex
p
[(
h
i
+
ν i

)x
i]
,

(3
)

w
h
er

e
w

e
u
se

a
n
on

-r
ed

u
n
d
an

t
se

t
of

au
x
il
ia

ry
p
ar

am
et

er
s
ν i

=
ν i
,1
−
ν i
,−

1
.

In
a

va
ri

at
io

n
al

ap
p
ro

x
im

at
io

n
a

tr
ia

l
p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
q(
x

)
is

re
la

te
d

to
th

e
lo

g-
p
ar

ti
ti

on
fu

n
ct

io
n

of
th

e
fu

ll
m

o
d
el

,
d
er

iv
ed

fr
om

th
e

K
u
ll
b
ac

k
-L

ei
b
le

r
d
iv

er
g
en

ce

D
K
L

[q
||p

ν
]

=
∑ x

q(
x

)

  l
og
q(
x

)
−
∑ i,
y

ν i
,y
δ x
i
,y
−
∑ a

lo
g
ψ
a
(x
a
) 

+
lo

g
Z

(ν
)
.

(4
)

T
h
e

va
ri

at
io

n
al

fr
ee

en
er

gy
(V

F
E

)
is

d
efi

n
ed

F
ν
(q

)
=
D
K
L

[q
||p

ν
]
−

lo
g
Z

(ν
)
,

(5
)

w
h
ic

h
is

th
e

tr
ac

ta
b
le

p
ar

t
of

(4
).

T
h
e

op
ti

m
al

va
ri

at
io

n
al

p
ar

am
et

er
s
q∗

a
re

th
o
se

m
in

i-
m

iz
in

g
(5

).

In
th

e
si

m
p
le

st
m

ea
n
-fi

el
d

ap
p
ro

x
im

at
io

n
a

fa
ct

or
iz

ed
va

ri
at

io
n
al

fo
rm

is
co

n
si

d
er

ed
q(
x

)
=
∏
N i=

1
q i

(x
i)

.
T

h
e

p
ar

am
et

er
s
{q
i}

ar
e

p
re

ci
se

ly
m

ar
gi

n
al

d
is

tr
ib

u
ti

o
n
s

o
n

si
n
g
le

va
ri

ab
le

s.
It

er
at

iv
e

m
et

h
o
d
s

ar
e

of
te

n
su

cc
es

sf
u
l

in
m

in
im

iz
in

g
th

e
V

F
E

.

In
an

ot
h
er

cl
as

s
of

ap
p
ro

x
im

at
io

n
s

th
e

en
tr

op
y

te
rm

in
th

e
V

F
E

,
−
∑

x
q(
x

)
lo

g
q(
x

),
is

d
ec

om
p

os
ed

as
a

tr
u
n
ca

te
d

su
m

of
m

ar
gi

n
al

en
tr

op
ie

s.
In

th
e

B
et

h
e

ap
p
ro

x
im

a
ti

o
n

a
re

d
u
n
-

d
an

t
se

t
of

m
ar

gi
n
al

p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
s
{q
a
(x
a
);
q i

(x
i)
}4

ar
e

in
tr

o
d
u
ce

d
in

o
n
e-

to
-o

n
e

co
rr

es
p

on
d
en

ce
w

it
h

th
e

m
o
d
el

fa
ct

or
s

an
d

va
ri

ab
le

s,
an

d
th

e
en

tr
op

y
is

ap
p
ro

x
im

a
te

d
a
s

−
∑ x

q(
x

)
lo

g
q(
x

)
≈
−
∑ a

∑ x
a

q a
(x
a
)

lo
g
q a

(x
a
)
−
∑ i

(1
−
k
i)
∑ x
i

q i
(x
i)

lo
g
q i

(x
i)
,

(6
)

w
it

h
k
i

eq
u
al

to
th

e
va

ri
ab

le
co

n
n
ec

ti
v
it

y
(t

h
e

n
u
m

b
er

of
fa

ct
or

s
in

w
h
ic

h
va

ri
a
b
le
i

p
a
rt

ic
i-

p
at

es
).

T
h
e

re
as

on
th

is
ap

p
ro

x
im

at
io

n
m

ay
im

p
ro

ve
u
p

on
m

ea
n
-fi

el
d

is
th

at
th

ro
u
g
h
q a

(x
a
)

so
m

e
co

rr
el

at
io

n
s

am
on

gs
t

va
ri

ab
le

s
m

ay
b

e
ex

p
li
ci

te
ly

re
p
re

se
n
te

d
,

w
h
ic

h
a
re

a
b
se

n
t

in
th

e
fa

ct
or

ia
l

fo
rm

of
m

ea
n
-fi

el
d
.

T
h
e

va
ri

at
io

n
al

p
ar

am
et

er
s,
q a

an
d
q i

,
a
re

re
fe

rr
ed

to
a
s

b
el

ie
fs

.

T
h
e

B
et

h
e

ap
p
ro

x
im

at
io

n
is

a
sp

ec
ia

l
ca

se
of

th
e

m
o
re

ge
n
er

al
re

gi
on

-b
as

ed
a
p
p
ro

x
im

a
-

ti
on

(s
ee

Y
ed

id
ia

et
al

.,
20

05
),

w
h
er

e
th

e
en

tr
op

y
ap

p
ro

x
im

at
io

n
is

im
p
li
ed

b
y

a
ch

o
ic

e
o
f

ou
te

r
re

gi
on

s.
E

ac
h

ou
te

r
re

gi
on

is
d
efi

n
ed

b
y

a
se

t
of

va
ri

ab
le

s
x
α
,

an
d

a
ge

n
er

a
li
ze

d
fa

ct
o
r

ψ
α
(x
α
)

th
at

d
es

cr
ib

es
th

e
in

te
ra

ct
io

n
s

b
et

w
ee

n
th

os
e

va
ri

ab
le

s.
T

h
e

ou
te

r
re

g
io

n
s

m
u
st

b
e

ch
os

en
to

sp
an

al
l

va
ri

ab
le

s,
an

d
th

e
fa

ct
or

s
(a

s
w

el
l

as
au

x
il
ia

ry
p
ar

am
et

er
s
ν

)
ca

n
b

e
d
is

tr
ib

u
te

d
am

on
gs

t
th

e
ge

n
er

al
iz

ed
fa

ct
or

s
su

ch
th

at
∏
α
ψ
α
(x

)
∝
p
ν
(x

).
S
o
m

e
ex

a
m

p
le

s
of

re
gi

on
se

le
ct

io
n
s

d
is

cu
ss

ed
in

th
is

p
ap

er
ar

e
sh

ow
n

in
F

ig
u
re

2.

T
h
e

en
tr

op
y

ap
p
ro

x
im

at
io

n
is

im
p
li
ed

b
y

th
e

ch
oi

ce
of

ou
te

r
re

gi
on

s:
it

is
th

e
su

m
of

th
e

en
tr

op
y

on
th

e
ou

te
r

re
gi

on
s
α

co
rr

ec
te

d
b
y

a
w

ei
gh

te
d

su
m

of
en

tr
o
p
ie

s
o
n

re
g
io

n

4
.
q A

(x
A

)
d

en
o
te

s
a

va
ri

a
ti

o
n

a
l

p
a
ra

m
et

er
,

th
a
t

ca
n

b
e

in
te

rp
re

te
d

a
s

a
n

a
p

p
ro

x
im

a
ti

o
n

to
th

e
m

a
rg

in
a
l

p
ro

b
a
b

il
it

y
p
(x
A

).
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V
a
r
ia
t
io
n
a
l
M
e
t
h
o
d
s
a
n
d

L
in
e
a
r
R
e
sp

o
n
se

(d
)

(c)

S
q

u
are lattice K

ik
u

ch
i

(b
)

(a)

G
en

eric B
eth

e
R

eg
io

n
−

b
ased

P
airw

ise B
eth

e

F
ig

u
re

2
:

In
a

region
-b

ased
ap

p
rox

im
ation

(B
eth

e
is

a
sp

ecial
case),

th
e

assign
m

en
t

of
o
u
ter

reg
ion

s
d
eterm

in
es

th
e

en
trop

y
ap

p
rox

im
ation

.
S
en

sib
le

ch
oices

collect
n
earb

y
sets

o
f

stro
n
g
ly

d
ep

en
d
en

t
variab

les.
A

region
grap

h
h
as

ou
ter

region
s

(b
lu

e)
an

d
in

tersection
reg

io
n
s

(red
),

su
ch

th
at

every
factor

is
asso

ciated
to

ex
actly

on
e

ou
ter

reg
ion

;
th

e
set

of
fa

cto
rs

in
a

reg
ion

α
d
efi

n
e

an
au

x
iliary

in
teraction

(8).
S
election

(a)
is

a
B

eth
e

ap
p
rox

-
im

a
tio

n
,

th
e

o
u
ter

region
s

are
p
airs

of
variab

les,
th

at
in

tersect
on

sin
g
le

variab
les.

(b
)

A
ltern

a
tively,

for
a

sq
u
are

lattice,
w

e
m

igh
t

con
sid

er
ou

ter
region

s
of

4
variab

les
(th

e
cen

-
tra

l
in

tera
ctio

n
cou

ld
b

e
assign

ed
to

eith
er

th
e

righ
t

or
left

region
),

th
at

in
tersect

on
p
a
irs

o
f

varia
b
les,

w
h
ich

in
tu

rn
in

tersect
on

sin
gle

variab
les.

T
h
is

ap
p
rox

im
ation

is
p

ow
erfu

l
for

sq
u
a
re

la
ttice

m
o
d
els

(see
R

ay
m

on
d

an
d

R
icci-T

ersen
gh

i,
20

13b
;

D
om

ı́n
gu

ez
et

al.,
2011;

L
a
g
e-C

a
stella

n
os

et
al.,

2013).
(c)

T
h
e

B
eth

e
ap

p
rox

im
ation

on
a

factor
g
rap

h
w

ith
m

ix
ed

(m
u
lti-va

ria
b
le)

in
teraction

ty
p

es
h
as

ou
ter

region
s

con
tain

in
g

ex
a
ctly

on
e

factor
an

d
its

va
ria

b
les,

th
e

in
tersection

s
are

sin
gle

variab
les.

(d
)

O
n

a
lo

cally
tree-like

grap
h
,

w
e

can
also

m
a
ke

a
n

in
terestin

g
ap

p
rox

im
ation

:
ou

ter
region

s
are

stars
th

at
in

tersect
on

ed
ge

region
s.

T
h
is

a
p
p
rox

im
a
tion

relates
to

th
e

lo
op

-correction
a
lgorith

m
of

M
on

tan
ari

an
d

R
izzo

(20
05).

in
tersectio

n
s

(β
).

T
h
e

region
b
ased

free
en

ergy
is

d
efi

n
ed

F
ν (q)

=
∑

α

∑x
α

q
α
(x
α
)

log (
q
α
(x
α
)

ψ
α
(x
α
) )

+
∑

β

c
β ∑x

β

q
β
(x
β
)

log
q
β
(x
β
)
,

(7)

w
h
ere

c
β

ta
ke

in
teger

valu
es

accord
in

g
to

a
sim

p
le

ru
le

(see
Y

ed
id

ia
et

al.,
2005;

H
eskes

et
a
l.,

2
0
0
3
).

L
arger

region
s

are
cap

ab
le

of
cap

tu
rin

g
m

ore
correlatio

n
s

b
etw

een
va

riab
les

ex
p
licitely,

b
u
t

at
a

com
p
u
tation

al
co

st
th

at
scales

(in
th

e
ab

sen
ce

o
f

fu
rth

er
ap

p
rox

im
a-

tio
n
s)

ex
p

o
n
en

tially
w

ith
region

size.
T

h
is

trad
e-off

d
eterm

in
es

th
e

ch
oice

of
region

s.
In

th
e

B
eth

e
ap

p
rox

im
ation

,
th

e
ou

ter
region

s
(α

)
are

in
o
n
e-to-on

e
corresp

on
d
en

ce
w

ith
th

e
facto

rs
(a

)
of

th
e

m
o
d
el,

an
d

in
tersection

region
s

are
sin

gle
variab

les.
In

ou
r

ru
n
n
in

g
ex

a
m

p
le

of
th

e
B

oltzm
an

n
m

ach
in

e
(3),

a
B

eth
e

ap
p
rox

im
ation

h
a
s

ed
ges

as
region

s.
G

en
era

lized
fa

ctors
can

b
e

ch
osen

as

ψ
(i,j) (x

i ,x
j )

=
ex

p (
J
ij x

i x
j

+
h
i
+
ν
i

k
i

+
h
j

+
ν
j

k
j

)
.

(8)

W
e

ca
n

d
efi

n
e

m
argin

al
variation

al
p
aram

eters
for

each
m

argin
al

p
rob

ab
ility

in
th

e
free

en
erg

y
a
n
d

th
en

m
in

im
ize

(7)
su

b
ject

to
lo

cal
con

sisten
cy

con
strain

ts
∑x
α

q
α
(x
α
)

=
1

;
∀
α
,

(9)

∑x
α \
x
β

q
α
(x
α
)

=
q
β
(x
β
)

;
∀
α
,∀
β
⊂
α
.

(10)
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R
a
y
m
o
n
d

a
n
d

R
ic
c
i-T

e
r
se

n
g
h
i

M
in

im
ization

of
th

is
free

en
ergy

is
a

w
ell-stu

d
ied

p
rob

lem
.

H
eu

ristic
ap

p
roach

es
n
orm

a
lly

lead
to

m
essage

p
assin

g
algorith

m
s,

w
h
ich

are
often

con
v
ergen

t
to

go
o
d

solu
tio

n
s

even
w

h
ere

gu
aran

tees
of

con
vergen

ce
are

lack
in

g.
It

is
alw

ay
s

p
ossib

le
to

fi
n
d

m
in

im
a

of
th

e
region

b
ased

free
en

ergy
u
sin

g
a

con
v
ex

-con
cave

p
ro

ced
u
re,

w
h
ich

is
gu

aran
teed

to
con

verge
to

a
lo

cal
m

in
im

a
(see

Y
u
ille,

2002;
H

eskes
et

al.,
2003).

H
av

in
g

fou
n
d

a
m

in
im

u
m

of
th

e
free

en
ergy

at
q

=
q ∗,

w
e

can
d
efi

n
e

th
e

lin
ear

resp
on

se
in

th
e

b
eliefs

to
a

p
ertu

rb
ation

in
ν
i,y ,

as

q ∗α
,(i,y

) (x
α
)

=
∂
q
α
(x
α
)

∂
ν
i,y

∣∣∣∣q
=
q ∗
.

W
h
ereas

th
e

variation
al

p
aram

eters
q

h
ave

an
in

terp
retation

aw
ay

from
th

e
fi
x
ed

p
oin

t,
th

e
lin

ear
resp

on
se

is
on

ly
d
efi

n
ed

ab
ou

t
a

glob
al

(or
h
eu

ristically,
lo

cal)
m

in
im

a.
N

otation
∗

w
ill

b
e

u
sed

to
d
en

ote
an

evalu
ation

at
su

ch
a

fi
x
ed

p
oin

t.
T

h
e

en
trop

y
ap

p
rox

im
ation

s
(6-7)

can
b

e
in

terp
reted

as
tru

n
cated

series
(see

P
elizzola,

2005;
W

ain
w

righ
t

an
d

J
ord

an
,

2008),
th

at
can

b
e

m
ad

e
go

o
d

eith
er

b
y

con
sid

erin
g

su
ffi

-
cien

tly
large

region
s

(th
ose

d
efi

n
in

g
a

ju
n
ction

tree,
see

W
ain

w
righ

t
an

d
J
ord

an
,

2008),
or

in
clu

d
in

g
lo

op
correction

s
(see

C
h
ertkov

an
d

C
h
ern

yak
,

2006).
T

h
e

m
ad

e-go
o
d

ap
p
roach

es
are

n
ot

tractab
le

in
m

an
y

in
terestin

g
m

o
d
els

of
m

o
d
est

scale.
T

h
e

region
b
ased

m
eth

o
d
s

m
ost

often
lead

to
im

p
rovem

en
ts

ov
er

m
ean

-fi
eld

,
b
u
t

en
trop

y
ex

p
an

sion
can

also
lea

d
to

cou
n
terin

tu
itive

featu
res.

F
or

ex
am

p
le,

th
e

en
trop

y
estim

ate
can

b
e

n
egative

u
n
d
er

su
ch

an
ap

p
rox

im
ation

.

2
.1

In
c
o
n

siste
n

c
y

o
f

C
o
v
a
ria

n
c
e

A
p

p
ro

x
im

a
tio

n
s

T
h
e

covarian
ce

of
a

p
air

of
statistics

φ
1

a
n
d
φ
2 ,

u
n
d
er

p
rob

ab
ility

d
istrib

u
tion

p
is

d
efi

n
ed

as

V
p (φ

1 ,φ
2 )

=
E
p (φ

1 φ
2 )−

E
p (φ

1 )E
p (φ

2 )
,

w
ith

E
p (φ

)
=

∑

x

p
(x

)φ
(x

)
.

F
or

th
e

case
φ
1 (x

α
)

=
δ
x
i1
,y

1
an

d
φ
2 (x

α
)

=
δ
x
i2
,y

2 ,
w

e
can

rep
la

ce
th

e
p
rob

ab
ility

of
in

terest
p

b
y
q
α

to
ob

tain

V
p (δ

x
i1
,y

1 ,δ
x
i2
,y

2 )≈
C
(i1
,y

1
),(i2

,y
2
)

:=
V
q
α
[δ
x
i1
,y

1 ,δ
x
i2
,y

2 ]
.

C
w

ill
b

e
called

th
e

m
argin

al
ap

p
rox

im
ation

to
th

e
covarian

ce,
an

d
is

a
fu

n
ction

of
th

e
variation

al
p
aram

eter
q
α
.

T
h
e

op
tim

al
valu

e
C
∗

=
C

(q ∗)
is

in
d
ep

en
d
en

t
of

th
e

region
α

,
ow

in
g

to
th

e
con

sisten
cy

con
strain

ts
(9)-(10).

A
ltern

atively,
w

e
can

b
egin

w
ith

a
secon

d
d
erivative

id
en

tity.
B
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.

T
h
e

gl
ob

al
m

in
im

a
q∗

fo
r

fi
x
ed
λ

ca
n

of
te

n
b

e
fo

u
n
d
.

In
ca

se
s

w
h
er

e
lo

ca
l

m
in

im
a

ca
n

b
e

av
oi

d
ed

th
is

is
d
on

e
ei

th
er

h
eu

ri
st

ic
a
ll
y

fo
ll
ow

in
g

a
co

n
st

ra
in

ed
lo

op
y

b
el

ie
f

p
ro

p
ag

at
io

n
(C

L
B

P
)

ap
p
ro

ac
h
,

or
in

a
m

o
re

ro
b
u
st

m
an

n
er

u
si

n
g

a
p
ro

va
b
ly

co
n
ve

rg
en

t
m

et
h
o
d
,

as
d
is

cu
ss

ed
in

A
p
p

en
d
ix

B
.

C
L

B
P

h
a
s

th
e

sa
m

e
(a

sy
m

p
to

ti
c)

co
m

p
u
ta

ti
on

al
co

m
p
le

x
it

y
as

b
el

ie
f

p
ro

p
ag

at
io

n
,

an
d

is
p
ro

ce
d
u
ra

ll
y

si
m

il
ar

.

5
.

T
h

is
te

rm
in

o
lo

g
y

a
ri

se
s

b
y

co
n

si
d

er
in

g
w

h
ic

h
el

em
en

ts
o
f

th
e

co
va

ri
a
n

ce
m

a
tr

ix
a
re

co
n

st
ra

in
ed

.
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R
e
sp

o
n
se

C
o

m
p

u
te th

e m
in

im
a q

*

o
f th

e free en
erg

y
 F

(q
,

C
o

m
p

u
te L

ag
ran

g
e m

u
ltip

liers

b
y

 so
lv

in
g

 {
C

*
  =

  }
 o

n
 o

u
ter reg

io
n

s
χ

λ
C

o
m

p
u

te th
e lin

ear resp
o

n
ses

χ

λ
,χ

)

F
ig

u
re

3:
T

h
e

b
asic

sch
em

e
for

m
in

im
izin

g
ou

r
con

strain
ed

variation
al

free
en

ergy.
T

h
e

fi
rst

sta
ge

is
so

lved
b
y

a
p
ro

ced
u
re

closely
related

to
b

elief
p
rop

agation
(th

at
m

in
im

izes
a

co
n
vex

-co
n
cave

fu
n
ction

),
th

e
secon

d
b
y

a
p
ro

ced
u
re

related
to

su
scep

tib
ility

p
rop

agation
(th

a
t

so
lv

es
a

sy
stem

of
lin

ear
eq

u
ation

s),
an

d
th

e
fi
n
al

stage
b
y

a
cav

ity
a
p
p
rox

im
ation

.
In

o
u
r

ex
p

erim
en

ts,
w

e
tak

e
λ

=
0

as
th

e
in

itial
con

d
ition

.
In

th
e

ex
p

erim
en

ts
p
resen

ted
w

e
g
ra

d
u
a
lly

in
crease

or
d
ecrease

T
u
sin

g
th

e
solu

tion
at
T
±
δT

as
an

in
itial

con
d
ition

for
th

e
n
ex

t
ex

p
erim

en
t,

th
is

en
ab

les
a

solu
tion

to
evo

lve
con

tin
u
ou

sly
from

a
w

ell-u
n
d
ersto

o
d

lim
it,

b
u
t

is
n
o
t

n
ecessary

for
con

vergen
ce

in
gen

eral.

It
is

sh
ow

n
in

A
p
p

en
d
ix

B
.6

th
at

given
su

ch
a

fi
x
ed

p
oin

t,
w

h
eth

er
a

lo
cal

or
g
lob

al
m

in
i-

m
u
m

,
it

is
su

b
seq

u
en

tly
relativ

ely
easy

to
calcu

late
th

e
lin

ear
resp

on
se.

T
h
e

m
eth

o
d

w
e

p
ro-

p
o
se

is
p
ro

ced
u
rally

sim
ilar

to
su

scep
tib

ility
p
rop

agatio
n
,

origin
ally

in
tro

d
u
ced

in
M

ezard
a
n
d

M
o
ra

(2
0
0
8),

w
h
ich

is
a

com
p
u
tation

al
p
ro

ced
u
re

th
at

m
in

im
izes

th
e

variation
al

p
a-

ra
m

eters.
If

th
e

n
u
m

b
er

of
con

strain
ts

is
lin

ear
in

th
e

size
of

th
e

sy
stem

th
e

com
p
u
tation

al
co

m
p
lex

ity
is

q
u
ad

ratic
in

sy
stem

size.
W

e
call

th
e

lin
ear

resp
on

se
sch

em
e

con
strain

ed
lo

op
y

su
scep

tib
ility

p
rop

agation
(C

L
S
P

).
Y

asu
d
a

an
d

T
an

aka
(2013)

p
rop

osed
a

closely
rela

ted
a
p
p
ro

a
ch

,
sp

ecifi
c

to
th

e
case

of
d
iagon

al
con

strain
ts

in
th

e
B

eth
e

ap
p
rox

im
ation

.

S
u
p
p

o
se

w
e

also
h
ave

a
m

eth
o
d

for
iteratively

d
eterm

in
in

g
λ

,
th

en
w

e
can

ap
p
roach

th
e

p
ro

b
lem

o
f

fi
n
d
in

g
a

con
strain

ed
lo

cal
m

in
im

a
b
y

a
3-stag

e
iterativ

e
p
ro

ced
u
re

(th
e

sam
e

a
s

p
ro

p
o
sed

in
Y

asu
d
a

an
d

T
an

aka
(2013)),

an
d

sh
ow

n
sch

em
atically

in
F

igu
re

3.
W

e
also

ex
p

erim
en

ted
w

ith
oth

er
m

in
im

izatio
n

sch
em

es,
b
u
t

fo
u
n
d

th
is

to
b

e
alg

orith
m

ically
th

e
m

o
st

sta
b
le,

a
n
d

also
p
leasin

g
in

th
at

w
e

m
ove

all
u
n
certain

ty
in

co
n
vergen

ce
of

th
e

m
eth

o
d

o
n
to

th
e

tw
o

q
u
estion

s:
(1)

d
o
es

th
ere

ex
ist

a
fi
x
ed

p
oin

t
at

all
an

d
(2)

d
o
es

th
e

itera
tive

sch
em

e
fo

r
λ

con
verge.

T
h
ese

tw
o

q
u
estion

s
are

u
n
fortu

n
ately

very
d
iffi

cu
lt

to
an

sw
er

in
g
en

era
l.

T
o

d
eterm

in
e
λ

a
h
eu

ristic
ca

vity
m

eth
o
d

is
p
rop

osed
in

S
ection

3
.1.

W
e

fo
u
n
d

th
at

in
w

eak
ly

correlated
regim

es
th

e
C

L
B

P
an

d
C

L
S
P

,
an

d
iterative

u
p

d
a
tin

g
o
f
λ

q
u
ick

ly
co

n
verges.

H
ow

ever,
in

som
e

oth
er

regim
es

w
h
ere

th
e

variation
al

ap
p
rox

im
ation

is
less

a
ccu

ra
te,

w
e

fou
n
d

th
at

th
e

eff
ect

of
n
o
n
-zero

λ
cou

ld
b

e
eith

er
a

h
elp

or
a

h
in

d
ran

ce
to

th
e

co
n
verg

en
ce

of
th

e
C

L
B

P
.

W
e

also
fou

n
d

th
at
λ

w
ou

ld
som

etim
es

n
ot

con
v
erge,

even
w

ith
stro

n
g

d
a
m

p
in

g
(im

p
lem

en
tation

of
d
am

p
in

g
is

d
iscu

ssed
in

A
p
p

en
d
ix

C
).

A
sso

ciated
w

ith
reg

im
es

o
f
n
on

-con
vergen

ce,
w

e
n
orm

ally
fi
n
d

a
d
ivergen

ce
of

som
e
λ

valu
es

as
d
iscu

ssed
in

th
e

ex
p

erim
en

tal
section

.
T

h
is

in
d
icates

th
at

failu
re

of
th

e
m

eth
o
d

is
m

ost
likely

related
to

n
o
n
-ex

isten
ce

(or
criticality

)
of

con
strain

ed
solu

tion
s,

th
e

issu
e

of
solu

tion
ex

isten
ce

is
d
iscu

ssed
in

A
p
p

en
d
ix

B
.1.
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R
a
y
m
o
n
d

a
n
d

R
ic
c
i-T

e
r
se

n
g
h
i

3
.0
.1

B
e
t
h
e
A
p
p
r
o
x
im

a
t
io
n
t
o

t
h
e
B
o
lt

z
m
a
n
n
M
a
c
h
in
e

F
or

th
e

on
-an

d
-off

d
iagon

al
con

strain
ed

case,
th

e
L

agran
gian

for
th

e
B

oltzm
an

n
m

ach
in

e
can

b
e

w
ritten

in
th

e
form

6.

F
ν (q

,λ
,χ

)
=

∑(i,j)∈
E

∑x
i ,x

j

q
ij (x

i ,x
j )

log
q
ij (x

i ,x
j )

+
∑

i

(1−
k
i ) ∑x

i

q
i (x

i )
log

q
i (x

i )

+
12

∑

i

λ
i,i [(1−

M
2i )−

χ
i,i ]

+
∑(i,j)∈

E

λ
(i,j) 

∑x
i ,x

j

q
ij (x

i ,x
j )x

i x
j −

M
i M

j −
χ
i,j 

,
(17)

in
tro

d
u
cin

g
ab

b
rev

iation
s

for
sin

gle
va

riab
le

m
agn

etization
M
i

:=
∑

x
i
q
i (x

i )x
i .

W
e

recover
th

e
d
iagon

al
con

strain
t

regim
e

w
h
en

λ
i,j

=
0

∀
i,j,

an
d

th
e

u
n
con

strain
ed

regim
e

w
h
en

all
m

u
ltip

liers
are

zero.
C

on
strain

ts
in

tro
d
u
ce

q
u
ad

ratic
fu

n
ction

s
of
q,

b
u
t

term
s

are
n
eith

er
con

vex
n
or

con
cav

e.
F

or
given

λ
,

a
set

of
m

essage
p
assin

g
eq

u
ation

s
can

b
e

w
ritten

as
a

gen
eralization

of
lo

op
y

b
elief

p
rop

agation
,

a
sim

p
lifi

cation
of

th
e

gen
eral

case
in

A
p
p

en
d
ix

B
.5

is
p
resen

ted
h
ere.

A
t

tim
e
t

th
e

ed
ge-b

elief
is

ap
p
rox

im
ated

as
th

e
solu

tion
to

th
e

eq
u
ation

q
tij (x

i ,x
j )∝

µ
ti→

(i,j) (x
i )µ

tj→
(i,j) (x

j )

ex
p [(J

ij −
λ
ij )x

i x
j

+
(h
i
+
λ
ij M

tij,j
+
λ
i M

tij,i )x
i
+

(h
j

+
λ
ij M

tij,i
+
λ
j M

tij,j )x
j ]
,

w
h
ere

w
e

in
tro

d
u
ce

tw
o

au
x
iliary

m
agn

etization
p
aram

eters
p

er
ed

ge
7

M
tij,i

=
∑x
i x
j

x
i q
tij (x

i ,x
j )
.

(18)

T
h
en

w
e

can
d
efi

n
e

m
essages

8
µ

w
h
ich

are
d
eterm

in
ed

iteratively
as

µ
t(i,j)→

i (x
i )
∝

∑x
j

µ
tj→

(i,j) (x
j )

ex
p [(J

ij −
λ
ij )x

i x
j

+
(h
j

+
λ
j M

tij,j
+
λ
ij M

tij,i )x
j

+
λ
ij M

tij,j x
i ]
,

µ
t+

1
i→

(i,j) (x
i )

=
∏k∈
∂
i \
j

µ
t(i,k

)→
i (x

i )
,

(19)

w
h
ere

∂
i

are
th

e
variab

les
in

teractin
g

w
ith

i.
F

ollow
in

g
m

essage
u
p

d
ates

q
t

a
n
d
M

t
m

u
st

b
e

m
ad

e
con

sisten
t,

in
th

e
ex

am
p
les

of
th

is
p
ap

er
(an

d
in

gen
eral

for
sm

all
λ

)
th

is
ca

n
b

e
ach

ieved
sim

p
ly

b
y

iteratin
g

E
q
u
ation

s
(18)

an
d

(19).
F

or
th

e
ex

p
erim

en
ts

m
essages

an
d

b
eliefs

are
in

itialized
as

con
stan

ts.
T

h
ere

are
several

m
eth

o
d
s

b
y

w
h
ich

lin
ear

resp
on

se
can

b
e

estab
lish

ed
.

O
n
e

stan
d
ard

ap
p
roach

is
su

scep
tib

ility
p
rop

agation
,
w

h
ich

sim
p
ly

in
volves

lin
earizin

g
th

e
ab

ove
eq

u
ation

s
accou

n
tin

g
for

a
sm

all
p

ertu
rb

ation
in

som
e

com
p

on
en

t
of
ν

,
th

is
is

th
e

ap
p
roach

taken
for

th
e

ex
am

p
les

of
th

is
p
ap

er;
for

th
e

gen
eral

case,
ex

p
ression

s
are

p
rov

id
ed

in
A

p
p

en
d
ix

B
.6.

6
.

T
o

m
a
in

ta
in

co
n

sisten
cy

w
ith

p
u

b
lish

ed
resea

rch
o
n

Isin
g

sp
in

m
o
d

els
a

fa
cto

r
1
/
2

p
reced

es
th

e
d

ia
g
o
n

a
l

co
n

stra
in

t
term

.
7
.

N
o
te

th
a
t

a
t

in
term

ed
ia

te
sta

g
es

o
f

th
e

m
essa

g
e

p
a
ssin

g
,

m
a
g
n

etiza
tio

n
s

fo
r

va
ria

b
le
i

o
n

d
iff

eren
t

b
eliefs

(say
M
ij
,i ,
M
ik
,i )

m
ay

n
o
t

a
g
ree,

b
u

t
w

ill
a
g
ree

a
fter

co
n
v
erg

en
ce.

8
.

T
h

ese
d

iff
er

b
y

a
sim

p
le

tra
n

sfo
rm

a
tio

n
fro

m
th

e
m

essa
g
es

o
f

th
e

A
p

p
en

d
ix

B
.5

,
so

th
a
t

th
e

lim
itin

g
ca

se
(λ

=
0
)

a
g
rees

w
ith

sta
n

d
a
rd

p
resen

ta
tio

n
s

fo
r

Isin
g

m
o
d

els
in

th
e

litera
tu

re.
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V
a
r
ia
t
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n
a
l
M
e
t
h
o
d
s
a
n
d

L
in
e
a
r
R
e
sp

o
n
se

λ
α

In
w

ar
d

 r
es

p
o

n
se

s

(t
o

 p
er

tu
rb

at
io

n
s 

o
f

v
ar

ia
b

le
s 

in
 a

lp
h

a)
.

In
w

ar
d

 m
es

sa
g

es

a i

j

R
eg

io
n

α

F
ig

u
re

4:
G

iv
en
C
∗

an
d
χ

,
d
et

er
m

in
at

io
n

of
λ

b
re

ak
s

in
to

a
se

t
of

in
d
ep

en
d
en

t
p
ro

b
le

m
s

on
ou

te
r

re
gi

on
s
α

.
T

h
is

ca
n

b
e

u
n
d
er

st
o
o
d

as
a

ca
v
it

y
ap

p
ro

x
im

at
io

n
.

A
ss

u
m

in
g

th
e

in
co

m
-

in
g

m
es

sa
ge

s,
an

d
re

sp
on

se
s,

to
b

e
fi
x
ed

an
d

ap
p
ro

x
im

at
el

y
in

d
ep

en
d
en

t
of

th
e

L
ag

ra
n
ge

m
u
lt

ip
li
er

s
to

b
e

se
t

(λ
α
),

w
e

ca
n

in
d
ep

en
d
en

tl
y,

on
ea

ch
re

gi
on

,
so

lv
e

th
e

sy
st

em
of

eq
u
a-

ti
on

s
∆
α

=
0

fo
r
λ
α
.

A
si

m
il
ar

as
su

m
p
ti

on
of

te
n

ju
st

ifi
es

m
es

sa
ge

p
as

si
n
g

an
d

m
ea

n
-fi

el
d

it
er

at
iv

e
h
eu

ri
st

ic
s.

3
.1

D
e
te

rm
in

a
ti

o
n

o
f
λ

T
o

d
et

er
m

in
e
λ

w
e

p
ro

p
os

e
th

e
fo

ll
ow

in
g

sc
h
em

e.
W

e
w

is
h

to
so

lv
e

at
ea

ch
α

a
se

t
of

n
o
n
-

li
n
ea

r
eq

u
at

io
n
s
{∆

α
(q
α
,q
∗ α,
(·)

)
=

0
},

w
h
er

e
q α

an
d
q∗ α
,(
·)

ar
e

fu
n
ct

io
n
s

of
a
ll
λ

(t
h
ro

u
gh

th
e

sy
st

em
of

m
es

sa
ge

p
as

si
n
g

eq
u
at

io
n
s)

.
O

n
e

p
os

si
b
il
it

y
is

to
li
n
ea

ri
ze

th
es

e
eq

u
at

io
n
s

ab
ou

t
th

e
cu

rr
en

t
es

ti
m

at
e

(t
h
at

is
ap

p
ly

N
ew

to
n
’s

m
et

h
o
d
),

b
u
t

th
is

le
ad

s
to

an
im

p
ra

ct
ic

al
O

(N
3
)

p
ro

ce
d
u
re

,
d
om

in
at

in
g

ot
h
er

al
go

ri
th

m
ic

ti
m

e-
sc

al
es

fo
r

m
o
d
er

at
el

y
si

ze
d

sy
st

em
s.

In
st

ea
d
,

w
e

re
so

rt
to

a
lo

ca
ll
y

co
n
si

st
en

t
an

d
p
ar

al
le

li
za

b
le

ap
p
ro

x
im

at
io

n
:

F
or

so
m

e
λ

w
e

fi
n
d

a
m

in
im

u
m

d
efi

n
ed

b
y

m
es

sa
ge

s
µ

(A
p
p

en
d
ix

B
.5

),
an

d
th

e
li
n
ea

r
re

sp
on

se
fo

r
th

es
e

m
es

sa
ge

s
(A

p
p

en
d
ix

B
.6

).
If
λ

is
ap

p
ro

x
im

at
el

y
co

rr
ec

t
th

en
th

e
m

es
sa

ge
s

p
as

si
n
g

in
to

th
e

re
gi

on
α

sh
ou

ld
b

e
w

ea
k
ly

d
ep

en
d
en

t
on

an
y

ch
an

ge
s

to
λ
α

in
th

at
re

gi
on

.
S
in

ce
w

e
ca

n
d
efi

n
e

∆
α

in
te

rm
s

of
th

e
lo

ca
l

p
ar

am
et

er
s
λ
α
,

an
d

th
e

in
co

m
in

g
m

es
sa

ge
s

(w
h
ic

h
w

e
ar

gu
e

ar
e

u
n
ch

an
ge

d
b
y

an
u
p

d
at

e
of
λ
α
)

th
e

p
ro

b
le

m
fo

r
d
et

er
m

in
in

g
λ

is
re

d
u
ce

d
to

so
lv

in
g

fo
r
λ
α

in
d
ep

en
d
en

tl
y

on
ev

er
y

re
gi

on
.

In
th

is
w

ay
,

w
e

ar
ri

ve
at

a
ca

v
it

y
-a

p
p
ro

x
im

at
io

n
st

y
le

ar
gu

m
en

t
co

m
m

on
in

th
e

m
ot

i-
va

ti
on

of
m

es
sa

ge
p
as

si
n
g

al
go

ri
th

m
s,

se
e

F
ig

u
re

4.
H

ow
ev

er
,

it
is

n
ot

ew
or

th
y

th
at

u
n
li
ke

L
B

P
,

in
co

m
in

g
m

es
sa

ge
s

an
d

re
sp

on
se

s
d
ep

en
d

on
λ
α

lo
ca

ll
y.

T
h
er

e
is

a
d
ir

ec
t

fe
ed

b
ac

k
th

at
ex

is
ts

ev
en

in
th

e
ab

se
n
ce

of
lo

op
s.

U
n
fo

rt
u
n
at

el
y,

∆
α

=
0

re
m

ai
n
s

a
(s

m
al

l)
sy

st
em

of
n
on

-l
in

ea
r

eq
u
at

io
n
s

in
λ
α
,
th

at
d
o
es

n
ot

al
lo

w
a

cl
os

ed
fo

rm
so

lu
ti

on
in

ge
n
er

al
.

O
n
e

ex
ce

p
ti

on
is

w
h
en

on
ly

d
ia

go
n
al

co
n
st

ra
in

ts
ar

e
ap

p
li
ed

(s
ee

Y
as

u
d
a,

20
13

;
Y

as
u
d
a

an
d

T
an

ak
a,

20
13

),
an

d
th

e
ca

v
it

y
ar

gu
m

en
t

is
ap

p
li
ed

to
si

n
gl

e-
va

ri
ab

le
re

gi
on

s.
M

or
e

ge
n
er

al
ly

w
e

u
se

N
ew

to
n
’s

m
et

h
o
d

to
so

lv
e

th
es

e
eq

u
at

io
n
s

[ ∂
∆
α
(q
∗ ,
q∗ (·)

)

∂
λ
α

] −
1

∆
α

∣ ∣ ∣ ∣ ∣ ∣ λ
=
λ
t

δλ
t+

1
α

=
−

∆
α
(q
∗ ,
q∗ (·)

)∣ ∣ ∣ λ
=
λ
t
,

(2
0)

w
h
er

e
th

e
d
ep

en
d
en

ce
of
q∗

an
d
q∗ (·)

on
λ

fo
ll
ow

s
fr

om
(?

?
)

an
d

(2
8)

w
it

h
m

es
sa

ge
s

fi
x
ed

.

A
n

al
te

rn
at

iv
e

ex
p
re

ss
io

n
b
as

ed
on

a
cl

os
ed

fo
rm

fo
r

th
e

co
va

ri
an

ce
m

a
tr

ix
ap

p
ro

x
im

a-
ti

on
χ

is
d
is

cu
ss

ed
in

A
p
p

en
d
ix

C
,

al
on

gs
id

e
so

m
e

ot
h
er

te
ch

n
ic

al
d
et

ai
ls

on
th

e
d
et

er
m

i-
n
at

io
n

of
λ

.

1
3

JM
L

R
 1

8(
6)

:1
-3

6,
 2

01
7

R
a
y
m
o
n
d

a
n
d

R
ic
c
i-
T
e
r
se

n
g
h
i

4
.

R
e
su

lt
s

In
th

is
se

ct
io

n
,

w
e

st
u
d
y

th
e

p
er

fo
rm

an
ce

of
ou

r
m

et
h
o
d

on
w

el
l-

u
n
d
er

st
o
o
d

to
y

m
o
d
el

fr
am

ew
or

k
s.

T
h
e

sc
al

e
an

d
/o

r
sy

m
m

et
ri

es
of

th
es

e
m

o
d
el

s
m

ea
n

th
ey

ar
e

ex
a
ct

ly
so

lv
a
b
le

,
al

lo
w

in
g

p
re

ci
se

st
at

is
ti

ca
l

es
ti

m
at

es
to

ev
al

u
at

e
th

e
m

et
h
o
d

q
u
al

it
y.

In
S
ec

ti
on

4.
1

w
e

st
u
d
y

a
fu

ll
y

co
n
n
ec

te
d

fe
rr

om
ag

n
et

ic
m

o
d
el

(t
h
at

is
a

m
o
d
el

w
it

h
a

p
os

it
iv

e
co

u
p
li
n
g

b
et

w
ee

n
an

y
p
ai

r
of

va
ri

a
b
le

s)
w

it
h

sy
m

m
et

ry
b
ro

ke
n

(t
h
at

is
w

it
h

a
n
o
n
-

ze
ro

m
ea

n
va

lu
e

fo
r

ea
ch

va
ri

ab
le

).
T

h
is

is
a

si
m

p
le

m
o
d
el

fo
r

w
h
ic

h
w

e
ca

n
p
re

se
n
t

a
n
a
ly

ti
c

re
su

lt
s

an
d

u
n
d
er

st
an

d
in

g.
T

h
er

e
is

ei
th

er
n
o

m
o
d
e

(f
or

w
ea

k
co

u
p
li
n
g)

,
or

o
n
e

d
o
m

in
a
ti

n
g

m
o
d
e

(f
or

st
ro

n
g

co
u
p
li
n
gs

).
W

e
ex

p
ec

t
th

e
m

et
h
o
d

to
b

e
w

ea
k
es

t
fo

r
in

te
rm

ed
ia

te
co

u
p
li
n
g

st
re

n
gt

h
si

n
ce

th
e

B
et

h
e

ap
p
ro

x
im

at
io

n
b

ec
om

es
ex

ac
t

(w
it

h
co

rr
ec

ti
on

s
O

(1
/N

))
in

th
e

li
m

it
of

st
ro

n
g

(a
si

n
gl

e
m

o
d
e)

or
w

ea
k

(n
o

m
o
d
es

)
co

u
p
li
n
g.

In
S
ec

ti
on

4
.2

w
e

st
u
d
y

a
m

o
d
el

w
it

h
fr

u
st

ra
ti

on
(t

h
at

is
co

u
p
li
n
gs

h
av

e
d
iff

er
en

t
si

gn
s

an
d

it
is

n
o
t

p
o
ss

ib
le

to
fi
n
d

a
co

n
fi
gu

ra
ti

on
sa

ti
sf

y
in

g
th

em
al

l
at

th
e

sa
m

e
ti

m
e)

an
d

a
ra

n
d
om

d
is

tr
ib

u
ti

o
n

o
f

op
ti

m
a

an
d

su
b
-o

p
ti

m
a.

T
h
e

p
ro

b
le

m
is

m
u
lt

i-
m

o
d
a
l

in
th

e
li
m

it
of

st
ro

n
g

co
u
p
li
n
g
s

a
n
d

th
e

B
et

h
e

ap
p
ro

x
im

at
io

n
b
re

ak
s

d
ow

n
.

In
S
ec

ti
on

4.
3

w
e

co
n
si

d
er

a
si

m
p
le

m
o
d
el

w
it

h
a
n

ex
p
an

d
ed

d
is

cr
et

e
al

p
h
ab

et
,

w
h
er

e
ra

n
d
om

n
es

s
is

in
tr

o
d
u
ce

d
th

ro
u
gh

a
ra

n
d
o
m

g
ra

p
h
ic

a
l

st
ru

ct
u
re

.
L

ik
e

th
e

fe
rr

om
ag

n
et

ic
ex

am
p
le

,
a

si
n
gl

e
m

o
d
e

d
om

in
at

es
fo

r
st

ro
n
g

co
u
p
li
n
g
s.

W
e

an
ti

ci
p
at

e
th

e
B

et
h
e

ap
p
ro

x
im

a
ti

on
to

b
ec

om
e

ex
ac

t
in

th
e

li
m

it
of

la
rg

e
p
ro

b
le

m
s,

b
u
t

fo
r

sm
al

le
r

p
ro

b
le

m
s

th
e

p
re

se
n
ce

of
sh

or
t

lo
op

s
le

ad
s

to
in

ac
cu

ra
cy

.
In

th
e

fi
n
a
l

ex
a
m

p
le

of
S
ec

ti
on

4.
4

w
e

co
n
si

d
er

a
w

el
l-

st
u
d
ie

d
to

y
m

o
d
el

in
vo

lv
in

g
b

ot
h

m
u
lt

i-
va

ri
ab

le
in

te
ra

ct
io

n
s

an
d

m
u
lt

i-
st

at
es

,
b

ot
h

th
e

B
et

h
e

ap
p
ro

x
im

at
io

n
an

d
li
n
ea

r
re

sp
on

se
p

er
fo

rm
p

o
o
rl

y
o
n

th
is

m
o
d
el

.
T

h
es

e
ex

a
m

p
le

s
co

v
er

a
ra

n
ge

of
sc

en
ar

io
s

in
w

h
ic

h
o
u
r

m
et

h
o
d

m
ig

h
t

b
e

a
p
p
li
ed

.
S
p

ec
ia

l
ca

se
s

of
th

e
va

ri
at

io
n
al

ap
p
ro

x
im

a
ti

on
w

e
p
re

se
n
t

h
av

e
p
re

v
io

u
sl

y
b

ee
n

a
p
p
li
ed

to
la

tt
ic

e
m

o
d
el

s
co

m
m

on
ly

st
u
d
ie

d
in

st
at

is
ti

ca
l

p
h
y
si

cs
,

an
d

sp
ar

se
p
ri

or
m

o
d
el

s
in

B
ay

es
ia

n
im

ag
e

m
o
d
el

in
g

(s
ee

R
ay

m
on

d
an

d
R

ic
ci

-T
er

se
n
gh

i,
20

13
b
,a

;
Y

as
u
d
a

an
d

T
a
n
a
ka

,
2
0
1
3
;

Y
as

u
d
a,

20
13

).

W
e

p
re

se
n
t

b
eh

av
io

u
r

of
th

e
L

ag
ra

n
ge

m
u
lt

ip
li
er

s
λ

,
th

e
se

lf
-c

on
si

st
en

cy
er

ro
r

(1
3
),

er
ro

rs
on

th
e

p
ai

r
st

at
is

ti
cs

w
h
en

u
si

n
g

ei
th

er
m

ar
gi

n
al

s
(1

4)
or

li
n
ea

r
re

sp
o
n
se

s
(1

5
),

a
n
d

er
ro

rs
on

th
e

m
ar

gi
n
al

es
ti

m
at

es

∆
(0
)

(i
,y
)(
q∗

)
=
q∗

(x
i

=
y
)
−
p
(x
i

=
y
)
.

T
h
e

m
ax

im
u
m

ab
so

lu
te

d
ev

ia
ti

on
(M

A
D

)
on

th
e

m
ar

gi
n
al

s
is

d
efi

n
ed

as
th

e
la

rg
es

t
er

ro
r

ov
er

al
l

va
ri

ab
le

s,
or

p
ai

rs
of

va
ri

ab
le

s,
d
ep

en
d
in

g
on

er
ro

r
ty

p
e.

It
is

in
te

re
st

in
g

to
u
n
d
er

st
an

d
h
ow

th
e

q
u
al

it
y

of
ap

p
ro

x
im

a
ti

on
ch

an
g
es

a
s

a
fu

n
ct

io
n

of
th

e
go

o
d
n
es

s
of

th
e

ap
p
ro

x
im

at
io

n
,

to
d
o

th
is

w
e

in
tr

o
d
u
ce

a
te

m
p

er
at

u
re

p
a
ra

m
et

er
T

in
ea

ch
m

o
d
el

,
th

at
ca

n
sh

ar
p

en
or

fl
at

te
n

th
e

d
is

tr
ib

u
ti

on
.

p
T

(x
)
∝
p
(x

)1
/
T
.

W
e

ca
n

m
in

im
iz

e
w

it
h

re
la

ti
ve

ea
se

b
ot

h
th

e
co

n
st

ra
in

ed
an

d
u
n
co

n
st

ra
in

ed
fr

ee
en

er
-

gi
es

in
th

e
la

rg
e
T

re
gi

m
e,

an
d

ex
p

ec
t

ap
p
ro

x
im

at
io

n
s

to
b

e
co

rr
ec

t
at

le
a
d
in

g
o
rd

er
in

1/
T

(s
ee

R
ay

m
on

d
an

d
R

ic
ci

-T
er

se
n
gh

i,
20

13
a)

.
In

so
m

e
ca

se
s

of
sm

a
ll
T

,
in

w
h
ic

h
th

e
p
ro

b
ab

il
it

y
is

w
el

l
d
es

cr
ib

ed
b
y

a
si

n
gl

e
m

o
d
e,

co
n
ce

n
tr

at
ed

ab
ou

t
so

m
e

u
n
iq

u
e

va
lu

e
x
G
S

=
ar

gm
ax

p
T

(x
),

th
e

ap
p
ro

x
im

at
io

n
s

w
e

p
re

se
n
t

ar
e

al
so

ex
ac

t
u
p

to
O

(T
)

co
rr

ec
ti

o
n
s.

1
4

JM
L

R
 1

8(
6)

:1
-3

6,
 2

01
7



V
a
r
ia
t
io
n
a
l
M
e
t
h
o
d
s
a
n
d

L
in
e
a
r
R
e
sp

o
n
se

W
e

fi
n
d

th
a
t

in
m

an
y

of
th

e
m

o
d
els,

m
in

im
ization

of
th

e
con

strain
ed

free
en

ergy
is

slow
o
r

im
p

o
ssib

le
fo

r
T

over
som

e
in

term
ed

iate
ran

ge,
or

b
elow

som
e

th
resh

old
.

T
o

ex
ten

d
th

e
ra

n
g
e

o
f
T

fo
r

w
h
ich

solu
tion

s
cou

ld
b

e
fou

n
d
,

an
an

n
ealin

g
p
ro

ced
u
re

is
em

p
loyed

:
b

egin
-

n
in

g
a
t

la
rg

e
(or

sm
all)

T
an

d
p
ro

ceed
in

g
th

rou
gh

a
seq

u
en

ce
of

m
o
d
els

slow
ly

ch
a
n
gin

g
T

,
a
n
d

u
sin

g
th

e
solu

tion
to

th
e

p
rev

iou
s

m
o
d
el

as
th

e
in

itial
con

d
ition

fo
r

th
e

su
b
seq

u
en

t
m

in
im

izatio
n
.

U
n
d
er

th
is

p
ro

ced
u
re,

w
e

fi
n
d

th
at
λ

(T
)

an
d

th
e

variatio
n
al

p
aram

eters
q

evo
lve

sm
o
o
th

ly,
b
u
t

th
at

th
ere

ap
p

ears
still

to
b

e
a

lim
it

in
th

e
accessib

le
tem

p
eratu

re
ra

n
g
e.

In
th

e
a
p
p
lication

s
p
resen

ted
w

e
d
id

n
ot

fi
n
d

fi
x
ed

p
oin

ts
th

at
ap

p
eared

d
iscon

tin
-

u
o
u
sly.

S
o
lu

tio
n
s

are
reach

ed
b
y

an
n
ealin

g
from

low
tem

p
eratu

re,
from

h
igh

tem
p

eratu
re,

o
r

a
re

a
b
sen

t.

O
u
r

m
o
tiva

tion
for

in
tro

d
u
cin

g
T

is
th

reefold
:

to
stu

d
y

th
e

b
reak

d
ow

n
o
f

th
e

ap
p
rox

-
im

a
tio

n
(a

b
sen

ce
of

solu
tion

s),
to

m
itigate

for
n
on

-con
v
ergen

ce,
an

d
to

in
crease

th
e

sp
eed

o
f

co
n
v
erg

en
ce.

T
h
e

an
n
ealin

g
p
ro

ced
u
re

in
tro

d
u
ces

ad
d
ition

al
com

p
u
tatio

n
al

costs.
W

e
h
ave

n
o
t

m
a
d
e

tim
in

g
com

p
arison

s
aga

in
st

lo
op

y
b
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r
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stead
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p
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a
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m
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c
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b
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b
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d
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=
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.

(21)

V
a
ria

b
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Isin
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s
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i

=
±

1.
T

h
e

m
argin
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for
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o
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(1/N
)

b
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n
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ap

p
rox
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ation
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d
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p

to
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(1/N
2)

b
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e
ap

p
rox
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tem
p
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is
large
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1
/N
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n
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b
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∆
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∀
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b
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p
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b
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R
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d
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(21)
w

ith
N

=
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an
d
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1.

R
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e

m
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B
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e
ap
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T

h
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m
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e
B
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M
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m
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m
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p
eratu

re,
w

h
ere

th
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e
B

eth
e

ap
p
rox

-
im

ation
w

ith
on

an
d

off
-d
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d
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d
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b
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at
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d
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ra
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ra
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e
lo

w
-t

em
p
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in

t
re

p
re

se
n
ta

ti
o
n
)

on
so

lu
ti

on
ex

is
te

n
ce

an
d

al
go

ri
th

m
ic

st
ab

li
ty

.
W

e
th

en
sh

ow
th

at
an

ex
a
ct

m
et

h
o
d

fo
r

m
in

im
iz

in
g

th
e

L
ag

ra
n
gi

an
ex

is
ts

fo
r

so
m

e
fi
x
ed

va
lu

es
of

th
e

L
ag

ra
n
ge

p
ar

a
m

et
er

s
λ

.
T

h
e

C
L

B
P

an
d

C
L

S
P

al
go

ri
th

m
s

ar
e

th
en

p
re

se
n
te

d
in

p
se

u
d
o
co

d
e.

F
in

al
ly

,
w

e
d
is

cu
ss

h
eu

ri
st

ic
s

fo
r

th
e

ca
lc

u
la

ti
on

of
λ

.

B
.1

E
x
is

te
n

c
e

C
er

ta
in

m
o
d
el

s
ar

e
k
n
ow

n
to

b
e

so
lv

ed
at

le
ad

in
g

or
d
er

in
so

m
e

co
n
tr

ol
p
ar

am
et

er
b
y

re
g
io

n
-

b
as

ed
,

B
et

h
e

or
m

ea
n
-fi

el
d

ap
p
ro

x
im

at
io

n
.

E
x
am

p
le

s
ar

e
fe

rr
o
m

a
gn

et
ic

ra
n
d
o
m

g
ra

p
h
s

o
r

fu
ll
y

co
n
n
ec

te
d

m
o
d
el

s
in

th
e

li
m

it
of

la
rg

e
n
u
m

b
er

of
va

ri
ab

le
s

(N
),

ar
b
it

ra
ry

m
o
d
el

s
in

th
e

w
ea

k
ly

in
te

ra
ct

in
g

li
m

it
(a

ls
o

ca
ll
ed

h
ig

h
te

m
p

er
at

u
re
T

),
fi
n
it

e
m

o
d
el

s
in

th
e

li
m

it
o
f

st
ro

n
g

b
ia

se
s

on
th

e
va

ri
ab

le
s

(h
).

In
th

es
e

m
o
d
el

s,
w

e
fi
n
d
,

of
co

u
rs

e,
th

at
th

e
d
ev

ia
ti

o
n

b
et

w
ee

n
th

e
li
n
ea

r
re

sp
on

se
an

d
m

a
rg

in
al

es
ti

m
at

es
ar

e
sm

al
l

in
th

e
co

rr
es

p
o
n
d
in

g
co

n
tr

ol
p
ar

am
et

er
.

E
x
p
an

d
in

g
in

th
is

p
ar

am
et

er
(f

or
ex

am
p
le

1/
T

,
1
/N

)
it

is
st

ra
ig

h
tf

o
rw

a
rd

to
sh

ow
th

e
ex

is
te

n
ce

of
so

lu
ti

on
s,

an
d

q
u
an

ti
fy

th
e

eff
ec

ti
ve

n
es

s
of

th
e

co
n
st

ra
in

ts
(s

ee
R

ay
m

on
d

an
d

R
ic

ci
-T

er
se

n
gh

i,
20
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H

ow
ev

er
,

ev
en

ou
ts

id
e

th
e

re
gi

m
e

w
h
er

e
ex

p
a
n
si

o
n
s

ab
ou

t
th

e
B

et
h
e

ap
p
ro

x
im

at
io

n
ar

e
ap

p
ro

p
ri

at
e,

w
e

fi
n
d

so
lu

ti
on

s:
th

is
in

cl
u
d
es

m
o
d
el

s
w

h
er

e
th

e
co

va
ri

a
n
ce

m
at

ri
x

h
as

d
iv

er
ge

n
t

te
rm

s,
d
u
e

to
a

m
ea

n
-fi

el
d

p
h
as

e
tr

a
n
si

ti
o
n

as
d
es

cr
ib

ed
in

R
ay

m
on

d
an

d
R

ic
ci

-T
er

se
n
gh

i
(2

01
3b

).
H

ow
ev

er
,
in

ex
p

er
im

en
ts

,
w

e
p
re

se
n
t

it
is

sh
ow

n
th

at
va

ri
at

io
n

of
th

e
te

m
p

er
a
tu

re
(w

h
ic

h
co

n
tr

ol
s

th
e

sm
o
ot

h
n
es

s
of

th
e

p
ro

b
ab

il
it

y
)

ca
n

le
ad

to
m

o
d
el

s
w

it
h

n
o

so
lu

ti
o
n
s,

fo
r

so
m

e
co

n
st

ra
in

t
se

ts
.

In
th

e
ca

se
of

b
ot

h
on

a
n
d

off
-d

ia
go

n
al

co
n
st

ra
in

ts
in

Is
in

g
m

o
d
el

s
d
efi

n
ed

on
so

m
e

gr
ap

h
G

=
{V
,E
},

w
it

h
|V
|v

ar
ia

b
le

s
an

d
|E
|e

d
ge

s,
w

e
h
av

e
|E
|+
|V
|v

a
ri

a
ti

o
n
a
l

p
ar

am
et

er
s

b
u
t

al
so
|E
|+
|V
|c

on
st

ra
in

ts
—

so
lv

in
g

a
sy

st
em

of
n
on

-l
in

ea
r

eq
u
a
ti

o
n
s

w
h
er

e
th

e
n
u
m

b
er

of
p
ar

am
et

er
s

m
at

ch
es

th
e

n
u
m

b
er

of
co

n
st

ra
in

ts
se

em
s

op
ti

m
is

ti
c;

a
n
d

p
er

h
a
p
s

it
sh

ou
ld

n
ot

b
e

su
rp

ri
si

n
g

th
at

as
th

e
B

et
h
e

a
p
p
ro

x
im

at
io

n
b
re

ak
s

d
ow

n
so

lu
ti

o
n
s

fa
il

to
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V
a
r
ia
t
io
n
a
l
M
e
t
h
o
d
s
a
n
d

L
in
e
a
r
R
e
sp

o
n
se

ex
ist;

a
p
p
ly

in
g

all
con

strain
ts

is
certain

ly
a

m
argin

al
case

u
n
less

som
e

are
red

u
n
d
an

t.
If

w
e

m
ove

to
a
lp

h
a
b

ets
w

ith
m

ore
th

an
2

states
p

er
variab

le
th

e
n
u
m

b
er

of
p
air-statistics

for
on

-
a
n
d
-o

ff
d
ia

g
o
n
a
l

con
strain

ts
ex

ceed
s

th
e

n
u
m

b
er

of
varia

b
les

(w
ith

n
o

ob
v
iou

s
red

u
n
d
an

cy
);

certa
in

ly
su

ch
a

sy
stem

can
h
ave

n
o

solu
tio

n
s.

W
e

m
u
st

th
in

k
carefu

lly
o
n

w
h
ich

con
strain

ts
to

im
p
lem

en
t,

a
n
d

th
is

is
d
iscu

ssed
in

A
p
p

en
d
ix

B
.2

.

In
th

e
ex

p
erim

en
ts

of
th

is
p
ap

er
w

e
h
ave

in
tro

d
u
ced

for
all

m
o
d
els

th
e

co
n
trol

p
aram

eter
T

,
w

ith
a
ll

m
o
d
els

b
ein

g
w

ell
ap

p
rox

im
ated

b
y

B
eth

e
(an

d
M

ean
-fi

eld
)

ap
p
rox

im
ation

s
in

th
e

w
ea

k
co

u
p
lin

g
lim

it
(T
→
∞

),
an

d
som

e
m

o
d
els

also
b

ein
g

w
ell

ap
p
rox

im
ated

in
th

e
stro

n
g

co
u
p
lin

g
lim

it
(T
→

0).
T

o
ex

ten
d

th
e

regim
e

in
w

h
ich

ou
r

algorith
m

s
a
re

con
vergen

t,
an

a
n
n
ea

lin
g

a
p
p
roach

w
as

tak
en

—
slow

ly
in

creasin
g

1/T
(or

T
)

an
d

follow
in

g
a

solu
tion

w
h
ich

evo
lved

co
n
tin

u
ou

sly
in

th
e

m
argin

als
an

d
L

agran
ge

m
u
ltip

liers
from

th
e

ex
actly

solved
reg

im
e.

In
m

a
n
y

cases,
solu

tion
s

w
ere

fou
n
d

to
reach

a
critical

p
oin

t
T
∗

b
eyon

d
w

h
ich

th
ey

co
u
ld

n
o
t

b
e

con
tin

u
ou

sly
evolved

to
n
ew

solu
tion

s.
A

t
th

ese
p

oin
ts

w
e

in
va

riab
ly

fo
u
n
d

n
o

n
ew

solu
tion

s
em

ergin
g

d
iscon

tin
u
ou

sly
b
y

sim
p
ly

iteratin
g

ou
r

p
ro

ced
u
res.

B
y

u
n
d
erta

k
in

g
a
n
n
ealin

g,
it

w
ou

ld
in

p
rin

cip
le

b
e

p
ossib

le
to

m
iss

som
e

solu
tion

th
at

em
erges

d
isco

n
tin

u
ou

sly
;

th
e

ex
am

p
le

of
S
ection

4.1
sh

ow
s

th
is

is
p

ossib
le

(th
ere

is
co

ex
isten

ce
of

tw
o

so
lu

tio
n
s

a
t

low
tem

p
eratu

re
for

th
e

case
of

off
-d

iagon
al

con
strain

ts
on

ly
),

b
u
t

in
th

e
o
th

er
ex

a
m

p
les

of
th

is
p
ap

er
w

e
fou

n
d

n
o

ev
id

en
ce

for
th

is.
W

e
ex

p
ect

in
m

ost
p
ractical

a
p
p
lica

tion
s,

a
n
d

for
go

o
d

ch
oices

of
th

e
con

strain
ts,

co
ex

isten
ce

w
ill

b
e

ab
sen

t.

A
co

m
m

o
n

featu
re

in
solu

tion
d
iscon

tin
u
ity

d
u
rin

g
an

n
ealin

g
is

th
e

d
ivergen

ce
o
f

som
e

L
a
g
ra

n
g
e

m
u
ltip

lier(s);
th

is
in

d
icates

th
at

th
e

failu
re

w
as

d
u
e

to
in

v
iab

ility
of

solu
tio

n
s

rath
er

th
a
n

a
b
reak

d
ow

n
of

algorith
m

ic
d
y
n
am

ics.
U

n
like

th
e

B
eth

e
ap

p
rox

im
ation

,
w

h
ich

ca
n

b
e

fo
rced

to
con

verge
to

a
lo

cal
m

in
im

u
m

at
an

y
T

,
rep

lacin
g

L
B

P
b
y

a
con

vex
-con

cav
e

p
ro

ced
u
re.

W
e

sp
ecu

late
th

at
th

e
co

n
strain

ed
free

en
ergy

h
as

n
o

solu
tion

s
in

stron
gly

co
u
p
led

reg
im

es
an

d
th

at
w

h
ere

p
ractical

solu
tion

s
d
o

ex
ist

th
e

cav
ity

b
ased

algorith
m

s
w

ill
b

e
su

ffi
cien

t
if

com
b
in

ed
w

ith
ap

p
rop

riate
d
am

p
in

g
an

d
/or

an
n
ealin

g.

B
.2

S
e
le

c
tio

n
o
f

C
o
n

stra
in

ts
fo

r
B

e
st

S
o
lu

tio
n

s

In
th

is
sectio

n
w

e
con

sid
er

reason
ab

le
ch

oices
for

th
e

con
strain

ts,
assu

m
in

g
a

solu
tion

ex
is-

ten
ts,

a
n
d

a
lg

orith
m

ic
con

vergen
ce

is
p

ossib
le.

S
in

ce
w

e
a
re

ap
p
ly

in
g

con
strain

ts
to

d
iscrete

m
o
d
els

it
is

clear
th

at
th

e
ap

riori
con

strain
ts

selectio
n

sh
o
u
ld

b
e

in
d
ep

en
d
en

t
of

th
e

lab
elin

g
con

ven
tion

.
F

u
rth

erm
ore,

w
e

n
ote

th
at

w
e

m
a
d
e

th
e

ra
th

er
arb

itrary
ch

oice
in

(2)
of

p
ertu

rb
ation

s
in

th
e

set
of

statistics{
δ
x
i ,y

:
y

=
1
...Y

},
Y

b
ein

g
th

e
n
u
m

b
er

of
states.

W
h
ilst

th
is

is
in

varian
t

u
n
d
er

relab
elin

g,
an

d
sp

an
s

a
ll

p
o
ssib

le
p

ertu
rb

ation
d
irection

s
(an

d
on

e
red

u
n
d
an

t
d
irection

∑
y
δ
x
i ,y ),

w
e

m
igh

t
get

d
iff

eren
t

cova
rian

ces
accord

in
g

to
ou

r
ch

oice.
It

w
ou

ld
seem

sen
sib

le
to

ch
o
ose

ou
r

con
strain

t
reg

im
e

so
th

a
t

a
n
y

set
of

statistics
th

at
sp

an
s

th
e

set
of

p
ertu

rb
ation

s
y
ield

s
th

e
sam

e
resu

lt.
T

o
a
ch

ieve
th

is
w

e
m

u
st

p
ick

a
com

p
lete

b
asis{

φ},
an

d
ap

p
ly

con
stra

in
ts

on
all-covarian

ce
p
a
irs.

T
h
e

co
n
sid

eration
of

b
ases

m
otivates

th
e

regim
es

w
e

h
ave

ex
p
lored

:
d
iago

n
al,

off
-

d
ia

go
n
a
l,

o
n
-an

d
-off

d
iagon

al.
T

h
ese

sch
em

es
are

b
a
sis-in

d
ep

en
d
en

t.
If

th
e

con
d
ition

C
(i,·),(j,·)

=
χ
(i,·),(j,·)

is
m

et
in

on
e

b
asis

for
all

elem
en

ts,
th

en
a

ch
an

ge
b

etw
een

tw
o

(or-
th

o
n
o
rm

a
l)

b
a
sis

is
a

rotation
,

an
d

th
e

id
en

tities
rem

a
in

in
tact.

27
JM

L
R

 18(6):1-36, 2017

R
a
y
m
o
n
d

a
n
d

R
ic
c
i-T

e
r
se

n
g
h
i

W
e

fou
n
d

th
at

off
-d

iagon
al

ty
p
ically

p
erform

ed
w

orse
th

an
on

-d
iagon

al,
as

w
ell

as
b

ein
g

com
p
u
tation

ally
m

ore
ch

allen
gin

g.
In

th
e

fi
n
al

ex
p

erim
en

t
of

S
ection

4.4
w

e
also

tried
on

e
b
asis

d
ep

en
d
en

t
set

of
con

strain
ts,

th
e

so-called
p
u

re-d
ia

go
n

a
l
regim

e.
D

esp
ite

b
reak

in
g

th
e

p
arad

igm
of

b
asis

in
d
ep

en
d
en

ce,
it

p
erform

ed
ju

st
as

w
ell

as
th

e
block-d

ia
go

n
a
l

regim
e

th
at

is
b
asis

in
d
ep

en
d
en

t,
so

th
is

in
d
icates

th
at

b
asis

in
d
ep

en
d
en

ce
is

n
ot

an
essen

tial
fea

tu
re

in
con

strain
t

selection
.

T
op

ological
d
istin

ction
s

am
on

gst
con

strain
ts

can
also

b
e

m
ad

e.
In

a
region

-b
ased

ap
-

p
rox

im
ation

,
w

e
can

d
istin

gu
ish

th
e

“2-co
re”

from
th

e
rest

of
th

e
grap

h
.

T
h
e

2-core
is

th
e

set
of

variab
les

th
at

are
fou

n
d

b
y

recu
rsively

rem
ov

in
g

variab
les

th
at

are
in

volved
in

at
m

ost
on

e
“ou

ter
region

”
(gen

eralized
in

teraction
).

W
e

ad
v
ise

con
strain

in
g

variab
les

on
th

e
2-core

on
ly.

T
h
e

reason
for

th
is

is
th

at
th

e
set

of
va

riab
les

th
at

are
n
ot

in
th

e
2-core

form
a

forest—
a

set
of

d
iscon

n
ected

trees
for

w
h
ich

th
e

ap
p
rox

im
ation

is
con

d
ition

ally
ex

act
even

w
ith

ou
t

con
strain

ts.
If

w
e

h
ave

th
e

core
correct,

th
en

oth
er

con
strain

ts
w

ill
b

e
red

u
n
d
an

t.
It

is
on

ly
in

th
e

ca
se

of
th

e
alarm

n
et

(F
igu

re
1,

S
ection

4.4)
th

at
th

e
2-core

is
d
istin

gu
ish

ed
from

th
e

fu
ll

grap
h

an
d

w
e

m
ak

e
th

is
ap

p
rox

im
ation

.
O

th
er

top
ological

d
istin

ction
s

cou
ld

b
e

ap
p
lied

,
d
istin

gu
ish

in
g

con
strain

ts
b
y

th
e

d
istan

ce
b

etw
een

variab
les

m
igh

t
b

e
on

e
p

os-
sib

ility
(in

F
igu

re
2(b

)
for

ex
am

p
le

th
ere

are
n
earest,

an
d

n
ex

t
n
earest

n
eigh

b
ors

w
ith

in
th

e
region

s);
h
ow

ever,
in

th
e

B
eth

e
ap

p
rox

im
ation

(all
ex

p
erim

en
ts

w
e

p
resen

t)
on

ly
n
earest

n
eigh

b
ors

m
igh

t
b

e
con

strain
ed

so
th

e
ex

a
m

p
le

is
m

u
te.

B
eyon

d
th

ese
con

sid
eration

s,
w

e
d
id

n
ot

attem
p
t

to
fu

rth
er

restrict
th

e
set

of
con

strain
ts

in
a

m
o
d
el

sp
ecifi

c
m

an
n
er,

b
u
t

sev
eral

op
tion

s
m

igh
t

b
e

w
orth

ex
p
lorin

g,
in

p
articu

lar:
(1)

C
on

sid
er

th
e

covarian
ce

m
atrix

restricted
to

a
sin

gle
variab

le
“b

lo
ck

”,
χ
(i,·),(i,·) .

F
or

a
given

ap
p
rox

im
ation

(for
ex

am
p
le

B
eth

e)
th

ere
is

a
u
n
iq

u
e

orth
on

orm
al

b
asis

{
φ
i }

th
at

d
iagon

alizes
th

e
covarian

ce
m

atrix
.

T
h
is

w
ou

ld
p
rov

id
e

a
n
atu

ral
ch

oice
for

th
e

statistic
b
asis.

T
h
e

eigen
valu

e-v
ector

p
airs

d
eterm

in
e

w
h
ich

d
irection

is
m

ost
su

scep
tib

le
to

a
ch

an
g
e

in
p
aram

eters,
an

d
so

(lo
osely

sp
eak

in
g)

m
ost

sen
sitive

to
ap

p
rox

im
ation

errors.
W

e
m

igh
t,

th
erefore,

ran
k

con
strain

ts
b
y

th
is

eigen
valu

es
for

in
clu

sion
.

(2)
If

w
e

can
solve

th
e

p
rob

lem
to

ob
tain

q ∗i ,
th

en
w

e
can

con
sid

er
d
efi

n
in

g
on

ly
on

e
p

ertu
rb

ation
statistic

p
er

variab
le

as
φ

(x
i )
∝

log
(Y
q ∗(x

i )).
S
in

ce
w

e
k
n
ow

ap
p
rox

im
a
tion

s
ten

d
to

b
e

overcon
fi
d
en

t,
it

w
ou

ld
seem

a
n
atu

ral
ch

oice
to

con
strain

in
lin

e
w

ith
th

e
b

elief,
rath

er
th

an
w

astin
g

resou
rces

on
u
n
im

p
ortan

t
d
irection

s
in

p
aram

eter
sp

ace.

B
.3

A
ssig

n
m

e
n
t

o
f

C
o
n

stra
in

ts
to

R
e
g
io

n
s,

a
n

d
B

a
sis

se
le

c
tio

n
,

fo
r

B
e
st

C
o
n
v
e
rg

e
n

c
e

F
or

ou
r

con
strain

t
regim

es
(d

iagon
al,

on
-d

iagon
a
l

an
d

on
-an

d
-off

d
iagon

al),
th

e
allo

cation
of

con
strain

ts
to

sp
ecifi

c
region

s,
th

e
ch

oice
o
f

statistical
b
asis,

th
e

in
itial

con
d
ition

of
th

e
algorith

m
an

d
th

e
d
am

p
in

g,
leav

e
th

e
algorith

m
ic

fi
x
ed

p
oin

ts
u
n
ch

an
ged

.
O

w
in

g
to

ou
r

slow
an

n
ealin

g
ap

p
roach

(in
creasin

g
or

d
ecrea

sin
g
T

)
ou

r
resu

lts
w

ere
n
ot

very
sen

sitive
to

th
e

oth
er

im
p
lem

en
ta

tion
d
etails.

H
ow

ever,
th

ese
ch

oices
d
o

im
p
act

con
vergen

ce
sign

ifi
can

tly.

W
e

fi
n
d

th
at

a
n
on

-red
u
n
d
an

t
orth

on
orm

al
set

of
statistics

lead
s

to
faster

con
vergen

ce.
O

rth
on

orm
ality

en
su

res
th

at,
at

lead
in

g
ord

er,
th

e
L

agran
ge

m
u
ltip

liers
are

in
d
ep

en
d
en

t
of

on
e

an
oth

er,
w

h
ich

is
th

e
criteriu

m
th

at
gu

aran
tees

th
e

su
ccess

of
ou

r
m

eth
o
d
.

A
red

u
n
d
an

t
statistic

is
φ

(x
i )

=
∑

Y
−
1

y
=
0
δ
x
i ,y ,

w
h
ere

x
i

h
as

Y
states,

an
d

so
on

ly
Y
−

1
orth

on
orm

al
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V
a
r
ia
t
io
n
a
l
M
e
t
h
o
d
s
a
n
d

L
in
e
a
r
R
e
sp

o
n
se

st
at

is
ti

cs
n
ee

d
b

e
im

p
le

m
en

te
d
.

A
n
ic

e
ap

p
ro

ac
h

to
th

e
se

le
ct

io
n

of
an

or
th

on
or

m
al

b
as

is
is

d
is

cu
ss

ed
in

Y
as

u
d
a

(2
01

3)
,

fo
r

Is
in

g
sp

in
s,

a
u
n
iq

u
e

ch
oi

ce
p

er
va

ri
ab

le
is
x
i.

W
e

al
lo

ca
te

d
co

n
st

ra
in

ts
in

a
n
ai

ve
m

a
n
n
er

,
as

si
gn

in
g

ea
ch

co
n
st

ra
in

t
to

th
e

fi
rs

t
av

ai
l-

ab
le

“o
u
te

r
re

gi
on

”.
F

or
d
ia

go
n
al

co
n
st

ra
in

ts
an

ap
p
ro

ac
h

w
h
er

e
co

n
st

ra
in

ts
a
re

al
lo

ca
te

d
to

si
n
gl

e-
va

ri
ab

le
re

gi
on

s
w

as
p
ro

p
os

ed
b
y

Y
as

u
d
a

et
al

.,
an

d
th

is
al

lo
w

s
so

m
e

si
m

p
li
fi
ca

ti
on

s
as

w
el

l
as

im
p
ly

in
g

a
u
n
iq

u
e

al
lo

ca
ti

on
(s

ee
Y

as
u
d
a,

20
13

).
A

p
p
ro

ac
h
es

th
at

d
o

n
ot

al
lo

ca
te

co
n
st

ra
in

ts
to

re
gi

on
s,

su
ch

as
it

er
at

io
n

b
y

li
n
ea

r
ex

p
an

si
on

of
th

e
co

va
ri

an
ce

m
at

ri
x

h
av

e
b

ee
n

at
te

m
p
te

d
(2

9)
,

b
u
t

th
os

e
w

er
e

sl
ow

er
to

co
n
v
er

g
e.

A
s

a
ge

n
er

al
ru

le
,

w
e

w
is

h
to

gr
ou

p
L

ag
ra

n
ge

m
u
lt

ip
li
er

s
to

ge
th

er
as

m
u
ch

as
p

os
si

b
le

.
In

th
is

w
ay

,
co

rr
el

at
io

n
s

am
on

gs
t

th
e

L
ag

ra
n
ge

m
u
lt

ip
li
er

s
ar

e
ac

co
u
n
te

d
fo

r
lo

ca
ll
y.

A
p

ot
en

ti
al

ly
b

et
te

r
ap

p
ro

ac
h

th
an

ou
r

fi
x
ed

as
si

gn
m

en
t

su
gg

es
ti

on
m

ig
h
t

b
e

to
u
p

d
a
te

al
l

L
ag

ra
n
ge

w
it

h
in

so
m

e
ou

te
r

re
gi

on
.

W
h
er

e
a

co
n
st

ra
in

t
co

u
ld

b
e

al
lo

ca
te

d
to

m
or

e
th

an
on

e
re

gi
on

,
th

e
re

su
lt

s
co

u
ld

b
e

av
er

ag
ed

,
or

re
gi

on
s

co
u
ld

b
e

se
le

ct
ed

d
iff

er
en

tl
y

on
ea

ch
cy

cl
e

to
av

oi
d

co
n
fl
ic

ti
n
g

as
si

gn
m

en
ts

.

A
d
am

p
in

g
fa

ct
or

th
at

b
eg

in
s

as
1

an
d

d
ec

re
as

es
d
u
ri

n
g

th
e

an
n
ea

li
n
g

p
ro

ce
d
u
re

(a
s

re
q
u
ir

ed
to

en
ab

le
co

n
ve

rg
en

ce
)

is
ap

p
li
ed

in
th

e
ex

p
er

im
en

ts
.

In
si

m
u
la

ti
on

s
w

it
h
ou

t
an

an
n
ea

li
n
g

sc
h
em

e,
a

ra
te
.

0.
5

co
u
ld

b
e

es
se

n
ti

al
to

p
re

ve
n
t

os
ci

ll
at

io
n
s

th
at

ar
is

e
fr

om
co

rr
el

at
ed

u
p

d
at

in
g

of
L

ag
ra

n
ge

m
u
lt

ip
li
er

s.
In

p
ar

ti
cu

la
r,

off
-d

ia
go

n
al

va
lu

es
λ
ij

an
d

d
ia

go
n
al

va
lu

es
λ
ii

ca
n

b
e

an
ti

-c
or

re
la

te
d
.

If
th

ey
ar

e
n
ot

u
p

d
at

ed
on

th
e

sa
m

e
re

gi
on

u
n
d
am

p
ed

it
er

at
io

n
ca

n
le

ad
to

sl
ow

co
n
ve

rg
en

ce
or

os
ci

ll
at

io
n
s.

In
it

ia
l

co
n
d
it

io
n
s

ar
e

ch
os

en
as
λ

=
0;

so
th

at
th

e
fi
rs

t
it

er
at

io
n

is
eq

u
iv

a
le

n
t

to
an

u
n
-

co
n
st

ra
in

ed
ap

p
ro

x
im

at
io

n
.

O
n
e

ad
va

n
ta

ge
of

th
e

an
n
ea

li
n
g

ap
p
ro

ac
h

(w
h
er

e
w

e
fi
rs

t
so

lv
e

th
e

tr
iv

ia
l

m
o
d
el
T

=
0

or
+
∞

,
an

d
th

en
in

cr
ea

se
or

d
ec

re
as

e
T

,
in

it
ia

li
zi

n
g

b
y

th
e

cu
rr

en
t

so
lu

ti
on

),
is

th
at

w
e

d
o

n
ot

re
q
u
ir

e
th

e
co

n
ve

rg
en

ce
of

th
e

u
n
co

n
st

ra
in

ed
ap

p
ro

x
im

at
io

n
to

fi
n
d

a
so

lu
ti

on
in

th
e

co
n
st

ra
in

ed
re

gi
m

e.

B
.4

C
o
n
v
e
x

C
o
n

c
a
v
e

P
ro

c
e
d

u
re

W
e

p
ro

ve
th

at
it

is
p

os
si

b
le

to
m

in
im

iz
e

(1
6)

in
q

b
y

a
co

n
ve

x
-c

on
ca

ve
d
ec

om
p

os
it

io
n
.

In
H

es
k
es

,
A

lb
er

s,
an

d
K

ap
p

en
(2

00
3)

b
y

in
tr

o
d
u
ci

n
g

au
x
il
ia

ry
p
ar

a
m

et
er

s
q′

ov
er

th
e

in
n
er

re
gi

on
s,

a
p
ai

r
of

co
n
ve

x
op

ti
m

iz
at

io
n

p
ro

ce
d
u
re

s
w

er
e

d
ev

el
op

ed
th

at
le

d
to

m
in

im
a

of
th

e
re

gi
on

b
as

ed
fr

ee
en

er
gy

.
W

it
h

th
e

ad
d
it

io
n

of
ou

r
co

n
st

ra
in

ts
,

w
e

on
ly

n
ee

d
to

m
ak

e
a

m
in

or
m

o
d
ifi

ca
ti

on
to

th
ei

r
ar

gu
m

en
t.

C
on

si
d
er

an
au

x
il
ia

ry
fr

ee
en

er
gy

F
(q
,q
′ )

,
w

h
er

e
q′

ar
e

ad
d
it

io
n
al

p
ar

am
et

er
s

in
on

e
to

on
e

co
rr

es
p

on
d
en

ce
w

it
h

th
e

or
ig

in
al

va
ri

a
ti

on
al

p
ar

am
et

er
s.

H
es

ke
s

et
al

.
ou

tl
in

e
th

re
e

re
q
u
ir

em
en

ts
of

th
is

fr
ee

en
er

gy

1
C

on
ve

x
it

y
of
F

(q
,q
′ )

w
it

h
re

sp
ec

t
to
q.

2
F

(q
,q
′ =

q)
=
F

(q
)

3
F

(q
,q
′ )
≥
F

(q
)

th
at

gu
ar

an
te

e
th

at
th

e
it

er
at

iv
e

p
ro

ce
d
u
re

q′ t
+
1

=
ar

gm
in
q
F

(q
,q
′ t)
,

(2
6)

co
n
ve

rg
es

to
va

lu
es

th
at

ar
e

m
in

im
iz

in
g

ar
gu

m
en

ts
of
F

(q
).
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 1
8(

6)
:1

-3
6,

 2
01

7

R
a
y
m
o
n
d

a
n
d

R
ic
c
i-
T
e
r
se

n
g
h
i

S
in

ce
th

e
v
io

la
ti

on
te

rm
(1

3)
is

a
q
u
ad

ra
ti

c
fu

n
ct

io
n

of
th

e
va

ri
at

io
n
al

p
ar

a
m

et
er

s
q(
x
α
),

it
ca

n
b

e
ex

p
re

ss
ed

b
y

a
co

n
st

an
t
A

0
,

a
ve

ct
or

of
li
n
ea

r
co

effi
ci

en
ts
A

1
a
n
d

q
u
a
d
ra

ti
c

co
effi

ci
en

ts
A

2
th

at
d
efi

n
e

a
sy

m
m

et
ri

c
m

at
ri

x
.
A

2
ca

n
b

e
d
ec

om
p

os
ed

as
a

p
o
si

ti
ve

d
efi

n
it

e
an

d
n
eg

at
iv

e
se

m
i-

d
efi

n
it

e
p
ar

t
(A

+ 2
an

d
A
− 2

).
It

is
th

en
ea

sy
to

d
efi

n
e

a
fu

n
ct

io
n

in
v
ec

to
r

n
ot

at
io

n

∆
+

(q
,q
′ ,
q∗ (·)

)
=
A

0
(q
∗ (·)

)
+
qT
A

1
+

(q
′ )
T
A

2
q′

+
(q
−
q′

)T
A

+ 2
(q
−
q′

)
.

(2
7
)

T
o

m
in

im
iz

e
ou

r
re

gi
on

-b
as

ed
fr

ee
en

er
gy

w
it

h
co

n
st

ra
in

ts
(1

6)
w

e
su

b
st

it
u
te

(2
7
)

fo
r

(1
3
)

an
d

fo
ll
ow

th
e

p
ro

ce
d
u
re

in
H

es
ke

s,
A

lb
er

s,
an

d
K

ap
p

en
(2

00
3)

fo
r

th
e

re
m

a
in

in
g

te
rm

s.
T

h
e

fr
ee

en
er

gy
m

ee
ts

th
e

cr
it

er
ia

fo
r

co
n
ve

rg
en

ce
u
n
d
er

th
e

it
er

at
iv

e
sc

h
em

e
(2

6
).

T
h
e

d
ou

b
le

lo
o
p

p
ro

ce
d
u
re

,
d
es

p
it

e
n
ot

ch
an

gi
n
g

th
e

as
y
m

p
to

ti
c

co
m

p
le

x
it

y
o
f

m
es

sa
g
e

p
as

si
n
g
O

(N
)

is
of

te
n

co
n
si

d
er

ed
im

p
ra

ct
ic

a
l,

b
u
t,

in
th

e
fr

am
ew

or
k

w
e

ar
e

p
ro

p
o
si

n
g
,

th
e

la
rg

es
t

co
st

is
th

e
ev

al
u
at

io
n

of
th

e
li
n
ea

r
re

sp
o
n
se

,
im

p
le

m
en

ti
n
g

a
d
ou

b
le

lo
o
p

p
ro

ce
-

d
u
re

m
ay

b
e

se
n
si

b
le

.
In

p
ra

ct
ic

e
w

e
h
av

e
u
se

d
th

e
va

ri
at

io
n

o
n

lo
op

y
b

el
ie

f
p
ro

p
a
g
a
ti

o
n
,

ra
th

er
th

an
th

e
d
ou

b
le

-l
o
op

p
ro

ce
d
u
re

,
to

ex
tr

em
iz

e
th

e
L

ag
ra

n
gi

an
.

D
es

p
it

e
th

e
a
b
se

n
ce

of
th

eo
re

ti
ca

l
gu

ar
an

te
es

,
th

e
3-

fo
ld

sc
h
em

e
p
ro

v
es

to
b

e
re

li
ab

le
:

so
lv

in
g

fo
r

va
ri

a
ti

o
n
a
l

p
a
-

ra
m

et
er

s
(b

y
C

L
B

P
);

so
lv

in
g

fo
r

th
e

li
n
ea

r
re

sp
on

se
(b

y
C

L
S
P

);
an

d
u
p

d
at

e
o
f

th
e

L
a
g
ra

n
g
e

m
u
lt

ip
li
er

s.

B
.5

P
se

u
d

o
c
o
d

e
fo

r
D

e
te

rm
in

in
g

th
e

F
ix

e
d

P
o
in

t
o
f

q
G

iv
e
n
λ

W
e

d
et

er
m

in
e
q

b
y

th
e

co
n
st

ra
in

ed
lo

op
y

b
el

ie
f

p
ro

p
ag

at
io

n
(C

L
B

P
)

al
go

ri
th

m
,

d
es

cr
ib

ed
in

A
lg

or
it

h
m

1,
w

h
ic

h
is

a
m

o
d
ifi

ed
fo

rm
of

th
e

H
es

ke
s,

A
lb

er
s,

an
d

K
ap

p
en
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−
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−
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p
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r
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r
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p
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c
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b
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δq̂
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p
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=
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h
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input
patterns

w
ith

the
asym

ptotic
netw

ork
state.

In
the

vast
m

ajority
of

the
existing

theoretical
analysis

ofST
M

,the
results

conclude
thatnetw

orks
w

ith
M

nodes
can

only
recoverinputs

oflength
N
≤
M

(W
hite

etal.,2004;W
allace

etal.,2013)w
hen

the
inputs

are
unstructured.

H
ow

ever,in
any

m
achine-learning

problem
ofinterest,the

inputstatisticalstructure
is

precisely
w

hat
w

e
intend

to
exploit

to
accom

plish
m

eaningful
tasks.

For
one

exam
ple,

m
any

signals
are

w
ell-know

n
to

adm
ita

sparse
representation

in
a

transform
dictionary

(E
lad

etal.,2010;D
avies

and
D

audet,2006).In
fact,som

e
classes

ofdeep
neuralnetw

orks
have

been
designed

to
induce

sparsity
athigherlayers

thatm
ay

serve
as

inputs
into

the
recurrentlayers

(L
eC

un
etal.,2010;K

avukcuoglu
etal.,2010).Foranotherexam

ple,a
collection

oftim
e-varying

inputstream
s

(e.g.,pixels
orim

age
features

in
a

video
stream

)are
often

heavily
correlated.

In
the

specific
case

ofsingle
inputstream

s
(L

=
1)

w
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inputs
that

are
K

-sparse
in

a
basis,

recent
w

ork
(C

harles
et

al.,
2014)

has
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the
ST

M
capacity

can
scale
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M

=
O

(K
log

γ(N
))
≤
N

,
w

here
γ
≥

1
is

a
constant.

In
other
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ords,the

m
em

ory
capacity

can
scale

linearly
w

ith
the

inform
ation

rate
in

the
signal

and
only

logarithm
ically

w
ith

the
signal

dim
ension,

resulting
in

the
potential

for
recovery

of
inputs

of
length

N
�

M
.

U
nfortunately,existing

analyses
(Jaeger,2001;

W
hite

et
al.,2004;

G
anguliand

Som
polinsky,2010;C

harles
etal.,2014)are

generally
specific

to
the

restricted
case

of
single

tim
e-series

inputs
(L

=
1)orunstructured

inputs
(V

erstraeten
etal.,2010).
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isdom
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addressed
w

ith
strong

analysis
in

the
generalcase

of
E

SN
s

w
ith

m
ultidim

en-
sionalinputstream

s.T
he

m
ain

contribution
ofthis

paperis
to

provide
generalresults

characterizing
the

ST
M

capacity
for

linear
random

ly
connected

E
SN

s
w

ith
m

ultidim
ensionalinputstream

s
w

hen
the

inputs
are

eithersparse
in

a
basis

orhave
significantstatisticaldependence

(w
ith

no
sparsity

as-
sum

ption).In
both

cases,w
e

show
thatthe

num
berofnodes

in
the

netw
ork

m
ustscale

linearly
w

ith
the

inform
ation

rate
and

poly-logarithm
ically

w
ith

the
totalinputdim

ension.T
he

analysis
relies

on
advanced

applications
of

random
m

atrix
theory,and

results
in

non-asym
ptotic

analysis
of

explicit
bounds

on
the

recovery
error.Taken

together,this
analysis

provides
a

significantstep
forw

ard
in

our
understanding

of
the

ST
M

properties
in

R
N

N
s.

W
hile

this
paper

is
prim

arily
focused

on
netw

ork
structures

in
the

contextofR
N

N
s

in
m

achine
learning,these

results
also

provide
foundation

forthe
theoreticalunderstanding

of
recurrentnetw

ork
structures

in
biologicalneuralnetw

orks,as
w

ellas
the

m
em

ory
properties

in
othernetw

ork
structures

w
ith

sim
ilardynam

ics
(e.g.,opinion

dynam
ics

in
socialnetw

orks).

2.B
ackground

and
R

elated
W

ork

2.1
ShortTerm

M
em

ory
in

R
ecurrentN

etw
orks

M
any

approaches
have

been
used

to
analyze

the
ST

M
of

random
ly

connected
netw

orks,including
nonlinear

netw
orks

(Som
polinsky

et
al.,

1988;
M

assar
and

M
assar,

2013;
Faugeras

et
al.,

2009;
R

ajan
et

al.,2010;
G

altier
and

W
ainrib,2016;W

ainrib,2015)
and

linear
netw

orks
(Jaeger,2001;

Jaeger
and

H
aas,2004;W

hite
etal.,2004;G

angulietal.,2008;G
anguliand

Som
polinsky,2010;

C
harles

etal.,2014;W
allace

etal.,2013)
w

ith
both

discrete-tim
e

and
continuous-tim

e
dynam

ics.
T

hese
m

ethods
can

be
broadly

be
classified

as
eithercorrelation-based

m
ethods

(W
hite

etal.,2004;
G

anguli
et

al.,2008)
or

uniqueness
m

ethods
(Jaeger,2001;

M
aass

et
al.,2002;

Jaeger
and

H
aas,

2004;C
harles

etal.,2014;L
egenstein

and
M

aass,2007;B
üsing

etal.,2010).
C

orrelation
m

ethods
focus

on
quantifying

the
correlation

betw
een

the
netw

ork
state

and
recentnetw

ork
inputs.

In
these

studies,the
ST

M
isdefined

asthe
tim

e
ofthe

oldestinputw
here

the
correlation

betw
een

the
netw

ork
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C
H

A
R

L
E

S,Y
IN

A
N

D
R

O
Z

E
L

L

state
and

thatinputrem
ains

above
a

given
threshold

(W
hite

etal.,2004;G
angulietal.,2008).T

hese
m

ethodshave
m

ostly
been

applied
to

discrete-tim
e

system
s,and

have
resulted

in
boundson

the
ST

M
thatscale

linearly
w

ith
the

num
berofnodes

(i.e.
M

>
N

).
In

contrast,uniqueness
m

ethods
instead

aim
to

show
that

different
netw

ork
states

correspond
to

unique
input

sequences
(i.e.

the
netw

ork
dynam

ics
are

bijective). 1
For

uniqueness
m

ethods,
the

ST
M

is
defined

as
the

longestinputlength
w

here
this

input-netw
ork

state
bijection

stillholds.
T

hese
m

ethods
have

been
used

under
the

term
separability

property
for

continuous-tim
e

liquid
state

m
achines

(M
aass

etal.,2002;V
apnik

and
C

hervonenkis,1971;L
egenstein

and
M

aass,2007;
W

allace
etal.,2013;B

üsing
etal.,2010)

and
under

the
term

echo-state
property

for
discrete-tim

e
E

SN
s

(Jaeger,2001;Y
ildiz

etal.,2012;B
uehner

and
Y

oung,2006;M
anjunath

and
Jaeger,2013).

T
he

echo-state
property

is
the

m
ethod

m
ost

related
to

the
approach

w
e

take
here,and

essentially
derivesthe

m
axim

um
length

ofthe
inputsignalsuch

thatthe
resulting

netw
ork

statesrem
ain

unique.
W

hile
this

property
guarantees

a
bijection

betw
een

inputs
and

netw
ork

states,itdoes
nottake

into
accountinputsignalstructure,does

notcapture
the

robustness
ofthe

m
apping,and

does
notprovide

guarantees
forstably

recovering
the

inputfrom
the

netw
ork

activity.

2.2
C

om
pressed

Sensing

T
he

com
pressed

sensing
literature

and
its

recent
extensions

include
m

any
tools

for
studying

the
effectsofrandom

m
atricesapplied

to
low

-dim
ensionalsignals.Specifically,in

the
basic

com
pressed

sensing
problem

w
e

desire
to

recoverthe
signal

s
∈
R
N

from
M

m
easurem

ents 2
generated

from
a

random
linearm

easurem
entoperator,

x
=
A

(s
)

+
ε,

(2)

w
here

ε
∈

R
M

represents
the

potentialm
easurem

enterrors.
Typically,

s
is

assum
ed

to
have

low
-

dim
ensional

structure
and

recovery
is

perform
ed

via
a

convex
optim

ization
program

.
T

he
m

ost
com

m
on

exam
ple

is
a

sparsity
m

odelw
here

s
can

be
represented

as

s
=

Ψ
a
,

w
here

Ψ
∈

R
N
×
N

is
a

transform
m

atrix
and

a
∈

R
N

is
the

sparse
coefficientrepresentation

of
s

w
ith

K
�
N

ofits
entries

non-zero.U
nderthis

sparsity
assum

ption,the
coefficientrepresentation

is
recoverable

ifthe
linearoperatorA

satisfies
the

restricted
isom

etry
property

(R
IP)thatguarantees

uniqueness
ofthe

com
pressed

m
easurem

ents.Specifically,w
e

say
thatA

satisfies
the

R
IP(2K

,δ)if
forevery

2
K

-sparse
signal

s,the
follow

ing
condition

is
satisfied:

C
(1−

δ)≤
||A
s|| 22

/||s|| 22 ≤
C

(1
+
δ)
,

w
here

0
<
δ
<

1
and

C
>

0
is

a
positive

constant.
W

hen
A

satisfies
the

R
IP(2

K
,δ)

the
sparse

coefficients
a

can
be

recovered
by

solving
an
`
1 -norm

based
optim

ization
function

a
=

arg
m

in
a
||a||1

such
that

||x
−
A

(Ψ
a

)||2 ≤
||ε||2

,
(3)

1
.W

e
note

thatuniqueness-based
m

ethods
im

ply
recovery-based

m
ethods,m

odulo
a

recovery
algorithm

,as
often

re-
covery

guarantees
are

based
on

som
e

sem
blance

ofa
bijection.

2
.In

the
case

ofR
N

N
s,the

netw
ork

node
values

actas
the

m
easurem

ents
ofoursystem

,prom
pting

the
use

of
M

as
the

num
berofm

easurem
ents

in
this

section
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a

ne
tw

or
k’

s
ST

M
ca

pa
ci

ty
ca

pt
ur

ed
in

th
e

fo
llo

w
in

g
th

eo
re

m
:

T
he

or
em

1
(T

he
or

em
4.

1.
1,

C
ha

rl
es

et
al

.,
20

14
)

Su
pp

os
e
N
≥
M

,N
≥
K

,N
≥
O

(1
),

3
an

d
L

=
1

.
Le

tU
be

an
y

un
ita

ry
m

at
ri

x
of

ei
ge

nv
ec

to
rs

(c
on

ta
in

in
g

co
m

pl
ex

co
nj

ug
at

e
pa

ir
s)

of
th

e
co

nn
ec

tiv
ity

m
at

ri
x
W

an
d

fo
r
M

an
ev

en
in

te
ge

r,
de

no
te

th
e

ei
ge

nv
al

ue
s

of
W

by
{e
jw

m
}M m

=
1
.L

et
th

e
fir

st
M
/2

ei
ge

nv
al

ue
s

({
ej
w
m
}M

/
2

m
=

1
)

be
ch

os
en

un
ifo

rm
ly

at
ra

nd
om

on
th

e
co

m
pl

ex
un

it
ci

rc
le

(i
.e

.,
{w

m
}M

/
2

m
=

1
is

un
ifo

rm
ly

di
st

ri
bu

te
d

ov
er

[0
,2
π

))
an

d
th

e
ot

he
r
M
/2

ei
ge

nv
al

ue
s

as
th

e
co

m
pl

ex
co

nj
ug

at
es

of
th

es
e

va
lu

es
.

F
ur

th
er

m
or

e,
le

tt
he

en
tr

ie
s

of
th

e
in

pu
tw

ei
gh

ts
z

be
i.i

.d
.z

er
o-

m
ea

n
G

au
ss

ia
n

ra
nd

om
va

ri
ab

le
s

w
ith

va
ri

an
ce

1 M
.

G
iv

en
R

IP
co

nd
iti

on
in

g
δ

an
d

fa
ilu

re
pr

ob
ab

ili
ty

N
−

lo
g
4
N
≤
η
≤

1 e
,i

f

M
≥
C
K δ2
µ

2
(Ψ

)
lo

g
5

(N
)

lo
g
(η
−

1
),

th
en

fo
r

a
un

iv
er

sa
lc

on
st

an
tC

,w
ith

pr
ob

ab
ili

ty
1
−
η

th
e

m
ap

pi
ng

of
le

ng
th

-N
in

pu
ts

eq
ue

nc
es

in
to
M

ne
tw

or
k

st
at

e
va

ri
ab

le
s

sa
tis

fie
s

th
e

R
IP

(2
K

,δ
).

T
hi

s
th

eo
re

m
pr

ov
es

a
ri

go
ro

us
an

d
no

n-
as

ym
pt

ot
ic

bo
un

d
on

th
e

le
ng

th
of

th
e

in
pu

tt
ha

tc
an

be
ro

bu
st

ly
ex

tr
ac

te
d

fr
om

th
e

ne
tw

or
k

no
de

s.
B

y
sh

ow
in

g
th

e
R

IP
pr

op
er

ty
on

th
e

ne
tw

or
k

dy
-

na
m

ic
s,

th
e

re
co

ve
ry

bo
un

d
gi

ve
n

in
E

qu
at

io
n

(4
)

es
ta

bl
is

he
s

th
e

re
co

ve
ry

pe
rf

or
m

an
ce

fo
r

an
y

N
-l

en
gt

h,
K

-s
pa

rs
e

si
gn

al
fr

om
th

e
re

su
lti

ng
ne

tw
or

k
st

at
e

at
tim

e
N

.
In

sh
or

t,
th

e
nu

m
be

r
of

re
qu

ir
ed

no
de

s
sc

al
es

lin
ea

rl
y

w
ith

th
e

in
fo

rm
at

io
n

ra
te

of
th

e
si

gn
al

(i
.e

.,
th

e
sp

ar
si

ty
le

ve
l)

an
d

po
ly

-l
og

ar
ith

m
ic

al
ly

w
ith

th
e

le
ng

th
of

th
e

in
pu

t.
T

he
co

he
re

nc
e

fa
ct

or
µ

2
(Ψ

),
de

fin
ed

as

µ
(Ψ

)
=

m
ax

n
=

1
,.
..
,N

su
p

t∈
[0
,2
π

]

∣ ∣ ∣ ∣ ∣N
−

1
∑ m

=
0

Ψ
m
,n
e−

jt
m

∣ ∣ ∣ ∣ ∣,

ex
pr

es
se

s
th

e
ty

pe
s

of
sp

ar
si

ty
th

at
ar

e
ef

fic
ie

nt
ly

st
or

ed
in

th
e

ne
tw

or
k.

E
ss

en
tia

lly
th

is
co

he
re

nc
e

fa
ct

or
is

la
rg

e
(o

n
th

e
or

de
ro

f√
N

)f
or

in
pu

ts
sp

ar
se

in
th

e
Fo

ur
ie

rb
as

is
,a

nd
is

ve
ry

lo
w

(e
ss

en
tia

lly
a

sm
al

lc
on

st
an

t)
fo

r
in

pu
ts

th
at

ar
e

sp
ar

se
in

ba
se

s
di

ff
er

en
tf

ro
m

th
e

Fo
ur

ie
r

ba
se

s
(e

.g
.

w
av

el
et

tr
an

sf
or

m
s)

.F
or

th
e

ex
tr

em
e

ca
se

of
Fo

ur
ie

r-
sp

ar
se

in
pu

ts
,t

he
nu

m
be

ro
fn

od
es

m
us

ta
ga

in
ex

ce
ed

th
e

nu
m

be
ro

fi
np

ut
s.

W
he

n
th

is
co

he
re

nc
e

is
lo

w
an

d
K
�
M

,t
hi

s
bo

un
d

is
a

cl
ea

ri
m

pr
ov

em
en

t
ov

er
ex

is
tin

g
re

su
lts

as
it

al
lo

w
s

fo
r
N

>
M

.
H

ow
ev

er
,

th
is

re
su

lt
is

re
st

ri
ct

ed
to

si
ng

le
in

pu
t

st
re

am
s

w
ith

on
e

ty
pe

of
lo

w
-d

im
en

si
on

al
st

ru
ct

ur
e.

T
he

cu
rr

en
tp

ap
er

ad
dr

es
se

s
th

e
m

uc
h

m
or

e
ge

ne
ra

lp
ro

bl
em

of
m

ul
tid

im
en

si
on

al
in

pu
ts

an
d

ot
he

rt
yp

es
of

lo
w

-d
im

en
si

on
al

st
ru

ct
ur

e.

3.
W

e
us

e
O
(1
)

no
ta

tio
n

to
in

di
ca

te
th

at
a

va
ri

ab
le

is
a

fin
ite

co
ns

ta
nt

.
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Figure
1:

E
cho-state

netw
orks

can
efficiently

store
inputs

w
ith

a
variety

of
low

-dim
ensionalstruc-

tures.Top-L
eft:W

ith
a

single
inputstream

,the
coefficients

a
representchunksofactivity

in
the

inputstream
s[n

](show
n

in
red

boxes).T
he

raw
inputstream

values
then

drive
the

netw
ork

via
E

quation
(1),

resulting
in

a
transient

netw
ork

state
x

[N
]

that
encodes

the
inputstream

.
Top-R

ight:
In

the
case

of
m

ultiple
inputs

thatare
jointly

sparse,each
co-

efficientcan
now

representa
chunk

ofactivity
both

across
tim

e
and

across
inputstream

s
(as

depicted
by

the
red

boxes).
B

ottom
:

W
hen

the
m

ultiple
input

stream
s

are
instead

low
-rank,each

inputstream
is

instead
described

by
a

linear
com

bination
of

prototypical
vectors

v
k .

T
he

m
atrix

Q
represents

how
the

prototypicalvectors
are

com
bined

in
order

to
obtain

the
inputsequences

fed
into

the
netw

ork.

3.ST
M

for
M

ulti-InputN
etw

orks

In
this

w
ork

w
e

w
ill

use
the

tools
of

random
m

atrix
theory

to
establish

ST
M

capacity
results

for
recurrentnetw

orksunderthe
generalconditionsofm

ultiple
sim

ultaneousinputstream
sand

a
variety

of
low

-dim
ensionalm

odels.
T

he
tem

poralevolution
of

the
linear

netw
ork

w
ith

m
ultiple

inputs
is

sim
ilarto

the
previousE

SN
definition,w

ith
the

m
ain

difference
being

thatthe
inputateach

tim
e-step

s
[n

]∈
R
L

is
a

length
L

vector
thatdrives

the
netw

ork
through

a
feed-forw

ard
m

atrix
Z
∈
R
M
×
L

ratherthan
a

feed-forw
ard

vector,

x
[n

]
=

W
x

[n
−

1]+
L
∑l=

1

z
l s
l [n

]+
ε̃[n

]

=
W
x

[n
−

1]+
Z
s
[n

]+
ε̃[n

].
(7)

W
e

denote
the

colum
ns

of
Z

as
z
l to

separately
notate

the
vectors

m
apping

each
inputstream

.
W

e
can

w
rite

the
currentnetw

ork
state

asa
linearfunction

ofthe
inputsby

iterating
E

quation
(7),

x
[N

]
=

N
∑k

=
1

W
N
−
kZ
s
[k

]+
ε,

7
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C
H

A
R

L
E

S,Y
IN

A
N

D
R

O
Z

E
L

L

w
here

the
error

term
ε

=
∑

Nk
=

1
W

N
−
kε̃[k

]is
the

accum
ulated

error,and
then

rew
riting

sum
as

a
m

atrix-vectorm
ultiply,

x
[N

]
=

[Z
,W

Z
,···

,W
N
−

1Z
][s

T
[N

],s
T

[N
−

1],···
,s
T

[1] ]
T

+
ε.

D
epending

on
the

signalstatistics
in

question,w
e

w
illfind

itconvenientin
som

e
cases

to
express

the
netw

ork
dynam

ics
in

term
s

ofa
linearoperatorapplied

to
an

inputm
atrix,i.e.

x
[N

]
=
A

(S
)

+
ε,

w
here

S
=
[s
T

[N
],s

T
[N
−

1],···
,s
T

[1] ]
T

.In
othercases,w

e
find

itm
ore

convenientto
reorga-

nize
the

colum
ns

into
an

effective
m

easurem
entm

atrix
applied

to
a

vector
of

inputs.
B

y
defining

the
eigen-decom

position
of
W

=
U
D
U
−

1,w
e

can
re-w

rite
the

dynam
ics

process
as

x
[N

]
=

U
[D

0U
−

1Z
,D
U
−

1Z
,···

,D
N
−

1U
−

1Z
][s

T
[N

],s
T

[N
−

1],···
,s
T

[1] ]
T

+
ε.

To
sim

plify
this

expression,w
e

can
reorganize

the
colum

ns
of

the
linear

operator
(and

the
row

s
of

the
vector

of
inputs)

such
thatallthe

inputs
corresponding

to
the

l th
inputvector

z
l create

a
single

block.T
he
k
th

row
ofthe

l th
block

ofoutm
atrix

is
now

represented
by
D
k−

1U
−

1z
l ,w

hich
can

be
w

ritten
as
Z̃
l d
k−

1 ,w
here

Z̃
l

=
U
−

1z
l and

d
k−

1
is

the
vectorofthe

diagonalelem
ents

of
D

raised
to

the
(k−

1)
pow

er.W
e

can
m

ore
concisely

by
defining

the
m

atrix
F

consisting
ofthe

eigenvalues
of
W

raised
to

differentpow
ers

(i.e.
F
i,j

=
d
j−

1
i

),resulting
in

the
expression

x
[N

]
=
U
[Z̃

1 F
,Z̃

2 F
,···

,Z̃
L
F
][s

T1
,s
T2
,···

,s
TL ]

T
+
ε

=
A
s̃

+
ε.

(8)

Since
the

eigenvalues
of
W

here
are

restricted
to

reside
on

the
unit

circle,
w

e
note

that
F

is
a

V
anderm

onde
m

atrix
w

hose
row

s
are

Fourier
basis

vectors.
From

E
quation

(8)
w

e
see

that
the

currentstate
issim

ply
the

sum
of
L

com
pressed

inputstream
s,w

here
the

com
pression

foreach
block

essentially
perform

s
the

sam
e

com
pression

as
for

a
single

stream
,but

m
odulated

by
the

different
feed-forw

ard
vectors

z
l .

3.1
Sparse

M
ultiple

Inputs

To
begin,w

e
considerthe

directextension
ofprevious

results
based

on
sparsity

m
odels

to
the

m
ulti-

inputsetting.In
this

setting
w

e
considerthe

m
odelw

here
the

com
posite

ofallinputsignals
is

sparse
in

a
basis

Ψ
∈

R
N
L×

N
L

so
that

s̃
=

Ψ
ã

.
T

his
m

eans
thateach

signalstream
can

be
w

ritten
as

s
l

=
∑

Lk
=

1
Ψ
l,ka

k
w

here
Ψ
l,k

isthe{
l,k}

th
N
×
N

block
of

Ψ̃
.T

hissignalm
odelcapturesdepen-

dencies
betw

een
inputstream

s
because

a
given

coefficientcan
influence

m
ultiple

channels.
W

hile
in

m
any

application
the

basis
Ψ

is
pre-specified

(i.e.
w

avelet
decom

position
in

im
age

process-
ing;C

hristopoulos
etal.,2000),these

bases
can

also
be

learned
from

exem
plar

data
via

dictionary
learning

algorithm
s

(O
lshausen

and
Field,1996;A

haron
etal.).T

his
sparsity

m
odelcan

be
a

useful
m

odelforsignals
ofinterest,such

as
video

signals,w
here

sim
ilarsparse

decom
positions

have
been

used
for

action
recognition

(G
uha

and
W

ard,2012)
and

video
categorization

(C
hiang

etal.,2013).
W

ith
this

m
odel,w

e
w

illuse
a

generalized
notion

ofthe
coherence

param
eterused

in
(C

harles
etal.,

2014):

µ
S

(Ψ
)

=
m

ax
l,k

=
1
,...,L

m
ax

n
=

1
,...,N

su
p

t∈
[0
,2
π

] ∣∣∣ ∑
N
−

1
m

=
0
Ψ
l,k
m
,n
e −

jtm ∣∣∣
‖
Ψ
l,k
m
‖

2

.
(9)
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S

In
th

is
ca

se
,

ea
ch

N
×
N

bl
oc

k
m

us
t

be
di

ff
er

en
t

fr
om

th
e

Fo
ur

ie
r

ba
si

s
to

ac
hi

ev
e

hi
gh

ST
M

ca
pa

ci
ty

.
T

hi
s

re
st

ri
ct

io
n

is
re

as
on

ab
le

,
si

nc
e

if
a

si
ng

le
su

b-
bl

oc
k

of
Ψ

w
as

co
he

re
nt

w
ith

th
e

Fo
ur

ie
rb

as
is

,t
he

n
at

le
as

to
ne

in
pu

ts
tr

ea
m

co
ul

d
be

sp
ar

se
in

a
Fo

ur
ie

r-
lik

e
ba

si
s

an
d

he
nc

e
w

ou
ld

be
un

re
co

ve
ra

bl
e.

U
si

ng
th

is
ne

tw
or

k
an

d
si

gn
al

m
od

el
,w

e
ob

ta
in

th
e

fo
llo

w
in

g
th

eo
re

m
on

th
e

st
ab

ili
ty

of
th

e
ne

tw
or

k
re

pr
es

en
ta

tio
n:

T
he

or
em

2
Su

pp
os

e
N
L
≥
M

,N
≥
K

an
d
N
≥
O

(1
).

Le
tU

be
an

y
un

ita
ry

m
at

ri
x

of
ei

ge
nv

ec
-

to
rs

(c
on

ta
in

in
g

co
m

pl
ex

co
nj

ug
at

e
pa

ir
s)

an
d

th
e

en
tr

ie
so

fZ
be

i.i
.d

.z
er

o-
m

ea
n

G
au

ss
ia

n
ra

nd
om

va
ri

ab
le

s
w

ith
va

ri
an

ce
1 M

.
Fo

r
M

an
ev

en
in

te
ge

r,
de

no
te

th
e

ei
ge

nv
al

ue
s

of
W

by
{e
jw

m
}M m

=
1
.

Le
t

th
e

fir
st
M
/2

ei
ge

nv
al

ue
s

({
ej
w
m
}M

/
2

m
=

1
)

be
ch

os
en

un
ifo

rm
ly

at
ra

nd
om

on
th

e
co

m
pl

ex
un

it
ci

rc
le

(i
.e

.,
w

e
ch

os
e
{w

m
}M

/
2

m
=

1
un

ifo
rm

ly
at

ra
nd

om
fr

om
[0
,2
π

))
an

d
th

e
ot

he
r
M
/2

ei
ge

nv
al

-
ue

s
as

th
e

co
m

pl
ex

co
nj

ug
at

es
of

th
es

e
va

lu
es

.
Fo

r
a

gi
ve

n
R

IP
co

nd
iti

on
in

g
δ,

fa
ilu

re
pr

ob
ab

ili
ty

N
−

lo
g
4
N
≤
η
≤

1 e
,a

nd
co

he
re

nc
e
µ
S

(Ψ
)

as
de

fin
ed

as
in

E
qu

at
io

n
(9

),
if

M
≥
C
K δ2
µ

2 S
(Ψ

)
lo

g
5

(N
L

)
lo

g
(η
−

1
),

th
en
A

sa
tis

fie
s

R
IP

-(
2K

,δ
)

w
ith

pr
ob

ab
ili

ty
ex

ce
ed

in
g

1
−
η

fo
r

a
un

iv
er

sa
lc

on
st

an
tC

.

T
he

pr
oo

f
of

T
he

or
em

2
is

pr
ov

id
ed

in
A

pp
en

di
x

A
.1

.
N

ot
e

th
at

w
he

n
L

=
1,
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Figure
2:

E
SN

s
can

have
high

ST
M

capacity
for

m
ultidim

ensionalsparse
inputs.

R
elative

m
ean-

squared
error

(rM
SE

)
of

the
recovery

for
canonicalsparse

inputs
(a)

and
H

aar
w

avelet-
sparse

inputs(b)isvery
low

fora
range

ofsparsity
and

netw
ork

sizessatisfying
M

<
L
N

.
T

he
rM

SE
forD

C
T-sparse

inputs
(c),as

predicted
by

ourtheoreticalresults,rem
ains

high
(approxim

ately
100%

error).

orthogonal
connectivity

m
atrix

W
4

and
a
M
×
L

random
G

aussian
feed-forw

ard
m

atrix
Z

.
In

both
cases

w
e

fixed
the

num
ber

of
inputs

to
L

=
40

and
the

num
ber

of
tim

e-steps
to
N

=
100

w
hile

varying
the

netw
ork

size
M

and
underlying

dim
ensionality

ofthe
input(i.e.,the

sparsity
level

or
the

input
m

atrix
rank).

For
the

sparse
input

sim
ulations,inputs

w
ere

chosen
w

ith
a

uniform
ly

random
supportpattern

w
ith

random
G

aussian
values

on
the

support.Forlow
-rank

sim
ulations,the

rightsingularvectors
w

ere
chosen

to
be

G
aussian

random
vectors,and

the
leftsingularvalues

w
ere

chosen
atrandom

from
a

num
berofdifferentbasis

sets.
In

Figure
2

w
e

show
the

relative
m

ean-squared
error

of
the

inputrecovery
as

a
function

of
the

sparsity-to-netw
ork

size
ratio

ρ
=
K
/M

and
the

netw
ork

size-to-input
ratio

γ
=
M
/N

L
.

E
ach

pixelvalue
represents

the
average

recovery
relative

m
ean-squared

error(rM
SE

),as
calculated

by

R
M

SE
=
‖
ŝ−

s‖
22

‖s‖
22

,

over20
random

ly
generated

trialsw
ith

a
noise

levelof‖
ε‖

2 ≈
0.01.W

e
show

resultsforrecovery
of

three
differenttypes

ofsparse
signals:signals

sparse
in

the
canonicalbasis,signals

sparse
in

a
H

aar
w

aveletbasis,and
signals

sparse
in

a
discrete

cosine
transform

(D
C

T
)basis.A

s
ourtheory

predicts,
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H
aarw

avelet-sparse
signalsthe

netw
ork

hasvery
favorable
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by

the
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inputs
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M

<
N
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T
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predicted
by
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because

ofthe
unfavorable

coherence
properties

ofthe
D

C
T

basis.
For

the
low

-rank
trials

w
e

see
that

recovery
of

low
-rank

inputs
for

a
range

of
M

<
L
N

is
possible

as
predicted

by
the

theoretical
results.

A
s

w
ith

the
sparse

input
case

w
e

consider
three

types
of

low
-rank

inputs.
Instead

of
changing

the
sparsity

basis,
how

ever,
w

e
change

the
right

singularvectors
V

ofthe
low

-rank
inputm

atrix
S

.
W

e
explore

the
cases

w
here

the
elem

ents
of
V

4
.O

rthogonalconnectivity
m

atrices
w

ere
obtained

by
running

an
orthogonalization

procedure
on

a
random

G
aussian

m
atrix.
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C
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E

S,Y
IN

A
N

D
R
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Z

E
L

L

(a)
R

M
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:N
o

basis
(b)

R
M

SE
:H

aarw
aveletbasis

(c)
R

M
SE

:D
C

T
basis

Figure
3:

E
SN

s
can

have
high

ST
M

capacity
for

m
ultidim

ensionalinputs
w

ith
low

-rank
structure.

T
he

rM
SE

of
the

inputrecovery
for

inputs
w

ith
canonicalrightsingular

vectors
(a)

and
H

aarw
avelets

forrightsingularvectors
(b)is

very
low

fora
range

ofinputrank
and

net-
w

ork
sizes

satisfying
M

<
L
N

.T
he

rM
SE

forinputs
w

ith
D

C
T

rightsingularvectors
(c)

rem
ains

high,a
behaviorpredicted

by
ourtheoreticalresults.

are
chosen

from
the

canonicalbasis,the
haar

basis
and

the
D

C
T

basis.
T

hese
results

are
show

n
in

Figure
3

w
ith

plots
sim

ilarto
those

in
Figure

2,butw
ith

only
show

ing
the

range
γ
<

0.5
to

reduce
com

putationaltim
e.

A
s

our
theory

predicts,the
recovery

of
inputs

w
ith

canonical-
and

H
aar

right
singular

vectors
is

m
ore

accurate
for

a
larger

range
of
ρ
,γ

pairs
than

the
inputs

w
ith

D
C

T
right

singularvectors.

5.C
onclusions

D
eterm

ining
the

fundam
ental

lim
its

of
m

em
ory

in
recurrent

netw
orks

is
critical

to
understanding

theirbehaviorin
m

achine
learning

tasks.In
this

w
ork

w
e

show
thatrandom

ly
connected

echo-state
netw

orks
can

exploit
the

low
-dim

ensional
structure

in
m

ultidim
ensional

input
stream

s
to

achieve
very

high
short-term

m
em

ory
capacity.

Specifically,w
e

show
non-asym

ptotic
bounds

on
recovery

error
for

inputsequences
thathave

underlying
low

-dim
ensionalstatistics

described
by

either
joint

sparsity
or

low
-rank

properties
(w

ith
no

sparsity).
For

m
ultiple

sparse
inputs,

w
e

find
that

the
netw

ork
size

m
ustbe

linearly
proportionalto

the
inputsparsity

and
only

logarithm
ically

dependent
on

the
totalinputsize

(a
com

bination
of

the
inputlength

and
num

ber
of

inputs).
For

inputs
w

ith
low

-rank
structure,w

e
find

a
sim

ilar
dependency

w
here

the
netw

ork
size

depends
linearly

on
the

underlying
dim

ension
of

the
inputs

(the
product

of
the

input
rank

w
ith

the
input

length
and

the
num

berofinputs)and
logarithm

ically
on

the
totalinputsize.

B
oth

results
continue

to
dem

onstrate
thatE

SN
s

can
have

ST
M

capacities
m

uch
largerthan

the
netw

ork
size.

T
hese

results
are

a
significant(conceptualand

technical)generalization
overprevious

w
ork

that
provided

theoretical
guarantees

in
the

case
of

a
single

sparse
input

(C
harles

et
al.,2014).

W
hile

the
linear

E
SN

structure
is

a
sim

plified
m

odel,
rigorous

analysis
of

these
netw

orks
has

rem
ained

elusive
due

to
the

recurrence
itself.

T
hese

results
isolate

the
properties

of
the

transientdynam
ics

due
to

the
recurrentconnections,and

m
ay

provide
one

foundation
forw

hich
to

explore
the

analysis
ofothercom

plex
netw

ork
attributes

such
as

nonlinearities
and

spiking
properties.W

e
also

note
that

know
ledge

of
how

w
ellneuralnetw

orks
com

presses
structured

signals
could

indicate
m

ethods
to

pick
the

size
ofrecurrentnetw

ork
layers.Specifically,ifa

task
is

thoughtto
require

a
certain

tim
e-
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w
here

the
lastinequality

results
due

to
25K

≤
N
L

,
5
M
≤

4
N
L

,the
C

authy-Schw
arz

inequality
and

the
triangle

inequality,and
V

m
a
x

=
m

ax
1≤
l≤
M
/
2 ||V

l ||∞
.N

ote
thatthe

pth
elem

entof
V
Hl

can
be

w
ritten
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Hl

(p
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=
L
∑i=
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z̃
l,i F
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Ψ
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=
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w
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=
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,

(13)

and

E
[V

2m
a
x ]≤

µ
2(Ψ

)

M
(log

M
N
L

2
+

1
)≤

C
2
µ

2(Ψ
)

M
log

(N
L

).
(14)

R
eturning

to
the

inequality
in

E
quation

(12),considering
(14),w

e
have

E
[||B

1 ||K
]≤

a √
E

[||B
1 ||K

]+
1
,

w
here

a
=
√
C

1 C
2 K

log
5

(N
L

)µ
2(Ψ

)/M
.T

hen
E

[||B
1 ||K

]≤
a
22

+
a √

12
+

a
24
.W

hen
a
≤

1
/2,

w
e

getE
[||B

1 ||K
]≤

a.L
et

0
<
A
′≤

a
≤

1
/2,and

w
e

can
conclude

thatw
hen

M
≥
C

3 K
µ

2(Ψ
)

log
5

(N
L

)

δ ′
,

then
E

[||B
1 ||K

]≤
δ ′.

A
.1.2

T
A

IL
B

O
U

N
D

N
ow

w
e

study
the

tailbound
of||B

1 ||K
.

Firstw
e

constructa
second

setof
random

variables
V
′l ,

w
hich

are
independentof

V
l and

are
identically

distributed
as
V
l .A

dditionally,w
e

let

B̃
1

=

M
/
2

∑i=
1 (V

i V
Hi
−
V
′i V
′Hi )

,

and
then

according
to

C
harles

etal.(2014),there
is

E
[ ∣∣∣ ∣∣∣ B̃

1 ∣∣∣ ∣∣∣K ]≤
2E

[||B
1 ||K

],
(15)
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P
[||B

1 ||K
>

2E
[||B

1 ||K
]+

u
]≤

2P
[ ∣∣∣ ∣∣∣ B̃

1 ∣∣∣ ∣∣∣K
>
u ]
.

(16)

N
ow

since
w

e
have∣∣ ∣∣V

i V
Hi
−
V
′i V
′Hi ∣∣ ∣∣K

≤
2

m
ax{ ∣∣ ∣∣V

i V
Hi ∣∣ ∣∣K

, ∣∣ ∣∣V
′i V
′Hi ∣∣ ∣∣K },

and
∣∣ ∣∣V

i V
Hi ∣∣ ∣∣K

≤
su

p
y
is
K
−
sp
a
r
se ||V

i || 2∞
||y|| 21

||y|| 22

≤
K
V

2m
a
x ,

then
w

e
know

that
m

ax
1≤
i≤
M
/
2 ∣∣ ∣∣V

i V
Hi ∣∣ ∣∣K

≤
K
V

2m
a
x

and
m

ax
1≤
i≤
M
/
2 ∣∣ ∣∣V

′i V
′Hi ∣∣ ∣∣K

≤
K
V
′2m
a
x ,

w
here

V
′m
a
x

=
m

ax
1≤
l≤
M
/
2 ||V

′l ||∞
then

by
E

quation
(13),w

e
obtain

P
[

m
ax

1≤
i≤
M
/
2 ∣∣ ∣∣V

i V
Hi ∣∣ ∣∣K

>
K
µ

2(Ψ
)

M
log

M
N
L

2
η

]
≤
P
[
V

2m
a
x
>
µ

2(Ψ
)

M
log

M
N
L

2
η

]
≤
η
.

Since
the

probability
theorem

s
depend

on
bounded

random
variables,w

e
define

F
to

denote
the

follow
ing

event

F
=

{
m

ax {
m

ax
1≤
i≤
M
/
2 ∣∣ ∣∣V

i V
Hi ∣∣ ∣∣K

,
m

ax
1≤
i≤
M
/
2 ∣∣ ∣∣V

′i V
′Hi ∣∣ ∣∣K }

≤
K
µ

2(Ψ
)

M
log

M
N
L

2
η

}
,

such
thatP

[F
C ]
≤

2
η.

Furtherm
ore,

w
e

define
I
F

as
the

indicator
function

of
F

,
and

let

B̂
1

=
∑

M
/
2

i=
1
ξ
i (V

i V
Hi
−
V
′i V
′Hi )

I
F

,w
here

ξ
=
{
ξ
i },i

=
1,2,...,M

/2
isa

R
adem

achersequence
and

independentof
V
i .

T
he

truncated
variable

Y
i

=
ξ
i (V

i V
Hi
−
V
′i V
′Hi )

I
F

has
a

sym
m

etric
dis-

tribution
and
||Y

i ||K
is

bounded
by
B

m
a
x

:=
2
K
µ
2
(Ψ

)
M

ln
M
N
L

2
η

.
B

y
Proposition

19
in

Tropp
etal.

(2009),w
e

have

P
[ ∣∣∣ ∣∣∣ B̂

1 ∣∣∣ ∣∣∣K
>
C

4 (uE
[ ∣∣∣ ∣∣∣ B̂

1 ∣∣∣ ∣∣∣K ]
+
tB

m
a
x ) ]≤

e −
u
2

+
e −

t,
(17)

forall
u
,
t≥

1.Follow
ing

Tropp
etal.(2009),w

e
find

that

P
[ ∣∣∣ ∣∣∣ B̃

1 ∣∣∣ ∣∣∣K
>
v ]≤

P
[ ∣∣∣ ∣∣∣ B̂

1 ∣∣∣ ∣∣∣K
>
v ]

+
P
[F

C ]
,

(18)

and

E
[ ∣∣∣ ∣∣∣ B̂

1 ∣∣∣ ∣∣∣K ]≤
E
[ ∣∣∣ ∣∣∣ B̃

1 ∣∣∣ ∣∣∣K ]
.

(19)

B
y

com
bining

E
quations

(17),(18),and
(19),w

e
get

P
[ ∣∣∣ ∣∣∣ B̃

1 ∣∣∣ ∣∣∣K
>
C

4 (uE
[ ∣∣∣ ∣∣∣ B̃

1 ∣∣∣ ∣∣∣K ]
+
tB

m
a
x ) ]≤

e −
u
2

+
e −

t
+

2
η
.

In
E

quation
(20),let

η
<

1/e,
u

=
√

log
η −

1
and

t
=

log
η −

1.T
hese

values
yield

P
[ ∣∣∣ ∣∣∣ B̃

1 ∣∣∣ ∣∣∣K
>
C

4 ( √
log

η −
1E
[ ∣∣∣ ∣∣∣ B̃

1 ∣∣∣ ∣∣∣K ]
+

(log
η −

1)B
m

a
x ) ]≤

4
η
.

(20)
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N
ow

w
e

ca
n

co
m

bi
ne

E
qu

at
io

ns
(1

5)
,(

16
),

an
d

(2
0)

to
ge

t

P
[ ||
B

1
|| K

>
2E

[||
B

1
|| K

]+
2
C

4

√
lo

g
η
−

1
E

[||
B

1
|| K

]+
C

4
(l

og
η
−

1
)B

m
a
x

] ≤
8
η
.

B
y

ch
oo

si
ng

M
≥
C

3
K
µ

2
(Ψ

)
lo

g
5

(N
L

)

δ′
2

,
(2

1)

w
he

re
δ′
<

1/
2,

w
e

ob
ta

in

P
[ ||B

1
|| K

>
2
δ′

+
2
C

4
δ′
√

lo
g
η
−

1
+
C

5
lo

g
η
−

1
δ′

2
lo

g
(1 2
M
N
L
η
−

1
)

lo
g

5
(N
L

)

]
≤

8η
.

W
e

ob
se

rv
e

no
w

th
at

lo
g
(1 2
M
N
L
η
−

1
)

lo
g

5
(N
L

)
≤

2
lo

g
(N
L

)
+

lo
g
η
−

1

lo
g

5
(N
L

)
,

in
di

ca
tin

g
th

at
w

he
n
η
≥

(N
L

)−
lo

g
4

(N
L

) ,
i.e

.,
lo

g
η
−

1
≤

lo
g

5
(N
L

),
th

en

lo
g
(1 2
M
N
L
η
−

1
)

lo
g

5
(N
L

)
≤
C

6
,

,f
or

a
co

ns
ta

nt
C

6
.T

hi
s

in
eq

ua
lit

y
re

du
ce

s
ou

rp
ro

ba
bi

lit
y

st
at

em
en

tt
o

P
[ ||
B

1
|| K

>
2δ
′ +

2
C

4
δ′
√

lo
g
η
−

1
+
C

5
C

6
lo

g
η
−

1
δ′

2
] ≤

8η
.

Fo
ra

n
ar

bi
tr

ar
y
δ

w
ith

0
<
δ
<

1
/2

,w
e

le
t

δ′
=

δ

2C
4
C

7

√
lo

g
η
−

1
,

(2
2)

re
su

lti
ng

in

2
C

4
δ′
√

lo
g
η
−

1
=

δ C
7
,

2δ
′ =

δ

C
4
C

7

√
lo

g
η
−

1
≤

δ

C
4
C

7
,

C
5
C

6
lo

g
η
−

1
δ′

2
=
C

5
C

6
δ2

4C
2 4
C

2 7

≤
C

5
C

6

8
C

2 4
C

2 7

δ.

T
he

n
w

e
ca

n
se

e
th

at
if

C
7
≥

m
ax

{
3
,

3 C
4
,√

3C
5
C

6

8
C

2 4

}
,

th
en

P
[ |
|B

1
|| K

>
δ 3

+
δ 3

+
δ 3

]
<

8η
.
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L
L

N
ow

by
pl

ug
gi

ng
(2

2)
in

to
(2

1)
,

w
e

kn
ow

th
at

w
he

n
(N
L

)−
ln

4
(N
L

)
≤
η
<

1/
e,

th
er

e
ex

is
ts

a
co

ns
ta

nt
C

su
ch

th
at

w
he

n

M
≥
C
K
µ

2
(Ψ

)
lo

g
5

(N
L

)
lo

g
(η
−

1
)

δ2
,

th
er

e
is

P
(||
B

1
|| K

>
δ)
≤

8
η
,

w
hi

ch
co

m
pl

et
es

th
e

pr
oo

f.

A
.1

.3
L

E
M

M
A

S
F

O
R

T
H

E
O

R
E

M
2

L
em

m
a

4
Su

pp
os

e
w

e
ha

ve
n

co
m

pl
ex

G
au

ss
ia

n
ra

nd
om

va
ri

ab
le

s,
z 1
,
z 2
,·
··
z n

,z
i

=
x
i
+

jy
i,

w
he

re
x
i

an
d
y i

de
no

te
th

e
re

al
an

d
im

ag
in

ar
y

pa
rt

s
of
z i

.
Le

tx
i

an
d
y i

i.i
.d

G
au

ss
ia

n
r.v

.’s
w

ith
m

ea
n

0
an

d
va

ri
an

ce
1/

2M
.φ

1
,
φ

2
,
··
·φ

n
r.v

.’s
w

hi
ch

ar
e

in
de

pe
nd

en
to

fz
i

fo
r

al
li

an
d

sa
tis

fy

n ∑ i=
1

|φ
i|2
≤
µ

2 0
,

th
en

fo
r
w

=
∑

n i=
1
z i
φ
i,

P
[ |w
|2
>
u
] ≤

e−
M
u

µ
2 0
.

Pr
oo

f
W

e
us

e
x

an
d
y

to
de

no
te

th
e

re
al

an
d

im
ag

in
ar

y
pa

rt
s

of
w

,a
nd
a
i

an
d
b i

to
de

no
te

th
e

re
al

an
d

im
ag

in
ar

y
pa

rt
s

of
φ
i.

W
e

ha
ve

w
=

n ∑ i=
1

(a
ix
i
−
b i
y i

)
+

j
n ∑ i=

1

(a
iy
i
+
b i
x
i)
x

+
jy
.

T
he

n
co

nd
iti

on
ed

on
a
i

an
d
b i

,x
an

d
y

ha
ve

di
st

ri
bu

tio
n
N

(0
,

1
2
M

∑
n i=

1
(a

2 i
+
b2 i

))
.

T
he

ne
xt

st
ep

is
to

pr
ov

e
th

e
co

nd
iti

on
al

in
de

pe
nd

en
ce

of
x

an
d
y

.S
in

ce

C
ov

(a
ix
i
−
b i
y i
,a
iy
i
+
b i
x
i|a

i,
b i

)
=
a
ib
i

2
M
−
a
ib
i

2
M

=
0,

w
he

n
i
6=
j,
x
i,
y i

ar
e

in
de

pe
nd

en
t

of
x
j
,
y j

,
an

d
x

an
d
y

ar
e

co
nd

iti
on

al
ly

in
de

pe
nd

en
t.

T
hu

s,
co

nd
iti

on
ed

on
a
i

an
d
b i

,
2
M

∑
n i=

1
(a

2 i
+
b2 i

)|
w
|2 ,

is
χ

2
di

st
ri

bu
te

d.
W

e
us

e
χ

2
to

de
no

te
a

tw
o-

de
gr

ee
χ

2
di

st
ri

bu
te

d
ra

nd
om

va
ri

ab
le

.
A

cc
or

di
ng

to
th

e
re

su
lts

on
χ

2
di

st
ri

bu
tio

ns
,w

e
ha

ve

P
[ |w
|2
>
u
|a
i,
b i
] =
P
[ χ

2
>

2M
u

∑
n i=

1
(a

2 i
+
b2 i

)|
a
i,
b i

]
=
e−

M
u

∑
n i=

1
(a

2 i
+
b
2 i
)
≤
e−

M
u

µ
2 0
.

(2
3)

N
ot

ic
in

g
th

at
E

qu
at

io
n

(2
3)

ho
ld

s
fo

ra
ll

po
ss

ib
le

va
lu

es
of
a
i

an
d
b i

co
m

pl
et

es
th

e
pr

oo
f.
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C
orollary

5
For

Q
r.v.’s,

w
1 ,
w

2 ,···
,
w
Q

,let
w
i

=
∑

nl=
1
z
il φ

il and
z
il

=
x
il

+
jy
il ,w

here
x
il ,

y
il ,1
≤
i≤

Q
,1
≤
l≤

n
are

i.i.d.G
aussian

distributed
w

ith
m

ean
0

and
variance

1
/2
M

.Suppose
for

any
i,there

is
n
∑l=

1 |φ
il | 2≤

µ
20 .

A
nd

let
w

m
a
x

=
m

ax
1≤
i≤
Q
|w
i |,then

for
η
>

0,w
e

have

P
[
w

2m
a
x
>
µ

20

M
log

Qη ]
≤
η
,

and

E
[w

2m
a
x ]≤

µ
20

M
(ln

Q
+

1).

Proof
A

ccording
to

L
em

m
a

4
and

by
using

union
bound,w

e
have

P
[w

2m
a
x
>
u ]≤

Q
e −

M
u

µ
20
.

L
et
η

=
Q
e −

M
u

µ
20

and
there

is

P
[
w

2m
a
x
>
µ

20

M
log

Qη ]
≤
η
.

T
hen

w
e

have

E
[w

2m
a
x ]

=

∫
∞0
P
[w

2m
a
x
>
u ]
d
u

≤
∫

µ
20
M

ln
Q

0
1d
u

+

∫
∞µ
20
M

lo
g
Q
Q
e −

M
u

µ
20
d
u

=
µ

20

M
(log

Q
+

1).

A
.2

ProofofL
ow

-rank
R

ecovery

In
this

appendix
w

e
prove

T
heorem

3
w

here
a

low
-rank

inputm
atrix

S
can

be
recovered

from
the

netw
ork

state
x

[N
]via

nuclearnorm
optim

ization
(C

andès
and

Tao,2010;C
andès

and
Plan,2010;

R
echtetal.,2010).To

prove
this

theorem
w

e
use

the
dualcertificate

approach
used

to
prove

sim
ilar

results
in

(A
hm

ed
and

R
om

berg,2015;C
andès

and
Plan,2011a).

In
this

m
ethodology

w
e

seek
a

certificate
Y

w
hose

projections
into

and
outof

the
space

spanned
by

the
singular

vectors
of
S

are
bounded

appropriately.Specifically
ifw

e
considerthe

singularvalue
decom

position
of
S

as

S
=
Q

Σ
V
∗
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and
w

e
considerthe

projectionP
T

w
hich

projects
a

m
atrix

into
the

space
T

spanned
by

the
leftand

rightsingularvectors,

P
T

(W
)

=
Q
Q
∗W

+
W
V
V
∗−

Q
Q
∗W

V
V
∗

(24)

the
conditions

forthe
dualcertificate

are
thatA

is
injective

on
T

and
there

exists
a

m
atrix

Y
w

hich
satisfies

∣∣ ∣∣P
T

(Y
)−

Q
V
H ∣∣ ∣∣F

≤
1

2 √
2γ

(25)

||P
T

⊥
(Y

)||
≤

12
(26)

w
here

the
projectionP

T
⊥

is
the

projection
onto

the
perpendicularspace

to
T

,

P
T

⊥
(W

)
=

(I
−
Q
Q
∗)
W

(I
−
V
V
∗)

T
he

rem
ainder

of
this

proof
w

illbe
devoted

to
dem

onstrating
thatthere

does
exista

certificate
Y

by
iteratively

devising
Y

via
a

golfing
schem

e
(G

ross,2011;C
andès

and
Plan,2011a;A

hm
ed

etal.,2014).
T

he
golfing

schem
e

essentially
generates

an
iterative

m
ethod

w
hich

defined
a

series
of

certificate
vectors

Y
k

for
k
∈

[1,···
,κ

]w
hich

converge
to

a
certificate

Y
κ

w
hich

satisfies
the

necessary
conditions.

A
s

in
(A

hm
ed

and
R

om
berg,2015),w

e
can

initialize
the

0
th

iterate
to

zero,
and

define
the

k
th

iterate
in

term
s

ofthe
Y
k−

1
as

Y
k

=
Y
k−

1
+
κA
∗k A

k (Q
V
∗−
P
T

(Y
k−

1 )),

w
here

A
(W

)
=

vec
(〈A

n
,W
〉)
.

(27)

W
e

can
see

thatsince
every

iterate
hasA

∗k
applied

to
it,every

iteration
is

projected
in

to
the

range
of

A
∗,indicating

thatthe
finaliteration

Y
w

illalso
be

in
the

range
ofA

∗.
In

(A
hm

ed
and

R
om

berg,
2015),A

sifand
R

om
berg

define
a

sim
pleriteration

Ỹ
k

=
(P

T
−
κP

T A
∗k A

k P
T

)Ỹ
k−

1 ,

w
hich

is
expressed

in
term

s
ofthe

m
odified

certificate

Ỹ
k

=
P
T

(Y
k )−

Q
V
∗.

W
hat

rem
ains

now
is

to
dem

onstrate
that

this
iterative

procedure
converges,

w
ith

high
prob-

ability,
to

a
certificate

w
hich

satisfies
the

desired
dual

certificate
conditions.

W
e

start
by

using
L

em
m

a
9

and
observing

thatthe
Forbenious

norm
ofthe

k
th

iterate
is

w
ellbounded

w
ith

probabil-
ity

1−
O

((L
N

) −
β
)

by∣∣∣ ∣∣∣ Ỹ
k ∣∣∣ ∣∣∣F

≤
m

ax
k
||P

T
−
κP

T A
∗k A

k P
T || ∣∣∣ ∣∣∣ Ỹ

k−
1 ∣∣∣ ∣∣∣F

≤
2 −

k ∣∣∣ ∣∣∣ Ỹ
0 ∣∣∣ ∣∣∣F

≤
2 −

k||Q
V
∗||F

≤
2 −

k √
R
,

20
JM

L
R

 18(7):1-37, 2017



S
E

Q
U

E
N

C
E

M
E

M
O

R
Y

IN
R

E
C

U
R

R
E

N
T

N
E

T
W

O
R

K
S

so
lo

ng
th

at
M
≤
cβ
κ
R

(N
+
µ

2 0
L

)
lo

g
2
(L
N

).
A

s
in

(A
hm

ed
an

d
R

om
be

rg
,2

01
5)

w
e

ob
se

rv
e

th
at

w
he

n
w

e
ch

oo
se
κ
≥

0.
5

lo
g

2
(8
γ

2
R

),
th

e
bo

un
d

fo
rt

he
Fr

ob
en

io
us

no
rm

of
Ỹ
κ

is
bo

un
de

d
by

∣ ∣ ∣∣ ∣ ∣Ỹ
κ

∣ ∣ ∣∣ ∣ ∣ F
≤

(2
√

2
γ

)−
1
.

To
sh

ow
th

at
th

e
se

co
nd

co
nd

iti
on

on
th

e
ce

rt
ifi

ca
te

is
al

so
sa

tis
fie

s,
w

e
ap

pl
y

L
em

m
a

10
.

W
e

be
gi

n
w

ith
w

ri
tin

g
th

e
qu

an
tit

y
w

e
w

is
h

to
bo

un
d

in
te

rm
s

of
th

e
pa

st
go

lfi
ng

sc
he

m
e

ite
ra

te

||P
T

⊥
(Y

κ
)||
≤

κ ∑ k
=

1

∣ ∣ ∣∣ ∣ ∣P
T

⊥

( κ
A
∗ kA

k
Ỹ
k
−

1

)∣ ∣ ∣
∣ ∣ ∣

=
κ ∑ k
=

1

∣ ∣ ∣∣ ∣ ∣P
T

⊥

( κ
A
∗ kA

k
Ỹ
k
−

1
−
Ỹ
k
−

1

)∣ ∣ ∣
∣ ∣ ∣

≤
κ ∑ k
=

1

∣ ∣ ∣∣ ∣ ∣κ
A
∗ kA

k
Ỹ
k
−

1
−
Ỹ
k
−

1

∣ ∣ ∣∣ ∣ ∣

≤
κ ∑ k
=

1

∣ ∣ ∣∣ ∣ ∣κ
A
∗ kA

k
Ỹ
k
−

1
−
Ỹ
k
−

1

∣ ∣ ∣∣ ∣ ∣ F

≤
κ ∑ k
=

1

m
ax

k
∈[

1
,.
..
κ

]

∣ ∣ ∣∣ ∣ ∣κ
A
∗ kA

k
Ỹ
k
−

1
−
Ỹ
k
−

1

∣ ∣ ∣∣ ∣ ∣ F

≤
κ ∑ k
=

1

1 2
2
−
k

≤
1 2

W
e

us
e

L
em

m
a

10
to

bo
un

d
th

e
m

ax
im

um
sp

ec
tr

al
no

rm
of
κ
A
∗ kA

k
Ỹ
k
−

1
−
Ỹ
k
−

1
w

ith
pr

ob
ab

ili
ty

1
−
O

((
L
N

)1
−
β

.
Ta

ki
ng
κ
≥

lo
g
(L
N

)
sh

ow
s

th
at

th
e

fin
al

ce
rt

ifi
ca

te
Y
κ

sa
tis

fie
s

al
lt

he
de

si
re

d
pr

op
er

tie
s,

co
m

pl
et

in
g

th
e

pr
oo

f.

A
.2

.1
M

A
T

R
IX

B
E

R
N

S
T

E
IN

IN
E

Q
U

A
L

IT
Y

A
N

D
O

L
IC

Z
N

O
R

M

T
he

le
m

m
as

re
qu

ir
ed

in
ou

r
m

ai
n

re
su

lt
de

pe
nd

he
av

ily
on

th
e

m
at

ri
x

B
er

ns
te

in
in

eq
ua

lit
y

(T
ro

pp
,

20
12

).
T

hi
s

in
eq

ua
lit

y
us

es
th

e
va

ri
an

ce
m

ea
su

re
an

d
O

ri
cz

no
rm

of
a

m
at

ri
x

to
bo

un
d

th
e

la
rg

es
t

si
ng

ul
ar

va
lu

e
of

th
e

m
at

ri
x.

T
he

m
at

ri
x

B
er

ns
te

in
in

eq
ua

lit
y

is
su

m
m

ar
iz

ed
as

T
he

or
em

6
(M

at
ri

x
B

er
ns

te
in

’s
In

eq
ua

lit
y)

Le
tX

i
∈

R
L
,N

,i
∈

[1
,.
..
,M

]
be
M

ra
nd

om
m

a-
tr

ic
es

su
ch

th
at

E
[X

i]
=

0
an

d
||X

i||
ψ
α
<
U
α
<
∞

fo
r

so
m

e
α
≥

1.
Th

en
w

ith
pr

ob
ab

ili
ty

1
−
e−

t ,
th

e
sp

ec
tr

al
no

rm
of

th
e

su
m

is
bo

un
de

d
by

∣ ∣ ∣ ∣ ∣∣ ∣ ∣ ∣ ∣M ∑ i=
1

X
i∣ ∣ ∣ ∣ ∣∣ ∣ ∣ ∣ ∣≤

C
m

ax

{ σ
X

√
t

+
lo

g
(L

+
N

),
U
α

lo
g

1
/
α

(
M
U

2 α

σ
2 X

)
(t

+
lo

g
(L

+
N

))

}
,

fo
r

so
m

e
co

ns
ta

nt
C

an
d

th
e

va
ri

an
ce

pa
ra

m
et

er
de

fin
ed

by

σ
X

=
m

ax

  

∣ ∣ ∣ ∣ ∣∣ ∣ ∣ ∣ ∣M ∑ i=
1

E
[X

iX
∗ i]

∣ ∣ ∣ ∣ ∣∣ ∣ ∣ ∣ ∣1
/
2

,∣ ∣ ∣ ∣ ∣∣ ∣ ∣ ∣ ∣M ∑ i=
1

E
[X
∗ iX

i]

∣ ∣ ∣ ∣ ∣∣ ∣ ∣ ∣ ∣1
/
2
  
.
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H
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L
E

S
,Y
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A

N
D

R
O

Z
E

L
L

w
he

re
O

rl
ic

z-
α

no
rm
||X
|| ψ

α
is

de
fin

ed
as

||X
|| ψ

α
=

in
f
{ y

>
0|
E
[ e|
|X
||α
/
y
α
] ≤

2
}
.

(2
8)

In
pa

rt
ic

ul
ar

w
e

w
ill

us
e

th
e

m
at

ri
x

B
er

ns
te

in
in

eq
ua

lit
y

w
ith

th
e

O
rl

ic
z-

1
an

d
O

rl
ic

z-
2

no
rm

s,
si

nc
e

su
bg

au
ss

ia
n

an
d

su
be

xp
on

en
tia

lr
an

do
m

va
ri

ab
le

s
ha

ve
bo

un
de

d
O

rl
ic

z-
2

an
d

-1
no

rm
s,

re
-

sp
ec

tiv
el

y.
To

ca
lc

ul
at

e
th

es
e

no
rm

s,
w

e
fin

d
th

e
fo

llo
w

in
g

le
m

m
as

fr
om

(T
ro

pp
,2

01
2;

A
hm

ed
an

d
R

om
be

rg
,2

01
5)

us
ef

ul
:

L
em

m
a

7
(L

em
m

a
5.

14
,T

ro
pp

,2
01

2)
A

ra
nd

om
va

ri
ab

le
X

is
su

bg
au

ss
ia

n
iff
X

2
is

su
be

xp
o-

ne
nt

ia
l.

F
ur

th
er

m
or

e,

||X
||2 ψ

2
≤
∣ ∣∣ ∣ X

2
∣ ∣∣ ∣ ψ

1
≤

2
||X
||2 ψ

2
.

L
em

m
a

8
(L

em
m

a
7,

A
hm

ed
an

d
R

om
be

rg
,2

01
5)

Le
t
X

1
an

d
X

2
be

tw
o

su
bg

au
ss

ia
n

ra
nf

om
va

ri
ab

le
s.

Th
en

th
e

pr
od

uc
tX

1
X

2
is

a
su

be
xp

on
en

tia
lr

an
do

m
va

ri
ab

le
w

ith

||X
1
X

2
|| ψ

1
≤
c
||X

1
|| ψ

2
||X

2
|| ψ

2
.

L
em

m
a

7
re

la
te

s
th

e
O

rl
ic

z-
1

an
d

-2
no

rm
s

fo
r

a
ra

nd
om

va
ri

ab
le

an
d

it’
s

sq
ua

re
.

L
em

m
a

8
al

lo
w

s
us

to
fa

ct
or

an
O

rl
ic

z-
1

no
rm

of
a

su
b-

ex
po

ne
nt

ia
l

ra
nd

om
va

ri
ab

le
as

th
e

pr
od

uc
t

of
tw

o
su

bg
au

ss
ia

n
ra

nd
om

va
ri

ab
le

s.
Fi

na
lly

w
e

fin
d

us
ef

ul
th

e
fo

llo
w

in
g

ca
lc

ul
at

io
n

fo
r

th
e

O
rl

ic
z-

1
no

rm
of

th
e

no
rm

of
a

ra
nd

om
G

au
ss

ia
n

ve
ct

or
z
n

w
ith

i.i
.d

.z
er

o-
m

ea
n

an
d

va
ri

an
ce
σ

2
en

tr
ie

s:

∣ ∣ ∣∣ ∣ ∣||
z
n
||2 2

∣ ∣ ∣∣ ∣ ∣ ψ
1

=
in

f
{ y

:
E
[ e|
|z
n
||2 2
/
y
] ≤

2
}

=
in

f

{ y
:

1
√

2π
σ

∫ R
e−

z
2 n

(1
/
2
σ
2
−

1
/
y
) d
z n
≤

2
1 M

}

=
2
σ

2

1
−

4
−

1 M

.
(2

9)

A
.2

.2
B

O
U

N
D

O
N
||κ
P T
A
∗ kA

k
P T
−
P T
||

L
em

m
a

9
Le

tP
T

be
de

fin
ed

as
in

E
qu

at
io

n
(2

4)
an

d
A
k

be
th

e
re

st
ri

ct
ed

m
ea

su
re

m
en

to
pe

ra
to

r
as

de
fin

ed
in

E
qu

at
io

n
(2

7)
.T

he
n

if
th

e
nu

m
be

r
of

no
de

s
sc

al
e

as

M
≥
cβ
κ
R
( N

+
µ

2 0
L
) lo

g
2
(L
N

),

fo
r

a
co

ns
ta

nt
β
>

1
,t

he
n

w
ith

pr
ob

ab
ili

ty
gr

ea
te

r
th

en
1
−
O

(κ
(L
N

)−
β

,w
e

ha
ve

m
ax

k
∈[

1
,.
..
,κ

]
||κ
P T
A
∗ A
P T
−
P T
||
≤

1 2
.

Pr
oo

f L
em

m
a

9
bo

un
ds

th
e

op
er

at
or

no
rm ||κ
P T
A
∗ kA

k
P T
−
P T
||.
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Since
E

[A
∗k A

k ]
=

1κ I
,this

norm
is

equivalentto

κP
T A
∗k A

k P
T
−
P
T

=
κP

T A
∗k A

k P
T
−

E
[κP

T A
∗k A

k P
T

]

=
κ
∑n∈

Γ
k

(P
T

(A
n
)⊗
P
T

(A
n
)−

E
[P
T

(A
n
)⊗
P
T

(A
n
)])
.

W
e

can
also

define
here

L
n
(C

)
=
〈P

T
(A

n
),C
〉P

T
(A

n
)

w
hich

has||L
n ||

=
||P

T
(A

n
)|| 2F

w
hich

gives
us

κP
T A
∗k A

k P
T
−

E
[κP

T A
∗k A

k P
T

]
=
κ
∑n∈

Γ
k (L

n −
E

[L
n
]).

To
calculate

the
variance,w

e
can

use
the

sym
m

etry
ofL

n
to

only
calculate

κ
2 ∣∣∣∣∣∣ ∣∣∣∣∣∣ ∑n∈

Γ
k E
[L

2n ]−
E

[L
n
] 2 ∣∣∣∣∣∣ ∣∣∣∣∣∣ ≤

κ
2 ∣∣∣∣∣∣ ∣∣∣∣∣∣ ∑n∈

Γ
k E
[L

2n ] ∣∣∣∣∣∣ ∣∣∣∣∣∣
=
κ

2 ∣∣∣∣∣∣ ∣∣∣∣∣∣ E


∑n∈

Γ
k ‖P

T
(A

n
)‖

2F L
n  ∣∣∣∣∣∣ ∣∣∣∣∣∣

.

W
e

now
need

to
bound‖P

T
(A

n
)‖

2F
,w

hich
can

be
done

by
the

follow
ing:

||P
T

(A
n
)|| 2F

=
〈P

T
(A

n
),A

n 〉
=
〈Q
Q
∗z

n
f
∗n
,z

n
f
∗n 〉

+
〈z
n
f
∗n
V
V
∗,z

n
f
∗n 〉−

〈Q
Q
∗z

n
f
∗n
V
V
∗,z

n
f
∗n 〉

=
‖
f
n ‖

22 ‖Q
∗z

n ‖
22

+
‖z

n ‖
22 ‖V

∗f
n ‖

22 −
‖
Q
∗z

n ‖
22 ‖
V
∗f

n ‖
22

≤
N
‖Q
∗z

n ‖
22

+
‖z

n ‖
22 ‖V

∗f
n ‖

22 .

U
sing

this
calculation

w
e

can
w

rite
∣∣∣∣∣∣ ∣∣∣∣∣∣ E


∑n∈

Γ
k ||P

T
(A

n
)|| 2F
L
n  ∣∣∣∣∣∣ ∣∣∣∣∣∣

≤

∣∣∣∣∣∣ ∣∣∣∣∣∣ ∑n∈
Γ
k E
[(N
‖
Q
∗z

n ‖
22

+
‖
z
n ‖

22 ‖
V
∗f

n ‖
22 )L

n ] ∣∣∣∣∣∣ ∣∣∣∣∣∣

≤
N

∣∣∣∣∣∣ ∣∣∣∣∣∣ ∑n∈
Γ
k E
[‖
Q
∗z

n ‖
22 L

n ] ∣∣∣∣∣∣ ∣∣∣∣∣∣

+
su

p‖
V
∗f

n ‖∞

∣∣∣∣∣∣ ∣∣∣∣∣∣ ∑n∈
Γ
k E
[‖
z
n ‖

22 L
n ] ∣∣∣∣∣∣ ∣∣∣∣∣∣

≤
N

∣∣∣∣∣∣ ∣∣∣∣∣∣ ∑n∈
Γ
k E
[‖
Q
∗z

n ‖
22 L

n ] ∣∣∣∣∣∣ ∣∣∣∣∣∣
+
R
µ

20 ∣∣∣∣∣∣ ∣∣∣∣∣∣ ∑n∈
Γ
k E
[‖
z
n ‖

22 L
n ] ∣∣∣∣∣∣ ∣∣∣∣∣∣

W
e

now
need

to
bound

these
tw

o
quantities.Firstw

e
look

to
bound

the
firstquantity

∣∣∣∣∣∣ ∣∣∣∣∣∣ ∑n∈
Γ
k E
[‖
Q
∗z

n ‖
22 (P

T
(A

n
)⊗
P
T

(A
n
)) ] ∣∣∣∣∣∣ ∣∣∣∣∣∣

≤
‖P

T ‖ ∣∣ ∣∣E
[‖
Q
∗z

n ‖
22 (A

n ⊗
A
n
) ] ∣∣ ∣∣‖P

T ‖

≤
∣∣ ∣∣E
[‖Q

∗z
n ‖

22 {z
n
[α

]z ∗n [β
]f
n
f
∗n }

α
,β ] ∣∣ ∣∣

.
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L

E
xpanding,w

e
have:

∗
=

∣∣∣∣∣∣ ∣∣∣∣∣∣ E

 
L
∑l=

1 ‖q
l ‖

22 |z
n
[l]| 2

+
2 ∑l6=

m

R
e(〈q

l ,q
m 〉z

n
[l]z ∗n [m

]) 
z
n
[α

]z ∗n [β
]I
N 

α
,β ∣∣∣∣∣∣ ∣∣∣∣∣∣

=

∣∣∣∣∣∣ ∣∣∣∣∣∣ {
1

M
2

L
∑l=

1 ‖q
l ‖

22 I
N
δ
α

=
β

+
2

M
2 〈q

α
,q
β 〉I

N
δ
α6=

β }

α
,β ∣∣∣∣∣∣ ∣∣∣∣∣∣

=
1

M
2 ∥∥∥ {‖

Q
‖

2F
I
N
δ
α

=
β

+
2〈q

α
,q
β 〉I

N
δ
α6=

β }
α
,β ∥∥∥

,

giving
us∣∣∣∣∣∣ ∣∣∣∣∣∣ ∑n∈

Γ
k E
[‖
Q
∗z

n ‖
22 (P

T
(A

n
)⊗
P
T

(A
n
)) ] ∣∣∣∣∣∣ ∣∣∣∣∣∣ ≤

1

M
κ ‖
Q
‖

2F
+
‖
Q
Q
∗‖
≤
R

+
1

M
κ
.

Sim
ilarly,forthe

second
term

w
e

can
take

Q
=
I
L

to
get

∣∣∣∣∣∣ ∣∣∣∣∣∣ ∑n∈
Γ
k E
[‖
z
n ‖

22 (P
T

(A
n
)⊗
P
T

(A
n
)) ] ∣∣∣∣∣∣ ∣∣∣∣∣∣ ≤

1

M
κ ‖I‖

2F
=

LM
κ
.

Putting
the

pieces
together,w

e
get

σ
2X

=
κ
R
N

+
µ

20 L

M
.

To
use

the
m

atrix
B

ernstein
inequality,itnow

rem
ains

to
bound

the
follow

ing
O

rlicz-1
norm

:
κ||L

n −
E

[L
n
]||ψ

1 .B
y

the
PSD

quality
ofL

n
and

its
expectation,

||L
n −

E
[L
n
]||ψ

1 ≤
m

ax {||L
n ||ψ

1 −
||E

[L
n
]||ψ

1 }
.

T
he

norm
of||E

[L
n
]||can

be
calculated

via

||E
[L
n
]||

=
||E

[P
T

(A
n
)]|| 2F

=
E

[∑

m

|z
n
[m

]| 2|f
n
[m

]| 2 ]
=

1M
‖f

n ‖
22

=
NM
,

indicating
thatthe

second
term

is
sim

ply
||E

[L
n
]||ψ

1
=
N
/(M

log
(2)).

To
calculate||E

[L
n
]||ψ

1 ,
w

e
use

the
definition

ofthe
O

rlitcz-1
norm

in
E

quation
(28)to

see
that

||L
n ||ψ

1
=
∣∣∣ ∣∣∣ ||P

T
(A

n
)|| 22 ∣∣∣ ∣∣∣ψ

1 ≤
N
∣∣ ∣∣‖
Q
∗z

n ‖
22 ∣∣ ∣∣ψ

1
+
R
N
µ

20 ∣∣ ∣∣‖
z
n ‖

22 ∣∣ ∣∣ψ
1
,

w
here

the
inequality

stem
s

form
the

factthat‖
V
∗f

n ‖
22 ≤

R
N
µ

20
and‖

f
n ‖

22 ≤
N

.U
sing

the
result

in
E

quation
(29)w

ith
σ

2
=

1/M
in

the
firstterm

and
in
σ

2
=
R
/M

in
the

second
term

yields

||E
[L
n
]||ψ

1
≤

N
∣∣ ∣∣‖
Q
∗z

n ‖
22 ∣∣ ∣∣ψ

1
+
R
N
µ

20 ∣∣ ∣∣‖
z
n ‖

22 ∣∣ ∣∣ψ
1

≤
1M

(
N

M
(1−

4 −
1R

)
+

R
µ

20

1−
4 −

1L )

≤
2
R
(N

+
L
µ

20 )

log
(2)M

.
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w
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th
e

va
ri

an
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an
d

O
rl
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cz

no
rm
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er

m
itt

in
g

a
bo

un
d

on
th

e
la

rg
es

ts
in

gu
la

r
va

lu
e

vi
a

th
e

M
at

ri
x

B
er

ns
te

in
in

eq
ua

lit
y.

Sp
ec

ifi
ca

lly
,w

e
ca

n
se

e
th

at
th

e
fir

st
te

rm
in

T
he

or
em

6
w

ith
t

=
β

lo
g
(L
N

)
>

lo
g
(N

+
L

)
is

bo
un

de
d

as

σ
X

√
t

+
lo

g
(L

+
N

)
≤
√

2κ
R
β
N

+
µ

2 0
L

M
lo

g
(L
N

).

L
ik

ew
is

e
w

e
ca

n
bo

un
d

th
e

se
co

nd
te

rm
:

U
1

lo
g

(
M
U

2 1

σ
2 X

)
(t

+
lo

g
(L

+
N

))
≤

2
β
U

1
lo

g

(
4∆

κ
R

(N
+
µ

2 0
L

)

lo
g

2
(2

)M

)
lo

g
(L
N

)

≤
c
β
κ
R

(N
+
µ

2 0
L

)

M
lo

g
2
(L
N

).

T
hu

s
to

ap
pr

op
ri

at
el

y
bo

un
d

||κ
P T
A
∗ kA

k
P T
−
P T
||
≤
c

m
ax

{
√
κ
R
β

(N
+
µ

2 0
L

)

M
lo

g
(L
N

),
β
κ
R

(N
+
µ

2 0
L

)

M
lo

g
2
(L
N

)}
,

w
e

ca
n

se
e

th
at

w
e

w
ou

ld
ne

ed

M
≥
C
β
κ
R

(N
+
µ

2 0
L

)
lo

g
2
(L
N

).

Ta
ki

ng
th

e
un

io
n

bo
un

d
ov

er
th

e
κ

pa
rt

iti
on

s
co

m
pl

et
es

th
e

pr
oo

fo
ft

he
le

m
m

a.

A
.2

.3
B

O
U

N
D

O
N
‖(
A
∗ A
−
I)

(G
)‖

L
em

m
a

10
Le

tA
k

be
de

fin
ed

as
in

E
qu

at
io

n
(2

7)
,κ

<
M

be
th

e
nu

m
be

r
of

st
ep

s
in

th
e

go
lfi

ng
sc

he
m

e
an

d
as

su
m

e
th

at
M
≤
L
N

.T
he

n
as

lo
ng

as

M
≥
cβ
κ

m
ax
( N

+
µ

2 0
L
) lo

g
2
(N
L

),

w
he

re
µ

2 k
is

th
e

co
he

re
nc

e
te

rm
de

fin
ed

by

µ
2 k

=
R
−

1
su

p
ω
∈[

0
,2
π

]

∣ ∣ ∣∣ ∣ ∣Ỹ
∗ k
f
ω

∣ ∣ ∣∣ ∣ ∣2 2
,

(3
0)

th
en

w
ith

pr
ob

ab
ili

ty
at

le
as

t1
−
O

(M
(L
N

)−
β
),

w
e

ha
ve

m
ax k

∣ ∣ ∣∣ ∣ ∣κ
A
∗ kA

k
(Ỹ

k
−

1
)
−
Ỹ
k
−

1

∣ ∣ ∣∣ ∣ ∣≤
2
−

(k
+

1
) .

Pr
oo

f L
em

m
a

10
es

se
nt

ia
lly

bo
un

ds
th

e
op

er
at

or
no

rm
of
κ
A
∗ A
−
I.

In
pa

rt
ic

ul
ar

,t
o

pr
ov

e
T

he
or

em
2,

th
e

re
du

ce
d

ve
rs

io
n

w
ith
κ

=
1

is
ne

ed
ed

.L
em

m
a

2
es

se
nt

ia
lly

us
es

th
e

m
at

ri
x

B
er

ns
te

in
in

eq
ua

lit
y

to
ac

co
m

pl
is

h
th

is
ta

sk
,t

ak
in

g X
n

=
κ

(〈
G
,A

n
〉A

n
−

E
[〈G

,A
n
〉A

n
])
,
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D

R
O

Z
E

L
L

an
d

w
e

ju
st

ne
ed

to
co

nt
ro

l|
|∑

E
[X

n
X
∗ n]
||

an
d
||∑

E
[X
∗ nX

n
]||

.T
o

bo
un

d
th

e
se

co
nd

of
th

es
e,

w
e

ca
n

ca
lc

ul
at

e
∣ ∣ ∣ ∣ ∣ ∣∣ ∣ ∣ ∣ ∣ ∣∑ n
∈Γ

k

E
[X
∗ nX

n
]∣ ∣ ∣ ∣ ∣ ∣∣ ∣ ∣ ∣ ∣ ∣
≤

κ
2

∣ ∣ ∣ ∣ ∣ ∣∣ ∣ ∣ ∣ ∣ ∣∑ n
∈Γ

k

E
[ |〈
G
,A

n
〉|2
A
n
A
∗ n]
∣ ∣ ∣ ∣ ∣ ∣∣ ∣ ∣ ∣ ∣ ∣

=
κ

2

∣ ∣ ∣ ∣ ∣ ∣∣ ∣ ∣ ∣ ∣ ∣∑ n
∈Γ

k

E
[ ||
f
n
||2 2
|〈G

,A
n
〉|2
z
n
z
∗ n]∣ ∣ ∣ ∣ ∣ ∣

∣ ∣ ∣ ∣ ∣ ∣

≤
3
N
κ

M
||G
||2 F

,

w
he

re
th

e
se

co
nd

in
eq

ua
lit

y
is

du
e

to
L

em
m

a
11

an
d
||f

n
||2 2
≤
N

.F
or

th
e

ot
he

re
xp

ec
ta

tio
n

∣ ∣ ∣ ∣ ∣ ∣∣ ∣ ∣ ∣ ∣ ∣∑ n
∈Γ

k

E
[X

n
X
∗ n]

∣ ∣ ∣ ∣ ∣ ∣∣ ∣ ∣ ∣ ∣ ∣
≤

κ
2

∣ ∣ ∣ ∣ ∣ ∣∣ ∣ ∣ ∣ ∣ ∣∑ n
∈Γ

k

E
[ |〈
G
,A

n
〉|2
A
∗ nA

n

]∣ ∣ ∣ ∣ ∣ ∣∣ ∣ ∣ ∣ ∣ ∣

=
L
κ

2

M
2

∣ ∣ ∣ ∣ ∣ ∣∣ ∣ ∣ ∣ ∣ ∣∑ n
∈Γ

k

E
[ ‖
G
f
n
‖2 2
f
n
f
∗ n]
∣ ∣ ∣ ∣ ∣ ∣∣ ∣ ∣ ∣ ∣ ∣

≤
L
κ

2

M
2

su
p
ω

(‖
G
f
ω
‖2 2

)

∣ ∣ ∣ ∣ ∣ ∣∣ ∣ ∣ ∣ ∣ ∣∑ n
∈Γ

k

1
N

∣ ∣ ∣ ∣ ∣ ∣∣ ∣ ∣ ∣ ∣ ∣

≤
L
κ

M
su

p
ω

(‖
G
f
ω
‖2 2

)

=
L
κ

M
µ

2
‖G
‖2 F
.

U
si

ng
th

es
e

bo
un

ds
,w

e
ca

n
w

ri
te

σ
2 X
≤

κ M
‖G
‖2 F

m
ax
{µ

0
L
,3
N
},

an
d

to
us

e
Pr

op
os

iti
on

1
w

e
ju

st
ne

ed
to

bo
un

d
‖X
‖ ψ

2
.T

o
st

ar
t,

w
e

ca
n

se
e

th
at

U
1

=
||X
|| ψ

1
≤

2
κ
||〈
G
,A

n
〉A

n
|| ψ

1

≤
cκ
||〈
G
,A

n
〉||
ψ
2
|||
|A

n
|| F
|| ψ

2

≤
cκ
||〈
G
,A

n
〉||
ψ
2

√
∣ ∣ ∣∣ ∣ ∣||
f
n
||2 2
||z

n
||2 2

∣ ∣ ∣∣ ∣ ∣ ψ
2

=
cκ

√
N

M
( 1
−

4−
1
/
L
) |
||t

ra
ce

(f
n
z
∗ nG

)||
ψ
2

≤
cκ

√
N

M
2
( 1
−

4−
1
/
L
)

L ∑ l=
1

||〈
g
l,
f
n
〉||
ψ
2

≤
cκ

√
N

2
L
µ

2 0
‖G
‖2 F

M
2

.
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M
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R
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E
C

U
R

R
E

N
T

N
E

T
W

O
R

K
S

W
e

can
now

apply
the

m
atrix

B
ernstein

theorem
w

ith
the

calculated
values

of
U

1
and

σ
X

.A
gain

using
t

=
β

lo
g
(L
N

),the
firstportion

ofthe
bound

is

σ
X √

t
+

log
(L

+
N

)≤
c||G

||F
√
κ
β

M
m

ax{µ
2k L
,N
}

log
(L
N

),

and
the

second
portion

ofthe
bound

is

U
1

log (
∆
U

21

σ
X

)
(t

+
log

(L
+
N

))

≤
c||G

||F
κ √

L
N
µ

2k

M
log (

L
N
µ

2k

M
2

M
c||G

|| 2F
κ

2

κ||G
|| 2F

m
ax{

µ
2k L
,N
} )

β
log

(L
N

)

≤
c||G

||F
κ √

L
N
µ

2k

M
log (

c∆
κ
L
N
µ

2k

M
m

ax{
µ

2k L
,N
} )

β
log

(L
N

)

≤
cβ
||G
||F

κ √
L
N
µ

2k

M
log (m

in{µ
2k L
,N
} )

log
(L
N

).

W
e

can
now

use
L

em
m

a
12

to
bound

µ
2k ≤

µ
20

w
ith

probability
1−

O
(M

(L
N

) −
β
)and

L
em

m
a

9
to

bound||G
k ||F
≤

2 −
k √
R

,w
hich

gives
us

a
bound

of

||(A
∗A
−
I

)G
||≤

c2 −
k
/
2

m
ax {

√
κ
β
R

log
(L
N

)

M
log

(m
ax{

µ
20 L
,N
}),

√
µ

20 L
N
β
κ

M
log

(L
N

)
log

(m
in{µ

20 L
,N
}
) }

.

Sim
plifying

the
bound

using
R
≤

m
in{L

,N
},

||(A
∗A
−
I

)G
||≤

c2 −
k
/
2

m
ax {

√
κ
β
R

log
(L
N

)

M
log

(L
N

), √
µ

20 L
N
β
κ

M
log

2(L
N

)) }

Taking

M
≥
cβ
κ
R

m
ax{

N
,L
µ

20 }
log

2(L
N

),

proves
the

lem
m

a.
To

sim
plify

the
bound

on
the

probability,w
e

note
that

L
em

m
a

12
holds

w
ith

probability
1−

O
(M

(L
N

) −
β
)

and
this

lem
m

a
holds

w
ith

probability
1−

O
(κ

(L
N

) −
β
).Since

κ
<

M
and

assum
ing

thatM
≤
L
N

,w
e

can
w

rite
thatthe

resultholdsw
ith

probability
1−
O

((L
N

)
1−
β
).

A
dditionally,since

L
em

m
a

12
holds

w
hen

M
≥
cβ
κ
R
(N

+
L
µ

20 )
log

2(L
N

)≥
cβ
κ
R

m
ax{

N
,L
µ

20 }
log

2(L
N

),

T
hen

both
lem

m
as

hold
underthe

sam
e

condition.27
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C
H

A
R

L
E

S,Y
IN

A
N

D
R

O
Z

E
L

L

A
.2.4

B
O

U
N

D
O

N
E
[|〈C

,A
n 〉| 2z

n
z
∗n ]

L
em

m
a

11
bounds

the
spectrum

ofthe
expected

m
atrix

E
[|〈G

,A
n 〉| 2z

n
z
∗n ]

:

L
em

m
a

11
Suppose

A
n

=
z
n
f
∗n

be
defined

as
the

outer
product

of
an

i.i.d.
random

G
aussian

vector
z
n

w
ith

zero
m

ean
and

variance
1/M

and
a

random
Fourier

vector
f
n .

Then
the

operator
|〈C

,A
n 〉| 2z

n
z
∗n

satisfies

E
z [|〈C

,A
n 〉| 2z

n
z
∗n ]�

3

M
2 ‖C

∗f
n ‖

22 I
M
,

and

E
z
,f [|〈C

,A
n 〉| 2z

n
z
∗n ]�

3

M
2 ‖
C
‖

2F
I
M
.

ProofTo
begin

the
proof,w

e
look

atthe
expectation

ofeach
elem

entofthe
m

atrix.W
e

firstcalculate
the

expectation
w

ith
respectto

z
n ,

∗
=

E
z  ∣∣∣∣∣

L
∑l=

1

z
n
[l]c ∗l f

n ∣∣∣∣∣ 2

z
n
[α

]z ∗n [β
] 

=
E
z [(

L
∑l=

1

z
n
[l]c ∗l f

n )
∗ (

L
∑l=

1

z
n
[l]c ∗l f

n )
z
n
[α

]z ∗n [β
] ]

=
E
z 

L
∑l=

1 |z
n
[l]| 2|c ∗l f

n | 2z
n
[α

]z ∗n [β
]+

2 ∑k6=
l R

e
(z ∗n [l]z

n
[k

]〈c ∗l f
n
,c ∗k f

n 〉)
z
n
[α

]z ∗n [β
] 

=

(
3

2M
2 |c ∗α

f
n | 2

+
1

M
2 ‖
C
f
n ‖

22 )
δ
α

=
β

+
2

M
2 〈c ∗α

f
n
,c ∗β
f
n 〉δ

α6=
β
.

W
e

can
then

use
the

m
atrix

form
ulation

E
z [|〈C

,A
n 〉| 2z

n
z
∗n ]

=
3

2M
2 diag(C

f
n
f
∗n
C
∗)

+
1

M
2 ‖
C
f
n ‖

22 I
M

+
2

M
2
C
f
n
f
∗n
C
∗

+
2

M
2 diag(C

f
n
f
∗n
C
∗)

=
1

M
2 ‖
C
f
n ‖

22 I
M

+
2
C
f
n
f
∗n
C
∗−

12
diag(C

f
n
f
∗n
C
∗)

�
3

M
2 ‖
C
f
n ‖

22 I
M
,

w
here

to
obtain

the
resultw

e
firstuse

the
linearity

ofthe
expectation

along
w

ith
the

w
ith

the
positive-

sem
idefinite

property
of

diag(C
f
n
f
∗n
C
∗),

proving
the

fist
portion

of
the

L
em

m
a.

To
prove

the
second

portion
w

e
sim

ply
take

an
expectation

w
ith

respectto
f
n :

E
z
,f [|〈C

,A
n 〉| 2z

n
z
∗n ]�

E
f [

3

M
2 ‖C

f
n ‖

22 I
M

]
�

3

M
2 ‖C
‖

2F
I
,M

,

com
pleting

the
proof.
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A
.2
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C
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N

T
R

A
C

T
IV

E
P

R
O

P
E

R
T

Y
O

F
µ

2 k

L
em

m
a

12
Le

t
µ

2 k
be

th
e

co
he

re
nc

e
fa

ct
or

as
de

fin
ed

in
E

qu
at

io
n

(3
0)

,a
nd

ad
di

tio
na

lly
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su
m

e
th

at
L
>

1
an

d
th

at
L
N
>
R
µ

4 0
.I

f

M
≥
cβ
κ
R
( N

+
L
µ

2 0

) lo
g

2
(L
N

),

th
en

w
ith

pr
ob

ab
ili

ty
at

le
as

t1
−
O

(κ
(L
N

)−
β
),

µ
2 k
≤

2
−

1
µ

2 k
−

1
,

fo
r

al
lk
∈

[1
,·
··
,κ

].

Pr
oo

f In
L

em
m

a
12

w
e

sh
ow

th
at

th
e

co
he

re
nc

e
te

rm
re

du
ce

s
at

ea
ch

go
lfi

ng
ite

ra
tio

n.
O

bs
er

ve
th

at

µ
2 k

=
1 R

su
p
ω

L ∑ l=
1

〈Ỹ
k
,e
lf
∗ 〉

2

=
1 R

su
p
ω

L ∑ l=
1

 
∑ n
∈Γ

k

κ
〈P

T
(A

n
),
e
lf
∗ 〉
〈Ỹ

k
−

1
,A

n
〉−
〈Ỹ

k
−

1
,e
lf
∗ 〉

 
2

=
1 R

su
p
ω

L ∑ l=
1

 
∑ n
∈Γ

k

κ
〈P

T
(A

n
),
e
lf
∗ 〉
〈Ỹ

k
−

1
,A

n
〉−

E
[ κ
〈P

T
(A

n
),
e
lf
∗ 〉
〈Ỹ

k
−

1
,A

n
〉]
 

2

.

To
bo

un
d

th
is

qu
an

tit
y

w
e

us
e

th
e

sc
al

ar
B

er
ns

te
in

in
eq

ua
lit

y
on

ea
ch

of
th

e
in

ne
rq

ua
nt

iti
es

∑ n
∈Γ

k

X
n

=
∑ n
∈Γ

k

κ
〈P

T
(A

n
),
e
lf
∗ 〉
〈Ỹ

k
−

1
,A

n
〉−

E
[ κ
〈P

T
(A

n
),
e
lf
∗ 〉
〈Ỹ

k
−

1
,A

n
〉]
.

A
s

in
th

e
m

at
ri

x
B

er
ns

te
in

fo
rm

ul
at

io
n,

w
e

re
qu

ir
e

bo
th

th
e

va
ri

an
ce

an
d

O
rl

ic
z

no
rm

.F
ir

st
w

e
fin

d
th

e
va

ri
an

ce
,

∑ n
∈Γ

k

E
[X

n
X
∗ n]

=
κ

2
∑ n
∈Γ

k

E
[ |〈
P T

(A
n
),
e
lf
∗ 〉
|2 |
〈Ỹ

k
−

1
,A

n
〉|2
]

−
|E
[ 〈
P T

(A
n
),
e
lf
∗ 〉
〈Ỹ

k
−

1
,A

n
〉]
|2

≤
κ

2
∑ n
∈Γ

k

E
[|〈
Q
Q
∗ z

n
f
∗ n,
e
lf
∗ 〉

+
〈z
n
f
∗ nV
V
,e
lf
∗ 〉

+
〈Q
Q
∗ z

n
f
∗ nV
V
∗ ,
e
lf
∗ 〉
|2 |
〈Ỹ

k
−

1
,A

n
〉|2
]

≤
κ

2
∑ n
∈Γ

k

E
[(
|〈Q

Q
∗ z

n
f
∗ n,
e
lf
∗ 〉
|2

+
|〈f
∗ nV
V
∗ ,
f
∗ 〉
z n

[l
]|2

+
|〈Q

Q
∗ z

n
f
∗ nV
V
∗ ,
e
lf
∗ 〉
|2)
|〈Ỹ

k
−

1
,A

n
〉|2
] .
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T
hi

s
su

m
co

ns
is

ts
of

th
re

e
te

rm
s.

T
he

fir
st

of
w

hi
ch

ca
n

be
bo

un
de

d
us

in
g

L
em

m
a

11
,

∑ n
∈Γ

k

E
[ |〈
Q
Q
∗ z

n
f
∗ n,
e
lf
∗ 〉
|2 |
〈Ỹ

k
−

1
,A

n
〉|2
]

=
∑ n
∈Γ

k

E
[ |f
∗ nf
〈q
l,
Q
∗ z

n
〉|2
|〈Ỹ

k
−

1
,A

n
〉|2
]

≤
3
∑ n
∈Γ

k

E
[ f
∗ f

n
f
∗ nf
q
∗ lQ
∗
∣ ∣ ∣∣ ∣ ∣Ỹ

k
−

1
f
n

∣ ∣ ∣∣ ∣ ∣2 2
I
L
Q
q
l]

≤
3R
µ

2 k
−

1

M
3
||q

l||
2 2

∑ n
∈Γ

k

f
∗ E

[f
n
f
∗ n]
f

=
3N

R
µ

2 k
−

1

κ
M

2
||q

l||
2 2
.

Fo
rt

he
se

co
nd

te
rm

w
e

ha
ve

∑ n
∈Γ

k

E
[ |〈
f
∗ nV
V
∗ ,
f
∗ 〉
|2 |
z n

[l
]|2
|〈Ỹ

k
−

1
,A

n
〉|2
]

=
∑ n
∈Γ

k

E
[ |〈
V
∗ f

n
,V
∗ f
〉|2
|z n

[l
]|2
|〈Ỹ

k
−

1
,A

n
〉|2
]

=
∑ n
∈Γ

k

E
[ f
∗ V
V
∗ f

n
f
∗ nV
V
∗ f
|〈Ỹ

k
−

1
,z
n
[l

]z
n
f
∗ n〉
|2]

.

U
si

ng
th

e
fa

ct
th

at
|z n

[l
]|2

=
e
∗ lz

n
z
∗ ne

l
an

d
L

em
m

a
11

,w
e

ob
ta

in

∑ n
∈Γ

k

E
[ |〈
f
∗ nV
V
∗ ,
f
∗ 〉
|2 |
z n

[l
]|2
|〈Ỹ

k
−

1
,A

n
〉|2
]

≤
3

M
2

∑ n
∈Γ

k

E
[ f
∗ V
V
∗ f

n
f
∗ nV
V
∗ f
e
∗ l
∣ ∣ ∣∣ ∣ ∣Ỹ

k
−

1
f
n

∣ ∣ ∣∣ ∣ ∣2 2
I
L
e
l]

≤
3R
µ

2 k
−

1

M
2

∑ n
∈Γ

k

E
[f
∗ V
V
∗ f

n
f
∗ nV
V
∗ f

]

≤
3R
µ

2 k
−

1

M
2
|Γ
k
|||
V
∗ f
||2 2

≤
3R

2
µ

2 k
−

1
µ

2 0

κ
M

1
.
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Finally,forthe
third

term
,w

e
have

∑n∈
Γ
k E
[|〈Q

Q
∗z

n
f
∗n
V
V
∗,e

l f
∗〉| 2|〈Ỹ

k−
1 ,A

n 〉| 2 ]

=
∑n∈

Γ
k E
[|〈V

∗f
n
,V
∗f〉| 2|〈q

l ,Q
∗z

n 〉| 2|〈Ỹ
k−

1 ,A
n 〉| 2 ]

=
∑n∈

Γ
k E
[f
∗V
V
∗f

n
f
∗n
V
V
∗f|〈q

l ,Q
∗z

n 〉| 2|〈Ỹ
k−

1 ,A
n 〉| 2 ]

≤
∑n∈

Γ
k E
[||V

∗f|| 22
q
∗l Q
∗z

n
z
∗n |〈Ỹ

k−
1 ,A

n 〉| 2Q
q
l ]

≤
3

M
2 ||q

l || 22 ||V
∗f|| 22

∑n∈
Γ
k E
[∣∣∣ ∣∣∣ Ỹ

k−
1 f

n ∣∣∣ ∣∣∣ 22 ]

≤
3
R

2µ
20 µ

2k−
1

κ
M

||q
l || 22

.

Sum
m

ing
the

three
bounds

and
using||q

l ||≤
1

yields

σ
2X
≤

9
κ (

N
R
µ

2k−
1

M
2
||q

l || 22
+

2
R

2µ
20 µ

2k−
1

M

)
.

To
use

the
B

ernstein
inequality

itrem
ains

to
find

the
O

rlicz-1
norm

of
X
n .From

L
em

m
a

10
w

e
have

∣∣∣ ∣∣∣ 〈Ỹ
k−

1 ,A
n 〉 ∣∣∣ ∣∣∣ 2ψ

2

=
∣∣∣ ∣∣∣ z
∗n
Ỹ
k−

1 f
n ∣∣∣ ∣∣∣ 2ψ

2 ≤
∣∣ ∣∣||Q

∗z
n ||2 ||Λ

k−
1 V
∗f

n ||2 ∣∣ ∣∣ 2ψ
2 ≤

c
R
µ

2k−
1

M
.

Forthe
firstterm

w
e

have

||f
∗n
f〈q

l ,Q
∗z

n 〉|| 2ψ
2
≤
||||f

∗n ||2 ||f||2 |〈q
l ,Q

∗z
n 〉|| 2ψ

2

≤
N

2||q
∗l Q
∗z

n || 2ψ
2

≤
c
N

2||q
l || 22

M
2

.

Forthe
second

term
w

e
have

||〈V
∗f

n
,V
∗f〉z

n
[l]|| 2ψ

2 ≤
||||V

∗f
n ||2 ||V

∗f||2
z
n
[l]|| 2ψ

2 ≤
c
R

2

M
µ

40 .

Sim
ilarly,forthe

finalterm
w

e
have

||〈V
∗f

n
,V
∗f〉〈q

l ,Q
∗z

n 〉|| 2ψ
2 ≤
||||V

∗f
n ||2 ||V

∗f||2
q
∗l Q
∗z

n || 2ψ
2 ≤

c
R

2

M
µ

40 ||q
l || 22

.

N
ow

w
e

can
calculate

the
totalO

rlicz
norm

as

||X
n || 2ψ

1
≤

cκ
2
R
µ

2k−
1

M

(
N

2||q
l || 22

M
2

+
R

2

M
µ

40
+
R

2

M
µ

40 ||q
l || 22 )

≤
c
κ

2R
N

2

M
3
||q

l || 22
µ

2k−
1

+
c
2κ

2R
3

M
2
µ

40 µ
2k−

1 .
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Since
w

e
w

ish
to

bound
the

square
of

the
sum

of
term

s,w
e

calculate
the

square
values

of
the

tw
o

term
s

in
the

B
ernstein

inequality.T
he

firstterm
is

bounded
by

tσ
2X
≤
cβ
κ
RM
µ

2k−
1 (

NM
||q

l || 22
+

2
R
µ

20 )
log

(L
N

),

and
the

second
term

is
bounded

by

t 2U
2α

log
2 (
|Γ
k |U

2α

σ
2X

)
≤
t 2U

2α
log

2 
c |Γ

k |M
κ

2R
µ

2k−
1 (

N
2

M
||q

l || 22
+

2
R

2µ
40 )

M
2κ
R
µ

2k−
1 (

NM
||q

l || 22
+

2
R
µ

20 )



≤
t 2cκ

2
RM

2
µ

2k−
1 (

N
2

M
||q

l || 22
+

2
R

2µ
40 )

log
2 (

c
N

2||q
l || 22

+
2
M
R

2µ
40

N
||q

l || 22
+

2
R
M
µ

20

)

≤
cβ

2κ
2
RM

2
µ

2k−
1 (

N
2

M
||q

l || 22
+

2
R

2µ
40 )

log
4

(L
N

)
,

w
here

the
last

step
assum

es
L
>

1
and

L
N

>
R
µ

40 .
E

ach
sum

m
and

is
then

bounded
by

the
m

axim
um

ofthese
tw

o
quantities

w
ith

probability
1−

O
(|Γ

k |(L
N

) −
β
),the|Γ

k |term
com

ing
from

the
union

bound
overallterm

s
in

each
innersum

.
U

sing
this

bound
on

each
sum

m
and,w

e
obtain

the
totalbound

by
taking

a
union

bound,sum
-

m
ing

over
l∈

[1,···
,L

],and
dividing

by
R

,yielding
a

bound
ofthe

m
axim

um
of

tσ
2X
≤
cβ
κ
RM
µ

2k−
1 (

NM
+

2
L
µ

40 )
log

(L
N

),

and

t 2U
2α

log
2 (
|Γ
k |U

2α

σ
2X

)
≤
β

2cκ
2
RM

2
µ

2k−
1 (

NM
+

2
R
L
µ

20 )
log

4
(L
N

)
,

w
ith

probability
1−

O
(M

(N
L

) −
β
).To

com
plete

the
proof,w

e
note

thatifw
e

have

M
≥
cβ
κ
R
(N

+
L
µ

20 )
log

2(L
N

),

then
both

term
s

in
this

bound
are

less
than

µ
2k−

1 .
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lp

er
tu
rb
at
io
ns

of
th
e
da

ta
th
ey

su
m
m
ar
iz
e
(C

oh
en

-S
te
in
er

et
al
.,
20
07

,2
01

0;
C
ha

za
le

t
al
.,
20

14
),

it
is

po
ss
ib
le

to
pe

rf
or
m

a
va
ri
et
y
of

M
L
te
ch
ni
qu

es
us
in
g
P
D
s
as

a
st
at
is
ti
c
fo
r
cl
us
te
ri
ng

da
ta

se
ts
.

H
ow

ev
er
,
m
an

y
ot
he

r
us
ef
ul

M
L

to
ol
s

an
d

te
ch
ni
qu

es
(e
.g
.,

su
pp

or
t
ve
ct
or

m
ac
hi
ne

s
(S
V
M
),

de
ci
si
on

tr
ee

cl
as
si
fic

at
io
n,

ne
ur
al

ne
tw

or
ks
,
fe
at
ur
e
se
le
ct
io
n,

an
d
di
m
en

si
on

re
du

ct
io
n
m
et
ho

ds
)
re
qu

ir
e
m
or
e
th
an

a
m
et
ri
c

st
ru
ct
ur
e.

In
ad

di
ti
on

,t
he

co
st

of
co
m
pu

ti
ng

th
e
bo

tt
le
ne

ck
or

W
as
se
rs
te
in

di
st
an

ce
gr
ow

s
qu

ic
kl
y
as

th
e
nu

m
be

r
of

off
-d
ia
go

na
lp

oi
nt
s
in

th
e
di
ag

ra
m
s
in
cr
ea
se
s
(D

iF
ab

io
an

d
Fe

rr
i,

20
15

).
T
o
re
so
lv
e
th
es
e
is
su
es
,
co
ns
id
er
ab

le
eff

or
t
(w

hi
ch

w
e
re
vi
ew

in
§2
)
ha

s
be

en
m
ad

e
to

m
ap

P
D
s
in
to

sp
ac
es

w
hi
ch

ar
e
su
it
ab

le
fo
r
ot
he

r
M
L
to
ol
s
(B

ub
en

ik
,2

01
5;

R
ei
ni
ng

ha
us

et
al
.,
20

15
;R

ou
se

et
al
.,
20

15
;A

dc
oc
k
et

al
.,
20

16
;D

on
at
in
ie

t
al
.,
19

98
;F

er
ri
et

al
.,
19

97
;

C
hu

ng
et

al
.,
20

09
;
P
ac
ha

ur
i
et

al
.,
20

11
;
B
en

di
ch

et
al
.,
20

16
;
C
he

n
et

al
.,
20

15
;
C
ar
ri
èr
e

et
al
.,
20

15
;D

iF
ab

io
an

d
Fe

rr
i,
20

15
).

W
it
h
th
e
be

ne
fit
s
an

d
dr
aw

ba
ck
s
of

th
es
e
ap

pr
oa

ch
es

in
m
in
d,

w
e
po

se
th
e
fo
llo

w
in
g
qu

es
ti
on

:

P
ro
bl
em

St
at
em

en
t:
H
ow

ca
n
w
e
re
pr
es
en
t
a
pe

rs
is
te
nc

e
di
ag

ra
m

so
th
at

(i
)
th
e
ou

tp
ut

of
th
e
re
pr
es
en
ta
ti
on

is
a
ve
ct
or

in
R
n
,

(i
i)

th
e
re
pr
es
en
ta
ti
on

is
st
ab

le
w
it
h
re
sp
ec
t
to

in
pu

t
no

is
e,
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P
er

sisten
ce

Im
ag

es

(iii)
the

representation
is

effi
cient

to
com

pute,

(iv)
the

representation
m
aintains

an
interpretable

connection
to

the
originalP

D
,and

(v)
the

representation
allow

s
one

to
adjust

the
relative

im
portance

of
points

in
different

regions
of

the
P
D
?

T
he

m
ain

contribution
of

this
paper

is
to

study
a
finite-dim

ensional-vector
representa-

tion
of

a
P
D

called
a
persistence

im
age

(P
I).

W
e
first

m
ap

a
persistence

diagram
B

to
an

integrable
function

ρ
B

:R
2
→

R
called

a
persistence

surface.
T
he

surface
ρ
B

is
defined

as
a
w
eighted

sum
of

G
aussian

functions, 1
one

centered
at

each
point

in
the

P
D
.
T
he

idea
of

persistence
surfaces

has
appeared

even
prior

to
the

developm
ent

of
persistent

hom
ology,in

D
onatini

et
al.

(1998)
and

Ferri
et

al.
(1997).

T
aking

a
discretization

of
a
subdom

ain
of

ρ
B

defines
a
grid.

A
persistence

im
age,

i.e.,
a
m
atrix

of
pixel

values,
can

be
created

by
com

puting
the

integralof
ρ
B

on
each

grid
box.

T
his

P
I
is

a
“vectorization”

of
the

P
D
,and

provides
a
solution

to
the

problem
statem

ent
above.

C
riterion

(i)
is

the
prim

ary
m
otivation

for
developing

P
Is.

A
large

suite
of

M
L

tech-
niques

and
statistical

tools
(m

eans
and

variances)
already

exist
to

w
ork

w
ith

data
in

R
n.

A
dditionally,

such
a
representation

allow
s
for

the
use

of
various

distance
m
etrics

(p-norm
s

and
angle

based
m
etrics)

and
other

m
easures

of
(dis)sim

ilarity.
T
he

rem
aining

criteria
of

the
problem

statem
ent

(ii-v)
further

ensure
the

usefulness
of

this
representation.

T
he

desired
flexibility

of(v)
is
accom

plished
by

allow
ing

one
to

build
a
P
I
as

a
w
eighted

sum
of

G
aussians,

w
here

the
w
eightings

m
ay

be
chosen

from
a
broad

class
of

w
eighting

functions. 2
For

exam
ple,a

typicalinterpretation
is

that
points

in
a
P
D

of
high

persistence
are

m
ore

im
portant

than
points

of
low

persistence
(w

hich
m
ay

correspond
to

noise).
O
ne

m
ay

therefore
build

a
P
I
as

a
w
eighted

sum
of

G
aussians

w
here

the
w
eighting

function
is

non-decreasing
w
ith

respect
to

the
persistence

value
of

each
P
D

point.
H
ow

ever,
there

are
situations

in
w
hich

one
m
ay

prefer
different

m
easures

ofim
portance.

Indeed,B
endich

et
al.

(2016)
find

that,in
their

regression
task

ofidentifying
a
hum

an
brain’s

age
from

its
arterial

geom
etry,the

points
ofm

edium
persistence

(not
high

persistence)
best

distinguish
the

data.
In

such
a
setting,one

m
ay

choose
a
w
eighting

function
w
ith

largest
values

for
the

points
of

m
edium

persistence.
In

addition,
the

H
om

ology
Inference

T
heorem

(C
ohen-Steiner

et
al.,

2007)
states

that
w
hen

given
a
suffi

ciently
dense

finite
sam

ple
from

a
space

X
,
the

points
in

the
P
D

w
ith

suffi
ciently

sm
allbirth

tim
es

(and
suffi

ciently
high

persistence)
recover

the
hom

ology
groups

of
the

space;hence
one

m
ay

choose
a
w
eighting

function
that

em
phasizes

points
near

the
death-axis

and
aw

ay
from

the
diagonal,as

indicated
in

the
leftm

ost
yellow

rectangle
ofF

igure
2.4

in
B
endich

(2009).
A

potentialdisadvantage
ofthe

flexibility
in

(v)
is

that
it

requires
a
choice;

how
ever,

prior
know

ledge
of

one’s
particular

problem
m
ay

inform
that

choice.
M
oreoever,

our
exam

ples
illustrate

the
effectiveness

of
a
standard

choice
of

w
eighting

function
that

is
non-decreasing

w
ith

the
persistence

value.
T
he

rem
ainder

ofthis
article

is
organized

as
follow

s.
R
elated

w
ork

connecting
topological

data
analysis

and
M
L
is

review
ed

in
§2,

and
§3

gives
a
brief

introduction
to

persistent
ho-

m
ology,P

D
s
from

point
cloud

data,P
D
s
from

functions,and
the

bottleneck
and

W
asserstein

m
etrics.

P
Is

are
defined

in
§4

and
their

stability
w
ith

respect
to

the
1-W

asserstein
distance

1.
In

general,
ρ
B

can
be

a
w
eighted

sum
of

probability
density

functions
2.

W
eighting

functions
are

restricted
only

to
the

extent
necessary

for
our

stability
results

in
§5.

3
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A
d
a
m
s,

et
a
l.

betw
een

P
D
s
is

proved
in

§5.
Lastly,

§6
contains

exam
ples

of
M
L

techniques
applied

to
P
Is

generated
from

sam
ples

of
com

m
on

topological
spaces,

an
applied

dynam
ical

system
m
odeling

turbulent
m
ixing,and

a
partialdifferentialequation

describing
pattern

form
ation

in
extended

system
s
driven

far
from

equilibrium
.
O
ur

code
for

producing
P
Is

is
publicly

available
at

https://github.com/CSU-TDA/PersistenceImages.

2.
R

elated
W

ork

T
he

space
ofP

D
s
can

be
equipped

w
ith

the
bottleneck

or
W
asserstein

m
etric

(defined
in

§3),
and

one
reason

forthe
popularity

ofP
D
s
is
thatthese

m
etrics

are
stable

w
ith

respectto
sm

all
deviations

in
the

inputs
(C

ohen-Steiner
et

al.,2007,2010;C
hazalet

al.,2014).
Furtherm

ore,
the

bottleneck
m
etric

allow
s
one

to
define

Fréchet
m
eans

and
variances

for
a
collection

of
P
D
s
(M

ileyko
et

al.,
2011;

T
urner

et
al.,

2014).
H
ow

ever,
the

structure
of

a
m
etric

space
alone

is
insuffi

cient
for

m
any

M
L
techniques,and

a
recent

area
ofinterest

in
the

topological
data

analysis
com

m
unity

has
been

encoding
P
D
s
in

w
ays

that
broaden

the
applicability

of
persistence.

For
exam

ple,
A
dcock

et
al.

(2016)
study

a
ring

of
algebraic

functions
on

the
space

of
persistence

diagram
s,

and
V
erovšek

(2016)
identifies

tropical
coordinates

on
the

space
ofdiagram

s.
Ferriand

Landi(1999)
and

D
iFabio

and
Ferri(2015)

encode
a
P
D

using
the

coeffi
cients

of
a
com

plex
polynom

ialthat
has

the
points

of
the

P
D

as
its

roots.

B
ubenik

(2015)
develops

the
notion

of
a
persistence

landscape,
a
stable

functionalrep-
resentation

ofa
P
D

that
lies

in
a
B
anach

space.
A

persistence
landscape

(P
L)

is
a
function

λ
:N
×

R
→

[−
∞
,∞

],
w
hich

can
equivalently

be
thought

of
as

a
sequence

of
functions

λ
k

:R
→

[−
∞
,∞

].
For

1
≤
p
≤
∞

the
p-landscape

distance
betw

een
tw

o
landscapes

λ
and

λ
′is

defined
as‖

λ
−
λ
′‖
p ;

the
∞

-landscape
distance

is
stable

w
ith

respect
to

the
bot-

tleneck
distance

on
P
D
s,

and
the

p-landscape
distance

is
continuous

w
ith

respect
to

the
p-W

asserstein
distance

on
P
D
s.

O
ne

of
the

m
otivations

for
defining

persistence
landscapes

is
that

even
though

Fréchet
m
eans

ofP
D
s
are

not
necessarily

unique
(M

ileyko
et

al.,2011),
a
set

of
persistence

landscapes
does

have
a
unique

m
ean.

U
nique

m
eans

are
also

a
feature

of
P
Is

as
they

are
vector

representations.
A
n
advantage

of
P
Ls

over
P
Is

is
that

the
m
ap

from
a
P
D

to
a
P
L

is
easily

invertible;
an

advantage
of

P
Is

over
P
Ls

is
that

P
Is

live
in

E
uclidean

space
and

hence
are

am
enable

to
a
broader

range
of

M
L

techniques.
In

§6,
w
e

com
pare

P
D
s,P

Ls,and
P
Is

in
a
classification

task
on

synthetic
data

sam
pled

from
com

m
on

topological
spaces.

W
e
find

that
P
Is

behave
com

parably
or

better
than

P
D
s
w
hen

using
M
L
techniques

available
to

both
representations,

but
P
Is

are
significantly

m
ore

effi
cient

to
com

pute.
A
lso,

P
Is

outperform
P
Ls

in
the

m
ajority

of
the

classification
tasks

and
are

of
com

parable
com

putationaleffi
ciency.

A
vector

representation
of

a
P
D
,
due

to
C
arrière

et
al.

(2015),
can

be
obtained

by
rearranging

the
entries

ofthe
distance

m
atrix

betw
een

points
in

a
P
D
.In

their
T
heorem

3.2,
they

prove
that

both
the

L
∞

and
L
2
norm

s
betw

een
their

resulting
vectors

are
stable

w
ith

respect
to

the
bottleneck

distance
on

P
D
s.

T
hey

rem
ark

that
w
hile

the
L
∞

norm
is

useful
for

nearest-neighbor
classifiers,

the
L
2
norm

allow
s
for

m
ore

elaborate
algorithm

s
such

as
SV

M
.H

ow
ever,though

their
stability

result
for

the
L
∞

norm
is
w
ell-behaved,their

constant
for

the
L
2
norm

scales
undesirably

w
ith

the
num

ber
ofpoints

in
the

P
D
.W

e
provide

this
as

m
otivation

for
our

T
heorem

10,in
w
hich

w
e
prove

the
L
∞
,
L
1,and

L
2
norm

s
for

P
I
vectors
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P
er

si
st

en
ce

Im
ag

es

ar
e
st
ab

le
w
it
h
re
sp
ec
t
to

th
e
1-
W
as
se
rs
te
in

di
st
an

ce
be

tw
ee
n
P
D
s,

an
d
in

w
hi
ch

no
ne

of
th
e
co
ns
ta
nt
s
de

pe
nd

on
th
e
nu

m
be

r
of

po
in
ts

in
th
e
P
D
.

B
y
su
pe

ri
m
po

si
ng

a
gr
id

ov
er

a
P
D

an
d
co
un

ti
ng

th
e
nu

m
be

r
of

to
po

lo
gi
ca
lf
ea
tu
re
s
in

ea
ch

bi
n,

R
ou

se
et

al
.(
20

15
)
cr
ea
te

a
fe
at
ur
e
ve
ct
or

re
pr
es
en
ta
ti
on

.
A
n
ad

va
nt
ag

e
of

th
is
ap

-
pr
oa

ch
is
th
at

th
e
ou

tp
ut

is
ea
si
er

to
in
te
rp
re
t
th
an

ot
he

r
m
or
e
co
m
pl
ic
at
ed

re
pr
es
en
ta
ti
on

s,
bu

t
a
di
sa
dv

an
ta
ge

is
th
at

th
e
ve
ct
or
s
ar
e
no

t
st
ab

le
fo
r
tw

o
re
as
on

s:

(i
)
an

ar
bi
tr
ar
ily

sm
al
lm

ov
em

en
t
of

a
po

in
t
in

a
P
D

m
ay

m
ov
e
it

to
an

ot
he

r
bi
n,

an
d

(i
i)

a
P
D

po
in
t
em

er
gi
ng

fr
om

th
e
di
ag

on
al

cr
ea
te
s
a
di
sc
on

ti
nu

ou
s
ch
an

ge
.

So
ur
ce

(i
)
of

in
st
ab

ili
ty

ca
n
be

im
pr
ov
ed

by
fir
st

sm
oo

th
in
g
a
P
D

in
to

a
su
rf
ac
e.

T
hi
s
id
ea

ha
s
ap

pe
ar
ed

m
ul
ti
pl
e
ti
m
es

in
va
ri
ou

s
fo
rm

s—
ev
en

pr
io
r
to

th
e
de
ve
lo
pm

en
t
of

pe
rs
is
te
nt

ho
m
ol
og

y,
D
on

at
in
ie
t
al
.(
19

98
)
an

d
Fe

rr
ie
t
al
.(
19

97
)
co
nv

er
t
si
ze

fu
nc
ti
on

s
(c
lo
se
ly

re
la
te
d

to
0-
di
m
en

si
on

al
P
D
s)

in
to

su
rf
ac
es

by
ta
ki
ng

a
su
m

of
G
au

ss
ia
ns

ce
nt
er
ed

on
ea
ch

po
in
t
in

th
e
di
ag
ra
m
.
T
hi
s
co
nv

er
si
on

is
no

t
st
ab

le
du

e
to

(i
i)
,a

nd
w
e
vi
ew

ou
r
w
or
k
as

a
co
nt
in
ue

d
st
ud

y
of

th
es
e
su
rf
ac
es
,
no

w
al
so

in
hi
gh

er
ho

m
ol
og

ic
al

di
m
en

si
on

s,
in

w
hi
ch

w
e
in
tr
od

uc
e

a
w
ei
gh

ti
ng

fu
nc

ti
on

3
to

ad
dr
es
s
(i
i)

an
d
ob

ta
in

st
ab

ili
ty
.
C
hu

ng
et

al
.
(2
00

9)
pr
od

uc
e
a

su
rf
ac
e
by

co
nv

ol
vi
ng

a
P
D

w
it
h
th
e
ch
ar
ac
te
ri
st
ic

fu
nc

ti
on

of
a
di
sk
,
an

d
P
ac
ha

ur
i
et

al
.

(2
01

1)
pr
od

uc
e
a
su
rf
ac
e
by

ce
nt
er
in
g
a
G
au

ss
ia
n
on

ea
ch

po
in
t,
bu

t
bo

th
of

th
es
e
m
et
ho

ds
la
ck

st
ab

ili
ty

ag
ai
n

du
e
to

(i
i)
.

Su
rf
ac
es

pr
od

uc
ed

fr
om

ra
nd

om
P
D
s
ar
e
re
la
te
d

to
th
e

em
pi
ri
ca
li
nt
en

si
ty

pl
ot
s
of

E
de

ls
br
un

ne
r
et

al
.(
20

12
).

R
ei
ni
ng

ha
us

et
al
.
(2
01

5)
pr
od

uc
e
a
st
ab

le
su
rf
ac
e
fr
om

a
P
D

by
ta
ki
ng

th
e
su
m

of
a

po
si
ti
ve

G
au

ss
ia
n
ce
nt
er
ed

on
ea
ch

P
D

po
in
t
to
ge
th
er

w
it
h
a
ne

ga
ti
ve

G
au

ss
ia
n
ce
nt
er
ed

on
it
s
re
fle

ct
io
n
be

lo
w

th
e
di
ag

on
al
;
th
e
re
su
lt
in
g
su
rf
ac
e
is

ze
ro

al
on

g
th
e
di
ag

on
al
.
T
hi
s

ap
pr
oa

ch
is

si
m
ila

r
to

P
Is
,
an

d
in
de

ed
w
e
us
e
a
re
su
lt

of
R
ei
ni
ng

ha
us

et
al
.
(2
01

5,
T
he

o-
re
m

3)
to

sh
ow

th
at

pe
rs
is
te
nc

e
su
rf
ac
es

ar
e
st
ab

le
on

ly
w
it
h
re
sp
ec
t
to

th
e
1-
W
as
se
rs
te
in

di
st
an

ce
(R

em
ar
k
6)
.
N
ev
er
th
el
es
s,

w
e
pr
op

os
e
ou

r
in
de

pe
nd

en
tl
y-
de

ve
lo
pe

d
su
rf
ac
es

as
an

al
te
rn
at
iv
e
st
ab

le
re
pr
es
en
ta
ti
on

of
P
D
s
w
it
h
th
e
fo
llo

w
in
g
po

te
nt
ia
la

dv
an

ta
ge
s.

F
ir
st
,t

he
su
m

of
no

n-
ne

ga
ti
ve
ly

w
ei
gh

te
d
G
au

ss
ia
ns

in
P
Is

m
ay

be
ea
si
er

to
in
te
rp
re
t
th
an

a
su
m

in
cl
ud

in
g
ne

ga
ti
ve

G
au

ss
ia
ns
.
Se
co
nd

,
w
e
pr
od

uc
e
ve
ct
or
s
fr
om

pe
rs
is
te
nc

e
su
rf
ac
es

w
it
h

w
el
l-b

eh
av
ed

st
ab

ili
ty

bo
un

ds
,
al
lo
w
in
g
on

e
to

us
e
ve
ct
or
-b
as
ed

le
ar
ni
ng

m
et
ho

ds
su
ch

as
lin

ea
r
SV

M
.
In
de

ed
,
Ze

pp
el
za
ue

r
et

al
.
(2
01

6)
re
po

rt
th
at

w
hi
le

th
e
ke
rn
el

of
R
ei
ni
ng

ha
us

et
al
.
(2
01

5)
ca
n
be

us
ed

w
it
h
no

nl
in
ea
r
SV

M
s,

in
pr
ac
ti
ce
,
th
is

be
co
m
es

in
effi

ci
en
t
fo
r
a

la
rg
e
nu

m
be

r
of

tr
ai
ni
ng

ve
ct
or
s
be

ca
us
e
th
e
en
ti
re

ke
rn
el

m
at
ri
x
m
us
t
be

co
m
pu

te
d.

T
hi
rd
,

w
hi
le

th
e
su
rf
ac
e
of

R
ei
ni
ng

ha
us

et
al
.
(2
01

5)
w
ei
gh

ts
pe

rs
is
te
nc

e
po

in
ts

fu
rt
he

r
fr
om

th
e

di
ag

on
al

m
or
e
he

av
ily

,t
he

re
ar
e
si
tu
at
io
ns

in
w
hi
ch

on
e
m
ay

pr
ef
er

di
ffe

re
nt

w
ei
gh

ti
ng

s,
as

di
sc
us
se
d
in

§1
an

d
it
em

(v
)
of

ou
r
P
ro
bl
em

St
at
em

en
t.

H
en

ce
,o

ne
m
ay

w
an

t
w
ei
gh

ti
ng

s
on

P
D

po
in
ts

th
at

ar
e
no

n-
in
cr
ea
si
ng

or
ev
en

de
cr
ea
si
ng

w
he

n
m
ov
in
g
aw

ay
fr
om

th
e
di
ag

on
al
,

an
op

ti
on

av
ai
la
bl
e
in

th
e
P
I
ap

pr
oa

ch
.

W
e
pr
od

uc
e
a
pe

rs
is
te
nc

e
su
rf
ac
e
fr
om

a
P
D

by
ta
ki
ng

a
w
ei
gh

te
d
su
m

of
G
au

ss
ia
ns

ce
nt
er
ed

at
ea
ch

po
in
t.

W
e
cr
ea
te

ve
ct
or
s,

or
P
Is
,
by

in
te
gr
at
in
g
ou

r
su
rf
ac
es

ov
er

a
gr
id
,

al
lo
w
in
g
M
L
te
ch
ni
qu

es
fo
rfi

ni
te
-d
im

en
si
on

al
ve
ct
or

sp
ac
es

to
be

ap
pl
ie
d
to

P
D
s.

P
er
si
st
en

ce
im

ag
es

ar
e
st
ab

le
,
an

d
di
st
in
ct

ho
m
ol
og

y
di
m
en

si
on

s
m
ay

be
co
nc

at
en

at
ed

to
ge
th
er

in
to

a
si
ng

le
ve
ct
or

to
be

an
al
yz
ed

si
m
ul
ta
ne
ou

sl
y.

P
er
si
st
en

ce
su
rf
ac
es

ar
e
st
ud

ie
d
fr
om

th
e

3.
O
ur

w
ei
gh

ti
ng

fu
nc
ti
on

is
co
nt
in
uo

us
an

d
ze
ro

fo
r
po

in
ts

of
ze
ro

pe
rs
is
te
nc
e,
i.e

.,
po

in
ts

al
on

g
th
e
di
ag
on

al
.
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A
d
a
m
s,

et
a
l.

st
at
is
ti
ca
l
po

in
t
of

vi
ew

by
C
he

n
et

al
.
(2
01

5)
;
th
ei
r
ap

pl
ic
at
io
ns

in
Se

ct
io
n
4
us
e
th
e
L
1

no
rm

be
tw

ee
n
th
es
e
su
rf
ac
es
,w

hi
ch

ca
n
be

ju
st
ifi
ed

as
a
re
as
on

ab
le

no
ti
on

of
di
st
an

ce
du

e
to

T
he

or
em

9
th
at

pr
ov
es

th
e
L
1
di
st
an

ce
be

tw
ee
n
su
ch

su
rf
ac
es

is
st
ab

le
.

Ze
pp

el
za
ue

r
et

al
.
(2
01

6)
ap

pl
y
P
Is

to
3D

su
rf
ac
e
an

al
ys
is

fo
r
ar
ch
eo
lo
gi
ca
l
da

ta
,
in

w
hi
ch

th
e
m
ac
hi
ne

le
ar
ni
ng

ta
sk

is
to

di
st
in
gu

is
h
sc
an

s
of

na
tu
ra
lr

oc
k
su
rf
ac
es

fr
om

th
os
e

co
nt
ai
ni
ng

an
ci
en
t
hu

m
an

-m
ad

e
en

gr
av
in
gs
.
T
he

au
th
or
s
st
at
e
th
ey

se
le
ct

P
Is

ov
er

ot
he

r
to
po

lo
gi
ca
lm

et
ho

ds
be

ca
us
e
P
Is
ar
e
co
m
pu

ta
ti
on

al
ly

effi
ci
en
ta

nd
ca
n
be

us
ed

w
it
h
a
br
oa
de

r
se
t
of

M
L
te
ch
ni
qu

es
.
P
Is

ar
e
co
m
pa

re
d
to

an
ag

gr
eg
at
e
to
po

lo
gi
ca
ld

es
cr
ip
to
r
fo
r
a
P
D
:t
he

fir
st

en
tr
y
of

th
is

ve
ct
or

is
th
e
nu

m
be

r
of

po
in
ts

in
th
e
di
ag

ra
m
,a

nd
th
e
re
m
ai
ni
ng

en
tr
ie
s

ar
e
th
e
m
in
im

um
,m

ax
im

um
,m

ea
n,

st
an

da
rd

de
vi
at
io
n,

va
ri
an

ce
,1

st
-q
ua

rt
ile

,m
ed

ia
n,

3r
d-

qu
ar
ti
le
,s
um

of
sq
ua

re
ro
ot
s,
su
m
,a

nd
su
m

of
sq
ua

re
s
of

al
lt
he

pe
rs
is
te
nc

e
va
lu
es
.
In

th
ei
r

th
re
e
ex
pe

ri
m
en
ts
,t
he

au
th
or
s
fin

d
th
e
fo
llo

w
in
g.

•
W

he
n
cl
as
si
fy
in
g
na

tu
ra
lr
oc
k
su
rf
ac
es

fr
om

en
gr
av
in
gs

us
in
g
P
D
s
pr
od

uc
ed

fr
om

th
e

su
bl
ev
el

se
t
fil
tr
at
io
n,

P
Is

ou
tp
er
fo
rm

th
e
ag

gr
eg
at
e
de

sc
ri
pt
or
.

•
W

he
n
th
e
na

tu
ra
lr
oc
k
an

d
en

gr
av
ed

su
rf
ac
es

ar
e
fir
st

pr
ep

ro
ce
ss
ed

us
in
g
th
e
co
m
pl
et
ed

lo
ca
lb

in
ar
y
pa

tt
er
n
(C

LB
P
)
op

er
at
or

fo
r
te
xt
ur
e
cl
as
si
fic

ia
ti
on

(G
uo

et
al
.,
20

10
),
P
Is

ou
tp
er
fo
rm

th
e
ag

gr
eg
at
e
de

sc
ri
pt
or
.

•
T
he

au
th
or
s
ad

de
d
P
Is

an
d
th
e
ag

gr
eg
at
e
de

sc
ri
pt
or

to
el
ev
en

di
ffe

re
nt

no
n-
to
po

lo
gi
ca
l

ba
se
lin

e
de

sc
ri
pt
or
s,
an

d
fo
un

d
th
at

th
e
cl
as
si
fic

at
io
n
ac
cu
ra
cy

of
th
e
ba

se
lin

e
de
sc
ri
p-

to
r
w
as

im
pr
ov
ed

m
or
e
by

th
e
ad

di
ti
on

of
P
Is

th
an

by
th
e
ad

di
ti
on

of
th
e
ag

gr
eg
at
e

de
sc
ri
pt
or
.

Fu
rt
he

rm
or
e,

Ze
pp

el
za
ue
r
et

al
.(
20

16
,T

ab
le

1)
de

m
on

st
ra
te

th
at

fo
r
th
ei
r
m
ac
hi
ne

le
ar
ni
ng

ta
sk
,P

Is
ha

ve
lo
w

se
ns
it
iv
it
y
to

th
e
pa

ra
m
et
er

ch
oi
ce
s
of

re
so
lu
ti
on

an
d
va
ri
an

ce
(§
4)
.

3.
B

ac
kg

ro
u
n
d

on
P
er

si
st

en
t

H
om

ol
og

y

H
om

ol
og

y
is
an

al
ge
br
ai
c
to
po

lo
gi
ca
li
nv
ar
ia
nt

th
at
,r
ou

gh
ly

sp
ea
ki
ng

,d
es
cr
ib
es

th
e
ho

le
s
in

a
sp
ac
e.

T
he

k
-d
im

en
si
on

al
ho

le
s
(c
on

ne
ct
ed

co
m
po

ne
nt
s,

lo
op

s,
tr
ap

pe
d
vo

lu
m
es
,e

tc
.)

of
a
to
po

lo
gi
ca
ls
pa

ce
X

ar
e
en
co
de

d
in

an
al
ge
br
ai
c
st
ru
ct
ur
e
ca
lle

d
th
e
k
-t
h
ho

m
ol
og

y
gr
ou

p
of
X
,
de

no
te
d
H
k
(X

).
T
he

ra
nk

of
th
is

gr
ou

p
is

re
fe
rr
ed

to
as

th
e
k
-t
h
B
et
ti

nu
m
be
r,
β
k
,

an
d
co
un

ts
th
e
nu

m
be

r
of

in
de

pe
nd

en
t
k
-d
im

en
si
on

al
ho

le
s.

Fo
r
a
co
m
pr
eh

en
si
ve

st
ud

y
of

ho
m
ol
og

y,
se
e
th
e
te
xt
bo

ok
by

H
at
ch
er

(2
00

2)
.

G
iv
en

a
ne

st
ed

se
qu

en
ce

of
to
po

lo
gi
ca
l
sp
ac
es

X
1
⊆
X

2
⊆
..
.
⊆
X
n
,
th
e
in
cl
us
io
n

X
i
⊆
X
i′
fo
r
i
≤
i′

in
du

ce
s
a
lin

ea
r
m
ap

H
k
(X

i)
→

H
k
(X

i′
)
on

th
e
co
rr
es
po

nd
in
g
k
-t
h

ho
m
ol
og

y
fo
r
al
l
k
≥

0
.
T
he

id
ea

of
pe
rs
is
te
nt

ho
m
ol
og
y
is

to
tr
ac
k
el
em

en
ts

of
H
k
(X

i)
as

th
e
sc
al
e
(o
r
“t
im

e”
)
pa

ra
m
et
er
i
in
cr
ea
se
s
(E

de
ls
br
un

ne
r
an

d
H
ar
er
,
20

08
;
Zo

m
or
od

ia
n

an
d
C
ar
ls
so
n,

20
05

;E
de

ls
br
un

ne
r
an

d
H
ar
er
,2

01
0)
.
A

st
an

da
rd

w
ay

to
re
pr
es
en
t
pe

rs
is
te
nt

ho
m
ol
og

y
in
fo
rm

at
io
n
is

a
pe
rs
is
te
nc
e
di
ag
ra
m

(P
D
),

4
w
hi
ch

is
a
m
ul
ti
se
t
of

po
in
ts

in
th
e

C
ar
te
si
an

pl
an

e
R
2
.
Fo

r
a
fix

ed
ch
oi
ce

of
ho

m
ol
og

ic
al

di
m
en
si
on

k
,e

ac
h
ho

m
ol
og
ic
al

fe
at
ur
e

is
re
pr
es
en
te
d
by

a
po

in
t

(x
,y

),
w
ho

se
bi
rt
h
an

d
de
at
h
in
di
ce
s
x
an

d
y
ar
e
th
e
sc
al
e
pa

ra
m
-

et
er
s
at

w
hi
ch

th
at

fe
at
ur
e
fir
st

ap
pe

ar
s
an

d
di
sa
pp

ea
rs
,
re
sp
ec
ti
ve
ly
.
Si
nc

e
al
l
to
po

lo
gi
ca
l

4.
A
no

th
er

st
an

da
rd

re
pr
es
en
ta
ti
on

is
th
e
ba

rc
od

e
(G

hr
is
t,
20
08
).
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P
er

sisten
ce

Im
ag

es

features
die

after
they

are
born,

necessarily
each

point
appears

on
or

above
the

diagonal
line

y
=
x.

A
P
D

is
a
m
ultiset

of
such

points,
as

distinct
topological

features
m
ay

have
the

sam
e
birth

and
death

coordinates. 5
P
oints

near
the

diagonalare
often

considered
to

be
noise

w
hile

those
further

from
the

diagonalrepresent
m
ore

robust
topologicalfeatures.

In
this

paper,w
e
produce

P
D
s
from

tw
o
different

types
of

input
data:

(i)
W

hen
the

data
is

a
point

cloud,
i.e.,

a
finite

set
of

points
in

som
e
space,

then
w
e

produce
P
D
s
using

the
V
ietoris–R

ips
filtration.

(ii)
W

hen
the

data
is
a
real-valued

function,w
e
produce

P
D
s
using

the
sublevelset

filtra-
tion. 6

For
setting

(i),point
cloud

data
often

com
es

equipped
w
ith

a
m
etric

or
a
m
easure

of
inter-

nal
(dis)sim

ilarity
and

is
rich

w
ith

latent
geom

etric
content.

O
ne

approach
to

identifying
geom

etric
shapes

in
data

is
to

consider
the

data
set

as
the

vertices
of

a
sim

plicialcom
plex

and
to

add
edges,

triangles,
tetrahedra,

and
higher-dim

ensional
sim

plices
w
henever

their
diam

eter
is

less
than

a
fixed

choice
of

scale.
T
his

topological
space

is
called

the
V
ietoris–

R
ips

sim
plicial

com
plex,

w
hich

w
e
introduce

in
m
ore

detail
in

§A
.2.

T
he

hom
ology

of
the

V
ietoris–R

ips
com

plex
depends

crucially
on

the
choice

of
scale,

but
persistent

hom
ology

elim
inates

the
need

for
this

choice
by

com
puting

hom
ology

over
a
range

ofscales
(C

arlsson,
2009;G

hrist,2008).
In

§6.1–6.4.1,w
e
obtain

P
D
s
from

point
cloud

data
using

the
V
ietoris–

R
ips

filtered
sim

plicial
com

plex,
and

w
e
use

M
L
techniques

to
classify

the
point

clouds
by

their
topologicalfeatures.

In
setting

(ii),our
input

is
a
realvalued

function
f

:
X
→

R
defined

on
som

e
dom

ain
X
.

O
ne

w
ay

to
understand

the
behavior

ofm
ap

f
is
to

understand
the

topology
ofits

sublevel
sets

f
−
1((−
∞
,ε]).

B
y
letting

ε
increase,

w
e
obtain

an
increasing

sequence
of

topological
spaces,

called
the

sublevel
set

filtration,
w
hich

w
e
introduce

in
m
ore

detail
in

§A
.3.

In
§6.4.2,w

e
obtain

P
D
s
from

surfaces
u

:
[0
,1] 2→

R
produced

from
the

K
uram

oto-Sivashinsky
equation,and

w
e
use

M
L
techniques

to
perform

param
eter

classification.
In

both
settings,

the
output

of
the

persistent
hom

ology
com

putation
is

a
collection

of
P
D
s
encoding

hom
ological

features
of

the
data

across
a
range

of
scales.

LetD
denote

the
set

ofallP
D
s.

T
he

spaceD
can

be
endow

ed
w
ith

m
etrics

as
studied

by
C
ohen-Steiner

et
al.

(2007)
and

M
ileyko

et
al.

(2011).
T
he

p-W
asserstein

distance
defined

betw
een

tw
o
P
D
s
B

and
B
′is

given
by

W
p (B

,B
′)

=
in

f
γ
:B
→
B
′ (∑u∈

B ||u
−
γ

(u
)|| p∞

)
1
/
p,

w
here

1
≤
p
<
∞

and
γ

ranges
over

bijections
betw

een
B

and
B
′.

A
nother

standard
choice

ofdistance
betw

een
diagram

s
is
W
∞

(B
,B
′)

=
in

f
γ
:B
→
B
′ su

p
u∈
B ||u−

γ
(u

)||∞
,referred

to
as

the
bottleneck

distance.
T
hese

m
etrics

allow
us

to
m
easure

the
(dis)sim

ilarity
betw

een
the

hom
ologicalcharacteristics

of
tw

o
data

sets.

5.
B
y
convention,allpoints

on
the

diagonalare
taken

w
ith

infinite
m
ultiplicity.

T
his

facilitates
the

defini-
tions

of
the

p-W
asserstein

and
bottleneck

distances
below

.
6.

A
s
explained

in
§A

.3,(i)
can

be
view

ed
as

a
specialcase

of
(ii).

7
JM

L
R

 18(8):1-35, 2017

A
d
a
m
s,

et
a
l.

4.
P
ersisten

ce
Im

ages

W
e
propose

a
m
ethod

for
converting

a
P
D

into
a
vector

w
hile

m
aintaining

an
interpretable

connection
to

the
originalP

D
.F

igure
1
illustrates

the
pipeline

from
data

to
P
I
starting

w
ith

spectral
and

spatial
inform

ation
in

R
5
from

an
im

m
unofluorescent

im
age

of
a
circulating

tum
or

cell(E
m
erson

et
al.,2015).

P
recisely,

let
B

be
a
P
D

in
birth-death

coordinates. 7
Let

T
:R

2
→

R
2
be

the
linear

transform
ation

T
(x
,y

)
=

(x
,y
−
x

),
and

let
T

(B
)
be

the
transform

ed
m
ultiset

in
birth-

persistence
coordinates, 8

w
here

each
point

(x
,y

)∈
B

corresponds
to

a
point

(x
,y
−
x

)∈
T

(B
).

Let
φ
u

:R
2→

R
be

a
differentiable

probability
distribution

w
ith

m
ean

u
=

(u
x ,u

y )∈
R
2.

In
all

of
our

applications,
w
e
choose

this
distribution

to
be

the
norm

alized
sym

m
etric

G
aussian

φ
u

=
g
u
w
ith

m
ean

u
and

variance
σ
2
defined

as

g
u (x

,y
)

=
1

2π
σ
2
e −

[(x−
u
x
)
2
+
(y−

u
y
)
2
]/
2
σ
2.

W
e
fix

a
nonnegative

w
eighting

function
f

:R
2→

R
that

is
zero

along
the

horizontal
axis,

continuous,and
piecew

ise
differentiable.

W
ith

these
ingredients,w

e
transform

the
P
D

into
a
scalar

function
over

the
plane.

D
efi

n
ition

1
For

B
a
P
D
,
the

corresponding
persistence

surface
ρ
B

:R
2→

R
is

the
func-

tion
ρ
B

(z
)

=
∑u∈
T
(B

) f
(u

)φ
u (z

).

T
he

w
eighting

function
f
is
criticalto

ensure
the

transform
ation

from
a
P
D

to
a
persistence

surface
is

stable,w
hich

w
e
prove

in
§5.

F
inally,the

surface
ρ
B

(z
)
is
reduced

to
a
finite-dim

ensionalvector
by

discretizing
a
rele-

vant
subdom

ain
and

integrating
ρ
B

(z
)
over

each
region

in
the

discretization.
In

particular,
w
e
fix

a
grid

in
the

plane
w
ith

n
boxes

(pixels)
and

assign
to

each
the

integral
of
ρ
B

over
that

region.

D
efi

n
ition

2
For

B
a
P
D
,its

persistence
im

age
is
the

collection
ofpixels

I
(ρ
B

)
p

=
˜

p
ρ
B
d
y
d
x.

P
Is

provide
a
convenient

w
ay

to
com

bine
P
D
s
ofdifferent

hom
ologicaldim

ensions
into

a
single

object.
Indeed,suppose

in
an

experim
ent

the
P
D
s
for

H
0 ,
H

1 ,...,
H
k
are

com
puted.

O
ne

can
concatenate

the
P
I
vectors

for
H

0 ,
H

1 ,...,
H
k
into

a
single

vector
representing

all
hom

ologicaldim
ensions

sim
ultaneously,and

then
use

this
concatenated

vector
as

input
into

M
L
algorithm

s.
W

hen
generating

a
P
I,

the
user

m
akes

three
choices:

the
resolution,

the
distribution

(and
its

associated
param

eters),and
the

w
eighting

function.
A

strength
of

P
Is

is
that

they
are

flexible;a
w
eakness

is
that

these
choices

are
noncanonical.

7.
W
e
om

it
points

that
correspond

to
features

w
ith

infinite
persistence,e.g.,the

H
0
feature

corresponding
to

the
connectedness

of
the

com
plete

sim
plicialcom

plex.
8.

Instead
ofbirth-persistence

coordinates,one
could

also
use

other
choices

such
as

birth-death
or

(average
size)-persistence

coordinates.
O
ur

stability
results

(§5)
still

hold
w
ith

only
a
slight

m
odification

to
the

constants.
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P
er

si
st

en
ce

Im
ag

es

bi
rt
h

death

persistence

bi
rt
h

da
ta

di
ag

ra
m

 B
di

ag
ra

m
 T

(B
)

su
rfa

ce
im

ag
e

F
ig
ur
e
1:

A
lg
or
it
hm

pi
pe

lin
e
to

tr
an

sf
or
m

da
ta

in
to

a
pe

rs
is
te
nc

e
im

ag
e.

R
es
ol
u
ti
on

of
th
e
im

ag
e:

T
he

re
so
lu
ti
on

of
th
e
P
I
co
rr
es
po

nd
s
to

th
e
gr
id

be
in
g

ov
er
la
id

on
th
e
P
D
.
T
he

cl
as
si
fic

at
io
n
ac
cu

ra
cy

in
th
e
P
I
fr
am

ew
or
k
ap

pe
ar
s
to

be
fa
ir
ly

ro
bu

st
to

ch
oi
ce

of
re
so
lu
ti
on

,a
s
di
sc
us
se
d
in

§6
.2

an
d
by

Ze
pp

el
za
ue

r
et

al
.(

20
16

).
T
h
e
D
is
tr
ib
u
ti
on

:
O
ur

m
et
ho

d
re
qu

ir
es

th
e
ch
oi
ce

of
a
pr
ob

ab
ili
ty

di
st
ri
bu

ti
on

as
so
-

ci
at
ed

to
ea
ch

po
in
t
in

th
e
P
D
.T

he
ex
am

pl
es

in
th
is
pa

pe
r
us
e
a
G
au

ss
ia
n
ce
nt
er
ed

at
ea
ch

po
in
t,
bu

t
ot
he

r
di
st
ri
bu

ti
on

s
m
ay

be
us
ed

.
T
he

G
au

ss
ia
n
di
st
ri
bu

ti
on

de
pe

nd
s
on

a
ch
oi
ce

of
va
ri
an

ce
:
w
e
le
av
e
th
is

ch
oi
ce

as
an

op
en

pr
ob

le
m
,
th
ou

gh
th
e
ex
pe

ri
m
en
ts

in
§6
.2

an
d

th
os
e
of

Ze
pp

el
za
ue

r
et

al
.(
20

16
)
sh
ow

a
lo
w

se
ns
it
iv
it
y
to

th
e
ch
oi
ce

of
va
ri
an

ce
.

T
h
e
W
ei
gh

ti
n
g
Fu

n
ct
io
n
:
In

or
de

r
fo
r
ou

r
st
ab

ili
ty

re
su
lt
s
in

§5
to

ho
ld
,o

ur
w
ei
gh

ti
ng

fu
nc

ti
on

f
:
R
2
→

R
m
us
t
be

ze
ro

al
on

g
th
e
ho

ri
zo
nt
al

ax
is

(t
he

an
al
og

ue
of

th
e
di
ag
on

al
in

bi
rt
h-
pe

rs
is
te
nc
e
co
or
di
na

te
s)
,
co
nt
in
uo

us
,
an

d
pi
ec
ew

is
e
di
ffe

re
nt
ia
bl
e.

A
si
m
pl
e
ch
oi
ce

is
a
w
ei
gh

ti
ng

fu
nc
ti
on

th
at

de
pe

nd
s
on

ly
on

th
e
ve
rt
ic
al

pe
rs
is
te
nc

e
co
or
di
na

te
y
.
In

or
de

r
to

w
ei
gh

t
po

in
ts

of
hi
gh

er
pe

rs
is
te
nc

e
m
or
e
he

av
ily

,f
un

ct
io
ns

w
hi
ch

ar
e
no

nd
ec
re
as
in
g
in
y
,

su
ch

as
si
gm

oi
da

lf
un

ct
io
ns
,a

re
a
na

tu
ra
lc

ho
ic
e.

H
ow

ev
er
,i
n
ce
rt
ai
n
M
L
ta
sk
s
su
ch

as
th
e

w
or
k
of

B
en

di
ch

et
al
.(

20
16

)
th
e
po

in
ts

of
sm

al
lo

r
m
ed

iu
m

pe
rs
is
te
nc

e
m
ay

pe
rf
or
m

be
st
,

an
d
he

nc
e
on

e
m
ay

ch
oo

se
to

us
e
m
or
e
ge
ne
ra
l
w
ei
gh

ti
ng

fu
nc
ti
on

s.
In

ou
r
ex
pe

ri
m
en
ts

in
§6
,
w
e
us
e
a
pi
ec
ew

is
e
lin

ea
r
w
ei
gh

ti
ng

fu
nc

ti
on

f
:
R
2
→

R
w
hi
ch

on
ly

de
pe

nd
s
on

th
e

pe
rs
is
te
nc

e
co
or
di
na

te
y
.
G
iv
en

b
>

0,
de
fin

e
w
b
:
R
→

R
vi
a

w
b
(t

)
=

    

0
if
t
≤

0
,

t b
if

0
<
t
<
b,

an
d

1
if
t
≥
b.

W
e
us
e
f

(x
,y

)
=
w
b
(y

),
w
he

re
b
is
th
e
pe

rs
is
te
nc

e
va
lu
e
of

th
e
m
os
t
pe

rs
is
te
nt

fe
at
ur
e
in

al
l

tr
ia
ls

of
th
e
ex
pe

ri
m
en
t.

In
th
e
ev
en
t
th
at

th
e
bi
rt
h
co
or
di
na

te
is

ze
ro

fo
r
al
l
po

in
ts

in
th
e
P
D
,
as

is
of
te
n
th
e

ca
se

fo
r
H

0
,
it

is
po

ss
ib
le

to
ge
ne

ra
te

a
1-
di
m
en

si
on

al
(i
ns
te
ad

of
2-
di
m
en

si
on

al
)
P
I
us
in
g

1-
di
m
en

si
on

al
di
st
ri
bu

ti
on

s.
T
hi
s
is
th
e
ap

pr
oa

ch
w
e
ad

op
t.

A
pp

en
di
x
B

di
sp
la
ys

ex
am

pl
es

of
P
Is

fo
r
th
e
co
m
m
on

to
po

lo
gi
ca
l
sp
ac
es

of
a
ci
rc
le

an
d
a
to
ru
s
w
it
h
va
ri
ou

s
pa

ra
m
et
er

ch
oi
ce
s.

5.
S
ta

b
il
it
y

of
P
er

si
st

en
ce

S
u
rf

ac
es

an
d

Im
ag

es

D
ue

to
th
e
un

av
oi
da

bl
e
pr
es
en

ce
of

no
is
e
or

m
ea
su
re
m
en
t
er
ro
r,

to
ol
s
fo
r
da

ta
an

al
ys
is

ou
gh

t
to

be
st
ab

le
w
it
h
re
sp
ec
t
to

sm
al
l
pe

rt
ur
ba

ti
on

s
of

th
e
in
pu

ts
.
In
de

ed
,
on

e
re
as
on

fo
r
th
e
po

pu
la
ri
ty

of
P
D
s
in

to
po

lo
gi
ca
l
da

ta
an

al
ys
is

is
th
at

th
e
tr
an

sf
or
m
at
io
n
of

a
da

ta
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A
d
a
m
s,

et
a
l.

se
t
to

a
P
D

is
st
ab

le
(L

ip
sc
hi
tz
)
w
it
h
re
sp
ec
t
to

th
e
bo

tt
le
ne

ck
m
et
ri
c
an

d—
gi
ve
n
so
m
e

m
ild

as
su
m
pt
io
ns

ab
ou

t
th
e
un

de
rl
yi
ng

da
ta
—
is
al
so

st
ab

le
w
it
h
re
sp
ec
t
to

th
e
W
as
se
rs
te
in

m
et
ri
cs

(E
de

ls
br
un

ne
r
an

d
H
ar
er

(2
01

0)
).

In
§5
.1
,
w
e
sh
ow

th
at

pe
rs
is
te
nc

e
su
rf
ac
es

an
d

im
ag

es
ar
e
st
ab

le
w
it
h

re
sp
ec
t
to

th
e
1-
W
as
se
rs
te
in

di
st
an

ce
be

tw
ee
n

P
D
s.

In
§5
.2
,
w
e

pr
ov
e
st
ab

ili
ty

w
it
h

im
pr
ov
ed

co
ns
ta
nt
s
w
he
n

th
e
P
I
is

co
ns
tr
uc

te
d

us
in
g
th
e
G
au

ss
ia
n

di
st
ri
bu

ti
on

.

5.
1
S
ta
b
il
it
y
fo
r
ge
n
er
al

d
is
tr
ib
u
ti
on

s

Fo
r
h

:
R
2
→

R
di
ffe

re
nt
ia
bl
e,

de
fin

e
|∇
h
|=

su
p
z
∈R

2
‖∇

h
(z

)‖
2
to

be
th
e
m
ax

im
al

no
rm

of
th
e
gr
ad

ie
nt

ve
ct
or

of
h
,
i.e

.,
th
e
la
rg
es
t
di
re
ct
io
na

l
de

ri
va
ti
ve

of
h
.

It
fo
llo

w
s
by

th
e

fu
nd

am
en
ta
lt

he
or
em

of
ca
lc
ul
us

fo
r
lin

e
in
te
gr
al
s
th
at

fo
r
al
lu
,v
∈
R
2
,w

e
ha

ve

|h
(u

)
−
h

(v
)|
≤
|∇
h
|‖
u
−
v
‖ 2
.

(1
)

R
ec
al
lφ

u
:
R
2
→

R
is

a
di
ffe

re
nt
ia
bl
e
pr
ob

ab
ili
ty

di
st
ri
bu

ti
on

w
it
h
m
ea
n
u

=
(u
x
,u

y
)
∈

R
2
.
W
e
m
ay

sa
fe
ly

de
no

te
|∇
φ
u
|b

y
|∇
φ
|a

nd
‖φ

u
‖ ∞

by
‖φ
‖ ∞

si
nc
e
th
e
m
ax

im
al

di
re
ct
io
na

l
de

ri
va
ti
ve

an
d
su
pr
em

um
of

a
fix

ed
di
ffe

re
nt
ia
bl
e
pr
ob

ab
ili
ty

di
st
ri
bu

ti
on

ar
e
in
va
ri
an

t
un

de
r

tr
an

sl
at
io
n.

N
ot
e
th
at

‖φ
u
−
φ
v
‖ ∞
≤
|∇
φ
|‖
u
−
v
‖ 2

(2
)

si
nc

e
fo
r
an

y
z
∈
R
2
w
e
ha

ve
|φ
u
(z

)
−
φ
v
(z

)|
=
|φ
u
(z

)
−
φ
u
(z

+
u
−
v
)|
≤
|∇
φ
|‖
u
−
v
‖ 2
.

R
ec
al
l
th
at

ou
r
no

nn
eg
at
iv
e
w
ei
gh

ti
ng

fu
nc

ti
on

f
:
R
2
→

R
is

de
fin

ed
to

be
ze
ro

al
on

g
th
e
ho

ri
zo
nt
al

ax
is
,c

on
ti
nu

ou
s,

an
d
pi
ec
ew

is
e
di
ffe

re
nt
ia
bl
e.

L
em

m
a
3

Fo
r
u
,v
∈
R
2
,w

e
ha
ve
‖f

(u
)φ
u
−
f

(v
)φ
v
‖ ∞
≤
( ‖
f
‖ ∞
|∇
φ
|+
‖φ
‖ ∞
|∇
f
|) ‖
u
−
v
‖ 2
.

P
ro
of

Fo
r
an

y
z
∈
R
2
,w

e
ha

ve

|f
(u

)φ
u
(z

)
−
f

(v
)φ
v
(z

)|
=
∣ ∣ f

(u
)(
φ
u
(z

)
−
φ
v
(z

))
+
( f

(u
)
−
f

(v
))
φ
v
(z

)∣ ∣
≤
‖f
‖ ∞
|φ
u
(z

)
−
φ
v
(z

)|
+
‖φ
‖ ∞
|f

(u
)
−
f

(v
)|

≤
‖f
‖ ∞
|∇
φ
|‖
u
−
v
‖ 2

+
‖φ
‖ ∞
|∇
f
|‖
u
−
v
‖ 2

by
(2
)
an

d
(1
)

=
( ‖
f
‖ ∞
|∇
φ
|+
‖φ
‖ ∞
|∇
f
|) ‖
u
−
v
‖ 2
.

T
h
eo
re
m

4
T
he

pe
rs
is
te
nc
e
su
rf
ac
e
ρ
is

st
ab
le

w
it
h
re
sp
ec
t
to

th
e
1-
W
as
se
rs
te
in

di
st
an

ce
be
tw
ee
n
di
ag
ra
m
s:

fo
r
B
,B
′ ∈
D

w
e
ha
ve

‖ρ
B
−
ρ
B
′ ‖
∞
≤
√

10
( ‖
f
‖ ∞
|∇
φ
|+
‖φ
‖ ∞
|∇
f
|) W

1
(B
,B
′ )
.
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P
er

sisten
ce

Im
ag

es

P
roof

Since
w
e
assum

e
B

and
B
′consist

of
finitely

m
any

points,
there

exists
a
m
atching

γ
that

achieves
the

infim
um

in
the

W
asserstein

distance.
T
hen

‖
ρ
B
−
ρ
B
′‖∞

=
‖
∑u∈
T
(B

) f
(u

)φ
u −

∑u∈
T
(B

) f
(γ

(u
))φ

γ
(u

) ‖∞

≤
∑u∈
T
(B

) ‖
f

(u
)φ
u −

f
(γ

(u
))φ

γ
(u

) ‖∞

≤
(‖
f‖∞
|∇
φ|

+
‖φ‖∞

|∇
f| )

∑u∈
T
(B

) ‖
u
−
γ

(u
)‖

2
by

Lem
m
a
3.

≤
√

2 (‖
f‖∞
|∇
φ|

+
‖φ‖∞

|∇
f| )

∑u∈
T
(B

) ‖
u
−
γ

(u
)‖∞

since‖·‖
2 ≤
√

2‖·‖∞
in

R
2

≤
√

10 (‖f‖∞
|∇
φ|+

‖
φ‖∞
|∇
f| ) ∑u∈

B

‖u
−
γ

(u
)‖∞

since‖
T

(·)‖
2 ≤
√

5‖·‖∞

=
√

10 (‖f‖∞
|∇
φ|+

‖
φ‖∞
|∇
f| )W

1 (B
,B
′).

T
he

step
transform

ing
from

a
sum

over
all

u
∈
T

(B
)
to

one
over

all
u
∈
B

is
necessary

be-
cause

the
W
asserstein

distance
is
defined

using
birth-death

coordinates,notbirth-persistence
coordinates.

T
he

bound
‖
T

(·)‖
2 ≤
√

5‖·‖∞
follow

s
from

the
fact

the
unit

ballw
ith

respect
to

the
L
∞

norm
in

R
2
(i.e.,

a
square)

gets
m
apped

under
T

to
a
parallelogram

contained
inside

a
ballw

ith
respect

to
the

L
2
norm

of
radius √

5.

It
follow

s
that

persistence
im

ages
are

also
stable.

T
h
eorem

5
T
he

persistence
im

age
I
(ρ
B

)
is
stable

w
ith

respectto
the

1-W
asserstein

distance
betw

een
diagram

s.
M
ore

precisely,
if
A

is
the

m
axim

um
area

of
any

pixel
in

the
im

age,
A
′

is
the

totalarea
of

the
im

age,
and

n
is

the
num

ber
of

pixels
in

the
im

age,
then

‖I
(ρ
B

)−
I
(ρ
B
′)‖∞

≤
√

10A (‖
f‖∞
|∇
φ|

+
‖φ‖∞

|∇
f| )W

1 (B
,B
′)

‖
I
(ρ
B

)−
I
(ρ
B
′)‖

1 ≤
√

10A
′ (‖
f‖∞
|∇
φ|

+
‖φ‖∞

|∇
f| )W

1 (B
,B
′)

‖
I
(ρ
B

)−
I
(ρ
B
′)‖

2 ≤
√

10n
A (‖

f‖∞
|∇
φ|

+
‖φ‖∞

|∇
f| )W

1 (B
,B
′).

T
he

constant
for

the
L
2
norm

bound
containing

√
n
goes

to
infinity

as
the

resolution
of

the
im

age
increases.

For
this

reason,in
T
heorem

10
w
e
provide

bounds
w
ith

better
constants

in
the

specific
case

of
G
aussian

distributions.
P
roof

N
ote

for
any

pixel
p
w
ith

area
A

(p
)
w
e
have

|I
(ρ
B

)
p −

I
(ρ
B
′)
p |

=
∣∣∣
¨

p
ρ
B
d
y
d
z−
¨

p
ρ
B
′
d
y
d
x ∣∣∣

=
∣∣∣
¨

p
ρ
B
−
ρ
B
′
d
y
d
x ∣∣∣

≤
A

(p
)‖
ρ
B
−
ρ
B
′‖∞

≤
√

10A
(p

) (‖
f‖∞
|∇
φ|

+
‖
φ‖∞
|∇
f| )W

1 (B
,B
′)

by
T
heorem

4.
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A
d
a
m
s,

et
a
l.

H
ence

w
e
have‖I

(ρ
B

)−
I
(ρ
B
′)‖∞

≤
√

10A (‖
f‖∞
|∇
φ|

+
‖φ‖∞

|∇
f| )W

1 (B
,B
′)

‖
I
(ρ
B

)−
I
(ρ
B
′)‖

1 ≤
√

10A
′ (‖
f‖∞
|∇
φ|

+
‖φ‖∞

|∇
f| )W

1 (B
,B
′)

‖
I
(ρ
B

)−
I
(ρ
B
′)‖

2 ≤
√
n‖
I
(ρ
B

)−
I
(ρ
B
′)‖∞

≤
√

10n
A (‖

f‖∞
|∇
φ|

+
‖φ‖∞

|∇
f| )W

1 (B
,B
′).

R
em

ark
6

R
ecallD

is
the

set
of

allP
D
s.

T
he

kernel
k

:D
×
D
→

R
defined

by
k
(B
,B
′)

=
〈I

(ρ
B

),I
(ρ
B
′)〉R

n
is

non-trivial
and

additive,
and

hence
T
heorem

3
of

R
eininghaus

et
al.

(2015)
im

plies
that

k
is

not
stable

w
ith

respect
to
W
p
for

any
1
<
p
≤
∞
.
T
hat

is,
w
hen

1
<
p
≤
∞

there
is

no
constant

c
such

that
for

all
B
,B
′∈
D

w
e
have

‖I
(ρ
B

)−
I
(ρ
B
′)‖

2 ≤
cW

p (B
,B
′).

5.2
S
tab

ility
for

G
au

ssian
d
istrib

u
tion

s

In
this

section,
w
e
provide

stability
results

w
ith

better
constants

in
the

case
of

G
aussian

distributions.
W

ith
G
aussian

distributions,
w
e
can

control
not

only
the

L
∞

distance
but

also
the

L
1
distance

betw
een

tw
o
persistence

surfaces.
O
urresultsfor2-dim

ensionalG
aussiansw

illrely
on

the
follow

ing
lem

m
a
for1-dim

ensional
G
aussians.

L
em

m
a
7

For
u
,v
∈

R
,
let

g
u ,g

v
:R
→

R
be

the
norm

alized
1-dim

ensional
G
aussians,

defined
via

g
u (z

)
=

1

σ √
2
π
e −

(z−
u
)
2
/
2
σ
2.

If
a
,b
>

0,
then

‖a
g
u −

bg
v ‖

1 ≤
|a−

b|
+

√
2π

m
in{

a
,b}

σ
|u
−
v|.

P
roof

Let
E
rf(t)

=
2
√
π

´

t0
e −

u
2d
u.

W
e
show

in
A
ppendix

C
that

‖a
g
u −

bg
v ‖

1
=
F

(v−
u

),
(3)

w
here

F
:R
→

R
is

defined
by

F
(z

)
=

{
|a−

b|
if
z

=
0

∣∣∣ aE
rf (

z
2
+
2
σ
2
ln
(a
/
b)

z
σ
2 √

2

)
−
bE

rf (
−
z
2
+
2
σ
2
ln
(a
/
b)

z
σ
2 √

2

) ∣∣∣
otherw

ise.

T
he

roots
of
F
′′
are

z
=
±
σ √

2
ln

(a
/b)

and
z

=
±
iσ √

2
ln

(a
/b).

If
a
>
b,

the
unique

positive
real

root
is
z
a
≡

σ √
2

ln
(a
/b)

w
hile

if
b
>

a,
the

unique
positive

real
root

is
z
b ≡
−
iσ √

2
ln

(a
/b).

Since
F
′(z

a )
=
b √

2
/π
/σ

and
F
′(z

b )
=
a √

2
/π
/σ,w

e
conclude

that

‖F
′‖∞

=

√
2π

m
in{

a
,b}

σ
,

and
hence

F
(z

)≤
|a−

b|+
√

2π

m
in{

a
,b}

σ
|z|.

T
he

result
follow

s
by

letting
z

=
v−

u.
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P
er

si
st

en
ce

Im
ag

es

L
em

m
a
8

Fo
r
u
,v
∈
R
2
,
le
t
g u
,g
v

:
R
2
→

R
be

no
rm

al
iz
ed

2-
di
m
en
si
on

al
G
au

ss
ia
ns
.
T
he
n

‖f
(u

)g
u
−
f

(v
)g
v
‖ 1
≤
(
|∇
f
|+
√

2 π

m
in
{f

(u
),
f

(v
)}

σ

)
‖u
−
v
‖ 2
.

T
he

pr
oo

f
of

Le
m
m
a
8
is

sh
ow

n
in

A
pp

en
di
x
C

an
d
us
es

a
si
m
ila

r
co
ns
tr
uc

ti
on

to
th
at

of
Le

m
m
a
7.

W
e
ar
e
pr
ep

ar
ed

to
pr
ov
e
th
e
st
ab

ili
ty

of
pe

rs
is
te
nc

e
su
rf
ac
es

w
it
h
G
au

ss
ia
n

di
st
ri
bu

ti
on

s.

T
h
eo
re
m

9
T
he

pe
rs
is
te
nc
e
su
rf
ac
e
ρ
w
it
h
G
au

ss
ia
n
di
st
ri
bu
ti
on

s
is

st
ab
le

w
it
h
re
sp
ec
t
to

th
e
1-
W
as
se
rs
te
in

di
st
an

ce
be
tw
ee
n
di
ag
ra
m
s:

fo
r
B
,B
′ ∈
D

w
e
ha
ve

‖ρ
B
−
ρ
B
′ ‖

1
≤
(
√

5
|∇
f
|+
√

10 π

‖f
‖ ∞ σ

)
W

1
(B
,B
′ )
.

P
ro
of

Si
nc

e
w
e
as
su
m
e
B

an
d
B
′
co
ns
is
t
of

fin
it
el
y
m
an

y
off

-d
ia
go

na
lp

oi
nt
s,

th
er
e
ex
is
ts

a
m
at
ch
in
g
γ
th
at

ac
hi
ev
es

th
e
in
fim

um
in

th
e
W
as
se
rs
te
in

di
st
an

ce
.
T
he

n

‖ρ
B
−
ρ
B
′ ‖

1
=

∥ ∥ ∥ ∥ ∥ ∥
∑

u
∈T

(B
)

f
(u

)g
u
−

∑

u
∈T

(B
)

f
(γ

(u
))
g γ

(u
)∥ ∥ ∥ ∥ ∥ ∥ 1

≤
∑

u
∈T

(B
)

‖f
(u

)g
u
−
f

(γ
(u

))
g γ

(u
)‖

1

≤
(
|∇
f
|+
√

2 π

‖f
‖ ∞ σ

)
∑

u
∈T

(B
)

‖u
−
γ

(u
)‖

2
by

Le
m
m
a
8,

w
he

re
m

in
{f

(u
),
f

(v
)}
≤
‖f
‖ ∞

≤
(
√

5
|∇
f
|+
√

10 π

‖f
‖ ∞ σ

)
∑ u
∈B
‖u
−
γ

(u
)‖
∞

si
nc

e
‖T

(·)
‖ 2
≤
√

5
‖·
‖ ∞

=

(
√

5
|∇
f
|+
√

10 π

‖f
‖ ∞ σ

)
W

1
(B
,B
′ )
.

It
fo
llo

w
s
th
at

pe
rs
is
te
nc

e
im

ag
es

ar
e
al
so

st
ab

le
.

T
h
eo
re
m

10
T
he

pe
rs
is
te
nc
e
im

ag
e
I
(ρ
B

)
w
it
h
G
au

ss
ia
n
di
st
ri
bu
ti
on

s
is
st
ab
le
w
it
h
re
sp
ec
t

to
th
e
1-
W
as
se
rs
te
in

di
st
an

ce
be
tw
ee
n
di
ag
ra
m
s.

M
or
e
pr
ec
is
el
y,

‖I
(ρ
B

)
−
I
(ρ
B
′ )
‖ 1
≤
(
√

5|
∇
f
|+
√

10 π

‖f
‖ ∞ σ

)
W

1
(B
,B
′ )

‖I
(ρ
B

)
−
I
(ρ
B
′ )
‖ 2
≤
(
√

5|
∇
f
|+
√

10 π

‖f
‖ ∞ σ

)
W

1
(B
,B
′ )

‖I
(ρ
B

)
−
I
(ρ
B
′ )
‖ ∞
≤
(
√

5|
∇
f
|+
√

10 π

‖f
‖ ∞ σ

)
W

1
(B
,B
′ )
.
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A
d
a
m
s,

et
a
l.

P
ro
of

W
e
ha

ve

‖I
(ρ
B

)
−
I
(ρ
B
′ )
‖ 1

=
∑ p

∣ ∣ ∣¨

p
ρ
B
d
y
d
z
−
¨

p
ρ
B
′
d
y
d
x
∣ ∣ ∣≤
¨

R
2

|ρ
B
−
ρ
B
′ |
d
y
d
z

=
‖ρ

B
−
ρ
B
′ ‖

1
≤
(
√

5
|∇
f
|+
√

10 π

‖f
‖ ∞ σ

)
W

1
(B
,B
′ )

by
T
he

or
em

9.
T
he

cl
ai
m

fo
llo

w
s
si
nc

e
‖·
‖ 2
≤
‖·
‖ 1

an
d
‖·
‖ ∞
≤
‖·
‖ 1

fo
r
ve
ct
or
s
in

R
n
.

6.
E
xp

er
im

en
ts

W
e
pe

rf
or
m

se
ve
ra
l
ex
pe

ri
m
en
ts

in
or
de

r
to

as
se
ss

th
e
ad

de
d

va
lu
e
of

ou
r
ve
ct
or

re
pr
e-

se
nt
at
io
n
of

P
D
s.

F
ir
st
,
in

§6
.1
,
w
e
co
m
pa

re
th
e
pe

rf
or
m
an

ce
of

P
D
s,

P
Ls

,
an

d
P
Is

in
a

cl
as
si
fic

at
io
n
ta
sk

fo
r
a
sy
nt
he
ti
c
da

ta
se
t
co
ns
is
ti
ng

of
po

in
t
cl
ou

ds
sa
m
pl
ed

fr
om

si
x
di
f-

fe
re
nt

to
po

lo
gi
ca
ls
pa

ce
s
us
in
g
K
-m

ed
oi
ds
,w

hi
ch

re
qu

ir
es

on
ly

a
m
et
ri
c
sp
ac
e
(i
ns
te
ad

of
a

ve
ct
or

sp
ac
e)

st
ru
ct
ur
e.

W
e
fin

d
th
at

P
Is

pr
od

uc
e
co
ns
is
te
nt
ly

hi
gh

cl
as
si
fic

at
io
n
ac
cu

ra
cy
,

an
d
fu
rt
he

rm
or
e,

th
e
co
m
pu

ta
ti
on

ti
m
e
fo
r
P
Is

is
si
gn

ifi
ca
nt
ly

fa
st
er

th
an

co
m
pu

ti
ng

bo
tt
le
-

ne
ck

or
W
as
se
rs
te
in

di
st
an

ce
s
be

tw
ee
n
P
D
s.

In
§6
.2
,w

e
ex
pl
or
e
th
e
im

pa
ct

th
at

th
e
ch
oi
ce
s

of
pa

ra
m
et
er
s
de

te
rm

in
in
g
ou

r
P
Is

ha
ve

on
cl
as
si
fic

at
io
n
ac
cu
ra
cy
.
W
e
fin

d
th
at

th
e
ac
cu

ra
cy

is
in
se
ns
it
iv
e
to

th
e
pa

rt
ic
ul
ar

ch
oi
ce
s
of

P
I
re
so
lu
ti
on

an
d
di
st
ri
bu

ti
on

va
ri
an

ce
.
In

§6
.3
,w

e
co
m
bi
ne

P
Is

w
it
h
a
sp
ar
se

su
pp

or
t
ve
ct
or

m
ac
hi
ne

cl
as
si
fie

r
to

id
en
ti
fy

th
e
m
os
t
st
ro
ng

ly
di
ffe

re
nt
ia
ti
ng

pi
xe
ls

fo
r
cl
as
si
fic

at
io
n;

th
is

is
an

ex
am

pl
e
of

a
M
L
ta
sk

w
hi
ch

is
fa
ci
lit
at
ed

by
th
e
fa
ct

th
at

P
Is

ar
e
fin

it
e
ve
ct
or
s.

F
in
al
ly
,
as

a
no

ve
l
m
ac
hi
ne

le
ar
ni
ng

ap
pl
ic
at
io
n,

w
e
ill
us
tr
at
e
th
e
ut
ili
ty

of
P
Is

to
in
fe
r
dy

na
m
ic
al

pa
ra
m
et
er

va
lu
es

in
bo

th
co
nt
in
uo

us
an

d
di
sc
re
te

dy
na

m
ic
al

sy
st
em

s:
a
di
sc
re
te

ti
m
e
sy
st
em

ca
lle

d
th
e
lin

ke
d
tw

is
t
m
ap

in
§6
.4
.1
,

an
d
a
pa

rt
ia
ld

iff
er
en
ti
al

eq
ua

ti
on

ca
lle

d
th
e
an

is
ot
ro
pi
c
K
ur
am

ot
o-
Si
va
sh
in
sk
y
eq
ua

ti
on

in
§6
.4
.2
.

6.
1
C
om

p
ar
is
on

of
P
D
s,

P
L
s,

an
d
P
Is

u
si
n
g
K
-m

ed
oi
d
s
C
la
ss
ifi
ca
ti
on

O
ur

sy
nt
he

ti
c
da

ta
se
t
co
ns
is
ts

of
si
x
sh
ap

e
cl
as
se
s:

a
un

it
cu

be
,
a
ci
rc
le

of
di
am

et
er

on
e,

a
sp
he

re
of

di
am

et
er

on
e,

th
re
e
cl
us
te
rs

w
it
h

ce
nt
er
s
ra
nd

om
ly

ch
os
en

in
th
e
un

it
cu

be
,

th
re
e
cl
us
te
rs

w
it
hi
n
th
re
e
cl
us
te
rs

(w
he
re

th
e
ce
nt
er
s
of

th
e
m
in
or

cl
us
te
rs

ar
e
ch
os
en

as
sm

al
l—

i.e
.,
<
0.
1—

ra
nd

om
pe

rt
ur
ba

ti
on

s
fr
om

th
e
m
aj
or

cl
us
te
r
ce
nt
er
s)
,a

nd
a
to
ru
s
w
it
h

a
m
aj
or

di
am

et
er

of
on

e
an

d
a
m
in
or

di
am

et
er

of
on

e
ha

lf.
W
e
pr
od

uc
e
25

po
in
t
cl
ou

ds
of

50
0
po

in
ts

sa
m
pl
ed

un
ifo

rm
ly

at
ra
nd

om
fr
om

ea
ch

of
th
e
si
x
sh
ap

es
,a

nd
th
en

ad
d
a
le
ve
l

of
G
au

ss
ia
n
no

is
e.

T
hi
s
gi
ve
s
15

0
po

in
t
cl
ou

ds
in

to
ta
l.

W
e
th
en

co
m
pu

te
th
e
H

0
an

d
H

1
P
D
s
fo
r
th
e
V
ie
to
ri
s–
R
ip
s
fil
tr
at
io
n
(§
A
.2
)
bu

ilt
fr
om

ea
ch

po
in
t
cl
ou

d
w
hi
ch

ha
ve

be
en

en
do

w
ed

w
it
h
th
e
am

bi
en
t
E
uc

lid
ea
n
m
et
ri
c
on

R
3
.

O
ur

go
al

is
to

co
m
pa

re
va
ri
ou

s
m
et
ho

ds
fo
r
tr
an

sf
or
m
in
g
P
D
s
in
to

di
st
an

ce
m
at
ri
ce
s

to
be

us
ed

to
es
ta
bl
is
h
pr
ox
im

it
y
of

to
po

lo
gi
ca
l
fe
at
ur
es

ex
tr
ac
te
d
fr
om

da
ta
.
W
e
cr
ea
te

3
2
·2

2
=

36
di
st
an

ce
m
at
ri
ce
s
of

si
ze

15
0
×

15
0,

us
in
g
th
re
e
ch
oi
ce
s
of

re
pr
es
en
ta
ti
on

(P
D
s,
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P
er

sisten
ce

Im
ag

es

P
Ls,

P
Is),

three
choices

of
m
etric

(L
1,
L
2,
L
∞
), 9

tw
o
choices

of
G
aussian

noise
(η

=
0
.05,

0
.1),

and
tw

o
hom

ological
dim

ensions
(H

0 ,
H

1 ).
For

exam
ple,

the
P
D
,
H

1 ,
L
2,
η

=
0.1,

distance
m
atrix

contains
the

2-W
asserstein

distances
betw

een
the

H
1
P
D
s
for

the
random

point
clouds

w
ith

noise
level

0.1.
B
y
contrast,

the
P
I,
H

1 ,
L
2,
η

=
0.1

distance
m
atrix

contains
allpairw

ise
L
2
distances

betw
een

the
P
Is 10

produced
from

the
H

1
P
D
s
w
ith

noise
level

0
.1.

W
e
first

com
pare

these
distance

m
atrices

based
on

how
w
ell

they
classify

the
random

point
clouds

into
shape

classes
via

K
-m

edoids
clustering

(K
aufm

an
and

R
ousseeuw

,
1987;

P
ark

and
Jun,

2009).
K
-m

edoids
produces

a
partition

of
a
m
etric

space
into

K
clusters

by
choosing

K
points

from
the

data
set

called
m
edoids

and
assigning

each
m
etric

space
point

to
its

closest
m
edoid.

T
he

score
of

such
a
clustering

is
the

sum
of

the
distances

from
each

point
to

its
closest

m
edoid.

T
he

desired
output

of
K
-m

edoids
is

the
clustering

w
ith

the
m
inim

al
clustering

score.
U
nfortunately,

an
exhaustive

search
for

the
global

m
inim

um
is

often
prohibitively

expensive.
A

typical
approach

to
search

for
this

global
m
inim

um
is

to
choose

a
large

selection
of
K

random
initialm

edoids,im
prove

each
selection

of
m
edoids

iteratively
in

rounds
untilthe

clustering
score

stabilizes
and

then
return

the
identified

final
clustering

w
ith

the
low

est
score

for
each

initialization.
In

our
experim

ents,w
e
choose

1,000
random

initialselections
of
K

=
6
m
edoids

(as
there

are
six

shape
classes)

for
each

distance
m
atrix,

im
prove

each
selection

of
m
edoids

using
the

V
oronoi

iteration
m
ethod

(P
ark

and
Jun,2009),and

return
the

clustering
w
ith

the
low

est
classification

score.
T
o
each

K
-m

edoids
clustering

w
e
assign

an
accuracy

w
hich

is
equal

to
the

percentage
of

random
point

clouds
identifed

w
ith

a
m
edoid

of
the

sam
e
shape

class.
In

T
able

1,
w
e
report

the
classification

accuracy
of

the
K
-m

edoids
clustering

w
ith

the
low

est
clustering

score,
for

each
distance

m
atrix.
O
ur

second
criterion

for
com

paring
m
ethods

to
produce

distance
m
atrices

is
com

pu-
tational

effi
ciency.

In
T
able

1,
w
e
report

the
tim

e
required

to
produce

each
distance

m
atrix,

starting
w
ith

150
precom

puted
P
D
s
as

input.
In

the
case

of
P
Ls

and
P
Is,

this
tim

e
includes

the
interm

ediate
step

of
transform

ing
each

P
D

into
the

alternate
represen-

tation,
as

w
ell

as
com

puting
the

pairw
ise

distance
m
atrix.

A
ll
tim

ings
are

com
puted

on
a

laptop
w
ith

a
1.3

G
H
z
Intel

C
ore

i5
processor

and
4

G
B

of
m
em

ory.
W
e
com

pute
bottleneck,

1-W
asserstein,

and
2-W

asserstein
distance

m
atrices

using
the

softw
are

of
K
er-

ber
et

al.
(2016).

For
P
L

com
putations,

w
e
use

the
P
ersistence

Landscapes
T
oolbox

by
B
ubenik

and
D
lotko

(2016).
O
ur

M
A
T
LA

B
code

for
producing

P
Is

is
publically

available
at

https://github.com/CSU-TDA/PersistenceImages.
W
e
see

in
T
able

1
that

P
I
distance

m
atrices

have
higher

classification
accuracy

than
nearly

every
P
L
distance

m
atrix,and

higher
classification

accuracy
than

P
D
s
in

halfofthe
trials.

Furtherm
ore,

the
com

putation
tim

es
for

P
I
distance

m
atrices

are
significantly

low
er

than
the

tim
e
required

to
produce

distance
m
atrices

from
P
D
s
using

the
bottleneck

or
p-

W
asserstein

m
etrics.

T
here

is
certainly

no
guarantee

that
P
Is

w
illoutperform

P
D
s
or

P
Ls

in
any

given
m
achine

learning
task.

H
ow

ever,in
this

experim
ent,persistent

im
ages

provide

9.
T
he

L
1,
L

2,
L
∞

distances
on

P
D
s
are

m
ore

com
m
only

know
n
as

the
1-W

asserstein,
2-W

asserstein,
and

bottleneck
distances.

10.
For

P
Is

in
this

experim
ent,

w
e
use

variance
σ

=
0
.1,

resolution
2
0
×

2
0,

and
the

w
eighting

function
defined

in
§4.
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A
d
a
m
s,

et
a
l.

T
able

1:
C
om

paring
classification

accuracy
and

tim
es

of
P
D
s,

P
Ls,

and
P
Is.

T
he

tim
ings

contain
the

com
putation

tim
e
in

seconds
for

producing
a

150×
150

distance
m
atrix

from
150

precom
puted

P
D
s.

In
the

case
ofP

Ls
and

P
Is,this

requires
first

transform
ing

each
P
D

into
its

alternate
representation

and
then

com
puting

a
distance

m
atrix.

W
e
consider

36
distinct

distance
m
atrices:

three
representations

(P
D
s,P

Ls,P
Is),tw

o
hom

ologicaldim
ensions

(H
0 ,

H
1 ),three

choices
of

m
etric

(L
1,
L
2,
L
∞
),and

tw
o
levels

of
G
aussian

noise
(η

=
0.05,

0.1).

D
istan

ce
M
atrix

A
ccuracy

(N
oise

0.05)
T
im

e
(N

oise
0.05)

A
ccuracy

(N
oise

0.1)
T
im

e
(N

oise
0.1)

P
D
,
H

0 ,
L
1

96.0%
37346s

96.0%
42613s

P
D
,
H

0 ,
L
2

91.3%
24656s

91.3%
25138s

P
D
,
H

0 ,
L
∞

60.7%
1133s

63.3%
1149s

P
D
,
H

1 ,
L
1

100%
657s

96.0%
703s

P
D
,
H

1 ,
L
2

100%
984s

97.3%
1042s

P
D
,
H

1 ,
L
∞

81.3%
527s

66.7%
564s

P
L,
H

0 ,
L
1

92.7%
29s

96.7%
33s

P
L,
H

0 ,
L
2

77.3%
29s

82.0%
34s

P
L,
H

0 ,
L
∞

60.7%
2s

63.3%
2s

P
L,
H

1 ,
L
1

83.3%
36s

80.7%
48s

P
L,
H

1 ,
L
2

83.3%
50s

66.7%
69s

P
L,
H

1 ,
L
∞

74.7%
8s

66.7%
9s

P
I,
H

0 ,
L
1

93.3%
9s

95.3%
9s

P
I,
H

0 ,
L
2

92.7%
9s

95.3%
9s

P
I,
H

0 ,
L
∞

94.0%
9s

96.0%
9s

P
I,
H

1 ,
L
1

100%
17s

95.3%
18s

P
I,
H

1 ,
L
2

100%
17s

96.0%
18s

P
I,
H

1 ,
L
∞

100%
17s

96.0%
18s

a
representation

of
persistent

diagram
s
w
hich

is
both

useful
for

the
classification

task
and

also
com

putationally
effi

cient.

6.2
E
ff
ect

of
P
I
P
aram

eter
C
h
oice

In
any

system
that

relies
on

m
ultiple

param
eters,it

is
im

portant
to

understand
the

effect
of

param
eter

values
on

the
system

.
A
s
such,w

e
com

plete
a
search

ofthe
param

eter
space

used
to

generate
P
Is

on
the

shape
data

set
described

in
§6.1

and
m
easure

K
-m

edoids
classification

accuracy
as

a
function

ofthe
param

eters.
W
e
use

20
different

resolutions
(ranging

from
5×

5
to

100×
100

in
increm

ents
of

5),
a
G
aussian

function
w
ith

20
different

choices
of

variance
(ranging

from
0.01

to
0.2

in
increm

ents
of

0.01),
and

the
w
eighting

function
described

in
§4.

For
each

set
of

param
eters,

w
e
com

pute
the

classification
accuracy

of
the

K
-m

edoids
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m
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0
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W
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e
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ra
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.

T
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F
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e
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e
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e
2-
di
m
en

si
on

al
ac
cu

ra
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ra
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at
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P
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.
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g
H
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Fe
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S
p
ar
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S
u
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p
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V
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re
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ar
se

SV
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s
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ra
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ra
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la
ne

th
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M
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u
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a

m
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ca
n
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r
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m
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g
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m
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at
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y
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N
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e
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r
SS

V
M

fe
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d
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s
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or
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n
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r
P
Is

to
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ri
m
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at
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y
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du
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si
fic
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O
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P
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re
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s
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H
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os
e
of

fe
at
ur
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is
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W
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th
e
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e
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ra
te

m
em

be
rs

of
th
at

cl
as
s
fr
om

m
em

be
rs

of
al
lo

th
er

cl
as
se
s.

T
he

P
Is

w
er
e
ge
ne

ra
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ra
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P
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at
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ra
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e
ot
he

r
cl
as
se
s
co
rr
es
po

nd
to

po
in
ts

of
sh
or
t
to

m
od

er
at
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w
ay
,
F
ig
ur
e
3b

re
it
er
at
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at
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at
e
pe

rs
is
te
nc

e
ca
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at
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at
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at
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at
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ra
cy

of
10

0%
is
ob

ta
in
ed

us
in
g
on

ly
th
os
e
pi
xe
ls
se
le
ct
ed

by
SS

V
M

(a
cu

m
ul
at
iv
e
se
t
of

on
ly

10
di
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6.4
A
p
p
lication

:
D
eterm

in
ation

of
D
yn

am
ical

S
ystem

P
aram

eters

M
odels

of
dynam

ic
physicalphenom

enon
rarely

agree
perfectly

w
ith

the
reality

they
repre-

sent.
T
his

is
often

due
to

the
presence

of
poorly-resolved

(or
poorly-understood)

processes
w
hich

are
param

eterized
rather

than
treated

explicitly.
A
s
such,determ

ination
ofthe

influ-
ence

of
a
m
odelparam

eter—
w
hich

m
ay

itself
be

an
incom

pletely-described
conglom

eration
ofseveralphysicalparam

eters—
on

m
odeldynam

ics
is
a
m
ainstay

ofdynam
icalsystem

anal-
ysis.

In
the

case
of

fitting
a
dynam

ic
m
odelto

data,
i.e.,

explicit
determ

ination
of

optim
al

m
odelparam

eters,a
variety

oftechniques
existforsearching

through
param

eterspace,w
hich

often
necessitate

costly
sim

ulations.
Furtherm

ore,
such

approaches
struggle

w
hen

applied
to

m
odels

exhibiting
sensitivity

to
initialconditions.

W
e
recast

this
problem

as
a
m
achine-

learning
exercise

based
on

the
hypotheses

that
m
odel

param
eters

w
ill

be
reflected

directly
in

dynam
ic

data
in

a
w
ay

m
ade

accessible
by

persistent
hom

ology.

6.4.1
A

d
isc

r
et

e
d
y
n
a
m

ic
a
l

m
o
d
el

W
e
approach

a
classification

problem
w
ith

data
arising

from
the

linked
tw

ist
m
ap,a

discrete
dynam

ical
system

m
odeling

fluid
flow

.
H
ertzsch

et
al.

(2007)
use

the
linked

tw
ist

m
ap

to
m
odel

flow
s
in

D
N
A

m
icroarrays

w
ith

a
particular

interest
in

understanding
turbulent

m
ixing.

T
hisdem

onstratesa
prim

ary
m
echanism

giving
rise

to
chaotic

advection.
T
he

linked
tw

ist
m
ap

is
a
P
oincaré

section
of

eggbeater-type
flow

(H
ertzsch

et
al.,2007)

in
continuous

dynam
ical

system
s.

T
he

P
oincaré

section
captures

the
behavior

of
the

flow
by

view
ing

a
particle’s

location
at

discrete
tim

e
intervals.

T
he

linked
tw

ist
m
ap

is
given

by
the

discrete
dynam

icalsystem

x
n
+
1

=
x
n

+
ry
n
(1−

y
n
)

m
o
d

1

y
n
+
1

=
y
n

+
rx

n
(1−

x
n
)

m
o
d

1
,

w
here

r
is
a
positive

param
eter.

For
som

e
values

of
r,the

orbits{
(x
n
,y
n
)

:
n

=
0,...,∞

}
are

dense
in

the
dom

ain.
H
ow

ever,
for

other
param

eter
values,

voids
form

.
In

either
case,

the
truncated

orbits{(x
n
,y
n
)

:
n

=
0,...,N

∈
N}

exhibit
com

plex
structure.

For
this

experim
ent,

w
e
choose

a
set

of
param

eter
values,

r
=

2.5,
3.5,

4.0,
4.1

and
4.3,

w
hich

produce
a
variety

of
orbit

patterns.
For

each
param

eter
value,

50
random

ly-
chosen

initial
conditions

are
selected,

and
1000

iterations
of

the
linked

tw
ist

m
ap

are
used

to
generate

point
clouds

in
R
2.

F
igure

4
show

s
exam

ples
of

typical
orbits

generated
for

each
param

eter
value.

T
he

goal
is

to
classify

the
trials

by
param

eter
value

using
P
Is

to
capitalize

on
distinguishing

topologicalfeatures
ofthe

data.
W
e
use

resolution
20×

20
and

a
G
aussian

w
ith

variance
σ

=
0
.005

to
generate

the
P
Is.

T
hese

param
eters

w
ere

chosen
after

a
prelim

inary
param

eter
search

and
classification

effort.
Sim

ilar
results

hold
for

a
range

of
P
I
param

eter
values.

For
a
fixed

r
param

eter
value

and
a
large

num
ber

of
points

(m
any

thousands),
the

patterns
in

the
distributions

ofiterates
show

only
sm

allvisible
variations

for
different

choices
of

the
initial

condition
(x

0 ,y
0 ).

H
ow

ever,
w
ith

few
points,

such
as

in
F
igure

5,
there

are
m
ore

significant
variations

in
the

patterns
for

different
choices

of
initialconditions,m

aking
classification

m
ore

diffi
cult.

W
e
perform

classification
and

cross-validation
w
ith

a
discrim

inant
subspace

ensem
ble.

T
his

M
L
algorithm

trains
m
any

“w
eak”

learners
on

random
ly

chosen
subspaces

of
the

data
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A
d
a
m
s,
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a
l.

F
igure

4:
E
xam

ples
of

the
first

1000
iterations,{

(x
n
,y
n
)

:
n

=
0
,...,1000},of

the
linked

tw
ist

m
ap

w
ith

param
eter

values
r

=
2,3.5,4.0,4.1

and
4.3,respectively.

F
igure

5:
T
runcated

orbits,{
(x
n
,y
n
)

:
n

=
0,...,1000},ofthe

linked
tw

ist
m
ap

w
ith

fixed
r

=
4.3

for
different

initialconditions
(x

0 ,y
0 ).

(of
a
fixed

dim
ension),and

classifies
and

assigns
a
score

to
each

point
based

on
the

current
subspace.

T
he

finalclassification
arises

from
an

average
ofthe

scores
ofeach

data
point

over
alllearners

(H
o,1998).

W
e
perform

10
trials

and
average

the
classification

accuracies.
For

the
concatenated

H
0
and

H
1
P
Is,

this
m
ethod

achieves
a
classification

accuracy
of

82.5%
;

com
pared

to
49.8%

w
hen

using
only

H
0
P
Is

and
65.7%

w
hen

using
H

1
P
Is.

T
his

experim
ent

highlights
tw

o
strengths

of
P
Is:

they
offer

flexibility
in

choosing
a
M
L

algorithm
that

is
w
ell

suited
to

the
data

under
consideration,

and
hom

ological
inform

ation
from

m
ultiple

dim
ensions

m
ay

be
leveraged

sim
ultaneously

for
greater

discrim
inatory

pow
er.

T
his

application
is
a
briefexam

ple
ofthe

utility
ofP

Is
in

classification
ofdata

from
dy-

nam
icalsystem

s
and

m
odeling

real-w
orld

phenom
ena,w

hich
provides

a
prom

ising
direction

for
further

applications
of

P
Is.

6.4.2
A

pa
rt

ia
l

d
iffer

en
t
ia

l
eq

u
at

io
n

T
he

K
uram

oto-Sivashinsky
(K

S)
equation

is
a
partial

differential
equation

for
a
function

u
(x
,y
,t)

ofspatialvariables
x
,y

and
tim

e
t
that

has
been

independently
derived

in
a
variety

of
problem

s
involving

pattern
form

ation
in

extended
system

s
driven

far
from

equilibrium
.

A
pplications

involving
surface

dynam
ics

include
surface

nanopatterning
by

ion-beam
erosion

(C
uerno

and
B
arabási,1995;M

otta
et

al.,2012),epitaxialgrow
th

(V
illain,1991;W

olf,1991;
R
ost

and
K
rug,

1995),
and

solidification
from

a
m
elt

(G
olovin

and
D
avis,

1998).
In

these
applications,

the
nonlinear

term
in

the
K
S
equation

m
ay

be
anisotropic,

resulting
in

the
anisotropic

K
uram

oto-Sivashinsky
(aK

S)
equation

∂∂
t u

=
−
∇

2u
−
∇

2∇
2u

+
r (

∂∂
x
u )

2

+

(
∂∂
y
u )

2

,
(4)
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P
lo
ts
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su
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u

(x
,y
,·)
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su
lt
in
g
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nu
m
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al

si
m
ul
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io
ns
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th
e
aK

S
eq
ua

ti
on

(4
).

E
ac
h
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lu
m
n
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pr
es
en
ts

a
di
ffe

re
nt

pa
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m
et
er

va
lu
e:

(f
ro
m

le
ft
)
r

=
1,

1.
25

,
1.
5,

1.
75

an
d
2.

E
ac
h
ro
w

re
pr
es
en
ts

a
di
ffe

re
nt

ti
m
e:
t

=
3
(t
op

)
an

d
t

=
5
(b
ot
to
m
).

B
y
t

=
5
an

y
an

is
ot
ro
pi
c
el
on

ga
ti
on

of
th
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su
rf
ac
e
pa

tt
er
n
ha

s
vi
si
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st
ab

ili
ze
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N
um
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si
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S
eq
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ng

e
of

pa
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va
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(c
ol
um

ns
)a

nd
si
m
ul
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io
n
ti
m
es

(r
ow

s)
ar
e
sh
ow

n
in

F
ig
ur
e
6.

Fo
r
al
ls
im

ul
at
io
ns
,t
he

in
it
ia
lc
on

di
ti
on

s
w
er
e

lo
w
-a
m
pl
it
ud

e
w
hi
te

no
is
e.

W
e
em

pl
oy
ed

a
Fo

ur
ie
r
sp
ec
tr
al

m
et
ho

d
w
it
h
pe

ri
od

ic
bo

un
da

ry
co
nd

it
io
ns

on
a

51
2
×

51
2
sp
at
ia
l
gr
id
,
w
it
h
a
fo
ur
th
-o
rd
er

ex
po

ne
nt
ia
l
ti
m
e
di
ffe

re
nc

in
g

R
un

ge
-K

ut
ta

m
et
ho

d
fo
r
th
e
ti
m
e
st
ep

pi
ng

.
F
iv
e
va
lu
es

fo
r
th
e
pa

ra
m
et
er
r
w
er
e
ch
os
en

,
na

m
el
y
r

=
1
,
1.
25

,
1.
5,

1.
75

an
d
2,

an
d
th
ir
ty

tr
ia
ls

w
er
e
pe

rf
or
m
ed

fo
r
ea
ch

pa
ra
m
et
er

va
lu
e.

F
ig
ur
e
7
sh
ow

s
th
e
si
m
ila

ri
ty

be
tw

ee
n
su
rf
ac
es

as
so
ci
at
ed

to
tw

o
pa

ra
m
et
er

va
lu
es

r
=

1.
75

an
d
r

=
2
at

an
ea
rl
y
ti
m
e.

F
ig
ur
e
7:

T
o
ill
us
tr
at
e
th
e
di
ffi
cu

lt
y
of

ou
r
cl
as
si
fic

at
io
n

ta
sk
,
co
ns
id
er

fiv
e
in
st
an

ce
s
of

su
rf
ac
es
u

(x
,y
,3

)
fo
r
r

=
1.

75
or

r
=

2,
pl
ot
te
d
on

th
e
sa
m
e
co
lo
r
ax

is
.
T
he

se
su
rf
ac
es

ar
e
fo
un

d
by

nu
m
er
ic
al

in
te
gr
at
io
n
of

E
qu

at
io
n
(4
),
st
ar
ti
ng

fr
om

ra
nd

om
in
it
ia
lc

on
di
ti
on

s.
C
an

yo
u
gr
ou

p
th
e
im

ag
es

by
ey
e?

A
n
sw

er:
(from

left)
r

=
1.75,2,1.75,2

,2.
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d
th
e

no
rm

al
di
st
ri
bu

ti
on

fit
to

ea
ch

hi
st
og

ra
m
,f
or

ti
m
es

(a
)
t

=
3
an

d
(b
)
t

=
5.

11
.
A
cc
ur
ac
y
re
po

rt
ed

is
av
er
ag
ed

ov
er

10
0
di
ffe

re
nt

tr
ai
ni
ng

an
d
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in
g
pa
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it
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P
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sisten
ce

Im
ag

es

T
able

2:
C
lassification

accuracies
at

different
tim

es
of

the
aK

S
solution,

using
different

classification
approaches.

C
lassification

of
tim

es
t

=
15

and
20

result
in

accuracies
sim

ilar
to
t

=
10.

C
lassifi

cation
A
p
p
roach

T
im

e
t=

3
T
im

e
t=

5
T
im

e
t=

10
Subspace

D
iscrim

inant
E
nsem

ble,R
esized

Surfaces
26.0

%
19.3%

19.3
%

V
ariance

N
orm

alD
istribution

C
lassifier

20.74%
75.2%

77.62
%

Subspace
D
iscrim

inant
E
nsem

ble,
H

0
P
Is

58.3
%

96.0
%

94.7
%

Subspace
D
iscrim

inant
E
nsem

ble,
H

1
P
Is

67.7
%

87.3
%

93.3%
Subspace

D
iscrim

inant
E
nsem

ble,
H

0
and

H
1
P
Is

72.7
%

95.3
%

97.3
%

V
ariance

of
a
surface

is
reflected

in
its

sublevelset
filtration

(see
§A

.3
for

m
ore

details)
P
D
.
Y
et,

the
P
D

and
the

subsequent
P
I
contain

additional
topological

structure,
w
hich

m
ay

reveal
other

influences
of

the
anisotropy

param
eter

on
the

evolution
of

the
surface.

P
ersistence

diagram
s
w
ere

com
puted

using
the

sublevelset
filtration,and

P
Is

w
ere

generated
w
ith

resolution
10×

10
and

a
G
aussian

w
ith

variance
σ

=
0.01.

W
e
think

of
our

pipeline
to

a
P
I
as

a
dim

ensionality
reduction

in
this

case,
taking

a
surface

w
hich

in
actuality

is
a
very

high-dim
ensional

point
and

producing
a
m
uch

low
er

dim
ensional

one
that

retains
m
eaningfulcharacteristics

of
the

originalsurface.

W
e
again

use
a
subspace

discrim
inant

ensem
ble

to
classify

P
Is

by
param

eter.
T
able

2
com

pares
these

results
to

the
sam

e
technique

applied
to

low
dim

ensional
approxim

ations
of

the
raw

surfaces
and

the
norm

al
distribution-based

classifier
built

from
surface

variance
alone.

A
t
each

tim
e
in

the
system

evolution,the
best

classification
accuracy

results
from

us-
ing

P
Is,im

proving
accuracies

over
using

either
low

resolution
approxim

ations
ofthe

surfaces
or

variance
ofsurface

height
alone

by
at

least
20%

,including
at

early
tim

es
in

the
evolution

of
the

surface
w
hen

pattern
am

plitudes
are

not
visibly

differentiated
(see

F
igure

7).
W
e

postulate
that

P
Is

capture
m
ore

subtle
topologicalinform

ation
that

is
usefulfor

identifying
the

param
eter

used
to

generate
each

surface.

A
s
w
e
observed

in
§6.4.1,

concatenating
H

0
and

H
1
P
Is

can
notably

im
prove

the
clas-

sification
accuracy

over
either

feature
vector

individually.
W
e
again

note
that

classification
accuracy

appears
insensitive

to
the

P
I
param

eters.
For

exam
ple,

w
hen

the
variance

of
the

G
uassians

used
to

generate
the

P
Is

w
as

varied
from

0.0001
to

0.1,the
classification

accuracy
ofthe

H
0
P
Is,changed

by
less

than
one

percentage
point.

T
he

classification
accuracy

for
H

1

fluctuated
in

a
range

ofapproxim
ately

five
points.

For
a
fixed

variance,w
hen

the
resolution

ofthe
im

age
w
as

varied
from

5
to

20,the
H

0
accuracy

varied
by

little
m
ore

than
three

points
untilthe

accuracy
dropped

by
six

points
for

a
resolution

of
25.

P
Is

perform
ed

rem
arkably

w
ell

in
this

classification
task,

allow
ing

one
to

capitalize
on

subtle
structural

differences
in

the
patterns

and
significantly

reduce
the

dim
ension

of
the

data
for

classification.
T
here

is
m
ore

to
be

explored
in

the
realm

of
pattern

form
ation

and
persistence

that
is

outside
the

scope
of

this
paper.
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A
d
a
m
s,

et
a
l.

7.
C

on
clu

sion

P
Is
offera

stable
representation

ofthe
topologicalcharacteristics

captured
by

a
P
D
.T

hrough
this

vectorization,w
e
open

the
door

to
a
m
yriad

of
M
L
tools.

T
his

serves
as

a
vitalbridge

betw
een

the
fields

of
M
L

and
topological

data
analysis

and
enables

one
to

capitalize
on

topologicalstructure
(even

in
m
ultiple

hom
ologicaldim

ensions)
in

the
classification

ofdata.

W
e
have

show
n
P
Is

yield
im

proved
classification

accuracy
over

P
Ls

and
P
D
s
on

sam
pled

data
of

com
m
on

topologicalspaces
at

m
ultiple

noise
levels

using
K
-m

edoids.
A
dditionally,

com
puting

distances
betw

een
P
Is

requires
significantly

less
com

putation
tim

e
com

pared
to

com
puting

distances
betw

een
P
D
s,and

com
parable

com
putation

tim
es

w
ith

P
Ls.

T
hrough

P
Is,w

e
have

gained
access

to
a
w
ide

variety
ofM

L
tools,such

as
SSV

M
w
hich

can
be

used
for

feature
selection.

Features
(pixels)

selected
as

discrim
inatory

in
a
P
I
are

interpretable
because

they
correspond

to
regions

of
a
P
D
.
W
e
have

explored
data

sets
derived

from
dynam

icalsystem
s
and

illustrated
that

topologicalinform
ation

ofsolutions
can

be
used

for
inference

of
param

eters
since

P
Is

encapsulate
this

inform
ation

in
a
form

am
enable

to
M
L

tools,resulting
in

high
accuracy

rates
for

data
that

is
diffi

cult
to

classify.

T
he

classification
accuracy

is
robust

to
the

choice
of

param
eters

for
building

P
Is,

pro-
viding

evidence
that

it
is
not

necessary
to

perform
large-scale

param
eter

searches
to

achieve
reasonable

classification
accuracy.

T
his

indicates
the

utility
of

P
Is

even
w
hen

there
is

not
prior

know
ledge

of
the

underlying
data

(i.e.,
high

noise
level,

expected
holes,

etc.).
T
he

flexibility
of

P
Is

allow
s
for

custom
ization

tailored
to

a
w
ide

variety
of

real-w
orld

data
sets.
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p
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A
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H
om

ology
an

d
D

ata

H
om

ology
is
an

invariant
that

characterizes
the

topologicalproperties
ofa

topologicalspace
X
.
In

particular,hom
ology

m
easures

the
num

ber
of

connected
com

ponents,loops,trapped
volum

es,
and

so
on

of
a
topological

space,
and

can
be

used
to

distinguish
distinct

spaces
from

one
another.

M
ore

explicitly,the
k-dim

ensionalholes
of

a
space

generate
a
hom

ology
group,

H
k (X

).
T
he

rank
ofthis

group
is
referred

to
as

the
k-th

B
ettinum

ber,
β
k ,and

counts
the

num
ber

of
k-dim

ensional
holes

of
X
.
For

a
com

prehensive
study

of
hom

ology,
see

the
textbook

of
H
atcher

(2002).
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is
e.

Fo
r
ea
ch

ch
oi
ce

of
ho

m
ol
og

ic
al

di
m
en

si
on

k
,
th
e
in
fo
rm

at
io
n

m
ea
su
re
d

by
pe

rs
is
te
nt

ho
m
ol
og

y
ca
n
be

pr
es
en
te
d
as

a
pe
rs
is
te
nc
e
di
ag
ra
m

(P
D
),
a
m
ul
ti
se
t
of

po
in
ts

in
th
e
pl
an

e.
E
ac
h
po

in
t

(x
,y

)
=

(ε
,ε
′ )

co
rr
es
po

nd
s
to

a
to
po

lo
gi
ca
l
fe
at
ur
e
th
at

ap
pe

ar
s
(i
s
‘b
or
n’
)
at

sc
al
e
pa

ra
m
et
er
ε
an

d
w
hi
ch

no
lo
ng

er
re
m
ai
ns

(‘
di
es
’)

at
sc
al
e
ε′
.

Si
nc
e
al
l
to
po

lo
gi
ca
l

fe
at
ur
es

di
e
af
te
r
th
ey

ar
e
bo

rn
,
th
is

is
an

em
be

dd
in
g
in
to

th
e
up

pe
r
ha

lf
pl
an

e,
ab

ov
e
th
e

di
ag

on
al

lin
e
y

=
x
.
P
oi
nt
s
ne

ar
th
e
di
ag

on
al

ar
e
co
ns
id
er
ed

to
be

no
is
e
w
hi
le

th
os
e
fu
rt
he

r
fr
om

th
e
di
ag

on
al

re
pr
es
en
t
m
or
e
ro
bu

st
to
po

lo
gi
ca
lf
ea
tu
re
s.

A
.3

P
er
si
st
en

ce
D
ia
gr
am

s
fr
om

Fu
n
ct
io
n
s

Le
t
X

be
a
to
po

lo
gi
ca
l
sp
ac
e
an

d
le
t
f

:
X
→

R
be

a
re
al
-v
al
ue
d

fu
nc

ti
on

.
O
ne

w
ay

to
un

de
rs
ta
nd

th
e
be

ha
vi
or

of
m
ap

f
is

to
un

de
rs
ta
nd

th
e
to
po

lo
gy

of
it
s
su
bl
ev
el

se
ts

f
−
1
((
−
∞
,ε

])
,
w
he

re
ε
∈

R
.

In
de
ed

,
gi
ve
n
ε 1
≤
ε 2
≤
..
.
≤
ε m

,
on

e
ca
n

st
ud

y
m
ap

f
us
in
g
th
e
pe

rs
is
te
nt

ho
m
ol
og

y
of

th
e
re
su
lt
in
g
fil
tr
at
io
n
of

to
po

lo
gi
ca
ls
pa

ce
s,
kn

ow
n
as

th
e

su
bl
ev
el

se
t
fil
tr
at
io
n:

f
−
1
((
−
∞
,ε

1
])
⊆
f
−
1
((
−
∞
,ε

2
])
⊆
..
.
⊆
f
−
1
((
−
∞
,ε
m

])
.

If
X

is
a
si
m
pl
ic
ia
lc

om
pl
ex
,t
he

n
on

e
ca
n
pr
od

uc
e
an

in
cr
ea
si
ng

se
qu

en
ce

of
si
m
pl
ic
ia
lc

om
-

pl
ex
es

us
in
g
a
m
od

ifi
ca
ti
on

of
th
is

pr
oc
ed

ur
e
ca
lle

d
th
e
lo
w
er

st
ar

fil
tr
at
io
n
(E

de
ls
br
un

ne
r

an
d
H
ar
er
,2

01
0)
.
Si
m
ila

rl
y,

if
X

is
a
cu

bi
ca
lc

om
pl
ex

(a
n
an

al
og

ue
of

a
si
m
pl
ic
ia
lc

om
pl
ex

th
at

is
in
st
ea
d
a
un

io
n
of

ve
rt
ic
es
,
ed

ge
s,

sq
ua

re
s,

cu
be

s,
an

d
hi
gh

er
-d
im

en
si
on

al
cu

be
s)
,

th
en

on
e
ca
n
pr
od

uc
e
an

in
cr
ea
si
ng

se
qu

en
ce

of
cu

bi
ca
lc

om
pl
ex
es
.

In
§6
.4
.2
,
w
e
st
ud

y
su
rf
ac
es
u

:
[0
,1

]2
→

R
pr
od

uc
ed

fr
om

th
e
K
ur
am

ot
o-
Si
va
sh
in
sk
y

eq
ua

ti
on

.
T
he

do
m
ai
n

[0
,1

]2
is

di
sc
re
ti
ze
d

in
to

a
gr
id

of
51

2
×

51
2
ve
rt
ic
es
,
i.e

.,
a
2-

di
m
en

si
on

al
cu

bi
ca
lc

om
pl
ex

w
it
h

51
22

ve
rt
ic
es
,5

11
·5

1
2
ho

ri
zo
nt
al

ed
ge
s,

51
1
·5

1
2
ve
rt
ic
al

ed
ge
s,
an

d
51

1
2
sq
ua

re
s.

W
e
pr
od

uc
e
an

in
cr
ea
si
ng

se
qu

en
ce

of
cu

bi
ca
lc
om

pl
ex
es

as
fo
llo

w
s:

•
A

ve
rt
ex
v
is

in
cl
ud

ed
at

sc
al
e
ε
if
u

(v
)
≤
ε.

•
A
n
ed
ge

is
in
cl
ud

ed
at

sc
al
e
ε
if
bo

th
of

it
s
ve
rt
ic
es

ar
e
pr
es
en
t.

•
A

sq
ua

re
is

in
cl
ud

ed
at

sc
al
e
ε
if
al
lf
ou

r
of

it
s
ve
rt
ic
es

ar
e
pr
es
en
t.

O
ur

P
D
s
ar
e
ob

ta
in
ed

by
ta
ki
ng

th
e
pe

rs
is
te
nt

ho
m
ol
og

y
of

th
e
su
bl
ev
el

se
t
fil
tr
at
io
n
of

th
is

cu
bi
ca
lc

om
pl
ex
.
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P
er

sisten
ce

Im
ag

es

W
e
rem

ark
that

P
D
s
from

point
cloud

data
in

§A
.2

can
be

view
ed

as
a
specific

case
of

P
D
s
from

functions.
Indeed,given

a
data

set
X

in
som

e
m
etric

space
(M

,d
),let

d
X

:
M
→

R
be

the
distance

function
to

set
X
,defined

by
d
X

(m
)

=
in

f
x∈
X
d
(x
,m

)
for

all
m
∈
M

.
N
ote

that
d −

1
X

((−
∞
,ε])

is
the

union
of

the
m
etric

balls
of

radius
ε
centered

at
each

point
in
X
.

For
ε
1 ≤

ε
2 ≤

...≤
ε
m
,the

persistent
hom

ology
of

d −
1

X
((−
∞
,ε

1 ])⊆
d −

1
X

((−
∞
,ε

2 ])⊆
...⊆

d −
1

X
((−
∞
,ε
m

])

is
identical

to
the

persistent
hom

ology
of

a
sim

plicial
com

plex
filtration

called
the

Č
ech

com
plex.

Furtherm
ore,the

persistent
hom

ology
of

the
V
ietoris–R

ips
com

plex
is

an
approx-

im
ation

of
the

persistent
hom

ology
of

the
Č
ech

com
plex

(E
delsbrunner

and
H
arer,

2010,
Section

III.2).

A
p
p
en

d
ix

B
.

E
xam

p
les

of
P
ersisten

ce
Im

ages

F
igure

9:
E
xam

ples
of

P
Is

for
hom

ology
dim

ension
H

1
arising

from
a
noisy

circle
w
ith

a
variety

ofresolutions
and

variances.
T
he

first
row

has
resolution

5×
5
w
hile

the
second

has
5
0×

5
0.

T
he

colum
ns

have
variance

σ
=

0.2,
σ

=
0.01,and

σ
=

0.0001,respectively.
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A
d
a
m
s,

et
a
l.

F
igure

10:
E
xam

ples
of

P
Is

for
hom

ology
dim

ension
H

1
arising

from
a
noisy

torus
w
ith

a
variety

ofresolutions
and

variances.
T
he

first
row

has
resolution

5×
5
w
hile

the
second

has
50×

50.
T
he

colum
ns

have
variance

σ
=

0.2,
σ

=
0.01,and

σ
=

0.0001,respectively.

A
p
p
en

d
ix

C
.

P
roofs

of
E
qu

ation
(3)

an
d

L
em

m
a

8

Let
u
,v
∈
R
and

a
,b
>

0.
E
quation

(3)
states

that‖a
g
u −

bg
v ‖

1
=
F

(v−
u

),w
here

F
:R
→

R
is

defined
byF

(z
)

=

{
|a−

b|
if
z

=
0

∣∣∣ aE
rf (

z
2
+
2
σ
2
ln
(a
/
b)

z
σ
2 √

2

)
−
bE

rf (
−
z
2
+
2
σ
2
ln
(a
/
b)

z
σ
2 √

2

) ∣∣∣
otherw

ise.

P
roof

If
v

=
u
then

the
statem

ent
follow

s
from

the
fact

that
g
u
and

g
v
are

norm
alized

to
have

unit
area

under
the

curve.
H
ence

w
e
m
ay

assum
e
u
6=
v.

For
u
6=
v

a
straightforw

ard
calculation

show
s
there

is
a
unique

real
solution

z ∗
to

a
g
u (z

)
=
bg
v (z

),nam
ely

z ∗
=
v
2−

u
2

+
2
σ
2

ln
(a
/b)

2(v−
u

)
.

N
ote

‖
a
g
u −

bg
v ‖

1
=

ˆ

∞−
∞
|a
g
u (z

)−
bg
v (z

)|d
z

=

∣∣∣∣∣

ˆ

z ∗

−
∞
a
g
u (z

)−
bg
v (z

)d
z

+

ˆ

∞z ∗
bg
v (z

)−
a
g
u (z

)d
z ∣∣∣∣∣
.

(5)
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P
er

si
st

en
ce

Im
ag

es

T
he

re
ar
e
fo
ur

in
te
gr
al
s
to

co
m
pu

te
,a

nd
w
e
do

ea
ch

on
e
in

tu
rn
.
W
e
ha

ve

ˆ

z
∗

−
∞
a
g u

(z
)
d
z

=
a

σ
√

2
π

ˆ

z
∗

−
∞
e−

(z
−
u
)2
/
2
σ
2
d
z

=
a √
π

ˆ

P
(v
−
u
)

−
∞

e−
t2
d
t

by
su
bs
ti
tu
ti
on

t
=

z
−
u

σ
√
2

=
a √
π

(
ˆ

0 −
∞
e−

t2
d
t

+

ˆ

P
(v
−
u
)

0
e−

t2
d
t)

=
a √
π

(
√
π 2

+

√
π 2
E
rf

(P
(v
−
u

))

)

=
a 2

(1
+

E
rf

(P
(v
−
u

))
)
,

w
he

re
P

(z
)

=
z
2
+
2
σ
2
ln
(a
/
b)

z
σ
2
√
2

.
N
ea
rl
y
id
en
ti
ca
lc

al
cu

la
ti
on

s
sh
ow

ˆ

∞

z
∗
a
g u

(z
)
d
z

=
a 2

(1
−

E
rf

(P
(v
−
u

))
)

ˆ

z
∗

−
∞
bg
v
(z

)
d
z

=
b 2

(1
+

E
rf

(Q
(v
−
u

))
)

ˆ

∞

z
∗
bg
v
(z

)
d
z

=
b 2

(1
−

E
rf

(Q
(v
−
u

))
)
,

w
he

re
Q

(z
)

=
−
z
2
+
2
σ
2
ln
(a
/
b)

z
σ
2
√
2

.
P
lu
gg

in
g
ba

ck
in
to

(5
)
gi
ve
s
‖a
g u
−
bg
v
‖ 1

=
F

(v
−
u

).

W
e
no

w
gi
ve

th
e
pr
oo

f
of

Le
m
m
a
8.

L
em

m
a
8.

Fo
r
u
,v
∈
R
2
,l
et
g u
,g
v

:
R
2
→

R
be

no
rm

al
iz
ed

2-
di
m
en

si
on

al
G
au

ss
ia
ns
.
T
he

n

‖f
(u

)g
u
−
f

(v
)g
v
‖ 1
≤
(
|∇
f
|+
√

2 π

m
in
{f

(u
),
f

(v
)}

σ

)
‖u
−
v
‖ 2
.

P
ro
of

T
he

re
su
lt
w
ill

fo
llo

w
fr
om

th
e
ob

se
rv
at
io
n
th
at

w
e
ca
n
re
du

ce
th
e
tw

o-
di
m
en

si
on

al
ca
se

in
vo

lv
in
g
G
au

ss
ia
ns

ce
nt
er
ed

at
u
,v
∈
R
2
to

on
e-
di
m
en

si
on

al
G
au

ss
ia
ns

ce
nt
er
ed

at
0

an
d
r

=
‖u
−
v
‖ 2
.
Le

t
u

=
(u
x
,u

y
)
an

d
v

=
(v
x
,v
y
);

w
e
m
ay

as
su
m
e
u
x
>
v x

w
.l.
o.
g.

Le
t

(r
,θ

)
be

th
e
m
ag

ni
tu
de

an
d
an

gl
e
of

ve
ct
or
u
−
v
w
he

n
ex
pr
es
se
d
in

po
la
r
co
or
di
na

te
s.

T
he

ch
an

ge
of

va
ri
ab

le
s

(z
,w

)
=
R
θ
(x
−
v x
,y
−
v y

),
w
he

re
R
θ
is

th
e
cl
oc
kw

is
e
ro
ta
ti
on

of
th
e
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A
d
a
m
s,

et
a
l.

pl
an

e
by

θ,
gi
ve
s

‖f
(u

)g
u
−
f

(v
)g
v
‖ 1

=

ˆ

∞ −
∞

ˆ

∞ −
∞

∣ ∣ ∣ ∣f
(u

)

2
π
σ
2
e−

[(
x
−
u
x
)2
+
(y
−
u
y
)2
]/
2
σ
2
−
f

(v
)

2
π
σ
2
e−

[(
x
−
v
x
)2
+
(y
−
v
y
)2
]/
2
σ
2

∣ ∣ ∣ ∣d
y
d
x

=

ˆ

∞ −
∞

ˆ

∞ −
∞

∣ ∣ ∣ ∣f
(u

)

2
π
σ
2
e−

[w
2
+
(z
−
r
)2
]/
2
σ
2
−
f

(v
)

2
π
σ
2
e−

[w
2
+
z
2
]/
2
σ
2

∣ ∣ ∣ ∣d
z
d
w

=

ˆ

∞ −
∞

1

σ
√

2
π
e−

w
2
/
2
σ
2

[ ˆ
∞ −
∞

∣ ∣ ∣ ∣f
(u

)

σ
√

2π
e−

(z
−
r
)2
/
2
σ
2
−

f
(v

)

σ
√

2π
e−

z
2
/
2
σ
2

∣ ∣ ∣ ∣d
z

] d
w

=
‖f

(u
)g
r
−
f

(v
)g

0
‖ 1
ˆ

∞ −
∞

1

σ
√

2π
e−

w
2
/
2
σ
2
d
w

w
it
h
g 0
,g
r
1-
di
m
en

si
on

al
G
au

ss
ia
ns

=
‖f

(u
)g
r
−
f

(v
)g

0
‖ 1

≤
|f

(u
)
−
f

(v
)|

+

√
2 π

m
in
{f

(u
),
f

(v
)}

σ
‖u
−
v
‖ 2

by
Le

m
m
a
7

≤
(
|∇
f
|+
√

2 π

m
in
{f

(u
),
f

(v
)}

σ

)
‖u
−
v
‖ 2
.

A
p
p
en

d
ix

D
.

S
S
V

M
-b

as
ed

Fe
at

u
re

S
el

ec
ti

on

W
e
pe

rf
or
m
ed

fe
at
ur
e
se
le
ct
io
n

us
in
g
on

e-
ag

ai
ns
t-
al
l
(O

A
A
)
SS

V
M

on
th
e
si
x
cl
as
se
s
of

sy
nt
he

ti
c
da

ta
w
it
h
no

is
e
le
ve
l
η

=
0
.0

5.
T
he

P
Is

us
ed

in
th
e
ex
pe

ri
m
en
ts

w
er
e
ge
ne

ra
te
d

fr
om

th
e
H

1
P
D
s,
w
it
h
th
e
pa

ra
m
et
er

ch
oi
ce
s
of

re
so
lu
ti
on

20
×

20
an

d
va
ri
an

ce
σ

=
0.

0
0
01

.
N
ot
e
th
at

be
ca
us
e
of

th
e
re
so
lu
ti
on

pa
ra
m
et
er

ch
oi
ce

of
20
×

20
,
ea
ch

P
I
is

a
ve
ct
or

in
R
4
0
0
,
an

d
th
e
se
le
ct
ed

fe
at
ur
es

w
ill

be
a
su
bs
et

of
in
di
ce
s
co
rr
es
po

nd
in
g
to

pi
xe
ls

w
it
hi
n

th
e
P
I.

W
e
tr
ai
ne
d

an
O
A
A

SS
V
M

m
od

el
fo
r
P
Is

of
di
m
en

si
on

H
1
.

In
th
e
ex
pe

ri
m
en
t,

w
e
us
ed

5-
fo
ld

cr
os
s-
va
lid

at
io
n
an

d
ob

ta
in
ed

1
00

%
ov
er
al
l
ac
cu

ra
cy
.
Fe

at
ur
e
se
le
ct
io
n
w
as

pe
rf
or
m
ed

by
re
ta
in
in
g
th
e
fe
at
ur
es

w
it
h
no

n-
ze
ro

SS
V
M

w
ei
gh

ts
,d

et
er
m
in
ed

by
m
ag

ni
tu
de

co
m
pa

ri
so
n
us
in
g
w
ei
gh

tr
at
io
s(

C
he

pu
sh
ta
no

va
et

al
.,
20

14
).

T
he

re
su
lt
in
g
si
x
sp
ar
se

m
od

el
s

co
nt
ai
n
su
bs
et
s
of

di
sc
ri
m
in
at
or
y
fe
at
ur
es

fo
r
ea
ch

cl
as
s.

N
ot
e
th
at

on
e
ca
n
us
e
on

ly
th
es
e

se
le
ct
ed

fe
at
ur
es

fo
r
cl
as
si
fic

at
io
n
w
it
ho

ut
lo
ss

in
ac
cu

ra
cy
.
T
he

se
fe
at
ur
es

co
rr
es
po

nd
to

di
sc
ri
m
in
at
or
y
pi
xe
ls

in
th
e
pe

rs
is
te
nc

e
im

ag
es
.

F
ig
ur
e
11

sh
ow

s
lo
ca
ti
on

s
of

pi
xe
ls

in
th
e
ve
ct
or
iz
ed

P
Is

se
le
ct
ed

by
O
A
A

SS
V
M

th
at

di
sc
ri
m
in
at
e
ea
ch

cl
as
s
fr
om

al
lt
he

ot
he
rs
.
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P
er

sisten
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d
M

ed
io

n
i

(2
01

2)
,

b
ot

h
p
ro

p
os

in
g

a
p
p
ro

ac
h
es

v
er

y
si

m
il
a
r

to
ou

rs
.1

W
e

al
so

m
en

ti
on

th
e

m
u
lt

is
ca

le
,

sp
ec

tr
a
l-

fl
av

or
ed

al
go

ri
th

m
of

K
u
sh

n
ir

,
G

a
lu

n
,

a
n
d

B
ra

n
d
t

(2
00

6)
,

w
h
ic

h
is

al
so

b
as

ed
on

lo
ca

l
P

C
A

.
W

e
co

m
m

en
t

o
n

th
es

e
sp

ec
tr

a
l

m
et

h
o
d
s

1
.

T
h

e
p

re
se

n
t

p
a
p

er
w

a
s

in
d

ee
d

d
ev

el
o
p

ed
in

p
a
ra

ll
el

w
it

h
th

es
e

tw
o
,

fi
rs

t
a
s

a
sh

o
rt

v
er

si
o
n

su
b

m
it

te
d

to
IC

M
L

in
2
0
1
1
.

2
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S
p
e
c
t
r
a
l
C
l
u
st

e
r
in
g

B
a
se

d
o
n
L
o
c
a
l
P
C
A

in
m

o
re

d
eta

il
later

on
.

In
fact,

an
early

p
rop

osal
also

b
ased

on
lo

cal
P

C
A

ap
p

ears
in

th
e

litera
tu

re
o
n

su
b
sp

ace
clu

sterin
g

(F
an

et
al.,

2006)—
alth

ou
gh

th
e

n
eed

for
lo

calization
is

p
erh

a
p
s

less
in

tu
itive

in
th

is
settin

g
.

T
h
e

b
asic

p
rop

osition
of

lo
cal

P
C

A
com

b
in

ed
w

ith
sp

ectral
clu

sterin
g

h
as

tw
o

m
a
in

sta
g
es.

T
h
e

fi
rst

on
e

form
s

an
affi

n
ity

b
etw

een
a

p
air

of
d
ata

p
oin

ts
th

at
tak

es
in

to
accou

n
t

b
o
th

th
eir

E
u
clid

ean
d
istan

ce
an

d
a

m
easu

re
of

d
iscrep

an
cy

b
etw

een
th

eir
tan

gen
t

sp
aces.

E
a
ch

ta
n
g
en

t
sp

ace
is

estim
ated

b
y

P
C

A
in

a
lo

cal
n
eigh

b
orh

o
o
d

arou
n
d

each
p

oin
t.

T
h
e

seco
n
d

sta
g
e

a
p
p
lies

stan
d
ard

sp
ectral

clu
sterin

g
w

ith
th

is
affi

n
ity.

A
s

a
reality

ch
eck

,
th

is
relatively

sim
p
le

algorith
m

su
cceed

s
at

sep
aratin

g
th

e
straigh

t
clu

sters
in

F
igu

re
1
.

W
e

tested
o
u
r

a
lg

o
rith

m
in

m
ore

elab
orate

settin
gs,

som
e

of
th

em
d
escrib

ed
in

S
ection

4.

O
th

er
m

eth
o
d
s

w
ith

a
sp

ectral
com

p
on

en
t

in
clu

d
e

th
ose

of
P

olito
an

d
P

eron
a

(2001)
a
n
d

G
o
h

a
n
d

V
id

al
(2007),

w
h
ich

(rou
gh

ly
sp

eak
in

g)
em

b
ed

th
e

p
oin

ts
b
y

a
varia

n
t

of
L

L
E

(S
a
u
l
a
n
d

R
ow

eis,
2003)

an
d

th
en

grou
p

th
e

p
oin

ts
b
y

K
-m

ean
s

clu
sterin

g.
T

h
ere

is
also

th
e

m
eth

o
d

o
f

E
lh

a
m

ifar
an

d
V

id
al

(2011),
w

h
ich

ch
o
oses

th
e

n
eigh

b
orh

o
o
d

of
ea

ch
p

oin
t

b
y

co
m

p
u
tin

g
a

sp
arse

lin
ear

com
b
in

ation
o
f

th
e

rem
ain

in
g

p
oin

ts
follow

ed
b
y

an
ap

p
lication

o
f

th
e

sp
ectra

l
grap

h
p
artition

in
g

algorith
m

of
N

g
et

al.
(2002).

N
ote

th
at

th
ese

m
eth

o
d
s

w
o
rk

u
n
d
er

th
e

assu
m

p
tion

th
at

th
e

su
rfaces

d
o

n
ot

in
tersect.

B
esid

es
sp

ectral-ty
p

e
ap

p
roach

es
to

m
u
lti-m

an
ifold

clu
sterin

g,
oth

er
m

eth
o
d
s

ap
p

ear
in

th
e

litera
tu

re.
A

m
on

g
th

ese,
G

ion
is

et
al.

(20
05)

an
d

H
aro

et
al.

(2007
)

allow
for

in
ter-

sectin
g

su
rfa

ces
b
u
t

assu
m

e
th

at
th

ey
h
ave

d
iff

eren
t

in
trin

sic
d
im

en
sion

o
r

d
en

sity
—

an
d

th
e

p
ro

p
o
sed

m
eth

o
d
ology

is
en

tirely
b
ased

on
su

ch
assu

m
p
tion

s.
W

e
also

m
en

tion
th

e
K

-m
a
n
ifo

ld
m

eth
o
d

of
S
ou

ven
ir

an
d

P
less

(2005),
w

h
ich

p
rop

ose
an

E
M

-ty
p

e
a
lgorith

m
;

a
n
d

th
at

o
f

G
u
o

et
al.

(2007),
w

h
ich

p
rop

ose
to

m
in

im
ize

an
en

ergy
fu

n
ction

al
b
ased

on
p
a
irw

ise
d
ista

n
ces

an
d

lo
cal

cu
rvatu

res,
lead

in
g

to
a

com
b
in

atorial
op

tim
ization

.

O
u
r

co
n
trib

u
tion

is
th

e
d
esign

a
n
d

d
etailed

stu
d
y

of
a

p
rototy

p
ical

sp
ectral

clu
sterin

g
a
lg

o
rith

m
b
a
sed

on
lo

cal
P

C
A

,
tailored

to
settin

gs
w

h
ere

th
e

u
n
d
erly

in
g

clu
sters

com
e

from
sa

m
p
lin

g
in

th
e

v
icin

ity
of

sm
o
oth

su
rfaces

th
at

m
ay

in
tersect.

W
e

en
d
eavored

to
sim

p
lify

th
e

a
lg

o
rith

m
a
s

m
u
ch

as
p

ossib
le

w
ith

ou
t

sacrifi
cin

g
p

erform
an

ce.
W

e
p
rov

id
e

th
eoretical

resu
lts

fo
r

sim
p
ler

varian
ts

w
ith

in
a

stan
d
ard

m
ath

em
atical

fram
ew

ork
for

m
u
lti-m

an
ifold

clu
sterin

g
.

T
o

ou
r

k
n
ow

led
ge,

th
ese

are
th

e
fi
rst

m
ath

em
atically

b
acked

su
ccesses

at
th

e
ta

sk
o
f
reso

lv
in

g
in

tersection
s

in
th

e
co

n
tex

t
of

m
u
lti-m

a
n
ifold

clu
sterin

g,
w

ith
th

e
ex

cep
tion

o
f

(A
rias-C

a
stro

et
al.,

2011),
w

h
ere

th
e

corresp
on

d
in

g
algorith

m
is

sh
ow

n
to

su
cceed

at
sep

a
ra

tin
g

in
tersectin

g
cu

rv
es.

T
h
e

salien
t

featu
res

of
ou

r
algorith

m
are

illu
strated

v
ia

n
u
m

erica
l

ex
p

erim
en

ts.

T
h
e

rest
o
f

th
e

p
ap

er
is

organ
ized

as
follow

s.
In

S
ection

2,
w

e
in

tro
d
u
ce

ou
r

m
eth

o
d

in
va

rio
u
s

va
ria

n
ts.

In
S
ection

3,
w

e
an

aly
ze

th
e

sim
p
ler

varian
ts

in
a

stan
d
a
rd

m
ath

e-
m

atica
l

fra
m

ew
ork

for
m

u
lti-m

an
ifold

learn
in

g.
In

S
ection

4,
w

e
p

erform
som

e
n
u
m

erical
ex

p
erim

en
ts

illu
stratin

g
several

featu
res

of
ou

r
ap

p
roach

.
In

S
ection

5,
w

e
d
iscu

ss
p

ossib
le

ex
ten

sio
n
s.

2
.
T
h
e
M

e
th

o
d
o
lo
g
y

W
e

in
tro

d
u
ce

o
u
r

algorith
m

an
d

sim
p
ler

varian
ts

th
at

are
later

an
aly

zed
in

a
m

ath
em

atical
fra

m
ew

o
rk

.
W

e
start

w
ith

som
e

rev
iew

of
th

e
literatu

re,
zo

om
in

g
in

on
th

e
m

ost
closely

related
p
u
b
lica

tion
s.
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A
r
ia
s-C

a
st

r
o
,
L
e
r
m
a
n
,
a
n
d

Z
h
a
n
g

2
.1

S
o
m

e
P

re
c
e
d

e
n
ts

U
sin

g
lo

cal
P

C
A

w
ith

in
a

sp
ectral

clu
sterin

g
algorith

m
w

as
im

p
lem

en
ted

in
fou

r
oth

er
p
u
b
lication

s
w

e
k
n
ow

of
(G

old
b

erg
et

al.,
2009;

K
u
sh

n
ir

et
al.,

2006;
G

on
g

et
al.,

2012;
W

an
g

et
al.,

2011).
A

s
a

fi
rst

stage
in

th
eir

sem
i-su

p
erv

ised
learn

in
g

m
eth

o
d
,

G
old

b
erg,

Z
h
u
,

S
in

gh
,

X
u
,

an
d

N
ow

ak
(2009)

d
esign

a
sp

ectral
clu

sterin
g

algorith
m

.
T

h
e

m
eth

o
d

starts
b
y

su
b
sam

p
lin

g
th

e
d
ata

p
oin

ts,
ob

tain
in

g
‘cen

ters’
in

th
e

follow
in

g
w

ay.
D

raw
y
1

at
ran

d
om

from
th

e
d
ata

an
d

rem
ove

its
`-n

earest
n
eigh

b
ors

from
th

e
d
ata.

T
h
en

rep
eat

w
ith

th
e

rem
ain

in
g

d
ata,

ob
tain

in
g

cen
ters

y
1 ,y

2 ,....
L

et
C
i

d
en

ote
th

e
sam

p
le

covarian
ce

in
th

e
n
eigh

b
orh

o
o
d

of
y
i

m
ad

e
of

its
`-n

earest
n
eigh

b
ors.

A
n
m

-n
earest-n

eig
h
b

or
grap

h
is

th
en

d
efi

n
ed

on
th

e
cen

ters
in

term
s

of
th

e
M

ah
alan

ob
is

d
istan

ces.
E

x
p
licitly,

th
e

cen
ters

y
i

an
d
y
j

are
con

n
ected

in
th

e
grap

h
if
y
j

is
am

on
g

th
e
m

n
earest

n
eig

h
b

ors
of
y
i

in
M

ah
alan

ob
is

d
ista

n
ce

‖C
−
1
/
2

i
(y

i −
y
j )‖
,

(1)

or
v
ice-versa.

T
h
e

p
aram

eters
`

an
d
m

are
b

oth
ch

osen
of

ord
er

log
n

.
A

n
ex

istin
g

ed
ge

b
etw

een
y
i

an
d
y
j

is
th

en
w

eigh
ted

b
y

ex
p
(−
H

2ij /η
2),

w
h
ere

H
ij

d
en

otes
th

e
H

ellin
ger

d
istan

ce
b

etw
een

th
e

p
rob

ab
ility

d
istrib

u
tion

sN
(0
,C

i )
an

d
N

(0
,C

j ).
T

h
e

sp
ectral

grap
h

p
artition

in
g

algorith
m

of
N

g,
J
ord

an
,

a
n
d

W
eiss

(20
02)—

d
etailed

in
A

lgorith
m

1—
is

th
en

ap
p
lied

to
th

e
resu

ltin
g

affi
n
ity

m
atrix

,
w

ith
som

e
form

of
con

strain
ed

K
-m

ean
s.

W
e

n
ote

th
at

G
old

b
erg

et
al.

(2009)
evalu

ate
th

eir
m

eth
o
d

in
th

e
con

tex
t

of
sem

i-su
p

erv
ised

learn
in

g
w

h
ere

th
e

clu
sterin

g
rou

tin
e

is
on

ly
req

u
ired

to
retu

rn
su

b
clu

sters
of

actu
al

clu
sters.

In
p
articu

lar,
th

e
d
ata

p
oin

ts
oth

er
th

an
th

e
cen

ters
are

d
iscard

ed
.

N
ote

also
th

at
th

eir
evalu

ation
is

em
p
irical.

A
lg

o
rith

m
1

S
p

ectral
G

rap
h

P
artition

in
g

(N
g,

J
ord

an
,

an
d

W
eiss,

2002)

In
p

u
t:

A
ffi

n
ity

m
atrix

W
=

(W
ij ),

size
of

th
e

p
artition

K

S
te

p
s:

1
:

C
om

p
u
te
Z

=
(Z

ij )
accord

in
g

to
Z
ij

=
W
ij / √

∆
i ∆

j ,
w

ith
∆
i

:=
∑

nj=
1
W
ij .

2
:

E
x
tract

th
e

top
K

eigen
vectors

of
Z

.
3
:

R
en

orm
alize

each
row

of
th

e
resu

ltin
g
n
×
K

m
atrix

.
4
:

A
p
p
ly
K

-m
ean

s
to

th
e

row
vectors.

T
h
e

algorith
m

p
rop

osed
b
y

K
u
sh

n
ir,

G
a
lu

n
,

an
d

B
ran

d
t

(2006)
is

m
u
ltiscale

an
d

w
ork

s
b
y

coarsen
in

g
th

e
n
eigh

b
orh

o
o
d

grap
h

an
d

com
p
u
tin

g
sam

p
lin

g
d
en

sity
an

d
geom

etric
in

-
form

ation
in

ferred
alon

g
th

e
w

ay
su

ch
as

ob
tain

ed
v
ia

P
C

A
in

lo
cal

n
eigh

b
orh

o
o
d
s.

T
h
is

b
ottom

-u
p

fl
ow

is
th

en
follow

ed
b
y

a
top

-d
ow

n
p
ass,

an
d

th
e

tw
o

are
iterated

a
few

tim
es.

T
h
e

algorith
m

is
to

o
com

p
lex

to
b

e
d
escrib

ed
in

d
etail

h
ere,

an
d

p
rob

ab
ly

to
o

com
p
lex

to
b

e
an

aly
zed

m
ath

em
atically.

T
h
e

clu
sterin

g
m

eth
o
d
s

of
G

old
b

erg
et

al.
(2009)

an
d

ou
rs

can
b

e
seen

as
sim

p
ler

varian
ts

th
at

on
ly

go
b

o
ttom

u
p

an
d

coarsen
th

e
grap

h
on

ly
on

ce.
In

th
e

last
stag

es
of

w
ritin

g
th

is
p
ap

er,
w

e
learn

ed
of

th
e

w
ork

s
of

W
an

g,
J
ian

g,
W

u
,

an
d

Z
h
ou

(2011)
an

d
G

on
g,

Z
h
ao,

an
d

M
ed

ion
i

(2012),
w

h
o

p
rop

ose
algorith

m
s

very
sim

ilar
to

ou
r

A
lgorith

m
3

d
etailed

b
elow

.
N

ote
th

at
th

ese
p
u
b
lication

s
d
o

n
ot

p
rov

id
e

an
y

th
eoretical

gu
aran

tees
for

th
eir

m
eth

o
d
s,

w
h
ich

is
on

e
of

o
u
r

m
ain

con
trib

u
tion

s
h
ere.
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S
p
e
c
t
r
a
l
C
l
u
st

e
r
in
g

B
a
se

d
o
n
L
o
c
a
l
P
C
A

2
.2

O
u

r
A

lg
o
ri

th
m

s

W
e

n
ow

d
es

cr
ib

e
ou

r
m

et
h
o
d

an
d

p
ro

p
o
se

se
ve

ra
l

va
ri

an
ts

.
O

u
r

se
tt

in
g

is
st

a
n
d
ar

d
:

w
e

ob
se

rv
e

d
at

a
p

oi
n
ts
x
1
,.
..
,x

n
∈

R
D

th
at

w
e

as
su

m
e

w
er

e
sa

m
p
le

d
in

th
e

v
ic

in
it

y
of
K

sm
o
ot

h
su

rf
ac

es
em

b
ed

d
ed

in
R
D

.
T

h
e

se
tt

in
g

is
fo

rm
al

iz
ed

la
te

r
in

S
ec

ti
on

3.
1.

2
.2
.1

C
o
n
n
e
c
t
e
d

C
o
m
p
o
n
e
n
t
E
x
t
r
a
c
t
io
n
:
C
o
m
pa

r
in
g

L
o
c
a
l
C
o
v
a
r
ia
n
c
e
s

W
e

st
ar

t
w

it
h

ou
r

si
m

p
le

st
va

ri
an

t,
w

h
ic

h
is

al
so

th
e

m
os

t
n
at

u
ra

l.
T

h
e

m
et

h
o
d

d
ep

en
d
s

on
a

n
ei

gh
b

or
h
o
o
d

ra
d
iu

s
r
>

0,
a

sp
at

ia
l

sc
al

e
p
ar

am
et

er
ε
>

0
an

d
a

co
va

ri
an

ce
(r

el
at

iv
e)

sc
al

e
η
>

0.
F

or
a

ve
ct

or
x

,
‖x
‖

d
en

ot
es

it
s

E
u
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‖
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∈
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b
y

[n
]

th
e

se
t
{1
,.
..
,n
}.

G
iv

en
a

d
at

a
se

t
x
1
,.
..
,x

n
,

fo
r

an
y

p
oi

n
t
x
∈
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‖
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p
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ra
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>
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∈
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p
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.
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b
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.
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p
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b
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b
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b
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e

th
e

d
at

a
p

oi
n
ts

an
d

ed
ge

s
ar

e
fo

rm
ed

b
et

w
ee

n
tw

o
n
o
d
es

if
b

ot
h

th
e

d
is

ta
n
ce

b
et

w
ee

n
th

es
e

n
o
d
es

an
d

th
e

d
is

ta
n
ce

b
et

w
ee

n
th

e
lo

ca
l
co

va
ri

an
ce

st
ru

ct
u
re

s
at

th
es

e
n
o
d
es

a
re

su
ffi

ci
en

tl
y

sm
al

l
(S

te
p
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.
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p
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h
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n
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p
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e
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p
er

fo
rm

in
g

P
C

A
in

ea
ch

n
ei

gh
b

or
h
o
o
d

y
ie

ld
s

a
re

li
ab

le
es

ti
m

at
e

of
th
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b
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b
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p
li
n
g

d
en

si
ty

,
in

tr
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r
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p
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h
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p
ar

am
et

ri
za

ti
on

.
In

th
e

m
at

h
em

at
ic

al
fr

a
m

ew
o
rk

w
e

in
tr

o
d
u
ce

la
te

r
on

,
th

es
e

p
ar

am
et

er
s

ca
n

b
e

ch
os

en
au

to
m

at
ic

al
ly

as
d
on

e
in

(A
ri

a
s-

C
a
st

ro
et

al
.,

20
11

),
at

le
as

t
w

h
en

th
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p
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p
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p
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h
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p
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h
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w
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p
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p
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h
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is
m

et
h
o
d

w
or

k
s

in
si

m
p
le

si
tu

at
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b
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p
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b
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r
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b
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c
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e

d
ir

ec
ti

on
s

w
it

h
ei

g
en

va
lu

es
w

it
h
in

so
m

e
ra

n
g
e

of
th

e
la

rg
es

t
ei

ge
n
va

lu
e.

T
h
e

sa
m

e
st

ra
te

gy
is

u
se

d
b
y

K
u
sh

n
ir

et
a
l.

(2
0
0
6
),

b
u
t

w
it

h
a

d
iff

er
en

t
th

re
sh

ol
d
.

T
h
e

m
et

h
o
d

is
a

h
ar

d
ve

rs
io

n
of

w
h
at

w
e

im
p
le

m
en

te
d
,

w
h
ic

h
w

e
d
es

cr
ib

e
in

A
lg

or
it

h
m

4.

W
e

n
ot

e
th

at
n
ei

th
er

al
go

ri
th

m
in

cl
u
d
es

an
in

te
rs

ec
ti

on
-r

em
ov

al
st

ep
as

S
te

p
2

in
A

lg
o-

ri
th

m
2.

T
h
e

re
as

on
is

th
at

th
e

al
go

ri
th

m
s

w
or

k
w

it
h
ou

t
su

ch
a

st
ep

.
In

d
ee

d
,

w
e

sh
ow

in

6
JM

L
R

 1
8(

9)
:1

-5
7,

 2
01

7



S
p
e
c
t
r
a
l
C
l
u
st

e
r
in
g

B
a
se

d
o
n
L
o
c
a
l
P
C
A

A
lg

o
rith

m
3

C
on

n
ected

C
om

p
on

en
t

E
x
tractio

n
:

C
om

p
arin

g
P

ro
jection

s

In
p

u
t:

D
a
ta

p
o
in

ts
x
1 ,...,x

n
;

n
eigh

b
orh

o
o
d

rad
iu

s
r
>

0
,

sp
atial

scale
ε
>

0,
p
ro

jection
scale

η
>

0
.

S
te

p
s:

1
:

F
o
r

each
i∈

[n
],

com
p
u
te

th
e

sam
p
le

covarian
ce

m
atrix

C
i

of
N
r (x

i ).
2
:

C
om

p
u
te

th
e

p
ro

jection
Q
i

on
to

th
e

eigen
v
ectors

of
C
i

w
ith

corresp
o
n
d
in

g
eigen

valu
e

ex
ceed

in
g
√
η‖
C
i ‖

.
3
:

C
o
m

p
u
te

th
e

follow
in

g
affi

n
ities

b
etw

een
d
ata

p
oin

ts:

W
ij

=
1I{‖

x
i −

x
j ‖≤

ε} ·1I{‖
Q
i −

Q
j ‖≤

η} .
(3)

4
:

E
x
tra

ct
th

e
con

n
ected

com
p

on
en

ts
of

th
e

resu
ltin

g
grap

h
.

T
h
eo

rem
1

th
at

A
lgorith

m
3

is
ab

le
to

sep
arate

th
e

clu
sters—

th
e

on
ly

d
raw

b
ack

is
th

a
t

it
m

ay
p

o
ssib

ly
treat

th
e

in
tersection

of
tw

o
su

rfaces
as

a
clu

ster.
A

n
d

w
e

sh
ow

v
ia

n
u
m

erical
ex

p
erim

en
ts

in
S
ection

4
th

at
A

lgorith
m

4
p

erform
s

w
ell

in
a

n
u
m

b
er

of
situ

ation
s.

2
.2
.3

C
o
v
a
r
ia
n
c
e
s
o
r
P
r
o
je
c
t
io
n
s?

In
o
u
r

n
u
m

erical
ex

p
erim

en
ts,

w
e

tried
w

ork
in

g
b

oth
d
irectly

w
ith

covarian
ce

m
atrices

as
in

(2
)

a
n
d

w
ith

p
ro

jection
s

as
in

(3).
N

ote
th

at
in

ou
r

ex
p

erim
en

ts
w

e
u
sed

sp
ectral

gra
p
h

p
a
rtitio

n
in

g
w

ith
soft

version
s

of
th

ese
affi

n
ities,

as
d
escrib

ed
in

S
ection

2.2.4.
W

e
fo

u
n
d

w
o
rk

in
g

w
ith

p
ro

jection
s

to
b

e
m

ore
reliab

le.
T

h
e

p
rob

lem
com

es,
in

p
art,

fro
m

b
ou

n
d
a
ries.

W
h
en

a
su

rfa
ce

h
as

a
b

ou
n
d
ary,

lo
cal

covarian
ces

ov
er

n
eigh

b
orh

o
o
d
s

th
at

overlap
w

ith
th

e
b

o
u
n
d
a
ry

a
re

q
u
ite

d
iff

eren
t

from
lo

cal
covarian

ces
ov

er
n
earb

y
n
eigh

b
orh

o
o
d
s

th
at

d
o

n
ot

to
u
ch

th
e

b
o
u
n
d
ary.

C
on

sid
er

th
e

ex
am

p
le

of
tw

o
segm

en
ts,

S
1

an
d
S
2 ,

in
tersectin

g
at

an
a
n
g
le

o
f
θ
∈

(0,π
/2)

at
th

eir
m

id
d
le

p
oin

t,
sp

ecifi
cally

S
1

=
[−

1,1]×
{
0},

S
2

=
{
(x
,x

tan
θ)

:
x
∈

[−
cos

θ,cos
θ]}.

A
ssu

m
e

th
ere

is
n
o

n
oise

an
d

th
at

th
e

sam
p
lin

g
is

u
n
iform

.
A

ssu
m

e
r
∈

(0,
12

sin
θ)

so
th

a
t

th
e

d
isc

cen
tered

at
x
1

:=
(1/

2,0)
d
o
es

n
ot

in
tersect

S
2 ,

an
d

th
e

d
isc

cen
tered

at
x
2

:=
(
12

co
s
θ,

12
sin

θ)
d
o
es

n
ot

in
tersect

S
1 .

L
et
x
0

=
(1,0).

F
or
x
∈
S
1 ∪

S
2 ,

let
C

x

d
en

o
te

th
e

lo
ca

l
covarian

ce
at
x

over
a

b
all

of
rad

iu
s
r
<

12
sin

θ,
so

th
at

th
e

n
eigh

b
orh

o
o
d
s

o
f
x
0 ,x

1 ,x
2

a
re

“p
u
re”.

T
h
e

situ
ation

is
d
escrib

ed
in

F
igu

re
2.

S
im

p
le

ca
lcu

lation
s

y
ield

C
x
0

=
r
2

1
2

(
1

0
0

0 )
,
C

x
1

=
r
23

(
1

0
0

0 )
,
C

x
2

=
r
23

(
cos

2
θ

sin
(θ)

cos(θ)
sin

(θ)
cos(θ)

sin
2
θ

)
,

so
th

at

‖
C

x
0 −

C
x
1 ‖

=
r
24
,
‖
C

x
1 −

C
x
2 ‖

=
r
23

sin
θ.
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A
r
ia
s-C

a
st

r
o
,
L
e
r
m
a
n
,
a
n
d

Z
h
a
n
g

−
1.0

−
0.5

0.0
0.5

1.0

−1.0 −0.5 0.0 0.5 1.0

●
●

●

S
1

S
2

x
0

x
1

x
2

F
igu

re
2:

T
w

o
segm

en
ts

in
tersectin

g.
T

h
e

lo
cal

covarian
ces

(w
ith

in
th

e
d
isc

n
eigh

b
orh

o
o
d
s

d
raw

n
)

at
x
1

an
d
x
2

are
closer

th
an

th
e

lo
cal

covarian
ces

at
x
1

an
d
x
0 ,

even
th

ou
gh
x
0

an
d
x
1

are
on

th
e

sam
e

segm
en

t.

T
h
erefore,

w
h
en

sin
θ
≤

34
(rou

gh
ly,

θ
≤

48
o),

th
e

lo
cal

covaria
n
ces

at
x
0 ,x

1
∈
S
1

are
farth

er
(in

op
erator

n
orm

)
th

an
th

ose
at
x
1 ∈

S
1

an
d
x
2 ∈

S
2 .

A
s

for
p
ro

jection
s,

h
ow

ever,

Q
x
0

=
Q

x
1

=

(
1

0
0

0 )
,
Q

x
2

=

(
cos

2
θ

sin
(θ)

cos(θ)
sin

(θ)
cos(θ)

sin
2
θ

)
,

so
th

at
‖Q

x
0 −

Q
x
1 ‖

=
0,
‖Q

x
1 −

Q
x
2 ‖

=
√

2
sin

θ.

W
h
ile

in
th

eory
p

oin
ts

w
ith

in
d
istan

ce
r

from
th

e
b

ou
n
d
ary

accou
n
t

for
a

sm
all

p
o
rtion

of
th

e
sam

p
le,

in
p
ractice

th
is

is
n
ot

th
e

case,
at

least
n
ot

w
ith

th
e

sam
p
le

sizes
th

at
w

e
are

ab
le

to
rap

id
ly

p
ro

cess.
In

fact,
w

e
fi
n
d

th
at

sp
ectral

grap
h

p
artition

in
g

is
ch

allen
ged

b
y

h
av

in
g

p
oin

ts
n
ear

th
e

b
ou

n
d
ary

th
at

are
far

(in
affi

n
ity

)
from

n
earb

y
p

oin
ts

from
th

e
sam

e
clu

ster.
T

h
is

m
ay

ex
p
lain

w
h
y

th
e

(soft
version

of)
affi

n
ity

(3)
y
ield

s
b

etter
resu

lts
th

an
th

e
(soft

version
of)

affi
n
ity

(2)
in

ou
r

ex
p

erim
en

ts.

2
.2
.4

S
p
e
c
t
r
a
l
C
l
u
st

e
r
in
g

B
a
se

d
o
n
L
o
c
a
l
P
C
A

T
h
e

follow
in

g
varian

t
is

m
ore

rob
u
st

in
p
ractice

an
d

is
th

e
algorith

m
w

e
actu

ally
im

p
le-

m
en

ted
.

T
h
e

m
eth

o
d

assu
m

es
th

at
th

e
su

rfaces
are

o
f

sam
e

d
im

en
sion

d
an

d
th

at
th

ere
are

K
of

th
em

,
w

ith
b

oth
p
aram

eters
K

an
d
d

k
n
ow

n
.

W
e

n
ote

th
at
y
1 ,...,y

n
0

form
s

an
r-p

ack
in

g
of

th
e

d
ata.

T
h
e

u
n
d
erly

in
g

ratio
n
ale

for
th

is
coarsen

in
g

is
ju

stifi
ed

in
(G

old
b

erg
et

al.,
2009)

b
y

th
e

fact
th

at
th

e
covaria

n
ce

m
atrices,

an
d

also
th

e
top

p
rin

cip
al

d
irectio

n
s,

ch
an

ge
sm

o
oth

ly
w

ith
th

e
lo

cation
of

th
e

n
eigh

b
orh

o
o
d
,

so
th

at
w

ith
ou

t
su

b
sam

p
lin

g
th

ese
ch

aracteristics
w

ou
ld

n
ot

h
elp

d
etect

th
e

ab
ru

p
t

even
t

of
an

in
tersection

.
T

h
e

affi
n
ity

(4)
is

of
cou

rse
a

soft
version

of
(3).
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S
p
e
c
t
r
a
l
C
l
u
st

e
r
in
g

B
a
se

d
o
n
L
o
c
a
l
P
C
A

A
lg

o
ri

th
m

4
S
p

ec
tr

al
C

lu
st

er
in

g
B

as
ed

on
L

o
ca

l
P

C
A

In
p

u
t:

D
at

a
p

oi
n
ts
x
1
,.
..
,x

n
;

n
ei

gh
b

or
h
o
o
d

ra
d
iu

s
r
>

0;
sp

at
ia

l
sc

al
e
ε
>

0
,

p
ro

je
ct

io
n

sc
al

e
η
>

0;
in

tr
in

si
c

d
im

en
si

on
d
;

n
u
m

b
er

of
cl

u
st

er
s
K

.

S
te

p
s:

0
:

P
ic

k
on

e
p

oi
n
t
y
1

at
ra

n
d
om

fr
om

th
e

d
at

a.
P

ic
k

an
ot

h
er

p
oi

n
t
y
2

am
on

g
th

e
d
at

a
p

oi
n
ts

n
ot

in
cl

u
d
ed

in
N
r
(y

1
),

an
d

re
p

ea
t

th
e

p
ro

ce
ss

,
se

le
ct

in
g

ce
n
te

rs
y
1
,.
..
,y

n
0
.

1
:

F
or

ea
ch

i
=

1
,.
..
,n

0
,

co
m

p
u
te

th
e

sa
m

p
le

co
va

ri
an

ce
m

at
ri

x
C
i

of
N
r
(y

i)
.

L
et
Q
i

d
en

ot
e

th
e

or
th

og
on

al
p
ro

je
ct

io
n

on
to

th
e

sp
ac

e
sp

an
n
ed

b
y

th
e

to
p
d

ei
ge

n
ve

ct
or

s
o
f
C
i.

2
:

C
om

p
u
te

th
e

fo
ll
ow

in
g

affi
n
it

ie
s

b
et

w
ee

n
ce

n
te

r
p
ai

rs
:

W
ij

=
ex

p

(
−
‖y

i
−
y
j
‖2

ε2

)
·e

x
p

(
−
‖Q

i
−
Q
j
‖2

η
2

)
.

(4
)

3
:

A
p
p
ly

sp
ec

tr
al

gr
ap

h
p
ar

ti
ti

on
in

g
(A

lg
or

it
h
m

1)
to
W

.
4
:

T
h
e

d
at

a
p

oi
n
ts

ar
e

cl
u
st

er
ed

ac
co

rd
in

g
to

th
e

cl
os

es
t

ce
n
te

r
in

E
u
cl

id
ea

n
d
is

ta
n
ce

.

2
.2
.5

C
o
m
pa

r
is
o
n
w
it
h
C
l
o
se

ly
R
e
l
a
t
e
d

M
e
t
h
o
d
s

W
e

h
ig

h
li
gh

t
so

m
e

d
iff

er
en

ce
s

w
it

h
th

e
ot

h
er

p
ro

p
os

al
s

in
th

e
li
te

ra
tu

re
.

W
e

fi
rs

t
co

m
p
ar

e
ou

r
ap

p
ro

ac
h

to
th

at
of

G
ol

d
b

er
g

et
al

.
(2

00
9)

,
w

h
ic

h
w

as
ou

r
m

ai
n

in
sp

ir
a
ti

on
.

•
N

ei
gh

bo
rh

oo
d
s.

C
om

p
ar

in
g

w
it

h
G

ol
d
b

er
g

et
al

.
(2

00
9)

,
w

e
d
efi

n
e

n
ei

gh
b

o
rh

o
o
d
s

ov
er

r-
b
al

ls
in

st
ea

d
of
`-

n
ea

re
st

n
ei

gh
b

or
s,

an
d

co
n
n
ec

t
p

oi
n
ts

ov
er
ε-

b
a
ll
s

in
st

ea
d

of
m

-
n
ea

re
st

n
ei

gh
b

or
s.

T
h
is

ch
oi

ce
is

fo
r

co
n
ve

n
ie

n
ce

,
as

th
es

e
w

ay
s

ar
e

in
fa

ct
es

se
n
ti

a
ll
y

eq
u
iv

al
en

t
w

h
en

th
e

sa
m

p
li
n
g

d
en

si
ty

is
fa

ir
ly

u
n
if

or
m

.
T

h
is

is
el

ab
or

at
ed

a
t

le
n
gt

h
in

(M
ai

er
et

al
.,

20
09

;
B

ri
to

et
al

.,
19

97
;

A
ri

as
-C

as
tr

o,
20

11
).

•
M

a
h
a
la

n
o
bi

s
d
is

ta
n

ce
s.

G
ol

d
b

er
g

et
al

.
(2

00
9)

u
se

M
ah

al
a
n
ob

is
d
is

ta
n
ce

s
(1

)
b

et
w

ee
n

ce
n
te

rs
.

In
ou

r
v
er

si
on

,
w

e
co

u
ld

fo
r

ex
am

p
le

re
p
la

ce
th

e
E

u
cl

id
ea

n
d
is

ta
n
ce
‖x

i
−
x
j
‖

in
th

e
affi

n
it

y
(2

)
w

it
h

th
e

av
er

ag
e

M
ah

al
an

ob
is

d
is

ta
n
ce

‖C
−
1
/
2

i
(x

i
−
x
j
)‖

+
‖C
−
1
/
2

j
(x

j
−
x
i)
‖.

W
e

ac
tu

al
ly

tr
ie

d
th

is
an

d
fo

u
n
d

th
at

th
e

al
go

ri
th

m
w

as
le

ss
st

ab
le

,
p
ar

ti
cu

la
rl

y
u
n
d
er

lo
w

n
oi

se
.

In
tr

o
d
u
ci

n
g

a
re

gu
la

ri
za

ti
on

in
th

is
d
is

ta
n
ce

—
w

h
ic

h
re

q
u
ir

es
th

e
in

tr
o
d
u
ct

io
n

of
an

ot
h
er

p
ar

am
et

er
—

so
lv

es
th

is
p
ro

b
le

m
,

at
le

as
t

p
ar

ti
al

ly
.

T
h
at

sa
id

,
u
si

n
g

M
ah

al
an

ob
is

d
is

ta
n
ce

s
m

ak
es

th
e

p
ro

ce
d
u
re

le
ss

se
n
si

ti
ve

to
th

e
ch

oi
ce

of
ε,

in
th

at
n
ei

gh
b

or
h
o
o
d
s

m
ay

in
cl

u
d
e

p
oi

n
ts

fr
om

d
iff

er
en

t
cl

u
st

er
s.

T
h
in

k
of

tw
o

p
ar

al
le

l
li
n
e

se
gm

en
ts

se
p
ar

at
ed

b
y

a
d
is

ta
n
ce

of
δ,

an
d

as
su

m
e

th
er

e
is

n
o

n
oi

se
,

so
th

e
p

oi
n
ts

ar
e

sa
m

p
le

d
ex

ac
tl

y
fr

om
th

es
e

se
gm

en
ts

.
A

ss
u
m

in
g

an
in

fi
n
it

e
sa

m
p
le

si
ze

,
th

e
lo

ca
l
co

va
ri

an
ce

is
th

e
sa

m
e

ev
er

y
w

h
er

e
so

th
at

p
oi

n
ts

w
it

h
in

d
is

ta
n
ce

ε
ar

e
co

n
n
ec

te
d

b
y

th
e

affi
n
it

y
(2

).
H

en
ce

,
A

lg
or

it
h
m

2
re

q
u
ir

es
th

at
ε
<
δ.

In
te

rm
s

of
M

ah
al

an
ob

is
d
is

ta
n
ce

s,
p

oi
n
ts

on
d
iff

er
en

t
se

gm
en

ts
ar

e
in

fi
n
it

el
y

se
p
ar

at
ed

,
so

a
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d
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or
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w
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h

an
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>
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th
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se
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f
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es
an
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r
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si
tu

at
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ev

id
en
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ve
n

th
en
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th

e
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p
er
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rm

an
ce

is
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ot
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s

si
n
ce

w
e

on
ly

re
q
u
ir

e
th

at
ε

b
e

sl
ig

h
tl

y
la

rg
er

in
or

d
er

of
m

ag
n
it

u
d
e

th
an

r.

•
H

el
li

n
ge

r
d
is

ta
n

ce
s.

A
s

w
e

m
en

ti
on

ed
ea

rl
ie

r,
G

ol
d
b

er
g

et
al

.
(2

00
9)

u
se

H
el

li
n
g
er

d
is

-
ta

n
ce

s
of

th
e

p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
s
N

(0
,C

i)
an

d
N

(0
,C

j
)

to
co

m
p
a
re

co
va

ri
a
n
ce

m
at

ri
ce

s,
sp

ec
ifi

ca
ll
y

(
1
−

2
D
/
2

d
et

(C
iC

j
)1
/
4

d
et

(C
i
+
C
j
)1
/
2

)
1
/
2

,
(5

)

if
C
i

an
d
C
j

ar
e

fu
ll
-r

an
k
.

W
h
il
e

u
si

n
g

th
es

e
d
is

ta
n
ce

s
or

th
e

F
ro

b
en

iu
s

d
is

ta
n
ce

s
m

ak
es

li
tt

le
d
iff

er
en

ce
in

p
ra

ct
ic

e,
w

e
fi
n
d

it
ea

si
er

to
w

or
k

w
it

h
th

e
la

tt
er

w
h
en

it
co

m
es

to
p
ro

v
in

g
th

eo
re

ti
ca

l
gu

ar
an

te
es

.
M

or
eo

ve
r,

it
se

em
s

m
or

e
n
at

u
ra

l
to

a
ss

u
m

e
a

u
n
if

or
m

sa
m

p
li
n
g

d
is

tr
ib

u
ti

on
in

ea
ch

n
ei

gh
b

or
h
o
o
d

ra
th

er
th

an
a

n
or

m
a
l
d
is

tr
ib

u
ti

on
,

so
th

at
u
si

n
g

th
e

m
or

e
so

p
h
is

ti
ca

te
d

si
m

il
ar

it
y

(5
)

d
o
es

n
ot

se
em

ju
st

ifi
ed

.

•
K

-m
ea

n
s.

W
e

u
se

K
-m

ea
n
s+

+
fo

r
a

go
o
d

in
it

ia
li
za

ti
on

.
W

e
fo

u
n
d

th
a
t

th
e

m
o
re

so
p
h
is

ti
ca

te
d

si
ze

-c
on

st
ra

in
ed

K
-m

ea
n
s

(B
ra

d
le

y
et

al
.,

20
00

)
u
se

d
in

(G
o
ld

b
er

g
et

a
l.
,

20
09

)
d
id

n
ot

im
p
ro

ve
th

e
cl

u
st

er
in

g
re

su
lt

s.

A
s

w
e

m
en

ti
on

ed
ab

ov
e,

ou
r

w
or

k
w

as
d
ev

el
op

ed
in

p
ar

al
le

l
to

th
at

o
f

W
an

g
et

a
l.

(2
0
1
1)

an
d

G
on

g
et

al
.

(2
01

2)
.

W
e

h
ig

h
li
gh

t
so

m
e

d
iff

er
en

ce
s.

F
ir

st
,

th
er

e
is

n
o

su
b
sa

m
p
li
n
g
,

b
u
t

ra
th

er
,

th
e

lo
ca

l
ta

n
ge

n
t

sp
ac

e
is

es
ti

m
at

ed
at

ea
ch

d
at

a
p

oi
n
t
x
i.

W
an

g
et

a
l.

(2
0
1
1
)

fi
t

a
m

ix
tu

re
of
d
-d

im
en

si
on

al
affi

n
e

su
b
sp

ac
es

to
th

e
d
at

a
u
si

n
g

M
P

P
C

A
(T

ip
p
in

g
a
n
d

B
is

h
op

,
19

99
),

w
h
ic

h
is

th
en

u
se

d
to

es
ti

m
at

e
th

e
ta

n
ge

n
t

su
b
sp

ac
es

at
ea

ch
d
at

a
p

o
in

t.
G

o
n
g

et
al

.
(2

01
2)

d
ev

el
op

so
m

e
so

rt
of

ro
b
u
st

lo
ca

l
P

C
A

.
W

h
il
e

W
an

g
et

al
.

(2
0
1
1
)

a
ss

u
m

e
a
ll

su
rf

ac
es

ar
e

of
sa

m
e

d
im

en
si

on
k
n
ow

n
to

th
e

u
se

r,
G

on
g

et
a
l.

(2
01

2)
es

ti
m

a
te

th
a
t

lo
ca

ll
y

b
y

lo
ok

in
g

at
th

e
la

rg
es

t
ga

p
in

th
e

sp
ec

tr
u
m

of
es

ti
m

at
ed

lo
ca

l
co

va
ri

an
ce

m
a
tr

ix
.

T
h
is

is
si

m
il
ar

in
sp

ir
it

to
w

h
at

is
d
on

e
in

S
te

p
2

of
A

lg
or

it
h
m

3,
b
u
t

w
e

d
id

n
o
t

in
cl

u
d
e

th
is

st
ep

in
A

lg
or

it
h
m

4
b

ec
au

se
w

e
d
id

n
ot

fi
n
d

it
re

li
ab

le
in

p
ra

ct
ic

e.
W

e
al

so
tr

ie
d

es
ti

m
a
ti

n
g

th
e

lo
ca

l
d
im

en
si

on
al

it
y

u
si

n
g

th
e

m
et

h
o
d

of
L

it
tl

e
et

al
.

(2
00

9)
,

b
u
t

th
is

fa
il
ed

in
th

e
m

o
st

co
m

p
le

x
ca

se
s.

W
an

g
et

al
.

(2
01

1)
u
se

a
n
ea

re
st

-n
ei

gh
b

o
r

gr
ap

h
an

d
th

ei
r

affi
n
it

y
is

d
efi

n
ed

a
s

W
ij

=
∆
ij
·(

d ∏ s=
1

co
s
θ s

(i
,j

))
α

,

w
h
er

e
∆
ij

=
1

if
x
i

is
am

on
g

th
e
`-

n
ea

re
st

n
ei

gh
b

or
s

of
x
j
,

or
v
ic

e
ve

rs
a,

w
h
il
e

∆
ij

=
0

ot
h
er

w
is

e;
θ 1

(i
,j

)
≥
··
·≥

θ d
(i
,j

)
ar

e
th

e
p
ri

n
ci

p
al

(a
.k

.a
.,

ca
n
on

ic
al

)
an

gl
es

(S
te

w
a
rt

a
n
d

S
u
n
,

19
90

)
b

et
w

ee
n

th
e

es
ti

m
at

ed
ta

n
ge

n
t

su
b
sp

ac
es

at
x
i

a
n
d
x
j
.
`

an
d
α

a
re

p
a
ra

m
et

er
s

of
th

e
m

et
h
o
d
.

G
on

g
et

al
.
(2

01
2)

d
efi

n
e

an
affi

n
it

y
th

at
in

co
rp

or
at

es
th

e
se

lf
-t

u
n
in

g
m

et
h
o
d

of
Z

el
n
ik

-M
an

or
an

d
P

er
on

a
(2

00
5)

;
in

ou
r

n
ot

at
io

n
,

th
ei

r
affi

n
it

y
is

ex
p

( −
‖x

i
−
x
j
‖2

ε i
ε j

)
·e

x
p

(
−

(s
in
−
1
(‖
Q
i
−
Q
j
‖)

)2

η
2
‖x

i
−
x
j
‖2
/
(ε
iε
j
)

)
.
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S
p
e
c
t
r
a
l
C
l
u
st

e
r
in
g

B
a
se

d
o
n
L
o
c
a
l
P
C
A

w
h
ere

ε
i

is
th

e
d
istan

ce
from

x
i

to
its

`-n
earest

n
eigh

b
o
r.
`

is
a

p
aram

eter.
A

lth
o
u
g
h

w
e

d
o

n
ot

an
aly

ze
th

eir
resp

ective
w

ay
s

of
estim

atin
g

th
e

tan
gen

t
su

b
sp

aces,
o
u
r

a
n
aly

sis
p
rov

id
es

essen
tial

in
sigh

ts
in

to
th

eir
m

eth
o
d
s,

an
d

for
th

at
m

atter,
an

y
oth

er
m

eth
o
d

b
u
ilt

o
n

sp
ectral

clu
sterin

g
b
ased

on
tan

g
en

t
su

b
sp

ace
com

p
arison

s.

3
.
M

a
th

e
m
a
tica

l
A
n
a
ly
sis

W
h
ile

th
e

a
n
a
ly

sis
of

A
lgorith

m
4

seem
s

w
ith

in
reach

,
th

ere
are

som
e

com
p
lication

s
d
u
e

to
th

e
fa

ct
th

a
t

p
o
in

ts
n
ear

th
e

in
tersection

m
ay

form
a

clu
ster

of
th

eir
ow

n
—

w
e

w
ere

n
ot

ab
le

to
d
isca

rd
th

is
p

ossib
ility.

In
stead

,
w

e
stu

d
y

th
e

sim
p
ler

varian
ts

d
escrib

ed
in

A
lgo

rith
m

2
a
n
d

A
lgo

rith
m

3.
E

ven
th

en
,

th
e

argu
m

en
ts

are
rath

er
com

p
lex

a
n
d

in
terestin

gly
in

v
olved

.
T

h
e

th
eo

retical
gu

aran
tees

th
at

w
e

ob
tain

for
th

ese
varian

ts
are

stated
in

T
h
eo

rem
1

an
d

p
roved

in
S
ection

6.
W

e
com

m
en

t
on

th
e

an
aly

sis
of

A
lgorith

m
4

rig
h
t

after
th

at.
W

e
n
ote

th
a
t

th
ere

a
re

very
few

th
eoretical

resu
lts

o
n

resolv
in

g
in

tersectin
g

m
an

ifold
s—

in
fact,

w
e

are
o
n
ly

aw
a
re

o
f

(A
rias-C

astro
et

al.,
2011)

(u
n
d
er

severe
restriction

s
on

th
e

d
im

en
sio

n
of

th
e

in
tersectio

n
).

S
om

e
su

ch
resu

lts
h
ave

b
een

estab
lish

ed
for

a
n
u
m

b
er

of
m

eth
o
d
s

for
su

b
sp

ace
clu

sterin
g

(a
ffi

n
e

su
rfaces),

for
ex

am
p
le,

in
(C

h
en

a
n
d

L
erm

an
,

2009b
;

S
o
lta

n
olkotab

i
an

d
C

a
n
d
ès,

2
0
1
2;

S
oltan

olkotab
i

et
al.,

2
014;

W
an

g
an

d
X

u
,

2013;
H

eckel
an

d
B

ölcskei,
2013;

T
sa

k
iris

a
n
d

V
id

al,
2015;

M
a

et
al.,

2008).
T

h
e

g
en

era
tive

m
o
d
el

w
e

assu
m

e
is

a
n
atu

ral
m

ath
em

atical
fram

ew
ork

for
m

u
lti-m

an
ifold

lea
rn

in
g

w
h
ere

p
oin

ts
are

sam
p
led

in
th

e
v
icin

ity
of

sm
o
oth

su
rfaces

em
b

ed
d
ed

in
E

u
clid

ean
sp

a
ce.

F
o
r

co
n
creten

ess
an

d
ease

of
ex

p
osition

,
w

e
fo

cu
s

on
th

e
situ

ation
w

h
ere

tw
o

su
rfaces

(i.e.,
K

=
2
)

of
sam

e
d
im

en
sion

1
≤
d
≤
D

in
tersect.

T
h
is

sp
ecial

situ
a
tion

alread
y

co
n
ta

in
s

a
ll

th
e

geom
etric

in
tricacies

of
sep

a
ratin

g
in

tersectin
g

clu
sters.

O
n

th
e

on
e

h
an

d
,

clu
sters

o
f

d
iff

eren
t

in
trin

sic
d
im

en
sion

m
ay

b
e

sep
arated

w
ith

an
accu

rate
estim

ation
of

th
e

lo
ca

l
in

trin
sic

d
im

en
sion

w
ith

ou
t

fu
rth

er
geom

etry
in

volv
ed

(H
aro

et
al.,

2007).
O

n
th

e
o
th

er
h
a
n
d
,

m
ore

com
p
lex

in
tersection

s
(3-w

ay
an

d
h
igh

er)
co

m
p
licate

th
e

situ
ation

w
ith

o
u
t

o
ff

erin
g

tru
ly

n
ew

ch
allen

ges.
F

or
sim

p
licity

of
ex

p
osition

,
w

e
a
ssu

m
e

th
at

th
e

su
rfa

ces
a
re

su
b
m

an
ifold

s
w

ith
ou

t
b

ou
n
d
ary,

th
ou

gh
it

w
ill

b
e

clear
from

th
e

an
aly

sis
(an

d
th

e
ex

p
erim

en
ts)

th
at

th
e

m
eth

o
d

can
h
an

d
le

su
rfaces

w
ith

(sm
o
oth

)
b

ou
n
d
aries

th
at

m
ay

self-in
tersect.

W
e

d
iscu

ss
oth

er
p

ossib
le

ex
ten

sion
s

in
S
ection

5.
W

ith
in

th
a
t

fram
ew

ork
,

w
e

sh
ow

th
at

A
lgorith

m
2

an
d

A
lgorith

m
3

are
ab

le
to

id
en

tify
th

e
clu

sters
a
ccu

rately
ex

cep
t

for
p

oin
ts

n
ear

th
e

in
tersection

.
S
p

ecifi
cally,

w
ith

h
igh

p
rob

-
a
b
ility

w
ith

resp
ect

to
th

e
sam

p
lin

g
d
istrib

u
tion

,
A

lgorith
m

2
d
iv

id
es

th
e

d
ata

p
oin

ts
in

to
tw

o
g
ro

u
p
s

su
ch

th
at,

ex
cep

t
for

p
oin

ts
w

ith
in

d
istan

ce
C
ε

of
th

e
in

tersection
,

all
p

oin
ts

fro
m

th
e

fi
rst

clu
ster

are
in

on
e

grou
p

an
d

all
p

oin
ts

from
th

e
secon

d
clu

ster
are

in
th

e
o
th

er
g
ro

u
p
.

T
h
e

con
stan

t
C

d
ep

en
d
s

on
th

e
su

rfaces,
in

clu
d
in

g
th

eir
cu

rvatu
res,

sep
ara-

tio
n

b
etw

een
th

em
an

d
in

tersection
an

gle.
T

h
e

situ
ation

for
A

lgorith
m

3
is

m
ore

co
m

p
lex

,
a
s

it
m

ay
retu

rn
m

ore
th

an
tw

o
clu

sters,
b
u
t

m
ost

o
f

th
e

tw
o

clu
sters

(again
,

aw
ay

from
th

e
in

tersectio
n
)

are
in

sep
arate

con
n
ected

com
p

on
en

ts.

3
.1

G
e
n

e
ra

tiv
e

M
o
d

e
l

E
a
ch

su
rfa

ce
w

e
con

sid
er

is
a

con
n
ected

,
C

2
an

d
com

p
act

su
b
m

an
ifold

w
ith

ou
t

b
ou

n
d
ary

a
n
d

o
f

d
im

en
sion

d
em

b
ed

d
ed

in
R
D

.
A

n
y

su
ch

su
rface

h
as

a
p

ositiv
e

reach
,

w
h
ich

is
w

h
at

w
e

u
se

to
q
u
a
n
tify

sm
o
oth

n
ess.

T
h
e

n
otion

of
reach

w
as

in
tro

d
u
ced

b
y

F
ed

erer
(1959).
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A
r
ia
s-C

a
st

r
o
,
L
e
r
m
a
n
,
a
n
d

Z
h
a
n
g

In
tu

itively,
a

su
rface

h
as

reach
ex

ceed
in

g
r

if
an

d
on

ly
if

on
e

can
roll

a
b
all

of
rad

iu
s
r

on
th

e
su

rface
w

ith
ou

t
ob

stru
ction

(W
alth

er,
1997;

C
u
evas

et
al.,

2012).
F

orm
ally,

for
x
∈
R
D

an
d
S
⊂

R
D

,
let

d
ist(x

,S
)

=
in

f
s∈
S ‖
x
−
s‖,

an
d

B
(S
,r)

=
{
x

:
d
ist(x

,S
)
<
r}
,

w
h
ich

is
often

called
th

e
r-tu

b
u
lar

n
eigh

b
orh

o
o
d

(or
r-n

eigh
b

orh
o
o
d
)

of
S

.
T

h
e

reach
of

S
is

th
e

su
p
rem

u
m

over
r
>

0
su

ch
th

at,
for

each
x
∈
B

(S
,r),

th
ere

is
a

u
n
iq

u
e

p
oin

t
in

S
n
earest

x
.

It
is

w
ell-k

n
ow

n
th

at,
for

C
2

su
b
m

an
ifold

s,
th

e
reach

b
o
u
n
d
s

th
e

rad
iu

s
of

cu
rvatu

re
from

b
elow

(F
ed

erer,
1959,

L
em

.
4.17).

F
or

su
b
m

an
ifold

s
w

ith
ou

t
b

ou
n
d
aries,

th
e

reach
coin

cid
es

w
ith

th
e

con
d
ition

n
u
m

b
er

in
tro

d
u
ced

in
(N

iyogi
et

al.,
20

08).
W

h
en

tw
o

su
rfaces

S
1

an
d
S
2

in
tersect,

m
ean

in
g
S
1 ∩

S
2 6=
∅
,

w
e

d
efi

n
e

th
eir

in
cid

en
ce

an
gle

as
θ(S

1 ,S
2 )

:=
in

f {
θ
m
in (T

S
1 (s

),T
S
2 (s

))
:
s
∈
S
1 ∩

S
2 }
,

(6)

w
h
ere

T
S

(s
)

d
en

ote
th

e
tan

gen
t

su
b
sp

ace
of

su
b
m

an
ifold

S
at

p
oin

t
s
∈
S

,
an

d
θ
m
in (T

1 ,T
2 )

is
th

e
sm

allest
n

o
n

zero
p
rin

cip
al

(a.k
.a.,

can
on

ica
l)

an
gle

b
etw

een
su

b
sp

a
ces

T
1

an
d
T
2

(S
tew

-
art

an
d

S
u
n
,

1990).
T

h
e

clu
sters

are
gen

erated
as

follow
s.

E
ach

d
ata

p
oin

t
x
i

is
d
raw

n
accord

in
g

to

x
i

=
s
i
+
z
i ,

(7)

w
h
ere

s
i

is
d
raw

n
from

th
e

u
n
iform

d
istrib

u
tion

over
S
1 ∪

S
2

an
d
z
i

is
an

ad
d
itive

n
oise

term
satisfy

in
g
‖
z
i ‖
≤
τ
—

th
u
s
τ

rep
resen

ts
th

e
n
oise

or
jitter

level.
W

h
en
τ

=
0

th
e

p
oin

ts
are

sam
p
led

ex
actly

on
th

e
su

rfaces.
W

e
assu

m
e

th
e

p
oin

ts
are

sam
p
led

in
d
ep

en
d
en

tly
of

each
oth

er.
W

e
let

I
k

=
{
i

:
s
i ∈

S
k }
,

an
d

th
e

goal
is

to
recover

th
e

grou
p
s
I
1

an
d
I
2 ,

u
p

to
som

e
errors.

3
.2

P
e
rfo

rm
a
n

c
e

G
u

a
ra

n
te

e
s

W
e

state
som

e
p

erform
an

ce
gu

aran
tees

for
A

lgorith
m

2
an

d
A

lgorith
m

3.

T
h

e
o
re

m
1
.

C
o
n

sid
er

tw
o

co
n

n
ected

,
co

m
pa

ct,
tw

ice
co

n
tin

u
o
u

sly
d
iff

eren
tia

ble
su

bm
a
n

i-
fo

ld
s

w
ith

o
u

t
bo

u
n

d
a
ry,

o
f

sa
m

e
d
im

en
sio

n
d

,
in

tersectin
g

a
t

a
strictly

po
sitive

a
n

gle,
w

ith
th

e
in

tersectio
n

set
h
a
vin

g
strictly

po
sitive

rea
ch

.
A

ssu
m

e
th

e
pa

ra
m

eters
a
re

set
so

th
a
t

τ
≤
rη
/C
,

r≤
ε/C

,
ε≤

η
/C
,

η
≤

1/C
,

(8)

fo
r

a
la

rge-en
o
u

gh
co

n
sta

n
t
C
≥

1
th

a
t

d
epen

d
s

o
n

th
e

co
n

fi
gu

ra
tio

n
.

T
h
en

w
ith

p
ro

ba
bility

a
t

lea
st

1−
C
n

ex
p [−

n
r
dη

2/C
]:

•
A

lgo
rith

m
2

retu
rn

s
exa

ctly
tw

o
gro

u
p
s

su
ch

th
a
t

tw
o

po
in

ts
fro

m
d
iff

eren
t

clu
sters

a
re

n
o
t

gro
u

ped
togeth

er
u

n
less

o
n

e
o
f

th
em

is
w

ith
in

d
ista

n
ce
C
r

fro
m

th
e

in
tersectio

n
.

•
A

lgo
rith

m
3

retu
rn

s
a
t

lea
st

tw
o

gro
u

p
s,

a
n

d
su

ch
th

a
t

tw
o

po
in

ts
fro

m
d
iff

eren
t

clu
sters

a
re

n
o
t

gro
u

ped
togeth

er
u

n
less

o
n

e
o
f

th
em

is
w

ith
in

d
ista

n
ce
C
r

fro
m

th
e

in
tersectio

n
.

12
JM

L
R

 18(9):1-57, 2017



S
p
e
c
t
r
a
l
C
l
u
st

e
r
in
g

B
a
se

d
o
n
L
o
c
a
l
P
C
A

T
h
u
s,

as
lo

n
g

as
,

(8
)

is
sa

ti
sfi

ed
,

th
e

al
go

ri
th

m
s

h
av

e
th

e
ab

ov
e

p
ro

p
er

ti
es

w
it

h
h
ig

h
p
ro

b
ab

il
it

y
w

h
en

rd
η
2
≥
C
′ l

og
n
/n

,
w

h
er

e
C
′
>
C

is
fi
x
ed

.
In

p
ar

ti
cu

la
r,

w
e

m
ay

ch
o
os

e
η
�

1
an

d
ε
�
r
�
τ
∨

(l
og

(n
)/
n

)1
/
d
,

w
h
ic

h
li
gh

te
n
s

th
e

co
m

p
u
ta

ti
on

al
b
u
rd

en
.

W
e

n
ot

e
th

at
,
w

h
il
e

th
e

co
n
st

an
t
C
>

0
d
o
es

n
o
t

d
ep

en
d

on
th

e
sa

m
p
le

si
ze
n

,
it

d
ep

en
d
s

in
so

m
ew

h
at

co
m

p
li
ca

te
d

w
ay

s
on

ch
ar

ac
te

ri
st

ic
s

of
th

e
su

rf
ac

es
an

d
th

ei
r

p
os

it
io

n
re

la
ti

ve
to

ea
ch

ot
h
er

,
su

ch
as

th
ei

r
re

ac
h

an
d

in
te

rs
ec

ti
on

an
gl

e,
b
u
t

al
so

as
p

ec
ts

th
at

ar
e

h
ar

d
er

to
q
u
an

ti
fy

,
li
ke

th
ei

r
se

p
ar

at
io

n
aw

ay
fr

om
th

ei
r

in
te

rs
ec

ti
on

.
W

e
n
ot

e,
h
ow

ev
er

,
th

at
it

b
eh

av
es

as
ex

p
ec

te
d
:
C

is
in

d
ee

d
d
ec

re
as

in
g

in
th

e
re

ac
h

an
d

th
e

in
te

rs
ec

ti
on

an
g
le

,
an

d
in

cr
ea

si
n
g

in
th

e
in

tr
in

si
c

d
im

en
si

on
s

of
th

e
su

rf
ac

es
,

fo
r

ex
am

p
le

.

T
h
e

al
go

ri
th

m
s

m
ay

m
ak

e
cl

u
st

er
in

g
m

is
ta

k
es

w
it

h
in

d
is

ta
n
ce
C
r

of
th

e
in

te
rs

ec
ti

on
,

w
h
er

e
C
r
�
τ
∨

(l
og

(n
)/
n

)1
/
d

w
it

h
th

e
ch

oi
ce

of
p
ar

am
et

er
s

ju
st

d
es

cr
ib

ed
.

W
h
et

h
er

th
is

is
op

ti
m

al
in

th
e

n
on

p
ar

am
et

ri
c

se
tt

in
g

th
at

w
e

co
n
si

d
er

—
fo

r
ex

am
p
le

,
in

a
m

in
im

ax
se

n
se

—
w

e
d
o

n
ot

k
n
ow

.

W
e

n
ow

co
m

m
en

t
on

th
e

ch
al

le
n
ge

of
p
ro

v
in

g
a

si
m

il
ar

re
su

lt
fo

r
A

lg
or

it
h
m

4.
T

h
is

al
go

ri
th

m
re

li
es

on
k
n
ow

le
d
ge

of
th

e
in

tr
in

si
c

d
im

en
si

on
of

th
e

su
rf

ac
es
d

an
d

th
e

n
u
m

b
er

of
cl

u
st

er
s

(h
er

e
K

=
2)

,
b
u
t

th
es

e
m

ay
b

e
es

ti
m

at
ed

as
in

(A
ri

as
-C

as
tr

o
et

al
.,

20
11

),
at

le
as

t
in

th
eo

ry
,
so

w
e

as
su

m
e

th
es

e
p
ar

am
et

er
s

a
re

k
n
ow

n
.

T
h
e

su
b
sa

m
p
li
n
g

d
on

e
in

S
te

p
0

d
o
es

n
ot

p
os

e
an

y
p
ro

b
le

m
w

h
at

so
ev

er
,

si
n
ce

th
e

ce
n
te

rs
ar

e
w

el
l-

sp
re

ad
w

h
en

th
e

p
oi

n
ts

th
em

se
lv

es
ar

e.
T

h
e

d
iffi

cu
lt

y
re

si
d
es

in
th

e
ap

p
li
ca

ti
on

of
th

e
sp

ec
tr

al
gr

ap
h

p
ar

ti
ti

on
in

g,
A

lg
o
ri

th
m

1.
If

w
e

w
er

e
to

in
cl

u
d
e

th
e

in
te

rs
ec

ti
on

-r
em

ov
al

st
ep

(S
te

p
2

of
A

lg
or

it
h
m

2)
b

ef
o
re

ap
p
ly

in
g

sp
ec

tr
al

gr
ap

h
p
ar

ti
ti

on
in

g,
th

en
a

si
m

p
le

ad
ap

ta
ti

on
of

ar
gu

m
en

ts
in

(A
ri

as
-C

as
tr

o,
20

11
)

w
ou

ld
su

ffi
ce

.
T

h
e

re
al

d
iffi

cu
lt

y,
an

d
p

o
te

n
ti

al
p
it

fa
ll

of
th

e
m

et
h
o
d

in
th

is
fr

am
ew

or
k

(w
it

h
ou

t
th

e
in

te
rs

ec
ti

on
-r

em
ov

al
st

ep
),

is
th

at
th

e
p

o
in

ts
n
ea

r
th

e
in

te
rs

ec
ti

on
m

ay
fo

rm
th

ei
r

ow
n

cl
u
st

er
.

F
or

ex
am

p
le

,
in

th
e

si
m

p
le

st
ca

se
of

tw
o

affi
n
e

su
rf

ac
es

in
te

rs
ec

ti
n
g

at
a

p
os

it
iv

e
an

gl
e

an
d

n
o

sa
m

p
li
n
g

n
oi

se
,
th

e
p
ro

je
ct

io
n

m
at

ri
x

at
a

p
oi

n
t

n
ea

r
th

e
in

te
rs

ec
ti

on
—

m
ea

n
in

g
a

p
oi

n
t

w
h
os

e
r-

b
al

l
co

n
ta

in
s

a
su

b
st

an
ti

al
p
ie

ce
of

b
ot

h
su

rf
ac

es
—

w
ou

ld
b

e
th

e
p
ro

je
ct

io
n

m
at

ri
x

on
to

S
1

+
S
2

se
en

as
a

li
n
ea

r
su

b
sp

ac
e.

W
e

w
er

e
n
o
t

ab
le

to
d
is

ca
rd

th
is

p
os

si
b
il
it

y,
al

th
ou

gh
w

e
d
o

n
ot

ob
se

rv
e

th
is

h
ap

p
en

in
g

in
p
ra

ct
ic

e.
A

p
os

si
b
le

re
m

ed
y

is
to

co
n
st

ra
in

th
e

K
-m

ea
n
s

p
ar

t
to

o
n
ly

re
tu

rn
la

rg
e-

en
ou

gh
cl

u
st

er
s.

H
ow

ev
er

,
a

p
ro

p
er

an
al

y
si

s
of

th
is

w
ou

ld
re

q
u
ir

e
a

su
b
st

an
ti

al
am

ou
n
t

of
ad

d
it

io
n
al

w
or

k
an

d
w

e
d
id

n
ot

en
ga

ge
se

ri
ou

sl
y

in
th

is
p
u
rs

u
it

.

4
.
N
u
m
e
ri
ca

l
E
x
p
e
ri
m
e
n
ts

4
.1

S
o
m

e
Il

lu
st

ra
ti

v
e

E
x
a
m

p
le

s

W
e

st
ar

te
d

b
y

ap
p
ly

in
g

ou
r

m
et

h
o
d
2

on
a

fe
w

ar
ti

fi
ci

al
ex

am
p
le

s
to

il
lu

st
ra

te
th

e
th

eo
ry

.
A

s
w

e
ar

gu
ed

ea
rl

ie
r,

th
e

m
et

h
o
d
s

of
W

an
g

et
al

.
(2

01
1)

an
d

G
o
n
g

et
al

.
(2

01
2)

ar
e

q
u
it

e
si

m
il
ar

to
ou

rs
,

an
d

w
e

en
co

u
ra

ge
th

e
re

ad
er

to
al

so
lo

ok
at

th
e

n
u
m

er
ic

al
ex

p
er

im
en

ts
th

ey
p

er
fo

rm
ed

.
O

u
r

n
u
m

er
ic

al
ex

p
er

im
en

ts
sh

ou
ld

b
e

re
ga

rd
ed

as
a

p
ro

of
of

co
n
ce

p
t,

on
ly

h
er

e
to

sh
ow

th
at

ou
r

m
et

h
o
d

ca
n

b
e

im
p
le

m
en

te
d

an
d

w
or

k
s

on
so

m
e

st
y
li
ze

d
ex

a
m

p
le

s.

In
al

l
ex

p
er

im
en

ts
,

th
e

n
u
m

b
er

of
cl

u
st

er
s
K

an
d

th
e

d
im

en
si

on
of

th
e

m
an

if
ol

d
s
d

ar
e

as
su

m
ed

k
n
ow

n
.

W
e

ch
o
os

e
th

e
sp

at
ia

l
sc

al
e
ε

an
d

th
e

p
ro

je
ct

io
n

sc
al

e
η

au
to

m
at

ic
al

ly
as

2
.

T
h

e
co

d
e

is
av

a
il

a
b

le
o
n

li
n

e
a
t
h
t
t
p
s
:
/
/
m
a
t
h
.
c
o
s
.
u
c
f
.
e
d
u
/
t
e
n
g
z
.

1
3

JM
L

R
 1

8(
9)

:1
-5

7,
 2

01
7

A
r
ia
s-
C
a
st

r
o
,
L
e
r
m
a
n
,
a
n
d

Z
h
a
n
g

fo
ll
ow

s:
w

e
le

t
ε

=
m

ax
1
≤
i≤
n
0

m
in

j6=
i
‖y

i
−
y
j
‖,

(9
)

an
d

η
=

m
ed

ia
n

(i
,j
):
‖y
i
−
y
j
‖<
ε
‖Q

i
−
Q
j
‖.

H
er

e,
w

e
im

p
li
ci

tl
y

as
su

m
e

th
at

th
e

u
n
io

n
of

al
l

th
e

u
n
d
er

ly
in

g
su

rf
ac

es
fo

rm
s

a
co

n
n
ec

te
d

se
t.

In
th

at
ca

se
,

th
e

id
ea

b
eh

in
d

ch
o
os

in
g
ε

as
in

(9
)

is
th

at
w

e
w

an
t

th
e
ε-

g
ra

p
h

o
n

th
e

ce
n
te

rs
y
1
,.
..
,y

n
to

b
e

co
n
n
ec

te
d
.

T
h
en

η
is

ch
os

en
so

th
at

a
ce

n
te

r
y
i

re
m

a
in

s
co

n
n
ec

te
d

in
th

e
(ε
,η

)-
gr

ap
h

to
m

os
t

of
it

s
n
ei

gh
b

or
s

in
th

e
ε-

gr
ap

h
.

T
h
e

n
ei

gh
b

or
h
o
o
d

ra
d
iu

s
r

is
ch

os
en

b
y

h
an

d
fo

r
ea

ch
si

tu
at

io
n
.

A
lt

h
o
u
g
h

w
e

d
o

n
o
t

k
n
ow

h
ow

to
ch

o
os

e
r

au
to

m
at

ic
al

ly
,

th
er

e
ar

e
so

m
e

ge
n
er

al
ad

h
o
c

gu
id

el
in

es
.

W
h
en

r
is

to
o

la
rg

e,
th

e
lo

ca
l

li
n
ea

r
ap

p
ro

x
im

at
io

n
to

th
e

u
n
d
er

ly
in

g
su

rf
ac

es
m

ay
n
o
t

h
o
ld

in
n
ei

gh
b

or
h
o
o
d
s

of
ra

d
iu

s
r,

re
su

lt
in

g
in

lo
ca

l
P

C
A

b
ec

om
in

g
in

ap
p
ro

p
ri

at
e.

W
h
en

r
is

to
o

sm
al

l,
th

er
e

m
ig

h
t

n
ot

b
e

en
ou

gh
p

oi
n
ts

in
a

n
ei

gh
b

or
h
o
o
d

o
f

ra
d
iu

s
r

to
a
cc

u
ra

te
ly

es
ti

m
at

e
th

e
lo

ca
l

ta
n
ge

n
t

su
b
sp

ac
e

to
a

gi
ve

n
su

rf
ac

e
at

th
at

lo
ca

ti
on

,
re

su
lt

in
g

in
lo

ca
l

P
C

A
b

ec
om

in
g

in
ac

cu
ra

te
.

F
ro

m
a

co
m

p
u
ta

ti
on

al
p

oi
n
t

of
v
ie

w
,

th
e

sm
al

le
r
r,

th
e

la
rg

er
th

e
n
u
m

b
er

of
n
ei

gh
b

or
h
o
o
d
s

an
d

th
e

h
ea

v
ie

r
th

e
co

m
p
u
ta

ti
on

s,
p
ar

ti
cu

la
rl

y
a
t

th
e

le
ve

l
of

sp
ec

tr
al

gr
ap

h
p
ar

ti
ti

on
in

g.
In

ou
r

n
u
m

er
ic

al
ex

p
er

im
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re

6
:

P
erfo

rm
an

ce
of

A
lgorith

m
5

on
tw

o
in

tersectin
g

cu
rves.

L
eft

top
:

th
e

in
p
u
t

d
ata

set.
R

igh
t

top
:

th
e

clu
sterin

g
resu

lt
b
y

A
lgorith

m
5.

L
eft

b
otto

m
:

th
e

clu
sterin

g
resu

lt
b
y

S
M

C
E

.
R

igh
t

b
ottom

:
th

e
clu

sterin
g

resu
lt

b
y

L
L

E
.

b
y

u
sin

g
th

e
affi

n
ity

from
estim

ated
lo

cal
su

b
sp

a
ces,

w
h
ile

S
M

C
E

an
d

L
L

E
ten

d
to

give
a

la
rg

er
a
ffi

n
ity

b
etw

een
n
earb

y
d
ata

p
oin

ts
an

d
h
ave

d
iffi

cu
lties

in
h
an

d
lin

g
in

tersection
.

N
ex

t,
w

e
ru

n
ex

p
erim

en
ts

on
th

e
E

x
ten

d
ed

Y
ale

F
a
ce

D
atab

ase
B

(L
ee

et
al.,

2005),
w

ith
th

e
g
o
a
l

o
f

clu
sterin

g
face

im
ages

of
tw

o
d
iff

eren
t

su
b

jects.
T

h
is

d
ata

set
con

tain
s

fa
ce

im
ag

es
fro

m
39

su
b

jects,
an

d
each

su
b

ject
h
as

64
im

ages
of

192
p
ix

els
u
n
d
er

vary
in

g
lig

h
ten

in
g

con
d
ition

s.
In

ou
r

ex
p

erim
en

ts,
w

e
fo

u
n
d

th
at

th
e

im
ages

of
a

p
erson

in
th

is
d
a
ta

b
a
se

lie
ro

u
gh

ly
in

a
4-d

im
en

sion
al

su
b
sp

ace.
W

e
p
rep

ro
cess

th
e

d
ata

set
b
y

ap
p
ly

in
g

P
C

A
a
n
d

red
u
cin

g
th

e
d
im

en
sion

to
8.

W
e

also
“n

orm
alize”

th
e

covarian
ce

of
th

e
d
ata

set
w

h
en

p
erfo

rm
in

g
d
im

en
sion

red
u
ction

,
su

ch
th

at
th

e
p
ro

jected
d
ata

set
h
as

a
u
n
it

cova
ria

n
ce.

W
e

record
th

e
m

isclu
sterin

g
rates

of
A

lgorith
m

5,
S
M

C
E

an
d

L
L

E
in

T
ab

le
3.

F
o
r

S
M

C
E

,
w

e
follow

(E
lh

am
ifar

an
d

V
id

al,
2011)

b
y

settin
g
λ

=
10

an
d

w
e

let
L

=
30.

F
o
r

A
lgo

rith
m

5,
w

e
let

th
e

n
eigh

b
orh

o
o
d

size
b

e
40.

F
rom

th
e

tab
le,

w
e

can
see

th
at

th
e

tw
o

m
eth

o
d
s

p
erform

sim
ilarly.

su
b

jects
[1,2]

[1,3]
[1,4]

[1,5]
[1,6]

[1,7]
[1,8]

[1,9]

L
o
cal

P
C

A
8.59%

11.72%
10.94%

4
.69%

8.59%
7.81%

5.47%
7.03%

S
M

C
E

8.59%
11.72%

8.59%
0.00%

4.69%
8.59%

9.38%
4.69%

T
a
b
le

3
:

S
om

e
m

isclu
sterin

g
rates

for
th

e
E

x
ten

d
ed

Y
ale

F
ace

D
a
ta

b
ase

B
.
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A
r
ia
s-C

a
st

r
o
,
L
e
r
m
a
n
,
a
n
d

Z
h
a
n
g

5
.
D
iscu

ssio
n

W
e

d
istilled

th
e

id
eas

of
G

old
b

erg
et

al.
(2009)

an
d

of
K

u
sh

n
ir

et
al.

(2006)
to

clu
ster

p
oin

ts
sam

p
led

n
ear

sm
o
oth

su
rfaces.

T
h
e

key
in

gred
ien

t
is

th
e

u
se

of
lo

cal
P

C
A

to
learn

ab
ou

t
th

e
lo

cal
sp

read
an

d
orien

tation
of

th
e

d
ata,

so
as

to
u
se

th
at

in
form

ation
in

an
affi

n
ity

w
h
en

b
u
ild

in
g

a
n
eigh

b
orh

o
o
d

grap
h
.

In
a

ty
p
ical

sty
lized

settin
g

for
m

u
lti-m

an
ifo

ld
clu

sterin
g,

w
e

estab
lish

ed
p

erform
an

ce
b

ou
n
d
s

for
th

e
sim

p
le

varian
ts

d
escrib

ed
in

A
lg

orith
m

2
an

d
A

lgorith
m

3,
w

h
ich

essen
tially

con
sist

of
con

n
ectin

g
p

oin
ts

th
at

are
close

in
sp

ace
an

d
orien

tation
,

an
d

th
en

ex
tractin

g
th

e
con

n
ected

com
p

on
en

ts
of

th
e

resu
ltin

g
grap

h
.

B
oth

are
sh

ow
n

to
resolve

gen
eral

in
ter-

section
s

as
lon

g
as

th
e

in
cid

en
ce

an
gle

is
strictly

p
ositive

a
n
d

th
e

p
aram

eters
are

carefu
lly

ch
osen

.
A

s
is

com
m

on
ly

th
e

case
in

su
ch

an
aly

ses,
ou

r
settin

g
can

b
e

gen
eralized

to
oth

er
sam

p
lin

g
sch

em
es,

to
m

u
ltip

le
in

tersection
s,

to
som

e
featu

res
of

th
e

su
rfaces

ch
an

gin
g

w
ith

th
e

sam
p
le

size,
an

d
so

on
,

in
th

e
sp

irit
of

(A
rias-C

astro
et

al.,
2011;

A
rias-C

astro,
2011;

C
h
en

an
d

L
erm

an
,

2009b
).

W
e

ch
ose

to
sim

p
lify

th
e

setu
p

as
m

u
ch

as
p

ossib
le

w
h
ile

re-
tain

in
g

th
e

essen
tial

featu
res

th
at

m
ak

e
resolv

in
g

in
tersectin

g
clu

sters
ch

allen
gin

g.
T

h
e

re-
su

ltin
g

argu
m

en
ts

are
n
everth

eless
rich

en
ou

gh
to

satisfy
th

e
m

ath
em

atically
th

irsty
read

er.
W

h
eth

er
th

e
con

d
ition

s
req

u
ired

in
T

h
eorem

1
are

o
p
tim

al
in

som
e

sen
se

is
an

in
terestin

g
an

d
ch

allen
gin

g
op

en
q
u
estion

for
fu

tu
re

research
.

N
ote

th
at

very
few

op
tim

ality
resu

lts
ex

ist
for

m
an

ifold
clu

sterin
g;

see
(A

rias-C
astro,

2011)
for

an
ex

am
p
le.

W
e

im
p
lem

en
ted

a
sp

ectral
version

of
A

lgorith
m

3,
d
escrib

ed
in

A
lgorith

m
4,

th
at

assu
m

es
th

e
in

trin
sic

d
im

en
sion

ality
an

d
th

e
n
u
m

b
er

of
clu

sters
are

k
n
ow

n
.

T
h
e

resu
ltin

g
ap

p
roach

is
very

sim
ilar

to
w

h
at

is
off

ered
b
y

W
an

g
et

al.
(2011)

an
d

G
on

g
et

al.
(2012),

alth
ou

gh
it

w
as

d
ev

elop
ed

in
d
ep

en
d
en

tly
of

th
ese

w
ork

s.
A

lgorith
m

4
is

sh
ow

n
to

p
erform

w
ell

in
som

e
sim

u
lated

ex
p

erim
en

ts,
alth

ou
gh

it
is

som
ew

h
at

sen
sitiv

e
to

th
e

ch
oice

of
p
aram

eters.
T

h
is

is
th

e
case

of
all

oth
er

m
eth

o
d
s

for
m

u
lti-m

an
ifold

clu
sterin

g
w

e
k
n
ow

of
an

d
ch

o
osin

g
th

e
p
aram

eters
au

tom
atically

rem
ain

s
an

op
en

ch
allen

ge
in

th
e

fi
eld

.

6
.
P
ro

o
fs

W
e

start
w

ith
som

e
ad

d
ition

al
n
otation

.
T

h
e

am
b
ien

t
sp

ace
is

R
D

u
n
less

n
oted

oth
erw

ise.
F

or
a

vector
v
∈

R
D

,‖
v‖

d
en

otes
its

E
u
clid

ean
n
orm

an
d

for
a

real
m

atrix
M
∈

R
D
×
D

,
‖
M
‖

d
en

otes
th

e
corresp

on
d
in

g
op

erator
n
orm

.
F

or
a

p
oin

t
x
∈

R
D

an
d
r
>

0,
B

(x
,r)

d
en

otes
th

e
op

en
b
all

of
cen

ter
x

an
d

rad
iu

s
r,

i.e.,
B

(x
,r)

=
{y
∈
R
D

:‖
y
−
x‖

<
r}

.
F

or
a

set
S

an
d

a
p

oin
t
x

,
d
efi

n
e

d
ist(x

,S
)

=
in

f{‖x
−
y‖

:
y
∈
S}

.
F

or
tw

o
p

o
in

ts
a
,b

in
th

e
sam

e
E

u
clid

ean
sp

ace,
b−

a
d
en

otes
th

e
vector

m
ov

in
g
a

to
b
.

F
or

a
p

oin
t
a

an
d

a
vector

v
in

th
e

sam
e

E
u
clid

ean
sp

ace,
a

+
v

d
en

o
tes

th
e

tran
slate

of
a

b
y
v

.
W

e
id

en
tify

an
affi

n
e

su
b
sp

ace
T

w
ith

its
corresp

on
d
in

g
lin

ear
su

b
sp

ace,
for

ex
am

p
le,

w
h
en

say
in

g
th

at
a

vector
b

elon
gs

to
T

.

F
or

tw
o

su
b
sp

aces
T

an
d
T
′,

of
p

ossib
ly

d
iff

eren
t

d
im

en
sion

s,
let

0
≤
θ
m
a
x (T

,T
′)≤

π
/2

d
en

ote
th

e
largest

an
d

b
y
θ
m
in (T

,T
′)

th
e

sm
a
llest

n
on

zero
p
rin

cip
al

an
gle

b
etw

een
T

an
d
T
′

(S
tew

art
an

d
S
u
n
,

1990).
W

h
en
v

is
a

v
ector

an
d
T

is
a

su
b
sp

ace,∠
(v
,T

)
:=

θ
m
a
x (R

v
,T

)
th

is
is

th
e

u
su

al
d
efi

n
ition

of
th

e
an

gle
b

etw
een

v
an

d
T

.

2
0
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S
p
e
c
t
r
a
l
C
l
u
st

e
r
in
g

B
a
se

d
o
n
L
o
c
a
l
P
C
A

F
or

a
su

b
se

t
A
⊂

R
D

an
d

p
os

it
iv

e
in

te
ge

r
d
,

vo
l d

(A
)

d
en

ot
es

th
e
d
-d

im
en

si
on

al
H

au
s-

d
or

ff
m

ea
su

re
of
A

,
an

d
vo

l(
A

)
is

d
efi

n
ed

as
vo

l d
im

(A
)(
A

),
w

h
er

e
d
im

(A
)

is
th

e
H

au
sd

or
ff

d
im

en
si

on
of
A

.
F

or
a

B
or

el
se

t
A

,
le

t
λ
A

d
en

ot
e

th
e

u
n
if

or
m

d
is

tr
ib

u
ti

on
on

A
.

F
or

a
se

t
S
⊂

R
D

w
it

h
re

ac
h

at
le

as
t

1/
κ

,
an

d
x

w
it

h
d
is

t(
x
,S

)
<

1/
κ

,
le

t
P
S

(x
)

d
en

ot
e

th
e

m
et

ri
c

p
ro

je
ct

io
n

of
x

on
to
S

,
th

at
is

,
th

e
p

oi
n
t

on
S

cl
o
se

st
to
x

.
N

ot
e

th
at

,
if
T

is
an

affi
n
e

su
b
sp

ac
e,

th
en

P
T

is
th

e
u
su

al
or

th
og

on
al

p
ro

je
ct

io
n

on
to
T

,
an

d
w

e
le

t
P
T

d
en

ot
e

th
e

or
th

og
on

al
p
ro

je
ct

io
n

on
to

th
e

li
n
ea

r
su

b
sp

ac
e

of
sa

m
e

d
im

en
si

on
an

d
p
a
ra

ll
el

to
T

.
L

et
S d

(κ
)

d
en

ot
e

th
e

cl
as

s
of

co
n
n
ec

te
d
,
C

2
an

d
co

m
p
ac

t
d
-d

im
en

si
on

al
su

b
m

an
if

ol
d
s

w
it

h
ou

t
b

ou
n
d
ar

y
em

b
ed

d
ed

in
R
D

,
w

it
h

re
ac

h
at

le
as

t
1/
κ

.
F

or
a

su
b
m

an
if

ol
d
S
∈
R
D

,
le

t
T
S

(x
)

d
en

ot
e

th
e

ta
n
ge

n
t

sp
ac

e
of
S

at
x
∈
S

.

W
e

w
il
l

of
te

n
id

en
ti

fy
a

li
n
ea

r
m

ap
w

it
h

it
s

m
a
tr

ix
in

th
e

ca
n
on

ic
al

b
as

is
.

F
or

a
sy

m
-

m
et

ri
c

(r
ea

l)
m

at
ri

x
M

,
le

t
β
1
(M

)
≥
β
2
(M

)
≥
··
·

d
en

ot
e

it
s

ei
g
en

va
lu

es
in

d
ec

re
as

in
g

or
d
er

.

W
e

sa
y

th
at
f

:
Ω
⊂

R
D
→

R
D

is
C

-L
ip

sc
h
it

z
if
‖f

(x
)
−
f

(y
)‖
≤
C
‖x
−
y
‖,
∀x
,y
∈

Ω
.

F
or

tw
o

re
al

s
a

an
d
b,
a
∨
b

=
m

ax
(a
,b

)
an

d
a
∧
b

=
m

in
(a
,b

).
A

d
d
it

io
n
al

n
ot

at
io

n
w

il
l

b
e

in
tr

o
d
u
ce

d
as

n
ee

d
ed

.

6
.1

P
re

li
m

in
a
ri

e
s

T
h
is

se
ct

io
n

ga
th

er
s

a
n
u
m

b
er

of
ge

n
er

al
re

su
lt

s
fr

om
ge

o
m

et
ry

an
d

p
ro

b
ab

il
it

y.
W

e
to

ok
ti

m
e

to
p
ac

ka
ge

th
em

in
to

st
an

d
al

on
e

le
m

m
as

th
at

co
u
ld

b
e

of
p

ot
en

ti
al

in
d
ep

en
d
en

t
in

te
r-

es
t,

p
ar

ti
cu

la
rl

y
to

re
se

ar
ch

er
s

w
or

k
in

g
in

m
a
ch

in
e

le
ar

n
in

g
an

d
co

m
p
u
ta

ti
on

al
g
eo

m
et

ry
.

W
h
en

n
ee

d
ed

,
w

e
u
se
C

to
d
en

ot
e

a
co

n
st

an
t

th
at

m
ay

ch
an

ge
w

it
h

ea
ch

ap
p

ea
ra

n
ce

.

6
.1
.1

S
m
o
o
t
h
S
u
r
fa

c
e
s
a
n
d

T
h
e
ir

T
a
n
g
e
n
t
S
u
b
sp
a
c
e
s

T
h
e

fo
ll
ow

in
g

co
m

es
d
ir

ec
tl

y
fr

om
(F

ed
er

er
,

19
59

,
T

h
.

4.
18

(1
2)

).
It

g
iv

es
u
s

a
si

m
p
le

cr
it

er
io

n
fo

r
id

en
ti

fy
in

g
th

e
m

et
ri

c
p
ro

je
ct

io
n

of
a

p
oi

n
t

on
a

su
rf

ac
e

w
it

h
gi

v
en

re
ac

h
.

L
e
m

m
a

1
.

C
o
n

si
d
er
S
∈
S d

(κ
)

a
n

d
x
∈
R
D

su
ch

th
a
t

d
is

t(
x
,S

)
<

1
/κ

.
T

h
en
s

=
P
S

(x
)

if
a
n

d
o
n

ly
if
‖x
−
s
‖
<

1/
κ

a
n

d
x
−
s
⊥
T
S

(s
).

T
h
e

fo
ll
ow

in
g

re
su

lt
is

on
ap

p
ro

x
im

at
in

g
a

sm
o
ot

h
su

rf
ac

e
n
ea

r
a

p
oi

n
t

b
y

th
e

ta
n
ge

n
t

su
b
sp

ac
e

at
th

at
p

oi
n
t.

It
is

b
as

ed
on

(F
ed

er
er

,
19

59
,

T
h
.

4.
18

(2
))

.

L
e
m

m
a

2
.

F
o
r
S
∈
S d

(κ
),

a
n

d
a
n

y
tw

o
po

in
ts
s
,s
′ ∈

S
,

d
is

t(
s
′ ,
T
S

(s
))
≤
κ 2
‖s
′ −
s
‖2
,

(1
0)

a
n

d
w

h
en

d
is

t(
s
′ ,
T
S

(s
))
≤

1
/κ

,

d
is

t(
s
′ ,
T
S

(s
))
≤
κ
‖P

T
S
(s
)(
s
′ )
−
s
‖2
.

(1
1)

M
o
re

o
ve

r,
fo

r
t
∈
T
S

(s
)

su
ch

th
a
t
‖s
−
t‖
≤

1 3
κ

,

d
is

t(
t,
S

)
≤
κ
‖t
−
s
‖2
.

(1
2)
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A
r
ia
s-
C
a
st

r
o
,
L
e
r
m
a
n
,
a
n
d

Z
h
a
n
g

P
ro

o
f.

L
et
T

b
e

sh
or

t
fo

r
T
S

(s
).

(F
ed

er
er

,
19

59
,

T
h
.

4.
18

(2
))

sa
y
s

th
at

d
is

t(
s
′ −
s
,T

)
≤
κ 2
‖s
′ −
s
‖2
.

(1
3
)

Im
m

ed
ia

te
ly

,
w

e
h
av

e

d
is

t(
s
′ −
s
,T

)
=
‖s
′ −

P
T

(s
′ )
‖

=
d
is

t(
s
′ ,
T

),

an
d

(1
0)

co
m

es
fr

om
th

at
.

B
as

ed
on

th
at

an
d

P
y
th

ag
or

as
th

eo
re

m
,

w
e

h
av

e

d
is

t(
s
′ ,
T

)
=
‖P

T
(s
′ )
−
s
′ ‖
≤
κ 2
‖s
′ −
s
‖2

=
κ 2

( ‖
P
T

(s
′ )
−
s
′ ‖2

+
‖P

T
(s
′ )
−
s
‖2
) ,

so
th

at

d
is

t(
s
′ ,
T

)(
1
−
κ 2

d
is

t(
s
′ ,
T

))
≤
κ 2
‖P

T
(s
′ )
−
s
‖2
,

an
d

(1
1)

fo
ll
ow

s
ea

si
ly

fr
om

th
at

.
F

or
(1

2)
,

le
t
r

=
1/

(3
κ

)
an

d
s
′ =

P
−
1

T
(t

),
th

e
la

tt
er

b
ei

n
g

w
el

l-
d
efi

n
ed

b
y

L
em

m
a

5
b

el
ow

an
d

b
el

on
gs

to
B

(s
,r

(1
+
κ
r)

)
⊂
B

(s
,4
/
(9
κ

))
.

B
y

(1
0
),

‖s
′ −
s
‖
≤

8/
(8

1κ
)
<

1/
κ

,
an

d
b
y

(1
1)

,

d
is

t(
t,
S

)
≤
‖t
−
s
′ ‖

=
d
is

t(
s
′ ,
T

)
≤
κ
‖t
−
s
‖2
.

T
h
is

co
n
cl

u
d
es

th
e

p
ro

of
of

(1
2)

.

W
e

w
il
l

n
ee

d
a

b
ou

n
d

on
th

e
an

gl
e

b
et

w
ee

n
ta

n
ge

n
t

su
b
sp

ac
es

on
a

sm
o
o
th

su
rf

a
ce

a
s

a
fu

n
ct

io
n

of
th

e
d
is

ta
n
ce

b
et

w
ee

n
th

e
co

rr
es

p
on

d
in

g
p

oi
n
ts

of
co

n
ta

ct
.

L
e
m

m
a

3
(B

oi
ss

on
n
at

et
al

.
(2

01
3)

).
F

o
r
S
∈
S d

(κ
),

a
n

d
a
n

y
s
,s
′ ∈

S
,

si
n
θ m

a
x
(T
S

(s
),
T
S

(s
′ )

)
≤

6κ
‖s
′ −
s
‖.

(1
4
)

T
h
e

fo
ll
ow

in
g

b
ou

n
d
s

th
e

d
iff

er
en

ce
b

et
w

ee
n

th
e

m
et

ri
c

p
ro

je
ct

io
n

on
to

a
su

rf
a
ce

a
n
d

th
e

or
th

og
on

al
p
ro

je
ct

io
n

on
to

on
e

of
it

s
ta

n
g
en

ts
.

L
e
m

m
a

4
.

C
o
n

si
d
er
S
∈
S d

(κ
)

a
n

d
s
∈
S

.
T

h
en

fo
r

a
n

y
x
∈
B

(S
,r

),
w

e
h
a
ve

‖P
S

(x
)
−
P
T
S
(s
)(
x

)‖
≤
C
4
κ
‖x
−
s
‖2
,

fo
r

a
n

u
m

er
ic

co
n

st
a
n

t
C
4
>

0.

P
ro

o
f.

L
et
T

=
T
S

(s
)

an
d

d
efi

n
e
t

=
P
T

(x
),
s
′

=
P
S

(x
)

an
d
t̃

=
P
T

(s
′ )

,
a
n
d

a
ls

o
T
′

=
T
S

(s
′ )

an
d
θ

=
θ m

a
x
(T
,T
′ )

.
W

e
h
av

e

P
S

(x
)

=
P
T
′ (
x

)
=
P
T
′ (
x
−
s
′ )

+
s
′

P
T

(x
)

=
P
T

(x
−
t̃)

+
t̃

=
P
T

(x
−
s
′ )

+
P
T

(s
′ −
t̃)

+
t̃.

H
en

ce
,

‖P
S

(x
)
−
P
T

(x
)‖
≤
‖P

T
′ (
x
−
s
′ )
−
P
T

(x
−
s
′ )
‖+
‖P

T
(s
′ −
t̃)
‖+
‖s
′ −
t̃‖
.
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S
p
e
c
t
r
a
l
C
l
u
st

e
r
in
g

B
a
se

d
o
n
L
o
c
a
l
P
C
A

O
n

th
e

o
n
e

h
a
n
d
,

‖
P
T

(s ′−
t̃)‖
≤
‖s ′−

t̃‖
=

d
ist(s ′,T

)≤
κ2 ‖s ′−

s‖
2≤

2κ‖x
−
s‖

2,

b
y

(1
0
)

a
n
d

th
e

fact
th

at

‖
s ′−

s‖
≤
‖s ′−

x‖
+
‖x
−
s‖

=
d
ist(x

,S
)

+
‖x
−
s‖
≤

2‖x
−
s‖.

O
n

th
e

o
th

er
h
an

d
,

ap
p
ly

in
g

L
em

m
a

18
(see

fu
rth

er
d
ow

n
)

‖
P
T
′(x
−
s ′)−

P
T

(x
−
s ′)‖
≤
‖P

T
′−
P
T ‖‖x

−
s ′‖

=
(sin

θ)‖x
−
s ′‖
,

w
ith
‖
x
−
s ′‖
≤
‖x
−
s‖

an
d
,

ap
p
ly

in
g

L
em

m
a

3,

sin
θ
≤

6κ‖s ′−
s‖
≤

12
κ‖x
−
s‖.

A
ll

to
g
eth

er,
w

e
con

clu
d
e.

B
elow

w
e

state
som

e
p
rop

erties
of

a
p
ro

jection
on

to
a

tan
g
en

t
su

b
sp

ace.
A

resu
lt

sim
ilar

to
th

e
fi
rst

p
a
rt

w
as

p
rov

ed
in

(A
ria

s-C
astro

et
a
l.,

2011,
L

em
.
2)

b
ased

on
resu

lts
in

(N
iy

ogi
et

a
l.,

2
0
0
8
),

b
u
t

th
e

argu
m

en
ts

are
sim

p
ler

h
ere

an
d

th
e

con
stan

ts
are

sh
arp

er.

L
e
m

m
a

5
.

T
h
ere

is
a

n
u

m
eric

co
n

sta
n

t
C
5
≥

1
su

ch
th

a
t

th
e

fo
llo

w
in

g
h
o
ld

s.
T

a
ke

S
∈

S
d (κ

),
s
∈
S

a
n

d
r≤

1
/C

5 κ
,

a
n

d
let

T
be

sh
o
rt

fo
r
T
S

(s
).
P
T

is
in

jective
o
n
B

(s
,r)∩

S
a
n

d
its

im
a
ge

co
n

ta
in

s
B

(s
,r ′)∩

T
,

w
h
ere

r ′
:=

(1−
C
5 (κ

r)
2)r.

M
o
reo

ver,
P
−
1

T
h
a
s

L
ip

sch
itz

co
n

sta
n

t
bo

u
n

d
ed

by
1

+
C
5 (κ

r)
2≤

1
+
κ
r

o
ver

B
(s
,r)∩

T
.

P
roo

f.
T

a
ke
s ′,s ′′∈

S
d
istin

ct
su

ch
th

at
P
T

(s ′)
=
P
T

(s ′′).
E

q
u
ivalen

tly,
s ′′−

s ′is
p

erp
en

d
ic-

u
la

r
to
T

.
L

et
T
′
b

e
sh

ort
for

T
S

(s ′).
B

y
(13)

an
d

th
e

fact
th

at
d
ist(v

,T
)

=
‖
v‖

sin∠
(v
,T

)
fo

r
a
n
y

vecto
r
v

an
d

an
y

lin
ear

su
b
sp

ace
T

,
w

e
h
ave

sin∠
(s ′′−

s ′,T
′)≤

κ2 ‖s ′′−
s ′‖,

a
n
d

b
y

(1
4
),

sin
θ
m
a
x (T

,T
′)≤

6κ‖s−
s ′‖
.

N
ow

,
b
y

th
e

trian
gle

in
eq

u
ality,

π2
=
∠

(s ′′−
s ′,T

)≤
∠

(s ′′−
s ′,T

′)
+
θ
m
a
x (T

,T
′),

so
th

a
t

κ2 ‖s ′′−
s ′‖∧

1
≥
π2
−

sin −
1 (6

κ‖
s ′−

s‖∧
1 )
.

W
h
en
‖s ′−

s‖
≤

1/
12κ

,
th

e
R

H
S

is
b

ou
n
d
ed

from
b

elow
b
y
π
/2−

sin −
1(1/2),

w
h
ich

th
en

im
p
lies

th
a
t
κ2 ‖
s ′′−

s ′‖
≥

sin
(π
/2−

sin −
1(1/2))

=
√

3/
2,

th
at

is,‖s ′′−
s ′‖
≥
√

3/κ
.

T
h
is

p
reclu

d
es

th
e

situ
ation

w
h
ere

s ′,s ′′∈
B

(s
,1/

12κ
),

so
th

at
P
T

is
in

jectiv
e

on
B

(s
,r)

w
h
en

r≤
1
/1

2κ
.

T
h
e

sa
m

e
a
rgu

m
en

ts
im

p
ly

th
at
P
T

is
an

op
en

m
ap

on
R

:=
B

(s
,r)∩

S
.

In
p
articu

lar,
P
T

(R
)

co
n
ta

in
s

an
op

en
b
all

in
T

cen
tered

at
s

an
d
P
T

(∂
R

)
=
∂
P
T

(R
),

w
ith

∂
R

=
S
∩
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A
r
ia
s-C

a
st

r
o
,
L
e
r
m
a
n
,
a
n
d

Z
h
a
n
g

∂
B

(s
,r)

sin
ce
∂
S

=
∅
.

N
ow

take
an

y
ray

ou
t

of
s

w
ith

in
T

,
w

h
ich

is
n
ecessa

rily
of

th
e

form
s

+
R
+
v

,
w

h
ere

v
is

a
u
n
it

vector
in
T

.
L

et
t
a

=
s

+
a
v
∈
T

for
a
∈

[0,∞
).

L
et
a∗

b
e

th
e

in
fi
m

u
m

over
all

a
>

0
su

ch
th

at
t
a ∈

P
T

(R
).

N
ote

th
at
a∗
>

0
an

d
t
a∗ ∈

P
T

(∂
R

),
so

th
at

th
ere

is
s∗ ∈

∂
R

su
ch

th
at
P
T

(s∗ )
=
t
a∗ .

L
et
s
a

=
P
−
1

T
(t
a ),

w
h
ich

is
w

ell-d
efi

n
ed

on
[0
,a∗ ]

b
y

d
efi

n
ition

of
a∗

an
d

th
e

fact
th

at
P
T

is
in

jectiv
e

on
R

.
L

et
J
t

d
en

ote
th

e
d
iff

eren
tial

of
P
−
1

T
at
t.

W
e

h
ave

th
at
ṡ
a

=
J
t
a v

is
th

e
u
n
iq

u
e

vector
in
T
a

:=
T
S

(s
a )

su
ch

th
at
P
T

(ṡ
a )

=
v

.
E

lem
en

tary
geom

etry
sh

ow
s

th
at

‖
P
T

(ṡ
a )‖

=
‖
ṡ
a ‖

co
s∠

(ṡ
a ,T

)≥
‖ṡ

a ‖
cos

θ
m
a
x (T

a ,T
),

w
ith

cos
θ
m
a
x (T

a ,T
)≥

cos [sin −
1

(6κ‖s
a −

s‖∧
1) ]≥

ζ
:=

1−
(6κ

r)
2,

b
y

(14)
an

d
fact

th
at‖s

a −
s‖
≤
r

(an
d

assu
m

in
g

6
κ
r≤

1).
S
in

ce‖
P
T

(ṡ
a )‖

=
‖v‖

=
1,

w
e

h
ave‖

ṡ
a ‖
≤

1/ζ
,
an

d
th

is
h
old

s
for

all
a
<
a∗ .

S
o

w
e

can
ex

ten
d
s
a

to
[0
,a∗ ]

in
to

a
L

ip
sch

itz
fu

n
ction

w
ith

con
stan

t
1/ζ

.
T

ogeth
er

w
ith

th
e

fact
th

at
s∗ ∈

∂
B

(s
,r),

th
is

im
p
lies

th
at

r
=
‖s∗ −

s‖
=
‖s

a∗ −
s
0 ‖
≤
a∗ /ζ

.

H
en

ce,
a∗ ≥

ζ
r

an
d

th
erefore

P
T

(R
)

con
tain

s
B

(s
,ζ
r)∩

T
as

stated
.

F
or

th
e

last
p
art,

assu
m

e
r
≤

1
/C
κ

,
w

ith
C

la
rge

en
ou

gh
th

at
th

ere
is

a
u
n
iq

u
e
h
≤

1/
12κ

su
ch

th
at
ζ
h

=
r,

w
h
ere

ζ
is

red
efi

n
ed

as
ζ

:=
1−

(6κ
h

)
2.

T
ake

t ′∈
B

(s
,r)∩

T
an

d
let
s ′

=
P
−
1

T
(t ′)

an
d
T
′

=
T
S

(s ′).
W

e
saw

th
at
P
−
1

T
is

L
ip

sch
itz

w
ith

con
stan

t
1/ζ

on
an

y
ray

em
an

atin
g

from
s

of
len

gth
ζ
h

=
r,

so
th

at‖
s ′−

s‖
≤

(1/ζ
)‖
t ′−

s‖
≤
r/ζ

=
h

.
T

h
e

d
iff

eren
tial

of
P
T

at
s ′

is
P
T

itself,
seen

as
a

lin
ear

m
ap

b
etw

een
T
′

an
d
T

.
T

h
en

for
an

y
vector

u
∈
T
′,

w
e

h
ave‖P

T
(u

)‖
=
‖u‖

cos∠
(u
,T

)≥
‖u‖

cos
θ
m
a
x (T

′,T
),

w
ith

cos
θ
m
a
x (T

′,T
)≥

cos [sin −
1 (6κ‖s ′−

s‖ )]≥
1−

(6κ
h

)
2

=
ζ
,

as
b

efore.
H

en
ce,‖J

t ′‖
≤

1/ζ
,

an
d

w
e

p
roved

th
is

for
all
t ′∈

B
(s
,r)∩

T
.

T
h
is

last
set

b
ein

g
con

v
ex

,
w

e
can

ap
p
ly

T
ay

lor’s
th

eorem
an

d
get

th
at
P
−
1

T
is

L
ip

sch
itz

on
th

at
set

w
ith

con
stan

t
1/ζ

.
W

e
th

en
n
ote

th
at
ζ

=
1

+
O

(κ
r)

2.

6
.1
.2

V
o
l
u
m
e
s
a
n
d

U
n
if
o
r
m

D
ist

r
ib
u
t
io
n
s

B
elow

is
a

resu
lt

th
at

q
u
an

tifi
es

h
ow

m
u
ch

th
e

volu
m

e
of

a
set

ch
an

ges
w

h
en

ap
p
ly

in
g

a
L

ip
sch

itz
m

ap
.

T
h
is

is
w

ell-k
n
ow

n
in

m
easu

re
th

eory
a
n
d

w
e

on
ly

p
rov

id
e

a
p
ro

of
for

com
p
leten

ess.

L
e
m

m
a

6
.

S
u

p
po

se
Ω

is
a

m
ea

su
ra

ble
su

bset
o
fR

D
a
n

d
f

:
Ω
⊂

R
D
→

R
D

is
C

-L
ip

sch
itz.

T
h
en

fo
r

a
n

y
m

ea
su

ra
ble

set
A
⊂

Ω
a
n

d
rea

l
d
>

0,
vold (f

(A
))≤

C
d

vold (A
).

P
roo

f.
B

y
d
efi

n
ition

,

vold (A
)

=
lim
t→

0
V
td (A

),
V
td (A

)
:=

in
f

(R
i )∈R

t(A
)

∑i∈
N

d
iam

(R
i )
d,

2
4
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S
p
e
c
t
r
a
l
C
l
u
st

e
r
in
g

B
a
se

d
o
n
L
o
c
a
l
P
C
A

w
h
er

e
R
t (
A

)
is

th
e

cl
as

s
of

co
u
n
ta

b
le

se
q
u
en

ce
s

(R
i

:
i
∈

N
)

of
su

b
se

ts
of

R
D

su
ch

th
at

A
⊂
⋃
i
R
i

an
d

d
ia

m
(R

i)
<
t

fo
r

al
l
i.

S
in

ce
f

is
C

-L
ip

sc
h
it

z,
d
ia

m
(f

(R
))
≤
C

d
ia

m
(R

)
fo

r
an

y
R
⊂

Ω
.

H
en

ce
,

fo
r

an
y

(R
i)
∈
R
t (
A

),
(f

(R
i)

)
∈
R
C
t (
f

(A
))

.
T

h
is

im
p
li
es

th
at

V
C
t

d
(f

(A
))
≤
∑ i∈

N
d
ia

m
(f

(R
i)

)d
≤
C
d
∑ i∈

N
d
ia

m
(R

i)
d
.

T
ak

in
g

th
e

in
fi
m

u
m

ov
er

(R
i)
∈
R
t (
A

),
w

e
ge

t
V
C
t

d
(f

(A
))
≤
C
d
V
t d
(A

),
an

d
w

e
co

n
cl

u
d
e

b
y

ta
k
in

g
th

e
li
m

it
as

t
→

0,
n
ot

ic
in

g
th

at
V
C
t

d
(f

(A
))
→

vo
l d

(f
(A

))
w

h
il
e
V
t d
(A

)
→

vo
l d

(A
).

W
e

co
m

p
ar

e
b

el
ow

tw
o

u
n
if

or
m

d
is

tr
ib

u
ti

on
s.

F
or

tw
o

B
or

el
p
ro

b
ab

il
it

y
m

ea
su

re
s
P

an
d
Q

on
R
D

,
T

V
(P
,Q

)
d
en

ot
es

th
ei

r
to

ta
l

va
ri

at
io

n
d
is

ta
n
ce

,
m

ea
n
in

g
,

T
V

(P
,Q

)
=

su
p
{|
P

(A
)
−
Q

(A
)|

:
A

B
o
re

l}
.

R
em

em
b

er
th

at
fo

r
a

B
or

el
se

t
A

,
λ
A

d
en

ot
es

th
e

u
n
if

or
m

d
is

tr
ib

u
ti

on
on

A
.

L
e
m

m
a

7
.

S
u

p
po

se
A

a
n

d
B

a
re

tw
o

B
o
re

l
su

bs
et

s
o
f
R
D

.
T

h
en

T
V

(λ
A
,λ

B
)
≤

4
vo

l(
A
4
B

)

vo
l(
A
∪
B

)
.

P
ro

o
f.

If
A

an
d
B

ar
e

n
ot

of
sa

m
e

d
im

en
si

on
,

sa
y

d
im

(A
)
>

d
im

(B
),

th
en

T
V

(λ
A
,λ

B
)

=
1

si
n
ce
λ
A

(B
)

=
0

w
h
il
e
λ
B

(B
)

=
1.

A
n
d

w
e

al
so

h
av

e

vo
l(
A
4
B

)
=

v
ol

d
im

(A
)(
A
4
B

)
=

vo
l d
im

(A
)(
A

)
=

vo
l(
A

),

an
d

vo
l(
A
∪
B

)
=

v
ol

d
im

(A
)(
A
∪
B

)
=

vo
l d
im

(A
)(
A

)
=

vo
l(
A

),

in
b

ot
h

ca
se

s
b

ec
au

se
vo

l d
im

(A
)(
B

)
=

0.
S
o

th
e

re
su

lt
w

or
k
s

in
th

at
ca

se
.

T
h
er

ef
or

e
as

su
m

e
th

at
A

an
d
B

ar
e

of
sa

m
e

d
im

en
si

on
.

A
ss

u
m

e
W

L
O

G
th

at
vo

l(
A

)
≥

vo
l(
B

).
F

or
an

y
B

or
el

se
t
U

,

λ
A

(U
)
−
λ
B

(U
)

=
vo

l(
A
∩
U

)

vo
l(
A

)
−

vo
l(
B
∩
U

)

vo
l(
B

)
,

so
th

at |λ
A

(U
)
−
λ
B

(U
)|

=

∣ ∣ ∣ ∣vo
l(
A
∩
U

)

vo
l(
A

)
−

vo
l(
B
∩
U

)

vo
l(
A

)
+

vo
l(
B
∩
U

)

vo
l(
A

)
−

vo
l(
B
∩
U

)

vo
l(
B

)

∣ ∣ ∣ ∣

≤
|v

ol
(A
∩
U

)
−

vo
l(
B
∩
U

)|
vo

l(
A

)
+

vo
l(
B
∩
U

)

vo
l(
B

)

|v
ol

(A
)
−

vo
l(
B

)|
vo

l(
A

)

≤
2

vo
l(
A
4
B

)

vo
l(
A

)
,

an
d

w
e

co
n
cl

u
d
e

w
it

h
th

e
fa

ct
th

at
v
o
l(
A
∪
B

)
≤

vo
l(
A

)
+

v
ol

(B
)
≤

2
vo

l(
A

).
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C
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r
o
,
L
e
r
m
a
n
,
a
n
d

Z
h
a
n
g

W
e

n
ow

lo
ok

at
th

e
p
ro

je
ct

io
n

of
th

e
u
n
if

or
m

d
is

tr
ib

u
ti

on
on

a
n
ei

gh
b

or
h
o
o
d

o
f

a
su

rf
a
ce

on
to

a
ta

n
ge

n
t

su
b
sp

ac
e.

F
or

a
B

or
el

p
ro

b
ab

il
it

y
m

ea
su

re
P

an
d

m
ea

su
ra

b
le

fu
n
ct

io
n
f

:
R
D
→

R
D

,
P
f

d
en

ot
es

th
e

p
u
sh

-f
or

w
ar

d
(B

or
el

)
m

ea
su

re
d
efi

n
ed

b
y
P
f
(A

)
=
P

(f
−
1
(A

))
.

L
e
m

m
a

8
.

S
u

p
po

se
A
⊂

R
D

is
B

o
re

l
a
n

d
f

:
A
→

R
D

is
in

ve
rt

ib
le

o
n
f

(A
),

a
n

d
th

a
t

bo
th

f
a
n

d
f
−
1

a
re
C

-L
ip

sc
h
it

z.
T

h
en

T
V

(λ
f A
,λ

f
(A

))
≤

2(
C

d
im

(A
)
−

1)
.

P
ro

o
f.

F
ir

st
,

n
ot

e
th

at
A

an
d
f

(A
)

ar
e

b
ot

h
of

sa
m

e
d
im

en
si

on
,

an
d

th
at
C
≥

1
n
ec

es
sa

ri
ly

.
L

et
d

b
e

sh
or

t
fo

r
d
im

(A
).

T
ak

e
U
⊂
f

(A
)

B
or

el
an

d
le

t
V

=
f
−
1
(U

).
T

h
en

λ
f A

(U
)

=
vo

l(
A
∩
V

)

vo
l(
A

)
,

λ
f
(A

)(
U

)
=

vo
l(
f

(A
)
∩
U

)

vo
l(
f

(A
))

,

an
d

as
in

(1
6)

,

|λ
f A

(U
)
−
λ
f
(A

)(
U

)|
≤
|v

ol
(A
∩
V

)
−

vo
l(
f

(A
)
∩
U

)|
vo

l(
A

)
+
|v

ol
(A

)
−

vo
l(
f

(A
))
|

vo
l(
A

)
.

f
b

ei
n
g

in
ve

rt
ib

le
,

w
e

h
av

e
f

(A
∩
V

)
=
f

(A
)
∩
U

an
d
f
−
1
(f

(A
)
∩
U

)
=
A
∩
V

.
T

h
er

ef
o
re

,
ap

p
ly

in
g

L
em

m
a

6,
w

e
ge

t

C
−
d
≤

vo
l(
f

(A
)
∩
U

)

vo
l(
A
∩
V

)
≤
C
d
,

so
th

at

|v
ol

(A
∩
V

)
−

vo
l(
f

(A
)
∩
U

)|
≤

(C
d
−

1)
vo

l(
A
∩
V

)
≤

(C
d
−

1
)

vo
l(
A

).

A
n
d

ta
k
in

g
V

=
A

,
w

e
al

so
ge

t

|v
ol

(A
)
−

vo
l(
f

(A
))
|≤

(C
d
−

1)
vo

l(
A

).

F
ro

m
th

is
w

e
co

n
cl

u
d
e.

N
ow

co
m

es
a

te
ch

n
ic

al
re

su
lt

on
th

e
in

te
rs

ec
ti

on
of

a
sm

o
ot

h
su

rf
ac

e
an

d
a

b
a
ll
.

L
e
m

m
a

9
.

T
h
er

e
is

a
co

n
st

a
n

t
C
9
≥

3
d
ep

en
d
in

g
o
n

ly
o
n
d

su
ch

th
a
t

th
e

fo
ll

o
w

in
g

is
tr

u
e.

T
a
ke

S
∈
S d

(κ
),
r
<

1
C

9
κ

a
n

d
x
∈
R
D

su
ch

th
a
t

d
is

t(
x
,S

)
<
κ

.
L

et
s

=
P
S

(x
)

a
n

d
T

=
T
S

(s
).

T
h
en

vo
l(
P
T

(S
∩
B

(x
,r

))
4

(T
∩
B

(x
,r

))
) ≤

C
9
κ

(‖
x
−
s
‖+

κ
r2

)
v
ol

(T
∩
B

(x
,r

))
.

P
ro

o
f.

If
d
is

t(
x
,S

)
>
r,

th
en

S
∩
B

(x
,r

)
=
T
∩
B

(x
,r

)
=
∅,

an
d

if
d
is

t(
x
,S

)
=
r,

th
en

S
∩
B

(x
,r

)
=
T
∩
B

(x
,r

)
=
{s
},

an
d

in
b

ot
h

ca
se

s
th

e
in

eq
u
al

it
y

h
ol

d
s

tr
iv

ia
ll
y.

S
o

it
su

ffi
ce

s
to

co
n
si

d
er

th
e

ca
se

w
h
er

e
d
is

t(
x
,S

)
<
r.

L
et
A
r

=
B

(s
,r

),
B
r

=
B

(x
,r

)
an

d
g

=
P
T

fo
r

sh
or

t.
N

ot
e

th
at
T
∩
B
r

=
T
∩
A
r 0

w
h
er

e
r 0

:=
(r

2
−
δ2

)1
/
2

an
d
δ

:=
‖x
−
s
‖.

T
ak

e
s
1
∈
S
∩
B
r

su
ch

th
at
g
(s

1
)

is
fa

rt
h
es

t
fr

o
m
s
,

so
th

at
g
(S
∩
B
r
)
⊂
A
r 1

w
h
er

e
r 1

:=
‖s
−
g
(s

1
)‖

—
n
ot

e
th

at
r 1
≤
r.

L
et
` 1

=
‖s

1
−
g
(s

1
)‖

an
d
y
1

b
e

th
e

or
th

og
on

al
p
ro

je
ct

io
n

of
s
1

on
to

th
e

li
n
e

(x
,s

).
B

y
P

y
th

ag
o
ra

s
th

eo
re

m
,
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S
p
e
c
t
r
a
l
C
l
u
st

e
r
in
g

B
a
se

d
o
n
L
o
c
a
l
P
C
A

w
e

h
ave
‖
x
−
s
1 ‖

2
=
‖
x
−
y
1 ‖

2
+
‖y

1 −
s
1 ‖

2.
W

e
h
ave
‖x
−
s
1 ‖
≤
r

an
d
‖
y
1 −

s
1 ‖

=
‖
s−

g
(s

1 )‖
=
r
1 .

A
n
d

b
ecau

se
`
1 ≤

κ
r
21
<
r

b
y

(11),
eith

er
y
1

is
b

etw
een

x
an

d
s
,

in
w

h
ich

ca
se‖x−

y
1 ‖

=
δ−

`
1 ,

or
s

is
b

etw
een

x
an

d
y
1 ,

in
w

h
ich

case‖
x−

y
1 ‖

=
δ
+
`
1 .

In
an

y
case,

r
2≥

r
21

+
(δ−

`
1 )

2,
w

h
ich

togeth
er

w
ith

`
1 ≤

κ
r
21

im
p
lies

r
21 ≤

r
2−

δ
2

+
2δ`

1 ≤
r
20

+
2κ
r
21 δ,

lea
d
in

g
to
r
1
≤

(1−
2κ
δ) −

1
/
2r

0
≤

(1
+

4κ
δ)r

0
after

n
oticin

g
th

at
δ
≤
r
<

1
/
(3κ

).
F

rom
g
(S
∩
B
r )⊂

T
∩
A
r
1 ,

w
e

get

vol (g
(S
∩
B
r )\

(T
∩
B
r ) )

≤
vol(T

∩
A
r
1 )−

vol(T
∩
A
r
0 )

=
((r

1 /r
0 )
d−

1)
vol(T

∩
A
r
0 ).

W
e

fo
llow

sim
ilar

argu
m

en
ts

to
get

a
sort

of
reverse

relation
sh

ip
.

T
ake

s
2 ∈

S
∩
B
r

su
ch

th
at
g
(S
∩
B
r )⊃

T
∩
A
r
2 ,

w
h
ere

r
2

:=
‖s−

g
(s

2 )‖
is

largest.
A

ssu
m

in
g
r

is
sm

all
en

ou
gh

,
b
y

L
em

m
a

5
,
g −

1
is

w
ell-d

efi
n
ed

on
T
∩
A
r ,

so
th

at
n
ecessarily

s
2 ∈

∂
B
r .

L
et
`
2

=
‖s

2 −
g
(s

2 )‖
a
n
d
y
2

b
e

th
e

o
rth

ogon
al

p
ro

jection
of
s
2

on
to

th
e

lin
e

(x
,s

).
B

y
P

y
th

ago
ras

th
eorem

,
w

e
h
ave‖x−

s
2 ‖

2
=
‖
x−

y
2 ‖

2+
‖
y
2 −
s
2 ‖

2.
W

e
h
av

e‖
x−

s
2 ‖

=
r

an
d
‖
y
2 −
s
2 ‖

=
‖
s−

g
(s

2 )‖
=

r
2 .

A
n
d

b
y

th
e

trian
gle

in
eq

u
ality,‖x

−
y
2 ‖
≤
‖
x
−
s‖

+
‖
y
2 −

s‖
=
δ

+
`
2 .

H
en

ce,
r
2≤

r
22

+
(δ

+
`
2 )

2,
w

h
ich

togeth
er

w
ith

`
2 ≤

κ
r
22

b
y

(11),
im

p
lies

r
22 ≥

r
2−

δ
2−

2
δ`

2 −
`
22 ≥

r
20 −

(2δ
+
κ
r
2)κ

r
22 ,

lead
in

g
to
r
2
≥

(1
+

2κ
δ

+
κ
2r

2) −
1
/
2r

0
≥

(1
−

2κ
δ−

κ
2r

2)r
0 .

F
rom

g
(S
∩
B
r )⊃

T
∩
A
r
2 ,

w
e

get

vol ((T
∩
B
r )\

g
(S
∩
B
r ) )

≤
vol(T

∩
A
r
0 )−

vol(T
∩
A
r
2 )

=
(1−

(r
2 /r

0 )
d)

vol(T
∩
A
r
0 ).

A
ll

tog
eth

er,
w

e
h
av

e

vo
l (g

(S
∩
B
r )4

(T
∩
B
r ) )

≤
((r

1 /r
0 )
d−

(r
2 /r

0 )
d )

vol(T
∩
A
r
0 )

≤
((1

+
4
κ
δ)
d−

(1−
2κ
δ−

κ
2r

2)
d )

vo
l((T

∩
B
r ))

≤
C
d
κ

(δ
+
κ
r
2)

vol((T
∩
B
r )),

w
h
en

δ≤
r≤

1
/(C

κ
)

an
d
C

is
a

large-en
ou

gh
n
u
m

erical
con

stan
t.

W
e

b
ou

n
d

b
elow

th
e
d
-volu

m
e

of
a

th
e

in
tersection

of
a

b
all

w
ith

a
sm

o
oth

su
rface.

A
lth

o
u
g
h

it
co

u
ld

b
e

ob
tain

ed
as

a
sp

ecial
case

of
L

em
m

a
9,

w
e

p
rov

id
e

a
d
irect

p
ro

of
b

eca
u
se

th
is

resu
lt

is
at

th
e

corn
ersto

n
e

of
m

an
y

resu
lts

in
th

e
literatu

re
on

sam
p
lin

g
p

oin
ts

u
n
ifo

rm
ly

o
n

a
sm

o
oth

su
rface.

L
e
m

m
a

1
0
.

S
u

p
po

se
S
∈
S
d (κ

).
T

h
en

fo
r

a
n

y
s
∈
S

a
n

d
r
<

1
(d∨

C
5
)κ

,
w

e
h
a
ve

1−
2d
κ
r≤

vol(S
∩
B

(s
,r))

vol(T
∩
B

(s
,r))

≤
1

+
2
d
κ
r,

w
h
ere

T
:=

T
S

(s
)

is
th

e
ta

n
gen

t
su

bspa
ce

o
f
S

a
t
s

.

P
roo

f.
L

et
T

=
T
S

(s
),
B
r

=
B

(s
,r)

an
d
g

=
P
T

for
sh

ort.
B

y
L

em
m

a
5,
g

is
1-L

ip
sch

itz
a
n
d
g −

1
is

(1
+
κ
r)-L

ip
sch

itz
on

T
∩
B
r ,

so
b
y

L
em

m
a

6
w

e
h
ave

(1
+
κ
r) −

d≤
vol(g

(S
∩
B
r ))

vol(S
∩
B
r )
≤

1
.
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A
r
ia
s-C

a
st

r
o
,
L
e
r
m
a
n
,
a
n
d

Z
h
a
n
g

T
h
at
g −

1
is

L
ip

sch
itz

w
ith

con
stan

t
1

+
κ
r

on
g
(S
∩
B
r )

also
im

p
lies

th
a
t
g
(S
∩
B
r )

con
tain

s
T
∩
B
r ′

w
h
ere

r ′
:=

r/(1
+
κ
r).

F
rom

th
is,

an
d

th
e

fact
th

at
g
(S
∩
B
r )⊂

T
∩
B
r ,

w
e

g
et

1
≤

vol(T
∩
B
r )

vol(g
(S
∩
B
r ))
≤

vo
l(T
∩
B
r )

vol(T
∩
B
r ′)

=
r
d

r ′ d
=

(1
+
κ
r)
d.

W
e

th
erefore

h
avevol(S

∩
B
r )≥

vol(g
(S
∩
B
r ))≥

(1
+
κ
r) −

d
vol(T

∩
B
r ),

an
d

vol(S
∩
B
r )≤

(1
+
κ
r)
d

vol(g
(S
∩
B
r ))≤

(1
+
κ
r)
d

vol(T
∩
B
r ).

A
n
d

w
e

con
clu

d
e

w
ith

th
e

in
eq

u
ality

(1
+
x

)
d≤

1
+

2
d
x

valid
for

an
y
x
∈

[0,1/d
]

an
d

an
y

d
≥

1.

W
e

n
ow

lo
ok

a
t

th
e

d
en

sity
of

a
sam

p
le

from
th

e
u
n
iform

on
a

sm
o
oth

,
com

p
act

su
rface.

L
e
m

m
a

1
1
.

C
o
n

sid
er
S
∈
S
d (κ

).
T

h
ere

is
a

co
n

sta
n

t
C
1
1
>

0
d
epen

d
in

g
o
n
S

su
ch

th
a
t

th
e

fo
llo

w
in

g
is

tru
e.

S
a
m

p
le
n

po
in

ts
s
1 ,...,s

n
in

d
epen

d
en

tly
a
n

d
u

n
ifo

rm
ly

a
t

ra
n

d
o
m

fro
m
S

.
T

a
ke

0
<
r
<

1
/(C

1
1 κ

).
T

h
en

w
ith

p
ro

ba
bility

a
t

lea
st

1−
C
1
1 r −

d
ex

p
(−
n
r
d/C

1
1 ),

a
n

y
ba

ll
o
f

ra
d
iu

s
r

w
ith

cen
ter

o
n
S

h
a
s

betw
een

n
r
d/C

1
1

a
n

d
C
1
1 n
r
d

sa
m

p
le

po
in

ts.

P
roo

f.
F

or
a

set
R

,
let

N
(R

)
d
en

o
te

th
e

n
u
m

b
er

of
sam

p
le

p
oin

ts
in

R
.

F
or

an
y
R

m
easu

rab
le,

N
(R

)
∼

B
in

(n
,p
R

),
w

h
ere

p
R

:=
vo

l(R
∩
S

)/
vol(S

).
L

et
x
1 ,...,x

m
b

e
a

m
ax

im
al

(r/2)-p
ack

in
g

of
S

,
an

d
let

B
i

=
B

(x
i ,r/

4)∩
S

.
F

or
an

y
s
∈
S

,
th

ere
is
i

su
ch

th
at
‖
s
−
x
i ‖
≤
r/2,

w
h
ich

im
p
lies

B
i ⊂

B
(s
,r)

b
y

th
e

trian
gle

in
eq

u
ality.

H
en

ce,
m

in
s∈
S
N

(B
(s
,r))≥

m
in
i N

(B
i ).

B
y

th
e

fact
th

at
B
i ∩

B
j

=
∅

for
i6=

j,

vol(S
)≥

m
∑i=

1

vol(B
i )≥

m
m

ini
vol(B

i ),

an
d

assu
m

in
g

th
at
κ
r

is
sm

all
en

ou
gh

,
w

e
h
ave

m
ini

vol(B
i )≥

ω
d2
(r/4)

d,

b
y

L
em

m
a

10,
w

h
ere

ω
d

is
th

e
v
olu

m
e

o
f
th

e
d
-d

im
en

sion
al

u
n
it

b
all.

T
h
is

lead
s

to
m
≤
C
r −

d

an
d
p

:=
m

in
i
p
B
i ≥

r
d/C

,
w

h
en

κ
r≤

1
/C

,
w

h
ere

C
>

0
d
ep

en
d
s

on
ly

on
S

.
N

ow
,

ap
p
ly

in
g

B
ern

stein
’s

in
eq

u
ality

to
th

e
b
in

o
m

ial
d
istrib

u
tion

,
w

e
get

P
(N

(B
i )≤

n
p
/
2)≤

P
(N

(B
i )≤

n
p
B
i /2)≤

e −
(3
/
3
2
)n
p
B
i≤

e −
(3
/
3
2
)n
p.

W
e

follow
th

is
w

ith
th

e
u
n
ion

b
ou

n
d
,

to
get

P
(

m
in

s∈
S
N

(B
(s
,r))≤

n
r
d/(2C

) )
≤
m
e −

(3
/
3
2
)n
p≤

C
r −

de −
3

3
2
C
n
r
d.

F
rom

th
is

th
e

low
er

b
ou

n
d

follow
s.

T
h
e

p
ro

of
of

th
e

u
p
p

er
b

ou
n
d

is
sim

ilar.
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S
p
e
c
t
r
a
l
C
l
u
st

e
r
in
g

B
a
se

d
o
n
L
o
c
a
l
P
C
A

N
ex

t,
w

e
b

ou
n
d

th
e

vo
lu

m
e

of
th

e
sy

m
m

et
ri

c
d
iff

er
en

ce
b

et
w

ee
n

tw
o

b
al

ls
.

L
e
m

m
a

1
2
.

T
a
ke
x
,y
∈
R
d

a
n

d
0
<
δ
≤

1.
T

h
en

vo
l(
B

(x
,δ

)
4
B

(y
,1

))

2
vo

l(
B

(0
,1

))
≤

1
−

(1
−
‖x
−
y
‖)
d +
∧
δd
.

P
ro

o
f.

It
su

ffi
ce

s
to

p
ro

ve
th

e
re

su
lt

w
h
en
‖x
−
y
‖
<

1.
In

th
at

ca
se

,
w

it
h
γ

:=
(1
−
‖x
−

y
‖)
∧
δ,

w
e

h
av

e
B

(x
,γ

)
⊂
B

(x
,δ

)
∩
B

(y
,1

),
so

th
at

vo
l(
B

(x
,δ

)
4
B

(y
,1

))
=

v
ol

(B
(x
,δ

))
+

v
ol

(B
(y
,1

))
−

2
vo

l(
B

(x
,δ

)
∩
B

(y
,1

))

≤
2

vo
l(
B

(y
,1

))
−

2
vo

l(
B

(x
,γ

))

=
2

vo
l(
B

(0
,1

))
(1
−
γ
d
).

T
h
is

co
n
cl

u
d
es

th
e

p
ro

of
.

6
.1
.3

C
o
v
a
r
ia
n
c
e
s

T
h
e

re
su

lt
b

el
ow

d
es

cr
ib

es
ex

p
li
ci

tl
y

th
e

co
va

ri
a
n
ce

m
a
tr

ix
of

th
e

u
n
if

or
m

d
is

tr
ib

u
ti

o
n

ov
er

th
e

u
n
it

b
al

l
of

a
su

b
sp

ac
e.

L
e
m

m
a

1
3
.

L
et
T

be
a

su
bs

pa
ce

o
f

d
im

en
si

o
n
d

.
T

h
en

th
e

co
va

ri
a
n

ce
m

a
tr

ix
o
f

th
e

u
n

if
o
rm

d
is

tr
ib

u
ti

o
n

o
n
T
∩
B

(0
,a

)
(s

ee
n

a
s

a
li

n
ea

r
m

a
p
)

is
eq

u
a
l

to
a
2
cP

T
,

w
h
er

e
c

:=
1
d
+
2
.

P
ro

o
f.

A
ss

u
m

e
W

L
O

G
th

at
T

=
R
d
×
{0
}.

L
et
X

b
e

d
is

tr
ib

u
te

d
ac

co
rd

in
g

to
th

e
u
n
if

or
m

d
is

tr
ib

u
ti

on
on

T
∩
B

(0
,1

)
an

d
le

t
R

=
‖X
‖.

N
ot

e
th

a
t

P
(R
≤
r)

=
vo

l(
T
∩
B

(0
,r

))

vo
l(
T
∩
B

(0
,1

))
=
rd
,
∀r
∈

[0
,1

].

B
y

sy
m

m
et

ry
,
E(
X
iX

j
)

=
0

if
i
6=
j,

w
h
il
e

E(
X

2 1
)

=
1 d
E(
X

2 1
+
··
·+

X
2 d
)

=
1 d
E(
R

2
)

=
1 d

∫
t

0
r2

(d
rd
−
1
)d
r

=
1

d
+

2
.

N
ow

th
e

co
va

ri
an

ce
m

at
ri

x
of

th
e

u
n
if

or
m

d
is

tr
ib

u
ti

on
on
T
∩B

(0
,a

)
eq

u
al

s
E[

(a
X

)(
a
X

)>
]

=
a
2
E[
X
X
>

],
w

h
ic

h
is

ex
ac

tl
y

th
e

re
p
re

se
n
ta

ti
on

of
a
2
cP

T
in

th
e

ca
n
on

ic
al

b
as

is
of

R
D

.

W
e

n
ow

sh
ow

th
at

a
b

ou
n
d

on
th

e
to

ta
l

va
ri

at
io

n
d
is

ta
n
ce

b
et

w
ee

n
tw

o
co

m
p
ac

tl
y

su
p
p

or
te

d
d
is

tr
ib

u
ti

on
s

im
p
li
es

a
b

ou
n
d

on
th

e
d
iff

er
en

ce
b

et
w

ee
n

th
ei

r
co

va
ri

an
ce

m
at

ri
ce

s.
F

or
a

m
ea

su
re
P

on
R
D

an
d

an
in

te
gr

ab
le

fu
n
ct

io
n
f

,
le

t
P

(f
)

d
en

ot
e

th
e

in
te

gr
al

of
f

w
it

h
re

sp
ec

t
to
P

,
th

at
is

,

P
(f

)
=

∫
f

(x
)P

(d
x

),

an
d

le
t
E(
P

)
=
P

(x
)

an
d

C
ov

(P
)

=
P

(x
x
>

)
−
P

(x
)P

(x
)>

d
en

ot
e

th
e

m
ea

n
an

d
co

va
ri

an
ce

m
at

ri
x

of
P

,
re

sp
ec

ti
ve

ly
.

L
e
m

m
a

1
4
.

S
u

p
po

se
λ

a
n

d
ν

a
re

tw
o

B
o
re

l
p
ro

ba
bi

li
ty

m
ea

su
re

s
o
n
R
d

su
p
po

rt
ed

o
n
B

(0
,1

).
T

h
en

‖E
(λ

)
−

E(
ν

)‖
≤
√
d

T
V

(λ
,ν

),
‖C

ov
(λ

)
−

C
ov

(ν
)‖
≤

3
d

T
V

(λ
,ν

).
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A
r
ia
s-
C
a
st

r
o
,
L
e
r
m
a
n
,
a
n
d

Z
h
a
n
g

P
ro

o
f.

L
et
f k

(t
)

=
t k

w
h
en
t

=
(t

1
,.
..
,t
d
),

an
d

n
ot

e
th

at
|f k

(t
)|
≤

1
fo

r
a
ll
k

a
n
d

a
ll

t
∈
B

(0
,1

).
B

y
th

e
fa

ct
th

at

T
V

(λ
,ν

)
=

su
p
{λ

(f
)
−
ν

(f
)

:
f

:
R
d
→

R
m

ea
su

ra
b
le

w
it

h
|f
|≤

1}
,

w
e

h
av

e

|λ
(f
k
)
−
ν

(f
k
)|
≤

T
V

(λ
,ν

),
∀k

=
1,
..
.,
d
.

T
h
er

ef
or

e,

‖E
(λ

)
−

E(
ν

)‖
2

=
d ∑ k
=
1

(λ
(f
k
)
−
ν

(f
k
))

2
≤
d

T
V

(λ
,ν

)2
,

w
h
ic

h
p
ro

ve
s

th
e

fi
rs

t
p
ar

t.

S
im

il
ar

ly
,

le
t
f k
`(
t)

=
t k
t `

.
S
in

ce
|f k

`(
t)
|≤

1
fo

r
al

l
k
,`

an
d

al
l
t
∈
B

(0
,1

),
w

e
h
av

e

|λ
(f
k
`)
−
ν

(f
k
`)
|≤

T
V

(λ
,ν

),
∀k
,`

=
1,
..
.,
d
.

S
in

ce
fo

r
an

y
p
ro

b
ab

il
it

y
m

ea
su

re
µ

on
R
d
,

C
ov

(µ
)

=
( µ

(f
k
`)
−
µ

(f
k
)µ

(f
`)

:
k
,`

=
1,
..
.,
d
) ,

w
e

h
av

e

‖C
ov

(λ
)
−

C
ov

(ν
)‖
≤

d
m

ax
k
,`

( |λ
(f
k
`)
−
ν

(f
k
`)
|+
|λ

(f
k
)λ

(f
`)
−
ν

(f
k
)ν

(f
`)
|)

≤
d

m
ax
k
,`

( |λ
(f
k
`)
−
ν

(f
k
`)
|+
|λ

(f
k
)||
λ

(f
`)
−
ν

(f
`)
|

+
|ν

(f
`)
||λ

(f
k
)
−
ν

(f
k
)|)

≤
3d

T
V

(λ
,ν

),

u
si

n
g

th
e

fa
ct

th
a
t
|λ

(f
k
)|
≤

1
an

d
|ν

(f
k
)|
≤

1
fo

r
al

l
k
.

T
h
e

fo
ll
ow

in
g

co
m

p
ar

es
th

e
m

ea
n

an
d

co
va

ri
an

ce
m

at
ri

x
of

a
d
is

tr
ib

u
ti

o
n

b
ef

o
re

a
n
d

af
te

r
tr

an
sf

or
m

at
io

n
b
y

a
fu

n
ct

io
n
.

L
e
m

m
a

1
5
.

L
et
λ

be
a

B
o
re

l
d
is

tr
ib

u
ti

o
n

w
it

h
co

m
pa

ct
su

p
po

rt
A
⊂

R
D

a
n

d
co

n
si

d
er

a
m

ea
su

ra
bl

e
fu

n
ct

io
n
g

:
A
7→

R
D

su
ch

th
a
t
‖g

(x
)
−
x
‖
≤
η

.
T

h
en

‖E
(λ
g
)
−

E(
λ

)‖
≤
η
,
‖C

ov
(λ
g
)
−

C
ov

(λ
)‖
≤
η
(d

ia
m

(A
)

+
η
).

P
ro

o
f.

T
ak

e
X
∼
λ

an
d

le
t
Y

=
g
(X

)
∼
λ
g
.

F
or

th
e

m
ea

n
s,

b
y

J
en

se
n
’s

in
eq

u
a
li
ty

,

‖E
X
−

E
Y
‖
≤

E
‖X
−
Y
‖

=
E
‖X
−
g
(X

)‖
≤
η
.

F
or

th
e

co
va

ri
an

ce
s,

w
e

fi
rs

t
n
ot

e
th

at

C
ov

(X
)
−

C
ov

(Y
)

=
1 2

( C
ov

(X
−
Y
,X

+
Y

)
+

C
ov

(X
+
Y
,X
−
Y

))
,
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S
p
e
c
t
r
a
l
C
l
u
st

e
r
in
g

B
a
se

d
o
n
L
o
c
a
l
P
C
A

w
h
ere

C
ov

(U
,V

)
:=

E
((U
−

E
U

)(V
−

E
V

)
T

)
is

th
e

cross-covarian
ce

of
ran

d
om

vecto
rs
U

a
n
d
V

.
B

y
J
en

sen
’s

in
eq

u
ality,

th
e

fact‖
u
v
T‖

=
‖
u‖‖v‖

fo
r

an
y

p
air

of
vectors

u
,v

,
an

d
th

en
th

e
C

a
u
ch

y
-S

ch
w

arz
in

eq
u
ality,

‖
C

ov
(U
,V

)‖
≤

E
(‖U
−

E
U
‖·‖

V
−

E
V
‖)≤

E
(‖
U
−

E
U
‖
2)

1
/
2·E

(‖V
−

E
V
‖
2)

1
/
2.

H
en

ce,

‖
C

ov
(X

)−
C

ov
(Y

)‖
≤
‖

C
ov

(X
−
Y
,X

+
Y

)‖
≤

E
[‖X

−
Y
−

E
X

+
E
Y
‖
2 ]

1
/
2E
[‖X

+
Y
−

E
X
−

E
Y
‖
2 ]

1
/
2.

B
y

th
e

fa
ct

th
at

th
e

m
ean

m
in

im
izes

th
e

m
ean

-sq
u
ared

error,

E
[‖
X
−
Y
−

E
X

+
E
Y
‖
2 ]

1
/
2≤

E
[‖
X
−
Y
‖
2 ]

1
/
2

=
E
[‖
X
−
g
(X

)‖
2 ]

1
/
2≤

η
.

In
th

e
sa

m
e

vein
,

lettin
g
z
∈
R
D

b
e

su
ch

th
at‖

x
−
z‖
≤

12
d
iam

(A
)

for
all
x
∈
A

,
w

e
get

E
[‖X

+
Y
−

E
X
−

E
Y
‖
2 ]

1
/
2
≤

E
[‖
X
−
z

+
Y
−
z‖

2 ]
1
/
2

≤
E
[‖
X
−
z‖

2 ]
1
/
2

+
E
[‖Y
−
z‖

2 ]
1
/
2

≤
2E
[‖
X
−
z‖

2 ]
1
/
2

+
E
[‖
X
−
g
(X

)‖
2 ]

1
/
2

≤
d
iam

(A
)

+
η
.

U
sin

g
th

e
tria

n
gle

in
eq

u
ality

tw
ice.

F
rom

th
is,

w
e

con
clu

d
e.

N
ex

t
w

e
co

m
p
are

th
e

covarian
ce

m
atrix

of
th

e
u
n
iform

d
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>
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d
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∈
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∈
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e

m
ea

n
s,

a
n

d
M

a
n

d
N

a
re

th
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∩
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∩
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‖
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b
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b
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b
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p
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∩
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≤
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=
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=
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w
it

h
ou

t
b

ei
n
g

cl
os

e
to

th
ei

r
in

te
rs

ec
ti

o
n
.

N
o
te

th
a
t

th
e

co
n
st

an
t

th
er

e
ca

n
n
ot

b
e

so
le

ly
ch

ar
a
ct

er
iz

ed
b
y
κ

,
as

it
al

so
d
ep

en
d
s

on
th

e
se

p
a
ra

ti
o
n

b
et

w
ee

n
th

e
su

rf
ac

es
aw

ay
fr

om
th

ei
r

in
te

rs
ec

ti
on

.

L
e
m

m
a

2
1
.

S
u

p
po

se
S
1
,S

2
∈
S d

(κ
)

in
te

rs
ec

t
a
t

a
st

ri
ct

ly
po

si
ti

ve
a
n

gl
e

a
n

d
th

a
t

re
a
ch

(S
1
∩

S
2
)
≥

1
/κ

.
T

h
en

th
er

e
is

a
co

n
st

a
n

t
C
2
1

su
ch

th
a
t

d
is

t(
x
,S

1
∩
S
2
)
≤
C
2
1

m
ax
{ d

is
t(
x
,S

1
),

d
is

t(
x
,S

2
)}
,
∀x
∈
R
D
.

P
ro

o
f.

A
ss

u
m

e
th

e
re

su
lt

is
n
ot

tr
u
e,

so
th

er
e

is
a

se
q
u
en

ce
(x

n
)
⊂

R
D

su
ch

th
a
t

d
is

t(
x
n
,S

1
∩

S
2
)
>
n

m
ax

k
d
is

t(
x
n
,S

k
).

B
ec

au
se

th
e

su
rf

ac
es

ar
e

b
ou

n
d
ed

,
w

e
m

ay
a
ss

u
m

e
W

L
O

G
th

at
th

e
se

q
u
en

ce
is

b
ou

n
d
ed

.
T

h
en

d
is

t(
x
n
,S

1
∩
S
2
)

is
b

ou
n
d
ed

,
w

h
ic

h
im

p
li
es

th
a
t

m
ax

k
d
is

t(
x
n
,S

k
)

=
O

(1
/n

).
T

h
is

al
so

fo
rc

es
d
is

t(
x
n
,S

1
∩
S
2
)
→

0.
In

d
ee

d
,

o
th

er
w

is
e

th
er

e
is

a
co

n
st

an
t
C
>

0
an

d
a

su
b
se

q
u
en

ce
(x

n
′ )
⊂

(x
n
)

su
ch

th
at

d
is

t(
x
n
′ ,
S
1
∩
S
2
)
≥
C

.
S
in

ce
(x

n
′ )

is
b

ou
n
d
ed

,
th

er
e

is
a

su
b
se

q
u
en

ce
(x

n
′′
)
⊂

(x
n
′ )

th
at

co
n
ve

rg
es

,
a
n
d

b
y

th
e

fa
ct

th
at

m
ax

k
d
is

t(
x
n
′′
,S

k
)

=
o(

1)
,

an
d

b
y

co
m

p
ac

tn
es

s
of
S
k
,

th
e

li
m

it
is

n
ec

es
sa

ri
ly

in
S
1
∩S

2
,

w
h
ic

h
is

in
co

m
p
at

ib
le

w
it

h
th

e
fa

ct
th

at
d
is

t(
x
n
′′
,S

1
∩S

2
)
≥
C

.
S
in

ce
d
is

t(
x
n
,S

1
∩S

2
)
→

1
,

w
e

h
av

e
n

m
ax k

d
is

t(
x
n
,S

k
)
<

d
is

t(
x
n
,S

1
∩
S
2
)

=
o(

1)
.

(4
7)
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S
p
e
c
t
r
a
l
C
l
u
st

e
r
in
g

B
a
se

d
o
n
L
o
c
a
l
P
C
A

A
ssu

m
e
n

is
large

en
ou

gh
th

at
d
ist(x

n
,S

1 ∩
S
2 )
<

1
/κ

an
d

let
s
kn

b
e

th
e

p
ro

jection
of

x
n

o
n
to
S
k ,

a
n
d
s ‡n

th
e

p
ro

jection
of
x
n

on
to
S
1 ∩

S
2 .

L
et
T
k

=
T
S
k (s ‡n

)
an

d
n
o
te

th
at

θ
m
in (T

1 ,T
2 )≥

θ
:=

θ(S
1 ,S

2 )—
see

d
efi

n
ition

(6).
L

et
t
kn

b
e

th
e

p
ro

jection
of
s
kn

on
to
T
k .

A
ssu

m
e

W
L

O
G

th
at‖t

1n −
s
1n ‖
≥
‖
t
2n −

s
2n ‖

.
L

et
t
n

d
en

ote
th

e
p
ro

jection
of
t
1n

on
to
T
1 ∩

T
2 ,

a
n
d

th
en

let
s
n

=
P
S
1 ∩
S
2 (t

n
).

B
y

(4
7
),

w
e

h
av

e
n

m
ax
k
‖
x
n −

s
kn ‖
≤
‖x

n −
s ‡n ‖

=
o(1).

(48)

W
e

sta
rt

w
ith

th
e

R
H

S
:‖x

n −
s ‡n ‖

=
m

in
s∈
S
1 ∩
S
2 ‖x

n −
s‖
≤
‖x

n −
s
n ‖
,

(49)

a
n
d

fi
rst

sh
ow

th
at‖x

n −
s
n ‖

=
o(1)

to
o.

W
e

u
se

th
e

trian
gle

in
eq

u
ality

m
u
ltip

le
tim

es
in

w
h
a
t

fo
llow

s.
W

e
h
ave

‖x
n −

s
n ‖
≤
‖x

n −
s
1n ‖

+
‖
s
1n −

t
1n ‖

+
‖
t
1n −

t
n ‖

+
‖
t
n −

s
n ‖
.

(50)

F
ro

m
(4

8
),‖
x
n −

s
1n ‖
≤
‖
x
n −

s ‡n ‖
=
o(1),

so
th

at‖
s
1n −

s ‡n ‖
=
o(1),

an
d

b
y

(10),

‖
s
1n −

t
1n ‖
≤
κ2 ‖
s
1n −

s ‡n ‖
2≤

κ
(‖
s
1n −

x
n ‖

2
+
‖x

n −
s ‡n ‖

2)
=
o(1).

(51)

W
e

a
lso

h
ave

‖t
1n −

t
n ‖

=
m

in
t∈
T
1 ∩
T
2 ‖
t
1n −

t‖
≤
‖
t
1n −

s ‡n ‖
≤
‖t

1n −
s
1n ‖

+
‖
s
1n −

x
n ‖

+
‖x

n −
s ‡n ‖

=
o(1).

(52)

F
in

ally,‖t
n −

s
n ‖

=
m

in
s∈
S
1 ∩
S
2 ‖t

n −
s‖
≤
‖t
n −

s ‡n ‖
≤
‖
t
n −

t
1n ‖

+
‖
t
1n −

s ‡n ‖
=
o(1).

W
e

n
ow

p
ro

ceed
.

T
h
e

last
u
p
p

er
b

ou
n
d

is
rath

er
cru

d
e.

In
d
eed

,
u
sin

g
(12)

for
S

=

S
1 ∩
S
2

a
n
d
s

=
s ‡n

,
an

d
n
otin

g
th

at
T
S
1 ∩
S
2 (s ‡n

)
=
T
1 ∩
T
2 ,

an
d

u
sin

g
th

e
fact

th
a
t‖
t
n −
s ‡n ‖

=
o(1

),
w

e
g
et‖
t
n −

s
n ‖
≤
κ‖t

n −
s ‡n ‖

2≤
κ

(‖t
n −

s
n ‖

+
‖s

n −
x
n ‖

+
‖
x
n −

s ‡n ‖
)
2.

U
sin

g
(4

9
),

‖t
n −

s
n ‖
≤
κ

(‖
t
n −

s
n ‖

+
2‖
s
n −

x
n ‖

)
2≤

5
κ‖
x
n −

s
n ‖

2,
(53)

even
tu

a
lly,

sin
ce
‖t
n −

s
n ‖

=
o(1).

C
o
m

b
in

in
g

(49),
(50),

(51)
an

d
(53),

w
e

get

‖x
n −

s
n ‖
≤
‖x

n −
s
1n ‖

+
O

(‖x
n −

s
1n ‖

2
+
‖
x
n −

s
n ‖

2)
+
‖
t
1n −

t
n ‖

+
O

(‖x
n −

s
n ‖

2),

w
h
ich

lea
d
s

to
‖
x
n −

s
n ‖
≤

2‖
x
n −

s
1n ‖

+
2‖t

1n −
t
n ‖,

(54)

w
h
en

n
is

la
rg

e
en

ou
gh

.
U

sin
g

th
is

b
ou

n
d

in
(48)

com
b
in

ed
w

ith
(49),

w
e

g
et

‖
t
1n −

t
n ‖
≥
n
−

2

2
m

a
x

k
‖
x
n −

s
kn ‖.
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A
r
ia
s-C

a
st

r
o
,
L
e
r
m
a
n
,
a
n
d

Z
h
a
n
g

W
e

th
en

h
av

e

m
ax
k
‖x

n −
s
kn ‖
≥

12 ‖
s
1n −

s
2n ‖

≥
12

(‖t
1n −

t
2n ‖−

‖
s
1n −

t
1n ‖−

‖
s
2n −

t
2n ‖)

≥
12

d
ist(t

1n
,T

2 )−
‖
s
1n −

t
1n ‖
,

w
ith

‖s
1n −

t
1n ‖

=
O

(‖x
n −

s
1n ‖

2
+
‖
x
n −

s ‡n ‖
2)

=
O

(‖x
n −

s
n ‖

2)
=
O

(‖
t
1n −

t
n ‖

2),

d
u
e

(in
th

e
sam

e
ord

er)
to

(51),
(48)-(49),

an
d

(54).
R

ecallin
g

th
at‖

t
1n −

t
n ‖

=
d
ist(t

1n
,T

1 ∩
T
2 ),

w
e

con
clu

d
e

th
at

d
ist(t

1n
,T

2 )
=
O

(1/n
)

d
ist(t

1n
,T

1 ∩
T
2 )

+
O

(1)
d
ist(t

1n
,T

1 ∩
T
2 )

2.

H
ow

ev
er,

b
y

L
em

m
a

20,
w

e
h
ave

d
ist(t

1n
,T

2 )≥
(sin

θ)
d
ist(t

1n
,T

1 ∩
T
2 ),

so
th

at
d
iv

id
in

g
b
y

d
ist(t

1n
,T

1 ∩
T
2 )

ab
ov

e
lead

s
to

1
=
O

(1/n
)

+
O

(1)
d
ist(t

1n
,T

1 ∩
T
2 ),

w
h
ich

is
in

con
trad

iction
w

ith
th

e
fact

th
at

d
ist(t

1n
,T

2 )≤
‖t

1n −
t
n ‖

=
o(1),

estab
lish

ed
in

(52).

6
.1
.6

C
o
v
a
r
ia
n
c
e
s
n
e
a
r
a
n
In

t
e
r
se

c
t
io
n

T
h
e

follow
in

g
com

p
ares

a
covarian

ce
m

atrix
of

a
d
istrib

u
tion

su
p
p

orted
on

th
e

u
n
ion

of
tw

o
sm

o
oth

su
rfaces

w
ith

th
at

of
th

e
p
ro

jection
of

th
at

d
istrib

u
tion

on
tan

gen
t

su
b
sp

aces.

L
e
m

m
a

2
2
.

C
o
n

sid
er
S
1 ,S

2 ∈
S
d (κ

)
in

tersectin
g

a
t

a
po

sitive
a
n

gle,
w

ith
reach

(S
1 ∩

S
2 )≥

1/κ
.

F
ix
s
∈
S
1

a
n

d
let

A
=
B

(s
,r)∩

(S
1 ∪

S
2 ),

w
h
ere

r
<

1
/
κ

.
L

et
C

d
en

o
te

th
e

em
p
irica

l
co

va
ria

n
ce

o
f

a
n

i.i.d
.

sa
m

p
le

fro
m

a
d
istribu

tio
n
ν

su
p
po

rted
o
n
A

o
f

size
m

a
n

d
d
efi

n
e

Σ
=

C
ov

(ν
).

T
h
en

P
(‖
C
m
−

Σ
‖
>
r
2t

+
3
κ
r
3 )≤

C
2
2

ex
p (−

m
t

C
2
2

m
in

(t,m
) )
,
∀
t≥

0,

w
h
ere

C
2
2

d
epen

d
s

o
n

ly
o
n
d

.

P
roo

f.
L

et
T
1

=
T
S
1 (s

),
an

d
if

d
ist(s

,S
2 )≤

r,
let
s
2

=
P
S
2 (s

)
an

d
T
2

=
T
S
2 (s

2 ).
D

efi
n
e

g
:
A
7→

T
1 ∪

T
2

w
h
ere

g
(x

)
=
P
T
1 (x

)
if
x
∈
S
1 ,

an
d
g
(x

)
=
P
T
2 (x

)
oth

erw
ise.

B
y

(10),
‖g

(x
)−

x‖
≤

κ2
r
2

for
all
x
∈
A

.
L

et
Σ
g

=
C

ov
(ν
g).

A
lso,

let
ν
m

d
en

ote
th

e
sam

p
le

d
istrib

u
tion

an
d

n
ote

th
at
C
m

=
C

ov
(ν
m

).
L

et
C
gm

=
C

ov
(ν
gm

).
N

ote
th

at
ν
gm

is
th

e
em

p
irical

d
istrib

u
tion

of
an

i.i.d
.

sam
p
le

of
size

m
from

ν
g,

so
th

e
n
otation

is
con

gru
en

t.
If

d
ist(s

,S
2 )
>
r,
ν
g

is
su

p
p

orted
on

B
(s
,r)∩

T
1 ,

w
h
ich

is
a
d
-d

im
en

sion
al

b
all

of
rad

iu
s
r,

so
th

at
(43)

ap
p
lies

to
C
gm

an
d

Σ
g.

If
d
ist(s

,S
2 )≤

r,
ν
g

is
su

p
p

orted
on

(B
(s
,r)∩

T
1 )∪

(B
(s

2 ,r)∩
T
2 )⊂

B
(s
,2r)∩

(T
1 ∪

T
2 )⊂

B
(s
,2r)∩

(T
1

+
T
2 ),

3
6

JM
L

R
 18(9):1-57, 2017



S
p
e
c
t
r
a
l
C
l
u
st

e
r
in
g

B
a
se

d
o
n
L
o
c
a
l
P
C
A

w
h
er

e
th

e
la

tt
er

is
a

b
al

l
in

d
im

en
si

on
d
′ :

=
d
im

(T
1

+
T
2
)
≤

2
d

of
ra

d
iu

s
2r

,
so

th
at

(4
3)

—
w

it
h

2
r

in
p
la

ce
of
r

an
d

2
d

in
p
la

ce
of
d
—

a
p
p
li
es

to
C
g m

an
d

Σ
g
.

T
h
en

,
b
y

th
e

tr
ia

n
gl

e
in

eq
u
al

it
y

an
d

L
em

m
a

15
,

‖C
m
−

Σ
‖
≤
‖C

m
−
C
g m
‖+
‖C

g m
−

Σ
g
‖+
‖Σ

g
−

Σ
‖

≤
2
κ
r3

+
κ
2
r4
/
2

+
‖C

g m
−

Σ
g
‖,

as
in

(3
8)

.

H
er

e
is

a
co

n
ti

n
u
it

y
re

su
lt

.

L
e
m

m
a

2
3
.

L
et
T
1

a
n

d
T
2

be
tw

o
li

n
ea

r
su

bs
pa

ce
s

o
f

sa
m

e
d
im

en
si

o
n
d

.
F

o
r
x
∈
T
1
,

d
en

o
te

by
Σ
T

(x
)

th
e

co
va

ri
a
n

ce
m

a
tr

ix
o
f

th
e

u
n

if
o
rm

d
is

tr
ib

u
ti

o
n

o
ve

r
B

(x
,r

)
∩

(T
1
∪
T
2
).

T
h
en

,
fo

r
a
ll
x
,y
∈
T
1
,

‖Σ
T

(x
)
−

Σ
T

(y
)‖
≤
{

5d
r
‖x
−
y
‖,

if
d
≥

2
,

r
‖x
−
y
‖+

2
√
r3
‖x
−
y
‖,

if
d

=
1.

W
e

n
ot

e
th

at
,

w
h
en

d
=

1,
w

e
al

so
h
av

e
th

e
b

ou
n
d

‖Σ
T

(x
)
−

Σ
T

(y
)‖
≤

4γ
r
‖x
−
y
‖,

if
m

in
(d

is
t(
x
,T

2
),

d
is

t(
y
,T

2
))
≤
r√

1
−

1
/γ

2
.

P
ro

o
f.

A
ss

u
m

e
w

it
h
ou

t
lo

ss
of

ge
n
er

al
it

y
th

at
r

=
1.

L
et
A
j x

=
B

(x
,1

)
∩
T
j

fo
r

an
y
x

an
d

j
=

1,
2.

B
y

L
em

m
a

14
an

d
th

en
L

em
m

a
7,

w
e

h
av

e

‖Σ
T

(x
)
−

Σ
T

(y
)‖

=
‖C

ov
(λ
A

1 x
∪A

2 x
)
−

C
ov

(λ
A

1 y
∪A

2 y
)‖

≤
3
d

T
V

(λ
A

1 x
∪A

2 x
,λ

A
1 y
∪A

2 y
)

≤
12
d

vo
l(

(A
1 x
∪
A

2 x
)
4

(A
1 y
∪
A

2 y
))

vo
l(

(A
1 x
∪
A

2 x
)
∪

(A
1 y
∪
A

2 y
))

≤
12
d

vo
l(
A

1 x
4
A

1 y
)

+
v
ol

(A
2 x
4
A

2 y
)

vo
l(
A

1 x
)

.

N
ot

e
th

at
A

2 x
=

B
(x

2
,η

)
∩
T
2

w
h
er

e
x
2

:=
P
T
2
(x

)
an

d
η

:=
√

1
−
‖x
−
x
2
‖2
∧

1.
S
im

il
ar

ly
,
A

2 y
=
B

(y
2
,δ

)
∩
T
2

w
h
er

e
y
2

:=
P
T
2
(y

)
an

d
δ

:=
√

1
−
‖y
−
y
2
‖2
∧

1.
T

h
er

ef
or

e,
ap

p
ly

in
g

L
em

m
a

12
,

w
e

ge
t

vo
l(
A

1 x
4
A

1 y
)

2
vo

l(
A

1 x
)
≤

1
−

(1
−
t)
d +
,

(6
4)

an
d

as
su

m
in

g
W

L
O

G
th

at
δ
≤
η

(i
.e

.,
‖y
−
y
2
‖
≥
‖x
−
x
2
‖)

an
d

af
te

r
p
ro

p
er

sc
al

in
g
,

w
e

ge
t

vo
l(
A

2 x
4
A

2 y
)

2
vo

l(
A

1 x
)
≤
ζ

:=
η
d
−

(η
−
t 2

)d +
∧
δd
,

(6
5)

w
h
er

e
t

:=
‖x
−
y
‖

an
d
t 2

:=
‖x

2
−
y
2
‖.

N
ot

e
th

at
t 2
≤
t

b
y

th
e

fa
ct

th
a
t
P
T
2

is
1-

L
ip

sc
h
it

z.
F

or
(6

4)
,

w
e

h
av

e
1
−

(1
−
t)
d +
≤
d
t.

T
h
is

is
ob

v
io

u
s

w
h
en

t
≥

1,
w

h
il
e

w
h
en

t
≤

1
it

is
ob

ta
in

ed
u
si

n
g

th
e

fa
ct

th
at

,
fo

r
an

y
0
≤
a
<
b
≤

1,

bd
−
a
d

=
(b
−
a
)(
bd
−
1

+
a
bd
−
2

+
··
·+

a
d
−
2
b

+
a
d
−
1
)
≤
d
bd
−
1
(b
−
a
)
≤
d
(b
−
a
).

(6
6)

F
or

(6
5)

,
w

e
co

n
si

d
er

se
v
er

al
ca

se
s.
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A
r
ia
s-
C
a
st

r
o
,
L
e
r
m
a
n
,
a
n
d

Z
h
a
n
g

•
W

h
en

η
≤
t 2

,
th

en
ζ

=
η
d
≤
η
≤
t 2
≤
t.

•
W

h
en

t 2
<
η
≤
t 2

+
δ,

th
en

ζ
=
η
d
−

(η
−
t 2

)d
≤
d
t 2
≤
d
t,

b
y

(6
6)

.

•
W

h
en

η
≥
t 2

+
δ

an
d
d
≥

2,
w

e
h
av

e

ζ
=

η
d
−
δd
≤
d
η
d
−
1
(η
−
δ)
≤
d
η
(η
−
δ)
≤
d
(η

2
−
δ2

)

=
d
(‖
y
−
y
2
‖2
∧

1
−
‖x
−
x
2
‖2
∧

1)

=
d
(‖
y
−
y
2
‖∧

1
+
‖x
−
x
2
‖∧

1)
(‖
y
−
y
2
‖∧

1
−
‖x
−
x
2
‖∧

1
)

≤
2d

(t
+
t 2

)
≤

4
d
t,

w
h
er

e
(6

6)
w

as
ap

p
li
ed

in
th

e
fi
rs

t
li
n
e

an
d

th
e

tr
ia

n
gl

e
in

eq
u
al

it
y

w
as

a
p
p
li
ed

in
th

e
la

st
li
n
e,

in
th

e
fo

rm
of

‖y
−
y
2
‖
≤
‖y
−
x
‖+
‖x
−
x
2
‖+
‖x

2
−
y
2
‖

=
‖x
−
x
2
‖+

t
+
t 2
.

•
W

h
en

η
≥
t 2

+
δ

an
d
d

=
1,

w
e

h
av

e

ζ
=
η
−
δ
≤
√
‖y
−
y
2
‖2
∧

1
−
‖x
−
x
2
‖2
∧

1
≤

2√
t,

u
si

n
g

(7
0)

,
p
re

ce
d
ed

b
y

th
e

fa
ct

th
at

,
fo

r
a
n
y

0
≤
a
<
b
≤

1,

0
≤
√

1
−
a
−
√

1
−
b

=
b
−
a

√
1
−
a

+
√

1
−
b
≤

b
−
a

√
1
−
b

+
b
−
a
≤

b
−
a

√
b
−
a

=
√
b
−
a
.

In
su

m
m

ar
y,

w
h
en

d
≥

2,
w

e
ca

n
th

er
ef

or
e

b
ou

n
d
‖Σ

T
(x

)
−

Σ
T

(y
)‖

b
y
d
t

+
4d
t

=
5d
t;

an
d

w
h
en

d
=

1,
w

e
b

ou
n
d

th
at

b
y
t

+
2
√
t.

T
h
e

fo
ll
ow

in
g

is
in

so
m

e
se

n
se

a
co

n
v
er

se
to

L
em

m
a

23
,

in
th

at
w

e
lo

w
er

-b
o
u
n
d

th
e

d
is

ta
n
ce

b
et

w
ee

n
co

va
ri

an
ce

m
at

ri
ce

s
n
ea

r
an

in
te

rs
ec

ti
on

of
li
n
ea

r
su

b
sp

ac
es

.
N

o
te

th
a
t

th
e

co
va

ri
an

ce
m

at
ri

x
d
o
es

n
ot

ch
an

g
e

w
h
en

m
ov

in
g

p
ar

al
le

l
to

th
e

in
te

rs
ec

ti
o
n
;

h
ow

ev
er

,
it

d
o
es

w
h
en

m
ov

in
g

p
er

p
en

d
ic

u
la

r
to

th
e

in
te

rs
ec

ti
on

.

L
e
m

m
a

2
4
.

L
et
T
1

a
n

d
T
2

be
tw

o
li

n
ea

r
su

bs
pa

ce
s

o
f

sa
m

e
d
im

en
si

o
n
d

w
it

h
θ m

in
(T

1
,T

2
)
≥

θ 0
>

0.
F

ix
a

u
n

it
n

o
rm

ve
ct

o
r
v
∈
T
1
∩

(T
1
∩
T
2
)⊥

.
W

it
h

Σ
T

(h
v

)
d
en

o
ti

n
g

th
e

co
va

ri
a
n

ce
o
f

th
e

u
n

if
o
rm

d
is

tr
ib

u
ti

o
n

o
ve

r
B

(h
v
,r

)
∩

(T
1
∪
T
2
),

w
e

h
a
ve

in
f
h

su
p `
‖Σ

T
(h
v

)
−

Σ
T

(`
v

)‖
≥
r2
/C

2
4
,

w
h
er

e
th

e
in

fi
m

u
m

is
o
ve

r
0
≤
h
≤

1
/

si
n
θ 0

a
n

d
th

e
su

p
re

m
u

m
o
ve

r
m

ax
(0
,h
−

1/
2
)
≤
`
≤

m
in

(1
/

si
n
θ 0
,h

+
1
/2

),
a
n

d
C
2
4
≥

1
d
ep

en
d
s

o
n

ly
o
n
d

a
n

d
θ 0

.

P
ro

o
f.

A
ss

u
m

e
w

it
h
ou

t
lo

ss
of

ge
n
er

al
it

y
th

at
r

=
1.

If
th

e
st

at
em

en
t

of
th

e
le

m
m

a
is

n
ot

tr
u
e,

th
er

e
ar

e
su

b
sp

ac
es
T
1

an
d
T
2

of
sa

m
e

d
im

en
si

on
d
,

a
u
n
it

le
n
g
th

ve
ct

o
r
v
∈

T
1
∩

(T
1
∩
T
2
)⊥

an
d

0
≤
h
≤

1/
si

n
θ 0

,
su

ch
th

at

Σ
T

(`
v

)
=

Σ
T

(h
v

)
fo

r
al

l
m

ax
(0
,h
−

1
/2

)
≤
`
≤

m
in

(1
/

si
n
θ 0
,h

+
1
/
2
).

(7
1
)
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S
p
e
c
t
r
a
l
C
l
u
st

e
r
in
g

B
a
se

d
o
n
L
o
c
a
l
P
C
A

T
h
is

is
b

eca
u
se
`7→

Σ
T

(`v
)

is
con

tin
u
ou

s
on

ce
T
1 ,T

2
an

d
v

are
ch

osen
.

B
y

p
ro

jectin
g

on
to

(T
1 ∩
T
2 ) ⊥

,
w

e
m

ay
assu

m
e

th
at
T
1 ∩
T
2

=
{
0}

w
ith

ou
t

loss
of

gen
erality.

L
et
θ

=
∠

(v
,T

2 )
an

d
n
o
te

th
a
t
θ
≥
θ
0

sin
ce
T
1 ∩

T
2

=
{0}

.
D

efi
n
e
u

=
(v−

P
T
2 v

)/
sin

θ
an

d
also

w
=
P
T
2 v
/

cos
θ

w
h
en

θ
<
π
/
2
,

an
d
w
∈
T
2

is
an

y
v
ector

p
erp

en
d
icu

lar
to
v

w
h
en

θ
=
π
/2.

B
(h
v
,1)∩

T
1

is
th

e
d
-d

im
en

sio
n
al

b
all

of
T
1

of
rad

iu
s

1
an

d
cen

ter
h
v

,
w

h
ile—

u
sin

g
P

y
th

agoras
th

eorem
—

B
(h
v
,1

)∩
T
2

is
th

e
d
-d

im
en

sion
al

b
all

of
T
2

of
rad

iu
s
t

:=
(1−

(h
sin

θ)
2)

1
/
2

an
d

cen
ter

(h
co

s
θ)w

.
L

et
λ

d
en

ote
th

e
u
n
iform

d
istrib

u
tio

n
over

B
(h
v
,1)∩

(T
1 ∪

T
2 )

an
d
λ
k

th
e

u
n
ifo

rm
d
istrib

u
tion

ov
er
B

(h
v
,1)∩

T
k .

N
ote

th
at
λ

=
α
λ
1

+
(1−

α
)λ

2 ,
w

h
ere

α
:=

vo
l(B

(h
v
,1)∩

T
1 )

vo
l(B

(h
v
,1)∩

(T
1 ∪

T
2 ))

=
vol(B

(h
v
,1)∩

T
1 )

vol(B
(h
v
,1)∩

T
1 )

+
v
ol(B

((h
cos

θ)w
,t)∩

T
2 )

=
1

1
+
t d
.

B
y

th
e

law
o
f

total
covarian

ce,

C
ov

(λ
)

=
α

C
ov

(λ
1 )

+
(1−

α
)

C
ov

(λ
2 )

+
α

(1−
α

)(E
(λ

1 )−
E

(λ
2 ))(E

(λ
1 )−

E
(λ

2 )) >
.

(72)

w
ith

E
(λ

1 )
=
h
v

an
d
E

(λ
2 )

=
h

cos(θ)w
,

an
d

C
ov

(λ
1 )

=
cP

T
1

an
d

C
ov

(λ
2 )

=
t 2cP

T
2 ,

b
y

L
em

m
a

1
3.

H
en

ce,

Σ
T

(h
v

)
=
α
cP

T
1

+
(1−

α
)t 2cP

T
2

+
α

(1−
α

)(1−
t 2)u

u
>
,

u
sin

g
th

e
fact

th
at
v−

(cos
θ)w

=
(sin

θ)u
an

d
th

e
d
efi

n
ition

of
t.

L
et
θ
1

=
θ
m
a
x (T

1 ,T
2 )

an
d

let
v
1 ∈

T
1

b
e

o
f

u
n
it

len
gth

an
d

su
ch

th
at∠

(v
1 ,T

2 )
=
θ
1 .

T
h
en

for
an

y
0
≤
h
,`≤

1/
sin

θ
0 ,

w
e

h
ave

‖
Σ
T

(h
v

)−
Σ
T

(`v
)‖
≥
|v
>1

Σ
T

(h
v

)v
1 −

v
>1

Σ
T

(`v
)v

1 |
=
|f

(th )−
f

(t` )|,
(73)

w
h
ere

th
:=

(1−
(h

sin
θ)

2)
1
/
2

an
d

f
(t)

=
c

1
+
t d

+
ct d

+
2(cos

θ
1 )

2

1
+
t d

+
t d(1−

t 2)(u
>
v
1 )

2

(1
+
t d)

2
.

It
is

ea
sy

to
see

th
at

th
e

in
terval

I
h

=
{
t`

:
(h
−

1
/2)

+
≤
`≤

(1/
sin

θ
0 )∧

(h
+

1
/2)}

is
n
o
n

em
p
ty.

B
ecau

se
of

(71)
an

d
(73),

f
(t)

is
con

stan
t

over
t∈

I
h ,

b
u
t

th
is

is
n
ot

p
ossib

le
sin

ce
f

is
a

ra
tion

al
fu

n
ction

n
ot

eq
u
al

to
a

con
stan

t
an

d
th

erefore
can

n
ot

b
e

con
stan

t
over

a
n

in
terva

l
o
f

p
ositive

len
gth

.

W
e

n
ow

lo
o
k

at
th

e
eigen

valu
es

of
th

e
covarian

ce
m

atrix
.

L
e
m

m
a

2
5
.

L
et
T
1

a
n

d
T
2

be
tw

o
lin

ea
r

su
bspa

ces
o
f

sa
m

e
d
im

en
sio

n
d

.
F

o
r
x
∈
T
1 ,

d
en

o
te

by
Σ
T

(x
)

th
e

co
va

ria
n

ce
m

a
trix

o
f

th
e

u
n

ifo
rm

d
istribu

tio
n

o
ver

B
(x
,1)∩

(T
1 ∪

T
2 ).

T
h
en

,
fo

r
a
ll
x
∈
T
1 ,

c (1−
(1−

δ
2(x

))
d
/
2

+

)≤
β
d (Σ

T
(x

)),
β
1 (Σ

T
(x

))≤
c

+
δ
2(x

)(1−
δ
2(x

))
d
/
2

+
,

(75)

c8
(1−

co
s
θ
m
a
x (T

1 ,T
2 ))

2(1−
δ
2(x

))
d
/
2
+
1

+
≤
β
d
+
1 (Σ

T
(x

))≤
(c

+
δ
2(x

))(1−
δ
2(x

))
d
/
2

+
,

(76)

w
h
ere

c
:=

1/(d
+

2)
a
n

d
δ(x

)
:=

d
ist(x

,T
2 ).39
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A
r
ia
s-C

a
st

r
o
,
L
e
r
m
a
n
,
a
n
d

Z
h
a
n
g

P
roo

f.
A

p
p
ly

in
g

(72),
w

e
h
ave

Σ
T

(x
)

=
α
cP

T
1

+
(1−

α
)ct 2P

T
2

+
α

(1−
α

)(x
−
x
2 )(x

−
x
2 ) >

,
(77)

w
h
ere

x
2

:=
P
T
2 (x

)
an

d
α

:=
(1

+
t d) −

1
w

ith
t

:=
(1−

δ
2(x

))
1
/
2

+
.

B
ecau

se
all

th
e

m
atrices

in
th

is
d
isp

lay
are

p
ositive

sem
id

efi
n
ite,

w
e

h
ave

β
d (Σ

T
(x

))≥
α
c‖
P
T
1 ‖

=
α
c,

w
ith

α
≥

1−
t d.

A
n
d

b
ecau

se
of

th
e

trian
gle

in
eq

u
ality,

w
e

h
ave

β
1 (Σ

T
(x

))≤
α
c‖
P
T
1 ‖

+
(1−

α
)ct 2‖P

T
2 ‖

+
α

(1−
α

)‖x
−
x
2 ‖

2≤
c

+
α

(1−
α

)δ
2(x

),

w
ith

α
(1−

α
)≤

t d.
H

en
ce,

(75)
is

p
roved

.
F

or
th

e
u
p
p

er
b

ou
n
d

in
(76),

b
y

W
ey

l’s
in

eq
u
ality

(S
tew

art
a
n
d

S
u
n
,

1990,
C

or.
IV

.4.9)
an

d
th

e
fact

th
at
β
d
+
1 (P

T
1 )

=
0,

an
d

th
en

th
e

trian
gle

in
eq

u
ality,

w
e

get

β
d
+
1 (Σ

T
(x

))
≤
‖
Σ
T

(x
)−

α
cP

T
1 ‖

≤
c(1−

α
)t 2‖P

T
2 ‖

+
α

(1−
α

)δ
2(x

)

≤
(1−

α
)(c

+
δ
2(x

)),

an
d

w
e

th
en

u
se

th
e

fact
th

at
1−

α
≤
t d.

F
or

th
e

low
er

b
ou

n
d

in
(76),

let
θ
1
≥
θ
2
≥
···≥

θ
d

d
en

ote
th

e
p
rin

cip
al

an
gles

b
e-

tw
een

T
1

an
d
T
2 .

B
y

th
e

d
efi

n
ition

of
p
rin

cip
al

an
gles,

th
ere

are
o
rth

o
n
orm

al
b
ases

for
T
1

an
d
T
2 ,

d
en

oted
v
1 ,...,v

d
an

d
w

1 ,...,w
d ,

su
ch

th
at
v
>j
w
k

=
1Ij=

k
·

cos
θ
j .

T
ak

e
u
∈

sp
an

(v
1 ,...,v

d ,w
1 ),

th
at

is,
of

th
e

form
u

=
a
v
1
+
v

+
bw

1 ,
w

ith
v
∈

sp
an

(v
2 ,...,v

d ).
S
in

ce
P
T
1

=
v
1 v
>1

+
···

+
v
d v
>d

an
d
P
T
2

=
w

1 w
>1

+
···

+
w
d w
>d

,
w

h
en
‖u‖

=
1,

w
e

h
ave

1c
u
>

Σ
T

(x
)u
≥
α
u
>
P
T
1 u

+
(1−

α
)t 2u
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+
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+
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m
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18,‖Q
i −

Q
j ‖

=
1

for
an

y
j∈

I
? .

B
y

ou
r

ch
oice

of
η
<

1,
th

is
m

ean
s

th
at
i

an
d
j

are
n
ot

n
eigh

b
ors.

S
o

th
e

on
ly

w
ay
{
i∈

I
?

:
K
i

=
1}

an
d
{i∈

I
?

:
K
i

=
2}

are
con

n
ected

in
th

e
grap

h
is

if
th

ere
are

s
i ∈
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Σ
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R
d

an
d
γ
>

0.
T

h
e

p
ro

x
im

al
gr

ad
ie

n
t

al
go

ri
th

m
is

an
it

er
a
ti

ve
a
lg

o
ri

th
m

w
h
ic

h
,

gi
ve

n
an

in
it

ia
l

va
lu

e
θ 0
∈

Θ
an

d
a

se
q
u
en

ce
of

p
os

it
iv

e
st

ep
si

ze
s
{γ

n
,n
∈
N
},

p
ro

d
u
ce

s
a

se
q
u
en

ce
of

p
ar

am
et

er
s
{θ
n
,n
∈
N
}

as
fo

ll
ow

s:

A
lg

o
ri

th
m

1
(P

ro
x
im

a
l

g
ra

d
ie

n
t

a
lg

o
ri

th
m

)
G

iv
en

θ n
,

co
m

p
u

te

θ n
+

1
=

P
ro

x
γ
n
+
1
,g

(θ
n
−
γ
n

+
1
∇
f

(θ
n
))
.

(2
)

W
h
en

γ
n

=
γ

fo
r

an
y
n

,
it

is
k
n
ow

n
th

at
th

e
it

er
at

es
of

th
e

p
ro

x
im

al
g
ra

d
ie

n
t

al
go

ri
th

m
{θ
n
,n
∈

N
}

(A
lg

or
it

h
m

1)
co

n
v
er

g
es

to
θ ∞

,
th

is
p

oi
n
t

is
a

fi
x
ed

p
o
in

t
o
f

th
e

p
ro

x
im

al
-g

ra
d
ie

n
t

m
ap

T
γ
(θ

)
d

ef =
P

ro
x
γ
,g

(θ
−
γ
∇
f

(θ
))
.

(3
)
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O
n

P
e
r
t
u
r
b
e
d

P
r
o
x
im

a
l

G
r
a
d
ie

n
t

A
l
g

o
r
it

h
m

s

U
n
d
er

H
1

an
d

H
2,

w
h
en

γ
n

(0,2/L
]

an
d

in
f
n
γ
n
>

0,
it

is
in

d
eed

k
n
ow

n
th

at
th

e
itera

tes
o
f

th
e

p
rox

im
al

grad
ien

t
algorith

m
{
θ
n
,
n
∈
N}

d
efi

n
ed

in
(2)

con
verg

es
to

a
p

o
in

t
in

th
e

setL
of

th
e

solu
tion

s
of

(P
)

w
h
ich

coin
cid

es
w

ith
th

e
fi
x
ed

p
oin

ts
of

th
e

m
a
p
p
in

g
T
γ

fo
r

an
y
γ
∈

(0,2
/L

)

L
d

ef
=

argm
in
θ∈

Θ
F

(θ)
=
{
θ∈

Θ
:
θ

=
T
γ (θ)}

.
(4)

(see
e.g

.
(C

o
m

b
ettes

an
d

W
a

js,
2005,

T
h
eorem

3.4.
an

d
P

rop
osition

3.1.(iii))).
S
in

ce
∇
f

(θ)
is

in
tractab

le,
th

e
grad

ien
t
∇
f

(θ
n
)

at
n

-th
iteration

is
rep

laced
b
y

a
n

a
p
p
rox

im
a
tion

H
n

+
1 :

A
lg

o
rith

m
2

(P
e
rtu

rb
e
d

P
ro

x
im

a
l

G
ra

d
ie

n
t

a
lg

o
rith

m
)

L
et
θ

0 ∈
Θ

be
th

e
in

i-
tia

l
so

lu
tio

n
a
n

d
{γ

n
,
n
∈
N}

be
a

sequ
en

ce
o
f

po
si–

tive
step

–
sizes.

F
o
r
n
≥

1
,

given
(θ

0 ,...,θ
n
)

co
n

stru
ct

a
n

a
p
p
ro

xim
a
tio

n
H
n

+
1

o
f∇

f
(θ
n
)

a
n

d
co

m
p
u

te

θ
n

+
1

=
P

rox
γ
n
+
1
,g

(θ
n −

γ
n

+
1 H

n
+

1 )
.

(5)

W
e

p
rov

id
e

in
T

h
eorem

2
su

ffi
cien

t
con

d
ition

s
on

th
e

p
ertu

rb
ation

η
n

+
1

=
H
n

+
1 −

∇
f

(θ
n
)

to
o
b
ta

in
th

e
con

v
ergen

ce
of

th
e

p
ertu

rb
ed

p
rox

im
a
l

grad
ien

t
seq

u
en

ce
giv

en
b
y

(5
).

W
e

th
en

con
sid

er
an

averagin
g

sch
em

e
of

th
e

p
ertu

rb
ed

p
rox

im
al

gra
d
ien

t
a
lgo-

rith
m

:
g
iven

n
o
n
-n

egative
w

eigh
ts{

a
n
,
n
∈
N}

,
T

h
eorem

3
p
rov

id
es

n
on

-asy
m

p
totic

b
o
u
n
d

o
f

th
e

d
ev

iation
b

etw
een

∑
nk
=

1
a
k F

(θ
k )/ ∑

nk
=

1
a
k

an
d

th
e

m
in

im
u
m

of
F

.
O

u
r

resu
lts

com
p
lem

en
t

an
d

ex
ten

d
R

osasco
et

al.
(2014);

N
itan

d
a

(2014);
X

iao
an

d
Z

h
an

g
(2

0
1
4
).

W
e

th
en

co
n
sid

er
th

e
case

w
h
ere

th
e

grad
ien

t
∇
f

(θ)
=
∫
X
H
θ (x

)π
θ (d

x
)

is
d
e-

fi
n
ed

a
s

a
n

ex
p

ectation
(see

H
3

in
section

3).
In

th
is

case,
at

each
iteration

∇
f

(θ
n
)

is
a
p
p
rox

im
a
ted

b
y

a
M

on
te

C
arlo

averag
e
H
n

+
1

=
m
−

1
n

+
1 ∑

m
n
+
1

j=
1
H
θ
n
(X

(j)
n

+
1 )

w
h
ere

m
n

+
1

is
th

e
size

of
th

e
M

on
te

C
arlo

b
atch

an
d
{
X

(j)
n

+
1 ,1
≤
j
≤
m
n

+
1 }

is
th

e
M

on
te

C
a
rlo

b
a
tch

.
T

w
o

d
iff

eren
t

settin
gs

are
cov

ered
.

In
th

e
fi
rst

settin
g,

th
e

sam
p
les

{
X

(j)
n

+
1 ,1
≤

j
≤

m
n

+
1 }

are
con

d
ition

ally
in

d
ep

en
d
en

t
an

d
id

en
tically

d
istrib

u
ted

(i.i.d
.)

w
ith

d
istrib

u
tion

π
θ
n
.

In
su

ch
case,

th
e

con
d
ition

al
ex

p
ectatio

n
of
H
n

+
1

given
a
ll

th
e

p
a
st

iteration
s,

d
en

oted
b
y
E

[H
n

+
1 |F

n
]

(see
section

3),
is

eq
u
al

to
∇
f

(θ
n
).

In
th

e
seco

n
d

settin
g,

th
e

M
on

te
C

arlo
b
atch

{X
(j)
n

+
1 ,1
≤
j
≤
m
n

+
1 }

is
p
ro

d
u
ced

b
y

ru
n
n
in

g
a

M
C

M
C

algorith
m

.
In

su
ch

case,
th

e
con

d
ition

al
d
istrib

u
tion

of
X

(j)
n

+
1

given
th

e
p
a
st

is
n
o

lo
n
ger

ex
actly

eq
u
al

to
π
θ
n

w
h
ich

im
p
lies

th
at

E
[H

n
+

1 |F
n
]6=
∇
f

(θ
n
).

T
h
eo

rem
4

(resp
.

T
h
eorem

6)
estab

lish
th

e
con

vergen
ce

of
th

e
seq

u
en

ce
{θ
n
,n
∈

N}
w

h
en

th
e

b
a
tch

size
m
n

is
eith

er
fi
x
ed

or
in

creases
w

ith
th

e
n
u
m

b
er

of
iteration

s
n

.

W
h
en

th
e

M
o
n
te

C
arlo

b
atch

{X
(j)
n

+
1 ,1
≤
j≤

m
n

+
1 }

is
i.i.d

.
con

d
ition

ally
to

th
e

p
ast

th
e

tw
o

th
eo

rem
s

essen
tially

say
th

at
w

ith
p
rob

ab
ility

on
e,{θ

n
,n
∈
N}

con
verges

to
an

elem
en

t
o
f

th
e

set
of

m
in

im
izerL

as
so

on
as ∑

n
γ
n

=
+
∞

an
d
∑

n
γ

2n
+

1 /
m
n

+
1
<
∞

.
H

en
ce,

o
n
e

ca
n

ch
o
ose

eith
er

a
fi
x
ed

step
size

γ
n

=
γ

an
d

a
b
atch

size
{m

n
,n
∈
N}

in
crea

sin
g

a
t

least
lin

early
(u

p
to

a
logarith

m
ic

factor);
or

a
d
ecreasin

g
step

size
an

d

a
fi
x
ed

b
a
tch

size
m
n

=
m

.
W

h
en
{
X

(j)
n

+
1 ,1
≤
j
≤
m
n

+
1 }

is
p
ro

d
u
ced

b
y

a
M

C
M

C
a
lg

o
rith

m
(u

n
d
er

ap
p
rop

riate
assu

m
p
tion

s)
ou

r
th

eorem
s

essen
tially

say
th

at
th

e
sam

e
co

n
verg

en
ce

resu
lt

h
old

s
if ∑

n
γ
n

=
∞

a
n
d
∑

n
γ

2n
+

1
<
∞

w
h
en

m
n

=
m

is
con

stan
t

a
cro

ss
itera

tion
s

or ∑
n
γ
n

+
1 /m

n
+

1
<
∞

if
th

e
b
atch

size
is

in
creased

.
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A
t
c
h
a
d
é
,

F
o
r
t

a
n
d

M
o
u
l
in

e
s

T
h
eorem

4
an

d
T

h
eorem

6
also

p
rov

id
e

n
o
n

asy
m

p
totic

b
ou

n
d
s

for
th

e
d
iff

eren
ce

∆
n

=
∑

nk
=

1
a
k F

(θ
k )/ ∑

nk
=

1
a
k −

m
in
F

in
L
q-n

orm
for

q
≥

1.
W

h
en

th
e

b
atch

size
seq

u
en

ce
m
n

+
1

in
creases

lin
early

at
each

itera
tion

w
h
ile

th
e

step
size

γ
n

+
1

is
h
eld

con
stan

t,
∆
n

=
O

(ln
n
/n

).
W

e
recover

(u
p

to
a

logarith
m

ic
factor)

th
e

rate
of

th
e

p
rox

im
al

grad
ien

t
algorith

m
.

If
w

e
n
ow

com
p
are

th
e

com
p
lex

ity
of

th
e

algorith
m

s
in

term
s

of
th

e
n
u
m

b
er

of
sim

u
lation

s
N

n
eed

ed
(an

d
n
ot

th
e

n
u
m

b
er

of
iteration

s),
th

e
error

b
ou

n
d

d
ecreases

lik
e
O

(N
−

1
/
2).

T
h
e

sam
e

error
b

ou
n
d

can
b

e
ach

ieved
b
y

ch
o
osin

g
a

fi
x
ed

b
atch

size
an

d
a

d
ecreasin

g
step

size
γ
n

=
O

(1/ √
n

).
In

section
4,

th
ese

resu
lts

are
illu

strated
w

ith
th

e
p
rob

lem
of

estim
atin

g
a

h
igh

-
d
im

en
sion

al
d
iscrete

grap
h
ical

m
o
d
els.

In
sectio

n
5,

w
e

con
sid

er
h
igh

-d
im

en
sion

al
ran

d
om

eff
ect

logistic
regression

m
o
d
el.

A
ll

th
e

p
ro

ofs
a
re

p
ostp

on
ed

to
section

6.

2
.

P
e
rtu

rb
e
d

p
ro

x
im

a
l

g
ra

d
ie

n
t

a
lg

o
rith

m
s

T
h
e

key
p
rop

erty
to

stu
d
y

th
e

b
eh

av
ior

of
th

e
seq

u
en

ce
th

e
p

ertu
rb

ed
p
rox

im
al

grad
ien

t
algorith

m
is

th
e

follow
in

g
elem

en
tary

lem
m

a
w

h
ich

m
igh

t
b

e
seen

as
a

d
eter-

m
in

istic
version

of
th

e
R

ob
b
in

s-S
iegm

u
n
d

lem
m

a
(see

e.g.
(P

oly
ak

,
1987,

L
em

m
a

11,
C

h
ap

ter
2)).

It
rep

laces
in

ou
r

an
aly

sis
(C

om
b

ettes,
2
001,

L
em

m
a

3.1)
for

q
u
asi-F

ejer
seq

u
en

ces
an

d
m

o
d
ifi

ed
F

ejer
m

on
oton

e
seq

u
en

ces
(see

L
in

et
al.

(2015)).
C

om
p
ared

to
th

e
R

ob
b
in

s-S
iegm

u
n
d

L
em

m
a,

th
e

seq
u
en

ce
(ξ
n
)
n

is
n
ot

assu
m

ed
to

b
e

n
on

n
ega-

tive.
W

h
en

ap
p
lied

in
th

e
sto

ch
astic

con
tex

t
as

in
S
ectio

n
3,

th
e

fact
th

at
th

e
resu

lt
is

p
u
rely

d
eterm

in
istic

an
d

d
eals

w
ith

sig
n
ed

p
ertu

rb
ation

s
ξ
n

allow
s

m
ore

fl
ex

ib
ility

in
th

e
stu

d
y

of
th

e
d
y
n
am

ics.

L
e
m

m
a

1
L

et{
v
n
,
n
∈
N}

a
n

d
{χ

n
,
n
∈
N}

be
n

o
n

-n
ega

tive
sequ

en
ces

a
n

d
{
ξ
n
,
n
∈

N}
be

su
ch

th
a
t ∑

n
ξ
n

exists.
If

fo
r

a
n

y
n
≥

0,

v
n

+
1 ≤

v
n −

χ
n

+
1

+
ξ
n

+
1

th
en
∑

n
χ
n
<
∞

a
n

d
lim

n
v
n

exists.

P
ro

o
f

S
ee

S
ection

6.2.1

A
p
p
lied

w
ith

v
n

=
‖
θ
n
−
θ
? ‖

for
som

e
θ
?
∈
L

,
th

is
lem

m
a

is
th

e
key

resu
lt

for
th

e
p
ro

of
of

th
e

follow
in

g
th

eorem
,

w
h
ich

p
rov

id
es

su
ffi

cien
t

con
d
ition

s
on

th
e

step
size

seq
u
en

ce
{
γ
n
,
n
∈
N}

an
d

on
th

e
a
p
p
ro

xim
a
tio

n
erro

r
:

η
n

+
1

d
ef

=
H
n

+
1 −
∇
f

(θ
n
)
,

(6)

for
th

e
seq

u
en

ce{θ
n
,
n
∈
N}

to
con

verge
to

a
p

o
in

t
θ∞

in
th

e
setL

of
th

e
m

in
im

izers
of
F

.
D

en
ote

b
y
〈·,·〉

th
e

u
su

al
in

n
er

p
ro

d
u
ct

on
R
d

asso
ciated

to
th

e
n
orm

‖·‖
.

T
h

e
o
re

m
2

A
ssu

m
e

H
1

a
n

d
H

2
.

L
et{

θ
n
,
n
∈
N}

be
given

by
A

lgo
rith

m
2

w
ith

step
sizes

sa
tisfyin

g
γ
n
∈

(0,1
/L

]
fo

r
a
n

y
n
≥

1
a
n

d
∑

n
γ
n

=
+
∞

.
If

th
e

fo
llo

w
in

g
series

co
n

verge
∑n≥

0

γ
n

+
1 〈T

γ
n
+
1 (θ

n
),η

n
+

1 〉
,

∑n≥
0

γ
n

+
1 η
n

+
1
,
∑n≥

0

γ
2n
+

1 ‖
η
n

+
1 ‖

2
,

(7)

th
en

th
ere

exists
θ∞
∈
L

su
ch

th
a
t

lim
n
θ
n

=
θ∞

.
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O
n

P
e
r
t
u
r
b
e
d

P
r
o
x
im

a
l

G
r
a
d
ie

n
t

A
l
g

o
r
it

h
m

s

P
ro

o
f

S
ee

S
ec

ti
on

6.
2.

2.

T
h
eo

re
m

2
ap

p
li
ed

w
it

h
η n

+
1

=
0

p
ro

v
id

es
su

ffi
ci

en
t

co
n
d
it

io
n
s

fo
r

th
e

co
n
ve

rg
en

ce
of

A
lg

or
it

h
m

1
to
L:

th
e

al
go

ri
th

m
co

n
v
er

g
es

as
so

on
as
γ
n
∈

(0
,1
/L

]
an

d
∑

n
γ
n

=
+
∞

.
S
u
ffi

ci
en

t
co

n
d
it

io
n
s

fo
r

th
e

co
n
ve

rg
en

ce
of
{θ
n
,
n
∈
N
}

ar
e

al
so

p
ro

v
id

ed
in

C
om

-
b

et
te

s
an

d
W

a
js

(2
00

5)
.

W
h
en

ap
p
li
ed

to
ou

r
se

tt
in

gs
(C

om
b

et
te

s
an

d
W

a
js

,
20

0
5,

T
h
eo

re
m

3.
4.

)
re

q
u
ir

es
∑

n
‖η
n

+
1
‖
<
∞

an
d

in
f n
γ
n
>

0,
w

h
ic

h
fo

r
in

st
an

ce
ca

n
n
ot

ac
co

m
m

o
d
at

e
th

e
fi
x
ed

M
on

te
C

ar
lo

b
at

ch
si

ze
st

o
ch

as
ti

c
al

go
ri

th
m

s
co

n
si

d
er

ed
in

th
is

p
ap

er
.

T
h
e

sa
m

e
li
m

it
at

io
n

ap
p
li
es

to
th

e
an

al
y
si

s
of

th
e

st
o
ch

as
ti

c
q
u
as

i-
F

ej
er

it
er

at
io

n
s

(s
ee

C
om

b
et

te
s

an
d

P
es

q
u
et

(2
01

5a
))

w
h
ic

h
in

ou
r

p
ar

ti
cu

la
r

ca
se

re
q
u
ir

es
∑

n
γ
n

+
1
‖η
n

+
1
‖
<
∞

.
T

h
es

e
co

n
d
it

io
n
s

ar
e

w
ea

ke
n
ed

in
T

h
eo

re
m

2.
H

ow
ev

er
in

al
l

fa
ir

n
es

s
w

e
sh

ou
ld

m
en

ti
on

th
at

u
n
li
ke

th
e

p
re

se
n
t

w
or

k
,

C
om

b
et

te
s

an
d

W
a
js

(2
00

5)
an

d
C

om
b

et
te

s
an

d
P

es
q
u
et

(2
01

5a
)

d
ea

l
w

it
h

in
fi
n
it

e-
d
im

en
si

on
al

p
ro

b
le

m
s

w
h
ic

h
ra

is
es

ad
d
it

io
n
al

te
ch

n
ic

al
d
iffi

cu
lt

ie
s,

an
d

st
u
d
y

al
go

ri
th

m
s

th
at

in
cl

u
d
e

a
re

la
x
at

io
n

p
ar

am
et

er
.

F
u
rt

h
er

m
or

e,
in

th
e

ca
se

w
h
er

e
η n
≡

0,
la

rg
er

va
lu

es
of

th
e

st
ep

si
ze
γ
n

ar
e

al
lo

w
ed

(γ
n
∈

(0
,2
/L

])
.

L
et
{a

0
,·
··
,a
n
}

b
e

n
on

-n
eg

at
iv

e
re

al
n
u
m

b
er

s.
T

h
eo

re
m

3
p
ro

v
id

es
a

co
n
tr

ol
of

th
e

w
ei

gh
te

d
su

m
∑

n k
=

1
a
k
(F

(θ
k
)
−

m
in
F

).

T
h

e
o
re

m
3

A
ss

u
m

e
H

1
a
n

d
H

2
.

L
et
{θ
n
,
n
∈

N
}

be
gi

ve
n

by
A

lg
o
ri

th
m

2
w

it
h

γ
n
∈

(0
,1
/L

]
fo

r
a
n

y
n
≥

1
.

F
o
r

a
n

y
n

o
n

-n
eg

a
ti

ve
w

ei
gh

ts
{a

0
,·
··
,a
n
},

a
n

y
θ ?
∈
L

a
n

d
a
n

y
n
≥

1
,

n ∑ k
=

1

a
k
{F

(θ
k
)
−

m
in
F
}
≤
U
n
(θ
?
)

w
h
er

e
T
γ

a
n

d
η n

a
re

gi
ve

n
by

(3
)

a
n

d
(6

)
re

sp
ec

ti
ve

ly
a
n

d

U
n
(θ
?
)

d
ef =

1 2

n ∑ k
=

1

(
a
k

γ
k
−
a
k
−

1

γ
k
−

1

)
‖θ
k
−

1
−
θ ?
‖2

+
a

0

2
γ

0
‖θ

0
−
θ ?
‖2

−
n ∑ k
=

1

a
k
〈T
γ
k
(θ
k
−

1
)
−
θ ?
,η
k
〉+

n ∑ k
=

1

a
k
γ
k
‖η
k
‖2
.

(8
)

P
ro

o
f

S
ee

S
ec

ti
on

6.
2.

3.

W
h
en

ap
p
li
ed

w
it

h
η n

=
0,

T
h
eo

re
m

3
gi

ve
s

an
ex

p
li
ci

t
b

ou
n
d

of
th

e
d
iff

er
en

ce
∆
n

=
A
−

1
n

∑
n j=

1
a
j
F

(θ
j
)
−

m
in
F

w
h
er

e
A
n

=
∑

n k
=

1
a
k

fo
r

th
e

(e
x
ac

t)
p
ro

x
im

al
gr

ad
ie

n
t

se
q
u
en

ce
{θ
n
,
n
∈

N
}

gi
ve

n
b
y

A
lg

or
it

h
m

1.
W

h
en

th
e

se
q
u
en

ce
{a

n
/γ

n
,n
≥

1}
is

n
on

d
ec

re
as

in
g,

(8
)

sh
ow

s
th

at
∆
n

=
O

(a
n
A
−

1
n
γ
−

1
n

).
T

ak
in

g
a
k

=
1

fo
r

an
y
k
≥

0
p
ro

v
id

es
a

b
ou

n
d

fo
r

th
e

cu
m

u
la

ti
ve

re
gr

et
.

W
h
en

a
k

=
1,
γ
k

=
1
/L

fo
r

an
y
k
≥

0,
(S

ch
m

id
t

et
al

.,
20

11
,

P
ro

p
os

it
io

n
1)

p
ro

v
id

es
a

b
ou

n
d

of
or

d
er
O

(1
)

u
n
d
er

th
e

as
su

m
p
ti

on
th

at
∑

n
‖η
n

+
1
‖
<
∞

.
U

si
n
g

th
e

in
eq

u
al

it
y

|〈
T

1
/
L

(θ
k
)
−
θ ?
,η
k
+

1

〉 |
≤
‖θ
k
−
θ ?
‖‖
η k

+
1
‖

(s
ee

L
em

m
a

9)
,

th
e

u
p
p

er
b

o
u
n
d
U
n
(θ
?
)

in
(8

)
is

al
so
O

(1
).

W
h
en

a
n

=
γ
n

fo
r

an
y
n
≥

0,
th

en
su

p
n
U
n
(θ
?
)
<
∞

u
n
d
er

th
e

as
su

m
p
ti

on
s

th
at

th
e

se
ri

es
∑ n

γ
n
〈T
γ
n
(θ
n
−

1
)
−
θ ?
,η
n
〉
,

∑ n

γ
2 n
‖η
n
‖2
,
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A
t
c
h
a
d
é
,

F
o
r
t

a
n
d

M
o
u
l
in

e
s

co
n
ve

rg
e.

In
th

is
ca

se
,

w
e

h
av

e

(
∑

n k
=

1
γ
k
F

(θ
k
)

∑
n k
=

1
γ
k

−
m

in
F

)
=
O

 
(

n ∑ k
=

1

γ
k

)
−

1
 
.

C
on

si
d
er

th
e

w
ei

gh
te

d
av

er
ag

ed
se

q
u
en

ce
{θ̄
n
,
n
∈
N
}

d
efi

n
ed

b
y

θ̄ n
d

ef =
1 A
n

n ∑ k
=

1

a
k
θ k
.

(9
)

U
n
d
er

H
1

an
d

H
2,
F

is
co

n
ve

x
so

th
at

F
( θ̄
n

)
≤
A
−

1
n

∑
n k
=

1
a
k
F

(θ
k
).

T
h
er

ef
o
re

,
T

h
eo

re
m

3
al

so
p
ro

v
id

es
co

n
ve

rg
en

ce
ra

te
s

fo
r
F

(θ̄
n
)
−

m
in
F

.

3
.

S
to

ch
a
st

ic
P

ro
x
im

a
l

G
ra

d
ie

n
t

a
lg

o
ri

th
m

In
th

is
se

ct
io

n
,

it
is

as
su

m
ed

th
at
H
n

+
1

is
a

M
on

te
C

ar
lo

ap
p
ro

x
im

at
io

n
of
∇
f

(θ
n
),

w
h
er

e
∇
f

(θ
)

sa
ti

sfi
es

th
e

fo
ll
ow

in
g

as
su

m
p
ti

on
:

H
3

fo
r

a
ll
θ
∈

Θ
,

∇
f

(θ
)

=

∫ X
H
θ
(x

)π
θ
(d
x

)
,

(1
0
)

fo
r

so
m

e
p
ro

ba
bi

li
ty

m
ea

su
re
π
θ

o
n

a
m

ea
su

ra
bl

e
sp

a
ce

(X
,X

)
a
n

d
a
n

in
te

gr
a
bl

e
fu

n
c-

ti
o
n

(θ
,x

)
7→
H
θ
(x

)
fr

o
m

Θ
×

X
to

Θ
.

N
ot

e
th

at
X

is
n
ot

n
ec

es
sa

ri
ly

a
to

p
ol

og
ic

al
sp

ac
e,

ev
en

if
,

in
m

an
y

ap
p
li
ca

ti
o
n
s,

X
⊆

R
d
.

A
ss

u
m

p
ti

on
H

3
h
ol

d
s

in
m

an
y

p
ro

b
le

m
s

(s
ee

se
ct

io
n

4
an

d
se

ct
io

n
5)

.
T

o
a
p
p
ro

x
i-

m
at

e
∇
f

(θ
),

se
ve

ra
l

op
ti

on
s

ar
e

av
ai

la
b
le

.
O

f
co

u
rs

e,
w

h
en

th
e

d
im

en
si

on
of

th
e

st
a
te

sp
ac

e
X

is
sm

al
l

to
m

o
d
er

at
e,

it
is

al
w

ay
s

p
os

si
b
le

to
p

er
fo

rm
a

n
u
m

er
ic

al
in

te
g
ra

ti
o
n

u
si

n
g

ei
th

er
G

au
ss

ia
n

q
u
ad

ra
tu

re
s

or
lo

w
-d

is
cr

ep
an

cy
se

q
u
en

ce
s.

A
n
ot

h
er

p
o
ss

ib
il
it

y
is

to
ap

p
ro

x
im

at
e

th
es

e
in

te
gr

al
s:

n
es

te
d

L
ap

la
ce

ap
p
ro

x
im

at
io

n
s

h
av

e
b

ee
n

co
n
si

d
-

er
ed

re
ce

n
tl

y
fo

r
ex

am
p
le

in
S
ch

el
ld

or
fe

r
et

al
.

(2
01

4)
an

d
fu

rt
h
er

d
ev

el
op

ed
in

O
g
d
en

(2
01

5)
.

S
u
ch

ap
p
ro

x
im

at
io

n
s

n
ec

es
sa

ri
ly

in
tr

o
d
u
ce

so
m

e
b
ia

s,
w

h
ic

h
m

ig
h
t

b
e

d
iffi

cu
lt

to
co

n
tr

ol
.

In
ad

d
it

io
n
,

th
es

e
te

ch
n
iq

u
es

ar
e

n
ot

ap
p
li
ca

b
le

w
h
en

th
e

d
im

en
si

o
n

o
f

th
e

st
at

e
sp

ac
e
X

b
ec

om
es

la
rg

e.
In

th
is

p
ap

er
,

w
e

ra
th

er
co

n
si

d
er

so
m

e
fo

rm
o
f

M
o
n
te

C
ar

lo
ap

p
ro

x
im

at
io

n
.

W
h
en

sa
m

p
li
n
g
π
θ

is
d
oa

b
le

,
th

en
an

ob
v
io

u
s

ch
oi

ce
is

to
u
se

a
n
ai

ve
M

on
te

C
a
rl

o

es
ti

m
at

or
w

h
ic

h
am

ou
n
ts

to
sa

m
p
le

a
b
a
tc

h
{X

(j
)

n
+

1
,1
≤
j
≤
m
n

+
1
}

in
d
ep

en
d
en

tl
y

o
f

th
e

p
as

t
va

lu
es

of
th

e
p
ar

am
et

er
s
{θ
j
,j
≤
n
}

an
d

of
th

e
p
as

t
d
ra

w
s

i.
e.

in
d
ep

en
d
en

tl
y

of
th

e
σ

-a
lg

eb
ra

F n
d

ef =
σ

(θ
0
,X

(j
)

k
,0
≤
k
≤
n
,0
≤
j
≤
m
k
)
.

(1
1
)

W
e

th
en

fo
rm

H
n

+
1

=
m
−

1
n

+
1

m
n
+
1

∑ j=
1

H
θ n

(X
(j

)
n

+
1
)
.
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O
n

P
e
r
t
u
r
b
e
d

P
r
o
x
im

a
l

G
r
a
d
ie

n
t

A
l
g

o
r
it

h
m

s

C
o
n
d
itio

n
a
lly

to
F
n
,
H
n

+
1

is
an

u
n
b
iased

estim
ator

of∇
f

(θ
n
).

T
h
e

b
atch

size
m
n

+
1

ca
n

eith
er

b
e

ch
osen

to
b

e
fi
x
ed

across
iteration

s
or

to
in

crease
w

ith
n

at
a

certain
rate.

In
th

e
fi
rst

case,
H
n

+
1

is
n
ot

con
vergin

g.
In

th
e

secon
d

case,
th

e
ap

p
rox

im
ation

erro
r

is
va

n
ish

in
g.

T
h
e

fi
x
ed

b
atch

-size
ca

se
is

closely
related

to
R

ob
b
in

s-M
on

ro
sto

ch
a
stic

a
p
p
rox

im
ation

(th
e

m
itigatio

n
of

th
e

error
is

p
erfo

rm
ed

b
y

lettin
g

th
e

step
size

γ
n
→

0);
th

e
in

creasin
g

b
atch

-size
case

is
related

to
M

on
te

C
a
rlo

assisted
op

tim
izatio

n
;

see
for

ex
am

p
le

G
ey

er
(1994).

T
h
e

situ
atio

n
th

at
w

e
are

facin
g

in
section

4
a
n
d

sectio
n

5
is

m
ore

com
p
lica

ted
b

eca
u
se

d
irect

sam
p
lin

g
from

π
θ

is
n
ot

an
op

tion
.

N
everth

eless,
it

is
fairly

easy
to

co
n
stru

ct
a

M
a
rkov

kern
el
P
θ

w
ith

in
varian

t
d
istrib

u
tion

π
θ .

M
on

te
C

arlo
M

arkov
C

h
a
in

s
(M

C
M

C
)

p
rov

id
e

a
set

of
p
rin

cip
led

to
ols

to
sam

p
le

from
com

p
lex

d
istrib

u
tion

s

over
la

rg
e

d
im

en
sion

al
sp

aces.
In

su
ch

case,
con

d
ition

al
to

th
e

p
ast,{

X
(j)
n

+
1 ,1
≤
j≤

m
n

+
1 }

is
a

rea
lization

of
a

M
ark

ov
ch

ain
w

ith
tran

sition
k
ern

el
P
θ
n

an
d

started
from

X
(m

n
)

n
(th

e
la

st
sam

p
le

d
raw

s
in

th
e

p
rev

iou
s

m
in

ib
atch

).
R

eca
ll

th
a
t

a
M

ark
ov

kern
el
P

is
an

ap
p
lication

on
X
×
X

,
tak

in
g

valu
es

in
[0
,1]

su
ch

th
a
t

fo
r

a
n
y
x
∈
X

,
P

(x
,·)

is
a

p
rob

ab
ility

m
easu

re
on
X

;
an

d
for

an
y
A
∈
X

,
x
7→
P

(x
,A

)
is

m
easu

rab
le.

F
u
rth

erm
ore,

if
P

is
a

M
ark

ov
kern

el
on

X
,

w
e

d
en

ote
b
y

P
k

th
e
k
-th

iterate
of
P

d
efi

n
ed

recu
rsiv

ely
as
P

0(x
,A

)
d

ef
=

1
A

(x
),

an
d
P
k(x

,A
)

d
ef

=
∫
P
k−

1(x
,d
z
)P

(z
,A

),
k
≥

1.
F

in
ally,

th
e

kern
el
P

acts
on

p
rob

ab
ility

m
easu

re:
for

a
n
y

p
ro

b
a
b
ility

m
easu

re
µ

on
X

,
µ
P

is
a

p
ro

b
ab

ility
m

ea
su

re
d
efi

n
ed

b
y

µ
P

(A
)

d
ef

=

∫
µ

(d
x

)P
(x
,A

),
A
∈
X

;

a
n
d
P

a
cts

o
n

p
ositive

m
easu

rab
le

fu
n
ction

s:
for

a
m

easu
rab

le
fu

n
ction

f
:
X
→

R
+

,
P
f

is
a

fu
n
ctio

n
d
efi

n
ed

b
y

P
f

(x
)

d
ef

=

∫
f

(y
)
P

(x
,d
y
).

W
e

refer
th

e
read

er
to

M
ey

n
an

d
T

w
eed

ie
(2009)

for
th

e
d
efi

n
ition

s
an

d
b
asic

p
rop

-
erties

o
f

M
a
rkov

ch
ain

s.
In

th
is

M
a
rkov

ian
settin

g,
it

is
p

ossib
le

to
con

sid
er

th
e

fi
x
ed

b
atch

case
an

d
th

e
in

crea
sin

g
b
atch

case.
F

rom
a

m
ath

em
atical

stan
d
p

oin
t,

th
e

fi
x
ed

b
atch

case
is

trick
ier,

b
eca

u
se
H
n

+
1

is
n
o

lon
ger

an
u
n
b
iased

estim
ator

of∇
f

(θ
n
),

i.e.
th

e
b
ias

B
n

d
efi

n
ed

b
y

B
n

d
ef

=
E

[H
n

+
1 |F

n
]−
∇
f

(θ
n
)

=
m
−

1
n

+
1 ∑

m
n
+
1

j=
1

E
[
H
θ
n
(X

(j)
n

+
1 ) ∣∣∣ F

n ]−
∇
f

(θ
n
)

=
m
−

1
n

+
1 ∑

m
n
+
1

j=
1
P
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é
,

F
o
r
t

a
n
d

M
o
u
l
in

e
s

P
ro

o
f

T
h
e

p
ro

of
is

p
os

tp
on

ed
to

S
ec

ti
on

6.
3.

W
h
en

a
n

=
1

an
d
γ
n

=
(n

+
1)
−

1
/
2
,

T
h
eo

re
m

4
sh

ow
s

th
at

w
h
en

n
→
∞

,
∥ ∥ ∥ ∥ ∥n
−

1
n ∑ k
=

1

F
(θ
k
)
−

m
in
F

∥ ∥ ∥ ∥ ∥ L
q

=
O

(
1 √
n

)
.

A
n

u
p
p

er
b

ou
n
d
O

(l
n
n
/√

n
)

ca
n

b
e

ob
ta

in
ed

fr
om

T
h
eo

re
m

4
b
y

ch
o
os

in
g
a
n

=
γ
n

=
(n

+
1)
−

1
/
2
.

3
.2

M
o
n
te

C
a
rl

o
a
p

p
ro

x
im

a
ti

o
n

w
it

h
in

c
re

a
si

n
g

b
a
tc

h
si

z
e

T
h
e

ke
y

p
ro

p
er

ty
to

d
is

cu
ss

th
e

as
y
m

p
to

ti
c

b
eh

av
io

r
of

th
e

al
g
or

it
h
m

is
th

e
fo

ll
ow

in
g

re
su

lt

P
ro

p
o
si

ti
o
n

5
A

ss
u

m
e

H
3
,

H
4

a
n

d
H

5
.

T
h
er

e
ex

is
ts

a
co

n
st

a
n

t
C

su
ch

th
a
t

w
.p

.
1

fo
r

a
n

y
n
≥

0
,

‖E
[η
n

+
1
|F

n
]‖
≤
C
m
−

1
n

+
1
W

(X
(m

n
)

n
)
,

E
[‖
η n

+
1
‖p
|F
n
]
≤
C
m
−
p
/
2

n
+

1
W

p
(X

(m
n

)
n

)
.

P
ro

o
f

T
h
e

fi
rs

t
in

eq
u
al

it
y

fo
ll
ow

s
fr

o
m

(1
2)

an
d

(1
3)

.
T

h
e

se
co

n
d

on
e

is
es

ta
b
li
sh

ed
in

(F
or

t
an

d
M

ou
li
n
es

,
20

03
,

P
ro

p
os

it
io

n
12

).

T
h

e
o
re

m
6

A
ss

u
m

e
Θ

is
bo

u
n

d
ed

.
L

et
{θ
n
,n
≥

0
}

be
gi

ve
n

by
A

lg
o
ri

th
m

2
w

it
h

γ
n
∈

(0
,1
/L

]
fo

r
a
n

y
n
≥

0
.

A
ss

u
m

e
H

1
–

H
5
.

(i
)

A
ss

u
m

e
∑

n
γ
n

=
+
∞

,
∑

n
γ

2 n
+

1
m
−

1
n

+
1
<
∞

a
n

d
,

if
th

e
a
p
p
ro

xi
m

a
ti

o
n

is
bi

-

a
se

d
,
∑

n
γ
n

+
1
m
−

1
n

+
1
<
∞

.
W

it
h

p
ro

ba
bi

li
ty

o
n

e,
th

er
e

ex
is

ts
θ ∞
∈
L

su
ch

th
a
t

li
m
n
→
∞
θ n

=
θ ∞

.

(i
i)

F
o
r

a
n

y
q
∈

(1
,p
/2

],
th

er
e

ex
is

ts
a

co
n

st
a
n

t
C

su
ch

th
a
t

fo
r

a
n

y
n

o
n

-n
eg

a
ti

ve
n

u
m

be
rs
{a

0
,·
··
,a
n
}

∥ ∥ ∥ ∥ ∥
n ∑ k
=

1

a
k
{F

(θ
k
)
−

m
in
F
}∥ ∥ ∥ ∥ ∥ L

q

≤
C

 
a

0

γ
0

+
n ∑ k
=

1

∣ ∣ ∣ ∣a
k

γ
k
−
a
k
−

1

γ
k
−

1

∣ ∣ ∣ ∣+
(

n ∑ k
=

1

a
2 k
m
−

1
k

)
1
/
2

+
n ∑ k
=

1

a
k
γ
k
m
−

1
k

+
υ

n ∑ k
=

1

a
k
m
−

1
k

 

a
n

d n ∑ k
=

1

a
k
{E

[F
(θ
k
)]
−

m
in
F
}

≤
C

(
a

0

γ
0

+
n ∑ k
=

1

∣ ∣ ∣ ∣a
k

γ
k
−
a
k
−

1

γ
k
−

1

∣ ∣ ∣ ∣+
n ∑ k
=

1

a
k
γ
k
m
−

1
k

+
υ

n ∑ k
=

1

a
k
m
−

1
k

)
,

w
h
er

e
υ

=
0

if
th

e
M

o
n

te
-C

a
rl

o
a
p
p
ro

xi
m

a
ti

o
n

is
u

n
bi

a
se

d
a
n

d
υ

=
1

o
th

er
w

is
e.
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n

P
e
r
t
u
r
b
e
d

P
r
o
x
im

a
l

G
r
a
d
ie

n
t

A
l
g

o
r
it

h
m

s

P
ro

o
f

S
ee

S
ection

6.4.

T
h
eo

rem
6

sh
ow

s
th

at
w

h
en

n
→
∞

,

∥∥∥∥∥∥ (
n
∑k

=
1

a
k )
−

1
n
∑k

=
1

a
k F

(θ
k )−

m
in
F

∥∥∥∥∥∥
L
q

=
O

(
ln
n

n

)

b
y

ch
o
o
sin

g
a

fi
x
ed

step
size

γ
n

=
γ

,
a

lin
early

in
creasin

g
b
atch

-size
m
n
∼
n

an
d

a
u
n
ifo

rm
w

eig
h
t
a
n

=
1.

N
ote

th
at

th
is

is
th

e
rate

after
n

iteration
s

of
th

e
S
to

ch
astic

P
rox

im
a
l
G

ra
d
ien

t
algorith

m
b
u
t ∑

nk
=

1
m
k

=
O

(n
2)

M
on

te
C

arlo
sam

p
les.

T
h
erefo

re,
th

e
ra

te
o
f

co
n
vergen

ce
ex

p
ressed

in
term

s
of

com
p
lex

ity
is
O

(ln
n
/ √

n
).

4
.

A
p
p
lica

tio
n

to
n
e
tw

o
rk

stru
ctu

re
e
stim

a
tio

n

T
o

illu
stra

te
th

e
algorith

m
w

e
con

sid
er

th
e

p
rob

lem
of

fi
ttin

g
d
iscrete

grap
h
ical

m
o
d
els

in
a

settin
g

w
h
ere

th
e

n
u
m

b
er

of
n
o
d
es

in
th

e
grap

h
is

large
com

p
ared

to
th

e
sam

p
le

size.
L

et
X

b
e

a
n
on

em
p
ty

fi
n
ite

set,
an

d
p
≥

1
an

in
teger.

W
e

con
sid

er
a

grap
h
ical

m
o
d
el

o
n
X
p

w
ith

join
t

p
rob

ab
ility

m
ass

fu
n
ction

f
θ (x

1 ,...,x
p )

=
1Z
θ

ex
p 

p
∑k

=
1

θ
k
k B

0 (x
k )

+
∑

1≤
j<
k≤

p

θ
k
j B

(x
k ,x

j ) 
,

(14)

fo
r

a
n
o
n
-zero

fu
n
ction

B
0

:
X
→

R
an

d
a

sy
m

m
etric

n
on

-zero
fu

n
ction

B
:
X
×
X
→

R
.

T
h
e

term
Z
θ

is
th

e
n
orm

alizin
g

con
stan

t
of

th
e

d
istrib

u
tion

(th
e

p
artition

fu
n
c-

tio
n
),

w
h
ich

ca
n
n
ot

(in
gen

eral)
b

e
com

p
u
ted

ex
p
licitly.

T
h
e

real-valu
ed

sy
m

m
etric

m
a
trix

θ
d
efi

n
es

th
e

grap
h

stru
ctu

re
an

d
is

th
e

p
ara

m
eter

of
in

terest.
It

h
as

th
e

sam
e

in
terp

reta
tion

a
s

th
e

p
recision

m
atrix

in
a

m
u
ltivaria

te
G

au
ssian

d
istrib

u
tion

.

W
e

co
n
sid

er
th

e
p
rob

lem
of

estim
atin

g
θ

from
N

realization
s
{
x

(i),1
≤
i≤

N
}

fro
m

(1
4
)

w
h
ere

x
(i)

=
(x

(i)
1
,...,x

(i)
p

)
∈

X
p,

an
d

w
h
ere

th
e

tru
e

valu
e

of
θ

is
as-

su
m

ed
sp

a
rse.

T
h
is

p
rob

lem
is

relevan
t

for
in

stan
ce

in
b
iology

(E
keb

erg
et

al.
(201

3);
K

a
m

isetty
et

a
l.

(2013)),
an

d
h
as

b
een

con
sid

ered
b
y

m
an

y
au

th
ors

in
statistics

an
d

m
ach

in
e

lea
rn

in
g

(B
an

erjee
et

al.
(2008);

H
öfl

in
g

an
d

T
ib

sh
iran

i
(2009);

R
av

ik
u
m

ar
et

a
l.

(2
0
1
0
);

G
u
o

et
al.

(2010);
X

u
e

et
al.

(2012)).

T
h
e

m
a
in

d
iffi

cu
lty

in
d
ealin

g
w

ith
th

is
m

o
d
el

is
th

e
fact

th
at

th
e

lo
g-p

artition
fu

n
ctio

n
lo

g
Z
θ

is
in

tractab
le

in
gen

eral.
A

s
a

resu
lt,

m
o
st

of
th

e
ex

istin
g

w
ork

s
estim

a
te
θ

b
y

u
sin

g
th

e
su

b
-op

tim
al

ap
p
roach

of
rep

lacin
g

th
e

lik
elih

o
o
d

fu
n
ction

b
y

a
p
seu

d
o
-lik

elih
o
o
d

fu
n
ction

.
O

n
e

n
otab

le
ex

cep
tion

th
at

tack
les

th
e

log-likelih
o
o
d

fu
n
ctio

n
is

H
ö
fl
in

g
an

d
T

ib
sh

iran
i

(2009),
u
sin

g
an

active
set

strategy
(to

p
reserve

sp
a
rsity

),
a
n
d

th
e

ju
n
ction

tree
algorith

m
for

com
p
u
tin

g
th

e
p
artial

d
eriva

tives
of

th
e

lo
g
-p

a
rtition

fu
n
ction

.
H

ow
ever,

th
e

su
ccess

of
th

is
strategy

d
ep

en
d
s

cru
cially

on
th

e
sp

a
rsity

o
f

th
e

solu
tion

1.
W

e
w

ill
see

th
at

A
lgorith

m
2

im
p
lem

en
ted

w
ith

a
M

C
M

C

1
.

In
d

eed
th

e
im

p
lem

en
ta

tio
n

o
f

th
eir

a
lg

o
rith

m
in

th
e
B
M
N

p
a
cka

g
e

is
v
ery

sen
sitiv

e
to

th
e

sp
a
rsity

o
f

th
e

so
lu

tio
n

,
a
n

d
th

eir
so

lv
er

ty
p

ica
lly

fa
ils

to
co

n
v
erg

e
if

th
e

reg
u

la
riza

tio
n

p
a
ra

m
eter

is
n

o
t

la
rg

e
en

o
u

g
h

to
p

ro
d

u
ce

a
su

ffi
cien

tly
sp

a
rse

so
lu

tio
n

.
In

o
u

r
n
u

m
erica

l
ex

p
erim

en
ts,

w
e

w
ere

n
o
t

a
b

le
to

o
b

ta
in

a
su

ccessfu
l

ru
n

fro
m

th
eir

p
a
cka

g
e

fo
r
p

=
1
0
0
.
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A
t
c
h
a
d
é
,

F
o
r
t

a
n
d

M
o
u
l
in

e
s

ap
p
rox

im
ation

of
th

e
grad

ien
t

gives
a

sim
p
le

an
d

eff
ective

ap
p
ro

ach
for

com
p
u
tin

g
th

e
p

en
alized

m
ax

im
u
m

likelih
o
o
d

estim
ate

of
θ.

L
etM

p
d
en

ote
th

e
sp

ace
of
p×

p
sy

m
m

etric
m

atrices
eq

u
ip

p
ed

w
ith

th
e

(m
o
d
ifi

ed
)

F
rob

en
iu

s
in

n
er

p
ro

d
u
ct

〈θ,ϑ〉
d

ef
=

∑

1≤
k≤

j≤
p

θ
jk ϑ

jk ,
w

ith
n
orm

‖θ‖
d

ef
=
√
〈θ,θ〉.

E
q
u
ip

p
ed

w
ith

th
is

n
orm

,M
p

is
th

e
sam

e
sp

ace
as

th
e

E
u
clid

ean
sp

ace
R
d

w
h
ere

d
=
p
(p

+
1)/2.

U
sin

g
a
`
1-p

en
alty

on
θ,

w
e

see
th

at
th

e
com

p
u
tation

of
th

e
p

en
alized

m
ax

im
u
m

lik
elih

o
o
d

estim
ate

of
θ

is
a

p
rob

lem
of

th
e

form
(P

)
w

ith
F

=
−
`

+
g

w
h
ere

`(θ)
=

1N

N
∑i=

1 〈
θ,B̄

(x
(i)) 〉

−
log

Z
θ

an
d

g
(θ)

=
λ

∑

1≤
k≤

j≤
p |θ

jk |
;

th
e

m
atrix

-valu
ed

fu
n
ction

B̄
:
X
p→

R
p×
p

is
d
efi

n
ed

b
y

B̄
k
k (x

)
=
B

0 (x
k )

B̄
k
j (x

)
=
B

(x
k ,x

j )
,k
6=
j
.

It
is

easy
to

see
th

at
in

th
is

ex
am

p
le,

P
rob

lem
(P

)
ad

m
its

at
least

on
e

solu
tion

θ
?

th
at

satisfi
es
λ ∑

1≤
k≤

j≤
p |θ

jk |≤
p

log|X|,
w

h
ere|X|

d
en

otes
th

e
size

of
X

.
T

o
see

th
is,

n
ote

th
at

sin
ce
f
θ (x

)
is

a
p
rob

ab
ility,−

`(θ)
=
−
N
−

1 ∑
Ni=

1
log

f
θ (x

(i))
≥

0.
H

en
ce

F
(θ)≥

g
(θ)→

∞
,

as
∑

1≤
k≤

j≤
p |θ

jk |→
∞

an
d

sin
ce
F

is
con

tin
u
ou

s,
w

e
con

clu
d
e

th
at

it
ad

m
its

at
least

on
e

m
in

im
izer

θ
?

th
at

satisfi
es

F
(θ
? )
≤
F

(0
)

=
log

Z
0

=
p

log|X|.
A

s
a

resu
lt,

an
d

w
ith

ou
t

an
y

loss
of

gen
erality,

w
e

con
sid

er
P

rob
lem

(P
)

w
ith

th
e

p
en

alty
g

rep
laced

b
y
g
(θ)

=
λ ∑

1≤
k≤

j≤
p |θ

jk |
+
1

(θ),
w

h
ere

1
(θ)

=
0

if
m

ax
ij |θ

ij |≤
(p
/λ

)
log|X|,

an
d
1

(θ)
=

+
∞

oth
erw

ise.
H

en
ce

in
th

is
p
rob

lem
,

th
e

d
om

ain
of
g

is
Θ

=
{
θ∈
M

p
:

m
ax

ij |θ
ij |≤

(p
/λ

)
log|X|}.

U
p

on
n
otin

g
th

at
(14)

is
a

can
on

ical
ex

p
on

en
tial

m
o
d
el,

(S
h
ao,

2003,
S
ection

4.4.2)
sh

ow
s

th
at
θ7→

−
`(θ)

is
con

vex
an

d

∇
`(θ)

=
1N

N
∑i=

1

B̄
(x

(i))−
∫

X
p

B̄
(z

)f
θ (z

)µ
(d
z
)
,

(15)

w
h
ere

µ
is

th
e

cou
n
tin

g
m

easu
re

on
X
p.

In
ad

d
ition

,
(see

section
B

)

‖∇
`(θ)−

∇
`(ϑ

)‖
≤
p ((p−

1
)osc

2(B
)

+
osc

2(B
0 ) )‖

θ−
ϑ‖
,

(16)

w
h
ere

for
a

fu
n
ction

B̃
:
X
×

X
→

R
,
osc(B̃

)
=

su
p
x
,y
,u
,v∈

X |B̃
(x
,y

)−
B̃

(u
,v

)|.
T

h
erefore,

in
th

is
ex

am
p
le,

th
e

assu
m

p
tion

H
1

an
d

H
2

are
satisfi

ed
.

T
h
e

rep
resen

tation
of

th
e

grad
ien

t
in

(15)
sh

ow
s

th
a
t

H
3

h
old

s,
w

ith
π
θ (d

z
)

=
f
θ (z

)µ
(d
z
),

an
d
H
θ (z

)
=
N
−

1 ∑
Ni=

1
B̄

(x
(i))−

B̄
(z

).
D

irect
sim

u
la

tion
from

th
e

d
istri-

b
u
tion

f
θ

is
rarely

feasib
le,

so
w

e
tu

rn
to

M
C

M
C

.
T

h
ese

M
arkov

kern
els

are
easy

to
con

stru
ct,

an
d

can
b

e
con

stru
cted

in
m

an
y

w
ay

s.
F

or
in

stan
ce

if
th

e
set

X
is

n
ot

to
o

large,
th

en
a

G
ib

b
s

sam
p
ler

(see
e.g.

R
ob

ert
an

d
C

asella
(2005))

th
a
t

sam
p
les

from
th

e
fu

ll
con

d
ition

al
d
istrib

u
tion

s
of
f
θ

can
b

e
easily

im
p
lem

en
ted

.
In

th
e

case
of

th
e
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O
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b
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d

P
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o
x
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a
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G
r
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d
ie

n
t

A
l
g

o
r
it

h
m

s

G
ib

b
s

sa
m

p
le

r,
si

n
ce

X
p

is
a

fi
n
it

e
se

t,
Θ

is
co

m
p
ac

t,
f θ

(x
)
>

0
fo

r
al

l
(x
,θ

)
∈
X
p
×

Θ
,

an
d
,
θ
7→

f θ
(x

)
is

co
n
ti

n
u
ou

sl
y

d
iff

er
en

ti
ab

le
,

th
e

a
ss

u
m

p
ti

on
s

H
4,

H
5

an
d

H
6(

i)
-(

ii
)

au
to

m
at

ic
al

ly
h
ol

d
w

it
h
W
≡

1.
W

e
sh

ou
ld

p
oi

n
t

ou
t

th
at

th
e

G
ib

b
s

sa
m

p
le

r
is

a
ge

n
er

ic
al

go
ri

th
m

th
at

in
so

m
e

ca
se

s
is

k
n
ow

n
to

m
ix

p
o
or

ly
.

W
h
en

ev
er

p
os

si
b
le

w
e

re
co

m
m

en
d

th
e

u
se

of
sp

ec
ia

li
ze

d
p
ro

b
le

m
-s

p
ec

ifi
c

M
C

M
C

al
go

ri
th

m
s

w
it

h
b

et
te

r
m

ix
in

g
p
ro

p
er

ti
es

.

Il
lu

st
ra

ti
v
e

e
x
a
m

p
le

W
e

co
n
si

d
er

th
e

p
ar

ti
cu

la
r

ca
se

w
h
er

e
X

=
{1
,.
..
,M
},

B
0
(x

)
=

0,
an

d
B

(x
,y

)
=
1
{x

=
y
},

w
h
ic

h
co

rr
es

p
on

d
s

to
th

e
w

el
l

k
n
ow

n
P

ot
ts

m
o
d
el

.
W

e
re

p
or

t
in

th
is

se
ct

io
n

so
m

e
si

m
u
la

ti
on

re
su

lt
s

sh
ow

in
g

th
e

p
er

fo
rm

an
ce

s
of

th
e

st
o
ch

as
ti

c
p
ro

x
im

al
gr

ad
ie

n
t

al
go

ri
th

m
.

W
e

u
se
M

=
20

,
B

0
(x

)
=
x

,
N

=
25

0
an

d
fo

r
p
∈
{5

0,
10

0
,2

00
}.

W
e

ge
n
er

at
e

th
e

‘t
ru

e’
m

at
ri

x
θ t

ru
e

su
ch

th
at

it
h
as

on
av

er
ag

e
p

n
on

-z
er

o
el

em
en

ts
b

el
ow

th
e

d
ia

go
n
al

w
h
ic

h
ar

e
si

m
u
la

te
d

fr
om

a
u
n
if

or
m

d
is

tr
ib

u
ti

on
on

(−
4,
−

1)
∪

(1
,4

).
A

ll
th

e
d
ia

go
n
al

el
em

en
ts

ar
e

se
t

to
0.

B
y

tr
ia

l-
an

d
-e

rr
or

w
e

se
t

th
e

re
gu

la
ri

za
ti
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d
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i ∈

R
p

is
th

e
vector

of
covariates,

z
i ∈
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p
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β‖

1 )
+
1

(0
,+
∞

) (σ
)
,

(2
0)

w
h
ere

1
A

(x
)

=
+
∞

is
x
/∈
A

an
d

0
oth

erw
ise.

D
efi

n
e

th
e

con
d
ition

al
lo
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d
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=
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∇
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p
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∇
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z ′i u

) ) [
x
i

z ′i u ][
x
i
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∇
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p
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b
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∇
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∈
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ssu
m

e
H

1
a
n

d
let

γ
∈

(0,1
/L

].
T

h
en

fo
r

a
ll
θ,θ ′∈

Θ
,

−
2
γ (
F

(P
rox

γ
,g (θ))−

F
(θ ′) )

≥
‖

P
rox

γ
,g (θ)−

θ ′‖
2

+
2 〈P

rox
γ
,g (θ)−

θ ′,θ ′−
γ∇

f
(θ ′)−

θ 〉
.

(26)

If
in

a
d
d
itio

n
f

is
co

n
vex,

th
en

fo
r

a
ll
θ,θ ′,ξ∈

Θ
,

−
2γ (

F
(

P
rox

γ
,g (θ) )−

F
(θ ′) )

≥
‖

P
rox

γ
,g (θ)−

θ ′‖
2

+
2 〈P

rox
γ
,g (θ)−

θ ′,ξ−
γ∇

f
(ξ)−

θ 〉−
‖
θ ′−

ξ‖
2
.

(27)
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A
t
c
h
a
d
é
,

F
o
r
t

a
n
d

M
o
u
l
in

e
s

P
ro

o
f

S
in

ce
∇
f

is
L

ip
sch

itz,
th

e
d
escen

t
lem

m
a

im
p
lies

th
at

for
an

y
γ
−

1≥
L

f
(p

)−
f

(θ ′)≤
〈∇

f
(θ ′),p−

θ ′ 〉
+

12γ ‖p−
θ ′‖

2
.

(28)

T
h
is

in
eq

u
ality

ap
p
lied

w
ith

p
=

P
rox

γ
,g (θ)

com
b
in

ed
w

ith
(24)

y
ield

s
(26).

W
h
en

f
is

con
vex

,
f

(ξ)
+
〈∇
f

(ξ),θ ′−
ξ〉−

f
(θ ′)≤

0
w

h
ich

,
com

b
in

ed
again

w
ith

(24)
an

d
(28)

ap
p
lied

w
ith

(p
,θ ′)←

(P
rox

γ
,g (θ),ξ)

y
ield

s
th

e
resu

lt.

L
e
m

m
a

9
A

ssu
m

e
H

1
.

T
h
en

fo
r

a
n

y
γ
>

0,
θ,θ ′∈

Θ
,

‖θ−
γ∇

f
(θ)−

θ ′+
γ∇

f
(θ ′)‖

≤
(1

+
γ
L

)‖
θ−

θ ′‖
,

(29)

‖T
γ (θ)−

T
γ (θ ′)‖

≤
(1

+
γ
L

)‖
θ−

θ ′‖
.

(30)

If
in

a
d
d
itio

n
f

is
co

n
vex

th
en

fo
r

a
n

y
γ
∈

(0,2
/L

],

‖
θ−

γ∇
f

(θ)−
θ ′+

γ∇
f

(θ ′)‖
≤
‖
θ−

θ ′‖
,

(31)

‖
T
γ (θ)−

T
γ (θ ′)‖

≤
‖θ−

θ ′‖
.

(32)

P
ro

o
f

(30)
an

d
(32)

follow
s

from
(29)

an
d

(31)
resp

ectively
b
y

th
e

L
ip

sch
itz

p
rop

erty
of

th
e

p
rox

im
al

m
ap

P
rox

γ
,g

(see
L

em
m

a
7
).

(29)
follow

s
d
irectly

fro
m

th
e

L
ip

sch
itz

p
rop

erty
of
f

.
It

rem
ain

s
to

p
rove

(31
).

S
in

ce
f

is
a

con
vex

fu
n
ction

w
ith

L
ip

sch
itz-

con
tin

u
ou

s
grad

ien
ts,

(N
esterov

,
2004,

T
h
eorem

2.1.5)
sh

ow
s

th
at,

for
all

θ,θ ′∈
Θ

,
L
〈∇
f

(θ)−
∇
f

(θ ′),θ−
θ ′〉≥

‖∇
f

(θ)−
∇
f

(θ ′)‖
2.

T
h
e

resu
lt

follow
s.

L
e
m

m
a

1
0

A
ssu

m
e

H
1
.

S
et
S
γ (θ)

d
ef

=
P

rox
γ
,g (θ−

γ
H

)
a
n

d
η

d
ef

=
H
−
∇
f

(θ).
F

o
r

a
n

y
θ∈

Θ
a
n

d
γ
>

0
,

‖T
γ (θ)−

S
γ (θ)‖

≤
γ‖η‖

.
(33)

P
ro

o
f

W
e

h
av

e
‖
T
γ (θ)−

S
γ (θ)‖

=
‖

P
rox

γ
,g (θ−

γ∇
f

(θ))−
P

rox
γ
,g (θ−

γ
H

)‖
an

d
(33)

follow
s

from
L

em
m

a
7.

6
.2

P
ro

o
f

o
f

se
c
tio

n
2

6
.2

.1
P

r
o
o
f

o
f

L
e
m

m
a

1

S
et
w
n

=
v
n

+
∑

k≥
n

+
1
ξ
k

+
M

w
ith

M
d

ef
=
−

in
f
n ∑

k≥
n
ξ
k

so
th

at
in

f
n
w
n
≥

0.
T

h
en

0
≤
w
n

+
1 ≤

v
n −

χ
n

+
1

+
ξ
n

+
1

+
∑k≥
n

+
2

ξ
k

+
M
≤
w
n −

χ
n

+
1
.

{
w
n
,
n
∈
N}

is
n
on

-n
egativ

e
an

d
n
on

in
creasin

g;
th

erefore
it

con
verges.

F
u
rth

erm
ore,

0
≤
∑

nk
=

0
χ
k ≤

w
0

so
th

at ∑
n
χ
n
<
∞

.
T

h
e

con
vergen

ce
of{w

n
,
n
∈
N}

also
im

p
lies

th
e

con
vergen

ce
of{v

n
,
n
∈
N}

.
T

h
is

con
clu

d
es

th
e

p
ro

of.
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O
n

P
e
r
t
u
r
b
e
d

P
r
o
x
im

a
l

G
r
a
d
ie

n
t

A
l
g

o
r
it

h
m

s

6
.2

.2
P

r
o
o
f

o
f

T
h
e
o
r
e
m

2

L
et
θ ?
∈
L,

w
h
ic

h
is

n
ot

em
p
ty

b
y

H
2;

n
ot

e
th

at
F

(θ
?
)

=
m

in
F

.
W

e
h
av

e
b
y

(2
7)

ap
p
li
ed

w
it

h
θ
←
θ n
−
γ
n

+
1
H
n

+
1
,
ξ
←
θ n

,
θ′
←
θ ?

,
γ
←
γ
n

+
1

‖θ
n

+
1
−
θ ?
‖2
≤
‖θ
n
−
θ ?
‖2
−

2γ
n

+
1

(F
(θ
n

+
1
)
−

m
in
F

)
−

2γ
n

+
1
〈θ
n

+
1
−
θ ?
,η
n

+
1
〉
.

W
e

w
ri

te
θ n

+
1
−
θ ?

=
θ n

+
1
−
T
γ
n
+
1
(θ
n
)

+
T
γ
n
+
1
(θ
n
)
−
θ ?
.

B
y

L
em

m
a

1
0,
‖θ
n

+
1
−

T
γ
n
+
1
(θ
n
)‖
≤
γ
n

+
1
‖η
n

+
1
‖

so
th

at
,

−
〈θ
n

+
1
−
θ ?
,η
n

+
1
〉≤

γ
n

+
1
‖η
n

+
1
‖2
−
〈 T

γ
n
+
1
(θ
n
)
−
θ ?
,η
n

+
1

〉
.

H
en

ce
,

‖θ
n

+
1
−
θ ?
‖2
≤
‖θ
n
−
θ ?
‖2
−

2
γ
n

+
1

(F
(θ
n

+
1
)
−

m
in
F

)

+
2
γ

2 n
+

1
‖η
n

+
1
‖2
−

2
γ
n

+
1

〈 T
γ
n
+
1
(θ
n
)
−
θ ?
,η
n

+
1

〉
.

(3
4)

U
n
d
er

(7
)

an
d

(3
4)

,
L

em
m

a
1

sh
ow

s
th

at
∑

n
γ
n

(F
(θ
n
)
−

m
in
F

)
<
∞

an
d

li
m
n
‖θ
n
−

θ ?
‖

ex
is

ts
.

T
h
is

im
p
li
es

th
at

su
p
n
‖θ
n
‖
<
∞

.
S
in

ce
∑

n
γ
n

=
+
∞

,
th

er
e

ex
is

ts
a

su
b
se

q
u
en

ce
{θ
φ
n
,n
∈
N
}

su
ch

th
at

li
m
n
F

(θ
φ
n
)

=
m

in
F

.
T

h
e

se
q
u
en

ce
{θ
φ
n
,n
≥

0
}

b
ei

n
g

b
ou

n
d
ed

,
w

e
ca

n
as

su
m

e
w

it
h
o
u
t

lo
ss

of
ge

n
er

al
it

y
th

at
th

er
e

ex
is

ts
θ ∞
∈

R
d

su
ch

th
at

li
m
n
θ φ

n
=
θ ∞

.
L

et
u
s

p
ro

ve
th

at
θ ∞
∈
L.

S
in

ce
g

is
lo

w
er

se
m

i-
co

n
ti

n
u
ou

s
on

Θ
,
li
m

in
f n
g
(θ
φ
n
)
≥

g
(θ
∞

)
so

th
at
θ ∞
∈

Θ
.

S
in

ce
F

is
lo

w
er

se
m

i-
co

n
ti

n
u
ou

s
on

Θ
,

w
e

h
av

e

m
in
F

=
li
m

in
f

n
→
∞

F
(θ
φ
n
)
≥
F

(θ
∞

)
≥

m
in
F
,

sh
ow

in
g

th
at
F

(θ
∞

)
=

m
in
F

.
B

y
(3

4)
,

fo
r

an
y
m

an
d
n
≥
φ
m

‖θ
n

+
1
−
θ ∞
‖2
≤
‖θ
φ
m
−
θ ∞
‖2
−

2
n ∑ k

=
φ
m

γ
k
+

1
{〈
T
γ
k
+
1
(θ
k
)
−
θ ∞
,η
k
+

1

〉 +
γ
k
+

1
‖η
k
+

1
‖2
}
.

F
or

an
y
ε
>

0,
th

er
e

ex
is

ts
m

su
ch

th
at

th
e

R
H

S
is

u
p
p

er
b

ou
n
d
ed

b
y
ε.

H
en

ce
,

fo
r

an
y
n
≥
φ
m

,
‖θ
n

+
1
−
θ ∞
‖2
≤
ε,

w
h
ic

h
p
ro

ve
s

th
e

co
n
ve

rg
en

ce
o
f
{θ
n
,
n
∈
N
}

to
θ ∞

.

6
.2

.3
P

r
o
o
f

o
f

T
h
e
o
r
e
m

3

L
et
θ ?
∈
L;

n
ot

e
th

at
F

(θ
?
)

=
m

in
F

.
W

e
fi
rs

t
ap

p
ly

(2
7)

w
it

h
θ
←

θ j
−
γ
j+

1
H
j+

1
,

ξ
←
θ j

,
θ′
←
θ ?

,
γ
←
γ
j+

1
:

F
(θ
j+

1
)
−

m
in
F
≤

(2
γ
j+

1
)−

1
( ‖
θ j
−
θ ?
‖2
−
‖θ
j+

1
−
θ ?
‖2
) −
〈θ
j+

1
−
θ ?
,η
j+

1
〉
.

M
u
lt

ip
ly

in
g

b
ot

h
si

d
es

b
y
a
j+

1
gi

ve
s:

a
j+

1

( F
(θ
j+

1
)
−

m
in
F
)
≤

1 2

(
a
j+

1

γ
j+

1
−
a
j

γ
j

)
‖θ
j
−
θ ?
‖2

+
a
j

2
γ
j
‖θ
j
−
θ ?
‖2

−
a
j+

1

2γ
j+

1
‖θ
j+

1
−
θ ?
‖2
−
a
j+

1
〈θ
j+

1
−
θ ?
,η
j+

1
〉.
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A
t
c
h
a
d
é
,

F
o
r
t

a
n
d

M
o
u
l
in

e
s

S
u
m

m
in

g
fr

om
j

=
0

to
n
−

1
gi

ve
s

a
n

2
γ
n
‖θ
n
−
θ ?
‖2

+
n ∑ j=

1

a
j
{F

(θ
j
)
−

m
in
F
}
≤

1 2

n ∑ j=
1

(
a
j

γ
j
−
a
j−

1

γ
j−

1

)
‖θ
j−

1
−
θ ?
‖2

−
n ∑ j=

1

a
j
〈θ
j
−
θ ?
,η
j
〉+

a
0

2
γ

0
‖θ

0
−
θ ?
‖2
.

(3
5
)

W
e

d
ec

om
p

os
e
〈θ
j
−
θ ?
,η
j
〉a

s
fo

ll
ow

s:

〈θ
j
−
θ ?
,η
j
〉=

〈 θ
j
−
T
γ
j
(θ
j−

1
),
η j
〉 +

〈 T
γ
j
(θ
j−

1
)
−
θ ?
,η
j

〉
.

B
y

L
em

m
a

10
,

w
e

ge
t
∣ ∣〈
θ j
−
T
γ
j
(θ
j−

1
),
η j
〉∣ ∣
≤
γ
j
‖η
j
‖2

w
h
ic

h
co

n
cl

u
d
es

th
e

p
ro

o
f.

6
.3

P
ro

o
f

o
f

S
e
c
ti

o
n

3
.1

T
h
e

p
ro

of
of

T
h
eo

re
m

4
is

gi
ve

n
in

th
e

ca
se
m

=
1;

w
e

si
m

p
ly

d
en

ot
e

b
y
X
n

th
e

sa
m

p
le
X

(1
)

n
.

T
h
e

p
ro

of
fo

r
th

e
ca

se
m
>

1
ca

n
b

e
ad

ap
te

d
fr

om
th

e
p
ro

of
b

el
ow

,
b
y

su
b
st

it
u
ti

n
g

th
e

fu
n
ct

io
n
s
H
θ
(x

)
an

d
W

(x
)

b
y

H
θ
(x

1
,·
··
,x

m
)

=
1 m

m ∑ k
=

1

H
θ
(x
k
)

W
(x

1
,·
··
,x

m
)

=
1 m

m ∑ k
=

1

W
(x
k
)

;

th
e

k
er

n
el
P
θ

an
d

it
s

in
va

ri
an

t
m

ea
su

re
π
θ

b
y

P
θ
(x

1
,·
··
,x

m
;B

)
=

∫
··
·∫

P
θ
(x
m
,d
y 1

)
m ∏ k
=

2

P
θ
(y
k
−

1
,d
y k

)1
B

(y
1
,.
..
,y
m

)
,

π
θ
(B

)
=

∫
··
·∫

π
θ
(d
y 1

)
m ∏ k
=

2

P
θ
(y
k
−

1
,d
y k

)1
B

(y
1
,.
..
,y
m

)
,

fo
r

an
y

(x
1
,.
..
,x

m
)
∈
X
n

an
d
B
∈
X
×
n
.

6
.3

.1
P

r
e
l
im

in
a
r
y

r
e
su

lt
s

P
ro

p
o
si

ti
o
n

1
1

A
ss

u
m

e
th

a
t
g

is
p
ro

pe
r

co
n

ve
x

a
n

d
L

ip
sc

h
it

z
o
n

Θ
w

it
h

L
ip

sc
h
it

z
co

n
st

a
n

t
K

.
T

h
en

,
fo

r
a
ll
θ
∈

Θ
,

‖P
ro

x
γ
,g

(θ
)
−
θ‖
≤
K
γ
.

(3
6
)

P
ro

o
f

F
or

al
l
θ
∈

Θ
,

w
e

ge
t

b
y

L
em

m
a

7

0
≤
γ
−

1
‖θ
−

P
ro

x
γ
,g

(θ
)‖

2
≤
g
(θ

)
−
g
(P

ro
x
γ
,g

(θ
))
≤
K
‖θ
−

P
ro

x
γ
,g

(θ
)‖

.
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O
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e
r
t
u
r
b
e
d

P
r
o
x
im

a
l

G
r
a
d
ie

n
t

A
l
g

o
r
it

h
m

s

P
ro

p
o
sitio

n
1
2

A
ssu

m
e

H
1
,

H
2

a
n

d
Θ

is
bo

u
n

d
ed

.
T

h
en

su
p

γ∈
(0
,1
/
L

] su
p

θ∈
Θ ‖T

γ (θ)‖
<
∞
.

If
in

a
d
d
itio

n
H

6
-(ii)

h
o
ld

s,
th

en
th

ere
exists

a
co

n
sta

n
t
C

su
ch

th
a
t

fo
r

a
n

y
θ,θ̄∈

Θ
,

γ
,γ̄
∈

(0,1
/
L

]

∥∥
T
γ (θ)−

T
γ̄ (θ̄) ∥∥

≤
C
(γ

+
γ̄

+
‖θ−

θ̄‖ )
.

P
ro

o
f

L
et
θ
?

su
ch

th
at

for
an

y
γ
>

0,
θ
?

=
T
γ (θ

? )
(su

ch
a

p
oin

t
ex

ists
b
y

H
2

an
d

(4
)).

W
e

w
rite

T
γ (θ)

=
(T
γ (θ)−

θ
? )+

θ
? .

B
y

L
em

m
a

9
,

th
ere

ex
ists

a
con

stan
t
C

su
ch

th
a
t

fo
r

an
y
θ
∈

Θ
an

d
an

y
γ
∈

(0,1/L
],‖

T
γ (θ)−

θ
? ‖
≤

2
‖
θ−

θ
? ‖
≤

2‖
θ‖

+
2‖
θ
? ‖

.
T

h
is

co
n
clu

d
es

th
e

p
ro

of
of

th
e

fi
rst

statem
en

t.
W

e
w

rite
T
γ (θ)−

T
γ̄ (θ̄)

=
T
γ (θ)−

T
γ̄ (θ)

+
T
γ̄ (θ)−

T
γ̄ (θ̄).

B
y

L
em

m
a

7

∥∥
T
γ̄ (θ)−

T
γ̄ (θ̄) ∥∥

≤
∥∥
θ−

θ̄−
γ̄∇

f
(θ)

+
γ̄∇

f
(θ̄) ∥∥

≤
‖θ−

θ̄‖
+
γ̄

su
p

θ∈
Θ ‖∇

f
(θ)‖

.

B
y

H
1

a
n
d

sin
ce

Θ
is

b
ou

n
d
ed

,
su

p
θ∈

Θ
‖∇

f
(θ)‖

<
∞

.
In

ad
d
ition

,
u
sin

g
again

L
em

m
a

7
,

‖
T
γ (θ)−

T
γ̄ (θ)‖

≤
(γ

+
γ̄

)
su

p
θ∈

Θ ‖∇
f

(θ)‖
+
‖
P

rox
γ
,g (θ)−

P
rox

γ̄
,g (θ)‖

.

W
e

co
n
clu

d
e

b
y

u
sin

g

‖P
rox

γ̄
,g (θ)−

P
rox

γ
,g (θ)‖

≤
‖P

rox
γ̄
,g (θ)−

θ‖
+
‖
θ−

P
rox

γ
,g (θ)‖

≤
(γ

+
γ̄

)
su

p
γ∈

(0
,1
/
L

] su
p

θ∈
Θ
γ
−

1‖
P

rox
γ
,g (θ)−

θ‖
.

L
e
m

m
a

1
3

A
ssu

m
e

H
5

a
n

d
H

6
-(i).

(i)
T

h
ere

exists
a

m
ea

su
ra

ble
fu

n
ctio

n
(θ,x

)7→
Ĥ
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ly
-p

ri
va

te
a
lg

o
ri

th
m

s
w

it
h
in

th
e

B
ay

es
ia

n
fr

am
ew

or
k
.

M
or

e
p
re

ci
se

ly
,

w
e

ex
am

in
e

w
h
en

th
e

ch
o
ic

e
o
f

p
ri

o
r

is
su

ffi
ci

en
t

to
gu

ar
a
n
te

e
d
iff

er
en

ti
al

p
ri

va
cy

fo
r

d
ec

is
io

n
s

th
at

ar
e

d
er

iv
ed

fr
om

th
e

p
o
st

er
io

r
d
is

tr
ib

u
ti

on
.

O
u
r

w
or

k
d
ev

el
op

s
a

u
n
ifi

ed
u
n
d
er

st
an

d
in

g
of

p
ri

va
cy

an
d

le
ar

n
in

g
in

a
d
ve

r-
sa

ri
al

en
v
ir

on
m

en
ts

,
u
n
d
er

a
d
ec

is
io

n
-t

h
eo

re
ti

c
fr

am
ew

or
k
.

W
e

sh
ow

th
a
t

u
n
d
er

su
it

a
b
le

as
su

m
p
ti

on
s,

st
an

d
ar

d
B

ay
es

ia
n

in
fe

re
n
ce

an
d

p
os

te
ri

or
sa

m
p
li
n
g

ca
n

ac
h
ie

v
e

u
n
if

o
rm

ly
go

o
d

u
ti

li
ty

w
it

h
a

fi
x
ed

p
ri

va
cy

b
u
d
ge

t
in

th
e

d
iff

er
en

ti
al

p
ri

va
cy

se
tt

in
g.

W
e

a
ls

o
in

d
ic

a
te

st
ro

n
g

co
n
n
ec

ti
on

s
b

et
w

ee
n

ro
b
u
st

n
es

s
an

d
p
ri

va
cy

.
U

n
d
er

th
e

b
as

e
le

ve
l

o
f

d
a
ta

p
ri

va
cy

p
ro

v
id

ed
b
y

th
e

p
os

te
ri

or
d
is

tr
ib

u
ti

on
,
th

e
st

at
is

ti
ci

an
ca

n
sa

fe
ly

re
sp

on
d

to
ex

te
rn

a
l
q
u
er

ie
s

u
si

n
g

sa
m

p
le

s
fr

om
th

e
p

os
te

ri
or

.
W

h
en

es
ti

m
at

in
g

a
li
n
ea

r
m

o
d
el

fr
om

se
n
si

ti
ve

d
a
ta

,
fo

r
ex

am
p
le

,
sa

m
p
le

s
fr

om
th

e
p

os
te

ri
or

co
rr

es
p

on
d

to
d
iff

er
en

t
p

os
si

b
le

fi
ts

.
T

h
e

m
o
re

sa
m

p
le

s
u
se

d
,

th
e

m
or

e
p
ri

va
cy

is
le

ak
ed

,
w

h
il
e

q
u
er

y
re

sp
on

se
s

m
ay

b
e

m
or

e
ac

cu
ra

te
.

O
u
r

p
ro

p
os

ed
ap

p
ro

ac
h

co
m

p
le

m
en

ts
ex

is
ti

n
g

m
ec

h
an

is
m

s
ra

th
er

w
el

l,
an

d
m

ay
b

e
p
a
r-

ti
cu

la
rl

y
u
se

fu
l

in
si

tu
at

io
n
s

w
h
er

e
B

ay
es

ia
n

in
fe

re
n
ce

is
al

re
ad

y
in

u
se

.
F

o
r

th
is

re
a
so

n
,

w
e

p
ro

v
id

e
il
lu

st
ra

ti
ve

ex
am

p
le

s
in

th
e

ex
p

on
en

ti
a
l

fa
m

il
y.

H
ow

ev
er

,
ou

r
se

tt
in

g
is

w
h
o
ll
y

ge
n
er

al
an

d
n
ot

li
m

it
ed

to
sp

ec
ifi

c
d
is

tr
ib

u
ti

on
fa

m
il
ie

s,
or

i.
i.
d
.

ob
se

rv
at

io
n
s.

A
n
y

fa
m

il
y

co
u
ld

b
e

ch
os

en
:

so
lo

n
g

as
it

ei
th

er
sa

ti
sfi

es
ou

r
as

su
m

p
ti

on
s

d
ir

ec
tl

y,
or

ca
n

b
e

re
st

ri
ct

ed
so

th
at

it
d
o
es

.
F

or
ex

am
p
le

,
ou

r
fr

a
m

ew
or

k
ap

p
li
es

to
fa

m
il
ie

s
of

d
is

cr
et

e
B

ay
es

ia
n

n
et

-
w

or
k
s

w
it

h
d
ir

ec
te

d
-a

cy
cl

ic
to

p
ol

og
ie

s
(e

.g
.,

M
ar

ko
v

ch
ai

n
s;

se
e

L
em

m
a

24
o
n

p
a
g
e

2
1
)

a
n
d

m
u
lt

iv
ar

ia
te

G
au

ss
ia

n
s

(s
ee

L
em

m
a

23
),

w
h
er

e
th

e
ob

se
rv

at
io

n
s

m
ay

n
ot

sa
ti

sf
y

th
e

i.
i.
d
.

as
su

m
p
ti

on
.

S
u

m
m

a
ry

o
f

se
tt

in
g.

A
B

ay
es

ia
n

st
at

is
ti

ci
an

(B
)

w
is

h
es

to
co

m
m

u
n
ic

at
e

re
su

lt
s

a
b

o
u
t

d
at

a
x

to
a

th
ir

d
p
ar

ty
(A

),
b
u
t

w
it

h
ou

t
re

ve
al

in
g

th
e

d
at

a
x

it
se

lf
.

W
e

m
a
ke

n
o

a
ss

u
m

p
-

ti
on

s
on

th
e

d
at

a
x

,
w

h
ic

h
co

u
ld

b
e

a
si

n
gl

e
ob

se
rv

at
io

n
,

an
i.
i.
d
.

sa
m

p
le

,
or

a
se

q
u
en

ce
o
f

ob
se

rv
at

io
n
s.

T
h
e

p
ro

to
co

l
of

in
te

ra
ct

io
n

b
et

w
ee

n
B

an
d

A
is

su
m

m
ar

is
ed

b
el

ow
.
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D
if
f
e
r
e
n
t
ia
l
P
r
iv
a
c
y
f
o
r
B
a
y
e
sia

n
In

f
e
r
e
n
c
e
t
h
r
o
u
g
h
P
o
st

e
r
io
r
S
a
m
p
l
in
g

1
.

B
selects

a
m

o
d
el

fam
ily

(F
Θ

)
an

d
a

p
rior

(ξ).

2
.

A
is

a
llow

ed
to

see
F
Θ

an
d
ξ

an
d

is
com

p
u
tation

ally
u
n
b

o
u
n
d
ed

.

3
.

B
o
b
serves

d
ata

x
an

d
calcu

lates
th

e
p

osterior
ξ(θ|

x
)

b
u
t

d
o
es

n
ot

reveal
it.

T
h
en

,
fo

r
step

s
t

=
1,2,...,

rep
eat

th
e

follow
in

g:

4
.

A
sen

d
s

h
is

u
tility

fu
n
ction

u
an

d
a

q
u
ery

q
t

to
B

.

5
.

B
resp

o
n
d
s

w
ith

th
e

resp
on

se
r
t

m
ax

im
isin

g
u

,
in

a
m

an
n
er

th
at

d
ep

en
d
s

on
th

e
q
u
ery

a
n
d

th
e

p
osterior.

L
et

u
s

n
ow

ela
b

orate.
In

th
is

fram
ew

ork
,
th

e
ch

oice
of

th
e

m
o
d
el

fam
ilyF

Θ
is

d
icta

ted
b
y

th
e

p
ro

b
lem

.
T

h
e

ch
oice

of
ξ

is
n
orm

ally
d
eterm

in
ed

b
y

th
e

p
rior

k
n
ow

led
ge

o
f
B

,
b
u
t

w
e

sh
ow

th
a
t

th
is

a
lso

a
ff

ects
w

h
at

level
of

p
rivacy

is
ach

ieved
.

In
form

ally
sp

ea
k
in

g,
in

form
ativ

e
p
rio

rs
a
ch

iev
e

b
etter

p
rivacy,

as
th

e
p

osterior
h
as

a
w

eaker
d
ep

en
d
en

cy
on

th
e

d
ata.

It
is

n
a
tu

ra
l

to
a
ssu

m
e

th
at

th
e

p
rior

itself
is

p
u
b
lic,

as
it

sh
ou

ld
refl

ect
p
u
b
licly

availab
le

in
fo

rm
a
tio

n
.

T
h
e

statistician
’s

con
clu

sion
from

th
e

ob
served

d
ata

x
is

th
en

su
m

m
a
rised

in
th

e
p

o
sterio

r
d
istrib

u
tion

ξ(θ|
x

),
w

h
ich

rem
ain

s
p
rivate.

T
h
e

secon
d

p
art

of
th

e
p
ro

cess
is

th
e

in
teractio

n
w

ith
A

.
W

e
ad

op
t

a
d
ecisio

n
-th

eoretic
v
iew

p
o
in

t
to

ch
aracterise

w
h
at

th
e

op
tim

al
resp

on
ses

to
q
u
eries

sh
o
u
ld

b
e.

M
ore

sp
ecifi

cally,
w

e
a
ssu

m
e

th
e

ex
isten

ce
of

a
“tru

e”
p
aram

eter
θ
∈
Θ

,
an

d
th

at
A

h
as

a
u
tility

fu
n
ction

u
θ (q

t ,r
t ),

w
h
ich

h
e

w
ish

es
to

m
ax

im
ise.

F
or

ex
am

p
le,

con
sid

er
th

e
case

w
h
ere

θ
=

(µ
,Σ

)
a
re

th
e

p
a
ram

eters
of

a
n
orm

al
d
istrib

u
tion

.
A

n
ex

am
p
le

q
u
ery

q
t

is
“

w
h
a
t

is
th

e
expected

va
lu

e
E
θ
x
i

=
µ

o
f

th
e

d
istribu

tio
n

?
”
.

T
h
e

op
tim

al
resp

on
se
r
t ,

w
ou

ld
th

en
b

e
a

real
vector

th
at

d
ep

en
d
s

on
th

e
u
tility

fu
n
ction

.
A

p
ossib

le
u
tility

fu
n
ction

is
th

e
n
egative

sq
u
ared

L
2

d
istan

ce:

u
θ (q

t
=

“w
h
at

is
th

e
m

ean
?”,r

t )
=
−
‖E

θ
x
i −

r
t ‖

22 .

W
h
ile

θ
is

u
n
k
n
ow

n
,

B
h
as

in
form

ation
ab

ou
t

it
in

th
e

form
of

a
p

osterior
d
istrib

u
tion

.
U

sin
g

sta
n
d
a
rd

d
ecision

-th
eoretic

n
otion

s,
th

e
op

tim
al

resp
on

se
of

B
w

ou
ld

m
ax

im
ise

th
e

ex
p

ected
u
tility

E
ξ (u
|
q
t ,r

t ,x
),

w
h
ere

th
e

ex
p

ectation
is

taken
over

th
e

p
osterior

d
istrib

u
-

tio
n
.

H
ow

ever,
th

is
d
eterm

in
istic

resp
on

se
can

n
ot

b
e

d
iff

eren
tially

p
rivate.

In
th

is
p
a
p

er,
w

e
p
rom

ote
th

e
u
se

of
po

sterio
r

sa
m

p
lin

g
to

resp
on

d
to

q
u
eries.

T
h
e

p
o
sterio

r
sa

m
p
lin

g
m

ech
an

ism
d
raw

s
a

set
Θ̂

of
i.i.d

.
sam

p
les

from
th

e
p

osterior
d
istrib

u
tion

.
T

h
en

,
a
ll

th
e

resp
on

ses
on

ly
d
ep

en
d

on
th

e
p

o
sterior

th
rou

gh
Θ̂

.
S
in

ce
ou

r
algorith

m
on

ly
ta

kes
a

sin
g
le

sa
m

p
le

set
Θ̂

,
fu

rth
er

q
u
eries

b
y

th
e

ad
versary

reveal
n
oth

in
g

m
o
re

ab
ou

t
th

e
d
a
ta

th
a
n

w
h
a
t

can
b

e
in

ferred
from

Θ̂
.

T
h
e

em
p
irical

d
istrib

u
tion

in
d
u
ced

b
y
Θ̂

serves
as

a
p
riva

te
su

rro
g
ate

for
th

e
ex

act
(n

on
-p

rivate)
p

osterior.
C

on
seq

u
en

tly,
w

e
can

resp
on

d
to

a
n

a
rb

itra
ry

n
u
m

b
er

of
q
u
eries

w
ith

a
b

ou
n
d
ed

p
rivacy

b
u
d
get,

w
h
ile

g
u
aran

teein
g

go
o
d

u
tility

fo
r

a
ll

resp
on

ses.

W
e

sh
ow

th
at

ifF
Θ

an
d
ξ

are
ch

osen
ap

p
rop

riately,
th

is
resu

lts
in

d
iff

eren
tially

-p
rivate

resp
o
n
ses,

a
s

w
ell

as
rob

u
stn

ess
of

th
e

p
osterior. 1

In
ad

d
ition

,
w

e
p
rov

e
u
p
p

er
an

d
low

er
b

o
u
n
d
s

o
n

h
ow

easy
it

is
for

an
ad

versary
to

d
istin

gu
ish

tw
o
ε-close

d
a
ta

sets.
F

in
ally,

w
e

b
o
u
n
d

th
e

loss
in

u
tility

in
cu

rred
d
u
e

to
p
rivacy.

T
h
e

in
tu

ition
b

eh
in

d
ou

r
resu

lts

1
.

M
o
re

sp
ecifi

ca
lly,

th
a
t

sm
a
ll

ch
a
n

g
es

in
th

e
d

a
ta

resu
lt

in
sm

a
ll

ch
a
n

g
es

in
th

e
p

o
sterio

r
in

term
s

o
f

th
e

K
L

d
iv

erg
en

ce.
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D
im

it
r
a
k
a
k
is,

N
e
l
so

n
,
Z
h
a
n
g
,
M
it
r
o
k
o
t
sa

a
n
d

R
u
b
in
st

e
in

is
th

at
rob

u
stn

ess
an

d
p
rivacy

are
lin

ked
v
ia

sm
o
oth

n
ess.

L
earn

in
g

algorith
m

s
th

at
are

sm
o
oth

m
ap

p
in

gs—
th

eir
ou

tp
u
t

(e.g.,
a

sp
am

fi
lter)

varies
little

w
ith

p
ertu

rb
ation

s
to

in
p
u
t

(e.g.,
sim

ilar
train

in
g

corp
ora)—

are
rob

u
st:

ou
tliers

h
ave

red
u
ced

in
fl
u
en

ce,
an

d
ad

v
ersaries

can
n
ot

easily
d
iscover

u
n
k
n
ow

n
in

form
ation

ab
ou

t
th

e
d
ata.

T
h
is

su
ggests

th
at

rob
u
stn

ess
an

d
p
rivacy

can
b

e
sim

u
ltan

eou
sly

ach
ieved

an
d

are
in

fact
d
eep

ly
lin

ked
.

W
e

p
rov

id
e

a
u
n
iform

m
ath

em
atical

treatm
en

t
of

th
e

p
rivacy

an
d

rob
u
stn

ess
p
rop

erties
of

B
ayesian

in
feren

ce
b
ased

on
gen

eralised
d
iff

eren
tial

p
rivacy

to
arb

itrary
d
ata

set
d
istan

ces,
ou

tcom
e

sp
aces,

an
d

d
istrib

u
tion

fa
m

ilies.
T

h
is

p
ap

er
can

b
e

su
m

m
arised

as
m

ak
in

g
th

e
follow

in
g

d
istin

ct
con

trib
u
tion

s:

•
U

n
d
er

certain
regu

larity
con

d
ition

s
on

th
e

p
rior

d
istrib

u
tion

ξ
or

likelih
o
o
d

fam
ily

F
Θ

,
w

e
sh

ow
th

at
th

e
p

osterior
d
istrib

u
tion

is
ro

bu
st:

sm
all

ch
an

ges
in

th
e

d
ata

set
resu

lt
in

sm
all

p
osterior

ch
an

ges.

•
W

e
in

tro
d
u
ce

a
n
ovel

po
sterio

r
sa

m
p
lin

g
m

ech
a
n

ism
th

at
is

p
rivate. 2

U
n
like

oth
er

com
m

on
m

ech
an

ism
s

in
d
iff

eren
tial

p
rivacy,

ou
r

ap
p
ro

ach
sits

sq
u
arely

in
th

e
n
on

-
p
rivate

(B
ayesian

)
learn

in
g

fram
ew

o
rk

w
ith

ou
t

m
o
d
ifi

ca
tion

.

•
W

e
p
rov

id
e

n
ecessary

an
d

su
ffi

cien
t

con
d
ition

s
for

d
iff

eren
tially

p
rivate

B
ayesian

in
-

feren
ce.

•
W

e
in

tro
d
u
ce

th
e

n
otion

of
d
a
ta

set
d
istin

gu
ish

a
bility

for
w

h
ich

w
e

p
rov

id
e

fi
n
ite-

sam
p
le

b
ou

n
d
s

for
ou

r
m

ech
an

ism
:

h
ow

large
w

ou
ld
Θ̂

n
eed

to
b

e
for

A
to

d
istin

gu
ish

tw
o

d
ata

sets
w

ith
h
igh

p
rob

ab
ility.

•
W

e
p
rov

id
e

ex
am

p
les

of
con

ju
gate-p

air
d
istrib

u
tion

s
w

h
ere

ou
r

assu
m

p
tion

s
h
old

,
in

clu
d
in

g
d
iscrete

B
ay

esian
n
etw

ork
s.

W
e

fi
n
d

th
a
t

even
th

ou
gh

B
ay

esian
p

osterior
sam

p
lin

g
d
o
es

p
rov

id
e

p
rivacy

gu
aran

tees
d
irectly,

th
ose

ap
p

ear
to

b
e

very
w

eak
for

stan
d
ard

co
n
ju

gate
fam

ilies.
H

ow
ev

er,
w

ith
a

sm
all

m
o
d
ifi

cation
of

th
e

p
rior,

it
is

easy
to

ob
tain

go
o
d

p
rivacy

gu
aran

tees.

P
a
per

o
rga

n
isa

tio
n

.
S
ection

2
sp

ecifi
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th
e

settin
g

an
d

ou
r

assu
m

p
tion

s.
S
ection

3
p
roves

resu
lts

on
rob

u
stn

ess
of

B
ayesian

learn
in

g.
S
ection

4
p
roves

ou
r

m
ain

p
rivacy

resu
lts.

In
p
articu

lar,
S
ection

4.1
sh

ow
s

th
at

th
e

p
o
sterior

d
istrib

u
tion

is
d
iff

eren
tially

p
rivate,

S
ection

4.2
d
escrib

es
ou

r
p

osterior
sam

p
lin

g
q
u
ery

resp
on

se
algo

rith
m

,
S
ection

4.3
d
erives

b
ou

n
d
s

on
d
ata

set
in

d
istin

gu
ish

ab
ility,

S
ection

4.5
sh

ow
s

h
ow

to
ob

tain
m

a
tch

in
g

low
er

b
ou

n
d
s

for
d
istin

gu
ish

ab
ility,

w
h
ile

S
ection

4.4
sh

ow
s

h
ow

u
tility

an
d

p
rivacy

can
b

e
trad

ed
off

w
ith

in
ou

r
fram

ew
ork

.
E

x
am

p
les

w
h
ere

ou
r

assu
m

p
tion

s
h
old

are
g
iv

en
in

S
ection

5.
W

e
p
resen

t
a

d
iscu

ssion
of

ou
r

resu
lts,

related
w

ork
an

d
lin

k
s

to
th

e
ex

p
on

en
tial

m
ech

an
ism

an
d

rob
u
st

B
ayesian

in
feren

ce
in

S
ection

6.
A

p
p

en
d
ix

A
con

tain
s

p
ro

ofs
of

th
e

m
ain

th
eorem

s.
F

in
ally,

A
p
p

en
d
ix

B
d
etails

p
ro

ofs
of

th
e

ex
am

p
les

d
em

on
stratin

g
ou

r
assu

m
p
tion

s.

2
.

P
ro

b
le

m
S
e
ttin

g

W
e

con
sid

er
th

e
p
rob

lem
of

a
B

ayesian
statistician

(B
)

com
m

u
n
ica

tin
g

w
ith

an
u
n
tru

sted
th

ird
p
arty

(A
).

B
w

an
ts

to
con

vey
u
sefu

l
resp

on
ses

to
th

e
q
u
eries

of
A

(e.g.,
h
ow

2
.

A
lth

o
u

g
h

p
rev

io
u

sly
u

sed
e.g.,

fo
r

effi
cien

t
ex

p
lo

ra
tio

n
in

rein
fo

rcem
en

t
lea

rn
in

g
(T

h
o
m

p
so

n
,

1
9
3
3
;

O
s-

b
a
n

d
et

a
l.,

2
0
1
3
),

p
o
sterio

r
sa

m
p

lin
g

h
a
s

n
o
t

p
rev

io
u

sly
b

een
em

p
loy

ed
fo

r
p

riva
cy.
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D
if
f
e
r
e
n
t
ia
l
P
r
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a
c
y
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o
r
B
a
y
e
si
a
n
In

f
e
r
e
n
c
e
t
h
r
o
u
g
h
P
o
st

e
r
io
r
S
a
m
p
l
in
g

m
an

y
p

eo
p
le

su
ff

er
fr

om
a

d
is

ea
se

or
v
ot

e
fo

r
a

p
ar

ti
cu

la
r

p
ar

ty
)

w
it

h
ou

t
re

v
ea

li
n
g

p
ri

va
te

in
fo

rm
at

io
n
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ou

t
th

e
or

ig
in

al
d
at

a
(e

.g
.,

w
h
et

h
er

a
p
ar

ti
cu

la
r

p
er

so
n

h
as

ca
n
ce

r)
.

T
h
is

re
q
u
ir

es
co

m
m

u
n
ic

at
in

g
in

fo
rm

at
io

n
in

a
w

ay
th

at
st

ri
ke

s
a

b
al

an
ce

b
et

w
ee

n
u
ti

li
ty

a
n
d

p
ri

va
cy

.
In

th
is

p
ap

er
,

w
e

st
u
d
y

th
e

in
h
er

en
t

p
ri

va
cy

an
d

ro
b
u
st

n
es

s
p
ro

p
er

ti
es

of
B

ay
es

ia
n

in
fe

re
n
ce

an
d

ex
p
lo

re
th

e
q
u
es

ti
on

of
w

h
et

h
er

B
ca

n
se

le
ct

a
p
ri

or
d
is

tr
ib

u
ti

on
so

th
at

a
co

m
p
u
ta

ti
on

al
ly

u
n
b

ou
n
d
ed

A
ca

n
n
ot

ob
ta

in
p
ri

va
te

in
fo

rm
at

io
n

fr
om

q
u
er

ie
s.

2
.1

D
e
fi

n
it

io
n

s
a
n

d
N

o
ta

ti
o
n

W
e

b
eg

in
w

it
h

ou
r

n
ot

at
io

n
.

L
et
S

b
e

th
e

se
t

of
al

l
p

os
si

b
le

d
at

a
se

ts
.

F
or

ex
am

p
le

,
if
X

is
a

fi
n
it

e
al

p
h
ab

et
,

th
en

w
e

m
ig

h
t

h
av

e
S

=
⋃
∞ n=

0
X
n
,

i.
e.

,
th

e
se

t
of

al
l

p
os

si
b
le

ob
se

rv
at

io
n

se
q
u
en

ce
s

ov
er
X

.
H

ow
ev

er
,
S

ca
n

h
av

e
ar

b
it

ra
ry

st
ru

ct
u
re

an
d

so
so

ci
a
l

n
et

w
or

k
or

m
o-

b
il
it

y
tr

ac
e

d
at

a
ar

e
al

so
h
an

d
le

d
in

th
is

fr
am

ew
or

k
.

P
ro

b
a
b
il
it

y
m

ea
su

re
s

on
p
ar

am
et

er
s

θ
ar

e
u
su

al
ly

d
en

ot
ed

b
y
ξ,

w
h
il
e

m
ea

su
re

s
an

d
d
en

si
ti

es
on

d
at

a
ar

e
d
en

ot
ed

b
y
P
θ

or
p
θ

re
sp

ec
ti

ve
ly

.
E

x
p

ec
ta

ti
on

s
ar

e
d
en

ot
ed

b
y
E ξ
g
,
∫ Θ
g
(θ

)
d
ξ(
θ)

,
w

h
er

e
th

e
su

b
sc

ri
p
t

d
en

ot
es

th
e

u
n
d
er

ly
in

g
d
is

tr
ib

u
ti

on
w

it
h

re
sp

ec
t

to
w

h
ic

h
w

e
ar

e
ta

k
in

g
ex

p
ec

ta
ti

on
s.

In
ca

se
of

am
b
ig

u
it

y,
w

e
ex

p
li
ci

tl
y

w
ri

te
e.

g.
,
E x
∼
P
θ
f

(x
)

=
∫ S
f

(x
)

d
P
θ
(x

)
to

d
en

ot
e

w
h
ic

h
va

ri
a
b
le

s
ar

e
d
ra

w
n

fr
om

w
h
ic

h
d
is

tr
ib

u
ti

on
s.

F
in

al
ly

,
w

e
u
se

I{
π
}t

o
b

e
th

e
id

en
ti

ty
fu

n
ct

io
n
,

ta
k
in

g
th

e
va

lu
e

1
w

h
en

th
e

p
re

d
ic

at
e
π

is
tr

u
e,

an
d

0
ot

h
er

w
is

e.

2
.1
.1

D
is
t
a
n
c
e
s
B
e
t
w
e
e
n
D
a
t
a
S
e
t
s

C
en

tr
al

to
th

e
n
ot

io
n
s

of
p
ri

va
cy

an
d

ro
b
u
st

n
es

s,
is

th
e

co
n
ce

p
t

of
d
is

ta
n
ce

b
et

w
ee

n
d
at

a
se

ts
.

F
ir

st
ly

,
th

e
eff

ec
t

of
d
at

a
se

t
p

er
tu

rb
at

io
n

on
le

ar
n
in

g
d
ep

en
d
s

on
th

e
am

ou
n
t

of
n
oi

se
as

q
u
an

ti
fi
ed

b
y

so
m

e
d
is

ta
n
ce

.
T

h
is

is
u
se

fu
l

fo
r

ch
ar

ac
te

ri
si

n
g

ro
b
u
st

n
es

s
to

n
o
is

e
or

ad
ve

rs
ar

ia
l

m
an

ip
u
la

ti
on

of
th

e
d
at

a.
S
ec

on
d
ly

,
th

e
am

ou
n
t

th
at

an
at

ta
ck

er
ca

n
le

ar
n

fr
om

q
u
er

ie
s

ca
n

b
e

q
u
an

ti
fi
ed

in
te

rm
s

of
th

e
d
is

ta
n
ce

o
f

h
is

gu
es

se
s

to
th

e
tr

u
e

d
at

a
se

t.
F

in
al

ly
,

it
al

lo
w

s
fo

r
a

u
n
ifi

ed
m

at
h
em

at
ic

al
tr

ea
tm

en
t,

as
it

p
er

m
it

s
d
iff

er
en

t
ty

p
es

of
n
ei

gh
b

ou
rh

o
o
d
s

to
b

e
d
efi

n
ed

.
T

o
m

o
d
el

th
es

e
si

tu
at

io
n
s,

w
e

eq
u
ip
S

w
it

h
a

p
se

u
d
o-

m
et

ri
c3
ρ

:
S
×
S
→
R

+
.

T
h
is

ge
n
er

a
li
sa

ti
on

h
as

al
so

b
ee

n
u
se

d
b
y

C
h
at

zi
ko

k
ol

ak
is

et
al

.
(2

01
3)

,
w

h
ic

h
h
as

la
id

th
e

gr
ou

n
d
w

or
k

fo
r

m
et

ri
c-

b
as

ed
d
iff

er
en

ti
al

p
ri

va
cy

.
W

h
il
e

th
is

co
n
ce

p
t

h
as

m
an

y
ap

p
li
ca

ti
on

s
in

th
e

co
n
te

x
t

of
ge

og
ra

p
h
ic

al
in

fo
rm

at
io

n
sy

st
em

s,
w

e
ap

p
ly

th
is

ge
n
er

al
is

at
io

n
of

d
iff

er
en

ti
al

p
ri

va
cy

w
it

h
ou

t
n
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es
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ri
ly
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fe
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in

g
to

so
m

e
u
n
d
er

ly
in

g
p
h
y
si

ca
l

d
is

ta
n
ce

.

2
.1
.2

B
a
y
e
si
a
n
In

f
e
r
e
n
c
e

T
h
is

p
ap

er
fo

cu
se

s
on

th
e

B
a
ye

si
a
n

in
fe

re
n

ce
se

tt
in

g,
w

h
er

e
th

e
st

at
is

ti
ci

an
B

co
n
st

ru
ct

s
a

p
os

te
ri

or
d
is

tr
ib

u
ti

on
fr

om
a

p
ri

or
d
is

tr
ib

u
ti

on
ξ

an
d

a
tr

ai
n
in

g
d
a
ta

se
t
x

.
M

or
e

p
re

ci
se

ly
,

w
e

as
su

m
e

th
at

d
at

a
x
∈
S

h
av

e
b

ee
n

d
ra

w
n

fr
om

so
m

e
d
is

tr
ib

u
ti

on
P
θ
?

on
S,

p
ar

am
et

er
is

ed
b
y
θ?

,
fr

om
a

fa
m

il
y

of
d
is

tr
ib

u
ti

on
s
F Θ

.
B

d
efi

n
es

a
p
ar

am
et

er
se

t
Θ

in
d
ex

in
g

a
fa

m
il
y

of
d
is

tr
ib

u
ti

on
s
F Θ

on
(S
,S
S

),
w

h
er

e
S
S

is
an

ap
p
ro

p
ri

at
e
σ

-a
lg

eb
ra

on
S:

F Θ
,
{P

θ
:
θ
∈
Θ
},

3
.

M
ea

n
in

g
th

a
t
ρ
(x
,y

)
=

0
d

o
es

n
o
t

n
ec

es
sa

ri
ly

im
p

ly
x

=
y
.
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D
im

it
r
a
k
a
k
is
,
N
e
l
so

n
,
Z
h
a
n
g
,
M
it
r
o
k
o
t
sa

a
n
d

R
u
b
in
st

e
in

an
d

w
h
er

e
w

e
u
se
p
θ

to
d
en

ot
e

th
e

co
rr

es
p

on
d
in

g
d
en

si
ti

es
4

w
h
en

n
ec

es
sa

ry
.

T
o

p
er

fo
rm

in
fe

re
n
ce

in
th

e
B

ay
es

ia
n

se
tt

in
g,

B
se

le
ct

s
a

p
ri

o
r

m
ea

su
re
ξ

on
(Θ
,S

Θ
)

re
fl
ec

ti
n
g

B
’s

su
b

je
ct

iv
e

b
el

ie
fs

ab
ou

t
w

h
ic

h
θ

is
m

or
e

li
ke

ly
to

b
e

tr
u
e,

a
p
ri

o
ri

;
i.

e.
,
fo

r
an

y
m

ea
su

ra
b
le

se
t

B
∈
S
Θ

,
ξ(
B

)
re

p
re

se
n
ts

B
’s

p
ri

or
b

el
ie

f
th

at
θ?
∈
B

.
In

ge
n
er

a
l,

th
e

p
os

te
ri

o
r

d
is

tr
ib

u
ti

o
n

af
te

r
ob

se
rv

in
g
x
∈
S

is
:

ξ(
B
|x

)
=

∫ B
p
θ
(x

)
d
ξ(
θ)

φ
(x

)
,

(1
)

w
h
er

e
φ

is
th

e
co

rr
es

p
on

d
in

g
m

ar
gi

n
al

d
en

si
ty

gi
v
en

b
y
:

φ
(x

)
,
∫ Θ

p
θ
(x

)
d
ξ(
θ)

.

W
h
il
e

th
e

ch
oi

ce
of

th
e

p
ri

or
is

ge
n
er

al
ly

ar
b
it

ra
ry

,
th

is
p
ap

er
sh

ow
s

th
at

it
s

ca
re

fu
l

se
le

c-
ti

on
ca

n
y
ie

ld
go

o
d

p
ri

va
cy

gu
ar

an
te

es
.

T
h
ro

u
gh

ou
t

th
e

p
ap

er
,

w
e

sh
al

l
u
se

th
e

fo
ll
ow

in
g

si
m

p
le

ex
am

p
le

to
gr

ou
n
d

ou
r

ob
se

rv
at

io
n
s

a
n
d

th
eo

ry
.

T
h
is

co
n
si

st
s

of
a

fi
n
it

e
fa

m
il
y

o
f

d
is

tr
ib

u
ti

on
s,

on
a

fi
n
it

e
al

p
h
ab

et
.

C
on

se
q
u
en

tl
y,

ca
lc

u
la

ti
on

of
th

e
p

os
te

ri
o
r

d
is

tr
ib

u
ti

on
is

al
w

ay
s

si
m

p
le

.
It

is
al

so
ea

sy
to

v
er

if
y

ou
r

as
su

m
p
ti

on
s

on
th

is
m

o
d
el

.

E
x
a
m

p
le

1
(F

in
it

e
B

e
rn

o
u

ll
i

fa
m

il
y
.)

C
o
n

si
d
er

a
fi

n
it

e
fa

m
il

y
o
f

d
is

tr
ib

u
ti

o
n

s
F Θ

=
{P

θ
:
θ
∈
Θ
}

o
n

a
lp

h
a
be

t
X

=
{0
,1
},

w
it

h
θ
∈

[0
,1

],
su

ch
th

a
t

fo
r

a
n

y
m

od
el

in
th

e
fa

m
il

y
a
n

d
a
n

y
o
bs

er
va

ti
o
n
x

P
θ
(x

)
=
θ
I{
x

=
1}

+
(1
−
θ)

I{
x

=
0}
.

F
o
r

a
n

y
se

qu
en

ce
o
f

o
bs

er
va

ti
o
n

s
x
1
,.
..
,x

T
,

w
e

h
a
ve

,
w

it
h

so
m

e
a
bu

se
o
f

n
o
ta

ti
o
n

,

P
θ
(x

1
,.
..
,x

T
)

=
T ∏ t=
1

P
θ
(x
t)
,

i.
e.

,
P
θ

d
efi

n
es

a
n

i.
i.

d
.

d
is

tr
ib

u
ti

o
n

o
n

th
e

a
lp

h
a
be

t.
T

h
is

fa
m

il
y

co
rr

es
po

n
d
s

to
a

se
t

o
f

B
er

n
o
u

ll
i

m
od

el
s.

T
h
e

se
t

o
f

pa
ra

m
et

er
s
Θ

w
il

l
be

ch
o
se

n
to

d
is

cr
et

is
e

th
e

pa
ra

m
et

er
sp

a
ce

o
f

B
er

n
o
u

ll
i

d
is

tr
ib

u
ti

o
n

s
o
ve

r
∆

-s
iz

ed
in

te
rv

a
ls

.
F

o
r

th
is

,
th

e
k

-t
h

m
od

el
’s

pa
ra

m
et

er
w

il
l

be
θ k

=
∆
k

,
w

it
h
∆
∈

(0
,1

)
a
n

d
k
≤

1
/∆

.

F
or

th
e

ab
ov

e
fa

m
il
y,

w
e

ca
n

u
se

a
u
n
if

or
m

p
ri

or
d
is

tr
ib

u
ti

on
ξ(
θ k

)
=
∆

.
T

h
e

p
o
st

er
io

r
d
is

tr
ib

u
ti

on
is

ea
si

ly
ca

lc
u
la

te
d
,

si
n
ce

w
e

n
ee

d
on

ly
su

m
ov

er
a

fi
n
it

e
n
u
m

b
er

o
f

p
a
ra

m
et

er
s.

2
.1
.3

P
r
iv
a
c
y

W
e

n
ow

re
ca

ll
th

e
co

n
ce

p
t

of
d
iff

er
en

ti
al

p
ri

va
cy

(D
w

or
k
,

20
06

).
T

h
is

st
at

es
th

a
t

o
n

n
ei

gh
-

bo
u

ri
n

g
d
at

a
se

ts
,

a
ra

n
d
om

is
ed

q
u
er

y
re

sp
on

se
m

ec
h
an

is
m

y
ie

ld
s

(p
oi

n
tw

is
e)

si
m

il
a
r

d
is

-
tr

ib
u
ti

on
s.

W
e

ad
op

t
th

e
v
ie

w
of

m
ec

h
a
n
is

m
s

as
co

n
d
it

io
n
al

d
is

tr
ib

u
ti

on
s

u
n
d
er

w
h
ic

h
d
iff

er
en

ti
al

p
ri

va
cy

ca
n

b
e

se
en

as
a

m
ea

su
re

of
sm

o
ot

h
n
es

s.
In

ou
r

se
tt

in
g
,

co
n
d
it

io
n
a
l

d
is

tr
ib

u
ti

on
s

co
n
ve

n
ie

n
tl

y
co

rr
es

p
on

d
to

p
os

te
ri

or
d
is

tr
ib

u
ti

on
s.

T
h
es

e
ca

n
a
ls

o
b

e
in

te
r-

p
re

te
d

as
th

e
d
is

tr
ib

u
ti

on
of

a
m

ec
h
an

is
m

th
at

u
se

s
p

os
te

ri
or

sa
m

p
li
n
g,

to
b

e
in

tr
o
d
u
ce

d
in

S
ec

ti
on

4.
2.

T
h
e

p
re

ci
se

d
efi

n
it

io
n

d
ep

en
d
s

on
th

e
n
ot

io
n

of
n
ei

gh
b

ou
rh

o
o
d
,

w
it

h
th

e
fo

ll
ow

in
g

ch
oi

ce
b

ei
n
g

co
m

m
on

:

4
.
I.
e.
,

th
e

R
a
d
o
n

-N
ik

o
d

y
m

d
er

iv
a
ti

v
e

o
f
P
θ

re
la

ti
v
e

to
so

m
e

d
o
m

in
a
ti

n
g

m
ea

su
re
ν

.

6
JM

L
R

 1
8(

11
):

1-
39

, 2
01

7



D
if
f
e
r
e
n
t
ia
l
P
r
iv
a
c
y
f
o
r
B
a
y
e
sia

n
In

f
e
r
e
n
c
e
t
h
r
o
u
g
h
P
o
st

e
r
io
r
S
a
m
p
l
in
g

D
e
fi

n
itio

n
1

((ε,δ)-d
iff

e
re

n
tia

l
p

riv
a
c
y
)

A
co

n
d
itio

n
a
l

d
istribu

tio
n
P

(·|
x

)
o
n

(Θ
,S

Θ
)

is
(ε,δ)-d

iff
eren

tially
p
rivate

if,
fo

r
a
ll
B
∈
S
Θ

a
n

d
fo

r
a
n

y
x
∈
S

=
X
n

P
(B
|
x

)≤
e
εP

(B
|
y
)

+
δ,

fo
r

a
ll
y

in
th

e
H

am
m

in
g-1

n
eigh

b
ou

rh
o
o
d

o
f
x

.
T

h
a
t

is,
y

m
a
y

d
iff

er
in

a
t

m
o
st

o
n

e
en

try
fro

m
x

:
th

ere
is

a
t

m
o
st

o
n

e
i∈
{1,...,n}

su
ch

th
a
t
x
i 6=

y
i .

A
ty

p
ica

l
situ

ation
w

h
ere

th
is

d
efi

n
ition

is
em

p
loy

ed
,

is
w

h
en

x
,y

are
m

a
trices

an
d
x
i

is
a

sin
g
le

row
in

th
e

m
atrix

.
T

h
en

,
th

e
d
ata

sets
are

n
eigh

b
ou

rs
if

a
m

atrix
row

is
ch

an
ged

. 5

In
o
u
r

settin
g,

it
is

reason
ab

le
to

gen
eralise

th
is

to
arb

itrary
d
ata

set
sp

acesS
th

at
are

n
o
t

n
ecessa

rily
p
ro

d
u
ct

sp
aces.

T
o

d
o

so,
w

e
u
se

th
e

n
otion

of
d
iff

eren
tial

p
rivacy

u
n
d
er

a
p
seu

d
o-m

etric
ρ

on
th

e
sp

ace
of

all
d
ata

sets,
w

h
ich

allow
s

for
m

ore
su

b
tle

rep
resen

tation
s

o
f

a
tta

cker
k
n
ow

led
ge

an
d

for
a

m
ore

gen
eral

treatm
en

t:

D
e
fi

n
itio

n
2

((ε,δ)-d
iff

e
re

n
tia

l
p

riv
a
c
y

u
n

d
e
r
ρ
.)

A
co

n
d
itio

n
a
l

d
istribu

tio
n
P

(·|
x

)
o
n

(Θ
,S

Θ
)

is
(ε,δ)-d

iff
eren

tially
p
rivate

u
n
d
er

a
p
seu

d
o
-m

etric
ρ

:S
×
S
→
R

+
if,

fo
r

a
ll

B
∈
S
Θ

a
n

d
fo

r
a
n

y
x
,y
∈
S

,

P
(B
|
x

)≤
e
ερ
(x
,y
)P

(B
|
y
)

+
δρ

(x
,y

)
.

In
o
u
r

settin
g
,
ρ

rep
laces

th
e

n
otion

of
n
eigh

b
ou

rh
o
o
d
.

It
is

of
cou

rse
p

ossib
le

to
u
se
ρ

th
at

co
rresp

o
n
d
s

to
th

e
u
su

al
m

ean
in

g
of

n
eigh

b
ou

rh
o
o
d

in
d
iff

eren
tial

p
rivacy

:

R
e
m

a
rk

3
IfS

=
X
n

a
n

d
ρ
(x
,y

)
=
∑

ni=
1 I{x

i 6=
y
i }

is
th

e
H

a
m

m
in

g
d
ista

n
ce,

th
is

d
ef-

in
itio

n
is

a
n

a
logo

u
s

to
sta

n
d
a
rd

(ε,δ)-d
iff

eren
tia

l
p
riva

cy.
W

h
en

co
n

sid
erin

g
o
n

ly
(ε,0)-

d
iff

eren
tia

l
p
riva

cy
o
r

(0,δ)-p
riva

cy,
it

is
a
n

equ
iva

len
t

n
o

tio
n

. 6

P
ro

o
f

F
or

(ε,0)-D
P

,
let

ρ
(x
,z

)
=
ρ
(z
,y

)
=

1;
i.e.,

th
e

d
ata

d
iff

er
in

on
e

elem
en

t.
T

h
en

,
fro

m
sta

n
d
a
rd

D
P

,
w

e
h
av

e
P

(B
|
x

)
≤
e
εP

(B
|
z
)

an
d

so
ob

tain
P

(B
|
x

)
≤
e
2
εP

(B
|

y
)

=
e
ρ
(x
,y
)εP

(B
|
y
).

B
y

in
d
u
ction

,
th

is
h
old

s
for

an
y
x
,y

p
air.

S
im

ilarly,
for

(0
,δ)-D

P
,

b
y

in
d
u
ctio

n
w

e
o
b
tain

P
(B
|
x

)≤
P

(B
|
y
)

+
δρ

(x
,y

).

D
efi

n
itio

n
1

a
llow

s
for

p
rivacy

again
st

a
p

ow
erfu

l
attacker

A
,

w
h
o

attem
p
ts

to
m

atch
th

e
em

p
irica

l
d
istrib

u
tion

in
d
u
ced

b
y

th
e

tru
e

d
ata

set,
b
y

q
u
ery

in
g

th
e

lea
rn

ed
m

ech
an

ism
a
n
d

co
m

p
a
rin

g
its

resp
on

ses
to

th
ose

given
b
y

d
istrib

u
tion

s
sim

u
lated

u
sin

g
k
n
ow

led
ge

of
th

e
m

ech
a
n
ism

an
d

k
n
ow

led
ge

of
all

b
u
t

on
e

d
atu

m
—

n
arrow

in
g

th
e

d
ata

set
d
ow

n
to

a
H

a
m

m
in

g
-1

b
a
ll.

In
d
eed

th
e

req
u
irem

en
t

of
d
iff

eren
tial

p
rivacy

is
som

etim
es

too
stro

n
g

sin
ce

it
m

ay
co

m
e

at
th

e
p
rice

of
u
tility.

D
efi

n
ition

2
allow

s
for

a
m

u
ch

b
road

er
en

co
d
in

g
of

th
e

a
tta

cker’s
k
n
ow

led
ge

v
ia

th
e

selected
p
seu

d
o-m

etric.
It

also
allow

s
a

m
ore

fi
n
e-grain

ed
n
o
tion

o
f

p
rivacy.

T
h
is

is
q
u
ite

u
sefu

l
for

geogra
p
h
ical

in
form

ation
sy

stem
s,

as
p
rop

o
sed

b
y

C
h
a
tziko

ko
lak

is
et

al.
(2013),

to
w

h
ich

w
e

refer
th

e
read

er
for

a
b
road

er
d
iscu

ssion
of

th
e

u
se

o
f

m
etrics

in
d
iff

eren
tial

p
rivacy.

F
in

a
lly,

w
e

can
sh

ow
th

at
th

is
gen

eralisation
of

d
iff

eren
tial

p
rivacy

satisfi
es

th
e

stan
d
a
rd

co
m

p
o
sition

p
rop

erty.

5
.

A
n

o
th

er
co

m
m

o
n

ch
o
ice

fo
r

n
eig

h
b

o
u

rh
o
o
d

s
is

to
say

th
a
t

tw
o

d
a
ta

sets
a
re

n
eig

h
b

o
u

rs
if

o
n

e
resu

lts
fro

m
th

e
o
th

er
b
y

a
d

d
itio

n
o
f

a
row

.
6
.

M
a
k
in

g
th

e
d

efi
n

itio
n

w
h

o
lly

eq
u

iva
len

t
is

p
o
ssib

le,
b

u
t

resu
lts

in
a
n

u
n

n
ecessa

rily
co

m
p

lex
d

efi
n

itio
n

.
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D
im

it
r
a
k
a
k
is,

N
e
l
so

n
,
Z
h
a
n
g
,
M
it
r
o
k
o
t
sa

a
n
d

R
u
b
in
st

e
in

T
h

e
o
re

m
4

(C
o
m

p
o
sitio

n
)

L
et

co
n

d
itio

n
a
l

d
istribu

tio
n

s
P

(·|
x

)
o
n

(Θ
,S

Θ
)

be
(ε,δ)-

d
iff

eren
tially

p
rivate

u
n
d
er

a
p
seu

d
o
-m

etric
ρ

:S
×
S
→
R

+
a
n

d
P
′(·|

x
)

o
n

(Θ
′,S
′Θ
′ )

be
(ε ′,δ ′)-d

iff
eren

tially
p
rivate

u
n
d
er

th
e

sa
m

e
p
seu

d
o
-m

etric.
T

h
en

th
e

co
n

d
itio

n
a
l

d
istribu

tio
n

o
n

th
e

p
rod

u
ct

spa
ce

(Θ
×
Θ
′,S

Θ
⊗

S
′Θ
′ )

given
by

Q
(B
×
B
′|
x

)
=
P

(B
|
x

)P
′(B
′|
x

),∀
B
×
B
′∈

S
Θ
⊗

S
′Θ
′

sa
tisfi

es
(ε

+
ε ′,δ

+
δ ′)-d

iff
eren

tially
p
rivate

u
n
d
er

th
e

p
seu

d
o
-m

etric
ρ

.
H

ere
S
Θ
⊗

S
′Θ
′

is
th

e
p
rod

u
ct
σ

-a
lgebra

o
n
Θ
×
Θ
′.

P
ro

o
f

F
or

an
y
y
∈
S

Q
(B
×
B
′|
x

)≤
[e
ερ
(x
,y
)P

(B
|
y
)

+
δρ

(x
,y

) ]
P
′(B
′|
x

)

≤
e
ερ
(x
,y
)P

(B
|
y
) [e

ε ′ρ
(x
,y
)P
′(B
′|
y
)

+
δ ′ρ

(x
,y

) ]
+
δρ

(x
,y

)

≤
e
(ε+

ε ′)ρ
(x
,y
)P

(B
|
y
)P
′(B
′|
y
)

+
(δ

+
δ ′)ρ

(x
,y

)

2
.2

O
u

r
M

a
in

A
ssu

m
p

tio
n

s

In
th

e
seq

u
el,

w
e

sh
ow

th
at

if
th

e
d
istrib

u
tion

fam
ily
F
Θ

or
p
rior

ξ
satisfi

es
certain

assu
m

p
-

tion
s,

th
en

close
d
ata

sets
x
,y
∈
S

resu
lt

in
p

osterior
d
istrib

u
tion

s
th

at
are

close.
In

th
at

case,
it

is
d
iffi

cu
lt

for
a

th
ird

p
arty

to
u
se

su
ch

a
p

osterior
to

d
istin

gu
ish

th
e

tru
e

d
ata

set
x

from
sim

ilar
d
ata

sets.
T

o
form

alise
th

ese
n
otion

s,
w

e
in

tro
d
u
ce

tw
o

p
ossib

le
assu

m
p
tion

s
on

e
co

u
ld

m
ake

on
th

e
sm

o
oth

n
ess

of
th

e
fam

ily
F
Θ

w
ith

resp
ect

to
som

e
m

etric
d

on
R

+
.

T
h
e

fi
rst

assu
m

p
tion

states
th

at
th

e
lik

elih
o
o
d

is
sm

o
oth

for
all

p
aram

eterisation
s

of
th

e
fam

ily.
F

irst,
w

e
d
efi

n
e

ou
r

n
otion

of
sm

o
oth

n
ess.

L
et
f

(x
,θ),

ln
p
θ (x

)
b

e
th

e
log

p
rob

ab
ility

of
x

u
n
d
er
θ.

T
h
e

L
ip

sch
itz

con
stan

t
for

a
p
aram

eter
valu

e
θ

is:

`(θ),
in

f{
u

:|f
(x
,θ)−

f
(y
,θ)|≤

u
ρ
(x
,y

)∀
x
,y
∈
S
}
.

(2)

O
u
r

fi
rst

assu
m

p
tion

is
u
n
iform

sm
o
oth

n
ess

for
all

p
aram

eters.

A
ssu

m
p

tio
n

1
(L

ip
sch

itz
c
o
n
tin

u
ity

)
W

e
a
ssu

m
e

th
ere

exists
so

m
e
L
<
∞

su
ch

th
a
t:

`(θ)≤
L
,

θ
∈
Θ
.

(3)

In
oth

er
w

ord
s,

th
is

assu
m

p
tion

say
s

th
at

th
e

log
p
rob

ab
ility

is
L

ip
sch

itz
w

ith
resp

ect
to

ρ
for

an
y

p
aram

eter
valu

e.
C

on
sid

er
E

x
am

p
le

1
for

th
e

B
ern

ou
lli

m
o
d
el.

It
is

easy
to

see
th

at
a

m
o
d
el

w
ith

∆
-sized

in
tervals

satisfi
es

th
e

ab
ove

assu
m

p
tion

w
ith

L
=

ln
1
/∆

.
H

ow
ever,

it
m

ay
b

e
d
iffi

cu
lt

for
th

is
assu

m
p
tion

to
h
old

u
n
iform

ly
over

Θ
in

gen
eral.

T
h
is

can
b

e
seen

b
y

th
e

follow
in

g
cou

n
terex

am
p
le

for
th

e
B

ern
ou

lli
fam

ily
of

d
istrib

u
tion

s:
w

h
en

th
e

p
aram

eter
is

0,
th

en
an

y
seq

u
en

ce
x

=
0,0,...

h
as

p
rob

ab
ility

1,
w

h
ile

an
y
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if
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r
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c
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f
o
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B
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si
a
n
In

f
e
r
e
n
c
e
t
h
r
o
u
g
h
P
o
st

e
r
io
r
S
a
m
p
l
in
g

0

0
.2

0
.4

0
.6

0
.81

0
0.

5
1

1.
5

2
2.

5
3

ξ(ΘL)

L

(a
)

U
n
if

or
m

p
ri

o
r

0

0.
2

0.
4

0.
6

0.
81

0
0.

5
1

1
.5

2
2.

5
3

L

0.
2

cd
f

0.
05

cd
f

0.
2

b
ou

n
d

0.
05

b
ou

n
d

L
(0
.2

)
L

(0
.0

5)

(b
)

E
x
p

on
en

ti
al

p
ri

o
r

F
ig

u
re

1:
T

h
e

m
as

s
of
L

-L
ip

sc
h
it

z
p
ar

am
et

er
s,

fo
r

tw
o

fi
n
it

e
fa

m
il
es

of
B

er
n
o
u
ll
i

d
is

tr
ib

u
-

ti
on

s
w

it
h
∆
∈
{0
.2
,0
.0

5
}

(t
h
ic

k
li
n
es

)
to

ge
th

er
w

it
h

th
ei

r
re

sp
ec

ti
ve

st
o
ch

a
st

ic
L

ip
sc

h
it

z
b

ou
n
d
s

(t
h
in

li
n
es

)
an

d
th

e
co

rr
es

p
on

d
in

g
u
n
if

o
rm

L
ip

sc
h
it

z
co

n
st

an
t
L

.

se
q
u
en

ce
co

n
ta

in
in

g
a

1
h
as

p
ro

b
ab

il
it

y
0.

T
h
e

sa
m

e
th

in
g

o
cc

u
rs

w
h
en

w
e

ta
ke
∆
→

0
in

E
x
am

p
le

1.
T

o
av

oi
d

su
ch

p
ro

b
le

m
s,

w
e

re
la

x
th

e
as

su
m

p
ti

on
b
y

on
ly

re
q
u
ir

in
g

th
at

B
’s

p
ri

o
r

p
ro

b
ab

il
it

y
ξ

is
co

n
ce

n
tr

at
ed

in
th

e
re

gi
on

s
of

th
e

fa
m

il
y

fo
r

w
h
ic

h
th

e
li
ke

li
h
o
o
d

is
sm

o
ot

h
es

t:

A
ss

u
m

p
ti

o
n

2
(S

to
ch

a
st

ic
L

ip
sc

h
it

z
c
o
n
ti

n
u

it
y
;

N
o
rk

in
,

1
9
8
6
)

F
ir

st
,

d
efi

n
e

th
e

su
b-

se
t

o
f

pa
ra

m
et

er
va

lu
es

Θ
L
,
{θ
∈
Θ

:
`(
θ)
≤
L
}

(4
)

to
be

th
o
se

pa
ra

m
et

er
s

fo
r

w
h
ic

h
L

ip
sc

h
it

z
co

n
ti

n
u

it
y

h
o
ld

s
w

it
h

L
ip

sc
h
it

z
co

n
st

a
n

t
L

.
T

h
en

,
th

er
e

a
re

so
m

e
co

n
st

a
n

ts
c,
L
0
>

0
su

ch
th

a
t,

fo
r

a
ll
L
≥
L
0
:

ξ(
Θ
L

)
≥

1
−

ex
p
(−
c(
L
−
L
0
))
.

(5
)

B
y

n
ot

re
q
u
ir

in
g

u
n
if

or
m

sm
o
ot

h
n
es

s,
th

is
w

ea
ke

r
as

su
m

p
ti

on
is

ea
si

er
to

m
ee

t
b
u
t

st
il
l

y
ie

ld
s

u
se

fu
l

gu
ar

an
te

es
.

In
fa

ct
,

in
S
ec

ti
on

5,
w

e
d
em

on
st

ra
te

th
at

th
is

as
su

m
p
ti

on
is

sa
ti

sfi
ed

b
y

m
an

y
im

p
or

ta
n
t

ex
am

p
le

d
is

tr
ib

u
ti

on
fa

m
il
ie

s.
H

ow
ev

er
,

it
w

il
l

b
e

il
lu

st
ra

ti
v
e

to
co

n
si

d
er

th
e

d
is

cr
et

e
B

er
n
ou

ll
i

fa
m

il
y

ex
am

p
le

at
th

is
p

oi
n
t.

E
x
a
m

p
le

2
(C

o
n
ti

n
u

a
ti

o
n

o
f

E
x
a
m

p
le

1
)

T
h
es

e
co

n
d
it

io
n

s
ca

n
be

ex
a
m

in
ed

in
te

rm
s

o
f

th
e

fi
n

it
e

fa
m

il
y

o
f

E
xa

m
p
le

1
.

F
ig

u
re

1
d
em

o
n

st
ra

te
s

th
e

a
ss

u
m

p
ti

o
n

s
fo

r
∆

=
0.

2
(r

ed
d
a
sh

ed
li

n
es

)
a
n

d
∆

=
0.

05
(b

lu
e

so
li

d
li

n
es

).

In
pa

rt
ic

u
la

r,
th

e
tw

o
th

ic
k

li
n

es
F

ig
u

re
1
a

sh
o
w

th
e

p
ro

ba
bi

li
ty

m
a
ss

o
f
L

-L
ip

sc
h
it

z
pa

ra
m

et
er

s
fo

r
th

e
tw

o
fa

m
il

ie
s.

T
h
ey

a
re

bo
th

st
ep

fu
n

ct
io

n
s,

a
s

th
e

fa
m

il
ie

s
a
re

d
is

cr
et

e.
7

7
.

T
h

e
∆

=
0
.2

fa
m

il
y

o
n

ly
h

a
s

tw
o

st
ep

s,
a
s

th
e

L
ip

sc
h

it
z

co
n

st
a
n
t

is
sy

m
m

et
ri

c
a
b

o
u

t
θ

=
0
.5

.
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D
im

it
r
a
k
a
k
is
,
N
e
l
so

n
,
Z
h
a
n
g
,
M
it
r
o
k
o
t
sa

a
n
d

R
u
b
in
st

e
in

T
h
e
×

a
n

d
◦

sy
m

bo
ls

sh
o
w

th
e

co
rr

es
po

n
d
in

g
L

ip
sc

h
it

z
co

n
st

a
n

ts
fo

r
th

e
tw

o
fa

m
il

ie
s

re
-

sp
ec

ti
ve

ly
,

a
n

d
w

e
ca

n
cl

ea
rl

y
se

e
∆

=
0.

2
h
a
s

a
bo

u
t

h
a
lf

th
e

L
ip

sc
h
it

z
co

n
st

a
n

t
o
f
∆

=
0.

0
5
.

T
h
e

th
in

n
er

cu
rv

es
d
ep

ic
t

th
e

h
ig

h
es

t
lo

w
er

bo
u

n
d

o
n

th
e

p
ro

ba
bi

li
ty

m
a
ss

d
efi

n
ed

in
A

s-
su

m
p
ti

o
n

2
.

T
h
er

e
w

e
se

e
th

a
t

th
e

h
ig

h
er

cu
rv

e
is

a
ch

ie
ve

d
by

∆
=

0.
2.

In
o
rd

er
to

im
p
ro

ve
th

e
lo

w
er

bo
u

n
d
,

w
e

n
ee

d
to

m
od

if
y

o
u

r
p
ri

o
r

d
is

tr
ib

u
ti

o
n

o
n

th
e

fa
m

il
y

m
em

be
rs

so
a
s

to
p
la

ce
le

ss
m

a
ss

o
n

th
e

m
o
re

se
n

si
ti

ve
pa

ra
m

et
er

s.
T

h
e

re
su

lt
o
f

th
is

o
pe

ra
ti

o
n

is
sh

o
w

n
in

F
ig

u
re

1
b,

w
h
ic

h
u

se
s

th
e

p
ri

o
r
ξ(
θ)
∝

ex
p
(−
`(
θ)

),
i.

e.
,

it
p
la

ce
s

ex
po

n
en

ti
a
ll

y
sm

a
ll

er
w

ei
gh

t
in

m
o
re

se
n

si
ti

ve
pa

ra
m

et
er

s.
T

h
is

re
su

lt
s

in
bo

th
lo

w
er

bo
u

n
d
s

be
in

g
sh

if
te

d
u

p
w

a
rd

s,
co

rr
es

po
n

d
in

g
to

a
h
ig

h
er

c
co

n
st

a
n

t
in

A
ss

u
m

p
ti

o
n

2
.

O
f

co
u

rs
e,

th
is

h
a
s

n
o

eff
ec

t
o
n

A
ss

u
m

p
ti

o
n

1
.

F
or

co
m

p
le

te
n
es

s,
w

e
n
ow

sh
ow

th
at

ve
ri

fy
in

g
ou

r
as

su
m

p
ti

on
s

fo
r

a
d
is

tr
ib

u
ti

o
n

o
f

a
si

n
gl

e
ra

n
d
om

va
ri

ab
le

li
ft

s
to

a
co

rr
es

p
on

d
in

g
p
ro

p
er

ty
fo

r
th

e
p
ro

d
u
ct

d
is

tr
ib

u
ti

o
n

o
n

i.
i.
d
.

sa
m

p
le

s.

L
e
m

m
a

5
If
F Θ

sa
ti

sfi
es

A
ss

u
m

p
ti

o
n

1
(r

es
p
.

A
ss

u
m

p
ti

o
n

2
)

w
it

h
re

sp
ec

t
to

p
se

u
d
o
-m

et
ri

c
ρ

a
n

d
co

n
st

a
n

t
L

(o
r
c)

,
th

en
,

fo
r

a
n

y
fi

xe
d
n
∈
N

,
th

e
p
ro

d
u

ct
fa

m
il

y
F
n Θ

w
it

h
d
en

si
ti

es
(s

im
.

m
ea

su
re

s)
p
n Θ

({
x
i
})

=
∏
n i=

1
p
Θ

(x
i)

sa
ti

sfi
es

th
e

sa
m

e
a
ss

u
m

p
ti

o
n

w
it

h
re

sp
ec

t
to

:

ρ
n
({
x
i
},
{y

i
})

=
∑

n i=
1
ρ
(x
i,
y i

)

a
n

d
co

n
st

a
n

t
L

(o
r
c)

.

2
.2
.1

N
e
c
e
ss
a
r
y
C
o
n
d
it
io
n
s

F
in

al
ly

,
le

t
u
s

d
is

cu
ss

w
h
et

h
er

th
e

ab
ov

e
co

n
d
it

io
n
s

a
re

n
ec

es
sa

ry
to

ac
h
ie

ve
d
iff

er
en

ti
a
l

p
ri

va
cy

.
In

fa
ct

,
ei

th
er

th
e

fi
rs

t
co

n
d
it

io
n

m
u
st

b
e

tr
u
e,

or
a

si
m

il
ar

co
n
d
it

io
n

m
u
st

h
o
ld

on
th

e
m

ar
gi

n
al

s
fo

r
ev

er
y

p
os

si
b
le

d
at

a
se

t
p
a
ir

(x
,y

).
O

u
r

se
co

n
d

co
n
d
it

io
n

ca
n

b
e

se
en

a
s

a
sp

ec
ifi

c
ca

se
of

th
e

n
ec

es
sa

ry
co

n
d
it

io
n

fo
r

th
e

m
ar

gi
n
al

s,
as

ex
p
la

in
ed

b
el

ow
.

T
h

e
o
re

m
6

F
o
r

a
p
ri

o
r
ξ

to
be

2L
-d

iff
er

en
ti

a
ll

y
p
ri

va
te

fo
r

a
fa

m
il

y
F Θ

,
ei

th
er

su
p

θ
∈Θ

ln
P
θ
(x

)

P
θ
(y

)
≤
L
ρ
(x
,y

),
o
r

ln
φ

(y
)

φ
(x

)
≤
L
ρ
(x
,y

)
(6

)

fo
r

a
ll
x
,y
∈
X

.

P
ro

o
f

If
n
ei

th
er

co
n
d
it

io
n

h
ol

d
s

fo
r

so
m

e
p
ai

r
(x
,y

)
th

en
th

er
e

is
θ

su
ch

th
a
t

ln
P
θ
(x

)
P
θ
(y
)
>

L
ρ
(x
,y

)
an

d
ln

φ
(y
)

φ
(x

)
>
L
ρ
(x
,y

).
S
im

p
ly

ad
d
in

g
th

e
tw

o,
w

e
ob

ta
in

ln
ξ
(θ
|x
)

ξ
(θ
|y
)
>

2L
ρ
(x
,y

),
a
n
d

so
th

e
re

su
lt

in
g

p
os

te
ri

or
is

n
ot
L

-d
iff

er
en

ti
al

ly
p
ri

va
te

.

In
ou

r
m

ai
n

re
su

lt
s,

w
e

sh
ow

th
at

th
e

fi
rs

t
p
ar

t
of

th
e

co
n
d
it

io
n
s,

w
h
ic

h
is

eq
u
iv

a
le

n
t

to
o
u
r

fi
rs

t
as

su
m

p
ti

on
,
is

al
so

su
ffi

ci
en

t.
H

ow
ev

er
,
th

e
se

co
n
d

p
ar

t
is

to
o

w
ea

k
to

im
p
ly

d
iff

er
en

ti
a
l

p
ri

va
cy

on
it

s
ow

n
.

2
.2
.2

T
h
e
C
h
o
ic
e
o
f
M
e
t
r
ic

a
n
d

S
u
f
f
ic
ie
n
t
S
t
a
t
is
t
ic
s

T
h
e

ex
te

n
t

to
w

h
ic

h
ou

r
as

su
m

p
ti

on
s

h
ol

d
fo

r
a

p
a
rt

ic
u
la

r
fa

m
il
y

of
d
is

tr
ib

u
ti

o
n
s
F Θ

d
ep

en
d
s

m
ai

n
ly

on
ρ
.8

T
h
e

ch
oi

ce
of

m
et

ri
c

is
al

so
im

p
or

ta
n
t

fo
r

ac
h
ie

v
in

g
d
iff

er
en

ti
a
l

p
ri

va
cy

w
it

h

8
.

A
lt

h
o
u

g
h

o
u

r
re

su
lt

s
a
re

st
a
te

d
in

te
rm

s
o
f

m
et

ri
cs

,
it

is
ea

sy
to

tr
a
n

sl
a
te

th
em

to
n

ei
g
h
b

o
u

rh
o
o
d

-b
a
se

d
re

su
lt

s,
si

m
p

ly
b
y

b
o
u

n
d

in
g

th
e
ρ
-d

is
ta

n
ce

o
f

a
n
y

n
ei

g
h
b

o
u

ri
n

g
d

a
ta

se
ts

.
S
ee

a
ls

o
th

e
d

is
cu

ss
io

n
in

S
ec

ti
o
n

6
.
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D
if
f
e
r
e
n
t
ia
l
P
r
iv
a
c
y
f
o
r
B
a
y
e
sia

n
In

f
e
r
e
n
c
e
t
h
r
o
u
g
h
P
o
st

e
r
io
r
S
a
m
p
l
in
g

resp
ect

to
it.

L
et

u
s

sp
ecifi

cally
con

sid
er

m
etrics

d
efi

n
ed

in
term

s
of

a
d
iff

eren
ce

in
statistics:

ρ
(x
,y

),
‖
τ
(x

)−
τ
(y

)‖
,

w
h
ere

τ
:S
→
V

is
a

statistic
m

ap
p
in

g
from

d
ata

sets
to

a
n
orm

ed
vector

sp
ace.

In
th

a
t

ca
se,

ou
r

assu
m

p
tion

s
im

p
ly

th
at
τ

m
u
st

b
e

a
su

ffi
cien

t
statistic,

sin
ce

if
τ
(x

)
=

τ
(y

)
th

en
ρ
(x
,y

)
=

0
an

d
it

follow
s

th
at
P
θ (x

)
=
P
θ (y

).
M

ore
gen

erally,
ρ

m
u
st

b
e

su
ch

th
a
t

if
th

e
d
istan

ce
b

etw
een

x
,y

is
zero,

th
en

th
eir

p
rob

ab
ilities

sh
ou

ld
b

e
eq

u
al.

W
e

w
ill

see
so

m
e

ex
a
m

p
les

of
su

ch
statistics

for
con

ju
gate

d
istrib

u
tion

s
in

th
e

ex
p

on
en

tial
fam

ily
in

S
ectio

n
5
.

T
h
a
t

m
ean

s
th

at
w

e
can

n
ot

u
se

a
m

etric
w

h
ich

sim
p
ly

ign
ores

p
art

of
th

e
d
ata,

fo
r

ex
a
m

p
le.

S
im

ilarly,
th

e
very

d
efi

n
ition

of
d
iff

eren
tial

p
rivacy

(D
efi

n
ition

2)
im

p
lies

th
at
τ

m
u
st

b
e

a
B

a
yes-su

ffi
cien

t
statistic.

T
h
at

m
ean

s
th

at
for

an
y
x
,y

,
it

h
old

s

τ
(x

)
=
τ
(y

)
⇒

ξ(B
|
x

)
=
ξ(B
|
y
)
,
∀
B
∈
S
Θ
.

N
o
te

th
a
t

th
is

is
a

sligh
tly

w
eaker

con
d
ition

th
an

a
su

ffi
cien

t
statistic,

w
h
ich

is
n
ecessary

fo
r

o
u
r

a
ssu

m
p
tion

s
to

h
old

.

2
.3

S
u

m
m

a
ry

o
f

R
e
su

lts

G
iven

th
e

a
b

ove
assu

m
p
tion

s,
w

e
sh

ow
:

fi
rstly,

th
a
t

if
w

e
ch

o
ose

an
in

fo
rm

ative
p
rior

ξ,
th

e
resu

ltin
g

p
osterior

is
rob

u
st

in
term

s
o
f

K
L

-d
ivergen

ce
to

sm
all

ch
an

ges
in

th
e

d
ata.

S
eco

n
d
ly,

th
a
t

th
e

p
osterior

d
istrib

u
tion

is
d
iff

eren
tially

p
rivate.

T
h
ird

ly,
th

at
th

is
im

p
lies

th
a
t

sa
m

p
lin

g
from

th
e

p
osterior

can
b

e
u
sed

as
p
art

of
a

d
iff

eren
tially

-p
rivate

m
ech

an
ism

.
W

e
co

m
p
lem

en
t

th
ese

w
ith

resu
lts

on
h
ow

easily
an

ad
versary

can
d
istin

gu
ish

tw
o

sim
ilar

d
a
ta

sets
fro

m
p

osterior
sam

p
les.

F
in

ally,
w

e
ch

aracterise
th

e
trad

e-off
b

etw
een

u
tility

an
d

p
riva

cy,
sta

ted
h
ere

in
form

ally
for

ease
of

ex
p

osition
:

C
la

im
1

If
A

p
refers

to
u

se
th

e
p
rio

r
ξ
?,

bu
t
B

u
ses

a
p
rio

r
ξ

sa
tisfyin

g
A

ssu
m

p
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e

po
sterio

r
sa

m
p
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p
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√
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d
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b
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b
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p
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d
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p
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con
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b
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p
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d
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u
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∈
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p
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p
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u
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d
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p
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u
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∈
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fo
r

ex
a
m

p
le

.
T

h
e

fi
rs

t
st

ep
is

to
si

m
p
ly

d
ra

w
a

n
u
m

b
er

of
sa

m
p
le

s
fr

om
th

e
p

os
te

ri
or

,
as

in
th

e
o
ri

g
in

a
l

ap
p
ro

ac
h

(A
lg

or
it

h
m

2)
.

A
ft

er
th

e
al

go
ri

th
m

ca
lc

u
la

te
s

th
e

p
os

te
ri

or
d
is

tr
ib

u
ti

o
n
ξ(
·|
x

),
N

p
ar

am
et

er
sa

m
p
le

s
ar

e
d
ra

w
n

fr
om

it
,

p
ro

d
u
ci

n
g

a
p
a
ra

m
et

er
se

t
Θ̂

.
T

h
er

ea
ft

er
,

re
sp

o
n
se

s
d
ep

en
d

on
ly

on
th

e
u
ti

li
ty

fu
n
ct

io
n

an
d

th
e

sa
m

p
le
Θ̂

,
an

d
w

e
d
o

n
ot

d
ra

w
n
ew

sa
m

p
le

s
af

te
r

ev
er

y
q
u
er

y.
T

h
is

al
lo

w
s

u
s

to
w

or
k

w
it

h
a

fi
x
ed

p
ri

va
cy

b
u
d
ge

t.

A
lg

o
ri

th
m

1
B

A
P

S
:

B
ay

es
ia

n
P

os
te

ri
or

S
a
m

p
li
n
g

1
:

in
p

u
t

p
ri

or
ξ,

d
at

a
x
∈
S

2
:

C
al

cu
la

te
p

os
te

ri
or
ξ(
θ
|x

).
3
:

fo
r
k

=
1,
..
.,
N

d
o

4
:

S
am

p
le
θ(
k
)
∼
ξ(
θ
|D

).
5
:

e
n

d
fo

r
6
:

re
tu

rn
Θ̂

=
{ θ

(k
)

:
k

=
1,
..
.,
N
} .

C
o
ro

ll
a
ry

1
0

A
lg

o
ri

th
m

1
is

d
iff

er
en

ti
a
ll

y
p
ri

va
te

u
n

d
er

th
e

co
n

d
it

io
n

s
o
f

T
h
eo

re
m

8
,

n
a
m

el
y:

1
.

U
n

d
er

a
p
se

u
d
o
-m

et
ri

c
ρ

a
n

d
L
>

0
sa

ti
sf

yi
n

g
A

ss
u

m
p
ti

o
n

1
,

th
e

a
lg

o
ri

th
m

is
(2
N
L
,0

)-
d
iff

er
en

ti
a
ll

y
p
ri

va
te

u
n

d
er

p
se

u
d
o
-m

et
ri

c
ρ

;
o
r

2
.

U
n

d
er

a
p
se

u
d
o
-m

et
ri

c
ρ

a
n

d
c
>

1
sa

ti
sf

yi
n

g
A

ss
u

m
p
ti

o
n

2
,
C
F Θ ξ

d
efi

n
ed

in
(9

),
th

e

a
lg

o
ri

th
m

is
( 0,

O
(N
√
C
F Θ ξ

(L
0

+
1
/c

))
) -d

iff
er

en
ti

a
ll

y
p
ri

va
te

u
n

d
er

p
se

u
d
o
-m

et
ri

c
√
ρ

.

P
ro

o
f

T
h
is

fo
ll
ow

s
d
ir

ec
tl

y
fr

om
T

h
eo

re
m

s
8

an
d

4
(c

om
p

os
it

io
n
),

as
th

e
a
lg

o
ri

th
m

sa
m

-
p
le

s
fr

om
th

e
p

os
te

ri
or

d
is

tr
ib

u
ti

on
,

w
h
ic

h
is

d
iff

er
en

ti
al

ly
p
ri

va
te

.

U
ti

li
ty

a
n

d
o
p

ti
m

a
l

re
sp

o
n

se
s.

W
e

as
su

m
e

th
e

co
ll
ec

ti
on

of
a

se
t

of
u
ti

li
ty

fu
n
ct

io
n
s

U
=
{u

θ
:
θ
∈
Θ
},

su
ch

th
at

th
e

op
ti

m
al

re
sp

on
se

fo
r

a
gi

ve
n

p
ar

am
et

er
θ

is
th

e
o
n
e

m
ax

im
is

in
g

a
u
ti

li
ty

fu
n
ct

io
n
u
θ

:
Q
×
R
→

[0
,1

].
If

w
e

k
n
ow

th
e

tr
u
e

p
ar

am
et

er
θ,

th
en

w
e

sh
ou

ld
re

sp
on

d
to

an
y

q
u
er

y
q

w
it

h
r
∈

a
rg

m
ax

r
u
θ
(q
,r

).
H

ow
ev

er
,

si
n
ce
θ

is
u
n
k
n
ow

n
,

w
e

m
u
st

se
le

ct
a

m
et

h
o
d

fo
r

co
n
ve

y
in

g
th

e
re

q
u
ir

ed
in

fo
rm

at
io

n
.

In
a

B
ay

es
ia

n
se

tt
in

g
,

th
er

e
ar

e
th

re
e

m
ai

n
ap

p
ro

ac
h
es

w
e

co
u
ld

em
p
lo

y.
T

h
e

st
an

d
ar

d
m

et
h
o
d
ol

og
y

is
to

m
a
x
im

is
e

14
JM

L
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8(
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D
if
f
e
r
e
n
t
ia
l
P
r
iv
a
c
y
f
o
r
B
a
y
e
sia

n
In

f
e
r
e
n
c
e
t
h
r
o
u
g
h
P
o
st

e
r
io
r
S
a
m
p
l
in
g

expected
u

tility
w

ith
resp

ect
to

th
e

p
osterior.

T
h
is

corresp
on

d
s

to
m

argin
a
lisin

g
ou

t
θ,

an
d

resp
o
n
d
in

g
w

ith
:

r
t
∈

arg
m

ax
r

∫

Θ
u
θ (q

t ,r)
d
ξ(θ|

x
)
.

T
h
e

seco
n
d

is
to

u
se

th
e

m
a
xim

u
m

a
po

sterio
ri

valu
e

of
θ.

T
h
e

fi
n
al,

w
h
ich

w
e

em
p
loy

h
ere,

is
to

u
se

sa
m

p
lin

g;
i.e.,

to
rep

ly
to

each
q
u
ery

u
sin

g
p
aram

eters
sam

p
led

from
th

e
p

osterior.
T

h
is

a
llow

s
u
s

to
rep

ly
to

arb
itrary

q
u
eries

w
ith

ou
t

com
p
rom

isin
g

p
rivacy,

sin
ce

th
e

m
o
st

in
fo

rm
a
tion

a
n

ad
versary

cou
ld

ob
tain

is
th

e
set

of
sa

m
p
led

p
aram

eters.
B

y
ad

ju
stin

g
th

e
n
u
m

b
er

o
f

sa
m

p
les

u
sed

,
w

e
can

easily
trad

e
off

b
etw

een
p
riva

cy
an

d
u
tility.

A
fter

th
is

w
e

resp
on

d
to

a
series

of
q
u
eries.

F
o
r

th
e
t-th

receiv
ed

q
u
ery

q
t ,

th
e

algorith
m

retu
rn

s
th

e
op

tim
al

resp
on

se
over

th
e

sam
p
led

p
aram

eter
set

Θ̂
,

in
th

e
m

a
n
n
er

sh
ow

n
in

A
lg

o
rith

m
2
.

S
in

ce
w

e
allow

arb
itrary

q
u
eries,

th
e

th
ird

p
arty

cou
ld

sim
p
ly

ask
for

Θ̂
w

ith
a

su
ita

b
le

ch
o
ice

of
th

e
u
tility

fu
n
ction

.
T

h
en

if
u

is
b

ou
n
d
ed

,
it

is
easy

to
sh

ow
th

at
th

e
lo

ss
d
u
e

to
sam

p
lin

g
is

b
ou

n
d
ed

.

A
lg

o
rith

m
2

P
S
A

Q
R

:
P

osterior
S
am

p
le

Q
u
ery

R
esp

on
se

1
:

in
p

u
t

P
a
ra

m
eter

sam
p
le
Θ̂

.
2
:

fo
r
t

=
1,...

d
o

3
:

O
b
serve

q
u
ery

q
t ∈
Q

,
p

erh
ap

s
d
ep

en
d
in

g
on

r
1 ,...,r

t−
1

an
d
q
1 ,...,q

t−
1 .

4
:

re
tu

rn
r
t ∈

arg
m

ax
r ∑

θ∈
Θ̂
u
θ (q

t ,r)
5
:

e
n

d
fo

r

L
e
m

m
a

1
1

T
h
e

retu
rn

ed
respo

n
ses

o
f

th
e

P
S

A
Q

R
m

ech
a
n

ism
h
a
ve

a
u

tility
w

h
ich

is
w

ith
in

O
(√

ln
(1/

δ)/N
)

o
f

th
e

o
p
tim

a
l

va
lu

e
w

ith
p
ro

ba
bility

a
t

lea
st

1−
δ

fo
r

a
n

y
δ
>

0
.

N
ow

th
a
t

w
e

h
ave

d
em

on
strated

b
ou

n
d
s

on
th

e
u
tility

for
th

e
algorith

m
ab

ove,
w

e
tu

rn
to

th
e

issu
e

o
f

h
ow

u
tility

an
d

p
rivacy

can
b

e
op

tim
ally

tu
n
ed

.
F

irst,
w

e
try

an
d

q
u
an

tify
th

e
a
m

o
u
n
t

o
f

sa
m

p
les

an
ad

v
ersary

n
eed

s
to

d
istin

g
u
ish

tw
o

d
ata

sets.

4
.3

D
istin

g
u

ish
a
b

ility
o
f

D
a
ta

S
e
ts

In
th

is
sectio

n
,

w
e

w
ish

to
relate

th
e

size
of

th
e

sam
p
le
Θ̂

to
th

e
am

ou
n
t

of
in

form
ation

a
b

o
u
t
x

th
a
t

ca
n

b
e

ob
tain

ed
b
y

th
e

ad
v
ersary

A
.

M
ore

p
recisely,

w
e

n
eed

to
b

ou
n
d

h
ow

w
ell

A
can

d
istin

gu
ish

x
from

all
altern

a
tive

d
ata

sets
y
.

W
ith

in
th

e
p

osterior
sam

p
lin

g
q
u
ery

m
o
d
el,

A
h
as

to
d
ecid

e
w

h
eth

er
B

’s
p

osterior
is
ξ(·|

x
)

or
ξ(·|

y
).

H
ow

ever,
h
e

can
o
n
ly

d
o

so
w

ith
in

som
e

n
eigh

b
ou

rh
o
o
d
ε

of
th

e
origin

al
d
ata.

In
th

is
section

,
w

e
b

ou
n
d

A
’s

erro
r

in
d
eterm

in
in

g
th

e
p

osterior
in

term
s

of
th

e
n
u
m

b
er

of
sam

p
les

u
sed

.
T

h
is

is
an

alogou
s

to
th

e
d
a
ta

set-size
b

ou
n
d
s

on
q
u
eries

in
in

teractive
m

o
d
els

of
d
iff

eren
tial

p
rivacy

(D
w

ork
et

a
l.,

2
0
0
6
),

a
s

w
ell

as
th

e
p

oin
t

o
f

v
iew

o
f

p
rivacy

as
h
y
p

oth
esis

testin
g

(K
airou

z
et

al.,
2
0
1
5
;

W
a
sserm

an
an

d
Z

h
ou

,
2010)

w
h
ere

a
n

ad
versary

w
ish

es
to

d
istin

gu
ish

th
e

d
ata

set
fro

m
tw

o
a
ltern

atives.

F
o
r

th
is

section
,

w
e

con
sid

er
a

u
tility

fu
n
ction

w
h
ose

op
tim

al
resp

on
se

is
Θ̂

.
T

h
is

co
rresp

o
n
d
s

to
th

e
m

ost
p

ow
erfu

l
q
u
ery

p
ossib

le
u
n
d
er

th
e

m
o
d
el

sh
ow

n
in

A
lgorith

m
2.

1
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D
im

it
r
a
k
a
k
is,

N
e
l
so

n
,
Z
h
a
n
g
,
M
it
r
o
k
o
t
sa

a
n
d

R
u
b
in
st

e
in

T
h
en

,
th

e
ad

versary
n
eed

s
on

ly
to

con
stru

ct
th

e
em

p
irical

d
istrib

u
tion

to
ap

p
rox

im
ate

th
e

p
osterior

u
p

to
som

e
sam

p
le

error.
B

y
b

ou
n
d
s

on
th

e
K

L
d
ivergen

ce
b

etw
een

th
e

em
p
irical

an
d

actu
al

d
istrib

u
tion

s
w

e
can

b
ou

n
d

h
is

p
ow

er
in

term
s

of
h
ow

m
an

y
sam

p
les

h
e

n
eed

s
in

ord
er

to
d
istin

g
u
ish

b
etw

een
x

an
d
y
.

D
u
e

to
th

e
sam

p
lin

g
m

o
d
el,

w
e

fi
rst

req
u
ire

a
fi
n
ite

sam
p
le

b
ou

n
d

on
th

e
q
u
ality

of
th

e
em

p
irical

d
istrib

u
tion

.
T

h
e

ad
versary

cou
ld

attem
p
t

to
d
istin

gu
ish

d
iff

eren
t

p
o
steriors

b
y

form
in

g
th

e
em

p
irical

d
istrib

u
tion

on
an

y
su

b
-a

lgeb
ra

S
.

L
e
m

m
a

1
2

F
o
r

a
n

y
δ
∈

(0,1),
let

M
be

a
fi

n
ite

pa
rtitio

n
o
f

th
e

sa
m

p
le

spa
ce
S

,
o
f

size
m
≤

log
2 √

1
/δ,

gen
era

tin
g

th
e
σ

-a
lgebra

S
=
σ

(M
).

L
et
x
1 ,...,x

n
∼
P

be
i.i.d

.
sa

m
p
les

fro
m

a
p
ro

ba
bility

m
ea

su
re
P

o
n
S

,
let

P
|S

be
th

e
restrictio

n
o
f
P

o
n
S

a
n

d
let

P̂
n|S

be
th

e
em

p
irica

l
m

ea
su

re
o
n
S

.
T

h
en

,
w

ith
p
ro

ba
bility

a
t

lea
st

1−
δ:

∥∥∥
P̂
n|S
−
P
|S ∥∥∥

1 ≤
√

3n
ln

1δ
.

(10)

W
e

can
com

b
in

e
th

is
b

ou
n
d

on
th

e
ad

versary
’s

estim
ation

error
w

ith
T

h
eorem

7’s
b

ou
n
d

on
th

e
K

L
d
iv

ergen
ce

b
etw

een
p

osteriors
resu

ltin
g

from
sim

ilar
d
ata

to
ob

tain
a

m
easu

re
of

h
ow

fi
n
e

a
d
istin

ction
b

etw
een

d
ata

sets
th

e
ad

versary
can

m
ake

after
a

fi
n
ite

n
u
m

b
er

of
d
raw

s
from

th
e

p
osterior:

T
h

e
o
re

m
1
3

U
n

d
er

A
ssu

m
p
tio

n
1
,

th
e

a
d
versa

ry
ca

n
d
istin

gu
ish

betw
een

d
a
ta
x
,y

w
ith

p
ro

ba
bility

1−
δ

if:

ρ
(x
,y

)≥
3

4
L
n

ln
1δ
.

U
n

d
er

A
ssu

m
p
tio

n
2
,

th
is

beco
m

es:

ρ
(x
,y

)≥
3

2
n (

C
F
Θ

ξ
+

2
L
0 c −

1 )
ln

1δ
.

C
on

seq
u
en

tly,
eith

er
sm

o
oth

er
likelih

o
o
d
s

(i.e.,
d
ecreasin

g
L

),
or

a
larger

con
cen

tration
on

sm
o
oth

er
likelih

o
o
d
s

(i.e.,
in

creasin
g
c),

in
creases

th
e

eff
ort

req
u
ired

b
y

th
e

ad
versary

an
d

red
u
ces

th
e

sen
sitiv

ity
of

th
e

p
osterior.

N
ote

th
at,

u
n
like

th
e

resu
lts

ob
tain

ed
for

d
iff

eren
tial

p
rivacy

of
th

e
p

osterior
sam

p
lin

g
m

ech
an

ism
,

th
ese

resu
lts

h
ave

th
e

sam
e

alg
eb

raic
form

u
n
d
er

b
oth

assu
m

p
tion

s.

4
.4

T
ra

d
in

g
o
ff

U
tility

a
n

d
P

riv
a
c
y

B
y

con
stru

ction
,

in
ou

r
settin

g
th

ere
are

th
ree

w
ay

s
w

ith
w

h
ich

to
tu

n
e

p
rivacy.

T
h
e

fi
rst

is
th

e
ch

oice
of

fam
ily

;
th

e
secon

d
is

th
e

ch
oice

of
p
rior;

a
n
d

th
e

th
ird

is
h
ow

m
an

y
sam

p
les

N
to

d
raw

.
T

h
e

ch
oice

of
fam

ily
is

u
su

ally
fi
x
ed

d
u
e

to
oth

er
con

sid
era

tion
s.

H
ow

ever,
w

e
h
ave

th
e

ch
oice

of
eith

er
tu

n
in

g
th

e
p
rior,

so
th

at
w

e
can

satisfy
ou

r
assu

m
p
tion

s
w

ith
som

e
su

itab
le

con
stan

ts
L

or
c,

or
b
y

tu
n
in

g
th

e
n
u
m

b
er

of
sam

p
les

N
in

th
e

p
o
sterior

sam
p
lin

g
fram

ew
ork

.
T

h
e

follow
in

g
lem

m
a

b
ou

n
d
s

th
e

regret
w

e
su

ff
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p
ri

va
te

po
st

er
io

r
w

e
u

se
is
ξ,

w
h
il

e
th

e
id

ea
l

po
st

er
io

r
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u
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≤
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e
φ
?

is
th
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p
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p
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is

se
tt

in
g

w
e

ca
n

tu
n
e
N

to
tr

ad
e

off
u
ti

li
ty

an
d

p
ri

va
cy

.
T

h
e

fo
ll
ow

in
g

th
eo

re
m

ch
ar

ac
te

ri
se

s
th

e
li
n
k

b
et

w
ee

n
th

e
ch

oi
ce

of
p
ri

or
,

th
e

n
u
m

b
er

of
sa

m
p
le

s,
p
ri

va
cy

an
d

u
ti

li
ty

d
ir

ec
tl

y.
T

h
is

co
n
n
ec

ts
se

ve
ra

l
of

ou
r

re
su

lt
s

in
on

e
p
la

ce
.

T
h

e
o
re

m
1
7

If
,

in
st

ea
d

o
f

u
si

n
g

a
n

o
n

-p
ri

va
te

p
ri

o
r
ξ?

,
w

e
u

se
a

p
ri

o
r
ξ

re
st

ri
ct

ed
o
n

Θ
L

(s
u

ch
th

a
t

it
sa

ti
sfi

es
A

ss
u

m
p
ti

o
n

1
w

it
h

co
n

st
a
n

t
L

)
a
n

d
ge

n
er

a
te
N

sa
m

p
le

s
fr

o
m

th
e

po
st

er
io

r,
th

en
(a

)
th

e
sa

m
p
le

is
2L
N

-d
iff

er
en

ti
a
ll

y
p
ri

va
te

a
n

d
(b

)
th

e
lo

ss
o
f

A
in

te
rm

s

o
f

th
e
ξ?

-e
xp

ec
te

d
u

ti
li

ty
is
O
( [1
−
ξ?

(Θ
L

)]
+
√

ln
(1
/δ

)/
N
) ,

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ

fo
r

a
n

y
δ
>

0.

P
ro

o
f

F
or

(a
)

n
ot

e
th

at
d
u
e

to
co

m
p

os
it

io
n
,
N

re
p

et
it

io
n
s

gi
ve

2L
N

-d
iff

er
en

ti
al

p
ri

va
cy

.
F

or
(b

),
le

t
Θ
L

b
e

th
e

su
p
p

or
t

of
ξ.

T
h
en

,
b

ec
au

se
ξ

is
th

e
re

st
ri

ct
io

n
of
ξ?

on
Θ
L

,
it

h
ol

d
s

th
at

:

‖ξ
−
ξ?
‖ 1

=
ξ(
Θ
L

)
−
ξ?

(Θ
L

)
+
ξ?

(Θ
\Θ

L
)
−
ξ(
Θ
\Θ

L
)

=
2[

1
−
ξ?

(Θ
L

)]
.

W
e

n
ow

ju
st

n
ee

d
to

co
u
p
le

th
is

w
it

h
L

em
m

as
14

an
d

11
to

d
ir

ec
tl

y
ob

ta
in

th
e

st
at

ed
b

o
u
n
d

on
th

e
u
ti

li
ty

.

In
p
ra

ct
ic

e,
ou

r
ch

oi
ce

of
ξ

gi
ve

s
u
s

a
b
as

e
am

ou
n
t

of
p
ri

va
cy

th
at

d
ep

en
d
s

on
ly

on
L

.
B

y
ke

ep
in

g
ξ

fi
x
ed

an
d

in
cr

ea
si

n
g
N

,
w

e
ca

n
ea

si
ly

tr
ad

e
off

p
ri

va
cy

an
d

u
ti

li
ty

.
F

in
al

ly
,

w
e

sh
ou

ld
n
ot

e
th

at
th

e
ad

v
er

sa
ry

co
u
ld

ch
o
os

e
an

y
ar

b
it

ra
ry

es
ti

m
at

or
ψ

to
gu

es
s
x

.
S
ec

ti
on

4.
5

b
el

ow
d
es

cr
ib

es
h
ow

to
ap

p
ly

L
e

C
am

’s
m

et
h
o
d

to
ob

ta
in

m
at

ch
in

g
lo

w
er

b
ou

n
d
s

in
th

is
ca

se
,

b
y

d
efi

n
in

g
d
a
ta

se
t

es
ti

m
a
to

rs
as

a
m

o
d
el

fo
r

th
e

ad
v
er

sa
ry

.

17
JM

L
R

 1
8(

11
):

1-
39

, 2
01

7

D
im

it
r
a
k
a
k
is
,
N
e
l
so

n
,
Z
h
a
n
g
,
M
it
r
o
k
o
t
sa

a
n
d

R
u
b
in
st

e
in

4
.5

L
o
w

e
r

B
o
u

n
d

s

It
is

p
os

si
b
le

to
ap

p
ly

st
an

d
ar

d
m

in
im

ax
th

eo
ry

to
ob

ta
in

lo
w

er
b

ou
n
d
s

o
n

th
e

ra
te

o
f

co
n
ve

rg
en

ce
of

th
e

ad
ve

rs
ar

y
’s

es
ti

m
at

e
to

th
e

tr
u
e

d
at

a.
In

or
d
er

to
d
o

so
,

w
e

ca
n

fo
r

ex
am

p
le

ap
p
ly

th
e

m
et

h
o
d

d
u
e

to
L

eC
am

(1
97

3)
,
w

h
ic

h
p
la

ce
s

lo
w

er
b

ou
n
d
s

o
n

th
e

ex
p

ec
te

d
d
is

ta
n
ce

b
et

w
ee

n
an

es
ti

m
at

or
an

d
th

e
tr

u
e

p
ar

am
et

er
.

In
or

d
er

to
ap

p
ly

it
in

o
u
r

ca
se

,
w

e
si

m
p
ly

re
p
la

ce
th

e
p
ar

am
et

er
sp

ac
e

w
it

h
th

e
d
at

a
se

t
sp

ac
e.

L
e

C
am

’s
m

et
h
o
d

as
su

m
es

th
e

ex
is

te
n
ce

of
a

fa
m

il
y

of
p
ro

b
ab

il
it

y
m

ea
su

re
s

in
d
ex

ed
b
y

so
m

e
p
ar

am
et

er
,

w
it

h
th

e
p
ar

am
et

er
sp

ac
e

b
ei

n
g

eq
u
ip

p
ed

w
it

h
a

p
se

u
d
o-

m
et

ri
c.

In
o
u
r

se
tt

in
g,

w
e

u
se

L
e

C
am

’s
m

et
h
o
d

in
a

sl
ig

h
tl

y
u
n
or

th
o
d
ox

,
b
u
t

ve
ry

n
at

u
ra

l
m

a
n
n
er

.
D

efi
n
e

th
e

fa
m

il
y

of
p
ro

b
ab

il
it

y
m

ea
su

re
s

on
Θ

to
b

e:

Ξ
,
{ξ

(·
|x

)
:
x
∈
S
},

th
e

fa
m

il
y

of
p

os
te

ri
or

m
ea

su
re

s
in

th
e

p
ar

am
et

er
sp

ac
e,

fo
r

a
sp

ec
ifi

c
p
ri

or
ξ.

C
o
n
se

q
u
en

tl
y,

n
ow
S

p
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log-ratio

d
istan

ce,
th

e
fam

ily
o
f

p
aram

eters

Θ
L

o
f

A
ssu

m
p
tion

2
m

u
st

satisfy,
for

all
x
,y
∈
S

:
∣∣∣ ln

h
(x

)
h
(y
)

+
η >θ

(τ
(x

)−
τ
(y

)) ∣∣∣ ≤
L
ρ
(x
,y

).

If
th

e
left-h

a
n
d

sid
e

h
as

an
am

en
ab

le
form

,
th

en
w

e
can

q
u
an

tify
th

e
set

Θ
L

for
w

h
ich

th
is

req
u
irem

en
t

h
o
ld

s.
P

articu
larly,

for
d
istrib

u
tio

n
s

w
h
ere

h
(x

)
is

con
stan

t
a
n
d
τ
(x

)
is

scalar

(e.g.,
B

ern
o
u
lli,

ex
p

on
en

tial,
an

d
L

ap
lace),

th
is

req
u
irem

en
t

sim
p
lifi

es
to
|τ
(x

)−
τ
(y
)|

ρ
(x
,y
)
≤

Lηθ .
O

n
e

can
th

en
fi
n
d

th
e

su
p
rem

u
m

of
th

e
left-h

an
d

sid
e

in
d
ep

en
d
en

t
from

θ,
y
ield

in
g

a
sim

p
le

fo
rm

u
la

fo
r

th
e

feasib
le
L

for
an

y
θ.

F
or

each
ex

am
p
le,

a
d
etailed

p
ro

of
can

b
e

fou
n
d

in
A

p
-

p
en

d
ix

B
.

N
o
te

th
at

in
th

e
follow

in
g

ex
am

p
les,

w
e

are
m

ak
in

g
th

e
con

ven
tion

al
assu

m
p
tion

in
m

a
ch

in
e

lea
rn

in
g

th
at

d
ata

are
b

ou
n
d
ed

(||x||≤
B

).
A

lso
w

e
u
se
ξ(θ)

1
[c

1
,c

2
]

to
d
en

ote
th

e
trim

m
ed

d
en

sity
fu

n
ction

ob
tain

ed
b
y

settin
g

th
e

d
en

sity
ou
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e
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1 ,c

2 ]
to

zero
an

d
ren

o
rm

alisin
g

th
e

d
en

sity.

W
e

b
eg

in
w

ith
a

few
sim

p
le

ex
am

p
les

for
sin

gle
ob

servation
s,

th
at

are
n
everth

eless
illu

stra
tive.

L
e
m

m
a

1
9

(E
x
p
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n
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n
tia

l-E
x
p

o
n

e
n
tia

l
c
o
n

ju
g
a
te

p
rio

r)
T

h
e

expo
n

en
tia

l
d
istribu

tio
n

E
xp(x

;θ)
w

ith
a

trim
m

ed
expo

n
en

tia
l
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n

ju
ga

te
p
rio

r
θ
∼

E
xp(θ;λ

)
1
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1
,c

2
] ,
λ
>

0,
sa

tisfi
es

A
ssu

m
p
tio

n
2

w
ith

pa
ra

m
eter

c
=
λ

,
L
0

=
c
1 ,
C
F
Θ

ξ
=
c
2 /

m
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c
1 e −

c
1
B
,c

2 e −
c
2
B }

a
n

d
m

etric
ρ
(x
,y

)
=
|x
−
y|.

C
o
n
seq

u
en

tly,
th

e
trim

m
ed

-ex
p

on
en

tial
p
rior

resu
lts

in
a

p
osterior

sam
p
lin

g
m

ech
an

ism

th
a
t

is
(0,δ)-D

P
u
n
d
er
ρ
,

w
ith

δ
=
√

12 C
F
Θ

ξ
(1

+
2
c
1

+
1
/λ
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(0
,δ)-D

P
u
n
d
er

th
e

cla
ssica

l
d
efi

n
ition

if
x
,y
∈

[0,1].

L
e
m

m
a

2
0
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a
p

la
c
e
-E

x
p

o
n

e
n
tia

l
c
o
n

ju
g
a
te

p
rio

r)
T

h
e

d
istribu

tio
n
L
a
p
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)

w
ith

a
trim

m
ed

expo
n

en
tia

l
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n
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te

p
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r
1
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=
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E
x
p
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)
1
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1
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2
] ,
µ
∈
R

,
s
≥

1
/L

,
λ
>

0
sa

tisfi
es

A
ssu

m
p
tio

n
2

w
ith

pa
ra

m
eters

c
=
λ

,
L
0

=
c
1 ,

C
F
Θ

ξ
=



c
2

2
m
in {

1
2
c
2
,

1
2
c
1
ex

p (
−
B
−
µ

c
1

)}
,
x
<
µ

c
2

2
m
in {

1
2
c
2
,

1
2
c
1
ex

p (
µ−

B
c
1

)}
,

x
≥
µ

,

a
n

d
m

etric
ρ
(x
,y

)
=
|x
−
y|.

It
sh

o
u
ld

co
m

e
as

n
o

su
rp

rise
th

at
th

e
sam

e
ty

p
e

of
(0,δ)-p

riva
cy

is
ach

ieved
for

th
e

L
ap

lace
d
istrib

u
tio

n
w

ith
a

trim
m

ed
ex

p
on

en
tial

p
rior.

N
ow

w
e

m
ove

on
to

a
n

ex
am

p
le

from
w

h
ich

w
e

d
raw

m
u
ltip

le
sam

p
les.

L
e
m

m
a

2
1

(B
e
ta

-B
in

o
m

ia
l

c
o
n

ju
g
a
te

p
rio

r)
T

h
e

B
in

o
m

ia
l

d
istribu

tio
n

Binom
(θ,n

),
w

ith
p
rio

r
θ
∼

Beta(α
,β

),
α

=
β
>

1
sa

tisfi
es

A
ssu

m
p
tio

n
2

fo
r
L
0

=
ln
n

,
c

=
2 −

2
α
+
1/B

(α
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D
im

it
r
a
k
a
k
is,

N
e
l
so

n
,
Z
h
a
n
g
,
M
it
r
o
k
o
t
sa

a
n
d

R
u
b
in
st

e
in

w
h
ere

B
(α

)
d
en

o
tes

th
e

beta
fu

n
ctio

n
w

ith
pa

ra
m

eters
α

=
β

,

C
F
Θ

ξ
=
B

(α
)/B

(
n

+
2
α
−

1

2
,
n

+
2
α

+
1

2

)

a
n

d
m

etric
ρ
(x
,y

)
=
‖
x
−
y‖

1 ,
w

h
ere

x
,y
∈
{0
,1}

n
.

T
h
is

is
an

ex
am

p
le

of
a

con
ju

gate
p
rior

p
air

th
a
t

is
(0,δ)-D

P
w

ith
ou

t
trim

m
in

g
th

e
p
rior,

w
ith

δ
=
√

12 C
F
Θ

ξ
(1

+
2

ln
n

+
2
2
α−

1B
(α

)).
U

n
fortu

n
ately,

δ
is

in
creasin

g
w

ith
n

,
an

d

as
Z

h
en

g
(2015)

sh
ow

s,
th

is
resu

lt
is

essen
tially

u
n
im

p
rovab

le
w

ith
d
irect

p
osterior

sam
p
lin

g
u
n
less

th
e

p
rior

is
trim

m
ed

.
W

e
n
ex

t
p
resen

t
tw

o
resu

lts
on

n
orm

al
d
istrib

u
tion

s.

L
e
m

m
a

2
2

(N
o
rm

a
l

d
istrib

u
tio

n
w

ith
k
n

o
w

n
m

e
a
n

a
n

d
u

n
k
n

o
w

n
v
a
ria

n
c
e
)

T
h
e

n
o
rm

a
l
d
istribu

tio
n
N

(x
;µ
,σ

2)
w

ith
a

trim
m

ed
expo

n
en

tia
l

p
rio

r
1
/σ

2
=
θ∼

E
xp(θ;λ

)
1
[c

1
,c

2
]

sa
tisfi

es
A

ssu
m

p
tio

n
2

w
ith

pa
ra

m
eter

c
=

2
λ

m
a
x{|µ|,1} ,

L
0

=
c
1
m
a
x{|µ|,1}
2

,

C
F
Θ

ξ
=

m
in {√

c
2 /c

1
ex

p (
c
1 c

22

2

)
,ex

p (
c
322

)}

a
n

d
m

etric
ρ
(x
,y

)
=
∣∣x

2−
y
2 ∣∣

+
2|x
−
y|.

T
h
is

ex
am

p
le

is
in

terestin
g,

b
ecau

se
p
rivacy

is
ach

ieved
u
n
d
er

a
rath

er
u
n
u
su

al
m

etric.
H

ow
ever,

n
ote

th
at

th
e

p
osterior

is
classically

(0,3
δ)-D

P
for

d
ata

in
[0
,1].

U
n
b

ou
n
d
ed

ob
servation

sp
aces

are
gen

erally
a

p
rob

lem
for

p
rivacy,

even
for

fi
n
ite

p
a-

ram
eter

sp
aces,

gen
erally

b
ecau

se
likelih

o
o
d
s

b
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e
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ish
in
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sm

all,
th

u
s

m
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in
g

log
likelih

o
o
d

ratios
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itrarily
large.

H
ow

ever,
th

e
follow

in
g

tw
o

ex
am

p
les

circu
m

ven
t

th
is

p
rob

lem
.

In
th

e
fi
rst

ex
am

p
le,

w
e

con
sid

er
a

gen
eral

m
u
ltivariate

ex
ten

sion
of

L
em

m
a

22.
In

th
e

secon
d

w
e

con
sid

er
th

e
case

of
d
iscrete

B
ayesian

n
etw

ork
s,

w
h
ere

p
rivacy

d
ep

en
d
s

on
th

e
n
etw

ork
con

n
ectiv

ity
an

d
th

e
p
rob

ab
ility

of
rare

even
ts—

w
e

h
ave

also
con

sid
ered

p
osterior

sam
p
lin

g
of

n
etw

ork
s

u
n
d
er

com
p
lem

en
tary

con
d
ition

s,
an

d
ou

tp
u
t

p
ertu

rb
ation

ap
p
lied

to
p

osterior
u
p

d
ates,

in
recen

t
w

ork
(Z

h
an

g
et

al.,
2016).

In
th

ese
ex

am
p
les,

d
ata

is
u
su

ally
n
ot

i.i.d
.

(d
ep

en
d
in

g
on

th
e

ch
oice

of
n
etw

ork
or

covarian
ce

m
atrix

)
an

d
th

e
ob

servation
sp

ace
is

n
ot

a
p
ro

d
u
ct

sp
ace.

L
e
m

m
a

2
3

(M
u

ltiv
a
ria

te
n

o
rm

a
l

d
istrib

u
tio

n
)

T
h
e

m
u

ltiva
ria

te
n

o
rm

a
l

d
istribu

tio
n

N
(x

;µ
,A
−
1)

sa
tisfi

es
o
u

r
A

ssu
m

p
tio

n
1

w
ith

L
=

12 ( ∑
ni=

1
λ
2i )

12
m

ax{1
,||µ||2 }

u
n

d
er

m
etric

ρ
(x
,y

)
=
||x
x
>
−
y
y >||F

+
2||x
−
y||2 .

W
h
en

µ
=

0
,

A
ssu

m
p
tio

n
1

is
sa

tisfi
ed

w
ith

L
=

12 ( ∑
ni=

1
λ
2i )

12
u

n
d
er

m
etric

ρ
(x
,y

)
=
||(x

x
>
−
y
y >

)||F
.

O
n
ce

m
ore,

w
e

ach
ieved

(ε,0)-D
P

u
n
d
er

ou
r

m
etric,

w
h
ich

im
p
lies

a
(3ε,0)

classical
D

P
for

b
ou

n
d
ed

d
ata.

L
e
m

m
a

2
4

(D
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re
te

B
a
y
e
sia

n
n

e
tw

o
rk

s)
C

o
n

sid
er

a
fa

m
ily

o
f

d
iscrete

B
a
yesia

n
n

et-
w

o
rks

o
n
K

va
ria

bles,F
Θ

=
{
P
θ
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θ∈

Θ
}
.

M
o
re

specifi
ca

lly,
ea

ch
m

em
ber

P
θ ,
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a

d
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bu
tio

n
o
n

a
fi

n
ite

spa
ce
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=
∏
Kk
=
1 S

k
a
n

d
w

e
w

rite
P
θ (x

)
fo

r
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e
p
ro

ba
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o
f

a
n

y
o
u

tco
m

e

2
0
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D
if
f
e
r
e
n
t
ia
l
P
r
iv
a
c
y
f
o
r
B
a
y
e
si
a
n
In

f
e
r
e
n
c
e
t
h
r
o
u
g
h
P
o
st

e
r
io
r
S
a
m
p
l
in
g

x
=

(x
1
,.
..
,x

K
)

in
S.

L
et
ε
,

m
in
θ
,x
k
,x
P
(k

)
P
θ
(x
k
|x
P
(k
))

,
be

th
e

sm
a
ll

es
t

co
n

d
it

io
n

a
l

p
ro

ba
bi

li
ty

in
th

e
gr

a
p
h
,

w
h
er

e
P

(k
)

a
re

th
e

pa
re

n
ts

o
f

n
od

e
k

.
O

u
r

o
bs

er
va

ti
o
n

s
ca

n
be

in
d
ep

en
d
en

t
sa

m
p
le

s
{ x

t
:
t
∈
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]}

o
f

d
ep

en
d
en

t
va

ri
a
bl

es
x
t 1
,.
..
,x

t k
.

D
efi

n
e

th
e

co
n

n
ec

ti
vi

ty
ve
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o
r
v
∈
N
K

su
ch

th
a
t
v k

=
1

+
d
eg

(k
),

w
h
er

e
d
eg

(k
)
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th

e
o
u

t-
d
eg

re
e

o
f

n
od

e
K

.
W

e
n

o
w

d
efi

n
e

th
e

d
is

ta
n
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be

tw
ee

n
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o
d
a
ta

se
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x
,y

to
be
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(x
,y

)
,
v
>
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x
,y

),
δ k

(x
,y

)
,

T ∑ t=
1

I{
x
k
,t
6=
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,t
}.

T
h
en

A
ss

u
m

p
ti

o
n

1
is

sa
ti

sfi
ed

w
it

h
L

=
ln

1
/ε

.

C
on

se
q
u
en

tl
y,

d
is
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et

e
B
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n

n
et

w
or

k
s,

en
d
ow

ed
w

it
h

an
y

p
ri

or
on

th
e

fa
m

il
y
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ve

n
in

th
e

ab
ov

e
ex

am
p
le

,
ar

e
(2

ln
1/
ε,

0)
-D

P
u
n
d
er
ρ
.

T
h
is

al
so

im
p
li
es

th
at

th
ey

ar
e

2‖
v
‖ ∞

ln
1/
ε-

D
P

u
n
d
er

th
e
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ca

l
d
efi

n
it
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n
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A
si

m
p
le

ap
p
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ti
on

of
th
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ex
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p
le

is
to

d
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a
d
ra

w
n

fr
om

a
M

ar
ko

v
m

o
d
el
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a

fi
n
it

e
st

at
e

sp
ac

e.
In

p
ar

ti
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la
r,
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n
si

d
er

a
ti

m
e-

h
om

og
en

eo
u
s

fa
m

il
y

of
tr

an
si

ti
on

m
at

ri
ce

s
θ i
,j
,
P
θ
(x
t+

1
=
i
|x

t
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.
T

h
en

a
p
ri

or
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n
si

st
in

g
of

p
ro

d
u
ct

of
tr

u
n
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te
d

D
ir
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h
le

t
d
is
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u
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on
s

th
at

b
ou

n
d

al
l

m
u
lt
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om

ia
l

p
ro

b
a
b
il
it

ie
s
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ov

e
ε

sa
ti

sfi
es

ou
r
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su

m
p
ti

on
s

an
d

re
su

lt
s

in
a

4
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1
/ε
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P

m
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h
an

is
m

.
T

h
e
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ov

e
ex

am
p
le

s
d
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on
st

ra
te

th
at

ou
r

as
su

m
p
ti

on
s
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e

re
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ab

le
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In
fa

ct
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fo
r

se
ve

ra
l

of
th

em
w

e
re
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v
er

st
an

d
ar

d
ch
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ce

s
of

p
ri

or
d
is

tr
ib

u
ti

on
s.

H
ow

ev
er

,
fo

r
th

e
p
ri

va
cy
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ar

an
te

es
to

b
e

re
as

on
ab

le
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b
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t
to

re
st
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th
e
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ri
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r

to
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se
t

of
p
ar
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et

er
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th
at

is
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ot

ve
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se
n
si

ti
ve
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W
e

h
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e
p
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se
n
te

d
a

u
n
if

y
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or
k
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r

p
ri
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te

an
d

se
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in

fe
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n
ce
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a

B
ay
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se

t-
ti

n
g.
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n
d
er
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n
ce
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tr

at
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n
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n
d
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n
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e
p
ri

or
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w
e
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e
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ay
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n
in
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re

n
ce
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b
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h

ro
b
u
st

an
d

p
ri
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te

.
F

ir
st

ly
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w
e

p
ro

ve
th

at
si

m
il
ar

d
at

a
se
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re
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lt

in
p
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te

ri
or
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is

tr
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b
u
ti
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s

w
it
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L
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.
S
ec

on
d
ly

,
w

e
es

ta
b
li
sh

th
at

th
e

p
os

te
ri

or
is

d
iff

er
en

ti
al

ly
p
ri

va
te

.
T

h
is

al
lo

w
s

u
s

to
u
se

a
ge

n
er

al
p

os
te

ri
or

sa
m

p
li
n
g

m
ec

h
an

is
m

fo
r

re
sp

on
d
in

g
to

q
u
er

ie
s,

w
h
er

e
p
ri

va
cy

an
d

u
ti

li
ty

ar
e

ea
sy

to
tr

ad
e

off
b
y

ad
ju

st
in

g
th

e
n
u
m

b
er

of
sa

m
p
le

s
ta

ke
n
.

O
w

in
g

to
th

e
fa

ct
th

at
n
o

ad
d
it

io
n
al

m
ac

h
in

er
y

is
re

q
u
ir

ed
,

th
is

fr
am

ew
or

k
m

ay
se

rv
e

as
a

fu
n
d
am

en
ta

l
b
u
il
d
in

g
b
lo

ck
fo

r
m

or
e

so
p
h
is

ti
ca

te
d
,

p
ri

va
te

B
ay

es
ia

n
in

fe
re

n
ce

.
A

s
an

ad
d
it

io
n
al

st
ep

to
w

ar
d
s

th
is

go
al

,
w

e
h
av

e
d
em

on
st

ra
te

d
th

e
ap

p
li
ca

ti
on

of
ou

r
fr

am
e-

w
or

k
to

d
er

iv
in

g
an

al
y
ti

ca
l

ex
p
re

ss
io

n
s

fo
r

w
el

l-
k
n
ow

n
d
is

tr
ib

u
ti

on
fa

m
il
ie

s,
an

d
fo

r
d
is

-
cr

et
e

B
ay

es
ia

n
n
et

w
or

k
s.

F
in

al
ly

,
w

e
b

ou
n
d
ed

th
e

am
ou

n
t

of
eff

or
t

re
q
u
ir

ed
of

an
at

ta
ck

er
to

b
re

ac
h

p
ri

va
cy

w
h
en

ob
se

rv
in

g
sa

m
p
le

s
fr

om
th

e
p

os
te

ri
or

.
T

h
is

se
rv

es
as

a
p
ri

n
ci

p
le

d
gu

id
e

fo
r

h
ow

m
u
ch

ac
ce

ss
ca

n
b

e
gr

an
te

d
to

q
u
er

y
in

g
th

e
p

os
te

ri
or

,
w

h
il
e

st
il
l
gu

a
ra

n
te

ei
n
g

p
ri

va
cy

.
C

o
n

ve
rs

io
n

o
f

o
u

r
re

su
lt

s
to

th
e

n
ei

gh
bo

u
rh

oo
d

fo
rm

u
la

ti
o
n

.
W

e
st

at
e

m
os

t
of

ou
r

re
su

lt
s

on
sp

ec
ifi

c
m

o
d
el

s
u
si

n
g

a
d
is

ta
n
ce

b
as

ed
on

a
su

ffi
ci

en
t

st
a
ti

st
ic

.
H

en
ce

,
to

co
n
ve

rt
th

es
e

to
st

an
d
ar

d
d
iff

er
en

ti
al

p
ri

va
cy

,
w

e
on

ly
n
ee

d
to

b
ou

n
d

th
e
ρ
-d

is
ta

n
ce

of
an

y
n
ei

gh
b

ou
ri

n
g

d
at

a
se

ts
.

A
go

o
d

ex
am

p
le

ar
e

D
B

N
s,

w
h
er

e
th

e
ca

se
ρ
(x
,y

)
=

1
co

rr
es

p
o
n
d
s

ex
ac

tl
y

to
th

at
of

on
e

re
co

rd
ch

an
gi

n
g

in
a

d
at

ab
se

.
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D
im

it
r
a
k
a
k
is
,
N
e
l
so

n
,
Z
h
a
n
g
,
M
it
r
o
k
o
t
sa

a
n
d

R
u
b
in
st

e
in

P
ra

ct
ic

a
l

a
p
p
li

ca
ti

o
n

o
f

o
u

r
re

su
lt

s.
In

g
en

er
al

,
it

is
h
ar

d
to

ve
ri

fy
w

h
et

h
er

a
n

ex
is

ti
n
g

m
o
d
el

fa
m

il
y

w
il
l
sa

ti
sf

y
D

P
,
b

ec
au

se
it

im
p
li
es

ch
ec

k
in

g
w

h
et

h
er

th
e

lo
g-

li
ke

li
h
o
o
d

fu
n
ct

io
n

is
L

ip
sc

h
it

z.
S
om

e
p
ar

am
et

ri
c

co
n
ju

ga
te

fa
m

il
ie

s,
li
ke

th
e

on
es

w
e

ex
am

in
ed

in
th

e
ex

a
m

p
le

s,
ar

e
am

en
ab

le
to

an
al

y
ti

c
tr

ea
tm

en
t.

In
p
ra

ct
ic

e,
th

ou
gh

,
th

is
m

ig
h
t

n
ot

b
e

p
o
ss

ib
le

.
It

is
fo

r
th

is
re

as
on

th
at

w
e

p
ro

p
os

e
to

u
se

re
je

ct
io

n
sa

m
p
li
n
g

in
or

d
er

to
sa

m
p
le

fr
o
m

th
e

tr
u
n
ca

te
d

p
os

te
ri

or
d
is

tr
ib

u
ti

on
.

In
p
ar

ti
cu

la
r,

it
is

p
os

si
b
le

to
re

sa
m

p
le

fr
om

th
e

p
o
st

er
io

r
d
is

tr
ib

u
ti

on
,

u
n
ti

l
a

sa
m

p
le

w
it

h
in

th
e

al
lo

w
ed

in
te

rv
al

of
p
ar

am
et

er
s

is
ob

ta
in

ed
.

T
h
is

is
an

ap
p
ro

ac
h

w
e

re
ce

n
tl

y
u
se

d
in

an
ap

p
li
ca

ti
on

p
a
p

er
su

cc
es

sf
u
ll
y

(Z
h
an

g
et

a
l.
,

2
0
1
6
).

6
.1

R
e
la

te
d

W
o
rk

In
th

e
p
as

t,
li
tt

le
re

se
ar

ch
in

d
iff

er
en

ti
al

p
ri

va
cy

fo
cu

se
d

on
th

e
B

ay
es

ia
n

p
ar

ad
ig

m
,
w

it
h

D
im

-
it

ra
ka

k
is

et
al

.
(2

01
4)

b
ei

n
g

th
e

fi
rs

t
to

es
ta

b
li
sh

co
n
d
it

io
n
s

fo
r

d
iff

er
en

ti
al

ly
-p

ri
va

te
B

ay
es

ia
n

in
fe

re
n
ce

.
N

ev
er

th
el

es
s,

ou
r

p
ap

er
h
as

m
an

y
in

te
re

st
in

g
li
n
k
s

w
it

h
b

ot
h

p
re

v
io

u
s

a
n
d

fo
ll
ow

u
p

w
or

k
,

w
it

h
re

sp
ec

t
to

d
iff

er
en

ti
al

p
ri

va
cy

,
ro

b
u
st

n
es

s
an

d
B

ay
es

ia
n

in
fe

re
n
ce

,
w

h
ic

h
w

e
ou

tl
in

e
b

el
ow

.
F

ir
st

,
w

e
d
is

cu
ss

re
la

ti
on

s
to

ot
h
er

m
ec

h
an

is
m

s
ac

h
ie

v
in

g
d
iff

er
en

ti
a
l

p
ri

va
cy

an
d

th
eo

re
ti

ca
l

w
or

k
s

ab
ou

t
d
iff

er
en

ti
al

p
ri

va
cy

;
se

co
n
d
ly

,
w

e
d
is

cu
ss

re
la

te
d

w
o
rk

o
n

th
e

co
n
n
ec

ti
on

b
et

w
ee

n
ro

b
u
st

n
es

s
an

d
p
ri

va
cy

;
an

d
w

e
co

n
cl

u
d
e

th
e

re
la

te
d

w
or

k
se

ct
io

n
w

it
h

a
d
is

cu
ss

io
n

of
p
re

v
io

u
s

ve
rs

io
n
s

of
th

is
p
ap

er
an

d
fo

ll
ow

-u
p

w
or

k
.

6
.1
.1

D
if
f
e
r
e
n
t
ia
l
P
r
iv
a
c
y

In
ou

r
p
ap

er
,

w
e

em
p
lo

y
a

B
ay

es
ia

n
fr

a
m

ew
or

k
w

h
er

eb
y

op
ti

m
al

re
sp

on
se

s
a
re

ch
a
ra

c-
te

ri
se

d
b
y

th
e

fa
ct

th
at

th
ey

m
ax

im
is

e
ex

p
ec

te
d

u
ti

li
ty

.
In

B
ay

es
ia

n
st

at
is

ti
ca

l
d
ec

is
io

n
th

eo
ry

(B
er

ge
r,

19
85

;
B

ic
ke

l
an

d
D

ok
su

m
,

20
01

;
D

eG
ro

ot
,

19
70

),
le

ar
n
in

g
is

ca
st

a
s

a
st

a
-

ti
st

ic
al

in
fe

re
n
ce

p
ro

b
le

m
an

d
d
ec

is
io

n
-t

h
eo

re
ti

c
cr

it
er

ia
ar

e
u
se

d
as

a
b
as

is
fo

r
a
ss

es
si

n
g
,

se
le

ct
in

g
an

d
d
es

ig
n
in

g
p
ro

ce
d
u
re

s.
In

p
ar

ti
cu

la
r,

fo
r

a
gi

ve
n

u
ti

li
ty

fu
n
ct

io
n
,

th
e

B
ay

es
-

op
ti

m
al

p
ro

ce
d
u
re

m
ax

im
is

es
th

e
ex

p
ec

te
d

u
ti

li
ty

u
n
d
er

th
e

p
os

te
ri

or
d
is

tr
ib

u
ti

o
n
.

In
ou

r
se

tt
in

g,
h
ow

ev
er

,
d
ec

is
io

n
s

u
si

n
g

th
e

d
at

a
ar

e
n
ot

ta
ke

n
b
y

th
e

st
a
ti

st
ic

ia
n

B
.

In
st

ea
d
,

A
p
ro

v
id

es
a

u
ti

li
ty

fu
n
ct

io
n
,

an
d

tr
u
st

s
B

to
gi

ve
h
im

re
sp

on
se

s
to

q
u
er

ie
s

th
at

m
ax

im
is

e
ex

p
ec

te
d

u
ti

li
ty

.
H

ow
ev

er
B

m
u
st

al
so

b
al

an
ce

th
e

n
ee

d
fo

r
p
ri

va
cy

o
f

th
e

d
at

a
p
ro

v
id

er
,

w
h
ic

h
re

su
lt

s
in

so
m

e
u
ti

li
ty

lo
ss

fo
r

A
.

T
h
is

is
n
at

u
ra

ll
y

ca
p
tu

re
d

b
y

th
e

d
iff

er
en

ce
in

u
ti

li
ty

b
y

m
ak

in
g

th
e

d
ec

is
io

n
p
ri

va
te

.
T

h
is

id
ea

h
ad

al
re

ad
y

b
ee

n
ex

p
lo

re
d

in
th

e
ex

p
on

en
ti

al
m

ec
h
an

is
m

b
y

M
cS

h
er

ry
an

d
T

al
w

ar
(2

00
7)

,
w

h
ic

h
co

n
n
ec

te
d

d
iff

er
en

ti
al

p
ri

va
cy

to
m

ec
h
an

is
m

d
es

ig
n
.

T
h
e

ex
p

on
en

ti
al

m
ec

h
an

is
m

ca
n

b
e

se
en

as
a

ge
n
er

a
li
sa

ti
on

of
th

e
L

a
p
la

ce
m

ec
h
a
n

is
m

,
w

h
ic

h
ad

d
s

L
ap

la
ce

n
oi

se
to

re
le

as
ed

st
at

is
ti

cs
(D

w
or

k
et

al
.,

20
06

).
T

h
e

ex
p

o
n
en

ti
a
l

m
ec

h
-

an
is

m
re

le
as

es
a

re
sp

on
se

w
it

h
p
ro

b
ab

il
it

y
ex

p
on

en
ti

al
in

a
u
ti

li
ty

fu
n
ct

io
n

d
es

cr
ib

in
g

th
e

u
se

fu
ln

es
s

of
ea

ch
re

sp
on

se
,

w
it

h
th

e
b

es
t

re
sp

on
se

h
av

in
g

m
ax

im
al

u
ti

li
ty

.
A

n
a
lt

er
n
a
te

a
p
-

p
ro

ac
h
,

em
p
lo

ye
d

fo
r

p
ri

va
ti

si
n
g

re
gu

la
ri

se
d

em
p
ir

ic
al

-r
is

k
m

in
im

is
a
ti

on
(C

h
a
u
d
h
u
ri

et
a
l.
,

20
11

),
is

to
al

te
r

th
e

in
fe

re
n
ti

al
p
ro

ce
d
u
re

it
se

lf
,

in
th

at
ca

se
b
y

ad
d
in

g
a

ra
n
d
o
m

te
rm

to
th

e
p
ri

m
al

ob
je

ct
iv

e.
W

e
v
ie

w
ou

r
p

os
te

ri
or

sa
m

p
li
n
g

m
ec

h
an

is
m

as
a

B
ay

es
ia

n
co

u
n
te

r-
p
ar

t.
F

u
rt

h
er

re
su

lt
s

on
th

e
ac

cu
ra

cy
of

th
e

ex
p

on
en

ti
a
l

m
ec

h
an

is
m

w
it

h
re

sp
ec

t
to

th
e

K
ol

m
og

or
ov

-S
m

ir
n
ov

d
is

ta
n
ce

ar
e

gi
ve

n
in

(W
as

se
rm

an
an

d
Z

h
ou

,
20

10
),

w
h
ic

h
in

tr
o
d
u
ce

d
th

e
co

n
ce

p
t

of
p
ri

va
cy

as
h
y
p

ot
h
es

is
te

st
in

g
w

h
er

e
an

ad
ve

rs
ar

y
w

is
h
es

to
d
is

ti
n
g
u
is

h
tw

o
d
at

a
se

ts
.

T
h
is

is
si

m
il
ar

to
ou

r
n
ot

io
n

of
d
at

a
se

t
d
is

ti
n
gu

is
h
ab

il
it

y.
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D
if
f
e
r
e
n
t
ia
l
P
r
iv
a
c
y
f
o
r
B
a
y
e
sia

n
In

f
e
r
e
n
c
e
t
h
r
o
u
g
h
P
o
st

e
r
io
r
S
a
m
p
l
in
g

L
ea

rn
in

g
fro

m
p
riva

te
d
a
ta

.
In

a
d
iff

eren
t

d
irection

,
D

u
ch

i
et

al.
(2013)

p
rov

id
ed

in
fo

rm
a
tio

n
-th

eoretic
b

ou
n
d
s

for
p
rivate

learn
in

g.
T

h
is

essen
tially

rep
resen

ts
th

e
p
roto-

co
l

fo
r

in
tera

ctin
g

w
ith

an
ad

versary
as

an
arb

itrary
con

d
ition

al
d
istrib

u
tio

n
,

rath
er

th
an

restrictin
g

it
to

sp
ecifi

c
m

ech
an

ism
s

or
m

o
d
els.

In
th

is
w

ay,
th

ey
ob

tain
fu

n
d
am

en
tal

b
ou

n
d
s

o
n

ra
tes

o
f

co
n
vergen

ce
from

d
iff

eren
tially

-p
rivate

v
iew

s
of

d
ata.

B
a
yesia

n
in

feren
ce

a
n

d
p
riva

cy.
O

th
er

w
ork

at
th

e
in

tersection
of

p
rivacy

an
d

B
ayesian

in
feren

ce
in

clu
d
es

th
at

of
W

illiam
s

an
d

M
cS

h
erry

(2010)
w

h
o

ap
p
lied

B
ayesian

in
feren

ce
to

im
p
rove

th
e

u
tility

of
d
iff

eren
tially

-p
rivate

releases
b
y

com
p
u
tin

g
p

osteriors
in

a
n
oisy

m
easu

rem
en

t
m

o
d
el.

In
a

sim
ilar

vein
,

X
iao

an
d

X
ion

g
(2012)

u
sed

B
ay

esian
cred

ib
le

in
terva

ls
to

resp
on

d
to

q
u
eries

w
ith

as
h
igh

u
tility

as
p

ossib
le,

su
b

ject
to

a
p
rivacy

b
u
d
get.

In
th

e
P

A
C

-B
ayesian

settin
g,

M
ir

(201
2)

sh
ow

ed
th

at
th

e
G

ib
b
s

estim
ator

(M
cS

h
erry

an
d

T
a
lw

a
r,

2
0
0
7)

is
d
iff

eren
tially

p
rivate.

W
h
ile

th
eir

algorith
m

corresp
on

d
s

to
a

p
osterior

sa
m

p
lin

g
m

ech
an

ism
,

it
is

a
p

osterior
fou

n
d

b
y

m
in

im
isin

g
risk

b
ou

n
d
s;

b
y

co
n
trast,

ou
r

resu
lts

a
re

p
u
rely

B
ayesian

an
d

com
e

from
con

d
ition

s
on

th
e

p
rior.

It
is

also
w

orth
w

h
ile

n
o
tin

g
th

a
t

o
u
r

A
ssu

m
p
tion

1
can

in
som

e
cases

b
e

m
ad

e
eq

u
ivalen

t
to

th
e

d
efi

n
ition

of
P

u
ff

erfi
sh

p
rivacy

(K
ifer

an
d

M
ach

an
ava

jjh
ala,

2014),
a

p
rivacy

con
cep

t
w

ith
B

ayesian
sem

a
n
tics.

T
h
u
s,

ou
r

resu
lts

im
p
ly

th
at

in
som

e
cases

P
u
ff

erfi
sh

p
rivacy

a
lso

resu
lts

in
d
iff

eren
tia

l
p
rivacy.

F
in

ally,
in

d
ep

en
d
en

tly
to

ou
r

p
relim

in
ary

w
ork

(D
im

itrakak
is

et
al.,

2
0
1
4
),

W
a
n
g

et
al.

(2015)
later

p
rov

ed
d
iff

eren
tial

p
rivacy

resu
lts

for
G

au
ssian

p
ro

cesses
u
n
d
er

sim
ila

r
a
ssu

m
p
tion

s.

6
.1
.2

R
o
b
u
st

n
e
ss

a
n
d

P
r
iv
a
c
y

D
w

o
rk

a
n
d

L
ei

(2009)
m

ad
e

th
e

fi
rst

con
n
ectio

n
b

etw
een

(freq
u
en

tist)
rob

u
st

sta
tistics

a
n
d

d
iff

eren
tia

l
p
rivacy,

d
evelop

in
g

m
ech

an
ism

s
for

th
e

in
terq

u
artile,

m
ed

ian
an

d
B

-rob
u
st

reg
ressio

n
.

W
h
ile

rob
u
st

statistics
are

d
esign

ed
to

op
erate

n
ear

an
id

eal
d
istrib

u
tion

,
th

ey
ca

n
h
av

e
p
ro

h
ib

itively
h
igh

glob
al,

w
orst-case

sen
sitiv

ity.
In

th
is

case
p
rivacy

w
as

still
a
ch

ieved
b
y

p
erform

in
g

a
d
iff

eren
tially

-p
rivate

test
on

lo
cal

sen
sitiv

ity
b

efore
release

(D
w

ork
a
n
d

S
m

ith
,

2
0
09).

In
later

w
ork

,
D

w
ork

et
al.

(2015)
sh

ow
th

at
d
iff

eren
tially

-p
rivate

v
iew

s
o
f

th
e

d
a
ta

resu
lt

in
go

o
d

gen
eralisation

a
b
ilities.

W
e

d
iscu

ss
th

is
m

o
re

ex
ten

sively
in

S
ectio

n
6
.1

.3
.

In
a

sim
ila

r
vein

C
h
au

d
h
u
ri

an
d

H
su

(20
12)

d
rew

a
q
u
an

titative
con

n
ection

b
etw

een
ro

b
u
st

sta
tistics

an
d

d
iff

eren
tial

p
rivacy

b
y

p
rov

id
in

g
fi
n
ite-sam

p
le

con
v
ergen

ce
rates

for
d
iff

eren
tia

lly
-p

rivate
p
lu

g-in
statistical

estim
ators

in
term

s
of

th
e

gro
ss

erro
r

sen
sitivity,

a
co

m
m

on
m

ea
su

re
of

rob
u
stn

ess.
T

h
ese

b
o
u
n
d
s

can
b

e
seen

as
com

p
lem

en
tary

to
ou

rs
b

eca
u
se

o
u
r

B
ayesian

estim
ators

d
o

n
ot

h
ave

p
rivate

v
iew

s
of

th
e

d
ata

b
u
t

u
se

a
su

itab
ly

-
d
efi

n
ed

p
rio

r
in

stead
.

S
m

o
o
th

n
ess

of
th

e
learn

in
g

m
ap

,
a
ch

ieved
h
ere

for
B

ayesian
in

feren
ce

b
y

ap
p
rop

riate
co

n
cen

tra
tion

o
f

th
e

p
rior,

is
related

to
a
lgo

rith
m

ic
sta

bility
w

h
ich

is
u
sed

in
statistical

lea
rn

in
g

th
eo

ry
to

estab
lish

error
rates

(B
ou

sq
u
et

an
d

E
lisseeff

,
2002).

R
u
b
in

stein
et

al.
(2

0
1
2
)

u
sed

γ
-u

n
iform

stab
ility

to
calib

rate
th

e
level

of
n
oise

w
h
en

u
sin

g
th

e
L

ap
lace

m
ech

-
a
n
ism

to
a
ch

iev
e

d
iff

eren
tial

p
rivacy

for
th

e
S
V

M
.

H
all

et
al.

(2013)
ex

ten
d
ed

th
is

tech
n
iq

u
e

to
a
d
d
in

g
G

a
u
ssian

p
ro

cess
n
oise

for
d
iff

eren
tially

p
rivate

release
of

in
fi
n
ite-d

im
en

sion
al

fu
n
ctio

n
s

ly
in

g
in

an
R

K
H

S
.
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D
im

it
r
a
k
a
k
is,

N
e
l
so

n
,
Z
h
a
n
g
,
M
it
r
o
k
o
t
sa

a
n
d

R
u
b
in
st

e
in

In
th

e
B

ayesian
settin

g,
rob

u
stn

ess
is

ty
p
ically

h
an

d
led

th
rou

gh
m

ax
im

in
p

olicies.
T

h
is

is
d
on

e
b
y

assu
m

in
g

th
at

th
e

p
rior

d
istrib

u
tion

is
selected

arb
itrarily

b
y

n
atu

re.
In

th
e

fi
eld

of
rob

u
st

statistics,
th

e
m

in
im

ax
asy

m
p
totic

b
ias

of
a

p
ro

ced
u
re

in
cu

rred
w

ith
in

an
ε-con

tam
in

ation
n
eigh

b
ou

rh
o
o
d

is
u
sed

as
a

rob
u
stn

ess
criterion

giv
in

g
rise

to
th

e
n
otion

s
of

a
p
ro

ced
u
re’s

in
fl

u
en

ce
fu

n
ctio

n
an

d
brea

kd
o
w

n
po

in
t

to
ch

aracterise
rob

u
stn

ess
(H

am
p

el
et

al.,
1986;

H
u
b

er,
1981).

In
a

B
ayesian

con
tex

t,
rob

u
stn

ess
ap

p
ea

rs
in

several
gu

ises
in

clu
d
in

g
m

in
im

ax
risk

,
rob

u
stn

ess
of

th
e

p
osterior

w
ith

in
ε-con

tam
in

ation
n
eigh

b
ou

rh
o
o
d
s,

an
d

rob
u
st

p
riors

(B
erger,

1985).
In

th
is

con
tex

t
G

rü
n
w

ald
an

d
D

aw
id

(2004)
d
em

o
n
strated

th
e

lin
k

b
etw

een
rob

u
stn

ess
in

term
s

of
th

e
m

in
im

ax
ex

p
ected

score
of

th
e

likelih
o
o
d

fu
n
ction

an
d

th
e

(gen
eralised

)
m

ax
im

u
m

en
trop

y
p
rin

cip
le,

w
h
ereb

y
n
a
tu

re
is

allow
ed

to
select

a
w

orst-case
p
rior.

6
.1
.3

P
r
e
v
io
u
s
V
e
r
sio

n
s
a
n
d

F
o
l
l
o
w

U
p
W

o
r
k

F
in

ally,
w

e
n
ote

th
at

p
relim

in
ary

version
s

of
th

is
w

ork
ap

p
eared

on
arX

iv
(D

im
itraka

k
is

et
al.,

2013.
L

atest
version

2015.)
an

d
A

L
T

(D
im

itrakak
is

et
al.,

2014).
T

h
is

version
cor-

rects
tech

n
ical

issu
es

w
ith

on
e

p
ro

of,
w

h
ich

aff
ected

th
e

lead
in

g
con

stan
ts.

W
e

also
rep

laced
th

e
origin

al
m

ech
an

ism
w

ith
on

e
tak

in
g

a
fi
x
ed

sam
p
le,

w
h
ich

allow
s

u
s

to
m

ain
tain

a
fi
x
ed

p
rivacy

b
u
d
get

for
an

arb
itrary

n
u
m

b
er

of
q
u
eries.

W
e

m
ake

a
n
ovel

u
se

of
L

e
C

am
’s

m
eth

o
d

to
p
rove

low
er

b
ou

n
d
s

on
in

d
istin

gu
ish

ab
ility,

an
d

w
e

com
p
lem

en
t

ou
r

origin
al

b
ou

n
d
s

w
ith

b
ou

n
d
s

for
th

e
u
tility

of
th

e
m

ech
an

ism
.

F
in

ally,
w

e
d
iscu

ss
th

e
rela

tion
sh

ip
b

etw
een

p
oste-

rior
sam

p
lin

g,
th

e
ex

p
on

en
tial

m
ech

an
ism

an
d

th
e

sa
fe

B
a
yesia

n
gen

eralisation
of

B
ayesian

in
feren

ce.
F

ollow
-u

p
w

ork
in

clu
d
es:

W
an

g
et

al.
(2015)

w
h
o,

u
n
d
er

sim
ila

r
assu

m
p
tion

s
p
roved

d
iff

eren
tia

l
p
rivacy

resu
lts

for
G

ib
b
s

sam
p
lers;

Z
h
en

g
(2

015)
w

h
o

im
p
rov

ed
som

e
of

ou
r

origin
al

b
ou

n
d
s

an
d

also
p
resen

ted
n
ew

resu
lts

fo
r

o
th

er
m

em
b

ers
of

th
e

ex
p

on
en

-
tial

fam
ily

;
an

d
Z

h
an

g
et

al.
(2016)

w
h
o

recen
tly

in
itiated

th
e

ex
p
loration

of
th

e
p

osterior
sam

p
ler

in
p
rob

ab
ilistic

grap
h
ical

m
o
d
els

on
m

u
ltip

le
ran

d
om

variab
les.

A
n
oth

er
im

p
ortan

t
follow

u
p

w
ork

is
th

at
of

D
w

ork
et

a
l.

(2015).
T

h
ey

h
ave

sh
ow

n
th

at
a
n

y
d
iff

eren
tially

p
rivate

algorith
m

resu
lts

in
rob

u
stn

ess,
in

th
e

sen
se

th
at

th
e

d
ivergen

ce
b

etw
een

p
osterior

d
istrib

u
tion

arisin
g

from
sim

ilar
d
ata

is
sm

all.
T

h
is

h
as

a
d
irect

im
p
act

on
th

e
gen

eralisation
ab

ility
of

statistical
m

o
d
els

an
d

in
feren

ces
d
raw

n
,

an
d

con
seq

u
en

tly
allow

s
for

w
h
at

th
ey

call
th

e
“re-u

sab
le

h
old

-ou
t”.

In
ou

r
w

ork
,

on
th

e
oth

er
h
an

d
,

w
e

h
ave

sh
ow

n
th

at
w

ith
th

e
righ

t
ch

oice
of

p
rior,

B
ay

esian
in

feren
ce

is
b

oth
p
rivate

an
d

rob
u
st.

W
e

h
ave

also
sh

ow
n

th
at

if
th

e
p

osterior
d
istrib

u
tion

is
rob

u
st,

th
en

it
is

also
d
iff

eren
tially

p
rivate.

In
con

clu
sion

,
rob

u
stn

ess
an

d
p
rivacy

ap
p

ear
to

b
e

d
eep

ly
lin

ked
,

as
ou

r
w

ork
s

h
ave

join
tly

sh
ow

n
con

d
ition

s
w

h
en

on
e

im
p
lies

th
e

oth
er

in
th

ree
d
iff

eren
t

w
ay

s:
n
ot

on
ly

th
e

sam
e

su
ffi

cien
t

con
d
ition

s
can

ach
ieve

b
oth

p
rivacy

an
d

rob
u
stn

ess,
b
u
t

p
rivacy

can
also

im
p
ly

rob
u
stn

ess,
an

d
rob

u
stn

ess
im

p
lies

p
rivacy.

F
u
rth

er
lin

k
s

b
etw

een
th

e
tw

o
con

cep
ts

are
lik

ely,
as

ex
p
lain

ed
in

th
e

n
ex

t
section

.

6
.2

F
u

tu
re

D
ire

c
tio

n
s

A
lth

ou
gh

w
e

h
ave

sh
ow

n
h
ow

B
ayesian

in
feren

ce
can

alread
y

b
e

d
iff

eren
tially

p
rivate

b
y

ap
p
rop

riately
settin

g
th

e
p
rior,

w
e

h
ave

n
o
t

ex
am

in
ed

h
ow

th
is

aff
ects

learn
in

g.
W

h
ile

larger
c

im
p
roves

p
rivacy,

it
also

con
cen

trates
th

e
p
rior

so
m

u
ch

th
at

learn
in

g
w

ou
ld

b
e

2
4

JM
L

R
 18(11):1-39, 2017



D
if
f
e
r
e
n
t
ia
l
P
r
iv
a
c
y
f
o
r
B
a
y
e
si
a
n
In

f
e
r
e
n
c
e
t
h
r
o
u
g
h
P
o
st

e
r
io
r
S
a
m
p
l
in
g

in
h
ib

it
ed

.
T

h
u
s,
c

co
u
ld

b
e

ch
os

en
to

op
ti

m
is

e
th

e
tr

ad
e-

off
b

et
w

ee
n

p
ri

va
cy

an
d

le
ar

n
in

g.
H

ow
ev

er
,

w
e

b
el

ie
v
e

th
at

th
e

ch
oi

ce
of

th
e

n
u
m

b
er

of
sa

m
p
le

s
is

ea
si

er
to

co
n
tr

o
l.

F
ro

m
th

e
th

eo
re

ti
ca

l
si

d
e,

w
e

b
el

ie
ve

th
at

th
e

co
n
st

an
t
C
F Θ ξ

co
u
ld

b
e

su
b
st

an
ti

a
ll
y

im
p
ro

ve
d
,

si
n
ce

ri
gh

t
n
ow

it
se

em
s

to
b

e
ra

th
er

lo
os

e.
It

is
al

so
p

os
si

b
le

th
at

it
s

ex
is

te
n
ce

is
on

ly
an

ar
te

fa
ct

of
th

e
an

al
y
si

s,
si

n
ce

it
on

ly
ap

p
ea

rs
fo

r
A

ss
u
m

p
ti

on
2.

H
ow

ev
er

,
w

e
th

ou
gh

t
it

cr
u
ci

al
to

in
cl

u
d
e

th
e

re
su

lt
s

fr
om

th
is

as
su

m
p
ti

on
in

th
e

p
ap

er
,

si
n
ce

th
ey

ar
e

co
n
n
ec

te
d

to
th

e
se

co
n
d

n
ec

es
sa

ry
co

n
d
it

io
n
.

H
op

ef
u
ll
y,

fu
tu

re
w

or
k

w
il
l

u
n
co

ve
r

im
p
ro

ve
d

b
ou

n
d
s

fo
r

A
ss

u
m

p
ti

on
2,

or
a

si
m

il
ar

co
n
d
it

io
n

to
it

.
O

th
er

fu
tu

re
d
ir

ec
ti

on
s

in
cl

u
d
e

in
ve

st
ig

at
in

g
th

e
li
n
k
s

b
et

w
ee

n
p

os
te

ri
or

sa
m

p
li
n
g

an
d

th
e

ex
p

on
en

ti
al

m
ec

h
an

is
m

,
as

w
el

l
as

w
it

h
th

e
sa

fe
B

ay
es

ia
n

ap
p
ro

ac
h

(G
rü

n
w

al
d
,
20

12
)

to
in

fe
re

n
ce

.
C

on
si

d
er

an
ex

p
on

en
ti

al
m

ec
h
an

is
m

w
h
ic

h
,
gi

ve
n

a
u
ti

li
ty

fu
n
ct

io
n
u

:
Θ
×
Q
→
R

an
d

a
b
as

e
m

ea
su

re
µ

on
Θ

re
tu

rn
s
θ
∈
Θ

sa
m

p
le

d
fr

om
th

e
d
en

si
ty

f
(θ

)
∝
eε
u
(θ
,q
)

d
µ

(θ
)

d
λ

.

A
s

al
so

n
ot

ed
b
y

W
an

g
et

al
.
(2

01
5)

,
th

is
h
as

a
si

m
il
ar

fo
rm

to
th

e
p

os
te

ri
o
r

d
is

tr
ib

u
ti

on
,

b
y

se
tt

in
g
u

(θ
,q

)
=

ln
p
θ
(x

)
an

d
se

tt
in

g
µ

=
ξ

to
th

e
p
ri

or
.

T
h
is

id
ea

w
as

u
se

d
in

d
ep

en
d
en

tl
y

b
y

Z
h
an

g
et

al
.

(2
01

6)
fo

r
re

le
as

in
g

M
A

P
p

oi
n
t

es
ti

m
at

es
.

In
th

is
fr

am
ew

or
k
,

p
ri

va
cy

is
ac

h
ie

ve
d

b
y

se
tt

in
g
ε

to
a

su
ffi

ci
en

tl
y

sm
al

l
va

lu
e.

H
ow

ev
er

,
it

is
in

te
re

st
in

g
to

n
ot

e
th

at
th

is
is

h
ow

G
rü

n
w

al
d

(2
01

2)
ob

ta
in

s
ro

b
u
st

n
es

s
re

su
lt

s
fo

r
m

o
d
ifi

ed
B

ay
es

ia
n

in
fe

re
n
ce

.
T

h
is

im
p
li
es

th
at

in
so

m
e

ca
se

s
w

e
ca

n
ga

in
b

ot
h

p
ri

va
cy

an
d

effi
ci

en
cy

.
W

e
n
ot

e
th

at
in

ou
r

ca
se

,
w

e
h
av

e
p
ro

ve
n

th
at

p
ri

va
cy

is
at

ta
in

ab
le

b
y

al
te

ri
n
g

th
e

p
ri

or
,

w
h
ic

h
co

rr
es

p
on

d
s

to
th

e
b
as

e
m

ea
su

re
in

th
e

ex
p

on
en

ti
al

m
ec

h
a
n
is

m
.

C
on

se
q
u
en

tl
y,

w
e

b
el

ie
ve

it
is

w
or

th
w

h
il
e

ex
am

in
in

g
se

tt
in

gs
w

h
er

e
ad

ju
st

in
g

b
ot

h
ε

an
d

th
e

p
ri

or
m

ea
su

re
m

ay
b

e
ad

va
n
ta

ge
ou

s.

A
ck

n
o
w

le
d
g
m

e
n
ts

W
e

gr
at

ef
u
ll
y

th
an

k
A

ar
on

R
ot

h
,

K
am

al
ik

a
C

h
au

d
h
u
ri

,
an

d
M

at
th

ia
s

B
u
ss

as
fo

r
th

ei
r

d
is

cu
ss

io
n

an
d

in
si

gh
ts

as
w

el
l
as

th
e

an
on

y
m

ou
s

re
v
ie

w
er

s
fo

r
th

ei
r

co
m

m
en

ts
on

th
e

p
ap

er
,

w
h
ic

h
h
el

p
ed

to
im

p
ro

ve
it

si
gn

ifi
ca

n
tl

y.
T

h
is

w
or

k
w

as
p
ar

ti
al

ly
su

p
p

or
te

d
b
y

th
e

M
ar

ie
C

u
ri

e
P

ro
je

ct
“E

ffi
ci

en
t

S
eq

u
en

ti
al

D
ec

is
io

n
M

ak
in

g
U

n
d
er

U
n
ce

rt
ai

n
ty

”,
G

ra
n
t

N
u
m

b
er

23
78

16
;

th
e

P
eo

p
le

P
ro

gr
am

m
e

(M
ar

ie
C

u
ri

e
A

ct
io

n
s)

of
th

e
E

u
ro

p
ea

n
U

n
io

n
’s

S
ev

en
th

F
ra

m
ew

or
k

P
ro

gr
am

m
e

(F
P

7/
20

07
-2

0
13

)
u
n
d
er

R
E

A
gr

an
t

ag
re

em
en

t
n

60
87

43
;

th
e

S
N

S
F

P
ro

je
ct

,
“S

w
is

sS
en

se
S
y
n
er

gi
a”

;
an

d
th

e
A

u
st

ra
li
an

R
es

ea
rc

h
C

ou
n
ci

l
(D

E
16

01
00

58
4)

.

A
p
p

e
n
d
ix

A
.

P
ro

o
fs

o
f

M
a
in

R
e
su

lt
s

P
ro

o
f

o
f

L
e
m

m
a

5
F

or
A

ss
u
m

p
ti

on
1,

th
e

p
ro

of
fo

ll
ow

s
d
ir

ec
tl

y
fr

om
th

e
d
efi

n
it

io
n

of
th

e
ab

so
lu

te
lo

g-
ra

ti
o

d
is

ta
n
ce

;
n
am

el
y,

|ln
p
n θ
({
x
i
})
−

ln
p
n θ
({
y i
})
|≤

∑
n i=

1
|ln

p
θ
(x
i)
−

ln
p
θ
(y
i)
|

≤
L
∑

n i=
1
ρ
(x
i,
y i

)
.

F
or

A
ss

u
m

p
ti

on
2,

co
n
si

d
er

su
b
-f

a
m

il
y
Θ
L

fr
om

E
q
.

(4
)

fo
r

m
ar

gi
n
a
l
p
θ

an
d

p
se

u
d
o-

m
et

ri
c
ρ
,

an
d

d
efi

n
e

th
e

co
rr

es
p

on
d
in

g
su

b
-f

am
il
y
Θ
n L

in
te

rm
s

of
p
ro

d
u
ct

d
is

tr
ib

u
ti

on
p
n θ
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D
im

it
r
a
k
a
k
is
,
N
e
l
so

n
,
Z
h
a
n
g
,
M
it
r
o
k
o
t
sa

a
n
d

R
u
b
in
st

e
in

an
d

p
se

u
d
o-

m
et

ri
c
ρ
n
.

T
h
en

th
e

sa
m

e
ar

gu
m

en
t

as
a
b

ov
e

sh
ow

s
th

at
Θ
L
⊆
Θ
n L
.

H
en

ce
,

th
e

sa
m

e
p
ri

or
an

d
p
ar

am
et

er
c

y
ie

ld
th

e
lo

w
er

b
ou

n
d

of
E

q
.

(5
),

fo
r
Θ
n L
.

P
ro

o
f

o
f

T
h

e
o
re

m
7

L
et

u
s

n
ow

ta
ck

le
cl

ai
m

1.
F

ir
st

,
w

e
ca

n
d
ec

om
p

o
se

th
e

K
L

-
d
iv

er
ge

n
ce

in
to

tw
o

p
ar

ts
.

D
(ξ

(·
|x

)
‖
ξ(
·|
y
))

=

∫ Θ
ln

d
ξ(
θ
|x

)

d
ξ(
θ
|y

)
d
ξ(
θ
|x

)

=

∫ Θ
ln
p
θ
(x

)

p
θ
(y

)
d
ξ(
θ
|x

)
+

∫ Θ
ln
φ

(y
)

φ
(x

)
d
ξ(
θ
|x

)

≤
∫ Θ

∣ ∣ ∣ ∣ln
p
θ
(x

)

p
θ
(y

)

∣ ∣ ∣ ∣d
ξ(
θ
|x

)
+

∫ Θ
ln
φ

(y
)

φ
(x

)
d
ξ(
θ
|x

)

≤
L
ρ
(x
,y

)
+

∣ ∣ ∣ ∣ln
φ

(y
)

φ
(x

)∣ ∣ ∣ ∣
.

(1
1
)

F
ro

m
A

ss
u
m

p
ti

on
1,
p
θ
(y

)
≤

ex
p
(L
ρ
(x
,y

))
p
θ
(x

)
fo

r
al

l
θ

so
:

φ
(y

)
=

∫ Θ
p
θ
(y

)
d
ξ(
θ)

≤
ex

p
(L
ρ
(x
,y

))

∫ Θ
p
θ
(x

)
d
ξ(
θ)

=
ex

p
(L
ρ
(x
,y

))
φ

(x
)
.

C
om

b
in

in
g

th
is

w
it

h
(1

1)
w

e
ob

ta
in

D
(ξ

(·
|x

)
‖
ξ(
·|
y
))
≤

2
L
ρ
(x
,y

)
.

C
la

im
2

is
d
ea

lt
w

it
h

si
m

il
ar

ly
.

O
n
ce

m
or

e,
w

e
ca

n
b
re

ak
d
ow

n
th

e
d
is

ta
n
ce

in
p
a
rt

s.
In

m
or

e
d
et

ai
l,

w
e

fi
rs

t
w

ri
te

:

D
(ξ

(·
|x

)
‖
ξ(
·|
y
))
≤
∫ Θ

∣ ∣ ∣ ∣ln
p
θ
(x

)

p
θ
(y

)

∣ ∣ ∣ ∣d
ξ(
θ
|x

)

︸
︷︷

︸
A

+

∫ Θ
ln
φ

(y
)

φ
(x

)
d
ξ(
θ
|x

)

︸
︷︷

︸
B

,

as
b

ef
or

e.
N

ow
,

le
t

u
s

re
-w

ri
te

th
e
A

te
rm

as
∫ Θ

∣ ∣ ∣ ∣ln
p
θ
(x

)

p
θ
(y

)

∣ ∣ ∣ ∣p
θ
(x

)

φ
(x

)
d
ξ(
θ)
≤

su
p

θ
′

p
θ
′ (
x

)

φ
(x

)

∫ Θ

∣ ∣ ∣ ∣ln
p
θ
(x

)

p
θ
(y

)

∣ ∣ ∣ ∣d
ξ(
θ)

,

so
th

at
th

e
le

ft
-h

an
d

si
d
e

te
rm

is
th

e
ra

ti
o

b
et

w
ee

n
th

e
m

ax
im

al
li
ke

li
h
o
o
d

a
n
d

m
a
rg

in
a
l

li
ke

li
h
o
o
d
.

U
si

n
g

th
e

sa
m

e
st

ep
s,

w
e

ca
n

b
ou

n
d
B

in
th

e
sa

m
e

m
an

n
er

.
N

ow
,

le
t

u
s

d
efi

n
e

a
d
at

a-
d
ep

en
d
en

t
an

d
a

d
at

a-
in

d
ep

en
d
en

t
b

ou
n
d
:

C
F Θ ξ

(x
)
,

su
p
θ

p
θ
(x

)

φ
(x

)
,

C
F Θ ξ
,

su
p
x
C
F Θ ξ

(x
)
.

R
ep

la
ci

n
g,

w
e

ob
ta

in
:

D
(ξ

(·
|x

)
‖
ξ(
·|
y
))
≤
C
F Θ ξ

∫ Θ

∣ ∣ ∣ ∣ln
p
θ
(x

)

p
θ
(y

)

∣ ∣ ∣ ∣d
ξ(
θ)

︸
︷︷

︸
A

+

∫ Θ
ln
φ

(y
)

φ
(x

)
d
ξ(
θ
|x

)

︸
︷︷

︸
B

.
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D
if
f
e
r
e
n
t
ia
l
P
r
iv
a
c
y
f
o
r
B
a
y
e
sia

n
In

f
e
r
e
n
c
e
t
h
r
o
u
g
h
P
o
st

e
r
io
r
S
a
m
p
l
in
g

N
ow

,
to

b
o
u
n
d

th
e

in
d
iv

id
u
al

term
s,

w
e

start
from

A
an

d
n
ote

th
at

th
eo

rem
3

of
(N

ork
in

,
1
9
8
6
)

o
n

th
e

L
ip

sch
itz

p
rop

erty
of

th
e

ex
p

ectation
of

sto
ch

astic
L

ip
sch

itz
fu

n
ction

s
a
p
p
lies.

T
h

e
o
re

m
2
5

(N
o
rkin

,
1
9
8
6
)

If
ξ

is
a

p
ro

ba
bility

m
ea

su
re

o
n
Θ

a
n

d
f

:S
×
Θ
→
R

is
a

ξ-m
ea

su
ra

ble
fu

n
ctio

n
,

su
ch

th
a
t

fo
r

a
n

y
θ
∈
Θ

,
f

(·,θ)
is
`(θ)-L

ip
sch

itz,
th

en
th

e
fu

n
ctio

n
f
ξ (x

),
E
ξ
f

(x
,θ)

is
L
ξ -L

ip
sch

itz,
w

h
ere

L
ξ

=
E
ξ
`(θ).

R
eca

ll
th

a
t

th
e

ex
p

ectation
of

a
n
on

-n
egative

ran
d
om

variab
le

can
b

e
w

ritten
in

term
s

o
f

its
C

D
F
F

a
s ∫
∞0

[1−
F

(t)]d
t.

In
ou

r
case,

`(θ)
is

a
ran

d
om

variab
le

o
n
Θ

,
an

d
w

e
can

w
rite

its
cu

m
u
lative

d
istrib

u
tion

fu
n
ction

as

F
(t),

ξ
({
θ∈

Θ
:
`(θ)≤

t})
=
ξ(Θ

t )
,

b
y

th
e

d
efi

n
itio

n
of
Θ
t .

It
follow

s
th

at
ln
p
θ (x

)
is
L
ξ -L

ip
sch

itz,
w

h
ere

th
rou

gh
th

e
form

u
la

fo
r

th
e

ex
p

ectation
of

p
ositive

variab
les:

L
ξ

=

∫
∞0

[1−
ξ(Θ

t )]d
t≤

L
0 ξ(Θ

L
0 )

+
[1−

ξ(Θ
L
0 )] ∫

∞0
e −

ctd
t≤

L
0

+
c −

1
.

(12)

S
o
,

term
A

b
ecom

es
C
F
Θ

ξ

(L
0

+
c −

1 )
ρ
(x
,y

).
N

ow
let

u
s

m
ove

on
to

term
B

.
F

or
tech

n
ical

reason
s,

w
e

start
b
y

con
sid

erin
g

a
p
air

x
,y

su
ch

th
a
t
ρ
(x
,y

)≤
c−

1.
T

h
is

also
im

p
lies

th
at
c
>

1,
sin

ce
th

e
d
istan

ce
can

n
ot

b
e

n
eg

a
tive.

φ
(x

)

φ
(y

)

(a
)

=

∫

Θ

p
θ (x

)

φ
(y

)
d
ξ(θ)

(b)

≤
∫

Θ

p
θ (y

)e
`(θ

)ρ
(x
,y
)

φ
(y

)
d
ξ(θ)

(c)

≤
C
F
Θ

ξ

∫

Θ
e
`(θ

)ρ
(x
,y
)
d
ξ(θ)

.
(13)

N
o
te

th
a
t {

θ∈
Θ

:
e
`(θ

)ρ
(x
,y
)≤

t }
=
{
θ
∈
Θ

:
`(θ)≤

ρ
(x
,y

) −
1

ln
t }

=
Θ
ρ
(x
,y
) −

1
ln
t .

S
o

th
e

C
D

F
o
f

th
e

ra
n
d
om

variab
le
e
`(θ

)
is
F

(t)
=
ξ(Θ

ρ
(x
,y
) −

1
ln
t ).

T
h
en

:
F

o
r

p
o
sitiv

e
ran

d
om

variab
les,E

X
ρ

=
ρ ∫
∞0
t ρ−

1[1−
F

(t)]d
t.

A
p
p
ly

in
g

th
is

to
o
u
r

case,
w

e
g
et:E

ξ
e
`(θ

)ρ
(x
,y
)

=
E
ξ [e

`(θ
)ρ
(x
,y
)|
`≤

L
0 ]ξ(Θ

L
0 )

+
E
ξ [e

`(θ
)ρ
(x
,y
)|
`
>
L
0 ][1−

ξ(Θ
L
0 )]

≤
e
L
0
ρ
(x
,y
)

+
ρ
(x
,y

) ∫
∞t
0

t ρ
(x
,y
)−

1[1−
ξ(Θ

ln
t )]d

t

≤
e
L
0
ρ
(x
,y
)

+
ρ
(x
,y

) ∫
∞t
0

e
ln
t[ρ

(x
,y
)−

1
]e −

c(ln
t−
L
0
)
d
t

(w
h
ere

t0
=
e
L
0)

=
e
L
0
ρ
(x
,y
)

+
ρ
(x
,y

) ∫
∞t
0

e
ln
t[ρ

(x
,y
)−
c−

1
]+
cL

0
d
t

=
e
L
0
ρ
(x
,y
)

+
ρ
(x
,y

)e
cL

0 ∫
∞t
0

t ρ
(x
,y
)−
c−

1
d
t

=
e
L
0
ρ
(x
,y
)

+
ρ
(x
,y

)e
cL

0
t ρ

(x
,y
)−
c

0

c−
ρ
(x
,y

)

=
e
L
0
ρ
(x
,y
)

+
ρ
(x
,y

)e
cL

0
e
L
0
(ρ
(x
,y
)−
c)

c−
ρ
(x
,y

)

≤
e
L
0
ρ
(x
,y
)

+
ρ
(x
,y

)e
cL

0e
L
0
(ρ
(x
,y
)−
c)

=
e
L
0
ρ
(x
,y
)

+
ρ
(x
,y

)e
L
0
ρ
(x
,y
)

=
(1

+
ρ
(x
,y

))e
L
0
ρ
(x
,y
)≤

e
(1
+
L
0
)ρ
(x
,y
).
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D
im

it
r
a
k
a
k
is,

N
e
l
so

n
,
Z
h
a
n
g
,
M
it
r
o
k
o
t
sa

a
n
d

R
u
b
in
st

e
in

C
on

seq
u
en

tly,
ln
φ

(x
)/φ

(y
)≤

C
F
Θ

ξ
(1

+
L
0 )ρ

(x
,y

).

T
o

h
an

d
le

larg
er

d
istan

ces
ρ
,

w
e

can
sim

p
ly

ap
p
ly

th
e

ab
ove

resu
lt

rep
eated

ly
b

etw
een

k
d
ata

sets
z
1 ,...,z

k ,
w

h
ere

z
1

=
x

,
z
k

=
y

an
d

su
ch

th
at
ρ
(z
i ,z

i+
1 )
<
c−

1.
B

y
ch

a
in

in
g

logarith
m

ic
ratios,

i.e.,
u
sin

g
th

e
fact

th
at

ln
φ

(x
)/φ

(y
)

=
ln
φ

(x
)/φ

(z
)

+
ln
φ

(z
)/φ

(y
)

w
e

can
n
ow

ex
ten

d
ou

r
resu

lt
to

gen
eral

p
airs

for
term

B
.

R
ep

lacin
g

th
ose

term
s,

w
e

ob
tain

:

D
(ξ(·|

x
)‖

ξ(·|
y
))≤

C
F
Θ

ξ

(1
+

2
L
0

+
c −

1 )
ρ
(x
,y

)
.

If
th

e
in

term
ed

iate
p

oin
ts

d
o

n
ot

ex
ist

u
n
d
er
ρ
,

w
e

can
sim

p
ly

scale
it

b
y
χ
≤

1,
th

u
s

ob
tain

in
g

th
e

fi
n
al

resu
lt.

P
ro

o
f

o
f

T
h

e
o
re

m
8

F
or

p
art

1,
w

e
assu

m
ed

th
at

th
ere

is
an

L
>

0
su

ch
th

at∀
x
,y
∈

S
, ∣∣∣ log

p
θ
(x

)
p
θ
(y
) ∣∣∣
≤
L
ρ
(x
,y

),
th

u
s

im
p
ly

in
g

p
θ
(x

)
p
θ
(y
)
≤

ex
p{L

ρ
(x
,y

)}.
F

u
rth

er,
in

th
e

p
ro

o
f

of

T
h
eorem

7,
w

e
sh

ow
ed

th
at
φ

(y
)≤

ex
p{
L
ρ
(x
,y

)}
φ

(x
)

for
all

x
,y
∈
S

.
F

rom
E

q
.

(1),
w

e
can

th
en

com
b
in

e
th

ese
to

b
ou

n
d

th
e

p
o
sterior

of
an

y
B
∈
S
Θ

as
follow

s
for

all
x
,y
∈
S

:

ξ(B
|
x

)
=

∫
B
p
θ
(x

)
p
θ
(y
) p
θ (y

)
d
ξ(θ)

φ
(y

)
·
φ

(y
)

φ
(x

)
≤

ex
p{2

L
ρ
(x
,y

)}
ξ(B
|
y
)
.

F
or

p
art

2,
n
ote

th
at

from
T

h
eorem

7
p
a
rt

2
th

at
th

e
K

L
d
ivergen

ce
of

th
e

p
osterio

rs
u
n
d
er

assu
m

p
tion

is
b

ou
n
d
ed

b
y

(8).
N

ow
,

recall
P

in
sker’s

in
eq

u
ality

(cf.
F

ed
otov

et
al.,

2003):

D
(Q
‖
P

)≥
12
‖
Q
−
P
‖
21

=
2‖
Q
−
P
‖
2T
V
,

2
su

p
B
|Q

(B
)−

P
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√
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√
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p
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Θ̂
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θ (q,r),

w
h
ich

w
ith

p
rob

ab
ility

at
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√
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ε,∀

r,q,
v
ia

H
o
eff

d
in

g’s
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b
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p
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∥∥∥
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∀
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re
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≥
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n
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≥
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b
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at
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∫ Θ
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=
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−
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+
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−
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‖ ∞
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b
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≤

0
si

n
ce
r?

m
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∫ Θ
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b
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∫ Θ
ln

d
ξ?

(θ
|x

)

d
ξ(
θ
|x

)
d
ξ?

(θ
|x

)φ
?
(x

)

≤
∑ x

∫ Θ

(∣ ∣ ∣ ∣
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p
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p
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re
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g
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e
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{ c
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ra
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−
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∈
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p
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b
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Θ
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p
ri

or
on

[c
1
,c

2
]

is
gi

ve
n

b
y
K
λ
e−
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−
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∆
n
(k

1
,k

2
)

k
1 −
k
2

+
ln

θ
1−
θ ∣∣∣ ≤
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∆
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∆
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is

slop
e

ach
ieves

its
m

ax
im

u
m

an
d

m
in

im
u
m

at
its

b
ou

n
d
ary

valu
es;
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=
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−
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m
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E
q
.

(15),
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Θ
L
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+
e
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.
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b
ou

n
d
ξ(Θ

L
).
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=
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+
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+
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con
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c
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=
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∫
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=
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+
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+
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+
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+
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∈
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<

0
fo

r
a
ll
p
∈

(0
,1

).

P
ro

o
f

A
ga

in
ta

k
in

g
d
er

iv
at

iv
es

G
′ (
p
)

=
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+
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=
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=
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+
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+
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+
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−
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+
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=
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+
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−
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+
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+
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−
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>
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b
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=
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=
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+
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=
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=
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−
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p
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−
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p
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<
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=
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−
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Γ
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−
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+
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−
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−
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≤
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−
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+
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≥
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{ √
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d
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re
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∣ ∣(
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)∣ ∣
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∣ ∣ +
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d
L

(µ
,σ

)
=

m
a
x
{|
µ
|,1
}

2
σ
2

.
A

g
a
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e
tr
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m
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n
b
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λ
c 1
−
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λ
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T
h
u
s
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D

F
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L
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K
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λ
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−
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∈
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r
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≥
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−
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=

∫
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−
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e
li
n
g

U
p
lo
a
d
in
g

d
o
c
u
m
e
n
ts
.

U
se

rs
su

b
m

it
d
o
cu

m
en

ts
fo

r
an

al
y
si

s
in

th
e

fo
rm

o
f

a
.
z
i
p

o
r

.
t
a
r
.
g
z

fi
le

,
w

h
ic

h
u
n
co

m
p
re

ss
ed

co
n
ta

in
s

a
fo

ld
er

of
p
la

in
-t

ex
t

fi
le

s,
on

e
fo

r
ea

ch
in

d
iv

id
u
al

d
o
cu

m
en

t.
U

se
rs

d
o
n
o
t

n
ee

d
to

p
re

p
ro

ce
ss

d
o
cu

m
en

ts
or

id
en

ti
fy

a
vo

ca
b
u
la

ry
in

a
d
va

n
ce

.
T

h
is

is
d
on

e
au

to
m

at
ic

al
ly

b
y

R
efi

n
er

y,
w

h
ic

h
to

ke
n
iz

es
ev

er
y

u
n
ig

ra
m

fr
o
m

th
e

in
p
u
t

d
o
cu

m
en

ts
.

T
h
e

fi
n
al

v
o
ca

b
u
la

ry
ex

cl
u
d
es

ve
ry

ra
re

an
d

ve
ry

co
m

m
on

w
or

d
s;

w
e

d
is

ca
rd

te
rm

s
ap

p
ea

ri
n
g

in
m

or
e

th
an

80
%

o
f

al
l

d
o
cu

m
en

ts
,

or
in

le
ss

th
an

2
d
o
cu

m
en

ts
.

T
ra

in
in
g

a
to

p
ic

m
o
d
e
l.

T
h
e

to
p
ic

m
o
d
el

in
g

al
go

ri
th

m
u
se

d
fo

r
R

efi
n
er

y
co

m
es

fr
o
m

th
e

B
N

P
y

to
ol

b
ox

(H
u
gh

es
et

al
.,

20
15

b
).

S
p

ec
ifi

ca
ll
y,

w
e

tr
ai

n
a
h
ie
ra
rc
h
ic
a
l
D
ir
ic
h
le
t

p
ro
ce
ss

(H
D

P
)

to
p
ic

m
o
d
el

(T
eh

et
al

.,
20

06
)

u
si

n
g

a
m

em
oi

ze
d

va
ri

at
io

n
al

in
fe

re
n
ce

a
lg

o
-

ri
th

m
(H

u
gh

es
et

al
.,

20
15

a)
.

W
h
il
e

th
e

u
n
d
er

ly
in

g
al

go
ri

th
m

h
as

m
an

y
fr

ee
p
a
ra

m
et

er
s,

w
e

se
t

m
os

t
of

th
es

e
to

sm
ar

t
d
ef

au
lt

s
an

d
on

ly
as

k
th

e
u
se

r
to

sp
ec

if
y

an
u
p
p

er
b

o
u
n
d

o
n

th
e

n
u
m

b
er

of
in

fe
rr

ed
to

p
ic

s.
T

h
is

b
ou

n
d

p
ro

v
id

es
a

tr
u
n
ca

ti
o
n

fo
r

in
fi
n
it

e-
d
im

en
si

o
n
a
l

H
D

P
m

o
d
el

.

B
ro

w
se
a
b
le

v
is
u
a
li
z
a
ti
o
n
.

A
ft

er
tr

ai
n
in

g
a

m
o
d
el

,
u
se

rs
ca

n
ex

p
lo

re
th

e
re

su
lt

in
g

to
p
ic

s
in

te
ra

ct
iv

el
y

v
ia

a
m

u
lt

i-
co

lo
re

d
ri

n
g,

as
sh

ow
n

in
F

ig
.
2.

E
ac

h
se

gm
en

t
of

th
e

ri
n
g

re
p
re

se
n
ts

on
e

to
p
ic

,
w

it
h

it
s

si
ze

in
d
ic

at
iv

e
of

th
e

to
p
ic

’s
fr

eq
u
en

cy
in

th
e

ov
er

al
l

co
rp

u
s.

H
ov

er
in

g
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R
e
f
in
e
r
y

F
ig

u
re

2
:

T
h
e

resu
lts

of
an

an
aly

sis
on

500
N

ew
Y

ork
T

im
es

a
rticles

th
at

co
n
tain

ed
th

e
k
ey

w
ord

“o
b
a
m

a
”

d
u
rin

g
th

e
y
ear

2
01

3.
In

th
e

fi
gu

re
ab

ove,
th

e
“S

y
ria”

to
p
ic

h
as

b
een

selected
alo

n
g

w
ith

a
su

b
set

of
50

d
o
cu

m
en

ts
related

to
th

is
to

p
ic.

th
e

cu
rso

r
over

a
top

ic’s
segm

en
t

sh
ow

s
th

e
top

50
w

ord
s

asso
ciated

w
ith

th
at

to
p
ic.

In
th

is
w

o
rd

clo
u
d

v
isu

alization
,

tex
t

size
is

scaled
accord

in
g

to
th

e
top

ic-sp
ecifi

c
w

ord
freq

u
en

cy.

F
o
c
u
se
d

e
x
p
lo
ra

tio
n

o
f
d
o
c
u
m
e
n
t
su

b
se
ts.

O
ften

,
an

aly
sis

of
large

co
llection

s
re-

q
u
ires

id
en

tify
in

g
su

b
sets

of
relevan

t
d
o
cu

m
en

ts
an

d
p

erform
in

g
m

ore
d
etailed

clu
sterin

g
o
f

th
a
t

su
b
set.

W
e

su
p
p

ort
th

is
b
y

allow
in

g
th

e
m

a
in

corp
u
s

of
d
o
cu

m
en

ts
to

b
e

fi
ltered

b
y

key
w

o
rd

a
n
d

top
ic

p
resen

ce.
R

efi
n
ery

p
rov

id
es

tw
o

m
eth

o
d
s

for
selectin

g
relevan

t
d
o
c-

u
m

en
ts

g
iven

a
train

ed
top

ic
m

o
d
el

w
ith

K
top

ics.
T

h
e

fi
rst

allow
s

th
e

u
ser

to
d
irectly

sp
ecify

a
q
u
ery

d
istrib

u
tion

over
top

ics
w

h
ich

recovered
d
o
cu

m
en

ts
sh

ou
ld

em
u
late.

T
h
e

seco
n
d

takes
in

a
list

of
search

term
s,

an
d

averages
th

e
p
rob

ab
ility

of
top

ic
giv

en
w

ord
for

ea
ch

term
to

o
b
tain

a
(n

orm
alized

)
d
istrib

u
tion

ov
er
K

top
ics.

G
iven

th
is
K

-d
im

en
sion

al
q
u
ery

vecto
r,

d
o
cu

m
en

ts
are

ran
ked

b
ased

on
th

e
K

L
d
iv

ergen
ce

b
etw

een
th

eir
M

A
P

top
ic

d
istrib

u
tion

a
n
d

th
e

q
u
ery.

4
.

P
h
ra

se
E

x
tra

ctio
n

a
n
d

R
e
fi
n
e
m

e
n
t

W
h
ile

to
p
ic

m
o
d
elin

g
en

ab
les

scalab
le

fi
rst-p

ass
an

aly
sis,

often
th

e
u
n
d
erly

in
g

b
ag-of-w

o
rd

s
a
ssu

m
p
tio

n
s

a
re

to
o

lim
itin

g.
A

fter
fi
lterin

g
a

large
corp

u
s

to
fi
n
d

on
ly

d
o
cu

m
en

ts
relevan

t
to

a
sm

a
ll

set
of

top
ics,

R
efi

n
ery

fu
rth

er
allow

s
u
sers

to
ex

p
lore

d
o
cu

m
en

ts
b
y

p
h
rase

sim
ila

rity
a
n
d

create
a

su
m

m
ary

of
th

e
corp

u
s

com
p

osed
of

sen
ten

ces
ex

tracted
from

th
e

in
p
u
t

d
o
cu

m
en

ts.

W
e

u
se

th
e

op
en

-sou
rce

im
p
lem

en
tation

of
th

e
S
p
litta

algorith
m

(G
illick

,
20

10),
w

h
ich

G
illick

(2
0
0
9)

in
tro

d
u
ced

for
sen

ten
ce

b
ou

n
d
ary

d
etection

.
F

irst,
th

e
S
p
litta

algo
rith

m
is

a
p
p
lied

fo
r

sen
ten

ce
b

ou
n
d
ary

d
etection

.
T

h
is

algorith
m

p
ro

cesses
raw

tex
t

an
d

d
o
es

n
o
t

m
a
ke

u
se

o
f

th
e

top
ic

m
o
d
el

ou
tp

u
t.

N
ex

t,
to

h
elp

th
e

u
ser

effi
cien

tly
select

a
su

b
set

o
f

releva
n
t

sen
ten

ces
from

th
eir

corp
u
s,

R
efi

n
ery

off
ers

tw
o

ex
p
loration

m
o
d
es.

T
h
e

fi
rst,

trig
g
ered

b
y

th
e

b
u
tton

m
arked

“V
ariety

”,
im

p
lem

en
ts

th
e

K
L

S
u
m

algorith
m

for
m

u
ltid

o
c-

u
m

en
t

su
m

m
a
rization

(H
agh

igh
i

an
d

V
an

d
erw

en
d
e,

2009).
T

h
is

algorith
m

ra
n
k
s

can
d
id

ate
sen

ten
ces

h
ig

h
er

if
th

eir
ad

d
ition

to
th

e
cu

rren
t

set
w

ou
ld

b
rin

g
th

e
u
n
ig

ram
d
istrib

u
tion

clo
ser

to
th

a
t

of
th

e
corp

u
s

as
a

w
h
ole,

in
tu

itiv
ely

p
referrin

g
sen

ten
ces

th
at

con
ta

in
glob

ally

3
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K
im

,
S
w
a
n
so

n
,
H
u
g
h
e
s,

a
n
d

S
u
d
d
e
r
t
h

F
igu

re
3:

R
efi

n
ery

’s
p
h
ra

se
ex

tra
ction

featu
re.

L
eft:

U
ser

h
a
s

selected
so

m
e

in
itial

p
h
ra

ses
related

to
th

e
w

ar
in

S
y
ria

from
n
ew

s
a
rticles.

R
igh

t:
H

ittin
g

th
e

“sim
ilar”

b
u
tton

b
rin

gs
u
p

an
oth

er
set

o
f

p
h
ra

ses
sim

ila
r

to
th

e
in

itial
set.

relevan
t

in
form

ation
th

at
d
o
es

n
ot

y
et

ap
p

ear
in

th
e

set
of

selected
sen

ten
ces.

T
h
e

secon
d

ex
p
loration

m
eth

o
d
,

lab
eled

“S
im

ilar”,
sim

p
ly

ran
k
s

can
d
id

ates
b
y

cosin
e

sim
ilarity

to
th

e
cu

rren
t

su
m

m
ary

’s
u
n
igram

d
istrib

u
tion

.
E

ach
sen

ten
ce

in
th

e
su

m
m

ary
is

lin
k
ed

to
an

d
h
igh

ligh
ted

in
its

origin
al

sou
rce

d
o
cu

m
en

t,
fa

cilitatin
g

th
e

creation
of

a
com

p
reh

en
sive

set
of

n
otes

w
ith

fast
access

to
th

eir
p
roven

an
ce.

5
.

D
iscu

ssio
n

a
n
d

R
e
la

te
d

W
o
rk

R
efi

n
ery

p
rov

id
es

a
fi
rst

step
tow

ard
s

allow
in

g
n
on

-tech
n
ical

p
rofession

als
to

ex
p
lore

large
d
o
cu

m
en

t
collection

s
w

ith
m

o
d
ern

top
ic

m
o
d
els.

S
ev

eral
o
th

ers
grou

p
s

h
ave

strived
to

sim
p
lify

an
d

d
em

o
cratize

th
e

u
se

of
top

ic
m

o
d
els.

N
o
tab

ly,
C

h
an

ey
an

d
B

lei
(2012)

cre-
ated

a
w

eb
-b

ased
n
av

igator
to

h
elp

u
sers

u
n
d
erstan

d
th

e
relation

sh
ip

b
etw

een
top

ics
an

d
d
o
cu

m
en

ts,
w

h
ile

C
h
u
an

g
et

al.
(2012)

d
evelop

ed
a

v
isu

alization
p
ackage

for
assessin

g
th

e
go

o
d
n
ess

of
top

ics.
T

op
icn

ets
(G

retarsson
et

al.,
2012)

fo
cu

ses
on

a
grap

h
-b

ased
ex

p
loration

an
d

v
isu

alization
of

top
ics,

w
h
ile

oth
er

p
acka

ges
su

ch
as

G
ep

h
i

(B
astian

et
al.,

2009)
an

d
T

eth
n
e

(P
eirson

et
al.,

2015)
are

often
u
sed

to
create

sim
ilar

v
isu

alization
s

of
an

alread
y
-

learn
ed

set
of

top
ics.

M
ost

p
rior

w
ork

h
as

fo
cu

sed
on

th
e

p
aram

etric
la
ten

t
D
irich

let
a
llo

-
ca
tio

n
(L

D
A

)
top

ic
m

o
d
el

(B
lei

et
al.,

2003).

R
efi

n
ery

d
iff

ers
from

th
ese

p
ackages

in
th

e
w

ay
it

sim
p
lifi

es
th

e
en

tire
p
ro

cess
of

an
a-

ly
zin

g
tex

t
w

ith
top

ic
m

o
d
els

for
n
on

-ex
p

ert
u
sers.

F
u
rth

erm
ore,

R
efi

n
ery

’s
u
se

of
scalab

le
B

ayesian
n
on

p
aram

etric
top

ic
m

o
d
els

off
ers

th
e

b
en

efi
t

of
au

tom
atic

m
o
d
el

selection
w

h
ile

p
aram

etric
m

o
d
els

like
L

D
A

req
u
ire

a
p
rior

k
n
ow

led
ge

o
f

th
e

n
u
m

b
er

of
top

ics.
R

efi
n
ery

also
su

p
p

orts
p
h
rase

ex
traction

,
w

h
ich

allow
s

for
a

m
ore

refi
n
ed

search
across

d
o
cu

m
en

ts.
B

u
ild

in
g

on
th

e
B

N
P

y
to

olb
ox

allow
s

p
oten

tial
fu

tu
re

ex
ten

sion
s

to
m

ore
ad

va
n
ced

m
o
d
els

th
at

clu
ster

d
o
cu

m
en

ts
organ

ized
as

a
tim

e-series
or

n
etw

ork
.

U
ltim

ately,
w

e
p
lan

to
su

p
-

p
ort

a
larger

variety
of

p
oten

tial
d
o
cu

m
en

t
fi
le

ty
p

es
in

clu
d
in

g
stru

ctu
red

w
ord

p
ro

cessor
fi
les,

sp
read

sh
eets,

an
d

p
resen

tation
s.
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R
e
f
in
e
r
y

A
ck

n
o
w

le
d
g
m

e
n
ts

R
efi

n
er

y
w

as
a

re
ci

p
ie

n
t

of
th

e
K

n
ig

h
t

P
ro

to
ty

p
e

F
u
n
d

in
20

14
.

R
e
fe

re
n
ce

s

M
a
th

ie
u

B
a
st

ia
n
,

S
eb

a
st

ie
n

H
ey

m
an

n
,

an
d

M
a
th

ie
u

J
a
co

m
y.

G
ep

h
i:

A
n

o
p

en
so

u
rc

e
so

ft
w

ar
e

fo
r

ex
p
lo

ri
n
g

an
d

m
an

ip
u
la

ti
n
g

n
et

w
or

k
s.

In
In
te
rn
a
ti
o
n
a
l
A
A
A
I
C
o
n
fe
re
n
ce

o
n
W
eb
lo
gs

a
n
d
S
oc
ia
l

M
ed
ia

,
20

09
.

U
R

L
h
t
t
p
:
/
/
w
w
w
.
a
a
a
i
.
o
r
g
/
o
c
s
/
i
n
d
e
x
.
p
h
p
/
I
C
W
S
M
/
0
9
/
p
a
p
e
r
/
v
i
e
w
/
1
5
4
.

D
av

id
M

B
le

i.
P

ro
b
ab

il
is

ti
c

to
p
ic

m
o
d
el

s.
C
o
m
m
u
n
ic
a
ti
o
n
s
o
f
th
e
A
C
M

,
5
5(

4
):

77
–8

4,
20

12
.

D
av

id
M

.
B

le
i,

A
n
d
re

w
Y

.
N

g,
a
n
d

M
ic

h
ae

l
I.

J
or

d
a
n
.

L
at

en
t

D
ir

ic
h
le

t
a
ll
o
ca

ti
o
n
.
J
.
M
a
ch
.
L
ea
rn
.

R
es
.,

3
:9

93
–
10

22
,

20
03

.

A
ll
is

on
J
u
n
e-

B
ar

lo
w

C
h
a
n
ey

an
d

D
av

id
M

B
le

i.
V

is
u
al

iz
in

g
to

p
ic

m
o
d
el

s.
In

IC
W
S
M

,
20

12
.

J
as

on
C

h
u
an

g,
C

h
ri

st
o
p
h
er

D
.

M
a
n
n
in

g,
a
n
d

J
eff

re
y

H
ee

r.
T

er
m

it
e:

V
is

u
al

iz
at

io
n

te
ch

n
iq

u
es

fo
r

a
ss

es
si

n
g

te
x
tu

al
to

p
ic

m
o
d
el

s.
In

A
d
va
n
ce
d
V
is
u
a
l
In
te
rf
a
ce
s,

20
12

.
U

R
L
h
t
t
p
:
/
/
v
i
s
.
s
t
a
n
f
o
r
d
.

e
d
u
/
p
a
p
e
r
s
/
t
e
r
m
i
t
e
.

D
a
n

G
il
li
ck

.
S
en

te
n
ce
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b
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b
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b
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b
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b
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at
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p
le

in
H

in
au

t
an

d
D

om
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b
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b
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ra
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p
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p
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p
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ot
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b
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ra
l

te
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p
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d
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d
iff

er
en

t
in

it
ia

l
n
et

w
or

k
st

at
es

.
A

n
ex

a
m

p
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h
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d
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.
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h
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e
le

ar
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in
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on
se
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en

ce
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d
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ti
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en

er
at

io
n
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al
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d
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d
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at
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.
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ra
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ra
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m
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p
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ra
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b
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e

p
ro

b
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il
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ge
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er
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te
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b
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d
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ra
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p
er

ti
es

th
at

ar
e

va
ri

ou
sl

y
at

tr
ib

u
te

d
(o

r
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ra
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m
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ra
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p
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b
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p
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m
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ra
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b
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d
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b
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l
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en
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S
tored

p
attern

s
can
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e

re-gen
erated

a
t

retrieval
tim

e
w

ith
so

m
e

d
egree

of
a
ccu
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cy.

O
rga

n
iza

tio
n
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n
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bility.

S
tored
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ay
th
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t
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b
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een
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em
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a
n
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n
etw

ork
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o
d
els
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T

h
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organ
ization

en
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les
a

sy
stem
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n
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tio

n
a
n
d

search
in

m
em

ory
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ace.
N

on
e

of
th

e
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ove
ex

am
p
les

of
d
y
n
am

ica
l

p
at-

tern
m

em
ories

h
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is

ch
aracteristic,

b
u
t

a
d
iversity

of
n
eu

ral
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in
g

sy
stem

s
for

sta
tic

p
attern

s
h
av

e
b

een
p
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th
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h
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an
ex

p
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le
in

tern
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l
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ization
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m
e
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in
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self-organ
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g
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an
tic
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itter
an

d
K
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en
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co

n
n
ectio

n
ist-lo

calist
n
etw

ork
s

for
sem

an
tic
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cep

t
m

o
d
elin

g
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h
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1999),
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r

re-
cu

rsive
a
u
to-asso
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m
em

ories
(P

ollack
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1990).

In
crem

en
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exten

sibility.
N

ew
m

em
ory

item
s

can
b

e
stored

in
crem

en
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red
o
n
es.

S
u
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an
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crem
en
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ten
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d
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or
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n
etw
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b
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b
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o
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rich
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A
rel

(2014))
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d
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m
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(ex
cep
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ian

g
et

al.
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D
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eren
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exten
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.
W

h
en
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in
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ew

item
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th
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in

form
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ou

t
th

e
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ew

item
th

a
t
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n
ot

alread
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p
resen

t
in

th
e

m
em

ory
sy

stem
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N
on

e
of

th
e

ex
am

p
les

h
as

th
is

p
ro

p
erty

b
u
t

argu
ab

ly
h
u
m
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L
T

M
h
a
s

it.

F
o
rgettin

g.
A

llow
th

e
m

em
ory

sy
stem

to
fa

d
e

ou
t

m
em

ory
item

s
th

at
are

n
o
t

retrieved
for
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lon

g
tim

e.
T

h
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ch
aracteristic
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for
b
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n
eu

ral
n
etw

ork
s

b
u
t

is
ab

sen
t

in
a
ll

ex
am

p
les

ab
ove.

E
ra

sibility.
S
electively

d
elete

arb
itrary

item
s

fro
m

th
e

m
em

ory,
freein

g
sto

rag
e

sp
a
ce.

T
h
is

is
ty

p
ica

l
for

d
igital

com
p
u
ter

m
em

ories
b
u
t

is
n
ot

u
su

ally
con
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in
n
eu

ral
n
etw

ork
m

o
d
els.
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th
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I
d
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e
a

n
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p
u
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an

ism
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n

cep
to

rs,
b
y

w
h
ich

th
e

d
y
n
a
m
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o
f

a
n

R
N

N
can

b
e

govern
ed
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variety
of

w
ay

s.
C

on
cep

tors
are

a
gen

eral-p
u
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ose
m

ech
an

ism
th

a
t

can
b

e
u
sed

in
a

d
iversity

of
n
eu

ral
in

form
ation

p
ro

cessin
g

ta
sk

s.
In

a
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lo
n
g

tech
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ort
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aeger,
2014)

I
p
resen

t
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en
tary

d
em

on
stration

s
of

con
cep

tors
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sed

fo
r

tem
p

o
ra

l
p
attern
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,
on

e-sh
ot

learn
in

g,
h
u
m

a
n

m
otion

p
attern

g
en

eration
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d
e-n

o
isin

g
a
n
d

sign
al

sep
aration
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T

h
e

p
resen

t
article

fo
cu
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ex
p
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of
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cep

tors
for

n
eu

ra
l
L
T

M
m

a
n
agem

en
t.

F
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e
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ove

list
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ty
p
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L
T

M
p
rop
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n
cep

tors
en
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le

o
r
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a
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ex
cep

t
th

e
last
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o,

forgettin
g

an
d
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b
ility.

T
o

keep
th

e
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of

th
is

a
rticle

w
ith

in
reason

ab
le

b
ou

n
d
s,

I
h
ave

om
itted

a
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le
p

ortion
of

L
T

M
-relevan

t
m

aterial
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m
J
a
eg

er
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n
am

ely
th

e
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of

B
o
olean

op
eration
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cep
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an

d
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e
op
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s

th
a
t

su
ch

B
o
o
lean

op
eration

s
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t
for

in
crem

en
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an
d

d
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eren
tial

m
em

ory
ex

ten
sib

ility
w

ith
o
u
t

cata
strop

h
ic

forgettin
g.

M
o
st

o
f

th
e

tech
n
ical
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t
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b
u
t

assem
b
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m
ore
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m

p
a
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a
n
d

in
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p
osition
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d
b
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u
p

b
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lation
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t
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J
a
e
g
e
r

given
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J
aeger
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014).

T
h
e

M
atlab

co
d
e

for
all

sim
u
lation

s
is

availab
le

at
th

e
J
M

L
R

on
lin

e
p
ap

er
rep

ository.

T
h
e

article
is

organ
ized

in
th

ree
m

ain
section

s.
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ection

2
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d
u
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e

b
asic

m
o
d
el
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etailed
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-b

y
-step
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.
B

asic
p
attern

m
orp

h
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an

d
p
attern
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eralization

d
em

os,
a

“fo
cu
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g”

m
ech

an
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an
d

a
real-w

orld
d
ata

d
em

o
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from
h
u
m

an
m

otion
cap

tu
re

d
ata

to
an

im
ate

a
b

o
d
y

m
o
d
el

w
ith

61
d
egrees

of
freed

om
)

illu
strate

th
e

b
asic

fu
n
ction

alities
of

con
cep

tors
for

storin
g,

re-gen
eratin

g
an

d
m

o
d
u
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g
tem

p
oral

p
attern

s
in

an
R

N
N
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S
ection

3
in

tro
d
u
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a
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cep
tor-b

ased
m

o
d
el

of
con

ten
t-ad

d
ressab

le
R

N
N
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em
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d
y
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ical
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attern
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T

h
e
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p
attern
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ort

an
d
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ly
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b
y
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cess
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con
cep
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tation
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ects
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is

p
rov

id
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tem
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oral
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alog

of
H
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n
etw
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rk

s.

2
.
S
to
rin

g
a
M

u
ltitu

d
e
o
f
T
e
m
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l
P
a
tte

rn
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R
N
N

T
h
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a
con
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d
u
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th

e
b
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d

form
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cep
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p
le
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u
b
section

2.1)
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d
th

en
m
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in
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p
h
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en
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of

p
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m
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h
in
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an
d
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ssin
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th

e
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in

g
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b
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a
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e
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n

d
F
o
rm
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In
th

is
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th
e

b
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b
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in

g
th
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en
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d
em

on
stration

.
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h
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d
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p
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efore

p
attern
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b
e
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d
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ex
p

erim
en
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p
is

in
stalled
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follow
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P
rocu

rin
g
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in
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ttern
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article
a
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attern
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m
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a
d
iscrete-tim
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al
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w
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∈

R
M

an
d
n
≥

0.
F

or
th

is
elem

en
ta

ry
d
em

o
I

u
se

tw
o

d
iscrete-tim

e
scalar

p
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p
erio
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T
h
e
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a
l

p
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len

gth
m
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led

version
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d
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h
e
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a

p
erio
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al

w
ith

in
teger

p
erio
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F
igu

re
1
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ep
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e
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p
attern

s.
I

rem
ark

th
at

later
I

w
ill

also
b

e
con

sid
erin

g
n
on

-p
erio

d
ic

a
n
d

n
on

-station
ary

p
attern

s.

N
etw

o
rk

crea
tio

n
.

A
n

R
N

N
w

ith
N

n
eu

ron
s

is
in

sta
lled

b
y

ran
d
om

ly
creatin

g
an

N
×
N

m
atrix

W
∗

of
in

tern
al

con
n
ection

w
eigh

ts,
an

N
×
M

in
p
u
t

w
eig

h
t

vector
W

in,
an

d
a

ran
d
om

N
×

1
b
ias

vector
b.

H
ere

I
u
se

an
u
n
realistica

lly
sm

all
n
etw

ork
w

ith
on

ly
N

=
3

n
eu

ron
s,

w
h
ich

allow
s

m
e

to
illu

strate
relevan

t
eff

ects
in

3-D
grap

h
ics.

T
h
is

n
etw

ork
can

b
e

d
riven

b
y

a
scalar

p
attern

p
(n

)
b
y

th
e

follow
in

g
state

u
p

d
ate

eq
u
ation

:

x
(n

+
1)

=
tan

h
(W
∗
x

(n
)

+
W

in
p
(n

)
+

b
).

(1)

A
ll

p
aram

eters
of
W
∗,W

an
d

b
are

sam
p
led

from
a

n
orm

al
d
istrib

u
tion

an
d

scaled
su

ch
th

at
an

ov
erall

sy
stem

d
y
n
am

ics
is

ob
tain

ed
th

at
w

ork
s

w
ell

for
th

is
d
id

actic
d
em

on
stra

tion
.

D
etails

of
th

e
sca

lin
g

p
ro

ced
u
re

are
n
ot

im
p

ortan
t

h
ere,

b
u
t

I
rem

ark
th

at
th

e
in

tern
al

w
eigh

ts
W
∗

m
u
st

b
e

scaled
sm

all
en

ou
gh

to
en

su
re

th
at

th
e

R
N

N
h
as

th
e

ech
o

sta
te

p
ro

perty
w

ith
resp

ect
to

th
e

in
p
u
t

sign
als

th
at

are
fed

to
it.

In
in

tu
itive

term
s,

an
R

N
N

h
as

th
e

ech
o
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M
a
n
a
g
in
g

n
e
u
r
a
l
m
e
m
o
r
y

st
at

e
p
ro

p
er

ty
w

it
h

re
sp

ec
t

to
an

in
p
u
t

si
gn

al
p
(n

)
if

an
y

in
it

ia
l
n
et

w
or

k
st

at
e

is
“f

or
go

tt
en

”
(w

as
h
ed

ou
t)

w
h
en

th
e

n
et

w
or

k
is

d
ri

ve
n

b
y
p
(n

)
fo

r
a

lo
n
g

en
ou

gh
ti

m
e.

T
h
e

ec
h
o

st
at

e
p
ro

p
er

ty
is

a
co

re
co

n
ce

p
t

in
th

e
fi
el

d
of

re
se

rv
oi

r
co

m
p
u
ti

n
g

(J
ae

ge
r,

20
01

;
L

u
ko

se
v
ic

iu
s,

20
12

;
M

an
ju

n
at

h
an

d
J
ae

ge
r,

20
13

).
B

ec
au

se
th

e
co

n
ce

p
to

r
ap

p
ro

ac
h

b
or

ro
w

s
so

m
e

id
ea

s
fr

om
re

se
rv

oi
r

co
m

p
u
ti

n
g,

I
re

fe
r

to
th

e
R

N
N

as
th

e
re

se
rv

o
ir

.

T
ra

in
in

g
a

re
a
d
o
u

t.
T

h
e

co
n
ce

p
to

r-
b
as

ed
p
ro

ce
d
u
re

s
ex

p
la

in
ed

b
el

ow
le

ad
to

a
m

em
or

y
fu

n
ct

io
n
al

it
y

in
th

e
fo

ll
ow

in
g

se
n
se

:

•
A

t
st

or
in

g
ti

m
e,

th
e

re
se

rv
oi

r
is

d
ri

ve
n

b
y

a
to

-b
e-

st
or

ed
p
at

te
rn

p
j
(n

)
th

ro
u
gh

(1
).

T
h
is

re
su

lt
s

in
a

p
at

te
rn

-d
ri

ve
n

n
et

w
or

k
d
y
n
am

ic
s

x
j
(n

)
(I

u
se

u
p
p

er
in

d
ic

es
to

re
fe

r
to

p
at

te
rn

s)
.

•
A

t
re

ca
ll

ti
m

e,
th

e
re

se
rv

oi
r

is
ru

n
w

it
h
ou

t
in

p
u
t

(u
n
d
er

th
e

co
n
tr

ol
of

a
co

n
ce

p
to

r
C
j
,

to
b

e
ex

p
la

in
ed

b
el

ow
),

re
su

lt
in

g
in

a
fr

ee
-r

u
n
n
in

g
n
et

w
or

k
d
y
n
am

ic
s

x̃
j
(n

).

•
T

h
e

n
et

w
or

k
h
as

su
cc

es
sf

u
ll
y

“m
em

or
iz

ed
”
p
j
(n

)
to

th
e

d
eg

re
e

th
at

th
e

fr
ee

-r
u
n
n
in

g
d
y
n
am

ic
s

x̃
j
(n

)
is

ap
p
ro

x
im

at
el

y
th

e
sa

m
e

as
th

e
or

ig
in

a
l

p
at

te
rn

-d
ri

ve
n

d
y
n
am

ic
s

x
j
(n

).

T
h
u
s,

th
e

n
et

w
or

k
d
o
es

n
ot

in
fa

ct
m

em
or

iz
e

th
e

or
ig

in
al

p
at

te
rn
p
j
(n

),
b
u
t

in
st

ea
d

it
s

ow
n
,

h
ig

h
-d

im
en

si
on

al
d
y
n
am

ic
al

re
sp

on
se

to
th

e
p
at

te
rn

in
p
u
t.

I
w

il
l

re
fe

r
to

su
ch

in
p
u
t-

d
ri

ve
n

re
se

rv
oi

r
st

at
e

d
y
n
am

ic
s

as
st

a
te

pa
tt

er
n

s.
B

u
t

fo
r

p
ra

ct
ic

al
ex

p
lo

it
s

on
e

w
is

h
es

to
re

ca
ll

th
e

or
ig

in
al

in
p
u
t

p
at

te
rn

,
n
ot

th
e

in
d
u
ce

d
n
eu

ra
l

st
at

e
p
at

te
rn

.
In

or
d
er

to
tr

a
n
sf

or
m

st
at

e
p
at

te
rn

s
x̃
j
(n

)
b
ac

k
to

th
e

or
ig

in
al

in
p
u
t

p
at

te
rn

s
p
j
(n

),
a

n
et

w
or

k
st

at
e

ob
se

rv
er
y
(n

)
is

tr
ai

n
ed

.
T

h
is

is
a

li
n
ea

r
ou

tp
u
t

n
eu

ro
n

w
h
ic

h
re

ad
s

fr
om

th
e

n
et

w
or

k
st

at
e

th
ro

u
g
h

ou
tp

u
t

w
ei

gh
ts
W

o
u
t .

It
sh

ou
ld

d
is

p
la

y
th

e
fo

ll
ow

in
g

b
eh

av
io

r

if
x

(n
+

1)
=

ta
n
h
(W
∗
x

(n
)

+
W

in
p
(n

)
+

b
)

th
e
n

y
(n

)
:=

W
o
u
t
x

(n
)
≈
p
(n

)
(2

)

fo
r

a
n

y
d
ri

v
in

g
p
at

te
rn
p
(n

).
T

h
at

is
,

th
e

ou
tp

u
t

si
gn

al
re

ad
th

ro
u
gh

W
o
u
t

sh
ou

ld
si

m
p
ly

re
-g

en
er

at
e

an
y

d
ri

v
in

g
in

p
u
t

fr
om

th
e

ex
ci

te
d

re
se

rv
oi

r
st

at
e.

T
h
e

ou
tp

u
t

w
ei

gh
ts
W

o
u
t

fo
r

su
ch

a
ge

n
er

ic
in

p
u
t-

re
d
is

p
la

ye
r

n
eu

ro
n

ca
n

b
e

tr
ai

n
ed

b
y

fi
rs

t
d
ri

v
in

g
th

e
re

se
rv

oi
r

w
it

h
an

M
-d

im
en

si
on

al
w

h
it

e-
n
o
is

e
in

p
u
t

si
gn

al
ν

(n
)

v
ia

x
ν
(n

+
1)

=
ta

n
h
(W
∗
x
ν
(n

)
+
W

in
ν

(n
)

+
b

),
th

en
co

m
p
u
te
W

o
u
t

b
y

li
n
ea

r
re

gr
es

si
on

to
m

in
im

iz
e

th
e

q
u
ad

ra
ti

c
lo

ss
∑

n
(W

o
u
t
x
ν
(n

)
−
ν

(n
))

2
,

fo
ll
ow

in
g

th
e

ra
ti

on
al

e
of

re
se

rv
oi

r
co

m
p
u
ti

n
g.

S
in

ce
th

is
re

ad
ou

t
n
eu

ro
n

is
tr

ai
n
ed

on
w

h
it

e-
n
oi

se
in

p
u
t
ν

(n
),

it
w

il
l

a
ls

o
b

e
ab

le
to

re
-

ge
n
er

at
e

ot
h
er

in
p
u
t

si
gn

al
s
p
(n

)
in

ag
re

em
en

t
w

it
h

(2
).

I
p

oi
n
t

ou
t

th
at

th
is

p
at

te
rn

-g
en

er
ic

ou
tp

u
t

n
eu

ro
n

is
tr

ai
n
ed

p
ri

or
to

,
an

d
in

d
ep

en
d
en

t
of

,
th

e
su

b
se

q
u
en

t
m

em
or

y
le

ar
n
in

g.
It

is
al

so
p

os
si

b
le

to
tr

ai
n

th
e

ou
tp

u
t

w
ei

gh
ts
W

o
u
t

on
n
et

w
or

k
st

at
es

in
d
u
ce

d
b
y

th
e

to
-b

e-
st

or
ed

in
p
u
t

p
at

te
rn

s,
n
ot

b
y

a
ge

n
er

ic
w

h
it

e-
n
oi

se
in

p
u
t.

T
h
at

p
ro

ce
d
u
re

gi
v
es

m
or

e
ac

cu
ra

te
re

su
lt

s
at

re
ca

ll
ti

m
e

an
d

th
er

ef
or

e
w

il
l

u
su

al
ly

b
e

th
e

p
re

fe
rr

ed
m

et
h
o
d
.

H
ow

ev
er

,
it

ob
sc

u
re

s
th

e
es

se
n
ti

al
in

d
ep

en
d
en

ce
of

th
e

st
or

in
g

p
ro

ce
d
u
re

fr
om

th
e

ob
se

rv
er

tr
ai

n
in

g
.

T
h
er

ef
or

e
in

th
is

d
id

ac
ti

c
d
em

o
I

u
se

d
w

h
it

e
n
oi

se
in

p
u
t

to
tr

ai
n
W

o
u
t .
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J
a
e
g
e
r

101
p 

an
d 

y

101
st

at
e 

pa
tte

rn

01

si
ng

ul
ar

 v
al

ue
s

0
5

10
15

101

0
5

10
15

101

1
2

3
01

F
ig

u
re

1:
L

ef
t:

th
e

or
ig

in
al

p
at

te
rn

s
p
1
(n

),
p
2
(n

)
(r

ed
/
b
lu

e
th

in
li
n
es

,
15

ti
m

e
st

ep
s

a
re

sh
ow

n
)

an
d

th
ei

r
re

ca
ll
ed

ve
rs

io
n
s

(g
ra

y
th

ic
k

li
n
es

;
or

ig
in

al
an

d
re

ca
ll
ed

p
a
t-

te
rn

s
w

er
e

p
h
as

e-
al

ig
n
ed

fo
r

p
lo

tt
in

g)
.

T
h
e

p
at

te
rn

s
ar

e
d
is

cr
et

e-
ti

m
e

si
g
n
a
ls

;
co

n
n
ec

ti
n
g

li
n
es

ar
e

d
ra

w
n

fo
r

b
et

te
r

v
is

u
al

ap
p

ea
ra

n
ce

.
C

en
te

r:
tr

a
ce

s
o
f

th
e

th
re

e
n
eu

ro
n
s’

ac
ti

va
ti

on
s

w
h
en

th
e

re
se

rv
oi

r
is

d
ri

ve
n

w
it

h
th

e
re

sp
ec

ti
ve

p
a
tt

er
n

in
p
u
t.

R
ig

h
t:

si
n
gu

la
r

va
lu

e
sp

ec
tr

a
of
C

1
an

d
C

2
.

2
.1
.2

S
t
o
r
in
g

P
a
t
t
e
r
n
s

L
oa

d
in

g
th

e
re

se
rv

o
ir

w
it

h
th

e
tr

a
in

in
g

pa
tt

er
n

s.
I

p
ro

ce
ed

to
d
es

cr
ib

e
h
ow

th
e

tw
o

p
a
tt

er
n
s

p
1
(n

),
p
2
(n

)
of

ou
r

d
em

o
ar

e
st

or
ed

in
th

e
re

se
rv

o
ir

.
In

in
tu

it
iv

e
te

rm
s,

st
or

in
g

p
a
tt

er
n
s
p
j

am
ou

n
ts

to
re

-c
om

p
u
te

th
e

in
it

ia
l
ra

n
d
om

re
se

rv
oi

r
w

ei
gh

ts
W
∗ ,

gi
v
in

g
a

n
ew

se
t

o
f

n
et

w
o
rk

w
ei

gh
ts
W

,
su

ch
th

at
th

e
n
ew

re
se

rv
oi

r
ca

n
m

im
ic

th
e

im
p
ac

t
of

d
ri

v
er

s
p
j

in
th

e
a
b
se

n
ce

of
th

em
.

I
re

fe
r

to
th

e
n
ew

w
ei

gh
ts
W

as
“i

n
p
u
t

in
te

rn
al

iz
at

io
n

w
ei

gh
ts

”
o
n

th
e

g
ro

u
n
d
s

th
at

th
ey

in
co

rp
or

at
e

th
e

im
p
ac

t
of

an
ex

te
rn

al
in

p
u
t

in
to

th
e

au
to

n
om

ou
s

n
et

w
o
rk

u
p

d
a
te

d
y
n
am

ic
s.

W
is

co
m

p
u
te

d
as

fo
ll
ow

s.
In

tw
o

se
p
ar

at
e

ru
n
s,

th
e

tw
o

p
a
tt

er
n
s

ar
e

fe
d

in
to

th
e

in
it

ia
l

re
se

rv
oi

r
v
ia x
j
(n

+
1)

=
ta

n
h
(W
∗
x
j
(n

)
+
W

in
p
j
(n

)
+

b
),

j
=

1,
2;
n

=
0,
..
.,
L
.

(3
)

F
ig

u
re

1
(m

id
d
le

p
an

el
s)

sh
ow

s
th

e
ac

ti
va

ti
on

tr
ac

es
of

th
e

th
re

e
n
eu

ro
n
s

w
h
en

th
e

re
se

rv
o
ir

is
d
ri

ve
n

w
it

h
ei

th
er

p
at

te
rn

.
T

h
en

W
is

co
m

p
u
te

d
to

m
in

im
iz

e
th

e
q
u
ad

ra
ti

c
lo

ss

∑ j=
1
,2

∑

n
=
n
0
+
1
,.
..
,L

‖W
∗
x
j
(n

)
+
W

in
p
j
(n

)
−
W

x
j
(n

)‖
2
,

(4
)

w
h
er

e
on

ly
n
et

w
or

k
st

at
es

fo
r

ti
m

es
af

te
r
n
0

ar
e

u
se

d
(i

n
or

d
er

to
al

lo
w

fo
r

w
a
sh

in
g

o
u
t

th
e

ar
b
it

ra
ry

in
ti

al
st

at
e

x
(0

)
ac

co
rd

in
g

to
th

e
ec

h
o

st
at

e
p
ro

p
er

ty
).

T
h
is

a
g
a
in

a
m

o
u
n
ts
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M
a
n
a
g
in
g

n
e
u
r
a
l
m
e
m
o
r
y

to
a

lin
ea

r
reg

ression
.

If
th

is
is

ach
iev

ed
w

ith
a

sm
all

train
in

g
error,

on
e

w
ill

ob
tain

sim
ilar

n
etw

o
rk

u
p

d
a
tes

from
states

x
1(n

)
or

x
2(n

)
w

ith
eith

er
th

e
origin

al
in

p
u
t-d

riv
en

u
p

d
ate

ru
le,

o
r

w
ith

a
n

in
p
u
t-free

u
p

d
ate

ru
le

th
at

em
p
loy

s
W

in
stead

of
W
∗:

tan
h
(W
∗
x
j(n

)
+
W

in
p
j(n

)
+

b
)≈

tan
h
(W

x
j(n

)
+

b
).

(5)

I
ca

ll
th

is
p
ro

ced
u
re

to
tran

sform
th

e
in

itial
ran

d
om

w
eigh

ts
W
∗

to
W

loa
d
in

g
th

e
p
attern

s
in

to
th

e
reservo

ir.

L
in

ea
r

reg
ression

s
can

b
e

com
p
u
ted

w
ith

variou
s

algorith
m

s.
In

all
sim

u
lation

s
rep

orted
b

elow
I

u
se

rid
ge

regression
.

G
iv

en
a

co
llectio

n
of
L

argu
m

en
t-target

vector
p
airs

(a
i ,t

i )∈
R
ν×

R
µ
,

rid
g
e

regression
com

p
u
tes

a
tran

sform
ation

m
atrix

M
∈

R
µ×

ν
w

h
ich

m
in

im
izes

th
e

reg
u
la

rized
m

ean
sq

u
are

error
1
/L

∑
i ‖t

i −
M

a
i ‖

2
+
‖
%
M
‖
2fro ,

w
h
ere
‖
·‖

2fro
is

th
e

sq
u
a
red

F
ro

b
en

iu
s

m
atrix

n
orm

an
d
%

th
e

T
y
ch

on
ov

regu
larization

co
effi

cien
t.

In
th

e
ca

se
of

(4),
ν

=
µ

=
N

an
d

th
e

argu
m

en
ts

are
all

x
j(n

)
an

d
th

e
ta

rgets
are

th
e

co
rresp

o
n
d
in

g
W
∗
x
j(n

)
+
W

in
p
j(n

).

T
h
e

re-co
m

p
u
tation

of
in

itial
w

eigh
ts

of
a

R
N

N
to

ob
tain

w
h
at

I
ca

lled
h
ere

in
p
u
t

in
-

tern
a
liza

tio
n

w
eigh

ts
is

a
p
ro

ced
u
re

th
at

h
as

b
een

in
d
ep

en
d
en

tly
p
rop

osed
several

tim
es

in
recen

t
yea

rs
u
n
d
er

d
iff

eren
t

n
am

es
an

d
for

d
iff

eren
t

p
u
rp

oses:
as

self-p
red

ictin
g

n
etw

o
rks

for
a
u
g
m

en
tin

g
th

e
p

erform
an

ce
of

reservo
ir

com
p
u
tin

g
tech

n
iq

u
es

(M
ayer

an
d

B
row

n
e,

2004),
a
s

equ
ilibra

tio
n

for
en

ab
lin

g
ex

tern
al

con
trollab

ility
of

R
N

N
d
y
n
am

ics
(J

aeger,
2
010),

as
reservo

ir
regu

la
riza

tio
n

for
im

p
roved

stab
ility

of
n
eu

ral
m

otor
con

trollers
(R

ein
h
a
rt

an
d

S
teil,

2
0
1
1),

as
self-sen

sin
g

n
etw

o
rks

for
m

ak
in

g
R

N
N

train
in

g
m

eth
o
d
s

m
ore

fl
ex

ib
le

(S
u
s-

sillo
a
n
d

A
b
b

o
tt,

2012),
an

d
as

in
n

a
te

tra
in

in
g

for
reliab

le,
n
oise-resista

n
t

rep
ro

d
u
cib

le
ch

a
o
tic

p
a
ttern

s
in

sh
ort-term

m
em

ory
R

N
N

s
(L

a
je

an
d

B
u
on

om
an

o,
201

3).

L
o
w

er
co

st
va

ria
n

ts
o
f

th
e

loa
d
in

g
p
roced

u
re.

In
a

varian
t

of
th

e
load

in
g

p
ro

ced
u
re,

on
ly

th
e

in
p
u
t

term
W

in
p
j(n

)
is

rep
laced

,
leav

in
g
W
∗

u
n
ch

an
ged

.
T

h
at

is,
th

e
in

p
u
t-d

riven
n
etw

o
rk

state
tan

h
(W
∗
x
j(n

)
+
W

in
p
j(n

)
+

b
)

b
ecom

es
em

u
la

ted
b
y

th
e

a
u
ton

om
ou

s
states

ta
n
h
(W
∗
x
j(n

)
+
D

x
j(n

)
+

b
),

w
h
ere

D
is

com
p
u
ted

b
y

lin
ear

regression
to

m
in

im
ize

th
e

fo
llow

in
g

va
ria

n
t

of
th

e
q
u
ad

ratic
loss

(4):

∑

j=
1
,...,K

∑

n
=
n
0
+
1
,...,L ‖W

in
p
j(n

)−
D

x
j(n

)‖
2.

(6)

I
ca

ll
th

e
N
×
N

m
atrix

D
in

p
u

t
sim

u
la

tio
n

w
eigh

ts.
A

n
oth

er
varian

t
of

th
e

load
in

g
p
ro

ced
u
re

is
even

m
ore

m
in

im
alistic

an
d

aim
s

at
rep

lacin
g

o
n
ly

th
e

very
in

p
u
t
p
j(n

),
b
y

fi
n
d
in

g
in

p
u

t
rep

la
cin

g
w

eigh
ts
R

(size
N
×
M

)
th

at
m

in
im

ize

∑

j=
1
,...,K

∑

n
=
n
0
,...,L ‖p

j(n
)−

R
x
j(n

)‖
2,

lea
d
in

g
to

a
u
to

n
om

ou
s

states
tan

h
(W
∗
x
j(n

)
+
W

in
R

x
j(n

)
+

b
).

C
o
m

p
u

tin
g

co
n

cep
to

rs.
C

on
sid

erin
g

(5),
th

e
load

ed
reservoir

sh
ou

ld
b

e
ab

le
to

gen
erate

a
p
p
rox

im
a
te

v
ersion

s
of

th
e

tw
o

origin
al

state
p
attern

s.
H

ow
ever,

if
th

e
n
etw

ork
w

ere
ru

n
ju

st
b
y

itera
tin

g
x

(n
+

1)
=

tan
h
(W

x
(n

)
+

b
),

th
e

resu
ltin

g
in

p
u
t-free

reservoir
d
y
n
am

ics
is

en
tirely

u
n
p
red

ictab
le

b
ecau

se
th

e
reservoir

can
’t

“d
ecid

e”
w

h
ich

of
th

e
load

ed
p
attern

d
y
n
a
m

ics
it

sh
o
u
ld

en
gage

in
.
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J
a
e
g
e
r

H
ere

con
cep

tors
en

ter
th

e
stage.

E
ach

lo
ad

ed
p
attern

p
j

is
asso

ciated
w

ith
an

N
×
N

sized
co

n
cep

to
r

m
atrix

C
j

w
h
ich

at
recall

tim
e

is
in

serted
in

to
th

e
state

u
p

d
ate

lo
op

v
ia

x
(n

+
1)

=
C
j

tan
h
(W

x
(n

)
+

b
).

T
h
e

m
atrix

C
j

acts
as

a
fi
lter

th
at

leaves
states

x
j(n

)
from

th
e

state
p
attern

asso
ciated

w
ith

p
attern

p
j

essen
tially

u
n
ch

an
ged

,
b
u
t

su
p
p
resses

state
com

p
on

en
ts

of
sta

tes
x
j ′(n

)
asso

ciated
w

ith
oth

er
p
attern

s
p
j ′.

S
ta

ted
d
iff

eren
tly,

C
j

sh
ou

ld
act

lik
e

th
e

id
en

tity
m

atrix
for

states
x
j(n

),
b
u
t

like
th

e
n
u
ll

m
atrix

for
state

com
p

on
en

ts
th

at
are

n
ot

ty
p
ical

for
states

x
j(n

).
T

h
is

con
sid

eration
lead

s
to

a
q
u
ad

ratic
loss

fu
n
ction

L
(C

j)
=
E

[‖
C
j
x
j(n

)−
x
j(n

)‖
2]+

(α
j) −

2‖
C
j‖

2fro ,
(7)

w
h
ere

th
e

ex
p

ectation
E

is
taken

over
all

states
x
j(n

)
th

at
arise

in
p
j-d

riven
ru

n
s

accord
in

g
to

(3).
E

x
p
lan

ation
s:

•
T

h
e

fi
rst

com
p

on
en

t
E

[‖C
j
x
j(n

)−
x
j(n

)‖
2]

o
f

th
is

loss
fu

n
ction

is
m

in
im

al
w

h
en
C
j

is
th

e
id

en
tity.

T
h
is

com
p

on
en

t
refl

ects
th

e
ob

jectiv
e

th
at
C
j

sh
ou

ld
leave

states
x
j(n

)
u
n
ch

an
ged

.

•
T

h
e

secon
d

com
p

on
en

t
‖C

j‖
2fro

b
ecom

es
m

in
im

ial
for

C
j

=
0

.
T

h
is

takes
care

of
th

e
ob

jective
th

at
C
j

sh
ou

ld
su

p
p
ress

state
com

p
on

en
ts

w
h
ich

are
u
n
ty

p
ical

of
states

x
j(n

),
i.e.

su
ch

state
com

p
on

en
ts

w
h
ich

d
o

n
ot

en
ter

th
e

ex
p

ectation
of

th
e

fi
rst

com
p

on
en

t.

•
T

h
e

m
ach

in
e

learn
in

g
v
iew

on
th

e
loss

(7)
is

to
con

sid
er

it
as

th
e

loss
for

a
regu

la
r-

ized
id

en
tity

fu
n

ctio
n

.
It

is
m

ath
em

atically
closely

related
to

com
p
u
tin

g
a

d
en

o
isin

g
a
u

toen
cod

er
for

state
p
attern

s
corru

p
ted

b
y

G
au

ssian
n
o
ise

w
ith

varian
ce

(α
j) −

2.

•
T

h
e

p
aram

eter
α
j
≥

0,
called

a
pertu

re
for

reason
s

th
at

w
ill

so
on

b
ecom

e
clear,

n
e-

gotiates
b

etw
een

th
e

tw
o

ob
jectiv

es.
W

h
en

th
e

ap
ertu

re
is

large,
C
j

w
ill

b
e

close
to

th
e

id
en

tity
m

atrix
I
.

C
on

versely,
for

sm
all

ap
ertu

res
C
j

w
ill

sh
rin

k
tow

a
rd

th
e

n
u
ll

m
atrix

0
.

In
ou

r
ex

am
p
le

I
u
se
α
1

=
12

an
d
α
2

=
20.

M
in

im
izin

g
th

e
loss

L
(C

j)
lead

s
to

th
e

so
lu

tion

C
j

=
R
j

(R
j

+
(α

j) −
2
I
) −

1,
(8)

w
h
ere

R
j

=
E

[x
j(n

)x
j(n

) ′]
is

th
e
N
×
N

correlation
m

atrix
of

states
x
j(n

)
ob

tain
ed

in
th

e
state

d
y
n
am

ics
d
riven

b
y

p
attern

p
j.
C
j

h
as

th
e

follow
in

g
p
rop

erties:

•
C
j

is
p

ositive
sem

i-d
efi

n
ite,

w
ith

eigen
valu

es
(=

sin
gu

lar
valu

es)
0
≤
σ
ji
≤

1
(i

=
1
,...,N

).

•
T

h
e
N

eigen
vectors

u
ji

of
C
j

are
th

e
sam

e
as

th
e

eigen
v
ectors

of
R
j,

an
d

can
b

e

arran
ged

colu
m

n
-w

ise
in

an
orth

on
orm

al
m

atrix
U
j

=
(u

j1 ···u
jN

).
T

h
ese

eigen
v
ectors

are
th

e
sam

e
as

th
e

p
rin

cip
al

com
p

on
en

t
vectors

ob
tain

ed
from

a
p
rin

cip
al

com
p

on
en

t
an

aly
sis

of
state

sets
x
j(n

).
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M
a
n
a
g
in
g

n
e
u
r
a
l
m
e
m
o
r
y

F
ig

u
re

2:
C

on
ce

p
to

r
ge

om
et

ry
.

L
ef

t:
3-

d
im

en
si

on
al

st
at

e
p
at

te
rn

x
1
(n

)
(r

ed
d
ot

s)
an

d
x
2
(n

)
(b

lu
e

d
ot

s)
.

E
ll
ip

so
id

s
co

rr
es

p
on

d
in

g
to

co
n
ce

p
to

rs
C

1
an

d
C

2
a
re

re
n
d
er

ed
in

re
d

an
d

b
lu

e
re

sp
ec

ti
ve

ly
,

w
it

h
p
ri

n
ci

p
al

ax
es

sh
ow

n
.

T
h
ey

li
e

in
si

d
e

th
e

u
n
it

sp
h
er

e,
sh

ow
n

in
li
gh

t
gr

ay
.

R
ig

h
t:

eff
ec

ts
of

h
al

v
in

g
(t

op
)

an
d

d
ou

b
li
n
g

(b
ot

to
m

)
ap

er
tu

re
s.

I
w

il
l

of
te

n
u
se

th
e

si
n
gu

la
r

va
lu

e
d
ec

om
p

os
it

io
n

(S
V

D
)

of
C
j

=
U
j
S
j
U
j
′ ,

w
h
er

e
S
j

is
th

e
d
ia

go
n
al

m
at

ri
x

co
n
ta

in
in

g
th

e
si

n
gu

la
r

va
lu

es
σ
j i

on
it

s
d
ia

go
n
al

,
b
y

co
n
ve

n
ti

on
ar

ra
n
ge

d
in

d
es

ce
n
d
in

g
or

d
er

.

T
h
e

d
er

iv
at

io
n

of
(8

)
an

d
th

e
p
ro

p
er

ti
es

of
C
j

is
el

em
en

ta
ry

an
d

ca
n

b
e

fo
u
n
d

in
J
ae

ge
r

(2
01

4)
.

In
p
ra

ct
ic

e,
th

e
co

rr
el

at
io

n
m

at
ri

ce
s
R
j

ar
e

es
ti

m
at

ed
fr

om
st

at
es

co
ll
ec

te
d

in
tr

ai
n
in

g
ru

n
s.

It
is

ea
si

ly
ve

ri
fi
ed

th
at
R

(R
+
α
−
2
I
)−

1
=
α
2
R

(α
2
R

+
I
)−

1
.

B
ec

au
se
α
2
R

=
E

[α
x

(α
x

)′
],

th
e

ap
er

tu
re
α

ca
n

al
so

b
e

u
n
d
er

st
o
o
d

as
a

v
ir

tu
al

sc
al

in
g

fa
ct

or
of

re
se

rv
oi

r
st

at
es

.

2
.1
.3

G
e
o
m
e
t
r
y
o
f
C
o
n
c
e
p
t
o
r
s

It
is

in
st

ru
ct

iv
e

to
co

n
te

m
p
la

te
th

e
ge

om
et

ry
of

co
n
ce

p
to

rs
C
j

an
d

h
ow

it
re

la
te

s
to

th
e

st
at

e
d
y
n
am

ic
s

x
j
(n

).
T

h
e

m
ai

n
p
an

el
in

F
ig

u
re

2
sh

ow
s

10
0

in
st

an
ce

s
of

x
1
(n

)
(r

ed
d
ot

s)
,

w
h
ic

h
d
en

se
ly

fi
ll

a
cy

cl
ic

p
at

h
b

ec
au

se
of

th
e

ir
ra

ti
on

al
ra

ti
o

b
et

w
ee

n
th

e
d
ri

v
in

g
si

n
ew

av
e

p
er

io
d

an
d

th
e

sa
m

p
li
n
g

in
te

rv
al

.
T

h
e

re
su

lt
in

g
co

n
ce

p
to

r
C

1
ca

n
b

e
v
is

u
al

iz
ed

b
y

an
el

li
p
so

id
ce

n
te

re
d

at
th

e
or

ig
in

.
It

s
p
ri

n
ci

p
al

ax
es

ar
e

th
e

ei
ge

n
ve

ct
or

s
of
C

1
sc

al
ed

b
y

th
ei

r
si

n
gu

la
r

va
lu

es
(t

h
ey

ar
e

in
d
ic

at
ed

in
F

ig
u
re

1,
ri

gh
t

p
an

el
s)

.
S
in

ce
th

e
si

n
gu

la
r

va
lu

es
of

co
n
ce

p
to

r
m

at
ri

ce
s

ra
n
ge

in
[0
,1

],
su

ch
el

li
p
so

id
s

li
e

in
si

d
e

th
e

u
n
it

sp
h
er

e.
T

h
e

si
n
gu

la
r

va
lu

es
of

C
1

ar
e

al
l

n
on

ze
ro

,
h
en

ce
th

e
el

li
p
so

id
is

n
on

-d
eg

en
er

at
e

an
d

ex
te

n
d
s

in
th

re
e

d
ir

ec
ti

on
s.

T
h
e

st
at

e
p
at

te
rn

x
2
(n

)
in

d
u
ce

d
b
y

th
e

2-
p

er
io

d
ic

d
ri

ve
r
p
2

al
te

rn
at

es
b

et
w

ee
n

tw
o

st
at

es
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7

J
a
e
g
e
r

(b
lu

e
d
ot

s)
.

T
h
es

e
tw

o
st

at
es

sp
an

a
2-

d
im

en
si

on
al

su
b
sp

ac
e

of
R
3
:

on
ly

tw
o

o
f

th
e

si
n
g
u
la

r
va

lu
es

of
C

2
ar

e
n
on

ze
ro

,
an

d
th

e
re

su
lt

in
g

el
li
p
so

id
is

a
d
eg

en
er

at
e

(2
-d

im
en

si
o
n
a
l

o
n
ly

).

T
h
e

tw
o

sm
al

l
p
an

el
s

il
lu

st
ra

te
th

e
ge

om
et

ri
ca

l
eff

ec
ts

of
ad

ju
st

in
g

ap
er

tu
re

.
In

cr
ea

si
n
g

th
e

ap
er

tu
re

“w
id

en
s”

co
n
ce

p
to

rs
,

w
h
il
e

d
ec

re
as

in
g

ap
er

tu
re

le
ts

co
n
ce

p
to

rs
co

n
tr

a
ct

.

2
.1
.4

P
a
t
t
e
r
n
R
e
-g

e
n
e
r
a
t
io
n
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or
va

ri
an

ts
th

er
eo

f,
li
k
e

x
(n

+
1)

=
C

(n
)

ta
n
h
(W

x
(n

)
+

b
)

(1
1
)

or
x

(n
+

1)
=
C

(n
)

ta
n
h
(W
∗ x

(n
)

+
D

x
(n

)
+

b
),

(1
2
)

th
e

la
tt

er
tw

o
ca

p
tu

ri
n
g

th
e

si
tu

at
io

n
af

te
r

h
av

in
g

p
a
tt

er
n
s

lo
ad

ed
b
y

in
p
u
t

in
te

rn
a
li
za

ti
o
n

or
in

p
u
t

si
m

u
la

ti
on

w
ei

gh
ts

.
T

h
e

n
ov

el
el

em
en

t
in

th
es

e
eq

u
at

io
n
s

is
th

at
C

(n
)

is
ti

m
e-

d
ep

en
d
en

t.
It

s
ev

ol
u
ti

on
is

go
ve

rn
ed

b
y

an
ad

ap
ta

ti
on

ru
le

th
at

I
w

il
l

d
es

cr
ib

e
p
re

se
n
tl

y.
C

(n
)

n
ee

d
n
ot

b
e

p
os

it
iv

e
se

m
id

efi
n
it

e
at

al
l
ti

m
es

;
on

ly
af

te
r

co
n
ve

rg
en

ce
th

e
C

(n
)

m
a
tr

ic
es

w
il
l

h
av

e
th

e
al

ge
b
ra

ic
p
ro

p
er

ti
es

of
co

n
ce

p
to

rs
.

It
is

co
n
ve

n
ie

n
t

to
fo

rm
al

ly
sp

li
t

th
e

n
et

w
or

k
st

at
e

x
in

(1
0)

in
to

a
“r

es
er

vo
ir

st
a
te

”
r

m
ea

su
re

d
d
ir

ec
tl

y
af

te
r

th
e

n
eu

ro
n

n
on

li
n
ea

ri
ty

,
an

d
a

“fi
lt

er
ed

”
st

at
e

z
o
b
ta

in
ed

a
ft

er
p
as

si
n
g

th
e

re
se

rv
oi

r
st

at
e

th
ro

u
gh

th
e

co
n
ce

p
to

r.
T

h
is

tu
rn

s
(1

0)
in

to

r(
n

+
1)

=
ta

n
h
(W
∗ z

(n
)

+
W

in
p
(n

+
1)

+
b

)
(1

3
)

z
(n

+
1)

=
C

(n
)
r(
n

+
1)
.

(1
4)

T
h
e

au
to

-a
d
ap

ta
ti

on
of
C

(n
)

ai
m

s
at

m
in

im
iz

in
g

a
lo

ss
th

at
a
t

fi
rs

t
si

gh
t

lo
o
k
s

th
e

sa
m

e
as

th
e

lo
ss

(7
):

L
(C

)
=
E

[‖
C

z
(n

)
−

z
(n

)‖
2
]+

α
−
2
‖C
‖2 fr

o
,

(1
5)

w
h
ic

h
fo

r
al

lo
co

n
ce

p
to

rs
w

as
so

lv
ed

b
y
C

=
R

(R
+
α
−
2
I
)−

1
w

it
h
R

=
E

[x
x
′ ]

b
ei

n
g

th
e

au
to

co
rr

el
at

io
n

m
at

ri
x

of
re

se
rv

oi
r

st
at

es
.

S
im

il
ar

ly
,

(1
5
)

is
m

in
im

iz
ed

b
y

C
=
R

(R
+
α
−
2
I
)−

1
,

w
it

h
R

=
E

[z
z
′ ].

(1
6
)

T
h
e

cr
u
ci

al
d
iff

er
en

ce
is

th
at

n
ow

th
e

st
at

e
co

rr
el

at
io

n
m

at
ri

x
R

d
ep

en
d
s

on
C

:

R
=
E

[z
z
′ ]

=
E

[C
r

(C
r)
′ ]

=
C
E

[r
r′

]C
=

:
C
Q
C
,

1
8

JM
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8:
N

etw
ork

rep
resen

tation
of

a
b
asic

au
to

co
n
cep

tor
sy

stem
.

B
ias

b
an

d
read

ou
t

m
ech

an
ism

s
are

om
itted

.
T

h
e

red
arrow

in
d
icates

th
at
C

is
ad

ap
ted

on
lin

e.
F

or
ex

p
la

n
ation

see
tex

t.

w
h
ere

w
e

in
tro

d
u
ce
Q

=
E

[r
r ′].

T
h
is

tran
sform

s
th

e
ex

p
licit

solu
tio

n
fo

rm
u
la

(8)
in

to
a

fi
x
ed

-p
o
in

t
eq

u
ation

:

C
=
C
Q
C

(C
Q
C

+
α
−
2
I
) −

1.
(17)

S
in

ce
Q

d
ep

en
d
s

on
r

states,
w

h
ich

in
tu

rn
d
ep

en
d

on
z

states,
w

h
ich

in
tu

rn
d
ep

en
d

o
n
C

a
g
ain

,
Q

d
ep

en
d
s

on
C

an
d

sh
ou

ld
b

e
m

ore
ap

p
rop

riately
b

e
w

ritten
a
s
Q
C

.
A

form
al

a
n
a
ly

sis
o
f

so
lu

tion
s

to
th

e
fi
x
ed

-p
oin

t
eq

u
ation

C
=
C
Q
C
C

(C
Q
C
C

+
α
−
2
I
) −

1
is

in
volv

ed
(ca

rried
o
u
t

in
som

e
d
etail

in
J
aeger

(2014
)).

E
x
p
licit

solu
tion

form
u
las

are
u
n
likely

to
ex

ist
b

eca
u
se

th
e

n
on

lin
ear

reservoir
is

in
v
olv

ed
in
Q
C

.
W

h
en

on
e

u
ses

au
to

con
cep

tors,
h
ow

ev
er,

o
n
e

d
o
es

n
ot

n
eed

to
solv

e
(17

)
ex

p
licitly.

In
stead

,
on

e
can

in
v
oke

sto
ch

astic
g
ra

d
ien

t
d
escen

t
to

m
in

im
ize

th
e

loss
(15).

It
is

ea
sily

d
erived

(J
aeger,

2014)
th

a
t

C
(n

+
1)

=
C

(n
)

+
λ
((z

(n
)−

C
(n

)
z
(n

))
z ′(n

)−
α
−
2
C

(n
) )

(18)

im
p
lem

en
ts

sto
ch

astic
grad

ien
t

d
escen

t
w

ith
resp

ect
to

th
e

loss
(15).

H
ere

λ
is

an
ad

ap
tation

ra
te.

E
q
u
a
tio

n
s

(13),
(14)

an
d

(18)
taken

togeth
er—

or
version

s
w

h
ere

(13)
is

rep
laced

b
y

(1
1
)

o
r

(1
2
)—

d
efi

n
e

th
e

join
t

state
u
p

d
ate

an
d

con
cep

tor
ad

ap
tation

w
ork

in
g

cy
cle.

In
J
a
eger

(2
014)

I
sh

ow
th

at,
if

th
e

d
river

p
(n

)
is

a
station

ary
p
ro

cess
a
n
d

if
C

(n
)

con
-

verg
es

u
n
d
er

th
is

au
to-ad

ap
tation

ru
le,

th
e

lim
it
C

is
p

ositive
sem

id
efi

n
ite

w
ith

sin
gu

lar
va

lu
es

in
th

e
set

(1/
2,1)∪

{0}.
S
in

gu
lar

valu
es

of
C

asy
m

p
totically

ob
tain

ed
u
n
d
er

th
e

evo
lu

tio
n

(1
8
)

a
re

eith
er

greater
th

an
1/2

or
th

ey
are

zero.
If

th
e

ap
ertu

re
α

is
fi
x
ed

at
in

-
crea

sin
g
ly

sm
a
ller

valu
es,

in
creasin

gly
m

an
y

sin
gu

lar
valu

es
con

verge
to

zero.
F

u
rth

erm
ore,

th
e

a
n
a
ly

sis
in

J
aeger

(2014)
reveals

th
at

am
on

g
th

e
n
on

zero
sin

gu
lar

valu
es,

th
e

m
a

jority
w

ill
b

e
clo

se
to

1.
B

oth
eff

ects
togeth

er
en

d
ow

au
to

con
cep

tors
w

ith
sin

gu
lar

valu
e

sp
ectra

th
a
t

a
re

ty
p
ica

lly
ap

p
rox

im
ately

rectan
gu

lar.

3
.1
.2

B
a
sic

D
e
m
o
n
st

r
a
t
io
n
s

In
o
rd

er
to

d
isp

lay
h
ow

au
to

con
cep

ters
can

b
e

u
sed

to
realize

a
con

ten
t-ad

d
ressab

le
m

em
ory,

I
ra

n
sim

u
la

tion
s

accord
in

g
to

th
e

follow
in

g
sch

em
e:

1
9
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J
a
e
g
e
r

1.
L

oa
d
in

g.
A

collection
of

10
scalar

p
a
ttern

s
p
j

w
as

load
ed

in
an

N
-d

im
en

sion
al

reser-
voir,

y
ield

in
g

an
in

p
u
t

sim
u
lation

m
atrix

D
an

d
read

ou
t

w
eigh

ts
W

o
u
t.

M
ore

sp
ecif-

ically,
D

w
as

com
p
u
ted

to
m

in
im

ize
th

e
loss

(6),
u
sin

g
states

x
j(n

)
ob

tain
ed

from
d
riven

ru
n
s

x
j(n

+
1)

=
tan

h
(W
∗
x
j(n

)
+
W

in
p
j(n

)
+

b
).

N
o

con
cep

tors
w

ere
in

volved
or

com
p
u
ted

in
th

e
load

in
g

p
ro

ced
u
re.

2.
R

eca
ll.

F
or

each
p
attern

p
j,

a
recall

ru
n

w
as

ex
ecu

ted
w

h
ich

con
sisted

of
th

ree
stages:

(a)
In

itia
l

w
a
sh

o
u

t.
S
tartin

g
from

a
zero

n
etw

ork
state,

th
e

reservoir
w

as
d
riven

w
ith

p
j

for
n
w
a
sh

o
u
t

step
s,

in
ord

er
to

ob
tain

a
task

-related
reservoir

state.

(b
)

C
u

ein
g.

T
h
e

reservoir
w

as
con

tin
u
ed

to
b

e
d
riven

w
ith

p
j

for
an

oth
er
n
cu

e
step

s.
D

u
rin

g
th

is
cu

ein
g

p
erio

d
,
C
j

w
as

ad
ap

ted
th

rou
gh

z
(n

+
1)

=
tan

h
(W
∗z

(n
)

+
W

inp
(n

)
+

b
),
C
j(n

+
1)

=
C
j(n

)
+
λ
cu

e
((z

(n
)−

C
j(n

)
z
(n

))
z ′(n

)−
α
−
2
C
j(n

)).
A

t
th

e
b

egin
n
in

g
of

th
is

cu
ein

g
p

erio
d
,
C
j(0)

w
as

in
itialized

to
th

e
zero

m
atrix

.
N

otice
th

at
d
u
rin

g
cu

ein
g,

th
e

n
ascen

t
con

cep
tor

C
j(n

)
w

as
n
ot

in
serted

in
th

e
reservoir

state
u
p

d
ate

lo
op

.
A

t
th

e
en

d
o
f

th
is

p
erio

d
,

a
con

cep
tor

C
j
cu

e
w

as
ob

tain
ed

.

(c)
A

u
to

n
o
m

o
u

s
a
u

to
-a

d
a
p
ta

tio
n

a
n

d
pa

ttern
reca

ll.
T

h
e

n
etw

ork
ru

n
w

as
con

tin
u
ed

w
ith

th
e

ex
tern

al
in

p
u
t

sw
itch

ed
off

,
u
sin

g
z
(n

+
1)

=
C
j(n

)
tan

h
(W
∗z

(n
)

+
D

z
(n

)
+

b
),

w
h
ile

con
tin

u
in

g
to

au
to-ad

ap
t

th
e

con
cep

tor
th

rou
gh

C
j(n

+
1)

=
C
j(n

)
+
λ
reca

ll((z
(n

)−
C
j(n

)
z
(n

))
z ′(n

)−
α
−
2
C
j(n

)).
A

t
th

ree
test

tim
e

p
oin

ts
t1 ,t2 ,t3

th
e

con
cep

tor
C
j(ti )

in
its

cu
rren

t
ad

ap
tation

stage
w

as
record

ed
for

an
offl

in
e

q
u
ality

assessm
en

t.

3.
M

ea
su

rin
g

th
e

qu
a
lity

o
f

co
n

cep
to

rs.
T

h
e

q
u
ality

of
th

e
con

cep
tors

C
j
cu

e
an

d
C
j(ti )

(w
h
ere

i
=

1,2
,3)

w
as

m
easu

red
in

sep
arate

offl
in

e
ru

n
s

w
ith

ou
t

con
cep

tor
ad

ap
tation

u
sin

g
z
(n

+
1)

=
C

tan
h
(W
∗z

(n
)+
D

z
(n

)+
b

),
w

h
ere

C
w

as
on

e
of
C
j
cu

e,C
j(t1 ),C

j(t2 ),
C
j(t3 ).

A
recon

stru
cted

p
attern

y
(n

)
=
W

o
u
t
z
(n

)
w

as
ob

tain
ed

an
d

its
sim

ilarity
w

ith
th

e
origin

al
p
attern

p
j

w
as

q
u
an

tifi
ed

in
term

s
o
f

a
N

R
M

S
E

.

I
carried

ou
t

tw
o

in
stan

ces
of

th
is

ex
p

erim
en

t,
u
sin

g
tw

o
k
in

d
s

of
p
attern

s:

5
-period

ic
pa

ttern
.

T
h
e

p
attern

s
w

ere
ra

n
d
om

in
teger-p

erio
d
ic

p
attern

s
of

p
erio

d
5.

E
x
p

er-
im

en
t

p
aram

eters:
R

eservoir
size

N
=

100,
sp

ectral
rad

iu
s

of
W
∗

set
to

1.5,
in

p
u
t

w
eigh

t
scalin

g
1.5,

b
ias

w
eigh

t
scalin

g
0.5,

rid
ge

regu
larization

co
effi

cien
ts
%
2D
,%

2W
o
u
t

b
oth

set
to

0.0001,
ap

ertu
re
α

=
1000,

n
w
a
sh

o
u
t

=
20,

n
cu

e
=

1
0,
t1 ,t2 ,t3

=
10,50

,500,
au

to-ad
ap

ta
tion

rates
γ
cu

e
=

0
.02,

γ
reca

ll
=

0
.01.

T
o

m
ake

th
e

task
m

ore
ch

allen
g-

in
g,

d
u
rin

g
th

e
10-step

cu
ein

g
p
h
ase

th
e

cu
e

in
p
u
t

p
attern

w
as

corru
p
ted

b
y

ad
d
itive

u
n
iform

n
oise

sam
p
led

from
[−

0
.05,0.05],

an
d

d
u
rin

g
th

e
au

ton
om

ou
s

recall
tim

e
th

e
reservoir

states
w

ere
very

stro
n

gly
p

ertu
rb

ed
b
y

ad
d
itive

G
au

ssian
n
oise

(fed
in

sid
e

th
e

tan
h
)

w
h
ose

varian
ce

eq
u
alled

th
e

average
reservoir

state
com

p
on

en
t

va
rian

ce
(a

sign
al-to-n

oise
ratio

of
1).

2
-pa

ra
m

etric
m

ix
o
f

2
irra

tio
n

a
l-period

sin
es.

T
h
e

10
p
a
ttern

s
w

ere
w

ere
taken

from
th

e
2-p

aram
etric

fam
ily

of
p
attern

s
gov

ern
ed

b
y

p
(n

)
=
a

sin
(2
π
n
/P

)
+

(1−
a
)

sin
(4
π

(b
+
n
/P

)).

2
0
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T
h
es

e
si

gn
al

s
ar

e
w

ei
gh

te
d

su
m

s
of

tw
o

si
n
es

,
th

e
fi
rs

t
w

it
h

p
er

io
d

le
n
gt

h
P

an
d

th
e

se
co

n
d

w
it

h
p

er
io

d
le

n
gt

h
P
/
2.

T
h
e

w
ei

gh
ts

of
th

es
e

tw
o

co
m

p
on

en
ts

ar
e
a

an
d

(1
−
a
),

an
d

th
e

se
co

n
d

co
m

p
on

en
t

is
p
h
as

e-
sh

if
te

d
re

la
ti

ve
to

th
e

fi
rs

t
b
y

a
fr

ac
ti

on
b

of
it

s
p

er
io

d
le

n
gt

h
P
/
2.

T
h
e

re
fe

re
n
ce

p
er

io
d

le
n
gt

h
P

w
as

fi
x
ed

to
P

=
√

30
.

T
h
e

p
ar

am
et

er
s
a
,b

w
er

e
fr

es
h
ly

sa
m

p
le

d
fr

om
th

e
u
n
if

or
m

d
is

tr
ib

u
ti

o
n

on
[0
,1

]
fo

r
ea

ch
p
j
.

N
et

w
or

k
p
ar

am
et

er
s:
N

=
10

0
,

re
se

rv
oi

r
sp

ec
tr

al
ra

d
iu

s
1.

5
,

in
p
u
t

w
ei

gh
t

sc
al

in
g

1.
5,

b
ia

s
sc

al
in

g
0.

5,
%
2 D
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n
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h
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p
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b
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it

y
of
F

.
P

la
n
e

at
tr

ac
to

rs
ar

e
n
o
n
-g

en
er

ic
in

ra
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p
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p
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p
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n
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p
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at
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s
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d
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h
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.
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d
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p
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e

n
eg

at
iv

e
ei

ge
n
va

lu
es

of
th

e
J
a
co

b
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ra
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e
N

2
−
k
(N
−
k
)

n
on

ze
ro

ei
g
en

va
lu

es
o
f

J
F

ar
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:
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e
fo

rm
−
α
−
2

(2
s i
−
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−
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−
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p
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√
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a
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d
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p
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eigen
valu

e
of

so
rt

2
is

a
lso

in
versely

p
rop

ortion
al

to
α
2,

b
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con
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con
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b
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m
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con
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b
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p
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h
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b
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b
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erivative

d
s
i /d

s
Ri

eva
lu

a
ted

at
s
Rk

y
ield

s
th

at
for

sm
all

in
crem

en
ts
ε

w
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b
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p
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d
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b
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−
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p
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b
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b
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b
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con
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e

sim
u
lation

s
in

p
rev

iou
s

su
b
section

s

27
JM

L
R

 18(13):1-43, 2017

J
a
e
g
e
r

!
 

"
 

"
 

A
 

B
 

F
igu

re
11:

H
y
p

oth
etical

p
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p
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p
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h
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p
oin

ts
C

.
G

reen
arrow

s
sh

ow
sam

p
le

tra
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b
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.
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b
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ein
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b
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ein
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p
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.
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p
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b
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h
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b
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B
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4
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6
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8
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2

1.5 1

0.5 0

0.5

Pattern index

log10 NRMSE
F

ig
u
re

1
3:

U
sin

g
sin

gle-step
ad

ap
ted

con
cep

tors
C

cu
e

for
cu

ed
p
a
ttern

recall.
A

:
5-p

erio
d
ic

p
a
ttern

s,
B

:
m

ix
-of-sin

es.
R

ed
an

d
b
lu

e
p
lots

are
id

en
tical

to
F

igu
re

9
an

d
rep

resen
t

p
ost-cu

e
N

R
M

S
E

from
C

cu
e

an
d
C

(t3 ).
T

h
e

b
lack

p
lot

g
ives

th
e

N
R

M
S
E

ob
tain

ed
from

C
cu

e.

S
ectio

n
3.1

.2
w

ith
th

e
sam

e
reservoirs

an
d

cu
ein

g
con

d
ition

s,
an

d
d
irectly

at
th

e
en

d
o
f

th
e

cu
ein

g
p
h
a
se

I
com

p
u
ted

C
cu

e
from

C
cu

e
as

follow
s:

1
.

co
m

p
u
te

th
e

S
V

D
U
S
U
′
=
C

cu
e,

2
.

reco
m

p
u
te

th
e

en
tries

s
i

on
th

e
d
iagon

al
of
S

to
n
ew

,
b
in

ary
valu

es
b
y

th
resh

old
in

g,
o
b
ta

in
in

g
S

w
ith

d
iagon

al
valu

ess
i

=

{
1,

if
s
i
>
τ

0,
else

fo
r

so
m

e
th

resh
old

τ
,

3
.

reco
m

b
in

e
in

to
C

cu
e

=
U
S
U
′,

4
.

im
m

ed
ia

tely
u
se
C

cu
e

for
re-gen

eratin
g

a
p
attern

an
d

rep
ort

th
e

m
atch

in
g

N
R

M
S
E

w
ith

th
e

origin
al

p
attern

th
at

w
as

u
sed

for
th

e
cu

e.

F
ig

u
re

1
3

d
isp

lay
s

th
e

ou
tcom

e.
I

u
sed

th
resh

old
s
τ

of
0.5

an
d

0.01
resp

ectiv
ely

for
th

e
5
-p

erio
d
ic

a
n
d

m
ix

-of-sin
es

ex
p

erim
en

ts.
F

or
b

o
th

k
in

d
s

of
p
attern

s
th

e
re-gen

eration
q
u
a
lity

o
b
ta

in
ed

from
C

cu
e

con
cep

tors
is

essen
tially

th
e

sam
e

as
th

e
q
u
ality

ob
tain

ed
from

th
e

a
u
to

-ad
a
p
ted

C
(t3 )

after
500

resp
.

10,000
step

s
for

th
e

tw
o

k
in

d
s

of
p
attern

s.
C

o
n
sid

erin
g

th
at

th
resh

old
ed

C
cu

e
are

m
u
ch

faster
an

d
ch

eap
er

to
create

th
an

on
lin

e-
a
d
a
p
ted

co
n
cep

tors,
yet

(in
th

ese
sim

u
la

tion
s)

are
of

th
e

sam
e

q
u
ality,

it
is

n
atu

ral
to

ask
w

h
y

o
n
e

sh
o
u
ld

b
oth

er
ab

ou
t

on
lin

e-ad
ap

ted
au

to
con

cep
tors

at
all

in
stea

d
of

fo
cu

ssin
g

all
a
tten

tio
n

o
n

th
resh

old
ed

con
cep

tors.
T

h
e

reason
s

w
h
y

I
sp

en
t

m
u
ch

eff
ort

on
th

e
form

er
(a

n
d

u
sed

m
u
ch

of
th

e
read

er’s
p
atien

ce)
a
re

m
an

ifo
ld

:
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J
a
e
g
e
r

•
T

h
ere

are
oth

er
ap

p
lication

s
of

on
lin

e-ad
ap

ted
au

to
co

n
cep

tors
b

esid
es

p
attern

recall
from

a
m

em
ory.

In
J
aeger

(2014)
I

em
p
loy

con
cep

tor
au

to-ad
ap

tation
in

h
iera

rch
ical

R
N

N
d
em

on
strator

sy
stem

s
for

task
s

of
sign

al
d
en

oisin
g,

p
attern

classifi
cation

,
an

d
p
attern

m
ix

tu
re

recogn
ition

,
an

d
in

on
goin

g
w

ork
I

am
u
sin

g
th

em
fo

r
sin

gle-sh
ot

train
in

g
of

a
n
on

lin
ear

ch
an

n
el

eq
u
alizer

an
d

b
lin

d
sign

al
sep

aration
.

In
all

of
th

ese
cases,

an
ad

ap
tiv

e
R

N
N

-b
ased

sy
stem

h
as

to
b

e
ab

le
to

sm
o
oth

ly
ad

ju
st

its
reaction

s
to

a
n
on

-station
ary

in
p
u
t

stream
,

req
u
irin

g
a

con
tin

u
ou

sly
on

g
oin

g
grad

u
al

ad
ap

tation
.

•
A

seriou
s

d
raw

b
ack

of
th

e
ab

ove
au

to-ad
ap

tation
m

ech
an

ism
is

th
at

it
is

b
ased

on
sto

ch
astic

grad
ien

t
d
escen

t
in

a
h
igh

-d
im

en
sion

al
sp

ace,
in

cu
rrin

g
th

e
w

ell-k
n
ow

n
sta-

b
ility

issu
es

w
h
ich

m
an

d
ate

sm
all

ad
ap

tation
rates,

h
en

ce
y
ield

slow
con

vergen
ce.

In
J
aeger

(2014)
I

in
tro

d
u
ce

a
sim

p
lifi

ed
version

of
con

cep
tors

w
h
ich

b
asically

con
strain

s
con

cep
tor

m
atrices

C
to

d
iagon

al
form

,
lead

in
g

to
d
ecou

p
led

ad
ap

tation
ru

les
for

th
e

d
iagon

al
p
aram

eters
w

h
ich

ad
m

its
in

d
iv

id
u
al

an
d

very
large

ad
ap

tation
rates.

W
h
ile

sy
stem

s
of

th
is

k
in

d
w

ork
w

ell
in

som
e

sp
ecifi

c
scen

arios
(d

em
os

in
J
aeger

(20
14),

S
ection

3.15),
I

am
n
ot

satisfi
ed

w
ith

th
em

in
gen

eral,
m

ain
ly

b
eca

u
se

th
e

valu
e

ran
ge

for
w

ell-w
ork

in
g

ap
ertu

res
b

ecom
es

v
ery

n
arrow

.
M

y
cu

rren
t

research
con

cen
trates

on
n
ew

ty
p

es
of

con
cep

tors
w

h
ich

com
b
in

e
fast

on
lin

e
ad

ap
tiv

ity
w

ith
th

e
rob

u
stn

ess
p
rop

erties
fou

n
d

in
m

atrix
con

cep
tors.

•
In

com
p
u
tation

al
n
eu

roscien
ce,

attractor-like
p
h
en

om
en

a
of

all
sorts

are
w

id
ely

in
-

vestigated
as

n
eu

ral
m

ech
an

ism
s

for
rep

resen
tin

g
an

d
p
ro

cessin
g

in
form

ation
in

n
eu

-
ral

sy
stem

s
(p

artial
overv

iew
s

in
D

u
rstew

itz
et

al.
(2000);

F
u
si

an
d

W
a
n
g

(2016);
J
aeger

(2012)).
T

h
e

m
u
ltip

le-tim
escale

attracto
r

p
h
en

om
en

ology
of

con
cep

tor
au

to-
ad

ap
tation

d
iscu

ssed
in

th
e

p
rev

iou
s

section
sh

ed
s

som
e

fu
rth

er
ligh

t
on

th
is

fi
eld

,
esp

ecially
w

ith
resp

ect
to

th
e

role
of

lin
e/p

lan
e

attractors
in

th
e

rep
resen

tation
an

d
ad

d
ressin

g
of

con
tin

u
ou

s
m

em
ory

item
s.

•
B

iological
im

p
lau

sib
ility.

T
h
e

fast
th

resh
old

in
g

m
ech

an
ism

in
v
okes

a
m

atrix
S
V

D
com

p
u
tation

.
M

u
ch

research
h
as

b
een

d
ev

oted
to

d
eterm

in
e

b
iolog

ically
p
lau

sib
le

n
eu

ral
algorith

m
s

for
th

e
closely

related
task

o
f

co
m

p
u
tin

g
a

P
C

A
or

of
fi
n
d
in

g
som

e
cost-op

tim
al

p
ro

jection
su

b
sp

aces
(O

ja,
1982;

P
eh

levan
et

al.,
2015).

H
ow

ever,
th

ese
n
eu

ral
algorith

m
s

sh
are

w
ith

m
y

sto
ch

astic
gra

d
ien

t
con

cep
tor

ad
ap

tation
th

e
sh

ort-
com

in
g

of
slow

con
vergen

ce,
an

d
b
iological

p
lau

sib
ility

rem
ain

s
d
eb

atab
le

in
m

y
v
iew

.

3
.5

C
o
m

p
a
riso

n
w

ith
H

o
p

fi
e
ld

N
e
tw

o
rk

s

A
s

I
m

en
tion

ed
in

th
e

In
tro

d
u
ction

,
H

op
fi
eld

n
etw

ork
s

an
d

its
relatives

(W
illsh

aw
et

al.,
1969;

C
o
op

er,
197

3;
K

oh
on

en
,
1974;

P
alm

,
1980;

H
op

fi
eld

,
1982)

are
th

e
p
arad

igm
atic

m
o
d
el

of
con

ten
t-ad

d
ressab

le
n
eu

ral
lon

g-term
m

em
ories.

F
or

b
rev

ity
I

w
ill

u
se

th
e

term
H

o
p
fi

eld
n

etw
o
rks

(H
N

s)
a
s

an
u
m

b
rella

term
for

th
is

fam
ily

of
m

o
d
els,

an
d

refer
to

th
e

n
etw

ork
s

in
tro

d
u
ced

in
th

is
section

as
au

to
con

cep
tor

n
etw

ork
s

(A
C

N
s).

A
C

N
s

are
an

alogou
s

to
H

N
s

in
som

e
w

ay
s

an
d

d
iff

eren
t

in
oth

ers:

N
a
tu

re
o
f

m
em

o
ry

item
s.

P
attern

s
stored

in
(au

to-asso
ciative)

H
N

s
are

static
(often

im
-

ages),
th

ou
gh

h
etero-asso

ciative
H

N
varian

ts
can

b
e

train
ed

to
re-gen

erate
seq

u
en

ces
of

static
p
attern

s—
I

b
riefl

y
d
iscu

ssed
th

is
in

th
e

In
tro

d
u
ction

.
A

C
N

s
in

trin
sically

3
2
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M
a
n
a
g
in
g

n
e
u
r
a
l
m
e
m
o
r
y

h
os

t
te

m
p

or
al

p
at

te
rn

s.
T

h
e

p
at

te
rn

se
q
u
en

ce
s

of
st

a
ti

c
p
at

te
rn

s
le

ar
n
t

b
y

se
q
u
en

ce
-

re
p
re

se
n
ti

n
g

H
N

s
d
iff

er
in

k
in

d
fr

om
th

e
te

m
p

or
al

p
at

te
rn

s
in

A
C

N
s.

T
h
e

fo
rm

er
ar

e
“j

u
m

p
”

tr
an

si
ti

on
s

b
et

w
ee

n
a

fi
n
it

e
n
u
m

b
er

o
f

ex
p
li
ci

tl
y

tr
ai

n
ed

“w
ay

p
oi

n
t”

p
at

te
rn

s,
an

d
in

p
ri

n
ci

p
le

an
y

tr
an

si
ti

on
or

d
er

ca
n

b
e

le
ar

n
t.

T
em

p
or

al
p
at

te
rn

s
in

A
C

N
s

h
av

e
w

h
at

on
e

m
ig

h
t

ca
ll

in
tr

in
si

c
te

m
p

or
al

it
y
;

th
e

re
se

rv
o
ir

st
at

e
se

q
u
en

ce
ca

n
n
ot

in
ge

n
-

er
al

b
e

re
-t

ra
in

ed
in

ot
h
er

or
d
er

s.
S
p

ec
ifi

ca
ll
y,

A
C

N
s

ca
n

h
os

t
n
on

-p
er

io
d
ic

p
a
tt

er
n
s

sa
m

p
le

d
fr

om
O

D
E

ev
ol

u
ti

on
s

w
h
ic

h
is

n
ot

p
os

si
b
le

w
it

h
h
et

er
o-

as
so

ci
at

iv
e

H
N

s.
O

n
e

m
ig

h
t

w
or

d
th

is
as

,
“h

et
er

o-
as

so
ci

at
iv

e
H

N
s

ca
n

st
or

e
p
at

te
rn

se
q
u
en

ce
s,

a
n
d

A
C

N
s

ca
n

st
or

e
se

q
u
en

ce
p
at

te
rn

s”
.

S
ta

te
s

a
n

d
pa

tt
er

n
s.

In
H

N
s

p
at

te
rn

s
ar

e
id

en
ti

fi
ed

w
it

h
ce

rt
ai

n
n
et

w
or

k
st

at
es

.
In

A
C

N
s

p
at

te
rn

s
ar

e
st

at
e

ev
ol

u
ti

on
p
ro

ce
ss

es
.

S
ym

m
et

ri
c

vs
.

d
ir

ec
te

d
sy

n
a
p
ti

c
co

n
n

ec
ti

o
n

s.
S
ta

n
d
ar

d
au

to
-a

ss
o
ci

at
iv

e
H

N
s

h
av

e
sy

m
m

et
-

ri
c

co
n
n
ec

ti
on

s,
w

h
ic

h
ad

m
it

s
a
n

an
al

y
si

s
of

H
N

d
y
n
am

ic
s

in
te

rm
s

of
d
es

ce
n
t

in
an

en
er

gy
la

n
d
sc

ap
e.

R
es

er
vo

ir
n
et

w
or

k
s

in
A

C
N

s
w

it
h

th
ei

r
as

y
m

m
et

ri
c

w
ei

gh
t

m
at

ri
ce

s
d
o

n
ot

ad
m

it
an

en
er

gy
-b

as
ed

in
te

rp
re

ta
ti

on
.

P
a
tt

er
n

re
st

a
u

ra
ti

o
n

.
A

h
al

lm
ar

k
of

H
N

s
is

th
ei

r
ab

il
it

y
to

re
st

or
e

p
at

te
rn

s
p

er
fe

ct
ly

an
d

q
u
ic

k
ly

fr
om

h
ig

h
ly

co
rr

u
p
te

d
cu

es
.

T
h
is

st
ri

k
in

g
ca

p
ab

il
it

y
re

su
lt

s
fr

om
th

e
fa

ct
th

at
H

N
tr

ai
n
in

g
cr

ea
te

s
w

el
l-

d
efi

n
ed

lo
ca

l
m

in
im

a
in

th
e

H
N

en
er

gy
la

n
d
sc

ap
e

w
h
ic

h
co

rr
es

p
on

d
1-

1
to

ta
rg

et
p
at

te
rn

s;
fr

om
an

y
ar

b
it

ra
ry

cu
e

th
e

H
N

m
u

st
se

tt
le

in
on

e
of

th
es

e
p

er
fe

ct
ta

rg
et

p
at

te
rn

s
(s

et
ti

n
g

as
id

e
th

e
is

su
e

of
sp

u
ri

ou
s

at
tr

ac
to

rs
in

H
N

s)
.

F
u
rt

h
er

m
or

e,
p

er
fe

ct
io

n
of

re
st

au
ra

ti
on

is
ai

d
ed

b
y

th
e

ci
rc

u
m

st
an

ce
th

at
H

N
s

of
te

n
ar

e
in

st
al

le
d

w
it

h
b
in

ar
y

n
eu

ro
n
s,

re
p
re

se
n
ti

n
g

b
in

ar
y

p
at

te
rn

s.
In

co
n
tr

as
t,

th
e

co
n
ti

n
u
ou

s-
va

lu
ed

st
at

es
in

A
C

N
s

an
d

th
e

va
st

ly
m

or
e

co
m

p
le

x
m

u
lt

i-
ti

m
es

ca
le

d
y
n
am

ic
s

of
au

to
-a

d
ap

ta
ti

on
li
m

it
th

e
p

er
fe

ct
io

n
an

d
sp

ee
d

of
p
at

te
rn

re
-g

en
er

at
io

n
.

C
la

ss
le

a
rn

in
g.

A
C

N
s

ca
n

le
ar

n
en

ti
re

co
n
ti

n
u
ou

s-
p
ar

am
et

ri
c

p
at

te
rn

cl
as

se
s

(w
it

h
th

e
ca

ve
at

s
p

oi
n
te

d
ou

t
in

S
ec

ti
on

3.
3)

,
w

h
ic

h
H

N
s

ca
n
n
ot

.

A
ll

in
al

l,
w

h
il
e

b
ot

h
H

N
s

an
d

A
C

N
s

ar
e

m
o
d
el

s
of

co
n
te

n
t-

ad
d
re

ss
ab

le
n
eu

ra
l
lo

n
g-

te
rm

m
em

or
ie

s,
th

ei
r

u
n
d
er

ly
in

g
n
eu

ro
-d

y
n
am

ic
al

w
or

k
in

g
m

ec
h
a
n
is

m
s

an
d

th
ei

r
p

er
fo

rm
a
n
ce

ch
ar

ac
te

ri
st

ic
s

ar
e

fu
n
d
am

en
ta

ll
y
—

an
d

in
te

re
st

in
gl

y
—

d
iff

er
en

t.

4
.
D
is
cu

ss
io
n

T
h
is

ar
ti

cl
e

is
th

e
fi
rs

t
p

ee
r-

re
v
ie

w
ed

p
u
b
li
ca

ti
on

ab
ou

t
co

n
ce

p
to

rs
an

d
th

er
eb

y
as

su
m

es
th

e
ro

le
of

an
“o

ffi
ci

al
”

in
tr

o
d
u
ct

io
n

of
th

is
co

n
ce

p
t

an
d

n
am

e.
N

ew
sc

ie
n
ti

fi
c

co
n
ce

p
ts

an
d

te
rm

in
ol

og
y

sh
ou

ld
b

e
in

tr
o
d
u
ce

d
w

it
h

ca
re

an
d

ci
rc

u
m

sp
ec

ti
on

.
S
o,

w
h
at

is
a

“c
on

ce
p
to

r”
?

T
h
is

ar
ti

cl
e

d
ea

lt
w

it
h

co
n
ce

p
to

rs
th

at
co

m
e

in
th

e
sp

ec
ifi

c
fo

rm
of

p
os

it
iv

e-
se

m
id

efi
n
it

e
m

at
ri

ce
s

d
er

iv
ed

fr
om

re
se

rv
oi

r
st

at
e

co
rr

el
at

io
n

m
at

ri
ce

s
R

v
ia
C

=
R

(R
+
α
−
2
I
)−

1
.

In
J
ae

ge
r

(2
01

4)
I

al
so

d
es

cr
ib

e
co

n
ce

p
to

rs
th

at
ar

e
re

al
iz

ed
b
y

a
fo

rw
a
rd

-
a
n
d

b
a
ck

p
ro

je
ct

io
n

to
/f

ro
m

a
h
ig

h
er

-d
im

en
si

on
al

ra
n
d
om

fe
at

u
re

sp
ac

e.
In

m
y

in
it

ia
l

ex
p
lo

ra
ti

on
s

(u
n
p
u
b
-

li
sh

ed
)

I
al

so
u
se

d
affi

n
e

m
ap

s,
as

w
el

l
as

p
u
re

li
n
ea

r
su

b
sp

ac
e

p
ro

je
ct

or
s.

C
u
rr

en
tl

y
I

am
in

ve
st

ig
at

in
g

a
k
in

d
of

co
n
ce

p
to

rs
b
u
il
t

on
th

e
b
as

is
of

a
va

ri
an

t
of

se
lf

-o
rg

an
iz

in
g

m
ap

s.
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J
a
e
g
e
r

th
e

li
gh

t
of

th
is

d
iv

er
si

ty
I

w
ou

ld
n
’t

w
an

t
to

m
ak

e
an

y
sp

ec
ifi

c
m

at
h
em

at
ic

al
o
r

a
lg

o
ri

th
m

ic
a
l

fo
rm

at
a

d
efi

n
in

g
p
ar

t
of

“c
on

ce
p
to

rs
”.

T
h
is

ar
ti

cl
e

fo
cu

ss
ed

on
n
eu

ra
l

lo
n
g-

te
rm

m
em

or
y

fo
r

te
m

p
or

al
p
at

te
rn

s.
In

J
a
eg

er
(2

01
4)

h
ow

ev
er

I
u
se

co
n
ce

p
to

rs
al

so
fo

r
st

at
ic

p
at

te
rn

s
(w

h
er

e
an

in
p
u
t

p
a
tt

er
n

is
tr

a
n
s-

fo
rm

ed
to

a
si

n
gl

e
n
eu

ra
l

st
at

e,
n
ot

a
se

q
u
en

ce
of

st
at

es
),

a
n
d

w
it

h
ou

t
lo

ad
in

g
(w

h
ic

h
is

n
ot

n
ec

es
sa

ry
w

h
en

co
n
ce

p
to

rs
ar

e
em

p
lo

ye
d

fo
r

n
on

-g
en

er
at

iv
e

ta
sk

s
li
ke

p
at

te
rn

cl
a
ss

ifi
ca

ti
o
n
).

I
am

al
so

aw
ar

e
of

on
go

in
g

w
or

k
b
y

ot
h
er

s
in

st
at

ic
p
at

te
rn

re
co

gn
it

io
n

w
h
er

e
b
a
ck

p
ro

p
-

tr
ai

n
ed

d
ee

p
fe

ed
fo

rw
ar

d
n
eu

ra
l

n
et

w
or

k
s

ar
e

co
m

b
in

ed
w

it
h

co
n
ce

p
to

rs
.

T
h
u
s,

n
ei

th
er

te
m

p
or

al
it

y
of

p
at

te
rn

s,
n
or

lo
ad

in
g

th
em

p
er

si
st

en
tl

y,
n
or

th
e

u
se

of
ra

n
d
om

n
et

w
o
rk

s
ar

e
n
ec

es
sa

ry
at

tr
ib

u
te

s
of

“c
on

ce
p
to

rs
”,

th
e

w
ay

I
w

an
t

th
em

to
b

e
se

en
.

T
h
en

w
h
at

is
le

ft
?

H
er

e
is

an
ou

tl
in

e
of

h
ow

I
w

ou
ld

li
k
e

th
e

co
n
ce

p
t

of
co

n
ce

p
to

rs
to

b
e

u
n
d
er

st
o
o
d
:

1.
S

et
-u

p
:

pa
tt

er
n

s
en

co
d
ed

by
st

a
te

s.
G

iv
en

:
so

m
e

co
m

p
u
ta

ti
on

al
fr

am
ew

o
rk

w
h
er

e
a

d
i-

ve
rs

it
y

of
p

a
tt

e
rn

s
p
j

ar
e

e
n

c
o
d

e
d

b
y

p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
s
P
j

ov
er

a
m

et
ri

c
st

at
e

sp
ac

e
X

.
C

o
m

m
en

t:
pa

tt
er

n
s

ca
n

be
te

m
po

ra
l

o
r

st
a
ti

c.
T

h
e

st
a
te

sp
a
ce

is
ty

p
ic

a
ll

y
h
ig

h
-d

im
en

si
o
n

a
l,

a
n

d
en

co
d
in

gs
w

o
u

ld
ty

p
ic

a
ll

y
be

“
d
is

tr
ib

u
te

d
”

.

2.
F

il
te

ri
n

g
o
f

en
co

d
in

gs
.

A
c
o
n

c
e
p

to
r
C
j

is
a

m
a
p

as
so

ci
at

ed
w

it
h

a
p
a
tt

er
n
p
j

w
h
ic

h
tr

an
sf

or
m

s
st

at
e

ve
ct

or
s
x
∈
X

to
st

at
e

ve
ct

or
s
C
j
(x

)
∈
X

,
an

d
w

h
ic

h
is

o
p
ti

m
iz

ed
in

so
m

e
w

ay
to

p
re

se
rv

e
st

at
es
x
j

th
at

ar
e

ty
p
ic

al
fo

r
p
at

te
rn
p
j
:

if
P
j
(x

)
is

la
rg

e,
th

en
th

e
d
is

ta
n
ce
d
(x
,C

j
(x

))
is

sm
al

l.
F

u
rt

h
er

m
or

e,
C
j

p
ro

je
ct

s
off

-p
at

te
rn

st
a
te

s
cl

o
se

r
to

p
at

te
rn

-t
y
p
ic

al
re

gi
on

s
of
X

:
if
P
j
(x

)
is

sm
a
ll
,

th
en

P
j
(C

j
(x

))
>
P
j
(x

).
C

o
m

m
en

t:
T

h
e

m
a
p
C
j

ca
n

be
in

st
a
n

ti
a
te

d
by

a
m

a
th

em
a
ti

ca
l

fo
rm

u
la

,
o
r

by
so

m
e

n
eu

ra
l

ci
rc

u
it

,
o
r

in
a
n

y
o
th

er
w

a
y.

3.
C

o
n

ce
p
tu

a
l

o
pe

ra
ti

o
n

s.
G

iv
en

a
co

ll
ec

ti
o
n
{p
j
}

of
p
at

te
rn

s,
on

th
e

as
so

ci
a
te

d
co

ll
ec

ti
on

of
co

n
ce

p
to

rs
{C

j
}o

n
e

h
as

av
a
il
ab

le
an

as
so

rt
m

en
t

of
op

er
at

io
n
s

w
h
ic

h
ca

n
c
o
n

st
ru

c
t

n
ew

co
n
ce

p
to

rs
fr

om
th

e
co

n
ce

p
to

rs
co

n
ta

in
ed

in
th

e
or

ig
in

al
co

ll
ec

ti
o
n
{C

j
}.

T
h
es

e
op

er
at

io
n
s

sh
ou

ld
b

e
in

te
rp

re
ta

b
le

as
“c

og
n
it

iv
e-

le
ve

l”
op

er
at

io
n
s

on
co

n
ce

p
ts

,
a
n
d

it
is

th
es

e
op

er
at

io
n
s

th
at

co
n
n
ec

t
co

n
ce

p
to

rs
w

it
h

co
n
ce

p
ts

.
C

o
m

m
en

t:
th

is
is

o
bv

io
u

sl
y

va
gu

e.
T

h
is

a
rt

ic
le

fe
a
tu

re
d

th
e

fo
ll

o
w

in
g

su
ch

o
pe

ra
ti

o
n

s:
(i

)
co

n
ce

p
tu

a
l

bl
en

d
in

g
by

co
n

ce
p
to

r
m

o
rp

h
in

g,
(i

i)
“

fo
cu

ss
in

g”
by

a
pe

rt
u

re
a
d
a
p
ta

ti
o
n

.
A

la
rg

e
pa

rt
o
f

J
a
eg

er
(2

0
1
4
)

is
d
ev

o
te

d
to

a
th

ir
d

ki
n

d
o
f

co
n

ce
p
tu

a
l

o
pe

ra
ti

o
n

s
o
n

co
n

ce
p
to

rs
,

n
a
m

el
y,

(i
ii

)
B

oo
le

a
n

co
m

bi
n

a
ti

o
n

s
o
f

co
n

ce
p
to

rs
.

M
y

u
lt

im
at

e
m

ot
iv

at
io

n
to

in
ve

st
ig

at
e

co
n
ce

p
to

rs
is

to
es

ta
b
li
sh

an
eff

ec
ti

ve
li
n
k

b
et

w
ee

n
“l

ow
-l

ev
el

”,
“s

u
b
sy

m
b

ol
ic

”,
“d

is
tr

ib
u
te

d
”

n
eu

ra
l

re
p
re

se
n
ta

ti
on

s
an

d
p
ro

ce
ss

in
g

m
ec

h
a
-

n
is

m
s

on
th

e
on

e
h
an

d
,

an
d

a
“h

ig
h
-l

ev
el

”,
“c

on
ce

p
tu

al
”

or
ga

n
iz

at
io

n
an

d
in

te
rp

re
ta

b
il
it

y
of

su
ch

p
ro

ce
ss

in
g

on
th

e
ot

h
er

h
an

d
.

T
h
is

in
te

n
d
ed

u
se

of
co

n
ce

p
to

rs
,

w
h
ic

h
is

ex
p
re

ss
ed

in
it

em
3.

in
th

e
li
st

ab
ov

e,
is

to
so

m
e

d
eg

re
e

in
d
ep

en
d
en

t
of

th
e

“m
ec

h
an

ic
s”

o
f

co
n
ce

p
to

rs
,

w
h
ic

h
is

st
at

ed
in

it
em

2.
It

tu
rn

s
ou

t
th

at
co

n
ce

p
to

rs
al

so
ca

n
se

rv
e

re
le

va
n
t

“
lo

w
-l

ev
el

”
fu

n
ct

io
n
al

it
ie

s,
es

p
ec

ia
ll
y

n
eu

ra
l

n
oi

se
su

p
p
re

ss
io

n
an

d
st

ab
il
iz

at
io

n
of

n
eu

ra
l

st
a
te

d
y
n
a
m

-
ic

s.

C
on

ce
p
to

rs
ca

n
b

e
en

gi
n
ee

re
d

in
to

ar
ti

fi
ci

al
n
eu

ra
l

ar
ch

it
ec

tu
re

s,
an

d
th

ey
m

ig
h
t

b
e

in
st

an
ti

at
ed

in
on

e
w

ay
or

th
e

ot
h
er

b
y

n
eu

ra
l

ci
rc

u
it

ry
in

b
io

lo
gi

ca
l

sy
st

em
s.
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M
a
n
a
g
in
g

n
e
u
r
a
l
m
e
m
o
r
y

ca
ses

th
ey

b
eco

m
e

p
ro

ced
u
rally

eff
ective

in
th

e
con

cern
ed

sy
stem

s,
im

p
lem

en
tin

g
co

n
cep

to
r

m
ech

a
n

ism
s.

T
h
is

w
as

th
e

p
ersp

ectiv
e

ad
op

ted
in

th
is

article.
B

u
t

con
cep

tors
can

also
b

e
u
sed

“
ep

istem
o
logically

”
b
y

a
research

er
w

h
o

in
vestigates

som
e

(likely
n
eu

ral)
in

form
ation

p
ro

cessin
g

sy
stem

w
h
ich

m
ay

or
m

ay
n
ot

itself
h
ave

h
av

e
eff

ective
con

cep
tor

m
ech

an
ism

s
in

sid
e.

T
h
en

co
n
cep

tors
m

ay
b

ecom
e

elem
en

ts
of

a
d
escrip

tive
scien

tifi
c

la
n
gu

age
th

at
talk

s
a
bo

u
t

n
eu

ra
l

en
co

d
in

gs
of

con
cep

ts.
In

J
aeger

(2014)
I

d
escrib

e
in

d
etail

su
ch

scien
tifi

c
la

n
g
u
ag

es
in

th
e

form
at

of
form

al
co

n
cep

to
r

logics.

A
ck

n
o
w
le
d
g
m
e
n
ts

I
a
m

in
d
eb

ted
to

E
m

re
N

eftci
for

b
rin

gin
g

th
e

w
ork

of
S
o
m

p
olin

sk
y

an
d

K
an

ter
(1986)

to
m

y
a
tten

tio
n
.

T
h
e

fi
rst

id
eas

of
con

cep
tors

w
ere

triggered
b
y

research
w

ith
in

th
e

E
u
rop

ean
F

P
7

p
ro

ject
A

M
A

R
S
i

(con
tract

248311,
a
m
a
r
s
i
-
p
r
o
j
e
c
t
.
e
u
)

on
th

e
m

o
d
u
latio

n
of

n
eu

ral
p
a
ttern

g
en

era
tors

for
h
u
m

an
oid

rob
ot

m
otor

con
trol.

A
p
p
e
n
d
ix

A
.
D
o
cu

m
e
n
ta
tio

n
o
f
S
im

u
la
tio

n
D
e
ta
il

T
ra

in
in

g
a
n
d

test
errors

are
giv

en
as

n
orm

alized
ro

ot
m

ean
sq

u
are

error
(N

R
M

S
E

)
b

etw
een

a
sig

n
al
s(n

)
a
n
d

its
target

t(n
),

th
at

is,
b
y

th
e

sq
u
are

ro
ot

of
th

e
m

ean
sq

u
are

error
d
iv

id
ed

b
y

th
e

va
ria

n
ce

of
th

e
target.

A
.1

D
e
ta

il
fo

r
S

e
c
tio

n
2
.1

P
a
ttern

d
efi

n
itio

n
:

P
attern

p
1

is
a

sin
ew

ave
sam

p
led

at
in

tervals
of

ab
ou

t
1.99

44.
P

attern
p
2

a
ltern

a
tes

b
etw

een
−

0
.5

an
d

0.5.

N
etw

o
rk

set-u
p
:

In
itial

w
eigh

ts
W
∗

w
ere

sam
p
led

from
th

e
n
orm

al
d
istrib

u
tion

,
th

en
th

e
w

eig
h
t

m
atrix

w
as

rescaled
to

a
sp

ectral
rad

iu
s

(largest
ab

solu
te

eigen
valu

e)
of

1.3.
In

p
u
t

a
n
d

b
ia

s
w

eig
h
ts

w
ere

sam
p
led

from
th

e
n
orm

al
d
istrib

u
tio

n
,

th
en

scaled
b
y

1.4
an

d
0.1

resp
ectively.

L
ea

rn
in

g:
F

or
train

in
g
W

o
u
t

th
e

reservoir
w

as
d
riven

b
y

iid
in

p
u
t

sam
p
led

from
th

e
n
o
rm

al
d
istrib

u
tion

scaled
b
y

1.5
for

200
step

s
(p

lu
s

an
in

itial
w

ash
ou

t
of

100
step

s).
T

h
e

lin
ea

r
reg

ression
w

as
com

p
u
ted

w
ith

ou
t

regu
larization

,
resu

ltin
g

in
a

train
in

g
N

R
M

S
E

of
0
.3

9
(tra

in
in

g
W

o
u
t

from
state

p
attern

s
x
1(n

),x
2(n

)
w

ou
ld

h
ave

given
an

N
R

M
S
E

of
0.1

4).
F

o
r

th
e

(n
o
t

regu
larized

)
lin

ear
regression

lead
in

g
to
W

,
again

200
states

from
each

of
th

e
tw

o
p
a
ttern

s
w

ere
u
sed

,
lead

in
g

to
an

N
R

M
S
E

of
0.093

(average
over

th
e

th
ree

n
eu

ro
n
s).

R
eca

ll:
In

o
rd

er
to

n
u
m

erically
com

p
are

th
e

re-gen
erated

p
attern

s
y
(n

)
=
W

o
u
t
x
j(n

)
to

th
e

o
rigin

a
l

p
attern

s
p
j(n

),
sam

p
le

tra
jectories

of
b

o
th

w
ere

p
h
ase-align
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A
utom

atic
D

ifferentiation
Variational

Inference

latentvariables. 1,2
W
e
im

plem
entand

deploy
advias

partofStan,a
probabilistic

program
m
ing

system
(Stan

D
evelopm

entTeam
,2016).

adviresolvesthe
com

putationalbottleneck
ofthe

probabilistic
m
odeling

cycle.W
e
can

easily
propose

a
probabilistic

m
odel,analyze

a
large

dataset,and
revise

the
m
odel,w

ithoutw
orrying

about
com

putation.advienablesthiscycle
by

providing
autom

ated
and

scalable
variationalinference

for
an

expansive
classofm

odels.Sections3
and

4
presentten

directapplicationsof
advito

m
odern

probabilistic
m
odeling

exam
ples,including

an
iterative

analysisof1.7
m
illion

taxitrajectories.
Technicalsum

m
ary.

Form
ally,a

probabilistic
m
odeldefinesa

jointdistribution
ofobservations

x
and

latentvariables
θ,
p
(x
,θ

).The
inference

problem
isto

com
pute

the
posterior,the

conditional
distribution

ofthe
latentvariablesgiven

the
observations

p
(θ
|
x

).The
posteriorrevealspatternsin

the
data

and
form

spredictionsthrough
the

posteriorpredictive
distribution.The

problem
isthat,for

m
any

m
odels,the

posteriorisnottractable
to

com
pute.

Variationalinference
turnsthe

task
ofcom

puting
a
posteriorinto

an
optim

ization
problem

.W
e

posita
param

eterized
fam

ily
ofdistributions

q(θ
)
∈
Q

and
then

find
the

m
em

berofthatfam
ily

thatm
inim

izes
the

K
ullback-Leibler(kl)divergence

to
the

exactposterior.Traditionally,using
a

variationalinference
algorithm

requires
the

painstaking
w
ork

ofdeveloping
and

im
plem

enting
a

custom
optim

ization
routine:specifying

a
variationalfam

ily
appropriate

to
the

m
odel,com

puting
the

corresponding
objective

function,taking
derivatives,and

running
a
gradient-based

orcoordinate-
ascentoptim

ization.
advisolvesthisproblem

autom
atically.Theuserspecifiesthem

odel,expressed
asaprogram

,and
adviautom

atically
generatesa

corresponding
variationalalgorithm

.The
idea

isto
firstautom

atically
transform

the
inference

problem
into

a
com

m
on

space
and

then
to

solve
the

variationaloptim
ization

problem
.Solving

the
problem

in
thiscom

m
on

space
solvesvariationalinference

forallm
odelsin

a
large

class.In
m
ore

detail,advifollow
sthese

steps.

1.
advitransform

sthe
m
odelinto

one
w
ith

unconstrained
real-valued

latentvariables.Specif-
ically,ittransform

s
p
(x
,θ

)to
p
(x
,ζ

),w
here

the
m
apping

from
θ
to
ζ
isbuiltinto

the
joint

distribution.
This

rem
oves

alloriginalconstraints
on

the
latentvariables

θ.
advithen

de-
finesthe

corresponding
variationalproblem

on
the

transform
ed

variables,thatis,to
m
inim

ize
K
L

(q(ζ
)‖

p
(ζ
|
x

)).W
ith

this
transform

ation,alllatentvariables
are

defined
on

the
sam

e
space.advican

now
use

a
single

variationalfam
ily

forallm
odels.

2.
advirecaststhe

gradientofthe
variationalobjective

function
asan

expectation
over

q.This
involvesthegradientofthelog

jointw
ith

respectto
thelatentvariables∇

θ
log

p
(x
,θ

).Express-
ing

the
gradientasan

expectation
opensthe

doorto
M
onte

Carlo
m
ethodsforapproxim

ating
it

(Robertand
Casella,1999;Ranganath

etal.,2014).

3.
advifurtherreparam

eterizesthe
gradientin

term
sofa

standard
G
aussian.To

do
this,ituses

anothertransform
ation,this

tim
e
w
ithin

the
variationalfam

ily.This
second

transform
ation

enables
advito

effi
ciently

com
pute

M
onte

C
arlo

approxim
ations—

itneeds
only

to
sam

ple
from

a
standard

G
aussian

(K
ingm

a
and

W
elling,2014;Rezende

etal.,2014).

4.
adviusesnoisy

gradientsto
optim

ize
the

variationaldistribution
(Robbinsand

M
onro,1951).

A
n
adaptively

tuned
step-size

sequence
providesgood

convergence
in

practice.

1.Thispaperextendsthe
m
ethod

presented
in

K
ucukelbiretal.(2015).

2.A
utom

atic
differentation

hasenjoyed
a
recentresurgence

in
m
achine

learning;see
Section

2.7.
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K
ucukelbir,Tran,Ranganath,G

elm
an

and
Blei

Eachstepaboveiscarefullydesignedtom
akeadviw

ork“outofthebox”forapracticalclassofm
odern

probabilistic
m
odels.Thisfocuson

developing
an

autom
ated

inference
algorithm

differentiatesadvi
from

other“black
box”

variationalm
ethods(Ranganath

etal.,2014;Ruiz
etal.,2016b).

W
e
deploy

adviin
the

Stan
probabilistic

program
m
ing

system
,w

hich
gives

us
tw
o
im

por-
tanttypes

of
autom

atic
com

putation
around

probabilistic
m
odels.

First,Stan
provides

a
library

oftransform
ations—

w
ays

to
converta

variety
ofconstrained

latentvariables
(e.g.,positive

reals)
to

be
unconstrained,w

ithoutchanging
the

underlying
jointdistribution.Stan’slibrary

oftransfor-
m
ationshelpsusw

ith
step

1
above.Second,Stan

im
plem

entsautom
atic

differentiation
to

calculate
∇
θ

log
p
(x
,θ

)(C
arpenteretal.,2015;B

aydin
etal.,2015).These

derivativesare
crucialin

step
2,

w
hen

com
puting

the
gradientofthe

adviobjective.
O
rganization

ofpaper.
Section

2
developsthe

recipe
thatm

akesadvi.W
e
expose

the
detailsofeach

ofthe
stepsabove

and
presenta

concrete
algorithm

.Section
3
studiesthe

propertiesof
advi.W

e
explore

itsaccuracy,itsstochastic
nature,and

itssensitivity
to

transform
ations.Section

4
applies

advito
an

array
ofprobability

m
odels.

W
e
com

pare
its

speed
to

m
cm

c
sam

pling
techniques

and
presenta

case
study

using
a
datasetw

ith
m
illions

ofobservations.Section
5
concludes

the
paper

w
ith

a
discussion.

2.Autom
aticDifferentiation

VariationalInference
advioffersa

recipe
forautom

ating
the

com
putationsinvolved

in
variationalinference.The

strategy
isasfollow

s:transform
the

latentvariablesofthe
m
odelinto

a
com

m
on

space,choose
a
variational

approxim
ation

in
thecom

m
on

space,and
usegenericcom

putationaltechniquesto
solvethevariational

problem
.

2.1
DifferentiableProbability

M
odels

W
ebegin

by
defining

theclassofprobability
m
odelsthatadvisupports.Consideradatasetx

=
x
1
:N

w
ith

N
observations.

Each
x
n
is
a
realization

ofa
discrete

orcontinuous
(m

ultivariate)random
variable.The

likelihood
p
(x
|
θ

)relatesthe
observationsto

a
setoflatentrandom

variables
θ.A

B
ayesian

m
odelpositsa

priordensity
p
(θ

)on
the

latentvariables.C
om

bining
the

likelihood
w
ith

the
priorgives

the
jointdensity

p
(x
,θ

)
=
p
(x
|
θ

)
p
(θ

).The
goalofinference

is
to

com
pute

the
posteriordensity

p
(θ
|
x

),w
hich

describeshow
the

latentvariablesvary,conditioned
on

data.
M
any

posteriordensitiesare
nottractable;theirnorm

alizing
constantslack

analytic
(closed-form

)
solutions.

Thus
w
e
often

seek
to

approxim
ate

the
posterior.

adviapproxim
ates

the
posteriorof

differentiable
probability

m
odels.M

em
bersofthisclassofm

odelshave
continuouslatentvariables

θ
and

a
gradientofthe

log-jointw
ith

respectto
them

∇
θ

log
p
(x
,θ

).The
gradientisvalid

w
ithin

the
supportofthe

prior

supp(p
(θ

))
=
{
θ
|
θ
∈
R
K

and
p
(θ

)
>

0 }
⊆

R
K
,

w
here

K
isthe

dim
ension

ofthe
latentvariable

space.Thissupportsetisim
portant:itw

illplay
a

role
laterin

the
paper.W

e
m
ake

no
assum

ptionsaboutconjugacy,eitherfull(D
iaconisand

Y
lvisaker,

1979)orconditional(H
offm

an
etal.,2013).

C
onsidera

m
odelthatcontainsa

Poisson
likelihood

w
ith

unknow
n
rate

p
(x
|
θ).The

observed
variable

x
isdiscrete;the

latentrate
θ
iscontinuousand

positive.Place
a
W
eibullprioron

θ,defined
overthepositiverealnum

bers.Theresulting
jointdensity

describesanonconjugateprobability
m
odel:
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ca
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at
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re
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→
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re
pr
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∣ ∣ d

et
J
T

−
1
(ζ
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e
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e
or
ig
in
al
la
te
nt

va
ria

bl
e
sp
ac
e,
an
d
J
T

−
1
(ζ

)
is
th
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at
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A
utom

atic
D

ifferentiation
Variational

Inference

0
1

2
3

1

θ
Density(a)Latentvariable

space

T

T
−
1

−
1

0
1

2

1

ζ Prior
Posterior
A
pproxim

ation

(b)Realcoordinate
space

Figure1:Transform
ing

the
latentvariable

to
realcoordinate

space.The
purple

line
isthe

posterior.
The

green
line

isthe
approxim

ation.(a)The
latentvariable

space
isR

>
0 .(a→

b)
T
transform

sthe
latentvariable

space
to

R
.(b)The

variationalapproxim
ation

isa
G
aussian

in
realcoordinate

space.

Consideragain
ourW

eibull-Poisson
exam

plefrom
Section

2.1.Thelatentvariable
θ
livesin

R
>
0 .

The
logarithm

ζ
=
T

(θ)
=

log
(θ)transform

sR
>
0
to

the
realline

R
.ItsJacobian

adjustm
entisthe

derivative
ofthe

inverse
ofthe

logarithm
|d

et
J
T

−
1
(ζ
) |

=
ex

p
(ζ

).The
transform

ed
density

is

p
(x
,ζ

)
=

Poisson
(x
|

ex
p
(ζ

))×
W
eibull(ex

p
(ζ

)|
1.5,1)×

ex
p
(ζ

).

Figures1a
and

1b
depictthistransform

ation.
A
sw

edescribein
theintroduction,w

eim
plem

entouralgorithm
in

Stan
(Stan

D
evelopm

entTeam
,

2016).Stan
m
aintainsa

library
oftransform

ationsand
theircorresponding

Jacobians.Specifically,
itprovidesvarioustransform

ationsforupperand
low

erbounds,sim
plex

and
ordered

vectors,and
structured

m
atricessuch

ascovariancem
atricesand

Cholesky
factors.W

ith
Stan,w

ecan
autom

atically
transform

the
jointdensity

ofany
differentiable

probability
m
odelto

one
w
ith

real-valued
latent

variables.(See
Figure

2.)

2.4
VariationalApproxim

ationsin
RealCoordinateSpace

A
fterthe

transform
ation,the

latentvariables
ζ
have

supportin
the

realcoordinate
space

R
K
.W

e
have

a
choice

ofvariationalapproxim
ationsin

thisspace.H
ere,w

e
considerG

aussian
distributions

(Figure
1b);these

im
plicitly

induce
non-G

aussian
variationaldistributions

in
the

originallatent
variable

space
(Figure

1a).
M
ean-field

G
aussian.

O
ne

option
isto

posita
factorized

(m
ean-field)G

aussian
variationalapproxi-

m
ation

q(ζ
;
φ

)
=

N
orm

al (ζ
|
µ
,diag(σ

2) )
=

K∏k
=
1 N

orm
al (ζ

k |
µ
k ,σ

2k )
,

w
here

the
vector

φ
=

(µ
1 ,···

,µ
K
,σ

21 ,···
,σ

2K
)concatenatesthe

m
ean

and
variance

ofeach
G
aus-

sian
factor.Since

the
variance

param
etersm

ustalw
aysbe

positive,the
variationalparam

eterslive
in

the
set

Φ
=
{R

K
,R

K>
0 }.

Re-param
eterizing

the
m
ean-field

G
aussian

rem
oves

this
constraint.

Considerthe
logarithm

ofthe
standard

deviations,
ω

=
log

(σ
),applied

elem
ent-w

ise.The
support

of
ω
isnow

the
realcoordinate

space
and

σ
isalw

ayspositive.The
m
ean-field

G
aussian

becom
es

q(ζ
;
φ

)
=

N
orm

al (ζ
|
µ
,diag(ex

p
(ω

)
2) )

,w
here

the
vector

φ
=

(µ
1 ,···

,µ
K
,ω

1 ,···
,ω

K
)con-

catenates
the

m
ean

and
logarithm

ofthe
standard

deviation
ofeach

factor.
N
ow

,the
variational

param
etersare

unconstrained
in

R
2
K
.
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K
ucukelbir,Tran,Ranganath,G

elm
an

and
Blei

x
n θ

α
=

1.5
,σ

=
1

N

data
{

int
N;

//
number

of
observations

int
x[N];

//
discrete-valued

observations
}parameters

{
//

latent
variable,

must
be

positive
real<lower=0>

theta;
}model

{
//

non-conjugate
prior

for
latent

variable
theta

~
weibull(1.5,

1);
//

likelihood
for

(n
in

1:N)
x[n]

~
poisson(theta);

}
Figure2:Specifying

a
sim

ple
nonconjugate

probability
m
odelin

Stan.

Full-rank
G
aussian.

A
notheroption

isto
posita

full-rank
G
aussian

variationalapproxim
ation

q(ζ
;
φ

)
=

N
orm

al(ζ
|
µ
,Σ

)
,

w
herethevector

φ
=

(µ
,Σ

)concatenatesthem
ean

vector
µ
and

covariancem
atrix

Σ
.To

ensurethat
Σ

alw
aysrem

ainspositive
sem

idefinite,w
e
re-param

eterize
the

covariance
m
atrix

using
a
Cholesky

factorization,
Σ

=
L

L
>.W

e
use

the
non-unique

definition
ofthe

Cholesky
factorization

w
here

the
diagonalelem

entsof
L
need

notbe
positively

constrained
(Pinheiro

and
B
ates,1996).Therefore

L
livesin

the
unconstrained

space
oflow

er-triangularm
atricesw

ith
K

(K
+

1
)/

2
real-valued

entries.
Thefull-rank

G
aussian

becom
es
q(ζ

;
φ

)
=

N
orm

al (ζ
|
µ
,L

L
> )
, w

herethevariationalparam
eters

φ
=

(µ
,L

)are
unconstrained

in
R
K
+
K
(K

+
1
)/
2.

The
full-rank

G
aussian

generalizesthe
m
ean-field

G
aussian

approxim
ation.The

off-diagonal
term

sin
the

covariance
m
atrix

Σ
capture

posteriorcorrelationsacrosslatentrandom
variables. 4

This
leadsto

a
m
ore

accurate
posteriorapproxim

ation
than

the
m
ean-field

G
aussian;how

ever,itcom
esat

a
com

putationalcost.Variouslow
-rank

approxim
ationsto

the
covariance

m
atrix

reduce
thiscost,yet

lim
ititsability

to
m
odelcom

plex
posteriorcorrelations(Seeger,2010;Challisand

Barber,2013).
The

choice
ofa

G
aussian.

C
hoosing

a
G
aussian

distribution
m
ay

callto
m
ind

the
Laplace

approxi-
m
ation

technique,w
here

a
second-orderTaylorexpansion

around
the

m
axim

um
-a-posterioriestim

ate
givesaG

aussian
approxim

ation
to
theposterior.H

ow
ever,using

aG
aussian

variationalapproxim
ation

is
notequivalentto

the
Laplace

approxim
ation

(O
pperand

A
rcham

beau,2009).
O
urapproach

is
distinctin

anotherw
ay:the

posteriorapproxim
ation

in
the

originallatentvariable
space

(Figure
1a)

isnon-G
aussian.

The
im

plicitvariationaldensity.
The

transform
ation

T
from

Equation
(4)m

apsthe
supportofthe

latentvariablesto
the

realcoordinate
space.Thus,itsinverse

T
−
1
m
apsback

to
the

supportofthe
latentvariables.Thisim

plicitly
definesthe

variationalapproxim
ation

in
the

originallatentvariable
spaceas

q
(T

(θ
)

;
φ

) ∣∣
d
et
J
T

(θ
) ∣∣.Thetransform

ation
ensuresthatthesupportofthisapproxim

ation
isalw

aysbounded
by

thatofthe
posteriorin

the
originallatentvariable

space.
Sensitivity

to
T
.
There

are
m
any

w
ays

to
transform

the
supporta

variable
to

the
realcoordinate

space.The
form

ofthe
transform

ation
directly

affectsthe
shape

ofthe
variationalapproxim

ation
in

the
originallatentvariable

space.W
e
study

sensitivity
to

the
choice

oftransform
ation

in
Section

3.3.

4.Thisisa
form

ofstructured
m
ean-field

variationalinference
(W

ainw
rightand

Jordan,2008;Barber,2012).
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ad
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=
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Th
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at
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e
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re
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=
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at
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pe
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at
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at
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re
pr
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Ja
co
bi
an

of
el
lip

tic
al
sta

nd
ar
d-

iz
at
io
n
ev
al
ua
te
st
o
on
e,
be
ca
us
e
th
e
G
au
ss
ia
n
di
str

ib
ut
io
n
is
a
m
em

be
ro

ft
he

lo
ca
tio

n-
sc
al
e
fa
m
ily

:
sta

nd
ar
di
zi
ng

a
G
au
ss
ia
n
gi
ve
sa

no
th
er

G
au
ss
ia
n
di
str

ib
ut
io
n.

(S
ee

A
pp

en
di
x
A
.)

W
e
do

no
tn

ee
d
to

tra
ns
fo
rm

th
e
en
tro

py
te
rm

as
it
do

es
no

td
ep
en
d
on

th
e
m
od

el
or

th
e
tra

ns
fo
r-

m
at
io
n;

w
e
ha
ve

a
sim

pl
e
an
al
yt
ic
fo
rm

fo
rt
he

en
tro

py
of

a
G
au
ss
ia
n
an
d
its

gr
ad
ie
nt
.W

e
im

pl
em

en
t

th
es
e
on

ce
an
d
re
us
e
fo
ra

ll
m
od

el
s.

2.
6

St
oc
ha

sti
cO

pt
im

iza
tio

n
W
e
no
w
re
ac
h
th
e
fin

al
ste

p:
sto

ch
as
tic

op
tim

iz
at
io
n
of

th
e
va
ria

tio
na
lo

bj
ec
tiv

e
fu
nc
tio

n.
Co

m
pu

tin
g
gr
ad

ie
nt
s.

Si
nc
e
th
e
ex
pe
ct
at
io
n
is
no

lo
ng
er

de
pe
nd

en
to

n
φ
,w

e
ca
n
di
re
ct
ly

ca
lc
ul
at
e

its
gr
ad
ie
nt
.P

us
h
th
e
gr
ad
ie
nt

in
sid

e
th
e
ex
pe
ct
at
io
n
an
d
ap
pl
y
th
e
ch
ai
n
ru
le
to

ge
t

∇
µ
L

=
E N

(η
)

[ ∇
θ

lo
g
p
(x
,θ

)∇
ζ
T
−
1
(ζ

)
+
∇
ζ

lo
g
∣ ∣ d

et
J
T

−
1
(ζ

)∣ ∣]
.

(7
)

W
e
ob

ta
in

gr
ad
ie
nt
sw

ith
re
sp
ec
tt
o
ω

(m
ea
n-
fie

ld
)a

nd
L
(fu

ll-
ra
nk

)i
n
a
sim

ila
rf
as
hi
on

∇
ω
L

=
E N

(η
)

[ (
∇
θ

lo
g
p
(x
,θ

)∇
ζ
T
−
1
(ζ

)
+
∇
ζ

lo
g
∣ ∣ d

et
J
T

−
1
(ζ

)∣ ∣)
η
>
di
ag

(e
x
p
(ω

))
] +

1
(8
)

∇
L
L

=
E N

(η
)

[ (
∇
θ

lo
g
p
(x
,θ

)∇
ζ
T
−
1
(ζ

)
+
∇
ζ

lo
g
∣ ∣ d

et
J
T

−
1
(ζ

)∣ ∣)
η
>
] +

(L
−
1
)>
.

(9
)

(D
er
iv
at
io
ns

in
A
pp

en
di
x
C.
)

W
e
ca
n
no
w
co
m
pu
te
th
e
gr
ad
ie
nt
si
ns
id
e
th
e
ex
pe
ct
at
io
n
w
ith

au
to
m
at
ic
di
ffe

re
nt
ia
tio

n.
Th

e
on

ly
th
in
g
le
ft
is
th
e
in
tra

ct
ab
le
ex
pe
ct
at
io
n.

m
c
in
te
gr
at
io
n
pr
ov
id
es

a
sim

pl
e
ap
pr
ox
im

at
io
n:

dr
aw

sa
m
pl
es

fr
om

th
e
sta

nd
ar
d
G
au
ss
ia
n
an
d
ev
al
ua
te

th
e
em

pi
ric

al
m
ea
n
of

th
e
gr
ad
ie
nt
s
w
ith

in
th
e

ex
pe
ct
at
io
n
(A

pp
en
di
x
D
).
In

pr
ac
tic
e
a
sin

gl
e
sa
m
pl
e
su
ffi
ce
s.
(W

e
stu

dy
th
is
in

de
ta
il
in

Se
ct
io
n
3.
2

an
d
in

th
e
ex
pe
rim

en
ts
in

Se
ct
io
n
4.
)

Th
is
gi
ve
sn

oi
sy

un
bi
as
ed

gr
ad
ie
nt
so

ft
he

el
bo

fo
ra

ny
di
ffe

re
nt
ia
bl
e
pr
ob
ab
ili
ty

m
od
el
.W

e
ca
n

us
e
th
es
e
gr
ad
ie
nt
si
n
a
sto

ch
as
tic

op
tim

iz
at
io
n
ro
ut
in
e
to

au
to
m
at
e
va
ria

tio
na
li
nf
er
en
ce
.

St
oc
ha
sti
c
gr
ad
ie
nt

as
ce
nt
.
Eq

ui
pp
ed

w
ith

no
is
y
un
bi
as
ed

gr
ad
ie
nt
so

ft
he

el
bo

,a
dv

ii
m
pl
em

en
ts

sto
ch
as
tic

gr
ad
ie
nt
as
ce
nt
(A

lg
or
ith

m
1)
.T

hi
sa

lg
or
ith

m
is
gu
ar
an
te
ed

to
co
nv
er
ge

to
al
oc
al
m
ax
im

um
of

th
e

el
bo

un
de
rc

er
ta
in

co
nd
iti
on
s
on

th
e
ste

p-
si
ze

se
qu
en
ce
.6

St
oc
ha
sti
c
gr
ad
ie
nt

as
ce
nt

fa
lls

6.
Th

is
is
al
so

ca
lle
d
a
le
ar
ni
ng

ra
te
or

sc
he
du
le
in

th
e
m
ac
hi
ne

le
ar
ni
ng

co
m
m
un
ity
.
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A
utom

atic
D

ifferentiation
Variational

Inference

Algorithm
1:A

utom
atic

differentiation
variationalinference

(advi)

Input:D
ataset

x
=
x
1
:N
,m

odel
p
(x
,θ

).
Setiteration

counter
i

=
1.

Initialize
µ
(1
)

=
0.

Initialize
ω

(1
)

=
0
(m

ean-field)or
L
(1
)

=
I
(full-rank).

D
eterm

ine
η
via

a
search

overfinite
values.

while
change

in
elbo

isabove
som

e
threshold

do
D
raw

M
sam

ples
η
m
∼

N
orm

al(0
,I)from

the
standard

m
ultivariate

G
aussian.

A
pproxim

ate∇
µ L

using
m

c
integration

(Equation
(7)).

A
pproxim

ate∇
ω L

or∇
L L

using
m

c
integration

(Equations(8)and
(9)).

Calculate
step-size

ρ
(i)(Equation

(10)).

U
pdate

µ
(i+

1
)←
−
µ
(i)

+
diag

(ρ
(i))∇

µ L
.

U
pdate

ω
(i+

1
)←
−
ω

(i)
+

diag(ρ
(i))∇

ω L
or

L
(i+

1
)←
−

L
(i)

+
diag

(ρ
(i))∇

L L
.

Increm
entiteration

counter.
end
Return

µ
∗←
−
µ
(i).

Return
ω
∗←
−
ω

(i)or
L
∗←
−

L
(i).

underthe
classofstochastic

approxim
ations,w

here
Robbinsand

M
onro

(1951)established
a
pair

of
conditions

thatensure
convergence.

M
any

sequences
satisfy

these
criteria,buttheir

specific
form

sim
pactthe

successofstochastic
gradientascentin

practice.W
e
describe

an
adaptive

step-size
sequence

foradvibelow.
Adaptive

step-size
sequence.

A
daptive

step-size
sequencesretain

(possibly
infinite)m

em
ory

about
pastgradientsand

adaptto
the

high-dim
ensionalcurvature

ofthe
elbo

optim
ization

space
(A

m
ari,

1998;D
uchietal.,2011;Ranganath

etal.,2013;K
ingm

a
and

A
dam

,2015).These
sequencesenjoy

theoreticalboundson
theirconvergencerates.H

ow
ever,in

practice,they
can

beslow
to
converge.The

em
pirically

justified
rm

spropsequence(Tielem
an

and
H
inton,2012)convergesquickly

in
practicebut

lacksany
convergence

guarantees.W
e
propose

a
new

step-size
sequence

w
hich

effectively
com

bines
both

approaches.
Considerthe

step-size
ρ
(i)and

a
gradientvector

g
(i)atiteration

i.W
e
define

the
kth

elem
entof

ρ
(i)as

ρ
(i)
k

=
η×

i −
1/

2+
ε×
(
τ

+

√
s
(i)
k

)
−
1

,
(10)

w
here

w
e
apply

the
follow

ing
recursive

update

s
(i)
k

=
α
g
2k
(i)

+
(1−

α
)s

(i−
1
)

k
,

(11)
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K
ucukelbir,Tran,Ranganath,G

elm
an

and
Blei

w
ith

an
initialization

of
s
(1
)

k
=
g
2k
(1
).

The
firstfactor

η
∈

R
>
0
controls

the
scale

of
the

step-size
sequence.

Itm
ainly

affects
the

beginning
ofthe

optim
ization.W

e
adaptively

tune
η
by

searching
over

η
∈
{0
.0

1
,0
.1
,1
,1

0
,1

0
0}

using
a
subsetofthe

data
and

selecting
the

value
thatleadsto

the
fastestconvergence

(Bottou,2012).
The

m
iddle

term
i −

1
/
2
+
εdecaysasa

function
ofthe

iteration
i.W

e
set

ε
=

10 −
1
6,a

sm
allvalue

thatguaranteesthatthe
step-size

sequence
satisfiesthe

Robbinsand
M
onro

(1951)conditions.
Thelastterm

adaptsto
thecurvatureoftheelbo

optim
ization

space.M
em

ory
aboutpastgradients

are
processed

in
Equation

(11).The
w
eighting

factor
α
∈

(0
,1

)definesa
com

prom
ise

ofold
and

new
gradientinform

ation,w
hich

w
e
setto

0
.1.The

quantity
s
k
convergesto

a
non-zero

constant.
W
ithoutthe

previous
decaying

term
,this

w
ould

lead
to

possibly
large

oscillations
around

a
local

optim
um

ofthe
elbo.The

additionalperturbation
τ
>

0
preventsdivision

by
zero

and
dow

n-w
eights

early
iterations.In

practice
the

step-size
isnotsensitive

to
thisvalue

(H
offm

an
etal.,2013),so

w
e
set

τ
=

1.

C
om

plexity
and

data
subsam

pling.
advihascom

plexityO
(N

M
K

)periteration,w
here

N
isthe

num
berofdata

points,
M

is
the

num
berof

m
c
sam

ples
(typically

betw
een

1
and

10),and
K

is
the

num
beroflatentvariables.C

lassicalviw
hich

hand-derivesa
coordinate

ascentalgorithm
has

com
plexityO

(N
K

)perpassoverthe
dataset.The

added
com

plexity
ofautom

atic
differentiation

overanalytic
gradientsisroughly

constant(Carpenteretal.,2015;Baydin
etal.,2015).

W
e
scale

advito
large

datasetsusing
stochastic

optim
ization

w
ith

data
subsam

pling
(H

offm
an

etal.,2013;Titsiasand
Lázaro-G

redilla,2014).The
adjustm

entto
A
lgorithm

1
issim

ple:sam
ple

a
m
inibatch

ofsize
B
�
N

from
the

datasetand
scale

the
likelihood

ofthe
m
odelby

N
/B

(H
offm

an
etal.,2013).The

stochastic
extension

ofadvihasa
per-iteration

com
plexityO

(B
M
K

).
In

Sections4.3
and

4.4,w
e
apply

thisstochastic
extension

to
analyze

datasetsw
ith

hundredsof
thousandsto

m
illionsofobservations.

2.7
Related

W
ork

adviis
an

autom
atic

variationalinference
algorithm

,im
plem

ented
w
ithin

the
Stan

probabilistic
program

m
ing

system
.Thisdraw

son
tw
o
m
ajorthem

es.

Probabilistic
program

m
ing.

The
firstthem

e
is
probabilistic

program
m
ing.O

ne
class

ofsystem
s

focuses
on

probabilistic
m
odels

w
here

the
user

specifies
a
jointprobability

distribution.
Som

e
exam

plesareBU
G
S
(Spiegelhalteretal.,1995),JAG

S
(Plum

m
er,2003),and

Stan
(Stan

D
evelopm

ent
Team

,2016).A
notherclassofsystem

sallow
sthe

userto
directly

specify
probabilistic

program
sthat

m
ay

notadm
ita

closed
form

probability
distribution.Som

e
exam

plesare
C
hurch

(G
oodm

an
etal.,

2008),Figaro
(Pfeffer,2009),Venture

(M
ansinghka

etal.,2014),A
nglican

(W
ood

etal.,2014),and
W
ebPPL

(G
oodm

an
and

Stuhlm
üller,2014).Both

classesprim
arily

rely
on

variousform
sofm

cm
c

sam
pling

forinference.

Variationalinference.
Thesecond

isabody
ofw

ork
thatgeneralizesvariationalinference.Ranganath

etal.(2014)and
Salim

ans
and

K
now

les
(2014)propose

a
black

box
technique

thatonly
requires

com
putinggradientsofthevariationalapproxim

atingfam
ily.K

ingm
aandW

elling(2014)andRezende
etal.(2014)describe

a
reparam

eterization
ofthe

variationalproblem
thatsim

plifiesoptim
ization.

Titsias
and

Lázaro-G
redilla

(2014)
leverage

the
gradientof

the
m
odelfor

a
class

of
real-valued

m
odels.Rezende

and
M
oham

ed
(2015),R

anganath
etal.(2016)and

Tran
etal.(2016b)im

prove
the

accuracy
ofblack

box
variationalapproxim

ations.H
ere

w
e
build

on
and

extend
these

ideasto
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A
ut

om
at

ic
D

if
fe

re
nt

ia
ti

on
Va

ri
at

io
na

l
In

fe
re

nc
e

au
to
m
at
e
va
ria

tio
na
li
nf
er
en
ce
;w

e
hi
gh
lig

ht
te
ch
ni
ca
lc
on
ne
ct
io
ns

as
w
e
stu

dy
th
e
pr
op
er
tie
so

fa
dv

i
in

Se
ct
io
n
3.

So
m
e
no
ta
bl
e
w
or
k
cr
os
se
sb

ot
h
th
em

es
.B

is
ho
p
et
al
.(
20
02
)p

re
se
nt

an
au
to
m
at
ed

va
ria

tio
na
l

al
go
rit
hm

fo
rg

ra
ph
ic
al
m
od
el
sw

ith
co
nj
ug
at
ee

xp
on
en
tia
lr
el
at
io
ns
hi
ps

be
tw
ee
n
al
lp
ar
en
t-c

hi
ld
pa
irs
.

W
in
n
an
d
Bi
sh
op

(2
00
5)

an
d
M
in
ka

et
al
.(
20
14
)e
xt
en
d
th
is
to

gr
ap
hi
ca
lm

od
el
sw

ith
no
n-
co
nj
ug
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e

re
la
tio

ns
hi
ps

by
ei
th
er

us
in
g
cu
sto

m
ap
pr
ox
im

at
io
ns

or
sa
m
pl
in
g.

ad
vi

au
to
m
at
ic
al
ly
su
pp
or
ts
am

or
e

co
m
pr
eh
en
si
ve

cl
as
so

fn
on

co
nj
ug
at
e
m
od

el
s;
se
e
Se

ct
io
n
2.
1.

W
in
ga
te
an
d
W
eb
er

(2
01

3)
stu

dy
a

m
or
e
ge
ne
ra
ls
et
tin

g,
w
he
re

th
e
va
ria

tio
na
la
pp

ro
xi
m
at
io
n
its
el
fi
sa

pr
ob

ab
ili
sti
c
pr
og

ra
m
.

Au
to
m
at
ic

di
ffe
re
nt
ia
tio

n.
A
ut
om

at
ic

di
ffe

re
nt
ia
tio

n
an
d
m
ac
hi
ne

le
ar
ni
ng

en
jo
y
a
co
lo
rf
ul

an
d

in
te
rtw

in
ed

hi
sto

ry
(B

ay
di
n
et
al
.,
20

15
).
Fo

re
xa
m
pl
e,
th
e
ba
ck
pr
op

ag
at
io
n
al
go

rit
hm

,r
ed
isc

ov
er
ed

in
de
pe
nd
en
tly

m
an
y
tim

es
,i
sa

fo
rm

of
au
to
m
at
ic
di
ffe

re
nt
ia
tio

n
fo
rn

eu
ra
ln

et
w
or
k
w
ei
gh
ts
(W

id
ro
w

an
d
Le

hr
,1

99
0)
.S

im
ila
rly

,r
es
ea
rc
he
rs
ha
ve

ap
pl
ie
d
au
to
m
at
ic
di
ffe

re
nt
ia
tio

n
to

sp
ec
ifi
c
m
od
el
s,

su
ch

as
ex
te
nd

ed
K
al
m
an

fil
te
rs
(M

ey
er

et
al
.,
20

03
)a

nd
co
m
pu

te
rv

isi
on

m
od

el
s(
Po

ck
et
al
.,
20

07
).

A
ut
om

at
ic
di
ffe

re
nt
ia
tio

n
al
so

ap
pe
ar
si
n
re
ce
nt
va
ria

tio
na
li
nf
er
en
ce

re
se
ar
ch
.F

or
in
sta

nc
e,
th
eB

ay
es
-

by
-b
ac
kp

ro
p
al
go

rit
hm

is
a
sp
ec
ifi
c
ap
pl
ic
at
io
n
of

au
to
m
at
ic
di
ffe

re
nt
ia
tio

n
to

va
ria

tio
na
li
nf
er
en
ce

in
B
ay
es
ia
n
ne
ur
al
ne
tw
or
ks

(B
lu
nd
el
le
ta
l.,

20
15
).
M
an
y
of

th
e
m
et
ho
ds

de
sc
rib

ed
ab
ov
e
co
ul
d,

if
ap
pl
ic
ab
le
,u

se
au
to
m
at
ic
di
ffe

re
nt
ia
tio

n
to

co
m
pu
te
gr
ad
ie
nt
s
of

th
e
m
od
el
an
d
th
e
va
ria

tio
na
l

ap
pr
ox
im

at
in
g
fa
m
ili
es
.

So
ftw

ar
e.

ad
vi

ca
n
al
so

be
im

pl
em

en
te
d
in

ot
he
rg

en
er
al
-p
ur
po
se

so
ftw

ar
e
fr
am

ew
or
ks
,s
uc
h
as

au
to
gr
ad

(M
ac
la
ur
in
et
al
.,
20
15
),
Th

ea
no

(T
he
an
o
D
ev
el
op
m
en
tT

ea
m
,2
01
6)

an
d
Te
ns
or
Fl
ow

(A
ba
di

et
al
.,
20
16
).

Th
es
e
fr
am

ew
or
ks

off
er

fe
at
ur
es

su
ch

as
sy
m
bo
lic

or
au
to
m
at
ic

di
ffe

re
nt
ia
tio

n
an
d

ab
str
ac
tio

ns
fo
rp

ar
al
le
lc
om

pu
ta
tio

n.
Tw

o
ot
he
ri
m
pl
em

en
ta
tio

ns
of

ad
vi

ar
e
av
ai
la
bl
e,
at
th
e
tim

e
of

pu
bl
ic
at
io
n.

Th
e
fir
st
is
in

Py
M
C3

(S
al
va
tie
re

ta
l.,

20
16
),
a
pr
ob
ab
ili
sti
c
pr
og

ra
m
m
in
g
pa
ck
ag
e,
th
at

im
pl
em

en
ts

ad
vi

in
Py

th
on

us
in
g
Th

ea
no
.T

he
se
co
nd

is
in

Ed
w
ar
d
(T
ra
n
et
al
.,
20
16
a)
,a

Py
th
on

lib
ra
ry

fo
rp

ro
ba
bi
lis
tic

m
od
el
in
g,
in
fe
re
nc
e,
an
d
cr
iti
ci
sm

,t
ha
ti
m
pl
em

en
ts

ad
vi

in
Py

th
on

us
in
g

Te
ns
or
Fl
ow

.

3.
Pr

op
er
tie

so
fA

ut
om

at
ic
Di
ffe

re
nt
ia
tio

n
Va

ria
tio

na
lI
nf
er
en
ce

A
ut
om

at
ic
di
ffe

re
nt
ia
tio

n
va
ria
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w
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A
utom

atic
D

ifferentiation
Variational

Inference

Stochasticvolatilitytim
e-seriesm

odel.
Finally,w

estudy
am

odelw
herethedataarenotexchangeable.

Consideran
autoregressive

processto
m
odelhow

the
latentvolatility

(i.e.,variance)ofan
econom

ic
assetchangesovertim

e
(K

im
etal.,1998);ourgoalisto

estim
ate

the
sequence

ofvolatilities.W
e

expectthese
posteriorestim

atesto
be

correlated,especially
w
hen

the
volatilitiestrend

aw
ay

from
theirm

ean
value.

In
detail,the

price
data

exhibitlatentvolatility
aspartofthe

variance
ofa

zero-m
ean

G
aussian

y
t ∼

N
orm

al(0,ex
p
(h
t /2))

w
here

the
log

volatility
follow

san
auto-regressive

process

h
t ∼

N
orm

al(µ
+
φ

(h
t−

1 −
µ

),σ
)

w
ith

initialization
h
1 ∼

N
orm

al (
µ
,

σ
√

1−
φ
2 )

.

W
e
place

the
follow

ing
priorson

the
latentvariables

µ
∼

Cauchy
(0,10),

φ
∼

U
nif(−

1
,1),

and
σ
∼

Lognorm
al(0,10).

W
e
set

µ
=
−

1
.0

2
5,
φ

=
0
.9

and
σ

=
0
.6,and

sim
ulate

a
datasetof

5
0
0
tim

e-stepsfrom
the

generativem
odelabove.Figure6

plotstheposteriorm
ean

ofthelog
volatility

h
t asafunction

oftim
e.

M
ean-field

advistrugglesto
describe

the
m
ean

ofthe
posterior,particularly

w
hen

the
log

volatility
driftsfaraw

ay
from

µ.Thisisexpected
behaviorfora

m
ean-field

approxim
ation

to
a
tim

e-series
m
odel(Turnerand

Sahani,2008).In
contrast,full-rank

advim
atchesthe

estim
atesobtained

from
sam

pling.
W
e
furtherinvestigate

thisby
studying

posteriorcorrelationsofthe
log

volatility
sequence.W

e
draw

S
=

1
0
0
0
sam

ples
of

5
0
0-dim

ensionallog
volatility

sequences{h
(s)}

S1 .
Figure

7
show

s
the

em
piricalposteriorcovariance

m
atrix,

1/
S−

1 ∑
s (h

(s)−
h

)(h
(s)−

h
) >

foreach
m
ethod.The

m
ean-field

covariance
(fig.7a)failsto

capture
the

locally
correlated

structure
ofthe

full-rank
and

sam
pling

covariance
m
atrices(figs.7b

and
7c).A

llcovariance
m
atricesexhibita

blurry
spread

due
to

finite
sam

ple
size.

t

Posteriorm
ean

oflog
volatility

h
t

Sam
pling

M
ean-field

Full-rank

Figure6:Com
parison

ofposteriorm
ean

estim
atesofvolatility

h
t .M

ean-field
adviunderestim

ates
h
t ,especially

w
hen

itm
oves

faraw
ay

from
its

m
ean

µ.
Full-rank

advim
atches

the
accuracy

of
sam

pling.

The
regionsw

here
the

localcorrelation
isstrongestcorrespond

to
the

regionsw
here

m
ean-field

underestim
atesthe

log
volatility.To

help
identify

these
regions,w

e
overlay

the
sam

pling
m
ean

log
volatility

estim
ate

from
Figure

6
above

each
m
atrix.Both

full-rank
adviand

sam
pling

resultsexhibit
correlation

w
here

the
log

volatility
trendsaw

ay
from

itsm
ean

value.
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K
ucukelbir,Tran,Ranganath,G

elm
an

and
Blei

(a)M
ean-field

(b)Full-rank
(c)Sam

pling
0 0.82

Figure7:Com
parison

ofem
piricalposteriorcovariance

m
atrices.The

m
ean-field

advicovariance
m
atrix

failsto
capture

the
localcorrelation

structure
seen

in
the

full-rank
adviand

sam
pling

results.
A
llcovariance

m
atricesexhibita

blurry
spread

due
to

finite
sam

ple
size.

Recom
m
endations.

H
ow

to
choose

betw
een

full-rank
and

m
ean-field

advi?
Scientistsinterested

in
posteriorvariancesand

covariancesshould
use

the
full-rank

approxim
ation.Full-rank

advicaptures
posteriorcorrelations,in

turn
producing

m
ore

accurate
m
arginalvariance

estim
ates.Forlarge

data,
how

ever,full-rank
advican

be
prohibitively

slow.
Scientistsinterested

in
prediction

should
initially

rely
on

the
m
ean-field

approxim
ation.M

ean-
field

advioffersa
fastalgorithm

forapproxim
ating

theposteriorm
ean.In

practice,accurate
posterior

m
ean

estim
atesdom

inate
predictive

accuracy;underestim
ated

m
arginalvariancesm

attersless.

3.2
VarianceoftheStochasticG

radients
adviusesM

onteCarlo
integration

to
approxim

ategradientsoftheelbo,and
then

usesthesegradients
in

a
stochastic

optim
ization

algorithm
(Section

2).The
speed

ofadvihingeson
the

variance
ofthe

gradientestim
ates.W

hen
a
stochastic

optim
ization

algorithm
suffersfrom

high-variance
gradients,it

m
ustrepeatedly

recoverfrom
poorparam

eterestim
ates.

adviisnotthe
only

w
ay

to
com

pute
M
onte

C
arlo

approxim
ationsofthe

gradientofthe
elbo.

Black
box

variationalinference
(bbvi)takesa

differentapproach
(Ranganath

etal.,2014).The
bbvi

gradientestim
atorusesthe

gradientofthe
variationalapproxim

ation
and

avoidsusing
the

gradientof
the

m
odel.Forexam

ple,the
follow

ing
bbviestim

ator

∇
bbvi
µ
L

=
E
q
(ζ

;φ
) [∇

µ
log

q(ζ
;
φ

) {
log

p (x
,T
−
1(ζ

) )
+

log ∣∣
d
et
J
T

−
1 (ζ

) ∣∣−
log

q(ζ
;
φ

) }]

and
the

advigradientestim
atorin

Equation
(7)both

lead
to

unbiased
estim

atesofthe
exactgradient.

W
hile

bbviism
ore

general—
itdoesnotrequire

the
gradientofthe

m
odeland

thusappliesto
m
ore

settings—
itsgradientscan

sufferfrom
high

variance.
Figure

8
em

pirically
com

paresthe
variance

ofboth
estim

atorsfortw
o
m
odels.Figure

8a
show

s
the

variance
of

both
gradientestim

ators
for

a
sim

ple
univariate

m
odel,w

here
the

posterior
is
a

G
am

m
a(1

0
,1

0
).W

e
estim

ate
the

variance
using

ten
thousand

re-calculationsofthe
gradient∇

φ L
,

acrossan
increasing

num
berofm

c
sam

ples
M

.The
advigradienthaslow

ervariance;in
practice,a

single
sam

ple
suffi

ces.(See
the

experim
entsin

Section
4.)
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2
ov
er
T
1
.
A

qu
ic
k

an
al
ys
is
co
rr
ob
or
at
es

th
is
.T

1
is
th
e
lo
ga
rit
hm

,w
hi
ch

fla
tte
ns

ou
tf
or

la
rg
e
va
lu
es
.H

ow
ev
er
,T

2
is

al
m
os
tl
in
ea
rf
or

la
rg
e
va
lu
es

of
θ.

Si
nc
e
bo
th

th
e
G
am

m
a
(th

e
po
ste

rio
r)
an
d
th
e
G
au
ss
ia
n
(th

e
ad

vi
ap
pr
ox
im

at
io
n)

de
ns
iti
es

ar
e
lig

ht
-ta

ile
d,
T
2
is
th
e
pr
ef
er
ab
le
tra

ns
fo
rm

at
io
n.

Is
th
er
e
an

op
tim

al
tra

ns
fo
rm

at
io
n?

W
ith

ou
tl
os
s
of

ge
ne
ra
lit
y,
w
e
co
ns
id
er

fix
in
g
a
sta

nd
ar
d

G
au
ss
ia
n
di
str

ib
ut
io
n
in

th
e
re
al
co
or
di
na
te
sp
ac
e.
7
Th

e
op

tim
al
tra

ns
fo
rm

at
io
n
is
th
en

T
∗

=
Φ
−
1
◦P

(θ
|x

)

7.
Fo

rt
w
o
tra

ns
fo
rm

at
io
ns
T
1
an
d
T
2
fro

m
la
te
nt

va
ria

bl
e
sp
ac
e
to

re
al
co
or
di
na
te
sp
ac
e,
th
er
e
al
w
ay
se

xi
sts

a
tra

ns
fo
rm

a-
tio

n
T
3
w
ith

in
th
e
re
al
co
or
di
na
te
sp
ac
e
su
ch

th
at
T
1
(θ
)
=
T
3
(T

2
(θ
))
.
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K
uc

uk
el

bi
r,

Tr
an

,R
an

ga
na

th
,G

el
m

an
an

d
Bl

ei

0
1

2

1 Density

(a
)G

am
m
a(

1
,2

)

0
1

2

1

(b
)G

am
m
a(

2.
5,

4.
2)

0
1

2

1

θ

Ex
ac
tP

os
te
rio

r
ad

vi
w
ith
T
1

ad
vi

w
ith
T
2

(c
)G

am
m
a(

1
0,

10
)

Fi
gu

re
9:

ad
vi

ap
pr
ox
im

at
io
ns

to
G
am

m
a
de
ns
iti
es

un
de
rt
w
o
di
ffe

re
nt

tra
ns
fo
rm

at
io
ns
.

G
am

m
a(

1,
2)

G
am

m
a(

2.
5
,4
.2

)
G
am

m
a(

10
,1

0
)

K
L

(q
‖
p
)
w
ith

T
1

8
.1
×

10
−
2

3.
3
×

10
−
2

8.
5
×

10
−
3

K
L

(q
‖
p
)
w
ith

T
2

1
.6
×

10
−
2

3.
6
×

10
−
3

7.
7
×

10
−
4

Ta
bl
e2

:k
l
di
ve
rg
en
ce

of
ad

vi
ap
pr
ox
im

at
io
ns

to
G
am

m
a
de
ns
iti
es

fo
rt
w
o
tra

ns
fo
rm

at
io
ns
.

w
he
re
P

is
th
e
cu
m
ul
at
iv
e
de
ns
ity

fu
nc
tio

n
of

th
e
po
ste

rio
ra

nd
Φ
−
1
is
th
e
in
ve
rs
e
cu
m
ul
at
iv
e
de
ns
ity

fu
nc
tio

n
of

th
e
sta

nd
ar
d
G
au
ss
ia
n.
P

m
ap
s
th
e
po
ste

rio
rt
o
a
un
ifo

rm
di
str

ib
ut
io
n
an
d

Φ
−
1
m
ap
s

th
e
un
ifo

rm
di
str

ib
ut
io
n
to

th
e
sta

nd
ar
d
G
au
ss
ia
n.

Th
e
op
tim

al
ch
oi
ce

of
tra

ns
fo
rm

at
io
n
en
ab
le
s

th
e
G
au
ss
ia
n
va
ria

tio
na
la
pp
ro
xi
m
at
io
n
to

be
ex
ac
t.
Sa
dl
y,
es
tim

at
in
g
th
e
op
tim

al
tra

ns
fo
rm

at
io
n

re
qu
ire

se
sti
m
at
in
g
th
e
cu
m
ul
at
iv
e
de
ns
ity

fu
nc
tio

n
of

th
e
po
ste

rio
rP

(θ
|x

);
th
is
is
ju
st
as

ha
rd

as
th
e
or
ig
in
al
go

al
of

es
tim

at
in
g
th
e
po

ste
rio

rd
en
sit
y
p
(θ
|x

).
Th

is
ob

se
rv
at
io
n
m
ot
iv
at
es

pa
iri
ng

tra
ns
fo
rm

at
io
ns

w
ith

G
au
ss
ia
n
va
ria

tio
na
la
pp

ro
xi
m
at
io
ns
;

th
er
e
is
no

ne
ed

fo
rm

or
e
co
m
pl
ex

va
ria

tio
na
lf
am

ili
es
.a

dv
it
ak
es

th
e
ap
pr
oa
ch

of
us
in
g
a
lib

ra
ry

an
d
a
m
od
el
co
m
pi
le
r.
Th

is
is
no
tt
he

on
ly

op
tio

n.
Fo

re
xa
m
pl
e,
K
no
w
le
s(
20
15
)p

os
its

a
fa
ct
or
iz
ed

G
am

m
ad

en
sit
y
fo
rp

os
iti
ve
ly
co
ns
tra

in
ed

la
te
nt

va
ria

bl
es
.I
n
th
eo
ry
,t
hi
si
se

qu
iv
al
en
tt
o
am

ea
n-
fie
ld

G
au
ss
ia
n
de
ns
ity

pa
ire

d
w
ith

th
e
tra

ns
fo
rm

at
io
n
T

=
P
G
am

m
a,
th
e
cu
m
ul
at
iv
e
de
ns
ity

fu
nc
tio

n
of

th
e
G
am

m
a.

(I
n
pr
ac
tic

e,
P
G
am

m
a
is
di
ffi
cu
lt
to

co
m
pu

te
.)
C
ha
lli
sa

nd
B
ar
be
r(
20

12
)s
tu
dy

Fo
ur
ie
r

tra
ns
fo
rm

te
ch
ni
qu
es

fo
rl
oc
at
io
n-
sc
al
e
va
ria

tio
na
la
pp
ro
xi
m
at
io
ns

be
yo
nd

th
e
G
au
ss
ia
n.

A
no
th
er

op
tio

n
is
to

le
ar
n
th
e
tra

ns
fo
rm

at
io
n
du
rin

g
op
tim

iz
at
io
n.

W
e
di
sc
us
s
re
ce
nt

ap
pr
oa
ch
es

in
th
is

di
re
ct
io
n
in

Se
ct
io
n
5.

4.
ad

vi
in

Pr
ac
tic

e
W
e
no
w
ap
pl
y

ad
vi

to
an

ar
ra
y
of

no
nc
on

ju
ga
te
pr
ob

ab
ili
ty

m
od

el
s.
W
ith

si
m
ul
at
ed

an
d
re
al
da
ta
,

w
e
stu

dy
lin

ea
rr
eg
re
ss
io
n
w
ith

au
to
m
at
ic
re
le
va
nc
e
de
te
rm

in
at
io
n,
hi
er
ar
ch
ic
al
lo
gi
sti
c
re
gr
es
si
on
,

se
ve
ra
lv

ar
ia
nt
s
of

no
n-
ne
ga
tiv

e
m
at
rix

fa
ct
or
iz
at
io
n,

m
ix
tu
re

m
od
el
s,
an
d
pr
ob
ab
ili
sti
c
pr
in
ci
pa
l

co
m
po

ne
nt

an
al
ys
is.

W
e
co
m
pa
re

m
ea
n-
fie

ld
ad

vi
to

tw
o

m
cm

c
sa
m
pl
in
g
al
go

rit
hm

s:
H
am

ilt
on

ia
n

M
on
te
C
ar
lo

(h
m

c)
(N

ea
l,
20
11
)a

nd
th
e
no
-U

-tu
rn

sa
m
pl
er

(n
ut

s)
(H

off
m
an

an
d
G
el
m
an
,2
01
4)
.

nu
ts

is
an

ad
ap
tiv

e
ex
te
ns
io
n
of

hm
c
an
d
th
e
de
fa
ul
ts
am

pl
er

in
St
an
.

To
pl
ac
e

ad
vi

an
d

m
cm

c
on

a
co
m
m
on

sc
al
e,
w
e
re
po

rt
pr
ed
ic
tiv

e
lik

el
ih
oo

d
on

he
ld
-o
ut

da
ta
as

a
fu
nc
tio

n
of

co
m
pu

ta
tio

n
tim

e.
Sp

ec
ifi
ca
lly
,w

e
es
tim

at
e
th
e
pr
ed
ic
tiv

e
lik

el
ih
oo

d

p
(x

he
ld
-o
ut
|x

)
=

∫
p
(x

he
ld
-o
ut
|θ

)p
(θ
|x

)
d
θ

18
JM

L
R

 1
8(

14
):

1-
45

, 2
01

7



A
utom

atic
D

ifferentiation
Variational

Inference

using
M
onte

Carlo
estim

ation.W
ith

m
cm

c,w
e
run

the
chain

and
plug

in
each

sam
ple

to
estim

ate
the

integralabove;w
ith

advi,w
e
draw

a
sam

ple
from

the
variationalapproxim

ation
atevery

iteration.
W
e
conclude

w
ith

a
case

study:
an

exploratory
analysis

ofovera
m
illion

taxirides.
H
ere

w
e

show
how

a
scientistm

ightuse
adviin

practice.

4.1
H
ierarchicalRegression

M
odels

W
e
begin

w
ith

tw
o
nonconjugate

regression
m
odels:

linearregression
w
ith

autom
atic

relevance
determ

ination
(ard)(Bishop,2006)and

hierarchicallogistic
regression

(G
elm

an
and

H
ill,2006).

Linearregression
with

ard.
Thisisa

linearregression
m
odelw

ith
a
hierarchicalpriorstructure

that
leadsto

sparse
estim

atesofthe
coeffi

cients.(D
etailsin

A
ppendix

F.1.)
W
e
sim

ulate
a
datasetw

ith
2
5
0
regressorssuch

thathalfofthe
regressorshave

no
predictive

pow
er.W

e
use

1
0

0
0
0
data

points
fortraining

and
w
ithhold

1000
forevaluation.

Logistic
regression

with
a
spatialhierarchicalprior.

Thisisa
hierarchicallogistic

regression
m
odel

from
politicalscience.

The
priorcaptures

dependencies,such
as

states
and

regions,in
a
polling

datasetfrom
the

U
nited

States
1988

presidentialelection
(G

elm
an

and
H
ill,2006).

The
m
odelis

nonconjugate
and

w
ould

require
som

e
form

ofapproxim
ation

to
derive

a
classicalvialgorithm

.
(D

etailsin
A
ppendix

F.2.)
The

datasetincludes
145

regressors,w
ith

age,education,and
state

and
region

indicators.W
e
use

1
0

0
0
0
data

pointsfortraining
and

w
ithhold

1536
forevaluation.

Results.
Figure

10
plots

average
log

predictive
accuracy

as
a
function

oftim
e.

Forthese
sim

ple
m
odels,allm

ethodsreach
the

sam
e
predictive

accuracy.W
e
study

adviw
ith

tw
o
settingsof

M
,the

num
berof

m
c
sam

plesused
to

estim
ate

gradients.A
single

sam
ple

periteration
issuffi

cient;itis
also

the
fastest.(W

e
set

M
=

1
from

here
on.)

1
0 −

1
10

0
10

1

−
9

−
7

−
5

−
3

Seconds

Average log predictive

A
DV

I(M
=1)

A
DV

I(M
=10)

N
U
TS

H
M
C

(a)Linearregression
w
ith

ard

10 −
1

10
0

10
1

10
2

−
1.5

−
1.3

−
1.1

−
0.9

−
0.7

Seconds

Average log predictive

A
DV

I(M
=1)

A
DV

I(M
=10)

N
U
TS

H
M
C

(b)H
ierarchicallogistic

regression

Figure10:H
eld-outpredictive

accuracy
results|hierarchicalgeneralized

linearm
odelson

sim
ulated

and
realdata.

4.2
Non-negativeM

atrix
Factorization

W
econtinueby

exploring
tw
o
nonconjugatenon-negativem

atrix
factorization

m
odels(Leeand

Seung,
1999):

a
constrained

G
am

m
a
Poisson

m
odel(C

anny,2004)and
a
D
irichletExponentialPoisson

m
odel.H

ere,w
e
show

how
easy

itisto
explore

new
m
odelsusing

advi.In
both

m
odels,w

e
use

the
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K
ucukelbir,Tran,Ranganath,G

elm
an

and
Blei

Frey
Facesdataset,w

hich
contains

1956
fram

es(28×
20

pixels)offacialexpressionsextracted
from

a
video

sequence.
Constrained

G
am

m
a
Poisson.

Thisisa
G
am

m
a
Poisson

m
atrix

factorization
m
odelw

ith
an

ordering
constraint:

each
row

of
one

of
the

G
am

m
a
factors

goes
from

sm
allto

large
values.

(D
etails

in
A
ppendix

F.3.)
D
irichletExponentialPoisson.

Thisisa
nonconjugate

D
irichletExponentialfactorization

m
odel

w
ith

a
Poisson

likelihood.(D
etailsin

A
ppendix

F.4.)
Results.

Figure
11

show
saverage

log
predictive

accuracy
asw

ellasten
factorsrecovered

from
both

m
odels.

adviprovides
an

orderofm
agnitude

speed
im

provem
entovernuts

(Figure
11a).

nuts
strugglesw

ith
the

D
irichletExponentialm

odel(Figure
11b).In

both
cases,hm

c
doesnotproduce

any
usefulsam

plesw
ithin

a
budgetofone

hour;w
e
om

ithm
c
from

here
on.

The
G
am

m
a
Poisson

m
odel(Figure

11c)appearsto
pick

significantfram
esoutofthe

dataset.
The

D
irichletExponentialfactors(Figure

11d)are
sparse

and
indicate

com
ponentsofthe

face
that

m
ove,such

aseyebrow
s,cheeks,and

the
m
outh.

10
1

10
2

10
3

10
4

−
11

−
9

−
7

−
5

Seconds

Average log predictive

A
DV

I
N
U
TS

(a)G
am

m
a
Poisson

predictive
likelihood

10
1

10
2

10
3

10
4

−
6
00

−
4
00

−
2
00 0

Seconds

Average log predictive

A
DV

I
N
U
TS

(b)D
irichletexponentialpredictive

likelihood

(c)G
am

m
a
Poisson

factors
(d)D

irichletexponentialfactors

Figure
11:

H
eld-outpredictive

accuracy
results

|tw
o
non-negative

m
atrix

factorization
m
odels

applied
to

the
Frey

Facesdataset.

4.3
G
aussian

M
ixtureM

odel
ThisisanonconjugateG

aussian
m
ixturem

odel(gm
m
)applied

to
colorim

agehistogram
s.W

eplacea
D
irichletprioron

them
ixtureproportions,aG

aussian
prioron

thecom
ponentm

eans,and
alognorm

al
prioron

the
standard

deviations.(D
etailsin

A
ppendix

F.5.)W
e
explore

the
im

ageclef
dataset,w

hich
has

250
000

im
ages(V

illegasetal.,2013).W
e
w
ithhold

10
000

im
agesforevaluation.

In
Figure

12a
w
e
random

ly
select

1
0
0
0
im

agesand
train

a
m
odelw

ith
1
0
m
ixture

com
ponents.

adviquickly
findsagood

solution.nutsstrugglesto
find

an
adequatesolution

and
hm

c
failsaltogether
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A
ut

om
at

ic
D

if
fe

re
nt

ia
ti

on
Va

ri
at

io
na

l
In

fe
re

nc
e

10
2

10
3

−
90

0

−
60

0

−
30

00

Se
co
nd

s

Averagelogpredictive

A
DV

I
N
U
TS

(a
)S

ub
se
to

f1
00

0
im

ag
es

10
2

10
3

10
4

−
80

0

−
40

00

40
0

Se
co
nd

s

Averagelogpredictive

B=
50

B=
10
0

B=
50
0

B=
10
00

(b
)F

ul
ld

at
as
et
of

25
0

00
0
im

ag
es

Fi
gu

re
12
:H

el
d-
ou
tp

re
di
ct
iv
e
ac
cu
ra
cy

re
su
lts

|g
m

m
of

th
e
im

ag
ec

le
f
im

ag
e
hi
sto

gr
am

da
ta
se
t.
(a
)

ad
vi

ou
tp
er
fo
rm

sn
ut

s(
H
off

m
an

an
d
G
el
m
an
,2
01
4)
.(
b)

ad
vi

sc
al
es

to
la
rg
ed

at
as
et
sb

y
su
bs
am

pl
in
g

m
in
ib
at
ch
es

of
siz

e
B

fro
m

th
e
da
ta
se
ta
te
ac
h
ite

ra
tio

n
(H

off
m
an

et
al
.,
20

13
).

(n
ot

sh
ow

n)
.T

hi
si
sl
ik
el
y
du
e
to

la
be
ls
w
itc
hi
ng
,w

hi
ch

ca
n
aff

ec
th

m
c-
ba
se
d
al
go
rit
hm

si
n
m
ix
tu
re

m
od

el
s(
St
an

D
ev
el
op

m
en
tT

ea
m
,2

01
6)
.

Fi
gu
re

12
b
sh
ow

sa
dv

ir
es
ul
ts
on

th
ef

ul
ld

at
as
et
.W

ei
nc
re
as
et
he

nu
m
be
ro

fm
ix
tu
re

co
m
po
ne
nt
s

to
3
0
.
H
er
e
w
e
us
e

ad
vi
,w

ith
ad
di
tio

na
ls
to
ch
as
tic

su
bs
am

pl
in
g
of

m
in
ib
at
ch
es

fr
om

th
e
da
ta

(H
off

m
an

et
al
.,
20
13
).
W
ith

a
m
in
ib
at
ch

siz
e
of

50
0
or

la
rg
er
,a

dv
ir
ea
ch
es

hi
gh

pr
ed
ic
tiv

e
ac
cu
ra
cy
.

Sm
al
le
rm

in
ib
at
ch

siz
es

le
ad

to
su
bo
pt
im

al
so
lu
tio

ns
,a
n
eff

ec
ta
lso

ob
se
rv
ed

in
H
off

m
an

et
al
.(
20
13
).

ad
vi

co
nv
er
ge
si
n
ab
ou

tt
w
o
ho

ur
s;

nu
ts

ca
nn

ot
ha
nd

le
su
ch

la
rg
e
da
ta
se
ts.

4.
4

A
Ca

se
St
ud

y:
Ex

pl
or
in
g
M
ill
io
ns

of
Ta

xi
Tr

aj
ec
to
rie

s

H
ow

m
ig
ht

a
sc
ie
nt
ist

us
e

ad
vi

in
pr
ac
tic
e?

H
ow

ea
sy

is
it
to

de
ve
lo
p
an
d
re
vi
se

ne
w
m
od
el
s?

To
an
sw

er
th
es
e
qu
es
tio

ns
,w

e
ap
pl
y

ad
vi

to
a
m
od

er
n
ex
pl
or
at
or
y
da
ta
an
al
ys
is
ta
sk
:a

na
ly
zi
ng

tra
ffi
c

pa
tte

rn
s.
In

th
is
se
ct
io
n,

w
e
de
m
on

str
at
e
ho
w

ad
vi

en
ab
le
sa

sc
ie
nt
ist

to
qu
ic
kl
y
de
ve
lo
p
an
d
re
vi
se

co
m
pl
ex

hi
er
ar
ch
ic
al
m
od

el
s.

Th
e
ci
ty

of
Po

rto
ha
sa

ce
nt
ra
liz
ed

ta
xi

sy
ste

m
of

44
2
ca
rs
.W

he
n
se
rv
in
g
cu
sto

m
er
s,
ea
ch

ta
xi

re
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A
utom

atic
D

ifferentiation
Variational

Inference

Figure14:A
visualization

offifty
thousand

random
ly
sam

pled
taxitrajectories.The

colorsrepresent
thirty

G
aussian

m
ixturesand

the
trajectoriesassociated

w
ith

each.

(a)Trajectoriesthattake
the

innerbridges.
(b)Trajectoriesthattake

the
outerbridges.

Figure15:Tw
o
clustersusing

sup-ppca
subspace

clustering.

A
nalyzing

these
taxitrajectoriesillustrateshow

exploratory
data

analysisisan
iterative

effort:
w
e
w
antto

rapidly
evaluate

m
odelsand

m
odify

them
based

on
w
hatw

e
learn.advi,w

hich
provides

autom
atic

and
fastinference,enableseffective

exploration
ofm

assive
datasets.

5.Discussion
W
e
presented

autom
atic

differentiation
variationalinference

(advi),a
variationalinference

algorithm
thatw

orks
“outofthe

box”
fora

large
class

ofm
odern

probabilistic
m
odels.

The
m
ain

idea
is
to

transform
the

latentvariablesinto
a
com

m
on

space.Solving
the

variationalinference
problem

in
this
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K
ucukelbir,Tran,Ranganath,G

elm
an

and
Blei

com
m
on

space
solvesitforallm

odelsin
the

class.W
e
studied

adviusing
ten

differentprobability
m
odelsand

deployed
itaspartofStan,a

probabilistic
program

m
ing

system
.

There
are

severalavenuesforresearch.
Accuracy.

A
s
w
e
show

ed
in

Section
3.3,advican

be
sensitive

to
the

transform
ations

thatm
ap

the
constrained

param
eterspace

to
the

realcoordinate
space.D

inh
etal.(2014)and

Rezende
and

M
oham

ed
(2015)use

a
cascade

ofsim
ple

transform
ationsto

im
prove

accuracy.Tran
etal.(2016b)

placeaG
aussian

processto
learn

theoptim
altransform

ation
and

proveitsexpressivenessasauniversal
approxim

ator.H
ierarchicalvariationalm

odels(Ranganath
etal.,2016)develop

rich
approxim

ations
fornon-differentiable

latentvariable
m
odels.

O
ptim

ization.
adviusesfirst-orderautom

atic
differentiation

to
im

plem
entstochastic

gradientascent.
H
igher-ordergradientsm

ay
enable

fasterconvergence;how
evercom

puting
higher-ordergradients

com
es

ata
com

putationalcost(Fan
etal.,2015).

adviw
orks

w
ith

unbiased
gradientestim

ators;
introducing

som
ebiasto

reducevariancecould
also

im
proveconvergencespeed

(Ruizetal.,2016a,b).
O
ptim

ization
using

line
search

could
also

im
prove

convergence
robustness(M

ahsereciand
H
ennig,

2015),asw
ellasnaturalgradientapproachesfornonconjugate

m
odels(K

han
etal.,2015).

Practicalheuristics.
Tw

o
thingsaffectadviconvergence:initialization

and
step-size

scaling.W
e

initialize
adviin

the
realcoordinate

space
asa

standard
G
aussian.A

betterheuristic
could

adapt
to

the
m
odeland

datasetbased
on

m
om

entm
atching.W

e
adaptively

tune
the

scale
ofthe

step-size
sequence

using
a
finite

search.A
betterheuristic

could
avoid

thisadditionalcom
putation.

Probabilisticprogram
m
ing.

W
edesigned

and
deployed

adviw
ith

Stan
in

m
ind.Thus,w

efocused
on

the
classofdifferentiable

probability
m
odels.H

ow
can

w
e
extend

advito
discrete

latentvariables?
O
ne

approach
w
ould

be
to

adaptadvito
use

the
black

box
gradientestim

atorforthese
variables

(Ranganath
etal.,2014).Thisrequiressom

e
care

asthese
gradientsw

illexhibithighervariance
than

the
gradientsw

ith
respectto

the
differentiable

latentvariables.(See
Section

3.2.)
W
ith

supportfor
discrete

latentvariables,m
odified

versionsofadvicould
be

extended
to

m
ore

generalprobabilistic
program

m
ing

system
s,such

as
C
hurch

(G
oodm

an
etal.,2008),Figaro

(Pfeffer,2009),Venture
(M

ansinghkaetal.,2014),A
nglican

(W
ood

etal.,2014),W
ebPPL

(G
oodm

an
and

Stuhlm
üller,2014),

and
Edw

ard
(Tran

etal.,2016a).
B
efore

w
e
conclude,w

e
offersom

e
generaladvice.

advi,like
allofvariationalinference,is

an
approxim

ate
inference

technique.
A
s
such,w

e
recom

m
end

carefully
studying

its
accuracy

for
new

m
odels.W

hile
Section

3.1
indicatesa

potentialshortcom
ing,the

quality
of

advi’sposterior
approxim

ation
w
illdifferfrom

m
odelto

m
odel.W

e
recom

m
end

validating
advifornew

m
odelsby

running
“fake

data”
checks(C

ook
etal.,2006).O

ne
ofthe

advantagesof
adviisthatitsspeed

of
convergence

givesm
ore

opportunity
forsuch

checking
in

practice.
In

sum
m
ary,adviisa

firststep
tow

ardsan
autom

ated
variationalinference

algorithm
thatw

orks
w
ellfora

large
classofpracticalm

odelson
m
odern

real-w
orld

datasets.Each
step

ofthe
recipe

for
advihighlightskey

design
decisions:autom

ating
transform

ation
oflatentvariablesusing

a
com

piler,
choosing

avariationalfam
ily

thatleadsto
low

-variancegradientestim
atorsofthevariationalobjective,

and
developing

an
adaptive

stochastic
optim

ization
step-size

sequence
thatw

orksnotonly
in

theory,
butalso

in
practice.advienablesscientiststo

easily
build,explore,and

revise
com

plex
probabilistic

m
odelsw

ith
large

data.
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.T

he
pr
ob
ab
ili
ty

de
ns
ity

fu
nc
tio

n
is
th
e
de
riv

at
iv
e
of

th
e

cu
m
ul
at
iv
e
de
ns
ity

fu
nc
tio

n.
Th

es
e
th
in
gs

co
m
bi
ne
d
gi
ve

th
e
ab
so
lu
te
va
lu
e
of

th
e
de
riv

at
iv
e
ab
ov
e.

Th
e
ex
te
ns
io
n
to

m
ul
tiv

ar
ia
te
va
ria

bl
es

X
an
d

Y
re
qu
ire

sa
m
ul
tiv

ar
ia
te
ve
rs
io
n
of

th
e
ab
so
lu
te

va
lu
e
of

th
e
de
riv

at
iv
e
of

th
e
in
ve
rs
e
tra

ns
fo
rm

at
io
n.

Th
is
is
th
e
ab
so
lu
te
de
te
rm

in
an
to

ft
he

Ja
co
bi
an
,

|d
et
J
T

−
1
(Y

)|
w
he
re

th
e
Ja
co
bi
an

is

J
T

−
1
(Y

)
=

   

∂
T

−
1

1
∂
y
1
··
·

∂
T

−
1

1
∂
y
K

. . .
. . .

∂
T

−
1

K
∂
y
1
··
·

∂
T

−
1

K
∂
y
K

   
.

In
tu
iti
ve
ly
,t
he

Ja
co
bi
an

de
sc
rib

es
ho
w
a
tra

ns
fo
rm

at
io
n
w
ar
ps

un
it
vo
lu
m
es

ac
ro
ss

sp
ac
es
.T

hi
s

m
at
te
rs
fo
rt
ra
ns
fo
rm

at
io
ns

of
ra
nd
om

va
ria

bl
es
,s
in
ce

pr
ob
ab
ili
ty

de
ns
ity

fu
nc
tio

ns
m
us
ta
lw
ay
s

in
te
gr
at
e
to

on
e.

Ap
pe
nd

ix
B.

Tr
an

sfo
rm

at
io
n
of

th
eE

vi
de
nc
eL

ow
er

Bo
un

d
Re

ca
ll
th
at
ζ

=
T

(θ
)
an
d
th
at
th
e
va
ria

tio
na
la
pp
ro
xi
m
at
io
n
in

th
e
re
al
co
or
di
na
te
sp
ac
e
is
q(
ζ

;
φ

).
W
eb

eg
in

w
ith

th
ee

lb
o
in

th
eo

rig
in
al
la
te
nt

va
ria

bl
es

pa
ce
.W

et
he
n
tra

ns
fo
rm

th
el
at
en
tv
ar
ia
bl
e

sp
ac
e
to

th
e
re
al
co
or
di
na
te
sp
ac
e.

L(
φ

)
=

∫
q(
θ

)
lo

g

[ p
(x
,θ

)

q(
θ

)

] d
θ

=

∫
q(
ζ

;
φ

)
lo

g

[ p
( x
,T
−
1
(ζ

))
∣ ∣ d

et
J
T

−
1
(ζ

)∣ ∣
q(
ζ

;
φ

)

] d
ζ

=

∫
q(
ζ

;
φ

)
lo

g
[ p
( x
,T
−
1
(ζ

))
∣ ∣ d

et
J
T

−
1
(ζ

)∣ ∣]
d
ζ
−
∫
q(
ζ

;
φ

)
lo

g
[q

(ζ
;
φ

)]
d
ζ

=
E q

(ζ
;φ

)

[ lo
g
p
( x
,T
−
1
(ζ

))
+

lo
g
∣ ∣ d

et
J
T

−
1
(ζ

)∣ ∣]
−

E q
(ζ

;φ
)
[l
og
q(
ζ

;
φ

)]

=
E q

(ζ
;φ

)

[ lo
g
p
( x
,T
−
1
(ζ

))
+

lo
g
∣ ∣ d

et
J
T

−
1
(ζ

)∣ ∣]
+

H
[ q

(ζ
;
φ

)]
.

Ap
pe
nd

ix
C.

G
ra
di
en
ts
of

th
eE

vi
de
nc
eL

ow
er

Bo
un

d
Fi
rs
t,
co
ns
id
er

th
e
gr
ad
ie
nt

w
ith

re
sp
ec
tt
o
th
e
µ
pa
ra
m
et
er
.W

e
ex
ch
an
ge

th
e
or
de
ro

ft
he

gr
ad
ie
nt

an
d
th
e
in
te
gr
at
io
n
th
ro
ug

h
th
e
do

m
in
at
ed

co
nv
er
ge
nc
e
th
eo
re
m

(Ç
ın
la
r,
20

11
).
Th

e
re
st
is
th
e
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n
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A
utom

atic
D

ifferentiation
Variational

Inference

rule
fordifferentiation.

∇
µ L

=
∇
µ {E

N
(η

;0
,I) [log

p (
x
,T
−
1(S
−
1

φ
(η

)) )
+

log ∣∣d
et
J
T

−
1 (
S
−
1

φ
(η

) )∣∣ ]
+

H
[q(ζ

;
φ

) ] }

=
E
N
(η

;0
,I) [∇

µ {
log

p (x
,T
−
1(S
−
1(η

)) )
+

log ∣∣d
et
J
T

−
1 (S

−
1(η

) ) ∣∣ }]

=
E
N
(η

;0
,I) [(∇

θ
log

p
(x
,θ

)∇
ζ T
−
1(ζ

)
+
∇
ζ

log ∣∣
d
et
J
T

−
1 (ζ

) ∣∣ )∇
µ
S
−
1

φ
(η

) ]

=
E
N
(η

;0
,I) [∇

θ
log

p
(x
,θ

)∇
ζ T
−
1(ζ

)
+
∇
ζ

lo
g ∣∣

d
et
J
T

−
1 (ζ

) ∣∣ ]

Then,considerthe
gradientw

ith
respectto

the
m
ean-field

ω
param

eter.

∇
ω L

=
∇
ω {E

N
(η

;0
,I) [log

p (
x
,T
−
1(S
−
1

φ
(η

)) )
+

log ∣∣d
et
J
T

−
1 (
S
−
1

φ
(η

) )∣∣ ]

+
K2

(1
+

log
(2
π

))
+

K
∑k
=
1

log
(ex

p
(ω
k )) }

=
E
N
(η

;0
,I) [∇

ω {
log

p (
x
,T
−
1(S
−
1

φ
(η

)) )
+

log ∣∣
d
et
J
T

−
1 (
S
−
1

φ
(η

) )∣∣ } ]
+

1

=
E
N
(η

;0
,I) [(∇

θ
log

p
(x
,θ

)∇
ζ T
−
1(ζ

)
+
∇
ζ

log ∣∣d
et
J
T

−
1 (ζ

) ∣∣ )∇
ω
S
−
1

φ
(η

)) ]
+

1

=
E
N
(η

;0
,I) [(∇

θ
log

p
(x
,θ

)∇
ζ T
−
1(ζ

)
+
∇
ζ

log ∣∣d
et
J
T

−
1 (ζ

) ∣∣ )
η
>diag(ex

p
(ω

)) ]
+

1
.

Finally,considerthe
gradientw

ith
respectto

the
full-rank

L
param

eter.

∇
L L

=
∇

L {E
N
(η

;0
,I) [log

p (
x
,T
−
1(S
−
1

φ
(η

)) )
+

log ∣∣d
et
J
T

−
1 (
S
−
1

φ
(η

) )∣∣ ]

+
K2

(1
+

log
(2
π

))
+

12
log ∣∣d

et(L
L
>

) ∣∣ }

=
E
N
(η

;0
,I) [∇

L {
log

p (
x
,T
−
1(S
−
1

φ
(η

)) )
+

log ∣∣d
et
J
T

−
1 (
S
−
1

φ
(η

) )∣∣ } ]

+
∇

L
12

log ∣∣
d
et(L

L
>

) ∣∣

=
E
N
(η

;0
,I) [(∇

θ
log

p
(x
,θ

)∇
ζ T
−
1(ζ

)
+
∇
ζ

log ∣∣
d
et
J
T

−
1 (ζ

) ∣∣ )∇
L
S
−
1

φ
(η

)) ]
+

(L
−
1) >

=
E
N
(η

;0
,I) [(∇

θ
log

p
(x
,θ

)∇
ζ T
−
1(ζ

)
+
∇
ζ

log ∣∣d
et
J
T

−
1 (ζ

) ∣∣ )
η
> ]

+
(L
−
1) >

Appendix
D.Autom

ating
Expectations:M

onteCarlo
Integration

Expectationsofcontinuousrandom
variablesareintegrals.W

ecan
use

m
c
integration

to
approxim

ate
them

(Robertand
Casella,1999).A

llw
e
need

are
sam

plesfrom
q.

E
q
(η

) [f
(η

) ]
=

∫
f

(η
)q(η

)
d
η
≈

1S

S
∑s=

1

f
(η

s )w
here

η
s ∼

q(η
).

m
c
integration

providesnoisy,yetunbiased,estim
atesofthe

integral.The
standard

deviation
of

the
estim

atesdecrease
asO

(
1/ √

S
).
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Appendix
E.Running

adviin
Stan

V
isithttp://mc-stan.org/

to
dow

nload
the

latestversion
ofStan.Follow

instructionson
how

to
installStan.You

are
then

ready
to

use
advi.

Stan
offersm

ultiple
interfaces.W

e
describe

the
com

m
and

line
interface

(cmdStan)below.
./myModel

variational
grad_samples=M

(
M

=
1default)

datafile=myData.data.R
outputfile=output_advi.csv
diagnostic_file=elbo_advi.csv

Figure16:Syntax
forusing

adviviacmdStan.
H
ere,myData.data.R

isthedatasetstored
in
theR

languageRdump
form

at.output_advi.csv
containssam

plesfrom
the

posteriorandelbo_advi.csv
reportsthe

elbo.

Appendix
F.DetailsofStudied

M
odels

F.1
LinearRegression

with
Autom

aticRelevanceDeterm
ination

Linearregressionw
ith

ard
isahigh-dim

ensionalsparseregressionm
odel(Bishop,2006;D

rugow
itsch,

2013).
This

sortof
regression

m
odelis

som
etim

es
referred

to
as

an
hierarchical

or
m
ultilevel

regression
m
odel.W

e
describe

the
m
odelbelow.The

Stan
program

isin
Figure

17.
The

inputsare
x

=
x
1
:N

w
here

each
x
n
is
D
-dim

ensional.The
outputsare

y
=
y
1
:N

w
here

each
y
n
is

1-dim
ensional.The

w
eightsvector

w
is
D
-dim

ensional.The
likelihood

p
(y
|
x
,w
,σ

)
=

N∏n
=
1 N

orm
al (

y
n |

w
>

x
n
,
σ )

describesm
easurem

entscorrupted
by

iid
G
aussian

noise
w
ith

unknow
n
standard

deviation
σ.

The
ard

priorand
hyper-priorstructure

isasfollow
s

p
(w
,σ
,α

)
=
p
(w
,σ
|
α

)p
(α

)

=
N
orm

al (
w
|
0
,
σ
(diag √

α )−
1 )

InvG
am

m
a(σ
|
a
0 ,b

0 )
D∏i=
1 G

am
m
a(α

i |
c
0 ,d

0 )

w
here

α
isa

D
-dim

ensionalhyper-prioron
the

w
eights,w

here
each

com
ponentgetsitsow

n
indepen-

dentG
am

m
a
prior.

W
esim

ulatedatasuch
thatonly

halftheregressorshavepredictivepow
er.Theresultsin

Figure10a
use

a
0

=
b
0

=
c
0

=
d
0

=
1
ashyper-param

etersforthe
G
am

m
a
priors.

F.2
H
ierarchicalLogisticRegression

H
ierarchicallogistic

regression
isan

intuitive
w
ay

to
m
odelstructured

classification
problem

s.W
e

study
am

odelofvoting
preferences,republican

ordem
ocrat,from

the1988
U
nited

Statespresidential
election.C

hapter14.1
of(G

elm
an

and
H
ill,2006)m

otivatesthe
m
odeland

explainsthe
datasetin
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+
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[n
]
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α
ed
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l[
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]
+
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[n
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l[
n
]
+
α
sta
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j[
n
])

α
sta

te
j
∼

N
or
m
al
( α

re
gi
on

m
[j
]

+
β
v.
pr
ev
·v
.p
re
v j
,
σ
sta

te

) .

Th
e
hi
er
ar
ch
ic
al
va
ria

bl
es

ar
e

α
ag
e

k
∼

N
or
m
al
( 0
,
σ
ag
e)

fo
rk

=
1,
..
.,
K

α
ed
u

l
∼

N
or
m
al

(0
,
σ
ed
u)

fo
rl

=
1,
..
.,
L

α
ag
e.
ed
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k
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∼
N
or
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al
( 0
,
σ
ag
e.
ed
u)

fo
rk

=
1,
..
.,
K
,l

=
1,
..
.,
L

α
re
gi
on

m
∼

N
or
m
al
( 0
,
σ
re
gi
on
)
fo
rm

=
1,
..
.,
M
.

Th
e
re
gr
es
sio

n
co
effi

ci
en
tβ

ha
sa

N
or
m
al
(0
,1

0)
pr
io
ra

nd
al
ls
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nd
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d
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nt

va
ria

bl
es

ha
ve

ha
lf
N
or
m
al
(0
,1

0)
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F.
3

No
n-
ne

ga
tiv

eM
at
rix

Fa
ct
or
iza

tio
n:

Co
ns
tr
ai
ne

d
G
am

m
a
Po

iss
on

M
od

el

Th
e
G
am

m
a
Po

is
so
n
fa
ct
or
iz
at
io
n
m
od
el
de
sc
rib

es
di
sc
re
te
da
ta
m
at
ric

es
(C
an
ny
,2

00
4;

C
em

gi
l,

20
09

). Co
ns
id
er

a
U
×
I
m
at
rix

of
ob
se
rv
at
io
ns
.W

e
fin

d
it
he
lp
fu
lt
o
th
in
k
of
u

=
{1
,·
··
,U
}a

su
se
rs

an
d
i

=
{1
,·
··
,I
}a

si
te
m
s,
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in
a
re
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m
m
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tio

n
sy
ste

m
se
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ng
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he
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ra
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e
pr
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G
am

m
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Po

iss
on

m
od

el
w
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K
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s

1.
Fo

re
ac
h
us
er
u
in
{1
,·
··
,U
}:

•
Fo

re
ac
h
co
m
po

ne
nt
k
,d

ra
w
θ u
k
∼

G
am

m
a(
a
0
,b

0
).

2.
Fo

re
ac
h
ite

m
i
in
{1
,·
··
,I
}:

•
Fo

re
ac
h
co
m
po

ne
nt
k
,d

ra
w
β
ik
∼

G
am

m
a(
c 0
,d

0
).

3.
Fo

re
ac
h
us
er

an
d
ite

m
:

•
D
ra
w
th
e
ob

se
rv
at
io
n
y u
i
∼

Po
iss

on
(θ
> u
β
i)
.

A
po
te
nt
ia
ld

ow
nf
al
lo

ft
hi
s
m
od
el
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th
at
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tu
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qu
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y
id
en
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ab
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:
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pi
ng
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w
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d
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of
θ
an
d
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gi
ve

th
e
sa
m
e
in
ne
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ne
w
ay

to
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w
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to
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er

ve
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or

to
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d
ve
ct
or

du
rin

g
in
fe
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e.

W
e
co
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ea
ch
θ
u
ve
ct
or

in
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od
el
in

th
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fa
sh
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n.

Th
e
St
an

pr
og
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Fi
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=
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d
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G
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m
a
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ou

re
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er
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h
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er
u
in
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··
,U
}:

•
D
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w
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e
K
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rθ

u
∼

D
iri
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t(α

0
).
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re
ac
h
ite
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in
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}:

•
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ra
w
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ik
∼
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l(λ

0
).
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:
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at
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i
∼
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gh
-d
im

en
sio

na
lg

m
m
w
ith

a
G
au
ss
ia
n
pr
io
rf
or

th
e
m
ix
tu
re

m
ea
ns
,a

lo
gn
or
m
al
pr
io
rf
or

th
e
m
ix
tu
re

sta
nd

ar
d
de
vi
at
io
ns
,a
nd

a
D
iri
ch
le
tp

rio
rf
or

th
e
m
ix
tu
re

co
m
po
ne
nt
s.

Re
pr
es
en
tt
he

im
ag
es

as
y

=
y 1

:N
w
he
re

ea
ch
y n

is
D
-d
im

en
sio

na
la
nd

th
er
e
ar
e
N

ob
se
rv
at
io
ns
.

Th
e
lik

el
ih
oo

d
fo
rt
he

im
ag
es

is

p
(y
|θ
,µ
,σ

)
=

N ∏ n
=
1

K ∑ k
=
1

θ k

D ∏ d
=
1

N
or
m
al

(y
n
d
|µ

k
d
,σ

k
d
)

w
ith

a
D
iri
ch
le
tp

rio
rf
or

th
e
m
ix
tu
re

pr
op

or
tio

ns

p
(θ

)
=

D
iri
ch
le
t(θ

;
α

0
),

a
G
au
ss
ia
n
pr
io
rf
or

th
e
m
ix
tu
re

m
ea
ns

p
(µ

)
=

D ∏ k
=
1

D ∏ d
=
1

N
or
m
al

(µ
k
d

;
0
,1

)

an
d
a
lo
gn

or
m
al
pr
io
rf
or

th
e
m
ix
tu
re

sta
nd

ar
d
de
vi
at
io
ns

p
(σ

)
=

D ∏ k
=
1

D ∏ d
=
1

Lo
gn

or
m
al

(σ
k
d

;
0
,1

).
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A
utom

atic
D

ifferentiation
Variational

Inference

The
dim

ension
ofthe

colorhistogram
s
in

the
im

ageclef
datasetis

D
=

5
7
6.

This
is
a
con-

catenation
of

three
1
9
2-length

histogram
s,one

for
each

color
channel(red,green,blue)

of
the

im
ages.
W
e
scale

the
im

age
histogram

sto
have

zero
m
ean

and
unitvariance.Setting

α
0
to

a
sm

allvalue
encouragesthe

m
odelto

use
few

ercom
ponentsto

explain
the

data.Largervaluesof
α
0
encourage

the
m
odelto

use
all
K

com
ponents.W

e
set

α
0

=
1

000
in

ourexperim
ents.

The
Stan

program
is
in

Figure
21.

The
stochastic

data
subsam

pling
version

ofthe
code

is
in

Figure
22.

F.6
ProbabilisticPrincipalCom

ponentAnalysiswith
Autom

aticRelevanceDeterm
ination

Probabilistic
principalcom

ponentanalysis
(ppca)

is
a
B
ayesian

extension
of

classicalprincipal
com

ponentanalysis(Bishop,2006).Consideradatasetof
x

=
x
1
:N

w
hereeach

x
n
is
D
-dim

ensional.
Let

M
<
D

be
the

dim
ension

ofthe
subspace

w
e
w
illuse

foranalysis.
Firstdefine

a
setoflatentvariables

z
=
z
1
:N

w
here

each
z
n
is
M

-dim
ensional.D

raw
each

z
n

from
a
standard

norm
al

p
(z

)
=

N∏n
=
1 N

orm
al(z

n
;

0
,I).

Then
define

a
setofprincipalcom

ponents
w

=
w
1
:D

w
here

each
w
d
is
M

-dim
ensional.Sim

ilarly,
draw

the
principalcom

ponentsfrom
a
standard

norm
al

p
(w

)
=

D∏d
=
1 N

orm
al(w

d
;

0
,I).

Finally
define

the
likelihood

through
an

innerproductas

p
(x
|
w
,z
,σ

)
=

N∏n
=
1 N

orm
al(x

n
;

w
>
z
n
,σ

I).

The
standard

deviation
σ
isalso

a
latentvariable.Place

a
lognorm

alprioron
itas

p
(σ

)
=

Lognorm
al(σ

;
0,1).

W
e
extend

ppca
by

adding
an

ard
hierarchicalprior.

The
extended

m
odelintroduces

a
M

-
dim

ensionalvector
α

w
hich

choosesw
hich

principalcom
ponentsto

retain.(M
<
D

now
represents

the
m
axim

um
num

berofprincipalcom
ponentsto

consider.)Thisextendsthe
above

by

p
(α

)
=

M∏m
=
1 InvG

am
m
a(α

m
;

1,1)

p
(w
|
α

)
=

D∏d
=
1 N

orm
al(w

d
;

0
,σdiag

(α
))

p
(x
|
w
,z
,σ

)
=

N∏n
=
1 N

orm
al(x

n
;

w
z
n
,σ

I).

The
Stan

program
thatim

plem
entsppca

isin
Figure

23.
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K
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F.7
Supervised

ProbabilisticPrincipalCom
ponentAnalysiswith

Autom
aticRelevance

Determ
ination

Supervised
probabilistic

principalcom
ponentanalysis(sup-ppca)augm

entsppca
by

regressing
a

vectorofobserved
random

variables
y
onto

the
principalcom

ponentsubspace.The
idea

isto
not

only
find

a
setofprincipalcom

ponentsthatdescribe
variation

in
the

dataset
x,butto

also
predict

y.
The

com
plete

m
odelis

p
(z

)
=

N∏n
=
1 N

orm
al(z

n
;

0
,I)

p
(σ

)
=

Lognorm
al(σ

;
0,1)

p
(α

)
=

M∏m
=
1 InvG

am
m
a(α

m
;

1,1)

p
(w

x |
α

)
=

D∏d
=
1 N

orm
al(w

d
;

0
,σdiag(α

))

p
(w

y |
α

)
=

N
orm

al(w
y

;
0
,σdiag

(α
))

p
(x
|
w

x
,z
,σ

)
=

N∏n
=
1 N

orm
al(x

n
;

w
x
z
n
,σ

I)

p
(y
|
w
y ,z

,σ
)

=
N∏n
=
1 N

orm
al(y

n
;
w
y z
n
,σ

).

The
Stan

program
thatim

plem
entssup-ppca

isin
Figure

24.
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{
in
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lo
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0>
N;

//
nu

mb
er

of
da

ta
it

em
s

in
t<

lo
we

r=
0>

D;
//

di
me

ns
io

n
of

in
pu

t
fe

at
ur

es
ma

tr
ix

[N
,

D]
x;

//
in

pu
t

ma
tr

ix
ve

ct
or

[N
]

y;
//

ou
tp

ut
ve

ct
or

//
hy

pe
rp

ar
am

et
er

s
fo

r
Ga

mm
a

pr
io

rs
re

al
<l

ow
er

=0
>

a0
;

re
al

<l
ow

er
=0

>
b0

;
re

al
<l

ow
er

=0
>

c0
;

re
al

<l
ow

er
=0

>
d0

;
} pa

ra
me

te
rs

{
ve

ct
or

[D
]

w;
//

we
ig

ht
s

(c
oe

ff
ic

ie
nt

s)
ve

ct
or

re
al

<l
ow

er
=0

>
si

gm
a;

//
st

an
da

rd
de

vi
at

io
n

ve
ct

or
<l

ow
er

=0
>[

D]
al

ph
a;

//
hi

er
ar

ch
ic

al
la

te
nt

va
ri

ab
le

s
} tr

an
sf

or
me

d
pa

ra
me

te
rs

{
ve

ct
or

[D
]

on
e_

ov
er

_s
qr

t_
al

ph
a;

fo
r

(d
in

1:
D)

on
e_

ov
er

_s
qr

t_
al

ph
a[

d]
=

1
/

sq
rt

(a
lp

ha
[d

])
;

} mo
de

l
{

//
al

ph
a:

hy
pe

r-
pr

io
r

on
we

ig
ht

s
al

ph
a

~
ga

mm
a(

c0
,

d0
);

//
si

gm
a:

pr
io

r
on

st
an

da
rd

de
vi

at
io

n
si

gm
a

~
in

v_
ga

mm
a(

a0
,

b0
);

//
w:

pr
io

r
on

we
ig

ht
s

w
~

no
rm

al
(0

,
si

gm
a

*
on

e_
ov

er
_s

qr
t_

al
ph

a)
;

//
y:

li
ke

li
ho

od
y

~
no

rm
al

(x
*

w,
si

gm
a)

;
}

Fi
gu

re
17

:S
ta
n
pr
og

ra
m

fo
rL

in
ea
rR

eg
re
ss
io
n
w
ith

A
ut
om

at
ic
Re

le
va
nc
e
D
et
er
m
in
at
io
n.
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K
uc

uk
el

bi
r,

Tr
an

,R
an

ga
na

th
,G

el
m

an
an

d
Bl

ei

da
ta

{
in

t<
lo

we
r=

0>
N;

in
t<

lo
we

r=
0>

n_
ag

e;
in

t<
lo

we
r=

0>
n_

ag
e_

ed
u;

in
t<

lo
we

r=
0>

n_
ed

u;
in

t<
lo

we
r=

0>
n_

re
gi

on
_f

ul
l;

in
t<

lo
we

r=
0>

n_
st

at
e;

in
t<

lo
we

r=
0,

up
pe

r=
n_

ag
e>

ag
e[

N]
;

in
t<

lo
we

r=
0,

up
pe

r=
n_

ag
e_

ed
u>

ag
e_

ed
u[

N]
;

ve
ct

or
<l

ow
er

=0
,

up
pe

r=
1>

[N
]

bl
ac

k;
in

t<
lo

we
r=

0,
up

pe
r=

n_
ed

u>
ed

u[
N]

;
ve

ct
or

<l
ow

er
=0

,
up

pe
r=

1>
[N

]
fe

ma
le

;
in

t<
lo

we
r=

0,
up

pe
r=

n_
re

gi
on

_f
ul

l>
re

gi
on

_f
ul

l[
N]

;
in

t<
lo

we
r=

0,
up

pe
r=

n_
st

at
e>

st
at

e[
N]

;
ve

ct
or

[N
]

v_
pr

ev
_f

ul
l;

in
t<

lo
we

r=
0,

up
pe

r=
1>

y[
N]

;
} pa

ra
me

te
rs

{
ve

ct
or

[n
_a

ge
]

a;
ve

ct
or

[n
_e

du
]

b;
ve

ct
or

[n
_a

ge
_e

du
]

c;
ve

ct
or

[n
_s

ta
te

]
d;

ve
ct

or
[n

_r
eg

io
n_

fu
ll

]
e;

ve
ct

or
[5

]
be

ta
;

re
al

<l
ow

er
=0

>
si

gm
a_

a;
re

al
<l

ow
er

=0
>

si
gm

a_
b;

re
al

<l
ow

er
=0

>
si

gm
a_

c;
re

al
<l

ow
er

=0
>

si
gm

a_
d;

re
al

<l
ow

er
=0

>
si

gm
a_

e;
} tr

an
sf

or
me

d
pa

ra
me

te
rs

{
ve

ct
or

[N
]

y_
ha

t;
fo

r
(i

in
1:

N)
y_

ha
t[

i]
=

be
ta

[1
]

+
be

ta
[2

]
*

bl
ac

k[
i]

+
be

ta
[3

]
*

fe
ma

le
[i

]
+

be
ta

[5
]

*
fe

ma
le

[i
]

*
bl

ac
k[

i]
+

be
ta

[4
]

*
v_

pr
ev

_f
ul

l[
i]

+
a[

ag
e[

i]
]

+
b[

ed
u[

i]
]

+
c[

ag
e_

ed
u[

i]
]

+
d[

st
at

e[
i]

]
+

e[
re

gi
on

_f
ul

l[
i]

];
} mo

de
l

{
a

~
no

rm
al

(0
,

si
gm

a_
a)

;
b

~
no

rm
al

(0
,

si
gm

a_
b)

;
c

~
no

rm
al

(0
,

si
gm

a_
c)

;
d

~
no

rm
al

(0
,

si
gm

a_
d)

;
e

~
no

rm
al

(0
,

si
gm

a_
e)

;
be

ta
~

no
rm

al
(0

,
10

);
si

gm
a_

a
~

no
rm

al
(0

,
10

);
si

gm
a_

b
~

no
rm

al
(0

,
10

);
si

gm
a_

c
~

no
rm

al
(0

,
10

);
si

gm
a_

d
~

no
rm

al
(0

,
10

);
si

gm
a_

e
~

no
rm

al
(0

,
10

);
y

~
be

rn
ou

ll
i_

lo
gi

t(
y_

ha
t)

;
}

Fi
gu

re
18
:S

ta
n
pr
og

ra
m

fo
rH

ie
ra
rc
hi
ca
lL

og
ist
ic
Re

gr
es
si
on
,a
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pt
ed
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om

(S
ta
n
D
ev
el
op
m
en
t

Te
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A
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data
{

int<lower=0>
U;

int<lower=0>
I;

int<lower=0>
K;

int<lower=0>
y[U,

I];
real<lower=0>

a;
real<lower=0>

b;
real<lower=0>

c;
real<lower=0>

d;
}parameters

{
positive_ordered[K]

theta[U];
//

user
preference

vector<lower=0>[K]
beta[I];

//
item

attributes
}model

{
for

(u
in

1:U)
theta[u]

~
gamma(a,

b);
//

componentwise
gamma

for
(i

in
1:I)

beta[i]
~

gamma(c,
d);

//
componentwise

gamma
for

(u
in

1:U)
{

for
(i

in
1:I)

{
y[u,

i]
~

poisson(theta[u]’
*

beta[i]);
}

}
}

Figure19:Stan
program

forthe
G
am

m
a
Poisson

non-negative
m
atrix

factorization
m
odel.
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data
{

int<lower=0>
U;

int<lower=0>
I;

int<lower=0>
K;

int<lower=0>
y[U,

I];
real<lower=0>

lambda0;
real<lower=0>

alpha0;
}transformed

data
{

vector<lower=0>[K]
alpha0_vec;

for
(k

in
1:K)

alpha0_vec[k]
=

alpha0;
}parameters

{
simplex[K]

theta[U];
//

user
preference

vector<lower=0>[K]
beta[I];

//
item

attributes
}model

{
for

(u
in

1:U)
theta[u]

~
dirichlet(alpha0_vec);

//
componentwise

dirichlet
for

(i
in

1:I)
beta[i]

~
exponential(lambda0);

//
componentwise

exponential
for

(u
in

1:U)
{

for
(i

in
1:I)

{
y[u,

i]
~

poisson(theta[u]’
*

beta[i]);
}

}
}

Figure20:Stan
program

forthe
D
irichletExponentialnon-negative

m
atrix

factorization
m
odel.
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io

r
} tr

an
sf

or
me

d
da

ta
{

ve
ct

or
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ow
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]
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;
} pa

ra
me
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rs

{
si
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le

x[
K]

th
et

a;
//
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xi

ng
pr

op
or

ti
on

s
ve

ct
or

[D
]

mu
[K

];
//

lo
ca

ti
on

s
of
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xt

ur
e
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mp
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en

ts
ve

ct
or

<l
ow

er
=0

>[
D]

si
gm

a[
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;
//

st
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rd
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ur
e
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mp
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en

ts
} mo

de
l

{
//

pr
io

rs
th

et
a

~
di

ri
ch

le
t(

al
ph

a0
_v

ec
);

fo
r

(k
in

1:
K)

{
mu

[k
]

~
no

rm
al

(0
,

1)
;

si
gm

a[
k]

~
lo

gn
or

ma
l(

0,
1)

;
} //

li
ke

li
ho

od
fo

r
(n

in
1:

N)
{

re
al

ps
[K

];
fo

r
(k

in
1:

K)
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ps
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]
=

lo
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th
et
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no
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n]

|
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}

}

Fi
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K
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re
al
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vi

de
_p

ro
mo

te
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in
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x,
in

t
y)

{
re

al
x_

re
al

;
x_

re
al

=
x;

re
tu
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x_

re
al

/
y;

}
} da

ta
{

in
t<

lo
we

r=
0>

NF
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L;
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to
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mb
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//
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[D

]
yF

UL
L[

NF
UL

L]
;

//
da

ta
se

t
ve

ct
or

[D
]

y[
N]

;
//

mi
ni

ba
tc

h
re

al
<l

ow
er

=0
>

al
ph

a0
;

//
di

ri
ch

le
t

hy
pe

r-
pr

io
r

pa
ra

me
te

r
} tr

an
sf

or
me

d
da

ta
{

re
al

mi
ni

ba
tc

h_
fa

ct
or

;
ve

ct
or

<l
ow

er
=0

>[
K]

al
ph

a0
_v

ec
;

fo
r

(k
in

1:
K)

al
ph

a0
_v

ec
[k

]
=

al
ph

a0
/

K;
mi

ni
ba

tc
h_

fa
ct

or
=

di
vi

de
_p

ro
mo

te
_r

ea
l(

N,
NF

UL
L)

;
} pa

ra
me

te
rs

{
si

mp
le

x[
K]

th
et

a;
//

mi
xi

ng
pr

op
or

ti
on

s
ve

ct
or

[D
]

mu
[K

];
//

lo
ca

ti
on

s
of

mi
xt

ur
e

co
mp

on
en

ts
ve

ct
or

<l
ow

er
=0

>[
D]

si
gm

a[
K]

;
//

st
an

da
rd

de
vi

at
io

ns
of

mi
xt

ur
e

co
mp

on
en

ts
} mo

de
l

{
//

pr
io

rs
th

et
a

~
di

ri
ch

le
t(

al
ph

a0
_v

ec
);

fo
r

(k
in

1:
K)

{
mu

[k
]

~
no

rm
al

(0
,

1)
;

si
gm

a[
k]

~
lo

gn
or

ma
l(

0,
1)

;
} //

li
ke

li
ho

od
fo

r
(n

in
1:

N)
{

re
al

ps
[K

];
fo

r
(k

in
1:

K)
{

ps
[k

]
=

lo
g(

th
et

a[
k]

)
+

no
rm

al
_l

pd
f(

y[
n]

|
mu

[k
],

si
gm

a[
k]

);
} ta

rg
et

+=
mi

ni
ba

tc
h_

fa
ct

or
*

lo
g_

su
m_

ex
p(

ps
);

}
}
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m
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A
utom

atic
D

ifferentiation
Variational

Inference

data
{

int<lower=0>
N;

//
number

of
data

points
in

dataset
int<lower=0>

D;
//

dimension
int<lower=0>

M;
//

maximum
dimension

of
latent

space
to

consider
vector[D]

x[N];
//

data
}parameters

{
matrix[M,

N]
z;

//
latent

variable
matrix[D,

M]
w;

//
weights

parameters
real<lower=0>

sigma;
//

standard
deviation

parameter
vector<lower=0>[M]

alpha;
//

hyper-parameters
on

weights
}model

{
//

priors
to_vector(z)

~
normal(0,

1);
for

(d
in

1:D)
w[d]

~
normal(0,

sigma
*

alpha);
sigma

~
lognormal(0,

1);
alpha

~
inv_gamma(1,

1);
//

likelihood
for

(n
in

1:N)
x[n]

~
normal(w

*
col(z,

n),
sigma);

}

Figure23:Stan
program

forppca
w
ith

ard.
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K
ucukelbir,Tran,Ranganath,G

elm
an

and
Blei

data
{

int<lower=0>
N;

//
number

of
data

points
in

dataset
int<lower=0>

D;
//

dimension
int<lower=0>

M;
//

maximum
dimension

of
latent

space
to

consider
vector[D]

x[N];
//

data
vector[N]

y;
//

data
}parameters

{
matrix[M,

N]
z;

//
latent

variable
matrix[D,

M]
w_x;

//
weight

parameters
for

x
vector[M]

w_y;
//

weight
parameters

for
y

real<lower=0>
sigma;

//
standard

deviation
parameter

vector<lower=0>[M]
alpha;

//
hyper-parameters

on
weights

}model
{

//
priors

to_vector(z)
~

normal(0,
1);

for
(d

in
1:D)

w_x[d]
~

normal(0,
sigma

*
alpha);

w_y
~

normal(0,
sigma

*
alpha);

sigma
~

lognormal(0,
1);

alpha
~

inv_gamma(1,
1);

//
likelihood

for
(n

in
1:N)

{
x[n]

~
normal(w_x

*
col(z,

n),
sigma);

y[n]
~

normal(w_y’
*

col(z,
n),

sigma);
}

}

Figure24:Stan
program

forsup-ppca
w
ith

ard.
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W
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C
a
w
l
e
y
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si
fi
er

.
W

e
as

su
m

e
th

at
th

e
re

ad
er

is
fa

m
il
ia

r
w

it
h

th
e

th
eo

ry
of

S
V

M
s

an
d

in
p
a
rt

ic
u
la

r
of

th
e

S
V

M
w

it
h

th
e

R
B

F
(a

ls
o

k
n
ow

n
as

G
au

ss
ia

n
)

k
er

n
el

.
U

n
fo

rt
u
n
at

el
y,

th
e

si
tu

at
io

n
is

le
ss

st
ra

ig
h
tf

or
w

ar
d

fo
r

m
o
d
el

se
le

ct
io

n
;

th
er

e
is

n
o

si
m

-
il
ar

ly
p
ri

n
ci

p
le

d
m

ea
n
s

of
op

ti
m

is
in

g
th

e
h
y
p

er
p
ar

am
et

er
s.

T
h
e

si
m

p
le

st
a
p
p
ro

a
ch

is
to

d
iv

id
e

th
e

d
at

a
se

t
in

to
tr

ai
n
in

g
an

d
te

st
in

g
se

ts
,

an
d

fo
r

ea
ch

C
an

d
γ

fr
o
m

a
su

it
a
b
le

se
t,

se
le

ct
th

e
p
ai

r
th

at
re

su
lt

in
th

e
S
V

M
th

at
w

h
en

tr
ai

n
ed

on
th

e
tr

ai
n
in

g
se

t
h
a
s

lo
w

es
t

er
ro

r
ra

te
ov

er
th

e
co

rr
es

p
on

d
in

g
te

st
se

t.
M

or
e

co
m

m
on

ly
,

re
sa

m
p
li
n
g

ap
p
ro

a
ch

es
,

su
ch

as
cr

o
ss

-v
a
li

d
a
ti

o
n

,
u
se

m
u
lt

ip
le

te
st

/t
ra

in
in

g
se

ts
in

or
d
er

to
fo

rm
a

b
et

te
r

m
o
d
el

se
le

ct
io

n
cr

it
er

io
n

fr
om

th
e

av
ai

la
b
le

d
at

a.
T

h
is

p
ap

er
p
re

se
n
ts

an
em

p
ir

ic
al

in
ve

st
ig

at
io

n
of

th
e

eff
ec

ts
of

d
iff

er
en

t
re

sa
m

p
li
n
g

a
p
-

p
ro

ac
h
es

to
h
y
p

er
p
ar

am
et

er
tu

n
in

g
on

th
e

ge
n
er

al
is

a
ti

on
p

er
fo

rm
an

ce
of

th
e

fi
n
a
l

cl
a
ss

ifi
er

.
T

h
e

in
ve

st
ig

at
io

n
is

fo
cu

ss
ed

p
ri

m
ar

il
y

on
th

e
S
V

M
w

it
h

an
R

B
F

ke
rn

el
,

b
u
t

th
e

m
a
in

co
n
-

cl
u
si

on
s

ar
e

re
p

ea
te

d
an

d
va

li
d
at

ed
fo

r
th

e
li
n
ea

r
an

d
p

ol
y
n
om

ia
l

ke
rn

el
S
V

M
,

a
s

d
is

cu
ss

ed
in

S
ec

ti
on

5.

1
.1

R
e
sa

m
p

li
n

g
A

p
p

ro
a
ch

e
s

to
P

e
rf

o
rm

a
n

c
e

E
v
a
lu

a
ti

o
n

P
er

fo
rm

an
ce

ev
al

u
at

io
n

is
a

k
ey

co
m

p
on

en
t

of
m

o
d
el

se
le

ct
io

n
p
ro

ce
d
u
re

s
ty

p
ic

a
ll
y

u
se

d
in

p
ra

ct
ic

al
ap

p
li
ca

ti
on

s
of

su
p
p

or
t

ve
ct

or
m

ac
h
in

es
.

A
ss

u
m

e
w

e
h
av

e
a

sa
m

p
le

o
f

d
a
ta

,
G

=
{z
i

=
(x

i,
y i

)}
n i=

1
,

w
h
er

e
x
i
∈
X
⊂

R
d

is
a

ve
ct

or
of

at
tr

ib
u
te

s
d
es

cr
ib

in
g

th
e
it
h

ex
am

p
le

an
d
y i

is
th

e
co

rr
es

p
on

d
in

g
cl

as
s

la
b

el
;
fo

r
b
in

ar
y

cl
as

si
fi
ca

ti
on

ta
sk

s,
y i
∈
{−

1,
+

1}
.

R
es

am
p
li
n
g

p
ro

ce
d
u
re

s
p
ro

v
id

e
a

p
er

fo
rm

an
ce

es
ti

m
at

e
b
as

ed
on

re
p

ea
te

d
ly

d
iv

id
in

g
G

to
fo

rm
a

tr
a
in

in
g

se
t

an
d

a
te

st
se

t
(s

o
m

et
im

es
k
n
ow

n
as

a
va

li
d
a
ti

o
n

se
t)

.
M

o
re

fo
rm

a
ll
y,

in
th

e
it
h

it
er

at
io

n
of

th
e

re
sa

m
p
li
n
g

p
ro

ce
d
u
re

,
T

R
i

re
p
re

se
n
ts

th
e

tr
ai

n
in

g
se

t
a
n
d

T
E
i

is
th

e
te

st
se

t,
su

ch
th

at

T
R
i
∩

T
E
i

=
∅

an
d

T
R
i
∪

T
E
i
⊆
G.

L
et
ε(
B
|A

,C
,γ

)
re

p
re

se
n
t

th
e

er
ro

r
ra

te
of

an
S
V

M
tr

ai
n
ed

on
th

e
tr

ai
n
in

g
sa

m
p
le
A

,
u
si

n
g

h
y
p

er
p
ar

am
et

er
va

lu
es
C

an
d
γ

,
ev

al
u
at

ed
on

th
e

te
st

se
t
B.

T
h
e

p
er

fo
rm

a
n
ce

es
ti

m
a
te

p
ro

v
id

ed
b
y

re
sa

m
p
li
n
g

m
et

h
o
d
s

is
th

en
ty

p
ic

al
ly

th
e

m
ea

n
of

th
e

er
ro

r
ra

te
s

o
b
ta

in
ed

o
n

th
e

te
st

se
t

in
ea

ch
fo

ld
,

i.
e. E
rr

or
(C
,γ

)
=

1 N

N ∑ i=
1

ε(
T

E
i
|T

R
i,
C
,γ

),

w
h
er

e
N

is
th

e
n
u
m

b
er

of
it

er
at

io
n
s,

or
fo

ld
s,

of
th

e
re

sa
m

p
li
n
g

p
ro

ce
d
u
re

.
D

iff
er

en
t

re
sa

m
-

p
li
n
g

p
ro

ce
d
u

re
s,

su
ch

as
k-

fo
ld

cr
o
ss

-v
a
li

d
a
ti

o
n

,
bo

o
ts

tr
a
p

an
d

le
a
ve

-o
n

e-
o
u

t
cr

o
ss

-v
a
li

d
a
ti

o
n

d
iff

er
on

ly
in

th
e

w
ay

in
w

h
ic

h
th

e
d
at

a
ar

e
p
ar

ti
ti

o
n
ed

to
fo

rm
T

R
i

an
d

T
E
i

in
ea

ch
fo

ld
.

S
om

e
co

m
m

on
re

sa
m

p
li
n
g

p
ro

ce
d
u
re

s
in

cl
u
d
e:

•
k

-f
o
ld

cr
o
ss

-v
a
li

d
a
ti

o
n

:
P

ar
ti

ti
on
G

to
fo

rm
k

d
is

jo
in

t
se

ts
F
j

of
a
p
p
ro

x
im

a
te

ly
si

m
il
a
r

si
ze

,
su

ch
th

at
⋃
j
F
j

=
G.

T
h
en

in
ea

ch
of

th
e
k

it
er

at
io

n
s,

a
d
iff

er
en

t
se

t
is

u
se

d
fo

r
te

st
in

g
an

d
th

e
ot

h
er

s
fo

r
tr

ai
n
in

g,
i.
e.

T
E
i

=
F
i

a
n
d

T
R
i

=
⋃
j6=
i
F
j
.
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ra
ti
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G
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p
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ti
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su
ch
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ea
ch

su
b
se
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as
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il
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p
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p
o
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io
n

o
f

p
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n
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s.
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te
d
k
-f
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d

cr
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va

li
d
at

io
n
,
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is

p
ro

ce
d
u
re
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p

er
fo

rm
ed
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p

ea
te

d
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,
w

it
h

a
d
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er
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t
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l
p
a
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R
e
sa

m
p
l
in
g

p
r
o
c
e
d
u
r
e
s
f
o
r
S
V
M

h
y
p
e
r
pa

r
a
m
e
t
e
r
se

a
r
c
h

•
L

ea
ve

o
n

e
o
u

t
cro

ss-va
lid

a
tio

n
:

T
h
is

is
th

e
m

ost
ex

trem
e

form
of
k
-fold

cross-valid
ation

,
in

w
h
ich

each
set

F
i

con
sists

of
a

sin
gle

train
in

g
p
attern

,
i.e.

T
E
i

=
{
z
i }

an
d

T
R
i

=
G
\{z

i }
.

•
H

o
ld

-o
u

t:
A

sin
gle

train
in

g
set,

T
R

1 ,
is

d
efi

n
ed

,
w

ith
size

p×
n

,
an

d
T

E
1

=
G
\

T
R

1 ,
w

h
ere

p
∈

[0,
1].

In
stratifi

ed
h
old

-ou
t,

th
e

p
artition

in
g

is
p

erform
ed

su
ch

th
at

T
E

1

a
n
d

T
R

1
h
ave

a
sim

ilar
p
rop

ortion
of

p
attern

s
of

each
class.

In
rep

eated
h
o
ld

-ou
t

resa
m

p
lin

g,
th

is
p
ro

ced
u
re

is
p

erform
ed

rep
eated

ly
w

ith
d
iff

eren
t

ran
d
om

p
artitio

n
s

o
fG

.

•
B

oo
tstra

p
:

In
each

iteration
,

T
R
i

is
ob

tain
ed

b
y

sam
p
lin

g
n

item
s,

w
ith

rep
lacem

en
t

fro
m
G

,
an

d
T

E
i

=
G
\

T
R
i .

•
S

u
bsa

m
p
lin

g
:

A
h
old

-ou
t

resam
p
lin

g
p
ro

ced
u
re

w
h
ere

T
R
i ∪

T
E
i ⊂
G

,
th

at
is,

w
h
ere

o
n
ly

a
su

b
set

of
th

e
availab

le
d
ata

set
is

u
sed

in
each

iteration
.

T
h
is

is
u
sefu

l
w

h
ere

a
v
ery

la
rge

am
ou

n
t

of
d
ata

is
p
rov

id
ed

.

U
n
fo

rtu
n
a
tely,

th
e

n
am

es
of

th
ese

p
ro

ced
u
res

are
n
ot

w
ell

stan
d
ard

ised
.

A
p
p

en
d
ix

A
d
is-

cu
sses

a
ltern

a
tiv

e
n
am

es
u
sed

for
th

e
con

cep
ts

an
d

p
ro

ced
u
res

d
iscu

ssed
in

th
is

p
ap

er.

F
in

a
lly,

resa
m

p
lin

g
sh

ou
ld

b
e

con
trasted

w
ith

resu
bstitu

tio
n

,
a

p
erform

an
ce

estim
ation

m
eth

o
d

th
a
t

u
ses

th
e

sam
e

set
for

b
oth

train
in

g
th

e
S
V

M
an

d
m

easu
rin

g
its

error
rate.

T
h
ere

a
re

va
riation

s
on

th
e

resu
b
stitu

tion
p
ro

ced
u
re,

w
h
ere

th
e

d
a
ta

u
sed

to
m

easu
re

th
e

erro
r

ra
te

is
th

e
sam

e
d
ata

u
sed

in
train

in
g,

b
u
t

th
ey

are
g
iven

d
iff

eren
t

w
eigh

ts
(B

raga-N
eto

a
n
d

D
o
u
g
h
erty

,
2004).

1
.2

M
o
d

e
l

S
e
le

c
tio

n

T
h
e

p
ro

cess
o
f

m
od

el
selectio

n
,

in
th

e
case

of
k
ern

el
learn

in
g

m
eth

o
d
s,

refers
to

th
e

tu
n
-

in
g

o
f

th
e

kern
el

an
d

regu
larisation

h
y
p

erp
a
ram

eters
in

ord
er

to
m

ax
im

ise
gen

eralisa
tion

p
erfo

rm
a
n
ce.

T
h
e

gen
eralisation

error
of

a
classifi

er
can

b
e

ex
p
ressed

as
an

ex
p

ectation
over

ra
n
d
o
m

sa
m

p
les,

z
,

d
raw

n
from

th
e

d
istrib

u
tion

D
from

w
h
ich

th
e

train
in

g
set

w
as

o
b
ta

in
ed

,

ε̆(C
,γ

)
=

E
z∼
D

[ε(z
|G
,C
,γ

)]

Id
ea

lly
w

e
w

o
u
ld

lik
e

to
ch

o
ose

th
e

h
y
p

erp
aram

eters
C

an
d
γ

so
th

at
ε̆

is
m

in
im

ized
,

th
at

is:

C
∗,γ
∗

=
argm

in
C
,γ

ε̆(C
,γ

)
(1)

U
n
fo

rtu
n
a
tely,

th
e

d
istrib

u
tion

giv
in

g
rise

to
th

e
d
a
ta

is
gen

erally
u
n
k
n
ow

n
,

an
d

so
w

e
are

u
n
a
b
le

to
eva

lu
ate

or
d
irectly

op
tim

ise
ε̆.

T
h
e

so
lu

tion
is

to
op

tim
ise

in
stea

d
a
n

estim
a
te,

ε̃,
o
f

th
e

tru
e

g
en

eralisation
error,

ε̆.
B

y
far

th
e

m
ost

com
m

on
ap

p
roa

ch
is

to
op

tim
ise

a
resa

m
p
lin

g-b
a
sed

estim
ate.

T
h
e

estim
ate,

ε̃,
of
ε̆

for
a

p
a
rticu

lar
resa

m
p
lin

g
p
ro

ced
u
re
rs

is
d
efi

n
ed

a
s:

ε̃
r
s (C

,γ
)

=
1N

N
∑i=

1

ε(T
E
i |

T
R
i ,C

,γ
).
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W
a
in
e
r
a
n
d

C
a
w
l
e
y

G
iven

th
at

a
p
articu

lar
resam

p
lin

g
p
ro

ced
u
re

(rs)
w

as
selected

,
th

e
ch

oice
of

th
e

S
V

M
h
y
p

erp
aram

eters
is

govern
ed

b
y
:C
∗rs ,γ

∗rs
=

argm
in

C
,γ

ε̃
r
s (C

,γ
).

It
w

ou
ld

b
e

com
p
u
tation

ally
in

feasib
le

to
evalu

ate
every

p
ossib

le
com

b
in

ation
of

th
e

h
y
p

er-
p
aram

eters,
C

an
d
γ

,
so

in
gen

eral
th

e
search

evalu
ates

com
b
in

ation
s

from
a

fi
n
ite

setS
.

C
∗rs ,γ

∗rs
=

argm
in

C
,γ∈S

ε̃
r
s (C

,γ
).

(2)

D
iff

eren
t

m
o
d
el

selection
p
ro

ced
u
res

ad
op

t
d
iff

eren
t

m
eth

o
d
s

to
gen

erate
th

e
setS

;
th

ey
can

b
e

sp
ecifi

ed
a-p

riori,
as

in
th

e
case

of
grid

-search
or

ran
d
om

search
,

or
su

ccessive
elem

en
ts

ofS
can

b
e

gen
erated

accord
in

g
to

th
e

resu
lts

ob
tain

ed
from

evalu
atin

g
ex

istin
g

elem
en

ts,
as

in
th

e
case

of
N

eld
er-M

ead
sim

p
lex

(N
eld

er
an

d
M

ead
,

1965),
grad

ien
t

d
escen

t
(C

h
a
p

elle
et

al.,
2002)

or
oth

er
n
on

-con
vex

m
eth

o
d
s

(F
ried

rich
s

an
d

Igel,
2005;

D
e

S
ou

za
et

al.,
2006).

T
h
e

ch
oice

of
resam

p
lin

g
p
ro

ced
u
re

d
ep

en
d
s

o
n

tw
o

p
ossib

ly
con

fl
ictin

g
criteria:

fi
rstly

w
e

w
ou

ld
like

to
m

ax
im

ise
gen

eralisation
p

erform
an

ce,
an

d
secon

d
ly

red
u
ce

com
p
u
tation

al
ex

p
en

se.
T

h
e

error
of

a
resam

p
lin

g
estim

ate
of

gen
eralisation

con
sists

of
tw

o
com

p
on

en
ts,

bia
s

an
d

va
ria

n
ce.

T
h
e

b
ias

com
p

on
en

t
rep

resen
ts

th
e

d
egree

to
w

h
ich

th
e

estim
ate

d
if-

fers
o
n

a
vera

ge
from

th
e

tru
e

valu
e,

over
a

large
n
u
m

b
er
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T
h
e

fi
rs

t
ap

p
ro

ac
h
,

gi
ve

n
ab

ov
e,

op
ti

m
is

es
an

al
te

rn
at

iv
e

m
et

ri
c,

ra
th

er
th

a
n

th
e

er
ro

r
ra

te
,
ε,

i.
e.

:
C
∗ ,
γ
∗

=
ar

gm
in

C
,γ
∈S

φ
(G
,C
,γ

)

T
h
e

m
et

ri
c,
φ

,
is

so
m

et
im

es
ca

ll
ed

an
in

te
rn

a
l

m
et

ri
c

or
a

m
o
d
el

se
le

ct
io

n
cr

it
er

io
n

a
n
d

th
ey

ar
e

co
m

p
u
te

d
fr

om
th

e
tr

ai
n
in

g
se

t
al

on
e.

In
te

rn
al

m
et

ri
cs

,
p
ro

p
os

ed
in

th
e

li
te

ra
tu

re
in

cl
u
d
e:

th
e

sp
an

b
ou

n
d

(V
ap

n
ik

an
d

C
h
ap

el
le

,
2
00

0)
;

th
e

ra
d
iu

s/
m

a
rg

in
b

o
u
n
d

(K
ee

rt
h
i,

20
02

);
th

e
X

i-
A

lp
h
a

b
ou

n
d

(J
oa

ch
im

s,
20

00
);

G
A

C
V

(W
ah

b
a,

19
99

);
an

d
m

a
x
im

a
l

d
is

-
cr

ep
an

cy
(A

n
gu

it
a

et
al

.,
20

05
).

D
u
an

et
al

.
(2

00
3)

co
m

p
ar

e
5-

fo
ld

cr
os

s-
va

li
d
a
ti

o
n

w
it

h
so

m
e

in
te

rn
al

m
et

ri
cs

,
su

ch
as

X
i-

al
p
h
a

an
d

G
A

C
V

as
m

et
h
o
d
s

to
se

le
ct

S
V

M
h
y
p

er
p
a
-

ra
m

et
er

s
on

fi
ve

d
at

a
se

ts
an

d
fi
n
d

th
at

th
e

5-
fo

ld
h
as

lo
w

er
ex

ce
ss

lo
ss

.
A

n
g
u
it

a
et

a
l.

(2
00

5)
co

m
p
ar

e
m

an
y

cr
os

s-
va

li
d
at

io
n

p
ro

ce
d
u
re

s
an

d
so

m
e

in
te

rn
al

m
et

ri
cs

(m
a
x
im

a
l

d
is

-
cr

ep
an

cy
an

d
co

m
p
re

ss
io

n
b

ou
n
d
)

fo
r

h
y
p

er
p
ar

am
et

er
se

le
ct

io
n

on
13

d
at

a
se

ts
,

a
n
d

fi
n
d

th
at

cr
os

s-
va

li
d
at

io
n

b
as

ed
p
ro

ce
d
u
re

s
h
av

e
lo

w
er

ex
ce

ss
lo

ss
th

an
th

e
in

te
rn

a
l

m
et

ri
cs

.
T

h
e

se
co

n
d

ap
p
ro

ac
h

to
im

p
ro

v
in

g
th

e
h
y
p

er
p
ar

am
et

er
se

le
ct

io
n

p
ro

ce
d
u
re

u
su

a
ll
y

fi
x
es

a
p
ar

ti
cu

la
r

m
o
d
el

se
le

ct
io

n
cr

it
er

io
n
,

sa
y

10
-f

ol
d

cr
os

s-
va

li
d
at

io
n
,

an
d

p
ro

p
o
se

s
d
iff

er
en

t
m

ea
n
s

b
y

w
h
ic

h
th

e
C
,γ

ar
e

se
le

ct
ed

fr
om

th
e
S

se
t,

an
d

m
or

e
ge

n
er

al
ly

,
h
ow

th
e
S

se
t

is
d
y
n
am

ic
al

ly
co

m
p
u
te

d
gi

ve
n

th
e

er
ro

r
fo

r
th

e
p
re

v
io

u
sl

y
se

le
ct

ed
p
ai

rs
C
,γ

.
W

e
w

il
l

ca
ll

th
is

ap
p
ro

ac
h
,

th
e

h
yp

er
pa

ra
m

et
er

se
a
rc

h
p
ro

ce
d
u

re
.

M
os

t
se

a
rc

h
p
ro

ce
d
u
re

s
a
re

b
a
se

d
on

th
e

fa
ct

th
at

th
e

er
ro

r
re

sp
on

se
su

rf
ac

e,
th

at
is

th
e

er
ro

r
fo

r
ea

ch
va

lu
e

o
f
C

a
n
d
γ

,
is

ge
n
er

al
ly

n
on

-c
on

ve
x
,

an
d

th
u
s

m
et

h
o
d
s

b
as

ed
on

gr
a
d
ie

n
t

d
es

ce
n
t

ca
n

on
ly

b
e

gu
a
ra

n
te

ed
to

fi
n
d

a
lo

ca
l

m
in

im
a.

T
h
e

st
an

d
ar

d
,

or
m

os
t

co
m

m
on

se
ar

ch
p
ro

ce
d
u
re

is
a

si
m

p
le

gr
id

se
a
rc

h
,

w
h
er

e
th

e
se

t
S

is
p
re

d
efi

n
ed

,
u
su

al
ly

a
ge

om
et

ri
ca

ll
y

sp
ac

ed
gr

id
in

b
o
th

C
a
n
d

γ
,

i.
e.

th
e
S

p
oi

n
ts

ar
e

ta
ke

n
fr

om
a

u
n
if

or
m

2-
d
im

en
si

on
al

gr
id

in
th

e
lo

g
C
×

lo
g
γ

sp
a
ce

.
T

h
is

is
th

e
se

ar
ch

p
ro

ce
d
u
re

u
se

d
in

th
is

re
se

ar
ch

.
B

er
gs

tr
a

an
d

B
en

gi
o

(2
0
1
2
)

p
ro

p
o
se

a
ra

n
d
om

se
ar

ch
in

th
e

sp
ac

e
lo

g
C
×

lo
g
γ

.
H

u
an

g
et

al
.

(2
00

7)
p
ro

p
os

e
se

le
ct

in
g

fr
o
m

fi
x
ed

p
oi

n
ts

in
th

e
lo

g
C
×

lo
g
γ

sp
ac

e
fo

ll
ow

in
g

th
e

p
ri

n
ci

p
le

s
of

u
n
if

or
m

d
es

ig
n

(F
a
n
g

et
a
l.
,

20
00

).
K

ee
rt

h
i

an
d

L
in

(2
00

3)
d
is

cu
ss

th
e

as
y
m

p
to

ti
c

b
eh

av
io

u
r

of
th

e
er

ro
r

su
rf

a
ce

fo
r

an
S
V

M
in

th
e

lo
g
C
×

lo
g
γ

sp
ac

e
an

d
p
ro

p
os

es
a

m
et

h
o
d

b
y

w
h
ic

h
th

e
C

is
o
p
ti

m
iz

ed
in

a
1D

gr
id

se
ar

ch
fo

r
th

e
li

n
ea

r
S
V

M
p
ro

b
le

m
,

w
h
ic

h
y
ie

ld
s

a
Ĉ

va
lu

e,
a
n
d

th
e
C

a
n
d

γ
fo

r
th

e
R

B
F

S
V

M
is

se
le

ct
ed

u
si

n
g

a
1D

gr
id

se
ar

ch
on

th
e

li
n
e

th
at

sa
ti

sfi
es

lo
g
γ

=
lo

g
C
−

lo
g
Ĉ

.
D

av
en

p
or

t
et

al
.

(2
01

0)
p
ro

p
os

e
th

at
on

e
sh

ou
ld

se
e

th
e

n
o
n
-c

o
n
ve

x
it

y
o
f
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R
e
sa

m
p
l
in
g

p
r
o
c
e
d
u
r
e
s
f
o
r
S
V
M

h
y
p
e
r
pa

r
a
m
e
t
e
r
se

a
r
c
h

th
e

error
su

rfa
ce

for
d
iff

eren
t
C

an
d
γ

as
a

n
oisy

con
vex

su
rface,

an
d

p
rop

oses
a

fi
ltered

co
o
rd

in
a
te

d
escen

t
search

w
h
ere

th
e

“tru
e

valu
e”

of
th

e
error

at
a

p
articu

lar
p

oin
t
C
,γ

is
a

G
a
u
ssian

fi
ltered

valu
e

of
th

e
error

rate
in

a
n
eigh

b
ou

rh
o
o
d

of
C
,γ

.
K

eerth
i

et
al.

(2
0
0
7
)

d
efi

n
e

a
n

ap
p
rox

im
ation

to
th

e
grad

ien
t

of
th

e
error

su
rface

an
d

p
ro

p
oses

th
at

a
g
ra

d
ien

t
d
escen

t
search

sh
ou

ld
b

e
p

erform
ed

to
select

th
e

op
tim

al
C

an
d
γ

.
F

in
ally,

m
a
n
y

resea
rch

ers
h
ave

p
rop

osed
th

e
u
se

of
n
on

-con
vex

op
tim

ization
p
ro

ced
u
res

to
select

th
e

op
tim

a
l
h
y
p

erp
aram

eters,
in

clu
d
in

g
evolu

tion
ary

a
lgorith

m
s

(F
ried

rich
s

an
d

Igel,
2005),

a
n
d

p
a
rticle

sw
arm

op
tim

isation
(D

e
S
ou

za
et

al.,
2006;

L
i

an
d

T
an

,
2010)

T
h
e

th
ird

a
p
p
roach

,
selection

of
d
iff

eren
t

resam
p
lin

g
p
ro

ced
u
res,

is
th

e
on

e
ex

p
lored

in
th

is
p
a
p

er.
W

e
k
n
ow

of
few

p
ap

ers
th

at
d
iscu

ss
relative

m
erits

of
resam

p
lin

g
p
ro

ced
u
res

a
n
d

th
e

selectio
n

of
h
y
p

erp
aram

eters:
T

h
e

closest
to

th
is

research
is

A
n
gu

ita
et

al.
(2005).

A
n
g
u
ita

et
a
l.

(2005)
com

p
are

9-fold
cross-valid

ation
(k

f9),
10-fold

cv
(k

f1
0),

10
rep

etition
s

o
f

th
e

b
o
o
tstra

p
p
ro

ced
u
re

(10x
b

o
ot),

100
rep

etition
s

o
f

th
e

b
o
otstrap

(100x
b

o
ot),

leave-
o
n
e-o

u
t

(lo
o
),

an
d

70/30
h
old

-ou
t

on
13

d
ata

sets
(alon

g
w

ith
tw

o
in

tern
al

m
etrics)

for
h
y
p

erp
a
ra

m
eter

selection
.

T
h
ey

u
se

a
d
iff

eren
t

ex
p

erim
en

tal
p
ro

ced
u
re

—
a

fi
x
ed

test
set

(in
o
u
r

n
o
ta

tio
n

a
fi
x
ed
F

d
ata

set)
a
n
d

th
u
s

th
ey

can
estim

ate
ε(F
|G

,C
∗,γ
∗)

an
d

th
e

ex
cess

lo
ss

u
sin

g
th

e
fi
x
ed

test
set.

T
h
ey

average
th

e
relative

ex
cess

loss
across

th
e

d
ata

sets
(fo

r
ea

ch
p
ro

ced
u
re).

T
h
ey

rep
ort

th
at

th
e

k
-fold

p
ro

ced
u
res

h
ave

low
er

relative
ex

cess
lo

ss,
fo

llow
ed

b
y

th
e

100x
b

o
ot,

th
e

10x
b

o
ot,

th
e

lo
o

an
d

th
e

70/30
in

th
at

ord
er.

T
h
ey

d
id

n
o
t

in
clu

d
e

a
n
y

d
iscu

ssion
on

w
h
eth

er
th

e
d
iff

eren
ces

can
b

e
con

sid
ered

n
egligib

le.
A

n
oth

er
resu

lt
rep

o
rted

in
th

e
p
ap

er
is

th
at

100x
b

o
ot

h
as

th
e

low
er

estim
ate

error
fo

r
ε(F
|G
,C
∗,γ
∗),

fo
llow

ed
b
y

lo
o
,

10x
b

o
ot,

70/30,
an

d
last

k
f.

2
.

M
e
th

o
d
s

a
n
d

d
a
ta

T
h
is

p
a
p

er
d
escrib

es
an

ex
p

erim
en

tal
evalu

ation
of

d
iff

eren
t

resam
p
lin

g-b
ased

m
o
d
el

selec-
tio

n
criteria,

u
sin

g
121

d
iff

eren
t

d
ata

sets
(d

escrib
ed

in
d
etail

in
S
ection

2.2).
T

h
e

error
ra

te
o
f

th
e

S
V

M
train

ed
w

ith
th

e
ch

oice
of

h
y
p

erp
aram

eters
selected

u
sin

g
th

e
d
iff

eren
t

re-
sa

m
p
lin

g
p
ro

ced
u
res

(d
iscu

ssed
in

S
ection

2.1)
are

evalu
ated

u
sin

g
a

2-fold
cross-valid

ation
.

T
h
a
t

is,
ea

ch
d
ata

set
is

d
iv

id
ed

in
to

tw
o

h
alves,

th
e

d
iff

eren
t

resam
p
lin

g
p
ro

ced
u
res

are
u
sed

to
select

th
e

h
y
p

erp
aram

eters
u
sin

g
th

e
fi
rst

h
alf,

th
e

S
V

M
is

train
ed

in
th

is
fi
rst

h
alf

a
n
d

its
error

ra
te

evalu
ated

for
th

e
secon

d
h
alf.

T
h
e

p
ro

ced
u
re

is
rep

eated
u
sin

g
th

e
seco

n
d

h
a
lf

a
s

tra
in

in
g

set
an

d
th

e
fi
rst

h
alf

as
test

set.
T

h
e

estim
ate

of
th

e
error

rate
for

th
e

resa
m

p
lin

g
p
ro

ced
u
re

(or
m

ore
p
recisely

th
e

error
rate

of
th

e
S
V

M
w

ith
h
y
p

erp
aram

eters
selected

b
y

th
e

resam
p
lin

g
p
ro

ced
u
re)

is
th

e
average

of
th

e
tw

o
m

easu
red

error
rates.

If
i

d
en

o
tes

a
d
a
ta

set,
ia

an
d
ib

tw
o

h
alves

of
th

e
d
a
ta

set,
th

en
th

e
estim

ated
error

ra
te

for
a

resa
m

p
lin

g
p
ro

ced
u
re
rs

is

eer(rs,i)
=
ε(ib |

ia ,C
∗rs,a ,γ

∗rs,a )
+
ε(ia |

ib ,C
∗rs,b ,γ

∗rs,b )

2
(3)

w
h
ere

C
∗rs,a

a
n
d
γ
∗rs,a

are
com

p
u
ted

as
d
escrib

ed
in

E
q
u
ation

2,
w

h
ere

th
e
ia

h
alf

of
th

e
d
a
ta

set
i

co
rresp

on
d
s

to
G

(w
e

d
iscu

ss
th

e
can

d
id

ate
setS

b
elow

).

F
o
r

th
e

1
12

sm
allest

d
ata

sets,
w

e
u
sed

th
ree

d
iff

eren
t

statistical
m

eth
o
d
s

to
com

p
are

th
e

estim
a
ted

error
rate

for
each

resam
p
lin

g
p
ro

ced
u
re

w
ith

th
at

of
a

b
aselin

e
p
ro

ced
u
re,

in
th

is
ca

se
th

e
5
-fold

cross-valid
ation

(d
etails

of
th

e
com

p
arison

m
eth

o
d
s

in
S
ection

3).
W

e
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W
a
in
e
r
a
n
d

C
a
w
l
e
y

u
sed

th
e

9
rem

ain
in

g
large

d
ata

sets,
for

w
h
ich

th
e

ex
p

erim
en

ts
a
b

ove
w

ou
ld

req
u
ire

to
o

m
u
ch

com
p
u
tation

al
tim

e,
to

verify
th

e
con

clu
sion

s
d
erived

from
th

e
ex

p
erim

en
ts

on
th

e
sm

aller
d
ata

sets.
T

h
e

tim
e

req
u
ired

to
p

erform
h
y
p

erp
aram

eter
selection

for
each

p
ro

ced
u
re,

for
each

d
ata

set,
w

as
also

record
ed

an
d

th
e

ratio
w

ith
5
-fold

cross-valid
ation

calcu
lated

.
T

h
e

tim
e

ratio
w

as
also

averaged
over

all
p
ro

ced
u
res

to
com

p
u
te

an
“ex

p
ected

tim
e

ratio”
of

th
e

resam
p
lin

g
p
ro

ced
u
res

in
relation

to
th

at
of

5-fold
cross-valid

ation
.

F
or

all
p
ro

ced
u
res

an
d

d
ata

sets,
th

e
h
y
p

erp
a
ram

eter
search

p
ro

ced
u
re

u
sed

an
1
1×

10
grid

search
(th

e
S

set)
follow

in
g

th
e

ran
ges

an
d

step
s

p
op

u
larized

b
y
l
i
b
s
v
m

(H
su

et
al.,

2010)
i.e.

C
=
{2 −

5,2 −
3,...,2

1
5},

an
d
γ

=
{
2 −

1
5,2 −

1
3,...,2

3}.

2
.1

R
e
sa

m
p

lin
g

P
ro

c
e
d

u
re

s

T
h
e

follow
in

g
resam

p
lin

g
p
ro

ced
u
res

are
in

vestigated
:

1.
2-fold

cross-valid
ation

(k
f2)

2.
3-fold

cross-valid
ation

(k
f3)

3.
5-fold

cross-valid
ation

(k
f5)

4.
10-fold

cross-valid
ation

(k
f10)

5.
2

tim
es

rep
eated

5-fold
(2x

k
f5)

6.
2

tim
es

rep
eated

10-fold
(2x

k
f10)

7.
5,

10,
an

d
20

tim
es

rep
eated

b
o
otstrap
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h
o
c

te
st

.
In

ou
r

ca
se

,
w

e
ar

e
n
ot

in
te

re
st

ed
in

co
m

p
ar

in
g

al
l

p
ai

rs
of

p
ro

ce
d
u
re

s,
b
u
t

on
ly

in
co

m
p
ar

in
g

ea
ch

re
sa

m
p
li
n
g

p
ro

ce
d
u
re

w
it

h
th

e
b
as

el
in

e
p
ro

v
id

ed
b
y

k
f5

.
In

th
is

ca
se

,
D

em
ša

r
(2

00
6)

p
ro

p
os

es
p
ai

rw
is

e
W

il
co

x
on

si
gn

ed
-r

an
k

te
st

s
(t

h
e

p
a
ir

ed
ve

rs
io

n
of

th
e

n
on

-p
ar

am
et

ri
c

W
il
co

x
on

te
st

),
b
u
t

w
it

h
th

e
co

rr
ec

ti
on

to
th

e
re

su
lt

in
g
p
-v

a
lu

es
d
u
e

to
th

e
m

u
lt

ip
le

co
m

p
ar

is
on

.
H

e
p
ro

p
os

es
ei

th
er

th
e

B
on

fe
rr

on
i-

D
u
n
n

p
ro

ce
d
u
re

,
o
r

o
n
e

o
f

th
e

st
ep

-u
p
/d

ow
n

p
ro

ce
d
u
re

s
of

H
ol

m
,

H
o
ch

b
er

g
,

or
H

om
m

el
.

3
.2

C
o
n

fi
d

e
n

c
e

in
te

rv
a
l

o
n

th
e

e
x
c
e
ss

lo
ss

T
h
e

D
em

ša
r’

s
p
ro

ce
d
u
re

fa
ll
s

u
n
d
er

th
e

n
u
ll

h
y
p

ot
h
es

is
si

gn
ifi

ca
n
ce

te
st

in
g

fr
a
m

ew
o
rk

,
th

at
is

,
on

e
as

su
m

es
th

at
th

er
e

ar
e

n
o

d
iff

er
en

ce
s

am
on

g
th

e
re

sa
m

p
li
n
g

p
ro

ce
d
u
re

s
a
n
d

d
ec

la
re

th
at

th
er

e
is

a
“s

ta
ti

st
ic

al
ly

si
gn

ifi
ca

n
t”

d
iff

er
en

ce
if

th
e

p
ro

b
ab

il
it

y
of

a
d
iff

er
en

ce
in

m
ea

n
ra

n
k
in

gs
at

le
as

t
as

la
rg

e
as

th
at

ac
tu

al
ly

ob
se

rv
ed

is
b

el
ow

a
p
re

-d
et

er
m

in
ed

th
re

sh
o
ld

(u
su

al
ly

0.
05

).
H

ow
ev

er
,

ev
en

if
a

“s
ta

ti
st

ic
al

ly
si

gn
ifi

ca
n
t”

d
iff

er
en

ce
ex

is
ts

,
th

e
eff

ec
t

si
ze

m
ay

b
e

su
ffi

ci
en

tl
y

sm
al

l
th

at
it

is
of

n
o

re
le

va
n
ce

to
p
ra

ct
ic

al
ap

p
li
ca

ti
on

s.
F

o
r

ex
a
m

p
le

,
it

m
ay

b
e

th
at

th
e

d
iff

er
en

ce
b

et
w

ee
n

on
e

p
ro

ce
d
u
re

an
d

an
ot

h
er

is
a

d
ec

re
as

e
o
f

(s
ay

)
0
.0

0
0
1

in
th

e
er

ro
r

ra
te

.
T

h
is

d
iff

er
en

ce
co

u
ld

b
e

“s
ta

ti
st

ic
al

ly
si

g
n
ifi

ca
n
t”

b
u
t

w
ou

ld
b

e
u
n
li
k
el

y
to

b
e

“p
ra

ct
ic

al
ly

si
gn

ifi
ca

n
t”

(K
ir

k
,

19
96

).
O

n
e

p
os

si
b
le

w
ay

of
d
et

er
m

in
in

g
if

th
er

e
is

a
p
ra

ct
ic

al
ly

si
gn

ifi
ca

n
t

va
ri

at
io

n
b

et
w

ee
n

a
re

sa
m

p
li
n
g

p
ro

ce
d
u
re

an
d

k
f5

(f
o
r

in
st

a
n
ce

)
fo

r
se

le
ct

in
g

S
V

M
h
y
p

er
p
ar

am
et

er
s

w
ou

ld
b

e
to

d
et

er
m

in
e

a
co

n
fi
d
en

ce
in

te
rv

al
fo

r
th

e
ex

ce
ss

lo
ss

an
d

sh
ow

th
at

(w
it

h
95

%
co

n
fi
d
en

ce
)

th
e

ex
ce

ss
lo

ss
ex

ce
ed

s
a

th
re

sh
o
ld

o
f

eq
u

iv
a
le

n
ce

.

T
h
e

im
p

or
ta

n
t

as
p

ec
t

of
th

e
co

n
fi
d
en

ce
in

te
rv

al
p
ro

ce
d
u
re

is
th

e
d
efi

n
it

io
n

o
f

a
“
eq

u
iv

-
al

en
ce

”
th

re
sh

ol
d

—
ab

ov
e

w
h
at

le
ve

l
of

ex
ce

ss
lo

ss
sh

ou
ld

a
d
iff

er
en

ce
b

e
co

n
si

d
er

ed
a

“p
ra

ct
ic

al
ly

re
le

va
n
t”

ch
an

ge
in

th
e

er
ro

r
ra

te
?

In
th

is
p
ap

er
w

e
w

il
l

p
ro

p
o
se

a
m

et
h
o
d

to
d
et

er
m

in
e

th
is

th
re

sh
ol

d
of

eq
u
iv

al
en

ce
.

B
es

id
es

th
e

re
sa

m
p
li
n
g

p
ro

ce
d
u
re

s
d
es

cr
ib

ed
in

S
ec

ti
on

2.
1,

w
e

al
so

ev
al

u
at

ed
an

ot
h
er

p
ro

ce
d
u
re

w
h
ic

h
w

as
a

re
p

et
it

io
n

of
th

e
k
f5

p
ro

ce
d
u
re
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R
e
sa

m
p
l
in
g

p
r
o
c
e
d
u
r
e
s
f
o
r
S
V
M

h
y
p
e
r
pa

r
a
m
e
t
e
r
se

a
r
c
h

b
u
t

w
ith

d
iff

eren
t

fold
s;

w
e

call
it

th
e

k
f5b

is
p
ro

ced
u
re.

T
h
e

d
iff

eren
ce

b
etw

een
th

e
k
f5

an
d

k
f5

b
is

p
ro

ced
u
re

w
as

th
e

ran
d
om

gen
erator

seed
,

an
d

th
u
s

th
e

“
lu

ck
/b

ad
lu

ck
”

th
e

ex
p

eri-
m

en
ter

h
a
s

in
creatin

g
th

e
fold

s.
T

h
u
s,

in
som

e
sen

se
th

e
ex

cess
loss

of
th

e
k
f5b

is
p
ro

ced
u
re

is
a

lim
it

o
f

eq
u
ivalen

ce,
n
ot

n
ecessarily

b
ecau

se
it

is
sm

all,
b
u
t

b
ecau

se
it

is
an

ex
cess

lo
ss

o
n
e

ca
n
n
o
t

fu
rth

er
red

u
ce,

sin
ce

it
rep

resen
ts

th
e

eff
ect

of
“lu

ck
”

in
th

e
resam

p
lin

g
p
ro

ced
u
re

for
selectin

g
th

e
h
y
p

erp
aram

eter.
T

h
u
s,

in
th

is
p
ap

er
w

e
u
se

th
e

m
ean

ex
cess

lo
ss

o
f

th
e

k
f5

b
is

p
ro

ced
u
re

as
th

e
th

resh
old

of
eq

u
ivalen

ce.
T

ab
le

2
in

S
ection

4.2
rep

orts
a
m

o
n
g

th
e

o
th

er
resam

p
lin

g
p
ro

ced
u
res,

th
e

m
ean

ex
cess

loss
of

th
e

k
f5b

is
p
ro

ced
u
re

as
−

0.0
0
3
1.

T
h
u
s

in
th

is
p
ap

er
w

e
w

ill
con

sid
er

ex
cess

loss
w

ith
in

th
e

ran
ge

[−
0
.0

031,0.00
31]

a
s

irreleva
n
t.

S
im

p
lify

in
g,

th
e

N
H

S
T

ap
p
roach

w
ou

ld
com

p
u
te

th
e

con
fi
d
en

ce
in

terval
for

th
e

ex
cess

loss
an

d
d
eclare

th
at

th
e

ex
cess

loss
is

statistically
sign

ifi
can

t
if

th
e

con
fi
d
en

ce
in

terva
l

d
o
es

n
ot

cross
th

e
zero.

A
“p

ractical
sign

ifi
can

ce”
ap

p
roach

com
p
u
tes

th
e

sam
e

co
n
fi
d
en

ce
in

terval
for

th
e

ex
cess

loss,
b
u
t

d
eclares

th
at

th
e

ex
cess

loss
is

“irreleva
n
t”

if
th

e
in

terva
l

is
fu

lly
con

tain
ed

in
th

e
[−

0.0
031,0

.0031]
ran

ge.

3
.3

B
a
y
e
s

fa
c
to

r

T
h
e

th
ird

m
eth

o
d

to
com

p
are

error
rates

acro
ss

d
iff

eren
t

d
ata

sets
is

th
e

B
ayesian

an
aly

sis
p
ro

p
o
sed

b
y

B
arb

er
(2012,

ch
ap

ter
12).

T
h
e

ex
cess

loss
an

aly
sis

ab
ov

e
is

b
ased

solely
on

th
e

va
lu

e
o
f

th
e

error
rate.

T
h
e

B
ayesian

m
eth

o
d

is
b
ased

on
b

oth
th

e
m

agn
itu

d
e

of
th

e
erro

r
ra

te
a
n
d

th
e

n
u
m

b
er

of
sam

p
les

u
sed

in
evalu

atin
g

th
at

error
rate.

F
or

ex
a
m

p
le,

o
n
e

w
ill

b
e

m
o
re

w
illin

g
to

assu
m

e
th

at
a

cla
ssifi

er
a

w
h
ich

m
ad

e
50

errors
over

500
sam

p
les

is
eq

u
iva

len
t

to
a

classifi
er
b

th
at

m
ad

e
55

errors
in

500,
th

an
if

th
e

fi
rst

m
ad

e
700

errors
in

7
0
0
0

sa
m

p
les,

w
h
ile

th
e

secon
d

m
ad

e
770

.
A

lth
o
u
gh

th
e

ch
an

ge
in

error
rate

is
th

e
sam

e
in

b
o
th

ca
ses

(0.10
v
ersu

s
0.11),

n
ev

erth
eless,

b
ecau

se
of

th
e

larger
test

set,
on

e
is

less
su

re
th

a
t

th
e

tw
o

classifi
ers

are
eq

u
ivalen

t
in

th
e

secon
d

scen
ario.

T
h
e

B
ayesian

an
aly

sis
m

ea
su

res
th

e
ra

tio
b

etw
een

th
e

p
rob

ab
ility

th
at

th
e

classifi
ers

are
th

e
eq

u
ivalen

t
versu

s
th

e
p
ro

b
a
b
ility

th
a
t

th
ey

are
n
ot

eq
u
ivalen

t
(given

th
e

d
ata),

an
d

th
is

B
a
yes

fa
cto

r
sh

ou
ld

b
e

m
u
ch

low
er

in
th

e
secon

d
scen

ario.

G
iven

tw
o

classifi
ers

evalu
ated

on
th

e
sa

m
e

d
a
ta

set
(or

in
ou

r
case

th
e

classifi
ers

b
ased

on
th

e
d
iff

eren
t

ch
oices

of
h
y
p

erp
aram

eters
d
erived

u
sin

g
d
iff

eren
t

resam
p
lin

g
p
ro

ced
u
res),

th
e

m
eth

o
d

co
m

p
u
tes

“H
ow

m
u
ch

ev
id

en
ce

is
th

ere
th

at
th

e
tw

o
sam

p
les

of
correct

an
d

in
correct

p
red

iction
s

in
th

e
test

set
com

es
from

in
d
ep

en
d
en

t
m

u
ltin

om
ial

d
istrib

u
tion

s?”
w

h
ich

is
a

p
o
ssib

le
rep

h
ra

sin
g

of
th

e
q
u
estion

“H
ow

m
u
ch

ev
id

en
ce

is
th

ere
su

p
p

ortin
g

th
e

con
ten

tion
th

a
t

th
e

tw
o

classifi
ers

are
p

erform
in

g
d
iff

eren
tly

?”
L

et
u
s

assu
m

e
th

at
cla

ssifi
er
a

w
h
en

a
p
p
lied

to
th

e
test

set
resu

lts
in
e
a

=
〈c
a ,ia 〉

w
h
ere

c
a

is
th

e
n
u
m

b
er

of
correct

p
red

iction
s,

a
n
d
ia

th
e

n
u
m

b
er

of
in

correct
p
red

iction
s,

an
d

sim
ilarly

for
classifi

er
b.
P

(H
sa
m
e |
e
a ,e

b )
is

th
e

p
osterio

r
p
rob

ab
ility

th
at

th
e

p
airs

of
correct

an
d

in
correct

resu
lts

e
a

a
n
d
e
b

com
e

from
th

e
sa

m
e

(u
n
k
n
ow

n
)

b
in

om
ial

d
istrib

u
tion

,
w

h
ich

w
ou

ld
in

d
icate

th
at

b
oth

classifi
ers

are
eq

u
iva

len
t.
P

(H
in
d
ep |

e
a ,e

b )
is

th
e

p
osterior

p
rob

ab
ility

th
at

th
ey

cam
e

from
in

d
ep

en
d
en

t
d
istrib

u
tio

n
s

a
n
d

th
erefore

th
at

th
e

tw
o

classifi
ers

are
n
ot

eq
u
ivalen

t
(m

ore
p
recisely,

it
w

ill
b

e
very

u
n
likely

th
at

th
e

tw
o

in
d
ep

en
d
en

t
d
istrib

u
tion

s
are

th
e

sam
e).

T
h
e

B
ayes

factor
(B

F
)

is
th

e
ra

tio
of

th
ese

tw
o

p
rob

ab
ilities:

B
F

=
P

(H
sa
m
e |
e
a ,e

b )

P
(H

in
d
ep |

e
a ,e

b )
(4)

1
1
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W
a
in
e
r
a
n
d

C
a
w
l
e
y

T
h
e

larger
th

e
B

ayes
factor,

th
e

h
igh

er
is

th
e

ev
id

en
ce

tow
ard

s
th

e
h
y
p

oth
esis

th
at

th
e

tw
o

classifi
ers

are
eq

u
ivalen

t.
If
Z

(x
)

is
th

e
b

eta
fu

n
ction

of
a

p
air,

an
d
u

=
〈1
,1〉,

th
en

th
e

B
F

is
calcu

lated
as

B
F

=
Z

(u
)Z

(u
+
e
a

+
e
b )

Z
(u

+
e
a )Z

(u
+
e
b )

(5)

A
p
p

en
d
ix

C
con

tain
s

th
e

d
erivation

of
th

is
form

u
la.

In
o
u
r

case,
w

e
w

ill
con

sid
er

5
-fold

cross-valid
ation

as
th

e
b
aselin

e,
an

d
w

e
w

ill
com

p
are

all
oth

er
p
ro

ced
u
res

to
it,

an
d

th
u
s

w
e

w
ill

calcu
late

for
each

resam
p
lin

g
p
ro

ced
u
re

its
B

ayes
factor

in
relation

to
5-fold

cross-
valid

ation
.

W
e

w
ill

rep
ort

th
e

2
log

e
B
F

as
d
efi

n
ed

in
E

q
u
ation

4.
T

h
e

reason
to

u
se

th
e

log
is

th
at

th
e

B
F

is
a

m
u
ltip

licative
factor,

an
d

for
th

e
m

ean
an

d
con

fi
d
en

ce
in

terval
calcu

lation
s

w
e

n
eed

an
ad

d
itive

factor.
T

h
e

u
se

of
th

e
con

stan
t

2
is

to
follow

th
e

tab
le

of
K

ass
an

d
R

aftery
(1995)

regard
in

g
th

e
in

terp
retation

of
stren

gth
of

th
e

ev
id

en
ce

in
favou

r
of

on
e

or
th

e
oth

er
h
y
p

oth
esis,

w
h
ich

is
b
ased

on
2

log
e .

3
.4

C
o
m

p
u

ta
tio

n
a
l

E
x
p

e
n

se

C
on

sid
erin

g
th

e
tim

e
con

su
m

ed
for

h
y
p

erp
a
ram

eter
selection

v
ia

th
e

d
iff

eren
t

resam
p
lin

g
p
ro

ced
u
res,

w
e

ran
all

of
th

e
p
ro

ced
u
res

for
a

sin
gle

d
ata

set
in

seq
u
en

ce
on

a
sin

gle
core

(of
a

m
u
ltip

le
core

m
ach

in
e).

D
iff

eren
t

d
ata

sets
w

ere
d
istrib

u
ted

to
d
iff

eren
t

cores
of

th
e

sam
e

m
ach

in
e.

W
e

collected
th

e
total

tim
e

to
p

erform
th

e
resam

p
lin

g
p
ro

ced
u
re

to
select

th
e

h
y
p

erp
aram

eters
—

th
e

tim
e

to
learn

th
e

fi
n
al

classifi
er

w
ith

th
e

op
tim

al
h
y
p

erp
aram

eters
an

d
to

ap
p
ly

it
to

th
e

oth
er

h
alf

of
th

e
d
ata

set
w

as
n
ot

in
clu

d
ed

in
th

e
tim

e
m

easu
re.

A
gain

w
e

u
se
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kf5 kf5bis kf2 kf3 2xkf5 kf10 5xboot 10xboot 20xboot 80/20 resub invkf5 20/80 20/20 5x20/20 20/10 10/10

kf5bis 1.00
kf2 1.00 1.00
kf3 1.00 1.00 1.00

2xkf5 1.00 1.00 1.00 1.00
kf10 1.00 1.00 1.00 1.00 1.00

5xboot 1.00 1.00 1.00 1.00 1.00 1.00
10xboot 1.00 1.00 1.00 1.00 1.00 1.00 0.99
20xboot 1.00 1.00 1.00 1.00 1.00 1.00 0.99 1.00

80/20 0.45 0.12 0.04 0.04 0.06 0.02 0.58 0.01 0.01
resub 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

invkf5 1.00 1.00 0.96 0.96 0.98 0.88 1.00 0.82 0.78 0.94 0.00
20/80 0.81 0.38 0.17 0.17 0.24 0.09 0.90 0.06 0.05 1.00 0.00 1.00
20/20 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.91 0.00 0.02 0.61

5x20/20 0.94 0.61 0.34 0.34 0.44 0.20 0.98 0.15 0.12 1.00 0.00 1.00 1.00 0.37
20/10 0.01 0.00 0.00 0.00 0.00 0.00 0.02 0.00 0.00 1.00 0.00 0.14 0.95 1.00 0.82
10/10 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.55 0.00 0.00 0.21 1.00 0.10 1.00

5x10/10 0.01 0.00 0.00 0.00 0.00 0.00 0.01 0.00 0.00 0.99 0.00 0.09 0.89 1.00 0.72 1.00 1.00
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s
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b
ly

an
d

is
h
igh

ly
com

p
etitive

to
sp

ecialized
algorith

m
s

d
esign

ed
fo

r
sp

ecifi
c

cla
ssifi

ca
tio

n
m

o
d
els.

In
d
eed

,
ou

r
m

eth
o
d

solved
S
V

M
s

w
ith

a
lin

ear
k
ern

el
su

b
stan

tially
fa

ster
th

a
n

L
IB

S
V

M
(C

h
an

g
an

d
L

in
,

2011)
w

h
ich

im
p
lem

en
ted

th
e

S
M

O
(P

latt,
19

98)
a
n
d

S
eD

u
M

i
(S

tu
rm

,
1999)

w
h
ich

im
p
lem

en
ted

an
in

terior-p
oin

t
m

eth
o
d
.

M
oreover,

ou
r

F
A

P
G

m
eth

o
d

often
ru

n
faster

th
an

th
e

h
ig

h
ly

op
tim

ized
L

IB
L

IN
E

A
R

(F
an

et
al.,

2008)
esp

ecia
lly

fo
r

la
rge-scale

d
atasets

w
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featu
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d
im

en
sion

n
>
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00.

T
h
e

F
A

P
G

m
eth

o
d

can
b

e
a
p
p
lied

n
o
t

on
ly

to
th

e
u
n
ifi

ed
classifi

cation
m

o
d
el

b
u
t

also
to

th
e

gen
eral

con
vex

com
-

p
o
site

o
p
tim

iza
tion

p
rob

lem
su

ch
as
`
1 -regu

larized
classifi

cation
m

o
d
els,

w
h
ich
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fa
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th
a
n

L
IB

L
IN

E
A

R
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m
ost
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m
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b
e

b
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th

in
k
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a

sto
ch
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varia

n
t
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o
u
r

m
eth

o
d

fo
r

fu
rth

er
im

p
rovem

en
t

an
d

w
e

leave
it
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a

fu
tu
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research
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ic.

W
e

fo
cu

s
h
ere

o
n

th
e

d
eterm

in
istic
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e
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th

e
fi
rst

trial
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p
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id
e

an
effi

cien
t

u
n
ifi

ed
a
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m
w

h
ich
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a
p
p
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b
le

to
all

w
ell-k

n
ow

n
ex

istin
g

classifi
cation

m
o
d
els.

T
h
e

rest
o
f

th
is

p
ap

er
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organ
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follow

s.
S
ection

2
in
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d
u
ces

som
e

p
relim

in
ary

d
efi

n
itio

n
s

a
n
d

resu
lts
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b
in

ary
classifi

cation
m

o
d
els

an
d

th
e

A
P

G
m

eth
o
d
.

S
ection

3
p
resen
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a

u
n
ifi

ed
form

u
lation
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b
in

ary
classifi

cation
m

o
d
els.

In
S
ectio

n
4,

w
e

p
rov

id
e

so
lu

tio
n

m
eth

o
d
s

for
th

e
u
n
ifi

ed
form

u
lation

.
W

e
d
evelop

effi
cien

t
algorith

m
s

for
com

p
u
t-

in
g

p
ro

jectio
n
s

w
h
ich

are
u
sed

in
th

e
A

P
G

m
eth

o
d
.

T
h
en

w
e

d
esign

ou
r

F
A

P
G

m
eth

o
d

co
m

b
in

ed
w

ith
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s
tech

n
iq

u
es

to
sp

eed
-u

p
its

p
ractical

con
vergen

ce.
T

h
e

iteration
com

-
p
lex

ity
o
f
O
((lo

g
k
/k
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2 )

of
ou

r
algorith

m
is

also
estab
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ed

,
w

h
ere

k
is

th
e

iteration
cou

n
ter.

N
u
m

erica
l

ex
p

erim
en
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are

p
resen
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S
ection

5.

2
.

P
re

lim
in

a
rie

s

In
th

is
sectio

n
,

w
e

in
tro

d
u
ce

som
e

p
relim

in
ary

d
efi

n
itio

n
s
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b
in

ary
classifi

ca
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m
o
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n
d

th
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A
P

G
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B
in
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C
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c
a
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n
M

o
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⊂
R
n

b
e

th
e

in
p
u
t

d
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a
n
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+

1,−
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b
e

th
e

set
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e

b
in

ary
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els.
S
u
p
p

ose
th

a
t

w
e

h
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sa
m

p
les,
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1 ,y

1 ),...,(x
m
,y
m

)∈
X
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1
,−

1}
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D
efi

n
e
M
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{1
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}
,
M

+
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{i∈

M
|
y
i

=
+

1}
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d
M
−
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{i∈

M
|
y
i

=
−

1}
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L
et

m
+

=
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a
n
d
m
−

=
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W
e
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m

p
u
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=
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g
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p
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p
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p
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∈
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n
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b
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b
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b
e

d
irectly

ap
p
lied

to
n
o
n
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p
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b
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m
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It
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,
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e
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n
d

T
o
h
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d

B
h
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y
a,
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m
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b
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F
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d
iscrim

in
an
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b
in

ary
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o
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:

m
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w
,b

m
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1
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>
x
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+

1C
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‖
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→
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>
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‖·‖
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∈
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ra
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w
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∈
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)
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e
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p
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a
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p
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ed

over
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set
S
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b
y
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g
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h
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∈
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+
∞
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is
th

e
in

d
icator

fu
n
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th

e
set

S
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T
o

ap
p
ly

th
e

A
P

G
m

eth
o
d

to
(2),

w
e

n
eed

to
assu

m
e

th
e

follow
in

g
con

d
ition
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1.
g

:
R
d
→

R
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{
+
∞
}
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p
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er,
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,

an
d
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n
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w
h
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p
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n
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o
oth

.
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eff
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d
om
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d
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(g
)

=
{
α
∈

R
d
|
g
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)
<

+
∞
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an
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.

2.
f
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R
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p
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er,
closed

,
con

vex
,

an
d

con
tin

u
ou

sly
d
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eren
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le
fu

n
ction

,
an

d
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grad
ien

t∇
f

(·)
is

L
ip

sch
itz

con
tin

u
ou

s
on

R
d, 1

i.e.,
th

ere
ex

ists
a

con
stan

t
L
>

0
su

ch
th

at
‖∇

f
(α

)−
∇
f

(β
)‖

2 ≤
L‖
α
−
β‖

2
∀
α
,β
∈
R
d.

(3)

T
h
e

m
in

im
u
m

valu
e

of
su

ch
L

is
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to
as

th
e

L
ip

sch
itz

con
stan

t
L
f

of∇
f

(·).

3.
T

h
e

p
rob

lem
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is
solvab

le,
i.e.,

th
e

op
tim

al
valu

e
is

fi
n
ite

an
d

an
op

tim
al

solu
tion

α
∗

ex
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L
et
L
≥
L
f .

W
e

d
efi

n
e

an
ap

p
rox

im
ate

fu
n
ction

Q
L

:R
d→

R
of
f

(α
)

arou
n
d
β

a
n
d

a
m

ap
p
in

g
T
L

(α
)
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R
d
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Q
L

(α
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f

(β
)
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〈∇
f

(β
),α
−
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α
−
β‖
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+
g
(α

)

T
L

(β
)

=
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α
∈
R
d

Q
L

(α
;β

).
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.
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if∇
f

(·)
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L
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itz
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n
tin

u
o
u

s
o
n

a
n

eig
h
b

o
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o
o
d

o
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d
o
m
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e
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n
v
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h
u
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o
f

d
o
m
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β
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,
w

h
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β
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=
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p
o
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g
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S
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3
o
f
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e
A

P
G

m
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o
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O

b
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u
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ev
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n
o
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p
o
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k
n
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e
p
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ri.
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A
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t
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b
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∇
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∇
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.
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=
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p
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.
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p
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−
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=
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h
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e

so
ft

-t
h
re

sh
ol

d
in

g
op

er
at

or
.

O
th

er
an

al
y
ti

ca
l

co
m

p
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b
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u
n
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B
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,
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.

It
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k
n
ow

n
th

at
th

e
P

G
m

et
h
o
d
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th
e

it
er

at
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n
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m
p
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x
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y
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h
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e
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m
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T

h
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A
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G
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et
h
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k
an
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o
u
ll
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20
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h
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F
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ra
ti

on
of

th
e

P
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.
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n
er
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se
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=
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F
or

an
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∈
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e

fo
ll
ow

in
g

st
ep

s
(k

=
1,

2,
..
.)

:

A
c
c
e
le

ra
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ro
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p
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∇
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√
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p
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+
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at
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−

1
t k

+
1

(α
k
−
α
k
−
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b
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e
q
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ar
e

p
ro

p
os

ed
,

th
e

ab
ov

e
A

P
G

(n
am

el
y,

F
IS

T
A

)
is

u
se

d
in

m
an

y
ap

p
li
ca

ti
on

s
b

ec
au

se
it

is
si

m
p
le

r
to

im
p
le

m
en

t.
It

is
k
n
ow

n
th

at
α
∗

is
an

op
ti

m
al

so
lu

ti
on

of
(2

)
if

an
d

on
ly

if
α
∗

=
T
L

(α
∗ )

.
M

or
e

sp
ec

ifi
ca

ll
y,

th
e

n
ec

es
sa

ry
an

d
su

ffi
ci

en
t

op
ti

m
al

it
y

co
n
d
it

io
n

fo
r
α
∗

to
b

e
an

op
ti

m
a
l
so

lu
ti

on
of

(2
)

is
∃γ

α
∈
∂
g
(α
∗ )

s.
t.
〈∇
f

(α
∗ )

+
γ
α
,
α
−
α
∗ 〉
≥

0
,
∀α
∈
R
d
.

(4
)

O
n

th
e

ot
h
er

h
an

d
,

fr
om

th
e

d
efi

n
it

io
n

of
T
L

(β
),

w
e

h
av

e

∃γ
β
∈
∂
g
(T
L

(β
))

s.
t.
〈∇
f

(T
L

(β
))

+
L
( T

L
(β

)−
β
) +

γ
β
,
α
−
T
L

(β
)〉
≥

0
,
∀α
∈
R
d
,

(5
)

fo
r

an
y
β
∈
R
d
.

T
h
e

te
rm

L
( T

L
(β

)
−
β
) in

(5
)

ca
n

b
e

se
en

as
th

e
re

si
d
u
al

of
th

e
o
p
ti

m
al

it
y

co
n
d
it

io
n

(4
).

T
h
u
s

it
w

ou
ld

b
e

a
n
at

u
ra

l
cr

it
er

io
n

to
te

rm
in

at
e

th
e

A
P

G
if
L
‖T

L
(α

k
)
−

α
k
‖ 2
<
ε

w
it

h
a

sm
al

l
co

n
st

an
t
ε
>

0.
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It
o
,
T
a
k
e
d
a
,
a
n
d

T
o
h

D
es

p
it

e
h
av

in
g

a
st

ro
n
g

it
er

at
io

n
co

m
p
le

x
it

y
re

su
lt

,
th

e
A

P
G

m
et

h
o
d

m
ay

st
il
l

n
o
t

b
e

effi
ci

en
t

en
ou

gh
fo

r
p
ra

ct
ic

al
p
u
rp

os
e.

In
th

e
fo

ll
ow

in
g,

w
e

d
es

cr
ib

e
se

ve
ra

l
w

el
l-

k
n
ow

n
st

ra
te

gi
es

to
m

ak
e

th
e

A
P

G
m

et
h
o
d

p
ra

ct
ic

al
ly

effi
ci

en
t.

2
.2
.1

B
a
c
k
t
r
a
c
k
in
g

S
t
r
a
t
e
g
y

W
e

as
su

m
e

th
at
L

is
gr

ea
te

r
th

an
or

eq
u
al

s
to

th
e

L
ip

sc
h
it

z
co

n
st

an
t
L
f

of
∇
f

(α
).

H
ow

ev
er

it
is

ad
va

n
ta

ge
ou

s
to

u
se

a
sm

al
le

r
va

lu
e

fo
r
L

w
h
en

ev
er

p
os

si
b
le

si
n
ce

th
e

co
n
st

a
n
t
L

p
la

y
s

th
e

ro
le

of
a

st
ep

si
ze

as
in

a
gr

ad
ie

n
t

d
es

ce
n
t

m
et

h
o
d
;

fi
x
in

g
L

to
b

e
th

e
L

ip
sc

h
it

z
co

n
st

a
n
t

L
f

is
u
su

al
ly

to
o

co
n
se

rv
at

iv
e

(s
ee

T
ab

le
5

in
S
ec

ti
on

5)
.

T
h
u
s

w
e

ad
op

t
th

e
fo

ll
ow

in
g

b
ac

k
tr

ac
k
in

g
st

ra
te

gy
(B

ec
k

an
d

T
eb

ou
ll
e,

20
09

)
af

te
r

S
te

p
1

w
it

h
ar

b
it

ra
ry

g
iv

en
co

n
st

a
n
ts

η u
>

1
an

d
L

0
>

0:

‘b
t’

:
W

h
il
e

F
(α

k
)
>
Q
L
k
(α

k
;β

k
),

(6
)

u
p

d
at

e
L
k
←
η u
L
k

an
d
α
k
←
T
L
k
(β

k
).

S
et
L
k
+

1
←
L
k
.

T
h
e

in
eq

u
al

it
y

(6
)

in
‘b

t’
en

su
re

s
th

at
th

e
co

m
p
le

x
it

y
re

su
lt
F

(α
k
)
−
F

(α
∗ )
≤
O

(1
/
k

2
)

st
il
l

h
ol

d
s.

W
e

n
ot

e
th

at
th

e
in

eq
u
al

it
y
F

(α
k
)
≤
Q
L
k
(α

k
;β

k
)

is
sa

ti
sfi

ed
if
L
k
≥
L
f
,

i.
e.

,
it

is
a

w
ea

ke
r

co
n
d
it

io
n

th
an

(3
).

2
.2
.2

D
e
c
r
e
a
si
n
g

S
t
r
a
t
e
g
y
f
o
r
L
k

B
ec

k
an

d
T

eb
ou

ll
e

(2
00

9)
d
es

ig
n
ed

th
e

b
ac

k
tr

ac
k
in

g
st

ra
te

gy
‘b

t’
so

th
at

th
e

va
lu

es
o
f
L
k

is
n
on

-d
ec

re
as

in
g.

In
fa

ct
,

th
e

co
n
ve

rg
en

ce
an

al
y
si

s
o
f

(B
ec

k
an

d
T

eb
ou

ll
e,

2
0
0
9
)

re
q
u
ir

es
th

e
va

lu
e

of
L
k

to
b

e
n
on

-d
ec

re
as

in
g.

H
ow

ev
er

,
it

is
ad

va
n
ta

ge
ou

s
to

d
ec

re
a
se

th
e

va
lu

e
o
f

L
k

w
h
en

ev
er

p
os

si
b
le

si
n
ce

th
e

co
n
st

an
t

1 L
k

gi
ve

s
a

la
rg

er
st

ep
si

ze
.

T
o

al
lo

w
L
k

to
d
ec

re
as

e,
S
ch

ei
n
b

er
g

et
al

.
(2

01
4)

m
o
d
ifi

es
th

e
A

P
G

m
et

h
o
d

so
th

at
{t
k
}∞ k

=
1

sa
ti

sfi
es
t k
/L

k
≥
t k

+
1
(t
k
+

1
−

1)
/L

k
+

1
(∀
k
≥

1)
an

d
th

e
se

q
u
en

ce
s
{α

k
}∞ k

=
0

a
n
d

{β
k
}∞ k

=
1

ar
e

ge
n
er

at
ed

al
on

g
w

it
h
{t
k
}∞ k

=
1
.

T
o

b
e

sp
ec

ifi
c,

le
t

u
s

in
tr

o
d
u
ce

th
e

fo
ll
ow

in
g

si
m

p
le

st
ep

to
d
ec

re
as

e
th

e
va

lu
e

of
L
k
,

w
h
er

e
η d
>

1
is

a
gi

ve
n

co
n
st

an
t.

‘d
e
c
’:

S
et
L
k
+

1
←
L
k
/η
d
.

T
h
e

m
o
d
ifi

ed
A

P
G

of
(S

ch
ei

n
b

er
g

et
al

.,
20

14
)

ca
n

b
e

d
es

cr
ib

ed
as

in
A

lg
or

it
h
m

1
.

It
d
iff

er
s

fr
om

th
e

or
ig

in
al

A
P

G
in

th
at

th
e

u
p

d
at

es
of
t k

an
d
β
k

ar
e

a
d
d
ed

to
‘b

t’
a
n
d

S
te

p
2

is
m

o
d
ifi

ed
.

T
h
e

co
n
ve

rg
en

ce
of

A
lg

or
it

h
m

1
is

sh
ow

n
a
s

fo
ll
ow

s.

P
ro

p
o
si

ti
o
n

1
(f

ro
m

S
ch

e
in

b
e
rg

e
t

a
l.
,

2
0
1
4
)

L
et
S
∗

be
th

e
se

t
o
f

o
p
ti

m
a
l

so
lu

ti
o
n

s
o
f

(2
).

F
o
r

a
n

y
α
∗
∈
S
∗ ,

th
e

se
qu

en
ce
{α

k
}∞ k

=
0

ge
n

er
a
te

d
by

A
lg

o
ri

th
m

1
sa

ti
sfi

es
th

e
fo

ll
o
w

in
g

in
eq

u
a
li

ty
:

F
(α

k
)
−
F

(α
∗ )
≤

2
η u
L
f
‖α

0
−
α
∗ ‖

2 2

k
2

,
∀k
≥

1
.
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A
U
n
if
ie
d

F
o
r
m
u
l
a
t
io
n
a
n
d

F
a
st

A
P
G

M
e
t
h
o
d

f
o
r
C
l
a
ssif

ic
a
t
io
n

A
lg

o
rith

m
1

A
n

A
ccelerated

P
rox

im
al

G
rad

ien
t

M
eth

o
d

w
ith

N
o
n
-M

on
oton

ic
B

a
ck

track
-

in
gIn

p
u
t:
f

,∇
f

,
g
,

p
rox

g
,L

,
ε
>

0,
L

1
=
L

0
>

0,
η
u
>

1,
η
d
>

1,
k
m
a
x
>

0,
β

1
=
α

0

O
u
tp

u
t:
α
k

In
itia

lize:
t1 ←

1
,
t0 ←

0
fo

r
k

=
1,...,k

m
a
x

d
o

α
k←

T
L
k (β

k)
=

p
rox

g
,L
k (
β
k−

1L
k ∇

f
(β

k) )
#

S
tep

1

w
h

ile
F

(α
k)
>
Q
L
k (α

k;β
k)

d
o

L
k ←

η
u L

k
#

‘b
t’

tk ←
1
+
√

1
+

4
(L
k
/
L
k−

1
)t

2k−
1

2

β
k←

α
k−

1
+

t
k−

1 −
1

t
k

(α
k−

1−
α
k−

2)

α
k←

T
L
k (β

k)
=

p
rox

g
,L
k (
β
k−

1L
k ∇

f
(β

k) )

e
n

d
w

h
ile

if
‖
L
k (T

L
k (α

k)−
α
k)‖

<
ε

th
e
n

b
re

a
k

e
n

d
if

L
k
+

1 ←
L
k /η

d
#

‘d
ec’

tk
+

1 ←
1
+ √

1
+

4
(L
k
+
1
/
L
k
)t

2k
2

#
S
tep

2’

β
k
+

1←
α
k

+
t
k −

1
t
k
+
1

(α
k−

α
k−

1)
#

S
tep

3

e
n

d
fo

r

2
.2
.3

R
e
st
a
r
t
in
g

S
t
r
a
t
e
g
y

T
h
e

va
lu

e
t
k −

1
t
k
+
1
∈

[0,1)
in

S
tep

3
d
eterm

in
es

th
e

am
ou

n
t

of
m

o
m

en
tu

m
in

t
k −

1
t
k
+
1

(α
k−

α
k−

1).

W
h
en

th
e

va
lu

e
t
k −

1
t
k
+
1

is
close

to
1,

i.e.,
th

e
m

om
en

tu
m

is
h
igh

,
th

e
seq

u
en

ces
of

solu
tion

s

{
α
k} ∞k

=
0

a
n
d
{
β
k} ∞k

=
1

w
ou

ld
oversh

o
ot

an
d

oscillate
arou

n
d

th
e

op
tim

al
solu

tio
n
α
∗.

In
o
rd

er
to

avo
id

th
e

oscillation
an

d
fu

rth
er

sp
eed

u
p

th
e

co
n
v
ergen

ce,
O

’D
on

o
gh

u
e

an
d

C
an

d
ès

(2
0
1
5
)

in
tro

d
u
ced

an
ad

ap
tive

restartin
g

strategy
:

‘re
’:

If∇
f

(β
k) >

(α
k−

α
k−

1)
+
g
(α

k)−
g
(α

k−
1)
>

0,
th

en
u
p

d
a
te
tk

+
1 ←

1,
tk ←

0,
β
k
+

1←
α
k−

1,
an

d
α
k←

α
k−

1.

R
o
u
g
h
ly,

th
e

A
P

G
m

eth
o
d

resets
th

e
m

om
en

tu
m

b
ack

to
zero

an
d

restarts
from

th
e

p
rev

iou
s

p
o
in

t
α
k−

1
if

th
e

d
irection

of
m

otion
α
k−
α
k−

1
seem

s
to

cau
se

th
e

(ap
p
rox

im
ated

)
ob

jectiv
e

valu
e

to
in

crea
se,

w
h
ich

m
ay

b
e

a
sign

of
ov

ersh
o
o
tin

g.
N

ote
th

at
th

e
com

p
u
tation

al
cost

o
f

‘re’
is

in
ex

p
en

sive
sin

ce∇
f

(β
k)

h
as

alread
y

b
een

com
p
u
ted

at
S
tep

1.
O

’D
on

ogh
u
e

an
d

C
a
n
d
ès

(2
0
1
5
)

also
p
rov

id
ed

a
h
eu

ristic
con

vergen
ce

an
aly

sis
for

th
eir

restartin
g

sch
em

e
(‘re’)

w
h
en

f
is

a
stron

gly
con

v
ex

(i.e.,
th

ere
ex

ists
a

con
stan

t
µ
>

0
su

ch
th

at
f

(α
)−

µ2 ‖
α
−
α
∗‖

22
is

con
vex

)
q
u
ad

ratic
fu

n
ction

an
d
g

=
0.

H
ow

ev
er,

th
e

con
vergen

ce
of

‘re’
for

a
g
en

era
l

stro
n
gly

con
vex

ob
jectiv

e
fu

n
ction

is
u
n
k
n
ow

n
(n

ot
to

m
en

tio
n

for
th

e
gen

eral
n
o
n
-stro

n
g
ly

co
n
v
ex

fu
n
ction

in
ou

r
p
rob

lem
).

T
h
ere

a
re

several
oth

er
restartin

g
sch

em
es

(N
esterov

,
2013;

L
in

an
d

X
ia

o,
2015;

S
u

et
a
l.,

2
0
1
4).

T
h
ey

h
ave

gu
aran

teed
con

vergen
ce

in
th

e
case

th
at

f
is

stron
gly

con
vex

.
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It
o
,
T
a
k
e
d
a
,
a
n
d

T
o
h

k
iter

0

K
1

K
2

K
3

restart
restart

restart

k̄
1

k̄
2

k̄
3

F
igu

re
1:

Illu
stration

of
M

ain
tain

in
g

T
op

-S
p

eed
S
trategy

(‘m
t’).

A
p
roh

ib
ition

p
erio

d
of

restart
for

K
i

iteration
are

im
p

o
sed

after
th

e
i-th

restart
o
ccu

rs.
If

th
e

con
d
ition

∇
f

(β
k) >

(α
k−

α
k−

1)
<

0
is

satisfi
ed

after
th

e
p

erio
d

p
assed

,
th

en
th

e
(i

+
1)-

th
restart

o
ccu

rs.
T

h
e

n
ex

t
p
roh

ib
ition

p
erio

d
is

d
ou

b
led

,
i.e.,

K
i+

1
=

2K
i .

k̄
i (≥

K
i )

d
en

otes
th

e
n
u
m

b
er

of
iteration

taken
b

etw
een

th
e

(i−
1)-th

an
d
i-th

restart,
w

h
ich

w
ill

b
e

u
sed

to
con

vergen
ce

an
aly

sis
in

S
ection

4.2.

N
esterov

(2013)
p
rop

osed
a

restartin
g

m
eth

o
d
,

w
h
ich

h
as

asy
m

p
totic

lin
ear

con
vergen

ce
if
g

is
stron

gly
con

v
ex

.
L

in
an

d
X

iao
(20

15)
sh

ow
ed

th
at

a
sim

ila
r

restart
tech

n
iq

u
e

can
ach

ieve
th

e
sam

e
con

vergen
ce

rate
as

N
esterov

’s
sch

em
e

if
f

is
stron

gly
con

v
ex

.
S
u

et
al.

(2014)
m

o
d
eled

th
e

A
P

G
m

eth
o
d

as
a

secon
d
-ord

er
ord

in
ary

d
iff

eren
tial

eq
u
ation

(O
D

E
).

T
h
ey

p
rov

id
ed

a
speed

resta
rtin

g
fram

ew
ork

th
at

en
su

res
a

lin
ear

con
vergen

ce
of

th
e

O
D

E
w

ith
resp

ect
to

tim
e

in
th

e
case

th
at

f
is

stron
gly

con
vex

an
d
g

=
0.

T
o

th
e

b
est

of
ou

r
k
n
ow

led
ge,

n
on

e
of

th
e

restartin
g

sch
em

es
h
ave

con
v
ergen

ce
gu

aran
tees

for
a

g
en

eral
n
on

-stron
gly

con
v
ex

fu
n
ction

.

2
.2
.4

M
a
in
t
a
in
in
g

T
o
p
-S
p
e
e
d

S
t
r
a
t
e
g
y

T
h
e

restartin
g

strategy
can

cels
ou

t
h
igh

m
o
m

en
tu

m
an

d
p
reven

ts
oversh

o
otin

g.
In

th
e

n
eigh

b
orh

o
o
d

of
an

op
tim

u
m

,
h
ow

ever,
m

ain
tain

in
g

h
igh

m
om

en
tu

m
m

ay
b

e
eff

ective
rath

er
th

an
restartin

g
A

P
G

(see
F

igu
res

6
an

d
8

in
S
ection

5),
b

ecau
se

large
oversh

o
otin

g
m

ay
n
ot

o
ccu

r.
T

h
u
s

w
e

p
u
t

a
p
roh

ib
ition

p
erio

d
of

restart
for

K
i

iteration
after

th
e
i-th

restart
o
ccu

rs,
w

h
ere

K
i

in
creases

as
K
i

=
2K

i−
1

(i
=

2,3,...)
an

d
K

1
≥

2.
S
ee

F
igu

re
1

for
illu

stration
.

P
recisely,

lettin
g
k

=
k
r
e

b
e

th
e

iteration
cou

n
t

at
w

h
ich

th
e

last
restart

o
ccu

rs,
w

e
in

tro
d
u
ce

th
e

follow
in

g
step

:

‘m
t’:

If
k
≤
k
r
e

+
K
i ,

th
en

sk
ip

‘re’.
If

restart
o
ccu

rs,
th

en
u
p

d
ate

k
r
e ←

k
,
K
i+

1 ←
2K

i ,
an

d
i←

i
+

1.

W
h
ile

a
sim

ilar
strategy

is
taken

in
th

e
ex

p
erim

en
t

of
(M

on
teiro

et
al.,

2016),
its

con
-

vergen
ce

an
aly

sis
is

n
ot

p
rov

id
ed

.
O

n
e

of
ou

r
con

trib
u
tion

s
in

th
is

p
ap

er
is

to
sh

ow
th

at
in

fact
th

e
m

o
d
ifi

cation
‘m

t’
of

th
e

restartin
g

strategy
can

en
su

re
th

e
con

vergen
ce

rate
of

O
((log

k
/k

)
2 )

u
n
d
er

a
m

ild
assu

m
p
tion

.
W

e
w

ill
elab

orate
it

in
S
ection

4.2.

3
.

N
e
w

U
n
ifi

e
d

F
o
rm

u
la

tio
n

In
th

is
p
ap

er,
w

e
fo

cu
s

on
th

e
follow

in
g
`
2 -regu

larized
loss

m
in

im
ization

p
rob

lem
:

m
in

w
,b
L

(Ã
>
w
−
a
b)

+
12
C
‖w
‖

22 ,
(7)
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n
if
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d

F
o
r
m
u
l
a
t
io
n
a
n
d

F
a
st

A
P
G

M
e
t
h
o
d

f
o
r
C
l
a
ss
if
ic
a
t
io
n

w
h
er

e
L

:
R
m
→

R
is

a
p
ro

p
er

,
cl

os
ed

,
an

d
co

n
ve

x
fu

n
ct

io
n
;
Ã
∈
R
n
×
l ,
a
∈
R
l ,

an
d
C
>

0
is

a
p
ar

am
et

er
.

W
e

w
il
l

la
te

r
sh

ow
ex

am
p
le

s
su

ch
th

at

•
l

=
m
,

Ã
=
X̃

:=
[y

1
x

1
,y

2
x

2
,.
..
,y
m
x
m

],
a

=
y
,

an
d

•
l

=
n
,

Ã
=
I
,
a

=
0
.

O
u
r

al
go

ri
th

m
to

b
e

d
es

cr
ib

ed
la

te
r

ca
n

b
e

ap
p
li
ed

to
a

m
or

e
ge

n
er

al
lo

ss
-r

eg
u
la

ri
ze

d
m

o
d
el

w
it

h
p
∈

(1
,∞

):
m

in
w
,b

{ L
(Ã
>
w
−
a
b)
|‖
w
‖ p
≤
λ
} ,

(8
)

w
h
er

e
λ
>

0
is

a
p
ar

am
et

er
.

W
e

n
ot

e
th

at
th

e
co

n
d
it

io
n
p
∈

(1
,∞

)
is

re
q
u
ir

ed
fo

r
ou

r
u
n
ifi

ed
cl

as
si

fi
ca

ti
on

al
go

ri
th

m
b

ec
au

se
th

e
sm

o
ot

h
n
es

s
of

th
e

d
u
al

n
or

m
of
‖·
‖ p

is
re

q
u
ir

ed
to

ap
p
ly

th
e

A
P

G
m

et
h
o
d

to
th

e
d
u
al

p
ro

b
le

m
of

(8
).

H
ow

ev
er

,
if
p
∈
{1
,∞
}

an
d
L

is
sm

o
ot

h
,

th
e

A
P

G
m

et
h
o
d

ca
n

b
e

ap
p
li
ed

to
th

e
p
ri

m
al

p
ro

b
le

m
(8

).
S
ee

A
p
p

en
d
ix

D
fo

r
` 1

-r
eg

u
la

ri
ze

d
p
ro

b
le

m
s,

i.
e.

,
th

e
ca

se
of
p

=
1.

3
.1

D
u

a
l

F
o
rm

u
la

ti
o
n

T
h
e

d
u
al

p
ro

b
le

m
s

of
(7

)
is

gi
ve

n
b
y

m
in α

{ L
∗ (
−
α

)
+
C 2
‖Ã
α
‖2 2
|α
>
a

=
0} ,

(9
)

w
h
er

e
L∗

(α
)

=
su

p
z
{α
>
z
−
L(
z

)}
is

th
e

co
n
ve

x
co

n
ju

ga
te

of
L.

T
h
e

d
u
al

p
ro

b
le

m
of

(8
)

is

m
in α

{ L
∗ (
−
α

)
+
λ
‖Ã
α
‖∗ p
|α
>
a

=
0}
,

(1
0)

w
h
er

e
‖z
‖∗ p

=
su

p
‖w
‖ p
≤

1
{z
>
w
}

is
th

e
d
u
a
l

n
or

m
of
‖·
‖ p

.
It

is
k
n
ow

n
th

at
‖·
‖∗ p

=
‖·
‖ q

,
w

h
er

e
q

=
p
/
(p
−

1)
.

T
h
e

p
ro

b
le

m
(1

0)
ca

n
b

e
se

en
as

th
e

F
en

ch
el

d
u
al

of
(8

),
w

h
os

e
d
er

iv
at

io
n

is
sh

ow
n

in
A

p
p

en
d
ix

A
.

W
e

n
ot

e
th

at
th

e
n
or

m
s
‖·
‖ p

an
d
‖·
‖∗ q

ar
e

sm
o
ot

h
fo

r
p
∈

(1
,∞

).
A

s
sh

ow
n

la
te

r,
in

al
l

cl
as

si
fi
ca

ti
on

m
o
d
el

s,
L∗

is
th

e
su

m
of

a
sm

o
ot

h
fu

n
ct

io
n

an
d

an
in

d
ic

at
or

fu
n
ct

io
n

of
a

si
m

p
le

se
t
S

fo
r

w
h
ic

h
th

e
p
ro

je
ct

io
n
P
S

ca
n

b
e

co
m

p
u
te

d
effi

ci
en

tl
y.

T
h
u
s

w
e

ca
n

ap
p
ly

th
e

A
P

G
m

et
h
o
d

as
an

ac
ce

le
ra

ti
on

of
th

e
gr

ad
ie

n
t

p
ro

je
ct

io
n

m
et

h
o
d

to
th

e
d
u
al

p
ro

b
le

m
s

(9
)

an
d

(1
0)

.
B

y
th

is
co

n
st

ru
ct

io
n
,

w
e

ca
n

en
su

re
th

e
fa

st
co

n
v
er

g
en

ce
ra

te
of
F

(α
k
)
−
F

(α
∗ )
≤
O

(1
/k

2
)

fo
r

va
ri

ou
s

cl
a
ss

ifi
ca

ti
on

m
o
d
el

s
in

a
u
n
ifi

ed
w

ay
.

In
ot

h
er

w
or

d
,

th
e

A
P

G
m

et
h
o
d

ca
n

ob
ta

in
a

so
lu

ti
on

w
it

h
d
es

ir
ed

ac
cu

ra
cy
ε
>

0
in
O

(1
/
√
ε)

it
er

at
io

n
.

T
h
er

e
is

an
ex

is
ti

n
g

w
or

k
(Z

h
ou

et
al

.,
20

10
)

w
h
ic

h
ap

p
li
es

th
e

A
P

G
m

et
h
o
d

to
th

e
p
ri

m
al
C

-S
V

M
,
i.
e.

,
(7

)
w

it
h

th
e

h
in

ge
lo

ss
fu

n
ct

io
n
.

H
ow

ev
er

,
th

ei
r

m
et

h
o
d

re
q
u
ir

es
O

(1
/ε

)
it

er
at

io
n

to
ob

ta
in

a
so

lu
ti

on
w

it
h

th
e

d
es

ir
ed

ac
cu

ra
cy

ε
>

0
b

ec
au

se
it

ap
p
ro

x
im

at
es

th
e

h
in

ge
lo

ss
b
y

a
sm

o
ot

h
ed

fu
n
ct

io
n

an
d

m
a
k
in

g
th

e
ap

p
ro

x
im

at
io

n
ti

gh
te

r
re

q
u
ir

es
ex

tr
a

it
er

at
io

n
s

(N
es

te
ro

v
,

20
05

).

3
.2

R
e
la

ti
o
n

to
E

x
is

ti
n

g
B

in
a
ry

C
la

ss
ifi

c
a
ti

o
n

M
o
d

e
ls

In
th

is
se

ct
io

n
,

w
e

sh
ow

so
m

e
sp

ec
ifi

c
ex

am
p
le

s
of
L

an
d
L∗

.
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It
o
,
T
a
k
e
d
a
,
a
n
d

T
o
h

3
.2
.1

C
-S
V
M

L
et
Ã

=
X̃

an
d
a

=
y

in
(7

).
L

et
`(
z
)

=
m

ax
{0
,1
−
z
}

b
e

th
e

h
in

ge
lo

ss
a
n
d
L(
z

)
=

∑
m i=

1
`(
z i

).
T

h
en

th
e

p
ri

m
al

p
ro

b
le

m
(7

)
is

k
n
ow

n
a
s

th
e

st
a
n
d
a
rd

C
-S

V
M

(C
o
rt

es
a
n
d

V
ap

n
ik

,
19

95
).

S
in

ce

L∗
(−
α

)
=

m ∑ i=
1

`∗
(−
α
i)
,

w
h
er

e
`∗

(−
α

)
=

{
−
α

if
α
∈

[0
,1

]

+
∞

ot
h
er

w
is

e,

th
e

d
u
al

p
ro

b
le

m
(9

)
ca

n
b

e
re

d
u
ce

d
to

m
in α

C 2
‖X̃
α
‖2 2
−
α
>
e

+
δ S

C
(α

),
(1

1
)

w
h
er

e
S
C

=
{α
∈
R
m
|α
>
y

=
0,

0
≤
α
≤
e
}.

3
.2
.2

` 2
-S
V
M

L
et
Ã

=
X̃

an
d
a

=
y

in
(7

).
L

et
`(
z
)

=
(m

ax
{0
,1
−
z
})

2
b

e
th

e
tr

u
n
ca

te
d

sq
u
a
re

d
lo

ss
an

d
L(
z

)
=
∑

m i=
1
`(
z i

).
T

h
en

th
e

p
ri

m
al

p
ro

b
le

m
(7

)
is

k
n
ow

n
as

th
e
` 2

-S
V

M
.

S
in

ce

L∗
(−
α

)
=

m ∑ i=
1

`∗
(−
α
i)
,

w
h
er

e
`∗

(−
α

)
=

{
α
2 4

if
α
≥

0

+
∞

ot
h
er

w
is

e,

th
e

d
u
al

p
ro

b
le

m
(9

)
ca

n
b

e
re

d
u
ce

d
to

m
in α

C 2
‖X̃
α
‖2 2

+
‖α
‖2 2

4
+
δ S

`
2
(α

),
(1

2
)

w
h
er

e
S
` 2

=
{α
∈
R
m
|α
>
y

=
0,
α
≥

0
}.

3
.2
.3

L
o
g
is
t
ic

r
e
g
r
e
ss
io
n

L
et

Ã
=

X̃
an

d
a

=
y

in
(7

).
L

et
`(
z
)

=
lo

g
(1

+
ex

p
(−
z
))

b
e

th
e

lo
g
is

ti
c

lo
ss

a
n
d

L(
z

)
=
∑

m i=
1
`(
z i

).
T

h
en

th
e

p
ri

m
al

p
ro

b
le

m
(7

)
is

th
e

lo
gi

st
ic

re
gr

es
si

on
(C

ox
,

1
9
5
8
).

S
in

ce

L∗
(−
α

)
=

m ∑ i=
1

`∗
(−
α
i)
,

w
h
er

e
`∗

(−
α

)
=

    

α
lo

g
(α

)
+

(1
−
α

)
lo

g
(1
−
α

)
(0
<
α
<

1
)

0
(α

=
0,

1
)

+
∞

o
th

er
w

is
e,

th
e

d
u
al

p
ro

b
le

m
(9

)
ca

n
b

e
re

d
u
ce

d
to

m
in α

C 2
‖X̃
α
‖2 2

+
∑

i:
α
i
>

0

α
i
lo

g
(α

i)
+
∑

i:
α
i
<

1

(1
−
α
i)

lo
g
(1
−
α
i)

+
δ S

L
R

(α
),

(1
3
)

w
h
er

e
S

L
R

=
{α
∈
R
m
|α
>
y

=
0,

0
≤
α
≤
e
}.

W
e

sh
ou

ld
n
ot

e
th

at
th

e
gr

ad
ie

n
t

of
th

e
se

co
n
d

an
d

th
ir

d
te

rm
s

in
(1

3)
is

n
o
t

L
ip

sc
h
it

z
co

n
ti

n
u
ou

s
on

S
L

R
an

d
n
ot

d
efi

n
ed

at
α
i

=
0,

1
(i
∈
M

).
H

ow
ev

er
,

si
n
ce

it
is

k
n
ow

n
th

at
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A
U
n
if
ie
d

F
o
r
m
u
l
a
t
io
n
a
n
d

F
a
st

A
P
G

M
e
t
h
o
d

f
o
r
C
l
a
ssif

ic
a
t
io
n

its
o
p
tim

a
l

so
lu

tion
α
∗

satisfi
es

0
<
α
∗
<
e

(Y
u

et
al.,

2011),
w

e
can

in
stead

solve
(13)

b
y

rep
la

cin
g
S

L
R

b
y
S

L
R

(ξ)
:=
{α
∈

R
m
|
α
>
y

=
0,

ξe
≤
α
≤

(1−
ξ)e},

w
h
ere

ξ
>

0
is

a
sm

a
ll

co
n
sta

n
t.

T
h
e

secon
d

an
d

th
ird

term
s

in
(13)

are
d
iff

eren
tiab

le
over

S
L

R
(ξ).

W
e

w
ill

la
ter

sh
ow

n
u
m

erically
th

at
th

e
resu

ltin
g

d
ecision

h
y
p

erp
lan

e
is

rob
u
st

to
a

sm
all

d
ev

iation
o
f
ξ

(see
T

a
b
le

6
in

S
ection

5).

3
.2
.4

ν
-S
V
M

L
et
Ã

=
X̃

a
n
d
a

=
y

in
(7).

L
et

L
(z

)
=

m
inρ {
−
ρ

+
1m
ν

m
∑i=

1

m
ax{ρ−

z
i ,0} }

,

w
h
ere

ν
∈

(0,1
]

is
a

given
p
aram

eter.
T

h
e

fu
n
ction

L
(z

),
k
n
ow

n
as

th
e

co
n
d
ition

a
l

valu
e-

a
t-risk

(C
V

a
R

)
(R

o
ckafellar

an
d

U
ryasev

,
2000),

is
th

e
ex

p
ected

valu
e

of
th

e
u
p
p

er
ν

-tail
d
istrib

u
tio

n
.

G
otoh

an
d

T
aked

a
(2005)

p
oin

ted
ou

t
th

at
m

in
im

izin
g

C
V

aR
is

eq
u
ivalen

t
to

ν
-S

V
M

(S
ch

ö
lk

op
f

et
al.,

2000),
w

h
ich

is
also

k
n
ow

n
to

b
e

eq
u
ivalen

t
to
C

-S
V

M
.

S
in

ce

L
∗(−

α
)

=

{
0

(
e >
α

=
1

an
d
α
∈
[0,

1m
ν ]
m )

+
∞

oth
erw

ise,

th
e

d
u
a
l

p
ro

b
lem

is
given

b
y

m
in
α

C2 ‖
X̃
α‖

22
+
δ
S
ν (α

),
(14)

w
h
ere

S
ν

=
{
α
∈

R
m
|
α
>
y

=
0
,
α
>
e

=
1
,

0
≤
α
≤

1m
ν
e}

is
th

e
in

tersection
of

th
e

h
y
p

erp
la

n
e{
α
|
α
>
y

=
0}

an
d

th
e

tru
n
cated

sim
p
lex
{
α
|
α
>
e

=
1,

0
≤
α
≤

1m
ν
e}

.
N

ote
th

a
t

an
y

p
o
sitive

valu
e

for
C

d
o
es

n
ot

ch
an

ge
th

e
op

tim
al

solu
tion

of
(14

),
an

d
th

erefore,
w

e
ca

n
set

C
=

1.
T

h
ere

ex
ists

a
valid

ran
ge

(ν
m
in
,ν
m
a
x ]⊆

(0,1]
for

ν
,

w
h
ere

ν
m
in

is
th

e

in
fi
m

u
m

o
f
ν
>

0
su
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0
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d
ν
m
a
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a
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}
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m
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1
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.
S
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ce
th

e
p
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e
p
a
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.
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r
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p

=
2

in
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b
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√
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√
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∑
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∞
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∈
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secon
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∈
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b
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∈
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secon
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d
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∈
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b
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atrices

of
x
i ,

i∈
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m
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−
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+
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.
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+
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con
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+
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+
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+
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−
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+
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∈
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+
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+
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w
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p
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=
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√
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√
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+
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−
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−
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+
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+
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−
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∈
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b
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+
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+
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−
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∥ ∥(
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)∥ ∥
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b
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p
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P
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ca
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p
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p
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p
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p
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b
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d
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.
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c
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p
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p
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ra
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p
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p
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P
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p
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p
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p
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P

M
,

an
d
S

F
D

A
.
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fi
n
d
in

g
th

e
ro

ot
of

an
on

e
d
im

en
si

o
n
a
l

m
o
n
o
to

n
e

fu
n
ct

io
n
.

L
e
m

m
a

2
(e

.g
.

H
e
lg

a
so

n
e
t

a
l.
,

1
9
8
0
)

S
u

p
po

se
th

a
t

th
e

p
ro

bl
em

(1
8)

is
fe

a
si

bl
e.

L
et

α
i(
θ)

=
m

in
{

m
ax
{l
,ᾱ

i
−
θ}
,u
} ,

i
∈
M

a
n

d
le

t

h
(θ

)
=
∑ i∈
M

α
i(
θ)
.

T
h
e

fo
ll

o
w

in
g

st
a
te

m
en

ts
h
o
ld

:

2
.

A
n

o
th

er
p

ra
ct

ic
a
l

w
ay

is
to

d
ec

re
a
se
ε′

,
i.

e.
,

to
im

p
ro

v
e

th
e

a
cc

u
ra

cy
o
f

th
e

p
ro

je
ct

io
n

p
ro

g
re

ss
iv

el
y,

a
s

A
P

G
it

er
a
te

s.
T

h
e

A
P

G
m

et
h

o
d

w
it

h
th

e
in

ex
a
ct

co
m

p
u

ta
ti

o
n

a
ls

o
sh

a
re

th
e

sa
m

e
it

er
a
ti

o
n

co
m

p
le

x
it

y
O

(1
/
k
2
)

a
s

th
e

ex
a
ct

co
u

n
te

rp
a
rt

,
a
s

sh
ow

n
in

(J
ia

n
g

et
a
l.

,
2
0
1
2
).
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A
U
n
if
ie
d

F
o
r
m
u
l
a
t
io
n
a
n
d

F
a
st

A
P
G

M
e
t
h
o
d

f
o
r
C
l
a
ssif

ic
a
t
io
n

−
1

−
0.5

0
0.5

1

0

0.5 1

1.5 2

θ
h

F
ig

u
re

2
:

Illu
stration

of
th

e
fu

n
ction

h
(θ)

:=
∑

i∈
M
α
i (θ).

T
h
e

fu
n
ction

h
is

p
iecew

ise
lin

ea
r.

1
.
h

(θ)
is

a
co

n
tin

u
o
u

s,
n

o
n

-in
crea

sin
g,

a
n

d
p
iecew

ise
lin

ea
r

fu
n

ctio
n

w
h
ich

h
a
s

brea
k-

po
in

ts
a
t
ᾱ
i −

u
a
n

d
ᾱ
i −

l
(i∈

M
).

2
.

T
h
ere

exists
θ ∗∈

(ᾱ
m

in −
rm
,ᾱ

m
a
x −

rm
)

su
ch

th
a
t
h

(θ ∗)
=
r.

3
.

L
et
α̂
i

=
α
i (θ ∗),

i∈
M

.
T

h
en
α̂

is
a
n

o
p
tim

a
l

so
lu

tio
n

o
f

(18).

A
n

ex
a
m

p
le

o
f
h

(θ)
is

illu
strated

in
F

igu
re

2.
T

o
solv

e
h

(θ)
=
r,

th
e

b
reak

p
oin

t
search

u
ses

th
e

b
in

a
ry

sea
rch

to
fi
n
d

tw
o

ad
jacen

t
b
reak

p
oin

ts
th

at
con

tain
a

solu
tion

θ ∗
b

etw
een

th
em

.
T

h
en

th
e

ex
act

solu
tion

θ ∗
can

b
e

ob
tain

ed
b
y

lin
ear

in
terp

olation
of

th
e

tw
o

b
reak

p
oin

ts.

In
stead

o
f

b
in

ary
search

,
w

e
em

p
loy

th
e

b
isection

m
eth

o
d

to
solve

th
e

eq
u
a
tion

h
(θ)

=
r.

B
ise

c
tio

n
A

lg
o
rith

m
fo

r
P

ro
je

c
tio

n

S
te

p
1
.

S
et
θ
u

=
ᾱ

m
a
x −

rm
an

d
θ
l

=
ᾱ

m
in −

rm
.

S
te

p
2
.

S
et
θ̂

=
(θ
u

+
θ
l)/

2

S
te

p
3
.

C
om

p
u
te
h

(θ̂).

S
te

p
4
.

If
h

(θ̂)
=
r,

th
en

term
in

ate
w

ith
θ̂ ∗

=
θ̂.

E
lse

if
h

(θ̂)
<
r,

th
en

set
θ
u

=
θ̂.

E
lse

if
h

(θ̂)
>
r,

th
en

set
θ
l

=
θ̂.

S
te

p
5
.

If|θ
u−

θ
l|
<
ε ′,

th
en

term
in

ate
w

ith
θ̂ ∗

=
θ̂.

E
lse,

go
to

S
tep

2.

A
llstep

s
req

u
ire

at
m

ost
O

(m
)

op
eration

s
an

d
th

e
m

ax
im

u
m

n
u
m

b
er

of
iteration

is ⌈
log

(
ᾱ
m
a
x −
ᾱ
m
in

ε ′
) ⌉.

T
h
u
s,

th
e

co
m

p
u
tation

alcom
p
lex

ity
of

th
e

b
isection

algorith
m

is
at

m
ost

O
(m

log
(
ᾱ
m
a
x −
ᾱ
m
in

ε ′
) ).

A
s

th
e

b
isection

m
eth

o
d

n
arrow

s
th

e
in

terval
(θ
l,θ

u),
som

e
o
f

th
e

term
s
α
i (θ),

i∈
M

,
ca

n
b

e
set

to
l,
ᾱ
i −
θ,

or
u

for
θ
∈

(θ
l,θ

u).
B

y
ex

p
loitin

g
th

e
p
rop

erty
of
α
i (θ),

w
e

can
refi

n
e

th
e

co
m

p
u
ta

tio
n

of
h

(θ̂)
in

S
tep

3
b
y

avoid
in

g
reca

lcu
lation

of
certain

su
m

s.
M

oreover,
w

e
ca

n
o
ften

o
b
tain

an
ex

act
solu

tion
.

L
et

u
s

d
iv

id
e
M

in
to

th
e

fo
llow

in
g

th
ree

d
isjoin

t
sets
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It
o
,
T
a
k
e
d
a
,
a
n
d

T
o
h

for
given

θ
l

an
d
θ
u

satisfy
in

g
θ
l
<
θ
u:

U
:=
{i∈

M
|
ᾱ
i −

θ
u≥

u
(i.e.,

α
i (θ)

=
u
,
∀
θ∈

[θ
l,θ

u])}
L

:=
{i∈

M
|
ᾱ
i −

θ
l≤

l
(i.e.,

α
i (θ)

=
l,
∀
θ∈

[θ
l,θ

u])}
I

:=
M
\
(U
∪
L

).

If
ᾱ
i −

θ
u≥

l
an

d
ᾱ
i −

θ
l≤

u
∀
i∈

I
,

th
en

θ
=
(|U
|u

+
|L|l

+
∑i∈
I

α
i −

r )
/|I|

(19)

is
an

ex
act

solu
tion

.
If
I
6=
φ

,
th

en
w

e
also

d
iv

id
e
I

in
to

th
e

follow
in

g
th

ree
d
isjoin

t
sets

for
given

θ̂∈
(θ
l,θ

u):I
U

=
{
i∈

I
|
ᾱ
i −

θ̂≥
u
,

(i.e.,
α
i (θ)

=
u
∀
θ∈

[θ
l,θ̂])}

I
L

=
{
i∈

I
|
ᾱ
i −

θ̂≤
l,

(i.e.,
α
i (θ)

=
l
∀
θ∈

[θ̂,θ
u])}

I
C

=
I\(I

U
∪
I
L

)

T
h
en

w
e

h
ave

h
(θ̂)

=
∑i∈
M

α
i (θ̂)

=
|U
|u

︸︷︷︸
s
u

+
|I
U|u

︸ ︷︷︸
∆
s
u

+
|L|l
︸︷︷︸sl

+
|I
L|l

︸ ︷︷︸
∆
s
l

+
∑i∈
I
C

α
i

︸
︷︷
︸

s
c

−
|I
C|θ̂.

B
y

storin
g

th
e

valu
e

of
each

term
s,

w
e

can
red

u
ce

th
e

n
u
m

b
er

of
ad

d
ition

s.
T

h
e

resu
ltin

g
algorith

m
can

b
e

d
escrib

ed
as

A
lgorith

m
2.

C
om

p
ared

to
th

e
ex

istin
g

b
reak

p
oin

t
search

algorith
m

s,
ou

r
b
isection

m
eth

o
d

can
avoid

th
e

com
p
u
tation

of
b
reak

p
oin

ts
an

d
th

e
com

p
arison

b
etw

een
th

em
.

In
m

an
y

cases,
ou

r
algorith

m
can

ob
tain

th
e

ex
act

solu
tion

b
y

(19).
It

is
often

faster
th

an
th

e
b
reak

p
oin

t
search

algorith
m

s
in

p
ractice

(see
T

a
b
le

2
in

S
ection

5
).

R
e
m

a
rk

3
M

im
ickin

g
(K

iw
iel,

2
0
0
8
),

w
e

ca
n

d
ivid

e
th

e
set

M
m

o
re

fi
n

ely
a
n

d
red

u
ce

th
e

reca
lcu

la
tio

n
o
f

certa
in

su
m

s
a
s

sh
o
w

n
in

A
p
pen

d
ix

B
.

H
o
w

ever,
A

lgo
rith

m
2

a
llo

w
s

fo
r

sim
p
ler

im
p
lem

en
ta

tio
n

a
n

d
ru

n
s

fa
ster

o
n

o
u

r
co

m
p
u

ter
system

s.

In
th

e
follow

in
gs,

w
e

u
se

A
lgorith

m
2

to
com

p
u
te

th
e

p
ro

jection
on

to
S
C
,
S
`
2 ,
S

L
R

(ξ),
S

D
W

D
(ξ)

an
d
S
ν .

4
.1
.2

P
r
o
je
c
t
io
n
f
o
r
C
-S
V
M
,
L
o
g
ist

ic
R
e
g
r
e
ssio

n
,
`
2 -S

V
M
,
D
W

D

T
h
e

p
ro

jection
for

C
-S

V
M

,
logistic

regression
,
`
2 -S

V
M

,
an

d
D

W
D

can
b

e
form

u
lated

as
follow

s:

m
in
α

{
12 ‖
α
−
ᾱ‖

22 |
y
>
α

=
0,

l≤
α
i ≤

u
(i∈

M
) }
,

(20)

w
h
ere

(l,u
)

=
(0,1)

for
C

-S
V

M
,

(l,u
)

=
(0,∞

)
for

`
2 -S

V
M

,
(l,u

)
=

(ξ,1−
ξ)

for
logistic

regression
,

an
d

(l,u
)

=
(ξ,

1m
ν )

for
D

W
D

.
B

y
tran

sform
in

g
th

e
va

riab
le
α

an
d

th
e

vector
ᾱ

to

β
i

=

{
α
i

if
y
i

=
1

−
α
i
+
l
+
u

oth
erw

ise
an

d
β̄
i

=

{
ᾱ
i

if
y
i

=
1

−
ᾱ
i
+
l
+
u

oth
erw

ise,

1
6
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A
U
n
if
ie
d

F
o
r
m
u
l
a
t
io
n
a
n
d

F
a
st

A
P
G

M
e
t
h
o
d

f
o
r
C
l
a
ss
if
ic
a
t
io
n

A
lg

o
ri

th
m

2
B

is
ec

ti
on

A
lg

or
it

h
m

fo
r

(1
8)

IN
P

U
T

:
ᾱ
,
r,
l,
u
,
ε′
>

0
O

U
T

P
U

T
:
α

IN
IT

IA
L

IZ
E

:
I
←
M
,
s u
←
s l
←
s c
←

0
,
θu
←
ᾱ

m
a
x
−

r m
,
θl
←
ᾱ

m
in
−

r m
#

S
te

p
1

w
h

il
e
|θ
u
−
θl
|>

ε′
d

o

θ̂
←

θ
u

+
θ
l

2
#

S
te

p
2

û
←
u

+
θ̂,

l̂
←
l
+
θ̂

I
U
←
{i
∈
I
|ᾱ

i
≥
û
},

I
L
←
{i
∈
I
|ᾱ

i
≤
l̂}

#
S
te

p
3

I
C
←
I
\(
I
U
∪
I
L

)
∆
s u
←
|I
U
|u

,
∆
s l
←
|I
L
|l,

s c
←
∑

i∈
I
C
α
i

v
a
l
←
s u

+
∆
s u

+
s l

+
∆
s l

+
s c
−
|I
C
|θ̂

if
v
a
l
<
r

th
e
n

#
S
te

p
4

θu
←
θ̂,

I
←
I
C
∪
I
L

s u
←
s u

+
∆
s u

e
ls

e
if
v
a
l
>
r

th
e
n

θl
←
θ̂,

I
←
I
C
∪
I
U

s l
←
s l

+
∆
s l

e
ls

e b
re

a
k

e
n

d
if

if
ᾱ
i
−
θu
≥
l

an
d
ᾱ
i
−
θl
≤
u
∀i
∈
I

th
e
n

θ̂
←

(s
u

+
s l

+
s c
−
r)
/|
I
|

b
re

a
k

e
n

d
if

e
n

d
w

h
il
e

α
i
←
α
i(
θ̂)
,
∀i
∈
M

#
S
te

p
5

1
7
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R
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01
7

It
o
,
T
a
k
e
d
a
,
a
n
d

T
o
h

re
sp

ec
ti

ve
ly

,
th

e
p
ro

b
le

m
(2

0)
ca

n
b

e
re

d
u
ce

d
to

m
in β

{
1 2
‖β
−
β̄
‖2 2
|e
>
β

=
(l

+
u

)m
−
,

l
≤
β
i
≤
u

(i
∈
M

)} .

T
h
e

la
st

p
ro

b
le

m
ca

n
b

e
so

lv
ed

b
y

A
lg

or
it

h
m

2.

4
.1
.3

P
r
o
je
c
t
io
n
f
o
r
ν
-S
V
M

In
ap

p
ly

in
g

th
e

A
P

G
m

et
h
o
d

to
ν

-S
V

M
,

w
e

sh
al

l
b

e
co

n
ce

rn
ed

w
it

h
th

e
p
ro

je
ct

io
n
P
S
ν
(ᾱ

):

m
in α

{
1 2
‖α
−
ᾱ
‖2 2

∣ ∣ α
>
y

=
0,
α
>
e

=
1,

0
≤
α
≤

1 m
ν
e
} .

(2
1
)

L
et
α

+
an

d
α
−

b
e

th
e

su
b
ve

ct
or

s
of
α

co
rr

es
p

on
d
in

g
to

th
e

la
b

el
+

1
an

d
−

1
,

re
sp

ec
ti

ve
ly

.
L

et
e

+
an

d
e
−

b
e

su
b
ve

ct
or

s
of
e

w
it

h
si

ze
m

+
an

d
m
−

.
F

ro
m

th
e

fa
ct

th
at

th
e

co
n
d
it

io
n
s

α
>
y

=
0

an
d
α
>
e

=
1

ar
e

eq
u
iv

al
en

t
to
α
> o
e
o

=
1 2

(o
∈
{+
,−
})

,
th

e
p
ro

b
le

m
(2

1
)

ca
n

b
e

d
ec

om
p

os
ed

in
to

th
e

fo
ll
ow

in
g

tw
o

p
ro

b
le

m
s:

m
in
α
o

{
1 2
‖α

o
−
ᾱ
o
‖2 2

∣ ∣ e
> o
α

=
1 2
,

0
≤
α
o
≤

1 m
ν
e
o

} ,
o
∈
{+
,−
}.

(2
2
)

T
h
en

,
A

lg
or

it
h
m

2
ca

n
b

e
ap

p
li
ed

to
so

lv
e

(2
2)

.

4
.1
.4

P
r
o
je
c
t
io
n
f
o
r
M
M
-M

P
M

a
n
d

M
M
-F

D
A

T
h
e

p
ro

je
ct

io
n
P
S
F
D
A

(ᾱ
)

of
ᾱ

on
to
S

F
D

A
=
{ α
∈
R
n
|‖
α
‖ 2
≤
κ
}

is
ea

sy
to

co
m

p
u
te

;
W

e
h
av

e
P
S
F
D
A

(ᾱ
)

=
m

in
{ 1,

κ

‖ᾱ
‖ 2

} ᾱ
.

S
im

il
ar

ly
,

th
e

p
ro

je
ct

io
n
P
S
M

P
M

(ᾱ
+
,ᾱ
−

)
fo

r
M

M
-M

P
M

ca
n

b
e

co
m

p
u
te

d
as

fo
ll
ow

s:

P
S
M

P
M

(ᾱ
+
,ᾱ
−

)
=
( m

in
{ 1,

κ

‖ᾱ
+
‖ 2

} ᾱ
+
,m

in
{ 1
,

κ

‖ᾱ
−
‖ 2

} ᾱ
−
) .

4
.2

C
o
n
v
e
rg

e
n

c
e

A
n

a
ly

si
s

o
f

a
F
a
st

A
P

G
M

e
th

o
d

w
it

h
S

p
e
e
d

-u
p

S
tr

a
te

g
ie

s

W
e

h
av

e
sh

ow
n

se
ve

ra
l

st
ra

te
gi

es
to

sp
ee

d
-u

p
th

e
A

P
G

m
et

h
o
d

in
S
ec

ti
on

2
.

W
h
il
e

th
e

co
n
ve

rg
en

ce
p
ro

of
h
as

b
ee

n
sh

ow
n

fo
r

th
e

b
ac

k
tr

ac
k
in

g
‘b

t’
an

d
d
ec

re
as

in
g

‘d
ec

’
st

ra
te

g
y,

th
e

co
n
ve

rg
en

ce
fo

r
th

e
re

st
ar

t
‘r

e’
an

d
m

ai
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ᾱ
m

in −
rm

#
S
tep

1
w

h
ile
|θ
u−

θ
l|
>
ε ′

d
o

θ̂
←

θ
u

+
θ
l

2
#

S
tep

2

û
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ᾱ
i ≤

l̂}
#

S
tep

3
u
u←

u
+
θ
u,

l l←
l
+
θ
l

I
C
u←

{i∈
I
|
ᾱ
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ᾱ
i
>
l̂}

I
I←

I\(I
U
∪
I
C
u∪

I
C
l∪

I
L

)
∆
s
u ←

|I
U|u

,
∆
s
l ←
|I
L|l

∆
s
c
u ←

∑
i∈
I
C
u
α
i ,

∆
s
c
l ←

∑
i∈
I
C
l
α
i

v
a
l←

s
u

+
∆
s
u

+
s
l
+

∆
s
l
+
s
c

+
∆
s
c
u

+
∆
s
c
l
+
∑

i∈
I
I
α
i −
|C
∪
I
C
u∪

I
C
l∪

I
I|θ̂

if
v
a
l
<
r

th
e
n

#
S
tep

4
θ
u←

θ̂,
I
←
I
I∪

I
C
l∪

I
L

s
u ←

s
u

+
∆
s
u ,

s
c ←

s
c

+
∆
s
c
u

e
lse

if
v
a
l
>
r

th
e
n

θ
l←

θ̂,
I
←
I
I∪

I
C
u∪

I
U

s
l ←

s
l
+

∆
s
l ,

s
c ←

s
c

+
∆
s
c
l

e
lseb

re
a
k

e
n

d
if

if
I

=
=
φ

th
e
n

θ̂
←

(s
u

+
s
l
+
s
c −

r)/|C
|

b
re

a
k

e
n

d
if

e
n

d
w

h
ile

α
i ←

α
i (θ̂),

∀
i∈

M
#

S
tep

5

43
JM

L
R

 18(16):1-49, 2017

It
o
,
T
a
k
e
d
a
,
a
n
d

T
o
h

A
p
p

e
n
d
ix

C
.

P
ro

o
f

o
f

T
h
e
o
re

m
7

W
e

sh
ow

th
e

iteration
com

p
lex

ity
O
((W

(k
)/k

)
2 )

of
A

lgorith
m

3,
w

h
ere

W
(z

)
is

th
e

in
verse

fu
n
ction

of
f

(x
)

=
x

ex
p
(x

)
an

d
called

L
am

b
ert’s

W
fu

n
ction

(C
orless

et
al.,

19
96).

W
(z

)
is

sin
gle-valu

ed
for

z
≥

0,
b
u
t

m
u
lti-valu

ed
for

z
<

0.
F

or
z
≥

0,
W

(z
)

is
m

on
oton

ically
in

creasin
g,

b
u
t

d
iv

erges
slow

er
th

an
lo

g
(z

).
It

is
k
n
ow

n
th

at
W

(z
)

can
n
ot

b
e

ex
p
ressed

in
term

s
of

elem
en

tary
fu

n
ction

s.
H

ere
w

e
im

p
rove

th
e

low
er

b
ou

n
d

(24)
of

m
ax{k̄

1 ,k̄
2 ,...,k̄

j ,k
j+

1 }
.

S
in

ce
k̄
i ≥

K
i ≥

2
i

for
all

i∈
{1
,2
,...,j}

,
w

e
h
ave

m
ax{

k̄
1 ,k̄

2 ,...,k̄
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m
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⇒
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m
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+
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∀
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‖
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‖
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Inform
ation-G

eom
etric

O
ptim

ization

First,the
cross-entropy

m
ethod

consists
in

taking
𝜃

m
inim

izing
the

K
ullback–Leibler

divergence
between

𝑃
𝜃

and
the

indicator
ofthe

best
points

according
to

𝑓
(de

B
oer

et
al.,

2005).
Second,one

can
transfer

the
objective

function
𝑓

to
the

space
ofparam

eters
𝜃

by
taking

the
average

of
𝑓

under
𝑃

𝜃 ,seen
as

a
function

of
𝜃.

T
his

average
is

a
new

function
from

an
Euclidian

space
to

R
and

ism
inim

alwhen
𝑃

𝜃
isconcentrated

on
m

inim
a

of
𝑓.

Consequently,
𝜃

can
be

updated
by

following
a

gradientdescentofthisfunction
with

respectto
𝜃.Thishas

been
done

in
various

situations
such

as
𝑋

=
{0

,1}
𝑑

and
the

fam
ily

ofB
ernoullim

easures
(B

erny,2000a)
or

ofB
oltzm

ann
m

achines
(B

erny,2002),or
on

𝑋
=

R
𝑑

for
the

fam
ily

of
G

aussian
distributions

(Berny,2000b;G
allagher

and
Frean,2005)

or
the

exponentialfam
ily

also
using

second
order

inform
ation

(Zhou
and

H
u,2014;E.Zhou,2016).

H
ow

ever,taking
the

ordinary
gradient

w
ith

respect
to

𝜃
depends

on
the

precise
way

a
param

eter
𝜃

is
chosen

to
represent

the
distribution

𝑃
𝜃 ,and

does
not

take
advantage

of
the

R
iem

annian
m

etric
structure

offam
ilies

ofprobability
distributions.

In
the

context
of

m
achine

learning,A
m

arinoted
the

shortcom
ings

ofthe
ordinary

gradient
for

fam
ilies

of
probability

distributions
(A

m
ari,1998)

and
proposed

instead
to

use
the

naturalgradient
w

ith
respect

to
the

Fisher
m

etric
(R

ao,1945;Jeffreys,1946;A
m

ariand
N

agaoka,2000).
In

the
context

ofoptim
ization,this

naturalgradient
has

been
used

for
exponentialfam

ilies
on

𝑋
=
{0

,1}
𝑑

(M
alagò

et
al.,2008,2011)

and
for

the
fam

ily
ofG

aussian
distributions

on
𝑋

=
R

𝑑
w

ith
so-called

naturalevolution
strategies

(N
ES,W

ierstra
et

al.2008;Sun
et

al.
2009;G

lasm
achers

et
al.2010;W

ierstra
et

al.2014).
H

owever,none
ofthe

previous
attem

pts
using

gradient
updates

captures
the

invariance
under

increasing
transform

ations
ofthe

objective
function,w

hich
is

instead,in
som

e
cases,

enforced
a

posteriori
w

ith
heuristic

argum
ents.

Building
on

theseideas,thispaperovercom
estheinvarianceproblem

ofpreviousattem
pts

and
provides

a
consistent,unified

picture
ofoptim

ization
on

arbitrary
search

spaces
via

invariance
principles.

M
ore

specifically,we
consider

an
arbitrary

search
space

𝑋
,either

discrete
or

continuous,and
a

black-box
optim

ization
problem

on
𝑋

,that
is,a

function
𝑓

:
𝑋
→

R
to

be
m

inim
ized.

W
e

assum
e

that
a

fam
ily

ofprobability
distributions

𝑃
𝜃

on
𝑋

depending
on

a
continuous

m
ulticom

ponent
param

eter
𝜃
∈

Θ
has

been
chosen.

A
classical

exam
ple

isto
take

𝑋
=

R
𝑑

and
to

considerthe
fam

ily
ofallG

aussian
distributions

𝑃
𝜃

on
R

𝑑,
w

ith
𝜃

=
(𝑚

,𝐶
)

the
m

ean
and

covariance
m

atrix.
A

nother
sim

ple
exam

ple
is

𝑋
=
{0

,1}
𝑑

equipped
with

the
fam

ily
ofBernoullim

easures:
𝜃

=
(𝜃

𝑖 )16
𝑖6

𝑑
and

𝑃
𝜃 (𝑥)=

∏︀
𝜃

𝑥
𝑖

𝑖
(1−

𝜃
𝑖 ) 1−

𝑥
𝑖

for
𝑥

=
(𝑥

𝑖 )∈
𝑋

.
From

this
setting,inform

ation-geom
etric

optim
ization

(IG
O

)can
be

defined
in

a
natural

way.Ateach
(continuous)tim

e
𝑡,we

m
aintain

a
value

𝜃
𝑡ofthe

param
eterofthe

distribution.
T

he
function

𝑓
to

be
optim

ized
is

transferred
to

the
param

eter
space

Θ
by

m
eans

of
a

suitable
tim

e-dependenttransform
ation

based
on

the
𝑃

𝜃
𝑡-levels

of
𝑓

(D
efinition

3).The
IG

O
flow,introduced

in
D

efinition
4,follow

s
the

naturalgradient
ofthe

expected
value

ofthis
function

of
𝜃

𝑡in
the

param
eter

space
Θ

,w
here

the
naturalgradient

derives
from

the
Fisher

inform
ation

m
etric.

T
he

IG
O

flow
is

thus
the

flow
ofan

ordinary
differentialequation

in
spaceΘ

.Thiscontinuous-tim
egradientflow

isturned
into

a
fam

ily
ofexplicitIG

O
algorithm

s
by

taking
an

Euler
tim

e
discretization

ofthe
differentialequation

and
approxim

ating
the

distribution
𝑃

𝜃
𝑡by

using
sam

ples.
From

the
start,the

IG
O

flow
is

invariant
under

strictly
increasing

transform
ations

of
𝑓

(Proposition
17);we

also
prove

that
the

sam
pling

procedure

3
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O
llivier,

A
rnold,

A
uger

and
H

ansen

is
consistent

(T
heorem

6).
IG

O
algorithm

s
share

their
finalalgebraic

form
w

ith
the

natural
evolution

strategies
(N

ES)
introduced

in
the

G
aussian

setting
(W

ierstra
et

al.,2008;Sun
et

al.,2009;G
lasm

achers
et

al.,2010;W
ierstra

et
al.,2014);the

latter
are

thus
recovered

in
the

IG
O

fram
ework

as
an

Euler
approxim

ation
to

a
well-defined

flow
,w

ithout
heuristic

argum
ents.

TheIG
O

m
ethod

also
hasan

equivalentdescription
asan

infinitesim
alm

axim
um

likelihood
update

(Theorem
10);thisrevealsa

new
property

ofthenaturalgradientand
doesnotrequire

a
sm

ooth
param

etrization
by

𝜃
anym

ore.
T

his
also

establishes
a

specific
link

(T
heorem

12)
between

IG
O

,the
naturalgradient,and

the
cross-entropy

m
ethod

(de
Boer

et
al.,2005).

W
hen

we
instantiate

IG
O

using
the

fam
ily

ofG
aussian

distributionson
R

𝑑,we
naturally

obtain
versionsofthe

well-known
covariance

m
atrix

adaptation
evolution

strategy
(CM

A
-ES,

H
ansen

and
O

sterm
eier

2001;H
ansen

and
K

ern
2004;Jastrebskiand

A
rnold

2006)
and

of
naturalevolution

strategies.W
ith

Bernoullim
easureson

the
discrete

cube{0,1}
𝑑,we

recover
(Proposition

14)
the

well-know
n

population-based
increm

entallearning
(PB

IL,B
aluja

and
Caruana

1995;Baluja
1994)and

the
com

pactgenetic
algorithm

(cG
A

,H
arik

etal.1999);this
derivation

ofPBIL
or

cG
A

as
a

naturalgradient
ascent

appears
to

be
new

,and
em

phasizes
the

com
m

on
ground

between
continuous

and
discrete

optim
ization.

From
the

IG
O

fram
ework,

it
is

(theoretically)
im

m
ediate

to
build

new
optim

ization
algorithm

s
using

m
ore

com
plex

fam
ilies

ofdistributions
than

G
aussian

or
Bernoulli.

A
s

an
illustration,distributions

associated
w

ith
restricted

B
oltzm

ann
m

achines
(R

B
M

s)
provide

a
new

but
naturalalgorithm

for
discrete

optim
ization

on
{0

,1}
𝑑

w
hich

is
able

to
handle

dependenciesbetween
thebits(seealso

Berny
2002).Theprobability

distributionsassociated
w

ith
R

BM
s

are
m

ultim
odal;com

bined
w

ith
the

specific
inform

ation-theoretic
properties

of
IG

O
thatguarantee

m
inim

alchange
in

diversity
overtim

e,thisallowsIG
O

to
reach

m
ultiple

optim
a

at
once

in
a

naturalway,at
least

in
a

sim
ple

experim
entalsetup

(A
ppendix

B).

T
he

IG
O

fram
ework

is
built

to
achieve

m
axim

alinvariance
properties.

First,the
IG

O
flow

is
invariant

under
reparam

etrization
ofthe

fam
ily

ofdistributions
𝑃

𝜃 ,that
is,it

only
depends

on
𝑃

𝜃
and

not
on

the
w

ay
w

e
w

rite
the

param
eter

𝜃
(Proposition

18).
T

his
invariance

under
𝜃-reparam

etrization
is

the
m

ain
idea

behind
inform

ation
geom

etry
(A

m
ari

and
N

agaoka,2000).
For

instance,for
G

aussian
m

easures
it

should
not

m
atter

w
hether

w
e

use
the

covariance
m

atrix
or

its
inverse

or
a

C
holesky

factor
as

the
param

eter.
T

his
lim

its
the

influence
ofencoding

choices
on

the
behavior

ofthe
algorithm

.
Second,the

IG
O

flow
is

invariant
under

a
change

ofcoordinates
in

the
search

space
𝑋

,provided
that

this
change

ofcoordinates
globally

preserves
the

fam
ily

ofdistributions
𝑃

𝜃
(Proposition

19).
For

instance,for
G

aussian
distributions

on
R

𝑑,this
includes

allaffi
ne

changes
ofcoordinates.

Thism
eansthatthe

algorithm
,apartfrom

initialization,doesnotdepend
on

the
precise

way
the

data
is

presented.
Last,the

IG
O

flow
and

IG
O

algorithm
s

are
invariant

under
applying

a
strictly

increasing
function

to
𝑓

(Proposition
17).

Contrary
to

previous
form

ulations
using

naturalgradients
(W

ierstra
et

al.,2008;G
lasm

achers
et

al.,2010;A
kim

oto
et

al.,2010),
this

invariance
is

achieved
from

the
start.

Such
invariance

properties
m

ean
that

w
e

deal
w

ith
intrinsic

properties
ofthe

objects
them

selves,and
not

w
ith

the
way

we
encode

them
as

collections
ofnum

bers
in

R
𝑑.

It
also

m
eans,m

ost
im

portantly,that
we

m
ake

a
m

inim
al

num
ber

ofarbitrary
choices.
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ra
di

en
t

in
th

e
co

nt
ex

t
of

op
tim

iz
at

io
n.

2.
1.

1
A

bo
ut

G
ra

di
en

ts
an

d
th

e
Sh

or
te

st
Pa

th
U

ph
il

l

Le
t𝑔

be
a

sm
oo

th
fu

nc
tio

n
fro

m
R

𝑑
to

R
,t

o
be

m
ax

im
ize

d.
W

e
fir

st
re

ca
ll

th
e

in
te

rp
re

ta
tio

n
of

gr
ad

ie
nt

as
ce

nt
as

“t
he

sh
or

te
st

pa
th

up
hi

ll”
.

Le
t

𝑦
∈
R

𝑑
.

D
efi

ne
th

e
ve

ct
or

𝑧
by

𝑧
=

lim 𝜀→
0
ar

gm
ax

𝑧
,‖

𝑧
‖6

1
𝑔
(𝑦

+
𝜀𝑧

)
.

(1
)

T
he

n
on

e
ca

n
ch

ec
k

th
at

𝑧
is

th
e

no
rm

al
iz

ed
gr

ad
ie

nt
of

𝑔
at

𝑦
:

𝑧 𝑖
=

𝜕
𝑔
/
𝜕

𝑦
𝑖

‖𝜕
𝑔
/
𝜕

𝑦
‖.

(T
hi

s
ho

ld
s

on
ly

at
po

in
ts

𝑦
w

he
re

th
e

gr
ad

ie
nt

of
𝑔

do
es

no
t

va
ni

sh
.)

T
hi

s
sh

ow
s

th
at

,f
or

sm
al

l𝛿
𝑡,

th
e

we
ll-

kn
ow

n
gr

ad
ie

nt
as

ce
nt

of
𝑔

gi
ve

n
by

𝑦
𝑡+

𝛿𝑡
𝑖

=
𝑦

𝑡 𝑖
+

𝛿𝑡
𝜕

𝑔
𝜕

𝑦
𝑖

re
al

iz
es

th
e

la
rg

es
t

in
cr

ea
se

of
th

e
va

lu
e

of
𝑔
,f

or
a

gi
ve

n
st

ep
siz

e
‖𝑦

𝑡+
𝛿𝑡
−

𝑦
𝑡 ‖

.
T

he
re

la
tio

n
(1

)
de

pe
nd

s
on

th
e

ch
oi

ce
of

a
no

rm
‖·
‖

(t
he

gr
ad

ie
nt

of
𝑔

is
gi

ve
n

by
𝜕

𝑔
/𝜕

𝑦 𝑖
on

ly
in

an
or

th
on

or
m

al
ba

sis
).

If
we

us
e,

in
st

ea
d

of
th

e
st

an
da

rd
m

et
ric
‖𝑦
−

𝑦
′ ‖

=
√︁
∑︀

(𝑦
𝑖
−

𝑦
′ 𝑖)2

on
R

𝑑
,a

m
et

ric
‖𝑦
−

𝑦
′ ‖ 𝐴

=
√︁
∑︀

𝐴
𝑖𝑗

(𝑦
𝑖
−

𝑦
′ 𝑖)(

𝑦 𝑗
−

𝑦
′ 𝑗
)

de
fin

ed
by

a
po

sit
iv

e
de

fin
ite

m
at

rix
𝐴

𝑖𝑗
,t

he
n

th
e

gr
ad

ien
to

f𝑔
wi

th
re

sp
ec

tt
o

th
is

m
et

ric
is

gi
ve

n
by
∑︀

𝑗
𝐴

−
1

𝑖𝑗
𝜕

𝑔
𝜕

𝑦
𝑖
.

Th
is

fo
llo

ws
fro

m
th

e
te

xt
bo

ok
de

fin
iti

on
of

gr
ad

ien
ts

by
𝑔
(𝑦

+
𝜀𝑧

)=
𝑔
(𝑦

)+
𝜀⟨
∇

𝑔
,𝑧
⟩ 𝐴

+
𝑂

(𝜀
2 )

w
ith
⟨·,
·⟩ 𝐴

th
e

sc
al

ar
pr

od
uc

t
as

so
ci

at
ed

w
ith

th
e

m
at

rix
𝐴

𝑖𝑗
(S

ch
wa

rt
z,

19
92

).
It

is
po

ss
ib

le
to

w
rit

e
th

e
an

al
og

ue
of

(1
)

us
in

g
th

e
𝐴

-n
or

m
.

W
e

th
en

fin
d

th
at

th
e

gr
ad

ie
nt

as
ce

nt
as

so
ci

at
ed

w
ith

m
et

ric
𝐴

is
gi

ve
n

by

𝑦
𝑡+

𝛿𝑡
=

𝑦
𝑡
+

𝛿𝑡
𝐴

−
1

𝜕
𝑔

𝜕
𝑦

fo
rs

m
al

l𝛿
𝑡

an
d

m
ax

im
ize

st
he

in
cr

em
en

to
f𝑔

fo
ra

gi
ve

n
𝐴

-d
ist

an
ce
‖𝑦

𝑡+
𝛿𝑡
−

𝑦
𝑡 ‖

𝐴
—

it
re

al
ize

s
th

e
st

ee
pe

st
𝐴

-a
sc

en
t.

M
ay

be
th

is
vi

ew
po

in
t

cl
ar

ifi
es

th
e

re
la

tio
ns

hi
p

be
tw

ee
n

gr
ad

ie
nt

an
d

m
et

ric
:

th
is

st
ee

pe
st

as
ce

nt
pr

op
er

ty
ca

n
ac

tu
al

ly
be

us
ed

as
a

de
fin

iti
on

of
gr

ad
ie

nt
s.

In
ou

r
se

tt
in

g
w

e
wa

nt
to

us
e

a
gr

ad
ie

nt
as

ce
nt

in
th

e
pa

ra
m

et
er

sp
ac

e
Θ

of
ou

r
di

st
rib

ut
io

ns
𝑃

𝜃
.

T
he

“v
an

ill
a”

gr
ad

ie
nt

𝜕 𝜕
𝜃 𝑖

is
as

so
ci

at
ed

w
ith

th
e

m
et

ric
‖𝜃
−

𝜃′ ‖
=

√︁
∑︀

(𝜃
𝑖
−

𝜃′ 𝑖)2
an

d
cle

ar
ly

de
pe

nd
so

n
th

e
ch

oi
ce

of
pa

ra
m

et
riz

at
io

n
𝜃.

Th
us

th
is

m
et

ric
,a

nd
th

e
di

re
ct

io
n

po
in

te
d

by
th

is
gr

ad
ien

t,
ar

e
no

ti
nt

rin
sic

,i
n

th
e

se
ns

e
th

at
th

ey
do

no
td

ep
en

d
on

ly
on

th
e

di
st

ri
bu

tio
n

𝑃
𝜃
.

A
m

et
ric

de
pe

nd
in

g
on

𝜃
on

ly
th

ro
ug

h
th

e
di

st
rib

ut
io

ns
𝑃

𝜃
ca

n
be

de
fin

ed
as

fo
llo

w
s.
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Inform
ation-G

eom
etric

O
ptim

ization

2.1.2
F

isher
Inform

ation
and

the
N

atural
G

radient
on

Param
eter

Space

Let
𝜃,𝜃 ′∈

Θ
be

two
values

ofthe
distribution

param
eter.

A
w

idely
used

w
ay

to
define

a
“distance”

between
two

generic
distributions 1

𝑃
𝜃

and
𝑃

𝜃 ′is
the

K
ullback–Leibler

divergence
from

inform
ation

theory,defined
(K

ullback,1997)
as

K
L(𝑃

𝜃 ′||𝑃
𝜃 )=

∫︁

𝑥 ln
𝑃

𝜃 ′(d
𝑥)

𝑃
𝜃 (d

𝑥)
𝑃

𝜃 ′(d
𝑥)

.

W
hen

𝜃 ′=
𝜃

+
𝛿𝜃

is
close

to
𝜃,under

m
ild

sm
oothness

assum
ptions

we
can

expand
the

K
ullback–Leibler

divergence
at

second
order

in
𝛿𝜃.

T
his

expansion
defines

the
Fisher

inform
ation

m
atrix

𝐼
at

𝜃
(K

ullback,1997):

K
L(𝑃

𝜃+
𝛿
𝜃 ||𝑃

𝜃 )=
12
∑︁

𝐼
𝑖𝑗 (𝜃)

𝛿𝜃
𝑖 𝛿𝜃

𝑗 +
𝑂

(𝛿𝜃 3)
.

(2)

A
n

equivalent
definition

ofthe
Fisher

inform
ation

m
atrix

is
by

the
usualform

ulas
(C

over
and

T
hom

as,2006)

𝐼
𝑖𝑗 (𝜃)=

∫︁

𝑥

𝜕
ln

𝑃
𝜃 (𝑥)

𝜕
𝜃

𝑖

𝜕
ln

𝑃
𝜃 (𝑥)

𝜕
𝜃

𝑗
𝑃

𝜃 (d
𝑥)=

−
∫︁

𝑥

𝜕
2ln

𝑃
𝜃 (𝑥)

𝜕
𝜃

𝑖 𝜕
𝜃

𝑗
𝑃

𝜃 (d
𝑥)

.

T
he

Fisher
inform

ation
m

atrix
defines

a
(R

iem
annian)

m
etric

on
Θ

:
the

distance,in
this

m
etric,between

tw
o

very
close

values
of

𝜃
is

given
by

the
square

root
of

tw
ice

the
K

ullback–Leiblerdivergence.
Since

the
K

ullback–Leiblerdivergence
dependsonly

on
𝑃

𝜃
and

not
on

the
param

etrization
of

𝜃,this
m

etric
is

intrinsic.
If

𝑔
:Θ
→

R
is

a
sm

ooth
function

on
the

param
eter

space,its
naturalgradient

(A
m

ari,
1998)

at
𝜃

is
defined

in
accordance

w
ith

the
Fisher

m
etric

as

( ̃︀∇
𝜃

𝑔)
𝑖 =

∑︁

𝑗

𝐼 −
1

𝑖𝑗
(𝜃)

𝜕
𝑔(𝜃)
𝜕

𝜃
𝑗

or
m

ore
synthetically

̃︀∇
𝜃

𝑔
=

𝐼 −
1

𝜕
𝑔

𝜕
𝜃

.

From
now

on,we
w

illuse
̃︀∇

𝜃
to

denote
the

naturalgradient
and

𝜕𝜕
𝜃

to
denote

the
vanilla

gradient.
B

y
construction,the

naturalgradient
descent

is
intrinsic:

it
does

not
depend

on
the

chosen
param

etrization
𝜃

of
𝑃

𝜃 ,so
that

it
m

akes
sense

to
speak

ofthe
naturalgradient

ascent
ofa

function
𝑔(𝑃

𝜃 ).
T

he
Fisher

m
etric

is
essentially

the
only

w
ay

to
obtain

this
property

(A
m

ariand
N

agaoka,2000,Section
2.4).

G
iven

that
the

Fisher
m

etric
com

es
from

the
K

ullback–Leibler
divergence,the

“shortest
path

uphill”
property

ofgradients
m

entioned
above

translates
as

follow
s

(see
also

A
m

ari
1998,T

heorem
1):

1.
T

hroughoutthe
textwe

do
notdistinguish

a
probability

distribution
𝑃

,seen
asa

m
easure,and

itsdensity
w

ith
respect

to
som

e
unspecified

reference
m

easure
d

𝑥,and
so

w
illw

rite
indifferently

𝑃
(d

𝑥)
or

𝑃
(𝑥)d

𝑥.
T

he
m

easure-theoretic
view

point
allow

s
for

a
unified

treatm
ent

ofthe
discrete

and
continuous

case.
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O
llivier,

A
rnold,

A
uger

and
H

ansen

P
roposition

1
T

he
naturalgradientascentpoints

in
the

direction
𝛿𝜃

achieving
the

largest
change

of
the

objective
function,

for
a

given
distance

between
𝑃

𝜃
and

𝑃
𝜃+

𝛿
𝜃

in
K

ullback–
Leibler

divergence.
M

ore
precisely,let

𝑔
be

a
sm

ooth
function

on
the

param
eter

space
Θ

.
Let

𝜃∈
Θ

be
a

pointwhere
̃︀∇

𝑔(𝜃)
does

notvanish.
T

hen,if

𝛿𝜃
=

̃︀∇
𝑔(𝜃)

‖ ̃︀∇
𝑔(𝜃)‖

is
the

direction
ofthe

naturalgradientof
𝑔

(with
‖·‖

the
Fisher

norm
),we

have

𝛿𝜃
=

lim𝜀→
0 1𝜀

argm
ax

𝛿
𝜃 ′such

that
K

L(
𝑃

𝜃+
𝛿

𝜃 ′ ||𝑃
𝜃 ) 6

𝜀 2
/2

𝑔(𝜃
+

𝛿𝜃 ′).

H
ere

we
have

im
plicitly

assum
ed

that
the

param
eter

space
Θ

is
such

that
no

two
points

𝜃∈
Θ

define
the

sam
e

probability
distribution,and

the
m

apping
𝑃

𝜃 ↦→
𝜃

is
sm

ooth.

2.1.3
W

hy
U

se
the

F
isher

M
etric

G
radient

for
O

ptim
ization?

R
elationship

to
D

iversity

T
he

first
reason

for
using

the
naturalgradient

is
its

reparam
etrization

invariance,w
hich

m
akesitthe

only
gradientavailable

in
a

generalabstractsetting
(A

m
ariand

N
agaoka,2000).

Practically,this
invariance

also
lim

its
the

influence
ofencoding

choices
on

the
behavior

of
the

algorithm
(A

ppendix
C

.1).
T

he
Fisher

m
atrix

can
be

also
seen

as
an

adaptive
learning

rate
for

different
com

ponents
ofthe

param
eter

vector
𝜃

𝑖 :
com

ponents
𝑖w

ith
a

high
im

pact
on

𝑃
𝜃

w
illbe

updated
m

ore
cautiously.

A
nother

advantage
com

es
from

the
relationship

w
ith

K
ullback–Leibler

distance
in

view
ofthe

“shortest
path

uphill”
(see

also
A

m
ari1998).

To
m

inim
ize

the
value

ofsom
e

function
𝑔(𝜃)

defined
on

the
param

eter
space

Θ
,the

naive
approach

follow
s

a
gradient

descent
for

𝑔
using

the
“vanilla”

gradient
𝜃

𝑡+
𝛿𝑡

𝑖
=

𝜃
𝑡𝑖 +

𝛿𝑡
𝜕

𝑔
𝜕

𝜃
𝑖

and,asexplained
above,thism

axim
izesthe

increm
entof

𝑔
fora

given
increm

ent‖
𝜃

𝑡+
𝛿𝑡−

𝜃
𝑡‖.

O
n

the
other

hand,the
Fisher

gradient

𝜃
𝑡+

𝛿𝑡
𝑖

=
𝜃

𝑡𝑖 +
𝛿𝑡𝐼 −

1
𝜕

𝑔
𝜕

𝜃
𝑖

m
axim

izes
the

increm
ent

of
𝑔

for
a

given
K

ullback–Leibler
distance

K
L(𝑃

𝜃
𝑡+

𝛿𝑡 ||𝑃
𝜃

𝑡).
In

particular,ifw
e

choose
an

initialvalue
𝜃 0

such
that

𝑃
𝜃 0

covers
the

w
hole

space
𝑋

uniform
ly

(or
a

w
ide

portion,in
case

𝑋
is

unbounded),the
K

ullback–Leibler
divergence

between
𝑃

𝜃
𝑡and

𝑃
𝜃 0

is
the

Shannon
entropy

ofthe
uniform

distribution
m

inus
the

Shannon
entropy

of
𝑃

𝜃
𝑡,and

so
this

divergence
m

easures
the

loss
ofdiversity

of
𝑃

𝜃
𝑡w

ith
respect

to
the

uniform
distribution.

P
roposition

2
Let

𝑔
:Θ
→

R
be

a
regular

function
of

𝜃
and

let
𝜃 0

such
that

𝑃
𝜃 0

is
the

uniform
distribution

on
a

finite
space

𝑋
.

Let(𝜃
𝑡)

𝑡>
0

be
the

trajectory
ofthe

gradientascent
of

𝑔
using

the
naturalgradient.

T
hen

for
sm

all
𝑡

we
have

𝜃
𝑡=

argm
ax

𝜃
{𝑡·𝑔(𝜃)+

Ent(𝑃
𝜃 )}

+
𝑜(𝑡)

(3)

where
Ent

is
the

Shannon
entropy.
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In
fo

rm
at

io
n-

G
eo

m
et

ri
c

O
pt

im
iz

at
io

n

(W
e

ha
ve

st
at

ed
th

e
pr

op
os

iti
on

ov
er

a
fin

ite
sp

ac
e

to
ha

ve
a

w
el

l-d
efi

ne
d

un
ifo

rm
di

st
rib

ut
io

n.
A

sh
or

t
pr

oo
f,

to
ge

th
er

w
ith

th
e

re
gu

la
rit

y
co

nd
iti

on
s

on
𝑔
,

is
gi

ve
n

in
A

pp
en

di
x

D
.)

So
fo

llo
w

in
g

th
e

na
tu

ra
lg

ra
di

en
t

of
a

fu
nc

tio
n

𝑔
,s

ta
rt

in
g

at
or

cl
os

e
to

th
e

un
ifo

rm
di

st
rib

ut
io

n,
am

ou
nt

s
to

op
tim

iz
in

g
th

e
fu

nc
tio

n
𝑔

w
ith

m
in

im
al

lo
ss

of
di

ve
rs

ity
,p

ro
vi

de
d

th
e

in
iti

al
di

ve
rs

ity
is

la
rg

e.
(T

hi
si

sv
al

id
,o

fc
ou

rs
e,

on
ly

at
th

e
be

gi
nn

in
g;

on
ce

on
e

ge
ts

to
o

fa
rf

ro
m

un
ifo

rm
,a

be
tt

er
in

te
rp

re
ta

tio
n

is
m

in
im

al
ch

an
ge

of
di

ve
rs

ity
.)

O
n

th
e

ot
he

rh
an

d,
th

e
va

ni
lla

gr
ad

ie
nt

de
sc

en
t

do
es

no
t

sa
tis

fy
Pr

op
os

iti
on

2:
it

op
tim

iz
es

𝑔
w

ith
m

in
im

al
ch

an
ge

in
th

e
nu

m
er

ic
al

va
lu

es
of

th
e

pa
ra

m
et

er
𝜃,

w
hi

ch
is

of
lit

tle
in

te
re

st
.

So
ar

gu
ab

ly
th

is
m

et
ho

d
re

al
iz

es
th

e
be

st
tr

ad
e-

off
be

tw
ee

n
op

tim
iz

at
io

n
an

d
lo

ss
of

di
ve

rs
ity

.
(T

ho
ug

h,
as

ca
n

be
se

en
fr

om
th

e
de

ta
ile

d
al

go
rit

hm
de

sc
rip

tio
n

be
lo

w
,

m
ax

im
iz

at
io

n
of

di
ve

rs
ity

oc
cu

rs
on

ly
gr

ee
di

ly
at

ea
ch

st
ep

,a
nd

so
th

er
e

is
no

gu
ar

an
te

e
th

at
af

te
r

a
gi

ve
n

tim
e,

IG
O

w
ill

pr
ov

id
e

th
e

hi
gh

es
t

po
ss

ib
le

di
ve

rs
ity

fo
r

a
gi

ve
n

ob
je

ct
iv

e
fu

nc
tio

n
va

lu
e.

)
A

n
ex

pe
rim

en
ta

lc
on

fir
m

at
io

n
of

th
e

po
sit

iv
e

in
flu

en
ce

of
th

e
Fi

sh
er

m
at

rix
on

di
ve

rs
ity

is
gi

ve
n

in
A

pp
en

di
x

B
be

lo
w

.

2.
2

IG
O

:I
nf

or
m

at
io

n-
G

eo
m

et
ri

c
O

pt
im

iz
at

io
n

W
e

no
w

in
tr

od
uc

e
a

qu
an

til
e-

ba
se

d
re

w
rit

in
g

of
th

e
ob

je
ct

iv
e

fu
nc

tio
n.

Fr
om

ap
pl

yi
ng

th
e

na
tu

ra
lg

ra
di

en
t

on
th

e
re

w
rit

te
n

ob
je

ct
iv

e
we

de
riv

e
in

fo
rm

at
io

n-
ge

om
et

ri
c

op
tim

iz
at

io
n.

2.
2.

1
Q

ua
nt

il
e

R
ew

ri
ti

ng
of

𝑓

O
ur

or
ig

in
al

pr
ob

le
m

is
to

m
in

im
iz

e
a

fu
nc

tio
n

𝑓
:𝑋
→

R
.

A
sim

pl
e

wa
y

to
tu

rn
𝑓

in
to

a
fu

nc
tio

n
on

Θ
is

to
us

e
th

e
ex

pe
ct

ed
va

lu
e
−
E 𝑃

𝜃
𝑓

(B
er

ny
,2

00
0a

;W
ier

st
ra

et
al

.,
20

08
),

bu
t

ex
pe

ct
ed

va
lu

es
ca

n
be

un
du

ly
in

flu
en

ce
d

by
ex

tr
em

e
va

lu
es

an
d

us
in

g
th

em
ca

n
be

ra
th

er
un

st
ab

le
(W

hi
tle

y,
19

89
);

m
or

eo
ve

r
−
E 𝑃

𝜃
𝑓

is
no

t
in

va
ria

nt
un

de
r

in
cr

ea
sin

g
tr

an
sfo

rm
at

io
n

of
𝑓

(t
hi

s
in

va
ria

nc
e

im
pl

ie
s

we
ca

n
on

ly
co

m
pa

re
𝑓

-v
al

ue
s,

no
t

su
m

th
em

up
).

In
st

ea
d,

w
e

ta
ke

an
ad

ap
tiv

e,
qu

an
til

e-
ba

se
d

ap
pr

oa
ch

by
fir

st
re

pl
ac

in
g

th
e

fu
nc

tio
n

𝑓
w

ith
a

m
on

ot
on

e
re

w
rit

in
g

𝑊
𝑓 𝜃
𝑡
,d

ep
en

di
ng

on
th

e
cu

rr
en

t
pa

ra
m

et
er

va
lu

e
𝜃𝑡 ,

an
d

th
en

fo
llo

w
in

g
th

e
gr

ad
ie

nt
of

E 𝑃
𝜃
𝑊

𝑓 𝜃
𝑡
,s

ee
n

as
a

fu
nc

tio
n

of
𝜃.

A
du

e
ch

oi
ce

of
𝑊

𝑓 𝜃
𝑡

al
lo

w
s

to
co

nt
ro

lt
he

ra
ng

e
of

th
e

re
su

lti
ng

va
lu

es
an

d
ac

hi
ev

es
th

e
de

sir
ed

in
va

ria
nc

e.
B

ec
au

se
th

e
re

w
rit

in
g

𝑊
𝑓 𝜃
𝑡

de
pe

nd
s

on
𝜃𝑡 ,

it
m

ig
ht

be
vi

ew
ed

as
an

ad
ap

tiv
e

𝑓
-t

ra
ns

fo
rm

at
io

n.
T

he
m

on
ot

on
e

re
w

rit
in

g
en

ta
ils

th
at

if
𝑓

(𝑥
)

is
“s

m
al

l”
th

en
𝑊

𝑓 𝜃
(𝑥

)∈
R

is
“l

ar
ge

”
an

d
vi

ce
ve

rs
a.

Th
e

qu
an

tit
at

iv
e

m
ea

ni
ng

of
“s

m
al

l”
or

“l
ar

ge
”

de
pe

nd
s

on
𝜃
∈

Θ
.

To
ob

ta
in

th
e

va
lu

e
of

𝑊
𝑓 𝜃
(𝑥

)
w

e
co

m
pa

re
𝑓

(𝑥
)

to
th

e
qu

an
til

es
of

𝑓
un

de
r

th
e

cu
rr

en
t

di
st

rib
ut

io
n,

as
m

ea
su

re
d

by
th

e
𝑃

𝜃
-le

ve
lf

ra
ct

io
n

in
w

hi
ch

th
e

va
lu

e
of

𝑓
(𝑥

)
lie

s.

D
efi

ni
ti

on
3

T
he

lo
we

r
an

d
up

pe
r

𝑃
𝜃
-𝑓

-le
ve

ls
of

𝑥
∈

𝑋
ar

e
de

fin
ed

as

𝑞< 𝜃
(𝑥

)=
Pr

𝑥
′ ∼

𝑃
𝜃
(𝑓

(𝑥
′ )<

𝑓
(𝑥

))
𝑞6 𝜃

(𝑥
)=

Pr
𝑥

′ ∼
𝑃

𝜃
(𝑓

(𝑥
′ )6

𝑓
(𝑥

))
.

(4
)

Le
t𝑤

:[
0;

1]
→

R
be

a
no

n-
in

cr
ea

si
ng

fu
nc

tio
n,

th
e

se
le

ct
io

n
sc

he
m

e.
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O
ll

iv
ie

r,
A

rn
ol

d,
A

ug
er

an
d

H
an

se
n

Th
e

tra
ns

fo
rm

𝑊
𝑓 𝜃
(𝑥

)
of

an
ob

jec
tiv

e
fu

nc
tio

n
𝑓

:𝑋
→

R
is

de
fin

ed
as

a
fu

nc
tio

n
of

th
e

𝑃
𝜃
-𝑓

-le
ve

lo
f𝑥

as 𝑊
𝑓 𝜃
(𝑥

)=

⎧ ⎪ ⎨ ⎪ ⎩

𝑤
(𝑞
6 𝜃

(𝑥
))

if
𝑞6 𝜃

(𝑥
)=

𝑞< 𝜃
(𝑥

),
1

𝑞
6 𝜃

(𝑥
)−

𝑞
< 𝜃

(𝑥
)

∫︀ 𝑞
=

𝑞
6 𝜃

(𝑥
)

𝑞
=

𝑞
< 𝜃

(𝑥
)

𝑤
(𝑞

)d
𝑞

ot
he

rw
is

e.
(5

)

T
he

le
ve

lf
un

ct
io

ns
𝑞

:𝑋
→

[0
,1

]r
efl

ec
t

th
e

pr
ob

ab
ili

ty
to

sa
m

pl
e

a
be

tt
er

va
lu

e
th

an
𝑓

(𝑥
).

T
he

y
ar

e
m

on
ot

on
e

in
𝑓

(if
𝑓

(𝑥
1)
6

𝑓
(𝑥

2)
th

en
𝑞< 𝜃

(𝑥
1)
6

𝑞< 𝜃
(𝑥

2)
,a

nd
lik

ew
ise

fo
r

𝑞6
)

an
d

in
va

ria
nt

un
de

r
st

ric
tly

in
cr

ea
sin

g
tr

an
sfo

rm
at

io
ns

of
𝑓

.
A

ty
pi

ca
lc

ho
ic

e
fo

r
𝑤

is
𝑤

(𝑞
)=

1
𝑞
6

𝑞 0
fo

r
so

m
e

fix
ed

va
lu

e
𝑞 0

,t
he

se
lec

tio
n

qu
an

til
e.

In
w

ha
t

fo
llo

w
s,

w
e

su
pp

os
e

th
at

a
se

le
ct

io
n

sc
he

m
e

(w
ei

gh
tin

g
sc

he
m

e)
𝑤

ha
s

be
en

ch
os

en
on

ce
an

d
fo

r
al

l.
A

s
de

sir
ed

,t
he

de
fin

iti
on

of
𝑊

𝑓 𝜃
is

in
va

ria
nt

un
de

r
a

st
ric

tly
in

cr
ea

sin
g

tr
an

sfo
rm

at
io

n
of

𝑓
.

Fo
r

in
st

an
ce

,t
he

𝑃
𝜃
-m

ed
ia

n
of

𝑓
ge

ts
re

m
ap

pe
d

to
𝑤

(1 2)
.

N
ot

e
th

at
E 𝑥

∼
𝑃

𝜃
𝑊

𝑓 𝜃
(𝑥

)
is

al
w

ay
s

eq
ua

lt
o
∫︀ 1 0

𝑤
,i

nd
ep

en
de

nt
ly

of
𝑓

an
d

𝜃:
in

de
ed

,b
y

de
fin

iti
on

,t
he

𝑃
𝜃

in
ve

rs
e-

qu
an

til
e

of
a

ra
nd

om
po

in
t

un
de

r
𝑃

𝜃
is

un
ifo

rm
ly

di
st

rib
ut

ed
in

[0
;1

].
In

th
e

fo
llo

w
in

g,
ou

r
ob

je
ct

iv
e

w
ill

be
to

m
ax

im
iz

e
th

e
ex

pe
ct

ed
va

lu
e

of
𝑊

𝑓 𝜃
𝑡

ov
er

𝜃,
th

at
is,

to
m

ax
im

iz
e

E 𝑃
𝜃
𝑊

𝑓 𝜃
𝑡

=
∫︁

𝑊
𝑓 𝜃
𝑡
(𝑥

)𝑃
𝜃
(d

𝑥
)

(6
)

ov
er

𝜃,
w

he
re

𝜃𝑡
is

fix
ed

at
a

gi
ve

n
st

ep
bu

t
w

ill
ad

ap
t

ov
er

tim
e.

Im
po

rt
an

tly
,𝑊

𝑓 𝜃
(𝑥

)c
an

be
es

tim
at

ed
in

pr
ac

tic
e:

in
de

ed
,t

he
𝑃

𝜃
-𝑓

-le
ve

ls
Pr

𝑥
′ ∼

𝑃
𝜃
(𝑓

(𝑥
′ )

<
𝑓

(𝑥
))

ca
n

be
es

tim
at

ed
by

ta
ki

ng
sa

m
pl

es
of

𝑃
𝜃

an
d

or
de

rin
g

th
e

sa
m

pl
es

ac
co

rd
in

g
to

th
e

va
lu

e
of

𝑓
(s

ee
be

lo
w

).
T

he
es

tim
at

e
re

m
ai

ns
in

va
ria

nt
un

de
r

st
ric

tly
in

cr
ea

sin
g

𝑓
-

tr
an

sfo
rm

at
io

ns
.

2.
2.

2
T

he
IG

O
G

ra
di

en
t

F
lo

w

A
t

th
e

m
os

t
ab

st
ra

ct
le

ve
l,

IG
O

is
a

co
nt

in
uo

us
-t

im
e

gr
ad

ie
nt

flo
w

in
th

e
pa

ra
m

et
er

sp
ac

e
Θ

,w
hi

ch
w

e
de

fin
e

no
w

.
In

pr
ac

tic
e,

di
sc

re
te

tim
e

st
ep

s
(a

.k
.a

.i
te

ra
tio

ns
)

ar
e

us
ed

,a
nd

𝑃
𝜃
-in

te
gr

al
s

ar
e

ap
pr

ox
im

at
ed

th
ro

ug
h

sa
m

pl
in

g,
as

de
sc

rib
ed

in
th

e
ne

xt
se

ct
io

n.
Le

t
𝜃𝑡

be
th

e
cu

rr
en

t
va

lu
e

of
th

e
pa

ra
m

et
er

at
tim

e
𝑡,

an
d

le
t

𝛿𝑡
≪

1.
W

e
de

fin
e

𝜃𝑡+
𝛿𝑡

in
su

ch
a

wa
y

as
to

in
cr

ea
se

th
e

𝑃
𝜃
-w

ei
gh

t
of

po
in

ts
w

he
re

𝑓
is

sm
al

l,
w

hi
le

no
t

go
in

g
to

o
fa

r
fr

om
𝑃

𝜃
𝑡

in
K

ul
lb

ac
k–

Le
ib

le
r

di
ve

rg
en

ce
.

W
e

us
e

th
e

ad
ap

tiv
e

we
ig

ht
s

𝑊
𝑓 𝜃
𝑡

as
a

w
ay

to
m

ea
su

re
w

hi
ch

po
in

ts
ha

ve
la

rg
e

or
sm

al
lv

al
ue

s.
In

ac
co

rd
an

ce
w

ith
(6

),
th

is
su

gg
es

ts
ta

ki
ng

th
e

gr
ad

ie
nt

as
ce

nt

𝜃𝑡+
𝛿𝑡

=
𝜃𝑡

+
𝛿𝑡
̃︀ ∇ 𝜃
∫︁

𝑊
𝑓 𝜃
𝑡
(𝑥

)𝑃
𝜃
(d

𝑥
)

(7
)

w
he

re
th

e
na

tu
ra

lg
ra

di
en

t
is

su
gg

es
te

d
by

Pr
op

os
iti

on
1.

N
ot

e
ag

ai
n

th
at

w
e

us
e

𝑊
𝑓 𝜃
𝑡

an
d

no
t

𝑊
𝑓 𝜃

in
th

e
in

te
gr

al
.

So
th

e
gr

ad
ie

nt
̃︀ ∇ 𝜃

do
es

no
t

ac
t

on
th

e
ad

ap
tiv

e
ob

je
ct

iv
e

𝑊
𝑓 𝜃
𝑡
.

If
we

us
ed

𝑊
𝑓 𝜃

in
st

ea
d,

we
wo

ul
d

fa
ce

a
pa

ra
do

x:
rig

ht
af

te
r

a
m

ov
e,

pr
ev

io
us

ly
go

od
po

in
ts

do
no

t
se

em
so

go
od

an
y

m
or

e
sin

ce
th

e
di

st
rib

ut
io

n
ha

s
im

pr
ov

ed
.

M
or

e
pr

ec
ise

ly
,∫︀

𝑊
𝑓 𝜃
(𝑥

)𝑃
𝜃
(d

𝑥
)

is
co

ns
ta

nt
an

d
al

wa
ys

eq
ua

lt
o

th
e

av
er

ag
e

we
ig

ht
∫︀ 1 0

𝑤
,a

nd
so

th
e

gr
ad

ie
nt

wo
ul

d
al

wa
ys

va
ni

sh
.
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Inform
ation-G

eom
etric

O
ptim

ization

U
sing

the
log-likelihood

trick
̃︀∇

𝑃
𝜃

=
𝑃

𝜃
̃︀∇ln

𝑃
𝜃

(assum
ing

𝑃
𝜃

is
sm

ooth),
w

e
get

an
equivalent

expression
ofthe

update
above

as
an

integralunder
the

current
distribution

𝑃
𝜃

𝑡;
this

is
im

portant
for

practicalim
plem

entation.
T

his
leads

to
the

follow
ing

definition.

D
efinition

4
(IG

O
flow

)
The

IG
O

flow
is

the
setofcontinuous-tim

e
trajectories

in
space

Θ
,defined

by
the

ordinary
differentialequation

d
𝜃

𝑡

d
𝑡

=
̃︀∇

𝜃 ∫︁
𝑊

𝑓𝜃
𝑡 (𝑥)

𝑃
𝜃 (𝑥)d

𝑥
(8)

=
∫︁

𝑊
𝑓𝜃
𝑡 (𝑥)

̃︀∇
𝜃 𝑃

𝜃 (𝑥)
𝑃

𝜃
𝑡(𝑥)

𝑃
𝜃

𝑡(𝑥)d
𝑥

=
∫︁

𝑊
𝑓𝜃
𝑡 (𝑥)

̃︀∇
𝜃 ln

𝑃
𝜃 (𝑥)

𝑃
𝜃

𝑡(d
𝑥)

(9)

=
𝐼 −

1(𝜃
𝑡)
∫︁

𝑊
𝑓𝜃
𝑡 (𝑥)

𝜕
ln

𝑃
𝜃 (𝑥)

𝜕
𝜃

𝑃
𝜃

𝑡(d
𝑥)

.
(10)

where
the

gradients
are

taken
atpoint

𝜃
=

𝜃
𝑡,and

𝐼
is

the
Fisher

inform
ation

m
atrix.

N
aturalevolution

strategies
(N

ES,W
ierstra

et
al.2008;G

lasm
achers

et
al.2010;Sun

et
al.2009;W

ierstra
et

al.2014)
feature

a
related

gradient
descent

w
ith

𝑓(𝑥)
instead

of
𝑊

𝑓𝜃
𝑡 (𝑥).

T
he

associated
flow

would
read

d
𝜃

𝑡

d
𝑡

=
−
̃︀∇

𝜃 ∫︁
𝑓(𝑥)

𝑃
𝜃 (d

𝑥)
,

(11)

w
here

the
gradient

is
taken

at
𝜃

𝑡(in
the

sequelw
hen

not
explicitly

stated,gradients
in

𝜃
are

taken
at

𝜃
=

𝜃
𝑡).

H
owever,in

the
end

N
ESs

always
im

plem
ent

algorithm
s

using
sam

ple
quantiles

(via
“nonlinear

fitness
shaping”),as

ifderived
from

the
gradient

ascent
of

𝑊
𝑓𝜃
𝑡 (𝑥).

The
update

(9)isa
weighted

average
of“intrinsic

m
oves”

increasing
the

log-likelihood
of

som
e

points.
W

e
can

slightly
rearrange

the
update

as

d
𝜃

𝑡

d
𝑡

=
∫︁

preference
w

eight
⏞
 ⏟

 
𝑊

𝑓𝜃
𝑡 (𝑥)

̃︀∇
𝜃 ln

𝑃
𝜃 (𝑥)

⏟
 ⏞

 
intrinsic

m
ove

to
reinforce

𝑥

current
sam

ple
distribution

⏞
 ⏟

 
𝑃

𝜃
𝑡(d

𝑥)
(12)

=
̃︀∇

𝜃 ∫︁
𝑊

𝑓𝜃
𝑡 (𝑥)ln

𝑃
𝜃 (𝑥)

⏟
 ⏞

 
w

eighted
log-likelihood 𝑃

𝜃
𝑡(d

𝑥)
,

(13)

which
providesan

interpretation
forthe

IG
O

gradientflow
asa

gradientascentoptim
ization

ofthe
weighted

log-likelihood
ofthe

“good
points”

ofthe
current

distribution.
In

the
sense

ofT
heorem

10
below

,IG
O

is
in

fact
the

“best”
way

to
increase

this
log-likelihood.

For
exponentialfam

ilies
ofprobability

distributions,we
w

illsee
later

that
the

IG
O

flow
rew

rites
as

a
nice

derivative-free
expression

(21).

2.2.3
IG

O
A

lgorithm
s:

T
im

e
D

iscretization
and

Sam
pling

T
he

above
is

a
m

athem
atically

well-defined
continuous-tim

e
flow

in
param

eter
space.

Its
practicalim

plem
entation

involves
three

approxim
ations

depending
on

two
param

eters
𝑁

and
𝛿𝑡:
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JM

L
R

 18(18):1-65, 2017

O
llivier,

A
rnold,

A
uger

and
H

ansen

∙
the

integralunder
𝑃

𝜃
𝑡is

approxim
ated

using
𝑁

sam
ples

taken
from

𝑃
𝜃

𝑡;

∙
the

value
𝑊

𝑓𝜃
𝑡 is

approxim
ated

for
each

sam
ple

taken
from

𝑃
𝜃

𝑡;

∙
the

tim
e

derivative
d

𝜃
𝑡

d
𝑡

is
approxim

ated
by

a
𝛿𝑡

tim
e

increm
ent:

instead
of

the
continuous-tim

e
IG

O
flow

(8)we
use

itsEulerapproxim
ation

schem
e

𝜃
𝑡+

𝛿𝑡≈
𝜃

𝑡+
𝛿𝑡

d
𝜃

𝑡

d
𝑡 ,

so
that

the
tim

e
𝑡ofthe

flow
is

discretized
w

ith
a

step
size

𝛿𝑡,w
hich

thus
becom

es
the

learning
rate

ofthe
algorithm

.
(See

C
orollary

21
for

an
interpretation

of
𝛿𝑡

as
a

num
ber

ofbits
ofinform

ation
introduced

in
the

distribution
𝑃

𝜃
𝑡at

each
step.)

W
e

also
assum

e
that

the
Fisher

inform
ation

m
atrix

𝐼(𝜃)
and

𝜕
ln

𝑃
𝜃 (𝑥)

𝜕
𝜃

can
be

com
puted

(see
discussion

below
if

𝐼(𝜃)
is

unknow
n).

A
t

each
step,we

draw
𝑁

sam
ples

𝑥
1 ,...,𝑥

𝑁
under

𝑃
𝜃

𝑡.
To

approxim
ate

𝑊
𝑓𝜃
𝑡 ,we

rank
the

sam
ples

according
to

the
value

of
𝑓.

D
efine

rk(𝑥
𝑖 )=

#
{
𝑗|𝑓(𝑥

𝑗 )
<

𝑓(𝑥
𝑖 )}

and
let

the
estim

ated
weight

ofsam
ple

𝑥
𝑖 bê︀𝑤

𝑖 =
1𝑁

𝑤

(︂
rk(𝑥

𝑖 )+
1
/2

𝑁

)︂
,

(14)

using
the

non-increasing
selection

schem
e

function
𝑤

introduced
in

D
efinition

3
above.(This

is
assum

ing
there

are
no

ties
in

our
sam

ple;in
case

severalsam
ple

points
have

the
sam

e
value

of
𝑓,we

define
̂︀𝑤

𝑖 by
averaging

the
above

over
allpossible

rankings
ofthe

ties 2.)
T

hen
we

can
approxim

ate
the

IG
O

flow
as

follow
s.

D
efinition

5
(IG

O
algorithm

s)
T

he
IG

O
algorithm

associated
with

param
etrization

𝜃,
sam

ple
size

𝑁
and

step
size

𝛿𝑡
is

the
following

update
rule

for
the

param
eter

𝜃
𝑡.

At
each

step,
𝑁

sam
ple

points
𝑥

1 ,...,𝑥
𝑁

are
drawn

according
to

the
distribution

𝑃
𝜃

𝑡.
The

param
eter

is
updated

according
to

𝜃
𝑡+

𝛿𝑡=
𝜃

𝑡+
𝛿𝑡

𝑁∑︁𝑖=
1
̂︀𝑤

𝑖
̃︀∇

𝜃 ln
𝑃

𝜃 (𝑥
𝑖 ) ⃒⃒⃒𝜃=

𝜃
𝑡

(16)

=
𝜃

𝑡+
𝛿𝑡

𝐼 −
1(𝜃

𝑡)
𝑁∑︁𝑖=

1
̂︀𝑤

𝑖
𝜕

ln
𝑃

𝜃 (𝑥
𝑖 )

𝜕
𝜃

⃒⃒⃒⃒𝜃=
𝜃

𝑡
(17)

where
̂︀𝑤

𝑖 is
the

weight
(14)

obtained
from

the
ranked

values
ofthe

objective
function

𝑓.

Equivalently
one

can
fix

the
weights

𝑤
𝑖 =

1𝑁
𝑤
(︁

𝑖−
1
/2

𝑁

)︁
once

and
for

alland
rew

rite
the

update
as

𝜃
𝑡+

𝛿𝑡=
𝜃

𝑡+
𝛿𝑡

𝐼 −
1(𝜃

𝑡)
𝑁∑︁𝑖=

1
𝑤

𝑖
𝜕

ln
𝑃

𝜃 (𝑥
𝑖:𝑁

)
𝜕

𝜃

⃒⃒⃒⃒𝜃=
𝜃

𝑡
(18)

2.
A

m
athem

atically
neater

but
less

intuitive
version

w
ould

be

̂︀𝑤
𝑖 =

1
rk

6(𝑥
𝑖 )−

rk
<(𝑥

𝑖 ) ∫︁
𝑢

=
rk 6

(𝑥
𝑖 )/

𝑁

𝑢
=

rk
<

(𝑥
𝑖 )/

𝑁

𝑤
(𝑢)d

𝑢
(15)

w
ith

rk
<(𝑥

𝑖 )=
#
{
𝑗|𝑓(𝑥

𝑗 )
<

𝑓(𝑥
𝑖 )}

and
rk

6(𝑥
𝑖 )=

#
{
𝑗|𝑓(𝑥

𝑗 )6
𝑓(𝑥

𝑖 )}.
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2.
2.

4
IG

O
F

lo
w

ve
rs

us
IG

O
A

lg
or

it
hm

s

T
he

IG
O

flo
w

(8
)

is
a

w
el

l-d
efi

ne
d

co
nt

in
uo

us
-t

im
e

se
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of
tr

aj
ec

to
rie
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in
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pr
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ab
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st
rib
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𝑃

𝜃
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ep
en

di
ng
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eo
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tiv

ef
un
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io
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𝑓

an
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th
ec

ho
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fa

m
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of
di

st
rib

ut
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.

It
do

es
no

t
de

pe
nd

on
th

e
ch

os
en

pa
ra

m
et

riz
at

io
n

fo
r

𝜃
(P

ro
po

sit
io

n
18
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O

n
th

e
ot

he
r

ha
nd

,t
he

re
ar

e
se

ve
ra

lI
G

O
al

go
ri

th
m

s
as

so
ci

at
ed

w
ith

th
is

flo
w
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Ea

ch
IG

O
al

go
rit

hm
ap

pr
ox

im
at

es
th

e
IG

O
flo

w
in

a
sli

gh
tly

di
ffe

re
nt

wa
y.

A
n

IG
O

al
go

rit
hm

de
pe

nd
s

on
th

re
e

fu
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he
r

ch
oi

ce
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a
sa

m
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e
siz

e
𝑁
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tim

e
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sc
re

tiz
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io
n
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ep

siz
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,a

nd
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ch
oi

ce
of

pa
ra

m
et

riz
at

io
n

fo
r

𝜃
in

w
hi

ch
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em
en
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(1

7)
.

If
𝛿𝑡

is
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,
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d

𝑁
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e
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fo
r

la
rg

e
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er
𝜃:

𝑁
Fi

sh
er
>

di
m

Θ
.

Fo
r

ex
po

ne
nt

ia
lf

am
ili

es
of

di
st

rib
ut

io
ns

,t
he

IG
O

up
da

te
ha

s
a

pa
rt

ic
ul

ar
fo

rm
(2

1)
wh

ich
sim

pl
ifi

es
th

is
m

at
te

rs
om

ew
ha

t(
Se

ct
io

n
3.

3)
.I

n
A

pp
en

di
x

B
th

is
is

ex
am

pl
ifi

ed
us

in
g

re
st

ric
te

d
Bo

ltz
m

an
n

m
ac

hi
ne

s.

3.
Fi

rs
t

P
ro

pe
rt

ie
s

of
IG

O
In

th
is

se
ct

io
n

w
e

de
riv

e
so

m
e

ba
sic

pr
op

er
tie

s
of

IG
O

an
d

pr
es

en
t

th
e

IG
O

flo
w

fo
r

ex
po

ne
nt

ia
lf

am
ili

es
.

3.
1

C
on

si
st

en
cy

of
Sa

m
pl

in
g

Th
e

fir
st

pr
op

er
ty

to
ch

ec
k

is
th

at
wh

en
𝑁
→
∞

,t
he

up
da

te
ru

le
us

in
g

𝑁
sa

m
pl

es
co

nv
er

ge
s

to
th

e
IG

O
up

da
te

ru
le.

Th
is

is
no

ta
st

ra
ig

ht
fo

rw
ar

d
ap

pl
ica

tio
n

of
th

e
la

w
of

la
rg

e
nu

m
be

rs
,

be
ca

us
e

th
e

es
tim

at
ed

we
ig

ht
s
̂︀ 𝑤

𝑖
de

pe
nd

(n
on

-c
on

tin
uo

us
ly

)o
n

th
e

wh
ol

e
sa

m
pl

e
𝑥

1,
..

.,
𝑥

𝑁
,

an
d

no
t

on
ly

on
𝑥

𝑖.

T
he

or
em

6
(C

on
si

st
en

cy
)

W
he

n
𝑁
→
∞

,t
he

𝑁
-s

am
pl

e
IG

O
up

da
te

ru
le

(1
7)

:

𝜃𝑡+
𝛿𝑡

=
𝜃𝑡

+
𝛿𝑡

𝐼
−

1 (𝜃
𝑡 )

𝑁 ∑︁ 𝑖=
1
̂︀ 𝑤

𝑖
𝜕

ln
𝑃

𝜃
(𝑥

𝑖)
𝜕

𝜃

⃒⃒ ⃒⃒ 𝜃
=

𝜃
𝑡

co
nv

er
ge

s
wi

th
pr

ob
ab

ili
ty

1
to

th
e

up
da

te
ru

le
(7

):

𝜃𝑡+
𝛿𝑡

=
𝜃𝑡

+
𝛿𝑡
̃︀ ∇ 𝜃
∫︁

𝑊
𝑓 𝜃
𝑡
(𝑥

)𝑃
𝜃
(d

𝑥
)

.

T
he

pr
oo

fi
s

gi
ve

n
in

A
pp

en
di

x
D

,u
nd

er
m

ild
re

gu
la

rit
y

as
su

m
pt

io
ns

.
In

pa
rt

ic
ul

ar
we

do
no

t
re

qu
ire

th
at

𝑤
is

co
nt

in
uo

us
.

U
nf

or
tu

na
te

ly
,t

he
pr

oo
fd

oe
s

no
t

pr
ov

id
e

an
ex

pl
ic

it
sa

m
pl

e
siz

e
ab

ov
e

w
hi

ch
th

e
IG

O
al

go
rit

hm
wo

ul
d

be
gu

ar
an

te
ed

to
st

ay
cl

os
e

to
th

e
IG

O
flo

w
w

ith
hi

gh
pr

ob
ab

ili
ty

;p
re

su
m

ab
ly

su
ch

a
siz

e
wo

ul
d

be
la

rg
er

th
an

th
e

ty
pi

ca
ls

am
pl

e
siz

es
us

ed
in

pr
ac

tic
e.

T
hi

s
th

eo
re

m
m

ay
cl

ar
ify

pr
ev

io
us

cl
ai

m
s

(W
ie

rs
tr

a
et

al
.,

20
08

;A
ki

m
ot

o
et

al
.,

20
10

)
w

he
re

ra
nk

-b
as

ed
up

da
te

s
sim

ila
r

to
(7

),
su

ch
as

in
N

ES
or

C
M

A
-E

S,
w

er
e

de
riv

ed
fr

om
op

tim
izi

ng
th

e
ex

pe
ct

ed
va

lu
e
−
E 𝑃

𝜃
𝑓

.T
he

ra
nk

-b
as

ed
we

ig
ht

s
̂︀ 𝑤

𝑖
we

re
th

en
in

tr
od

uc
ed

af
te

r
th

e
de

riv
at

io
n

as
a

us
ef

ul
he

ur
ist

ic
to

im
pr

ov
e

st
ab

ili
ty

.
T

he
or

em
6

sh
ow

s
th

at
,f

or
la

rg
e

𝑁
,

CM
A

-E
S

an
d

N
ES

ac
tu

al
ly

fo
llo

w
th

e
gr

ad
ien

tfl
ow

of
th

e
qu

an
tit

y
E 𝑃

𝜃
𝑊

𝑓 𝜃
𝑡
:

th
e

up
da

te
ca

n
be

rig
or

ou
sly

de
riv

ed
fro

m
op

tim
iz

in
g

th
e

ex
pe

ct
ed

va
lu

e
of

th
e

in
ve

rs
e-

qu
an

til
e-

re
w

rit
in

g
𝑊

𝑓 𝜃
𝑡
.

3.
T

he
al

te
rn

at
iv

e,
eq

ui
va

le
nt

fo
rm

ul
a

𝐼 𝑖
𝑗
(𝜃

)=
−
∫︀ 𝑥

𝜕
2

ln
𝑃

𝜃
(𝑥

)
𝜕

𝜃
𝑖

𝜕
𝜃

𝑗
𝑃

𝜃
(d

𝑥
)f

or
th

eF
ish

er
m

at
rix

w
ill

no
tn

ec
es

sa
ril

y
yi

el
d

no
n-

ne
ga

tiv
e

m
at

ric
es

th
ro

ug
h

M
on

te
C

ar
lo

sa
m

pl
in

g.
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Inform
ation-G

eom
etric

O
ptim

ization

3.2
M

onotonicity:
Q

uantile
Im

provem
ent

G
radient

descents
com

e
w

ith
a

guarantee
that

the
fitness

value
decreases

over
tim

e.
H

ere,
since

w
e

w
ork

w
ith

probability
distributions

on
𝑋

,
we

need
to

define
a

“fitness”
of

the
distribution

𝑃
𝜃

𝑡.
A

n
obvious

choice
is

the
expectation

E
𝑃

𝜃
𝑡 𝑓,but

it
is

not
invariant

under
𝑓-transform

ation
and

m
oreover

m
ay

be
sensitive

to
extrem

e
values.

It
turns

out
that

the
m

onotonicity
properties

ofthe
IG

O
gradient

flow
depend

on
the

choice
ofthe

selection
schem

e
𝑤

.Forinstance,if
𝑤

(𝑢)=
1

𝑢6
1
/2 ,then

the
m

edian
of

𝑓
under

𝑃
𝜃

𝑡im
proves

over
tim

e.

P
roposition

7
(Q

uantile
im

provem
ent)

C
onsider

the
IG

O
flow

(8),
with

the
weight

𝑤
(𝑢)=

1
𝑢6

𝑞
where

0
<

𝑞
<

1
is

fixed.
T

hen
the

value
ofthe

𝑞-quantile
of

𝑓
im

proves
over

tim
e:

if
𝑡1
6

𝑡2
then

𝑄
𝑞𝑃

𝜃
𝑡2 (𝑓)6

𝑄
𝑞𝑃

𝜃
𝑡1 (𝑓).

H
ere

the
𝑞-quantile

value
𝑄

𝑞𝑃 (𝑓)
of

𝑓
under

a
probability

distribution
𝑃

is
defined

as
the

largestnum
ber

𝑚
such

thatPr
𝑥∼

𝑃 (𝑓(𝑥)>
𝑚

)>
1−

𝑞.Assum
e

m
oreover

that
the

objective
function

𝑓
has

no
plateau,

i.e.
for

any
𝑣
∈

R
and

any
𝜃
∈

Θ
we

have
Pr

𝑥∼
𝑃

𝜃 (𝑓(𝑥)
=

𝑣)
=

0.
T

hen
for

𝑡1
<

𝑡2
either

𝜃
𝑡1

=
𝜃

𝑡2
or

𝑄
𝑞𝑃

𝜃
𝑡2 (𝑓)

<
𝑄

𝑞𝑃
𝜃

𝑡1 (𝑓).

T
he

proofis
given

in
A

ppendix
D

,together
w

ith
the

necessary
regularity

assum
ptions.

N
ote

that
on

a
discrete

search
space,

the
objective

function
has

only
plateaus,

and
the

𝑞-quantile
w

illevolve
by

successive
jum

ps
even

as
𝜃

evolves
continuously.

T
his

property
is

proved
here

only
for

the
IG

O
gradient

flow
(8)

w
ith

𝑁
=
∞

and
𝛿𝑡→

0.Foran
IG

O
algorithm

with
finite

𝑁
,the

dynam
icsisrandom

and
one

cannotexpect
m

onotonicity.
Still,T

heorem
6

ensures
that,w

ith
high

probability,trajectories
ofa

large
enough

finite
population

stay
close

to
the

infinite-population
lim

it
trajectory.

In
A

kim
oto

and
O

llivier
(2013)

this
result

was
extended

to
finite

tim
e

steps
instead

of
infinitesim

al
𝛿𝑡,using

the
IG

O
-M

L
fram

ework
from

Section
4

below
.

3.3
T

he
IG

O
F

low
for

E
xponentialFam

ilies
T

he
expressions

for
the

IG
O

update
sim

plify
som

ew
hat

if
the

fam
ily

𝑃
𝜃

happens
to

be
an

exponentialfam
ily

ofprobability
distributions

(see
also

M
alagò

et
al.2008,2011

for
optim

ization
using

the
naturalgradient

for
exponentialfam

ilies).
T

his
covers,for

instance,
G

aussian
or

Bernoullidistributions.
Suppose

that
𝑃

𝜃
can

be
w

ritten
as

𝑃
𝜃 (d

𝑥)=
1

𝑍
(𝜃) exp

(︁∑︁
𝜃

𝑖 𝑇
𝑖 (𝑥) )︁

𝐻
(d

𝑥)

where
𝑇

1 ,...,𝑇
𝑘

isa
finite

fam
ily

offunctionson
𝑋

,
𝐻

(d
𝑥)isan

arbitrary
reference

m
easure

on
𝑋

,and
𝑍

(𝜃)
is

the
norm

alization
constant.

It
is

well-know
n

(A
m

ariand
N

agaoka,2000,
(2.33))

that
𝜕

ln
𝑃

𝜃 (𝑥)
𝜕

𝜃
𝑖

=
𝑇

𝑖 (𝑥)−
E

𝑃
𝜃 𝑇

𝑖
(19)

so
that

(A
m

ariand
N

agaoka,2000,(3.59))

𝐼
𝑖𝑗 (𝜃)=

C
ov

𝑃
𝜃 (𝑇

𝑖 ,𝑇
𝑗 )

.
(20)
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O
llivier,

A
rnold,

A
uger

and
H

ansen

By
plugging

this
into

the
definition

ofthe
IG

O
flow

(10)
we

find:

P
roposition

8
Let

𝑃
𝜃

be
an

exponentialfam
ily

param
etrized

by
the

naturalparam
eters

𝜃
as

above.
T

hen
the

IG
O

flow
is

given
by

d
𝜃d
𝑡

=
C

ov
𝑃

𝜃 (𝑇
,𝑇

) −
1C

ov
𝑃

𝜃 (𝑇
,𝑊

𝑓𝜃 )
(21)

where
C

ov
𝑃

𝜃 (𝑇
,𝑊

𝑓𝜃 )
denotes

the
vector

(C
ov

𝑃
𝜃 (𝑇

𝑖 ,𝑊
𝑓𝜃 ))

𝑖 ,
and

C
ov

𝑃
𝜃 (𝑇

,𝑇
)

the
m

atrix
(C

ov
𝑃

𝜃 (𝑇
𝑖 ,𝑇

𝑗 ))
𝑖𝑗 .

N
ote

that
the

right-hand
side

does
not

involve
derivatives

w
.r.t.

𝜃
any

m
ore.

T
his

result
m

akesiteasy
to

sim
ulate

the
IG

O
flow

using,e.g.,a
G

ibbssam
plerfor

𝑃
𝜃 :both

covariances
in

(21)m
ay

be
approxim

ated
by

sam
pling,so

thatneitherthe
Fisherm

atrix
northe

gradient
term

need
to

be
know

n
in

advance,and
no

derivatives
are

involved.
T

he
values

ofthe
variables

𝑇
𝑖 =

E
𝑇

𝑖 ,nam
ely

the
expected

value
of

𝑇
𝑖 under

the
current

distribution,can
often

be
used

as
an

alternative
param

etrization
for

an
exponentialfam

ily
(e.g.fora

one-dim
ensionalG

aussian,these
are

the
m

ean
𝜇

and
the

second
m

om
ent

𝜇
2+

𝜎
2).

T
he

IG
O

flow
(9)

m
ay

be
rew

ritten
using

these
variables,using

the
relation

̃︀∇
𝜃

𝑖 =
𝜕

𝜕
𝑇

𝑖

for
the

naturalgradient
ofexponentialfam

ilies
(Proposition

29
in

A
ppendix

D
).O

ne
finds:

P
roposition

9
W

ith
the

sam
e

setting
as

in
Proposition

8,the
expectation

variables
𝑇

𝑖 =
E

𝑃
𝜃 𝑇

𝑖 satisfy
the

following
evolution

equation
under

the
IG

O
flow

d
𝑇

𝑖

d
𝑡

=
C

ov(𝑇
𝑖 ,𝑊

𝑓𝜃 )=
E(𝑇

𝑖 𝑊
𝑓𝜃 )−

𝑇
𝑖 E

𝑊
𝑓𝜃

.
(22)

T
he

proofis
given

in
A

ppendix
D

,in
the

proofofT
heorem

12.
W

e
shallfurther

exploit
this

fact
in

Section
4.

3.3.1
E

xponential
Fam

ilies
w

ith
Latent

V
ariables.

Sim
ilar

form
ulas

hold
w

hen
the

distribution
𝑃

𝜃 (𝑥)
is

the
m

arginalofan
exponentialdistri-

bution
𝑃

𝜃 (𝑥
,ℎ)

over
a

“hidden”
or

“latent”
variable

ℎ,such
as

the
restricted

B
oltzm

ann
m

achines
ofA

ppendix
B.

N
am

ely,w
ith

𝑃
𝜃 (𝑥)=

1
𝑍

(𝜃) ∑︀
ℎ exp( ∑︀

𝑖 𝜃
𝑖 𝑇

𝑖 (𝑥
,ℎ))

𝐻
(d

𝑥
,d

ℎ)
we

have

𝜕
ln

𝑃
𝜃 (𝑥)

𝜕
𝜃

𝑖
=

𝑈
𝑖 (𝑥)−

E
𝑃

𝜃 𝑈
𝑖

(23)

w
here

𝑈
𝑖 (𝑥)=

E
𝑃

𝜃 (𝑇
𝑖 (𝑥

,ℎ)|𝑥)
is

the
expectation

of
𝑇

𝑖 (𝑥
,ℎ)

know
ing

𝑥.
T

hen
the

Fisher
m

atrix
is

𝐼
𝑖𝑗 (𝜃)=

C
ov

𝑃
𝜃 (𝑈

𝑖 ,𝑈
𝑗 )

(24)

and
consequently,the

IG
O

flow
takes

the
form

d
𝜃d
𝑡

=
C

ov
𝑃

𝜃 (𝑈
,𝑈

) −
1C

ov
𝑃

𝜃 (𝑈
,𝑊

𝑓𝜃 )
.

(25)
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In
fo

rm
at

io
n-

G
eo

m
et

ri
c

O
pt

im
iz

at
io

n

3.
4

Fu
rt

he
r

M
at

he
m

at
ic

al
P

ro
pe

rt
ie

s
of

IG
O

IG
O

en
jo

ys
a

nu
m

be
r

of
ot

he
r

m
at

he
m

at
ic

al
pr

op
er

tie
s

th
at

ar
e

ex
pa

nd
ed

up
on

in
A

p-
pe

nd
ix

C
.

∙
By

its
ve

ry
co

ns
tr

uc
tio

n,
th

eI
G

O
flo

w
is

in
va

ria
nt

un
de

ra
nu

m
be

ro
ft

ra
ns

fo
rm

at
io

ns
of

th
e

or
ig

in
al

pr
ob

lem
.F

irs
t,

re
pl

ac
in

g
th

e
ob

je
ct

iv
e

fu
nc

tio
n

𝑓
wi

th
a

st
ric

tly
in

cr
ea

sin
g

fu
nc

tio
n

of
𝑓

do
es

no
t

ch
an

ge
th

e
IG

O
flo

w
(P

ro
po

sit
io

n
17

in
A

pp
en

di
x

C
.1

).
Se

co
nd

,c
ha

ng
in

g
th

e
pa

ra
m

et
er

iz
at

io
n

𝜃
us

ed
fo

r
th

e
fa

m
ily

𝑃
𝜃

(e
.g

.,
le

tt
in

g
𝜃

be
a

va
ria

nc
e

or
a

st
an

da
rd

de
vi

at
io

n)
re

su
lts

in
un

ch
an

ge
d

tr
aj

ec
to

rie
sf

or
th

e
di

st
rib

ut
io

ns
𝑃

𝜃
un

de
r

th
e

IG
O

flo
w

(P
ro

po
sit

io
n

18
in

A
pp

en
di

x
C

.1
).

Fi
na

lly
,t

he
IG

O
flo

w
is

in
se

ns
iti

ve
to

tr
an

sf
or

m
at

io
ns

of
th

e
or

ig
in

al
pr

ob
le

m
by

a
ch

an
ge

of
va

ria
bl

e
in

th
e

se
ar

ch
sp

ac
e

𝑋
its

el
f,

pr
ov

id
ed

th
is

tr
an

sf
or

m
at

io
n

ca
n

be
re

fle
ct

ed
in

th
e

fa
m

ily
of

di
st

rib
ut

io
ns

𝑃
𝜃

(P
ro
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𝐴
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𝑓
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𝑓
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𝜃
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e
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se
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ea
r

fu
nc

tio
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R

𝑑
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in

g
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au
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ia
n

di
st

rib
ut

io
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its
co

nv
er

ge
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n
be
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r
lin
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r
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nc

tio
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st
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ut
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m
ar

ks
w

he
n

im
pl

em
en

tin
g

IG
O

al
go

rit
hm

s.
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m
e

𝑤
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se
le

ct
io

n
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he
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𝑤
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th

e
up

da
te

ru
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ra
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𝑢
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𝑞
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n.

Ta
ki

ng
𝑞

=
1/

2
sp

rin
gs

to
m

in
d

(g
iv

in
g

po
sit

iv
e

w
ei

gh
ts

to
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.
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𝑁
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Inform
ation-G

eom
etric

O
ptim

ization

For
𝑁

=
1,this

is
indispensable.

In
order

to
preserve

sam
pling

consistency
(T

heorem
6)

the
old

sam
ples

need
to

be
reweighted

using
the

ratio
oftheir

likelihood
under

the
current

versus
old

distribution,as
in

im
portance

sam
pling.

In
evolutionary

com
putation,elitist

selection
(also

called
plus-selection)

is
a

com
m

on
approach

w
here

the
all-tim

e
best

sam
ples

are
taken

into
account

in
each

iteration.
Elitist

selection
can

be
m

odelled
in

the
IG

O
fram

ework
by

using
the

currentall-tim
e

bestsam
plesin

addition
to

sam
ples

from
𝑃

𝜃 .
Specifically,in

the
(𝜇

+
𝜆)-selection

schem
e,we

set
𝑁

=
𝜇

+
𝜆

and
let

𝑥
1 ,...,𝑥

𝜇
be

the
current

all-tim
e

𝜇
best

points.
T

hen
w

e
sam

ple
𝜆

new
points,

𝑥
𝜇+

1 ,...,𝑥
𝑁

,from
the

current
distribution

𝑃
𝜃

and
apply

(16)
w

ith
𝑤

(𝑞)=
(𝑁

/𝜇)
1

𝑞≤
𝜇

/𝑁
.

3.5.4
Initialization

A
swith

otherdistribution-based
optim

ization
algorithm

s,itisusually
a

good
idea

to
initialize

in
such

a
way

asto
covera

wide
portion

ofthe
search

space,i.e.
𝜃 0

should
be

chosen
so

that
𝑃

𝜃 0
has

large
diversity.

For
IG

O
algorithm

s
this

is
particularly

effective,since,as
explained

above,the
naturalgradient

provides
m

inim
alchange

ofdiversity
(greedily

at
each

step)
for

a
given

change
in

the
objective

function.

4.
IG

O
,M

axim
um

Likelihood,and
the

C
ross-E

ntropy
M

ethod
In

this
section

we
generalize

the
IG

O
update

for
settings

w
here

the
naturalgradient

m
ay

not
exist.

T
his

generalization
reveals

a
unique

IG
O

algorithm
for

finite
step-sizes

𝛿𝑡
and

a
naturallink

to
the

cross-entropy
m

ethod.

4.1
IG

O
as

a
Sm

ooth-tim
e

M
axim

um
Likelihood

E
stim

ate
T

he
IG

O
flow

turns
out

to
be

the
only

way
to

m
axim

ize
a

weighted
log-likelihood,w

here
points

ofthe
current

distribution
are

slightly
reweighted

according
to

𝑓-preferences.
Thisrelieson

the
following

interpretation
ofthe

naturalgradientasa
weighted

m
axim

um
likelihood

update
w

ith
infinitesim

allearning
rate.

T
his

result
singles

out,in
yet

another
way,the

naturalgradient
am

ong
allpossible

gradients.
T

he
proofis

given
in

A
ppendix

D
.

T
heorem

10
(N

aturalgradient
as

M
L

w
ith

infinitesim
alw

eights)
Let

𝜀
>

0
and

𝜃0 ∈
Θ

.
Let

𝑊
(𝑥)

be
a

function
of

𝑥
and

let
𝜃

be
the

solution
of

𝜃
=

argm
ax

𝜃

{︃
(1−

𝜀) ∫︁
ln

𝑃
𝜃 (𝑥)

𝑃
𝜃0 (d

𝑥)
⏟

 ⏞
 

=
const−

K
L(𝑃

𝜃0 ‖
𝑃

𝜃 ),
m

axim
alfor

𝜃
=

𝜃0

+
𝜀 ∫︁

ln
𝑃

𝜃 (𝑥)
preference

w
eight

biasing
𝑃

𝜃0
⏞
 ⏟
 

𝑊
(𝑥)

𝑃
𝜃0 (d

𝑥) }︃
.

(26)

T
hen,when

𝜀→
0

we
have

𝜃
=

𝜃0 +
𝜀 ∫︁

̃︀∇
𝜃 ln

𝑃
𝜃 (𝑥)

𝑊
(𝑥)

𝑃
𝜃0 (d

𝑥)
+

𝑂
(𝜀 2)

.
(27)

Likewise
for

discrete
sam

ples:
with

𝑥
1 ,...,𝑥

𝑁
∈

𝑋
,let

𝜃
be

the
solution

of

𝜃
=

argm
ax

𝜃

{︃
(1−

𝜀) ∫︁
ln

𝑃
𝜃 (𝑥)

𝑃
𝜃0 (d

𝑥)+
𝜀 ∑︁

𝑖

𝑊
(𝑥

𝑖 )
ln

𝑃
𝜃 (𝑥

𝑖 ) }︃
.

(28)
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O
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A
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A
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and
H
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T
hen

when
𝜀→

0
we

have𝜃
=

𝜃0 +
𝜀 ∑︁

𝑖

𝑊
(𝑥

𝑖 )
̃︀∇

𝜃 ln
𝑃

𝜃 (𝑥
𝑖 )+

𝑂
(𝜀 2)

.
(29)

So
if

𝑊
(𝑥)=

𝑊
𝑓𝜃0 (𝑥)

is
the

weight
ofthe

points
according

to
quantilized

𝑓-preferences,
the

w
eighted

m
axim

um
log-likelihood

necessarily
is

the
IG

O
flow

(9)
using

the
natural

gradient—
or

the
IG

O
update

(17)
w

hen
using

sam
ples.

T
hus

the
IG

O
flow

is
the

unique
flow

that,continuously
in

tim
e,slightly

changes
the

distribution
to

m
axim

ize
the

log-likelihood
ofpoints

w
ith

good
values

of
𝑓.

(In
addition,

IG
O

continuously
updatesthe

weight
𝑊

𝑓𝜃
𝑡 (𝑥)depending

on
𝑓

and
on

the
currentdistribution,

so
that

we
keep

optim
izing.)

Thistheorem
suggestsa

way
to

approxim
atetheIG

O
flow

by
enforcing

thisinterpretation
for

a
given

non-infinitesim
alstep

size
𝛿𝑡,as

follow
s.

D
efinition

11
(IG

O
-M

L
algorithm

)
T

he
IG

O
-M

L
algorithm

with
step

size
𝛿𝑡

updates
the

value
ofthe

param
eter

𝜃
𝑡according

to

𝜃
𝑡+

𝛿𝑡=
argm

ax
𝜃

{︃
(1−

𝛿𝑡 ∑︀𝑖
̂︀𝑤

𝑖 ) ∫︁
ln

𝑃
𝜃 (𝑥)

𝑃
𝜃

𝑡(d
𝑥)

+
𝛿𝑡 ∑︁

𝑖

̂︀𝑤
𝑖 ln

𝑃
𝜃 (𝑥

𝑖 ) }︃
(30)

where
𝑥

1 ,...,𝑥
𝑁

are
sam

ple
points

drawn
according

to
the

distribution
𝑃

𝜃
𝑡,and

̂︀𝑤
𝑖 is

the
weight

(14)
obtained

from
the

ranked
values

ofthe
objective

function
𝑓.

T
he

IG
O

-M
L

algorithm
is

obviously
independent

ofthe
param

etrization
𝜃:

indeed
it

only
depends

on
𝑃

𝜃
itself.

Furtherm
ore,the

IG
O

-M
L

update
(30)

does
not

even
require

a
sm

ooth
param

etrization
ofthe

distribution
anym

ore
(though

in
this

case,a
sm

all
𝛿𝑡

w
ill

likely
result

in
stalling:

𝜃
𝑡+

𝛿𝑡=
𝜃

𝑡ifthe
set

ofpossible
values

for
𝜃

is
discrete).

Like
the

cross-entropy
m

ethod
below

,the
IG

O
-M

L
algorithm

can
be

applied
only

w
hen

the
argm

ax
can

be
com

puted.
It

turns
out

that
for

exponential
fam

ilies,
IG

O
-M

L
is

just
the

IG
O

algorithm
in

a
particular

param
etrization

(see
T

heorem
12).

4.2
T

he
C

ross-E
ntropy

M
ethod

Taking
𝛿𝑡=

1
in

(30)abovecorrespondsto
a

fullm
axim

um
likelihood

update;when
using

the
truncation

selection
schem

e
𝑤

,this
is

the
cross-entropy

m
ethod

(C
EM

).T
he

cross-entropy
m

ethod
can

be
defined

in
an

optim
ization

setting
as

follow
s

(de
B

oer
et

al.,2005).
Like

IG
O

,it
depends

on
a

fam
ily

ofprobability
distributions

𝑃
𝜃

param
etrized

by
𝜃
∈

Θ
,and

a
num

ber
ofsam

ples
𝑁

at
each

iteration.
Let

also
𝑁

𝑒
=
⌈𝑞𝑁
⌉

(0
<

𝑞
<

1)
be

a
num

ber
of

elite
sam

ples.
A

t
each

step,the
cross-entropy

m
ethod

for
optim

ization
sam

ples
𝑁

points
𝑥

1 ,...,𝑥
𝑁

from
the

current
distribution

𝑃
𝜃

𝑡.
Let

̂︀𝑤
𝑖 be

1
/𝑁

𝑒
if

𝑥
𝑖 belongs

to
the

𝑁
𝑒

sam
ples

w
ith

the
best

value
ofthe

objective
function

𝑓,and
̂︀𝑤

𝑖 =
0

otherw
ise.

T
hen

the
cross-entropy

m
ethod

or
m

axim
um

likelihoood
update

(CEM
/M

L)foroptim
ization

is
(de

Boeretal.,2005,
A

lgorithm
3.1)

𝜃
𝑡+

1
=

argm
ax

𝜃

∑︁
̂︀𝑤

𝑖 ln
𝑃

𝜃 (𝑥
𝑖 )

(31)
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at
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nc
e,

th
e

up
da

te
(3

4)
bo

ils
do

w
n

to
𝜇
←

(1
−

𝛿𝑡
)𝜇

+
𝛿𝑡

𝜇
*

an
d

𝜎
2
←

(1
−

𝛿𝑡
)𝜎

2
+

𝛿𝑡
(𝜎

* )
2

+
𝛿𝑡

(1
−

𝛿𝑡
)(

𝜇
*
−

𝜇
)2 ,

w
he

re
𝜇

*
an

d
𝜎

*
de

no
te

th
e

m
ea

n
an

d
st

an
da

rd
de

vi
at

io
n

of
th

e
sa

m
pl

es
𝑥

𝑖.
O

n
th

e
ot

he
r

ha
nd

,w
he

n
us

in
g

sm
oo

th
ed

C
EM

w
ith

m
ea

n
an

d
va

ria
nc

e
as

pa
ra

m
et

er
s,

th
en

ew
va

ria
nc

ei
s(

1−
𝛿𝑡

)𝜎
2 +

𝛿𝑡
(𝜎

* )
2 ,

wh
ich

ca
n

be
sig

ni
fic

an
tly

sm
al

ler
fo

r𝛿
𝑡
∈

(0
,1

).
Th

is
pr

ov
es

,i
n

pa
ss

in
g,

th
at

th
e

sm
oo

th
ed

C
EM

up
da

te
in

ot
he

r
pa

ra
m

et
riz

at
io

ns
is

ge
ne

ra
lly

no
t

an
IG

O
al

go
rit

hm
(b

ec
au

se
it

ca
n

di
ffe

r
at

fir
st

or
de

r
in

𝛿𝑡
).

T
he

ca
se

of
G

au
ss

ia
n

di
st

rib
ut

io
ns

is
fu

rt
he

r
ex

em
pl

ifi
ed

in
Se

ct
io

n
5.

2
be

lo
w

:
in

pa
rt

ic
-

ul
ar

,s
m

oo
th

ed
C

EM
in

th
e

(𝜇
,𝜎

)
pa

ra
m

et
riz

at
io

n
al

m
os

t
in

va
ria

bl
y

ex
hi

bi
ts

a
re

du
ct

io
n

of
va

ria
nc

e,
of

te
n

le
ad

in
g

to
pr

em
at

ur
e

co
nv

er
ge

nc
e.

Fo
r

th
es

e
re

as
on

s
we

th
in

k
th

at
th

e
IG

O
-M

L
al

go
rit

hm
is

th
e

se
ns

ib
le

wa
y

to
de

fin
e

an
in

te
rp

ol
at

ed
M

L
es

tim
at

e
fo

r
𝛿𝑡

<
1

in
a

pa
ra

m
et

riz
at

io
n-

in
de

pe
nd

en
t

wa
y

(s
ee

ho
we

ve
r

th
e

an
al

ys
is

of
a

cr
iti

ca
l𝛿

𝑡
in

Se
ct

io
n

5.
2)

.
In

A
pp

en
di

x
A

we
fu

rt
he

r
di

sc
us

s
IG

O
an

d
C

EM
an

d
su

m
up

th
e

di
ffe

re
nc

es
an

d
re

la
tiv

e
ad

va
nt

ag
es

.
Ta

ki
ng

𝛿𝑡
=

1
is

a
bo

ld
ap

pr
ox

im
at

io
n

ch
oi

ce
:

th
e

“i
de

al
”

co
nt

in
uo

us
-t

im
e

IG
O

flo
w

its
elf

,a
fte

rt
im

e
1,

do
es

no
tc

oi
nc

id
e

wi
th

th
e

m
ax

im
um

lik
eli

ho
od

up
da

te
of

th
e

be
st

po
in

ts
in

th
e

sa
m

pl
e.

Si
nc

e
th

e
m

ax
im

um
lik

el
ih

oo
d

al
go

rit
hm

is
kn

ow
n

to
co

nv
er

ge
pr

em
at

ur
el

y
in

so
m

e
in

st
an

ce
s

(S
ec

tio
n

5.
2)

,u
sin

g
th

e
pa

ra
m

et
riz

at
io

n
by

ex
pe

ct
at

io
n

pa
ra

m
et

er
s

w
ith

la
rg

e
𝛿𝑡

m
ay

no
t

be
de

sir
ab

le
.

Th
ec

on
sid

er
ab

le
sim

pl
ifi

ca
tio

n
of

th
eI

G
O

up
da

te
in

th
es

ec
oo

rd
in

at
es

re
fle

ct
st

he
du

al
ity

of
co

or
di

na
te

s
𝑇

𝑖
an

d
𝜃 𝑖

.
M

or
e

pr
ec

ise
ly

,t
he

na
tu

ra
lg

ra
di

en
t

as
ce

nt
w

.r.
t.

th
e

pa
ra

m
et

er
s

𝑇
𝑖

is
gi

ve
n

by
th

e
va

ni
lla

gr
ad

ie
nt

w
.r.

t.
th

e
pa

ra
m

et
er

s
𝜃 𝑖

:

̃︀ ∇
𝑇

𝑖
=

𝜕 𝜕
𝜃 𝑖

(P
ro

po
sit

io
n

29
in

A
pp

en
di

x
D

).
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Inform
ation-G

eom
etric

O
ptim

ization

5.
C

M
A

-E
S,N

E
S,E

D
A

s
and

P
B

IL
from

the
IG

O
Fram

ew
ork

In
thissection

we
investigate

the
IG

O
algorithm

sforBernoullim
easuresand

form
ultivariate

norm
aldistributions,and

show
the

correspondence
to

w
ell-know

n
algorithm

s.
R

estricted
Boltzm

ann
m

achinesaregiven
asa

third,novelexam
ple.In

addition,wediscusstheinfluence
ofthe

param
etrization

ofthe
distributions.

5.1
P

B
IL

and
cG

A
as

IG
O

A
lgorithm

s
for

B
ernoulliM

easures
Letusconsideron

𝑋
=
{0,1}

𝑑
a

fam
ily

ofBernoullim
easures

𝑃
𝜃 (𝑥)=

𝑝
𝜃1 (𝑥

1 )×
...×

𝑝
𝜃

𝑑 (𝑥
𝑑 )

with
𝑝

𝜃
𝑖 (𝑥

𝑖 )=
𝜃

𝑥
𝑖

𝑖
(1−

𝜃
𝑖 ) 1−

𝑥
𝑖,with

each
𝜃

𝑖 ∈
[0;1].A

sthisfam
ily

isa
productofprobability

m
easures

𝑝
𝜃

𝑖 (𝑥
𝑖 ),thedifferentcom

ponentsofa
random

vector
𝑦

following
𝑃

𝜃 areindependent
and

alloff-diagonalterm
s

ofthe
Fisher

inform
ation

m
atrix

are
zero.

D
iagonalterm

s
are

given
by

1
𝜃

𝑖 (1−
𝜃

𝑖 ) .
T

herefore
the

inverse
of

the
Fisher

m
atrix

is
a

diagonalm
atrix

w
ith

diagonalentries
equalto

𝜃
𝑖 (1−

𝜃
𝑖 ).

In
addition,the

partialderivative
ofln

𝑃
𝜃 (𝑥)

w.r.t.
𝜃

𝑖 is
com

puted
in

a
straightforward

m
anner

resulting
in

𝜕
ln

𝑃
𝜃 (𝑥)

𝜕
𝜃

𝑖
=

𝑥
𝑖

𝜃
𝑖 −

1−
𝑥

𝑖

1−
𝜃

𝑖
.

Let
𝑥

1 ,...,𝑥
𝑁

be
𝑁

sam
ples

at
step

𝑡w
ith

distribution
𝑃

𝜃
𝑡and

let
𝑥

1:𝑁
,...,𝑥

𝑁
:𝑁

be
the

sam
ples

ranked
according

to
𝑓

value.
T

he
naturalgradient

update
(18)

w
ith

B
ernoulli

m
easures

is
then

𝜃
𝑡+

𝛿𝑡
𝑖

=
𝜃

𝑡𝑖 +
𝛿𝑡

𝜃
𝑡𝑖 (1−

𝜃
𝑡𝑖 )

𝑁∑︁𝑗=
1
𝑤

𝑗 (︃
[𝑥

𝑗:𝑁
]𝑖

𝜃
𝑡𝑖

−
1−

[𝑥
𝑗:𝑁

]𝑖
1−

𝜃
𝑡𝑖

)︃
(35)

w
here

𝑤
𝑗 =

𝑤
((𝑗−

1
/2)/𝑁

)/𝑁
and

[𝑦]𝑖 denotes
the

𝑖 th
coordinate

of
𝑦
∈

𝑋
.

T
he

previous
equation

sim
plifies

to

𝜃
𝑡+

𝛿𝑡
𝑖

=
𝜃

𝑡𝑖 +
𝛿𝑡

𝑁∑︁𝑗=
1
𝑤

𝑗 (︁[𝑥
𝑗:𝑁

]𝑖 −
𝜃

𝑡𝑖 )︁
,

(36)

or,denoting
𝑤

the
sum

ofthe
weights

∑︀
𝑁𝑗=

1
𝑤

𝑗 ,

𝜃
𝑡+

𝛿𝑡
𝑖

=
(1−

𝑤
𝛿𝑡)

𝜃
𝑡𝑖 +

𝛿𝑡
𝑁∑︁𝑗=

1
𝑤

𝑗 [𝑥
𝑗:𝑁

]𝑖
.

(37)

T
he

algorithm
so

obtained
coincides

w
ith

the
so-called

population-based
increm

ental
learning

algorithm
(PB

IL,B
aluja

and
C

aruana
1995)

for
𝑁

=
NUMBER_SAMPLES

and
the

appropriate
(usually

non-negative)weights
𝑤

𝑗 ,aswellaswith
the

com
pactgenetic

algorithm
(cG

A
,H

arik
etal.1999)for

𝑁
=

2
and

𝑤
1

=
−

𝑤
2 .

D
ifferentvariantsofPBIL

correspond
to

differentchoicesofthe
selection

schem
e

𝑤
.In

cG
A

,com
ponentsforwhich

both
sam

pleshave
the

sam
e

value
are

unchanged,because
𝑤

1 +
𝑤

2
=

0.
W

e
have

thus
proved

the
follow

ing.

P
roposition

14
The

IG
O

algorithm
on
{0,1}

𝑑
using

Bernoullim
easures

param
etrized

by
𝜃

as
above,coincides

with
the

com
pact

G
enetic

A
lgorithm

(cG
A

)
when

𝑁
=

2
and

𝑤
1

=
−

𝑤
2 .
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O
llivier,

A
rnold,

A
uger

and
H

ansen

M
oreover,

it
coincides

with
Population-B

ased
Increm

entalLearning
(PB

IL)
with

the
following

correspondence
ofparam

eters.
The

PBIL
algorithm

using
the

𝜇
bestsolutions,see

B
aluja

and
C

aruana
(1995,Figure

4),is
recovered

4
using

𝛿𝑡
=

lr,
𝑤

𝑗
=

(1−
lr)

𝑗−
1

for
𝑗

=
1,...,𝜇,and

𝑤
𝑗 =

0
for

𝑗
=

𝜇
+

1
,...,𝑁

.
If

the
selection

schem
e

of
IG

O
is

chosen
as

𝑤
1

=
1,

𝑤
𝑗

=
0

for
𝑗

=
2
,...,𝑁

,
IG

O
recovers

the
PBIL/EG

A
algorithm

with
update

rule
towards

the
bestsolution

(Baluja,1994,
Figure

4),with
𝛿𝑡=

lr
(the

learning
rate

ofPBIL)and
m

ut_
probability

=
0

(no
random

m
utation

of
𝜃).

Interestingly,the
param

eters
𝜃

𝑖 are
the

expectation
param

eters
described

in
Section

4:
indeed,

the
expectation

of
𝑥

𝑖
is

𝜃
𝑖 .

So
the

form
ulas

above
are

particular
cases

of
(34).

T
hus,by

T
heorem

12,PBIL
is

both
a

sm
oothed

C
EM

in
these

param
eters

and
an

IG
O

-M
L

algorithm
.

Let
us

now
consider

another,
so-called

“logit”
representation,

given
by

the
logistic

function
𝑃

(𝑥
𝑖 =

1)=
1

1+
exp(−

𝜃
𝑖 ) .

T
his

𝜃
is

the
exponentialparam

etrization
ofSection

3.3.
W

e
find

that
𝜕

ln
𝑃

𝜃 (𝑥)

𝜕
𝜃

𝑖

=
(𝑥

𝑖 −
1)+

exp(−
𝜃

𝑖 )
1

+
exp(−

𝜃
𝑖 )

=
𝑥

𝑖 −
E

𝑥
𝑖

(38)

(cf.Eq.19)
and

that
the

diagonalelem
ents

ofthe
Fisher

inform
ation

m
atrix

are
given

by
exp(−

𝜃
𝑖 )/(1

+
exp(−

𝜃
𝑖 )) 2

=
Var

𝑥
𝑖 (as

per
Eq.20).

So
the

naturalgradient
update

(18)
w

ith
Bernoullim

easures
in

param
etrization

𝜃
reads

𝜃
𝑡+

𝛿𝑡
𝑖

=
𝜃

𝑡𝑖 +
𝛿𝑡(1

+
exp(𝜃

𝑡𝑖 )) ⎛⎝
−

𝑤
+

(1
+

exp(−
𝜃

𝑡𝑖 ))
𝑁∑︁𝑗=

1
𝑤

𝑗 [𝑥
𝑗:𝑁

]𝑖 ⎞⎠
.

(39)

To
bettercom

pare
the

update
with

the
previousrepresentation,note

that
𝜃

𝑖 =
1

1+
exp(−

𝜃
𝑖 )

and
thus

we
can

rew
rite𝜃

𝑡+
𝛿𝑡

𝑖
=

𝜃
𝑡𝑖 +

𝛿𝑡

𝜃
𝑡𝑖 (1−

𝜃
𝑡𝑖 )

𝑁∑︁𝑗=
1
𝑤

𝑗 (︁[𝑥
𝑗:𝑁

]𝑖 −
𝜃

𝑡𝑖 )︁
.

(40)

So
the

direction
ofthe

update
is

the
sam

e
as

before
and

is
given

by
the

proportion
of

bits
set

to
0

or
1

in
the

best
sam

ples,com
pared

to
its

expected
value

under
the

current
distribution.

T
he

m
agnitude

ofthe
update

is
different

since
the

param
eter

𝜃
ranges

from
−
∞

to
+
∞

instead
offrom

0
to

1.
W

e
did

not
find

this
algorithm

in
the

literature.
T

hese
updates

also
illustrate

the
influence

of
setting

the
sum

of
weights

to
0

or
not

(Section
3.5).

If,at
som

e
tim

e,the
first

bit
is

equalto
1

both
for

a
m

ajority
ofgood

points
and

for
a

m
ajority

ofbad
points,then

the
originalPB

IL
w

illincrease
the

probability
of

setting
the

first
bit

to
1,w

hich
is

counterintuitive.
Ifthe

weights
𝑤

𝑖 are
chosen

to
sum

to
0

this
noise

effect
disappears;otherw

ise,it
disappears

only
on

average.

4.
N

ote
that

the
pseudocode

for
the

algorithm
in

B
aluja

and
C

aruana
(1995,Figure

4)
is

slightly
erroneous

since
it

gives
sm

aller
weights

to
better

individuals.
T

he
error

can
be

fixed
by

updating
the

probability
in

reversed
order,looping

from
NUMBER_OF_VECTORS_TO_UPDATE_FROM

to
1.

T
his

was
confirm

ed
by

S.B
aluja

in
personalcom

m
unication.

W
e

consider
here

the
corrected

version
ofthe

algorithm
.
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In
fo

rm
at

io
n-

G
eo

m
et

ri
c

O
pt

im
iz
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io

n

5.
2

M
ul

ti
va

ri
at

e
N

or
m

al
D

is
tr

ib
ut

io
ns

(G
au

ss
ia

ns
)

Ev
ol

ut
io

n
st

ra
te

gi
es

(R
ec

he
nb

er
g,

19
73

;S
ch

we
fe

l,
19

95
;B

ey
er

an
d

Sc
hw

ef
el,

20
02

)a
re

bl
ac

k-
bo

x
op

tim
iz

at
io

n
al

go
rit

hm
s

fo
r

th
e

co
nt

in
uo

us
se

ar
ch

do
m

ai
n,

𝑋
⊆

R
𝑑

(fo
r

sim
pl

ic
ity

we
as

su
m

e
𝑋

=
R

𝑑
in

th
e

fo
llo

wi
ng

),
wh

ich
us

e
m

ul
tiv

ar
ia

te
no

rm
al

di
st

rib
ut

io
ns

to
sa

m
pl

e
ne

w
so

lu
tio

ns
.

In
th

e
co

nt
ex

t
of

co
nt

in
uo

us
bl

ac
k-

bo
x

op
tim

iz
at

io
n,

N
at

ur
al

Ev
ol

ut
io

n
St

ra
te

gi
es

(N
ES

)
in

tr
od

uc
ed

th
e

id
ea

of
us

in
g

a
na

tu
ra

lg
ra

di
en

t
up

da
te

of
th

e
di

st
rib

ut
io

n
pa

ra
m

et
er

s
(W

ie
rs

tr
a

et
al

.,
20

08
;S

un
et

al
.,

20
09

;G
la

sm
ac

he
rs

et
al

.,
20

10
;W

ie
rs

tr
a

et
al

.,
20

14
).

Su
rp

ris
in

gl
y,

th
e

w
el

l-k
no

w
n

C
ov

ar
ia

nc
e

M
at

ri
x

Ad
ap

tio
n

Ev
ol

ut
io

n
St

ra
te

gy
(C

M
A

-E
S,

H
an

se
n

an
d

O
st

er
m

eie
r1

99
6,

20
01

;H
an

se
n

et
al

.2
00

3;
H

an
se

n
an

d
K

er
n

20
04

;J
as

tr
eb

sk
ia

nd
A

rn
ol

d
20

06
)a

lso
tu

rn
so

ut
to

co
nd

uc
ta

na
tu

ra
lg

ra
di

en
tu

pd
at

e
of

di
st

rib
ut

io
n

pa
ra

m
et

er
s

(A
ki

m
ot

o
et

al
.,

20
10

;G
la

sm
ac

he
rs

et
al

.,
20

10
).

Le
t𝑥
∈
R

𝑑
.A

st
he

m
os

tp
ro

m
in

en
te

xa
m

pl
e,

we
us

e
m

ea
n

ve
ct

or
𝑚

=
E𝑥

an
d

co
va

ria
nc

e
m

at
rix

𝐶
=

E(
𝑥
−

𝑚
)(

𝑥
−

𝑚
)T

=
E(

𝑥
𝑥

T
)−

𝑚
𝑚

T
to

pa
ra

m
et

riz
e

a
no

rm
al

di
st

rib
ut

io
n

vi
a

𝜃
=

(𝑚
,𝐶

).
T

he
IG

O
up

da
te

in
(1

7)
or

(1
8)

in
th

is
pa

ra
m

et
riz

at
io

n
ca

n
no

w
be

en
tir

el
y

fo
rm

ul
at

ed
w

ith
ou

t
th

e
(in

ve
rs

e)
Fi

sh
er

m
at

rix
,s

im
ila

rly
to

(3
4)

or
(2

2)
.

T
he

co
m

pl
ex

ity
of

th
e

up
da

te
is

lin
ea

r
in

th
e

nu
m

be
r

of
pa

ra
m

et
er

s
(s

iz
e

of
𝜃

=
(𝑚

,𝐶
),

w
he

re
(𝑑

2
−

𝑑
)/

2
pa

ra
m

et
er

s
ar

e
re

du
nd

an
t)

.
Le

t
us

di
sc

us
s

kn
ow

n
al

go
rit

hm
s

th
at

im
pl

em
en

t
up

da
te

s
of

th
is

ki
nd

.

5.
2.

1
C

M
A

-E
S.

T
he

ra
nk

-𝜇
-u

pd
at

e
C

M
A

-E
S

im
pl

em
en

ts
th

e
eq

ua
tio

ns
5

𝑚
𝑡+

1
=

𝑚
𝑡
+

𝜂 m

𝑁 ∑︁ 𝑖=
1
̂︀ 𝑤

𝑖(𝑥
𝑖
−

𝑚
𝑡 )

(4
1)

𝐶
𝑡+

1
=

𝐶
𝑡
+

𝜂 c

𝑁 ∑︁ 𝑖=
1
̂︀ 𝑤

𝑖((
𝑥

𝑖
−

𝑚
𝑡 )(

𝑥
𝑖
−

𝑚
𝑡 )T
−

𝐶
𝑡 )

(4
2)

w
he

re
̂︀ 𝑤

𝑖
ar

e
th

e
we

ig
ht

s
ba

se
d

on
ra

nk
ed

𝑓
-v

al
ue

s,
se

e
(1

4)
an

d
(1

7)
.

P
ro

po
si

ti
on

15
Th

e
IG

O
up

da
te

(1
7)

fo
r

G
au

ss
ia

n
di

st
ri

bu
tio

ns
in

th
e

pa
ra

m
et

ri
za

tio
n

by
m

ea
n

an
d

co
va

ri
an

ce
m

at
ri

x
(𝑚

,𝐶
),

co
in

ci
de

s
wi

th
th

e
CM

A
-E

S
up

da
te

eq
ua

tio
ns

(4
1)

an
d

(4
2)

wi
th

𝜂 c
=

𝜂 m
.

T
hi

s
re

su
lt

is
es

se
nt

ia
lly

du
e

to
A

ki
m

ot
o

et
al

.(
20

10
)

an
d

G
la

sm
ac

he
rs

et
al

.(
20

10
),

w
ho

sh
ow

ed
th

at
th

e
C

M
A

-E
S

up
da

te
w

ith
𝜂 c

=
𝜂 m

is
a

na
tu

ra
lg

ra
di

en
t

up
da

te
6 .

H
ow

ev
er

,i
n

de
vi

at
io

n
fro

m
th

e
IG

O
al

go
rit

hm
,t

he
lea

rn
in

g
ra

te
s𝜂

m
an

d
𝜂 c

ar
e

as
sig

ne
d

di
ffe

re
nt

va
lu

es
if

𝑁
≪

di
m

Θ
in

C
M

A
-E

S7 .
N

ot
e

th
at

th
e

Fi
sh

er
in

fo
rm

at
io

n
m

at
rix

is
bl

oc
k-

di
ag

on
al

in
𝑚

an
d

𝐶
(A

ki
m

ot
o

et
al

.,
20

10
),

so
th

at
ap

pl
ic

at
io

n
of

th
e

di
ffe

re
nt

5.
T

he
C

M
A

-E
S

im
pl

em
en

ts
th

es
e

eq
ua

tio
ns

gi
ve

n
th

e
pa

ra
m

et
er

se
tt

in
g

𝑐 1
=

0
an

d
𝑐 𝜎

=
0

(o
r

𝑑
𝜎

=
∞

,s
ee

e.
g.

H
an

se
n

20
09

)
th

at
di

se
ng

ag
es

th
e

eff
ec

t
of

th
e

ra
nk

-o
ne

up
da

te
an

d
of

st
ep

siz
e

co
nt

ro
la

nd
th

er
ef

or
e

of
bo

th
so

-c
al

le
d

ev
ol

ut
io

n
pa

th
s.

6.
In

th
es

e
ar

tic
le

s
th

e
re

su
lt

ha
s

be
en

de
riv

ed
fo

r
𝜃
←

𝜃
+

𝜂
̃︀ ∇ 𝜃

E 𝑃
𝜃
𝑓

,s
ee

(1
1)

,l
ea

di
ng

to
𝑓

(𝑥
𝑖
)

in
pl

ac
e

of
̂︀𝑤 𝑖

.
N

o
as

su
m

pt
io

ns
on

𝑓
ha

ve
be

en
us

ed
be

sid
es

th
at

it
do

es
no

t
de

pe
nd

on
𝜃
.

C
on

se
qu

en
tly

,b
y

re
pl

ac
in

g
𝑓

w
ith

𝑊
𝑓 𝜃
𝑡
,w

he
re

𝜃
𝑡

is
fix

ed
,t

he
de

riv
at

io
n

ho
ld

s
eq

ua
lly

w
el

lf
or

𝜃
←

𝜃
+

𝜂
̃︀ ∇ 𝜃

E 𝑃
𝜃
𝑊

𝑓 𝜃
𝑡
.

7.
Sp

ec
ifi

ca
lly

,l
et
∑︀
|̂︀𝑤

𝑖
|=

1,
th

en
th

e
se

tt
in

gs
ar

e
𝜂

m
=

1
an

d
𝜂

c
≈

1/
(𝑑

2
∑︀
̂︀𝑤2 𝑖

)
(H

an
se

n,
20

06
b)

.
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O
ll

iv
ie

r,
A

rn
ol

d,
A

ug
er

an
d

H
an

se
n

le
ar

ni
ng

ra
te

s
an

d
of

th
e

in
ve

rs
e

Fi
sh

er
m

at
rix

co
m

m
ut

e.
M

or
eo

ve
r,

C
M

A
-E

S
us

es
a

pa
th

cu
m

ul
at

io
n

m
et

ho
d

to
ad

ju
st

th
e

st
ep

siz
es

,w
hi

ch
is

no
t

co
ve

re
d

by
th

e
IG

O
fr

am
ew

or
k

(s
ee

A
pp

en
di

x
A

).

5.
2.

2
C

on
ve

ni
en

t
R

ep
ar

am
et

ri
za

ti
on

s
O

ve
r

T
im

e.

Fo
rp

ra
ct

ica
lp

ur
po

se
s,

at
ea

ch
st

ep
it

is
co

nv
en

ien
tt

o
wo

rk
in

a
re

pr
es

en
ta

tio
n

of
𝜃

in
wh

ich
th

e
di

ag
on

al
Fi

sh
er

m
at

rix
𝐼
(𝜃

𝑡 )
ha

s
a

sim
pl

e
fo

rm
,e

.g
.,

di
ag

on
al

w
ith

sim
pl

e
di

ag
on

al
en

tr
ie

s.
It

is
ge

ne
ra

lly
no

t
po

ss
ib

le
to

ob
ta

in
su

ch
a

re
pr

es
en

ta
tio

n
fo

r
al

l𝜃
sim

ul
ta

ne
ou

sly
.

St
ill

it
is

al
wa

ys
po

ss
ib

le
to

fin
d

a
tr

an
sf

or
m

at
io

n
ac

hi
ev

in
g

a
di

ag
on

al
Fi

sh
er

m
at

rix
at

a
sin

gl
e

pa
ra

m
et

er
𝜃𝑡 ,

in
m

ul
tip

le
w

ay
s

(it
am

ou
nt

s
to

ch
oo

sin
g

a
ba

sis
of

pa
ra

m
et

er
sp

ac
e

w
hi

ch
is

or
th

og
on

al
in

th
e

Fi
sh

er
m

et
ric

).
Su

ch
a

re
pr

es
en

ta
tio

n
is

ne
ve

r
un

iq
ue

an
d

no
t

in
tr

in
sic

,y
et

it
st

ill
pr

ov
id

es
a

co
nv

en
ie

nt
wa

y
to

w
rit

e
th

e
al

go
rit

hm
s.

Fo
r

C
M

A
-E

S,
on

e
su

ch
re

pr
es

en
ta

tio
n

ca
n

be
fo

un
d

by
se

nd
in

g
th

e
cu

rr
en

t
co

va
ri-

an
t

m
at

rix
𝐶

𝑡
to

th
e

id
en

tit
y,

e.
g.

,
by

re
pr

es
en

tin
g

th
e

m
ea

n
an

d
co

va
ria

nc
e

m
at

rix
by

((
𝐶

𝑡 )−
1/

2 𝑚
,(

𝐶
𝑡 )−

1/
2 𝐶

(𝐶
𝑡 )−

1/
2 )

in
st

ea
d

of
(𝑚

,𝐶
).

Th
en

th
e

Fi
sh

er
m

at
rix

𝐼
(𝜃

𝑡 )
at

(𝑚
𝑡 ,

𝐶
𝑡 )

be
co

m
es

di
ag

on
al

.T
he

ne
xt

al
go

rit
hm

we
di

sc
us

s,
xN

ES
(G

la
sm

ac
he

rs
et

al
.,

20
10

),
ex

pl
oi

ts
th

is
po

ss
ib

ili
ty

in
a

lo
ga

rit
hm

ic
re

pr
es

en
ta

tio
n

of
th

e
co

va
ria

nc
e

m
at

rix
.

5.
2.

3
N

at
ur

al
E

vo
lu

ti
on

St
ra

te
gi

es
.

N
at

ur
al

ev
ol

ut
io

n
st

ra
te

gi
es

(N
ES

,W
ie

rs
tr

a
et

al
.2

00
8;

Su
n

et
al

.2
00

9)
im

pl
em

en
t

(4
1)

as
we

ll,
w

hi
le

us
in

g
a

C
ho

le
sk

y
de

co
m

po
sit

io
n

of
𝐶

as
th

e
pa

ra
m

et
riz

at
io

n
fo

r
th

e
up

da
te

of
th

e
va

ria
nc

e
pa

ra
m

et
er

s.
T

he
re

su
lti

ng
up

da
te

th
at

re
pl

ac
es

(4
2)

is
ne

ith
er

pa
rt

ic
ul

ar
ly

el
eg

an
t

no
r

nu
m

er
ic

al
ly

effi
ci

en
t.

T
he

m
or

e
re

ce
nt

xN
ES

(G
la

sm
ac

he
rs

et
al

.,
20

10
)

ch
oo

se
s

an
“e

xp
on

en
tia

l”
pa

ra
m

et
riz

at
io

n
th

at
na

tu
ra

lly
de

pe
nd

s
on

th
e

cu
rr

en
t

pa
ra

m
et

er
s.

T
hi

s
le

ad
s

to
an

el
eg

an
t

fo
rm

ul
at

io
n

w
he

re
th

e
ad

di
tiv

e
up

da
te

in
ex

po
ne

nt
ia

lp
ar

am
et

riz
at

io
n

be
co

m
es

a
m

ul
tip

lic
at

iv
e

up
da

te
fo

r
𝐶

.
W

ith
𝐶

=
𝐴

𝐴
T

,t
he

m
at

rix
up

da
te

re
ad

s

𝐴
←

𝐴
×

ex
p
(︃

𝜂 c 2

𝑁 ∑︁ 𝑖=
1
̂︀ 𝑤

𝑖
×

(𝑧
𝑖𝑧

T 𝑖
−

I 𝑑
))︃

(4
3)

w
he

re
𝑧 𝑖

=
𝐴

−
1 (

𝑥
𝑖
−

𝑚
)

an
d

I 𝑑
is

th
e

id
en

tit
y

m
at

rix
.

Fr
om

(4
3)

th
e

up
da

te
d

co
va

ria
nc

e
m

at
rix

is
𝐶
←

𝐴
×

ex
p
(︁ 𝜂 c

∑︀
𝑁 𝑖=

1
̂︀ 𝑤

𝑖
×

(𝑧
𝑖𝑧

T 𝑖
−

I 𝑑
))︁
×

𝐴
T

.
C

om
pa

re
d

to
(4

2)
,t

he
up

da
te

ha
s

th
e

ad
va

nt
ag

e
th

at
al

so
ne

ga
tiv

e
w

ei
gh

ts
,
̂︀ 𝑤

𝑖
<

0,
al

w
ay

s
le

ad
to

a
fe

as
ib

le
co

va
ria

nc
e

m
at

rix
.

B
y

de
fa

ul
t,

xN
ES

se
ts

𝜂 m
̸=

𝜂 c
in

th
e

sa
m

e
cir

cu
m

st
an

ce
s

as
in

CM
A

-E
S,

bu
tc

on
tr

ar
y

to
CM

A
-E

S
th

e
pa

st
ev

ol
ut

io
n

pa
th

is
no

tt
ak

en
in

to
ac

co
un

t
(G

la
sm

ac
he

rs
et

al
.,

20
10

).
W

he
n

𝜂 c
=

𝜂 m
,

xN
ES

is
co

ns
ist

en
t

w
ith

th
e

IG
O

flo
w

(8
),

an
d

im
pl

em
en

ts
an

IG
O

al
go

rit
hm

(1
7)

sli
gh

tly
ge

ne
ra

liz
ed

in
th

at
it

us
es

a
𝜃𝑡 -d

ep
en

de
nt

pa
ra

m
et

riz
at

io
n,

w
hi

ch
re

pr
es

en
ts

th
e

cu
rr

en
t

co
va

ria
nc

e
m

at
rix

by
0.

N
am

el
y,

we
ha

ve
:

P
ro

po
si

ti
on

16
(e

xp
on

en
ti

al
IG

O
up

da
te

of
G

au
ss

ia
ns

)
Le

t(
𝑚

𝑡 ,
𝐶

𝑡 )
be

th
e

cu
rr

en
t

m
ea

n
an

d
co

va
ri

an
ce

m
at

ri
x.

Le
t𝐶

𝑡
=

𝐴
𝐴

T
.

Le
t𝜃

be
th

e
tim

e-
de

pe
nd

en
tp

ar
am

et
ri

za
tio

n
of

th
e

sp
ac

e
of

G
au

ss
ia

n
di

st
ri

bu
tio

ns
,w

hi
ch

pa
ra

m
et

ri
ze

s
th

e
G

au
ss

ia
n

di
st

ri
bu

tio
n

(𝑚
,𝐶

)
by

𝜃
=

(𝑚
,𝑅

),
𝑅

=
ln

(𝐴
−

1 𝐶
(𝐴

T
)−

1 )
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Inform
ation-G

eom
etric

O
ptim

ization

where
ln

is
the

logarithm
of

positive
m

atrices.
(N

ote
that

the
current

value
𝐶

𝑡
of

𝐶
is

represented
as

𝑅
=

0.)
Then

the
IG

O
update

(17)
in

the
param

etrization
𝜃

is
as

follows:
the

m
ean

𝑚
is

updated
as

in
C

M
A

-ES
(41),and

the
param

eter
𝑅

is
updated

as

𝑅
←

𝛿𝑡
𝑁∑︁𝑖=

1
̂︀𝑤

𝑖 ×
(𝐴

−
1(𝑥

𝑖 −
𝑚

)(𝑥
𝑖 −

𝑚
) T(𝐴

T) −
1−

I𝑑 )
(44)

thus
resulting

in
the

sam
e

update
as

(43)
(with

𝜂c
=

𝛿𝑡)
for

the
covariance

m
atrix:

𝐶
←

𝐴
exp(𝑅

)𝐴
T.

P
roof

Indeed,by
basic

differentialgeom
etry,ifparam

etrization
𝜃 ′=

𝜙(𝜃)
is

used,the
IG

O
update

for
𝜃 ′is

𝐷
𝜙(𝜃

𝑡)
applied

to
the

IG
O

update
for

𝜃,w
here

𝐷
𝜙

is
the

differentialof
𝜙.

H
ere,given

the
update

(42)
for

𝐶
,to

find
the

update
for

𝑅
w

e
have

to
com

pute
the

differentialofthe
m

ap
𝐶
↦→

ln(𝐴
−

1𝐶
(𝐴

T) −
1)

taken
at

𝐶
=

𝐴
𝐴

T:
for

any
m

atrix
𝑀

w
e

have
ln(𝐴

−
1(𝐴

𝐴
T

+
𝜀𝑀

)(𝐴
T) −

1)=
𝜀

𝐴
−

1𝑀
(𝐴

T) −
1+

𝑂
(𝜀 2).

So
to

find
the

update
for

the
variable

𝑅
we

have
to

apply
𝐴

−
1

...(𝐴
T) −

1
to

the
update

(42)
for

𝐶
.

5.2.4
C

ross-E
ntropy

M
ethod

and
E

M
N

A

Estim
ation

ofdistribution
algorithm

s(ED
A

)and
thecross-entropy

m
ethod

(CEM
,Rubinstein

1999;R
ubinstein

and
K

roese
2004)

estim
ate

a
new

distribution
from

a
censored

sam
ple.

G
enerally,the

new
param

eter
value

can
be

w
ritten

as

𝜃m
axLL

=
argm

ax𝜃

𝑁∑︁𝑖=
1
̂︀𝑤

𝑖 ln
𝑃

𝜃 (𝑥
𝑖 )

(45)

−→
𝑁

→
∞

argm
ax𝜃

E
𝑃

𝜃
𝑡 𝑊

𝑓𝜃
𝑡 ln

𝑃
𝜃

by
Theorem

6.H
ere,the

weights
𝑤

𝑖 are
equalto

1/𝜇
forthe

𝜇
bestpoints(censored

orelitist
sam

ple)
and

0
otherw

ise.
T

his
𝜃m

axLL
m

axim
izes

the
weighted

log-likelihood
of

𝑥
1 ,...,𝑥

𝑁
;

equivalently,it
m

inim
izes

the
cross-entropy

and
the

K
ullback–Leibler

divergence
to

the
distribution

ofthe
best

𝜇
sam

ples 8.
For

G
aussian

distributions,Equation
(45)

can
be

explicitly
w

ritten
in

the
form

𝑚
𝑡+

1
=

𝑚
*

=
𝑁∑︁𝑖=

1
̂︀𝑤

𝑖 𝑥
𝑖

(46)

𝐶
𝑡+

1
=

𝐶
*

=
𝑁∑︁𝑖=

1
̂︀𝑤

𝑖 (𝑥
𝑖 −

𝑚
*)(𝑥

𝑖 −
𝑚

*) T
(47)

the
em

piricalm
ean

and
variance

ofthe
elite

sam
ple.

8.
Let

𝑃
𝑤

denote
the

distribution
ofthe

weighted
sam

ples:
Pr(𝑥

=
𝑥

𝑖 )=
̂︀𝑤

𝑖 and
∑︀

𝑖 ̂︀𝑤
𝑖 =

1.
T

hen
the

cross-
entropy

betw
een

𝑃
𝑤

and
𝑃

𝜃
reads ∑︀

𝑖
𝑃

𝑤 (𝑥
𝑖 )ln

1
/
𝑃

𝜃 (𝑥
𝑖 )

and
the

K
L

divergence
reads

K
L(𝑃

𝑤
||𝑃

𝜃 )
=

∑︀
𝑖
𝑃

𝑤 (𝑥
𝑖 )ln

1
/
𝑃

𝜃 (𝑥
𝑖 )−

∑︀
𝑖
𝑃

𝑤 (𝑥
𝑖 )ln

1
/
𝑃

𝑤 (𝑥
𝑖 ).

M
inim

ization
ofboth

term
s

in
𝜃

result
in

𝜃
m

axL
L .
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O
llivier,

A
rnold,

A
uger

and
H

ansen

Equations(46)and
(47)also

define
the

sim
plestcontinuousdom

ain
ED

A
,the

estim
ation

ofm
ultivariate

norm
alalgorithm

(EM
N

A
global ,Larranaga

and
Lozano

2002).
Interestingly,

(46)
and

(47)
only

differ
from

(41)
and

(42)
(w

ith
𝜂m

=
𝜂c =

1)
in

that
the

new
m

ean
𝑚

𝑡+
1

is
used

instead
of

𝑚
𝑡in

the
covariance

m
atrix

update
(H

ansen,2006b).
T

he
sm

oothed
C

EM
(32)

in
this

param
etrization

thus
w

rites

𝑚
𝑡+

𝛿𝑡=
(1−

𝛿𝑡)𝑚
𝑡+

𝛿𝑡𝑚
*

(48)

𝐶
𝑡+

𝛿𝑡=
(1−

𝛿𝑡)𝐶
𝑡+

𝛿𝑡𝐶
*

.
(49)

N
ote

that
this

is
notan

IG
O

algorithm
(i.e.,there

is
no

param
etrization

ofthe
fam

ily
of

G
aussian

distributions
in

w
hich

the
IG

O
algorithm

coincides
w

ith
update

Eq.49):
indeed,

allIG
O

algorithm
s

coincide
at

first
order

in
𝛿𝑡

w
hen

𝛿𝑡→
0

(because
they

recover
the

IG
O

flow
),w

hile
this

update
for

𝐶
𝑡+

𝛿𝑡
does

not
coincide

w
ith

(42)
in

this
lim

it,due
to

the
use

of
𝑚

*
instead

of
𝑚

𝑡.
T

his
does

not
contradict

T
heorem

12:
sm

oothed
C

EM
is

an
IG

O
algorithm

only
ifsm

oothed
CEM

iswritten
in

the
expectation

param
etrization,which

(𝑚
,𝐶

)
is

not.

5.2.5
C

M
A

-E
S,

Sm
oothed

C
E

M
,

and
IG

O
-M

L

Let
us

com
pare

IG
O

-M
L

(30),rank-𝜇
C

M
A

(41)–(42),and
sm

oothed
C

EM
(48)–(49)

in
the

param
etrization

w
ith

m
ean

and
covariance

m
atrix.

T
hese

algorithm
s

allupdate
the

distribution
m

ean
in

the
sam

e
way,w

hile
the

update
ofthe

covariance
m

atrix
depends

on
the

algorithm
.

W
ith

learning
rate

𝛿𝑡,these
updates

are
com

puted
to

be

𝑚
𝑡+

1
=

(1−
𝛿𝑡)

𝑚
𝑡+

𝛿𝑡
𝑚

*

𝐶
𝑡+

1
=

(1−
𝛿𝑡)

𝐶
𝑡+

𝛿𝑡
𝐶

*+
𝛿𝑡(1−

𝛿𝑡)
𝑗(𝑚

*−
𝑚

𝑡)(𝑚
*−

𝑚
𝑡) T

,
(50)

for
different

values
of

𝑗,w
here

𝑚
*

and
𝐶

*
are

the
m

ean
and

covariance
m

atrix
com

puted
over

the
elite

sam
ple

(w
ith

positive
weights

̂︀𝑤
𝑖 sum

m
ing

to
one)

as
above.

T
he

rightm
ost

term
of

(50)
is

rem
iniscent

ofthe
so-called

rank-one
update

in
C

M
A

-ES
(not

included
in

Eq.42).
For

𝑗
=

0
w

e
recover

the
rank-𝜇

C
M

A
-ES

update
(42),for

𝑗
=

1
w

e
recover

IG
O

-M
L,

and
for

𝑗
=
∞

we
recover

sm
oothed

C
EM

(the
rightm

ost
term

is
absent).

T
he

case
𝑗

=
2

corresponds
to

an
update

that
uses

𝑚
𝑡+

1
instead

of
𝑚

𝑡in
(42)

(w
ith

𝜂m
=

𝜂c
=

𝛿𝑡).
For

0
<

𝛿𝑡
<

1,the
larger

𝑗,the
sm

aller
𝐶

𝑡+
1.

For
𝛿𝑡=

1,IG
O

-M
L

and
sm

oothed
CEM

/EM
N

A
realize

𝜃m
axLL

from
(45)–(47).

For
𝛿𝑡→

0,the
update

is
independent

of
𝑗

at
first

order
in

𝛿𝑡
if

𝑗
<
∞

:
this

reflects
com

patibility
w

ith
the

IG
O

flow
ofC

M
A

-ES
and

ofIG
O

-M
L,but

not
ofsm

oothed
C

EM
.

In
the

default(full)CM
A

-ES
(asopposed

to
rank-𝜇

CM
A

-ES),the
coeffi

cientpreceeding
(𝑚

*−
𝑚

𝑡)(𝑚
*−

𝑚
𝑡) T

in
(50)

reads
approxim

ately
3
𝛿𝑡,w

here
the

additional2
𝛿𝑡

originate
from

the
so-called

rank-one
update

and
are

m
oreover

m
odulated

by
a

“cum
ulated

path”
up

to
a

factor
ofabout √

𝑑
(H

ansen
and

A
uger,2014).

5.2.6
C

ritical
𝛿𝑡

Let
us

assum
e

that
𝜇

<
𝑁

weights
are

set
to
̂︀𝑤

𝑖 =
1
/𝜇

and
the

rem
aining

weights
to

zero,
so

that
the

selection
ratio

is
𝑞

=
𝜇

/𝑁
.
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C
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w

he
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𝑗
=

0,
th

e
cr

iti
ca
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𝑡

fo
r

𝑞
<

0.
5

is
in

fin
ite

.

Th
en

th
er

e
is

a
cr

iti
ca

lv
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ue
of

𝛿𝑡
de

pe
nd
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g
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th

is
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tio
𝑞,

su
ch

th
at

ab
ov

e
th

is
cr

iti
ca

l
𝛿𝑡

th
e

al
go

rit
hm

sg
iv

en
by

IG
O

-M
L

an
d

sm
oo

th
ed

CE
M

ar
e

pr
on

e
to

pr
em

at
ur

e
co

nv
er

ge
nc

e.
In

de
ed

,l
et

𝑓
be

a
lin

ea
r

fu
nc

tio
n

on
R

𝑑
,a

nd
co

ns
id

er
th

e
va

ria
nc

e
in

th
e

di
re

ct
io

n
of

th
e

gr
ad

ie
nt

of
𝑓

.
A

ss
um

in
g

fu
rt

he
r

𝑁
→
∞

an
d

𝑞
≤

1/
2,

th
en

th
e

va
ria

nc
e

𝐶
*

of
th

e
el

ite
sa

m
pl

e
is

sm
al

le
r

th
an

th
e

cu
rr

en
t

va
ria

nc
e

𝐶
𝑡 ,

by
a

co
ns

ta
nt

fa
ct

or
.

D
ep

en
di

ng
on

th
e

pr
ec

ise
up

da
te

fo
r𝐶

𝑡+
1 ,

if
𝛿𝑡

is
to

o
la

rg
e,

th
e

va
ria

nc
e

𝐶
𝑡+

1
is

go
in

g
to

be
sm

al
ler

th
an

𝐶
𝑡

by
a

co
ns

ta
nt

fa
ct

or
as

we
ll.

T
hi

s
im

pl
ie

s
th

at
th

e
al

go
rit

hm
is

go
in

g
to

st
al

l,
i.e

.,
th

e
va

ria
nc

e
w

ill
go

to
0

be
fo

re
th

e
op

tim
um

is
re

ac
he

d.
(O

n
th

e
ot

he
r

ha
nd

,t
he

co
nt

in
uo

us
-t

im
e

IG
O

flo
w

co
rr

es
po

nd
in

g
to

𝛿𝑡
→

0
do

es
no

t
st

al
l,

se
e

A
pp

en
di

x
C

.4
.)

W
e

no
w

st
ud

y
th

e
cr

iti
ca

l𝛿
𝑡

(in
th

e
lim

it
𝑁
→
∞

)
be

lo
w

w
hi
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th

e
al

go
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no

t
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al
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th
is
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do
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ea
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pp
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4

fo
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in
ea
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=
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at
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𝑚
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√
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ra
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m
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ra
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at
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Inform
ation-G

eom
etric

O
ptim

ization

∙
T

heoreticalargum
ents

suggest
that

the
IG

O
flow

m
inim

izes
the

change
ofdiversity

in
the

course
ofoptim

ization.A
sdiversity

usually
decreasesin

the
course

ofoptim
ization,

IG
O

algorithm
s

tend
to

exhibit
m

inim
aldiversity

loss
for

the
observed

im
provem

ent.
In

particular,starting
w

ith
high

diversity
and

using
m

ultim
odaldistributions

m
ay

allow
sim

ultaneous
exploration

ofm
ultiple

optim
a

ofthe
objective

function.
Prelim

i-
nary

experim
ents

w
ith

restricted
B

oltzm
ann

m
achines

confirm
this

effect
in

a
sim

ple
situation.

T
hus,the

IG
O

fram
ework

provides
sound

theoreticalfoundations
to

optim
ization

algo-
rithm

s
based

on
probability

distributions.
In

particular,this
view

point
helps

to
bridge

the
gap

between
continuous

and
discrete

optim
ization.

T
he

invariance
properties,w

hich
reduce

the
num

ber
ofarbitrary

choices,together
w

ith
the

relationship
between

naturalgradient
and

diversity,m
ay

contribute
to

a
theoretical

explanation
ofthe

good
practicalperform

ance
ofthose

currently
used

algorithm
s,such

as
C

M
A

-ES,w
hich

can
be

interpreted
as

instantiations
ofIG

O
.

W
e

hope
thatinvariance

propertieswillacquire
in

com
puterscience

the
im

portance
they

have
in

m
athem

atics,w
here

intrinsic
thinking

is
the

first
step

for
abstract

linear
algebra

or
differentialgeom

etry,and
in

m
odern

physics,w
here

the
notions

ofinvariance
w

.r.t.the
coordinate

system
and

so-called
gauge

invariance
play

a
centralrole.
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O
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A
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A
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H
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A
ppendix

A
.

Further
D

iscussion
and

P
erspectives

T
his

appendix
touches

upon
further

aspects
and

perspectives
ofthe

IG
O

fram
ework

and
its

im
plem

entations.

A
.1

A
Single

Fram
ew

ork
for

O
ptim

ization
on

A
rbitrary

Spaces
A

strength
ofthe

IG
O

viewpointisto
autom

atically
provide

a
distinctand

arguably
in

som
e

sense
optim

aloptim
ization

algorithm
from

any
fam

ily
ofprobability

distributions
on

any
given

space,discrete
or

continuous.
IG

O
algorithm

s
feature

desired
invariance

properties
and

thereby
m

ake
fewer

arbitrary
choices.

In
particular,IG

O
describes

severalwell-know
n

optim
ization

algorithm
s

w
ithin

a
single

fram
ework.ForBernoullidistributions,to

thebestofourknowledge,PBIL
orcG

A
havenever

been
identified

as
a

naturalgradient
ascent

in
the

literature 9.
For

G
aussian

distributions,
algorithm

s
ofthe

sam
e

form
(17)

had
been

developed
previously

(H
ansen

and
O

sterm
eier,

2001;W
ierstra

et
al.,2008)

and
their

close
relationship

w
ith

a
naturalgradient

ascent
had

been
recognized

(A
kim

oto
et

al.,2010;G
lasm

achers
et

al.,2010).
T

hese
w

orks,how
ever,

also
strongly

suggest
that

IG
O

algorithm
s

m
ay

need
to

be
com

plem
ented

w
ith

further
heuristics

to
achieve

effi
cient

optim
ization

algorithm
s.

In
particular,learning

rate
settings

and
diversity

control(step-size)
deviate

from
the

originalfram
ew

ork.
T

hese
deviations

m
ostly

stem
from

tim
e

discretization
and

the
choice

ofa
finite

sam
ple

size,both
necessary

to
derive

an
IG

O
algorithm

from
the

IG
O

flow.
Further

work
is

needed
to

fully
understand

this
from

a
theoreticalview

point.
T

he
w

ide
applicability

ofnaturalgradient
approaches

seem
s

not
to

be
w

idely
know

n
in

the
optim

ization
com

m
unity

(though
see

M
alagò

et
al.2008).

A
.2

A
bout

Invariance
T

he
role

ofinvariance
is

two-fold.
First,invariance

breaks
otherw

ise
arbitrary

choices
in

the
algorithm

design.
Second,and

m
ore

im
portantly,invariance

im
plies

generalization
of

behavior
from

single
problem

instances
to

entire
problem

classes
(w

ith
the

caveat
to

choose
the

initialstate
ofthe

algorithm
accordingly),thereby

m
aking

the
outcom

e
ofoptim

ization
m

ore
predictable.

O
ptim

ization
problem

s
faced

in
reality—

and
algorithm

s
used

in
practice—

are
often

far
too

com
plex

to
be

am
enable

to
a

rigorous
m

athem
aticalanalysis.

C
onsequently,the

judgem
ent

ofalgorithm
s

in
practice

is
to

a
large

extent
based

in
em

piricalobservations,
either

on
artificialbenchm

arks
or

on
the

experience
w

ith
real-world

problem
s.

Invariance,
as

a
guarantee

ofgeneralization,has
an

im
m

ediate
im

pact
on

the
relevance

ofany
such

em
piricalobservations

and,in
the

sam
e

line
ofreasoning,can

be
interpreted

as
a

notion
of

robustness.

A
.3

A
bout

Q
uantiles

T
he

IG
O

flow
in

(8)
has,to

the
best

ofour
know

ledge,never
been

defined
before.

T
he

introduction
ofthe

quantile-rewriting
(5)ofthe

objective
function

providesthe
firstrigorous

9.
T

hanks
to

Jonathan
Shapiro

for
giving

an
early

argum
ent

confirm
ing

this
property

(personalcom
m

unica-
tion).
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ra
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re
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en
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ht
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pl

oi
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th
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ex
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at
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he
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m

od
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e
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en
t,

th
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ni

lla
gr

ad
ie

nt
ig
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th

e
ad

di
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na
l

ex
pr

es
siv

ity
of

R
BM

sw
ith

re
sp

ec
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o
Be
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di

st
rib
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pp
en

di
x

B)
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he
do
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e
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he
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od
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is
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at
eit

he
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he
sa

m
pl

e
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m
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th
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ra
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m

us
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ta
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st
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le
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go
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(a
sit
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n
an
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og

ou
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ov

er
fit

tin
g

in
m

ac
hi

ne
lea

rn
in

g:
ric

he
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od
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qu
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er
to

co
nc

en
tr

at
e

to
o

m
uc

h
ar

ou
nd

a
fe

w
ob

se
rv

ed
go

od
sa

m
pl

es
).

A
.5

N
at

ur
al

G
ra

di
en

t
an

d
P

ar
am

et
ri

za
ti

on
In

va
ri

an
ce

Ce
nt

ra
lt

o
IG

O
is

th
eu

se
of

th
en

at
ur

al
gr

ad
ien

t,
wh

ich
fo

llo
ws

fro
m

𝜃-
in

va
ria

nc
e(

pa
ra

m
et

riz
a-

tio
n

in
va

ria
nc

e)
an

d
m

ak
es

se
ns

e
on

an
y

se
ar

ch
sp

ac
e,

di
sc

re
te

or
co

nt
in

uo
us

.
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th

e
sm

oo
th

ed
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EM
m

et
ho
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—

at
le

as
t

if
th

e
le

ar
ni

ng
ra

te
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is
no
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to
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ch
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en
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et
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at
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n
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m
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e
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e
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O

n
th

e
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ha
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n
st
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as
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ed
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e
ch

os
en

pa
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m
et

riz
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n

(C
ho

le
sk
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po
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nt
ia

l)
ha

s
be

en
co

ns
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er
ed

as
a

de
fin

in
g

fe
at

ur
e.

W
e

be
lie

ve
th

e
te

rm
“n

at
ur

al
ev

ol
ut

io
n

st
ra

te
gy

”
sh

ou
ld

ra
th

er
be

us
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in
de

pe
nd

en
tly

of
th

e
ch

os
en

pa
ra

m
et

er
iz

at
io

n,
th

er
eb

y
re

fe
rr

in
g

to
th

e
us

ag
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th

e
na

tu
ra

lg
ra

di
en

t
as

th
e

m
ai

n
pr

in
ci

pl
e

fo
r

th
e

up
da

te
of

di
st

rib
ut

io
n

pa
ra

m
et

er
s.

A
.6

IG
O

,M
ax

im
um

Li
ke

lih
oo

d
an

d
C

ro
ss

-E
nt

ro
py

T
he

cr
os

s-
en

tr
op

y
m

et
ho

d
(C

EM
,d

e
Bo

er
et

al
.2

00
5)

ca
n

be
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od

uc
e

op
tim

iz
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io
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go
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en
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ra
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M
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O
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a
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𝛿𝑡
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ow
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ra
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r
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at
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ra
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at
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ra
m

et
riz

at
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EM
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n

th
e

ot
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r
ha
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th
e

IG
O

flo
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se
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ax
im

um
lik

el
ih
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ra
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Inform
ation-G

eom
etric

O
ptim

ization

direction
in

w
hich

the
optim

um
is

to
be

found.
A

fter
each

update,the
next

elite
sam

ple
points

are
going

to
be

located
som

ew
here

new
.

A
.7

D
iversity

and
M

ultiple
O

ptim
a

T
he

IG
O

fram
ework

em
phasizes

the
relation

ofnaturalgradient
and

diversity:
we

argued
that

IG
O

provides
m

inim
aldiversity

change
for

a
given

objective
function

im
provem

ent.
In

particular,provided
the

initialdiversity
is

large,diversity
is

kept
at

a
m

axim
um

after
the

upate.Thistheoreticalrelationship
can

be
observed

experim
entally

forrestricted
Boltzm

ann
m

achines
(A

ppendix
B).

O
n

the
other

hand,using
the

vanilla
gradient

does
not

lead
to

a
balanced

distribution
between

the
two

optim
a

in
our

experim
ents.

U
sing

the
vanilla

gradient
introduces

hidden
arbitrary

choices
betw

een
those

points
(m

ore
exactly

between
m

oves
in

Θ
-space).

T
his

results
in

unnecessary
and

unwelcom
e

loss
ofdiversity,and

m
ight

also
be

detrim
entalat

later
stages

in
the

optim
ization.

T
his

m
ay

reflect
the

fact
that

the
Euclidean

m
etric

on
the

space
ofparam

eters,im
plicitly

used
in

the
vanilla

gradient,becom
eslessand

lessm
eaningful

for
gradient

descent
on

com
plex

distributions.
IG

O
and

the
natural

gradient
are

certainly
relevant

to
the

well-know
n

problem
of

exploration-exploitation
balance:

as
w

e
have

seen,arguably
the

naturalgradient
realizes

the
largest

im
provem

ent
in

the
objective

w
ith

the
least

possible
change

ofdiversity
in

the
distribution.

M
ore

generally,like
other

distribution-based
optim

ization
algorithm

s,IG
O

tries
to

learn
a

m
odelofwhere

the
good

pointsare.Thisistypicalofm
achine

learning,one
ofthe

contexts
forwhich

the
naturalgradientwasstudied.The

conceptualrelationship
ofIG

O
and

IG
O

-like
optim

ization
algorithm

s
w

ith
m

achine
learning

is
stillto

be
explored

and
exploited.

W
e

now
present

som
e

ideas
w

hich
we

believe
would

be
worth

exploring.

A
.8

A
daptive

Learning
R

ate
Com

paring
consecutiveupdatesto

evaluatea
learning

rateorstep
sizeisan

effectivem
easure.

For
exam

ple,in
back-propagation,the

update
sign

has
been

used
to

adapt
the

learning
rate

ofeach
single

weight
in

an
artificialneuralnetwork

(Silva
and

A
lm

eida,1990).
In

C
M

A
-ES,

a
step

size
is

adapted
depending

on
w

hether
recent

steps
tended

to
m

ove
in

a
consistent

direction
or

to
backtrack.

T
his

is
m

easured
by

considering
the

changes
ofthe

m
ean

𝑚
of

the
G

aussian
distribution.

For
a

probability
distribution

𝑃
𝜃

on
an

arbitrary
search

space,in
generalno

notion
of

m
ean

m
ay

be
defined.

H
owever,it

is
stillpossible

to
define

“backtracking”
in

the
evolution

of
𝜃

as
follow

s.
C

onsider
two

successive
updates

𝛿𝜃
𝑡=

𝜃
𝑡−

𝜃
𝑡−

𝛿𝑡
and

𝛿𝜃
𝑡+

𝛿𝑡=
𝜃

𝑡+
𝛿𝑡−

𝜃
𝑡.

T
heir

scalar
product

in
the

Fisher
m

etric
𝐼(𝜃

𝑡)
is

⟨𝛿𝜃
𝑡,𝛿𝜃

𝑡+
𝛿𝑡⟩=

∑︁𝑖𝑗

𝐼
𝑖𝑗 (𝜃

𝑡)
𝛿𝜃

𝑡𝑖
𝛿𝜃

𝑡+
𝛿𝑡

𝑗
.

D
ividing

by
the

associated
norm

s
w

illyield
the

cosine
cos

𝛼
ofthe

angle
between

𝛿𝜃
𝑡and

𝛿𝜃
𝑡+

𝛿𝑡.
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O
llivier,

A
rnold,

A
uger

and
H

ansen

Ifthis
cosine

is
positive,the

learning
rate

𝛿𝑡
m

ay
be

increased.
Ifthe

cosine
is

negative,
the

learning
rate

probably
needs

to
be

decreased.
Various

schem
es

for
the

change
of

𝛿𝑡
can

be
devised;forinstance,inspired

by
step

size
updatescom

m
only

used
in

evolution
strategies,

one
can

m
ultiply

𝛿𝑡
by

exp(𝛽(cos
𝛼))

or
exp(𝛽

sign(cos
𝛼)),w

here
𝛽
≈

m
in(𝑁

/dim
Θ

,1
/2).

A
s

this
cosine

can
be

quite
noisy,cum

ulation
over

severaltim
e

steps
m

ight
be

advisable.
A

s
before,this

schem
e

is
constructed

to
be

robust
w

.r.t.reparam
etrization

of
𝜃,thanks

to
the

use
of

the
Fisher

m
etric.

H
ow

ever,
for

large
learning

rates
𝛿𝑡,

in
practice

the
param

etrization
m

ight
wellbecom

e
relevant.

A
.9

G
eodesic

P
aram

etrization
W

hile
the

IG
O

flow
is

fully
invariant

under
𝜃-reparam

etrization,an
IG

O
algorithm

does
depend

on
the

choice
ofparam

etrization
for

𝜃,even
ifforsm

all
𝛿𝑡

the
difference

between
two

IG
O

algorithm
s

is
𝑂

(𝛿𝑡 2),one
order

ofm
agnitude

sm
aller

than
betw

een
IG

O
and

vanilla
gradient

in
general.

So
one

can
wonder

how
to

discretize
tim

e
in

the
IG

O
flow

in
a

fully
intrinsic

way,not
depending

at
allon

a
param

etrization
for

𝜃.
A

first
possibility

is
given

by
the

IG
O

-M
L

algorithm
(D

efinition
11)—

this
m

eans,for
exponentialfam

ilies,that
we

can
decide

to
single

out
the

param
etrization

by
expectation

param
eters.

A
nother,m

ore
geom

etric
solution

is
to

use
geodesics

on
the

statisticalm
anifold.

T
his

m
eans

we
approxim

ate
the

trajectories
ofthe

IG
O

flow
by

successive
geodesic

segm
ents

oflength
𝛿𝑡

in
the

Fisher
m

etric,w
here

the
initialdirection

ofeach
segm

ent
is

given
by

the
direction

ofthe
IG

O
flow

(16).
T

his
defines

an
approxim

ation
to

the
IG

O
flow

that
depends

on
the

step
size

𝛿𝑡
and

sam
ple

size
𝑁

,but
not

on
any

choice
ofparam

etrization.
T

his
approach

is
fully

developed
in

Bensadon
(2015).

A
.10

F
inite

Sam
ple

Size
and

N
oisy

IG
O

F
low

T
he

IG
O

flow
is

an
idealm

odelofthe
IG

O
algorithm

s.
B

ut
the

IG
O

flow
is

determ
inistic

w
hile

IG
O

algorithm
s

are
stochastic,depending

on
a

finite
num

ber
𝑁

ofrandom
sam

ples.
This

m
ight

result
in

im
portant

differences
in

their
behavior

and
one

can
wonder

ifthere
is

a
way

to
reflect

stochasticity
directly

in
the

definition
ofthe

IG
O

flow
.

T
he

IG
O

update
(16)

is
a

stochastic
update

𝜃
𝑡+

𝛿𝑡=
𝜃

𝑡+
𝛿𝑡

𝑁∑︁𝑖=
1
̂︀𝑤

𝑖
̃︀∇

𝜃 ln
𝑃

𝜃 (𝑥
𝑖 ) ⃒⃒⃒𝜃=

𝜃
𝑡

because
the

term
∑︀

𝑁𝑖=
1
̂︀𝑤

𝑖
̃︀∇

𝜃 ln
𝑃

𝜃 (𝑥
𝑖 ) ⃒⃒⃒𝜃=

𝜃
𝑡 involves

a
random

sam
ple.

A
s

such,this
term

has
an

expectation
and

a
variance.

So
for

a
fixed

𝑁
and

𝛿𝑡,this
random

update
is

a
weak

approxim
ation

w
ith

step
size

𝛿𝑡
(K

loeden
and

Platen,1992,C
hapter

9.7)
ofa

stochastic
differentialequation

on
𝜃,w

hose
drift

is
the

expectation
ofthe

IG
O

update
(w

hich
tends

to
the

IG
O

flow
w

hen
𝑁
→
∞

),and
w

hose
noise

term
is √

𝛿𝑡
tim

es
the

square
root

ofthe
covariance

m
atrix

ofthe
update

applied
to

a
norm

alrandom
vector.

Such
a

stochastic
differentialequation,defining

a
noisy

IG
O

flow,m
ight

be
a

better
theoreticalobject

w
ith

w
hich

to
com

pare
the

actualbehavior
ofIG

O
algorithm

s,than
the

idealnoiseless
IG

O
flow

.
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Inform
ation-G

eom
etric

O
ptim

ization

by
the

objective
function

values.
H

ow
ever,these

expressions
are

not
explicit

due
to

the
expectations

under
𝑃

𝜃 .
Still,these

expectationscan
be

replaced
with

M
onte

Carlo
sam

pling;
this

is
w

hat
we

w
illdo.

A
ctually,w

hen
applying

IG
O

to
such

distributions
to

optim
ize

an
objective

function
𝑓(x),w

e
have

tw
o

choices.
T

he
first

is
to

see
the

objective
function

𝑓(x)
as

a
function

of
(x

,h)
w

here
h

is
a

dum
m

y
variable;then

w
e

can
use

the
IG

O
algorithm

to
optim

ize
over

(x
,h)

using
the

distributions
𝑃

𝜃 (x
,h).

A
second

possibility
is

to
m

arginalize
𝑃

𝜃 (x
,h)

over
the

hidden
units

h
as

in
(51),to

define
the

distribution
𝑃

𝜃 (x);then
we

can
use

the
IG

O
algorithm

to
optim

ize
𝑓

over
x

using
𝑃

𝜃 (x).
T

hese
tw

o
approaches

yield
slightly

different
algorithm

s.
T

he
Fisher

m
atrix

for
the

distributions
𝑃

𝜃 (x
,h)

is
given

by
(20)

(exponentialfam
ilies)

w
hereas

the
one

for
the

distri-
butions

𝑃
𝜃 (x)

is
given

by
(24)

(exponentialfam
ilies

w
ith

latent
variables).

For
instance,

w
ith

𝐼
𝑤

𝑖𝑗 𝑤
𝑖 ′𝑗 ′ denoting

the
entry

ofthe
Fisher

m
atrix

corresponding
to

the
com

ponents
𝑤

𝑖𝑗

and
𝑤

𝑖 ′𝑗 ′ofthe
param

eter
𝜃,from

(20)
we

get

𝐼
𝑤

𝑖𝑗 𝑤
𝑖 ′𝑗 ′ (𝜃)=

C
ov

𝑃
𝜃 (𝑥

𝑖 ℎ
𝑗 ,𝑥

𝑖 ′ℎ
𝑗 ′)=

E
𝑃

𝜃 [𝑥
𝑖 ℎ

𝑗 𝑥
𝑖 ′ℎ

𝑗 ′]−
E

𝑃
𝜃 [𝑥

𝑖 ℎ
𝑗 ]E

𝑃
𝜃 [𝑥

𝑖 ′ℎ
𝑗 ′]

(53)

whereasfrom
(24)wegetthesam

eexpression
in

which
each

ℎ
𝑗 isreplaced

with
itsexpectation

ℎ̄
𝑗

know
ing

x
nam

ely
ℎ̄

𝑗 =
E

𝑃
𝜃 [ℎ

𝑗 |x]=
(︁1

+
𝑒 −

𝑏
𝑗 − ∑︀

𝑖
𝑥

𝑖 𝑤
𝑖𝑗 )︁−

1
and

likew
ise

for
ℎ

𝑗 ′.
B

oth
versions

were
tested

on
a

sm
allinstance

and
found

to
be

viable.
H

owever
the

version
using

(x
,h)

is
num

erically
m

ore
stable

and
requires

fewer
sam

ples
to

get
a

reliable
(in

particular,invertible)
estim

ate
ofthe

Fisher
m

atrix,both
in

practice
and

theory
10.

For
this

reason
we

selected
the

first
approach:

we
optim

ize
𝑓

as
a

function
of(x

,h)
using

IG
O

for
the

probability
distributions

𝑃
𝜃 (x

,h).
A

practicalIG
O

update
is

thus
obtained

from
(21)

by
replacing

the
expectations

w
ith

M
onte

Carlo
sam

ples(x
,h)from

𝑃
𝜃 .A

hostofstrategiesare
available

to
sam

ple
from

R
BM

s
(Ackley

etal.,1985;Salakhutdinov
and

M
urray,2008;Salakhutdinov,2009;D

esjardinsetal.,
2010);we

sim
ply

used
G

ibbs
sam

pling
(H

inton.,2002).
So

the
IG

O
update

reads

𝜃
𝑡+

𝛿𝑡=
𝜃

𝑡+
𝛿𝑡
̂︂Cov(𝑇

,𝑇
) −

1
̂︂Cov(𝑇

,𝑊
𝑓𝜃
𝑡 )

(54)

where
𝑇

denotes
the

vectorofallstatistics
𝑇

𝑖𝑗 (x
,h)=

𝑥
𝑖 ℎ

𝑗
corresponding

to
the

com
ponent

𝑤
𝑖𝑗

ofthe
param

eter
𝜃,and

where
̂︂Cov

denotes
the

em
piricalcovariance

over
a

setofM
onte

C
arlo

sam
ples

(x
,h)

taken
from

𝑃
𝜃

𝑡(x
,h).

T
hus

𝐼
=
̂︂Cov(𝑇

,𝑇
)

is
the

estim
ated

Fisher
m

atrix,a
m

atrix
ofsize

dim
(𝜃) 2

as
in

(53).
̂︂Cov(𝑇

,𝑊
𝑓𝜃
𝑡 )

is
a

vector
ofsize

dim
(𝜃)

giving
the

correlation,in
the

M
onte

C
arlo

sam
ple,between

the
statistics

𝑇
𝑖𝑗

and
the

ranked
values

𝑊
𝑓𝜃
𝑡 ofthe

objective
function

ofthe
points

(x
,h)

in
the

sam
ple:

this
vector

is
the

sum
of

weighted
log-probability

derivatives
in

the
IG

O
update

(17),thanks
to

(19).
D

ifferent
sam

ple
sizes

𝑁
Fish

and
𝑁

can
be

used
to

evaluate
̂︂Cov(𝑇

,𝑇
)

and
̂︂Cov(𝑇

,𝑊
𝑓𝜃
𝑡 ).

T
he

sam
ple

size
for

̂︂Cov (𝑇
,𝑊

𝑓𝜃
𝑡 )

is
just

the
IG

O
param

eter
𝑁

,the
num

ber
ofpoints

on

10.
Indeed,if

𝐼1 (𝜃)isthe
Fisherm

atrix
at

𝜃
in

the
firstapproach

and
𝐼2 (𝜃)in

the
second

approach,we
always

have
𝐼1 (𝜃)>

𝐼2 (𝜃)
in

the
sense

ofpositive-definite
m

atrices.
T

his
is

because
probability

distributions
on

the
pair

(x
,h)

carry
m

ore
inform

ation
than

their
projections

on
x

only,and
so

the
K

ullback–Leibler
distances

w
illalways

be
larger.

In
particular,there

exist
values

of
𝜃

for
w

hich
the

Fisher
m

atrix
𝐼2

is
not

invertible
w

hereas
𝐼1

is.
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O
llivier,

A
rnold,

A
uger

and
H

ansen

w
hich

the
objective

function
has

to
be

evaluated;it
is

typically
kept

sm
allespecially

if
𝑓

is
costly.

O
n

the
other

hand
it

is
im

portant
to

obtain
a

reliable
(in

particular,invertible)
estim

ate
ofthe

Fisherm
atrix:invertibility

requiresa
num

berofsam
plesatleast,and

ideally
m

uch
largerthan,dim

(𝜃),because
each

pointin
the

sam
ple

contributesa
rank-1

term
to

the
em

piricalcovariance
m

atrix
̂︂Cov(𝑇

,𝑇
).

Increasing
𝑁

Fish
does

not
require

additional
𝑓-calls.

B
.3

A
n

E
xperim

ent
w

ith
Tw

o
O

ptim
a:

IG
O

,D
iversity,and

M
ultim

odal
O

ptim
ization.

W
e

tested
the

resulting
IG

O
trajectories

on
a

sim
ple

objective
function

w
ith

two
optim

a
on

{0,1}
𝑑,nam

ely,the
two-m

in
function

based
aty

defined
as

𝑓y (x)=
m

in
(︃
∑︁

𝑖

|𝑥
𝑖 −

𝑦
𝑖 |, ∑︁

𝑖

|(1−
𝑥

𝑖 )−
𝑦

𝑖 )| )︃
(55)

w
hich,

as
a

function
of

x,
has

tw
o

optim
a,

one
at

x
=

y
and

the
other

at
its

binary
com

plem
entx

=
ȳ.

The
value

ofthe
base

pointy
wasrandom

ized
foreach

independentrun.
W

e
ran

both
the

IG
O

algorithm
as

described
above,and

a
version

using
the

vanilla
gradient

instead
ofthe

naturalgradient
(that

is,om
itting

the
Fisher

m
atrix

in
the

IG
O

update).
T

he
dim

ension
was

𝑑
=

40
and

we
used

an
R

BM
w

ith
only

one
latent

variable
(𝑑

ℎ
=

1).
Thereforedim

(𝜃)=
81.W

eused
a

largesam
plesizeof

𝑁
=

10,000
forM

onteCarlo
sam

pling,
so

as
to

be
close

to
the

theoreticalIG
O

flow
behavior.

W
e

also
tested

a
sm

aller,
m

ore
realistic

sam
ple

size
of

𝑁
=

10
(stillkeeping

𝑁
Fish

=
10,000),with

sim
ilarbutnoisierresults.

The
selection

schem
e

(Section
2.2)was

𝑤
(𝑞)=

1
𝑞6

1
/5

(cf.R
echenberg

1994)so
thatthe

best
20%

points
in

the
sam

ple
are

given
weight

1
for

the
update.

T
he

R
BM

was
initialized

so
that

at
startup,the

distribution
𝑃

𝜃 0
is

close
to

uniform
on

(x
,h),in

line
with

Proposition
2.Explicitly

we
set

𝑤
𝑖𝑗 ←

𝒩
(0,

1
𝑑
.𝑑

ℎ )and
then

𝑏
𝑗 ←
−
∑︀

𝑖
𝑤

𝑖𝑗

2
and

𝑎
𝑖 ←
−
∑︀

𝑗
𝑤

𝑖𝑗

2
+
𝒩

(0,
0
.01
𝑑

2
)

w
hich

ensure
a

close-to-uniform
initialdistribution.

Fullexperim
entaldetails,including

detailed
setup

and
additionalresults,can

be
found

in
a

previousversion
ofthisarticle(O

llivieretal.,2011,Section
5).(In

particular,IG
O

runsare
frozen

when
the

estim
ated

Fisher
m

atrix
becom

es
singular

or
unreliable.)

The
code

used
for

these
experim

ents
can

be
found

at
http://www.ludovicarnold.com/projects:igocode

.

T
he

results
show

that,m
ost

ofthe
tim

e,w
ith

IG
O

the
distribution

𝑃
𝜃

𝑡converges
to

a
distribution

giving
positive

m
ass

to
both

optim
a;on

the
other

hand,over
300

independent
runs,the

sam
e

algorithm
using

the
vanilla

gradient
only

converges
to

one
optim

um
at

the
expense

at
the

other,so
that

the
vanilla

gradient
never

exploited
the

possibility
offered

by
the

R
BM

to
create

a
bim

odalprobability
distribution

on
{0,1}

𝑑.Figure
3

showsten
random

runs
(out

of300
in

our
experim

ents)
ofthe

two
algorithm

s:
for

each
ofthe

two
optim

a
we

plot
its

distance
to

the
nearest

ofthe
points

draw
n

from
𝑃

𝜃
𝑡,as

a
function

oftim
e

𝑡. 11

11.
N

ote
that

the
value

of
𝛿𝑡

is
not

directly
com

parable
betw

een
the

naturaland
vanilla

gradients.
T

heory
suggests

that
at

startup
the

IG
O

trajectory
w

ith
𝛿𝑡

is
m

ost
com

parable
to

the
vanilla

gradient
trajectory

w
ith

4
𝛿𝑡,

because
from

(53)
m

ost
of

the
diagonal

term
s

of
the

Fisher
m

atrix
are

equal
to

1
/4

and
m

ost
off-diagonalterm

s
are

0
at

startup.
T

he
experim

ents
confirm

that
this

yields
roughly

com
parable

convergence
speeds.
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at
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di
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𝜃
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g
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e
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y

m
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di
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.g
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R
B

M
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w
ith
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s
m
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ul
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m
ul

tim
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at
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ra
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m
pl

ici
tly

re
lie

so
n

th
e

Eu
cli

de
an

no
rm

on
pa

ra
m

et
er

sp
ac

e,
as

ex
pl

ai
ne

d
in

Se
ct

io
n

2.
1.

Fo
r

th
is

no
rm

,
th

e
di

st
an

ce
be

tw
ee

n
th

e
R

B
M

di
st

rib
ut

io
ns

(𝑎
𝑖,

𝑏 𝑗
,𝑤

𝑖𝑗
)

an
d

(𝑎
′ 𝑖,

𝑏′ 𝑗
,𝑤

′ 𝑖𝑗
)

is
∑︀

𝑖
|𝑎

𝑖
−

𝑎
′ 𝑖|2

+
∑︀

𝑗

⃒⃒ ⃒𝑏
𝑗
−

𝑏′ 𝑗

⃒⃒ ⃒2
+
∑︀

𝑖𝑗

⃒⃒ ⃒𝑤
𝑖𝑗
−

𝑤
′ 𝑖𝑗

⃒⃒ ⃒2 .
H

ow
ev

er
,t

he
ch

an
ge

of
va

ria
bl

es
𝑎

𝑖
←

𝑎
𝑖
+

𝑤
𝑖𝑗

,
𝑏 𝑗
←
−

𝑏 𝑗
,

𝑤
𝑖𝑗
←
−

𝑤
𝑖𝑗

do
es

no
t

pr
es

er
ve

th
is

Eu
cl

id
ea

n
m

et
ric

.
Th

us
,e

xc
ha

ng
in

g
0

an
d

1
fo

rt
he

hi
dd

en
va

ria
bl

es
wi

ll
re

su
lt

in
tw

o
di

ffe
re

nt
va

ni
lla

gr
ad

ien
t

as
ce

nt
s.

T
he

ob
se

rv
ed

as
ym

m
et

ry
on

ℎ
is

a
co

ns
eq

ue
nc

e
of

th
is

im
pl

ic
it

as
ym

m
et

ry
.

O
fc

ou
rs

e
it

is
po

ss
ib

le
to

us
e

pa
ra

m
et

riz
at

io
ns

fo
r

w
hi

ch
th

e
va

ni
lla

gr
ad

ie
nt

w
ill

be
m

or
e

sy
m

m
et

ric
:

fo
r

in
st

an
ce

,u
sin

g
−

1/
1

in
st

ea
d

of
0/

1
fo

r
th

e
va

ria
bl

es
,o

r
re

w
rit

in
g

th
e
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Inform
ation-G

eom
etric

O
ptim

ization

energy
as

𝐸
(x

,h)=
−
∑︀

𝑖 𝐴
𝑖 (𝑥

𝑖 −
12 )−

∑︀
𝑗 𝐵

𝑗 (ℎ
𝑗 −

12 )−
∑︀

𝑖,𝑗 𝑊
𝑖𝑗 (𝑥

𝑖 −
12 )(ℎ

𝑗 −
12 )

(56)

w
ith

“bias-free”
param

eters
𝐴

𝑖 ,𝐵
𝑗 ,𝑊

𝑖𝑗
related

to
the

usualparam
etrization

by
𝑤

𝑖𝑗 =
𝑊

𝑖𝑗 ,
𝑎

𝑖 =
𝐴

𝑖 −
12 ∑︀

𝑗
𝑤

𝑖𝑗 ,and
𝑏

𝑗 =
𝐵

𝑗 −
12 ∑︀

𝑖 𝑤
𝑖𝑗 .

T
he

vanilla
gradient

m
ight

perform
better

in
this

param
etrization.

H
owever,we

adopted
the

approach
ofusing

a
fam

ily
ofprobability

distributions
found

in
the

literature,w
ith

the
param

etrization
com

m
only

found
in

the
literature.

W
e

then
used

the
vanilla

gradient
and

the
naturalgradient

on
these

distributions—
and

indeed
the

vanilla
gradient,or

an
approxim

ation
thereof,is

routinely
applied

to
R

B
M

s
in

the
literature

to
optim

ize
the

log-likelihood
ofdata

(H
inton.,2002;H

inton
et

al.,2006;Bengio
et

al.,2007).
It

was
not

obvious
a

priori(at
least

for
us)

that
the

vanilla
gradient

ascent
favors

ℎ
=

1.
Since

the
first

version
ofthis

article
was

w
ritten,this

phenom
enon

has
been

recognized
for

Boltzm
ann

m
achines

(M
ontavon

and
M

üller,2012).
T

his
directly

illustrates
the

specific
influence

of
the

chosen
gradient

(the
tw

o
im

ple-
m

entations
only

differ
by

the
inclusion

ofthe
Fisher

m
atrix):

the
naturalgradient

offers
a

system
atic

way
to

recover
sym

m
etry

from
a

non-sym
m

etric
gradient

update.
Sym

m
etry

alone
does

not
explain

w
hy

IG
O

reaches
the

two
optim

a
sim

ultaneously:
a

sym
m

etry-preserving
stochastic

algorithm
could

as
w

ellend
up

on
either

single
optim

um
w

ith
50%

probability
in

each
run.

T
he

diversity-preserving
property

ofIG
O

(Proposition
2)

offers
a

reasonable
interpretation

ofw
hy

this
does

not
happen.

A
ppendix

C
.

Further
M

athem
aticalP

roperties
of

the
IG

O
Flow

T
his

appendix
provides

further
m

athem
aticalproperties

ofthe
IG

O
flow

in
generaland

in
specific

scenarios.

C
.1

Invariance
P

roperties
H

ere
we

form
ally

state
the

invariance
propertiesofthe

IG
O

flow
undervariousreparam

etriza-
tions.

Since
these

results
follow

from
the

very
construction

ofthe
algorithm

,the
proofs

are
om

itted.

P
roposition

17
(𝑓-invariance)

Let
𝜙

:R
→

R
be

a
strictly

increasing
function.

Then
the

trajectories
ofthe

IG
O

flow
when

optim
izing

the
functions

𝑓
and

𝜙(𝑓)
are

the
sam

e.
T

he
sam

e
is

true
for

the
discretized

algorithm
with

population
size

𝑁
and

step
size

𝛿𝑡
>

0.

P
roposition

18
(𝜃-invariance)

Let
𝜃 ′=

𝜙(𝜃)
be

a
sm

ooth
bijective

function
of

𝜃
and

let
𝑃

′𝜃 ′ =
𝑃

𝜙
−

1(𝜃 ′) .
Let

𝜃
𝑡be

the
trajectory

ofthe
IG

O
flow

when
optim

izing
a

function
𝑓

using
the

distributions
𝑃

𝜃 ,initialized
at

𝜃 0.
T

hen
the

IG
O

flow
trajectory

(𝜃 ′)
𝑡obtained

from
the

optim
ization

ofthe
function

𝑓
using

the
distributions

𝑃
′𝜃 ′ ,initialized

at(𝜃 ′) 0
=

𝜙(𝜃 0),is
the

sam
e,nam

ely
(𝜃 ′)

𝑡=
𝜙(𝜃

𝑡).

For
the

algorithm
w

ith
finite

𝑁
and

𝛿𝑡
>

0,invariance
under

reparam
etrization

of
𝜃

is
only

true
approxim

ately,in
the

lim
it

w
hen

𝛿𝑡→
0.

A
s

m
entioned

above,the
IG

O
update
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O
llivier,

A
rnold,

A
uger

and
H

ansen

(17) ,w
ith

𝑁
=
∞

,is
sim

ply
the

Euler
approxim

ation
schem

e
for

the
ordinary

differential
equation

(8)defining
theIG

O
flow.Ateach

step,theEulerschem
eisknown

to
m

akean
error

𝑂
(𝛿𝑡 2)

w
ith

respect
to

the
true

flow
.

T
his

error
actually

depends
on

the
param

etrization
of

𝜃.
So

the
IG

O
updates

for
different

param
etrizations

coincide
at

first
order

in
𝛿𝑡,and

m
ay,

in
general,differ

by
𝑂

(𝛿𝑡 2).
For

instance
the

difference
betw

een
the

C
M

A
-ES

and
xN

ES
updates

is
indeed

𝑂
(𝛿𝑡 2),see

Section
5.2.

For
com

parison,using
the

vanilla
gradient

results
in

a
divergence

of
𝑂

(𝛿𝑡)
at

each
step

between
different

param
etrizations,so

this
divergence

could
be

ofthe
sam

e
m

agnitude
as

the
steps

them
selves.

In
that

sense,one
can

say
that

IG
O

algorithm
s

are
“m

ore
param

etrization-invariant”
than

other
algorithm

s.
T

his
stem

s
from

their
origin

as
a

discretization
ofthe

IG
O

flow
.

H
owever,ifthe

m
ap

𝜙
is

affi
ne

then
this

phenom
enon

disappears:
param

etrizations
that

differ
by

an
affi

ne
m

ap
on

𝜃
yield

the
sam

e
IG

O
algorithm

.
T

he
next

proposition
states

that,for
exam

ple,ifone
uses

a
fam

ily
ofdistributions

on
R

𝑑
w

hich
is

invariant
under

affi
ne

transform
ations,then

IG
O

algorithm
s

optim
ize

equally
wella

function
and

its
im

age
under

any
affi

ne
transform

ation
(up

to
an

obvious
change

in
the

initialization).
T

his
proposition

generalizes
the

well-know
n

corresponding
property

of
C

M
A

-ES
(H

ansen
and

A
uger,2014,Proposition

9).
T

his
invariance

under
𝑋

-transform
ations

only
holds

provided
the

𝑋
-transform

ation
preserves

the
“shape”

ofthe
fam

ily
ofprobability

distributions
𝑃

𝜃 ,as
follow

s.
Let

us
define,as

usual,the
im

age
(pushforward)

ofa
probability

distribution
𝑃

by
a

transform
ation

𝜙
:
𝑋
→

𝑋
as

the
probability

distribution
𝑃

′such
that

𝑃
′(𝑌

)=
𝑃

(𝜙
−

1(𝑌
))

forany
subset

𝑌
⊂

𝑋
(Schilling,2005,Chapter7).

In
the

continuousdom
ain,the

density
of

the
new

distribution
𝑃

′is
obtained

by
the

usualchange
ofvariable

form
ula

involving
the

Jacobian
of

𝜙
(Schilling,2005,C

hapter
15).

W
e

say
that

a
transform

ation
𝜙

:
𝑋
→

𝑋
globally

preserves
a

fam
ily

of
probability

distributions
(𝑃

𝜃 ),ifthe
im

age
ofany

𝑃
𝜃

by
𝜙

is
equalto

som
e

distribution
𝑃

𝜃 ′in
the

sam
e

fam
ily,and

ifm
oreover

the
correspondence

𝜃
↦→

𝜃 ′is
locally

a
diffeom

orphism
.

P
roposition

19
(𝑋

-invariance)
Let

𝜙
:

𝑋
→

𝑋
be

a
one-to-one

transform
ation

ofthe
search

space
which

globally
preserves

the
fam

ily
of

m
easures

𝑃
𝜃 .

Let
𝜃

𝑡
be

the
IG

O
flow

trajectory
for

the
optim

ization
offunction

𝑓,initialized
at

𝑃
𝜃 0 .

Let
(𝜃 ′)

𝑡be
the

IG
O

flow
trajectory

for
optim

ization
of

𝑓
∘

𝜙
−

1,initialized
at

the
im

age
of

𝑃
𝜃 0

by
𝜙.

T
hen

𝑃
(𝜃 ′)

𝑡
is

the
im

age
of

𝑃
𝜃

𝑡
by

𝜙.
For

the
discretized

algorithm
with

population
size

𝑁
and

step
size

𝛿𝑡
>

0,the
sam

e
is

true
up

to
an

error
of

𝑂
(𝛿𝑡 2)

per
iteration.

This
error

disappears
ifthe

action
ofthe

m
ap

𝜙
on

Θ
by

pushforward
is

affi
ne.

T
he

latter
case

of
affi

ne
transform

s
is

wellexem
plified

by
C

M
A

-ES:here,
using

the
variance

and
m

ean
as

the
param

etrization
ofG

aussians,the
new

m
ean

and
variance

after
an

affi
ne

transform
ofthe

search
space

are
an

affi
ne

function
ofthe

old
m

ean
and

variance;
specifically,forthe

affi
ne

transform
ation

𝐴
:
𝑥
↦→

𝐴
𝑥

+
𝑏

we
have

(𝑚
,𝐶

)↦→
(𝐴

𝑚
+

𝑏,𝐴
𝐶

𝐴
T).

A
nother

exam
ple,on

the
discrete

search
space

𝑋
=
{0,1}

𝑑,is
the

exchange
of0

and
1:

for
reasonable

choices
ofthe

fam
ily

𝑃
𝜃 ,the

IG
O

flow
and

IG
O

algorithm
s

w
illbe

invariant
under

such
a

change
in

the
way

the
data

is
presented.

44
JM

L
R

 18(18):1-65, 2017



In
fo

rm
at

io
n-

G
eo

m
et

ri
c

O
pt

im
iz

at
io

n

C
.2

Sp
ee

d
of

th
e

IG
O

F
lo

w
P

ro
po

si
ti

on
20

Th
e

sp
ee

d
of

th
e

IG
O

flo
w,

i.e
.t

he
no

rm
of

d𝜃
𝑡

d𝑡
in

th
e

Fi
sh

er
m

et
ri

c,
is

at
m

os
t√︁

∫︀ 1 0
𝑤

2
−

(∫︀
1 0

𝑤
)2

wh
er

e
𝑤

is
th

e
se

lec
tio

n
sc

he
m

e.

T
he

pr
oo

fi
s

gi
ve

n
in

A
pp

en
di

x
D

.
A

bo
un

de
d

sp
ee

d
m

ea
ns

th
at

th
e

IG
O

flo
w

w
ill

no
t

ex
pl

od
e

in
fin

ite
tim

e,
or

go
ou

t-
of

-
do

m
ai

n
if

th
e

Fi
sh

er
m

et
ric

on
th

e
st

at
ist

ic
al

m
an

ifo
ld

Θ
is

co
m

pl
et

e
(fo

r
in

st
an

ce
,t

he
IG

O
flo

w
on

G
au

ss
ia

n
di

st
rib

ut
io

ns
wi

ll
no

ty
iel

d
no

n-
po

sit
iv

e
or

de
ge

ne
ra

te
co

va
ria

nc
e

m
at

ric
es

).
D

ue
to

th
e

ap
pr

ox
im

at
io

n
te

rm
s

𝑂
(𝛿

𝑡2 )
,t

hi
s

m
ay

no
t

be
tr

ue
of

IG
O

al
go

rit
hm

s.

T
hi

s
sp

ee
d

ca
n

be
m

on
ito

re
d

in
pr

ac
tic

e
in

at
le

as
t

tw
o

w
ay

s.
T

he
fir

st
is

ju
st

to
co

m
pu

te
th

e
Fi

sh
er

no
rm

of
th

e
in

cr
em

en
t

𝜃𝑡+
𝛿𝑡
−

𝜃𝑡
us

in
g
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K
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su

re
le

ar
ni

ng
ra

te
s

in
th

os
e

op
tim

iz
at

io
n

al
go

rit
hm

s
w

hi
ch

us
e

pr
ob

ab
ili

ty
di

st
rib

ut
io

ns
.

Th
er

es
ul

ta
bo

ve
is

on
ly

an
up

pe
rb

ou
nd

.M
ax

im
al

sp
ee

d
ca

n
be

ac
hi

ev
ed

on
ly

if
al

l“
go

od
”

po
in

ts
po

in
t

in
th

e
sa

m
e

di
re

ct
io

n.
If

th
e

va
rio

us
go

od
po

in
ts

in
th

e
sa

m
pl

e
su

gg
es

t
m

ov
es

in
in

co
ns

ist
en

t
di

re
ct

io
ns

,t
he

n
th

e
IG

O
up

da
te

w
ill

be
m

uc
h

sm
al

le
r.

W
hi

le
no

n-
co

ns
ist

en
t

m
ov

es
ar

e
ge

ne
ra

lly
to

be
ex

pe
ct

ed
if

𝑁
<

di
m

Θ
,i

t
m

ay
al

so
be

a
sig

n
th

at
th

e
sig

na
li

s
no

isy
,o

r
th

at
th

e
fa

m
ily

of
di

st
rib

ut
io

ns
𝑃

𝜃
is

no
t

we
ll

su
ite

d
to

th
e

pr
ob

le
m

at
ha

nd
an

d
sh

ou
ld

be
en

ric
he

d.
A

s
an

ex
am

pl
e,

us
in

g
a

fa
m

ily
of

G
au

ss
ia

n
di

st
rib

ut
io

ns
w

ith
un

ko
w

n
m

ea
n

an
d

fix
ed

id
en

tit
y

va
ria

nc
e

on
R

𝑑
,o

ne
ch

ec
ks

th
at

fo
rt

he
op

tim
iza

tio
n

of
a

lin
ea

rf
un

ct
io

n
on

R
𝑑
,w

ith
th

e
w

ei
gh

t
𝑤

(𝑢
)=

1
𝑢

<
1/

2,
th

e
IG

O
flo

w
m

ov
es

at
co

ns
ta

nt
sp

ee
d

1/
√

2𝜋
≈

0.
4,

w
ha

te
ve

r
th

e
di

m
en

sio
n

𝑑
.

O
n

a
ra

pi
dl

y
va

ry
in

g
sin

us
oi

da
lf

un
ct

io
n,

th
e

m
ov

in
g

sp
ee

d
w

ill
be

m
uc

h
slo

we
r

be
ca

us
e

th
er

e
ar

e
“g

oo
d”

an
d

“b
ad

”
po

in
ts

in
al

ld
ire

ct
io

ns
.

Th
is

m
ay

su
gg

es
tw

ay
st

o
de

sig
n

th
es

ele
ct

io
n

sc
he

m
e𝑤

to
ac

hi
ev

em
ax

im
al

sp
ee

d
in

so
m

e
in

st
an

ce
s.

In
de

ed
,l

oo
ki

ng
at

th
e

pr
oo

fo
ft

he
pr

op
os

iti
on

,w
hi

ch
in

vo
lv

es
a

Ca
uc

hy
–S

ch
wa

rz
in

eq
ua

lit
y,

on
ec

an
se

et
ha

tt
he

m
ax

im
al

sp
ee

d
is

ac
hi

ev
ed

on
ly

if
th

er
ei

sa
lin

ea
rr

ela
tio

ns
hi

p
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O
ll

iv
ie

r,
A

rn
ol

d,
A

ug
er

an
d

H
an

se
n

be
tw

ee
n

th
e

we
ig

ht
s

𝑊
𝑓 𝜃
(𝑥

)a
nd

th
e

gr
ad

ien
t
̃︀ ∇

𝜃
ln

𝑃
𝜃
(𝑥

).
Fo

ri
ns

ta
nc

e,
fo

r
th

e
op

tim
iza

tio
n

of
a

lin
ea

r
fu

nc
tio

n
on

R
𝑑

us
in

g
G

au
ss

ia
n

m
ea

su
re

s
of

kn
ow

n
va

ria
nc

e,
th

e
m

ax
im

al
sp

ee
d

w
ill

be
ac

hi
ev

ed
w

he
n

th
e

se
le

ct
io

n
sc

he
m

e
𝑤

(𝑢
)

is
th

e
in

ve
rs

e
of

th
e

G
au

ss
ia

n
cu

m
ul

at
iv

e
di

st
rib

ut
io

n
fu

nc
tio

n.
(I

n
pa

rt
ic

ul
ar

,𝑤
(𝑢

)
te

nd
s

to
+
∞

w
he

n
𝑢
→

0
an

d
to
−
∞

w
he

n
𝑢
→

1.
)

T
hi

s
is

in
ac

co
rd

an
ce

w
ith

kn
ow

n
re

su
lts

:
th

e
ex

pe
ct

ed
va

lu
e

of
th

e
𝑖-t

h
or

de
r

st
at

ist
ic

of
𝑁

st
an

da
rd

G
au

ss
ia

n
va

ria
te

si
st

he
op

tim
al
̂︀ 𝑤

𝑖
va

lu
e

fo
rG

au
ss

ia
ns

on
th

e
sp

he
re

fu
nc

tio
n,

𝑓
(𝑥

)=
∑︀

𝑖
𝑥

2 𝑖
,w

he
re

𝑑
→
∞

(B
ey

er
,2

00
1;

A
rn

ol
d,

20
06

).
Fo

r
𝑁
→
∞

,t
hi

s
or

de
r

st
at

ist
ic

co
nv

er
ge

s
to

th
e

in
ve

rs
e

G
au

ss
ia

n
cu

m
ul

at
iv

e
di

st
rib

ut
io

n
fu

nc
tio

n.

C
.3

N
oi

sy
O

bj
ec

ti
ve

Fu
nc

ti
on

s

Su
pp

os
e

th
at

th
e

ob
je

ct
iv

e
fu

nc
tio

n
𝑓

is
no

n-
de

te
rm

in
ist

ic
:

ea
ch

tim
e

we
as

k
fo

r
th

e
va

lu
e

of
𝑓

at
a

po
in

t
𝑥
∈

𝑋
,w

e
ge

t
a

ra
nd

om
re

su
lt.

In
th

is
se

tt
in

g
w

e
m

ay
w

rit
e

th
e

ra
nd

om
va

lu
e

𝑓
(𝑥

)
as

𝑓
(𝑥

)=
𝑓

(𝑥
,𝜔

)
w

he
re

𝜔
is

an
un

se
en

ra
nd

om
se

ed
,a

nd
𝑓

is
a

de
te

rm
in

ist
ic

fu
nc

tio
n

of
𝑥

an
d

𝜔
.

W
ith

ou
t

lo
ss

of
ge

ne
ra

lit
y,

up
to

a
ch

an
ge

of
va

ria
bl

es
we

ca
n

as
su

m
e

th
at

𝜔
is

un
ifo

rm
ly

di
st

rib
ut

ed
in

[0
,1

].
W

e
ca

n
st

ill
us

e
th

e
IG

O
al

go
rit

hm
w

ith
ou

t
m

od
ifi

ca
tio

n
in

th
is

co
nt

ex
t.

O
ne

m
ig

ht
wo

nd
er

wh
ich

pr
op

er
tie

s(
co

ns
ist

en
cy

of
sa

m
pl

in
g,

et
c.)

st
ill

ap
pl

y
wh

en
𝑓

is
no

td
et

er
m

in
ist

ic.
A

ct
ua

lly
,I

G
O

al
go

rit
hm

s
fo

r
no

isy
fu

nc
tio

ns
fit

ve
ry

ni
ce

ly
in

to
th

e
IG

O
fr

am
ew

or
k:

th
e

fo
llo

w
in

g
pr

op
os

iti
on

al
lo

w
s

to
tr

an
sfe

r
an

y
pr

op
er

ty
of

IG
O

to
th

e
ca

se
of

no
isy

fu
nc

tio
ns

.

P
ro

po
si

ti
on

22
(N

oi
sy

IG
O

)
Le

t
𝑓

be
a

ra
nd

om
fu

nc
tio

n
of

𝑥
∈

𝑋
,

na
m

el
y,

𝑓
(𝑥

)
=

𝑓
(𝑥

,𝜔
)

wh
er

e
𝜔

is
a

ra
nd

om
va

ri
ab

le
un

ifo
rm

ly
di

st
ri

bu
te

d
in

[0
,1

],
an

d
𝑓

is
a

de
te

rm
in

ist
ic

fu
nc

tio
n

of
𝑥

an
d

𝜔
.

T
he

n
th

e
tw

o
fo

llo
wi

ng
al

go
ri

th
m

s
co

in
ci

de
:

∙
Th

e
IG

O
al

go
ri

th
m

(1
6)

,u
sin

g
a

fa
m

ily
of

di
st

ri
bu

tio
ns

𝑃
𝜃

on
sp

ac
e

𝑋
,a

pp
lie

d
to

th
e

no
is

y
fu

nc
tio

n
𝑓

,a
nd

wh
er

e
th

e
sa

m
pl

es
ar

e
ra

nk
ed

ac
co

rd
in

g
to

th
e

ra
nd

om
ob

se
rv

ed
va

lu
e

of
𝑓

(h
er

e
we

as
su

m
e

th
at

,
fo

r
ea

ch
sa

m
pl

e,
th

e
no

is
e

𝜔
is

in
de

pe
nd

en
t

fro
m

ev
er

yt
hi

ng
el

se
);

∙
Th

e
IG

O
al

go
ri

th
m

on
sp

ac
e

𝑋
×

[0
,1

],
us

in
g

th
e

fa
m

ily
of

di
st

ri
bu

tio
ns

𝑃
𝜃

=
𝑃

𝜃
⊗

𝑈
[0

,1
],

ap
pl

ie
d

to
th

e
de

te
rm

in
is

tic
fu

nc
tio

n
𝑓

.
H

er
e

𝑈
[0

,1
]

de
no

te
s

th
e

un
ifo

rm
la

w
on

[0
,1

].

T
he

(e
as

y)
pr

oo
fi

s
gi

ve
n

in
th

e
A

pp
en

di
x

D
.

T
hi

s
pr

op
os

iti
on

st
at

es
th

at
no

isy
op

tim
iz

at
io

n
ca

n
be

m
od

el
ed

as
or

di
na

ry
di

st
rib

ut
io

n-
ba

se
d

op
tim

iz
at

io
n

w
ith

a
co

m
po

ne
nt

of
th

e
di

st
rib

ut
io

n
be

in
g

in
de

pe
nd

en
t

of
th

e
co

nt
ro

l
pa

ra
m

et
er

𝜃.
C

on
ve

rs
el

y,
an

y
co

m
po

ne
nt

of
th

e
se

ar
ch

sp
ac

e
in

w
hi

ch
a

di
st

rib
ut

io
n-

ba
se

d
op

tim
iz

at
io

n
al

go
rit

hm
ca

nn
ot

pe
rf

or
m

se
le

ct
io

n
or

sp
ec

ia
liz

at
io

n
w

ill
eff

ec
tiv

el
y

ac
t

as
a

ra
nd

om
no

ise
on

th
e

ob
je

ct
iv

e
fu

nc
tio

n.
A

sa
co

ns
eq

ue
nc

e
of

th
is

re
su

lt,
al

lp
ro

pe
rt

ies
of

IG
O

ca
n

be
tr

an
sfe

rr
ed

to
th

e
no

isy
ca

se
.

C
on

sid
er

,f
or

in
st

an
ce

,c
on

sis
te

nc
y

of
sa

m
pl

in
g

(T
he

or
em

6)
.

T
he

𝑁
-s

am
pl

e
IG

O
up

da
te

ru
le

fo
r

th
e

no
isy

ca
se

is
id

en
tic

al
to

th
e

no
n-

no
isy

ca
se

(1
7)

:

𝜃𝑡+
𝛿𝑡

=
𝜃𝑡

+
𝛿𝑡

𝐼
−

1 (𝜃
𝑡 )

𝑁 ∑︁ 𝑖=
1
̂︀ 𝑤

𝑖
𝜕

ln
𝑃

𝜃
(𝑥

𝑖)
𝜕

𝜃

⃒⃒ ⃒⃒ 𝜃
=

𝜃
𝑡
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Inform
ation-G

eom
etric

O
ptim

ization

w
here

each
w

eight
̂︀𝑤

𝑖
com

puted
from

(14)
now

incorporates
noise

from
the

objective
function

because
the

rank
of

𝑥
𝑖

is
com

puted
on

the
random

function,
or

equivalently
on

the
determ

inistic
function

𝑓:
rk(𝑥

𝑖 )=
#
{𝑗,𝑓(𝑥

𝑗 ,𝜔
𝑗 )

<
𝑓(𝑥

𝑖 ,𝜔
𝑖 )}.

C
onsistency

ofsam
pling

(T
heorem

6)
thus

takes
the

follow
ing

form
through

Proposi-
tion

22:
W

hen
𝑁
→
∞

,the
𝑁

-sam
ple

IG
O

update
rule

on
the

noisy
function

𝑓
converges

w
ith

probability
1

to
the

update
rule

𝜃
𝑡+

𝛿𝑡=
𝜃

𝑡+
𝛿𝑡
̃︀∇

𝜃 ∫︁
10

∫︁
𝑊

𝑓𝜃
𝑡 (𝑥

,𝜔)
𝑃

𝜃 (d
𝑥)d

𝜔

=
𝜃

𝑡+
𝛿𝑡
̃︀∇

𝜃 ∫︁
𝑊

𝑓𝜃
𝑡 (𝑥)

𝑃
𝜃 (d

𝑥)
(57)

w
here

𝑊
𝑓𝜃 (𝑥)=

E
𝜔
𝑊

𝑓𝜃 (𝑥
,𝜔).

T
hus

w
hen

𝑁
→
∞

the
update

becom
es

determ
inistic

as
the

effects
ofnoise

get
averaged,as

could
be

expected.
T

hus,applying
the

IG
O

algorithm
to

noisy
objective

functions
as

in
Proposition

22
requires

defining
the

IG
O

flow
for

noisy
objective

functions
as

d
𝜃

𝑡

d
𝑡

=
̃︀∇

𝜃 ∫︁
𝑊

𝑓𝜃
𝑡 (𝑥)

𝑃
𝜃 (d

𝑥)
(58)

w
here

𝑊
𝑓𝜃 (𝑥)

=
E

𝜔
𝑊

𝑓𝜃 (𝑥
,𝜔)

is
the

average
w

eight
of

𝑥
over

the
values

𝑓(𝑥).
T

hus,the
effects

ofnoise
rem

ain
visible

even
for

𝑁
→
∞

,as
𝑊

is
in

generalflatter
than

𝑊
.

N
ote

that
there

is
another

possible
way

to
define

the
IG

O
flow

for
noisy

objective
functions.

T
he

flow
(58)

am
ounts

to
taking

a
point

𝑥,com
puting

a
(random

)
value

𝑓(𝑥),
com

puting
the

level
𝑞

<𝜃 (𝑥)
=

Pr
𝑥

′∼
𝑃

𝜃 (𝑓(𝑥
′)

<
𝑓(𝑥))

ofthis
random

value
𝑓(𝑥),applying

the
selection

schem
e

𝑤
,and

then
averaging.

In
this

approach
the

value
𝑞

<𝜃 (𝑥)
is

a
random

variable
depending

on
the

value
of

𝑓(𝑥).
A

lternatively,we
could

define
the

value
𝑞

𝜃 (𝑥)
by

applying
D

efinition
3

unchanged,nam
ely,

𝑞
<𝜃 (𝑥)=

Pr
𝑥

′∼
𝑃

𝜃 (𝑓(𝑥
′)

<
𝑓(𝑥))in

which
𝑓(𝑥)itself

is
treated

as
a

random
variable

under
the

probability
Pr,so

that
𝑞

<𝜃 (𝑥)
is

determ
inistic

and
takes

into
account

allpossible
values

for
𝑓(𝑥).

T
hen

we
could

apply
the

selection
schem

e
𝑤

to
this

value
𝑞

<𝜃 (𝑥)
as

in
D

efinition
3

and
define

the
IG

O
flow

accordingly.
T

he
value

of
𝑞

<𝜃 (𝑥)
in

this
second

version
is

the
expected

value
of

𝑞
<𝜃 (𝑥)

in
the

first
version.

W
hen

the
selection

schem
e

𝑤
isaffi

ne,these
two

approachescoincide;howeverthisisnot
thecasein

general,asthesecond
version

averagesthe
𝑞-valueswhilethefirstversion

averages
the

weights
𝑤

(𝑞).
The

second
version

would
be

the
𝑁
→
∞

lim
itofa

slightly
m

ore
com

plex
algorithm

using
severalevaluations

of
𝑓

for
each

sam
ple

𝑥
𝑖 in

order
to

com
pute

noise-free
average

ranks
and

quantiles.
T

he
first

version
has

the
advantage

ofleaving
the

algorithm
unchanged

and
ofinheriting

properties
from

the
determ

inistic
case

via
Proposition

22.

C
.4

T
he

IG
O

F
low

for
Linear

Functions
on
{0

,1}
𝑑

and
R

𝑑

In
thissection

we
take

a
closerlook

atthe
IG

O
differentialequation

solutionsof(8)forsom
e

sim
ple

exam
ples

ofobjective
functions,for

w
hich

it
is

possible
to

obtain
exact

inform
ation

about
these

IG
O

trajectories.
W

estartwith
thediscretesearch

space
𝑋

=
{0,1}

𝑑and
linearfunctions(to

bem
inim

ized)
defined

as
𝑓(𝑥)

=
𝑐−

∑︀
𝑑𝑖=

1
𝛼

𝑖 𝑥
𝑖 w

ith
𝛼

𝑖
>

0.
(So

m
axim

ization
ofthe

classicalonem
ax

function
𝑓onem

ax (𝑥)
=
∑︀

𝑑𝑖=
1

𝑥
𝑖 is

covered
by

setting
𝛼

𝑖 =
1.)

T
he

differentialequation
of

47
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O
llivier,

A
rnold,

A
uger

and
H

ansen

the
IG

O
flow

(8)
for

the
Bernoullim

easures
𝑃

𝜃 (𝑥)=
𝑝

𝜃1 (𝑥
1 )

...𝑝
𝜃

𝑑 (𝑥
𝑑 )

defined
on

𝑋
is

the
𝛿𝑡→

0
lim

it
ofthe

IG
O

-PBIL
update

(36):

d
𝜃

𝑡𝑖

d
𝑡

=
∫︁

𝑊
𝑓𝜃
𝑡 (𝑥)(𝑥

𝑖 −
𝜃

𝑡𝑖 )𝑃
𝜃

𝑡(d
𝑥)=

:
𝑔

𝑖 (𝜃
𝑡)

.
(59)

A
lthough

finding
the

analytical
solution

of
the

differential
equation

(59)
for

any
initial

condition
seem

s
a

bit
intricate,we

show
that

the
solution

of
(59)

converges
to

(1
,...,1)

starting
from

any
initial

𝜃
∈

(0,1] 𝑑.
N

ote
that

starting
w

ith
𝜃

𝑖 =
0

for
som

e
𝑖prevents

IG
O

(and
PB

IL)
from

sam
pling

any
1

for
com

ponent
𝑖,so

that
the

com
ponents

of
𝜃

that
are

equalto
0

at
startup

w
illalways

stay
so;in

that
case

the
IG

O
flow

effectively
works

as
in

a
sm

aller-dim
ensionalspace.

To
prove

convergence
to

(1,...,1),we
establish

the
follow

ing
result:

Lem
m

a
23

Assum
e

that
the

selection
schem

e
𝑤

:
[0

,1]
→

R
is

bounded,
that

𝑤
is

a
nonincreasing

function
and

that
there

exists
𝑞0 ,𝑞1

∈
(0

,1)
such

that
𝑤

(𝑞0 )
̸=

𝑤
(𝑞1 ).

O
n

𝑓(𝑥)=
𝑐−

∑︀
𝑑𝑖=

1
𝛼

𝑖 𝑥
𝑖 ,the

solution
of

(59)
satisfies

∑︀
𝑑𝑖=

1
𝛼

𝑖 d
𝜃

𝑡𝑖
d

𝑡
>

0;m
oreover

∑︀
𝛼

𝑖 d
𝜃

𝑡𝑖
d

𝑡
=

0
ifand

only
𝜃
∈
{0

,1}
𝑑.

P
roof

W
e

com
pute

∑︀
𝑑𝑖=

1
𝛼

𝑖 𝑔
𝑖 (𝜃

𝑡)
and

find
that

𝑑
∑︁𝑖=

1
𝛼

𝑖 d
𝜃

𝑡𝑖

d
𝑡

=
∫︁

𝑊
𝑓𝜃
𝑡 (𝑥) (︃

𝑑
∑︁𝑖=

1
𝛼

𝑖 𝑥
𝑖 −

𝑑
∑︁𝑖=

1
𝛼

𝑖 𝜃
𝑡𝑖 )︃

𝑃
𝜃

𝑡(d
𝑥)

=
∫︁

𝑊
𝑓𝜃
𝑡 (𝑥)(𝑓(𝜃

𝑡)−
𝑓(𝑥))𝑃

𝜃
𝑡(d

𝑥)

=
E[𝑊

𝑓𝜃
𝑡 (𝑥)]E[𝑓(𝑥)]−

E[𝑊
𝑓𝜃
𝑡 (𝑥)𝑓(𝑥)]

w
here

the
expectations

are
taken

under
𝑃

𝜃
𝑡.

U
sing

Lem
m

a
24

below
,

w
e

have
that

E[𝑊
𝑓𝜃
𝑡 (𝑥)]E[𝑓(𝑥)]−

E[𝑊
𝑓𝜃
𝑡 (𝑥)𝑓(𝑥)]>

0
and

in
addition

E[𝑊
𝑓𝜃
𝑡 (𝑥)]E[𝑓(𝑥)]−

E[𝑊
𝑓𝜃
𝑡 (𝑥)𝑓(𝑥)]=

0
ifand

only
if

𝜃
𝑡∈
{0

,1}
𝑑.

Lem
m

a
24

U
nder

the
assum

ptions
ofLem

m
a

23

E[−
𝑊

𝑓𝜃
𝑡 (𝑥)𝑓(𝑥)]>

E[−
𝑊

𝑓𝜃
𝑡 (𝑥)]E[𝑓(𝑥)]

(60)

with
equality

ifand
only

if
𝜃

𝑡∈
{0

,1}
𝑑.

H
ere

the
expectations

are
taken

under
𝑥
∼

𝑃
𝜃

𝑡.

P
roof

W
ewantto

provethatC
ov[−

𝑊
𝑓𝜃
𝑡 (𝑥),𝑓(𝑥)]>

0
with

equality
ifand

only
if

𝜃
𝑡∈
{0,1}

𝑑.
Let

us
define

the
random

variable
𝑍

=
𝑓(𝑥)

w
hen

𝑥
∼

𝑃
𝜃

𝑡.
R

em
ark

that
𝑊

𝑓𝜃
𝑡 (𝑥)

=
G

(𝑍
)

w
here

G
(𝑧)=

1
𝐹
6𝜃
𝑡 (𝑧)−

𝐹
<𝜃
𝑡 (𝑧) ∫︁

𝐹
6𝜃
𝑡 (𝑧)

𝐹
<𝜃
𝑡 (𝑧)

𝑤
(𝑞)𝑑

𝑞
,

(61)

w
here

𝐹
6𝜃
𝑡 (𝑧)

=
Pr

𝑥
′∼

𝑃
𝜃

𝑡 (𝑓(𝑥
′)
6

𝑧)
and

𝐹
<𝜃
𝑡 (𝑧)

=
Pr

𝑥
′∼

𝑃
𝜃

𝑡 (𝑓(𝑥
′)

<
𝑧).

T
hat

is
G

is
the

average
of

𝑤
on

the
interval(𝐹

<𝜃
𝑡 (𝑧),𝐹

6𝜃
𝑡 (𝑧)).Since

𝑤
isnonincreasing,the

function
G

isalso
nonincreasing.

W
e

have
the

follow
ing

equality

C
ov[−

𝑊
𝑓𝜃
𝑡 (𝑥),𝑓(𝑥)]=

C
ov[−

G
(𝑍

),𝑍
]

48
JM

L
R

 18(18):1-65, 2017



In
fo

rm
at

io
n-

G
eo

m
et

ri
c

O
pt

im
iz

at
io

n

w
he

re
−

G
is

no
nd

ec
re

as
in

g.
Fo

llo
w

in
g

(T
ho

ris
so

n,
20

00
,C

ha
pt

er
1)

,w
e

w
rit

e

C
ov

[−
G

(𝑍
),

𝑍
]=

1 2
C

ov
[−

G
(𝑍

)+
G

(𝑍
′ ),

𝑍
−

𝑍
′ ]

w
he

re
𝑍

an
d

𝑍
′

ar
e

in
de

pe
nd

en
t

fo
llo

w
in

g
th

e
di

st
rib

ut
io

n
𝑃

𝜃
𝑡
.

G
iv

en
th

at
bo

th
th

e
m

ea
n

of
−

G
(𝑍

)+
G

(𝑍
′ )

an
d

𝑍
−

𝑍
′

ar
e

ze
ro

C
ov

[−
G

(𝑍
),

𝑍
]=

1 2𝐸
[(−

G
(𝑍

)+
G

(𝑍
′ ))

(𝑍
−

𝑍
′ )]

=
1 2𝐸

[|
−

G
(𝑍

)+
G

(𝑍
′ )||

𝑍
−

𝑍
′ |]
>

0
,

w
he

re
th

e
la

st
eq

ua
lit

y
ho

ld
s

be
ca

us
e
−

G
is

no
nd

ec
re

as
in

g.
T

hi
s

pr
ov

es
th

e
m

ai
n

st
at

em
en

t
of

th
e

le
m

m
a.

W
e

w
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w
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he
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W
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sim
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sh
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at

𝑍
ca

n
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ke
wi

th
st

ric
tly

po
sit

iv
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ili
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2

tw
o

di
st

in
ct
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𝑧 1
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𝑧 2
su
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G
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an
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G
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ar

e
di

st
in

ct
.

W
e
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ill
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en

ha
ve

𝐸
[|
−

G
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G
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+
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−

𝑧 2
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𝑝
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>
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Le
t

us
as

su
m

e
th

at
on

e
sin

gl
e

𝜃 𝑖
be

lo
ng

s
to

(0
,1

)
an

d
al

lt
he

ot
he

rs
ar

e
ei

th
er

0
or

1.
W

e
ca

n
as

su
m

e
w

ith
ou

t
lo

ss
of

ge
ne

ra
lit

y
th

at
𝜃 1
∈
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T

he
n

𝑓
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)
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ke
s
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o
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sit
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𝑧 1

be
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e
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e
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wi
th

𝑥
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=
1

an
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𝑧 2
wi
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1
=

0.
T

he
n

𝑧 1
<

𝑧 2
th

an
ks

to
th

e
de

fin
iti

on
of

𝑓
an

d
be

ca
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e
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𝑖
>

0.
M

or
eo

ve
r,

un
ra

ve
lli

ng
th

e
de

fin
iti

on
s

we
fin

d
G

(𝑧
1)

=
1 𝜃 1

∫︀ 𝜃
1

0
𝑤

(𝑞
)𝑑

𝑞
an

d
G

(𝑧
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=
1

1−
𝜃 1

∫︀ 1 𝜃 1
𝑤

(𝑞
)𝑑

𝑞.
T

he
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m
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n
st

at
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th
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er

e
ex
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𝑞 0
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1
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)
su

ch
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̸=
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A
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um
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w
ith

ou
t

lo
ss

of
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lit
y

th
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𝑞 0
<
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th

e
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𝑞 0
an
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1 𝜃 1
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𝜃 1 0
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)𝑑
𝑞

=
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𝑞 0 0
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co

rd
in

g
to

Le
m

m
a

23
.

H
en

ce
fo

r
𝜃
∈

[𝜀
,1

]𝑑
,t

he
fu

nc
tio

n
𝑉

is
a

Ly
ap

un
ov

fu
nc

tio
n

(K
ha

lil
,1

99
6;

A
ga

rw
al

an
d

O
’R

eg
an

,2
00

8)
,w

hi
ch

is
m

in
im

al
at

(1
,.

..
,1

)
an

d
su

ch
th

at
𝑉

* (
𝜃)

<
0

ex
ce

pt
at

(1
,.

..
,1

).
T

he
re

fo
re

th
e

tr
aj

ec
to

ry
of

(5
9)

w
ill

co
nv

er
ge

to
(1

,.
..

,1
)

as
𝑡

go
es

to
in

fin
ity

(t
he

pr
oo

f
is

sim
ila

r
to

th
at

of
(K

ha
lil

,1
99

6,
T

he
or

em
4.

1)
).

G
iv

en
th

at
th

is
ho

ld
s

fo
r

an
y

𝜀
>

0,
we

ca
n

co
nc

lu
de

th
at

th
et

ra
je

ct
or

y
of

(5
9)

co
nv

er
ge

st
o

(1
,.

..
,1

)s
ta

rt
in

g
fro

m
an

y
𝜃
∈

(0
,1

]𝑑
.

W
e

no
w

co
ns

id
er

on
R

𝑑
th

e
fa

m
ily

of
m

ul
tiv

ar
ia

te
no

rm
al

di
st

rib
ut

io
ns

𝑃
𝜃

=
𝒩

(𝑚
,𝜎

2 𝐼
𝑑
)

w
ith

co
va

ria
nc

e
m

at
rix

eq
ua

lt
o

𝜎
2 𝐼

𝑑
.

T
he

pa
ra

m
et

er
𝜃

th
us

ha
s

𝑑
+

1
co

m
po

ne
nt

s
𝜃

=
(𝑚

,𝜎
)∈

R
𝑑
×

R
.

Th
e

na
tu

ra
lg

ra
di

en
t

up
da

te
us

in
g

th
is

fa
m

ily
wa

s
de

riv
ed

in
G

la
sm

ac
he

rs
et

al
.(

20
10

);
fro

m
th

is
we

ca
n

de
riv

e
th

e
IG

O
di

ffe
re

nt
ia

le
qu

at
io

n
w

hi
ch

re
ad

s:

d𝑚
𝑡

d𝑡
=
∫︁ R

𝑑
𝑊

𝑓 𝜃
𝑡
(𝑥

)(
𝑥
−

𝑚
𝑡 )𝑃

𝒩
(𝑚

𝑡
,(𝜎

𝑡
)2

𝐼 𝑑
)(

𝑥
)d

𝑥
(6

3)

d𝜎
𝑡

d𝑡
=
∫︁ R

𝑑

1 2𝑑

⎧ ⎨ ⎩
𝑑 ∑︁ 𝑖=

1

(︃
𝑥

𝑖
−

𝑚
𝑡 𝑖

𝜎
𝑡

)︃
2

−
1⎫ ⎬ ⎭

𝑊
𝑓 𝜃
𝑡
(𝑥

)𝑃
𝒩

(𝑚
𝑡
,(𝜎

𝑡
)2

𝐼 𝑑
)(

𝑥
)d

𝑥
(6

4)

w
he

re
𝜎

𝑡
an

d
𝜎

𝑡
ar

e
lin

ke
d

vi
a

𝜎
𝑡

=
ex

p(
𝜎

𝑡 )
or

𝜎
𝑡

=
ln

(𝜎
𝑡 )

.
D

en
ot

in
g
𝒩

a
ra

nd
om

ve
ct

or
fo

llo
wi

ng
a

ce
nt

er
ed

m
ul

tiv
ar

ia
te

no
rm

al
di

st
rib

ut
io

n
wi

th
id

en
tit

y
co

va
ria

nc
e

m
at

rix
we

ca
n

re
w

rit
e

th
e

gr
ad

ie
nt

flo
w

as

d𝑚
𝑡

d𝑡
=

𝜎
𝑡 E
[︁ 𝑊

𝑓 𝜃
𝑡
(𝑚

𝑡
+

𝜎
𝑡 𝒩

)𝒩
]︁

(6
5)

d𝜎
𝑡

d𝑡
=

E
[︃ 1 2

(︃
‖𝒩
‖2

𝑑
−

1)︃
𝑊

𝑓 𝜃
𝑡
(𝑚

𝑡
+

𝜎
𝑡 𝒩

)]︃
.

(6
6)

Le
t

us
an

al
yz

e
th

e
so

lu
tio

n
of

th
e

pr
ev

io
us

sy
st

em
on

lin
ea

r
fu

nc
tio

ns
.

W
ith

ou
t

lo
ss

of
ge

ne
ra

lit
y

(t
ha

nk
s

to
in

va
ria

nc
e)

we
ca

n
co

ns
id

er
th

e
lin

ea
r

fu
nc

tio
n

𝑓
(𝑥

)=
𝑥

1.
W

e
ha

ve

𝑊
𝑓 𝜃
𝑡
(𝑥

)=
𝑤

(P
r(

𝑚
𝑡 1

+
𝜎

𝑡 𝑍
1

<
𝑥

1)
)
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Inform
ation-G

eom
etric

O
ptim

ization

w
here

𝑍
1

follow
s

a
standard

one-dim
ensionalnorm

aldistribution
and

thus

𝑊
𝑓𝜃
𝑡 (𝑚

𝑡+
𝜎

𝑡𝒩
)=

𝑤
(Pr

𝑍
1 ∼

𝒩
(0

,1) (𝑍
1

<
𝒩

1 ))
(67)

=
𝑤

(ℱ
(𝒩

1 ))
(68)

w
ith
ℱ

the
cum

ulative
distribution

of
a

standard
norm

aldistribution,
and

𝒩
1

the
first

com
ponent

of𝒩
.

T
he

differentialequation
thus

sim
plifies

into

d
𝑚

𝑡

d
𝑡

=
𝜎

𝑡 ⎛⎜⎜⎜⎜⎝

E
[𝑤

(ℱ
(𝒩

1 ))𝒩
1 ]

0...0

⎞⎟⎟⎟⎟⎠
(69)

d
𝜎

𝑡

d
𝑡

=
12
𝑑 E

[︁(|𝒩
1 | 2−

1)𝑤
(ℱ

(𝒩
1 )) ]︁

.
(70)

C
onsider,for

exam
ple,the

truncation
selection

function,i.e.
𝑤

(𝑞)=
1

𝑞6
𝑞0

w
here

𝑞0 ∈
(0

,1).
(W

ithin
the

IG
O

algorithm
,this

results
in

so-called
interm

ediate
recom

bination
of

the
𝑞0 ×

𝑁
best

sam
ples.)

W
e

find
that

d
𝑚

𝑡1
d
𝑡

=
𝜎

𝑡E[𝒩
1 1{𝒩

1 6ℱ
−

1(𝑞0 )} ]=
:
𝜎

𝑡𝛽
(71)

d
𝜎

𝑡

d
𝑡

=
12
𝑑

(︂∫︁
𝑞0

0
ℱ

−
1(𝑢) 2d

𝑢
−

𝑞0 )︂
=

:
𝛼

.
(72)

T
he

solution
ofthe

IG
O

flow
for

the
linear

function
𝑓(𝑥)=

𝑥
1

is
thus

given
by

𝑚
𝑡1

=
𝑚

01 +
𝜎

0𝛽

𝛼
exp(𝛼

𝑡)
(73)

𝜎
𝑡=

𝜎
0exp(𝛼

𝑡)
.

(74)

T
he

coeffi
cient

𝛽
is

negative
for

any
𝑞0

<
1.

T
he

coeffi
cient

𝛼
is

positive
if

and
only

if
𝑞0

<
1/2

by
a

sim
ple

calculus
argum

ent 12;this
corresponds

to
selecting

less
than

halfofthe
sam

pled
points

in
an

ES.In
this

case
the

step
size

𝜎
𝑡grow

s
exponentially

fast
to

infinity
and

the
m

ean
vector

m
oves

along
the

gradient
direction

tow
ards

m
inus

∞
at

the
sam

e
rate.

Ifm
ore

than
halfofthe

points
are

selected,
𝑞0
>

1
/2,the

step
size

w
illdecrease

to
zero

exponentially
fast

and
the

m
ean

vector
w

illget
stuck

(com
pare

also
G

rahlet
al.2005;

H
ansen

2006a;Pošík
2008).

For
an

analysis
of

the
solutions

of
the

system
of

differentialequations
(65)

and
(66)

on
m

ore
com

plex
functions,

nam
ely

convex-quadratic
functions

and
tw

ice
continuously

differentiable
functions,we

refer
to

A
kim

oto
et

al.(2012).

12.
Indeed

𝛼
=

1
2

𝑑 √
2

𝜋 ∫︀
ℱ

−
1(𝑞0 )

−
∞

(𝑥
2
−

1)exp(−
𝑥

2/2)d
𝑥

=
1

2
𝑑 √

2
𝜋

𝑔(ℱ
−

1(𝑞0 ))
w

here
𝑔(𝑦)

=
∫︀

𝑦−
∞

(𝑥
2
−

1)exp(−
𝑥

2/2)d
𝑥.

U
sing

𝑔(0)
=

0
and

lim
𝑦→

±
∞

𝑔(𝑦)
=

0,
and

studying
the

sign
of

𝑔
′(𝑦),

w
e

find
that

𝑔
is

positive
for

𝑦
<

0
and

negative
for

𝑦
>

0.
Since

ℱ
−

1(𝑞0 )
<

0
ifand

only
if

𝑞0
<

1
/2,w

e
find

that
𝛼

=
1

2
𝑑 √

2
𝜋

𝑔(ℱ
−

1(𝑞0 ))
is

positive
ifand

only
if

𝑞0
<

1
/2.
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O
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A
rnold,

A
uger

and
H

ansen

A
ppendix

D
.

P
roofs

T
his

finalappendix
provides

longer
proofs

ofpropositions
and

theorem
s

ofthe
paper.

D
.1

P
roof

of
P

roposition
2

W
e

begin
w

ith
a

calculus
lem

m
a

w
hich

w
illalso

be
used

for
the

proofofT
heorem

10.
T

he
proofis

om
itted

and
am

ounts
to

w
riting

the
m

axim
um

ofa
quadratic

function
obtained

by
the

second-order
Taylor

expansion
of

𝑓.

Lem
m

a
26

Let
𝑓

be
real-valued

function
on

a
finite-dim

ensionalvector
space

𝐸
equipped

with
a

positive
definite

quadratic
form

‖·‖ 2.
Assum

e
𝑓

is
sm

ooth
and

has
atm

ostquadratic
growth

atinfinity.
T

hen,for
any

𝑥
∈

𝐸
,we

have

∇
𝑓(𝑥)=

lim𝜀→
0 1𝜀

argm
ax

ℎ

{︂
𝑓(𝑥

+
ℎ)−

12
𝜀 ‖

ℎ‖ 2 }︂

where
∇

is
the

gradientassociated
with

the
norm

‖·‖.
Equivalently,

argm
ax

𝑦

{︂
𝑓(𝑦)−

12
𝜀 ‖

𝑦−
𝑥‖ 2 }︂

=
𝑥

+
𝜀∇

𝑓(𝑥)+
𝑂

(𝜀 2)

when
𝜀→

0.

Proposition
2

follow
s

by
taking

the
Fisher

inform
ation

m
etric

at
𝜃 0

for
the

m
etric‖·‖ 2,

and
using

the
relation

K
L(𝑃
||𝑄

)=
−

Ent(𝑃
)+

log#
𝑋

if
𝑄

is
the

uniform
distribution

on
a

finite
space

𝑋
.

D
.2

P
roof

of
T

heorem
6

(C
onvergence

of
E

m
piricalM

eans
and

Q
uantiles)

Let
us

give
a

m
ore

precise
statem

ent
including

the
necessary

regularity
conditions.

P
roposition

27
Let

𝜃
∈

Θ
.

Assum
e

that
the

derivative
𝜕

ln
𝑃

𝜃 (𝑥)
𝜕

𝜃
exists

for
𝑃

𝜃 -alm
ost

all
𝑥
∈

𝑋
and

that
E

𝑃
𝜃 ⃒⃒⃒

𝜕
ln

𝑃
𝜃 (𝑥)

𝜕
𝜃

⃒⃒⃒ 2
<

+
∞

.
Assum

e
thatthe

function
𝑤

is
non-decreasing

and
bounded.

Let
(𝑥

𝑖 )
𝑖∈

N
be

a
sequence

of
independent

sam
ples

of
𝑃

𝜃 .
T

hen
with

probability
1,

as
𝑁
→
∞

we
have

1𝑁

𝑁∑︁𝑖=
1 ̂︁𝑊

𝑓(𝑥
𝑖 ) 𝜕

ln
𝑃

𝜃 (𝑥
𝑖 )

𝜕
𝜃

→
∫︁

𝑊
𝑓𝜃 (𝑥)

𝜕
ln

𝑃
𝜃 (𝑥)

𝜕
𝜃

𝑃
𝜃 (d

𝑥)

where
̂︁𝑊

𝑓(𝑥
𝑖 )=

𝑤

(︂
rk

𝑁
(𝑥

𝑖 )+
1
/2

𝑁

)︂

with
rk

𝑁
(𝑥

𝑖 )=
#
{1
6

𝑗
6

𝑁
,

𝑓(𝑥
𝑗 )

<
𝑓(𝑥

𝑖 )}.
(W

hen
there

are
𝑓-ties

in
the

sam
ple,

̂︁𝑊
𝑓(𝑥

𝑖 )
is

defined
as

the
average

of
𝑤

((𝑟+
1
/2)/𝑁

)
over

the
possible

rankings
𝑟

of
𝑥

𝑖 .)
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In
fo

rm
at

io
n-

G
eo

m
et

ri
c

O
pt

im
iz

at
io

n

P
ro

of
Le

t𝑔
:𝑋
→

R
be

an
y

fu
nc

tio
n

wi
th

E 𝑃
𝜃
𝑔

2
<
∞

.W
ew

ill
sh

ow
th

at
1 𝑁

∑︀
̂︁ 𝑊

𝑓
(𝑥

𝑖)𝑔
(𝑥

𝑖)
→

∫︀
𝑊

𝑓 𝜃
(𝑥

)𝑔
(𝑥

)𝑃
𝜃
(d

𝑥
).

A
pp

ly
in

g
th

is
w

ith
𝑔

eq
ua

lt
o

th
e

co
m

po
ne

nt
s

of
𝜕

ln
𝑃

𝜃
(𝑥

)
𝜕

𝜃
w

ill
yi

el
d

th
e

re
su

lt.
Le

t
us

de
co

m
po

se

1 𝑁

∑︁
̂︁ 𝑊

𝑓
(𝑥

𝑖)𝑔
(𝑥

𝑖)
=

1 𝑁

∑︁
𝑊

𝑓 𝜃
(𝑥

𝑖)𝑔
(𝑥

𝑖)
+

1 𝑁

∑︁
(̂︁ 𝑊

𝑓
(𝑥

𝑖)
−

𝑊
𝑓 𝜃
(𝑥

𝑖))
𝑔
(𝑥

𝑖).

Ea
ch

su
m

m
an

d
in

th
e

fir
st

te
rm

in
vo

lv
es

on
ly

on
e

sa
m

pl
e

𝑥
𝑖

(c
on

tr
ar

y
to
̂︁ 𝑊

𝑓
(𝑥

𝑖)
w

hi
ch

de
pe

nd
s

on
th

e
w

ho
le

sa
m

pl
e)

.
So

by
th

e
st

ro
ng

la
w

of
la

rg
e

nu
m

be
rs

,
al

m
os

t
su

re
ly

1 𝑁

∑︀
𝑊

𝑓 𝜃
(𝑥

𝑖)𝑔
(𝑥

𝑖)
co

nv
er

ge
s

to
∫︀

𝑊
𝑓 𝜃
(𝑥

)𝑔
(𝑥

)𝑃
𝜃
(d

𝑥
).

So
w

e
ha

ve
to

sh
ow

th
at

th
e

se
co

nd
te

rm
co

nv
er

ge
s

to
0

al
m

os
t

su
re

ly
.

By
th

e
C

au
ch

y–
Sc

hw
ar

z
in

eq
ua

lit
y,

we
ha

ve
⃒⃒ ⃒⃒1 𝑁

∑︁
(̂︁ 𝑊

𝑓
(𝑥

𝑖)
−

𝑊
𝑓 𝜃
(𝑥

𝑖))
𝑔
(𝑥

𝑖)⃒⃒ ⃒⃒2
6
(︂

1 𝑁

∑︁
(̂︁ 𝑊

𝑓
(𝑥

𝑖)
−

𝑊
𝑓 𝜃
(𝑥

𝑖))
2)︂
(︂

1 𝑁

∑︁
𝑔
(𝑥

𝑖)2)︂

By
th

e
st

ro
ng

la
w

of
la

rg
e

nu
m

be
rs

,t
he

se
co

nd
te

rm
1 𝑁

∑︀
𝑔
(𝑥

𝑖)2
co

nv
er

ge
s

to
E 𝑃

𝜃
𝑔

2
al

m
os

t
su

re
ly

.
So

w
e

ha
ve

to
pr

ov
e

th
at

th
e

fir
st

te
rm

1 𝑁

∑︀
(̂︁ 𝑊

𝑓
(𝑥

𝑖)
−

𝑊
𝑓 𝜃
(𝑥

𝑖))
2

co
nv

er
ge

s
to

0
al

m
os

t
su

re
ly

.
Si

nc
e

𝑤
is

bo
un

de
d

by
as

su
m

pt
io

n,
we

ca
n

w
rit

e

(̂︁ 𝑊
𝑓
(𝑥

𝑖)
−

𝑊
𝑓 𝜃
(𝑥

𝑖))
2
6

2𝐵
⃒⃒ ⃒̂︁ 𝑊

𝑓
(𝑥

𝑖)
−

𝑊
𝑓 𝜃
(𝑥

𝑖)⃒⃒ ⃒

=
2𝐵

⃒⃒ ⃒̂︁ 𝑊
𝑓
(𝑥

𝑖)
−

𝑊
𝑓 𝜃
(𝑥

𝑖)⃒⃒ ⃒ +
+

2𝐵
⃒⃒ ⃒̂︁ 𝑊

𝑓
(𝑥

𝑖)
−

𝑊
𝑓 𝜃
(𝑥

𝑖)⃒⃒ ⃒ −

w
he

re
𝐵

is
th

e
bo

un
d

on
|𝑤
|.

W
e

w
ill

bo
un

d
ea

ch
of

th
es

e
te

rm
s.

Le
t

us
ab

br
ev

ia
te

𝑞< 𝑖
=

Pr
𝑥

′ ∼
𝑃

𝜃
(𝑓

(𝑥
′ )

<
𝑓

(𝑥
𝑖))

,
𝑞6 𝑖

=
Pr

𝑥
′ ∼

𝑃
𝜃
(𝑓

(𝑥
′ )
6

𝑓
(𝑥

𝑖))
,

𝑟< 𝑖
=

#
{𝑗
6

𝑁
,

𝑓
(𝑥

𝑗
)<

𝑓
(𝑥

𝑖)}
,𝑟
6 𝑖

=
#
{𝑗
6

𝑁
,

𝑓
(𝑥

𝑗
)6

𝑓
(𝑥

𝑖)}
.

By
de

fin
iti

on
of
̂︁ 𝑊

𝑓
we

ha
ve

̂︁ 𝑊
𝑓
(𝑥

𝑖)
=

1
𝑟6 𝑖
−

𝑟< 𝑖

𝑟
6 𝑖

−
1

∑︁ 𝑘
=

𝑟
< 𝑖

𝑤
((

𝑘
+

1/
2)

/𝑁
)

an
d

m
or

eo
ve

r
𝑊

𝑓 𝜃
(𝑥

𝑖)
=

𝑤
(𝑞

< 𝑖
)

if
𝑞< 𝑖

=
𝑞6 𝑖

or
𝑊

𝑓 𝜃
(𝑥

𝑖)
=

1
𝑞
6 𝑖

−
𝑞

< 𝑖

∫︀ 𝑞
6 𝑖

𝑞
< 𝑖

𝑤
ot

he
rw

ise
.

Th
eG

liv
en

ko
–C

an
te

lli
th

eo
re

m
(B

ill
in

gs
ley

,1
99

5,
Th

eo
re

m
20

.6
)i

m
pl

ies
th

at
su

p 𝑖
⃒⃒ ⃒𝑞
6 𝑖
−

𝑟6 𝑖
/𝑁
⃒⃒ ⃒

te
nd

s
to

0
al

m
os

t
su

re
ly

,a
nd

lik
ew

ise
fo

r
su

p 𝑖
|𝑞

< 𝑖
−

𝑟< 𝑖
/𝑁
|.

So
le

t
𝑁

be
la

rg
e

en
ou

gh
so

th
at

th
es

e
er

ro
rs

ar
e

bo
un

de
d

by
𝜀.

Si
nc

e
𝑤

is
no

n-
in

cr
ea

sin
g,

w
e

ha
ve

𝑤
(𝑞

< 𝑖
)
6

𝑤
(𝑟

< 𝑖
/𝑁
−

𝜀)
.

In
th

e
ca

se
𝑞< 𝑖
̸=

𝑞6 𝑖
,w

e
de

co
m

po
se

th
e

in
te

rv
al

[𝑞
< 𝑖

;𝑞
6 𝑖

]i
nt

o
(𝑟
6 𝑖
−

𝑟< 𝑖
)s

ub
in

te
rv

al
s.

Th
e

av
er

ag
e

of
𝑤

ov
er

ea
ch

su
ch

su
bi

nt
er

va
li

s
co

m
pa

re
d

to
a

te
rm

in
th

e
su

m
de

fin
in

g
𝑤

𝑁
(𝑥

𝑖):
sin

ce
𝑤

is
no

n-
in

cr
ea

sin
g,

th
e

av
er

ag
e

of
𝑤

ov
er

th
e

𝑘
th

su
bi

nt
er

va
li

s
at

m
os

t
𝑤

((
𝑟< 𝑖

+
𝑘
)/

𝑁
−

𝜀)
.

So
we

ge
t

𝑊
𝑓 𝜃
(𝑥

𝑖)
6

1
𝑟6 𝑖
−

𝑟< 𝑖

𝑟
6 𝑖

−
1

∑︁ 𝑘
=

𝑟
< 𝑖

𝑤
(𝑘

/𝑁
−

𝜀)
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O
ll

iv
ie

r,
A

rn
ol

d,
A

ug
er

an
d

H
an

se
n

so
th

at

𝑊
𝑓 𝜃
(𝑥

𝑖)
−
̂︁ 𝑊

𝑓
(𝑥

𝑖)
6

1
𝑟6 𝑖
−

𝑟< 𝑖

𝑟
6 𝑖

−
1

∑︁ 𝑘
=

𝑟
< 𝑖

(𝑤
(𝑘

/𝑁
−

𝜀)
−

𝑤
((

𝑘
+

1/
2)

/𝑁
))

.

Le
tu

ss
um

ov
er

𝑖,
re

m
em

be
rin

g
th

at
th

er
ea

re
(𝑟
6 𝑖
−

𝑟< 𝑖
)v

al
ue

so
f𝑗

fo
rw

hi
ch

𝑓
(𝑥

𝑗
)=

𝑓
(𝑥

𝑖).
Ta

ki
ng

th
e

po
sit

iv
e

pa
rt

,w
e

ge
t

1 𝑁

𝑁 ∑︁ 𝑖=
1

⃒⃒ ⃒𝑊
𝑓 𝜃
(𝑥

𝑖)
−
̂︁ 𝑊

𝑓
(𝑥

𝑖)⃒⃒ ⃒ +
6

1 𝑁

𝑁
−

1
∑︁ 𝑘
=

0
(𝑤

(𝑘
/𝑁
−

𝜀)
−

𝑤
((

𝑘
+

1/
2)

/𝑁
))

.

Si
nc

e
𝑤

is
no

n-
in

cr
ea

sin
g

we
ha

ve

1 𝑁

𝑁
−

1
∑︁ 𝑘
=

0
𝑤

(𝑘
/𝑁
−

𝜀)
6
∫︁

1−
𝜀−

1/
𝑁

−
𝜀−

1/
𝑁

𝑤

an
d

1 𝑁

𝑁
−

1
∑︁ 𝑘
=

0
𝑤

((
𝑘

+
1/

2)
/𝑁

)>
∫︁

1+
1/

2𝑁

1/
2𝑁

𝑤

(w
e

im
pl

ic
itl

y
ex

te
nd

th
e

ra
ng

e
of

𝑤
so

th
at

𝑤
(𝑞

)=
𝑤

(0
)

fo
r

𝑞
<

0
an

d
lik

ew
ise

fo
r

𝑞
>

1)
.

So
we

ha
ve

1 𝑁

𝑁 ∑︁ 𝑖=
1

⃒⃒ ⃒𝑊
𝑓 𝜃
(𝑥

𝑖)
−
̂︁ 𝑊

𝑓
(𝑥

𝑖)⃒⃒ ⃒ +
6
∫︁

1/
2𝑁

−
𝜀−

1/
𝑁

𝑤
−
∫︁

1+
1/

2𝑁

1−
𝜀−

1/
𝑁

𝑤
6

(2
𝜀

+
3/

𝑁
)𝐵

w
he

re
𝐵

is
th

e
bo

un
d

on
|𝑤
|.

R
ea

so
ni

ng
sy

m
m

et
ric

al
ly

wi
th

𝑤
(𝑘

/𝑁
+

𝜀)
an

d
th

e
in

eq
ua

lit
ies

re
ve

rs
ed

,w
e

ge
ta

sim
ila

r
bo

un
d

fo
r

1 𝑁

∑︀
⃒⃒ ⃒𝑊

𝑓 𝜃
(𝑥

𝑖)
−
̂︁ 𝑊

𝑓
(𝑥

𝑖)⃒⃒ ⃒ −
.

T
hi

s
en

ds
th

e
pr

oo
f.

D
.3

P
ro

of
of

P
ro

po
si

ti
on

7
(Q

ua
nt

ile
Im

pr
ov

em
en

t)

Le
tu

su
se

th
e

we
ig

ht
𝑤

(𝑢
)=

1
𝑢
6

𝑞
.

Le
t𝑚

be
th

e
va

lu
e

of
th

e
𝑞-

qu
an

til
e

of
𝑓

un
de

r𝑃
𝜃

𝑡
.

W
e

w
an

t
to

sh
ow

th
at

th
e

va
lu

e
of

th
e

𝑞-
qu

an
til

e
of

𝑓
un

de
r

𝑃
𝜃

𝑡+
𝛿𝑡

is
le

ss
th

an
𝑚

,u
nl

es
s

th
e

gr
ad

ie
nt

va
ni

sh
es

an
d

th
e

IG
O

flo
w

is
st

at
io

na
ry

.
Le

t
𝑝

−
=

Pr
𝑥

∼
𝑃

𝜃
𝑡
(𝑓

(𝑥
)

<
𝑚

),
𝑝

𝑚
=

Pr
𝑥

∼
𝑃

𝜃
𝑡
(𝑓

(𝑥
)

=
𝑚

)
an

d
𝑝

+
=

Pr
𝑥

∼
𝑃

𝜃
𝑡
(𝑓

(𝑥
)

>
𝑚

).
By

de
fin

iti
on

of
th

e
qu

an
til

e
va

lu
e

we
ha

ve
𝑝

−
+

𝑝
𝑚
>

𝑞
an

d
𝑝

+
+

𝑝
𝑚
>

1−
𝑞.

Le
tu

sa
ss

um
e

th
at

we
ar

e
in

th
e

m
or

e
co

m
pl

ic
at

ed
ca

se
𝑝

𝑚
̸=

0
(fo

r
th

e
ca

se
𝑝

𝑚
=

0,
sim

pl
y

re
m

ov
e

th
e

co
rr

es
po

nd
in

g
te

rm
s)

.
W

eh
av

e𝑊
𝑓 𝜃 𝑡

(𝑥
)=

1
if

𝑓
(𝑥

)<
𝑚

,𝑊
𝑓 𝜃 𝑡

(𝑥
)=

0
if

𝑓
(𝑥

)>
𝑚

an
d

𝑊
𝑓 𝜃 𝑡

(𝑥
)=

1 𝑝
𝑚

∫︀ 𝑝
−

+
𝑝

𝑚
𝑝

−
𝑤

(𝑢
)d

𝑢
=

𝑞
−

𝑝
−

𝑝
𝑚

if
𝑓

(𝑥
)=

𝑚
.

U
sin

g
th

es
am

en
ot

at
io

n
as

ab
ov

e,
let

𝑔 𝑡
(𝜃

)=
∫︀

𝑊
𝑓 𝜃
𝑡
(𝑥

)𝑃
𝜃
(d

𝑥
).

D
ec

om
po

sin
g

th
is

in
te

gr
al

on
th

e
th

re
e

se
ts

𝑓
(𝑥

)<
𝑚

,𝑓
(𝑥

)=
𝑚

an
d

𝑓
(𝑥

)>
𝑚

,w
e

ge
t

th
at

𝑔 𝑡
(𝜃

)=
Pr

𝑥
∼

𝑃
𝜃
(𝑓

(𝑥
)<

𝑚
)+

Pr
𝑥

∼
𝑃

𝜃
(𝑓

(𝑥
)=

𝑚
)𝑞

−
𝑝

−
𝑝

𝑚
.

In
pa

rt
ic

ul
ar

,𝑔
𝑡(

𝜃𝑡 )
=

𝑞.
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Inform
ation-G

eom
etric

O
ptim

ization

Since
w

e
follow

a
gradient

ascent
of

𝑔
𝑡 ,for

𝛿𝑡
sm

allenough
w

e
have

𝑔
𝑡 (𝜃

𝑡+
𝛿𝑡)

>
𝑔

𝑡 (𝜃
𝑡)

unless
the

gradient
vanishes.

Ifthe
gradient

vanishes
we

have
𝜃

𝑡+
𝛿𝑡=

𝜃
𝑡and

the
quantiles

are
the

sam
e.

O
therw

ise
we

get
𝑔

𝑡 (𝜃
𝑡+

𝛿𝑡)
>

𝑔
𝑡 (𝜃

𝑡)=
𝑞.

Since
𝑞−

𝑝−
𝑝

𝑚
6

(𝑝−
+

𝑝
𝑚

)−
𝑝−

𝑝
𝑚

=
1,w

e
have

𝑔
𝑡 (𝜃)

6
Pr

𝑥∼
𝑃

𝜃 (𝑓(𝑥)
<

𝑚
)+

Pr
𝑥∼

𝑃
𝜃 (𝑓(𝑥)

=
𝑚

)=
Pr

𝑥∼
𝑃

𝜃 (𝑓(𝑥)6
𝑚

).
So

Pr
𝑥∼

𝑃
𝜃

𝑡+
𝛿𝑡 (𝑓(𝑥)

6
𝑚

)
>

𝑔
𝑡 (𝜃

𝑡+
𝛿𝑡)

>
𝑞.

T
his

im
plies,

by
definition,

that
the

𝑞-
quantile

value
of

𝑃
𝜃

𝑡+
𝛿𝑡

is
at

m
ost

𝑚
.

M
oreover,ifthe

objective
function

has
no

plateau
then

Pr
𝑥∼

𝑃
𝜃

𝑡+
𝛿𝑡 (𝑓(𝑥)

=
𝑚

)
=

0
and

so
Pr

𝑥∼
𝑃

𝜃
𝑡+

𝛿𝑡 (𝑓(𝑥)
<

𝑚
)

>
𝑞

w
hich

im
plies

that
the

𝑞-quantile
of

𝑃
𝜃

𝑡+
𝛿𝑡

is
stricly

less
than

𝑚
.

D
.4

P
roof

of
T

heorem
10

(N
aturalG

radient
as

M
L

w
ith

Infinitesim
al

W
eights)

T
he

proofofT
heorem

10
w

illuse
Lem

m
a

26.
Let

𝑊
be

a
function

of
𝑥,and

fix
som

e
𝜃0

in
Θ

.
W

e
need

som
e

regularity
assum

ptions:
we

assum
e

that
no

two
points

𝜃∈
Θ

define
the

sam
e

probability
distribution

and
that

the
m

ap
𝑃

𝜃 ↦→
𝜃

is
continuous.

W
e

also
assum

e
that

the
m

ap
𝜃
↦→

𝑃
𝜃

is
sm

ooth
enough,so

that
∫︀

ln
𝑃

𝜃 (𝑥)
𝑊

(𝑥)
𝑃

𝜃0 (d
𝑥)

is
a

sm
ooth

function
of

𝜃.
(T

hese
are

restrictions
on

𝜃-regularity:
this

does
not

m
ean

that
𝑊

has
to

be
continuous

as
a

function
of

𝑥.)
T

he
two

statem
ents

ofT
heorem

10
using

a
sum

and
an

integralhave
sim

ilar
proofs,so

we
only

include
the

first.
For

𝜀
>

0,let
𝜃

be
the

solution
of

𝜃
=

argm
ax
{︃

(1−
𝜀) ∫︁

ln
𝑃

𝜃 (𝑥)
𝑃

𝜃0 (d
𝑥)+

𝜀 ∫︁
ln

𝑃
𝜃 (𝑥)

𝑊
(𝑥)

𝑃
𝜃0 (d

𝑥) }︃
.

T
hen

we
have

𝜃
=

argm
ax
{︃
∫︁

ln
𝑃

𝜃 (𝑥)
𝑃

𝜃0 (d
𝑥)+

𝜀 ∫︁
ln

𝑃
𝜃 (𝑥)(𝑊

(𝑥)−
1)

𝑃
𝜃0 (d

𝑥) }︃

=
argm

ax
{︃
∫︁

ln
𝑃

𝜃 (𝑥)
𝑃

𝜃0 (d
𝑥)−

∫︁
ln

𝑃
𝜃0 (𝑥)

𝑃
𝜃0 (d

𝑥)+
𝜀 ∫︁

ln
𝑃

𝜃 (𝑥)(𝑊
(𝑥)−

1)
𝑃

𝜃0 (d
𝑥) }︃

(because
the

added
term

does
not

depend
on

𝜃)

=
argm

ax
{︃
−

K
L(𝑃

𝜃0 ||𝑃
𝜃 )+

𝜀 ∫︁
ln

𝑃
𝜃 (𝑥)(𝑊

(𝑥)−
1)

𝑃
𝜃0 (d

𝑥) }︃

=
argm

ax
{︃
−

1𝜀 K
L(𝑃

𝜃0 ||𝑃
𝜃 )+

∫︁
ln

𝑃
𝜃 (𝑥)(𝑊

(𝑥)−
1)

𝑃
𝜃0 (d

𝑥) }︃

W
hen

𝜀→
0,the

first
term

exceeds
the

second
one

ifK
L(𝑃

𝜃0 ||𝑃
𝜃 )

is
too

large
(because

𝑊
is

bounded),and
so

K
L(𝑃

𝜃0 ||𝑃
𝜃 )

tends
to

0.
So

we
can

assum
e

that
𝜃

is
close

to
𝜃0 .

W
hen

𝜃
=

𝜃0 +
𝛿𝜃

is
close

to
𝜃0 ,we

have

K
L(𝑃

𝜃0 ||𝑃
𝜃 )=

12
∑︁

𝐼
𝑖𝑗 (𝜃0 )

𝛿𝜃
𝑖 𝛿𝜃

𝑗 +
𝑂

(𝛿𝜃 3)
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O
llivier,

A
rnold,

A
uger

and
H

ansen

w
ith

𝐼
𝑖𝑗 (𝜃0 )

the
Fisher

m
atrix

at
𝜃0 .

(T
his

actually
holds

both
for

K
L(𝑃

𝜃0 ||𝑃
𝜃 )

and
K

L(𝑃
𝜃 ||𝑃

𝜃0 ).)
T

hus,we
can

apply
Lem

m
a

26
using

the
Fisher

m
etric

∑︀
𝐼

𝑖𝑗 (𝜃0 )
𝛿𝜃

𝑖 𝛿𝜃
𝑗 ,and

working
on

a
sm

allneighborhood
of

𝜃0
in

𝜃-space
(w

hich
can

be
identified

w
ith

R
dim

Θ).
T

he
lem

m
a

states
that

the
argm

ax
above

is
attained

at

𝜃
=

𝜃0 +
𝜀 ̃︀∇

𝜃 ∫︁
ln

𝑃
𝜃 (𝑥)(𝑊

(𝑥)−
1)

𝑃
𝜃0 (d

𝑥)

up
to

𝑂
(𝜀 2),w

ith
̃︀∇

the
naturalgradient.

Finally,the
gradient

cancels
the

constant−
1

because
∫︀( ̃︀∇

ln
𝑃

𝜃 )
𝑃

𝜃0 =
0

at
𝜃

=
𝜃0 .

This
proves

T
heorem

10.

D
.5

P
roof

of
T

heorem
12

(IG
O

,C
E

M
and

IG
O

-M
L)

Let
𝑃

𝜃
be

a
fam

ily
ofprobability

distributions
ofthe

form

𝑃
𝜃 (d

𝑥)=
1

𝑍
(𝜃) exp

(︁∑︁
𝜃

𝑖 𝑇
𝑖 (𝑥) )︁

𝐻
(d

𝑥)

w
here

𝑇
1 ,...,𝑇

𝑘
is

a
finite

fam
ily

offunctions
on

𝑋
and

𝐻
(d

𝑥)
is

som
e

reference
m

easure
on

𝑋
.

W
e

assum
e

that
the

fam
ily

offunctions
(𝑇

𝑖 )
𝑖 together

w
ith

the
constant

function
𝑇

0 (𝑥)=
1,are

linearly
independent.

T
his

prevents
redundant

param
etrizations

w
here

two
values

of
𝜃

describe
the

sam
e

distribution;this
also

ensures,by
elem

entary
linear

algebra,
that

the
Fisher

m
atrix

C
ov(𝑇

𝑖 ,𝑇
𝑗 )

is
invertible.

T
he

IG
O

update
(17)

in
the

param
etrization

𝑇
𝑖 is

a
sum

ofterm
s

ofthe
form

̃︀∇
𝑇

𝑖 ln
𝑃

(𝑥).

So
we

w
illcom

pute
the

naturalgradient
̃︀∇

𝑇
𝑖 in

those
coordinates.

Letusstartwith
a

proposition
giving

an
expression

forthe
Fisherscalarproductbetween

tw
o

tangent
vectors

𝛿𝑃
and

𝛿 ′𝑃
ofa

statisticalm
anifold

ofexponentialdistributions.
It

is
one

way
to

express
the

duality
between

the
coordinates

𝜃
𝑖 and

𝑇
𝑖 (com

pare
(A

m
ariand

N
agaoka,2000,(3.30)

and
Section

3.5)).

P
roposition

28
Let

𝛿𝜃
𝑖 and

𝛿 ′𝜃
𝑖 be

two
sm

allvariations
ofthe

param
eters

𝜃
𝑖 .

Let
𝛿𝑃

(𝑥)
and

𝛿 ′𝑃
(𝑥)

be
the

resulting
variations

ofthe
probability

distribution
𝑃

,and
𝛿𝑇

𝑖 and
𝛿 ′𝑇

𝑖 the
resulting

variations
of

𝑇
𝑖 .

T
hen

the
scalar

product,in
Fisher

inform
ation

m
etric,between

the
tangentvectors

𝛿𝑃
and

𝛿 ′𝑃
,is

⟨𝛿𝑃
,𝛿 ′𝑃
⟩=

∑︁

𝑖

𝛿𝜃
𝑖 𝛿 ′𝑇

𝑖 =
∑︁

𝑖

𝛿 ′𝜃
𝑖 𝛿𝑇

𝑖 .

P
roof

First,let
us

prove
that

𝜕
𝑇

𝑖
𝜕

𝜃
𝑗

=
𝐼

𝑖𝑗 ,the
Fisher

m
atrix

for
𝜃.

Indeed,
𝜕

𝑇
𝑖

𝜕
𝜃

𝑗
=
∫︀

𝑥
𝑇

𝑖 (𝑥)
𝜕

𝑃
(𝑥)

𝜕
𝜃

𝑗
=

∫︀
𝑥

𝑇
𝑖 (𝑥)𝑃

(𝑥)
𝜕

ln
𝑃

(𝑥)
𝜕

𝜃
𝑗

=
∫︀

𝑥
𝑇

𝑖 (𝑥)𝑃
(𝑥)(𝑇

𝑗 (𝑥)−
𝑇

𝑗 )
by

(19);this
is

equalto
C

ov(𝑇
𝑖 ,𝑇

𝑗 )
w

hich
is

𝐼
𝑖𝑗

by
(20).

56
JM

L
R

 18(18):1-65, 2017



In
fo
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G
eo

m
et

ri
c

O
pt

im
iz
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io

n

Th
en

,b
y

de
fin

iti
on

of
th

eF
ish

er
m

et
ric

we
ha

ve
⟨𝛿

𝑃
,𝛿

′ 𝑃
⟩=

∑︀
𝑖,

𝑗
𝐼 𝑖

𝑗
𝛿𝜃

𝑖
𝛿′ 𝜃

𝑗
bu

t∑︀
𝑗

𝐼 𝑖
𝑗
𝛿′ 𝜃

𝑗

is
eq

ua
lt

o
𝛿′ 𝑇

𝑖
by

th
e

ab
ov

e,
be

ca
us

e
𝛿′ 𝑇

𝑖
=
∑︀

𝑗
𝜕

𝑇
𝑖

𝜕
𝜃 𝑗

𝛿′ 𝜃
𝑗
.T

hu
sw

e
fin

d
⟨𝛿

𝑃
,𝛿

′ 𝑃
⟩=

∑︀
𝑖
𝛿𝜃

𝑖𝛿
′ 𝑇

𝑖

as
ne

ed
ed

.

P
ro

po
si

ti
on

29
Le

t𝑓
be

a
fu

nc
tio

n
on

th
e

st
at

ist
ica

lm
an

ifo
ld

of
an

ex
po

ne
nt

ia
lf

am
ily

as
ab

ov
e.

T
he

n
th

e
co

m
po

ne
nt

s
of

th
e

na
tu

ra
lg

ra
di

en
tw

.r
.t.

th
e

ex
pe

ct
at

io
n

pa
ra

m
et

er
s

ar
e

gi
ve

n
by

th
e

va
ni

lla
gr

ad
ie

nt
w.

r.
t.

th
e

na
tu

ra
lp

ar
am

et
er

s:

̃︀ ∇
𝑇

𝑖
𝑓

=
𝜕

𝑓

𝜕
𝜃 𝑖

(7
5)

an
d

co
nv

er
se

ly
̃︀ ∇

𝜃 𝑖
𝑓

=
𝜕

𝑓

𝜕
𝑇

𝑖
.

(7
6)

(B
ew

ar
e

th
is

do
es

no
t

m
ea

n
th

at
th

e
gr

ad
ie

nt
as

ce
nt

in
an

y
of

th
os

e
pa

ra
m

et
riz

at
io

ns
is

th
e

va
ni

lla
gr

ad
ie

nt
as

ce
nt

.)
W

ec
ou

ld
no

tfi
nd

a
re

fe
re

nc
ef

or
th

is
re

su
lt,

th
ou

gh
we

th
in

k
it

is
kn

ow
n

(a
sa

co
ns

eq
ue

nc
e

of
A

m
ar

ia
nd

N
ag

ao
ka

20
00

,E
q.

3.
32

).
P

ro
of

W
e

sa
w

ab
ov

e
th

at
𝜕

𝑇 𝜕
𝜃

=
𝐼
.

Si
nc

e
̃︀ ∇

𝜃
𝑓

=
𝐼

−
1

𝜕
𝑓

𝜕
𝜃
,t

hi
s

pr
ov

es
(7

6)
by

su
bs

tit
ut

in
g

𝜕
𝑓

𝜕
𝜃

=
(︁ 𝜕

𝑇 𝜕
𝜃

)︁ T
𝜕

𝑓
𝜕

𝑇
.

Fo
r

th
e

fir
st

st
at

em
en

t
(7

5)
(t

he
on

e
ne

ed
ed

fo
r

T
he

or
em

12
)

we
ha

ve
to

de
riv

e
th

e
Fi

sh
er

m
at

rix
fo

r
th

e
va

ria
bl

es
𝑇

.
It

fo
llo

w
s

fro
m

Pr
op

os
iti

on
28

th
at

th
e

Fi
sh

er
m

at
rix

in
th

es
e

va
ria

bl
es

is
𝐼

−
1 ,

by
co

ns
id

er
in

g
th

e
Fi

sh
er

m
et

ric
∑︀

𝛿𝜃
𝑖.

𝛿′ 𝑇
𝑖

an
d

su
bs

tit
ut

in
g

𝐼
−

1 𝛿
𝑇

fo
r

𝛿𝜃
.

T
he

n
(7

5)
is

pr
ov

ed
al

on
g

th
e

sa
m

e
lin

es
as

(7
6)

.

Ba
ck

to
th

e
pr

oo
fo

fT
he

or
em

12
.

W
e

ca
n

no
w

co
m

pu
te

th
e

de
sir

ed
te

rm
s:

̃︀ ∇
𝑇

𝑖
ln

𝑃
(𝑥

)=
𝜕

ln
𝑃

(𝑥
)

𝜕
𝜃 𝑖

=
𝑇

𝑖(𝑥
)−

𝑇
𝑖

by
(1

9)
.

T
hi

s
pr

ov
es

th
e

fir
st

st
at

em
en

t
(3

4)
in

T
he

or
em

12
ab

ou
t

th
e

fo
rm

of
th

e
IG

O
up

da
te

in
th

es
e

pa
ra

m
et

er
s.

T
he

ot
he

r
st

at
em

en
ts

fo
llo

w
ea

sil
y

fro
m

th
is

to
ge

th
er

w
ith

th
e

ad
di

tio
na

lf
ac

t
(3

3)
th

at
,

fo
r

an
y

se
t

of
(p

os
iti

ve
or

ne
ga

tiv
e)

w
ei

gh
ts

𝑎
𝑖

w
ith

∑︀
𝑎

𝑖
=

1,
th

e
va

lu
e

𝑇
*

=
∑︀

𝑖
𝑎

𝑖𝑇
(𝑥

𝑖)
m

ax
im

iz
es
∑︀

𝑖
𝑎

𝑖
ln

𝑃
(𝑥

𝑖).

D
.6

P
ro

of
of

P
ro

po
si

ti
on

20
an

d
C

or
ol

la
ry

21
(S

pe
ed

of
IG

O
)

Le
m

m
a

30
Le

t
𝑋

be
a

ce
nt

er
ed

𝐿
2

ra
nd

om
va

ri
ab

le
wi

th
va

lu
es

in
R

𝑑
an

d
le

t
𝐴

be
a

re
al

-v
al

ue
d

𝐿
2

ra
nd

om
va

ri
ab

le
.

T
he

n

‖E
(𝐴

𝑋
)‖
6
√

𝜆
Va

r𝐴

wh
er

e
𝜆

is
th

e
la

rg
es

te
ig

en
va

lu
e

of
th

e
co

va
ri

an
ce

m
at

ri
x

of
𝑋

ex
pr

es
se

d
in

an
or

th
on

or
m

al
ba

si
s.
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O
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A

ug
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an
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H
an

se
n

P
ro

of
Le

t
𝑣

be
an

y
ve

ct
or

in
R

𝑑
;i

ts
no

rm
sa

tis
fie

s

‖𝑣
‖

=
su

p
𝑤

,‖
𝑤

‖6
1(𝑣
·𝑤

)

an
d

in
pa

rt
ic

ul
ar

‖E
(𝐴

𝑋
)‖

=
su

p
𝑤

,‖
𝑤

‖6
1(𝑤
·E

(𝐴
𝑋

))

=
su

p
𝑤

,‖
𝑤

‖6
1
E(

𝐴
(𝑤
·𝑋

))

=
su

p
𝑤

,‖
𝑤

‖6
1
E(

(𝐴
−

E𝐴
)(

𝑤
·𝑋

))
sin

ce
(𝑤
·𝑋

)
is

ce
nt

er
ed

6
su

p
𝑤

,‖
𝑤

‖6
1

√
Va

r𝐴
√︁
E(

(𝑤
·𝑋

)2
)

by
th

e
C

au
ch

y–
Sc

hw
ar

z
in

eq
ua

lit
y.

N
ow

,i
n

an
or

th
on

or
m

al
ba

sis
we

ha
ve

(𝑤
·𝑋

)=
∑︁ 𝑖

𝑤
𝑖𝑋

𝑖

so
th

at

E(
(𝑤
·𝑋

)2 )=
E
(︁ (∑︀

𝑖𝑤
𝑖𝑋

𝑖)(
∑︀

𝑗
𝑤

𝑗
𝑋

𝑗
))︁

=
∑︀

𝑖∑︀
𝑗
E(

𝑤
𝑖𝑋

𝑖𝑤
𝑗
𝑋

𝑗
)

=
∑︀

𝑖∑︀
𝑗
𝑤

𝑖𝑤
𝑗
E(

𝑋
𝑖𝑋

𝑗
)

=
∑︀

𝑖∑︀
𝑗
𝑤

𝑖𝑤
𝑗
𝐶

𝑖𝑗

w
ith

𝐶
𝑖𝑗

th
e

co
va

ria
nc

e
m

at
rix

of
𝑋

.
T

he
la

tt
er

ex
pr

es
sio

n
is

th
e

sc
al

ar
pr

od
uc

t
(𝑤
·𝐶

𝑤
).

Si
nc

e
𝐶

is
a

sy
m

m
et

ric
po

sit
iv

e-
se

m
id

efi
ni

te
m

at
rix

,(
𝑤
·𝐶

𝑤
)

is
at

m
os

t
𝜆
‖𝑤
‖2

w
ith

𝜆
th

e
la

rg
es

t
ei

ge
nv

al
ue

of
𝐶

.

Fo
r

th
e

IG
O

flo
w

we
ha

ve
d𝜃

𝑡

d𝑡
=

E 𝑥
∼

𝑃
𝜃
𝑊

𝑓 𝜃
(𝑥

)∇̃
𝜃

ln
𝑃

𝜃
(𝑥

).
So

ap
pl

yi
ng

th
e

lem
m

a,
we

ge
tt

ha
tt

he
no

rm
of

d𝜃 d𝑡
is

at
m

os
t√︁

𝜆
Va

r 𝑥
∼

𝑃
𝜃

𝑊
𝑓 𝜃
(𝑥

)
wh

er
e

𝜆
is

th
e

la
rg

es
te

iv
en

ga
lu

e
of

th
e

co
va

ria
nc

e
m

at
rix

of
∇̃

𝜃
ln

𝑃
𝜃
(𝑥

)(
ex

pr
es

se
d

in
a

co
or

di
na

te
sy

st
em

w
he

re
th

e
Fi

sh
er

m
at

rix
at

th
e

cu
rr

en
t

po
in

t
𝜃

is
th

e
id

en
tit

y)
.

B
y

co
ns

tr
uc

tio
n

of
th

e
qu

an
til

es
,w

e
ha

ve
Va

r 𝑥
∼

𝑃
𝜃

𝑊
𝑓 𝜃
(𝑥

)
6

Va
r [0

,1
]𝑤

(w
ith

eq
ua

lit
y

un
le

ss
th

er
e

ar
e

tie
s)

.
In

de
ed

,f
or

a
gi

ve
n

𝑥
,l

et
𝒰

be
a

un
ifo

rm
ra

nd
om

va
ria

bl
e

in
[0

,1
]

in
de

pe
nd

en
t

fro
m

𝑥
an

d
de

fin
e

th
e

ra
nd

om
va

ria
bl

e
𝑄

=
𝑞<

(𝑥
)+

(𝑞
6

(𝑥
)−

𝑞<
(𝑥

))
𝒰.

T
he

n
𝑄

is
un

ifo
rm

ly
di

st
rib

ut
ed

be
tw

ee
n

th
e

up
pe

r
an

d
lo

w
er

qu
an

til
es

𝑞6
(𝑥

)
an

d
𝑞<

(𝑥
)

an
d

th
us

we
ca

n
re

w
rit

e
𝑊

𝑓 𝜃
(𝑥

)
as

E(
𝑤

(𝑄
)|𝑥

).
B

y
th

e
Je

ns
en

in
eq

ua
lit

y
we

ha
ve

Va
r𝑊

𝑓 𝜃
(𝑥

)=
Va

rE
(𝑤

(𝑄
)|𝑥

)6
Va

r𝑤
(𝑄

).
In

ad
di

tio
n

wh
en

𝑥
is

ta
ke

n
un

de
r𝑃

𝜃
,𝑄

is
un

ifo
rm

ly
di

st
rib

ut
ed

in
[0

,1
]a

nd
th

us
Va

r𝑤
(𝑄

)=
Va

r [0
,1

]𝑤
,i

.e
.,

Va
r 𝑥

∼
𝑃

𝜃
𝑊

𝑓 𝜃
(𝑥

)6
Va

r [0
,1

]𝑤
.
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e
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Θ
-s

pa
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d
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Inform
ation-G

eom
etric

O
ptim

ization

𝜕
𝑖 ln

𝑃
𝜃 (𝑥).

So
the

covariance
m

atrix
of∇̃

ln
𝑃

𝜃 (𝑥)
is
E

𝑥∼
𝑃

𝜃 (𝜕
𝑖 ln

𝑃
𝜃 (𝑥)𝜕

𝑗 ln
𝑃

𝜃 (𝑥)),w
hich

is
equalto

the
Fisher

m
atrix

by
definition.

So
this

covariance
m

atrix
is

the
identity,w

hose
largest

eigenvalue
is

1.
T

his
proves

Proposition
20.

For
C

orollary
21,by

the
relationship

(2)
between

Fisher
m

atrix
and

K
ullback–Leibler

divergence,if
𝑣

is
the

speed
ofthe

IG
O

flow
then

the
K

ullback–Leibler
divergence

between
𝑃

𝜃
𝑡and

𝑃
𝜃

𝑡+
𝛿𝑡

(where
𝑃

𝜃
𝑡+

𝛿𝑡
isthe

trajectory
ofthe

IG
O

flow
aftera

tim
e

𝛿𝑡)isequalto
the

square
norm

of
𝛿𝑡.𝑣

in
Fisher

m
etric

up
to

an
𝑂

(‖
𝛿𝑡.𝑣‖ 3)

term
.

N
ow

if
𝑃

𝜃
𝑡+

𝛿𝑡
is

obtained
by

a
finite-population

IG
O

algorithm
,by

T
heorem

6
the

actual
𝑣

from
the

IG
O

algorithm
differs

from
the

speed
ofthe

IG
O

flow
by

an
𝑜(1)

𝑁
→

∞
term

.
C

ollecting
term

s,we
find

the
expression

in
C

orollary
21.

D
.7

P
roof

of
P

roposition
22

(N
oisy

IG
O

)
O

n
the

one
hand,let

𝑃
𝜃

be
a

fam
ily

ofdistributions
on

𝑋
.

The
IG

O
algorithm

(16)
applied

to
a

random
function

𝑓(𝑥)=
𝑓(𝑥

,𝜔)
w

here
𝜔

is
a

random
variable

uniform
ly

distributed
in

[0,1]reads

𝜃
𝑡+

𝛿𝑡=
𝜃

𝑡+
𝛿𝑡

𝑁∑︁𝑖=
1

𝑤
𝑖 ̃︀∇

𝜃 ln
𝑃

𝜃 (𝑥
𝑖 )

(77)

w
here

𝑥
𝑖 ∼

𝑃
𝜃

and
𝑤

𝑖 is
according

to
(14)

w
here

ranking
is

applied
to

the
values

𝑓(𝑥
𝑖 ,𝜔

𝑖 ),
w

ith
𝜔

𝑖 uniform
variables

in
[0,1]independent

from
𝑥

𝑖 and
from

each
other.

O
n

theotherhand,fortheIG
O

algorithm
using

𝑃
𝜃 ⊗

𝑈
[0

,1] and
applied

to
thedeterm

inistic
function

𝑓,
𝑤

𝑖 iscom
puted

using
the

ranking
according

to
the

𝑓
valuesofthe

sam
pled

points
𝑥

𝑖 =
(𝑥

𝑖 ,𝜔
𝑖 ),and

thus
coincides

w
ith

the
one

in
(77).

Besides,
𝜕

𝜃 ln
𝑃

𝜃⊗
𝑈

[0
,1] (𝑥

𝑖 )=
𝜕

𝜃 ln
𝑃

𝜃 (𝑥
𝑖 )+

𝜕
𝜃 ln

𝑈
[0

,1] (𝜔
𝑖 )

⏟
 ⏞

 
=

0

and
thus,both

the
vanilla

gradients
and

the
Fisher

m
atrix

𝐼
(given

by
the

tensor
square

ofthe
vanilla

gradients)
coincide.

T
his

proves
that

the
IG

O
algorithm

update
on

space
𝑋
×

[0
,1],using

the
fam

ily
ofdistributions

𝑃
𝜃

=
𝑃

𝜃 ⊗
𝑈

[0
,1] ,applied

to
the

determ
inistic

function
𝑓,coincides

w
ith

(77).
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om

d
at

a
(L

in
an

d
Z

h
an

g,
20

06
;

B
ac

h
,

20
08

b
).

M
u
lt

i-
w

ay
in

te
ra

c-
ti

on
s

ar
e

ex
p
li
ci

tl
y

in
cl

u
d
ed

b
u
t

a
ke

y
al

go
ri

th
m

ic
p
ro

b
le

m
is

to
ex

p
lo

re
th

e
2d
−

1
n
on

-t
ri

v
ia

l
p

ot
en

ti
al

su
b
se

ts
.

(d
)

S
in

gl
e

h
id

d
en

-l
a
ye

r
n

eu
ra

l
n

et
w

o
rk

s:
f

(x
)

=
∑

k j=
1
σ

(w
> j
x

+
b j

),
w

h
er

e
k

is
th

e
n
u
m

b
er

of
u
n
it

s
in

th
e

h
id

d
en

la
ye

r
(s

ee
,

e.
g.

,
R

u
m

el
h
ar

t
et

al
.,

19
86

;
H

ay
k
in

,
1
9
9
4
).

T
h
e

ac
ti

va
ti

on
fu

n
ct

io
n
σ

is
h
er

e
as

su
m

ed
to

b
e

fi
x
ed

.
W

h
il
e

th
e

le
ar

n
in

g
p
ro

b
le

m
m

ay
b

e
ca

st
as

a
(s

u
b
)d

iff
er

en
ti

ab
le

op
ti

m
iz

at
io

n
p
ro

b
le

m
,

te
ch

n
iq

u
es

b
as

ed
o
n

g
ra

d
ie

n
t

d
es

ce
n
t

m
ay

n
ot

fi
n
d

th
e

gl
ob

al
op

ti
m

u
m

.
If

th
e

n
u
m

b
er

of
h
id

d
en

u
n
it

s
is

fi
x
ed

,
th

is
is

a
p
ar

am
et

ri
c

p
ro

b
le

m
.

(e
)

P
ro

je
ct

io
n

p
u

rs
u

it
(F

ri
ed

m
an

an
d

S
tu

et
zl

e,
19

81
):
f

(x
)

=
∑

k j=
1
f j

(w
> j
x

)
w

h
er

e
k

is
th

e
n
u
m

b
er

of
p
ro

je
ct

io
n
s.

T
h
is

m
o
d
el

co
m

b
in

es
b

ot
h

(b
)

an
d

(d
);

th
e

o
n
ly

d
iff

er
en

ce
w

it
h

n
eu

ra
l
n
et

w
or

k
s

is
th

at
th

e
n
on

-l
in

ea
r

fu
n
ct

io
n
s
f j

:
R
→

R
ar

e
le

ar
n
ed

fr
o
m

d
a
ta

.
T

h
e

op
ti

m
iz

at
io

n
is

of
te

n
d
on

e
se

q
u
en

ti
al

ly
an

d
is

h
ar

d
er

th
an

fo
r

n
eu

ra
l

n
et

w
o
rk

s.
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B
r
e
a
k
in
g

t
h
e
C
u
r
se

o
f
D
im

e
n
sio

n
a
l
it
y
w
it
h
C
o
n
v
e
x
N
e
u
r
a
l
N
e
t
w
o
r
k
s

(e)
D

epen
d
en

ce
o
n

a
u

n
kn

o
w

n
k

-d
im

en
sio

n
a
l

su
bspa

ce
:
f

(x
)

=
g
(W
>
x

)
w

ith
W
∈
R
d×
k,

w
h
ere

g
is

a
n
on

-lin
ear

fu
n
ction

.
A

variety
of

algorith
m

s
ex

ist
for

th
is

p
ro

b
lem

(L
i,

1
9
9
1
;

F
u
k
u
m

izu
et

al.,
2004;

D
alalyan

et
al.,

2008).
N

ote
th

at
w

h
en

th
e

colu
m

n
s

of
W

a
re

a
ssu

m
ed

to
b

e
com

p
osed

of
a

sin
gle

n
on

-zero
elem

en
t,

th
is

corresp
on

d
s

to
va

ria
ble

selectio
n

(w
ith

at
m

ost
k

selected
variab

les).

In
th

is
p
a
p

er,
ou

r
m

ain
aim

is
to

an
sw

er
th

e
follow

in
g

q
u
estion

:
Is

th
e
re

a
sin

g
le

le
a
rn

in
g

m
e
th

o
d

th
a
t

c
a
n

d
e
a
l

e
ffi

c
ie

n
tly

w
ith

a
ll

situ
a
tio

n
s

a
b

o
v
e

w
ith

p
ro

v
-

a
b
le

a
d
a
p
tiv

ity
?

W
e

con
sid

er
sin

gle-h
id

d
en

-layer
n
eu

ral
n
etw

ork
s,

w
ith

n
on

-d
ecreasin

g
h
o
m

o
g
en

eo
u
s

a
ctivation

fu
n
ction

s
su

ch
as

σ
(u

)
=

m
ax{

u
,0}

α
=

(u
)
α+
,

fo
r
α
∈
{0
,1
,...},

w
ith

a
p
articu

lar
fo

cu
s

on
α

=
0

(w
ith

th
e

con
ven

tion
th

at
0

0
=

0),
th

at
is
σ

(u
)

=
1
u
>

0
(a

th
resh

old
at

zero),
an

d
α

=
1,

th
at

is,
σ

(u
)

=
m

ax{
u
,0}

=
(u

)
+

,
th

e
so

-ca
lled

rectifi
ed

lin
ea

r
u

n
it

(N
air

an
d

H
in

ton
,

2010;
K

rizh
ev

sk
y

et
al.,

2012).
W

e
follow

th
e

co
n
vex

ifi
ca

tion
ap

p
roach

of
B

en
gio

et
al.

(2006);
R

osset
et

al.
(20

07),
w

h
o

con
sid

er
p

o
ten

tia
lly

in
fi
n
itely

m
an

y
u
n
its

an
d

let
a

sp
arsity

-in
d
u
cin

g
n
orm

ch
o
ose

th
e

n
u
m

b
er

of
u
n
its

a
u
to

m
a
tically.

T
h
is

lead
s

n
atu

rally
to

in
crem

en
tal

algorith
m

s
su

ch
as

forw
ard

greed
y

selectio
n

ap
p
ro

ach
es,

w
h
ich

h
ave

a
lon

g
h
istory

for
sin

gle-h
id

d
en

-layer
n
eu

ra
l
n
etw

ork
s

(see,
e.g

.,
B

reim
a
n
,

1
993;

L
ee

et
al.,

1996).
W

e
m

a
ke

th
e

follow
in

g
con

trib
u
tio

n
s:

–
W

e
p
rov

id
e

in
S
ection

2
a

rev
iew

of
fu

n
ction

al
a
n
aly

sis
to

ols
u
sed

for
learn

in
g

from
co

n
tin

u
o
u
sly

in
fi
n
itely

m
an

y
b
asis

fu
n
ction

s,
b
y

stu
d
y
in

g
carefu

lly
th

e
sim

ilarities
an

d
d
iff

eren
ces

b
etw

een
L

1 -
an

d
L

2 -p
en

alties
on

th
e

ou
tp

u
t

w
eigh

ts.
F

or
L

2 -p
en

alties,
th

is
co

rresp
on

d
s

to
a

p
ositive

d
efi

n
ite

kern
el

a
n
d

m
ay

b
e

in
terp

reted
th

rou
gh

ran
d
om

sa
m

p
lin

g
of

h
id

d
en

w
eigh

ts.
W

e
also

rev
iew

in
crem

en
tal

algorith
m

s
(i.e.,

forw
ard

g
reed

y
a
p
p
roach

es)
to

learn
from

th
ese

in
fi
n
ite

sets
of

b
asis

fu
n
ction

s
w

h
en

u
sin

g
L

1 -p
en

alties.

–
T

h
e

resu
lts

are
sp

ecialized
in

S
ection

3
to

n
eu

ral
n
etw

ork
s

w
ith

a
sin

g
le

h
id

d
en

layer
a
n
d

a
ctiva

tion
fu

n
ction

s
w

h
ich

are
p

ositively
h
om

ogen
eou

s
(su

ch
as

th
e

rectifi
ed

lin
ear

u
n
it).

In
p
articu

lar,
in

S
ection

s
3.2,

3.3
an

d
3.4,

w
e

p
rov

id
e

sim
p
le

geom
etric

in
terp

re-
ta

tio
n
s

to
th

e
n
on

-con
v
ex

p
rob

lem
s

o
f

ad
d
ition

s
of

n
ew

u
n
its,

in
term

s
of

sep
a
ratin

g
h
y
p

erp
la

n
es

or
H

au
sd

orff
d
istan

ce
b

etw
een

con
vex

sets.
T

h
ey

con
stitu

te
th

e
core

p
o-

ten
tia

lly
h
ard

com
p
u
tation

al
task

s
in

o
u
r

fram
ew

ork
of

learn
in

g
from

con
tin

u
ou

sly
m

a
n
y

b
a
sis

fu
n
ction

s.

–
In

S
ectio

n
4,

w
e

p
rov

id
e

a
d
etailed

th
eoretica

l
an

aly
sis

o
f

th
e

ap
p
rox

im
ation

p
ro

p
-

erties
o
f

(sin
gle

h
id

d
en

layer)
con

vex
n
eu

ral
n
etw

ork
s

w
ith

m
on

oto
n
ic

h
om

ogen
eou

s
a
ctiva

tio
n

fu
n
ction

s,
w

ith
ex

p
licit

b
ou

n
d
s.

W
e

relate
th

ese
n
ew

resu
lts

to
th

e
ex

ten
-

sive
litera

tu
re

on
ap

p
rox

im
ation

p
rop

erties
of

n
eu

ral
n
etw

ork
s

(see,
e.g.,

P
in

k
u
s,

1999,
a
n
d

referen
ces

th
erein

)
in

S
ection

4.7,
an

d
sh

ow
th

at
th

ese
n
eu

ral
n
etw

ork
s

a
re

in
d
eed

a
d
a
p
tive

to
lin

ear
stru

ctu
res,

b
y

rep
lacin

g
th

e
ex

p
on

en
tial

d
ep

en
d
en

ce
in

d
im

en
sion

b
y

a
n

ex
p

on
en

tial
d
ep

en
d
en

ce
in

th
e

d
im

en
sion

of
th

e
su

b
sp

ace
of

th
e

d
a
ta

can
b

e
p
ro

jected
to

for
go

o
d

p
red

iction
s.
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B
a
c
h

∣∣∣
F

u
n
ction

al
form

G
en

eraliza
tion

b
o
u
n
d

N
o

assu
m

p
tion

∣∣∣∣
n
−

1
/
(d

+
3
)
log

n

A
ffi

n
e

fu
n
ction

∣∣∣∣
w
>
x

+
b ∣∣∣∣

d
1
/
2·n

−
1
/
2

G
en

eralized
ad

d
itive

m
o
d
el

∣∣∣∣ ∑
kj=

1
f
j (w
>j
x

),
w
j ∈

R
d

k
d

1
/
2·n

−
1
/
4

log
n

S
in

gle-layer
n
eu

ral
n
etw

ork

∣∣∣∣ ∑
kj=

1
η
j (w
>j
x

+
b
j )

+
k
d

1
/
2·
n
−

1
/
2

P
ro

jection
p
u
rsu

it

∣∣∣∣ ∑
kj=

1
f
j (w
>j
x

),
w
j ∈

R
d

k
d

1
/
2·n

−
1
/
4

log
n

D
ep

en
d
en

ce
on

su
b
sp

ace

∣∣∣∣
f

(W
>
x

)
,
W
∈
R
d×
s

d
1
/
2·n

−
1
/
(s+

3
)
log

n

T
ab

le
1:

S
u
m

m
ary

of
gen

eralization
b

ou
n
d
s

for
variou

s
m

o
d
els.

T
h
e

b
ou

n
d

rep
resen

ts
th

e
ex

p
ected

ex
cess

risk
over

th
e

b
est

p
red

ictor
in

th
e

given
class.

W
h
en

n
o

assu
m

p
tion

is
m

ad
e,

th
e

d
ep

en
d
en

ce
in
n

go
es

to
zero

w
ith

an
ex

p
on

en
t

p
rop

ortion
al

to
1
/d

(w
h
ich

lead
s

to
sam

p
le

com
p
lex

ity
ex

p
on

en
tial

in
d
),

w
h
ile

m
ak

in
g

assu
m

p
tion

s
rem

ov
es

th
e

d
ep

en
d
en

ce
of
d

in
th

e
ex

p
on

en
t.

–
In

S
ection

5,
w

e
stu

d
y

th
e

gen
eralization

p
rop

erties
u
n
d
er

a
stan

d
ard

su
p

erv
ised

learn
-

in
g

set-u
p
,

an
d

sh
ow

th
at

th
ese

con
vex

n
eu

ral
n
etw

ork
s

are
ad

ap
tive

to
all

situ
ation

s
m

en
tion

ed
earlier.

T
h
ese

are
su

m
m

arized
in

T
ab

le
1

an
d

con
stitu

te
th

e
m

ain
statis-

tical
resu

lts
of

th
is

p
ap

er.
W

h
en

u
sin

g
an

`
1 -n

orm
on

th
e

in
p
u
t

w
eigh

ts,
w

e
sh

ow
in

S
ection

5.3
th

at
h
igh

-d
im

en
sion

al
n
on

-lin
ear

varia
b
le

selection
m

ay
b

e
ach

ieved
,

th
at

is,
th

e
n
u
m

b
er

of
in

p
u
t

variab
les

m
ay

b
e

m
u
ch

larger
th

an
th

e
n
u
m

b
er

of
ob

serva-
tion

s,
w

ith
ou

t
an

y
stron

g
assu

m
p
tion

regard
in

g
th

e
d
ata

(n
ote

th
at

w
e

d
o

n
ot

p
resen

t
a

p
oly

n
om

ial-tim
e

algorith
m

to
ach

ieve
th

is).

–
W

e
p
rov

id
e

in
S
ection

5.5
sim

p
le

con
d
ition

s
for

con
vex

relax
ation

s
to

ach
ieve

th
e

sam
e

gen
eralization

error
b

ou
n
d
s,

even
w

h
en

con
stan

t-fa
ctor

ap
p
rox

im
ation

can
n
ot

b
e

fou
n
d

(e.g.,
b

ecau
se

it
is

N
P

-h
ard

su
ch

as
for

th
e

th
resh

old
a
ctivation

fu
n
ction

an
d

th
e

rectifi
ed

lin
ear

u
n
it).

W
e

p
resen

t
in

S
ection

6
co

n
v
ex

relax
ation

s
b
ased

on
sem

i-
d
efi

n
ite

p
rogram

m
in

g,
b
u
t

w
e

w
ere

n
ot

ab
le

to
fi
n
d

stron
g

en
ou

gh
con

vex
relax

ation
s

(th
ey

p
rov

id
e

on
ly

a
p
rovab

le
sam

p
le

com
p
lex

ity
w

ith
a

p
oly

n
om

ial
tim

e
algorith

m
w

h
ich

is
ex

p
on

en
tial

in
th

e
d
im

en
sion

d
)

an
d

leave
op

en
th

e
ex

isten
ce

or
n
on

-ex
isten

ce
of

p
oly

n
om

ial-tim
e

algorith
m

s
th

at
p
reserve

th
e

n
on

-ex
p

on
en

tial
sam

p
le

com
p
lex

ity.

2
.

L
e
a
rn

in
g

fro
m

C
o
n
tin

u
o
u
sly

In
fi
n
ite

ly
M

a
n
y

B
a
sis

F
u
n
ctio

n
s

In
th

is
section

w
e

p
resen

t
th

e
fu

n
ction

al
an

aly
sis

fram
ew

ork
u
n
d
erp

in
n
in

g
th

e
m

eth
o
d
s

p
resen

ted
in

th
is

p
ap

er,
w

h
ich

learn
for

a
p

oten
tial

con
tin

u
u
m

of
featu

res.
W

h
ile

th
e

form
u
lation

from
S
ection

s
2.1

an
d

2.2
origin

ates
from

th
e

early
w

o
rk

on
th

e
ap

p
rox

im
a-
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B
r
e
a
k
in
g

t
h
e
C
u
r
se

o
f
D
im

e
n
si
o
n
a
l
it
y
w
it
h
C
o
n
v
e
x
N
e
u
r
a
l
N
e
t
w
o
r
k
s

ti
on

p
ro

p
er

ti
es

of
n
eu

ra
l

n
et

w
or

k
s

(B
ar

ro
n
,

19
93

;
K

u
rk

ov
a

an
d

S
an

gu
in

et
i,

2
00

1;
M

h
as

ka
r,

20
04

),
th

e
al

go
ri

th
m

ic
p
ar

ts
th

at
w

e
p
re

se
n
t

in
S
ec

ti
on

2.
5

h
av

e
b

ee
n

st
u
d
ie

d
in

a
va

ri
et

y
of

co
n
te

x
ts

,
su

ch
as

“c
on

ve
x

n
eu

ra
l

n
et

w
o
rk

s”
(B

en
gi

o
et

al
.,

20
06

),
or
` 1

-n
or

m
w

it
h

in
fi
-

n
it

e
d
im

en
si

on
al

fe
at

u
re

sp
ac

es
(R

os
se

t
et

al
.,

20
07

),
w

it
h

li
n
k
s

w
it

h
co

n
d
it

io
n
a
l

gr
ad

ie
n
t

al
go

ri
th

m
s

(D
u
n
n

an
d

H
ar

sh
b
ar

ge
r,

19
78

;
J
ag

gi
,

20
13

)
a
n
d

b
o
os

ti
n
g

(R
o
ss

et
et

al
.,

20
04

).
In

th
e

fo
ll
ow

in
g

se
ct

io
n
s,

n
ot

e
th

at
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éo

d
or

y
’s

th
eo

re
m

fo
r

co
n
es

(R
o
ck

af
el

la
r,

19
97

),
if
X̂

is
co

m
p

o
se

d
of

on
ly
n

el
em

en
ts

(e
.g

.,
n

is
th

e
n
u
m

b
er

of
ob

se
rv

at
io

n
s

in
m

ac
h
in

e
le

ar
n
in

g
),

th
e

o
p
ti

m
a
l

fu
n
ct

io
n
f |
X̂

ab
ov

e
(a

n
d

h
en

ce
f

)
m

ay
b

e
d
ec

om
p

os
ed

in
to

at
m

os
t
n

fu
n
ct

io
n
s
ϕ
v
,

th
a
t

is
,

µ
is

su
p
p

or
te

d
b
y

at
m

os
t
n

p
oi

n
ts

in
V,

am
on

g
a

p
ot

en
ti

al
co

n
ti

n
u
u
m

of
p

o
ss

ib
il
it

ie
s.

N
ot

e
h
ow

ev
er

th
at

th
e

id
en

ti
ty

of
th

es
e
n

fu
n
ct

io
n
s

is
n
o
t

k
n
ow

n
in

ad
va

n
ce

,
a
n
d

th
u
s

th
er

e
is

a
si

gn
ifi

ca
n
t

d
iff

er
en

ce
w

it
h

th
e

re
p
re

se
n
te

r
th

eo
re

m
fo

r
p

os
it

iv
e

d
efi

n
it

e
ke

rn
el

s
a
n
d

H
il
b

er
t

sp
ac

es
(s

ee
,

e.
g.

,
S
h
aw

e-
T

ay
lo

r
an

d
C

ri
st

ia
n
in

i,
20

04
),

w
h
er

e
th

e
se

t
o
f
n

fu
n
ct

io
n
s

ar
e

k
n
ow

n
fr

om
th

e
k
n
ow

le
d
ge

of
th

e
p

oi
n
ts
x
∈
X̂

(i
.e

.,
ke

rn
el

fu
n
ct

io
n
s

ev
a
lu

a
te

d
a
t
x

).

2
.3

C
o
rr

e
sp

o
n

d
in

g
R

e
p

ro
d

u
c
in

g
K

e
rn

e
l

H
il
b

e
rt

S
p

a
c
e

(R
K

H
S

)

W
e

h
av

e
se

en
ab

ov
e

th
at

if
th

e
re

al
-v

al
u
ed

m
ea

su
re

s
µ

ar
e

re
st

ri
ct

ed
to

h
av

e
d
en

si
ty
p

w
it

h
re

sp
ec

t
to

a
fi
x
ed

p
ro

b
ab

il
it

y
m

ea
su

re
τ

w
it

h
fu

ll
su

p
p

or
t

on
V,

th
at

is
,
d
µ

(v
)

=
p
(v

)d
τ
(v

),

6
JM

L
R

 1
8(

19
):

1-
53

, 2
01

7



B
r
e
a
k
in
g

t
h
e
C
u
r
se

o
f
D
im

e
n
sio

n
a
l
it
y
w
it
h
C
o
n
v
e
x
N
e
u
r
a
l
N
e
t
w
o
r
k
s

th
en

,
th

e
n
o
rm

γ
1 (f

)
is

th
e

in
fi
m

u
m

of
th

e
total

variation
|µ|(V

)
=
∫V |p

(v
)|d
τ
(v

),
over

all
d
eco

m
p

o
sitio

n
s
f

(x
)

=
∫V
p
(v

)ϕ
v (x

)d
τ
(v

).
W

e
m

ay
a
lso

d
efi

n
e

th
e

in
fi
m

u
m

of ∫V |p
(v

)| 2d
τ
(v

)
ov

er
th

e
sam

e
d
ecom

p
osition

s
(sq

u
ared

L
2 -n

orm
in

stea
d

of
L

1 -n
orm

).
It

tu
rn

s
ou

t
th

at
it

d
efi

n
es

a
sq

u
ared

n
orm

γ
22

an
d

th
at

th
e

fu
n
ctio

n
sp

ace
F

2
of

fu
n
ction

s
w

ith
fi
n
ite

n
orm

h
ap

p
en

s
to

b
e

a
rep

ro
d
u
cin

g
ker-

n
el

H
ilb

ert
sp

a
ce

(R
K

H
S
).

W
h
en
V

is
fi
n
ite,

th
en

it
is

w
ell-k

n
ow

n
(see,

e.g.,
B

erlin
et

a
n
d

T
h
om

a
s-A

gn
an

,
2004,

S
ection

4.1)
th

at
th

e
in

fi
m

u
m

of ∑
v∈V

µ
2v

over
all

vectors
µ

su
ch

th
a
t
f

=
∑

v∈
V
µ
v ϕ

v
d
efi

n
es

a
sq

u
ared

R
K

H
S

n
orm

w
ith

p
ositive

d
efi

n
ite

kern
el

k
(x
,y

)
=
∑

v∈
V
ϕ
v (x

)ϕ
v (y

).
W

e
sh

ow
in

A
p
p

en
d
ix

A
th

at
for

an
y

com
p
act

setV
,

w
e

h
ave

d
efi

n
ed

a
sq

u
ared

R
K

H
S

n
o
rm

γ
22

w
ith

p
ositive

d
efi

n
ite

kern
el
k
(x
,y

)
=

∫V
ϕ
v (x

)ϕ
v (y

)d
τ
(v

).

R
a
n

d
o
m

sa
m

p
lin

g
.

N
ote

th
at

su
ch

kern
els

are
w

ell-ad
ap

ted
to

ap
p
rox

im
ation

s
b
y

sam
-

p
lin

g
severa

l
b
asis

fu
n
ction

s
ϕ
v

sam
p
led

from
th

e
p
rob

ab
ility

m
easu

re
τ

(N
eal,

1995;
R

ah
im

i
a
n
d

R
ech

t,
2
0
07).

In
d
eed

,
if

w
e

con
sid

er
m

i.i.d
.

sam
p
les

v
1 ,...,v

m
,

w
e

m
ay

d
efi

n
e

th
e

ap
-

p
rox

im
a
tio

n
k̂
(x
,y

)
=

1m

∑
mi=

1
ϕ
v
i (x

)ϕ
v
i (y

),
w

h
ich

corresp
on

d
s

to
an

ex
p
licit

featu
re

rep
re-

sen
ta

tio
n
.

In
o
th

er
w

ord
s,

th
is

corresp
on

d
s

to
sam

p
lin

g
u
n
its

v
i ,

u
sin

g
p
red

iction
fu

n
ction

s
o
f

th
e

fo
rm

1m

∑
mi=

1
η
i ϕ
v
i (x

)
an

d
th

en
p

en
alizin

g
b
y

th
e
`
2 -n

orm
of
η
.

W
h
en
m

ten
d
s

to
in

fi
n
ity,

th
en
k̂
(x
,y

)
ten

d
s

to
k
(x
,y

)
an

d
ran

d
om

sam
p
lin

g
p
rov

id
es

a
w

ay
to

w
o
rk

effi
cien

tly
w

ith
ex

p
licit

m
-d

im
en

sio
n
al

featu
re

sp
aces.

S
ee

R
ah

im
i

an
d

R
ech

t
(2

0
0
7
)

fo
r

a
a
n
a
ly

sis
of

th
e

n
u
m

b
er

of
u
n
its

n
eed

ed
for

an
ap

p
rox

im
ation

w
ith

error
ε,

ty
p
-

ica
lly

o
f

o
rd

er
1/ε

2.
S
ee

also
B

ach
(2017)

for
im

p
roved

resu
lts

w
ith

a
b

etter
d
ep

en
d
en

ce
on

ε
w

h
en

m
a
k
in

g
ex

tra
assu

m
p
tion

s
on

th
e

eigen
valu

es
of

th
e

asso
ciated

covarian
ce

op
era

tor.

R
e
la

tio
n

sh
ip

b
e
tw

e
e
n
F

1
a
n

d
F

2 .
T

h
e

corresp
on

d
in

g
R

K
H

S
n
o
rm

is
a
lw

ay
s

greater
th

a
n

th
e

va
ria

tion
n
orm

(b
ecau

se
of

J
en

sen
’s

in
eq

u
ality

),
an

d
th

u
s

th
e

R
K

H
S
F

2
is

in
clu

d
ed

in
F

1 .
H

ow
ever,

as
sh

ow
n

in
th

is
p
ap

er,
th

e
tw

o
sp

aces
F

1
an

d
F

2
h
ave

very
d
iff

eren
t

p
ro

p
erties;

e.g
.,
γ

2
m

ay
b

e
com

p
u
ted

easily
in

several
cases,

w
h
ile
γ

1
d
o
es

n
ot;

also,
learn

in
g

w
ith
F

2
m

ay
eith

er
b

e
d
on

e
b
y

ran
d
om

sam
p
lin

g
of

su
ffi

cien
tly

m
an

y
w

eigh
ts

or
u
sin

g
kern

el
m

eth
o
d
s,

w
h
ileF

1
req

u
ires

d
ed

icated
con

vex
op

tim
ization

algorith
m

s
w

ith
p

oten
tially

n
on

-
p

o
ly

n
o
m

ia
l-tim

e
step

s
(see

S
ection

2.5).
M

o
reover,

for
an

y
v
∈
V

,
ϕ
v
∈
F

1
w

ith
a

n
orm

γ
1 (ϕ

v )
6

1,
w

h
ile

in
g
en

eral
ϕ
v
/∈
F

2 .
T

h
is

is
a

sim
p
le

illu
stration

of
th

e
fact

th
at
F

2
is

to
o

sm
all

an
d

th
u
s

w
ill

lea
d

to
a

lack
o
f

a
d
a
p
tiv

ity
th

at
w

ill
b

e
fu

rth
er

stu
d
ied

in
S
ection

5.4
for

n
eu

ral
n
etw

ork
s

w
ith

certain
a
ctiva

tio
n

fu
n
ction

s.

2
.4

S
u

p
e
rv

ise
d

M
a
ch

in
e

L
e
a
rn

in
g

G
iven

so
m

e
d
istrib

u
tion

over
th

e
p
airs

(x
,y

)∈
X
×
Y

,
a

loss
fu

n
ction

`
:Y
×
R
→

R
,
ou

r
aim

is
to

fi
n
d

a
fu

n
ction

f
:X
→

R
su

ch
th

at
th

e
fu

n
ction

al
J

(f
)

=
E

[`(y
,f

(x
))]

is
sm

all,
given

so
m

e
i.i.d

.
o
b
servation

s
(x
i ,y

i ),
i

=
1
,...,n

.
W

e
con

sid
er

th
e

em
p
irical

risk
m

in
im

ization
fra

m
ew

o
rk

ov
er

a
sp

ace
of

fu
n
ction

sF
,

eq
u
ip

p
ed

w
ith

a
n
orm

γ
(in

ou
r

situ
ation

,F
1

an
d

F
2 ,

eq
u
ip

p
ed

w
ith

γ
1

or
γ

2 ).
T

h
e

em
p
irical

risk
Ĵ
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er

e
V

is
a

sp
ac

e
w

h
er

e
lo

ca
l

se
ar

ch
te

ch
n
iq

u
es

m
ay

b
e

co
n
si

d
er

ed
,

th
er

e
is

al
so

th
e

p
os

si
b
il
it

y
of

“fi
n
e-

tu
n
in

g”
th

e
ve

ct
or

s
v

as
w

el
l

(B
en

gi
o

et
al

.,
20

06
),

th
at

is
,

w
e

m
ay

op
ti

m
iz

e
th

e
fu

n
ct

io
n

(v
1
,.
..
,v
t,
α

1
,.
..
,α

t)
7→
J

(
∑

t i=
1
α
iϕ
v
i
),

th
ro

u
gh

lo
ca

l
se

ar
ch

te
ch

n
iq

u
es

,
st

a
rt

in
g

fr
om

th
e

w
ei

gh
ts

(α
i)

an
d

p
oi

n
ts

(v
i)

ob
ta

in
ed

fr
om

th
e

co
n
d
it

io
n
al

gr
ad

ie
n
t

al
go

ri
th

m
.

A
d

d
in

g
a

n
e
w

b
a
si

s
fu

n
c
ti

o
n

.
T

h
e

co
n
d
it

io
n
al

gr
ad

ie
n
t

al
go

ri
th

m
p
re

se
n
te

d
ab

ov
e

re
li
es

on
so

lv
in

g
at

ea
ch

it
er

at
io

n
th

e
“F

ra
n
k
-W

ol
fe

st
ep

”:

m
ax

γ
(f

)6
δ
〈f
,g
〉 L

2
(d
ρ
).

fo
r
g

=
−
J
′ (
f t

)
∈
L

2
(d
ρ
).

F
or

th
e

n
or

m
γ

1
d
efi

n
ed

th
ro

u
gh

an
L

1
-n

o
rm

,
w

e
h
av

e
fo

r
f

=
∫ V
ϕ
v
d
µ

(v
)

su
ch

th
at
γ

1
(f

)
=
|µ
|(V

):

〈f
,g
〉 L

2
(d
ρ
)

=

∫ X
f

(x
)g

(x
)d
ρ
(x

)
=

∫ X

(
∫ V

ϕ
v
(x

)d
µ

(v
)) g

(x
)d
ρ
(x

)

=

∫ V

(
∫ X

ϕ
v
(x

)g
(x

)d
ρ
(x

)) d
µ

(v
)

6
γ

1
(f

)
·m

ax
v
∈V

∣ ∣ ∣ ∣∫ X
ϕ
v
(x

)g
(x

)d
ρ
(x

)∣ ∣ ∣ ∣,
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B
a
c
h

w
it

h
eq

u
al

it
y

if
an

d
on

ly
if
µ

=
µ

+
−
µ
−

w
it

h
µ

+
an

d
µ
−

tw
o

n
on

-n
eg

at
iv

e
m

ea
su

re
s,

w
it

h
µ

+
(r

es
p
.
µ
−

)
su

p
p

or
te

d
in

th
e

se
t

of
m

ax
im

iz
er

s
v

of
|∫
X
ϕ
v
(x

)g
(x

)d
ρ
(x

)|
w

h
er

e
th

e
va

lu
e

is
p

os
it

iv
e

(r
es

p
.

n
eg

at
iv

e)
.

T
h
is

im
p
li
es

th
at

:

m
ax

γ
1
(f

)6
δ
〈f
,g
〉 L

2
(d
ρ
)

=
δ

m
ax

v
∈V

∣ ∣ ∣ ∣∫ X
ϕ
v
(x

)g
(x

)d
ρ
(x

)∣ ∣ ∣ ∣,
(1

)

w
it

h
th

e
m

ax
im

iz
er

s
f

of
th

e
fi
rs

t
op

ti
m

iz
at

io
n

p
ro

b
le

m
ab

ov
e

(l
ef

t-
h
an

d
si

d
e)

o
b
ta

in
ed

as
δ

ti
m

es
co

n
ve

x
co

m
b
in

at
io

n
s

of
ϕ
v

an
d
−
ϕ
v

fo
r

m
ax

im
iz

er
s
v

of
th

e
se

co
n
d

p
ro

b
le

m
(r

ig
h
t-

h
an

d
si

d
e)

.

A
co

m
m

on
d
iffi

cu
lt

y
in

p
ra

ct
ic

e
is

th
e

h
ar

d
n
es

s
of

th
e

F
ra

n
k
-W

ol
fe

st
ep

,
th

a
t

is
,

th
e

op
ti

m
iz

at
io

n
p
ro

b
le

m
ab

ov
e

ov
er
V

m
ay

b
e

d
iffi

cu
lt

to
so

lv
e.

S
ee

S
ec

ti
on

3
.2

,
3
.3

a
n
d

3
.4

fo
r

n
eu

ra
l

n
et

w
or

k
s,

w
h
er

e
th

is
op

ti
m

iz
at

io
n

is
u
su

al
ly

d
iffi

cu
lt

.

F
in

it
e
ly

m
a
n
y

o
b

se
rv

a
ti

o
n

s.
W

h
en
X

is
fi
n
it

e
(o

r
w

h
en

u
si

n
g

th
e

re
su

lt
fr

o
m

S
ec

-
ti

on
2.

2)
,

th
e

F
ra

n
k
-W

ol
fe

st
ep

in
E

q
.

(1
)

b
ec

om
es

eq
u
iv

al
en

t
to

,
fo

r
so

m
e

ve
ct

o
r
g
∈
R
n
:

su
p

γ
1
(f

)6
δ

1 n

n ∑ i=
1

g i
f

(x
i)

=
δ

m
ax

v
∈V

∣ ∣ ∣ ∣1 n

n ∑ i=
1

g i
ϕ
v
(x
i)

∣ ∣ ∣ ∣,
(2

)

w
h
er

e
th

e
se

t
of

so
lu

ti
on

s
of

th
e

fi
rs

t
p
ro

b
le

m
is

in
th

e
co

n
ve

x
h
u
ll

of
th

e
so

lu
ti

o
n
s

o
f

th
e

se
co

n
d

p
ro

b
le

m
.

N
o
n

-s
m

o
o
th

lo
ss

fu
n

c
ti

o
n

s.
In

th
is

p
ap

er
,

in
ou

r
th

eo
re

ti
ca

l
re

su
lt

s,
w

e
co

n
si

d
er

n
on

-
sm

o
ot

h
lo

ss
fu

n
ct

io
n
s

fo
r

w
h
ic

h
co

n
d
it

io
n
al

gr
ad

ie
n
t

al
go

ri
th

m
s

d
o

n
o
t

co
n
v
er

g
e

in
g
en

er
a
l.

O
n
e

p
os

si
b
il
it

y
is

to
sm

o
ot

h
th

e
lo

ss
fu

n
ct

io
n
,
as

d
on

e
b
y

N
es

te
ro

v
(2

00
5)

:
an

a
p
p
ro

x
im

a
ti

o
n

er
ro

r
of
ε

m
ay

b
e

ob
ta

in
ed

w
it

h
a

sm
o
ot

h
n
es

s
co

n
st

an
t

p
ro

p
or

ti
on

al
to

1/
ε.

B
y

ch
o
o
si

n
g
ε

as
1
/
√
t,

w
e

ob
ta

in
a

co
n
ve

rg
en

ce
ra

te
of
O

(1
/
√
t)

af
te

r
t

it
er

at
io

n
s.

S
ee

al
so

L
a
n

(2
0
1
3
).

A
p

p
ro

x
im

a
te

o
ra

c
le

s.
T

h
e

co
n
d
it

io
n
al

gr
ad

ie
n
t

al
go

ri
th

m
m

ay
d
ea

l
w

it
h

a
p
p
ro

x
im

a
te

or
ac

le
s;

h
ow

ev
er

,
w

h
at

w
e

n
ee

d
in

th
is

p
ap

er
is

n
ot

th
e

ad
d
it

iv
e

er
ro

rs
si

tu
at

io
n
s

co
n
si

d
er

ed
b
y

J
ag

gi
(2

01
3)

,
b
u
t

m
u
lt

ip
li
ca

ti
ve

on
es

on
th

e
co

m
p
u
ta

ti
on

of
th

e
d
u
al

n
o
rm

(s
im

il
a
r

to
on

es
d
er

iv
ed

b
y

B
ac

h
(2

01
3)

fo
r

th
e

re
gu

la
ri

ze
d

p
ro

b
le

m
).

In
d
ee

d
,

in
ou

r
co

n
te

x
t,

w
e

m
in

im
iz

e
a

fu
n
ct

io
n
J

(f
)

on
f
∈
L

2
(d
ρ
)

ov
er

a
n
o
rm

b
a
ll

{γ
1
(f

)
6
δ}

.
A

m
u
lt

ip
li
ca

ti
ve

ap
p
ro

x
im

at
e

or
ac

le
ou

tp
u
ts

fo
r

an
y
g
∈
L

2
(d
ρ
),

a
ve

ct
o
r

f̂
∈
L

2
(d
ρ
)

su
ch

th
at
γ

1
(f̂

)
=

1,
an

d

〈f̂
,g
〉6

m
ax

γ
1
(f

)6
1
〈f
,g
〉6

κ
〈f̂
,g
〉,

fo
r

a
fi
x
ed

κ
>

1.
In

A
p
p

en
d
ix

B
,

w
e

p
ro

p
os

e
a

m
o
d
ifi

ca
ti

on
of

th
e

co
n
d
it

io
n
a
l

g
ra

d
ie

n
t

al
go

ri
th

m
th

at
co

n
ve

rg
es

to
a

ce
rt

ai
n
h
∈
L

2
(d
ρ
)

su
ch

th
at

γ
1
(h

)
6

δ
a
n
d

fo
r

w
h
ic

h
in

f γ
1
(f

)6
δ
J

(f
)
6
J

(h
)
6

in
f γ

1
(f

)6
δ
/
κ
J

(f
).

S
u
ch

ap
p
ro

x
im

at
e

or
ac

le
s

ar
e

n
ot

av
ai

la
b
le

in
ge

n
er

al
,

b
ec

a
u
se

th
ey

re
q
u
ir

e
u
n
if

o
rm

b
ou

n
d
s

ov
er

al
l

p
os

si
b
le

va
lu

es
of
g
∈
L

2
(d
ρ
).

In
S
ec

ti
on

5.
5,

w
e

sh
ow

th
at

a
w

ea
ke

r
fo

rm
of

or
ac

le
is

su
ffi

ci
en

t
to

p
re

se
rv

e
ou

r
ge

n
er

al
iz

at
io

n
b

ou
n
d
s

fr
om

S
ec

ti
o
n

5.
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B
r
e
a
k
in
g

t
h
e
C
u
r
se

o
f
D
im

e
n
sio

n
a
l
it
y
w
it
h
C
o
n
v
e
x
N
e
u
r
a
l
N
e
t
w
o
r
k
s

A
p

p
ro

x
im

a
tio

n
o
f

a
n
y

fu
n

c
tio

n
b
y

a
fi

n
ite

n
u

m
b

e
r

o
f

b
a
sis

fu
n

c
tio

n
s.

T
h
e

F
ran

k
-

W
o
lfe

a
lg

o
rith

m
m

ay
b

e
ap

p
lied

in
th

e
fu

n
ction

sp
aceF

1
w

ith
J

(f
)

=
12 E

[(f
(x

)−
g
(x

))
2],

w
e

g
et

a
fu

n
ctio

n
f
t ,

su
p
p

orted
b
y
t

b
asis

fu
n
ction

s
su

ch
th

at
E

[(f
t (x

)−
g
(x

))
2]

=
O

(γ
(g

)
2/t).

H
en

ce,
a
n
y

fu
n
ction

in
F

1
m

ay
b

e
ap

p
rox

im
ated

w
ith

averaged
error

ε
w

ith
t

=
O

([γ
(g

)/
ε] 2)

u
n
its.

N
o
te

th
a
t

th
e

con
d
ition

al
grad

ien
t

algorith
m

is
on

e
am

on
g

m
an

y
w

ay
s

to
ob

tain
su

ch
a
p
p
rox

im
a
tio

n
w

ith
ε −

2
u
n
its

(B
arron

,
1993;

K
u
rkova

an
d

S
an

gu
in

eti,
200

1;
M

h
askar,

2004).
S
ee

S
ection

4
.1

for
a

(sligh
tly

)
b

etter
d
ep

en
d
en

ce
on

ε
fo

r
con

vex
n
eu

ral
n
etw

ork
s.

3
.

N
e
u
ra

l
N

e
tw

o
rk

s
w

ith
N

o
n
-d

e
cre

a
sin

g
P

o
sitiv

e
ly

H
o
m

o
g
e
n
e
o
u
s

A
ctiv

a
tio

n
F
u
n
ctio

n
s

In
th

is
p
a
p

er,
w

e
fo

cu
s

on
a

sp
ecifi

c
fam

ily
of

b
asis

fu
n
ction

s,
th

at
is,

of
th

e
form

x
7→
σ

(w
>
x

+
b),

fo
r

sp
ecifi

c
a
ctivation

fu
n
ction

s
σ

.
W

e
assu

m
e

th
at

σ
is

n
on

-d
ecreasin

g
an

d
p

ositively
h
o
m

o
g
en

eou
s

of
som

e
in

teger
d
egree,

i.e.,
it

is
eq

u
al

to
σ

(u
)

=
(u

)
α+

,
for

som
e
α
∈
{0,1

,...}
.

W
e

fo
cu

s
o
n

th
ese

fu
n
ction

s
for

sev
eral

reason
s:

–
S
in

ce
th

ey
are

n
ot

p
oly

n
om

ia
ls,

lin
ear

com
b
in

ation
s

of
th

ese
fu

n
ction

s
can

ap
p
rox

i-
m

a
te

a
n
y

m
easu

rab
le

fu
n
ction

(L
esh

n
o

et
al.,

1993).

–
B

y
h
o
m

ogen
eity,

th
ey

are
in

varian
t

b
y

a
ch

an
ge

of
scale

of
th

e
d
ata;

in
d
eed

,
if

all
o
b
servatio

n
s
x

are
m

u
ltip

lied
b
y

a
con

sta
n
t,

w
e

m
ay

sim
p
ly

ch
an

ge
th

e
m

easu
re
µ

d
efi

n
in

g
th

e
ex

p
an

sion
of
f

b
y

th
e

ap
p
rop

riate
con

stan
t

to
ob

tain
ex

actly
th

e
sam

e
fu

n
ctio

n
.

T
h
is

allow
s

u
s

to
stu

d
y

fu
n
ction

s
d
efi

n
ed

on
th

e
u
n
it-sp

h
ere.

–
T

h
e

sp
ecial

case
α

=
1,

often
referred

to
as

th
e

rectifi
ed

lin
ea

r
u

n
it,

h
as

seen
con

sid
er-

a
b
le

recen
t

em
p
irical

su
ccess

(N
air

an
d

H
in

ton
,

2010
;

K
rizh

ev
sk

y
et

al.,
2012

),
w

h
ile

th
e

ca
se
α

=
0

(h
ard

th
resh

old
s)

h
as

som
e

h
istorical

im
p

ortan
ce

(R
osen

b
latt,

1958).

T
h
e

g
o
a
l

o
f

th
is

section
is

to
sp

ecialize
th

e
resu

lts
from

S
ection

2
to

th
is

p
articu

la
r

case
an

d
sh

ow
th

a
t

th
e

“
F

ran
k
-W

olfe”
step

s
h
av

e
sim

p
le

geom
etric

in
terp

retation
s.

W
e

fi
rst

sh
ow

th
at

th
e

p
ositive

h
om

ogen
eity

of
th

e
activation

fu
n
ction

s
allow

s
to

tran
sfer

th
e

p
ro

b
lem

to
a

u
n
it

sp
h
ere.

B
o
u

n
d

e
d

n
e
ss

a
ssu

m
p

tio
n

s.
F

or
th

e
th

eoretical
an

aly
sis,

w
e

assu
m

e
th

at
ou

r
d
ata

in
-

p
u
ts
x
∈

R
d

a
re

alm
ost

su
rely

b
ou

n
d
ed

b
y
R

in
`
q -n

o
rm

,
for

som
e
q
∈

[2,∞
]

(ty
p
ically

q
=

2
a
n
d
q

=
∞

).
W

e
th

en
b
u
ild

th
e

au
gm

en
ted

variab
le
z
∈
R
d
+

1
as
z

=
(x
>
,R

) >
∈
R
d
+

1

b
y

a
p
p

en
d
in

g
th

e
con

stan
t
R

to
x
∈
R
d.

W
e

th
erefore

h
av

e
‖z‖

q
6
√

2R
.

B
y

d
efi

n
in

g
th

e
vecto

r
v

=
(w
>
,b/R

) >
∈
R
d
+

1,
w

e
h
ave:

ϕ
v (x

)
=
σ

(w
>
x

+
b)

=
σ

(v >
z
)

=
(v >

z
)
α+
,

w
h
ich

n
ow

b
eco

m
es

a
fu

n
ction

of
z
∈
R
d
+

1.
W

ith
o
u
t

lo
ss

of
gen

erality
(an

d
b
y

h
om

ogen
eity

of
σ

),
w

e
m

ay
assu

m
e

th
at

th
e
`
p -n

o
rm

o
f

ea
ch

vecto
r
v

is
eq

u
al

to
1
/R

,
th

at
isV

w
ill

b
e

th
e

(1/R
)-sp

h
ere

for
th

e
`
p -n

orm
,

w
h
ere

1
/
p

+
1
/
q

=
1

(an
d

th
u
s
p
∈

[1,2],
w

ith
corresp

o
n
d
in

g
ty

p
ical

valu
es
p

=
2

an
d
p

=
1).

1
1
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B
a
c
h

T
h
is

im
p
lies

b
y

H
öld

er’s
in

eq
u
ality

th
at
ϕ
v (x

)
2
6

2
α
.

M
oreover

th
is

lead
s

to
fu

n
ction

s
in
F

1
th

at
are

b
ou

n
d
ed

every
w

h
ere,

th
at

is,∀
f
∈
F

1 ,
f

(x
)
2
6

2
α
γ

1 (f
)
2.

N
ote

th
at

th
e

fu
n
ction

s
in
F

1
are

also
L

ip
sch

itz-con
tin

u
ou

s
for

α
>

1.

S
in

ce
all

`
p -n

orm
s

(for
p
∈

[1,2])
are

eq
u
ivalen

t
to

each
oth

er
w

ith
con

stan
ts

of
at

m
ost

√
d

w
ith

resp
ect

to
th

e
`
2 -n

orm
,

all
th

e
sp

acesF
1

d
efi

n
ed

ab
ov

e
are

eq
u
al,

b
u
t

th
e

n
orm

s
γ

1
are

of
cou

rse
d
iff

eren
t

an
d

th
ey

d
iff

er
b
y

a
con

stan
t

of
at

m
ost

d
α
/
2—

th
is

can
b

e
seen

b
y

com
p
u
tin

g
th

e
d
u
al

n
orm

s
like

in
E

q
.

(2
)

or
E

q
.

(1).

H
o
m

o
g
e
n

e
o
u

s
re

fo
rm

u
la

tio
n

.
In

ou
r

stu
d
y

of
ap

p
rox

im
atio

n
p
rop

erties,
it

w
ill

b
e

u
se-

fu
l

to
con

sid
er

th
e

th
e

sp
ace

of
fu

n
ction

G
1

d
efi

n
ed

for
z

in
th

e
u
n
it

sp
h
ere

S
d
⊂

R
d
+

1
of

th
e

E
u
clid

ean
n
orm

,
su

ch
th

at
g
(z

)
=
∫S
d
σ

(v >
z
)d
µ

(v
),

w
ith

th
e

n
orm

γ
1 (g

)
d
efi

n
ed

as
th

e
in

fi
m

u
m

of|µ|(S
d)

over
all

d
ecom

p
osition

s
of
g
.

N
ote

th
e

sligh
t

overload
in

g
of

n
otation

s
for

γ
1

(for
n
orm

s
in
G

1
an

d
F

1 )
w

h
ich

sh
ou

ld
n
ot

cau
se

an
y

con
fu

sion
.

In
ord

er
to

p
rove

th
e

ap
p
rox

im
ation

p
rop

erties
(w

ith
u
n
sp

ecifi
ed

con
stan

ts
d
ep

en
d
in

g
on

ly
on

d
),

w
e

m
ay

assu
m

e
th

at
p

=
2,

sin
ce

th
e

n
orm

s‖·‖
p

for
p
∈

[1,∞
]

are
eq

u
ivalen

t
to
‖·‖

2
w

ith
a

con
stan

t
th

at
grow

s
at

m
ost

as
d
α
/
2

w
ith

resp
ect

to
th

e
`
2 -n

orm
.

W
e

th
u
s

fo
cu

s
on

th
e
`
2 -n

orm
in

all
p
ro

ofs
in

S
ection

4.

W
e

m
ay

go
from

G
1

(a
sp

ace
of

real-valu
ed

fu
n
ction

s
d
efi

n
ed

on
th

e
u
n
it
`
2 -sp

h
ere

in
d

+
1

d
im

en
sion

s)
to

th
e

sp
ace
F

1
(a

sp
ace

of
real-valu

ed
fu

n
ction

s
d
efi

n
ed

on
th

e
b
all

of
rad

iu
s
R

for
th

e
`
2 -n

orm
)

as
follow

s
(th

is
corresp

on
d
s

to
sen

d
in

g
a

b
all

in
R
d

in
to

a
sp

h
erical

cap
in

d
im

en
sion

d
+

1,
as

illu
strated

in
F

igu
re

2).

–
G

iven
g
∈
G

1 ,
w

e
d
efi

n
e
f
∈
F

1 ,
w

ith
f

(x
)

=
(
‖
x‖

22
R

2
+

1 )
α
/
2g (

1
√
‖
x‖

22
+
R

2 (
xR ))

.
If

g
m

ay
b

e
rep

resen
ted

as
∫S
d
σ

(v >
z
)d
µ

(v
),

th
en

th
e

fu
n
ction

f
th

at
w

e
h
ave

d
efi

n
ed

m
ay

b
e

rep
resen

ted
as

f
(x

)
=

(‖x‖
22

R
2

+
1 )

α
/
2 ∫

S
d (

v >
1

√
‖
x‖

22
+
R

2 (
xR ))

α+

d
µ

(v
)

=

∫

S
d (

v > (
x
/R1

))
α+

d
µ

(v
)

=

∫

S
d

σ
(w
>
x

+
b)d

µ
(R
w
,b),

th
at

is
γ

1 (f
)
6
γ

1 (g
),

b
ecau

se
w

e
h
ave

assu
m

ed
th

at
(w
>
,b/R

) >
is

on
th

e
(1
/R

)-
sp

h
ere.

–
C

on
versely,

giv
en

f
∈
F

1 ,
for

z
=

(t >
,a

) >
∈
S
d,

w
e

d
efi

n
e
g
(z

)
=
g
(t,a

)
=
f

(
R
ta )a

α
,

w
h
ich

w
e

d
efi

n
e

as
su

ch
on

th
e

set
o
f
z

=
(t >

,a
) >
∈
R
d×

R
(of

u
n
it

n
orm

)
su

ch
th

at
a
>

1√2 .
S
in

ce
w

e
alw

ay
s

assu
m

e
‖
x‖

2
6
R

,
w

e
h
ave

√
‖x‖

22
+
R

2
6
√

2R
,

an
d

th
e

valu
e

of
g
(z
,a

)
for

a
>

1√2
is

en
ou

gh
to

recover
f

from
th

e
form

u
la

ab
ove.

O
n

th
at

p
ortion

{a
>

1
/ √

2}
of

th
e

sp
h
ere

S
d,

th
is

fu
n
ction

ex
actly

in
h
erits

th
e

d
iff

eren
tiab

ility
p
rop

erties
of
f

.
T

h
at

is,
(a)

if
f

is
b

ou
n
d
ed

b
y

1
a
n
d
f

is
(1
/
R

)-
L

ip
sch

itz-co
n
tin

u
ou

s,
th

en
g

is
L

ip
sch

itz-con
tin

u
ou

s
w

ith
a

co
n
stan

t
th

at
on

ly
d
ep

en
d
s

on
d

an
d
α

an
d

(b
),

if
all

d
erivativ

es
of

ord
er

less
th

an
k

are
b

ou
n
d
ed

b
y
R
−
k,

th
en

all
d
erivatives

of
th

e
sam

e
ord

er
of
g

are
b

ou
n
d
ed

b
y

a
con

stan
t

th
at

on
ly

d
ep

en
d
s

on
d

an
d
α

.
P

recise
n
otion

s
of

d
iff

eren
tiab

ility
m

ay
b

e
d
efi

n
ed

on
th

e
sp

h
ere,

u
sin

g

12
JM

L
R

 18(19):1-53, 2017



B
r
e
a
k
in
g

t
h
e
C
u
r
se

o
f
D
im

e
n
si
o
n
a
l
it
y
w
it
h
C
o
n
v
e
x
N
e
u
r
a
l
N
e
t
w
o
r
k
s

x

R

x

z

F
ig

u
re

2:
S
en

d
in

g
a

b
al

l
to

a
sp

h
er

ic
al

ca
p
.

th
e

m
an

if
ol

d
st

ru
ct

u
re

(s
ee

,
e.

g.
,

A
b
si

l
et

al
.,

20
09

)
or

th
ro

u
gh

p
ol

ar
co

or
d
in

at
es

(s
ee

,
e.

g.
,

A
tk

in
so

n
an

d
H

an
,

20
12

,
C

h
ap

te
r

3)
.

S
ee

th
es

e
re

fe
re

n
ce

s
fo

r
m

or
e

d
et

ai
ls

.

T
h
e

on
ly

re
m

ai
n
in

g
im

p
or

ta
n
t

a
sp

ec
t

is
to

d
efi

n
e
g

on
th

e
en

ti
re

sp
h
er

e,
so

th
at

(a
)

it
s

re
gu

la
ri

ty
co

n
st

an
ts

ar
e

co
n
tr

ol
le

d
b
y

a
co

n
st

an
t

ti
m

es
th

e
on

es
on

th
e

p
or

ti
on

of
th

e
sp

h
er

e
w

h
er

e
it

is
al

re
ad

y
d
efi

n
ed

,
(b

)
g

is
ei

th
er

ev
en

or
o
d
d

(t
h
is

w
il
l

b
e

im
p

or
ta

n
t

in
S
ec

ti
on

4)
.

E
n
su

ri
n
g

th
at

th
e

re
gu

la
ri

ty
co

n
d
it

io
n
s

ca
n

b
e

m
et

is
cl

as
si

ca
l

w
h
en

ex
te

n
d
in

g
to

th
e

fu
ll

sp
h
er

e
(s

ee
,

e.
g.

,
W

h
it

n
ey

,
19

34
).

E
n
su

ri
n
g

th
at

th
e

fu
n
ct

io
n

m
ay

b
e

ch
os

en
as

o
d
d

or
ev

en
m

ay
b

e
ob

ta
in

ed
b
y

m
u
lt

ip
ly

in
g

th
e

fu
n
ct

io
n
g

b
y

an
in

fi
n
it

el
y

d
iff

er
en

ti
ab

le
fu

n
ct

io
n

w
h
ic

h
is

eq
u
al

to
on

e
fo

r
a
>

1/
√

2
an

d
ze

ro
fo

r
a
6

0,
an

d
ex

te
n
d
in

g
b
y
−
g

or
g

on
th

e
h
em

i-
sp

h
er

e
a
<

0.

In
su

m
m

ar
y,

w
e

m
ay

co
n
si

d
er

in
S
ec

ti
on

4
fu

n
ct

io
n
s

d
efi

n
ed

on
th

e
sp

h
er

e,
w

h
ic

h
ar

e
m

u
ch

ea
si

er
to

an
al

y
ze

.
In

th
e

re
st

of
th

e
se

ct
io

n
,

w
e

sp
ec

ia
li
ze

so
m

e
of

th
e

ge
n
er

al
co

n
-

ce
p
ts

re
v
ie

w
ed

in
S
ec

ti
on

2
to

ou
r

n
eu

ra
l

n
et

w
or

k
se

tt
in

g
w

it
h

sp
ec

ifi
c

ac
ti

va
ti

o
n

fu
n
ct

io
n
s,

n
am

el
y,

in
te

rm
s

of
co

rr
es

p
on

d
in

g
ke

rn
el

fu
n
ct

io
n
s

an
d

ge
om

et
ri

c
re

fo
rm

u
la

ti
on

s
of

th
e

F
ra

n
k
-W

ol
fe

st
ep

s.

3
.1

C
o
rr

e
sp

o
n

d
in

g
P

o
si

ti
v
e
-d

e
fi

n
it

e
K

e
rn

e
ls

In
th

is
se

ct
io

n
,

w
e

co
n
si

d
er

th
e
` 2

-n
or

m
on

th
e

in
p
u
t

w
ei

gh
t

ve
ct

o
rs
w

(t
h
at

is
p

=
2)

.
W

e
m

ay
co

m
p
u
te

fo
r
x
,x
′ ∈

R
d

th
e

k
er

n
el

s
d
efi

n
ed

in
S
ec

ti
on

2.
3:

k
α
(x
,x
′ )

=
E[

(w
>
x

+
b)
α +

(w
>
x
′ +

b)
α +

],

fo
r

(R
w
,b

)
d
is

tr
ib

u
te

d
u
n
if

or
m

ly
on

th
e

u
n
it
` 2

-s
p
h
er

e
Sd

,
an

d
x
,x
′
∈

R
d
+

1
.

G
iv

en
th

e

an
gl

e
ϕ
∈

[0
,π

]
d
efi

n
ed

th
ro

u
gh

x
>
x
′

R
2

+
1

=
(c

os
ϕ

)√
‖x
‖2 2

R
2

+
1

√
‖x
′ ‖2 2

R
2

+
1,

w
e

h
av

e
ex

p
li
ci

t

ex
p
re

ss
io

n
s

(L
e

R
ou

x
an

d
B

en
gi

o,
20

07
;

C
h
o

an
d

S
au

l,
20

09
):

k
0
(z
,z
′ )

=
1 2
π

(π
−
ϕ

)

k
1
(z
,z
′ )

=

√
‖x
‖2 2

R
2

+
1

√
‖x
′ ‖

2 2
R

2
+

1

2(
d

+
1)
π

((
π
−
ϕ

)
co

s
ϕ

+
si

n
ϕ

)

1
3

JM
L

R
 1

8(
19

):
1-

53
, 2

01
7

B
a
c
h

k
2
(z
,z
′ )

=

( ‖
x
‖2 2

R
2

+
1
)(
‖x
′ ‖

2 2
R

2
+

1
)

2
π

[(
d

+
1)

2
+

2
(d

+
1)

](3
si

n
ϕ

co
s
ϕ

+
(π
−
ϕ

)(
1

+
2

co
s2
ϕ

))
.

T
h
er

e
ar

e
ke

y
d
iff

er
en

ce
s

an
d

si
m

il
ar

it
ie

s
b

et
w

ee
n

th
e

R
K

H
S
F 2

an
d

o
u
r

sp
a
ce

o
f

fu
n
ct

io
n
s

F 1
.

T
h
e

R
K

H
S

is
sm

al
le

r
th

an
F 1

(i
.e

.,
th

e
n
or

m
in

th
e

R
K

H
S

is
la

rg
er

th
a
n

th
e

n
o
rm

in
F 1

);
th

is
im

p
li
es

th
at

ap
p
ro

x
im

at
io

n
p
ro

p
er

ti
es

of
th

e
R

K
H

S
ar

e
tr

an
sf

er
re

d
to
F 1

.
In

fa
ct

,
ou

r
p
ro

of
s

re
ly

on
th

is
fa

ct
.

H
ow

ev
er

,
th

e
R

K
H

S
n
or

m
d
o
es

n
ot

le
ad

to
an

y
ad

ap
ti

v
it

y,
w

h
il
e

th
e

fu
n
ct

io
n

sp
a
ce
F 1

d
o
es

(s
ee

m
or

e
d
et

ai
ls

in
S
ec

ti
on

5)
.

T
h
is

m
ay

co
m

e
as

a
p
ar

ad
ox

:
b

ot
h

th
e

R
K

H
S
F 2

a
n
d

F 1
h
av

e
si

m
il
ar

p
ro

p
er

ti
es

,
b
u
t

on
e

is
ad

ap
ti

ve
w

h
il
e

th
e

ot
h
er

on
e

is
n
ot

.
A

k
ey

in
tu

it
iv

e
d
iff

er
en

ce
is

as
fo

ll
ow

s:
gi

ve
n

a
fu

n
ct

io
n
f

ex
p
re

ss
ed

as
f

(x
)

=
∫ V
ϕ
v
(x

)p
(v

)d
τ
(v

),
th

en
γ

1
(f

)
=
∫ V
|p

(v
)|d
τ
(v

),
w

h
il
e

th
e

sq
u
ar

ed
R

K
H

S
n
or

m
is
γ

2
(f

)2
=
∫ V
|p

(v
)|2
d
τ
(v

).
F

o
r

th
e

L
1
-n

or
m

,
th

e
m

ea
su

re
p
(v

)d
τ
(v

)
m

ay
te

n
d

to
a

si
n
g
u
la

r
d
is

tr
ib

u
ti

on
w

it
h

a
b

o
u
n
d
ed

n
o
rm

,
w

h
il
e

th
is

is
n
ot

tr
u
e

fo
r

th
e
L

2
-n

or
m

.
F

or
ex

am
p
le

,
th

e
fu

n
ct

io
n

(w
>
x

+
b)
α +

is
in
F 1

,
w

h
il
e

it
is

n
ot

in
F 2

in
ge

n
er

al
.

3
.2

In
c
re

m
e
n
ta

l
O

p
ti

m
iz

a
ti

o
n

P
ro

b
le

m
fo

r
α

=
0

W
e

co
n
si

d
er

th
e

p
ro

b
le

m
in

E
q
.

(2
)

fo
r

th
e

sp
ec

ia
l

ca
se
α

=
0.

F
or
z 1
,.
..
,z
n
∈
R
d
+

1
a
n
d

a
ve

ct
or
y
∈
R
n
,

th
e

go
al

is
to

so
lv

e
(a

s
w

el
l

as
th

e
co

rr
es

p
on

d
in

g
p
ro

b
le

m
w

it
h
y

re
p
la

ce
d

b
y
−
y
):

m
ax

v
∈R

d
+
1

n ∑ i=
1

y i
1
v
>
z i
>

0
=

m
ax

v
∈R

d
+
1

∑ i∈
I +

|y i
|1
v
>
z i
>

0
−
∑ i∈
I −

|y i
|1
v
>
z i
>

0
,

w
h
er

e
I +

=
{i
,y
i
>

0
}

an
d
I −

=
{i
,y
i
<

0
}.

A
s

ou
tl

in
ed

b
y

B
en

gi
o

et
a
l.

(2
0
0
6
),

th
is

is
eq

u
iv

al
en

t
to

fi
n
d
in

g
an

h
y
p

er
p
la

n
e

p
ar

am
et

er
iz

ed
b
y
v

th
at

m
in

im
iz

es
a

w
ei

g
h
te

d
m

is
-

cl
as

si
fi
ca

ti
on

ra
te

(w
h
en

d
oi

n
g

li
n
ea

r
cl

as
si

fi
ca

ti
on

).
N

ot
e

th
at

th
e

n
or

m
of
v

h
a
s

n
o

eff
ec

t.

N
P

-h
a
rd

n
e
ss

.
T

h
is

p
ro

b
le

m
is

N
P

-h
ar

d
in

ge
n
er

al
.

In
d
ee

d
,

if
w

e
as

su
m

e
th

a
t

a
ll
y i

ar
e

eq
u
al

to
−

1
or

1
an

d
w

it
h
∑

n i=
1
y i

=
0,

th
en

w
e

h
av

e
a

b
al

an
ce

d
b
in

ar
y

cl
a
ss

ifi
ca

ti
o
n

p
ro

b
le

m
(w

e
n
ee

d
to

as
su

m
e
n

ev
en

).
T

h
e

q
u
an

ti
ty
∑

n i=
1
y i

1 v
>
z i
>

0
is

th
en

n 2
(1
−

2
e)

w
h
er

e
e

is
th

e
co

rr
es

p
on

d
in

g
cl

as
si

fi
ca

ti
on

er
ro

r
fo

r
a

p
ro

b
le

m
of

cl
as

si
fy

in
g

a
t

p
o
si

ti
ve

(r
es

p
.

n
eg

at
iv

e)
th

e
ex

am
p
le

s
in
I +

(r
es

p
.
I −

)
b
y

th
re

sh
ol

d
in

g
th

e
li
n
ea

r
cl

a
ss

ifi
er
v
>
z
.

G
u
ru

sw
am

i
an

d
R

ag
h
av

en
d
ra

(2
00

9)
sh

ow
ed

th
at

fo
r

al
l

(ε
,δ

),
it

is
N

P
-h

ar
d

to
d
is

ti
n
g
u
is

h
b

et
w

ee
n

in
st

an
ce

s
(i

.e
.,

co
n
fi
gu

ra
ti

on
s

of
p

oi
n
ts
x
i)

,
w

h
er

e
a

h
al

fs
p
ac

e
w

it
h

cl
a
ss

ifi
ca

ti
o
n

er
ro

r
at

m
os

t
ε

ex
is

ts
,

an
d

in
st

an
ce

s
w

h
er

e
al

l
h
al

f-
sp

ac
es

h
av

e
an

er
ro

r
of

a
t

le
a
st

1/
2
−
δ.

T
h
u
s,

it
is

N
P

-h
ar

d
to

d
is

ti
n
gu

is
h

b
et

w
ee

n
in

st
a
n
ce

s
w

h
er

e
th

er
e

ex
is

ts
v
∈
R
d
+

1
su

ch
th

at
∑

n i=
1
y i

1
v
>
z i
>

0
>

n 2
(1
−

2ε
)

an
d

in
st

an
ce

s
w

h
er

e
fo

r
al

l
v
∈

R
d
+

1
,
∑

n i=
1
y i

1 v
>
z i
>

0
6
n
δ.

T
h
u
s,

it
is

N
P

-h
ar

d
to

d
is

ti
n
gu

is
h

in
st

an
ce

s
w

h
er

e
m

ax
v
∈R

d
+
1

∑
n i=

1
y i

1 v
>
z i
>

0
>

n 2
(1
−

2ε
)

an
d

on
es

w
h
er

e
it

is
le

ss
th

an
n 2
δ.

S
in

ce
th

is
is

va
li
d

fo
r

al
l
δ

an
d
ε,

th
is

ru
le

s
o
u
t

a
co

n
st

an
t-

fa
ct

or
ap

p
ro

x
im

at
io

n
.

C
o
n
v
e
x

re
la

x
a
ti

o
n

.
G

iv
en

li
n
ea

r
b
in

ar
y

cl
as

si
fi
ca

ti
on

p
ro

b
le

m
s,

th
er

e
ar

e
se

ve
ra

l
a
lg

o
-

ri
th

m
s

to
ap

p
ro

x
im

at
el

y
fi
n
d

a
go

o
d

h
al

f-
sp

ac
e.

T
h
es

e
ar

e
b
as

ed
on

u
si

n
g

co
n
v
ex

su
rr

o
g
a
te

s
(s

u
ch

as
th

e
h
in

ge
lo

ss
or

th
e

lo
gi

st
ic

lo
ss

).
A

lt
h
ou

gh
so

m
e

th
eo

re
ti

ca
l
re

su
lt

s
d
o

ex
is

t
re

g
a
rd

-
in

g
th

e
cl

as
si

fi
ca

ti
on

p
er

fo
rm

an
ce

of
es

ti
m

at
or

s
ob

ta
in

ed
fr

o
m

co
n
ve

x
su

rr
o
g
a
te

s
(B

a
rt

le
tt

et
al

.,
20

06
),

th
ey

d
o

n
ot

ap
p
ly

in
th

e
co

n
te

x
t

of
li
n
ea

r
cl

as
si

fi
ca

ti
on

.
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B
r
e
a
k
in
g

t
h
e
C
u
r
se

o
f
D
im

e
n
sio

n
a
l
it
y
w
it
h
C
o
n
v
e
x
N
e
u
r
a
l
N
e
t
w
o
r
k
s

3
.3

In
c
re

m
e
n
ta

l
O

p
tim

iz
a
tio

n
P

ro
b

le
m

fo
r
α

=
1

W
e

co
n
sid

er
th

e
p
rob

lem
in

E
q
.

(2)
for

th
e

sp
ecial

case
α

=
1.

F
or
z

1 ,...,z
n
∈
R
d
+

1
an

d
a

vecto
r
y
∈
R
n
,

th
e

goal
is

to
solv

e
(as

w
ell

as
th

e
corresp

on
d
in

g
p
rob

lem
w

ith
y

rep
laced

b
y
−
y
):

m
ax

‖
v‖
p 6

1

n
∑i=

1

y
i (v >

z
i )

+
=

m
ax

‖
v‖
p 6

1

∑i∈
I
+

(v >|y
i |z

i )
+
−
∑i∈
I−

(v >|y
i |z

i )
+
,

w
h
ere

I
+

=
{
i,y

i >
0}

an
d
I−

=
{i,y

i
<

0}.
W

e
h
ave,

w
ith

ti
=
|y
i |z

i ∈
R
d
+

1,
u
sin

g
con

vex
d
u
a
lity

:

m
a
x

‖
v‖
p 6

1

n
∑i=

1

y
i (v >

z
i )

+
=

m
ax

‖
v‖
p 6

1

∑i∈
I
+

(v >
ti )

+
−
∑i∈
I−

(v >
ti )

+

=
m

ax
‖
v‖
p 6

1

∑i∈
I
+

m
ax

b
i ∈

[0
,1

] b
i v >

ti −
∑i∈
I−

m
a
x

b
i ∈

[0
,1

] b
i v >

ti

=
m

ax
b
+ ∈

[0
,1

] I
+

m
ax

‖
v‖
p 6

1
m

in
b−
∈

[0
,1

] I−
v >

[T
>+
b
+
−
T
>−
b−

]

=
m

ax
b
+ ∈

[0
,1

] I
+

m
in

b−
∈

[0
,1

] I−
m

ax
‖
v‖
p 6

1
v >

[T
>+
b
+
−
T
>−
b−

]
b
y

F
en

ch
el

d
u
ality,

=
m

ax
b
+ ∈

[0
,1

] I
+

m
in

b−
∈

[0
,1

] I−
‖T
>+
b
+
−
T
>−
b− ‖

q ,

w
h
ere

T
+
∈

R
n
+ ×

d
h
as

row
s
ti ,

i
∈
I

+
an

d
T
−
∈

R
n
−
×
d

h
as

row
s
ti ,

i
∈
I−

,
w

ith
v
∈

a
rg

m
a
x‖
v‖
p 6

1
v >

(T
>+
b
+
−
T
>−
b−

).
T

h
e

p
rob

lem
th

u
s

b
ecom

es

m
ax

b
+ ∈

[0
,1

] n
+

m
in

b−
∈

[0
,1

] n−
‖
T
>+
b
+
−
T
>−
b− ‖

q .

F
o
r

th
e

p
ro

b
lem

of
m

ax
im

izin
g
| ∑

ni=
1
y
i (v >

z
i )

+ |,
th

en
th

is
corresp

on
d
s

to

m
a
x {

m
ax

b
+ ∈

[0
,1

] n
+

m
in

b−
∈

[0
,1

] n−
‖T
>+
b
+
−
T
>−
b− ‖

q ,
m

ax
b−
∈

[0
,1

] n−
m

in
b
+ ∈

[0
,1

] n
+ ‖
T
>+
b
+
−
T
>−
b− ‖

q }
.

T
h
is

is
ex

a
ctly

th
e

H
au

sd
orff

d
istan

ce
b

etw
een

th
e

tw
o

con
v
ex

sets{
T
>+
b
+
,
b
+
∈

[0,1] n
+}

a
n
d
{
T
>−
b−
,
b−
∈

[0,1] n
−}

(referred
to

a
s

zon
otop

es,
see

b
elow

).

G
iven

th
e

p
air

(b
+
,b−

)
ach

iev
in

g
th

e
H

au
sd

orff
d
istan

ce,
th

en
w

e
m

ay
com

p
u
te

th
e

o
p
tim

a
l
v

a
s
v

=
arg

m
ax‖

v‖
p 6

1
v >

(T
>+
b
+
−
T
>−
b−

).
N

ote
th

is
h
as

n
o
t

ch
an

ged
th

e
p
ro

b
lem

a
t

a
ll,

sin
ce

it
is

eq
u
ivalen

t.
It

is
still

N
P

-h
ard

in
gen

eral
(K

ön
ig,

201
4).

B
u
t

w
e

n
ow

h
ave

a
g
eom

etric
in

terp
retation

w
ith

p
oten

tial
ap

p
rox

im
ation

algorith
m

s.
S
ee

b
elow

a
n
d

S
ection

6.

Z
o
n

o
to

p
e
s.

A
zo

n
o
to

pe
A

is
th

e
M

in
kow

sk
i

su
m

of
a

fi
n
ite

n
u
m

b
er

of
segm

en
ts

from
th

e
o
rig

in
,

th
a
t

is,
of

th
e

form

A
=

[0,t1 ]+
···

+
[0
,tr ]

=
{

r
∑i=

1

b
i ti ,

b∈
[0,1] r }

,

1
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B
a
c
h

t
1

t
2

t
30

0

t
1
+
t
2
+
t
3

0
0

F
igu

re
3:

T
w

o
zon

otop
es

in
tw

o
d
im

en
sion

s:
(left)

vectors,
an

d
(righ

t)
th

eir
M

in
k
ow

sk
i
su

m
(rep

resen
ted

as
a

p
oly

gon
e).

0

0

0

0

F
igu

re
4:

L
eft:

tw
o

zon
otop

es
(w

ith
th

eir
gen

eratin
g

segm
en

ts)
an

d
th

e
seg

m
en

ts
a
ch

iev
in

g
th

e
tw

o
sid

es
of

th
e

H
au

ssd
orf

d
istan

ce.
R

igh
t:

ap
p
rox

im
ation

b
y

ellip
soid

s.

for
som

e
vectors

ti ,
i

=
1,...,r

(B
olker,

1969).
S
ee

an
illu

stration
in

F
igu

re
3.

T
h
ey

ap
p

ear
in

several
areas

of
com

p
u
ter

scien
ce

(E
d
elsb

ru
n
n
er,

198
7;

G
u
ib

as
et

al.,
2003)

an
d

m
ath

em
atics

(B
olk

er,
1969;

B
ou

rgain
et

al.,
1989).

In
m

ach
in

e
learn

in
g,

th
ey

ap
p

ear
n
atu

-
rally

as
th

e
affi

n
e

p
ro

jection
of

a
h
y
p

ercu
b

e;
in

p
articu

lar,
w

h
en

u
sin

g
a

h
igh

er-d
im

en
sion

al
d
istrib

u
ted

rep
resen

tation
of

p
oin

ts
in

R
d

w
ith

elem
en

ts
in

[0,1] r,
w

h
ere

r
is

larger
th

an
d

(see,
e.g.,

H
in

ton
an

d
G

h
ah

ram
an

i,
1997),

th
e

u
n
d
erly

in
g

p
oly

top
e

th
at

is
m

o
d
elled

in
R
d

h
ap

p
en

s
to

b
e

a
zon

otop
e.

In
ou

r
con

tex
t,

th
e

tw
o

con
vex

sets{T
>+
b
+
,
b
+
∈

[0,1] n
+}

an
d
{
T
>−
b−
,
b−
∈

[0,1] n
−}

d
efi

n
ed

ab
ove

are
th

u
s

zon
otop

es.
S
ee

an
illu

stratio
n

of
th

e
H

au
sd

orff
d
istan

ce
com

p
u
tation

in
F

igu
re

4
(m

id
d
le

p
lot),

w
h
ich

is
th

e
core

com
p
u
tation

al
p
rob

lem
for

α
=

1.

A
p

p
ro

x
im

a
tio

n
b
y

e
llip

so
id

s.
C

en
trally

sy
m

m
etric

con
vex

p
oly

top
es

(w
.l.o.g.

cen
tered

arou
n
d

zero)
m

ay
b

e
ap

p
rox

im
ated

b
y

ellip
soid

s.
In

ou
r

set-u
p
,

w
e

cou
ld

u
se

th
e

m
in

im
u
m

volu
m

e
en

closin
g

ellip
soid

(see,
e.g.

B
arv

in
o
k
,

2002),
w

h
ich

can
b

e
com

p
u
ted

ex
actly

w
h
en

th
e

p
oly

top
e

is
given

th
rou

gh
its

vertices,
or

u
p

to
a

con
stan

t
factor

w
h
en

th
e

p
oly

to
p

e
is

su
ch

th
at

q
u
ad

ratic
fu

n
ction

s
m

ay
b

e
op

tim
ized

w
ith

a
con

stan
t

factor
ap

p
rox

im
a
tion

.
F

or
zon

otop
es,

th
e

stan
d
ard

sem
i-d

efi
n
ite

relax
a
tion

of
N

esterov
(1998)

lead
s

to
su

ch
con

stan
t-

factor
ap

p
rox

im
ation

s,
an

d
th

u
s

th
e

m
in

im
u
m

volu
m

e
in

scrib
ed

ellip
soid

m
ay

b
e

com
p
u
ted

u
p

to
a

con
stan

t.
G

iven
stan

d
ard

resu
lts

(see,
e.g.

B
arv

in
ok

,
2002),

a
(1
/ √

d
)-scaled

version
of

th
e

ellip
soid

is
in

scrib
ed

in
th

is
p

oly
to

p
e,

an
d

th
u
s

th
e

ellip
soid

is
a

p
rovab

ly
go

o
d

ap
p
rox

im
ation

of
th

e
zon

otop
e

w
ith

a
factor

scalin
g

as
√
d
.

H
ow

ev
er,

th
e

ap
p
rox

im
ation
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C
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D
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n
si
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a
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y
w
it
h
C
o
n
v
e
x
N
e
u
r
a
l
N
e
t
w
o
r
k
s

ra
ti

o
is

n
ot

go
o
d

en
ou

gh
to

ge
t

an
y

re
le

va
n
t

b
ou

n
d

fo
r

ou
r

p
u
rp

os
e

(s
ee

S
ec

ti
on

5.
5)

,
as

fo
r

co
m

p
u
ti

n
g

th
e

H
au

ss
d
or

ff
d
is

ta
n
ce

,
w

e
ca

re
ab

ou
t

p
ot

en
ti

al
ly

va
n
is

h
in

g
d
iff

er
en

ce
s

th
at

ar
e

sw
am

p
ed

b
y

co
n
st

an
t

fa
ct

or
ap

p
ro

x
im

at
io

n
s.

N
ev

er
th

el
es

s,
th

e
el

li
p
so

id
ap

p
ro

x
im

at
io

n
m

ay
p
ro

v
e

u
se

fu
l

in
p
ra

ct
ic

e,
in

p
ar

ti
cu

la
r

b
ec

au
se

th
e
` 2

-H
au

ss
d
or

ff
d
is

ta
n
ce

b
et

w
ee

n
tw

o
el

li
p
so

id
s

m
ay

b
e

co
m

p
u
te

d
in

p
ol

y
n
om

ia
l

ti
m

e
(s

ee
A

p
p

en
d
ix

E
).

N
P

-h
a
rd

n
e
ss

.
G

iv
en

th
e

re
d
u
ct

io
n

of
th

e
ca

se
α

=
1

(r
ec

ti
fi
ed

li
n
ea

r
u
n
it

s)
to
α

=
0

(e
x
ac

t
th

re
sh

ol
d
s)

(L
iv

n
i

et
al

.,
20

14
),

th
e

in
cr

em
en

ta
l

p
ro

b
le

m
is

a
ls

o
N

P
-h

ar
d
,

so
a
s

ob
-

ta
in

in
g

a
co

n
st

an
t-

fa
ct

or
ap

p
ro

x
im

at
io

n
.

H
ow

ev
er

,
th

is
d
o
es

n
ot

ru
le

ou
t

co
n
ve

x
re

la
x
a
ti

on
s

w
it

h
n
on

-c
on

st
an

t
ap

p
ro

x
im

at
io

n
ra

ti
os

(s
ee

S
ec

ti
on

6
fo

r
m

or
e

d
et

ai
ls

).

3
.4

In
c
re

m
e
n
ta

l
O

p
ti

m
iz

a
ti

o
n

P
ro

b
le

m
fo

r
α
>

2

W
e

co
n
si

d
er

th
e

p
ro

b
le

m
in

E
q
.

(2
)

fo
r

th
e

re
m

ai
n
in

g
ca

se
s
α
>

2.
F

or
z 1
,.
..
,z
n
∈

R
d
+

1

an
d

a
ve

ct
or

y
∈

R
n
,

th
e

go
al

is
to

so
lv

e
(a

s
w

el
l

as
th

e
co

rr
es

p
on

d
in

g
p
ro

b
le

m
w

it
h
y

re
p
la

ce
d

b
y
−
y
):

m
ax

‖v
‖ p
6

1

1 α

n ∑ i=
1

y i
(v
>
z i

)α +
=

m
ax

‖v
‖ p
6

1

∑ i∈
I +

1 α
(v
>
|y i
|1/

α
z i

)α +
−
∑ i∈
I −

1 α
(v
>
|y i
|1/

α
z i

)α +
,

w
h
er

e
I +

=
{i
,y
i
>

0}
an

d
I −

=
{i
,y
i
<

0}
.

W
e

h
av

e,
w

it
h
t i

=
|y i
|1/

α
z i
∈

R
d
+

1
,

an
d

β
∈

(1
,2

]
d
efi

n
ed

b
y

1/
β

+
1
/α

=
1

(w
e

u
se

th
e

fa
ct

th
at

th
e

fu
n
ct

io
n
u
7→

u
α
/α

an
d

v
7→
v
β
/β

ar
e

F
en

ch
el

-d
u
al

to
ea

ch
ot

h
er

):

m
ax

‖v
‖ p
6

1

1 α

n ∑ i=
1

y i
(v
>
z i

)α +
=

m
ax

‖v
‖ p
6

1

∑ i∈
I +

1 α
(v
>
t i

)α +
−
∑ i∈
I −

1 α
(v
>
t i

)α +

=
m

ax
‖v
‖ p
6

1

∑ i∈
I +

m
ax

b i
>

0

{ b i
v
> i
t i
−

1 β
bβ i

}
−
∑ i∈
I −

m
ax

b i
>

0

{ b i
v
>
t i
−

1 β
bβ i

}

=
m

ax
b +
∈R

I
+

+

m
in

b −
∈R

I
−

+

m
ax

‖v
‖ p
6

1
v
>

[T
> +
b +
−
T
> −
b −

]
−

1 β
‖b

+
‖β β

+
1 β
‖b
−
‖β β

b
y

F
en

ch
el

d
u
al

it
y,

=
m

ax
b +
∈[

0
,1

]I
+

m
in

b −
∈[

0
,1

]I
−
‖T
> +
b +
−
T
> −
b −
‖ q
−

1 β
‖b

+
‖β β

+
1 β
‖b
−
‖β β
,

(3
)

w
h
er

e
T

+
∈

R
n
+
×
d

h
as

ro
w

s
t i

,
i
∈
I +

an
d
T
−
∈

R
n
−
×
d

h
as

ro
w

s
t i

,
i
∈
I −

,
w

it
h
v
∈

ar
g

m
ax
‖v
‖ p
6

1
(T
> +
b +
−
T
> −
b −

)>
v
.

C
on

tr
a
ry

to
th

e
ca

se
α

=
1,

w
e

d
o

n
ot

o
b
ta

in
ex

ac
tl

y

a
fo

rm
u
la

ti
on

as
a

H
au

sd
or

ff
d
is

ta
n
ce

.
H

ow
ev

er
,

if
w

e
co

n
si

d
er

th
e

co
n
ve

x
se

ts
K

+ λ
=

{T
> +
b +
,
b +
>

0,
‖b

+
‖ β
6
λ
}

an
d
K
− µ

=
{T
> −
b −
,
b −
>

0,
‖b
−
‖ β
6
µ
},

th
en

,
a

so
lu

ti
on

of

E
q
.

(3
)

m
ay

b
e

ob
ta

in
ed

fr
om

H
au

sd
or

ff
d
is

ta
n
ce

co
m

p
u
ta

ti
on

s
b

et
w

ee
n
K

+ λ
an

d
K
− µ

,
fo

r
ce

rt
ai

n
λ

an
d
µ

.
N

ot
e

th
at

,
w

h
il
e

fo
r
α

=
1

w
e

ca
n

u
se

th
e

id
en

ti
ty

2u
+

=
u

+
|u
|t

o
re

p
la

ce
th

e
re

ct
ifi

ed
li
n
ea

r
u
n
it

b
y

th
e

ab
so

lu
te

va
lu

e
an

d
ob

ta
in

th
e

sa
m

e
fu

n
ct

io
n

sp
ac

e,
th

is
is

n
ot

p
os

si
b
le

fo
r
α

=
2,

as
(u

+
)2

an
d
u

2
d
o

n
ot

d
iff

er
b
y

a
li
n
ea

r
fu

n
ct

io
n
.

T
h
is

im
p
li
es

th
at
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L
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B
a
c
h

th
e

re
su

lt
s

fr
om

L
iv

n
i

et
al

.
(2

01
4)

,
w

h
ic

h
st

at
e

th
a
t

fo
r

th
e

q
u
ad

ra
ti

c
ac

ti
va

ti
o
n

fu
n
ct

io
n
,

th
e

in
cr

em
en

ta
l

p
ro

b
le

m
s

is
eq

u
iv

al
en

t
to

an
ei

ge
n
d
ec

om
p

os
it

io
n

(a
n
d

h
en

ce
so

lv
a
b
le

in
p

ol
y
n
om

ia
l

ti
m

e)
,

d
o

n
ot

ap
p
ly

.

4
.

A
p
p
ro

x
im

a
ti

o
n

P
ro

p
e
rt

ie
s

In
th

is
se

ct
io

n
,

w
e

co
n
si

d
er

th
e

ap
p
ro

x
im

at
io

n
p
ro

p
er

ti
es

of
th

e
se

t
F 1

of
fu

n
ct

io
n
s

d
efi

n
ed

on
R
d
.

A
s

m
en

ti
on

ed
ea

rl
ie

r,
th

e
n
or

m
u
se

d
to

p
en

al
iz

e
in

p
u
t

w
ei

gh
ts
w

or
v

is
ir

re
le

va
n
t

fo
r

ap
p
ro

x
im

at
io

n
p
ro

p
er

ti
es

as
al

l
n
or

m
s

ar
e

eq
u
iv

al
en

t.
T

h
er

ef
or

e,
w

e
fo

cu
s

o
n

th
e

ca
se

q
=
p

=
2

an
d
` 2

-n
or

m
co

n
st

ra
in

ts
.

B
ec

au
se

w
e

co
n
si

d
er

h
om

og
en

eo
u
s

ac
ti

va
ti

on
fu

n
ct

io
n
s,

w
e

st
ar

t
b
y

st
u
d
y
in

g
th

e
se

t
G 1

of
fu

n
ct

io
n
s

d
efi

n
ed

on
th

e
u
n
it
` 2

-s
p
h
er

e
Sd
⊂

R
d
+

1
.

W
e

d
en

ot
e

b
y
τ d

th
e

u
n
if

o
rm

p
ro

b
ab

il
it

y
m

ea
su

re
on

Sd
.

T
h
e

se
t
G 1

is
d
efi

n
ed

as
th

e
se

t
of

fu
n
ct

io
n
s

o
n

th
e

sp
h
er

e
su

ch
th

at
g
(z

)
=
∫ Sd

σ
(v
>
z
)p

(z
)d
τ d

(z
),

w
it

h
th

e
n
or

m
γ

1
(g

)
eq

u
a
l

to
th

e
sm

a
ll
es

t
p

o
ss

ib
le

va
lu

e
of
∫ Sd
|p

(z
)|d
τ d

(z
).

W
e

m
ay

al
so

d
efi

n
e

th
e

co
rr

es
p

on
d
in

g
sq

u
a
re

d
R

K
H

S
n
o
rm

b
y

th
e

sm
al

le
st

p
os

si
b
le

va
lu

e
of
∫ Sd
|p

(z
)|2
d
τ d

(z
),

w
it

h
th

e
co

rr
es

p
on

d
in

g
R

K
H

S
G 2

.

In
th

is
se

ct
io

n
,

w
e

fi
rs

t
co

n
si

d
er

ap
p
ro

x
im

at
io

n
p
ro

p
er

ti
es

of
fu

n
ct

io
n
s

in
G 1

b
y

a
fi
n
it

e
n
u
m

b
er

of
n
eu

ro
n
s

(o
n
ly

fo
r
α

=
1)

.
W

e
th

en
st

u
d
y

ap
p
ro

x
im

at
io

n
p
ro

p
er

ti
es

o
f
fu

n
ct

io
n
s

on
th

e
sp

h
er

e
b
y

fu
n
ct

io
n
s

in
G 1

.
It

tu
rn

s
ou

t
th

at
al

l
ou

r
re

su
lt

s
ar

e
b
as

ed
on

th
e

a
p
p
ro

x
im

a
ti

on
p
ro

p
er

ti
es

of
th

e
co

rr
es

p
on

d
in

g
R

K
H

S
G 2

:
w

e
gi

ve
su

ffi
ci

en
t

co
n
d
it

io
n
s

fo
r

b
ei

n
g

in
G 2

,
a
n
d

th
en

ap
p
ro

x
im

at
io

n
b

ou
n
d
s

fo
r

fu
n
ct

io
n
s

w
h
ic

h
ar

e
n
o
t

in
G 2

.
F

in
al

ly
w

e
tr

a
n
sf

er
th

es
e

to
th

e
sp

ac
es
F 1

an
d
F 2

,
an

d
co

n
si

d
er

in
p
ar

ti
cu

la
r

fu
n
ct

io
n
s

w
h
ic

h
on

ly
d
ep

en
d

o
n

p
ro

je
ct

io
n
s

on
a

lo
w

-d
im

en
si

on
al

su
b
sp

ac
e,

fo
r

w
h
ic

h
th

e
p
ro

p
er

ti
es

of
G 1

an
d
G 2

(a
n
d

o
f
F 1

a
n
d
F 2

)
d
iff

er
.

T
h
is

p
ro

p
er

ty
is

ke
y

to
ob

ta
in

in
g

ge
n
er

al
iz

at
io

n
b

ou
n
d
s

th
at

sh
ow

a
d
a
p
ti

v
it

y
to

li
n
ea

r
st

ru
ct

u
re

s
in

th
e

p
re

d
ic

ti
on

fu
n
ct

io
n
s

(a
s

d
on

e
in

S
ec

ti
on

5)
.

A
p
p
ro

x
im

at
io

n
p
ro

p
er

ti
es

of
n
eu

ra
l

n
et

w
or

k
s

w
it

h
fi
n
it

el
y

m
a
n
y

n
eu

ro
n
s

h
av

e
b

ee
n

st
u
d
ie

d
ex

te
n
si

v
el

y
(s

ee
,

e.
g.

,
P

et
ru

sh
ev

,
19

98
;

P
in

k
u
s,

19
99

;
M

ak
ov

oz
,

19
9
8
;

B
u
rg

er
a
n
d

N
eu

b
au

er
,

20
01

).
In

S
ec

ti
on

4.
7,

w
e

re
la

te
ou

r
n
ew

re
su

lt
s

to
ex

is
ti

n
g

w
o
rk

fr
o
m

th
e

li
te

ra
tu

re
on

ap
p
ro

x
im

at
io

n
th

eo
ry

,
b
y

sh
ow

in
g

th
at

o
u
r

re
su

lt
s

p
ro

v
id

e
an

ex
p
li
ci

t
co

n
tr

o
l

of
th

e
va

ri
ou

s
w

ei
gh

t
ve

ct
or

s
w

h
ic

h
ar

e
n
ee

d
ed

fo
r

b
ou

n
d
in

g
th

e
es

ti
m

a
ti

on
er

ro
r

in
S
ec

ti
o
n

5
.

4
.1

A
p

p
ro

x
im

a
ti

o
n

b
y

a
F

in
it

e
N

u
m

b
e
r

o
f

B
a
si

s
F
u

n
c
ti

o
n

s

A
ke

y
q
u
an

ti
ty

th
at

d
ri

ve
s

th
e

ap
p
ro

x
im

ab
il
it

y
b
y

a
fi
n
it

e
n
u
m

b
er

of
n
eu

ro
n
s

is
th

e
va

ri
a
ti

o
n

n
or

m
γ

1
(g

).
A

s
sh

ow
n

in
S
ec

ti
on

2.
5,

an
y

fu
n
ct

io
n
g

su
ch

th
at

γ
1
(g

)
is

fi
n
it

e,
m

ay
b

e
ap

p
ro

x
im

at
ed

in
L

2
(S
d
)-

n
or

m
w

it
h

er
ro

r
ε

w
it

h
n

=
O

(γ
1
(g

)2
ε−

2
)

u
n
it

s.
F

o
r
α

=
1

(r
ec

ti
fi
ed

li
n
ea

r
u
n
it

s)
,

w
e

m
ay

im
p
ro

ve
th

e
d
ep

en
d
en

ce
in
ε,

th
ro

u
gh

th
e

li
n
k

w
it

h
zo

n
o
id

s
a
n
d

zo
n
ot

op
es

,
as

w
e

n
ow

p
re

se
n
t.

If
w

e
d
ec

om
p

o
se

th
e

si
gn

ed
m

ea
su

re
µ

as
µ

=
µ

+
−
µ
−

w
h
er

e
µ

+
an

d
µ
−

ar
e

p
o
si

ti
ve

m
ea

-
su

re
s,

th
en

,
fo

r
g
∈
G 1

,
w

e
h
av

e
g
(z

)
=
∫ Sd

(v
>
z
) +
d
µ

+
(v

)−
∫ Sd

(v
>
z
) +
d
µ
−

(v
)

=
g +

(z
)−
g −

(z
),

w
h
ic

h
is

a
d
ec

om
p

os
it

io
n

of
g

as
a

d
iff

er
en

ce
of

p
os

it
iv

el
y

h
om

og
en

ou
s

co
n
ve

x
fu

n
ct

io
n
s.

P
os

it
iv

el
y

h
om

og
en

ou
s

co
n
ve

x
fu

n
ct

io
n
s
h

m
ay

b
e

w
ri

tt
en

as
th

e
su

p
po

rt
fu

n
ct

io
n

o
f

a
co

m
p
ac

t
co

n
ve

x
se

t
K

(R
o
ck

af
el

la
r,

19
97

),
th

at
is

,
h

(z
)

=
m

ax
y
∈K

y
>
z
,

a
n
d

th
e

se
t
K

ch
ar

ac
te

ri
ze

s
th

e
fu

n
ct

io
n
h

.
T

h
e

fu
n
ct

io
n
s
g +

an
d
g −

d
efi

n
ed

a
b

ov
e

a
re

n
o
t

a
n

y
co

n
ve

x
p

os
it

iv
el

y
h
om

og
en

eo
u
s

fu
n
ct

io
n
s,

as
w

e
n
ow

d
es

cr
ib

e.

1
8
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B
r
e
a
k
in
g

t
h
e
C
u
r
se

o
f
D
im

e
n
sio

n
a
l
it
y
w
it
h
C
o
n
v
e
x
N
e
u
r
a
l
N
e
t
w
o
r
k
s

If
th

e
m

ea
su

re
µ

+
is

su
p
p

orted
b
y

fi
n
itely

m
an

y
p

oin
ts,

th
at

is,
µ

+
(v

)
=
∑

ri=
1
η
i δ(v−

v
i )

w
ith

η
>

0
,

th
en

g
+

(z
)

=
∑

ti=
1
η
i (v >i

z
)
+

=
∑

ti=
1 (η

i v >i
z
)
+

=
∑

ti=
1 (t >i

z
)
+

for
ti

=
η
i v
i .

T
h
u
s

th
e

co
rresp

on
d
in

g
set

K
+

is
th

e
zo

n
o
to

pe
[0,t1 ]+

···+
[0,tr ]

=
{ ∑

ri=
1
b
i ti ,

b∈
[0,1] r}

a
lrea

d
y

d
efi

n
ed

in
S
ection

3.3.
T

h
u
s

th
e

fu
n
ction

s
g

+
∈
G

1
an

d
g−
∈
G

1
for

fi
n
itely

su
p
p

orted
m

ea
su

res
µ

a
re

su
p
p

ort
fu

n
ction

s
of

zon
otop

es.

W
h
en

th
e

m
easu

re
µ

is
n
ot

con
strain

ed
to

h
ave

fi
n
ite

su
p
p

ort,
th

en
th

e
sets

K
+

an
d
K
−

a
re

lim
its

o
f

zo
n
otop

es,
an

d
th

u
s,

b
y

d
efi

n
ition

,
zo

n
o
id

s
(B

o
lker,

1969),
an

d
th

u
s

fu
n
ction

s
in
G

1
a
re

d
iff

eren
ces

of
su

p
p

ort
fu

n
ction

s
of

zon
oid

s.
Z

on
oid

s
are

a
w

ell-stu
d
ied

set
of

con
-

vex
b

o
d
ies.

T
h
ey

are
cen

trally
sy

m
m

etric,
an

d
in

tw
o

d
im

en
sion

s,
all

cen
trally

sy
m

m
etric

co
m

p
a
ct

co
n
vex

s
sets

are
(u

p
to

tran
slation

)
zon

oid
s,

w
h
ich

is
n
ot

tru
e

in
h
igh

er
d
im

en
-

sio
n
s

(B
o
lker,

1969).
M

oreover,
th

e
p
rob

lem
o
f

ap
p
rox

im
atin

g
a

zon
oid

b
y

a
zon

otop
e

w
ith

a
sm

a
ll

n
u
m

b
er

of
segm

en
ts

(B
ou

rgain
et

al.,
1989;

M
atou

šek
,

1996)
is

essen
tially

eq
u
iva-

len
t

to
th

e
a
p
p
rox

im
ation

of
a

fu
n
ction

g
b
y

fi
n
itely

m
an

y
n
eu

ron
s.

T
h
e

n
u
m

b
er

of
n
eu

ron
s

d
irectly

d
ep

en
d
s

on
th

e
n
orm

γ
1 ,

as
w

e
n
ow

sh
ow

.

P
ro

p
o
sitio

n
1

(N
u

m
b

e
r

o
f

u
n

its
-
α

=
1)

L
et
ε
∈

(0,1/
2).

F
o
r

a
n

y
fu

n
ctio

n
g

in
G

1 ,
th

ere
exists

a
m

ea
su

re
µ

su
p
po

rted
o
n

a
t

m
o
st
r

po
in

ts
in
V

,
so

th
a
t

fo
r

a
ll
z
∈
S
d.|g

(z
)−

∫S
d (v >

z
)
+
d
µ

(v
)|6

εγ
1 (g

),
w

ith
r
6
C

(d
)ε −

2
d
/
(d

+
3
),

fo
r

so
m

e
co

n
sta

n
t
C

(d
)

th
a
t

d
epen

d
s

o
n

ly
o
n
d

.

P
ro

o
f

W
ith

o
u
t

loss
of

gen
erality,

w
e

assu
m

e
γ

(g
)

=
1.

It
is

sh
ow

n
b
y

M
atou

šek
(1996)

th
at

fo
r

a
n
y

p
rob

ab
ility

m
easu

re
µ

(p
ositive

an
d

w
ith

fi
n
ite

m
ass)

on
th

e
sp

h
ere

S
d,

th
ere

ex
ists

a
set

o
f
r

p
oin

ts
v

1 ,...,v
r ,

so
th

at
for

all
z
∈
S
d,

∣∣∣∣ ∫

S
d |v >

z|d
µ

(v
)−

1r

r
∑i=

1 |v >i
z| ∣∣∣∣ 6

ε,
(4)

w
ith

r
6
C

(d
)ε −

2
+

6
/
(d

+
3
)

=
C

(d
)ε −

2
d
/
(d

+
3
),

for
som

e
con

stan
t
C

(d
)

th
at

d
ep

en
d
s

o
n
ly

on
d
.

W
e

m
ay

th
en

sim
p
ly

w
rite

g
(z

)=

∫

S
d (v >

z
)
+
d
µ

(v
)=

12

∫

S
d (v >

z
)d
µ

(v
)+
µ

+
(S
d)

2

∫

S
d |v >

z| d
µ

+
(v

)

µ
+

(S
d) −

µ
−

(S
d)

2

∫

S
d |v >

z| d
µ
−

(v
)

µ
−

(S
d)
,

a
n
d

a
p
p
rox

im
a
te

th
e

last
tw

o
term

s
w

ith
error

εµ
±

(S
d)

w
ith

r
term

s,
lead

in
g

to
an

ap
p
rox

i-
m

a
tio

n
o
f
εµ

+
(S
d)+

εµ
−

(S
d)

=
εγ

1 (g
)

=
ε,

w
ith

a
rem

ain
d
er

th
at

is
a

lin
ear

fu
n
ction

q >
z

of
z
,

w
ith
‖q‖

2 6
1.

W
e

m
ay

th
en

sim
p
ly

ad
d

tw
o

ex
tra

u
n
its

w
ith

vectors
q/‖q‖

2
an

d
w

eigh
ts

−
‖q‖

2
a
n
d
‖
q‖

2 .
W

e
th

u
s

ob
tain

,
w

ith
2
r

+
2

u
n
its,

th
e

d
esired

ap
p
rox

im
ation

resu
lt.

N
o
te

th
a
t

B
ou

rgain
et

al.
(1989,

T
h
eorem

6.5)
sh

ow
ed

th
a
t

th
e

scalin
g

in
ε

in
E

q
.

(4)
is

n
o
t

im
p
rova

b
le,

if
th

e
m

easu
re

is
allow

ed
to

h
ave

n
on

eq
u
al

w
eigh

ts
on

all
p

oin
ts

an
d

th
e

p
ro

o
f

relies
o
n

th
e

n
on

-ap
p
rox

im
ab

ility
of

th
e

E
u
clid

ean
b
all

b
y

cen
tered

zon
otop

es.
T

h
is

resu
lts

d
o
es

n
o
t

ap
p
ly

h
ere,

b
ecau

se
w

e
m

ay
h
ave

d
iff

eren
t

w
eigh

ts
µ
−

(S
d)

an
d
µ

+
(S
d).

N
o
te

th
a
t

th
e

p
rop

osition
ab

ov
e

is
sligh

tly
im

p
rov

ed
in

term
s

of
th

e
scalin

g
of

th
e

n
u
m

-
b

er
o
f

n
eu

ro
n
s

w
ith

resp
ect

to
th

e
ap

p
rox

im
ation

error
ε

(im
p
roved

ex
p

on
en

t),
com

p
a
red

to
co

n
d
itio

n
a
l

g
rad

ien
t

b
ou

n
d
s

(B
arron

,
1993

;
K

u
rkova

an
d

S
an

gu
in

eti,
2001).
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B
a
c
h

sim
p
le

u
se

of
con

d
ition

al
grad

ien
t

lead
s

to
r
6
ε −

2γ
1 (g

)
2,

w
ith

a
b

etter
con

stan
t

(in
d
ep

en
-

d
en

t
of
d
)

b
u
t

a
w

orse
scalin

g
in
ε—

also
w

ith
a

resu
lt

in
L

2 (S
d)-n

orm
an

d
n
ot

u
n
iform

ly
on

th
e

b
all{‖x‖

q
6
R}

.
N

ote
also

th
at

th
e

con
d
ition

al
grad

ien
t

alg
orith

m
gives

a
con

stru
c-

tive
w

ay
of

b
u
ild

in
g

th
e

m
easu

re.
M

oreover,
th

e
p
rop

osition
ab

ov
e

is
related

to
th

e
resu

lt
from

M
ak

ovoz
(1998,

T
h
eorem

2),
w

h
ich

ap
p
lies

fo
r
α

=
0

b
u
t

w
ith

a
n
u
m

b
er

of
n
eu

ron
s

grow
in

g
as
ε −

2
d
/
(d

+
1
),

or
to

th
e

on
e

of
B

u
rg

er
an

d
N

eu
b
au

er
(2

001,
E

x
am

p
le

3.1),
w

h
ich

ap
p
lies

to
a

p
iecew

ise
affi

n
e

sigm
oid

al
fu

n
ction

b
u
t

w
ith

a
n
u
m

b
er

of
n
eu

ron
s

grow
in

g
as

ε −
2
(d

+
1
)/

(d
+

3
)

(b
oth

sligh
tly

w
orse

th
an

ou
rs).

F
in

ally,
th

e
n
u
m

b
er

of
n
eu

ron
s

n
eed

ed
to

ex
p
ress

a
fu

n
ction

w
ith

a
b

ou
n
d

on
th

e
γ

2 -
n
orm

can
b

e
estim

ated
from

gen
eral

resu
lts

on
ap

p
rox

im
atin

g
rep

ro
d
u
cin

g
kern

el
H

ilb
ert

sp
ace

d
escrib

ed
in

S
ection

2.3,
w

h
ose

kern
el

can
b

e
ex

p
ressed

as
an

ex
p

ectation
.

In
d
eed

,
B

ach
(2017)

sh
ow

s
th

at
w

ith
k

n
eu

ron
s,

on
e

can
ap

p
rox

im
ate

a
fu

n
ction

in
F

2
w

ith
u
n
it

γ
2 -n

orm
w

ith
an

error
m

easu
red

in
L

2
of
ε

=
k −

(d
+

3
)/

(2
d
).

W
h
en

in
vertin

g
th

e
relation

sh
ip

b
etw

een
k

an
d
ε,

w
e

get
a

n
u
m

b
er

of
n
eu

ron
s

scalin
g

as
ε −

2
d
/
(d

+
3
),

w
h
ich

is
th

e
sam

e
as

in
P

rop
.

1
b
u
t

w
ith

an
error

in
L

2 -n
orm

in
stead

o
f
L
∞

-n
orm

.
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S
u

ffi
c
ie

n
t

C
o
n

d
itio

n
s

fo
r

F
in

ite
V

a
ria

tio
n

In
th

is
section

an
d

th
e

n
ex

t
on

e,
w

e
stu

d
y

m
ore

p
recisely

th
e

R
K

H
S
G

2
(an

d
th

u
s

ob
tain

sim
ilar

resu
lts

for
G

1
⊃
G

2 ).
T

h
e

kern
el
k
(x
,y

)
=
∫S
d (v >

x
)
+

(v >
y
)
+
d
τ
d (v

)
d
efi

n
ed

on
th

e
sp

h
ere

S
d

b
elon

gs
to

th
e

fam
ily

of
d
ot-p

ro
d
u
ct

k
ern

els
(S

m
ola

et
al.,

2001)
th

a
t

o
n
ly

d
ep

en
d
s

on
th

e
d
ot-p

ro
d
u
ct
x
>
y
,

alth
ou

gh
in

ou
r

situ
ation

,
th

e
fu

n
ction

is
n
ot

p
a
rticu

larly
sim

p
le

(see
form

u
las

in
S
ection

3.1).
T

h
e

an
aly

sis
o
f

th
ese

k
ern

els
is

sim
ilar

to
on

e
of

tran
slation

-
in

varian
t

kern
els;

for
d

=
1,

i.e.,
on

th
e

2-d
im

en
sion

al
sp

h
ere,

it
is

d
on

e
th

rou
gh

F
ou

rier
series;

w
h
ile

for
d
>

1,
sp

h
erica

l
h
a
rm

o
n

ics
h
ave

to
b

e
u
sed

as
th

e
ex

p
an

sion
of

fu
n
ctio

n
s

in
series

of
sp

h
erical

h
arm

on
ics

m
ak

e
th

e
com

p
u
tatio

n
of

th
e

R
K

H
S

n
orm

ex
p
licit

(see
a

rev
iew

of
sp

h
erical

h
arm

on
ics

in
A

p
p

en
d
ix

D
.1

w
ith

several
referen

ces
th

erein
).

S
in

ce
th

e
calcu

lu
s

is
ted

iou
s,

all
p
ro

ofs
are

p
u
t

in
ap

p
en

d
ices,

an
d

w
e

on
ly

p
resen

t
h
ere

th
e

m
ain

resu
lts.

In
th

is
section

,
w

e
p
rov

id
e

sim
p
le

su
ffi

cien
t

co
n
d
ition

s
for

b
elon

gin
g

to
G

2
(an

d
h
en

ceG
1 )

b
ased

on
th

e
ex

isten
ce

an
d

b
o
u
n
d
ed

n
ess

of
d
erivatives,

w
h
ile

in
th

e
n
ex

t
section

,
w

e
sh

ow
h
ow

an
y

L
ip

sch
itz-fu

n
ction

m
ay

b
e

ap
p
rox

im
ated

b
y

fu
n
ction

s
in
G

2
(a

n
d

h
en

ce
G

1 )
w

ith
p
recise

con
trol

of
th

e
n
orm

of
th

e
ap

p
rox

im
atin

g
fu

n
ction

s.

T
h
e

d
erivativ

es
of

fu
n
ction

s
d
efi

n
ed

on
S
d

m
ay

b
e

d
efi

n
ed

in
several

w
ay

s,
u
sin

g
th

e
m

an
ifold

stru
ctu

re
(see,

e.g.,
A

b
sil

et
al.,

2009)
or

th
rou

gh
p

olar
co

ord
in

ates
(see,

e.g.,
A

tk
in

son
an

d
H

an
,

2012,
C

h
ap

ter
3).

F
or
d

=
1,

th
e

on
e-d

im
en

sion
al

sp
h
ere

S
1⊂

R
2

m
ay

b
e

p
aram

eterized
b
y

a
sin

gle
an

gle
an

d
th

u
s

th
e

n
otion

of
d
erivatives

an
d

th
e

p
ro

of
of

th
e

follow
in

g
resu

lt
is

sim
p
ler

an
d

b
ased

o
n

F
ou

rier
series

(see
A

p
p

en
d
ix

C
.2).

F
or

th
e

gen
eral

p
ro

of
b
ased

on
sp

h
erical

h
arm

on
ics,

see
A

p
p

en
d
ix

D
.2.

P
ro

p
o
sitio

n
2

(F
in

ite
v
a
ria

tio
n

o
n

th
e

sp
h

e
re

)
A

ssu
m

e
th

a
t
g

:S
d→

R
is

su
ch

th
a
t

a
ll
i-th

o
rd

er
d
eriva

tives
exist

a
n

d
a
re

u
p
per-bo

u
n

d
ed

in
a
bso

lu
te

va
lu

e
by
η

fo
r
i∈
{0,...,s}

,
w

h
ere

s
is

a
n

in
teger

su
ch

th
a
t
s
>

(d−
1)/

2
+
α

+
1
.

A
ssu

m
e
g

is
even

if
α

is
od

d
(a

n
d

vice-versa
);

th
en

g
∈
G

2
a
n

d
γ

2 (g
)6

C
(d
,α

)η
,

fo
r

a
co

n
sta

n
t
C

(d
,α

)
th

a
t

d
epen

d
s

o
n

ly
o
n

d
a
n

d
α

.

W
e

can
m

ak
e

th
e

follow
in

g
ob

servation
s:20
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h
e
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u
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e
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a
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it
y
w
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h
C
o
n
v
e
x
N
e
u
r
a
l
N
e
t
w
o
r
k
s

–
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ig
h
tn

es
s

o
f
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n

d
it

io
n

s:
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sh
ow

n
in

A
p
p

en
d
ix

D
.5

,
th

er
e

ar
e

fu
n
ct

io
n
s
g
,

w
h
ic

h
h
av

e
b

ou
n
d
ed

fi
rs

t
s

d
er

iv
at

iv
es

an
d

d
o

n
ot

b
el

on
g

to
G 2

w
h
il
e
s
6

d 2
+
α

(a
t

le
as

t
w

h
en

s
−
α

is
ev

en
).

T
h
er

ef
or

e,
w

h
en

s
−
α

is
ev

en
,

th
e

sc
al

in
g

in
(d
−

1)
/2

+
α

is
op

ti
m

al
.

–
D

ep
en

d
en

ce
o
n
α

:
fo

r
an

y
d
,

th
e

h
ig

h
er

th
e
α

,
th

e
st

ri
ct

er
th

e
su

ffi
ci

en
t

co
n
d
it

io
n
.

G
iv

en
th

at
th

e
es

ti
m

at
io

n
er

ro
r

gr
ow

s
sl

ow
ly

w
it

h
α

(s
ee

S
ec

ti
on

5.
1)

,
lo

w
va

lu
es

of
α

w
ou

ld
b

e
p
re

fe
rr

ed
in

p
ra

ct
ic

e.

–
D

ep
en

d
en

ce
o
n
d
:

a
ke

y
fe

at
u
re

of
th

e
su

ffi
ci

en
t

co
n
d
it

io
n

is
th

e
d
ep

en
d
en

ce
on

d
,

th
at

is
,

as
d

in
cr

ea
se

s
th

e
n
u
m

b
er

of
d
er

iv
at

iv
es

h
as

to
in

cr
ea

se
in
d
/2

—
li
ke

fo
r

S
ob

ol
ev

sp
ac

es
in

d
im

en
si

on
d

(A
d
am

s
an

d
F

ou
rn

ie
r,

2
00

3
).

T
h
is

is
an

ot
h
er

in
st

an
ti

at
io

n
of

th
e

cu
rs

e
of

d
im

en
si

on
al

it
y
:

on
ly

v
er

y
sm

o
ot

h
fu

n
ct

io
n
s

in
h
ig

h
d
im

en
si

on
s

ar
e

al
lo

w
ed

.

–
S

pe
ci

a
l

ca
se
d

=
1,
α

=
0:

d
iff

er
en

ti
ab

le
fu

n
ct

io
n
s

on
th

e
sp

h
er

e
in

R
2
,

w
it

h
b

o
u
n
d
ed

d
er

iv
at

iv
es

,
b

el
on

g
to
G 2

,
an

d
th

u
s

al
lL

ip
sc

h
it

z-
co

n
ti

n
u
ou

s
fu

n
ct

io
n
s,

b
ec

au
se

L
ip

sc
h
it

z-
co

n
ti

n
u
ou

s
fu

n
ct

io
n
s

ar
e

al
m

os
t

ev
er

y
w

h
er

e
d
iff

er
en

ti
ab

le
w

it
h

b
ou

n
d
ed

d
er

iv
at

iv
e

(A
d
am

s
an

d
F

ou
rn

ie
r,

20
03

).
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p
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L
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z
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o
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F
u

n
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er
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er

iv
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at
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n
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r
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fu
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w
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e
n
ot
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en
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d
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er
en

ti
ab
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n
d
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ay

n
ot

b
e
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w

e
n
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p
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x
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at
e

an
y
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h
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n
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n
u
o
u
s
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h
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n
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∈
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)
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at
w
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l
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e
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p
ro
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im

at
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n
ge
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ti
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r.
W

e
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v
e

p
re
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se

ra
te

s
in

th
e

p
ro

p
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it
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n
b

el
ow

.
N

ot
e

th
e

re
q
u
ir

em
en

t
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r
p
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it
y

of
th

e
fu

n
ct

io
n
g
.

T
h
e
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el
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n
ot
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sh
ow
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u
n
if

or
m

n
o
rm
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p
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h
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p
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p
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p
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n
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∈
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∈
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−
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p
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d
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d
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p
p
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b
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−
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at
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at
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at
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p
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at
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ca
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=
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p
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at
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D
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p
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h
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b
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at
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−
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ra
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b
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s
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,

w
e
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a
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r
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,
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at
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a
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∈
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b
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at
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∞
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f
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e
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fu
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c
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u
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=
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∈

Sd
.
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6
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=
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.
If

α
=
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=
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Γ
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+
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Γ
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+
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√
d
).

F
or
α
>

2,
w

e
w

er
e

n
ot

a
b
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b
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c
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∈
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en

th
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y.
In

d
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∈
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⊂
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=
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=
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p
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w
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b
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h
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.
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∈
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h
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p
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b
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h
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e
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b
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b
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at
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p
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p
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p
le

,
a

ce
rt

a
in

fu
n
ct

io
n
ϕ

ex
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h
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d
iff

er
en

ti
ab

le
,

as
sh

ow
n

in
A

p
p
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h
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.
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p
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d
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h
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p
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.

2
an

d
P

ro
p
.
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p
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h
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v
e
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N
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r
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N
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r
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P
ro

p
o
sitio

n
5
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in

ite
v
a
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n

)
A
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m

e
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a
t
f

:
R
d
→

R
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a
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d
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d
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u
p
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∈
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n
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n
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p
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e
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d
erivativ
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b

ou
n
d
ed

b
y

a
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-
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n
t
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M
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w
e
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d
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g
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α
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d
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b
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o
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p
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n
o
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L
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o
n
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u
o
u

s
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n
c
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n
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F
o
r
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n
sta

n
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d
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o
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o
n
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d
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,
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r
a
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y
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n
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n
f

:R
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R
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a
t

fo
r

a
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x
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a
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q
6
R
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‖
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q
6
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g
∈
F

2
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ch
th
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w
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L
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n
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w
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e
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h
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a
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.
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w
e
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γ
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w
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orm
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)
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c
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s.
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d
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R
→

R
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a
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f
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e
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e
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n
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ϕ
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h
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b
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S

d
efi

n
ed

in
S
ection

2.3).
F

or
th

e
R

K
H

S
,

th
ere

is
n
o

su
ch

resu
lts

an
d

it
is

in
gen

eral
n
ot

ad
ap

tive.

M
o
re

g
en

erally,
if
f

(x
)

=
Φ

(W
>
x

)
for

W
∈
R
d×
s

w
ith

th
e

largest
sin

gu
lar

valu
e

of
W

less
th

a
n
η
,

a
n
d

Φ
a

fu
n
ction

from
R
s

to
R

,
th

en
for
‖
x‖

2
6
R

,
w

e
h
ave
‖
W
>
x‖

2
6
R
η
,

a
n
d

th
u
s

w
e

m
ay

ap
p
ly

ou
r

resu
lts

for
d

=
s.

`
1 -p

e
n

a
lty

o
n

in
p

u
t

w
e
ig

h
ts

(p
=

1
).

W
h
en

u
sin

g
an
`
1 -p

en
alty

on
in

p
u
t

w
eigh

ts
in

stead
o
f

a
n
`
2 -p

en
alty,

th
e

resu
lts

in
P

rop
.

5
an

d
6

are
u
n
ch

an
ged

(on
ly

th
e

con
stan

ts
th

at
d
ep

en
d

o
n
d

a
re

ch
an

ged
).

M
oreover,

w
h
en
‖
x‖∞

6
1

alm
ost

su
rely,

fu
n
ction

s
of

th
e

form
f

(x
)

=
ϕ

(w
>
x

)
w

h
ere
‖
w‖

1
6
η

an
d
ϕ

:
R
→

R
is

a
fu

n
ction

,
w

ill
also

in
h
erit

from
p
ro

p
erties

o
f
ϕ

(w
ith

ou
t

an
y

d
ep

en
d
en

ce
on

d
im

en
sion

).
S
im

ilarly,
for

fu
n
ction

s
of

th
e

fo
rm

f
(x

)
=

Φ
(W
>
x

)
for

W
∈

R
d×
s

w
ith

all
colu

m
n
s

of
`
1 -n

orm
less

th
an

η
,

w
e

h
ave

‖
W
>
x‖∞

6
R
η

an
d

w
e

can
ap

p
ly

th
e
s-d

im
en

sion
al

resu
lt.
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B
a
c
h

4
.7

R
e
la

te
d

W
o
rk

In
th

is
section

,
w

e
sh

ow
h
ow

ou
r

resu
lts

from
th

e
p
rev

iou
s

section
s

relate
to

ex
istin

g
w

ork
on

n
eu

ral
n
etw

ork
ap

p
rox

im
ation

th
eory.

A
p

p
ro

x
im

a
tio

n
o
f

L
ip

sch
itz

-c
o
n
tin

u
o
u

s
fu

n
c
tio

n
s

w
ith

fi
n

ite
ly

m
a
n
y

n
e
u

ro
n

s.
In

th
is

section
,

w
e

on
ly

con
sid

er
th

e
case

α
=

1,
for

w
h
ich

w
e

h
av

e
tw

o
ap

p
rox

im
ation

b
ou

n
d
s:

P
rop

.
6

w
h
ich

ap
p
rox

im
ates

an
y
η
-L

ip
sch

itz-con
tin

u
ou

s
fu

n
ctio

n
b
y

a
fu

n
ction

w
ith

fi
n
ite

γ
1 -n

orm
less

th
an

δ
an

d
u
n
iform

erro
r

less
th

an
η
(δ/η

) −
2
/
(d

+
1
)
log

(δ/η
),

an
d

P
rop

.
1

w
h
ich

sh
ow

s
th

at
a

fu
n
ction

w
ith

γ
1 -n

orm
less

th
an

δ,
m

ay
b

e
ap

p
rox

im
ated

w
ith

r
n
eu

ron
s

w
ith

u
n
iform

error
δr −

(d
+

3
)/

(2
d
).

T
h
u
s,

giv
en

r
n
eu

ron
s,

w
e

get
an

ap
p
rox

im
ation

of
th

e
origin

al
fu

n
ction

w
ith

u
n
iform

error
η
(δ/η

) −
2
/
(d

+
1
)
lo

g
(δ/η

)
+
δr −

(d
+

3
)/

(2
d
).

W
e

can
op

tim
ize

ov
er
δ,

an
d

u
se
δ

=
η
n

(d
+

1
)/

(2
d
),

to
ob

tain
a

u
n
iform

ap
p
rox

im
ation

b
ou

n
d

p
rop

ortion
al

to
η
(log

n
)n
−

1
/
d,

for
ap

p
rox

im
atin

g
an

η
-L

ip
sch

itz-con
tin

u
ou

s
fu

n
ction

w
ith

n
n
eu

ron
s.

A
p

p
ro

x
im

a
tio

n
b
y

rid
g
e

fu
n

c
tio

n
s.

T
h
e

ap
p
rox

im
ation

p
rop

erties
of

sin
gle

h
id

d
en

layer
n
eu

ral
n
etw

ork
s

h
ave

b
een

stu
d
ied

ex
ten

sively,
w

h
ere

th
ey

are
often

referred
to

as
“rid

ge
fu

n
ction

”
ap

p
rox

im
ation

s.
A

s
sh

ow
n

b
y

P
in

k
u
s

(1999,
C

orollary
6.10)—

b
a
sed

on
a

resu
lt

from
P

etru
sh

ev
(1998),

th
e

ap
p
rox

im
ation

o
rd

er
of
n
−

1
/
d

for
th

e
rectifi

ed
lin

ear
u
n
it

w
as

alread
y

k
n
ow

n
,

b
u
t

on
ly

in
L

2 -n
orm

(an
d

w
ith

ou
t

th
e

factor
log

n
),

an
d

w
ith

ou
t

an
y

con
strain

ts
on

th
e

in
p
u
t

an
d

ou
tp

u
t

w
eigh

ts.
In

th
is

p
ap

er,
w

e
p
rov

id
e

an
ex

p
licit

con
trol

of
th

e
variou

s
w

eigh
ts,

w
h
ich

is
n
eed

ed
for

com
p
u
tin

g
estim

ation
errors.

M
oreover,

w
h
ile

th
e

tw
o

p
ro

of
tech

n
iq

u
es

u
se

sp
h
erical

h
arm

on
ics,

th
e

p
ro

of
of

P
etru

sh
ev

(19
98)

relies
on

q
u
ad

ratu
re

form
u
las

for
th

e
asso

ciated
L

egen
d
re

p
oly

n
om

ials,
w

h
ile

ou
rs

relies
on

th
e

relation
sh

ip
w

ith
th

e
asso

ciated
p

ositive
d
efi

n
ite

kern
els,

is
sign

ifi
can

tly
sim

p
ler,

an
d

off
ers

ad
d
ition

al
in

sigh
ts

in
to

th
e

p
rob

lem
(relation

sh
ip

w
ith

con
vex

n
eu

ral
n
etw

ork
s

a
n
d

zon
oid

s).
M

aiorov
(2006,

T
h
eorem

2.3)
also

d
eriv

es
a

sim
ilar

resu
lt,

b
u
t

in
L

2 -n
orm

(rath
er

th
an

u
n
iform

n
orm

),
an

d
for

sigm
oid

al
activatio

n
fu

n
ction

s
(w

h
ich

are
b

ou
n
d
ed

).
N

ote
fi
n
ally,

th
at

th
e

ord
er
O

(n
−

1
/
d)

can
n
ot

b
e

im
p
roved

(D
eV

ore
et

al.,
19

89,
T

h
eorem

4.2).
A

lso,
M

aiorov
an

d
M

eir
(2000,

T
h
eorem

5)
d
erive

sim
ilar

u
p
p

er
an

d
low

er
b

ou
n
d
s

b
ased

on
a

ran
d
om

sam
p
lin

g
argu

m
en

t
w

h
ich

is
close

to
u
sin

g
ran

d
om

featu
res

in
th

e
R

K
H

S
settin

g
d
escrib

ed
in

S
ection

2.3.

R
e
la

tio
n

sh
ip

to
h

a
rd

n
e
ss

re
su

lts
fo

r
B

o
o
le

a
n

-v
a
lu

e
d

fu
n

c
tio

n
s.

In
th

is
p
ap

er,
w

e
con

sid
er

a
p
articu

lar
v
iew

of
th

e
cu

rse
of

d
im

en
sion

ality
an

d
w

ay
s

of
circu

m
ven

tin
g

it,
th

at
is,

ou
r

d
istrib

u
tio

n
ov

er
in

p
u
ts

is
arb

itrary,
b
u
t

ou
r

aim
is

to
ap

p
rox

im
ate

a
real-valu

ed
fu

n
ction

.
T

h
u
s,

all
h
ard

n
ess

resu
lts

d
ep

en
d
in

g
on

fu
n
ction

s
w

ith
valu

es
in
{0
,1}

d
o

n
ot

ap
p
ly

th
ere

d
irectly

—
see,

e.g.,
S
h
alev

-S
h
w

artz
an

d
B

en
-D

av
id

(2014,
C

h
ap

ter
20),

for
th

e
n
eed

of
ex

p
on

en
tially

m
an

y
h
id

d
en

u
n
its

for
a
p
p
rox

im
atin

g
m

ost
of

th
e

fu
n
ctio

n
s

from
{
0,1}

d
to
{0
,1}

.
O

u
r

ap
p
rox

im
ation

b
ou

n
d
s

sh
ow

th
at,

w
ith

ou
t

an
y

assu
m

p
tion

b
ey

on
d

L
ip

sch
itz-con

tin
u
ity

of
th

e
target

fu
n
ction

,
it

su
ffi

cien
t

to
h
ave

a
n
u
m

b
er

of
h
id

d
en

u
n
its

w
h
ich

is
still

ex
p

on
en

-
tial

in
d
im

en
sion

(h
en

ce
w

e
also

su
ff

er
from

th
e

cu
rse

of
d
im

en
sion

ality
),

b
u
t

a
so

on
as

th
e

target
fu

n
ction

d
ep

en
d
s

on
lin

ear
low

-d
im

en
sion

al
stru

ctu
re,

th
en

w
e

lose
th

is
ex

p
on

en
tial
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B
r
e
a
k
in
g

t
h
e
C
u
r
se

o
f
D
im

e
n
si
o
n
a
l
it
y
w
it
h
C
o
n
v
e
x
N
e
u
r
a
l
N
e
t
w
o
r
k
s

d
ep

en
d
en

ce
.

It
w

ou
ld

b
e

in
te

re
st

in
g

to
st

u
d
y

an
ex

te
n
si

on
to
{0
,1
}-

va
lu

ed
fu

n
ct

io
n
s,

an
d

al
so

to
re

la
te

ou
r

re
su

lt
s

to
th

e
n
u
m

b
er

of
li
n
ea

r
re

gi
on

s
d
el

im
it

ed
b
y

n
eu

ra
l

n
et

w
o
rk

s
w

it
h

re
ct

ifi
ed

li
n
ea

r
u
n
it

s
(M

on
tu

fa
r

et
al

.,
20

14
).

5
.

G
e
n
e
ra

li
za

ti
o
n

B
o
u
n
d
s

O
u
r

go
al

is
to

d
er

iv
e

th
e

ge
n
er

al
iz

at
io

n
b

ou
n
d
s

ou
tl

in
ed

in
S
ec

ti
on

2.
4

fo
r

n
eu

ra
l

n
et

w
or

k
s

w
it

h
a

si
n
gl

e
h
id

d
en

la
ye

r.
T

h
e

m
ai

n
re

su
lt

s
th

at
w

e
ob

ta
in

ar
e

su
m

m
ar

iz
ed

in
T

ab
le

2
an

d
sh

ow
ad

ap
ti

v
it

y
to

as
su

m
p
ti

on
s

th
at

av
oi

d
th

e
cu

rs
e

of
d
im

en
si

on
al

it
y.

M
or

e
p
re

ci
se

ly
,

gi
ve

n
so

m
e

d
is

tr
ib

u
ti

on
ov

er
th

e
p
ai

rs
(x
,y

)
∈
X
×
Y,

a
lo

ss
fu

n
ct

io
n

`
:
Y
×

R
→

R
,

ou
r

ai
m

is
to

fi
n
d

a
fu

n
ct

io
n
f

:
R
d
→

R
su

ch
th

at
J

(f
)

=
E[
`(
y
,f

(x
))

]
is

sm
al

l,
gi

ve
n

so
m

e
i.
i.
d
.

ob
se

rv
at

io
n
s

(x
i,
y i

),
i

=
1
,.
..
,n

.
W

e
co

n
si

d
er

th
e

em
p
ir

ic
al

ri
sk

m
in

im
iz

at
io

n
fr

am
ew

or
k

ov
er

a
sp

ac
e

of
fu

n
ct

io
n
s
F

,
eq

u
ip

p
ed

w
it

h
a

n
or

m
γ

(i
n

ou
r

si
tu

-
at

io
n
s,
F 1

an
d
F 2

,
eq

u
ip

p
ed

w
it

h
γ

1
or
γ

2
).

T
h
e

em
p
ir

ic
al

ri
sk
Ĵ

(f
)

=
1 n

∑
n i=

1
`(
y i
,f

(x
i)

),
is

m
in

im
iz

ed
b
y

co
n
st

ra
in

in
g
f

to
b

e
in

th
e

b
al

l
F
δ

=
{f
∈
F
,
γ

(f
)
6
δ}

.
W

e
as

su
m

e
th

at
al

m
os

t
su

re
ly

,
‖x
‖ q
6
R

,
th

at
fo

r
al

l
y

th
e

fu
n
ct

io
n
u
7→

`(
y
,u

)
is

G
-L

ip
sc

h
it

z-
co

n
ti

n
u
ou

s
on
{|
u
|6
√

2
δ}

,
an

d
th

at
al

m
os

t
su

re
ly

,
`(
y
,0

)
6
G
δ.

A
s

b
ef

or
e
z

d
en

ot
es
z

=
(x
>
,R

)>
so

th
at
‖z
‖ q
6
√

2R
.

T
h
is

co
rr

es
p

on
d
s

to
th

e
fo

ll
ow

in
g

ex
am

p
le

s:

–
L

og
is

ti
c

re
gr

es
si

on
an

d
su

p
p

or
t

ve
ct

or
m

ac
h
in

es
:

w
e

h
av

e
G

=
1.

–
L

ea
st

-s
q
u
ar

es
re

gr
es

si
on

:
w

e
ta

ke
G

=
m

ax
{√

2δ
+
‖y
‖ ∞

,
‖y
‖2 ∞ √
2
δ
}.

A
p
p
ro

x
im

at
io

n
er

ro
rs

in
f f
∈F

δ
J

(f
)
−

in
f f
∈F

J
(f

)
w

il
l

b
e

ob
ta

in
ed

fr
om

th
e

ap
p
ro

x
im

a-
ti

on
re

su
lt

s
fr

om
S
ec

ti
on

4
b
y

as
su

m
in

g
th

at
th

e
op

ti
m

al
ta

rg
et

fu
n
ct

io
n
f ∗

h
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a
sp

ec
ifi

c
fo

rm
.

In
d
ee

d
,

w
e

h
av

e:

in
f

f
∈F

δ
J

(f
)
−
J

(f
∗)
6
G

in
f

f
∈F

δ

{
su

p
‖x
‖ q
6
R
|f

(x
)
−
f ∗

(x
)|}

.

W
e

n
ow

d
ea

l
w

it
h

es
ti

m
at

io
n

er
ro

rs
su

p
f
∈F

δ
|Ĵ

(f
)
−
J

(f
)|

u
si

n
g

R
ad

em
ac

h
er

co
m

p
le

x
-

it
ie
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5
.1

E
st

im
a
ti

o
n

E
rr

o
rs

a
n

d
R

a
d

e
m

a
ch

e
r

C
o
m

p
le

x
it

y

T
h
e

fo
ll
ow

in
g

p
ro

p
os

it
io

n
b

ou
n
d
s

th
e

u
n
if

or
m

d
ev

ia
ti

on
b

et
w

ee
n
J

an
d

it
s

em
p
ir

ic
al

co
u
n
-

te
rp

ar
t
Ĵ

.
T

h
is

re
su

lt
is

st
an

d
ar

d
(s

ee
,

e.
g.

,
K

ol
tc

h
in

sk
ii
,

20
01

;
B

ar
tl

et
t

an
d

M
en

d
el

so
n
,

20
03

)
an

d
m

ay
b

e
ex

te
n
d
ed

in
b

ou
n
d
s

th
at

h
ol

d
w

it
h

h
ig

h
-p

ro
b
ab

il
it

y.

P
ro

p
o
si

ti
o
n

7
(U

n
if

o
rm

d
e
v
ia

ti
o
n

s)
W

e
h
a
ve

th
e

fo
ll

o
w

in
g

bo
u

n
d

o
n

th
e

ex
pe

ct
ed

u
n

i-
fo

rm
d
ev

ia
ti

o
n

:

E[
su

p
γ
1
(f

)6
δ
|J

(f
)
−
Ĵ

(f
)|]
6

4
G
δ
√
n
C

(p
,d
,α
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w
it

h
th

e
fo

ll
o
w

in
g

co
n

st
a
n

ts
:

–
fo

r
α
>

1
,
C

(p
,d
,α

)
6
α
√

2
lo

g
(d

+
1)

fo
r
p

=
1

a
n

d
C

(p
,d
,α

)
6

α
√
p
−

1
fo

r
p
∈
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,2

]

–
fo

r
α

=
0,
C

(p
,d
,α

)
6
C
√
d

+
1
,

w
h
er

e
C
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a

u
n

iv
er

sa
l
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n
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a
n
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P
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o
f

W
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u
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d
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al
go

ri
th

m
s

p
re

se
n
te

d
in

S
ec

ti
on

2.
5.

T
h
e

fi
rs

t
p

os
si

b
il
it

y
is

to
u
se

th
e

u
su

al
R

K
H

S
re

p
re

se
n
te

r
th

eo
re

m
w

it
h

th
e

k
er

n
el

fu
n
ct

io
n
s

co
m

p
u
te

d
in

S
ec

ti
o
n

3
.1

,
le

ad
in

g
to

a
co

m
p
u
ta

ti
on

co
m

p
le

x
it

y
of
O

(n
2
).

A
lt

er
n
at

iv
el

y,
as

sh
ow

n
b
y

R
ah

im
i
a
n
d

R
ec

h
t

(2
00

7)
,

on
e

m
ay

in
st

ea
d

sa
m

p
le
m

b
as

is
fu

n
ct

io
n
s

th
at

is
m

d
iff

er
en

t
h
id

d
en

u
n
it

s,
ke

ep
th

e
in

p
u
t

w
ei

gh
ts

fi
x
ed

an
d

op
ti

m
iz

e
on

ly
th

e
ou

tp
u
t

la
ye

r
w

it
h

a
sq

u
ar

ed
` 2

-p
en

a
lt

y.
T

h
is

w
il
l

q
u
ic

k
ly

(i
.e

.,
th

e
er

ro
r

go
es

d
ow

n
as

1
/
√
m

)
ap

p
ro

ac
h

th
e

n
on

-p
ar

am
et

ri
c

es
ti

m
a
to

r
b
a
se

d
on

p
en

al
iz

in
g

b
y

th
e

R
K

H
S

n
or

m
γ

2
.

N
ot

e
th

at
th

is
ar

gu
m

en
t

of
ra

n
d
om

sa
m

p
li
n
g

h
a
s

b
ee

n
u
se

d
to

st
u
d
y

ap
p
ro

x
im

at
io

n
b

ou
n
d
s

fo
r

n
eu

ra
l

n
et

w
or

k
s

w
it

h
fi
n
it

el
y

m
an

y
u
n
it

s
(M

a
io

ro
v

an
d

M
ei

r,
20

00
).

G
iv

en
th

e
u
sa

ge
of

ra
n
d
om

sa
m

p
li
n
g

w
it

h
L

2
-p

en
al

ti
es

,
it

is
th

u
s

te
m

p
ti

n
g

to
sa

m
p
le

w
ei

gh
ts

,
b
u
t

n
ow

op
ti

m
iz

e
an

` 1
-p

en
al

ty
,

in
or

d
er

to
ge

t
th

e
n
on

-p
ar

am
et

ri
c

es
ti

m
a
to

r
ob

ta
in

ed
fr

om
p

en
al

iz
in

g
b
y
γ

1
.

W
h
en

th
e

n
u
m

b
er

of
sa

m
p
le

s
m

te
n
d
s

to
in

fi
n
it

y,
w

e
in

d
ee

d
ob

ta
in

an
ap

p
ro

x
im

at
io

n
th

at
co

n
ve

rg
es

to
γ

1
(t

h
is

is
si

m
p
ly

a
u
n
if

o
rm

ve
rs

io
n

o
f

th
e

la
w

of
la

rg
e

n
u
m

b
er

s)
.

H
ow

ev
er

,
th

e
ra

te
of

co
n
v
er

ge
n
ce

d
o
es

d
ep

en
d

on
th

e
d
im

en
si

o
n

d
,

an
d

in
ge

n
er

al
ex

p
on

en
ti

al
ly

m
an

y
sa

m
p
le

s
w

ou
ld

b
e

n
ee

d
ed

fo
r

a
g
o
o
d

ap
p
ro

x
im

a
ti

o
n
—

se
e

B
ac

h
(2

01
3,

S
ec

ti
on

6)
fo

r
a

m
or

e
p
re

ci
se

st
at

em
en

t
in

th
e

re
la

te
d

co
n
te

x
t

o
f

co
n
ve

x
m

at
ri

x
fa

ct
or

iz
at

io
n
s.
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B
r
e
a
k
in
g

t
h
e
C
u
r
se

o
f
D
im

e
n
sio

n
a
l
it
y
w
it
h
C
o
n
v
e
x
N
e
u
r
a
l
N
e
t
w
o
r
k
s

5
.5

S
u

ffi
c
ie

n
t

C
o
n

d
itio

n
fo

r
P

o
ly

n
o
m

ia
l-tim

e
A

lg
o
rith

m
s

In
o
rd

er
to

p
reserve

th
e

gen
eralization

b
ou

n
d
s

p
resen

ted
ab

ov
e,

it
is

su
ffi

cien
t

to
b

e
ab

le
to

so
lve

th
e

fo
llow

in
g

p
rob

lem
,

for
an

y
y
∈
R
n

an
d
z

1 ,...,z
n
∈
R
d
+

1:

su
p

‖
v‖
p
=

1 ∣∣∣∣ 1n

n
∑i=

1

y
i (v >

z
i )
α+ ∣∣∣∣ ,

(5)

u
p

to
a

co
n

sta
n

t
fa

cto
r.

T
h
at

is,
th

ere
ex

ists
κ
>

1,
su

ch
th

at
for

all
y

an
d
z
,

w
e

m
ay

co
m

p
u
te
v̂

su
ch

th
at‖v̂‖

p
=

1
an

d

∣∣∣∣ 1n

n
∑i=

1

y
i (v̂ >

z
i )
α+ ∣∣∣∣ >

1κ
su

p
‖
v‖
p
=

1 ∣∣∣∣ 1n

n
∑i=

1

y
i (v >

z
i )
α+ ∣∣∣∣ .

T
h
is

is
p
rova

b
ly

N
P

-h
ard

for
α

=
0

(see
S
ection

3.2),
an

d
for

α
=

1
(see

S
ection

3.3).
If

su
ch

a
n

a
lg

o
rith

m
is

availab
le,

th
e

ap
p
rox

im
ate

con
d
ition

al
g
rad

ien
t

p
resen

ted
in

S
ection

2.5
lead

s
to

a
n

estim
a
to

r
w

ith
th

e
sam

e
gen

eralization
b

ou
n
d
.

M
oreover,

given
th

e
stron

g
h
ard

n
ess

resu
lts

fo
r

im
p
rop

er
learn

in
g

in
th

e
situ

ation
α

=
0

(K
livan

s
an

d
S
h
erstov

,
2006

;
L

iv
n
i
et

a
l.,

2
0
14

),
a

co
n
v
ex

relax
ation

th
at

w
ou

ld
con

sid
er

a
larger

set
of

p
red

ictors
(e.g

.,
b
y

relax
in

g
v
v >

in
to

a
sy

m
m

etric
p

ositive-d
efi

n
ite

m
atrix

),
an

d
ob

tain
ed

a
con

stan
t

ap
p
rox

im
ation

g
u
a
ran

tee,
is

a
lso

ru
led

ou
t.

H
ow

ev
er,

th
is

is
on

ly
a

su
ffi

cien
t

con
d
ition

,
an

d
a

sim
p
ler

su
ffi

cien
t

con
d
ition

m
ay

b
e

o
b
ta

in
ed

.
In

th
e

follow
in

g,
w

e
con

sid
er
V

=
{
v
∈

R
d
+

1,
‖v‖

2
=

1}
an

d
b
asis

fu
n
ctio

n
s

ϕ
v (z

)
=

(v >
z
)
α+

(th
at

is
w

e
sp

ecialize
to

th
e
`
2 -n

orm
p

en
alty

on
w

eigh
t

vectors).
W

e
co

n
sid

er
a

n
ew

variation
n
orm

γ̂
1

w
h
ich

h
as

to
satisfy

th
e

follow
in

g
assu

m
p
tion

s:

–
L

o
w

er-bo
u

n
d

o
n
γ

1 :
It

is
d
efi

n
ed

from
fu

n
ction

s
ϕ̂
v̂ ,

for
v̂
∈
V̂

,
w

h
ere

for
a
n
y
v
∈
V

,
th

ere
ex

ists
v̂
∈
V̂

su
ch

th
at
ϕ
v

=
ϕ̂
v̂ .

T
h
is

im
p
lies

th
at

th
e

corresp
on

d
in

g
sp

ace
F̂

1

is
la

rg
er

th
an
F

1
an

d
th

at
if
f
∈
F

1 ,
th

en
γ̂

1 (f
)6

γ
1 (f

).

–
P

o
lyn

o
m

ia
l-tim

e
a
lgo

rith
m

fo
r

d
u

a
l

n
o
rm

:
T

h
e

d
u
al

n
orm

su
p

v̂∈V̂ ∣∣∣∣ 1n

n
∑i=

1

y
i ϕ̂
v̂ (z

i ) ∣∣∣∣
m

ay

b
e

co
m

p
u
ted

in
p

oly
n
om

ial
tim

e.

–
P

erfo
rm

a
n

ce
gu

a
ra

n
tees

fo
r

ra
n

d
o
m

d
irectio

n
:

T
h
ere

ex
ists

κ
>

0,
su

ch
th

at
for

an
y

vecto
rs
z

1 ,...,z
n
∈

R
d
+

1
w

ith
`
2 -n

orm
less

th
an

R
,

an
d

ran
d
om

stan
d
ard

G
au

ssian
vecto

r
y
∈
R
n
,

su
p

v̂∈V̂ ∣∣∣∣ 1n

n
∑i=

1

y
i ϕ̂
v̂ (x

i ) ∣∣∣∣ 6
κ
R√
n
.

(6)

W
e

m
ay

a
lso

rep
lace

th
e

stan
d
ard

G
au

ssian
v
ectors

b
y

R
ad

em
ach

er
ra

n
d
om

variab
les.

W
e

ca
n

th
en

p
en

alize
b
y
γ̂

in
stead

of
γ

.
S
in

ce
γ̂

1
6
γ

1 ,
ap

p
rox

im
ation

p
rop

erties
are

tra
n
sferred

,
a
n
d

b
ecau

se
of

th
e

resu
lt

ab
ov

e,
th

e
R

ad
em

ach
er

com
p
lex

ity
for

γ̂
1 -b

alls
scales

a
s

w
ell

a
s

for
γ

1 -b
alls.

In
th

e
n
ex

t
section

,
w

e
sh

ow
con

vex
relax

ation
s

w
h
ich

can
n
ot

ach
iev

e
th

ese
a
n
d

leave
th

e
ex

isten
ce

or
n
on

-ex
isten

ce
of

su
ch

n
orm

γ̂
1

as
an

op
en

p
rob

lem
.

3
1
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B
a
c
h

6
.

C
o
n
v
e
x

R
e
la

x
a
tio

n
s

o
f

th
e

F
ra

n
k
-W

o
lfe

S
te

p

In
th

is
section

,
w

e
p
rov

id
e

ap
p
rox

im
ation

algorith
m

s
for

th
e

follow
in

g
p
rob

lem
of

m
ax

im
iz-

in
g,

for
a

given
y
∈
R
n

an
d

vectors
z

1 ,...,z
n
:

su
p

‖
v‖
p
=

1

1n

n
∑i=

1

y
i (v >

z
i )
α+

T
h
ese

ap
p
rox

im
ation

algorith
m

s
m

ay
b

e
d
iv

id
ed

in
th

ree
fam

ilies,
as

th
ey

m
ay

b
e

b
ased

on
(a)

geom
etric

in
terp

retation
s

as
lin

ea
r

b
in

ary
classifi

cation
or

com
p
u
tin

g
H

au
ssd

orff
d
istan

ces
(see

S
ection

3.2
an

d
S
ection

3.3),
(b

)
on

d
irect

relax
atio

n
s,

on
(c)

relax
ation

s
of

sign
vectors.

F
or

sim
p
licity,

w
e

on
ly

fo
cu

s
on

th
e

case
p

=
2

(th
at

is
`
2 -con

strain
t

on
w

eigh
ts)

an
d

on
α

=
1

(rectifi
ed

lin
ear

u
n
its).

A
s

d
escrib

ed
in

S
ection

5
.5,

con
stan

t-factor
ap

p
rox

im
ation

ratios
are

n
ot

p
ossib

le,
w

h
ile

ap
p
rox

im
ation

ratios
th

at
in

creases
w

ith
n

are
p

ossib
le

(b
u
t

as
of

n
ow

,
w

e
on

ly
ob

tain
scalin

gs
in
n

th
at

p
rov

id
e

a
p
rovab

le
sam

p
le

com
p
lex

ity
w

ith
a

p
oly

n
om

ial
tim

e
algorith

m
w

h
ich

is
ex

p
on

en
tial

in
th

e
d
im

en
sion

d
.

6
.1

S
e
m

i-d
e
fi

n
ite

P
ro

g
ra

m
m

in
g

R
e
la

x
a
tio

n
s

W
e

p
resen

t
tw

o
relax

ation
s,

w
h
ich

are
of

th
e

form
d
escrib

ed
in

S
ection

5.5
(lead

in
g

to
p

oten
tial

gen
eralization

b
ou

n
d
s)

b
u
t

d
o

n
ot

attain
th

e
p
rop

er
ap

p
rox

im
ation

scalin
g

(as
w

as
ch

ecked
em

p
irically

).
N

ote
th

at
all

relax
ation

s
th

at
en

d
u
p

b
ein

g
L

ip
sch

itz-con
tin

u
ou

s
fu

n
ction

s
of
z
,
w

ill
h
ave

at
least

th
e

sam
e

scalin
g

th
an

th
e

set
of

th
ese

fu
n
ction

s.
T

h
e

R
ad

em
ach

er
com

p
lex

ity
of

su
ch

fu
n
ction

s
is

w
ell-k

n
ow

n
,

th
at

is
1/ √

n
for

d
=

1, √
lo

g
n

n
for

d
=

2
an

d
n
−

1
/
d

for
larger

d
(von

L
u
x
b
u
rg

an
d

B
ou

sq
u
et,

2004).
U

n
fortu

n
ately,

th
e

d
ecay

in
n

is
to

o
slow

to
p
reserv

e
gen

eralization
b

ou
n
d
s

(w
h
ich

w
ou

ld
req

u
ire

a
scalin

g
in

1
/ √

n
).

d
-d

im
e
n

sio
n

a
l

re
la

x
a
tio

n
.

W
e

d
en

ote
u
i

=
(v >

z
i )

+
=

12 v >
z
i

+
12 |v >

z
i |.

W
e

m
ay

th
en

u
se

2u
i −

v >
z
i

=
|v >

z
i |

an
d
,

for
‖v‖

2
=

1,‖v
v >
z
i ‖

2
=
|v >

z
i |

=
√
z >i
v
v >
z
i .

B
y

d
en

otin
g

V
=
v
v >

,
th

e
con

strain
t

th
at
u
i

=
(v >

z
i )

+
=

12 v >
z
i
+

12 |v >
z
i |

is
eq

u
ivalen

t
to

‖V
z
i ‖

2 6
2
u
i −

v >
z
i 6

√
z >i
V
z
i

an
d
V
<

0
,

tr
V

=
1,

ran
k
(V

)
=

1
.

W
e

ob
tain

a
con

vex
relax

ation
w

h
en

rem
ov

in
g

th
e

ran
k

con
strain

t,
th

at
is

su
p

V
<

0
,

tr
V

=
1
,
u∈

R
n
u
>
y

su
ch

th
at
∀
i∈
{1,...,n},

‖
V
z
i ‖

2 6
2
u
i −

v >
z
i 6

√
z >i
V
z
i .

(n
+
d
)-d

im
e
n

sio
n

a
l

re
la

x
a
tio

n
.

W
e

m
ay

go
fu

rth
er

b
y

also
con

sid
erin

g
q
u
ad

ratic
form

s
in
u
∈
R
n

d
efi

n
ed

ab
ove.

In
d
eed

,
w

e
h
ave:

(2u
i −

v >
z
i )(2

u
j −

v >
z
j )

=
|v >

z
i |·|v >

z
j |

=
|v >

z
i z >j

v|
=
|tr

V
z
i z >j |,

w
h
ich

lead
s

to
a

con
vex

p
rogram

in
U

=
u
u
>

,
V

=
v
v >

an
d
J

=
u
v >

,
th

at
is

a
sem

id
efi

n
ite

p
rogram

w
ith

d
+
n

d
im

en
sion

s,
w

ith
th

e
con

stra
in

ts

4
U
ij

+
x
>j
V
z
i −

2δ >i
J
z
j −

2δ >j
J
z
i >
|tr

V
z
i z >j |,
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B
r
e
a
k
in
g

t
h
e
C
u
r
se

o
f
D
im

e
n
si
o
n
a
l
it
y
w
it
h
C
o
n
v
e
x
N
e
u
r
a
l
N
e
t
w
o
r
k
s

an
d

th
e

u
su

al
se

m
i-

d
efi

n
it

e
co

n
tr

ai
n
ts
(

U
J

J
>

V

)
<
(
u v

)(
u v

) >
,

w
it

h
th

e
ad

d
it

io
n
al

co
n
st

ra
in

t
th

at
4U

ii
+
z
> i
V
z i
−

4δ
> i
J
z i

=
tr
V
z i
z
> i

.

If
w

e
ad

d
th

es
e

co
n
st

ra
in

ts
on

to
p

of
th

e
on

es
ab

ov
e,

w
e

ob
ta

in
a

ti
g
h
te

r
re

la
x
at

io
n
.

N
ot

e
th

at
fo

r
th

is
re

la
x
at

io
n
,

w
e

m
u
st

h
av

e
[(

2u
i
−
v
>
z i

)−
(2
u
j
−
v
>
z j

)]
le

ss
th

an
a

co
n
st

an
t

ti
m

es
‖z
i
−
z j
‖ 2

.
H

en
ce

,
th

e
re

su
lt

m
en

ti
on

ed
ab

ov
e

re
ga

rd
in

g
L

ip
sc

h
it

z-
co

n
ti

n
u
ou

s
fu

n
ct

io
n
s

an
d

th
e

sc
al

in
g

of
th

e
u
p
p

er
-b

ou
n
d

fo
r

ra
n
d
om

y
h
ol

d
s

(w
it

h
th

e
d
ep

en
d
en

ce
on

n
w

h
ic

h
is

n
ot

go
o
d

en
ou

gh
to

p
re

se
rv

e
th

e
ge

n
er

al
iz

at
io

n
b

ou
n
d
s

w
it

h
a

p
ol

y
n
om

ia
l-

ti
m

e
al

go
ri

th
m

).

6
.2

R
e
la

x
a
ti

o
n

o
f

S
ig

n
V

e
c
to

rs

B
y

in
tr

o
d
u
ci

n
g

a
si

gn
ve

ct
or
s
∈

R
n

su
ch

th
at
s i
∈
{−

1
,1
}

a
n
d
s i
v
>
x
i

=
|v
>
x
i|,

w
e

h
av

e
th

e
fo

ll
ow

in
g

re
la

x
at

io
n

w
it

h
S

=
ss
>

,
V

=
v
v
>

an
d
J

=
sv
>

:

–
U

su
al

se
m

i-
d
efi

n
it

e
co

n
st

ra
in

t:
(

S
J

J
>

V

)
<
(
s v

)(
s v

) >
,

–
U

n
it

/t
ra

ce
co

n
st

ra
in

ts
:

d
ia

g
(S

)
=

1
an

d
tr
V

=
1,

–
S
ig

n
co

n
st

ra
in

t:
δ> i
J
x
i
>

m
ax

j6=
i
|δ> j

J
x
i|.

–
A

d
d
it

io
n
al

co
n
st

ra
in

t:
(x
> i
V
x
i)

1
/
2
6
δ> i
J
x
i.

W
e

th
en

n
ee

d
to

m
ax

im
iz

e
1 2
n

∑
n i=

1
y i
δ> i
J
x
i
+

1 2
n

∑
n i=

1
y i
v
>
x
i,

w
h
ic

h
le

ad
s

to
a

se
m

id
efi

n
te

p
ro

gr
am

.
A

ga
in

em
p
ir

ic
al

ly
,

it
d
id

n
ot

le
ad

to
th

e
co

rr
ec

t
sc

al
in

g
as

a
fu

n
ct

io
n

of
n

fo
r

ra
n
d
om

G
au

ss
ia

n
ve

ct
or

s
y
∈
R
n
.
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o
n
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u
si
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In
th
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p
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,
w

e
h
av

e
p
ro

v
id

ed
a

d
et

ai
le

d
a
n
al

y
si

s
of

th
e

ge
n
er

al
iz

at
io

n
p
ro

p
er

ti
es

of
co

n
ve

x
n
eu

ra
l
n
et

w
or

k
s

w
it

h
p

os
it

iv
el

y
h
om

og
en

ou
s

n
on

-d
ec

re
as

in
g

ac
ti

va
ti

on
fu

n
ct

io
n
s.

O
u
r

m
ai

n
n
ew

re
su

lt
is

th
e

ad
ap

ti
v
it

y
of

th
e

m
et

h
o
d

to
u
n
d
er

ly
in

g
li
n
ea

r
st

ru
ct

u
re

s
su

ch
as

th
e

d
ep

en
d
en

ce
on

a
lo

w
-d

im
en

si
on

al
su

b
sp

ac
e,

a
se

tt
in

g
w

h
ic

h
in

cl
u
d
es

n
on

-l
in

ea
r

va
ri

a
b
le

se
le

ct
io

n
in

p
re

se
n
ce

of
p

ot
en

ti
al

ly
m

an
y

in
p
u
t

va
ri

ab
le

s.

A
ll

ou
r

cu
rr

en
t

re
su

lt
s

ap
p
ly

to
es

ti
m

at
or

s
fo

r
w

h
ic

h
n
o

p
ol

y
n
om

ia
l-

ti
m

e
al

go
ri

th
m

is
k
n
ow

n
to

ex
is

t
an

d
w

e
h
av

e
p
ro

p
os

ed
su

ffi
ci

en
t

co
n
d
it

io
n
s

u
n
d
er

w
h
ic

h
co

n
ve

x
re

la
x
at

io
n
s

co
u
ld

le
ad

to
th

e
sa

m
e

b
ou

n
d
s,

le
av

in
g

op
en

th
e

ex
is

te
n
ce

or
n
on

-e
x
is

te
n
ce

of
su

ch
al

go
-

ri
th

m
s.

In
te

re
st

in
gl

y,
th

es
e

p
ro

b
le

m
s

h
av

e
si

m
p
le

ge
om

et
ri

c
in

te
rp

re
ta

ti
on

s,
ei

th
er

as
b
in

ar
y

li
n
ea

r
cl

as
si

fi
ca

ti
on

,
or

co
m

p
u
ti

n
g

th
e

H
au

ss
d
or

ff
d
is

ta
n
ce

b
et

w
ee

n
tw

o
zo

n
ot

op
es

.

In
th

is
w

or
k
,

w
e

h
av

e
co

n
si

d
er

ed
a

si
n
gl

e
re

a
l-

va
lu

ed
ou

tp
u
t;

th
e

fu
n
ct

io
n
al

an
al

y
si

s
fr

am
ew

or
k

re
ad

il
y

ex
te

n
d
s

to
ou

tp
u
ts

in
a

fi
n
it

e-
d
im

en
si

on
al

v
ec

to
r-

sp
a
ce

w
h
er

e
ve

ct
or

-
va

lu
ed

m
ea

su
re

s
co

u
ld

b
e

u
se

d
,

an
d

th
en

ap
p
ly

to
m

u
lt

i-
ta

sk
or

m
u
lt

i-
cl

as
s

p
ro

b
le

m
s.

H
ow

-
ev

er
,

th
e

ex
te

n
si

on
to

m
u
lt

ip
le

h
id

d
en

la
ye

rs
d
o
es

n
ot

ap
p

ea
r

st
ra

ig
h
tf

or
w

ar
d

as
th

e
u
n
it

s
of

th
e

la
st

h
id

d
en

la
ye

rs
sh

ar
e

th
e

w
ei

gh
ts

of
th

e
fi
rs

t
h
id

d
en

la
ye

rs
,

w
h
ic

h
sh

ou
ld

re
q
u
ir

e
a

n
ew

fu
n
ct

io
n
al

an
al

y
si

s
fr

am
ew

or
k
.
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B
a
c
h

A
ck

n
o
w

le
d
g
e
m

e
n
ts

T
h
e

au
th

or
w

as
p
ar

ti
al

ly
su

p
p

or
te

d
b
y

th
e

E
u
ro

p
ea

n
R

es
ea

rc
h

C
ou

n
ci

l
(S

IE
R

R
A

P
ro

je
ct

),
an

d
th

an
k
s

N
ic

ol
as

L
e

R
ou

x
fo

r
h
el

p
fu

l
d
is

cu
ss

io
n
s.

T
h
e

a
u
th

or
al

so
th

an
k
s

V
a
ru

n
K

a
n
a
d
e

fo
r

p
oi

n
ti

n
g

th
e

N
P

-h
ar

d
n
es

s
li
n
ea

r
cl

as
si

fi
ca

ti
on

re
su

lt
.

T
h
e

m
ai

n
p
ar

t
of

th
is

w
o
rk

w
a
s

ca
rr

ie
d

th
ro

u
gh

w
h
il
e

v
is

it
in

g
th

e
C

en
tr

e
d
e

R
ec

er
ca

M
at

em
àt

ic
a

(C
R

M
)

in
B

a
rc

el
o
n
a
.

A
p
p

e
n
d
ix

A
.

R
e
p
ro

d
u
ci

n
g

K
e
rn

e
l

H
il
b

e
rt

S
p
a
ce

s
fo

r
` 2

-n
o
rm

P
e
n
a
li
za

ti
o
n

In
th

is
se

ct
io

n
,

w
e

co
n
si

d
er

a
B

or
el

p
ro

b
ab

il
it

y
m

ea
su

re
τ

on
th

e
co

m
p
ac

t
sp

a
ce
V,

a
n
d

fu
n
ct

io
n
s
ϕ
v

:
X
→

R
su

ch
th

at
th

e
fu

n
ct

io
n
s
v
7→

ϕ
v
(x

)
ar

e
m

ea
su

ra
b
le

fo
r

a
ll
x
∈
X

.
W

e
st

u
d
y

th
e

se
t
F 2

of
fu

n
ct

io
n
s
f

su
ch

th
at

th
er

e
ex

is
ts

a
sq

u
ar

ed
-i

n
te

g
ra

b
le

fu
n
ct

io
n

p
:
X
→

R
w

it
h
f

(x
)

=
∫ V
p
(v

)ϕ
v
(x

)d
τ
(v

)
fo

r
al

l
x
∈
X

.
F

or
f
∈
F 2

,
w

e
d
efi

n
e
γ

2 2
(f

)
a
s

th
e

in
fi
m

u
m

of
∫ V
p
(v

)2
d
τ
(v

)
ov

er
al

l
d
ec

om
p

os
it

io
n
s

of
f

.
W

e
n
ow

sh
ow

th
at
F 2

is
a
n

R
K

H
S

w
it

h
ke

rn
el
k
(x
,y

)
=
∫ V
ϕ
v
(x

)ϕ
v
(y

)d
τ
(v

).

W
e

fo
ll
ow

th
e

p
ro

of
of

B
er

li
n
et

an
d

T
h
om

as
-A

gn
an

(2
00

4,
S
ec

ti
on

4.
1)

an
d

ex
te

n
d

it
to

in
te

gr
al

s
ra

th
er

th
an

fi
n
it

e
su

m
s.

W
e

co
n
si

d
er

th
e

li
n
ea

r
m

ap
p
in

g
T

:
L

2
(d
τ
)
→
F 2

d
efi

n
ed

b
y

(T
p
)(
x

)
=
∫ V
p
(v

)ϕ
v
(x

)d
τ
(v

),
w

it
h

n
u
ll

sp
ac

e
K

.
W

h
en

re
st

ri
ct

ed
to

th
e

o
rt

h
o
g
o
n
al

co
m

p
le

m
en

t
K
⊥

,
w

e
ob

ta
in

a
b
ij

ec
ti

on
U

fr
om
K
⊥

to
F 2

.
W

e
th

en
d
efi

n
e

a
d
o
t-

p
ro

d
u
ct

o
n

F 2
as
〈f
,g
〉=

∫ V
(U
−

1
f

)(
v
)(
U
−

1
g
)(
v
)d
τ
(v

).

W
e

fi
rs

t
sh

ow
th

at
th

is
d
efi

n
es

an
R

K
H

S
w

it
h

ke
rn

el
k

d
efi

n
ed

ab
ov

e.
F

o
r

th
is

,
w

e
tr

iv
-

ia
ll
y

h
av

e
k
(·,
y
)
∈
F 2

fo
r

al
l
y
∈
X

.
M

or
eo

ve
r,

fo
r

an
y
y
∈
X

,
w

e
h
av

e
w

it
h
p

=
U
−

1
k
(·,
y
)
∈

K
⊥

an
d
q

:
v
7→
ϕ
v
(y

),
p
−
q
∈
K

,
w

h
ic

h
im

p
li
es

th
at
〈f
,k

(·,
y
)〉

=
∫ V

(U
−

1
f

)(
v
)p

(v
)d
τ
(v

)
=

∫ V
(U
−

1
f

)(
v
)q

(v
)d
τ
(v

)
=
∫ V

(U
−

1
f

)(
v
)ϕ

v
(y

)d
τ
(v

)
=
T

(U
−

1
f

)(
y
)

=
f

(y
),

h
en

ce
th

e
re

p
ro

-
d
u
ci

n
g

p
ro

p
er

ty
is

sa
ti

sfi
ed

.
T

h
u
s,
F 2

is
an

R
K

H
S
.

W
e

n
ow

n
ee

d
to

sh
ow

th
at

th
e

R
K

H
S

n
or

m
w

h
ic

h
w

e
h
av

e
d
efi

n
ed

is
ac

tu
a
ll
y
γ

2
.

F
or

an
y
f
∈
F 2

su
ch

th
at
f

=
T
p
,

fo
r
p
∈
L

2
(d
τ
),

w
e

h
av

e
p

=
U
−

1
f

+
q,

w
h
er

e
q
∈
K

.
T

h
u
s,

∫ V
p
(v

)2
d
τ
(v

)
=
‖p
‖2 L

2
(d
τ
)

=
‖U
−

1
f
‖2 L

2
(d
τ
)
+
‖q
‖2 L

2
(d
τ
)

=
‖f
‖2

+
‖q
‖2 L

2
(d
τ
).

T
h
is

im
p
li
es

th
a
t

∫ V
p
(v

)2
d
τ
(v

)
>
‖f
‖2

w
it

h
eq

u
al

it
y

if
an

d
on

ly
if
q

=
0.

T
h
is

sh
ow

s
th

at
γ

2
(f

)
=
‖f
‖.

A
p
p

e
n
d
ix

B
.

A
p
p
ro

x
im

a
te

C
o
n
d
it

io
n
a
l

G
ra

d
ie

n
t

w
it

h
M

u
lt

ip
li
ca

ti
v
e

O
ra

cl
e

In
th

is
se

ct
io

n
,

w
e

w
is

h
to

m
in

im
iz

e
a

sm
o
ot

h
co

n
ve

x
fu

n
ct

io
n
al
J

(h
)

on
fo

r
h

in
a

H
il
b

er
t-

sp
ac

e
ov

er
a

n
or

m
b
al

l
{γ

(h
)
6
δ}

.
A

m
u
lt

ip
li
ca

ti
ve

ap
p
ro

x
im

at
e

or
ac

le
o
u
tp

u
ts

fo
r

a
n
y

g
∈
R
n
,
ĥ

su
ch

th
at
γ

(ĥ
)

=
1,

an
d

〈ĥ
,g
〉6

m
a
x

γ
(h

)6
1
〈h
,g
〉6

κ
〈ĥ
,g
〉,

fo
r

a
fi
x
ed

κ
>

1.
W

e
n
ow

p
ro

p
os

e
a

m
o
d
ifi

ca
ti

on
of

th
e

co
n
d
it

io
n
al

gr
ad

ie
n
t

a
lg

o
ri

th
m

th
at

co
n
ve

rg
es

to
a

ce
rt

ai
n
h

su
ch

th
at
γ

(h
)
6
δ

an
d

fo
r

w
h
ic

h
in

f γ
(h

)6
δ
J

(h
)
6
J

(ĥ
)
6

in
f γ

(h
)6
δ
/
κ
J

(h
).
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B
r
e
a
k
in
g

t
h
e
C
u
r
se

o
f
D
im

e
n
sio

n
a
l
it
y
w
it
h
C
o
n
v
e
x
N
e
u
r
a
l
N
e
t
w
o
r
k
s

W
e

assu
m

e
th

e
sm

o
oth

n
ess

of
th

e
fu

n
ction

J
w

ith
resp

ect
to

th
e

n
orm

γ
,

th
at

is,
for

a
certa

in
L
>

0
,

for
all

h
,h
′

su
ch

th
at
γ

(h
)6

δ,
th

en

J
(h
′)6

J
(h

)
+
〈J
′(h

),h
′−

h〉
+
L2
γ

(h
−
h
′)

2.
(7)

W
e

co
n
sid

er
th

e
follow

in
g

recu
rsion

ĥ
t

=
−
δ×

ou
tp

u
t

of
ap

p
rox

im
ate

oracle
at
−
J
′(h

t )

h
t+

1
∈

arg
m

in
ρ∈

[0
,1

] J
((1−

ρ
)h
t
+
ρ
ĥ
t ).

In
th

e
p
rev

iou
s

recu
rsion

,
on

e
m

ay
rep

lace
th

e
m

in
im

ization
of
J

on
th

e
segm

en
t

[h
t ,ĥ

t ]
w

ith
th

e
m

in
im

ization
of

its
u
p
p

er-b
ou

n
d

of
E

q
.

(7)
tak

en
a
t
h

=
h
t .

F
rom

th
e

recu
rsion

,
a
ll

itera
tes

a
re

in
th

e
γ

-b
all

of
rad

iu
s
δ.

F
ollow

in
g

th
e

trad
itio

n
al

con
vergen

ce
p
ro

of
for

th
e

co
n
d
itio

n
a
l

g
ra

d
ien

t
m

eth
o
d

(D
u
n
n

an
d

H
arsh

b
arger,

1978;
J
aggi,

2013),
w

e
h
ave,

for
an

y
ρ

in
[0
,1

]:

J
(h
t+

1 )
6

J
(h
t )−

ρ〈J
′(h

t ),h
t −

ĥ
t 〉

+
2
L
ρ

2δ
2

=
J

(h
t )−

ρ
J
′(h

t ) >
h
t
+
κ〈J

′(h
t ),
ĥ
t

κ
〉

+
2
L
ρ

2δ
2

6
J

(h
t )−

ρ
J
′(h

t ) >
h
t −

m
ax

γ
(h

)6
δ
/
κ {−

〈J
′(h

t ),h〉}
+

2
L
ρ

2δ
2.

If
w

e
ta

ke
h
∗

th
e

m
in

im
izer

of
J

on
{
γ

(h
)6

δ/κ}
,

w
e

get:

J
(h
t+

1 )
6

J
(h
t )−

ρ〈J
′(h

t ),h
t −

h
∗ 〉

+
2
L
ρ

2δ
2.

T
h
en

,
b
y

u
sin

g
J

(h
t )>

J
(h
∗ )

+
〈J
′(h

t ),h
∗ −

h
t 〉,

w
e

get:

J
(h
t+

1 )−
J

(h
∗ )6

(1−
ρ
)[J

(h
t )−

J
(h
∗ )]+

2
L
ρ

2δ
2.

T
h
is

is
va
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n
es
ĝ

w
it

h
γ

(ĝ
)
6
C

(1
−
r)
−
α
.

C
o
m

p
u

ti
n

g
d

is
ta

n
c
e

b
e
tw

e
e
n
ĝ

a
n

d
g
.

W
e

h
av

e:

ĝ
(θ

)
=

∑ k
>

0

g k
(θ

)r
k

=
∑ k
>

0

1 π

∫
2
π

0
g
(η

)r
k

co
s
k
(θ
−
η
)d
η

+
1 2
π

∫
2
π

0
g
(η

)d
η

=
1 π

∫
2
π

0

(
∑ k
>

0

rk
co

s
k
(θ
−
η
)) g

(η
)d
η
−

1 2
π

∫
2
π

0
g
(η

)d
η

=
1 π

∫
2
π

0
R

ea
l(

1

1
−
re
i(
θ
−
η
)

) g
(η

)d
η
−

1 2π

∫
2
π

0
g
(η

)d
η

38
JM

L
R

 1
8(

19
):

1-
53

, 2
01

7



B
r
e
a
k
in
g

t
h
e
C
u
r
se

o
f
D
im

e
n
sio

n
a
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it
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h
C
o
n
v
e
x
N
e
u
r
a
l
N
e
t
w
o
r
k
s

=
1π

∫
2
π

0

(
1−

r
cos(θ−

η
)

(1−
r

cos(θ−
η
))

2
+
r

2(sin
(θ−

η
))

2 )
g
(η

)d
η−

12π

∫
2
π

0
g
(η

)d
η

=
1π

∫
2
π

0

(
1−

r
cos(θ−

η
)

1
+
r

2−
2
r

cos(θ−
η
) )
g
(η

)d
η−

12π

∫
2
π

0
g
(η

)d
η

=
12
π

∫
2
π

0

(
1−

r
2

+
1

+
r

2−
2r

cos(θ−
η
)

1
+
r

2−
2r

cos(θ−
η
)

)
g
(η

)d
η−

12
π

∫
2
π

0
g
(η

)d
η

=
12
π

∫
2
π

0

(
1−

r
2

1
+
r

2−
2r

cos(θ−
η
) )
g
(η

)d
η
.

W
e

h
ave,

for
a
n
y
θ∈

[0,2
π

]

|ĝ
(θ)−

g
(θ)|

=

∣∣∣∣
12
π

∫
2
π

0

(
1−

r
2

1
+
r

2−
2r

cos(θ−
η
) )

[g
(η

)−
g
(θ)]d

η ∣∣∣∣

6
12
π

∫
2
π

0

(
1−

r
2

1
+
r

2−
2
r

cos(θ−
η
) )|g

(η
)−

g
(θ)|d

η

=
12
π

∫
π

π

(
1−

r
2

1
+
r

2−
2
r

cos
η )|g

(θ)−
g
(θ

+
η
)|d
η

b
y

p
erio

d
icity

,

=
1π

∫
π
/
2

π
/
2

(
1−

r
2

1
+
r

2−
2
r

cos
η )|g

(θ)−
g
(θ

+
η
)|d
η

b
y

p
arity

of
g
,

6
1π

∫
π
/
2

π
/
2

(
1−

r
2

1
+
r

2−
2
r

cos
η )√

2|sin
η|d

η

b
ecau

se
th

e
d
istan

ce
on

th
e

sp
h
ere

is
b

ou
n
d
ed

b
y

th
e

sin
e,

6
2π

∫
π

0

(
1−

r
2

1
+
r

2−
2r

cos
η )

sin
η
d
η

=
1π

∫
1

0

(
1−

r
2

1
+
r

2−
2
rt )

d
t

b
y

th
e

ch
an

ge
of

variab
le
t

=
cos

θ,

6
C

(1−
r) ∫

1

0

(
1

1
+
r

2−
2
rt )

d
t

=
C

(1−
r) [−

1

2
r

log
(1

+
r

2−
2
rt) ]

10

=
C

(1−
r)

12r
log

1
+
r

2

(1−
r)

2
.

It
can

b
e

ea
sily

ch
ecked

th
at

for
an

y
r
∈

(1/2
,1),

th
e

last
fu

n
ction

is
less

th
an

a
con

stan
t

tim
es

52 C
(1
−
r)

log
1

1−
r .

W
e

th
u
s

get
for

δ
large

en
ou

gh
,

b
y

tak
in

g
r

=
1
−

(C
/δ)

1
/
α
∈

(1/
2,1

),
a
n

erro
r

of
(C
/δ)

1
/
α

log
(C
/δ) −

1
/
α

=
O

(δ −
1
/
α

log
δ).

T
h
is

lea
d
s

to
th

e
d
esired

resu
lt.

A
p
p

e
n
d
ix

D
.

A
p
p
ro

x
im

a
tio

n
s

o
n

th
e
d
-d

im
e
n
sio

n
a
l

S
p
h
e
re

In
th

is
a
p
p

en
d
ix

,
w

e
fi
rst

rev
iew

to
ols

from
sp

h
erical

h
arm

on
ic

an
aly

sis,
b

efore
p
rov

in
g

th
e

tw
o

m
a
in

p
rop

osition
s

regard
in

g
th

e
ap

p
rox

im
ation

p
rop

erties
of

th
e

H
ilb

ert
sp

ace
G

2 .
U

sin
g

sp
h
erica

l
h
arm

on
ics

in
ou

r
set-u

p
is

n
atu

ral
an

d
is

com
m

on
in

th
e

an
aly

sis
of

rid
ge

fu
n
ctio

n
s

(P
etru

sh
ev

,
1998)

an
d

zon
otop

es
(B

ou
rgain

an
d

L
in

d
en

strau
ss,

198
8).
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B
a
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h

D
.1

R
e
v
ie

w
o
f

S
p

h
e
ric

a
l

H
a
rm

o
n

ic
s

T
h

e
o
ry

In
th

is
section

,
w

e
rev

iew
relevan

t
co

n
cep

ts
from

sp
h
erical

h
arm

on
ics.

S
ee

F
rye

an
d

E
fth

im
iou

(2012);
A

tk
in

son
an

d
H

an
(2012)

for
m

ore
d
etails.

S
p
h
erical

h
arm

on
ics

m
ay

b
e

seen
as

ex
ten

sion
of

F
ou

rier
series

to
sp

h
eres

in
d
im

en
sion

s
m

ore
th

an
2

(i.e.,
w

ith
o
u
r

con
ven

tion
d
>

1).

F
or
d
>

1,
w

e
con

sid
er

th
e

sp
h
ere

S
d

=
{
x
∈

R
d
+

1,
‖
x‖

2
=

1}
⊂

R
d
+

1,
as

w
ell

as
its

n
orm

alized
rotation

-in
varian

t
m

easu
re
τ
d

(w
ith

m
ass

1).
W

e
d
en

ote
b
y
ω
d

=
2
π
(d

+
1
)/

2

Γ
((d

+
1
)/

2
)

th
e

su
rface

area
of

th
e

sp
h
ere

S
d.

D
e
fi

n
itio

n
a
n

d
lin

k
s

w
ith

L
a
p

la
c
e
-B

e
ltra

m
i

o
p

e
ra

to
r.

F
or

an
y
k
>

1
(for

k
=

0,
th

e
con

stan
t

fu
n
ction

is
th

e
corresp

on
d
in

g
b
asis

elem
en

t),
th

ere
is

an
orth

on
orm

al
b
asis

of
sp

h
erical

h
arm

on
ics,

Y
k
j

:S
d
→

R
,

1
6
j
6
N

(d
,k

)
=

2
k
+
d−

1
k

(
k
+
d−

2
d−

1

).
T

h
ey

are
su

ch
〈Y
k
i ,Y

si 〉S
d

=
∫S
d
Y
k
i (x

)Y
sj d
τ
d (x

)
=
δ
ij δ

sk .

E
ach

of
th

ese
h
arm

on
ics

m
ay

b
e

ob
tain

ed
from

h
om

ogen
eou

s
p

oly
n
om

ials
in

R
d

w
ith

an
E

u
clid

ean
L

ap
lacian

eq
u
al

to
zero,

th
at

is,
if

w
e

d
efi

n
e

a
fu

n
ction

H
k (y

)
=
Y
k
i (y
/‖
y‖

2 )‖
y‖

k2

for
y
∈
R
d
+

1,
th

en
H
k

is
a

h
om

ogen
eou

s
p

oly
n
om

ial
of

d
egree

k
w

ith
zero

L
ap

lacian
.

F
rom

th
e

relation
sh

ip
b

etw
een

th
e

L
ap

lacian
in

R
d
+

1
an

d
th

e
L

ap
lace-B

eltram
i
op

erator
∆

on
S
d,

Y
k
i

is
an

eigen
fu

n
ction

of
∆

w
ith

eigen
valu

e
−
k
(k

+
d−

1).
L

ike
in

E
u
clid

ean
sp

aces,
th

e
L

ap
lace-B

eltram
i

op
erator

m
ay

b
e

u
sed

to
ch

aracterize
d
iff

eren
tiab

ility
of

fu
n
ction

s
d
efi

n
ed

on
th

e
sp

h
ere

(F
rye

an
d

E
fth

im
iou

,
2012;

A
tk

in
son

a
n
d

H
an

,
2012).

L
e
g
e
n

d
re

p
o
ly

n
o
m

ia
ls.

W
e

h
ave

th
e

ad
d
ition

form
u
la

N
(d
,k

)
∑j=

1

Y
k
j (x

)Y
k
j (y

)
=
N

(d
,k

)P
k (x
>
y
),

w
h
ere

P
k

is
a

L
eg

en
d
re

p
oly

n
om

ial
of

d
egree

k
an

d
d
im

en
sion

d
+

1,
d
efi

n
ed

as
(R

o
d
rigu

es’
form

u
la):

P
k (t)

=
(−

1/
2)
k

Γ
(d
/2)

Γ
(k

+
d
/2) (1−

t 2)
(2−

d
)/

2 (
dd
t )

k(1−
t 2)

k
+

(d−
2
)/

2.

T
h
ey

are
also

referred
to

as
G

egen
b
au

er
p

oly
n
om

ials.
F

or
d

=
1,
P
k

is
th

e
k
-th

C
h
eb

y
sh

ev
p

oly
n
om

ial,
su

ch
th

at
P
k (cos

θ)
=

cos(k
θ)

for
all

θ
(an

d
w

e
th

u
s

recov
er

th
e

F
ou

rier
series

fram
ew

ork
of

A
p
p

en
d
ix

C
).

F
or
d

=
2,
P
k

is
th

e
u
su

al
L

egen
d
re

p
oly

n
om

ial.

T
h
e

p
oly

n
om

ial
P
k

is
ev

en
(resp

.
o
d
d
)

w
h
en

k
is

ev
en

(resp
.

o
d
d
),

an
d

w
e

h
ave

∫
1

−
1
P
k (t)P

j (k
)(1−

t 2)
(d−

2
)/

2d
t

=
δ
jk

ω
d

ω
d−

1

1

N
(d
,k

) .

F
or

sm
all

k
,

w
e

h
ave

P
0 (t)

=
1,
P

1 (t)
=
t,

an
d
P

2 (t)
=

(d
+

1
)t

2−
1

d
.

T
h
e

H
ecke-F

u
n
k

form
u
la

lead
s

to,
for

an
y

lin
ear

com
b
in

ation
Y
k

of
Y
k
j ,
j∈
{1,...,N

(d
,k

)}
:

∫

S
d

f
(x
>
y
)Y
k (y

)d
τ
d (y

)
=
ω
d−

1

ω
d
Y
k (x

) ∫
1

−
1
f

(t)P
k (t)(1−

t 2)
(d−

2
)/

2d
t.
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e
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p
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o
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f

fu
n

c
ti
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n
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in

L
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d
).

A
n
y

fu
n
ct

io
n
g

:
Sd
→

R
,

su
ch

th
at

w
e

h
av

e
∫ Sd

g
(x

)d
τ d

(x
)

=
0

m
ay

b
e

d
ec

om
p

os
ed

as

g
(x

)
=

∞ ∑ k
=

1

N
(d
,k

)
∑ j=

1

〈Y
k
j
,g
〉Y
k
j
(x

)
=

∞ ∑ k
=

1

N
(d
,k

)
∑ j=

1

∫ Sd
Y
k
j
(y

)Y
k
j
(x

)g
(y

)d
τ d

(y
)

=
∞ ∑ k
=

1

g k
(x

)
w

it
h
g k

(x
)

=
N

(d
,k

)

∫ Sd
g
(y

)P
k
(x
>
y
)d
τ d

(y
).

T
h
is

is
th

e
d
ec

om
p

os
it

io
n

in
h
ar

m
on

ic
s

o
f

d
eg

re
e
k
.

N
ot

e
th

at

g 1
(x

)
=
x
>
[ d

∫ Sd
y
g
(y

)d
τ d

(y
)]

is
th

e
li
n
ea

r
p
ar

t
of
g

(i
.e

.,
if
g
(x

)
=
w
>
x

,
g 1

=
g
).

M
or

eo
ve

r,
if
g

d
o
es

n
ot

h
av

e
ze

ro
m

ea
n
,

w
e

m
ay

d
efi

n
e
g 0

(x
)

=
∫ Sd

g
(y

)d
τ d

(y
)

as
th

e
av

er
ag

e
va

lu
e

of
g
.

S
in

ce
th

e
h
ar

m
o
n
ic

s
of

d
iff

er
en

t
d
eg

re
es

ar
e

or
th

og
on

al
to

ea
ch

ot
h
er

,
w

e
h
av

e
th

e
P

ar
se

va
l

fo
rm

u
la

:

‖g
‖2 Sd

=
∑ k
>

0

‖g
k
‖2 Sd

.

D
e
c
o
m

p
o
si

ti
o
n

o
f

fu
n

c
ti

o
n

s
o
f

o
n

e
-d

im
e
n

si
o
n

a
l

p
ro

je
c
ti

o
n

s.
If
g
(x

)
=
ϕ

(x
>
v
)

fo
r

v
∈
Sd

an
d
ϕ

:
[−

1
,1

]
→

R
,

th
en

g k
(x

)
=

N
(d
,k

)

∫ Sd
ϕ

(v
>
y
)P

k
(x
>
y
)d
τ
(y

)

=
N

(d
,k

)ω
d
−

1

ω
d
P
k
(x
>
v
)

∫
1 −
1
ϕ

(t
)P

k
(t

)(
1
−
t2

)(d
−

2
)/

2
d
t

=

(
ω
d
−

1

ω
d
P
k
(x
>
v
)

∫
1 −
1
ϕ

(t
)P

k
(t

)(
1
−
t2

)(d
−

2
)/

2
d
t)

N
(d
,k

)
∑ j=

1

Y
k
j
(x

)Y
k
j
(y

),

an
d

‖g
k
‖2 L

2
(S
d
)

=

(
ω
d
−

1

ω
d
P
k
(x
>
v
)

∫
1 −
1
ϕ

(t
)P

k
(t

)(
1
−
t2

)(d
−

2
)/

2
d
t) 2

N
(d
,k

)
∑ j=

1

Y
k
j
(y

)2

=

(
ω
d
−

1

ω
d
P
k
(x
>
v
)

∫
1 −
1
ϕ

(t
)P

k
(t

)(
1
−
t2

)(d
−

2
)/

2
d
t) 2

N
(d
,k

)P
k
(1

)

=
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d
−

1

ω
d
P
k
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>
v
)

∫
1 −
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ϕ

(t
)P

k
(t

)(
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−
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)(d
−

2
)/
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d
t) 2
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(d
,k
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p
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b
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n
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→
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th
en

w
e
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av
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r
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>
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=

N
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)

∫ Sd
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)P
k
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>
y
)d
τ d

(y
)

=
N

(d
,k

)
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∫ Sd
p
(w
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>
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y
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τ d
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τ d

(w
)
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(d
,k
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p
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∫ Sd

σ
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y
)P
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(x
>
y
)d
τ d

(y
)) d

τ d
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)

=
ω
d
−

1

ω
d
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(d
,k

)

∫ Sd
p
(w

)P
k
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>
w

)(
∫

1 −
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σ

(t
)P

k
(t

)(
1
−
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)(d
−

2
)/

2
d
t) d

τ d
(w

)

u
si

n
g

th
e

H
ec

ke
-F

u
n
k
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rm

u
la
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=
λ
k
p
k
(x

)
w

it
h
λ
k
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ω
d
−
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ü
h
lm

an
n

an
d

S
.

V
an

D
e

G
ee

r.
S

ta
ti

st
ic

s
fo

r
h
ig

h
-d

im
en

si
o
n

a
l

d
a
ta

:
m

et
h
od

s,
th

eo
ry

a
n

d
a
p
p
li

ca
ti

o
n

s.
S
p
ri

n
ge

r,
20

11
.

49
JM

L
R

 1
8(

19
):

1-
53

, 2
01

7

B
a
c
h

M
.
B

u
rg

er
an

d
A

.
N

eu
b
au

er
.

E
rr

or
b

ou
n
d
s

fo
r

ap
p
ro

x
im

at
io

n
w

it
h

n
eu

ra
l
n
et

w
o
rk

s.
J

o
u

rn
a
l

o
f

A
p
p
ro

xi
m

a
ti

o
n

T
h
eo

ry
,

11
2(

2)
:2

35
–2

50
,

20
0
1.

Y
.
C

h
o

an
d

L
.
K

.
S
au

l.
K

er
n
el

m
et

h
o
d
s

fo
r

d
ee

p
le

a
rn

in
g.

In
A

d
va

n
ce

s
in

N
eu

ra
l

In
fo

rm
a
ti

o
n

P
ro

ce
ss

in
g

S
ys

te
m

s
(N

IP
S

),
20

09
.

A
.

S
.

D
al

al
ya

n
,

A
.

J
u
d
it

sk
y,

an
d

V
.

S
p

ok
oi

n
y.

A
n
ew

al
go

ri
th

m
fo

r
es

ti
m

a
ti

n
g

th
e

eff
ec

ti
v
e

d
im

en
si

on
-r

ed
u
ct

io
n

su
b
sp

ac
e.

J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h
,
9:

16
4
7
–
1
6
7
8
,
2
0
0
8
.

V
.

F
.

D
em

’y
an

ov
an

d
A

.
M

.
R

u
b
in

ov
.

T
h
e

m
in

im
iz

at
io

n
of

a
sm

o
ot

h
co

n
ve

x
fu

n
ct

io
n
a
l

o
n

a
co

n
ve

x
se

t.
S

IA
M

J
o
u

rn
a
l

o
n

C
o
n

tr
o
l,

5(
2)

:2
80

–2
94

,
19

67
.

R
.
A

.
D

eV
or

e,
R

.
H

ow
ar

d
,
an

d
C

.
M

ic
ch

el
li
.

O
p
ti

m
al

n
on

li
n
ea

r
ap

p
ro

x
im

at
io

n
.

M
a
n

u
sc

ri
p
ta

M
a
th

em
a
ti

ca
,

63
(4

):
46

9–
47

8,
19

89
.

M
.

D
u
d
ik

,
Z

.
H

ar
ch

ao
u
i,

an
d

J
.

M
al

ic
k
.

L
if

te
d

co
or

d
in

at
e

d
es

ce
n
t

fo
r

le
ar

n
in

g
w

it
h

tr
a
ce

-
n
or

m
re

gu
la

ri
za

ti
on

.
In

P
ro

ce
ed

in
gs

o
f

th
e

In
te

rn
a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

A
rt

ifi
ci

a
l

In
te

ll
i-

ge
n

ce
a
n

d
S

ta
ti

st
ic

s
(A

IS
T

A
T

S
),

20
12

.

J
.

C
.

D
u
n
n

an
d

S
.

H
ar

sh
b
ar

ge
r.

C
on

d
it

io
n
a
l

gr
ad

ie
n
t

al
go

ri
th

m
s

w
it

h
op

en
lo

o
p

st
ep

si
ze

ru
le

s.
J

o
u

rn
a
l

o
f

M
a
th

em
a
ti

ca
l

A
n

a
ly

si
s

a
n

d
A

p
p
li

ca
ti

o
n

s,
62

(2
):

43
2–

44
4,

1
9
7
8
.

H
.

E
d
el

sb
ru

n
n
er

.
A

lg
o
ri

th
m

s
in

C
o
m

bi
n

a
to

ri
a
l

G
eo

m
et

ry
,

v
ol

u
m

e
10

.
S
p
ri

n
g
er

,
1
9
8
7
.

L
.
C

.
E

va
n
s

an
d

R
.
F

.
G

ar
ie

p
y.

M
ea

su
re

T
h
eo

ry
a
n

d
F

in
e

P
ro

pe
rt

ie
s

o
f

F
u

n
ct

io
n

s,
vo

lu
m

e
5
.

C
R

C
P

re
ss

,
19

91
.

G
.

E
.

F
or

sy
th

e
an

d
G

.
H

.
G

ol
u
b
.

O
n

th
e

st
at

io
n
ar

y
va

lu
es

of
a

se
co

n
d
-d

eg
re

e
p

o
ly

n
o
m

ia
l

on
th

e
u
n
it

sp
h
er

e.
J

o
u

rn
a
l

o
f

th
e

S
oc

ie
ty

fo
r

In
d
u

st
ri

a
l

&
A

p
p
li

ed
M

a
th

em
a
ti

cs
,

1
3
(4

):
10

50
–1

06
8,

19
65

.

M
.

F
ra

n
k

an
d

P
.

W
ol

fe
.

A
n

al
go

ri
th

m
fo

r
q
u
ad

ra
ti

c
p
ro

gr
am

m
in

g.
N

a
va

l
R

es
ea

rc
h

L
og

is
ti

cs
Q

u
a
rt

er
ly

,
3(

1-
2)

:9
5–

11
0,

19
56

.

J
.

H
.

F
ri

ed
m

an
an

d
W

.
S
tu

et
zl

e.
P

ro
je

ct
io

n
p
u
rs

u
it

re
gr

es
si

on
.

J
o
u

rn
a
l

o
f

th
e

A
m

er
ic

a
n

S
ta

ti
st

ic
a
l

A
ss

oc
ia

ti
o
n

,
76

(3
76

):
81

7–
82

3,
19

81
.

C
.

F
ry

e
an

d
C

.
J
.

E
ft

h
im

io
u
.

S
p
h
er

ic
al

H
ar

m
on

ic
s

in
p

D
im

en
si

on
s.

T
ec

h
n
ic

a
l

R
ep

o
rt

12
05

.3
54

8,
A

rX
iv

,
20

12
.

K
.

F
u
k
u
m

iz
u
,

F
.

B
ac

h
,

an
d

M
.

I.
J
or

d
an

.
D

im
en

si
on

al
it

y
re

d
u
ct

io
n

fo
r

su
p

er
v
is

ed
le

a
rn

in
g

w
it

h
re

p
ro

d
u
ci

n
g

ke
rn

el
h
il
b

er
t

sp
ac

es
.

J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h
,

5
:7

3
–
9
9
,

20
04

.

C
.

G
u
.

S
m

oo
th

in
g

S
p
li

n
e

A
N

O
V

A
M

od
el

s,
v
ol

u
m

e
29

7.
S
p
ri

n
ge

r,
20

13
.

L
.

J
.

G
u
ib

as
,

A
.

N
gu

ye
n
,

an
d

L
.

Z
h
an

g.
Z

on
ot

op
es

as
b

ou
n
d
in

g
vo

lu
m

es
.

In
P

ro
ce

ed
in

gs
o
f

th
e

A
C

M
-S

IA
M

sy
m

po
si

u
m

o
n

D
is

cr
et

e
A

lg
o
ri

th
m

s,
20

03
.

V
.

G
u
ru

sw
am

i
an

d
P

.
R

ag
h
av

en
d
ra

.
H

a
rd

n
es

s
o
f

le
ar

n
in

g
h
al

fs
p
ac

es
w

it
h

n
o
is

e.
S

IA
M

J
o
u

rn
a
l

o
n

C
o
m

p
u

ti
n

g,
39

(2
):

74
2–

76
5,

20
09

.

50
JM

L
R

 1
8(

19
):

1-
53

, 2
01

7



B
r
e
a
k
in
g

t
h
e
C
u
r
se

o
f
D
im

e
n
sio

n
a
l
it
y
w
it
h
C
o
n
v
e
x
N
e
u
r
a
l
N
e
t
w
o
r
k
s

L
.

G
y
ö
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ö
n
ig

.
C

o
m

p
u
tation

al
asp

ects
of

th
e

H
au

sd
orff

d
istan

ce
in

u
n
b

ou
n
d
ed

d
im

en
sion

.
T

ech
-

n
ica

l
R

ep
o
rt

1401.1434,
A

rX
iv

,
2014

.

A
.

K
rizh

ev
sk

y,
I.

S
u
tskev

er,
an

d
G

.
E

.
H

in
ton

.
Im

agen
et

classifi
cation

w
ith

d
eep

con
volu

-
tio

n
a
l

n
eu

ra
l

n
etw

ork
s.

In
A

d
va

n
ces

in
N

eu
ra

l
In

fo
rm

a
tio

n
P

rocessin
g

S
ystem

s,
2012.

V
.

K
u
rkova

a
n
d

M
.

S
an

gu
in

eti.
B

ou
n
d
s

o
n

rates
of

variab
le-b

asis
an

d
n
eu

ral-n
etw

ork
a
p
p
rox

im
a
tio

n
.

IE
E

E
T

ra
n

sa
ctio

n
s

o
n

In
fo

rm
a
tio

n
T

h
eo

ry,
47(6):2659–2

665,
S
ep

2001.

G
.

L
a
n
.

T
h
e

com
p
lex

ity
of

large-scale
con

vex
p
rogram

m
in

g
u
n
d
er

a
lin

ear
op

tim
ization

o
ra

cle.
T

ech
n
ical

R
ep

ort
1309.5550,

arX
iv

,
2013.

N
.
L

e
R

ou
x

a
n
d

Y
.
B

en
gio.

C
on

tin
u
ou

s
n
eu

ral
n
etw

ork
s.

In
P

roceed
in

gs
o
f

th
e

In
tern

a
tio

n
a
l

C
o
n

feren
ce

o
n

A
rtifi

cia
l

In
telligen

ce
a
n

d
S

ta
tistics

(A
IS

T
A

T
S

),
2007.

W
.

S
.

L
ee,

P
.

L
.

B
artlett,

an
d

R
.

C
.

W
illiam

son
.

E
ffi

cien
t

agn
ostic

learn
in

g
o
f

n
eu

ral
n
etw

o
rk

s
w

ith
b

ou
n
d
ed

fan
-in

.
IE

E
E

T
ra

n
sa

ctio
n

s
o
n

In
fo

rm
a
tio

n
T

h
eo

ry,
42(6):2118–

2
1
3
2
,

1
9
9
6
.

M
.

L
esh

n
o
,

V
.

Y
.

L
in

,
A

.
P

in
k
u
s,

an
d

S
.

S
ch

o
ck

en
.

M
u
ltilayer

feed
forw

ard
n
etw

ork
s

w
ith

a
n
o
n
p

o
ly

n
o
m

ial
activation

fu
n
ction

can
ap

p
rox

im
ate

an
y

fu
n
ction

.
N

eu
ra

l
N

etw
o
rks,

6
(6

):8
6
1
–
8
67

,
1993.

51
JM

L
R

 18(19):1-53, 2017

B
a
c
h

K
.-C

.
L

i.
S
liced

in
verse

regression
for

d
im

en
sion

red
u
ction

.
J

o
u

rn
a
l

o
f

th
e

A
m

erica
n

S
ta

-
tistica

l
A

ssocia
tio

n
,

86(414):316–327,
1991.

Y
.
L

in
an

d
H

.
H

.
Z

h
an

g.
C

om
p

on
en

t
selection

an
d

sm
o
oth

in
g

in
m

u
ltivariate

n
on

p
ara

m
etric

regression
.

A
n

n
a
ls

o
f

S
ta

tistics,
34(5):2272–2297,

2
006.

R
oi

L
iv

n
i,

S
h
ai

S
h
alev

-S
h
w

artz,
an

d
O

h
ad

S
h
am

ir.
O

n
th

e
com

p
u
ta

tion
al

effi
cien

cy
of

train
in

g
n
eu

ral
n
etw

ork
s.

In
A

d
va

n
ces

in
N

eu
ra

l
In

fo
rm

a
tio

n
P

rocessin
g

S
ystem

s,
2
014.

V
.
M

aiorov
.

A
p
p
rox

im
ation

b
y

n
eu

ral
n
etw

ork
s

an
d

learn
in

g
th

eory.
J

o
u

rn
a
l

o
f

C
o
m

p
lexity,

22(1):102–117,
2006.

V
.

E
.

M
aiorov

an
d

R
.

M
eir.

O
n

th
e

n
ear

op
tim

ality
of

th
e

sto
ch

astic
ap

p
rox

im
ation

of
sm

o
oth

fu
n
ction

s
b
y

n
eu

ral
n
etw

ork
s.

A
d
va

n
ces

in
C

o
m

p
u

ta
tio

n
a
l

M
a
th

em
a
tics,

13(1):
79–103,

2000.

Y
.
M

akovoz.
U

n
iform

ap
p
rox

im
ation

b
y

n
eu

ral
n
etw

ork
s.

J
o
u

rn
a
l

o
f

A
p
p
ro

xim
a
tio

n
T

h
eo

ry,
95(2):215–228,

1998.

J
.

M
atou
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t

m
a
n
n
er

.
O

u
r

ap
p
ro

ac
h

on
ly

n
ee

d
s
O

(n
k

+
(c
k
)2

)
m

em
or

y
to

st
or

e
a

ra
n
k
-c
k

ap
p
ro

x
im

a
ti

o
n
(w

h
er

e
c
�
n

is
th

e
n
u
m

b
er

of
cl

u
st

er
s)

,
w

h
il
e

tr
ad

it
io

n
al

lo
w

-r
an

k
m

et
h
o
d
s

n
ee

d
O

(n
k
)

sp
a
ce

to
st

or
e

a
ra

n
k
-k

ap
p
ro

x
im

at
io

n
.

T
h
er

ef
or

e,
u
si

n
g

th
e

sa
m

e
am

ou
n
t

of
st

or
ag

e,
o
u
r

m
et

h
o
d

ca
n

ac
h
ie

ve
lo

w
er

ap
p
ro

x
im

at
io

n
er

ro
r

th
an

th
e

co
m

m
on

ly
u
se

d
lo

w
-r

an
k

m
et

h
o
d
s.

M
o
re

ov
er

,
ou

r
p
ro

p
os

ed
m

et
h
o
d

ta
ke

s
le

ss
co

m
p
u
ta

ti
on

ti
m

e
th

an
ot

h
er

lo
w

-r
an

k
m

et
h
o
d
s

to
a
ch

ie
ve

a
gi

v
en

ap
p
ro

x
im

at
io

n
er

ro
r.

T
h
eo

re
ti

ca
ll
y,

w
e

sh
ow

th
at

u
n
d
er

th
e

sa
m

e
am

ou
n
t

of
st

or
ag

e,
th

e
er

ro
r

b
o
u
n
d

o
f

ou
r

ap
p
ro

ac
h

ca
n

b
e

b
et

te
r

th
an

st
an

d
ar

d
N

y
st

rö
m

if
th

e
g
ap

b
et

w
ee

n
th

e
k

+
1
-s

t
a
n
d

ck
+

1-
st

si
n
gu

la
r

va
lu

es
of
G

is
la

rg
er

th
an
‖∆
‖ 2

w
h
er

e
∆

co
n
si

st
s

of
al

l
b

et
w

ee
n
-c

lu
st

er
b
lo

ck
s.

O
n

re
al

d
at

as
et

s,
ou

r
p
ro

p
os

ed
al

go
ri

th
m

co
n
su

m
es

le
ss

m
em

or
y

an
d

co
m

p
u
ta

ti
o
n

ti
m

e
to

ac
h
ie

ve
co

m
p
ar

ab
le

re
co

n
st

ru
ct

io
n

er
ro

r.
F

or
ex

am
p
le

,
on

th
e
co
vt
yp

e
d
a
ta

se
t

w
it

h
h
al

f
m

il
li
on

sa
m

p
le

s,
M

E
K

A
ta

ke
s

ar
ou

n
d

70
se

co
n
d
s

an
d

u
se

s
le

ss
th

an
8
0

M
B

m
em

o
ry

on
a

si
n
gl

e
m

ac
h
in

e
to

ac
h
ie

ve
10

%
re

la
ti

v
e

ap
p
ro

x
im

at
io

n
er

ro
r,

w
h
il
e

st
an

d
a
rd

N
y
st

rö
m

ap
p
ro

x
im

at
io

n
ta

ke
s

m
or

e
th

an
40

0
se

co
n
d
s

an
d

u
se

s
m

or
e

th
an

40
0M

B
m

em
o
ry

to
a
ch

ie
ve

si
m

il
ar

ap
p
ro

x
im

at
io

n
.

A
ls

o,
M

E
K

A
is

fa
st

er
fo

r
k
er

n
el

ri
d
ge

re
gr

es
si

on
co

m
p
a
re

d
w

it
h

o
th

er
st

at
e-

of
-t

h
e-

ar
t

ke
rn

el
ap

p
ro

x
im

at
io

n
m

et
h
o
d
s.

A
s

an
ex

am
p
le

,
on

th
e
m
n
is
t2
m

d
a
ta

se
t

w
it

h
2

m
il
li
on

sa
m

p
le

s,
ou

r
m

et
h
o
d

ta
ke

s
55

0
se

co
n
d
s

on
a

si
n
gl

e
m

ac
h
in

e
u
si

n
g

le
ss

th
a
n

5
0
0

M
B

y
te

s
m

em
or

y
to

ac
h
ie

ve
ac

cu
ra

cy
co

m
p
ar

ab
le

w
it

h
st

an
d
ar

d
N

y
st

rö
m

a
p
p
ro

x
im

a
ti

o
n
,
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M
e
m
o
r
y
E
f
f
ic
ie
n
t
K
e
r
n
e
l
A
p
p
r
o
x
im

a
t
io
n

w
h
ich

ta
kes

m
o
re

th
an

2700
secon

d
s

an
d

u
ses

m
ore

th
an

2
G

B
y
tes

m
em

ory
o
n

th
e

sam
e

p
ro

b
lem

.

P
a
rts

o
f

th
is

p
ap

er
h
ave

ap
p

eared
p
rev

iou
sly

in
(S

i,
H

sieh
,

an
d

D
h
illon

,
2014a).

In
th

is
p
a
p

er,
w

e
p
rov

id
e:

(1)
a

m
ore

d
etailed

su
rvey

of
state-of-th

e-art
m

eth
o
d
s;

(2)
m

u
ch

m
ore

co
m

p
reh

en
sive

ex
p

erim
en

tal
com

p
arison

s;
(3)

th
orou

gh
in

v
estigation

of
th

e
in

fl
u
en

ce
of

th
e

p
a
ra

m
eters

in
ou

r
m

eth
o
d
;

(4)
th

e
ap

p
lication

of
ap

p
ly

in
g

th
e

b
lo

ck
stru

ctu
re

of
kern

el
m

atrix
to

sp
eed

u
p

kern
el

S
V

M
;

an
d

(5)
m

o
re

d
iscu

ssion
in

clu
d
in

g
h
ow

to
a
ch

ieve
stab

le
resu

lts
a
n
d

so
lve

n
on

-p
sd

issu
es

in
M

E
K

A
.

T
h
e

rest
o
f

th
e

p
ap

er
is

ou
tlin

ed
as

fo
llow

s.
W

e
fi
rst

p
resen

t
related

w
ork

in
S
ection

2
.

W
e

th
en

ex
p
lain

th
e

p
op

u
lar

N
y
ström

ap
p
rox

im
atio

n
m

eth
o
d

an
d

p
resen

t
m

otivation
fo

r
ou

r
fra

m
ew

ork
in

S
ection

3.
W

e
th

en
sh

ow
th

e
b
lo

ck
stru

ctu
re

of
kern

el
m

atrix
an

d
its

a
p
p
lica

tio
n

to
sp

eed
u
p

kern
el

S
V

M
in

S
ection

4.
O

u
r

m
ain

kern
el

ap
p
rox

im
ation

algorith
m

M
E

K
A

is
p
ro

p
o
sed

an
d

an
aly

zed
in

S
ection

5.
E

x
p

erim
en

tal
resu

lts
are

giv
en

in
S
ection

6,
a
n
d

con
clu

sio
n

an
d

d
iscu

ssion
are

p
rov

id
ed

in
S
ection

7.

2
.

R
e
la

te
d

R
e
se

a
rch

T
o

a
p
p
rox

im
a
te

th
e

kern
el

m
atrix

u
sin

g
lim

ited
m

em
ory,

on
e

co
m

m
on

w
ay

is
to

u
se

a
low

-
ra

n
k

a
p
p
rox

im
a
tion

.
T

h
e

b
est

ran
k
-k

ap
p
rox

im
ation

can
b

e
ob

tain
ed

b
y

th
e

S
V

D
,

b
u
t

it
is

co
m

p
u
ta

tio
n
a
lly

p
roh

ib
itive

w
h
en

n
grow

s
to

ten
s

of
th

o
u
san

d
s.

T
o

ad
d
ress

th
e

scalab
ility

issu
e

o
f

S
V

D
,

a
p
p
rox

im
ate

S
V

D
solvers

su
ch

as
ran

d
om

ized
S
V

D
(H

alk
o,

M
artin

sso
n
,

an
d

T
ro

p
p
,

2
01

1
)

h
ave

b
een

w
id

ely
u
sed

for
large-scale

d
ata.

T
o

ex
p
loit

th
e

sp
arse

stru
ctu

re
of

la
rg

e-sca
le

n
etw

ork
d
ata,

an
altern

ative
is

to
ap

p
ly

C
U

R
m

atrix
d
ecom

p
ositio

n
(M

ah
on

ey
a
n
d

D
rin

ea
s,

2
0
09)

th
at

ex
p
licitly

ex
p
resses

th
e

low
-ran

k
d
ecom

p
osition

in
term

s
of

a
sm

all
n
u
m

b
er

o
f

row
s

an
d

colu
m

n
s

of
th

e
origin

al
d
ata

m
atrix

.
A

n
oth

er
w

ay
is

b
u
ild

in
g

a
h
i-

era
rch

ica
l

tree
to

in
itialize

a
b
lo

ck
L

an
czos

algorith
m

to
effi

cien
tly

com
p
u
te

th
e

sp
ectral

d
eco

m
p

o
sitio

n
of

large-scale
grap

h
s

(S
i,

S
h
in

,
D

h
illon

,
a
n
d

P
arlett,

2014
b
).

U
n
fortu

n
ately,

to
a
p
p
rox

im
a
te

kern
el

m
atrices,

all
th

e
ab

ove
ap

p
roach

es
n
eed

to
com

p
u
te

th
e

en
tire

kern
el

m
atrix

,
so

th
e

tim
e

com
p
lex

ity
is

at
least

O
(d
n

2).

M
a
n
y

a
lgo

rith
m

s
h
ave

b
een

p
rop

o
sed

to
overcom

e
th

e
p
roh

ib
itive

tim
e

a
n
d

sp
ace

com
-

p
lex

ity
o
f

S
V

D
for

ap
p
rox

im
atin

g
k
ern

el
m

atrices.
T

h
ey

can
b

e
categorized

in
to

tw
o

cla
sses:

m
eth

o
d
s

th
a
t

ex
p
licitly

ap
p
rox

im
ate

k
ern

el
m

atrices,
an

d
m

eth
o
d
s

th
a
t

ap
p
rox

im
ate

th
e

kern
el

fu
n
ctio

n
.

A
p

p
ro

x
im

a
tin

g
th

e
k
e
rn

e
l

m
a
trix

.
T

h
e

fi
rst

class
of

ap
p
roach

es
ap

p
rox

im
ate

th
e

kern
el

m
a
trix

b
ased

on
a

su
b
set

of
sam

p
led

elem
en

ts;
as

a
resu

lt,
all

of
th

em
are

d
ata

d
ep

en
d
en

t.
T

h
e

N
y
ström

m
eth

o
d

(W
illiam

s
an

d
S
eeger,

2001)
is

th
e

m
ost

w
id

ely
u
sed

tech
n
iq

u
e

to
ap

p
rox

im
ate

th
e

kern
el

m
atrix

given
a

sam
p
led

su
b
set

of
colu

m
n
s.

T
o

ap
-

p
rox

im
a
te

a
ran

k
-k

ap
p
rox

im
ation

,
N

y
ström

ap
p
rox

im
ation

req
u
ires

O
(n
k

2
+
k

3)
tim

e
to

fo
rm

th
e

ra
n
k
-k

ap
p
rox

im
ation

.
M

an
y

strategies
h
ave

b
een

p
rop

osed
to

im
p
rove

over
th

e
b
a
sic

N
y
ström

ap
p
rox

im
ation

,
in

clu
d
in

g
en

sem
b
le

N
y
ström

(K
u
m

ar,
M

oh
ri,

an
d

T
alw

alkar,
2
0
0
9
),

N
y
ström

w
ith

k
-m

ean
s

to
ob

tain
b

en
ch

m
ark

p
oin

ts
(Z

h
an

g,
T

san
g,

an
d

K
w

ok
,

2008;
Z

h
an

g
a
n
d

K
w

ok
,

2010),
ran

d
om

ized
N

y
ström

(L
i,

K
w

ok
,

an
d

L
u
,

2010),
N

y
ström

ap
p
rox

-
im

a
tio

n
w

ith
sh

ift
(W

an
g

et
al.,

2014),
ad

d
in

g
”p

seu
d
o

lan
d
m

ark
p

oin
ts”

to
th

e
N

y
ström

a
p
p
rox

im
a
tio

n
(H

sieh
,

S
i,

an
d

D
h
illon

,
2014b

),
an

d
fast-N

y
s

th
at

u
ses

fast
tran

sform
to

3
JM

L
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S
i,
H
sie

h
,
a
n
d

D
h
il
l
o
n

gen
erate

stru
ctu

red
lan

d
m

ark
p

oin
ts

to
sp

eed
u
p

N
y
ström

ap
p
rox

im
ation

(S
i,

H
sieh

,
an

d
D

h
illon

,
2016).

D
iff

eren
t

N
y
ström

sam
p
lin

g
strategies

a
re

an
aly

zed
an

d
com

p
ared

in
(K

u
m

ar,
M

oh
ri,

an
d

T
alw

alkar,
20

12;
G

itten
s

an
d

M
ah

on
ey

,
2
013).

B
esid

es
N

y
ström

ap
p
rox

im
ation

,
F

in
e

an
d

S
ch

ein
b

erg
(2001)

u
se

th
e

in
com

p
lete

C
h
olesk

y
d
ecom

p
osition

w
ith

p
ivo

tin
g

for
ap

-
p
rox

im
atin

g
kern

el
m

atrices,
w

h
ich

req
u
ires

O
(n
k

2
+
n
k
d
)

tim
e

for
co

m
p
u
tin

g
a

ran
k
-k

ap
p
rox

im
ation

.
B

ach
an

d
J
ord

an
(2

005)
in

corp
orate

sid
e

in
form

ation
(lab

els)
in

to
th

e
in

-
com

p
lete

C
h
olesk

y
d
ecom

p
osition

,
an

d
sh

ow
th

a
t

th
e

resu
ltin

g
p
rob

lem
can

b
e

solved
w

ith
th

e
sam

e
O

(n
k

2
+
n
k
d
)

tim
e

com
p
lex

ity.
F

in
ally,

A
ch

liop
tas,

M
cS

h
erry,

an
d

S
ch

ölkop
f

(2001)
p
rop

ose
a

sam
p
lin

g
an

d
rew

eigh
ted

ap
p
roach

to
ob

tain
an

u
n
b
iased

estim
ato

r
of

th
e

kern
el-vector

p
ro

d
u
ct,

an
d

u
se

su
b
sp

ace
iteration

to
ap

p
rox

im
ate

th
e

top
k

eigen
vectors.

A
p

p
ro

x
im

a
tin

g
th

e
k
e
rn

e
l

fu
n

c
tio

n
.

T
h
e

secon
d

class
of

m
eth

o
d
s

is
to

d
irectly

ap
p
rox

im
ate

th
e

kern
el

fu
n
ction

w
ith

ou
t

com
p
u
tin

g
elem

en
ts

of
th

e
kern

el
m

atrix
,

so
th

e
ap

p
rox

im
ation

d
o
es

n
ot

d
ep

en
d

on
th

e
d
ata.

T
o

ap
p
rox

im
ate

th
e

k
ern

el
fu

n
ction

,
a

ty
p
ical

ap
p
roach

is
to

fi
n
d

a
featu

re
m

ap
p
in

g
Z

:R
d→

R
k

w
h
ere

th
e

kern
el

fu
n
ction

K
(x
,y

)
can

b
e

ap
p
rox

im
ated

b
y
Z

(x
)
T
Z

(y
).

R
ah

im
i

an
d

R
ech

t
(2007,

2008)
d
efi

n
e

th
e

ran
d
om

featu
re

m
ap

for
sh

ift
in

varian
t

kern
el

fu
n
ction

s
b
a
sed

on
th

e
F

ou
rier

tran
sform

.
In

th
e

resu
ltin

g
R

an
d
om

K
itch

en
S
in

k
s

(R
K

S
)

algorith
m

,
th

e
m

ain
com

p
u
tation

tu
rn

s
ou

t
to

b
e

th
e

m
atrix

vector
m

u
ltip

lication
W
x
i

for
each

in
stan

ce
x
i ,

w
h
ere

W
is

a
G

au
ssian

ran
d
om

m
atrix

.
T

o
im

p
rove

effi
cien

cy,
L

e,
S
arlos,

an
d

S
m

ola
(2013

)
sh

ow
th

at
th

e
com

p
u
tation

of
W
x
i

can
b

e
sp

ed
u
p

b
y

th
e

fast
H

ad
am

ard
tran

sform
.

O
n

th
e

oth
er

h
an

d
,

Y
an

g
et

al.
(2014)

p
rop

ose
to

u
se

a
q
u
asi

M
on

te
C

arlo
ap

p
roach

to
im

p
rove

th
e

ap
p
rox

im
ation

p
erform

an
ce

of
R

K
S
.

In
ad

d
ition

to
sh

ift
in

varian
t

kern
els,

K
ar

an
d

K
arn

ick
(2012)

con
stru

ct
th

e
ran

d
om

featu
re

m
ap

for
p

oly
n
om

ial
kern

els,
an

d
H

am
id

et
al.

(2014)
p
rop

ose
th

e
con

d
en

sed
ran

d
om

featu
re

m
ap

to
im

p
rove

p
erform

an
ce.

B
esid

es
th

e
ab

ov
e

ap
p
roach

es
b
ased

on
ran

d
om

featu
re

m
ap

s,
th

ere
are

oth
er

m
eth

o
d
s

th
at

d
irectly

ap
p
rox

im
ate

th
e

kern
el

fu
n
ction

.
C

otter,
K

esh
et,

an
d

S
reb

ro
(2011)

ap
p
rox

i-
m

ate
th

e
G

au
ssian
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el
b
y

th
e
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lor
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an
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b
u
t
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req

u
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O
(d
t)
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w
h
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p
u
tation
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b
u
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en
som

e
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d

or
t.

C
h
a
n
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et
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p
rop

o
se
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e
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el
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an
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n
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els.
R
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g
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sh
ow

ed
th

at
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e
N
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eth

o
d

h
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a
b

etter
gen

eralization
error

b
ou

n
d

th
an

th
e

R
K

S
ap

p
roach
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th

e
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e
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m
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th
e
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a
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th

e
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m

eth
o
d
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can
b

e
v
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faster
w
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n
d
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k
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ap
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rox
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of
th
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m
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w
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e
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-k
S
V

D
w
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m
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A
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S
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m
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b
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b
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b
een

con
sid

ered
in

d
en

se
kern

el
ap

p
rox

im
atio

n
,

alth
o
u
gh

it
h
as

b
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ap

p
rox

im
ation

of
oth
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F
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p
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S
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d
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R
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A
p
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im
ation

(C
L

R
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d
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s.

C
L
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A
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h
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g
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e
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a

so
cial

n
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S
V
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d
iagon
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b
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d
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g
th

e
en

tire
kern

el
m

atrix
of
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e
S
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p
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p
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p
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0

M
B
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s
m

em
or

y
(a

s
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n

in
S
ec

ti
on

6)
.

T
o

ac
h
ie

ve
th

is
,

w
e

n
ee

d
to

ta
ll
y

d
iff

er
en

t
a
lg

or
it

h
m

s
th

an
th

e
on

es
in
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L

R
A

fo
r

cl
u
st

er
in

g
an

d
ap

p
ro

x
im
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in

g
b
lo

ck
s

to
y
ie

ld
ou

r
m

em
or

y
-e

ffi
ci

en
t
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h
em

e.
M

or
e

sp
ec

ifi
ca

ll
y,

C
L

R
A

w
as

d
es

ig
n
ed

to
ap

p
ro

x
im

at
e

sp
ar

se
ad

ja
ce

n
cy

m
at

ri
ce

s,
b
u
t

ca
n
n
ot

b
e

d
ir

ec
tl

y
ap

p
li
ed

to
la

rg
e

ke
rn

el
m

at
ri

ce
s

as
th

at
w

ou
ld

re
q
u
ir

e
co

m
p
u
ta

ti
on

an
d

st
or

ag
e

of
th

e
en

ti
re

ke
rn

el
m

at
ri

x
at

a
co

st
of
O

(n
2
d
)

ti
m

e
an

d
O

(n
2
)

sp
ac

e.
T

o
ov

er
-

co
m

e
th

is
p
ro

b
le

m
,

w
e

p
ro

p
os

e
th

e
fo

ll
ow

in
g

in
n
ov

at
io

n
s:

(1
)

W
e

p
er

fo
rm
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u
st

er
in

g,
an

d
th
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ap

p
ly

N
y
st

rö
m

ap
p
ro

x
im

at
io

n
to

w
it

h
in

-c
lu

st
er

b
lo

ck
s

to
av

oi
d

co
m

p
u
ti

n
g
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l

w
it

h
in

-
b
lo

ck
en

tr
ie

s;
(2

)
W

e
th

eo
re

ti
ca

ll
y

ju
st

if
y

th
e

u
se

of
k
m

ea
n
s

cl
u
st

er
in

g
to

ex
p
lo

re
th

e
b
lo

ck
st

ru
ct

u
re

of
th

e
ke

rn
el

;
(3

)
W

e
p
ro

p
os

e
a

sa
m

p
li
n
g

ap
p
ro

ac
h

to
ca

p
tu

re
b

et
w

ee
n
-b

lo
ck

in
-

fo
rm

at
io

n
;

(4
)

W
e

th
eo

re
ti

ca
ll
y

sh
ow

th
e

er
ro

r
b

ou
n
d

of
ou

r
m

et
h
o
d

an
d
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m

p
ar

e
it

w
it

h
th

e
tr

ad
it

io
n
al

N
y
st

rö
m

ap
p
ro

ac
h
.

3
.

P
re

li
m

in
a
ri

e
s

a
n
d

M
o
ti

v
a
ti

o
n

L
et
K

(·,
·)

d
en

ot
e

th
e

ke
rn

el
fu

n
ct

io
n
,

an
d
G
∈

R
n
×
n

b
e

th
e

co
rr

es
p

on
d
in

g
ke

rn
el

m
at

ri
x

w
h
er

e
G
ij

=
K

(x
i,
x
j
),

an
d
x
i,
x
j
∈
R
d

ar
e

d
at

a
p

oi
n
ts

.
C

om
p
u
ti

n
g

an
d

st
or

in
g

th
e

ke
rn

el
m

at
ri

x
G

u
su

al
ly
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ke

s
O

(n
2
d
)
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m
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an

d
O

(n
2
)
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ac

e,
w

h
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h
is

p
ro

h
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it
iv

e
w

h
en

th
er

e
a
re

m
il
li
on

s
of
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m

p
le

s.
O

n
e
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ay

to
d
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l
w
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h
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e
ch
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le

n
ge

s
is
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ap

p
ro

x
im
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e
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e

d
en

se
ke

rn
el

m
at

ri
x
G

b
y

a
lo

w
-r

an
k

ap
p
ro

x
im

at
io

n
G̃

.
B

y
d
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n
g

th
is

,
k
er

n
el

m
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h
in

es
ar

e
tr

an
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or
m

ed
to
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n
ea

r
p
ro

b
le

m
s

w
h
ic

h
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n
b

e
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lv
ed

effi
ci

en
tl

y.
T

h
e

b
es

t
ra

n
k
-k

a
p
p
ro

x
im

at
io

n
of
G

is
gi

v
en

b
y

it
s

si
n
gu

la
r

va
lu

e
d
ec

om
p

os
it

io
n
(S

V
D

),
i.
e.

,
G
≈
U
k
Σ
k
U
k
T

,
w

h
er

e
Σ
k

is
th

e
d
ia

go
n
al

m
at

ri
x

of
la

rg
es

t
k

si
n
gu

la
r

va
lu

es
an

d
U
k
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n
ta

in
s

th
e

co
rr
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p
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d
in

g
si

n
gu

la
r

ve
ct

or
s.

H
ow

ev
er

,
co

m
p
u
ti

n
g

th
e

S
V

D
of
G
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m
p
u
ta

ti
o
n
al

ly
p
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h
ib

it
iv

e
an

d
m

em
or

y
in

te
n
si

ve
.

M
an

y
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st
ke

rn
el

ap
p
ro

x
im

at
io

n
al

go
ri

th
m

s
h
av

e
th

u
s

b
ee

n
p
ro

p
os

ed
an

d
st

u
d
ie

d
.

N
y
st

rö
m

ke
rn

el
ap

p
ro

x
im

at
io

n
is

a
w

id
el

y
u
se

d
ap

p
ro

x
im

at
io

n
ap

p
ro

ac
h
,

w
h
ic

h
u
se

s
a

sa
m

p
le

of
m

d
at

a
p

oi
n
ts

an
d

d
o
es

n
ot

n
ee

d
to

fo
rm

th
e

en
ti

re
G

ex
p
li
ci

tl
y

to
ge

n
er
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e

it
s

lo
w

-r
an

k
ap

p
ro

x
im

at
io

n
.

In
st

an
d
ar

d
N

y
st

rö
m

ap
p
ro

x
im

at
io

n
(p

ro
p

os
ed

in
W

il
li
am

s
an

d
S
ee

ge
r

(2
00

1)
),

w
e

fi
rs

t
u
n
if

or
m

ly
at

ra
n
d
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m

p
le
m

d
at

a
p
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n
ts

an
d
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m
b
le

th
e
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p

on
d
in

g
m
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m
n
s
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G
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th

e
n
×
m

m
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ri
x
C

.
L

et
M

b
e

th
e
m
×
m

ke
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el
m
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x
b

et
w

ee
n

th
e

m
sa

m
p
le

d
p
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n
ts

,
th

en
th

e
st

an
d
ar

d
N

y
st

rö
m

m
et

h
o
d

ge
n
er

at
es

a
ra

n
k
-k

ap
p
ro

x
im

at
io

n
to
G

as
G
≈
G̃

=
C
M

+ k
C
T
,

(1
)

w
h
er

e
M
k

is
th

e
b

es
t

ra
n
k
-k

ap
p
ro

x
im

a
ti

on
of
M

(b
y

S
V

D
)

an
d
M

+ k
is

it
s

p
se

u
d
o-

in
ve

rs
e.

V
ar

io
u
s

ex
te

n
si

on
s

to
th

is
N

y
st

rö
m

b
as

ed
k
er

n
el

ap
p
ro

x
im

at
io

n
h
av

e
b

ee
n

p
ro

p
os

ed
.

F
or

ex
am

p
le

,
k
-m

ea
n
s

N
y
st

rö
m

(Z
h
an

g,
T

sa
n
g,

an
d

K
w

ok
,

20
08

;
Z

h
an

g
an

d
K

w
ok

,
20

10
)

u
se

s
cl

u
st

er
s

ce
n
tr

oi
d
s

as
th

e
la

n
d
m

ar
k

p
oi

n
ts

to
fo

rm
C

;
en

se
m

b
le

N
y
st

rö
m

(K
u
m

ar
,

M
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ri
,

an
d

T
al

w
al
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r,

20
09

)
co

m
b
in

es
a

co
ll
ec

ti
on

of
st

a
n
d
ar

d
N

y
st

rö
m

ap
p
ro

x
im

at
io

n
s.

W
e

w
il
l

co
m

p
ar

e
st

at
e-

of
-t

h
e-

ar
t

N
y
st

rö
m

b
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ed
m

et
h
o
d
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S
ec

ti
on

6.
W

e
u
se

th
e

G
au

ss
ia

n
k
er

n
el
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an

ex
am

p
le

to
d
is

cu
ss

th
e

st
ru

ct
u
re

of
th

e
k
er

n
el

m
at

ri
x

u
n
d
er

d
iff

er
en

t
sc

al
e

p
ar

am
et

er
s.

G
iv

en
tw

o
sa

m
p
le

s
x
i

an
d
x
j
,

th
e

G
au

ss
ia

n
ke

rn
el

is

gi
ve

n
b
y
K

(x
i,
x
j
)
=
e−

γ
‖x

i
−
x
j
‖2 2 ,

w
h
er

e
γ

is
a

sc
al

e
or

w
id

th
p
ar

am
et

er
;

th
e

co
rr

es
p

o
n
d
in

g
ke

rn
el

m
at

ri
x

en
tr

ie
s

ar
e
G
ij

=
K

(x
i,
x
j
).
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at
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b
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n
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7

S
i,
H
si
e
h
,
a
n
d

D
h
il
l
o
n

to
ob

ta
in

an
ap

p
ro

x
im

at
io

n
fo

r
ke

rn
el

m
at

ri
ce

s.
H

ow
ev

er
,

u
n
d
er

d
iff

er
en

t
sc

a
le

p
a
ra

m
et

er
s,

th
e

ke
rn

el
m

at
ri

x
h
as

q
u
it

e
d
iff

er
en

t
st

ru
ct

u
re

s,
su

gg
es

ti
n
g

th
at

d
iff

er
en

t
a
p
p
ro

x
im

a
ti

on
st

ra
te

gi
es

sh
ou

ld
b

e
u
se

d
fo

r
d
iff

er
en

t
γ

.

L
et

u
s

ex
am

in
e

tw
o

ex
tr

em
e

ca
se

s
of

th
e

G
au

ss
ia

n
ke

rn
el

:
w

h
en
γ
→

0
,
G
→
e
e
T

w
h
er

e
e

=
[1
,.
..
,1

]T
.

A
s

a
co

n
se

q
u
en

ce
,
G

is
cl

os
e

to
lo

w
-r

an
k

w
h
en

γ
is

sm
al

l.
H

ow
ev

er
,

at
th

e
ot

h
er

ex
tr

em
e

as
γ
→
∞

,
G

ch
an

ge
s

to
th

e
id

en
ti

ty
m

at
ri

x
,

w
h
ic

h
h
as

fu
ll

ra
n
k

w
it

h
al

l
ei

ge
n
va

lu
es

eq
u
al

to
1.

In
th

is
ca

se
,
G

d
o
es

n
ot

h
av

e
a

lo
w

-r
an

k
st

ru
ct

u
re

,
b
u
t

h
a
s

a
b
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st

er
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st

ru
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u
re
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T

h
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n
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u
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b
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h
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n
k
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n
d

cl
u
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u
re

of
th

e
ke
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el
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.

F
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u
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p
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w
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h
d
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er
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a
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a
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t
b
y
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n
d
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m
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n
g

5
0
0
0
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m

p
le

s
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om
th

e
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e
d
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et

.

B
ef

or
e

d
is

cu
ss

in
g

fu
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h
er

d
et
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,
w

e
fi
rs

t
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n
tr
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t

th
e

u
se
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b
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an

d
lo

w
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a
n
k
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-

p
ro

x
im

at
io

n
s
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th

e
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m
e

d
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et

.
W

e
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m
p
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e
ap

p
ro
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at
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n
er
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rs

fo
r

d
iff

er
en

t
m

et
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o
d
s

w
h
en
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e
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m

e
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n
t
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m
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or

y
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F
ig

u
re

1
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C
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,
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w
-r

an
k

a
p
p
ro

x
im

a
ti

o
n

m
et

h
o
d
s

w
or

k
w

el
l
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r

v
er

y
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l
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.

B
lo

ck
K

er
n
el

A
p
p
ro

x
im

at
io

n
(B

K
A

),
a
s

p
ro

p
os

ed
in

S
ec

ti
on

4.
1,

is
a

si
m

p
le

w
ay

to
u
se

cl
u
st

er
in

g
st

ru
ct

u
re

of
G

th
at

is
eff

ec
ti

ve
fo

r
la
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e
γ

.
O

u
r

p
ro

p
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ed
al
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th
m

,
M

E
K

A
,

co
n
si

d
er

s
b

ot
h

b
lo

ck
an

d
lo

w
-r

an
k

st
ru

ct
u
re

of
th

e
k
er

n
el

,
an

d
th

u
s

p
er

fo
rm

s
b

et
te

r
th

an
ot

h
er

s
u
n
d
er

d
iff

er
en

t
γ

va
lu

es
as

se
en

in
F

ig
u
re

1c
. (a
)

T
h

e
G

a
u

ss
ia

n
k
er

n
el

m
a
tr

ix
w

it
h
γ

=
0
.1

o
n
co
vt
yp

e
d

a
ta

se
t

(b
)

T
h

e
G

a
u

ss
ia

n
k
er

n
el

m
a
tr

ix
w

it
h
γ

=
1

o
n
co
vt
yp

e
d

a
ta

se
t

(c
)

C
o
m

p
a
ri

so
n

o
f

d
iff

er
en

t
k
er

n
el

a
p

p
ro

x
im

a
ti

o
n

m
et

h
o
d

s
fo

r
va

ri
o
u

s
γ

.

F
ig

u
re

1:
(a

)
an

d
(b

)
sh

ow
th

at
th

e
st

ru
ct

u
re

of
th

e
G

au
ss

ia
n

ke
rn

el
m

at
ri

x
K

(x
,y

)
=

e−
γ
‖x
−
y
‖2

fo
r

th
e
co
vt
yp

e
d
at

a
te

n
d
s

to
b

ec
om

e
m

or
e

b
lo

ck
d
ia

go
n
al

as
γ

in
cr

ea
se

s(
d
a
rk

re
gi

on
s

co
rr

es
p

on
d

to
la

rg
e

va
lu

es
,

w
h
il
e

li
gh

te
r

re
gi

on
s

co
rr

es
p

on
d

to
sm

al
le

r
va

lu
es

).
P

lo
t

(c
)

sh
ow

s
th

at
lo

w
-r

an
k

ap
p
ro

x
im

at
io

n
s

w
or

k
on

ly
fo

r
sm

al
l
γ

,
an

d
B

lo
ck

K
er

n
el

A
p
p
ro

x
-

im
at

io
n

(B
K

A
)

w
or

k
s

fo
r

la
rg

e
γ

,
w

h
il
e

ou
r

p
ro

p
os

ed
m

et
h
o
d

M
E

K
A

w
or

k
s

fo
r

sm
a
ll

a
s

w
el

l
as

la
rg

e
γ

.

4
.

B
lo

ck
K

e
rn

e
l

A
p
p
ro

x
im

a
ti

o
n

In
th

is
se

ct
io

n
,

w
e

fi
rs

t
in

tr
o
d
u
ce

B
lo

ck
K

er
n
el

A
p
p
ro

x
im

at
io

n
(B

K
A

),
a

si
m

p
le

w
ay

to
ex

p
lo

it
th

e
cl

u
st

er
in

g
st

ru
ct

u
re

of
ke

rn
el

m
at

ri
ce

s,
an

d
th

en
sh

ow
it

s
ap

p
li
ca

ti
o
n

fo
r

sp
ee

d
in

g
u
p

ke
rn

el
S
V

M
.
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M
e
m
o
r
y
E
f
f
ic
ie
n
t
K
e
r
n
e
l
A
p
p
r
o
x
im

a
t
io
n

4
.1

C
lu

ste
rin

g
S

tru
c
tu

re
o
f

S
h

ift-in
v
a
ria

n
t

K
e
rn

e
l

M
a
tric

e
s

T
h
ere

h
a
s

b
een

su
b
stan

tial
research

on
ap

p
rox

im
atin

g
sh

ift-in
varian

t
kern

els
(R

ah
im

i
an

d
R

ech
t,

2
0
0
7).

A
k
ern

el
fu

n
ction

K
(x

i ,x
j )

is
sh

ift-in
varian

t
if

th
e

kern
el

va
lu

e
d
ep

en
d
s

o
n
ly

o
n
x
i −

x
j ,

th
a
t

is,
K

(x
i ,x

j )
=
f

(η
(x

i −
x
j ))

w
h
ere

f
(·)

is
a

fu
n
ctio

n
th

at
m

ap
s
R
d

to
R

,
a
n
d
η
>

0
is

a
con

stan
t

to
d
eterm

in
e

th
e

“scale”
of

th
e

d
ata.

η
is

very
cru

cial
to

th
e

p
erfo

rm
a
n
ce

of
kern

el
m

ach
in

es
an

d
is

u
su

ally
ch

osen
b
y

cross-valid
atio

n
.

W
e

fu
rth

er
d
efi

n
e

g
u

(t)
=
f

(η
tu

)
to

b
e

a
on

e
variab

le
fu

n
ction

alon
g
u

’s
d
irection

w
h
ere

u
is

an
u
n
it

vector.
W

e
a
ssu

m
e

th
e

kern
el

fu
n
ction

satisfi
es

th
e

follow
in

g
p
rop

erty
:

A
ssu

m
p

tio
n

1
g
u

(t)
is

d
iff

eren
tia

ble
fo

r
a
ll
t6=

0.

M
o
st

o
f

th
e

p
ractically

u
sed

sh
ift-in

varian
t

kern
els

satisfy
th

e
ab

ove
a
ssu

m
p
tion

,
fo

r
ex

-
a
m

p
le,

th
e

G
a
u
ssian

kern
el

(K
(x
,y

)
=
e −

γ‖
x−
y‖

22),
an

d
th

e
L

ap
lacian

kern
el

(K
(x
,y

)
=

e −
γ‖
x−
y‖

1).
It

is
clear

th
at
η

2
is

eq
u
ivalen

t
to
γ

for
th

e
G

a
u
ssian

kern
el

if
w

ritten
in

th
e

fo
rm

o
f
K

(x
,y

)
=
f

(η
(x
−
y

)).
W

h
en
η

is
large,

off
-d

iagon
al

b
lo

ck
s

of
sh

ift-in
varian

t
kern

el
m

a
trices

w
ill

b
ecom

e
sm

all,
an

d
m

ost
of

th
e

in
form

ation
is

con
cen

trated
in

th
e

d
iagon

al
b
lo

ck
s.

T
o

a
p
p
rox

im
ate

th
e

k
ern

el
m

atrix
b
y

ex
p
loitin

g
th

is
clu

sterin
g

stru
ctu

re,
w

e
fi
rst

p
resen

t
a

sim
p
le

B
lo

ck
K

ern
el

A
p
p
rox

im
ation

(B
K

A
)

as
follow

s.
G

iven
a

go
o
d

p
artition

V
1 ,...,V

c
of

th
e

d
ata

p
oin

ts,
w

h
ere

each
V
s

is
a

su
b
set

of{
1,...,n}

,
B

K
A

ap
p
rox

im
ates

th
e

k
ern

el
m

a
trix

as:

G
≈
G̃
≡



G
(1
,1

)
0

...
0

0
G

(2
,2

)
...

0
...

...
...

...

0
0

...
G

(c,c) 
.

(2)

H
ere,

G
(s,s)

d
en

otes
th

e
kern

el
m

atrix
for

b
lo

ck
V
s

–
n
ote

th
at

th
is

im
p
lies

th
at

d
iagon

al
b
lo

ck
s
G̃

(s,s)
=
G

(s,s)
an

d
all

th
e

off
-d

iagon
al

b
lo

ck
s,
G̃

(s,t)
=

0
w

ith
s6=

t.

B
K

A
is

u
sefu

l
w

h
en

η
is

large.
B

y
an

aly
zin

g
its

ap
p
rox

im
ation

error,
w

e
n
ow

sh
ow

th
at

k
-m

ea
n
s

in
th

e
in

p
u
t

sp
ace

can
b

e
u
sed

to
cap

tu
re

th
e

clu
sterin

g
stru

ctu
re

for
sh

ift-in
varian

t
kern

els.
T

h
e

ap
p
rox

im
ation

error
eq

u
als‖G̃

−
G
‖

2F
=
∑

i,j
K

(x
i ,x

j )
2−
∑

cs=
1 ∑

i,j∈V
s
K

(x
i ,x

j )
2.

S
in

ce
th

e
fi
rst

term
is

fi
x
ed

,
m

in
im

izin
g

th
e

error‖G̃
−
G
‖

2F
is

th
e

sam
e

w
ith

m
ax

im
izin

g
th

e
seco

n
d

term
,

th
e

su
m

of
sq

u
ared

w
ith

in
-clu

ster
en

tries
D

=
∑

cs=
1 ∑

i,j∈V
s
K

(x
i ,x

j )
2.

H
ow

ever,
d
irectly

m
ax

im
izin

g
D

w
ill

n
ot

give
a

u
sefu

l
p
artition

–
th

e
m

ax
im

izer
w

ill
a
ssig

n
a
ll

th
e

d
ata

in
to

on
e

clu
ster.

T
h
e

sam
e

p
ro

b
lem

o
ccu

rs
in

grap
h

clu
sterin

g
(S

h
i

an
d

M
a
lik

,
2
0
00

;
vo

n
L

u
x
b
u
rg,

2007).
A

com
m

on
ap

p
roach

is
to

n
orm

alize
D

b
y

ea
ch

clu
ster’s

size
|V
s |.

T
h
e

resu
ltin

g
sp

ectral
clu

sterin
g

ob
jective

(also
called

ratio
asso

ciation
)

is:

D
k
ern

el({V
s }
cs=

1 )
=

c
∑s=

1

1

|V
s |
∑i,j∈V

s

K
(x

i ,x
j )

2.
(3)

M
a
x
im

izin
g

(3
)

u
su

ally
y
ield

s
a

b
alan

ced
p
artition

,
b
u
t

th
e

com
p
u
tation

is
ex

p
en

siv
e

b
e-

ca
u
se

w
e

h
av

e
to

com
p
u
te

all
th

e
en

tries
in
G

.
In

th
e

follow
in

g
th

eorem
,

w
e

d
erive

a
low

er
b

o
u
n
d

for
D

k
ern

el({V
s }
cs=

1 ):
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S
i,
H
sie

h
,
a
n
d

D
h
il
l
o
n

T
h

e
o
re

m
1

F
o
r

a
n

y
sh

ift-in
va

ria
n

t
kern

el
th

a
t

sa
tisfi

es
A

ssu
m

p
tio

n
1
,

D
kern

el({V
s }
cs=

1 )≥
C̄
−
η

2R
2D

km
ea
n
s({V

s }
cs=

1 )
(4)

w
h
ere

C̄
=

n
f

(0
)
2

2
,
R

is
a

co
n

sta
n

t
d
epen

d
in

g
o
n

th
e

kern
el

fu
n

ctio
n

,
a
n

d
D

km
ea
n
s
≡

∑
cs=

1 ∑
i∈V

s ‖
x
i −

m
s ‖

22
is

th
e

k-m
ea

n
s

o
bjective

fu
n

ctio
n

,
w

h
ere

m
s

=
( ∑

i∈V
s x
i )/|V

s |,
s

=
1
,···,c,

a
re

th
e

clu
ster

cen
ters.

P
ro

o
f

W
e

u
se
u

to
d
en

ote
th

e
u
n
it

vector
in

th
e

d
irection

of
x
i −

x
j

(x
i 6=

x
j ).

B
y

th
e

m
ean

valu
e

th
eorem

,
w

e
h
ave

K
(x

i ,x
j )

=
g
u

(η‖
x
i −

x
j ‖

2 )
=
g
u

(0
)

+
η
g ′u

(s)‖x
i −

x
j ‖

2

for
som

e
s∈

(0,η‖x
i −

x
j ‖

2 ).
B

y
d
efi

n
ition

,
f

(0
)

=
g
u

(0),
so

f
(0

)≤
K

(x
i ,x

j )
+
η
R‖
x
i −

x
j ‖

2 ,
(5)

w
h
ere

R
:=

su
p

θ∈
R
,‖
v‖

=
1 |g ′v (θ)|.

(6)

S
q
u
arin

g
b

oth
sid

es
of

(5)
w

e
h
ave

f
(0

)
2≤

K
(x

i ,x
j )

2
+
η

2R
2‖x

i −
x
j ‖

22
+

2
K

(x
i ,x

j )(η
R‖
x
i −

x
j ‖

2 ).

F
rom

th
e

classical
arith

m
etic

an
d

geom
etric

m
ean

in
eq

u
ality,

w
e

can
u
p
p

er
b

ou
n
d

th
e

last
term

b
y

2K
(x

i ,x
j )(η

R‖
x
i −

x
j ‖

2 )≤
K

(x
i ,x

j )
2

+
η

2R
2‖x

i −
x
j ‖

22 ,

th
erefore

f
(0

)
2

2
≤
K

(x
i ,x

j )
2

+
η

2R
2‖
x
i −

x
j ‖

22 .
(7)

P
lu

ggin
g

(7)
in

to
(3),

w
e

h
ave

D
k
ern

el({V
s }
cs=

1 )≥
c
∑s=

1

1

|V
s |
∑i,j∈V

s (
f

(0
)
2

2
−
η

2R
2‖
x
i −

x
j ‖

22 )

≥
n
f

(0
)
2

2
−
η

2R
2

c
∑s=

1

1

|V
s |
∑i,j∈V

s ‖
x
i −

x
j ‖

22 ,

w
h
ich

can
b

e
m

an
ip

u
lated

to
p
rove

th
e

d
esired

b
ou

n
d

(4).

In
terestin

gly,
th

e
righ

t
h
an

d
sid

e
of

(4)
can

b
e

m
ax

im
ized

w
h
en

th
e

k
-m

ean
s

ob
jectiv

e
fu

n
ction

D
k
m

ea
n

s
is

m
in

im
ized

.
T

h
erefore,

a
lth

ou
gh

op
tim

al
solu

tion
s

for
k
-m

ean
s

an
d

ratio
asso

ciation
m

igh
t

b
e

d
iff

eren
t

(con
sid

er
th

e
tw

o
circles

d
ata,

w
h
en

each
circle

form
s

a
clu

ster),
T

h
eorem

1
sh

ow
s

th
at

con
d
u
ctin

g
k
-m

ean
s

in
th

e
in

p
u
t

sp
ace

w
ill

p
rov

id
e

a
reason

ab
ly

go
o
d

w
ay

to
ex

p
loit

th
e

clu
sterin

g
stru

ctu
re

of
sh

ift-in
varian

t
kern

els,
esp

ecia
lly

w
h
en

it
is

in
feasib

le
to

p
erform

sp
ectral

clu
sterin

g
on

G
w

h
ich

m
igh

t
n
eed

p
recom

p
u
tation

of
th

e
en

tire
kern

el
m

atrix
.

F
igu

re
2

sh
ow

s
th

at
th

e
p
artition

from
k
-m

ean
s

can
often

w
ork

as
w

ell
as

sp
ectral

clu
sterin

g
on

G
,

w
h
ich

d
irectly

op
tim

izes
D

k
ern

el,
an

d
b

oth
of

th
em

are
m

u
ch

b
etter

th
an

ran
d
om

p
artition

s.
O

n
e

ad
van

tage
of

con
d
u
ctin

g
k
-m

ean
s

is
th

at
th

e
tim

e
com

p
lex

ity
of

each
iteration

is
O

(n
d
c),

w
h
ich

is
m

u
ch

less
th

an
com

p
u
tin

g
th

e
kern

el
w

h
en

th
e

d
im

en
sion

ality
d
�
n

.
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M
e
m
o
r
y
E
f
f
ic
ie
n
t
K
e
r
n
e
l
A
p
p
r
o
x
im

a
t
io
n

(a
)
co
vt
yp

e
(b

)
ca
d
at
a

F
ig

u
re

2:
T

h
e

G
au

ss
ia

n
ke

rn
el

ap
p
ro

x
im

at
io

n
er

ro
r

of
B

K
A

u
si

n
g

d
iff

er
en

t
w

ay
s

to
ge

n
er

at
e

fi
ve

p
ar

ti
ti

on
s

on
50

0
sa

m
p
le

s
fr

om
co
vt
yp

e
an

d
ca
d
at
a;

on
th

es
e

d
at

a
se

ts
k
-m

ea
n
s

in
th

e
in

p
u
t

sp
ac

e
p

er
fo

rm
s

si
m

il
ar

ly
to

sp
ec

tr
al

cl
u
st

er
in

g
on

th
e

ke
rn

el
m

a
tr

ix
,

b
u
t

is
m

o
re

effi
ci

en
t.

4
.2

S
p

e
e
d

in
g

u
p

K
e
rn

e
l

S
V

M
w

it
h

B
K

A

In
th

is
se

ct
io

n
w

e
w

il
l

sh
ow

h
ow

to
u
se

b
lo

ck
k
er

n
el

ap
p
ro

x
im

at
io

n
(B

K
A

)
to

d
iv

id
e

ke
rn

el
S
V

M
p
ro

b
le

m
in

to
su

b
p
ro

b
le

m
s

an
d

si
gn

ifi
ca

n
tl

y
sp

ee
d

u
p

th
e

co
m

p
u
ta

ti
on

.
G

iv
en

a
se

t
of

in
st

an
ce

-l
ab

el
p
ai

rs
(x

i,
y i

),
i

=
1,
..
.,
n
,x

i
∈
R
d

an
d
y i
∈
{1
,−

1
},

th
e

m
ai

n
ta

sk
in

tr
ai

n
in

g
th

e
k
er

n
el

S
V

M
is

to
so

lv
e

th
e

fo
ll
ow

in
g

q
u
ad

ra
ti

c
op

ti
m

iz
at

io
n

p
ro

b
le

m
:

m
in α
f

(α
)

=
1 2
α
T
Q
α
−
e
T
α
,

s.
t.

0
≤
α
≤
C
,

(8
)

w
h
er

e
e

is
th

e
ve

ct
or

of
al

l
on

es
;
C

is
th

e
b
al

an
ci

n
g

p
ar

a
m

et
er

b
et

w
ee

n
lo

ss
an

d
re

gu
la

ri
za

-
ti

on
in

th
e

S
V

M
p
ri

m
al

p
ro

b
le

m
;
α
∈
R
n

is
th

e
v
ec

to
r

of
d
u
al

va
ri

ab
le

s;
an

d
Q

is
an

n
×
n

m
at

ri
x

w
it

h
Q
ij

=
y i
y j
G
ij

,
w

h
er

e
G
ij

=
K

(x
i,
x
j
)

is
th

e
ke

rn
el

va
lu

e
b

et
w

ee
n
i-

th
an

d
j-

th
sa

m
p
le

.
L

et
ti

n
g
α
∗

d
en

ot
e

th
e

op
ti

m
al

so
lu

ti
on

of
(8

),
th

e
d
ec

is
io

n
va

lu
e

fo
r

a
te

st
d
at

a
x

ca
n

b
e

co
m

p
u
te

d
b
y

n ∑ i=
1

α
∗ iy
iK

(x
,x

i)
.

(9
)

D
u
e

to
h
ig

h
co

m
p
u
ta

ti
on

co
st

of
d
ir

ec
tl

y
so

lv
in

g
ke

rn
el

S
V

M
,

w
e

ca
n

ap
p
ro

x
im

at
e

th
e

ke
rn

el
m

at
ri

x
G

b
y

B
K

A
to

d
iv

id
e

w
h
ol

e
ke

rn
el

S
V

M
p
ro

b
le

m
in

to
su

b
p
ro

b
le

m
s,

w
h
er

e
ea

ch
su

b
p
ro

b
le

m
ca

n
b

e
h
an

d
le

d
effi

ci
en

tl
y

an
d

in
d
ep

en
d
en

tl
y.

T
o

d
o

th
is

,
w

e
fi
rs

t
p
ar

ti
ti

on
th

e
d
u
al

va
ri

ab
le

s
in

to
k

su
b
se

ts
{V

1
,.
..
,V

k
},

w
h
er

e
{V

1
,.
..
,V

k
}

ar
e

p
ar

ti
ti

on
s

ge
n
er

at
ed

b
y

p
er

fo
rm

in
g

k
m

ea
n
s

on
th

e
d
at

a
p

oi
n
ts

,
an

d
th

en
so

lv
e

th
e

re
sp

ec
ti

ve
su

b
p
ro

b
le

m
s

in
d
ep

en
d
en

tl
y

m
in

α
(c

)

1 2
(α

(c
))
T
Q

(c
,c

)α
(c

)
−
e
T
α

(c
),

s.
t.

0
≤
α

(c
)
≤
C
,

(1
0)

w
h
er

e
c

=
1
,.
..
,k

,
α

(c
)

d
en

ot
es

th
e

su
b
ve

ct
or
{α

i
|i
∈
V c
}

an
d
Q

(c
,c

)
is

th
e

su
b
m

at
ri

x
of

Q
w

it
h

ro
w

an
d

co
lu

m
n

in
d
ex

es
V c

.
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7

S
i,
H
si
e
h
,
a
n
d

D
h
il
l
o
n

d
at

as
et

N
u
m

b
er

of
N

u
m

b
er

of
d

tr
ai

n
in

g
sa

m
p
le

s
te

st
in

g
sa

m
p
le

s

ij
cn
n
1

49
,9

90
91

,7
01

22
ce
n
su
s

15
9,

61
9

39
,9

04
40

9
co
vt
yp

e
46

4,
81

0
11

6,
20

2
54

T
ab

le
1:

D
at

as
et

st
at

is
ti

cs

T
h
e

q
u
ad

ra
ti

c
p
ro

gr
am

m
in

g
p
ro

b
le

m
(8

)
h
as

n
va

ri
ab

le
s,

an
d

ta
ke

s
a
t

le
a
st
O

(n
2
)

ti
m

e
to

so
lv

e
in

p
ra

ct
ic

e.
B

y
d
iv

id
in

g
it

in
to
k

su
b
p
ro

b
le

m
s

(1
0)

w
it

h
eq

u
al

si
ze

s,
th

e
ti

m
e

co
m

p
le

x
it

y
fo

r
so

lv
in

g
th

e
su

b
p
ro

b
le

m
s

ca
n

b
e

re
d
u
ce

d
to
O

(k
·(
n k

)2
)

=
O

(n
2
/
k
).

M
o
re

ov
er

,
th

e
sp

ac
e

re
q
u
ir

em
en

t
is

al
so

re
d
u
ce

d
fr

om
O

(n
2
)

to
O

(n
2
/k

2
).

A
ft

er
co

m
p
u
ti

n
g

al
l

th
e

su
b
p
ro

b
le

m
so

lu
ti

on
s,

w
e

co
n
ca

te
n
at

e
th

em
to

fo
rm

a
n

a
p
p
ro

x
i-

m
at

e
so

lu
ti

on
fo

r
th

e
w

h
ol

e
p
ro

b
le

m
ᾱ

=
[ᾱ

(1
),
..
.,
ᾱ

(k
)]

,
w

h
er

e
ᾱ

(c
)

is
th

e
op

ti
m

a
l

so
lu

ti
o
n

fo
r

th
e
c-

th
su

b
p
ro

b
le

m
.

4
.3

C
o
m

p
a
ri

n
g

B
K

A
-S

V
M

w
it

h
L

o
w

-r
a
n

k
K

e
rn

e
l

S
V

M
S

o
lv

e
rs

(B
K

A
-S

V
M

)

W
e

n
ow

co
m

p
ar

e
b
lo

ck
st

ru
ct

u
re

b
as

ed
k
er

n
el

S
V

M
so

lv
er

–B
K

A
-S

V
M

w
it

h
lo

w
-r

a
n
k

st
ru

c-
tu

re
b
as

ed
ke

rn
el

S
V

M
so

lv
er

s.
A

ll
th

e
ex

p
er

im
en

ts
ar

e
co

n
d
u
ct

ed
on

an
In

te
l

2
.6

6
G

H
z

C
P

U
w

it
h

8G
R

A
M

.
W

e
u
se

3
b

en
ch

m
ar

k
d
at

as
et

s
as

sh
ow

n
in

T
ab

le
1.

T
h
e

th
ee

d
a
ta

se
ts

ca
n

b
e

d
ow

n
lo

ad
ed

fr
om

h
t
t
p
:
/
/
w
w
w
.
c
s
i
e
.
n
t
u
.
e
d
u
.
t
w
/
~
c
j
l
i
n
/
l
i
b
s
v
m
t
o
o
l
s
/
d
a
t
a
s
e
t
s

or
th

e
U

C
I

d
at

a
re

p
os

it
or

y.
W

e
u
se

a
ra

n
d
o
m

8
0%

-2
0%

sp
li
t

fo
r
co
vt
yp

e,
an

d
th

e
o
ri

g
in

al
tr

ai
n
in

g/
te

st
in

g
sp

li
t

fo
r

ot
h
er

d
at

as
et

s.

4
.3
.1

C
o
m
p
e
t
in
g

M
e
t
h
o
d
s

W
e

in
cl

u
d
e

th
e

fo
ll
ow

in
g

ex
ac

t
ke

rn
el

S
V

M
so

lv
er

s
(L

IB
S
V

M
),

ap
p
ro

x
im

at
e

lo
w

-r
a
n
k

S
V

M
so

lv
er

s
(L

L
S
V

M
,

F
as

tF
o
o
d
)

in
ou

r
co

m
p
ar

is
o
n
:

1.
L

IB
S
V

M
:

th
e

im
p
le

m
en

ta
ti

on
in

th
e

L
IB

S
V

M
li
b
ra

ry
(C

h
an

g
an

d
L

in
,

2
0
1
1
)

w
it

h
a

sm
al

l
m

o
d
ifi

ca
ti

on
to

h
an

d
le

S
V

M
w

it
h
ou

t
th

e
b
ia

s
te

rm
–

w
e

ob
se

rv
e

th
a
t

L
IB

S
V

M
h
as

si
m

il
ar

te
st

ac
cu

ra
cy

w
it

h
/w

it
h
o
u
t

b
ia

s.
W

e
al

so
in

cl
u
d
e

th
e

re
su

lt
s

fo
r

u
si

n
g

L
IB

S
V

M
w

it
h

ra
n
d
om

1/
5

su
b
sa

m
p
le

s
on

ea
ch

d
at

as
et

in
T

ab
le

2.

2.
L

L
S
V

M
:

im
p
ro

ve
d

N
y
st

rö
m

m
et

h
o
d

fo
r

n
on

li
n
ea

r
S
V

M
b
y

(W
a
n
g

et
a
l.
,

2
0
1
1
).

W
e

so
lv

e
th

e
re

su
lt

in
g

li
n
ea

r
S
V

M
p
ro

b
le

m
b
y

th
e

d
u
al

co
or

d
in

at
e

d
es

ce
n
t

so
lv

er
in

L
IB
-

L
IN
E
A
R

(H
si

eh
et

al
.,

20
08

).

3.
F

as
tF

o
o
d
:

u
se

ra
n
d
om

F
ou

ri
er

fe
at

u
re

s
to

ap
p
ro

x
im

at
e

th
e

ke
rn

el
fu

n
ct

io
n

(L
e

et
a
l.
,

20
13

).
W

e
so

lv
e

th
e

re
su

lt
in

g
li
n
ea

r
S
V

M
p
ro

b
le

m
b
y

th
e

d
u
al

co
or

d
in

a
te

d
es

ce
n
t

so
lv

er
in

L
IB
L
IN
E
A
R

.

B
ot

h
L

L
S
V

M
an

d
F

as
tF

o
o
d

u
se

lo
w

-r
an

k
re

p
re

se
n
ta

ti
on

to
ap

p
ro

x
im

at
e

ke
rn

el
m

a
tr

ix
so

th
at

to
sp

ee
d

u
p

so
lv

in
g

ke
rn

el
S
V

M
.
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M
e
m
o
r
y
E
f
f
ic
ie
n
t
K
e
r
n
e
l
A
p
p
r
o
x
im

a
t
io
n

ijcn
n
1

cen
su
s

covtyp
e

C
=

32,γ
=

2
C

=
51

2,γ
=

2 −
9

c
=

32,γ
=

3
2

tim
e(s)

a
cc(%

)
tim

e(s)
acc(%

)
tim

e(s)
acc(%

)

B
K

A
-S

V
M

5
98.4

9
838

9
4
.7

2
4
3
6

96
.05

L
IB

S
V

M
115

9
8
.6

9
2920

94.2
8
3631

9
6
.1

5

L
IB

S
V

M
(su

b
sam

p
le)

6
98.2

4
641

93.2
53

30
92.4

6

L
L

S
V

M
3
8

98
.2

3
1212

92.8
44

51
84.2

1

F
astF

o
o
d

8
7

95
.9

5
851

91.6
85

50
80

.1

T
ab

le
2:

C
om

p
arison

on
real

d
atasets

u
sin

g
th

e
R

B
F

kern
el.

4
.3
.2

P
a
r
a
m
e
t
e
r
S
e
t
t
in
g

W
e

co
n
sid

er
th

e
R

B
F

kern
el
K

(x
i ,x

j )
=

ex
p
(−
γ‖
x
i −

x
j ‖

22 ).
W

e
u
se

sam
e

kern
el

fu
n
c-

tio
n

fo
r

b
oth

train
in

g
an

d
test

p
h
ases.

W
e

ch
ose

th
e

b
alan

cin
g

p
aram

eter
C

an
d

kern
el

p
a
ra

m
eter

γ
b
y

5-fold
cross

valid
ation

on
a

grid
of

p
oin

ts:
C

=
[2 −

1
0,2 −

9,...,2
1
0]

a
n
d

γ
=

[2 −
1
0,...,2

1
0]

for
ijcn

n
1,

cen
su
s,

an
d
covtyp

e.
F

or
B

K
A

-S
V

M
,

w
e

set
th

e
n
u
m

b
er

of
clu

sters
to

b
e

6
4

for
th

ese
th

ree
d
atasets.

T
h
ere

is
a

trad
eoff

b
etw

een
th

e
n
u
m

b
er

of
clu

s-
ters

a
n
d

p
red

iction
accu

racy.
If

w
e

in
crease

th
e

n
u
m

b
er

of
clu

sters,
B

K
A

-S
V

M
w

ill
b

ecom
e

fa
ster,

b
u
t

th
e

p
red

iction
accu

racy
w

ill
m

ostly
d
ecrease.

O
n

th
e

oth
er

h
an

d
,

if
th

e
n
u
m

b
er

o
f

clu
sters

is
set

sm
aller,

B
K

A
-S

V
M

can
ach

ieve
h
igh

er
accu

racy
(in

m
ost

cases),
w

h
ile

ta
kes

m
o
re

tim
e

to
train

.
T

h
e

follow
in

g
are

p
aram

eter
settin

g
s

for
oth

er
m

eth
o
d
s

in
T

ab
le

2
:

th
e

ra
n
k

is
set

to
b

e
3000

in
L

L
S
V

M
;

n
u
m

b
er

of
F

o
u
rier

featu
res

is
3000

in
F

astfo
o
d

1;
th

e
to

lera
n
ce

in
th

e
stop

p
in

g
con

d
ition

for
L

IB
S
V

M
is

set
to

10 −
3

(th
e

d
efau

lt
settin

g
of

L
IB
S
V
M

).

T
a
b
les

2
p
resen

t
tim

e
taken

an
d

test
accu

racies.
E

x
p

erim
en

tal
resu

lts
sh

ow
th

at
th

e
B

K
A

-S
V

M
a
ch

ieves
n
ear-op

tim
al

test
p

erform
an

ce.
A

lso
w

e
ob

serv
e

th
at

B
K

A
-S

V
M

p
er-

fo
rm

s
b

etter
th

an
low

-ran
k

ap
p
rox

im
ation

b
ased

m
eth

o
d
s

for
kern

el
S
V

M
p
rob

lem
sh

ow
in

g
th

e
b

en
efi

t
o
f

u
sin

g
b
lo

ck
stru

ctu
re

of
kern

el
m

atrix
.

W
e

ca
n

see
th

at
B

K
A

ex
p
loits

th
e

b
lo

ck
stru

ctu
re

of
kern

el
m

atrix
,

an
d

can
sp

eed
u
p

th
e

tra
in

in
g

o
f

kern
el

S
V

M
.

A
s

sh
ow

n
in

T
an

d
on

et
al.

(20
16),

B
K

A
can

also
b

e
u
sed

for
sp

eed
in

g
u
p

k
ern

el
rid

ge
regression

p
ro

b
lem

.
A

b
ou

t
th

e
m

em
ory

req
u
irem

en
t,

w
h
ich

is
th

e
m

a
in

th
em

e
o
f

th
is

p
ap

er,
B

K
A

takes
O

(
n
2k
)

m
em

ory
to

ap
p
rox

im
ate

th
e

kern
el

m
atrix

,
w

h
ile

p
o
p
u
la

r
low

-ran
k

b
ased

kern
el

ap
p
rox

im
ation

m
eth

o
d
s

are
m

ore
m

em
ory

effi
cien

t,
a
n
d

o
n
ly

n
eed

lin
ear

m
em

ory
to

rep
resen

t
th

e
kern

el
m

atrix
.

5
.

M
e
m

o
ry

E
ffi

cie
n
t

K
e
rn

e
l

A
p
p
ro

x
im

a
tio

n

T
h
ere

a
re

tw
o

m
ain

d
raw

b
ack

s
of

th
e

B
K

A
ap

p
ro

ach
:

(i)
it

ign
ores

all
o
ff

-d
ia

gon
al

b
lo

ck
s,

w
h
ich

resu
lts

in
large

error
w

h
en
η

is
sm

all
(as

seen
in

F
igu

re
1(c));

(ii)
fo

r
large-scale

kern
el

a
p
p
rox

im
a
tio

n
,

it
is

to
o

ex
p

en
sive

to
com

p
u
te

an
d

store
all

th
e

d
iagon

al
b
lo

ck
en

tries.
T

o

1
.

In
F

a
stfo

o
d

w
e

co
n
tro

l
th

e
n
u

m
b

er
o
f

b
lo

ck
s

so
th

a
t

n
u

m
b

er
o
f

F
o
u

rier
fea

tu
res

is
clo

se
to

3
0
0
0

fo
r

ea
ch

d
a
ta

set.
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S
i,
H
sie

h
,
a
n
d

D
h
il
l
o
n

overcom
e

th
ese

tw
o

d
raw

b
ack

s,
w

e
p
rop

ose
to

u
se

low
-ran

k
rep

resen
tation

for
each

b
lo

ck
in

th
e

k
ern

el
m

atrix
.

5
.1

L
o
w

R
a
n

k
S

tru
c
tu

re
o
f

E
a
ch

B
lo

ck

T
o

m
otivate

th
e

u
se

of
low

-ran
k

rep
resen

tation
in

ou
r

p
rop

osed
m

eth
o
d
,

w
e

fi
rst

p
resen

t
th

e
follow

in
g

b
ou

n
d
:

T
h

e
o
re

m
2

G
iven

d
a
ta

po
in

ts
x

1 ,...,x
n
∈
R
d,

a
n

d
a

pa
rtitio

n
V

1 ,...,V
c ,

a
n

d
a
ssu

m
e
f

is
L

ip
sch

itz
co

n
tin

u
o
u

s,
th

en
fo

r
a
n

y
s,t

(s
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ti
m

e
re

q
u
ir

ed
p

er
b
lo

ck
is

O
(n
s
m

(k
+
d
)

+
m

3
),

an
d

th
u
s

ou
r

m
et

h
o
d

re
q
u
ir

es
a

to
ta

l
of
O

(n
m

(k
+
d
)

+
cm

3
)

ti
m

e
to

fo
rm

W
.

W
e

ca
n

re
p
la

ce
N

y
st

rö
m

b
y

an
y

ot
h
er

lo
w

-r
an

k
ap

p
ro

x
im

a
ti
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m

et
h
o
d

d
is

cu
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M
e
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r
y
E
f
f
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ie
n
t
K
e
r
n
e
l
A
p
p
r
o
x
im

a
t
io
n

in
S
ectio

n
2
.

In
F

igu
re

4
w

e
com

p
are

u
sin

g
sta

n
d
ard

N
y
ström

(N
y
s)(W

illiam
s

an
d

S
eeger,

2
0
0
1
),

k
-m

ea
n
s

N
y
ström

(K
N

y
s)(Z

h
an

g
an

d
K

w
ok

,
2010

),
an

d
N

y
ström

w
ith

ran
d
o
m

ized
S
V

D
(R

N
y
s)(L

i,
K

w
ok

,
an

d
L

u
,

2010)
to

gen
erate

W
(s)

on
b

oth
ijcn

n
1

an
d
cad

ata
d
atasets.

A
s

sh
ow

n
in

F
ig

u
re

4,
w

e
ob

serv
e

th
at

th
e

stan
d
ard

N
y
ström

m
eth

o
d

com
b
in

ed
w

ith
M

E
K

A
g
ives

ex
cellen

t
p

erform
an

ce.

(a
)

ijcn
n
1

(b
)
cad

ata

F
ig

u
re

4
:

C
om

p
arison

of
u
sin

g
N

y
s,

K
N

y
s,

an
d

R
N

y
s

to
ob

tain
th

e
b
asis

W
(s)

for
d
iagon

al
b
lo

ck
s

in
M

E
K

A
on

ijcn
n
1

an
d
cad

ata
d
atasets.

T
h
e

x
-ax

is
sh

ow
s

th
e

co
m

p
u
tation

tim
e

a
n
d

y
-a

x
is

sh
ow

s
th

e
relative

kern
el

ap
p
rox

im
ation

error(%
).

C
o
m

p
u

tin
g
L

(s,t).
T

h
e

op
tim

al
least

sq
u
ares

solu
tion

for
L

(s,t)(s6=
t)

is
th

e
m

in
im

izer
o
f

th
e

lo
ca

l
a
p
p
rox

im
ation

error‖G
(s,t)−

W
(s)L

(s,t)(W
(t))

T‖
F

.
H

ow
ever,

form
in

g
th

e
en

tire
G

(s,t)
b
lo

ck
ca

n
b

e
tim

e
con

su
m

in
g.

F
or

ex
am

p
le,

com
p
u
tin

g
th

e
w

h
ole

kern
el

m
atrix

for
m
n
ist2m

w
ith

2
m

illion
d
ata

p
oin

ts
tak

es
m

ore
th

an
a

w
eek

.
T

h
erefore,

to
com

p
u
te
L

(s,t),
w

e
p
ro

p
o
se

to
ran

d
om

ly
sam

p
le

a
(1

+
ρ
)k×

(1
+
ρ
)k

su
b
m

atrix
Ĝ

(s,t)
fro

m
G

(s,t),
an

d
th

en
fi
n
d
L

(s,t)
th

a
t

m
in

im
izes

th
e

error
on

th
is

su
b
m

atrix
.

If
th

e
row

/colu
m

n
in

d
ex

set
fo

r
th

e
su

b
sa

m
p
led

su
b
m

atrix
Ĝ

(s,t)
in
G

(s,t)
is
v
s /
v
t ,

th
en

L
(s,t)

can
b

e
com

p
u
ted

in
closed

form
:

L
(s,t)

=
((W

(s)
v
s

)
T
W

(s)
v
s

) −
1(W

(s)
v
s

)
T
Ĝ

(s,t)W
(t)
v
t

((W
(t)
v
t

)
T
W

(t)
v
t

) −
1,

w
h
ere

W
(s)
v
s

a
n
d
W

(t)
v
t

are
form

ed
b
y

th
e

row
s

in
W

(s)
an

d
W

(t)
w

ith
row

in
d
ex

sets
v
s

an
d

v
t

resp
ectively.

S
in

ce
th

ere
are

on
ly
k

2
variab

les
in
L

(s,t),
w

e
d
o

n
ot

n
eed

to
o

m
an

y
sam

p
les

for
each

b
lo

ck
,

a
n
d

th
e

tim
e

to
com

p
u
te
L

(s,t)
is
O

((1
+
ρ
)
3k

3).
In

p
ractice,

w
e

ob
serv

e
th

at
set-

tin
g
ρ

to
b

e
2

or
3

is
en

ou
gh

for
a

go
o
d

ap
p
rox

im
ation

,
so

th
e

tim
e

com
p
lex

ity
is
O

(k
3).

E
m

p
irica

lly,
m

an
y

valu
es

in
th

e
off

-d
ia

gon
al

b
lo

ck
s

are
close

to
zero,

an
d

on
ly

a
few

of
th

em
h
av

e
la

rg
e

valu
es

as
sh

ow
n

in
F

igu
re

1.
B

ased
o
n

th
is

ob
servation

,
w

e
fu

rth
er

p
rop

ose
a

th
resh

o
ld

in
g

tech
n
iq

u
e

to
red

u
ce

th
e

tim
e

for
storin

g
an

d
com

p
u
tin

g
L

(s,t).
S
in

ce
th

e
d
ista

n
ce

b
etw

een
clu

ster
cen

ters
is

a
go

o
d

in
d
icato

r
for

th
e

valu
es

in
an

off
-d

iag
on

al
b
lo

ck
,

w
e

ca
n

set
th

e
w

h
ole

b
lo

ck
L

(s,t)
to

0
if
K

(m
s ,m

t )≤
ε

for
som

e
th

resh
old

in
g

p
aram

eter
ε
>

0
,

w
h
ere

m
s

an
d
m

t
are

th
e

k
-m

ean
s

cen
troid

for
th

e
s-th

an
d
t-th

clu
ster

resp
ectively.

O
b
v
io

u
sly,

to
ch

o
ose

ε,
w

e
n
eed

to
ach

ieve
a

b
alan

ce
b

etw
een

sp
eed

an
d

accu
racy.

W
h
en
ε

is
sm

a
ll,

w
e

w
ill

a
p
p
rox

im
ate

m
ore

off
-d

iagon
al

b
lo

ck
s;

w
h
ile

w
h
en
ε

is
large,

w
e

w
ill

set
m

ore
o
ff

-d
ia

g
o
n
a
l

b
lo

ck
s

to
b

e
0,

b
u
t

in
crease

th
e

ap
p
rox

im
ation

error.
W

e
test

th
e

in
fl
u
en

ce
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S
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h
,
a
n
d

D
h
il
l
o
n

of
th

resh
old

in
g

p
aram

eter
ε
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th

e
ijcn

n
1

an
d
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ata
d
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in
F
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re

5.
W

h
en

ε
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alth
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gh

M
E

K
A

y
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s
h
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er
ap

p
rox

im
ation

error(b
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se
it

om
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m
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off
-d

iagon
al
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-

form
ation
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it
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ster.
O

n
th

e
oth

er
h
an

d
,

for
sm

all
ε,

w
h
en

m
ore

off
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al
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form

ation
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con
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,

w
e

n
otice

an
in

crease
in

tim
e

an
d
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aller

in
ap

p
rox

im
ation

error.
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p
ractice,

w
e

n
eed

to
u
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cross-valid
ation

to
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ε.

(a
)
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n
1

(b
)
cad

ata

F
igu

re
5:

T
im

e
(in

secon
d
s)

an
d

k
ern

el
ap

p
rox

im
ation

q
u
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M

E
K

A
w

h
en

vary
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g
th

e
th

resh
old

in
g

p
aram

eter
ε

for
settin

g
off
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al
b
lo

ck
s

in
L

to
b

e
zero

.

C
h

o
o
sin

g
th

e
ra

n
k
k
s

fo
r

e
a
ch

c
lu

ste
r.

W
e

n
eed

to
d
ecid

e
th

e
ran

k
for

th
e

s
th(s

=
1,···

,c)
clu

ster,
k
s ,

w
h
ich

can
b

e
d
on

e
in

d
iff

eren
t

w
ay

s:
(i)

th
e

sam
e
k

for
all

th
e

clu
sters;

(ii)
k
s

is
p
rop

ortion
al

to
th

e
size

of
s
th

clu
ster;

(iii)
eig

en
valu

es
b
ased

ap
p
roa

ch
.

F
or

(iii),
su

p
p

ose
M

(s)
is

th
e
m
s ×
m
s

m
atrix

con
sistin

g
of

th
e

in
tersection

of
m
s

sam
p
led

colu
m

n
s

in
G

(s,s),
an

d
M

is
th

e
cm
×
cm

( ∑
cs=

1
m
s

=
cm

)
b
lo

ck
-d

iagon
al

m
atrix

w
ith

M
(s)
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d
iagon

al
b
lo

ck
.

W
e

can
ch

o
ose

k
s

su
ch

th
at

th
e

set
of

top
-ck

eigen
valu

es
of
M

is
th

e
u
n
ion

of
th

e
eigen

-
valu

es
of
M

(s)
in

each
clu

ster,
th

at
is,

[σ
1 (M

),...,σ
ck (M

)]
=
∪
cs=

1 [σ
1 (M

(s)),...,σ
k
s (M

(s))].
T

o
u
se

(iii),
w

e
can

ov
ersam

p
le

p
oin

ts
in

each
clu

ster,
e.g.,

sam
p
le

2k
p

oin
ts

from
each

clu
ster,

p
erform

eigen
d
ecom

p
ostion

of
a

2k
×

2
k

kern
el

m
atrix

,
sort

th
e

eigen
valu

es
from

c
clu

sters,
an

d
fi
n
ally

select
th

e
top

-ck
eig

en
valu

es
an

d
th

eir
corresp

on
d
in

g
eigen

vectors.
C

om
p
arin

g
th

ese
th

ree
strategies,

(i)
ach

ieves
low

er
m

em
ory

u
sage

an
d

is
fastest,

an
d

(ii)
is

m
ore

accu
rate

th
an

(i)
w

ith
m

ore
m

em
ory

u
sage,

w
h
ile

(iii)
is

slow
est

b
u
t

ach
ieves

low
er

error
for

d
iagon

al
b
lo

ck
s.

In
F

igu
re

6,
w

e
com

p
are

th
ese

th
ree

sam
p
lin

g
strategies

to
ch

o
ose

k
s

on
ijcn

n
1

an
d
cad

ata
d
atasets.

It
is

sh
ow

n
th

at
th

ese
th

ree
m

eth
o
d
s

p
erform

sim
ilarly

w
ell

an
d

ch
o
osin

g
k
s

to
b

e
sam

e
for

each
clu

ster
p

erform
s

sigh
tly

b
etter

th
an

b
y

th
e

size
of

each
clu

ster
an

d
sin

gu
lar

valu
es

b
ased

ap
p
roach

.
In

th
e

ex
p

erim
en

t,
w

e
set

a
ll

th
e

clu
s-

ters
to

h
ave

th
e

sam
e

ran
k
k
.

W
e

sh
ow

th
at

th
is

sim
p
le

ch
oice

of
k
s

alread
y

ou
tp

erform
s

state-of-th
e-art

k
ern

el
ap

p
rox

im
ation

m
eth

o
d
s.

W
e

are
n
ow

rea
d
y

to
p
resen

t
ou

r
m

ain
algorith

m
in

A
lgorith

m
1.

In
T

ab
le

4,
w

e
com

p
are

th
e

tim
e

an
d

sp
ace

com
p
lex

ity
for

ou
r

m
eth

o
d

w
ith

S
V

D
,

stan
d
ard

N
y
ström

,
an

d
R

K
S
.

W
e

can
see

th
at

M
E

K
A

is
m

ore
m

em
ory

effi
cien

t.
F

or
th

e
tim

e
com

p
lex

ity,
b

oth
T
L

(tim
e

for
com

p
u
tin

g
off

-d
iagon

al
L

)
an

d
T
C

(tim
e

for
clu

sterin
g)

are
sm

all
as

(1)
w

e
u
se

th
resh

o
ld

in
g

to
force

som
e
L

(s,t)
b
lo

ck
s

to
b

e
zero,

an
d

p
erform

least
sq

u
ares

on
sm

all
b
lo

ck
s,

w
h
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16
JM

L
R

 18(20):1-32, 2017



M
e
m
o
r
y
E
f
f
ic
ie
n
t
K
e
r
n
e
l
A
p
p
r
o
x
im

a
t
io
n

(a
)
ij
cn
n
1

(b
)
ca
d
at
a

F
ig

u
re

6:
C

om
p
ar

is
on

of
d
iff

er
en

t
st

ra
te

gi
es

to
ch

o
os

e
th

e
ra

n
k
k
s

of
ea

ch
cl

u
st

er
in

M
E

K
A

on
ij
cn
n
1

an
d
ca
d
at
a

d
at

as
et

s.
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S
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ra
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p
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(c
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n
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(c
n
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(c
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+
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S
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(c
n
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)
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O
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+
n

2
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)

M
E

K
A

O
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k

+
(c
k
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)
ck

O
(n
m

(k
+
d
)

+
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3
+
T
L

+
T
C

)

T
ab

le
4:

M
em

or
y

an
d

ti
m

e
an

al
y
si

s
of

va
ri

ou
s

ke
rn

el
ap

p
ro

x
im

at
io

n
m

et
h
o
d
s,

w
h
er

e
T
L

is
th

e
ti

m
e

to
co

m
p
u
te

th
e

m
at

ri
x
L

an
d
T
C

is
th

e
ti

m
e

fo
r

cl
u
st

er
in

g
in

M
E

K
A

.

m
ea

n
s
T
L

ca
n

at
m

os
t

b
e
O

(1 2
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k

3
);

(2
)T
C

is
p
ro

p
or

ti
on

al
to

th
e

n
u
m

b
er

of
sa

m
p
le

s.
F

or
a

la
rg

e
d
at

as
et

,
w

e
sa

m
p
le

20
00

0
p

oi
n
ts

fo
r

k
-m

ea
n
s,

an
d

th
u
s

th
e

cl
u
st

er
in

g
is

m
or

e
effi

ci
en

t
th

an
w

or
k
in

g
on

th
e

en
ti

re
d
at

a
se

t.

A
lg

o
ri

th
m

1
M

em
or

y
E

ffi
ci

en
t

K
er

n
el

A
p
p
ro

x
im

at
io

n
(M

E
K

A
)

In
p

u
t

:
D

at
a

p
oi

n
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{(
x
i)
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1
,
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al

in
g

p
ar

am
et

er
γ

,
ra

n
k
k
,

a
n
d

n
o.

of
cl

u
st

er
s
c.

O
u

tp
u

t:
T

h
e

ra
n
k
-c
k

ap
p
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x
im

at
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n
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=
W
L
W

T
u
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n
g
O
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k
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(c
k
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)
sp
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e

G
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er
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e
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e
p
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c
b
y

k
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n
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r
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=
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..
.,
c

d
o

P
er
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th
e

ra
n
k
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p
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x
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at
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n
G
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)
≈
W
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) L
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b
y
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d
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d
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rö
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ra
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s
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o

S
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a
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b
m
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)
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)
w
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d
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t
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d
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d
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F
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m
W
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)

v
s

b
y
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g
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e
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w
s
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W
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)

ac
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g
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d
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t
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F
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m
W
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v
t

b
y
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g
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e
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w
s
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g
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d
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t
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;

S
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e
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t
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u
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p
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b
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m
:
Ḡ
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)
≈
W
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v
s
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W
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v
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to

ob
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L
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e
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0.
69

0.
35

ij
cn
n
1

0.
15

1.
27

0.
84

co
vt
yp

e
1.

83
9.

82
12

.2
3

T
ab

le
5:

T
im

e
(i

n
se

co
n
d
s)

fo
r

ea
ch

st
ep

of
M

E
K

A
,

w
h
er

e
T
W

is
th

e
ti

m
e

to
co

m
p
u
te

lo
w

-r
an

k
ap

p
ro

x
im

at
io

n
fo

r
th

e
d
ia

g
on

al
b
lo

ck
m

at
ri

ce
s;
T
L

is
th

e
ti

m
e

to
fo

rm
th

e
“
li
n
k
”

m
at

ri
x
L

;
T
C

is
th

e
ti

m
e

fo
r

p
er

fo
rm

in
g

k
-m

ea
n
s

cl
u
st

er
in

g.

In
T

ab
le

5,
w

e
sh

ow
th

e
ti

m
e

co
st

fo
r

ea
ch

st
ep

of
M

E
K

A
on

p
en
d
ig
it

,
ij
cn
n
1,

a
n
d

co
vt
yp

e
d
at

as
et

s.
T

h
e

ex
ec

u
ti

on
ti

m
e

of
ou

r
p
ro

p
os

ed
al

go
ri

th
m

m
ai

n
ly

co
n
si

st
s

o
f

th
re

e
p
ar

ts
:(

1)
ti

m
e

fo
r

p
er

fo
rm

in
g

k
-m

ea
n
s

cl
u
st

er
in

g
(T
C

),
(2

)
ti

m
e

fo
r

fo
rm

in
g

th
e

“
b
a
si

s”
W

fr
om

th
e

d
ia

go
n
al

b
lo

ck
s

(T
W

),
(3

)
ti

m
e

to
co

m
p
u
te

th
e

li
n
k

m
at

ri
x
L

fr
o
m

o
ff

-d
ia

g
o
n
al

b
lo

ck
s

(T
L

).
F

ro
m

T
ab

le
5,

w
e

ob
se

rv
e

th
at

co
m

p
ar

ed
w

it
h
T
W

a
n
d
T
L

,
T
C

is
fa

ir
ly

sm
a
ll

an
d
T
W

d
om

in
at

es
th

e
w

h
ol

e
p
ro

ce
ss

in
m

os
t

ca
se

s.
F

or
co
vt
yp

e
d
at

a
se

t,
si

n
ce

w
e

ch
o
os

e
c

to
b

e
la

rg
e,
T
L

is
si

gh
tl

y
la

rg
er

th
an

T
W

.
W

e
w

il
l

an
al

y
ze
T
W

,
T
L

,
an

d
T
C

fo
r

d
iff

er
en

t
c

in
th

e
ex

p
er

im
en

t
p
ar

t.

5
.3

A
n

a
ly

si
s

W
e

n
ow

b
ou

n
d

th
e

ap
p
ro

x
im

at
io

n
er

ro
r

fo
r

ou
r

p
ro

p
os

ed
m

et
h
o
d
.

W
e

sh
ow

th
a
t

w
h
en

σ
k
+

1
−
σ
ck

+
1

is
la

rg
e,

w
h
er

e
σ
k
+

1
an

d
σ
ck

+
1

ar
e

th
e
k

+
1
st

an
d
ck

+
1
st

si
n
gu

la
r

va
lu

es
o
f
G

re
sp

ec
ti

ve
ly

,
an

d
en

tr
ie

s
in

off
-d

ia
go

n
al

b
lo

ck
s

ar
e

sm
al

l,
M

E
K

A
h
as

a
b

et
te

r
a
p
p
ro

x
im

a
ti

o
n

er
ro

r
b

ou
n
d

co
m

p
ar

ed
to

st
an

d
ar

d
N

y
st

rö
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ed
fr
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to
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00

.
T

h
e

te
st

ro
ot
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ea

n
sq
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re

er
ro

r
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es
t

R
M

S
E

)
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d
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n
ed
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G
te
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w
h
er

e
y
te
∈

R
u

is
te

st
in

g
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b
el

s
an

d
G
te
∈

R
u
×
l

is
th

e
ap

p
ro

x
im
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e
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rn
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va
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b
et
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ee
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te

st
in
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an

d
tr
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n
in
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at

a.
T

h
e
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yp

e
a
n
d
m
n
is
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m

d
at
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se

ts
ar

e
n
ot

or
ig

in
al

ly
d
es

ig
n
ed

fo
r

re
gr

es
si

on
,
a
n
d

h
er

e
w

e
se

t
th

e
ta

rg
et

va
ri

a
b
le

s
to

b
e

0
an

d
1

fo
r
m
n
is
t2
m

an
d

-1
an

d
1

fo
r
co
vt
yp

e.
T

a
b
le

8
co

m
p
ar

es
th

e
k
er

n
el

ri
d
g
e

re
g
re

ss
io

n
p

er
fo

rm
an

ce
of

ou
r

p
ro

p
os

ed
sc

h
em

e
w

it
h

si
x

ot
h
er

m
et

h
o
d
s

gi
ve

n
th

e
sa

m
e

a
m

o
u
n
t

o
f

m
em

or
y

or
sa

m
e
k

in
te

rm
s

of
te

st
R

M
S
E

.
It

sh
ow

s
th

at
ou

r
p
ro

p
os

ed
m

et
h
o
d

co
n
si

st
en

tl
y

p
er

fo
rm

s
b

et
te

r
th

an
ot

h
er

m
et

h
o
d
s.

F
ig

u
re

12
sh

ow
s

th
e

ti
m

e
u
sa

ge
of

d
iff

er
en

t
m

et
h
o
d
s

fo
r

re
gr

es
si

on
b
y

va
ry

in
g

th
e

m
em

or
y

or
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n
k
k
.

A
s

w
e

ca
n

se
e

th
at

u
si

n
g

th
e

sa
m

e
a
m

o
u
n
t

of
ti

m
e,

ou
r

p
ro

p
os

ed
al

go
ri

th
m

al
w

ay
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ac
h
ie

ve
s

th
e

lo
w

es
t

te
st

R
M

S
E

.
T

h
e

to
ta

l
ru

n
n
in

g
ti

m
e
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n
si
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th

e
ti
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e
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th
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k
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x
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at
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e

fo
r
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h
e

fo
rm

er
d
ep

en
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e
ti
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e
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m

p
le

x
it

y
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r
ea

ch
m

et
h
o
d
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an
d

th
e
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tt

er
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ep

en
d
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o
n

th
e

m
em

or
y

re
q
u
ir

em
en

t
to

st
or

e
th

e
lo
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A
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p
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v
io
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p
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im

en
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M
E

K
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e
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p
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m
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en
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h
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M
S
E
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ot
h
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p
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at
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s
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e
p
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k
,
M

em
or

y
E
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en
t

K
er

n
el

A
p
p
ro
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im
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ti
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r
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p
ro

x
im
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b
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b
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M
e
m
o
r
y
E
f
f
ic
ie
n
t
K
e
r
n
e
l
A
p
p
r
o
x
im

a
t
io
n

(a
)
w
in
e,

tim
e

v
s

reg
ressio

n
erro

r.(b
)
cp
u
sm

all,
tim

e
v
s

reg
ressio

n
er-

ro
r.

(c)
cad

ata,
tim

e
v
s

reg
ressio

n
er-

ro
r.

(d
)
cen

su
s,

tim
e

v
s

reg
ressio

n
er-

ro
r.

(e)
co
vtyp

e,
tim

e
v
s

reg
ressio

n
er-

ro
r.

(f)
m
n
ist2

m
,

tim
e

v
s

reg
ressio

n
er-

ro
r.

F
ig

u
re

12
:

K
ern

el
rid

ge
regression

resu
lts

for
variou

s
d
ata

sets.
M

eth
o
d
s

w
ith

regression
erro

r
a
b

ov
e
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e

top
of
y
-ax

is
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n
ot

sh
ow

n
.

A
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resu
lts
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averaged

over
fi
ve

in
d
ep

en
d
en

t
ru

n
s.

p
a
ra

m
eter

is
ch

an
ged

.
O

u
r

m
eth

o
d

ex
p
loits

b
oth

low
-ran

k
an

d
b
lo

ck
stru

ctu
re

p
resen

t
in

th
e
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el

m
a
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th

u
s

p
erform

s
b
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p
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iou
sly

p
rop

osed
low

-ran
k

b
ased

m
eth

o
d
s

in
term

s
o
f

a
p
p
rox

im
ation

an
d

regression
erro

r,
sp

eed
an

d
m

em
ory

u
sage.

T
h
e

co
d
e

for
M

E
K

A
is

ava
ilab

le
at

w
w
w
.
c
s
.
u
t
e
x
a
s
.
e
d
u
/
~
s
s
i
/
m
e
k
a
/
.

W
e

w
ill

d
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ss
n
ex

t
ab

ou
t

som
e
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p
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l
p
ro

b
lem

s
en

cou
n
tered

w
h
en
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sin

g
M

E
K

A
an

d
h
ow

to
d
eal

w
ith
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.
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D
e
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lin

g
w

ith
th

e
N

o
n
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S

D
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e

If
fo

r
ea

ch
o
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-d
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al
b
lo
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w
e
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p
le

all
th

e
en
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th

e
resu

ltin
g

ap
p
rox

im
ate

m
atrix

in
M

E
K

A
w

ill
b

e
p

ositiv
e

sem
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efi
n
ite(P

S
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T

h
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e
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ll
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n
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l
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ck
s
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p
u
te

th
e
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k

m
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L
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e

a
p
p
rox
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ation

w
ill

b
e
G
≈
W
L
W

T

w
ith

L
=
W

T
G
W

.
S
in
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G
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P

S
D

,
so
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w
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L
,

w
h
ich

p
roves

W
L
W

T
w

ill
b

e
P

S
D

.
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ev
er,

d
u
e

to
th

e
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p
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g
p
ro
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E
K
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,
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e
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g
a
p
p
rox
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ate

m
a
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h
t

n
o
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e

P
S
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ill
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e
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s

w
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en

P
S
D
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for
som

e
ap
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p
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e.g
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el
S
V

M
w

ith
h
in

ge
loss.

T
h
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are
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o
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p
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d

eff
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w
ay

s
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so
lve

th
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issu
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(1)
T
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d

(M
E

K
A
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S
D

)
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to
set

n
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T

h
e

p
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u
re
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p
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e
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”lin
k
”

m
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L
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U
S
U
T

(w
h
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U
an

d
S

are
th

e
eigen

vector
an

d
eigen

valu
e

m
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L

resp
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)
in

th
e

M
E

K
A
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resen
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,

an
d

th
en
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rin

k
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n
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e
eigen

valu
es
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b

e
0
,

w
h
ich

form
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th
e

n
ew

eig
en

va
lu

e
m

atrix
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for
L

.
A
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th

at,
th

e
n
ew

M
E

K
A

ap
p
rox

im
ation

w
ill

b
ecom

e:
Ḡ

=
W
U
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U
T
W

T
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S
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S̄
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n
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P
S
D

,
so
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is

w
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W
U
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U
T
W

T
.

T
h
erefore,

Ḡ
w

ill
b

e
P

S
D

a
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a
b
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k
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g
op
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.
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to
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S
i,
H
sie

h
,
a
n
d

D
h
il
l
o
n

sh
rin

k
in

g
op

eration
,

b
oth

th
e

kern
el

a
p
p
rox

im
ation

error
an

d
com

p
u
tation

tim
e

w
ill
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-

crease
sligh

tly.
W

e
sh

ow
th

e
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p
arison

o
f

N
y
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M
E

K
A
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d

M
E

K
A

-P
S
D
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ijcn

n
1

d
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F
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re

13.
W

e
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see
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p
rox

im
ation

,
M

E
K

A
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S
D

is
sligh

tly
slow
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M

E
K

A
,

b
u
t
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p
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b
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N
y
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h
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P

S
D

k
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p
rox

im
ation
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T
h
e

secon
d

m
eth

o
d

is
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d
irectly
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d

a
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e
ε

to
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e
d
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,

w
h
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u
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g
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lariza
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w

h
en

ap
p
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in
g

M
E

K
A
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m

eth
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o
d
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W
e

sh
ow
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e
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T
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w
h
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w
e
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d
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term
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M
E

K
A

.
N

ote
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at
to

m
ak

e
su

re
th

e
resu

ltin
g

M
E

K
A

ap
p
rox

im
ation

is
P

S
D

for
th

e
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d
m

eth
o
d
,
ε

sh
ou
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b

e
eq

u
al
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th
an

th
e
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te
va

lu
e

of
th

e
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n
egative

eigen
valu

e
of
Ḡ
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F
igu

re
13:

M
E

K
A

-P
S
D

kern
el

ap
p
rox

im
ation

resu
lts

for
ijcn

n
1

d
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A
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at

m
igh

t
cau

se
th

e
ap

p
rox

im
ation

u
n
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le.
O

n
e

is
d
u
e
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th

e
b
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form
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from
each

d
iagon
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b
lo

ck
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W
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If
th

e
kern

el
m

atrix
h
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g

b
lo
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d
iagon
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o
osin

g
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m
n
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b
lo

ck
s

to
form

W
w

ill
p

erform
w
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con
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if
th

e
kern

el
m

atrix
d
o
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n
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g
b
lo

ck
stru

ctu
re,

o
th
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p
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b

e
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p
le,
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g
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m
n
s
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e
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s
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d
in

g
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each
p
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th
e

b
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A
n
oth

er
step

w
h
ich

m
igh

t
cau

se
u
n
stab

le
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lt
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d
u
e

to
in

su
ffi
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t

en
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sam
p
led

w
h
en

form
in

g
th

e
”lin

k
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m
atrix

L
.

O
n
e

w
ay

to
solve

th
is

issu
e
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to

sam
p
le

m
ore

en
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from
each
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b
lo

ck
to

form
L

w
h
en

th
e
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p
u
tation

tim
e
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th
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in

con
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.
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e
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p
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en
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w
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p
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E
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A

fo
r

kern
el

ap
p
rox

im
atio

n
an

d
kern

el
rid

ge
regression

,
an

d
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w
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p
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ach
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b
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p
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f
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e
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p
r
o
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n
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W
L
W
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e
in

ve
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e
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er
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b
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in
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fa
sh
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b
u
ry

fo
rm

u
la
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≈
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W
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−
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at
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at
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(c
k
)3

).

B
es

id
es

sp
ee

d
in

g
u
p

th
e

m
at

ri
x

in
ve

rs
e,
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b
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at
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el
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d
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m
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h
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e
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ap

p
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an
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d
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n
in
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an

d
ke

rn
el
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ed
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en
si

on
al

it
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A
ck

n
o
w

le
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p
p

or
te

d
b
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an
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d
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p

or
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to
ke

rn
el

q
u
ad

ra
tu

re
,
w

h
il
e

ou
r

re
su

lt
s

ar
e

fa
ir

ly
g
en

er
a
l,

w
e

re
co

ve
r

k
n
ow

n
u
p
p

er
an

d
lo

w
er

b
ou

n
d
s

fo
r

th
e

sp
ec

ia
l

ca
se

s
of

S
ob

ol
ev

sp
ac

es
(S

ec
ti

o
n

4
.4

).
M

or
eo

ve
r,

ou
r

re
su

lt
s

ex
te

n
d

to
th

e
m

or
e

ge
n
er

al
p
ro

b
le

m
of

fu
ll

fu
n
ct

io
n

a
p
p
ro

x
im

a
ti

o
n
s

(b
ey

on
d

si
m

p
ly

co
m

p
u
ti

n
g

an
in

te
gr

al
),

w
it

h
re

su
lt

s
in
L

2
-

an
d
L
∞

-n
or

m
th

a
t

m
a
tc

h
k
n
ow

n
re

su
lt

s
fo

r
sp

ec
ia

l
ca

se
s

(S
ec

ti
on

5)
.

–
A

p
p
ly

in
g

ou
r

re
su

lt
s

to
ra

n
d
om

fe
at

u
re

ex
p
an

si
on

s,
w

e
sh

ow
in

S
ec

ti
o
n

4
.5

a
n

im
-

p
ro

ve
m

en
t

of
th

e
n
u
m

b
er

of
ra

n
d
om

fe
at

u
re

s
n
ee

d
ed

fo
r

p
re

se
rv

in
g

th
e

g
en

er
a
li
za

ti
o
n

gu
ar

an
te

es
fo

r
le

ar
n
in

g
w

it
h

L
ip

sh
it

z-
co

n
ti

n
u
ou

s
lo

ss
es

.

2
.

R
a
n
d
o
m

F
e
a
tu

re
E

x
p
a
n
si

o
n
s

o
f

P
o
si

ti
v
e

D
e
fi
n
it

e
K

e
rn

e
ls

T
h
ro

u
gh

ou
t

th
is

p
ap

er
,

w
e

co
n
si

d
er

a
to

p
ol

og
ic

al
sp

ac
e
X

eq
u
ip

p
ed

w
it

h
a

B
o
re

l
p
ro

b
a
b
il
it

y
m

ea
su

re
d
ρ
,

w
h
ic

h
w

e
as

su
m

e
to

h
av

e
fu

ll
su

p
p

or
t.

T
h
is

n
at

u
ra

ll
y

d
efi

n
es

th
e

sp
a
ce

o
f

sq
u
ar

e-
in

te
gr

ab
le

fu
n
ct

io
n
s1

.

1
.

F
o
r

si
m

p
li

ci
ty

a
n

d
fo

ll
ow

in
g

m
o
st

o
f

th
e

li
te

ra
tu

re
o
n

k
er

n
el

m
et

h
o
d
s,

w
e

id
en

ti
fy

fu
n

ct
io

n
s

a
n

d
th

ei
r

eq
u

iv
a
le

n
ce

cl
a
ss

es
fo

r
th

e
eq

u
iv

a
le

n
ce

re
la

ti
o
n

sh
ip

o
f

b
ei

n
g

eq
u

a
l

ex
ce

p
t

fo
r

a
ze

ro
-m

ea
su

re
(f

o
r
d
ρ
)

su
b

se
t

o
f
X

.

2
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L
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21
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01

7



O
n
t
h
e
E
q
u
iv
a
l
e
n
c
e
b
e
t
w
e
e
n
K
e
r
n
e
l
Q
u
a
d
r
a
t
u
r
e
R
u
l
e
s
a
n
d
R
a
n
d
o
m

F
e
a
t
u
r
e
E
x
pa

n
sio

n
s

2
.1

R
e
p

ro
d

u
c
in

g
K

e
rn

e
l

H
ilb

e
rt

S
p

a
c
e
s

a
n

d
In

te
g
ra

l
O

p
e
ra

to
rs

W
e

co
n
sid

er
a

con
tin

u
ou

s
p

ositive
d
efi

n
ite

k
ern

el
k

:
X×

X
→

R
,
th

at
is

a
sy

m
m

etric
fu

n
ctio

n
su

ch
th

a
t

fo
r

a
ll

fi
n
ite

fam
ilies

of
p

o
in

ts
in

X
,

th
e

m
atrix

of
p
airw

ise
kern

el
evalu

ation
s

is
p

o
sitive

sem
i-d

efi
n
ite.

T
h
is

th
u
s

d
efi

n
es

a
rep

ro
d
u
cin

g
kern

el
H

ilb
ert

sp
ace

(R
K

H
S
)
F

of
fu

n
ctio

n
s

fro
m

X
to

R
,

w
h
ich

w
e

also
assu

m
e

sep
arab

le.
T

h
is

R
K

H
S

h
a
s

tw
o

im
p

ortan
t

ch
a
ra

cteristic
p
rop

erties
(see,

e.g.,
B

erlin
et

an
d

T
h
om

as-A
g
n
an

,
2004):

(a
)

M
em

bersh
ip

o
f

kern
el

eva
lu

a
tio

n
s:

for
an

y
x
∈
X

,
th

e
fu

n
ction

k
(·,x

)
:
y
7→
k
(y
,x

)
is

a
n

elem
en

t
of

F
.

(b
)

R
ep

rod
u

cin
g

p
ro

perty
:

for
all

f
∈
F

an
d
x
∈
X

,
f

(x
)

=
〈f
,k

(·,x
)〉

F
.

In
oth

er
w

ord
s,

fu
n
ctio

n
evalu

ation
s

are
eq

u
a
l

to
d
ot-p

ro
d
u
cts

w
ith

a
sp

ecifi
c

elem
en

t
of

F
.

M
o
reover,

th
ro

u
gh

ou
t

th
e

p
ap

er,
w

e
assu

m
e

th
a
t

th
e

fu
n
ction

x
7→
k
(x
,x

)
is

in
tegrab

le
w

ith
resp

ect
to
d
ρ

(w
h
ich

is
w

eaker
th

an
su

p
x∈

X
k
(x
,x

)
<
∞

).
T

h
is

im
p
lies

th
at

F
is

a
su

b
set

o
f
L

2 (d
ρ
);

th
at

is,
fu

n
ction

s
in

th
e

R
K

H
S
F

are
all

sq
u
are-in

tegrab
le

for
d
ρ
.

In
gen

eral,
F

is
strictly

in
clu

d
ed

in
L

2 (d
ρ
),

b
u
t,

in
th

is
p
ap

er,
w

e
w

ill
alw

ay
s

assu
m

e
th

at
it

is
d
en

se
in
L

2 (d
ρ
),

th
a
t

is,
an

y
fu

n
ction

in
L

2 (d
ρ
)

m
ay

b
e

ap
p
rox

im
ated

arb
itrarily

closely
b
y

a
fu

n
ctio

n
in

F
.

F
in

ally,
for

sim
p
licity

of
ou

r
n
otation

(to
m

ake
su

re
th

at
th

e
seq

u
en

ce
of

eig
en

va
lu

es
o
f

in
tegral

op
erators

is
in

fi
n
ite)

w
e

w
ill

alw
ay

s
assu

m
e

th
at
L

2 (d
ρ
)

is
in

fi
n
ite-

d
im

en
sio

n
a
l,

w
h
ich

ex
clu

d
es

fi
n
ite

sets
fo

r
X

.
N

ote
th

at
th

e
la

st
tw

o
assu

m
p
tion

s
(d

en
sen

ess
a
n
d

in
fi
n
ite

d
im

en
sion

ality
)

can
easily

b
e

relax
ed

.

In
te

g
ra

l
o
p

e
ra

to
r.

R
ep

ro
d
u
cin

g
kern

el
H

ilb
ert

sp
aces

a
re

often
stu

d
ied

th
ro

u
gh

a
sp

e-
cifi

c
in

tegral
op

erator
w

h
ich

lead
s

to
an

isom
etry

w
ith

L
2 (d

ρ
)

(S
m

ale
an

d
C

u
ck

er,
2001).

L
et

Σ
:
L

2 (d
ρ
)→

L
2 (d

ρ
)

b
e

d
efi

n
ed

as

(Σ
f

)(x
)

=

∫

X

f
(y

)k
(x
,y

)d
ρ
(y

).

S
in

ce ∫
X
k
(x
,x

)d
ρ
(x

)
is

fi
n
ite,

Σ
is

self-ad
join

t,
p

ositive
sem

i-d
efi

n
ite

an
d

trace-class
(S

im
on

,
1
9
7
9
).

G
iven

th
at

Σ
f

is
a

lin
ear

com
b
in

ation
of

k
ern

el
fu

n
ction

s
k
(·,y

),
it

b
elo

n
gs

to
F

.
M

ore
p
recisely,

sin
ce

w
e

h
av

e
assu

m
ed

th
at

F
is

d
en

se
in
L

2 (d
ρ
),

Σ
1
/
2,

w
h
ich

is
th

e
u
n
iq

u
e

p
ositive

self-a
d
jo

in
t

sq
u
are

ro
ot

of
Σ

,
is

a
b
ijection

from
L

2 (d
ρ
)

to
ou

r
R

K
H

S
F

;
th

at
is,

for
an

y
f
∈
F

,
th

ere
ex

ists
a

u
n
iq

u
e
g
∈
L

2 (d
ρ
)

su
ch

th
at
f

=
Σ

1
/
2g

an
d
‖
f‖

H
=
‖g‖

L
2
(d
ρ
)

(S
m

ale

a
n
d

C
u
cker,

2
0
01).

T
h
is

ju
stifi

es
th

e
n
otation

Σ
−

1
/
2f

for
f
∈
F

an
d

m
ean

s
th

at
Σ

1
/
2

is
an

iso
m

etry
fro

m
L

2 (d
ρ
)

to
F

;
in

oth
er

w
ord

s,
for

an
y

fu
n
ction

s
f

an
d
g

in
F

,
w

e
h
ave:

〈f
,g〉

F
=
〈Σ
−

1
/
2f
,Σ
−

1
/
2g〉

L
2
(d
ρ
) .

T
h
is

ju
stifi

es
th

e
v
iew

of
F

as
th

e
su

b
sp

a
ce

of
fu

n
ction

s
f
∈
L

2 (d
ρ
)

su
ch

th
a
t‖Σ

−
1
/
2f‖

2L
2
(d
ρ
) .

T
h
is

rela
tio

n
sh

ip
is

even
m

ore
tran

sp
aren

t
w

h
en

con
sid

erin
g

a
sp

ectral
d
ecom

p
o
sition

of
Σ

.

M
e
rc

e
r

d
e
c
o
m

p
o
sitio

n
.

F
rom

ex
ten

sion
s

of
M

ercer’s
th

eorem
(K

ön
ig,

19
86),

th
ere

ex
-

ists
a
n

orth
o
n
o
rm

al
ba

sis
(e
m

)
m
>

1
of
L

2 (d
ρ
)

an
d

a
su

m
m

ab
le

n
on

-in
creasin

g
seq

u
en

ce
of

strictly
p

o
sitive

eigen
valu

es
(µ
m

)
m
>

1
su

ch
th

at
Σ
e
m

=
µ
m
e
m

.
N

ote
th

at
sin

ce
w

e
h
av

e
a
ssu

m
ed

th
a
t
F

is
d
en

se
in
L

2 (d
ρ
),

th
ere

are
n
o

zero
eigen

valu
es.
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B
a
c
h

S
in

ce
Σ

1
/
2

is
a
n

isom
etry

from
L

2 (d
ρ
)

to
F

,
(µ

1
/
2

m
e
m

)
m
>

1
is

an
orth

on
orm

al
b
asis

of
F

.
M

oreover,
w

e
can

u
se

th
e

eigen
d
ecom

p
osition

to
ch

aracterize
elem

en
ts

of
F

as
th

e
fu

n
ction

s
in
L

2 (d
ρ
)

su
ch

th
at

‖
Σ
−

1
/
2f‖

2L
2
(d
ρ
)

=
∑m
>

1

µ
−

1
m
〈f
,e
m 〉

2L
2
(d
ρ
)

is
fi
n
ite.

In
oth

er
w

ord
s,

on
ce

p
ro

jected
in

th
e

orth
on

orm
al

b
asis

(e
m

)
m
>

1 ,
elem

en
ts
f

of
F

corresp
on

d
to

a
certain

d
ecay

of
its

d
ecom

p
osition

co
effi

cien
ts

(〈f
,e
m 〉

L
2
(d
ρ
) )
m
>

1 .

F
in

ally,
b
y

d
ecom

p
osin

g
th

e
fu

n
ction

k
(·,y

)
:
x
7→
k
(x
,y

),
w

e
ob

tain
th

e
M

ercer
d
ecom

-
p

osition
:

k
(x
,y

)
=
∑m
>

1

µ
m
e
m

(x
)e
m

(y
).

P
ro

p
e
rtie

s
o
f

th
e

sp
e
c
tru

m
.

T
h
e

seq
u
en

ce
of

eigen
valu

es
(µ
m

)
m
>

1
is

an
im

p
ortan

t
q
u
an

tity
th

at
ap

p
ears

in
m

ost
of

th
e

an
a
ly

ses
of

kern
el

m
eth

o
d
s

(H
astie

an
d

T
ib

sh
iran

i,
1990;

C
ap

on
n
etto

an
d

D
e

V
ito,

2007;
H

arch
aou

i
et

al.,
2
008;

B
a
ch

,
2013).

It
d
ep

en
d
s

b
oth

on
th

e
kern

el
k

an
d

th
e

ch
osen

d
istrib

u
tion

d
ρ
.

S
om

e
m

o
d
ifi

cation
s

of
th

e
kern

el
k

or
th

e
d
istrib

u
tion

d
ρ

lead
to

sim
p
le

b
eh

av
iors

for
th

e
sp

ectru
m

.
F

or
ex

am
p
le,

if
w

e
h
ave

a
secon

d
d
istrib

u
tion

so
th

at
d
ρ ′
d
ρ

is
u
p
p

er-b
ou

n
d
ed

b
y

a
con

stan
t
c,

th
en

,
as

a
con

seq
u
en

ce
of

th
e

C
ou

ran
t-F

isch
er

m
in

im
ax

th
eorem

(H
orn

an
d

J
oh

n
son

,
2012),

th
e

eigen
valu

es
for

d
ρ ′

are
less

th
an

th
an

c
tim

es
th

at
th

e
on

es
for

d
ρ
.

S
im

ilarly,
if

th
e

kern
el
k ′

is
su

ch
th

at
ck
−
k ′

is
a

p
ositive

d
efi

n
ite

kern
el,

th
en

w
e

h
ave

a
sim

ilar
b

ou
n
d

b
etw

een
eigen

valu
es.

In
th

is
p
ap

er,
for

an
y

strictly
p

ositive
λ

,
w

e
w

ill
also

con
sid

er
th

e
q
u
an

tity
m
∗(λ

)
eq

u
al

to
th

e
n
u
m

b
er

of
eigen

valu
es
µ
m

th
at

are
greater

th
an

or
eq

u
al

to
λ

.
S
in

ce
w

e
h
ave

assu
m

e
th

at
th

e
seq

u
en

ce
m

is
n
on

-in
creasin

g,
w

e
h
ave

m
∗(λ

)
=

m
a
x{
m
>

1
,
µ
m
>
λ}

.
T

h
is

is
a

left-con
tin

u
ou

s
n
on

-in
creasin

g
fu

n
ction

,
th

at
ten

d
s

to
+
∞

w
h
en

λ
ten

d
s

to
zero

(sin
ce

w
e

h
ave

assu
m

ed
th

at
th

ere
are

in
fi
n
itely

m
an

y
strictly

p
ositive

eigen
valu

es),
an

d
ch

aracterizes
th

e
seq

u
en

ce
(µ
m

)
m
>

1 ,
as

w
e

can
recover

µ
m

as
µ
m

=
su

p{
λ
>

0,
m
∗(λ

)>
m
}.

P
o
te

n
tia

l
c
o
n

fu
sio

n
w

ith
c
o
v
a
ria

n
c
e

o
p

e
ra

to
r.

N
ote

th
at

th
e

op
erator

Σ
is

a
self-

ad
join

t
op

erator
on

L
2 (d

ρ
).

It
sh

ou
ld

n
ot

b
e

con
fu

sed
w

ith
th

e
(n

on
-cen

tered
)

covarian
ce

op
erator

C
(B

aker,
1973),

w
h
ich

is
a

self-ad
join

t
op

era
tor

on
a

d
iff

eren
t

sp
a
ce,

n
am

ely
th

e
R

K
H

S
F

,
d
efi

n
ed

b
y
〈g
,C
f〉

F
=
∫
X
f

(x
)g

(x
)d
ρ
(x

).
G

iven
th

at
Σ

1
/
2

is
an

isom
etry

from
L

2 (d
ρ
)

to
F

,
th

e
op

erator
C

m
ay

also
b

e
u
sed

to
d
efi

n
e

an
o
p

erator
on

L
2 (d

ρ
),

w
h
ich

h
ap

p
en

s
to

b
e

ex
actly

Σ
.

T
h
u
s,

th
e

tw
o

op
erators

h
ave

th
e

sam
e

eigen
valu

es.
M

oreover,
w

e
h
ave,

for
an

y
y
∈
X

:

(C
f

)(y
)

=
〈k

(·,y
),C

f〉
F

=

∫

X

k
(x
,y

)f
(x

)d
ρ
(x

)
=

(Σ
f

)(y
),

th
at

is,
C

is
eq

u
al

to
th

e
restriction

o
f

Σ
on

F
.

2
.2

K
e
rn

e
ls

a
s

E
x
p

e
c
ta

tio
n

s

O
n

top
of

th
e

gen
eric

assu
m

p
tion

s
m

ad
e

ab
ove,

w
e

a
ssu

m
e

th
at

th
ere

is
an

oth
er

m
easu

rab
le

set
V

eq
u
ip

p
ed

w
ith

a
p
rob

ab
ility

m
easu

re
d
τ
.

W
e

con
sid

er
a

fu
n
ction

ϕ
:
V
×
X
→

R
w

h
ich
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O
n
t
h
e
E
q
u
iv
a
l
e
n
c
e
b
e
t
w
e
e
n
K
e
r
n
e
l
Q
u
a
d
r
a
t
u
r
e
R
u
l
e
s
a
n
d
R
a
n
d
o
m

F
e
a
t
u
r
e
E
x
pa

n
si
o
n
s

is
sq

u
ar

e-
in

te
gr

ab
le

(f
or

th
e

m
ea

su
re
d
τ
⊗
d
ρ
),

an
d

as
su

m
e

th
at

th
e

ke
rn

el
k

m
ay

b
e

w
ri

tt
en

as
,

fo
r

al
l
x
,y
∈
X

: k
(x
,y

)
=

∫ V

ϕ
(v
,x

)ϕ
(v
,y

)d
τ
(v

)
=
〈ϕ

(·,
x

),
ϕ

(·,
y
)〉
L

2
(d
τ
).

(1
)

In
ot

h
er

w
or

d
s,

th
e

ke
rn

el
b

et
w

ee
n
x

an
d
y

is
si

m
p
ly

th
e

ex
p

ec
ta

ti
on

of
ϕ

(v
,x

)ϕ
(v
,y

)
fo

r
v

fo
ll
ow

in
g

th
e

p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
d
τ
.

In
th

is
p
ap

er
,

w
e

se
e
x
7→

ϕ
(v
,x

)
∈

R
as

a
on

e-
d
im

en
si

on
al

ra
n
d
om

fe
at

u
re

an
d
ϕ

(v
,x

)ϕ
(v
,y

)
is

th
e

d
ot

-p
ro

d
u
ct

as
so

ci
at

ed
w

it
h

th
is

ra
n
d
om

fe
at

u
re

.
W

e
co

u
ld

co
n
si

d
er

ex
te

n
si

on
s

w
h
er

e
ϕ

(v
,x

)
h
as

va
lu

es
in

a
H

il
b

er
t

sp
ac

e
(a

n
d

n
ot

si
m

p
ly

R
),

b
u
t

th
is

is
ou

ts
id

e
th

e
sc

op
e

of
th

is
p
ap

er
.

S
q
u

a
re

-r
o
o
t

o
f

in
te

g
ra

l
o
p

e
ra

to
r.

S
u
ch

ad
d
it

io
n
al

st
ru

ct
u
re

al
lo

w
s

to
gi

v
e

an
ex

p
li
ci

t
ch

ar
ac

te
ri

za
ti

on
of

th
e

R
K

H
S

F
in

te
rm

s
of

th
e

fe
at

u
re

s
ϕ

.
In

te
rm

s
of

op
er

at
or

s,
th

e
fu

n
ct

io
n
ϕ

le
ad

s
to

a
sp

ec
ifi

c
sq

u
ar

e-
ro

ot
of

th
e

in
te

gr
al

op
er

at
or

Σ
d
efi

n
ed

in
S
ec

ti
on

2.
1

(w
h
ic

h
is

n
ot

th
e

p
os

it
iv

e
se

lf
-a

d
jo

in
t

sq
u
ar

e-
ro

ot
Σ

1
/
2
).

W
e

co
n
si

d
er

th
e

b
ou

n
d
ed

li
n
ea

r
op

er
at

or
T

:
L

2
(d
τ
)
→
L

2
(d
ρ
)

d
efi

n
ed

as

(T
g
)(
x

)
=

∫ V

g
(v

)ϕ
(v
,x

)d
τ
(v

)
=
〈g
,ϕ

(·,
x

)〉
L

2
(d
τ
).

(2
)

G
iv

en
T

:
L

2
(d
τ
)
→

L
2
(d
ρ
),

th
e

ad
jo

in
t

op
er

at
or
T
∗

:
L

2
(d
ρ
)
→

L
2
(d
τ
)

is
th

e
u
n
iq

u
e

op
er

at
or

su
ch

th
at
〈g
,T
∗ f
〉 L

2
(d
τ
)

=
〈T
g
,f
〉 L

2
(d
ρ
)

fo
r

al
l
f
,g

.
G

iv
en

th
e

d
efi

n
it

io
n

of
T

in
E

q
.

(2
),

w
e

si
m

p
ly

in
ve

rs
e

th
e

ro
le

of
V

an
d
X

an
d

h
av

e:

(T
∗ f

)(
v
)

=

∫ X

f
(x

)ϕ
(v
,x

)d
ρ
(x

).

T
h
is

im
p
li
es

b
y

F
u
b
in

i’
s

th
eo

re
m

th
a
t

(T
T
∗ f

)(
y
)

=

∫ V

(
∫ X

f
(x

)ϕ
(v
,y

)d
ρ
(x

)) ϕ
(v
,x

)d
τ
(v

)

=

∫ X

f
(x

)(
∫ V

ϕ
(v
,y

)ϕ
(v
,x

)d
τ
(v

)) d
ρ
(x

)
=

∫ X

f
(x

)k
(x
,y

)d
ρ
(x

)
=

(Σ
f

)(
y
),

th
at

is
w

e
h
av

e
an

ex
p
re

ss
io

n
of

th
e

in
te

gr
al

op
er

a
to

r
Σ

as
Σ

=
T
T
∗ .

T
h
u
s,

th
e

d
ec

om
-

p
os

it
io

n
of

th
e

k
er

n
el
k

as
an

ex
p

ec
ta

ti
on

co
rr

es
p

on
d
s

to
a

p
ar

ti
cu

la
r

sq
u

a
re

ro
o
t
T

of
th

e
in

te
gr

al
op

er
at

or
—

th
er

e
ar

e
m

an
y

p
os

si
b
le

ch
oi

ce
s

fo
r

su
ch

sq
u
ar

e
ro

ot
s,

an
d

th
u
s

m
an

y
p

os
si

b
le

ex
p
an

si
on

s
li
ke

E
q
.

(1
).

It
tu

rn
s

ou
t

th
at

th
e

p
os

it
iv

e
se

lf
-a

d
jo

in
t

sq
u
ar

e
ro

ot
Σ

1
/
2

w
il
l

co
rr

es
p

on
d

to
th

e
eq

u
iv

al
en

ce
w

it
h

q
u
ad

ra
tu

re
ru

le
s

(s
ee

S
ec

ti
on

3.
2)

.

D
e
c
o
m

p
o
si

ti
o
n

o
f

fu
n

c
ti

o
n

s
in

F
.

S
in

ce
Σ

=
T
T
∗

an
d

Σ
1
/
2

is
an

is
om

et
ry

b
et

w
ee

n
L

2
(d
ρ
)

an
d
F

,
w

e
ca

n
n
at

u
ra

ll
y

ex
p
re

ss
ed

a
n
y

el
em

en
ts

of
F

th
ro

u
gh

th
e

o
p

er
at

or
T

an
d

th
u
s

th
e

fe
at

u
re

s
ϕ

.
A

s
a

li
n
ea

r
op

er
at

or
,
T

d
efi

n
es

a
b
ij

ec
ti

on
fr

om
th

e
or

th
og

on
al

of
it

s
n
u
ll

sp
ac

e
(K

er
T

)⊥
⊂

L
2
(d
τ
)

to
it

s
im

ag
e

Im
(T

)
⊂
L

2
(d
ρ
),

an
d

th
is

al
lo

w
s

to
d
efi

n
e

u
n
iq

u
el

y
T
−

1
f
∈

(K
er
T

)⊥

fo
r

an
y
f
∈

Im
(T

),
an

d
a

d
ot

-p
ro

d
u
ct

o
n

Im
(T

)
as

〈f
,h
〉 Im

(T
)

=
〈T
−

1
f
,T
−

1
g
〉 L

2
(d
τ
).
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B
a
c
h

A
s

sh
ow

n
b
y

B
ac

h
(2

01
7,

A
p
p
.

A
),

Im
(T

)
tu

rn
s

o
u
t

to
b

e
eq

u
al

to
ou

r
R

K
H

S
2
.

T
h
u
s,

th
e

n
or

m
‖f
‖2 F

fo
r
f
∈
F

is
eq

u
al

to
th

e
sq

u
ar

ed
L

2
-n

or
m

of
T
−

1
f
∈

(K
er
T

)⊥
,

w
h
ic

h
is

it
se

lf
eq

u
al

to
th

e
m

in
im

u
m

of
‖g
‖2 L

2
(d
τ
)

ov
er

al
l
g

su
ch

th
at
T
g

=
f

.
T

h
e

re
su

lt
in

g
g

m
ay

a
ls

o
b

e
d
efi

n
ed

th
ro

u
gh

p
se

u
d
o-

in
ve

rs
es

.

In
ot

h
er

w
or

d
s,

a
fu

n
ct

io
n
f
∈
L

2
(d
ρ
)

is
in

F
if

an
d

on
ly

if
it

m
ay

b
e

w
ri

tt
en

a
s

∀x
∈
X
,
f

(x
)

=

∫ V

g
(v

)ϕ
(v
,x

)d
τ
(v

)
=
〈g
,ϕ

(·,
x

)〉
L

2
(d
τ
),

fo
r

a
ce

rt
ai

n
fu

n
ct

io
n
g

:
V
→

R
su

ch
th

at
‖g
‖2 L

2
(d
τ
)

is
fi
n
it

e,
w

it
h

a
n
or

m
‖f
‖2 F

eq
u
a
l

to
th

e

m
in

im
u
m

(w
h
ic

h
is

al
w

ay
s

at
ta

in
ed

)
of
‖g
‖2 L

2
(d
τ
),

ov
er

al
l

p
os

si
b
le

d
ec

om
p

os
it

io
n
s

o
f
f

.

S
in

g
u

la
r

v
a
lu

e
d

e
c
o
m

p
o
si

ti
o
n

.
T

h
e

op
er

at
o
r
T

is
an

H
il
b

er
t-

S
ch

m
id

t
o
p

er
a
to

r,
to

w
h
ic

h
th

e
si

n
gu

la
r

va
lu

e
d
ec

op
om

p
os

it
io

n
ca

n
b

e
ap

p
li
ed

(K
at

o,
19

95
).

T
h
a
t

is
,

th
er

e
ex

is
ts

an
or

th
on

or
m

al
b
as

is
(f
m

) m
>

1
of

(K
er
T

)⊥
⊂
L

2
(d
τ
),

to
ge

th
er

w
it

h
th

e
o
rt

h
o
n
o
rm

a
l

b
as

is
(e
m

) m
>

1
of
L

2
(d
ρ
)

w
h
ic

h
w

e
h
av

e
fr

om
th

e
ei

ge
n
va

lu
e

d
ec

om
p

os
it

io
n

o
f

Σ
=
T
T
∗ ,

su
ch

th
at
T
f m

=
µ

1
/
2

m
e m

.
M

or
eo

ve
r,

w
e

h
av

e:

ϕ
(v
,x

)
=
∑ m
>

1

µ
1
/
2

m
e m

(x
)f
m

(v
),

(3
)

w
it

h
a

co
n
ve

rg
en

ce
in
L

2
(d
τ
⊗
d
ρ
).

T
h
is

ex
te

n
d
s

th
e

M
er

ce
r

d
ec

om
p

os
it

io
n

o
f

th
e

ke
rn

el
k
(x
,y

).

In
te

g
ra

l
o
p

e
ra

to
r

a
s

a
n

e
x
p

e
c
ta

ti
o
n

.
G

iv
en

th
e

ex
p
an

si
on

of
th

e
ke

rn
el
k

in
E

q
.

(1
),

w
e

m
ay

ex
p
re

ss
th

e
in

te
gr

al
op

er
at

or
Σ

as
fo

ll
ow

s,
ex

p
li
ci

tl
y

as
an

ex
p

ec
ta

ti
o
n
:

Σ
f

=

∫ X

f
(y

)k
(·,
y
)d
ρ
(y

)
=

∫ X

∫ V

f
(y

)ϕ
(v
,·)
ϕ

(v
,y

)d
ρ
(y

)d
τ
(v

)

=

∫ V

ϕ
(v
,·)
〈ϕ

(v
,·)
,f
〉 L

2
(d
ρ
)d
τ
(v

)
=

(
∫ V

ϕ
(v
,·)
⊗
L

2
(d
ρ
)
ϕ

(v
,·)
d
τ
(v

)) f
,

(4
)

w
h
er

e
a
⊗
L

2
(d
ρ
)
b

is
th

e
op

er
at

or
L

2
(d
ρ
)
→

L
2
(d
ρ
)

so
th

at
(a
⊗
L

2
(d
ρ
)
b)
f

=
〈b
,f
〉 L

2
(d
ρ
)a

.
T

h
is

w
il
l

b
e

u
se

fu
l

to
d
efi

n
e

em
p
ir

ic
al

ve
rs

io
n
s,

w
h
er

e
th

e
in

te
gr

al
ov

er
d
τ

w
il
l

b
e

re
p
la

ce
d

b
y

a
fi
n
it

e
av

er
ag

e.

2
.3

E
x
a
m

p
le

s

In
th

is
se

ct
io

n
,

w
e

p
ro

v
id

e
ex

am
p
le

s
o
f

k
er

n
el

s
an

d
u
su

al
d
ec

om
p

os
it

io
n
s.

W
e

fi
rs

t
st

a
rt

b
y

d
ec

om
p

os
it

io
n
s

th
at

al
w

ay
s

ex
is

t,
th

en
fo

cu
s

on
sp

ec
ifi

c
ke

rn
el

s
b
as

ed
on

F
o
u
ri

er
co

m
p

o-
n
en

ts
.

2
.

T
h

e
p

ro
o
f

g
o
es

a
s

fo
ll

ow
s:

(a
)

fo
r

a
n
y
y
∈

X
,
k
(·,
y
)

ca
n

b
e

ex
p

re
ss

ed
a
s
∫ V
ϕ

(v
,y

)ϕ
(v
,·)
d
τ
(v

)
=

T
ϕ

(·,
y
)

a
n

d
th

u
s

b
el

o
n

g
s

to
Im

(T
);

(b
)

fo
r

a
n
y
f
∈

Im
(T

),
a
n

d
y
∈

X
,

w
e

h
av

e
〈f
,k

(·,
y
)〉

Im
(T

)
=

〈T
−

1
f
,ϕ

(·,
y
)〉
L

2
(d
τ
)

=
(T
T
−

1
f

)(
y
)

=
f

(y
),

th
a
t

is
,

th
e

re
p

ro
d

u
ci

n
g

p
ro

p
er

ty
is

sa
ti

sfi
ed

.
T

h
es

e
tw

o
p

ro
p

er
ti

es
a
re

ch
a
ra

ct
er

is
ti

c
o
f
F

.

6
JM

L
R

 1
8(

21
):

1-
38

, 2
01

7



O
n
t
h
e
E
q
u
iv
a
l
e
n
c
e
b
e
t
w
e
e
n
K
e
r
n
e
l
Q
u
a
d
r
a
t
u
r
e
R
u
l
e
s
a
n
d
R
a
n
d
o
m

F
e
a
t
u
r
e
E
x
pa

n
sio

n
s

M
e
rc

e
r

d
e
c
o
m

p
o
sitio

n
s.

T
h
e

M
ercer

d
ecom

p
osition

p
rov

id
es

an
ex

p
an

sio
n

for
all

k
er-

n
els,

a
s

fo
llow

s:

k
(x
,y

)
=
∑m
>

1

µ
m

tr
Σ

[(
tr

Σ
)
1
/
2e
m

(x
) ]· [(

tr
Σ

)
1
/
2e
m

(x
) ],

w
h
ich

ca
n

b
e

tran
sform

ed
in

to
an

ex
p

ectation
w

ith
V

=
N
∗.

In
S
ection

3.2,
w

e
p
rov

id
e

a
n
o
th

er
g
en

eric
d
ecom

p
osition

w
ith

V
=

X
.

N
ote

th
at

th
is

d
ecom

p
osition

is
ty

p
ically

im
p

o
ssib

le
to

com
p
u
te

(ex
cep

t
for

sp
ecial

cases
b

elow
,

i.e.,
sp

ecial
p
airs

of
k
ern

els
k

an
d

d
istrib

u
tio

n
s
d
ρ
).

P
e
rio

d
ic

k
e
rn

e
ls

o
n

[0,1].
W

e
co

n
sid

er
X

=
[0
,1]

an
d

tran
slation

-in
varian

t
k
ern

els
k
(x
,y

)
o
f

th
e

form
k
(x
,y

)
=

t(x
−
y
),

w
h
ere

t
is

a
sq

u
are-in

tegrab
le

1
-p

erio
d
ic

fu
n
c-

tio
n
.

T
h
ese

kern
els

are
p

ositiv
e

d
efi

n
ite

if
an

d
on

ly
if

th
e

F
ou

rier
series

of
t

is
n
on

-
n
eg

a
tive

(W
ah

b
a,

1990).
A

n
orth

o
n
orm

al
b
asis

of
L

2 ([0
,1])

is
com

p
osed

of
th

e
con

stan
t

fu
n
ctio

n
c

0
:
x
7→

1
an

d
th

e
fu

n
ctio

n
s
c
m

:
x
7→
√

2
cos

2
π
m
x

a
n
d
s
m

:
x
7→
√

2
sin

2
π
m
x

.
A

kern
el

m
ay

th
u
s

b
e

ex
p
ressed

as

k
(x
,y

)
=
ν

0 c
0 (x

)
+
∑m
>

0

ν
m [c

m
(x

)c
m

(y
)

+
s
m

(x
)s
m

(y
) ]

=
ν

0
+

2
∑m
>

0

ν
m

cos
2π
m

(x
−
y
).

T
h
is

ca
n

b
e

p
u
t

triv
ially

as
an

ex
p

ectation
w

ith
V

=
Z

an
d

lead
s

to
th

e
u
su

al
F

o
u
rier

fea
tu

res
(R

a
h
im

i
an

d
R

ech
t,

2007).
T

h
is

is
also

ex
a
ctly

a
M

ercer
d
ecom

p
osition

for
k

an
d

th
e

u
n
ifo

rm
d
istrib

u
tion

on
[0,1],

w
ith

eigen
valu

es
ν

0
an

d
ν
m

,
m
>

0
(each

of
th

ese
w

ith
m

u
ltip

licity
2).

T
h
e

asso
ciated

R
K

H
S

n
orm

for
a

fu
n
ction

f
is

th
en

eq
u
al

to

‖
f‖

2F
=
ν −

1
0

( ∫
1

0
f

(x
)d
x )

2+
2
∑m
>

0

ν −
1

m

[( ∫
1

0
f

(x
)

cos
2
π
m
x
d
x )

2+
( ∫

1

0
f

(x
)

sin
2
π
m
x
d
x )

2 ]
.

A
p
a
rticu

larly
in

terestin
g

ex
am

p
le

is
ob

tain
ed

th
rou

gh
d
erivativ

es
of
f

.
If
f

is
d
iff

eren
tiab

le
a
n
d

h
a
s

a
d
erivative

f
′∈

L
2 ([0,1]),

th
en

,
on

th
e

F
ou

rier
series

co
effi

cien
ts

of
f

,
tak

in
g

th
e

d
eriva

tive
corresp

on
d
s

to
m

u
ltip

ly
in

g
th

e
tw

o
m

-th
co

effi
cien

ts
b
y

2π
m

an
d

sw
ap

p
in

g
th

em
.

S
o
b

o
lev

sp
aces

for
p

erio
d
ic

fu
n
ction

s
on

[0,1]
(i.e.,

su
ch

th
at
f

(0)=
f

(1))
are

d
efi

n
ed

th
ro

u
g
h

in
tegrab

ility
of

d
erivativ

es
(A

d
am

s
an

d
F

ou
rn

ier,
2003).

In
th

e
H

ilb
ert

sp
ace

set-u
p
,

a
fu

n
ctio

n
f

b
elon

gs
to

th
e

S
ob

olev
sp

ace
of

ord
er
s

if
on

e
can

d
efi

n
e

a
s-th

o
rd

er
sq

u
a
re-

in
teg

ra
b
le

d
erivative

in
L

2
(for

th
e

L
eb

esgu
e

m
easu

re,
w

h
ich

h
ap

p
en

s
to

b
e

eq
u
al

to
d
ρ
),

th
a
t

is,
f

(s)∈
L

2 ([0
,1]).

T
h
e

S
ob

olev
sq

u
ared

n
orm

is
th

en
d
efi

n
ed

as
an

y
p

ositiv
e

lin
ear

co
m

b
in

atio
n

o
f

th
e

q
u
ad

ratic
form

s ∫
10
f

(t)(x
)
2d
x

,
t∈
{
0
,...,s},

w
ith

n
on

-zero
co

effi
cien

ts
fo

r
t

=
0

a
n
d
t

=
s

(all
of

th
ese

n
orm

s
are

th
en

eq
u
ivalen

t).
If

on
ly

u
sin

g
t

=
0

an
d
t

=
s

w
ith

n
o
n
-zero

co
effi

cien
ts,

w
e

n
eed

ν −
1

0
=

1
an

d
ν −

1
m

=
1

+
m

2
s.

A
n

eq
u
ivalen

t
(i.e,

w
ith

u
p
p

er
a
n
d

low
er

b
ou

n
d
ed

ratios)
seq

u
en

ce
is

ob
tain

ed
b
y

rep
lacin

g
ν
m

=
(1

+
m

2
s) −

1
b
y

ν
m

=
m
−

2
s,

lea
d
in

g
to

a
closed

-form
form

u
la:

k
(x
,y

)
=

1
+

(−
1)
s−

1(2π
)
2
s

(2s)!
B

2
s ({
x
−
y}

),

w
h
ere
{
x
−
y}

d
en

otes
th

e
fraction

al
p
art

of
x
−
y
,

an
d
B

2
s

is
th

e
2
s-th

B
ern

ou
lli

p
oly

n
o-

m
ia

l
(W

a
h
b
a
,

1
990).

T
h
e

R
K

H
S
F

is
th

en
th

e
S
ob

olev
sp

ace
of

ord
er
s

on
[0
,1],

w
ith

a
n
o
rm

eq
u
iva

len
t

to
an

y
of

th
e

fam
ily

of
S
ob

olev
n
orm

s;
it

w
ill

b
e

u
sed

as
a

ru
n
n
in

g
ex

am
p
le

th
ro

u
g
h
o
u
t

th
is

p
ap

er.
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B
a
c
h

E
x
te

n
sio

n
s

to
[0,1] d.

In
ord

er
to

ex
ten

d
to
d
>

1
,

w
e

m
ay

con
sid

er
several

ex
ten

sion
s

as
d
escrib

ed
b
y

O
ates

an
d

G
irolam

i
(2015),

an
d

com
p
u
te

th
e

resu
ltin

g
eigen

valu
es

of
th

e
in

tegral
op

erators.
F

or
sim

p
licity,

w
e

con
sid

er
th

e
S
ob

o
lev

sp
ace

on
[0
,1],

w
ith

ν
0

=
1

an
d

ν −
1

m
=
m

2
s

for
m
>

0.
T

h
e

fi
rst

p
ossib

ility
to

ex
ten

d
to

[0,1] d
is

to
take

a
kern

el
w

h
ich

is
sim

p
ly

th
e

p
oin

tw
ise

p
ro

d
u
ct

of
in

d
iv

id
u
al

k
ern

els
on

[0,1].
T

h
at

is,
if
k
(x
,y

)
is

th
e

kern
el

on
[0,1],

d
efi

n
e
K

(X
,Y

)
=
∏
dj=

1
k
(x
j ,y

j )
b

etw
een

X
an

d
Y

in
[0
,1] d.

A
s

sh
ow

n
in

A
p
p

en
d
ix

A
,

th
is

lead
s

to
eigen

valu
e

d
ecay

s
b

ou
n
d
ed

b
y

(log
m

)
2
s(d−

1
)m
−

2
s,

an
d

th
u
s

u
p

to
logarith

m
ic

term
s

at
th

e
sam

e
sp

eed
m
−

2
s

as
d

=
1.

W
h
ile

th
is

sou
n
d
s

attractive
in

term
s

of
gen

eralization
p

erform
an

ce,
it

corresp
on

d
s

to
a

sp
ace

a
fu

n
ction

w
h
ich

is
n
ot

a
S
ob

olev
sp

ace
in
d

d
im

en
sion

s.
T

h
at

is
th

e
asso

ciated
sq

u
ared

n
orm

on
f

w
ou

ld
b

e
eq

u
iva

len
t

to
a

lin
ear

com
b
in

ation
of

sq
u
ared

L
2 -n

orm
of

p
artia

l
d
eriva

tives
∫

[0
,1

] d (
∂
t
1
+
···+

t
df

∂
x
t
1

1
···∂

x
t
d
d

)
2d
x

for
all

t1 ,...,td
in
{0
,...,s}.

T
h
is

corresp
on

d
s

to
fu

n
ction

s
w

h
ich

h
ave

sq
u
are-in

tegrab
le

p
artial

d
erivatives

w
ith

all
in

d
ivid

u
a
l

ord
ers

less
th

an
s.

A
ll

valu
es

of
s
>

1
are

allow
ed

an
d

lead
to

an
R

K
H

S
.

T
h
is

is
th

u
s

to
b

e
con

trasted
w

ith
th

e
u
su

al
m

u
lti-d

im
en

sion
al

S
ob

olev
sp

ace
w

h
ich

is
com

p
osed

of
fu

n
ction

s
w

h
ich

h
ave

sq
u
are-in

tegrab
le

p
artial

d
erivatives

w
ith

all
ord

ers
(t1 ,...,td )

w
ith

su
m

t1
+
···

+
td

less
th

an
s.

O
n
ly
s
>
d
/
2

is
th

en
allow

ed
to

get
an

R
K

H
S

(see,
e.g.,

B
erlin

et
an

d
T

h
om

as-A
gn

an
,

2004,
T

h
eorem

132,
p
.

348).
T

h
e

S
ob

olev
n
orm

is
th

en
of

th
e

form

∑

t
1
+
···+

t
d 6
s ∫

[0
,1

] d (
∂
t
1
+
···+

t
df

∂
x
t
1

1
···∂

x
t
d
d

)
2d
x
.

In
th

e
ex

p
an

sion
on

th
e
d
-th

ord
er

ten
sor

p
ro

d
u
ct

o
f

th
e

F
ou

rier
b
asis,

th
e

n
orm

ab
ove

is
eq

u
ivalen

t
to

p
u
ttin

g
a

w
eigh

t
on

th
e

elem
en

t
(m

1 ,...,m
d )

asy
m

p
totically

eq
u
ivalen

t
to

(∑
dj=

1
m
j )

2
s,

w
h
ich

th
u
s

rep
resen

t
th

e
in

verse
of

th
e

eigen
valu

es
of

th
e

corresp
on

d
in

g
kern

el
for

th
e

u
n
iform

d
istrib

u
tion

d
ρ

(th
is

is
sim

p
ly

an
ex

p
licit

M
ercer

d
ecom

p
osition

).
T

h
u
s,

th
e

n
u
m

b
er

of
eigen

valu
es

w
h
ich

are
greater

th
an

λ
grow

s
a
s

th
e

n
u
m

b
er

of
(m

1 ,...,m
d )

su
ch

th
at

th
eir

su
m

is
less

th
an

λ
−

1
/
(2
s),

w
h
ich

itself
is

less
th

an
a

con
stan

t
tim

es
λ
−
d
/
(2
s)

(see
a

p
ro

of
in

A
p
p

en
d
ix

A
).

T
h
is

lead
s

to
an

eigen
valu

e
d
ecay

of
m
−

2
s/
d,

w
h
ich

is
m

u
ch

w
orse

b
ecau

se
of

th
e

term
in

1
/d

in
th

e
ex

p
on

en
t.

T
ra

n
sla

tio
n

in
v
a
ria

n
t

k
e
rn

e
ls

o
n

R
d.

W
e

con
sid

er
X

=
R
d

an
d

tran
slation

-in
varian

t
kern

els
k
(x
,y

)
of

th
e

form
k
(x
,y

)
=
t(x
−
y
),

w
h
ere

t
is

an
in

tegrab
le

fu
n
ction

from
R
d

to
R

.
It

is
k
n
ow

n
th

at
th

ese
kern

els
are

p
ositive

d
efi

n
ite

if
an

d
on

ly
if

th
e

F
ou

rier
tran

sform
of
t

is
alw

ay
s

a
n
on

-n
egative

real
n
u
m

b
er.

M
ore

p
recisely,

if
t̂(ω

)
=
∫R

d
t(x

)e −
iω
>
xd
x
∈
R

+
,

th
en

k
(x
,y

)
=

1

(2π
)
d ∫

R
d

t̂(ω
)e
iω
>

(x−
y
)d
ω

=
1

(2π
)
d ∫

R
d

t̂(ω
) [

cos
ω
>
x

cos
ω
>
y
+

sin
ω
>
x

sin
ω
>
y ]d

ω
.

F
ollow

in
g

R
ah

im
i
an

d
R

ech
t

(2007),
b
y

sam
p
lin

g
ω

from
a

d
en

sity
p
rop

ortion
al

to
t̂(ω

)∈
R

+

an
d
b

u
n
iform

ly
in

[0,1]
(an

d
in

d
ep

en
d
en

tly
of
ω

),
th

en
b
y

d
efi

n
in

g
V

=
R
d×

[0,1]
a
n
d

ϕ
(ω
,b,x

)
=
√

2
cos(ω

>
x

+
2
π
b),

w
e

ob
tain

th
e

k
ern

el
k
.
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O
n
t
h
e
E
q
u
iv
a
l
e
n
c
e
b
e
t
w
e
e
n
K
e
r
n
e
l
Q
u
a
d
r
a
t
u
r
e
R
u
l
e
s
a
n
d
R
a
n
d
o
m

F
e
a
t
u
r
e
E
x
pa

n
si
o
n
s

F
or

th
es

e
ke

rn
el

s,
th

e
d
ec

ay
of

ei
ge

n
va

lu
es

h
as

b
ee

n
w

el
l-

st
u
d
ie

d
b
y

W
id

om
(1

96
3)

,
w

h
o

re
la

te
s

th
e

d
ec

ay
of

ei
ge

n
va

lu
es

to
th

e
ta

il
s

of
th

e
d
is

tr
ib

u
ti

on
d
ρ

an
d

th
e

d
ec

ay
of

th
e

F
o
u
ri

er
tr

an
sf

or
m

of
t.

F
or

ex
am

p
le

,
fo

r
th

e
G

au
ss

ia
n

k
er

n
el

w
h
er

e
k
(x
,y

)
=

ex
p
(−
α
‖x
−
y
‖2 2

),
on

su
b
-G

au
ss

ia
n

d
is

tr
ib

u
ti

on
s,

th
e

d
ec

ay
of

ei
ge

n
va

lu
es

is
ge

om
et

ri
c,

an
d

fo
r

ke
rn

el
s

le
ad

in
g

to
S
ob

ol
ev

sp
ac

es
of

or
d
er
s,

su
ch

as
th

e
M

at
er

n
ke

rn
el

(F
u
rr

er
an

d
N

y
ch

ka
,

20
07

),
th

e
d
ec

ay
is

of
th

e
fo

rm
m
−

2
s/
d
.

S
ee

al
so

ex
am

p
le

s
b
y

B
ir

m
an

an
d

S
ol

om
ya

k
(1

97
7)

;
H

a
rc

h
ao

u
i

et
a
l.

(2
00

8)
.

F
in

al
ly

,
n
ot

e
th

at
in

te
rm

s
of

co
m

p
u
ta

ti
on

,
th

er
e

ar
e

ex
te

n
si

on
s

to
av

oi
d

li
n
ea

r
co

m
-

p
le

x
it

y
in
d

(L
e

et
al

.,
20

13
).

K
e
rn

e
ls

o
n

h
y
p

e
rs

p
h

e
re

s.
If
X
⊂

R
d
+

1
is

th
e
d
-d

im
en

si
on

al
h
y
p

er
sp

h
er

e
d
efi

n
ed

as
{x
∈

R
d
+

1
,‖
x
‖2 2

=
1}

,
th

en
sp

ec
ifi

c
ke

rn
el

s
m

ay
b

e
u
se

d
,
o
f
th

e
fo

rm
k
(x
,y

)
=
t(
x
>
y
),

w
h
er

e
t

h
as

to
h
av

e
a

p
os

it
iv

e
L

eg
en

d
re

ex
p
an

si
on

(S
m

ol
a

et
al

.,
20

01
).

A
lt

er
n
at

iv
el

y,
ke

rn
el

s
b
as

ed
on

n
eu

ra
l

n
et

w
or

k
s

w
it

h
ra

n
d
om

w
ei

gh
ts

ar
e

d
ir

ec
tl

y
in

th
e

fo
rm

of
ra

n
d
om

fe
at

u
re

s
(C

h
o

an
d

S
au

l,
20

09
;

B
ac

h
,

20
17

):
fo

r
ex

am
p
le

,
th

e
ke

rn
el
k
(x
,y

)
=

E(
v
>
x

)s +
(v
>
x

)s +
fo

r
v

u
n
if

or
m

ly
d
is

tr
ib

u
te

d
in

th
e

h
y
p

er
sp

h
er

e
co

rr
es

p
on

d
s

to
sa

m
p
li
n
g

w
ei

gh
ts

in
a

on
e-

h
id

d
en

la
y
er

n
eu

ra
l

n
et

w
or

k
w

it
h

re
ct

ifi
ed

li
n
ea

r
u
n
it

s
(C

h
o

an
d

S
au

l,
20

09
).

It
tu

rn
s

ou
t

th
at

th
es

e
ke

rn
el

s
h
av

e
a

k
n
ow

n
d
ec

ay
fo

r
th

ei
r

sp
ec

tr
u
m

.

A
s

sh
ow

n
b
y

S
m

ol
a

et
al

.
(2

00
1)

;
B

ac
h

(2
01

7
),

th
e

eq
u
iv

al
en

t
of

F
ou

ri
er

se
ri

es
(w

h
ic

h
co

rr
es

p
on

d
s

to
d

=
1)

is
th

en
th

e
b
as

is
of

sp
h
er

ic
al

h
ar

m
on

ic
s,

w
h
ic

h
is

or
ga

n
iz

ed
b
y

in
te

ge
r

fr
eq

u
en

ci
es
k
>

1;
in

st
ea

d
of

h
av

in
g

2
b
as

is
ve

ct
or

s
(s

in
e

an
d

co
si

n
e)

p
er

fr
eq

u
en

cy
,

th
er

e
ar

e
O

(k
d
−

1
)

of
th

em
.

A
s

sh
ow

n
b
y

B
ac

h
(2

01
7,

p
ag

e
44

),
w

e
h
av

e
an

ex
p
li
ci

t
ex

p
an

si
on

of
k
(x
,y

)
in

te
rm

s
of

sp
h
er

ic
al

h
ar

m
on

ic
s,

le
ad

in
g

to
a

se
q
u
en

ce
of

ei
ge

n
va

lu
es

eq
u
al

to
k
−
d
−

2
s−

1
on

th
e

en
ti

re
su

b
sp

ac
e

as
so

ci
at

ed
w

it
h

fr
eq

u
en

cy
k
.

T
h
u
s,

b
y

ta
k
in

g
m

u
lt

ip
li
ci

ty
in

to
ac

co
u
n
t,

af
te

r
∑

k j=
1
jd
−

1
≈
k
d

(u
p

to
co

n
st

an
ts

)
ei

g
en

va
lu

es
,

w
e

h
av

e
an

ei
ge

n
va

lu
e

of

k
−
d
−

2
s−

1
;

th
is

le
ad

s
to

an
ei

ge
n
va

lu
e

d
ec

ay
(w

h
er

e
al

l
ei

ge
n
va

lu
es

ar
e

or
d
er

ed
in

d
ec

re
as

in
g

or
d
er

an
d

w
e

co
n
si

d
er

th
e
m

-t
h

on
e)

as
(m

1
/
d
)−
d
−

2
s−

1
=
m
−

1
−

1
/
d
−

2
s/
d
.

2
.4

A
p

p
ro

x
im

a
ti

o
n

fr
o
m

R
a
n

d
o
m

ly
S

a
m

p
le

d
F
e
a
tu

re
s

G
iv

en
th

e
fo

rm
u
la

ti
on

of
k

as
an

ex
p

ec
ta

ti
o
n

in
E

q
.

(1
),

it
is

n
at

u
ra

l
to

co
n
si

d
er

sa
m

p
li
n
g

n
el

em
en

ts
v 1
,.
..
,v
n
∈
V

fr
om

th
e

d
is

tr
ib

u
ti

on
d
τ

an
d

d
efi

n
e

th
e

ke
rn

el
ap

p
ro

x
im

at
io

n

k̂
(x
,y

)
=

1 n

n ∑ i=
1

ϕ
(v
i,
x

)ϕ
(v
i,
y
),

(5
)

w
h
ic

h
d
efi

n
es

a
fi
n
it

e-
d
im

en
si

on
al

R
K

H
S
F̂

.

F
ro

m
th

e
st

ro
n
g

la
w

of
la

rg
e

n
u
m

b
er

s—
w

h
ic

h
ca

n
b

e
a
p
p
li
ed

b
ec

au
se

w
e

h
av

e
th

e

fi
n
it

e
ex

p
ec

ta
ti

on
E|
ϕ

(v
,x

)ϕ
(v
,y

)|
6
( E
|ϕ

(v
,x

)|2
E|
ϕ

(v
,y

)|2
) 1
/
2
,

w
h
en

n
te

n
d
s

to
in

fi
n
it

y,

k̂
(x
,y

)
te

n
d
s

to
k
(x
,y

)
al

m
os

t
su

re
ly

,
an

d
th

u
s

w
e

ge
t

as
ti

gh
t

as
d
es

ir
ed

ap
p
ro

x
im

at
io

n
s

of
th

e
ke

rn
el
k
,

fo
r

a
gi

ve
n

p
ai

r
(x
,y

)
∈

X
×

X
.

R
ah

im
i

an
d

R
ec

h
t

(2
00

7)
sh

ow
th

a
t

fo
r

tr
an

sl
at

io
n
-i

n
va

ri
an

t
ke

rn
el

s
on

a
E

u
cl

id
ea

n
sp

ac
e,

th
en

th
e

co
n
ve

rg
en

ce
is

u
n
if

or
m

ov
er

a

co
m

p
ac

t
su

b
se

t
of

X
,

w
it

h
th

e
tr

ad
it

io
n
al

ra
te

of
co

n
ve

rg
en

ce
of
√

lo
g
n

n
.

In
th

is
p
ap

er
,

w
e

ra
th

er
co

n
si

d
er

a
p
p
ro

xi
m

a
ti

o
n

s
o
f

fu
n

ct
io

n
s

in
F

b
y

fu
n
ct

io
n
s

in
F̂

,
th

e
R

K
H

S
as

so
ci

at
ed

w
it

h
k̂
.

A
ke

y
d
iffi

cu
lt

y
is

th
at

in
ge

n
er

al
F̂

is
n
ot

ev
en

in
cl

u
d
ed

in
F

,
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B
a
c
h

an
d

th
er

ef
or

e,
w

e
ca

n
n
ot

u
se

th
e

n
or

m
in

F
to

ch
ar

ac
te

ri
ze

ap
p
ro

x
im

at
io

n
s.

In
th

is
p
a
p

er
,

w
e

ch
o
os

e
th

e
L

2
-n

or
m

as
so

ci
at

ed
w

it
h

th
e

p
ro

b
ab

il
it

y
m

ea
su

re
d
ρ

on
X

to
ch

a
ra

ct
er

iz
e

th
e

ap
p
ro

x
im

at
io

n
.

G
iv

en
f
∈
F

w
it

h
n
or

m
‖f
‖ F

le
ss

th
an

on
e,

w
e

lo
o
k

fo
r

a
fu

n
ct

io
n
f̂
∈
F̂

o
f

th
e

sm
al

le
st

p
os

si
b
le

n
or

m
an

d
so

th
at
‖f
−
f̂
‖ L

2
(d
ρ
)

is
as

sm
al

l
as

p
os

si
b
le

.

N
ot

e
th

at
th

e
m

ea
su

re
d
τ

is
as

so
ci

at
ed

to
th

e
ke

rn
el
k

an
d

th
e

ra
n
d
om

fe
a
tu

re
s
ϕ

,
w

h
il
e

th
e

m
ea

su
re
d
ρ

is
as

so
ci

at
ed

to
th

e
w

ay
w

e
w

a
n
t

to
m

ea
su

re
er

ro
rs

(a
n
d

le
a
d
s

to
a

sp
ec

ifi
c

d
efi

n
ti

on
of

th
e

in
te

gr
al

op
er

at
or

Σ
).

C
o
m

p
u

ta
ti

o
n

o
f

e
rr

o
r.

G
iv

en
th

e
d
efi

n
it

io
n

of
th

e
H

il
b

er
t

sp
ac

e
F

in
te

rm
s

o
f
ϕ

in
S
ec

ti
on

2.
2,

gi
ve

n
g
∈
L

2
(d
τ
)

w
it

h
‖g
‖ L

2
(d
τ
)
6

1
an

d
f

(x
)

=
∫ V
g
(v

)ϕ
(v
,x

)d
τ
(v

),
w

e
a
im

a
t

fi
n
d
in

g
an

el
em

en
t

of
F̂

cl
os

e
to
f

.
W

e
ca

n
al

so
re

p
re

se
n
t
F̂

th
ro

u
gh

a
si

m
il
ar

d
ec

o
m

p
o
si

ti
o
n
,

n
ow

w
it

h
a

fi
n
it

e
n
u
m

b
er

of
fe

at
u
re

s,
i.
e.

,
th

ro
u
gh

α
∈

R
n

su
ch

th
at
f̂

=
∑

n i=
1
α
iϕ

(v
i,
·)

w
it

h
n
or

m
3
‖f̂
‖2 F̂
6
n
‖α
‖2 2

as
sm

al
l

as
p

os
si

b
le

an
d

so
th

at
th

e
fo

ll
ow

in
g

a
p
p
ro

x
im

a
ti

o
n

er
ro

r
is

al
so

sm
al

l: ‖f̂
−
f
‖ L

2
(d
ρ
)

=

∥ ∥ ∥ ∥
n ∑ i=

1

α
iϕ

(v
i,
·)
−
∫ V

g
(v

)ϕ
(v
,·)
d
τ
(v

)∥ ∥ ∥ ∥ L
2
(d
ρ
).

(6
)

N
ot

e
th

at
w

it
h
α
i

=
1 n
g
(v
i)

an
d
v i

sa
m

p
le

d
fr

om
d
τ

(i
n
d
ep

en
d
en

tl
y
),

th
en

,
w

e
h
av

e

E(
‖α
‖2 2

)
=
∑

n i=
1
Eα

2 i
=

1 n
Eg

(v
)2
6

1 n
an

d
an

ex
p

ec
te

d
er

ro
r

eq
u
al

to
E(
‖f
−
f̂
‖2 L

2
(d
ρ
))

=
1 n
E‖
g
(v

)ϕ
(v
,·)
‖2 L

2
(d
ρ
)
6

1 n
su

p
v
∈V
‖ϕ

(v
,·)
‖2 L

2
(d
ρ
);

ou
r

go
al

is
to

o
b
ta

in
an

er
ro

r
ra

te
w

it
h

a

b
et

te
r

sc
al

in
g

in
n

,
b
y

(a
)

ch
o
os

in
g

a
b

et
te

r
d
is

tr
ib

u
ti

on
th

an
d
τ

fo
r

th
e

p
o
in

ts
v 1
,.
..
,v
n

an
d

(b
)

b
y

fi
n
d
in

g
th

e
b

es
t

p
os

si
b
le

w
ei

gh
ts
α
∈
R
n

(t
h
at

sh
ou

ld
of

co
u
rs

e
d
ep

en
d

o
n

th
e

fu
n
ct

io
n
g
).

G
o
a
ls

.
W

e
th

u
s

ai
m

at
sa

m
p
li
n
g
n

p
oi

n
ts
v 1
,.
..
,v
n
∈
V

fr
om

a
d
is

tr
ib

u
ti

o
n

w
it

h
d
en

si
ty

q
w

it
h

re
sp

ec
t

to
d
τ
.

T
h
en

th
e

ke
rn

el
ap

p
ro

x
im

at
io

n
u
si

n
g

im
po

rt
a
n

ce
w

ei
gh

ts
is

eq
u
a
l

to

k̂
(x
,y

)
=

1 n

n ∑ i=
1

1

q(
v i

)ϕ
(v
i,
x

)ϕ
(v
i,
y
)

(s
o

th
at

th
e

la
w

of
la

rg
e

n
u
m

b
er

s
le

ad
s

to
an

ap
p
ro

x
im

at
io

n
co

n
ve

rg
in

g
to
k
),

a
n
d

w
e

th
u
s

ai
m

at
m

in
im

iz
in

g
∥ ∥ ∥∑

n i=
1

β
i

q
(v
i
)1
/
2
ϕ

(v
i,
·)
−
∫ V
g
(v

)ϕ
(v
,·)
d
τ
(v

)∥ ∥ ∥ L
2
(d
ρ
),

w
it

h
n
‖β
‖2 2

(w
h
ic

h

re
p
re

se
n
ts

th
e

n
or

m
of

th
e

ap
p
ro

x
im

at
io

n
in

F̂
b

ec
au

se
of

ou
r

im
p

or
ta

n
ce

w
ei

g
h
ts

a
re

ta
ke

n
in

to
ac

co
u
n
t)

as
sm

al
l

as
p

os
si

b
le

.

3
.

Q
u
a
d
ra

tu
re

in
R

K
H

S
s

G
iv

en
a

sq
u
ar

e-
in

te
gr

ab
le

(w
it

h
re

sp
ec

t
to
d
ρ
)

fu
n
ct

io
n
g

:
X
→

R
,

th
e

q
u
ad

ra
tu

re
p
ro

b
le

m
ai

m
s

at
ap

p
ro

x
im

at
in

g,
fo

r
al

l
h
∈
F

,
in

te
gr

al
s

∫ X

h
(x

)g
(x

)d
ρ
(x

)

3
.

N
o
te

th
e

fa
ct

o
r
n

b
ec

a
u

se
o
u

r
fi

n
it

e-
d

im
en

si
o
n

a
l

k
er

n
el

in
E

q
.

(5
)

is
a
n

av
er

a
g
e

o
f

k
er

n
el

s
a
n

d
n

o
t

a
su

m
.

10
JM

L
R

 1
8(

21
):

1-
38

, 2
01

7



O
n
t
h
e
E
q
u
iv
a
l
e
n
c
e
b
e
t
w
e
e
n
K
e
r
n
e
l
Q
u
a
d
r
a
t
u
r
e
R
u
l
e
s
a
n
d
R
a
n
d
o
m

F
e
a
t
u
r
e
E
x
pa

n
sio

n
s

b
y

lin
ea

r
co

m
b
in

ation
s

n
∑i=

1

α
i h

(x
i )

o
f

eva
lu

a
tio

n
s
h

(x
1 ),...,h

(x
n
)

of
th

e
fu

n
ction

h
at

w
ell-ch

osen
p

oin
ts
x

1 ,...,x
n
∈

X
.

O
f

co
u
rse,

co
effi

cien
ts
α
∈
R
n

are
allow

ed
to

d
ep

en
d

on
g

(th
ey

w
ill

in
lin

ear
fa

sh
ion

in
th

e
n
ex

t
sectio

n
),

b
u
t

n
ot

on
h

,
as

th
e

so-called
q
u
ad

ratu
re

ru
le

h
as

to
b

e
ap

p
lied

to
all

fu
n
ction

s
in

F
.

3
.1

A
p

p
ro

x
im

a
tio

n
o
f

th
e

M
e
a
n

E
le

m
e
n
t

F
o
llow

in
g

S
m

ola
et

al.
(2007),

th
e

error
m

ay
b

e
ex

p
ressed

u
sin

g
th

e
rep

ro
d
u
cin

g
p
rop

erty
a
s:

n
∑i=

1

α
i h

(x
i )−

∫

X

h
(x

)g
(x

)d
ρ
(x

)
=

〈
h
,
n
∑i=

1

α
i k

(·,x
i )−

∫

X

k
(·,x

)g
(x

)d
ρ
(x

) 〉

F

,

a
n
d

b
y

C
a
u
ch

y
-S

ch
w

arz
in

eq
u
ality

its
su

p
rem

u
m

over‖
h‖

F
6

1
is

eq
u
al

to

∥∥∥∥
n
∑i=

1

α
i k

(·,x
i )−

∫

X

k
(·,x

)g
(x

)d
ρ
(x

) ∥∥∥∥
F

.
(7)

T
h
e

g
o
a
l

o
f

q
u
ad

ratu
re

ru
les

form
u
lated

in
a

R
K

H
S

is
th

u
s

to
fi
n
d

p
oin

ts
x

1 ,...,x
n
∈
X

a
n
d

w
eig

h
ts
α
∈

R
n

so
th

at
th

e
q
u
an

tity
in

E
q
.

(7)
is

as
sm

all
as

p
ossib

le
(S

m
ola

et
al.,

2
0
0
7
).

F
o
r
g

=
1,

th
e

fu
n
ction

∫
X
k
(·,x

)d
ρ
(x

)
is

u
su

ally
referred

to
as

th
e

m
ean

elem
en

t
of

th
e

d
istrib

u
tio

n
d
ρ
.

T
h
e

sta
n
d
a
rd

M
on

te-C
arlo

solu
tion

is
to

con
sid

er
x

1 ,...,x
n

sam
p
led

i.i.d
.

from
d
ρ

an
d

th
e

w
eig

h
ts
α
i

=
g
(x
i )/n

,
w

h
ich

lead
s

to
a

d
ecrease

of
th

e
error

in
1/ √

n
,

w
ith

E‖
α‖

22 6
1n

a
n
d

a
n

ex
p

ected
sq

u
ared

error
w

h
ich

is
eq

u
al

to
1n E‖g

(v
)k

(:,x
)‖

2F
6

1n ‖g‖
2L

2
(d
ρ
)
su

p
x∈

X
k
(x
,x

)

(S
m

o
la

et
a
l.,

2007).
N

ote
th

at
w

h
en

g
=

1,
E

q
.

(7)
corresp

on
d
s

to
a

p
articu

lar
m

etric
b

etw
een

th
e

d
istrib

u
tion

d
ρ

an
d

its
corresp

on
d
in

g
em

p
irical

d
istrib

u
tion

(S
rip

eru
m

b
u
d
u
r

et
a
l.,

20
1
0
).

In
th

is
p
a
p

er,
w

e
ex

p
lore

sam
p
lin

g
p

oin
ts
x
i

from
a

p
rob

ab
ility

d
istrib

u
tion

on
X

w
ith

d
en

sity
q

w
ith

resp
ect

to
d
ρ
.

N
ote

th
at

w
h
en

g
is

a
con

stan
t

fu
n
ction

,
it

is
so

m
etim

es
req

u
ired

th
a
t

th
e

co
effi

cien
ts
α

are
n
on

-n
egative

an
d

su
m

to
a

fi
x
ed

con
stan

t
(so

th
at

co
n
sta

n
t

fu
n
ction

s
are

ex
actly

in
tegrated

).
W

e
w

ill
n
ot

p
u
rsu

e
th

is
h
ere

as
ou

r
th

eoretical
resu

lts
d
o

n
o
t

a
ccom

m
o
d
ate

su
ch

con
strain

ts
(see,

e.g.,
C

h
en

et
al.,

2010
;

B
ach

et
al.,

2012,
a
n
d

referen
ces

th
erein

).

T
o
le

ra
n

c
e

to
n

o
isy

fu
n

c
tio

n
v
a
lu

e
s.

In
p
ractice,

in
d
ep

en
d
en

t
(b

u
t

n
ot

n
ecessarily

id
en

tica
lly

d
istrib

u
ted

)
n
oise

ε
i

m
ay

b
e

p
resen

t
w

ith
varian

ce
σ

2(x
i ).

T
h
en

,
th

e
w

orst
(w

ith
resp

ect
to
‖
h‖

F
6

1)
ex

p
ected

(w
ith

resp
ect

to
th

e
n
oise)

sq
u
ared

error
is

in
f

‖
h‖

F 6
1 E ∣∣∣∣

n
∑i=

1

α
i (h

(x
i )

+
ε
i )−

∫

X

h
(x

)g
(x

)d
ρ
(x

) ∣∣∣∣ 2

=

∥∥∥∥
n
∑i=

1

α
i k

(·,x
i )−

∫

X

k
(·,x

)g
(x

)d
ρ
(x

) ∥∥∥∥
2F

+
n
∑i=

1

α
2i σ

2(x
i ),

1
1
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B
a
c
h

an
d

th
u
s

in
ord

er
to

b
e

rob
u
st

to
n
oise,

h
av

in
g

a
sm

all
w

eigh
ted

`
2 -n

orm
for

th
e

co
effi

cien
ts

α
∈
R
n

is
im

p
orta

n
t.

3
.2

R
e
fo

rm
u

la
tio

n
a
s

R
a
n

d
o
m

F
e
a
tu

re
s

F
or

an
y
x
∈
X

,
th

e
fu

n
ction

k
(·,x

)
is

in
F

,
an

d
sin

ce
w

e
h
ave

assu
m

ed
th

at
Σ

1
/
2

is
an

isom
e-

try
from

L
2 (d

ρ
)

to
F

,
th

ere
ex

ists
a

u
n
iq

u
e

elem
en

t,
w

h
ich

w
e

d
en

ote
ψ

(·,x
),

of
L

2 (d
ρ
)

su
ch

th
at

Σ
1
/
2ψ

(·,x
)

=
k
(·,x

).
G

iven
th

e
M

ercer
d
ecom

p
ositio

n
k
(·,x

)
=
∑

m
>

1
µ
m
e
m

(x
)e
m

,
w

e

h
ave

th
e

ex
p
an

sion
ψ

(·,x
)

=
∑

m
>

1
µ

1
/
2

m
e
m

(x
)e
m

(w
ith

con
vergen

ce
in

th
e
L

2 -n
orm

for
th

e

m
easu

re
d
ρ
⊗
d
ρ
;

n
ote

th
at

w
e

d
o

n
ot

assu
m

e
th

at
µ

1
/
2

m
is

su
m

m
ab

le),
an

d
th

u
s

w
e

m
ay

con
sid

er
ψ

as
a

sy
m

m
etric

fu
n
ction

.
N

ote
th

at
ψ

m
ay

n
ot

b
e

easy
to

com
p
u
te

in
m

an
y

p
ractical

cases
(ex

cep
t

for
som

e
p

erio
d
ic

kern
els

on
[0,1]).

W
e

th
u
s

h
ave

for
(x
,y

)∈
X
×

X
:

k
(x
,y

)
=
〈k

(·,x
),k

(·,y
)〉

F
=
〈Σ

1
/
2ψ

(·,x
),Σ

1
/
2ψ

(·,y
)〉

F
=
〈ψ

(·,x
),ψ

(·,y
)〉
L

2
(d
ρ
)

b
ecau

se
of

th
e

isom
etry

p
rop

erty
of

Σ
1
/
2,

=

∫

X

ψ
(v
,x

)ψ
(v
,y

)d
ρ
(v

).
(8)

T
h
at

is,
th

e
kern

el
k

m
ay

alw
ay

s
b

e
w

ritten
as

an
ex

p
ectation

.
M

oreover,
w

e
h
ave

th
e

q
u
ad

ratu
re

error
in

E
q
.

(7)
eq

u
al

to
(again

u
sin

g
th

e
iso

m
etry

Σ
1
/
2

from
L

2 (d
ρ
)

to
F

):

∥∥∥∥
n
∑i=

1

α
i k

(·,x
i )−

∫

X

k
(·,x

)g
(x

)d
ρ
(x

) ∥∥∥∥
F

=

∥∥∥∥
n
∑i=

1

α
i Σ

1
/
2ψ

(x
i ,·)−

∫

X

Σ
1
/
2ψ

(x
,·)g

(x
)d
ρ
(x

) ∥∥∥∥
F

=

∥∥∥∥
n
∑i=

1

α
i ψ

(x
i ,·)−

∫

X

ψ
(x
,·)g

(x
)d
ρ
(x

) ∥∥∥∥
L

2
(d
ρ
) ,

w
h
ich

is
ex

actly
an

in
stan

ce
of

th
e

ap
p
rox

im
ation

resu
lt

in
E

q
.

(6)
w

ith
V

=
X

an
d

ϕ
=
ψ

,
th

at
is

th
e

ran
d
om

featu
re

is
in

d
ex

ed
b
y

th
e

sa
m

e
set

X
as

th
e

kern
el.

T
h
u
s,

th
e

q
u
ad

ratu
re

p
rob

lem
,

th
at

is
fi
n
d
in

g
p

oin
ts
x
i

an
d

w
eigh

ts
(α

i )
to

get
th

e
b

est
p

ossib
le

error
over

all
fu

n
ction

s
of

th
e

u
n
it

b
all

of
F

,
is

a
su

bca
se

of
th

e
ran

d
om

featu
re

p
rob

lem
for

a
sp

ecifi
c

ex
p
an

sion
.

N
ote

th
at

th
is

ran
d
om

d
ecom

p
osition

in
term

s
o
f
ψ

is
alw

ay
s

p
ossib

le
(alth

ou
gh

n
ot

in
closed

form
in

gen
eral).

In
te

rp
re

ta
tio

n
th

ro
u

g
h

sq
u

a
re

-ro
o
ts

o
f

in
te

rg
ra

l
o
p

e
ra

to
rs.

A
s

sh
ow

n
in

S
ec-

tion
2.2,

ran
d
om

featu
re

ex
p
an

sion
s

corresp
o
n
d

to
sq

u
are-ro

ots
of

th
e

in
tegra

l
op

erator
Σ

:
L

2 (d
ρ
)→

L
2 (d

ρ
)

as
Σ

=
T
T
∗.

A
m

on
g

th
e

m
an

y
p

ossib
le

sq
u
are

ro
ots,

th
e

q
u
ad

ratu
re

case
corresp

on
d
s

ex
actly

to
th

e
p

ositive
self-ad

join
t

sq
u
are

ro
o
t
T

=
Σ

1
/
2.

In
th

is
situ

ation
,

th
e

b
asis

(f
m

)
m
>

1
of

th
e

sin
gu

lar
valu

e
d
ecom

p
osition

of
T

=
Σ

1
/
2

is
eq

u
al

to
(e
m

)
m
>

1 ,

recoverin
g

th
e

ex
p
an

sion
ψ

(x
,y

)
=
∑

m
>

1
µ

1
/
2

m
e
m

(x
)e
m

(y
)

w
h
ich

w
e

h
ave

seen
ab

ove.

T
ra

n
sla

tio
n

-in
v
a
ria

n
t

k
e
rn

e
ls

o
n

[0,1] d
o
r
X

=
R
d.

In
th

is
im

p
ortan

t
situ

ation
,

w
e

h
ave

tw
o

d
iff

eren
t

ex
p
an

sion
s:

th
e

on
e

b
ased

on
F

ou
rier

featu
res,

w
h
ere

th
e

ran
d
om

variab
le

in
d
ex

in
g

th
e

on
e-d

im
en

sion
al

featu
re

is
a

frequ
en

cy,
w

h
ile

for
th

e
on

e
b
a
sed

on
th

e
sq

u
are

ro
ot
ψ

,
th

e
ran

d
om

variab
le

is
a

spa
tia

l
va

ria
ble

in
X

.
A

s
w

e
sh

ow
in

S
ection

4,
ou

r
resu

lts
are

in
d
ep

en
d
en

t
of

th
e

ch
osen

ex
p
an

sion
s

an
d

th
u
s

ap
p
ly

to
b

oth
.

H
ow

ever,
(a)

w
h
en

th
e
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O
n
t
h
e
E
q
u
iv
a
l
e
n
c
e
b
e
t
w
e
e
n
K
e
r
n
e
l
Q
u
a
d
r
a
t
u
r
e
R
u
l
e
s
a
n
d
R
a
n
d
o
m

F
e
a
t
u
r
e
E
x
pa

n
si
o
n
s

go
al

is
to

d
o

q
u
ad

ra
tu

re
,

w
e

n
ee

d
to

u
se
ψ

,
an

d
(b

)
in

ge
n
er

al
,

th
e

d
ec

om
p

os
it

io
n

b
as

ed
on

F
ou

ri
er

fe
at

u
re

s
ca

n
b

e
ea

si
ly

co
m

p
u
te

d
on

ce
sa

m
p
le

s
ar

e
ob

ta
in

ed
,

w
h
il
e

fo
r

m
os

t
ke

rn
el

s,
ψ

(x
,y

)
d
o
es

n
ot

h
av

e
an

y
cl

os
ed

-f
or

m
si

m
p
le

ex
p
re

ss
io

n
.

In
S
ec

ti
on

6,
w

e
p
ro

v
id

e
a

si
m

p
le

ex
am

p
le

w
it

h
X

=
[0
,1

]
w

h
er

e
th

e
tw

o
d
ec

om
p

os
it

io
n
s

ar
e

co
n
si

d
er

ed
.

G
o
a
ls

.
In

or
d
er

to
b

e
ab

le
to

m
ak

e
th

e
p
ar

al
le

l
w

it
h

ra
n
d
om

fe
at

u
re

ap
p
ro

x
im

at
io

n
s,

w
e

co
n
si

d
er

im
p

or
ta

n
ce

-w
ei

gh
te

d
co

effi
ci

en
ts
β
i

=
α
iq

(x
i)

1
/
2
,

an
d

w
e

th
u
s

a
im

at
m

in
im

iz
in

g
th

e
ap

p
ro

x
im

at
io

n
er

ro
r ∥ ∥ ∥
n ∑ i=

1

β
iq

(x
i)
−

1
/
2
k
(·,
x
i)
−
∫ X

k
(·,
x

)g
(x

)d
ρ
(x

)∥ ∥ ∥ F
.

W
e

co
n
si

d
er

p
ot

en
ti

al
in

d
ep

en
d
en

t
n
oi

se
w

it
h

va
ri

an
ce
σ

2
(x
i)
6
τ

2
q(
x
i)

fo
r

al
l
x
i,

so
th

at
th

e
to

le
ra

n
ce

to
n
oi

se
is

ch
ar

ac
te

ri
ze

d
b
y

th
e
` 2

-n
or

m
‖β
‖ 2

.

3
.3

R
e
la

ti
o
n

sh
ip

w
it

h
C

o
lu

m
n

S
a
m

p
li
n

g

T
h
e

p
ro

b
le

m
of

q
u
ad

ra
tu

re
is

re
la

te
d

to
th

e
p
ro

b
le

m
of

co
lu

m
n

sa
m

p
li
n
g.

G
iv

en
n

ob
-

se
rv

at
io

n
s
x

1
,.
..
,x

n
∈

X
,

th
e

go
al

of
co

lu
m

n
-s

am
p
li
n
g

m
et

h
o
d
s

is
to

ap
p
ro

x
im

at
e

th
e

n
×
n

m
at

ri
x

of
p
ai

rw
is

e
k
er

n
el

ev
al

u
la

ti
on

s,
th

e
so

-c
al

le
d

ke
rn

el
m

a
tr

ix
,

fr
om

a
su

b
se

t
of

it
s

co
lu

m
n
s.

It
h
as

ap
p

ea
re

d
u
n
d
er

m
an

y
n
am

es
:

N
y
st

rö
m

m
et

h
o
d

(W
il
li
am

s
an

d
S
ee

ge
r,

20
01

),
sp

ar
se

gr
ee

d
y

ap
p
ro

x
im

at
io

n
s

(S
m

ol
a

an
d

S
ch

öl
ko

p
f,

20
00

),
in

co
m

p
le

te
C

h
ol

es
k
y

d
ec

om
p

os
it

io
n

(F
in

e
an

d
S
ch

ei
n
b

er
g,

20
01

),
G

ra
m

-S
ch

m
id

t
o
rt

h
on

or
m

al
iz

at
io

n
(s

ee
,

e.
g.

,
S
h
aw

e-
T

ay
lo

r
an

d
C

ri
st

ia
n
in

i,
20

04
)

or
C

U
R

m
at

ri
x

d
ec

om
p

os
it

io
n
s

(M
a
h
o
n
ey

an
d

D
ri

n
ea

s,
20

09
). W

h
il
e

co
lu

m
n

sa
m

p
li
n
g

h
as

ty
p
ic

al
ly

b
ee

n
an

al
y
ze

d
fo

r
a

fi
x
ed

ke
rn

el
m

at
ri

x
,

it
h
as

a
n
at

u
ra

l
ex

te
n
si

on
w

h
ic

h
is

re
la

te
d

to
q
u
ad

ra
tu

re
p
ro

b
le

m
s:

se
le

ct
in

g
n

p
oi

n
ts
x

1
,.
..
,x

n

fr
om

X
su

ch
th

at
th

e
p
ro

je
ct

io
n

of
an

y
el

em
en

t
of

th
e

R
K

H
S
F

on
to

th
e

su
b
sp

ac
e

sp
an

n
ed

b
y
k
(·,
x
i)

,
i

=
1,
..
.,
n

is
as

sm
al

l
as

p
os

si
b
le

.
N

at
u
ra

l
fu

n
ct

io
n
s

fr
om

F
ar

e
k
(·,
x

),
x
∈
X

,
an

d
th

u
s

th
e

go
al

is
to

m
in

im
iz

e,
fo

r
su

ch
x
∈
X

,

in
f

α
∈R

n

∥ ∥ ∥
n ∑ i=

1

α
ik

(·,
x
i)
−
k
(·,
x

)∥ ∥ ∥2 F
.

In
th

e
u
su

al
sa

m
p
li
n
g

ap
p
ro

ac
h
,

se
ve

ra
l

p
oi

n
ts

ar
e

co
n
si

d
er

ed
fo

r
te

st
in

g
th

e
p
ro

je
ct

io
n

er
ro

r,
an

d
it

is
th

u
s

n
at

u
ra

l
to

co
n
si

d
er

th
e

cr
it

er
io

n
av

er
ag

ed
th

ro
u
gh

th
e

m
ea

su
re
d
ρ
,

th
at

is
:

∫ X

in
f

α
∈R

n

∥ ∥ ∥
n ∑ i=

1

α
ik

(·,
x
i)
−
k
(·,
x

)∥ ∥ ∥2 F
d
ρ
(x

).

In
fa

ct
,

w
h
en
d
ρ

is
su

p
p

or
te

d
on

a
fi
n
it

e
se

t,
th

is
fo

rm
u
la

ti
on

is
eq

u
iv

al
en

t
to

m
in

im
iz

in
g

th
e

n
u
cl

ea
r

n
or

m
b

et
w

ee
n

th
e

ke
rn

el
m

at
ri

x
an

d
it

s
lo

w
-r

an
k

ap
p
ro

x
im

at
io

n
.

T
h
er

e
a
re

th
u
s

se
ve

ra
l

d
iff

er
en

ce
s

an
d

si
m

il
ar

it
ie

s
b

et
w

ee
n

re
ce

n
t

w
or

k
on

co
lu

m
n

sa
m

p
li
n
g

(B
ac

h
,

20
13

;
E

l
A

la
ou

i
an

d
M

ah
on

ey
,

20
15

)
an

d
th

e
p
re

se
n
t

p
ap

er
on

q
u
ad

ra
tu

re
ru

le
s

an
d

ra
n
d
om

fe
at

u
re

s:

–
D

iff
e
re

n
t

e
rr

o
r

m
e
a
su

re
s:

T
h
e

co
lu

m
n

sa
m

p
li
n
g

ap
p
ro

ac
h

co
rr

es
p

on
d
s

to
a

fu
n
ct

io
n

g
in

E
q
.

(7
)

w
h
ic

h
is

a
D

ir
ac

fu
n
ct

io
n

at
th

e
p

oi
n
t
x

,
an

d
is

th
u
s

n
ot

in
L

2
(d
ρ
).

T
h
u
s

th
e

tw
o

fr
am

ew
or

k
s

ar
e

n
ot

eq
u
iv

al
en

t.
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 1
8(

21
):

1-
38

, 2
01

7

B
a
c
h

–
A

p
p

ro
x
im

a
ti

o
n

v
s.

p
re

d
ic

ti
o
n

:
T

h
e

w
or

k
s

b
y

B
ac

h
(2

01
3)

;
E

l
A

la
ou

i
a
n
d

M
a
h
o
n
ey

(2
01

5)
ai

m
at

u
n
d
er

st
an

d
in

g
w

h
en

co
lu

m
n

sa
m

p
li
n
g

le
ad

s
to

n
o

lo
ss

in
p
re

d
ic

ti
ve

p
er

-
fo

rm
an

ce
w

it
h
in

a
su

p
er

v
is

ed
le

ar
n
in

g
fr

a
m

ew
or

k
,

w
h
il
e

th
e

p
re

se
n
t

p
a
p

er
lo

o
k
s

a
t

ap
p
ro

x
im

at
io

n
p
ro

p
er

ti
es

,
m

os
tl

y
re

ga
rd

le
ss

of
an

y
su

p
er

v
is

ed
le

ar
n
in

g
p
ro

b
le

m
,

ex
ce

p
t

in
S
ec

ti
on

4.
5

fo
r

ra
n
d
om

fe
at

u
re

s
(b

u
t

n
ot

fo
r

q
u
ad

ra
tu

re
).

–
L

o
w

e
r

b
o
u

n
d

s:
In

S
ec

ti
on

4.
3,

w
e

p
ro

v
id

e
ex

p
li
ci

t
lo

w
er

b
ou

n
d
s

of
ap

p
ro

x
im

a
ti

o
n
s,

w
h
ic

h
ar

e
n
ot

av
ai

la
b
le

fo
r

co
lu

m
n

sa
m

p
li
n
g.

–
S

im
il
a
r

sa
m

p
li
n

g
is

su
e
s:

In
th

e
tw

o
fr

am
ew

or
k
s,

p
oi

n
ts
x

1
,.
..
,x

n
∈
X

a
re

sa
m

p
le

d
i.
i.
d
.

w
it

h
a

ce
rt

ai
n

d
is

tr
ib

u
ti

on
q,

an
d

th
e

b
es

t
ch

oi
ce

d
ep

en
d
s

on
th

e
a
p
p
ro

p
ri

a
te

n
ot

io
n

of
le

ve
ra

ge
sc

or
es

(M
ah

on
ey

,
20

11
),

w
h
il
e

th
e

st
an

d
ar

d
u
n
if

or
m

d
is

tr
ib

u
ti

o
n

le
ad

s
to

an
in

fe
ri

or
ap

p
ro

x
im

at
io

n
re

su
lt

.
M

or
eo

v
er

,
th

e
p
ro

of
te

ch
n
iq

u
es

a
re

si
m

il
a
r

an
d

b
as

ed
on

co
n
ce

n
tr

at
io

n
in

eq
u
al

it
ie

s
fo

r
op

er
at

or
s,

h
er

e
in

H
il
b

er
t

sp
a
ce

s
ra

th
er

in
fi
n
it

e
d
im

en
si

on
s.

3
.4

R
e
la

te
d

W
o
rk

o
n

Q
u

a
d

ra
tu

re

M
an

y
m

et
h
o
d
s

h
av

e
b

ee
n

d
es

ig
n
ed

fo
r

th
e

co
m

p
u
ta

ti
on

of
in

te
gr

al
s

of
a

fu
n
ct

io
n

g
iv

en
ev

al
u
at

io
n
s

at
ce

rt
ai

n
w

el
l-

ch
os

en
p

oi
n
ts

,
in

m
o
st

ca
se

s
w

h
en

g
is

co
n
st

an
t

eq
u
a
l

to
o
n
e.

W
e

re
v
ie

w
so

m
e

of
th

es
e

b
el

ow
.

U
n

i-
d

im
e
n

si
o
n

a
l
in

te
g
ra

ls
.

W
h
en

th
e

u
n
d
er

ly
in

g
se

t
X

is
a

co
m

p
ac

t
in

te
rv

a
l
o
f

th
e

re
a
l

li
n
e,

se
ve

ra
l

m
et

h
o
d
s

ex
is

ts
,

su
ch

as
th

e
tr

ap
ez

oi
d
al

or
S
im

p
so

n
’s

ru
le

s,
w

h
ic

h
a
re

b
a
se

d
o
n

in
te

rp
ol

at
io

n
b

et
w

ee
n

th
e

sa
m

p
le

p
oi

n
ts

,
an

d
fo

r
w

h
ic

h
th

e
er

ro
r

d
ec

ay
s

a
s
O

(1
/
n

2
)

a
n
d

O
(1
/n

4
)

fo
r

fu
n
ct

io
n
s

w
it

h
u
n
if

or
m

ly
b

ou
n
d
ed

se
co

n
d

or
fo

u
rt

h
d
er

iv
at

iv
es

(C
ru

z-
U

ri
b

e
a
n
d

N
eu

ge
b
au

er
,

20
02

).
G

au
ss

ia
n

q
u
ad

ra
tu

re
is

an
ot

h
er

cl
a
ss

of
m

et
h
o
d
s

fo
r

on
e-

d
im

en
si

on
al

in
te

g
ra

ls
:

it
is

b
as

ed
on

a
b
as

is
of

or
th

og
on

al
p

ol
y
n
om

ia
ls

fo
r
L

2
(d
ρ
)

w
h
er

e
d
ρ

is
a

p
ro

b
a
b
il
it

y
m

ea
-

su
re

su
p
p

or
te

d
in

an
in

te
rv

al
,

an
d

th
ei

r
ze

ro
s

(H
il
d
eb

ra
n
d
,

19
87

,
C

h
ap

.
8
).

T
h
is

le
a
d
s

to
q
u
ad

ra
tu

re
ru

le
s

w
h
ic

h
ar

e
ex

ac
t

fo
r

p
ol

y
n
om

ia
ls

of
d
eg

re
e

2
n
−

1
b
u
t

er
ro

r
b

o
u
n
d
s

fo
r

n
on

-p
ol

y
n
om

ia
ls

re
ly

on
h
ig

h
-o

rd
er

d
er

iv
at

iv
es

,
al

th
ou

gh
th

e
em

p
ir

ic
al

p
er

fo
rm

a
n
ce

o
n

fu
n
ct

io
n
s

of
a

S
ob

ol
ev

sp
ac

e
in

ou
r

ex
p

er
im

en
ts

is
as

go
o
d

as
op

ti
m

al
q
u
ad

ra
tu

re
sc

h
em

es
(s

ee
S
ec

ti
on

6)
;

d
ep

en
d
in

g
on

th
e

or
th

og
on

al
p

ol
y
n
om

ia
ls

,
w

e
ge

t
va

ri
ou

s
q
u
a
d
ra

tu
re

ru
le

s,
su

ch
as

G
au

ss
-L

eg
en

d
re

q
u
ad

ra
tu

re
fo

r
th

e
L

eb
es

gu
e

m
ea

su
re

on
[0
,1

].
Q

u
as

i
M

on
te

-c
ar

lo
m

et
h
o
d
s

em
p
lo

y
a

se
q
u
en

ce
of

p
oi

n
ts

w
it

h
lo

w
d
is

cr
ep

a
n
cy

w
it

h
u
n
i-

fo
rm

w
ei

gh
ts

(M
or

ok
off

an
d

C
afl

is
ch

,
19

94
),

le
ad

in
g

to
ap

p
ro

x
im

at
io

n
er

ro
rs

o
f
O

(1
/
n

)
fo

r
u
n
iv

ar
ia

te
fu

n
ct

io
n
s

w
it

h
b

ou
n
d
ed

va
ri

at
io

n
,

b
u
t

ty
p
ic

al
ly

w
it

h
n
o

ad
ap

ta
ti

o
n

to
sm

o
o
th

er
fu

n
ct

io
n
s.

H
ig

h
e
r-

d
im

e
n

si
o
n

a
l

in
te

g
ra

ls
.

A
ll

of
th

e
m

et
h
o
d
s

ab
ov

e
m

ay
b

e
ge

n
er

a
li
ze

d
fo

r
p
ro

d
-

u
ct

s
of

in
te

rv
al

s
[0
,1

]d
,

ty
p
ic

al
ly

w
it

h
d

sm
al

l.
F

or
la

rg
er

p
ro

b
le

m
s,

B
ay

es
-H

er
m

it
e

q
u
a
d
ra

-
tu

re
(O

’H
ag

an
,

19
91

)
is

es
se

n
ti

al
ly

eq
u
iv

al
en

t
to

th
e

q
u
a
d
ra

tu
re

ru
le

s
w

e
st

u
d
y

in
th

is
p
ap

er
.

S
om

e
of

th
e

q
u
ad

ra
tu

re
ru

le
s

ar
e

co
n
st

ra
in

ed
to

h
av

e
p

os
it

iv
e

w
ei

gh
ts

w
it

h
u
n
it

su
m

(s
o

th
at

th
e

p
os

it
iv

it
y

p
ro

p
er

ti
es

of
in

te
g
ra

ls
ar

e
p
re

se
rv

ed
an

d
co

n
st

a
n
ts

ar
e

ex
ac

tl
y

in
eg

ra
te

d
).

T
h
e

q
u
ad

ra
tu

re
ru

le
s

w
e

p
re

se
n
t

d
o

n
ot

sa
ti

sf
y

th
es

e
co

n
st

ra
in

ts
.

If
th

es
e

co
n
st

ra
in

ts
a
re

re
q
u
ir

ed
,

k
er

n
el

h
er

d
in

g
(C

h
en

et
al

.,
20

10
;

B
ac

h
et

al
.,

2
01

2)
p
ro

v
id

es
a

n
ov

el
w

ay
to

se
le

ct

1
4
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O
n
t
h
e
E
q
u
iv
a
l
e
n
c
e
b
e
t
w
e
e
n
K
e
r
n
e
l
Q
u
a
d
r
a
t
u
r
e
R
u
l
e
s
a
n
d
R
a
n
d
o
m

F
e
a
t
u
r
e
E
x
pa

n
sio

n
s

a
seq

u
en

ce
o
f

p
oin

ts
b
ased

on
th

e
con

d
ition

al
grad

ien
t

algorith
m

,
b
u
t

w
ith

cu
rren

tly
n
o

co
n
verg

en
ce

g
u
aran

tees
im

p
rov

in
g

over
O

(1/ √
n

)
for

in
fi
n
ite-d

im
en

sion
al

sp
aces.

T
h

e
o
re

tic
a
l
re

su
lts.

T
h
e

b
est

p
ossib

le
error

for
a

q
u
ad

ratu
re

ru
le

w
ith

n
p

o
in

ts
h
as

b
een

w
ell-stu

d
ied

in
several

settin
gs;

see
N

ovak
(1988)

for
a

com
p
reh

en
siv

e
rev

iew
.

F
or

ex
am

p
le,

fo
r
X

=
[0,1

]
a
n
d

th
e

sp
ace

of
S
ob

olev
fu

n
ction

s,
w

h
ich

are
R

K
H

S
s

w
ith

eigen
valu

es
of

th
eir

in
teg

ra
l

o
p

era
tor

d
ecreasin

g
as
m
−

2
s,

N
ovak

(1988,
P

rop
.

2
an

d
3,

p
age

38)
sh

ow
s

th
a
t

th
e

b
est

p
ossib

le
q
u
ad

ratu
re

ru
le

for
th

e
u
n
iform

d
istrib

u
tion

an
d
g

=
1

lead
s

to
an

error
rate

o
f
n
−
s,

a
s

w
ell

as
for

an
y

sq
u
ared

-in
tegrab

le
fu

n
ction

g
.

T
h
e

p
ro

of
of

th
ese

resu
lts

(b
oth

u
p
p

er
a
n
d

low
er

b
ou

n
d
s)

relies
on

d
etailed

p
rop

erties
of

S
ob

olev
sp

aces.
In

th
is

p
ap

er,
w

e
recover

th
ese

resu
lts

u
sin

g
on

ly
th

e
d
ecay

of
eigen

valu
es

of
th

e
asso

ciated
in

tegra
l

op
erator

Σ
,

th
u
s

a
llow

in
g

straigh
tforw

ard
ex

ten
sion

s
to

m
an

y
situ

ation
s,

like
S
ob

olev
sp

aces
on

m
a
n
ifo

ld
s

su
ch

as
h
y
p

ersp
h
eres

(H
esse,

2006),
w

h
ere

w
e

also
recover

ex
istin

g
resu

lts
(u

p
to

lo
g
a
rith

m
ic

term
s).

M
o
reover,

N
ovak

(1988,
p
age

17)
sh

ow
s

th
at

ad
ap

tive
q
u
ad

ratu
re

ru
les

w
h
ere

p
oin

ts
are

selected
seq

u
en

tially
w

ith
th

e
k
n
ow

led
ge

of
th

e
fu

n
ction

valu
es

at
p
rev

iou
s

p
oin

ts
can

n
ot

im
p
rove

th
e

w
o
rst-case

gu
aran

tees.
O

u
r

resu
lts

d
o

n
ot

recov
er

th
is

low
er

b
ou

n
d

resu
lt

for
a
d
a
p
tiv

ity.

F
in

a
lly,

L
a
n
gb

erg
an

d
S
ch

u
lm

an
(2010)

con
sid

er
m

u
ltip

licative
errors

in
com

p
u
tin

g
in

-
teg

ra
ls

a
n
d

m
a
in

ly
fo

cu
ses

on
d
iff

eren
t

fu
n
ction

sp
aces,

su
ch

as
on

es
u
sed

in
clu

sterin
g

fu
n
ctio

n
a
ls.

A
lth

ou
gh

sam
p
lin

g
q
u
ad

ra
tu

re
p

oin
ts

from
a

w
ell-ch

osen
d
en

sity
is

com
m

on
in

th
e

tw
o

ap
p
ro

a
ch

es,
th

e
an

aly
sis

to
ols

are
d
iff

eren
t.

It
w

ou
ld

b
e

in
terestin

g
to

see
if

som
e

o
f

th
ese

to
o
ls

can
b

e
tran

sferred
to

ou
r

R
K

H
S

settin
g.

F
ro

m
q
u

a
d

ra
tu

re
to

fu
n

c
tio

n
a
p

p
ro

x
im

a
tio

n
a
n

d
o
p

tim
iz

a
tio

n
.

T
h
e

p
ro

b
lem

of
q
u
a
d
ra

tu
re,

u
n
iform

ly
over

all
fu

n
ction

s
g
∈
L

2 (d
ρ
)

th
at

d
efi

n
e

th
e

in
tegral,

is
in

fact
eq

u
iva

len
t

to
th

e
fu

ll
ap

p
rox

im
ation

of
a

fu
n
ction

h
given

valu
es

at
n

p
oin

ts,
w

h
ere

th
e

a
p
p
rox

im
a
tio

n
error

is
ch

aracterized
in
L

2 -n
orm

.
In

d
eed

,
given

th
e

ob
servation

s
h

(x
i ),

i
=

1
,...,n

,
w

e
b
u
ild
∑

ni=
1
α
i h

(x
i )

as
an

ap
p
rox

im
ation

of ∫
X
g
(x

)h
(x

)d
ρ
(x

).
It

tu
rn

s
o
u
t

th
at

th
e

co
effi

cien
ts
α
i
are

lin
ear

in
g
,
th

at
is,

th
ere

ex
ists

a
i ∈

L
2 (d

ρ
)

su
ch

th
at
α
i

=
〈a
i ,g〉

L
2
(d
ρ
) .

T
h
is

im
p
lies

th
a
t ∑

ni=
1
h

(x
i )〈a

i ,g〉
L

2
(d
ρ
)

is
an

ap
p
rox

im
ation

of〈h
,g〉

L
2
(d
ρ
) .

T
h
u
s,

th
e

w
orst

ca
se

erro
r

w
ith

resp
ect

to
g

in
th

e
u
n
it

b
all

of
L

2 (d
ρ
)

is ∥∥ ∑
ni=

1
h

(x
i )a

i −
h ∥∥

L
2
(d
ρ
) ,

th
at

is,

w
e

h
ave

a
n

a
p
p
rox

im
ation

resu
lt

of
h

th
rou

gh
o
b
servation

s
of

its
valu

es
at

certain
p

oin
ts.

N
ova

k
(1

9
8
8)

con
sid

ers
th

e
ap

p
rox

im
ation

p
rob

lem
in

L
∞

-n
orm

an
d

sh
ow

s
th

at
for

S
o
b

o
lev

sp
a
ces,

goin
g

from
L

2 -
to
L
∞

-n
orm

s
in

cu
rs

a
loss

of
p

erform
an

ce
of √

n
.

W
e

recover
p
a
rtia

lly
th

ese
resu

lts
in

S
ection

5
from

a
m

ore
gen

eral
p

ersp
ective.

W
h
en

op
tim

izin
g

th
e

p
o
in

ts
a
t

w
h
ich

th
e

fu
n
ction

is
evalu

ated
(ad

ap
tively

or
n
ot),

th
e

ap
p
rox

im
ation

p
rob

lem
is

o
ften

referred
to

as
ex

p
erim

en
tal

d
esign

(C
o
ch

ran
an

d
C

ox
,

1957;
C

h
alon

er
an

d
V

erd
in

elli,
1
9
9
5
).

F
in

a
lly,

a
th

ird
p
rob

lem
is

of
in

terest
(an

d
ou

tsid
e

of
th

e
scop

e
of

th
is

p
ap

er),
n
am

ely
th

e
p
ro

b
lem

of
fi
n
d
in

g
th

e
m

in
im

u
m

of
a

fu
n
ction

giv
en

(p
oten

tially
n
oisy

)
fu

n
ctio

n
eval-

u
a
tio

n
s.

F
o
r

n
o
iseless

p
rob

lem
s,

N
ovak

(1988,
p
age

26)
sh

ow
s

th
at

th
e

ap
p
rox

im
ation

an
d

o
p
tim

iza
tio

n
p
rob

lem
s

h
av

e
th

e
sam

e
w

orst-case
gu

a
ran

tees
(w

ith
n
o

in
fl
u
en

ce
of

ad
ap

tiv
-

ity
);

th
is

op
tim

ization
p
rob

lem
h
as

also
b

een
stu

d
ied

in
th

e
b
an

d
it

settin
g

(S
rin

ivas
et

al.,
2
0
1
2
)

a
n
d

in
th

e
fram

ew
ork

of
“B

ayesian
op

tim
ization

”
(see,

e.g.
B

u
ll,

2011).
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B
a
c
h

4
.

T
h
e
o
re

tica
l

A
n
a
ly

sis

In
th

is
section

,
w

e
p
rov

id
e

ap
p
rox

im
ation

b
ou

n
d
s

fo
r

th
e

ran
d
om

featu
re

p
rob

lem
ou

tlin
ed

in
S
ection

2.4
(an

d
th

u
s

th
e

q
u
ad

ra
tu

re
p
rob

lem
in

S
ection

3).
In

S
ection

4.1,
w

e
p
rov

id
e

gen
eric

u
p
p

er
b

ou
n
d
s,

w
h
ich

d
ep

en
d

on
th

e
eigen

valu
es

of
th

e
in

tegral
op

erator
Σ

an
d

p
resen

t
m

atch
in

g
low

er
b

ou
n
d
s

(u
p

to
log

arith
m

ic
term

s)
in

S
ection

4.3.
T

h
e

u
p
p

er-b
ou

n
d

d
ep

en
d
s

on
sp

ecifi
c

d
istrib

u
tion

s
of

sam
p
les

th
at

w
e

d
iscu

ss
in

S
ection

4.2.
W

e
th

en
con

sid
er

con
seq

u
en

ces
of

th
ese

resu
lts

on
q
u
ad

ratu
re

(S
ection

4.4)
an

d
ran

d
om

fea
tu

re
ex

p
an

sion
s

(S
ection

4.5).

4
.1

U
p

p
e
r

B
o
u

n
d

T
h
e

follow
in

g
p
rop

osition
(see

p
ro

of
in

A
p
p

en
d
ix

B
.1)

d
eterm

in
es

th
e

m
in

im
al

n
u
m

b
er

of
sam

p
les

req
u
ired

for
a

given
ap

p
rox

im
ation

accu
racy

:

P
ro

p
o
sitio

n
1

(A
p

p
ro

x
im

a
tio

n
o
f

th
e

u
n

it
b

a
ll

o
f
F

)
F

o
r
λ
>

0
a
n

d
a

d
istribu

tio
n

w
ith

po
sitive

d
en

sity
q

w
ith

respect
to
d
τ

,
w

e
co

n
sid

er

d
m

a
x (q,λ

)
=

su
p

v∈
V

1

q(v
) 〈ϕ

(v
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δ∈

(0,1),
if

n
>

5d
m

a
x (q,λ

)
log

16d
m

a
x (q,λ

)

δ
,

w
ith

p
ro

ba
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f
−

n
∑i=

1

β
i q(v

i ) −
1
/
2ϕ

(v
i ,·) ∥∥∥∥
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b
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b
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p

to
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.
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e
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b
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at
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b
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h
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b
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p
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p
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b
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b
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p
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∈
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∑i=

1

β
i q(v

i ) −
1
/
2ϕ

(v
i ,·)−

f ∥∥∥
2L

2
(d
ρ
)

+
n
λ‖
β‖

22 .

1
6

JM
L

R
 18(21):1-38, 2017



O
n
t
h
e
E
q
u
iv
a
l
e
n
c
e
b
e
t
w
e
e
n
K
e
r
n
e
l
Q
u
a
d
r
a
t
u
r
e
R
u
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b
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re
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p
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at
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h
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re
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p
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at
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b
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p
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b
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c
ta

ti
o
n

.
In

S
ec

ti
on

4.
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n
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p
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d
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−
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c
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=
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=
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=
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=
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u
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n
et

to
an

d
D

e
V

it
o,

20
07

),
w

h
ic

h
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p
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p
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p
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ra
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b
le

m
.

T
h
e

q
u
an

ti
ty

d
(λ

)
on

ly
d
ep

en
d
s

on
th

e
in
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at
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b
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b
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an
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b
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le
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b
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b
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d
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b
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b
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p
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∑
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an
d

th
u
s

q∗ λ
(v

)
∝
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p
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u
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d
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p
en

to
b

e
op

ti
m

al
in

te
rm

s
of

ap
p
ro

x
im

at
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c
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b
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p
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p
er

io
d
ic

ke
rn

el
s

on
[0
,1

]
w

it
h

th
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d
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b
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p
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d
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c
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ra
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h
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h
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re
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d
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b
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ra
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p
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p
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e
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n
ow

re
st

at
e

th
e

ap
p
ro

x
im

at
io

n
re

su
lt

of
P

ro
p
.
1

fr
om

S
ec

ti
on

4.
1

w
it

h
th

e
o
p
ti

m
iz

ed
d
is

tr
ib

u
ti

on
(s

ee
p
ro

of
in

A
p
p

en
d
ix

B
.2

):

P
ro

p
o
si

ti
o
n

2
(A

p
p

ro
x
im

a
ti

o
n

o
f

th
e

u
n

it
b

a
ll

o
f
F

fo
r

o
p

ti
m

iz
e
d

d
is

tr
ib

u
ti

o
n

)
F

o
r
λ
>

0
a
n

d
th

e
d
is

tr
ib

u
ti

o
n

w
it

h
d
en

si
ty
q∗ λ

d
efi

n
ed

in
E

q.
(1

0
)

w
it

h
re

sp
ec

t
to
d
τ

,
w

it
h

d
eg

re
es

o
f

fr
ee

d
o
m
d
(λ

).
L

et
v 1
,.
..
,v
n

be
sa

m
p
le

d
i.

i.
d
.

fr
o
m

th
e

d
en

si
ty
q∗ λ

,
d
efi

n
in

g
th

e

ke
rn

el
(a

n
d

it
s

a
ss

oc
ia

te
d

R
K

H
S
F̂

)
k̂
(x
,y

)
=

1 n

∑
n i=

1
1

q
(v
i
)
ϕ

(v
i,
x

)ϕ
(v
i,
y
).

T
h
en

,
fo

r
a
n

y

δ
∈

(0
,1

),
w

it
h

p
ro

ba
bi

li
ty

1
−
δ,

w
e

h
a
ve

:

su
p

‖f
‖ F
6

1
in

f
‖f̂
‖ F̂
6

2

∥ ∥ f
−
f̂
∥ ∥2 L

2
(d
ρ
)
6

4
λ
,

u
n

d
er

a
n

y
o
f

th
e

fo
ll

o
w

in
g

co
n

d
it

io
n

s:

1
8
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O
n
t
h
e
E
q
u
iv
a
l
e
n
c
e
b
e
t
w
e
e
n
K
e
r
n
e
l
Q
u
a
d
r
a
t
u
r
e
R
u
l
e
s
a
n
d
R
a
n
d
o
m

F
e
a
t
u
r
e
E
x
pa

n
sio

n
s

(a
)

if
n
>

5
d
(λ

)
log [16d

(λ
)/δ ],

(b)
if

E
q.

(1
1
)

is
sa

tisfi
ed

,
a
n

d
,

by
ch

oo
sin

g
m
6

n
5
(1

+
γ

)
lo

g
1
6
n

5
δ

,
a
n

d
λ

=
µ
m

.

T
h
e

sta
tem

en
t

(a)
ab

ove,
is

a
sim

p
le

corollary
of

P
rop

.
1,

an
d

go
es

from
level

of
erro

r
λ

to
m

in
im

u
m

n
u
m

b
er
n

of
sam

p
les.

T
h
e

statem
en

t
(b

)
go

es
in

th
e

oth
er

d
irection

,
th

at
is,

from
th

e
n
u
m

b
er

of
sam

p
les

n
to

th
e

ach
ieved

ap
p
rox

im
ation

error.
It

d
ep

en
d
s

o
n

th
e

eigen
valu

es
µ
m

o
f

th
e

in
teg

ral
op

erator
taken

at
m

=
O

(n
/

log
(n

)).
F

or
ex

am
p
le,

for
p

oly
n
om

ial
d
ecay

s
o
f

eig
en

va
lu

es
of

th
e

form
µ
m

=
O

(m
−

2
s),

w
e

get
(n

on
sq

u
ared

)
errors

p
rop

ortion
al

to
(lo

g
n

)
sn
−
s

fo
r
n

sam
p
les,

w
h
ile

for
geom

etric
d
ecay

s,
w

e
get

geom
etric

errors
as

a
fu

n
ction

o
f

th
e

n
u
m

b
er
n

of
sam

p
les.

N
o
te

h
ow

ev
er

th
at

for
th

e
statem

en
t

(b
)

to
h
old

,
w

e
n
eed

to
sam

p
le

th
e

p
oin

ts
v

1 ,...,v
n

fro
m

th
e

d
istrib

u
tion

q ∗µ
m

,
th

at
is,

for
d
iff

eren
t

n
u
m

b
ers

of
sam

p
les

n
,

th
e

d
istrib

u
tion

is
u
n
fo

rtu
n
a
tely

d
iff

eren
t

(ex
cep

t
in

sp
ecial

cases).
It

w
ou

ld
b

e
in

terestin
g

to
stu

d
y

th
e

p
rop

-
erties

o
f

in
d
ep

en
d
en

t
b
u
t

n
o
t

id
en

tica
lly

d
istribu

ted
sam

p
les

v
1 ,...,v

n
an

d
th

e
p

ossib
ility

o
f

a
ch

iev
in

g
th

e
sam

e
rate

ad
ap

tively.

C
o
ro

lla
ry

fo
r

S
o
b

o
le

v
sp

a
c
e
s.

F
or

th
e

sake
of

con
creten

ess,
w

e
con

sid
er

th
e

sp
ecial

ca
se

o
f
X

=
R
d

an
d

tran
slation

-in
varian

t
kern

els.
W

e
assu

m
e

th
at

th
e

d
istrib

u
tion

d
ρ

is
su

b
-G

au
ssia

n
.

T
h
en

for
S
ob

olev
sp

aces
of

ord
er
s,

th
e

eigen
valu

e
d
ecay

is
p
rop

ortion
al

to
m
−

2
s/
d.

T
h
u
s,

if
w

e
can

sam
p
le

from
th

e
o
p
tim

ized
d
istrib

u
tion

,
after

n
ran

d
om

featu
res,

w
e

o
b
ta

in
a
n

a
p
p
rox

im
ation

of
th

e
u
n
it

b
all

of
F

w
ith

error
n
−
s/
d,

in
d
ep

en
d
en

tly
of

th
e

ch
o
sen

ex
p
a
n
sion

,
th

e
sp

atial
on

e
u
sed

for
q
u
ad

ratu
re

or
th

e
sp

ectral
on

e
u
sed

in
ran

d
om

F
o
u
rier

fea
tu

res.
F

or
kern

els
in

R
d,

th
ese

d
istrib

u
tion

s
are

n
ot

read
ily

com
p
u
ted

in
closed

fo
rm

a
n
d

n
eed

to
com

p
u
ted

th
rou

gh
a

d
ed

icated
algorith

m
su

ch
as

th
e

on
e

w
e

p
resen

t
b

elow
.

T
h
e

sam
e

ap
p
rox

im
ation

resu
lts

h
old

s
for

tran
slation

-in
varian

t
kern

els
on

[0,1] d;
b
u
t

w
h
en

d
ρ

is
th

e
u
n
iform

d
istrib

u
tion

,
as

sh
ow

n
in

S
ection

4.4,
th

e
op

tim
ized

d
istrib

u
tion

for
th

e
q
u
a
d
ra

tu
re

case
is

still
th

e
u
n
iform

d
istrib

u
tion

,
for

all
valu

es
of
λ

,
an

d
can

th
u
s

b
e

co
m

p
u
ted

.

A
lg

o
rith

m
to

e
stim

a
te

th
e

o
p

tim
iz

e
d

d
istrib

u
tio

n
.

W
e

n
ow

con
sid

er
a

sim
p
le

algo-
rith

m
fo

r
estim

atin
g

th
e

op
tim

ized
d
istrib

u
tion

q ∗λ .
It

is
b
ased

on
u
sin

g
a

larg
e

n
u
m

b
er
N

of
p

o
in

ts
v

1 ,...,v
N

from
d
τ
,

an
d

rep
lacin

g
d
τ

b
y

a
p

oten
tially

w
eigh

ted
em

p
irical

d
istrib

u
tio

n
d
τ̂

a
sso

cia
ted

w
ith

th
ese

N
p

oin
ts.

T
h
erefore,

w
e

m
ay

u
se

an
y

set
of

p
oin

ts
an

d
w

eig
h
ts,

w
h
ich

lea
d
s

to
a

d
istrib

u
tion

close
to
d
τ
.

In
fu

ll
gen

erality,
on

ly
ran

d
om

sam
p
les

from
d
τ

a
re

rea
d
ily

ava
ilab

le
(w

ith
w

eigh
ts

1/N
),

b
u
t

for
sp

ecial
cases,

su
ch

as
V

=
[0,1]

or
V

=
N
∗,

w
e

m
ay

u
se

d
eterm

in
istic

rep
resen

tation
s.

S
ee

ex
am

p
les

in
S
ection

6.
W

e
th

u
s

a
ssu

m
e

th
at

w
e

h
ave

N
p
airs

(v
i ,η

i )
∈

V
×

R
+

,
i

=
1,...,N

,
su

ch
th

at
∑

ni=
1
η
i

=
1
.

S
in

ce
d
τ̂

h
as

a
fi
n
ite

su
p
p

ort
w

ith
at

m
ost

N
elem

en
ts,

w
e

m
ay

id
en

tify
L

2 (d
τ̂
)

a
n
d
R
N

(w
ith

its
can

on
ical

d
ot-p

ro
d
u
ct),

an
d

th
e

o
p

erator
T

go
es

n
ow

from
R
N

to

L
2 (d

ρ
),

w
ith

T
g

=
∑

Ni=
1
η

1
/
2

i
g
i ϕ

(v
i ,·)∈

L
2 (d

ρ
),

w
ith

T
δ
i

=
η

1
/
2

i
ϕ

(v
i ,·)∈

L
2 (d

ρ
),

for
δ
i

th
e

i-th
elem

en
t

o
f

th
e

can
on

ical
b
asis

ofR
N

.
T

h
en

,
w

e
h
av

e:

〈ϕ
(v
i ,·),(Σ

+
λ
I
) −

1ϕ
(v
i ,·)〉

L
2
(d
ρ
)

=
η −

1
i
〈T
δ
i ,(T

T
∗

+
λ
I
) −

1T
δ
i 〉
L

2
(d
ρ
)

=
η −

1
i
〈T
δ
i ,T

(T
∗T

+
λ
I
) −

1δ
i 〉
L

2
(d
ρ
)

=
η −

1
i

(T
∗T

(T
∗T

+
λ
I
) −

1 )
ii .

1
9
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B
a
c
h

T
h
is

im
p
lies

th
at

th
e

d
en

sity
of

th
e

op
tim

ized
d
istrib

u
tion

w
ith

resp
ect

to
th

e
u
n
iform

m
easu

re
on
{v

1 ,...,v
N }

is
p
rop

ortion
al

to
(T
∗T

(T
∗T

+
λ
I
) −

1 )
ii .

W
e

can
th

en
sam

p
le

an
y

n
u
m

b
er
n

of
p

oin
ts

from
resam

p
lin

g
from

{
v

1 ,...,v
N }

from
th

e
d
en

sity
ab

ove.
T

h
e

com
p
u
tation

al
com

p
lex

ity
is
O

(N
3).

A
d
etailed

an
aly

sis
o
f

th
e

ap
p
rox

im
ation

p
ro

p
erties

of
th

is
algorith

m
is

ou
tsid

e
th

e
scop

e
of

th
is

p
ap

er.

W
e

h
ave

(T
∗T

)
ij

=
η

1
/
2

i
η

1
/
2

j

∫
X
ϕ

(v
i ,x

)ϕ
(v
j ,x

)d
ρ
(x

).
In

som
e

cases,
it

ca
n

b
e

com
-

p
u
ted

in
closed

form
—

su
ch

as
for

q
u
ad

ratu
re

w
h
ere

th
is

is
eq

u
al

to
η

1
/
2

i
η

1
/
2

j
k
(v
i ,v

j ).
In

som
e

oth
ers,

it
req

u
ires

i.i.d
.

sam
p
les

x
1 ,...,x

M
from

d
ρ
,

a
n
d

th
e

follow
in

g
estim

ate:

η
1
/
2

i
η

1
/
2

j
M
−

1 ∑
Mk
=

1
ϕ

(v
i ,x

k )ϕ
(v
j ,x

k ).

4
.3

L
o
w

e
r

B
o
u

n
d

In
th

is
section

,
w

e
aim

at
p
rov

id
in

g
low

er-b
ou

n
d
s

on
th

e
n
u
m

b
er

of
sam

p
les

req
u
ired

for
a

given
accu

racy.
W

e
h
ave

th
e

follow
in

g
resu

lt
(see

p
ro

of
in

A
p
p

en
d
ix

B
.3):

P
ro

p
o
sitio

n
3

(L
o
w

e
r

a
p

p
ro

x
im

a
tio

n
b

o
u

n
d
)

F
o
r
δ
∈

(0,1),
if

w
e

h
a
ve

a
fa

m
ily

o
f

fu
n

ctio
n

s
ψ

1 ,...,ψ
n
∈
L

2 (d
ρ
)

su
ch

th
a
t

1n

n
∑i=

1 ‖ψ
i ‖

2L
2
(d
ρ
) 6

2
tr

Σ
/δ,

a
n

d
su

p
‖
f‖

F 6
1

in
f

‖
β‖

22 6
4n ∥∥∥∥
f
−

n
∑i=

1

β
i ψ
i ∥∥∥∥

2L
2
(d
ρ
) 6

4λ
,

th
en

n
>

m
ax{

m
,
µ
m
>

144
λ}

4
log

1
0

tr
Σ

λ
δ

.

W
e

can
m

ak
e

th
e

follow
in

g
ob

servation
s:

–
T

h
e

p
ro

of
tech

n
iq

u
e

n
ot

su
rp

risin
gly

b
orrow

s
to

ols
from

m
in

im
a
x

estim
ation

over
ellip

-
soid

s,
n
am

ely
th

e
V

arsh
am

ov
-G

ilb
ert’s

lem
m

a.

–
W

e
ob

tain
m

atch
in

g
u
p
p

er
an

d
low

er
b

ou
n
d
s

u
p

to
logarith

m
ic

term
s,

u
sin

g
on

ly
th

e
d
ecay

of
eigen

valu
es

(µ
m

)
m
>

1
of

th
e

in
tegral

op
erator

Σ
(of

cou
rse,

if
sam

p
lin

g
fro

m
th

e
op

tim
ized

d
istrib

u
tion

q ∗λ
is

p
ossib

le).
In

d
eed

in
th

at
case,

as
sh

ow
n

in
P

rop
.

2,
w

e
h
ave

sh
ow

n
th

at
w

e
n
eed

at
m

ost
10

d
(λ

)
log [2d

(λ
) ],

w
h
ere

d
(λ

)
is

th
e

d
egrees

o
f

freed
om

,
w

h
ich

is
u
p
p

er
an

d
low

er
b

ou
n
d
ed

b
y

a
con

stan
t

tim
es
m
∗(λ

)
=

m
ax{

m
,
µ
m
>
λ}.

–
In

ord
er

to
ob

tain
su

ch
a

b
ou

n
d
,

w
e

n
eed

to
con

strain
b

oth
‖
β‖

2
an

d
th

e
n
orm

s
of

th
e

vectors
ψ
i ,

w
h
ich

corresp
on

d
to

b
ou

n
d
ed

featu
res

for
th

e
ran

d
om

featu
re

in
terp

retation
an

d
toleran

ce
to

n
oise

for
th

e
q
u
ad

ratu
re

in
terp

retation
.

W
e

ch
o
ose

ou
r

scalin
g

to
m

atch
th

e
con

strain
ts

w
e

h
ave

in
P

rop
.
1,

for
w

h
ich

th
e

p
aram

eter
δ

en
d
s

u
p

en
terin

g
th

e
low

er
b

ou
n
d

logarith
m

ically.

4
.4

Q
u

a
d

ra
tu

re

W
e

m
ay

sp
ecialize

th
e

resu
lts

ab
ove

to
th

e
q
u
ad

ratu
re

case,
n
am

ely
giv

e
a

form
u
lation

w
h
ere

th
e

featu
res

ϕ
d
o

n
ot

ap
p

ear
(or

eq
u
ivalen

tly
u
sin

g
ψ

d
efi

n
ed

in
S
ection

3.2).
T

h
is

is
a

sp
ecial

case
w

h
ere

V
=

X
an

d
ϕ

=
ψ

.
In

term
s

of
op

erators
T

in
S
ection

2.2,
th

is
corresp

on
d
s

to
T

=
Σ

1
/
2.

2
0
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O
n
t
h
e
E
q
u
iv
a
l
e
n
c
e
b
e
t
w
e
e
n
K
e
r
n
e
l
Q
u
a
d
r
a
t
u
r
e
R
u
l
e
s
a
n
d
R
a
n
d
o
m

F
e
a
t
u
r
e
E
x
pa

n
si
o
n
s

O
p

ti
m

iz
e
d

d
is

tr
ib

u
ti

o
n

.
F

ol
lo

w
in

g
S
ec

ti
on

4.
1,

w
e

h
av

e
an

ex
p
re

ss
io

n
fo

r
th

e
op

ti
m

iz
ed

d
is

tr
ib

u
ti

on
,

b
ot

h
in

te
rm

s
of

op
er

at
or

s,
as

fo
ll
ow

s,

q∗ λ
(x

)
∝
〈ψ

(x
,·)
,(

Σ
+
λ
I
)−

1
ψ

(x
,·)
〉 L

2
(d
ρ
)

=
〈Σ
−

1
/
2
k
(x
,·)
,(

Σ
+
λ
I
)−

1
Σ
−

1
/
2
k
(x
,·)
〉 L

2
(d
ρ
),

an
d

in
te

rm
s

of
ei

ge
n
va

lu
es

an
d

ei
ge

n
ve

ct
or

s
o
f
k
,

th
at

is
,

q(
x

)
∝
〈k

(·,
x

),
Σ
−

1
/
2
(Σ

+
λ
I
)−

1
Σ
−

1
/
2
k
(·,
x

)〉
L

2
(d
ρ
)

=
∑ m
>

1

µ
m

µ
m

+
λ
e m

(x
)2
.

(1
2)

W
h
il
e

th
is

is
u
n
if

or
m

in
so

m
e

sp
ec

ia
l

ca
se

s
(u

n
if

or
m

d
is

tr
ib

u
ti

on
on

[0
,1

]
an

d
S
ob

o
le

v
ke

rn
el

s,
as

sh
ow

n
b

el
ow

),
th

is
is

ty
p
ic

al
ly

h
ar

d
to

co
m

p
u
te

an
d

sa
m

p
le

fr
om

.
A

n
al

go
ri

th
m

fo
r

ap
p
ro

x
im

at
in

g
it

w
as

p
re

se
n
te

d
at

th
e

en
d

of
S
ec

ti
on

4.
1.

A
w

ea
k
n
es

s
of

ou
r

re
su

lt
is

th
at

in
ge

n
er

al
ou

r
op

ti
m

iz
ed

d
is

tr
ib

u
ti

o
n
q∗ λ

(x
)

d
ep

en
d
s

on
λ

an
d

th
u
s

on
th

e
n
u
m

b
er

of
sa

m
p
le

s.
In

so
m

e
ca

se
s

w
it

h
sy

m
m

et
ri

es
(i

.e
.,

u
n
if

or
m

d
is

tr
ib

u
ti

on
on

[0
,1

]
or

th
e

h
y
p

er
sp

h
er

e)
,
q∗ λ

h
ap

p
en

s
to

b
e

co
n
st

an
t

fo
r

al
l
λ

.
N

ot
e

al
so

th
at

w
e

h
av

e
ob

se
rv

ed
em

p
ir

ic
al

ly
th

at
in

so
m

e
ca

se
s,
q∗ λ

co
n
ve

rg
es

to
a

ce
rt

ai
n

d
is

tr
ib

u
ti

on
w

h
en

λ
te

n
d
s

to
ze

ro
(s

ee
an

ex
am

p
le

in
S
ec

ti
on

6)
.

S
o
b

o
le

v
sp

a
c
e
s.

F
or

S
ob

ol
ev

sp
ac

es
w

it
h

or
d
er
s

in
[0
,1

]d
or

R
d

(f
or

w
h
ic

h
w

e
as

su
m

e
d
<

2
s)

,
th

e
d
ec

ay
of

ei
ge

n
va

lu
es

is
of

th
e

fo
rm

m
−

2
s/
d

a
n
d

th
u
s

th
e

er
ro

r
af

te
r
n

sa
m

p
le

s
is
n
−
s/
d

(u
p

to
lo

ga
ri

th
m

ic
te

rm
s)

,
w

h
ic

h
re

co
ve

rs
th

e
u
p
p

er
an

d
lo

w
er

b
ou

n
d
s

of
N

ov
ak

(1
98

8,
p
ag

es
37

an
d

38
)

(a
ls

o
u
p

to
lo

ga
ri

th
m

ic
te

rm
s)

.
F

or
th

e
sp

ec
ia

l
ca

se
of

S
ob

ol
ev

sp
ac

es
on

[0
,1

]d
w

it
h
d
ρ

th
e

u
n
if

or
m

d
is

tr
ib

u
ti

on
,

th
e

op
ti

m
iz

ed
d
is

tr
ib

u
ti

on
in

E
q
.

(1
2)

is
al

so
th

e
u
n
if

or
m

d
is

tr
ib

u
ti

on
.

In
d
ee

d
,

th
e

ei
ge

n
-

fu
n
ct

io
n
s

of
th

e
in

te
gr

al
op

er
at

or
Σ

ar
e
d
-t

h
o
rd

er
te

n
so

r
p
ro

d
u
ct

s
of

th
e

u
n
i-

d
im

en
si

on
al

F
ou

ri
er

b
as

is
(t

h
e

co
n
st

an
t

an
d

al
l

p
ai

rs
of

si
n
e/

co
si

n
e

at
a

gi
ve

n
fr

eq
u
en

cy
),

w
it

h
th

e
sa

m
e

ei
ge

n
va

lu
e

fo
r

th
e

2
d

p
os

si
b
il
it

ie
s

of
si

n
es

/c
os

in
es

fo
r

a
gi

ve
n

m
u
lt

i-
d
im

en
si

on
al

fr
eq

u
en

cy
(m

1
,.
..
,m

d
).

T
h
er

ef
or

e,
w

h
en

su
m

m
in

g
al

l
sq

u
a
re

d
va

lu
es

of
th

e
ei

ge
n
fu

n
ct

io
n
s

co
rr

e-
sp

on
d
in

g
to

(m
1
,.
..
,m

d
),

w
e

ge
t

th
e

su
m
∑

a
∈{

0
,1
}d
∏
d i=

1
co

s2
a
i
(2
π
m
ix
i)

si
n

2
(1
−
a
i
) (

2π
m
ix
i)

,
w

h
ic

h
en

d
s

u
p

b
ei

n
g

co
n
st

an
t

eq
u
al

to
on

e
(a

n
d

th
u
s

in
d
ep

en
d
en

t
of
x

)
b

ec
au

se
of

th
e

id
en

-
ti

ty
co

s2
(2
π
m
ix
i)

+
si

n
2
(2
π
m
ix
i)

=
1.

F
in

al
ly

,
w

e
m

ay
co

n
si

d
er

S
ob

ol
ev

sp
ac

es
on

th
e

h
y
p

er
sp

h
er

e,
w

it
h

th
e

ke
rn

el
s

p
re

-
se

n
te

d
in

S
ec

ti
on

2.
3.

A
s

sh
ow

n
b
y

B
ac

h
(2

01
7,

A
p
p

en
d
ix

D
.3

),
th

e
ke

rn
el
k
(x
,y

)
=

E(
v
>
y
)s +

(v
>
y
)s +

fo
r
v

u
n
if

or
m

on
th

e
h
y
p

er
sp

h
er

e,
le

ad
s

to
a

S
ob

ol
ev

sp
ac

e
of

or
d
er
t

=
s
+
d
+

1
2

,
w

h
il
e

th
e

d
ec

ay
of

ei
ge

n
va

lu
e

of
th

e
in

te
gr

al
op

er
at

or
w

as
sh

ow
n

to
b

e
m
−

1
−

1
/
d
−

2
s/
d

in
S
ec

ti
on

2.
3.

It
is

th
u
s

eq
u
al

to
m
−

2
t/
d
,

an
d

w
e

re
co

v
er

th
e

re
su

lt
fr

om
H

es
se

(2
00

6
).

Q
u

a
d

ra
tu

re
ru

le
.

W
e

as
su

m
e

th
at

p
oi

n
ts
x

1
,.
..
,x

n
ar

e
sa

m
p
le

d
fr

om
th

e
d
is

tr
ib

u
ti

on
w

it
h

d
en

si
ty
q

w
it

h
re

sp
ec

t
to
d
ρ
.

T
h
e

q
u
ad

ra
tu

re
ru

le
fo

r
a

fu
n
ct

io
n
h
∈
F

is
∑

n i=
1
β
i
h

(x
i
)

q
(x
i
)1
/
2
.

T
o

co
m

p
u
te
β

,
w

e
n
ee

d
to

m
in

im
iz

e
w

it
h

re
sp

ec
t

to
β

th
e

er
ro

r:

∥ ∥ ∥ ∥
n ∑ i=

1

β
i

q(
x
i)

1
/
2
k
(·,
x
i)
−
∫ X

k
(·,
x

)g
(x

)d
ρ
(x

)∥ ∥ ∥ ∥2 F

+
n
λ
‖β
‖2 2
,

w
h
ic

h
is

th
e

re
gu

la
ri

ze
d

w
or

st
ca

se
sq

u
ar

ed
er

ro
r

in
th

e
es

ti
m

at
io

n
of

th
e

in
te

gr
al

of
h

ov
er

h
∈
F

.
T

h
e

b
es

t
er

ro
r

is
ob

ta
in

ed
fo

r
λ

=
0,

b
u
t

ou
r

gu
ar

an
te

es
ar

e
va

li
d

fo
r
λ
>

0,
w

it
h

an
ex

p
li
ci

t
co

n
tr

ol
ov

er
th

e
n
or

m
‖β
‖2 2

,
w

h
ic

h
is

im
p

or
ta

n
t

fo
r

ro
b
u
st

n
es

s
to

n
oi

se
.
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B
a
c
h

G
iv

en
th

e
va

lu
es

of
∫ X
k
(x
i,
x

)g
(x

)d
ρ
(x

)
=
z i

,
fo

r
i

=
1,
..
.,
n

,
w

h
ic

h
ca

n
b

e
co

m
p
u
te

d
in

cl
os

ed
fo

rm
fo

r
se

ve
ra

l
tr

ip
le

t
(k
,g
,d
ρ
)

(s
ee

,
e.

g.
,

S
m

ol
a

et
al

.,
20

07
;

O
at

es
a
n
d

G
ir

o
la

m
i,

20
15

),
th

en
th

e
p
ro

b
le

m
ab

ov
e

is
eq

u
iv

al
en

t
to

m
in

im
iz

in
g

w
it

h
re

sp
ec

t
to
β

:

n ∑ i=
1

n ∑ j=
1

β
iβ
j

q(
x
i)

1
/
2
q(
x
j
)1
/
2
k
(x
i,
x
j
)
−

n ∑ i=
1

β
i

q(
x
i)

1
/
2
z i

+
n
λ
‖β
‖2 2
,

w
h
ic

h
le

ad
s

to
a
n
×
n

li
n
ea

r
sy

st
em

w
it

h
ru

n
n
in

g
ti

m
e

co
m

p
le

x
it

y
O

(n
3
).

N
o
te

th
at

w
h
en

ad
d
in

g
p

oi
n
ts

se
q
u
en

ti
al

ly
(i

n
p
ar

ti
cu

la
r

fo
r

ke
rn

el
s

fo
r

w
h
ic

h
th

e
d
is

tr
ib

u
ti

o
n
q∗ λ

is
in

d
ep

en
d
en

t
of
λ

,
su

ch
as

S
ob

ol
ev

sp
ac

es
on

[0
,1

])
,

on
e

m
ay

u
p

d
at

e
th

e
so

lu
ti

o
n

so
th

a
t

af
te

r
n

st
ep

s,
th

e
ov

er
al

l
co

m
p
le

x
it

y
is
O

(n
3
).

A
p

p
ro

x
im

a
ti

o
n

o
f

fu
n

c
ti

o
n

s
in

F
.

W
it

h
th

e
q
u
ad

ra
tu

re
w

ei
gh

ts
β

es
ti

m
a
te

d
a
b

ov
e

an
d

th
e

q
u
ad

ra
tu

re
ru

le
∑

n i=
1
β
i
h

(x
i
)

q
(x
i
)1
/
2

fo
r

th
e

es
ti

m
at

io
n

of
∫ X
g
(x

)f
(x

)d
ρ
(x

),
w

e
m

ay
d
er

iv
e

an
ex

p
re

ss
io

n
w

h
ic

h
is

ex
p
li
ci

tl
y

li
n
ea

r
in
g
.

F
ol

lo
w

in
g

th
e

p
ro

o
f

of
P

ro
p
.
1

in
A

p
p

en
d
ix

B
.1

,
w

e
h
av

e,
w

h
en

sp
ec

ia
li
ze

d
to

th
e

q
u
ad

ra
tu

re
ca

se
:

Σ̂
=

1 n

n ∑ i=
1

1

q(
v i

)ψ
(x
i,
·)
⊗
L

2
(d
ρ
)
ψ

(x
i,
·)

=
Σ
−

1
/
2

(
1 n

n ∑ i=
1

1

q(
v i

)k
(x
i,
·)
⊗
L

2
(d
ρ
)
k
(x
i,
·)) Σ

−
1
/
2
,

M
or

eo
ve

r,
w

e
h
av

e
β
i

=
1

n
q
(x
i
)1
/
2
〈k

(·,
x
i)
,Σ
−

1
/
2
(Σ̂

+
λ
I
)−

1
Σ

1
/
2
g
〉 L

2
(d
ρ
)

fr
o
m

E
q
.

(1
5
)

in

A
p
p

en
d
ix

B
.1

,
an

d
th

e
q
u
ad

ra
tu

re
ru

le
b

ec
om

es
:

n ∑ i=
1

β
ih

(x
i)

q(
x
i)

1
/
2

=
n ∑ i=

1

β
i

q(
x
i)

1
/
2
〈h
,Σ
−

1
k
(·,
x
i)
〉 L

2
(d
ρ
)

=

〈 h
,

1 n

n ∑ i=
1

Σ
−

1
1

q(
x
i)

[ k
(x
i,
·)
⊗
L

2
(d
ρ
)
k
(x
i,
·)]

Σ
−

1
/
2
(Σ̂

+
λ
I
)−

1
Σ

1
/
2
g

〉 L
2
(d
ρ
)

=
〈 h
,Σ
−

1
/
2
Σ̂

(Σ̂
+
λ
I
)−

1
Σ

1
/
2
g
〉 L

2
(d
ρ
)

=
〈 g
,Σ

1
/
2
Σ̂

(Σ̂
+
λ
I
)−

1
Σ
−

1
/
2
h
〉 L

2
(d
ρ
),

w
h
ic

h
ca

n
b

e
p
u
t

in
th

e
fo

rm
〈ĥ
,g
〉 L

2
(d
ρ
)

w
it

h
th

e
ap

p
ro

x
im

at
io

n
ĥ

=
Σ

1
/
2
Σ̂

(Σ̂
+
λ
I
)−

1
Σ
−

1
/
2
h

of
th

e
fu

n
ct

io
n
h
∈
F

.
H

av
in

g
a

b
ou

n
d

fo
r

al
l

fu
n
ct

io
n
s
g

su
ch

th
at
‖g
‖ L

2
(d
ρ
)
6

1
is

eq
u
iv

-

al
en

t
to

h
av

in
g

a
b

ou
n
d

on
‖h
−
ĥ
‖ L

2
(d
ρ
).

In
S
ec

ti
on

5,
w

e
co

n
si

d
er

ex
te

n
si

o
n
s,

w
h
er

e
w

e

co
n
si

d
er

ot
h
er

n
or

m
s

th
an

th
e
L

2
-n

or
m

fo
r

ch
ar

ac
te

ri
zi

n
g

th
e

ap
p
ro

x
im

at
io

n
er

ro
r
ĥ
−
h

.
M

or
eo

ve
r,

w
e

co
n
si

d
er

ca
se

s
w

h
er

e
h

b
el

on
gs

to
a

st
ri

ct
su

b
sp

a
ce

of
F

(w
it

h
im

p
ro

ve
d

re
su

lt
s)

.

4
.5

L
e
a
rn

in
g

w
it

h
R

a
n

d
o
m

F
e
a
tu

re
s

W
e

co
n
si

d
er

su
p

er
v
is

ed
le

ar
n
in

g
w

it
h
m

i.
i.
d
.
sa

m
p
le

s
fr

om
a

d
is

tr
ib

u
ti

on
on

in
p
u
ts

/
o
u
tp

u
ts

(x
,y

),
an

d
a

u
n
if

or
m

ly
G

-L
ip

sc
h
it

z-
co

n
ti

n
u
ou

s
lo

ss
fu

n
ct

io
n
`(
y
,·)

,
w

h
ic

h
in

cl
u
d
es

lo
g
is

-
ti

c
re

gr
es

si
on

an
d

th
e

su
p
p

or
t

ve
ct

or
m

ac
h
in

e.
W

e
co

n
si

d
er

th
e

em
p
ir

ic
a
l

ri
sk

L̂
(f

)
=

1 m

∑
m i=

1
`(
y i
,f

(x
i)

)
an

d
th

e
ex

p
ec

te
d

ri
sk
L

(f
)

=
E`

(y
,f

(x
))

,
w

it
h
x

h
av

in
g

th
e

m
a
rg

in
al

d
is

tr
ib

u
ti

on
d
ρ

th
at

w
e

co
n
si

d
er

in
ea

rl
ie

r
se

ct
io

n
s.

W
e

as
su

m
e

th
at

Ek
(x
,x

)
=

tr
Σ

=
R

2
.

W
e

h
av

e
th

e
u
su

al
ge

n
er

al
iz

at
io

n
b

ou
n
d

fo
r

th
e

m
in

im
iz

er
f̂

of
L̂

(f
)

w
it

h
re

sp
ec

t
to

2
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O
n
t
h
e
E
q
u
iv
a
l
e
n
c
e
b
e
t
w
e
e
n
K
e
r
n
e
l
Q
u
a
d
r
a
t
u
r
e
R
u
l
e
s
a
n
d
R
a
n
d
o
m

F
e
a
t
u
r
e
E
x
pa

n
sio

n
s

‖
f‖

F
6
F

,
b
a
sed

on
R

ad
em

ach
er

com
p
lex

ity
(see,

e.g.,
S
h
alev

-S
h
w

artz
an

d
B

en
-D

av
id

,
2
0
1
4
):E [L

(f̂
) ]6

in
f

‖
f‖

F 6
F
L

(f
)

+
2E [

su
p

‖
f‖

F 6
F |L

(f
)−

L̂
(f

)| ]
6

in
f

‖
f‖

F 6
F
L

(f
)

+
4
F
G
R

√
m

.
(13)

W
e

n
ow

co
n
sid

er
learn

in
g

b
y

sam
p
lin

g
n

featu
res

from
th

e
op

tim
ized

d
istrib

u
tion

from
S
ectio

n
4
.2,

lead
in

g
to

a
fu

n
ction

p
aram

eterized
b
y
β
∈
R
n
,
i.e.,

ĝ
β

=
∑

ni=
1
β
i q(v

i ) −
1
/
2ϕ

(v
i ,·),

a
n

elem
en

t
o
f
L

2 (d
ρ
).

A
p
p
ly

in
g

resu
lts

from
S
ection

4.1,
w

e
assu

m
e

th
at
λ
6
R

2/4
an

d

n
>

5d
(λ

)
lo

g
2
(tr

Σ
)d

(λ
)

λ
,

w
h
ere

d
(λ

)
is

eq
u
al

to
th

e
d
egrees

of
freed

om
asso

ciated
w

ith
th

e
kern

el
k

a
n
d

d
istrib

u
tion

d
ρ
.

T
h
u
s,

th
e

ex
p

ected
sq

u
ared

error
for

ap
p
rox

im
atin

g
th

e
u
n
it-

b
a
ll

o
f
F

b
y

th
e

b
all

of
rad

iu
s

2
of

th
e

ap
p
rox

im
ation

F̂
ob

tain
ed

from
th

e
ap

p
rox

im
ated

kern
el

is
less

th
an

8λ
.

If
w

e
co

n
sid

er
th

e
estim

ator
β̂

ob
tain

ed
b
y

m
in

im
izin

g
th

e
em

p
irical

risk
of
ĝ
β

su
b

ject
to
‖
β‖

2
6

2
F
/ √

n
.

W
e

h
ave

th
e

follow
in

g
d
ecom

p
ositio

n
of

th
e

error
for

an
y
γ
∈
R
n

su
ch

th
a
t‖
γ‖

2 6
2
F
/ √

n
an

d
f
∈
F

su
ch

th
at‖f‖

F
6
F

:

L
(ĝ
β̂
)

=
L

(ĝ
β̂
)−

L̂
(ĝ
β̂
)

+
L̂

(ĝ
β̂
)−

L̂
(ĝ
γ )

+
L̂

(ĝ
γ )−

L
(ĝ
γ )

+
L

(ĝ
γ )−

L
(f

)
+
L

(f
)

6
2 [

su
p

‖
β
′‖

F 6
2
F
/ √

n |L
(ĝ
β
′)−

L
(ĝ
β
′)| ]

+
[L

(ĝ
γ )−

L
(f

) ]
+
L

(f
)

6
2 [

su
p

‖
β
′‖

F 6
2
F
/ √

n |L
(ĝ
β
′)−

L
(ĝ
β
′)| ]

+
su

p
‖
f
′‖

F 6
F

in
f

‖
γ‖

2 6
2
F
/ √

n [L
(ĝ
γ )−

L
(f
′) ]

+
in

f
‖
f‖

F 6
F
L

(f
).

W
e

n
ow

ta
ke

ex
p

ectation
w

ith
resp

ect
to

th
e

d
ata

an
d

th
e

ran
d
om

fea
tu

res.
F

ollow
in

g
sta

n
d
a
rd

resu
lts

for
R

ad
em

ach
er

com
p
lex

ities
of
`
2 -b

alls
(B

artlett
an

d
M

en
d
elson

,
2003,

L
em

m
a

2
2
),

th
e

fi
rst

term
is

less
th

an

4F
G

m
√
n
E (

m
∑i=

1

n
∑j=

1

ϕ
(v
i ,x

j )
2

q(v
i )

)
1
/
26

4F
G

m
√
n

(n
m

tr
Σ

)
1
/
2

=
4
F
G
R

√
m

.

B
eca

u
se

o
f

th
e
G

-L
ip

sch
itz-con

tin
u
ity

of
th

e
loss,

w
e

h
ave

L
(ĝ
γ )−

L
(f
′)6

G
‖
ĝ
γ )−

f
′‖
L

2
(d
ρ
) ,

a
n
d

th
u
s

th
e

secon
d

term
is

less
th

an
√

8λ
G
F
6

3G
F
√
λ

.
O

v
erall,

w
e

ob
tain

E [L
(ĝ
β̂
) ]6

in
f

‖
f‖

F 6
F
L

(f
)

+
3
G
F
√
λ

+
4
F
G
R

√
m

.

If
w

e
co

n
sid

er
λ

=
R

2/m
in

ord
er

to
lose

on
ly

a
con

stan
t

factor
com

p
ared

to
E

q
.

(1
3),

w
e

h
ave

th
e

co
n
strain

t
n
>

5d
(R

2/m
)

log [2m
d
(R

2/m
) ].

W
e

m
ay

n
ow

lo
ok

at
sev

eral
situ

ation
s.

In
th

e
w

orst
case,

w
h
ere

th
e

d
ecay

of
eigen

valu
e

is
n
o
t

fa
st,

i.e.,
very

close
to

1/i,
th

en
w

e
m

ay
on

ly
u
se

th
e

b
ou

n
d
d
(λ

)
=

tr
Σ

(Σ
+
λ
I
) −

16
λ
−

1
tr

Σ
=
R

2/
λ

,
an

d
th

u
s

a
su

ffi
cien

t
co

n
d
ition

n
>

10m
log

2
m

,
an

d
w

e
ob

tain
th

e
sa

m
e

resu
lt

a
s

R
a
h
im

i
an

d
R

ech
t

(2009).
H

ow
ever,

w
h
en

w
e

h
ave

eigen
valu

e
d
ecay

s
as
R

2i −
2
s,

w
e

get
(u

p
to

con
stan

ts),
follow

in
g

th
e

sa
m

e
co

m
p
u
tation

as
S
ection

4.2,
d
(λ

)
6

(R
2/λ

)
1
/
(2
s),

an
d

th
u
s
n
>
m

1
/
(2
s)

lo
g
m

,
w

h
ich

is
a

sig
n
ifi

can
t

im
p
rovem

en
t

(regard
less

of
th

e
valu

e
o
f
F

).
M

oreover,
if

th
e

d
ecay

is
g
eo

m
etric

a
s
r
i,

th
en

w
e

get
d
(λ

)6
log

(R
2/λ

),
an

d
th

u
s
n
>

(log
m

)
2,

w
h
ich

is
even

m
ore

sig
n
ifi

ca
n
t.
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B
a
c
h

5
.

Q
u
a
d
ra

tu
re

-re
la

te
d

E
x
te

n
sio

n
s

In
S
ection

4.4,
w

e
h
av

e
b
u
ilt

an
ap

p
rox

im
ation

ĥ
=

Σ
1
/
2Σ̂

(Σ̂
+
λ
I
) −

1Σ
−

1
/
2h

of
a

fu
n
ction

h
∈

F
,

w
h
ich

is
b
ased

on
n

fu
n
ction

evalu
ation

s
h

(x
1 ),...,h

(x
n
).

W
e

h
ave

p
resen

ted
in

S
ection

4.4
a

con
vergen

ce
rate

for
th

e
L

2 -n
orm

‖ĥ
−
h‖

L
2
(d
ρ
)

for
fu

n
ctio

n
s
h

w
ith

less
th

an
u
n
it

F
-n

orm
‖h‖

F
6

1.
U

p
to

logarith
m

ic
term

s,
if

u
sin

g
th

e
op

tim
al

d
istrib

u
tion

for
sam

p
lin

g
x

1 ,...,x
n
,

th
en

w
e

get
a

sq
u
ared

error
of
µ
n

w
h
ere

µ
n

is
th

e
n

-th
largest

eigen
valu

e
of

th
e

in
tegral

op
erator

Σ
.

R
o
b

u
stn

e
ss

to
n

o
ise

.
W

e
h
ave

seen
th

at
if

th
e

n
oise

in
th

e
fu

n
ction

evalu
ation

s
h

(x
i )

h
as

a
varian

ce
less

th
an

q(x
i )τ

2,
th

en
th

e
error‖

h
−
ĥ‖

2L
2
(d
ρ
)

h
a
s

an
ad

d
ition

al
term

τ
2‖
β‖

22 6
4
τ

2

n
.

H
en

ce,
th

e
am

ou
n
t

of
n
oise

h
as

to
b

e
less

th
an

n
µ
n

in
o
rd

er
to

in
cu

r
n
o

loss
in

p
erform

an
ce

(a
b

o
u
n
d

w
h
ich

d
ecreases

w
ith

n
).

A
d

a
p

tiv
ity

to
sm

o
o
th

e
r

fu
n

c
tio

n
s.

W
e

assu
m

e
th

at
th

e
fu

n
ction

h
h
ap

p
en

s
to

b
e

sm
o
oth

er
th

an
w

h
at

is
su

ffi
cien

t
to

b
e

an
elem

en
t

of
th

e
R

K
H

S
F

,
th

a
t

is,
if‖

Σ
−
sh‖

L
2
(d
ρ
) 6

1,
w

h
ere

s
>

1
/2.

T
h
e

case
s

=
1/2

corresp
on

d
s

to
b

ein
g

in
th

e
R

K
H

S
.

In
th

e
p
ro

of
of

P
rop

.
1

in
A

p
p

en
d
ix

B
.1,

w
e

h
ave

seen
th

at
w

ith
h
igh

-p
rob

a
b
ility

w
e

h
av

e:

(Σ̂
+
λ
I
) −

14
4(Σ

+
λ
I
) −

1.
(14)

W
e

n
ow

see
th

at
w

e
can

b
ou

n
d

th
e

error‖
ĥ
−
h‖

L
2
(d
ρ
)

as
fo

llow
s:

‖
ĥ
−
h‖

L
2
(d
ρ
)

=
‖
Σ

1
/
2Σ̂

(Σ̂
+
λ
I
) −

1Σ
−

1
/
2h
−
h‖

L
2
(d
ρ
)

=
λ ∥∥

Σ
1
/
2(Σ̂

+
λ
I
) −

1Σ
−

1
/
2
+
sΣ
−
sh ∥∥

L
2
(d
ρ
)

6
λ ∥∥

Σ
1
/
2(Σ̂

+
λ
I
) −

1
/
2 ∥∥

o
p ∥∥

(Σ̂
+
λ
I
) −

1
/
2Σ
−

1
/
2
+
s ∥∥

o
p ‖Σ

−
sh‖

L
2
(d
ρ
) .

W
e

m
ay

n
ow

b
ou

n
d

each
term

.
T

h
e

fi
rst

on
e
∥∥
Σ

1
/
2(Σ̂

+
λ
I
) −

1
/
2 ∥∥

o
p

is
less

th
an

2
,

b
e-

cau
se

of
E

q
.

(14).
T

h
e

secon
d

on
e
∥∥
(Σ̂

+
λ
I
) −

1
/
2Σ
−

1
/
2
+
s ∥∥

o
p

is
eq

u
al

to
∥∥
(Σ̂

+
λ
I
)
s−

1(Σ̂
+

λ
I
)
1
/
2−
sΣ
−

1
/
2
+
s ∥∥

o
p ,

an
d

th
u
s

less
th

an
∥∥
(Σ̂

+
λ
I
)
s−

1‖
o
p · ∥∥

(Σ̂
+
λ
I
)
1
/
2−
sΣ
−

1
/
2
+
s ∥∥

o
p
6

2
λ
s−

1.
O

verall
w

e
ob

tain

‖
ĥ
−
h‖

L
2
(d
ρ
) 6

4λ
s.

T
h
e

n
orm

h
7→
‖Σ
−
sh‖

L
2
(d
ρ
)

is
an

R
K

H
S

n
orm

w
ith

kern
el ∑

m
>

0
µ

2
s
m
e
m

(x
)e
m

(y
),

w
ith

corresp
on

d
in

g
eigen

valu
es

eq
u
al

to
(µ
m

)
2
s.

F
rom

P
rop

.
2

an
d

3,
th

e
op

tim
al

n
u
m

b
er

of
q
u
ad

ratu
re

p
oin

ts
to

reach
a

sq
u
ared

error
less

th
an

ε
is

p
rop

ortion
al

to
th

e
n
u
m

b
er

m
ax

({m
,
µ

2
s
m
>
ε}

),
w

h
ile

u
sin

g
th

e
q
u
a
d
ratu

re
p

oin
ts

from
s

=
1/2,

lead
s

to
a

n
u
m

b
er

m
ax

({m
,
µ
m
>
ε

1
/
(2
s)}),

w
h
ich

is
eq

u
al.

T
h
u
s

if
th

e
R

K
H

S
u
sed

to
co

m
p
u
te

th
e

q
u
ad

ratu
re

w
eigh

ts
is

a
b
it

to
o

large
(b

u
t

n
ot

to
o

larg
e,

see
ex

p
erim

en
ts

in
S
ection

6),
th

en
w

e
still

get
th

e
op

tim
al

rate.
N

ote
th

at
th

is
rob

u
stn

ess
is

on
ly

sh
ow

n
for

th
e

regu
larized

estim
ation

of
th

e
q
u
ad

ratu
re

co
effi

cien
ts

(in
ou

r
sim

u
lation

s,
th

e
n
on

-regu
larized

on
es

also
ex

h
ib

it
th

e
sam

e
b

eh
av

ior).

A
p

p
ro

x
im

a
tio

n
w

ith
stro

n
g
e
r

n
o
rm

s.
W

e
m

ay
con

sid
er

ch
aracterizin

g
th

e
d
iff

eren
ce

ĥ
−
h

w
ith

d
iff

eren
t

n
orm

s
th

an
‖·‖

L
2
(d
ρ
) ,

in
p
articu

lar
n
orm

s
‖
Σ
−
r(ĥ
−
h

)‖
L

2
(d
ρ
) ,

w
ith
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O
n
t
h
e
E
q
u
iv
a
l
e
n
c
e
b
e
t
w
e
e
n
K
e
r
n
e
l
Q
u
a
d
r
a
t
u
r
e
R
u
l
e
s
a
n
d
R
a
n
d
o
m

F
e
a
t
u
r
e
E
x
pa

n
si
o
n
s

r
∈

[0
,1
/2

].
F

or
r

=
0,

th
is

is
ou

r
re

su
lt

s
in
L

2
-n

or
m

,
w

h
il
e

fo
r
r

=
1
/2

,
th

is
is

th
e

R
K

H
S

n
or

m
s.

W
e

h
av

e,
u
si

n
g

th
e

sa
m

e
m

an
ip

u
la

ti
on

s
th

an
ab

ov
e:

‖Σ
−
r
(ĥ
−
h

)‖
L

2
(d
ρ
)

=
λ
∥ ∥ Σ

1
/
2
−
r
(Σ̂

+
λ
I
)−

1
Σ
−

1
/
2
h
∥ ∥ L

2
(d
ρ
)

6
λ

1
/
2
−
r
∥ ∥ Σ

1
/
2
−
r
(Σ̂

+
λ
I
)r
−

1
/
2
∥ ∥ o

p
‖Σ
−

1
/
2
h
‖ L

2
(d
ρ
)
6

2λ
1
/
2
−
r
.

W
h
en

r
=

1
/2

,
w

e
ge

t
a

re
su

lt
in

th
e

R
K

H
S

n
or

m
,

b
u
t

w
it

h
n
o

d
ec

ay
to

ze
ro

;
th

e
R

K
H

S
n
or

m
‖·
‖ F

w
ou

ld
al

lo
w

a
co

n
tr

ol
in
L
∞

-n
o
rm

,
b
u
t

as
n
ot

ic
ed

b
y

S
te

in
w

ar
t

et
al

.
(2

00
9)

;
M

en
d
el

so
n

an
d

N
ee

m
an

(2
01

0)
,

su
ch

a
co

n
tr

ol
m

ay
b

e
ob

ta
in

ed
in

p
ra

ct
ic

e
w

it
h
r

m
u
ch

sm
al

le
r.

F
or

ex
am

p
le

,
w

h
en

th
e

ei
ge

n
fu

n
ct

io
n
s
e m

ar
e

u
n
if

or
m

ly
b

ou
n
d
ed

in
L
∞

-n
or

m
b
y

a
co

n
st

an
t
C

(a
s

is
th

e
ca

se
fo

r
p

er
io

d
ic

ke
rn

el
s

in
[0
,1

]
w

it
h

th
e

u
n
if

or
m

d
is

tr
ib

u
ti

on
),

th
en

,
fo

r
an

y
x
∈
X

,
w

e
h
av

e
fo

r
t
>

1,

f
(x

)2
=
∞ ∑ m
=

1

(m
+

1)
t 〈f
,e
m
〉2 L

2
(d
ρ
)e
m

(x
)2

(m
+

1)
−
t
6
∞ ∑ m
=

0

(m
+

1)
t 〈f
,e
m
〉2 L

2
(d
ρ
)

C
2

t
−

1
.

If
fo

r
si

m
p
li
ci

ty
,

w
e

as
su

m
e

th
at

µ
m

=
(m

+
1)
−

2
s

(l
ik

e
fo

r
S
ob

ol
ev

sp
ac

es
),

w
e

h
av

e
‖Σ
−
r
f
‖2 L

2
(d
ρ
)

=
∑
∞ m

=
1
µ
−

2
r

m
〈f
,e
m
〉2 L

2
(d
ρ
)

=
∑
∞ m

=
1
(m

+
1)
t 〈f
,e
m
〉2 L

2
(d
ρ
)

w
it

h
r

=
t/

4s
.

If

λ
6

O
(n
−

2
s
)

(a
s

su
gg

es
te

d
b
y

P
ro

p
.

1)
,

th
en

w
e

ob
ta

in
a

sq
u
ar

ed
L
∞

-e
rr

or
le

ss
th

an
1
t−

1
λ

1
−

2
r

=
O
(

1
t−

1
n
−

2
s(

1
−
t/

2
s)
)

=
O
(
n
t

t−
1
n
−

2
s
) .

W
it

h
t

=
1

+
1

lo
g
n

,
w

e
ge

t
O
( n

lo
g
n

n
−

2
s

) ,
an

d
th

u
s

a
d
eg

ra
d
at

io
n

co
m

p
ar

ed
to

th
e

sq
u
ar

ed
L

2
-l

os
s

of
n

(p
lu

s
ad

d
it

io
n
al

lo
ga

ri
th

m
ic

te
rm

s)
,

w
h
ic

h
co

rr
es

p
on

d
s

to
th

e
(n

on
-i

m
p
ro

va
b
le

)
re

su
lt

of
N

ov
ak

(1
98

8,
p
ag

e
36

).

6
.

S
im

u
la

ti
o
n
s

In
th

is
se

ct
io

n
,

w
e

co
n
si

d
er

si
m

p
le

il
lu

st
ra

ti
ve

q
u
ad

ra
tu

re
ex

p
er

im
en

ts
4

w
it

h
X

=
[0
,1

]
a
n
d

ke
rn

el
s
k
(x
,y

)
=

1
+
∑
∞ m

=
1

1
m

2
s
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w
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b
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∝
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b
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b
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>
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∑
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h
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er
e

ex
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∑
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h
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d
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d
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g
in

te
gr

al
op

er
at

or
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b
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.
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h
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p
li
es

th
at

th
at

it
s

ei
ge

n
va

lu
es

ar
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>
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∑
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∝
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b
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p
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b
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at
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p
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e
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∏
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∏
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e
in

te
gr

al
op

er
at

or
fo

r
k

is
a

te
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p
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h
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p
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∑
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⊗
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∝
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−
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b
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b
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b
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d
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−
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( ∑
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−
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b
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p
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.
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∈
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b
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b
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b
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p
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ra
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.
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.
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Φ
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(Σ̂
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‖
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) −
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,(Σ̂

+
λ
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) −
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2
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(Σ̂
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,(Σ̂

+
λ
I
) −

1f 〉
L

2
(d
ρ
) ,

(17)

u
sin

g
(Σ̂
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(Σ̂
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∫

X

a
(x

)f
(x

)d
ρ
(x

) )
2

=
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∫
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∫
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∫
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‖g‖
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−
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‖
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on

,
u
n
su

p
er

v
is

ed
le

a
rn

in
g,

la
te

n
t

va
ri

a
b
le

m
o
d
el

s
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2
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A
n

im
a
sh

re
e

A
n

a
n

d
k
u

m
a
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R
o
n

g
G

e,
a
n

d
M

a
ji

d
J
a
n

za
m
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.

L
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:
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C
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4
.0

,
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e
h
t
t
p
s
:
/
/
c
r
e
a
t
i
v
e
c
o
m
m
o
n
s
.
o
r
g
/
l
i
c
e
n
s
e
s
/
b
y
/
4
.
0
/
.

A
tt

ri
b

u
ti

o
n

re
q
u

ir
em

en
ts

a
re

p
ro

v
id

ed
a
t
h
t
t
p
:
/
/
j
m
l
r
.
o
r
g
/
p
a
p
e
r
s
/
v
1
8
/
1
5
-
4
8
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.
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t
m
l
.

JM
L

R
 1

8(
22

):
1-

40
, 2

01
7

A
n
a
n
d
k
u
m
a
r
,
G
e
,
a
n
d

J
a
n
z
a
m
in

1
.
In

tr
o
d
u
ct
io
n

C
A

N
D

E
C

O
M

P
/P

A
R

A
F
A

C
(C

P
)

d
ec

o
m

p
o
si

ti
on

of
a

sy
m

m
et

ri
c

te
n
so

r
T
∈
R
d
×
d
×
d

is
th

e
p
ro

ce
ss

of
d
ec

om
p

os
in

g
it

in
to

a
su

cc
in

ct
su

m
of

ra
n
k
-o

n
e

te
n
so

rs
,

gi
v
en

b
y

T
=
∑ j∈

[k
]

λ
j
a
j
⊗
a
j
⊗
a
j
,

λ
j
∈
R
,
a
j
∈
R
d
,

(1
)

w
h
er

e
⊗

d
en

ot
es

th
e

ou
te

r
p
ro

d
u
ct

.
T

h
e

m
in

im
u
m
k

fo
r

w
h
ic

h
th

e
te

n
so

r
ca

n
b

e
d
ec

o
m

p
o
se

d
in

th
e

ab
ov

e
fo

rm
is

ca
ll
ed

th
e

(s
y
m

m
et

ri
c)

te
n
so

r
ra

n
k
.

T
en

so
r

po
w

er
it

er
a
ti

o
n

is
a

si
m

p
le

,
p

op
u
la

r
an

d
effi

ci
en

t
m

et
h
o
d

fo
r

re
co

ve
ri

n
g

th
e

te
n
so

r
ra

n
k
-o

n
e

co
m

p
on

en
ts
a
j
’s

.
T

h
e

te
n
so

r
p

ow
er

it
er

at
io

n
is

gi
ve

n
b
y

x
←

T
(I
,x
,x

)

‖T
(I
,x
,x

)‖
,

(2
)

w
h
er

e

T
(I
,x
,x

)
:=

∑ j,
l∈

[d
]

x
j
x
lT

(:
,j
,l

)
∈
R
d

is
a

m
u

lt
il

in
ea

r
co

m
b
in

at
io

n
of

te
n
so

r
fi

be
rs

,
an

d
‖·
‖i

s
th

e
` 2

n
or

m
op

er
at

or
.

S
ee

S
ec

ti
o
n

1
.3

fo
r

an
ov

er
v
ie

w
of

te
n
so

r
n
ot

at
io

n
s

an
d

p
re

li
m

in
ar

ie
s.

T
h
e

te
n
so

r
p

ow
er

it
er

at
io

n
is

a
ge

n
er

al
iz

at
io

n
of

m
at

ri
x

p
ow

er
it

er
at

io
n
:

fo
r

m
a
tr

ix
M
∈

R
d
×
d
,

th
e

p
ow

er
it

er
at

io
n

is
gi

ve
n

b
y
x
←

M
x
/
‖M

x
‖.

D
y
n
am

ic
s

a
n
d

co
n
ve

rg
en

ce
p
ro

p
er

ti
es

of
m

at
ri

x
p

ow
er

it
er

at
io

n
s

ar
e

w
el

l
u
n
d
er

st
o
o
d

(H
or

n
an

d
J
oh

n
so

n
,

2
0
1
2
).

O
n

th
e

ot
h
er

h
an

d
,

a
th

eo
re

ti
ca

l
u
n
d
er

st
an

d
in

g
of

te
n
so

r
p

ow
er

it
er

at
io

n
s

is
m

u
ch

m
o
re

li
m

it
ed

.
T

en
so

r
p

ow
er

it
er

at
io

n
ca

n
b

e
v
ie

w
ed

as
a

gr
a
d
ie

n
t

d
es

ce
n

t
st

ep
(w

it
h

in
fi
n
it

e
st

ep
si

ze
),

co
rr

es
p

on
d
in

g
to

th
e

p
ro

b
le

m
of

fi
n
d
in

g
th

e
b

es
t

ra
n
k
-1

ap
p
ro

x
im

at
io

n
of

th
e

in
p
u
t

te
n
so

r
T

(A
n
an

d
k
u
m

ar
et

al
.,

20
14

c)
.

T
h
is

op
ti

m
iz

a
ti

on
p
ro

b
le

m
is

n
on

-c
on

ve
x
.

U
n
li
ke

th
e

m
a
tr

ix
ca

se
,

w
h
er

e
th

e
n
u
m

b
er

of
is

ol
at

ed
st

at
io

n
ar

y
p

oi
n
ts

of
p

ow
er

it
er

at
io

n
is

a
t

m
o
st

th
e

d
im

en
si

on
(g

iv
en

b
y

ei
ge

n
v
ec

to
rs

co
rr

es
p

on
d
in

g
to

u
n
iq

u
e

ei
ge

n
va

lu
es

),
in

th
e

te
n
so

r
ca

se
,

th
e

n
u
m

b
er

of
st

at
io

n
ar

y
p

oi
n
ts

is
,

in
fa

ct
,

ex
p

on
en

ti
al

in
th

e
in

p
u
t

d
im

en
si

o
n

(C
a
rt

w
ri

g
h
t

an
d

S
tu

rm
fe

ls
,
20

13
).

T
h
is

m
ak

es
th

e
an

al
y
si

s
of

te
n
so

r
p

ow
er

it
er

at
io

n
fa

r
m

o
re

ch
a
ll
en

g
in

g
.

D
es

p
it

e
th

e
ab

ov
e

ch
al

le
n
ge

s,
m

an
y

ad
va

n
ce

s
h
av

e
b

ee
n

m
ad

e
in

u
n
d
er

st
a
n
d
in

g
th

e
te

n
so

r
p

ow
er

it
er

at
io

n
s

in
sp

ec
ifi

c
re

gi
m

es
.

W
h
en

th
e

co
m

p
o
n
en

ts
a
j
’s

ar
e

o
rt

h
o
g
o
n
a
l

to
on

e
an

ot
h
er

,
it

is
k
n
ow

n
th

at
th

er
e

ar
e

n
o

sp
u
ri

ou
s

lo
ca

l
op

ti
m

a
fo

r
te

n
so

r
p

ow
er

it
er

a-
ti

on
s,

an
d

th
e

on
ly

st
ab

le
fi
x
ed

p
oi

n
ts

co
rr

es
p

on
d

to
th

e
tr

u
e
a
j
’s

(Z
h
an

g
an

d
G

o
lu

b
,

2
0
0
1
;

A
n
an

d
k
u
m

ar
et

al
.,

20
14

c)
.

A
n
y

te
n
so

r
w

it
h

li
n
ea

rl
y

in
d
ep

en
d
en

t
co

m
p

o
n
en

ts
a
j
’s

ca
n

b
e

or
th

og
on

al
iz

ed
,

v
ia

an
in

ve
rt

ib
le

tr
an

sf
or

m
at

io
n

(w
h
it

en
in

g)
an

d
th

u
s,

it
s

co
m

p
o
n
en

ts
ca

n
b

e
re

co
ve

re
d

effi
ci

en
tl

y.
A

ca
re

fu
l

p
er

tu
rb

at
io

n
an

al
y
si

s
in

th
is

se
tt

in
g

w
a
s

ca
rr

ie
d

o
u
t

in
A

n
an

d
k
u
m

ar
et

al
.

(2
01

4c
).

T
h
e

fr
am

ew
or

k
in

A
n
an

d
k
u
m

ar
et

al
.

(2
01

4c
)

is
h
ow

ev
er

n
ot

ap
p
li
ca

b
le

in
th

e
ov

er
co

m
-

p
le

te
se

tt
in

g,
w

h
er

e
th

e
te

n
so

r
ra

n
k
k

ex
ce

ed
s

th
e

d
im

en
si

on
d
.

S
u
ch

ov
er

co
m

p
le

te
te

n
so

rs
ca

n
n
ot

b
e

or
th

og
on

al
iz

ed
an

d
fi
n
d
in

g
gu

ar
an

te
ed

d
ec

om
p

os
it

io
n

is
a

ch
al

le
n
g
in

g
o
p

en
p
ro

b
-

le
m

.
It

is
k
n
ow

n
th

at
fi
n
d
in

g
C

P
te

n
so

r
d
ec

om
p

os
it

io
n

is
N

P
-h

ar
d

(H
il
la

r
a
n
d

L
im

,
2
0
1
3
).

In
th

is
p
ap

er
,

w
e

m
ak

e
si

gn
ifi

ca
n
t

h
ea

d
w

ay
in

sh
ow

in
g

th
at

th
e

si
m

p
le

p
ow

er
it

er
a
ti

o
n
s

ca
n

re
co

ve
r

th
e

co
m

p
on

en
ts

in
th

e
ov

er
co

m
p
le

te
re

gi
m

e
u
n
d
er

a
se

t
of

m
il
d

co
n
d
it

io
n
s

o
n

th
e

co
m

p
on

en
ts
a
j
’s

.
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T
e
n
so

r
P
o
w
e
r
M
e
t
h
o
d

D
y
n
a
m
ic
s
in

O
v
e
r
c
o
m
p
l
e
t
e
R
e
g
im

e

O
verco

m
p
lete

ten
sors

also
arise

in
m

an
y

m
ach

in
e

learn
in

g
ap

p
lication

s
su

ch
as

m
o
m

en
ts

o
f

m
a
n
y

la
ten

t
variab

le
m

o
d
els,

e.g.,
m

u
ltiv

iew
m

ix
tu

res,
in

d
ep

en
d
en

t
com

p
on

en
t

A
n
aly

sis
(IC

A
),

a
n
d

sp
a
rse

co
d
in

g
m

o
d
els,

w
h
ere

th
e

n
u
m

b
er

of
h
id

d
en

variab
les

ex
ceed

s
th

e
in

p
u
t

d
im

en
sio

n
s

(A
n
an

d
k
u
m

ar
et

al.,
2015).

O
vercom

p
lete

m
o
d
els

often
h
av

e
im

p
ressive

em
-

p
irica

l
p

erfo
rm

an
ce

(C
oates

et
al.,

2011),
an

d
can

p
rov

id
e

greater
fl
ex

ib
ility

in
m

o
d
elin

g,
a
n
d

a
re

m
o
re

rob
u
st

to
n
oise

(L
ew

ick
i

an
d

S
ejn

ow
sk

i,
2000).

B
y

stu
d
y
in

g
algorith

m
s

for
overco

m
p
lete

ten
sor

d
ecom

p
osition

,
w

e
ex

p
an

d
th

e
class

of
m

o
d
els

th
at

can
b

e
learn

t
effi

-
cien

tly
u
sin

g
sim

p
le

sp
ectral

m
eth

o
d
s

su
ch

as
ten

sor
p

ow
er

iteration
s.

N
ote

th
ere

a
re

oth
er

a
lg

o
rith

m
s

fo
r

d
ecom

p
osin

g
overcom

p
lete

ten
sors

(D
e

L
ath

au
w

er
et

al.,
2007;

G
oyal

et
al.,

2
0
1
3
;

B
h
a
ska

ra
et

al.,
2013),

b
u
t

th
ey

a
ll

req
u
ire

ten
sors

of
at

least
4-th

ord
er

an
d

req
u
ire

la
rg

e
co

m
p
u
ta

tion
al

com
p
lex

ity.
G

e
an

d
M

a
(2015)

w
ork

s
for

3rd
ord

er
ten

sor
b
u
t

req
u
ires

q
u
a
si-p

o
ly

n
o
m

ial
tim

e.
T

h
e

m
ain

con
trib

u
tion

of
th

is
p
ap

er
is

an
an

aly
sis

for
th

e
p
ractical

p
ow

er
m

eth
o
d

in
th

e
ov

ercom
p
lete

regim
e.

1
.1

S
u

m
m

a
ry

o
f

R
e
su

lts

W
e

a
n
a
ly

ze
th

e
d
y
n
am

ics
of

th
ird

ord
er

ten
sor

p
ow

er
iteration

s
in

th
e

ov
ercom

p
lete

regim
e.

W
e

a
ssu

m
e

th
at

th
e

ten
sor

com
p

on
en

ts
a
j ’s

are
ran

d
om

ly
d
raw

n
from

th
e

u
n
it

sp
h
ere.

S
in

ce
g
en

eral
ten

so
r

d
ecom

p
osition

is
ch

allen
gin

g
in

th
e

ov
ercom

p
lete

regim
e,

w
e

argu
e

th
a
t

th
is

is
a

n
a
tu

ra
l

fi
rst

step
to

con
sid

er
for

tractab
le

recovery.
W

e
ch

a
ra

cterize
th

e
b
asin

of
attraction

for
th

e
lo

cal
op

tim
a

n
ear

th
e

ran
k
-on

e
com

p
o-

n
en

ts
a
j ’s.

W
e

sh
ow

th
at

u
n
d
er

m
ild

in
itialization

con
d
ition

,
th

ere
is

fast
con

v
ergen

ce
to

th
ese

lo
ca

l
o
p
tim

a
in
O

(log
log

d
)

iteration
s.

T
h
is

resu
lt

is
th

e
core

tech
n
ical

an
aly

sis
of

th
is

p
a
p

er
sta

ted
in

th
e

follow
in

g
th

eorem
.

T
h

e
o
re

m
1

(D
y
n

a
m

ic
s

o
f

te
n

so
r

p
o
w

e
r

ite
ra

tio
n

)
C

o
n

sid
er

ten
so

r
T̂

=
T

+
E

su
ch

th
a
t

exa
ct

ten
so

r
T

h
a
s

ra
n

k-k
d
eco

m
po

sitio
n

in
(1)

w
ith

ra
n

k-o
n

e
co

m
po

n
en

ts
a
j ∈

R
d,j∈

[k
]

bein
g

u
n

ifo
rm

ly
i.i.d

.
d
ra

w
n

fro
m

th
e

u
n

it
d

-d
im

en
sio

n
a
l

sp
h
ere,

a
n

d
th

e
ra

tio
o
f

m
a
x-

im
u

m
a
n

d
m

in
im

u
m

(in
a
bso

lu
te

va
lu

e)
w

eigh
ts
λ
j ’s

bein
g

co
n

sta
n

t.
In

a
d
d
itio

n
,

su
p
po

se
th

e
pertu

rba
tio

n
ten

so
r
E

h
a
s

bo
u

n
d
ed

spectra
l

n
o
rm

a
s

‖E
‖
≤
ε √

kd
,

w
h
ere

ε
<
o (
√
kd

)
.

(3)

L
et

ten
so

r
ra

n
k
k

=
o(d

1
.5),

a
n

d
th

e
u

n
it-n

o
rm

in
itia

l
vecto

r
x

(1
)

sa
tisfy

th
e

co
rrela

tio
n

bo
u

n
d

|〈x
(1

),a
j 〉|≥

d
β √

kd
,

(4)

w
.r.t.

so
m

e
tru

e
co

m
po

n
en

t
a
j ,j∈

[k
],

fo
r

so
m

e
β
>

(log
d
) −
c

fo
r

so
m

e
u

n
iversa

l
co

n
sta

n
t

c
>

0
.

A
fter

N
=

Θ
(log

log
d
)

itera
tio

n
s,

th
e

ten
so

r
po

w
er

itera
tio

n
in

(2)
o
u

tp
u

ts
a

vecto
r

h
a
vin

g
w

.h
.p

.
a

co
n

sta
n

t
co

rrela
tio

n
w

ith
th

e
tru

e
co

m
po

n
en

t
a
j

a
s
|〈x

(N
+

1
),a

j 〉|≥
1−

γ
,

fo
r

a
n

y
fi

xed
co

n
sta

n
t
γ
>

0
.

A
s

a
corolla

ry,
th

is
resu

lt
can

b
e

u
sed

for
learn

in
g

laten
t

variab
le

m
o
d
els

su
ch

as
m

u
lti-

v
iew

m
ix

tu
res.

W
e

sh
ow

th
at

th
e

ab
ov

e
in

itialization
con

d
ition

is
satisfi

ed
u
sin

g
a

sa
m

p
le

w
ith

m
ild

sig
n
a
l-to-n

oise
ratio;

see
S
ection

2
for

m
ore

d
etails

on
th

is.
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A
n
a
n
d
k
u
m
a
r
,
G
e
,
a
n
d

J
a
n
z
a
m
in

T
h
e

ab
ov

e
resu

lt
is

a
sign

ifi
can

t
im

p
rovem

en
t

ov
er

th
e

recen
t

an
aly

sis
b
y

A
n
a
n
d
k
u
m

ar
et

al.
(2015,

2014a,b
)

for
ov

ercom
p
lete

ten
sor

d
ecom

p
osition

.
In

th
ese

w
ork

s,
it

is
req

u
ired

for
th

e
in

itialization
vectors

to
h
ave

a
con

stan
t

am
o
u
n
t

of
correlation

w
ith

th
e

tru
e
a
j ’s.

H
ow

ever,
ob

tain
in

g
su

ch
stron

g
in

itialization
s

is
u
su

ally
n
ot

realistic
in

p
ractice.

O
n

th
e

oth
er

h
an

d
,

th
e

in
itialization

con
d
ition

in
(4)

is
m

ild
,

a
n
d

d
ecay

in
g

even
w

h
en

th
e

ran
k
k

is
sign

ifi
can

tly
larger

th
an

d
im

en
sion

d
;

u
p

to
k

=
o(d

1
.5).

In
learn

in
g

th
e

m
ix

tu
re

m
o
d
el,

su
ch

in
itialization

v
ectors

can
b

e
ob

tain
ed

as
sam

p
les

from
th

e
m

ix
tu

re
m

o
d
el,

even
w

h
en

th
ere

is
a

large
am

ou
n
t

of
n
oise.

G
iven

th
is

im
p
rovem

en
t,

w
e

com
b
in

e
ou

r
an

aly
sis

in
T

h
eorem

1,
an

d
th

e
gu

aran
tees

in
A

n
an

d
k
u
m

ar
et

al.
(2015,

2014a),
p
rov

in
g

th
at

th
e

m
o
d
el

p
aram

eters
can

b
e

recovered
con

sisten
tly.

A
d
etailed

p
ro

of
ou

tlin
e

for
T

h
eo

rem
1

is
p
rov

id
ed

in
S
ection

3
.1.

U
n
d
er

th
e

ran
d
om

assu
m

p
tion

,
it

is
n
ot

h
ard

to
sh

ow
th

at
th

e
fi
rst

iteration
of

ten
sor

p
ow

er
u
p

d
ate

m
ak

es
p
rogress.

H
ow

ever,
after

th
e

fi
rst

iteration
,

th
e

in
p
u
t

v
ector

an
d

th
e

ten
sor

com
p

on
en

ts
are

n
o

lon
ger

in
d
epen

d
en

t
of

each
oth

er.
T

h
erefore,

w
e

can
n
ot

d
irectly

rep
eat

th
e

sam
e

argu
m

en
t

for
th

e
secon

d
step

.

H
ow

d
o

w
e

an
aly

ze
th

e
secon

d
step

even
th

ou
gh

th
e

vector
an

d
ten

sor
com

p
on

en
ts

are
correlated

?
T

h
e

m
ain

in
tu

ition
is

to
ch

a
racterize

th
e

d
ep

en
d
en

cy
b

etw
een

th
e

vector
an

d
th

e
ten

sor
com

p
on

en
ts,

an
d

sh
ow

th
at

th
ere

is
still

en
ou

gh
ran

d
om

n
ess

left
for

u
s

to
rep

eat
th

e
argu

m
en

t.
T

h
is

id
ea

w
as

in
sp

ired
b
y

th
e

an
aly

sis
of

A
p
p
rox

im
ate

M
essage

P
assin

g
(A

M
P

)
algorith

m
s

(B
ayati

an
d

M
on

tan
ari,

2010).
H

ow
ever,

ou
r

an
aly

sis
h
ere

is
very

d
iff

eren
t

in
several

key
asp

ects:
1)

In
ap

p
rox

im
ate

m
essage

p
assin

g,
ty

p
ically

th
e

an
aly

sis
w

ork
s

in
th

e
la

rge
system

lim
it,

w
h
ere

th
e

n
u
m

b
er

of
iteratio

n
s

is
fi
x
ed

an
d

th
e

d
im

en
sion

go
es

to
in

fi
n
ity.

H
ere

w
e

can
h
an

d
le

a
su

p
ercon

stan
t

n
u
m

b
er

of
iteration

s
O

(log
log

d
),

even
for

fi
n
ite

d
;

2)
U

su
ally

k
is

assu
m

ed
to

b
e

a
con

stan
t

factor
tim

es
d

in
th

e
A

M
P

-like
an

aly
sis,

w
h
ile

h
ere

w
e

allow
th

em
to

b
e

p
oly

n
om

ially
related

.

1
.2

R
e
la

te
d

W
o
rk

T
en

so
r

d
eco

m
po

sitio
n

fo
r

lea
rn

in
g

la
ten

t
va

ria
ble

m
od

els:
In

th
e

in
tro

d
u
ction

,
som

e
related

w
ork

s
are

m
en

tion
ed

w
h
ich

stu
d
y

th
e

th
eoretica

l
an

d
p
ractical

asp
ects

of
sp

ectral
tech

n
iq

u
es

for
learn

in
g

laten
t

variab
le

m
o
d
els.

A
m

on
g

th
em

,
A

n
an

d
k
u
m

ar
et

al.
(2014c)

p
rov

id
e

th
e

an
aly

sis
of

ten
sor

p
ow

er
iteration

for
learn

in
g

several
laten

t
variab

le
m

o
d
els

in
th

e
u
n
d
ercom

p
lete

regim
e.

A
n
an

d
k
u
m

ar
et

al.
(2014a)

p
rov

id
e

th
e

an
aly

sis
in

th
e

overcom
p
lete

regim
e

an
d

A
n
an

d
k
u
m

ar
et

al.
(2014b

)
p
rov

id
e

ten
sor

con
cen

tration
b

ou
n
d
s

an
d

ap
p
ly

th
e

an
aly

sis
in

(A
n
an

d
k
u
m

ar
et

al.,
2014a)

to
learn

in
g

L
V

M
s

p
rop

osin
g

tig
h
t

sam
p
le

com
p
lex

ity
gu

aran
tees.

L
ea

rn
in

g
m

ixtu
re

o
f

G
a
u

ssia
n

s:
H

ere,
w

e
p
rov

id
e

a
su

b
set

of
related

w
ork

s
stu

d
y
in

g
learn

in
g

m
ix

tu
re

of
G

au
ssian

s
w

h
ich

are
m

ore
com

p
arab

le
w

ith
ou

r
resu

lt.
F

or
a

m
ore

d
etailed

list
of

th
ese

w
ork

s,
see

A
n
an

d
k
u
m

ar
et

al.
(2014c);

H
su

an
d

K
akad

e
(2013).

T
h
e

p
rob

lem
of

learn
in

g
m

ix
tu

re
of

G
au

ssian
s

d
ates

b
ack

to
th

e
w

ork
b
y

P
earson

(1895).
T

h
ey

p
rop

ose
a

m
om

en
t-b

ased
tech

n
iq

u
e

th
at

in
v
olves

so
lv

in
g

sy
stem

s
of

m
u
ltivariate

p
oly

n
om

ials
w

h
ich

is
in

gen
eral

ch
allen

gin
g

in
b

oth
com

p
u
tation

al
an

d
statistical

sen
se.

R
ecen

tly,
lots

of
stu

d
ies

on
learn

in
g

G
au

ssian
m

ix
tu

re
m

o
d
els

h
ave

b
een

d
on

e
im

p
rov

in
g

b
oth

asp
ects

w
h
ich

can
b

e
d
iv

id
ed

to
tw

o
m

ain
classes:

d
istan

ce-b
ased

an
d

sp
ectral

m
eth

o
d
s.
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T
e
n
so

r
P
o
w
e
r
M
e
t
h
o
d

D
y
n
a
m
ic
s
in

O
v
e
r
c
o
m
p
l
e
t
e
R
e
g
im

e

D
is

ta
n
ce

-b
as

ed
m

et
h
o
d
s

im
p

os
e

se
p
ar

at
io

n
co

n
d
it

io
n

on
th

e
m

ea
n

ve
ct

or
s

sh
ow

in
g

th
at

u
n
d
er

en
ou

gh
se

p
ar

at
io

n
th

e
p
ar

am
et

er
s

ca
n

b
e

es
ti

m
at

ed
.

A
m

on
g

su
ch

a
p
p
ro

ac
h
es

,
w

e
ca

n
m

en
ti

on
D

as
gu

p
ta

(1
99

9)
;

V
em

p
al

a
an

d
W

an
g

(2
00

2)
;

A
ro

ra
an

d
K

an
n
a
n

(2
00

5)
.

A
s

d
is

cu
ss

ed
in

th
e

su
m

m
ar

y
of

re
su

lt
s,

th
es

e
re

su
lt

s
w

or
k

ev
en

if
k
>
d

1
.5

as
lo

n
g

as
th

e
se

p
ar

at
io

n
co

n
d
it

io
n

b
et

w
ee

n
m

ea
n
s

is
sa

ti
sfi

ed
,

b
u
t

ou
r

w
or

k
ca

n
to

le
ra

te
h
ig

h
er

le
ve

l
of

n
oi

se
in

th
e

re
gi

m
e

of
k

=
o(
d

1
.5

)
w

it
h

p
ol

y
n
om

ia
l

co
m

p
u
ta

ti
on

al
co

m
p
le

x
it

y.
T

h
e

gu
ar

an
te

es
in

(V
em

p
al

a
an

d
W

an
g,

20
02

)
al

so
w

or
k

in
th

e
h
ig

h
n
oi

se
re

gi
m

e
b
u
t

n
ee

d
h
ig

h
er

co
m

p
u
ta

ti
on

al
co

m
p
le

x
it

y
as

p
ol

y
n
om

ia
l

in
k
O

(k
)

an
d
d
.

In
th

e
sp

ec
tr

al
ap

p
ro

ac
h
es

,
th

e
ob

se
rv

ed
m

om
en

ts
ar

e
co

n
st

ru
ct

ed
an

d
th

e
sp

ec
tr

al
d
e-

co
m

p
os

it
io

n
of

th
e

ob
se

rv
ed

m
om

en
ts

ar
e

p
er

fo
rm

ed
to

re
co

ve
r

th
e

p
ar

am
et

er
s

(K
al

ai
et

al
.,

20
10

;
A

n
an

d
k
u
m

ar
et

al
.,

20
12

,
20

14
b
).

K
al

ai
et

al
.

(2
01

0)
an

al
y
ze

th
e

p
ro

b
le

m
o
f

le
ar

n
in

g
m

ix
tu

re
of

tw
o

ge
n
er

al
G

au
ss

ia
n
s

an
d

p
ro

v
id

e
al

go
ri

th
m

w
it

h
h
ig

h
or

d
er

p
ol

y
n
om

ia
l

sa
m

p
le

an
d

co
m

p
u
ta

ti
on

al
co

m
p
le

x
it

y.
N

ot
e

th
at

in
g
en

er
al

,
th

e
co

m
p
le

x
it

y
of

su
ch

m
et

h
o
d
s

gr
ow

s
ex

p
on

en
ti

al
ly

w
it

h
th

e
n
u
m

b
er

of
co

m
p

on
en

ts
w

it
h
ou

t
fu

rt
h
er

as
su

m
p
ti

on
s

(M
oi

tr
a

an
d

V
al

ia
n
t,

20
10

).
H

su
an

d
K

ak
ad

e
(2

01
3)

p
ro

v
id

e
a

sp
ec

tr
al

al
go

ri
th

m
u
n
d
er

n
on

-d
eg

en
er

ac
y

co
n
d
it

io
n
s

on
th

e
m

ea
n

v
ec

to
rs

an
d

p
ro

p
os

e
gu

ar
an

te
es

w
it

h
p

ol
y
n
om

ia
l

sa
m

p
le

co
m

p
le

x
it

y
d
ep

en
d
in

g
on

th
e

co
n
d
it

io
n

n
u
m

b
er

of
th

e
m

om
en

t
m

at
ri

ce
s.

A
n
an

d
k
u
m

ar
et

al
.

(2
01

4b
)

p
er

fo
rm

te
n
so

r
p

ow
er

it
er

at
io

n
on

th
e

th
ir

d
or

d
er

m
om

en
t

te
n
so

r
to

re
co

ve
r

th
e

m
ea

n
v
ec

to
rs

in
th

e
ov

er
co

m
p
le

te
re

gi
m

e
as

lo
n
g

as
k

=
o(
d

1
.5

),
b
u
t

n
ee

d
ve

ry
go

o
d

in
it

ia
li
za

ti
on

ve
ct

or
h
av

in
g

co
n
st

an
t

co
rr

el
at

io
n

w
it

h
th

e
tr

u
e

m
ea

n
ve

ct
or

.
H

er
e,

w
e

im
p
ro

ve
th

e
co

rr
el

at
io

n
le

ve
l

re
q
u
ir

ed
fo

r
co

n
ve

rg
en

ce
.

1
.3

N
o
ta

ti
o
n

a
n

d
T

e
n

so
r

P
re

li
m

in
a
ri

e
s

L
et

[k
]

:=
{1
,2
,.
..
,k
},

an
d
‖v
‖

d
en

ot
e

th
e
` 2

n
or

m
of

ve
ct

or
v
.

W
e

u
se
Õ

a
n
d

Ω̃
to

h
id

e
p

ol
y
lo

g
fa

ct
or

s
in

as
y
m

p
to

ti
c

n
ot

at
io

n
s
O

an
d

Ω
,

re
sp

ec
ti

v
el

y.
T

en
so

r
p
re

li
m

in
a
ri

es
:

A
re

al
p
-t

h
o
rd

er
te

n
so

r
T
∈
⊗

p
R
d

is
a

m
em

b
er

of
th

e
ou

te
r

p
ro

d
u
ct

of
E

u
cl

id
ea

n
sp

ac
es

R
d
.

T
h
e

d
iff

er
en

t
d
im

en
si

on
s

of
th

e
te

n
so

r
ar

e
re

fe
rr

ed
to

as
m

od
es

.
F

or
in

st
an

ce
,

fo
r

a
m

at
ri

x
,

th
e

fi
rs

t
m

o
d
e

re
fe

rs
to

co
lu

m
n
s

an
d

th
e

se
co

n
d

m
o
d
e

re
fe

rs
to

ro
w

s.
In

ad
d
it

io
n
,

fi
be

rs
ar

e
h
ig

h
er

or
d
er

an
al

og
u
es

of
m

a
tr

ix
ro

w
s

an
d

co
lu

m
n
s.

A
fi
b

er
is

ob
ta

in
ed

b
y

fi
x
in

g
al

l
b
u
t

on
e

of
th

e
in

d
ic

es
of

th
e

te
n
so

r
(a

n
d

is
a
rr

an
ge

d
as

a
co

lu
m

n
ve

ct
or

).
F

or
ex

am
p
le

,
fo

r
a

th
ir

d
or

d
er

te
n
so

r
T
∈
R
d
×
d
×
d
,

th
e

m
o
d
e-

1
fi
b

er
is

gi
ve

n
b
y
T

(:
,j
,l

).
S
im

il
ar

ly
,

sl
ic

es
ar

e
ob

ta
in

ed
b
y

fi
x
in

g
al

l
b
u
t

tw
o

o
f

th
e

in
d
ic

es
of

th
e

te
n
so

r.
F

or
ex

am
p
le

,
fo

r
th

e
th

ir
d

or
d
er

te
n
so

r
T

,
th

e
sl

ic
es

al
on

g
3r

d
m

o
d
e

ar
e

g
iv

en
b
y
T

(:
,:
,l

).
W

e
v
ie

w
a

te
n
so

r
T
∈
R
d
×
d
×
d

as
a

m
u
lt

il
in

ea
r

fo
rm

.
In

p
ar

ti
cu

la
r,

fo
r

ve
ct

or
s
u
,v
,w
∈

R
d
,

w
e

h
av

e
1

T
(I
,v
,w

)
:=

∑ j,
l∈

[d
]

v j
w
lT

(:
,j
,l

)
∈
R
d
,

(5
)

w
h
ic

h
is

a
m

u
lt

il
in

ea
r

co
m

b
in

at
io

n
of

th
e

te
n
so

r
m

o
d
e-

1
fi
b

er
s.

S
im

il
ar

ly
T

(u
,v
,w

)
∈
R

is
a

m
u
lt

il
in

ea
r

co
m

b
in

at
io

n
of

th
e

te
n
so

r
en

tr
ie

s,
an

d
T

(I
,I
,w

)
∈
R
d
×
d

is
a

li
n
ea

r
co

m
b
in

at
io

n
of

th
e

te
n
so

r
sl

ic
es

.
A

3r
d

or
d
er

te
n
so

r
T
∈
R
d
×
d
×
d

is
sa

id
to

b
e

ra
n
k
-1

if
it

ca
n

b
e

w
ri

tt
en

in
th

e
fo

rm

T
=
λ
·a
⊗
b
⊗
c
⇔
T

(i
,j
,l

)
=
λ
·a

(i
)
·b

(j
)
·c

(l
),

(6
)

1
.

C
o
m

p
a
re

w
it

h
th

e
m

a
tr

ix
ca

se
w

h
er

e
fo

r
M
∈
R
d
×
d
,

w
e

h
av

e
M

(I
,u

)
=
M
u

:=
∑
j
∈
[d
]
u
j
M

(:
,j

).
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A
n
a
n
d
k
u
m
a
r
,
G
e
,
a
n
d

J
a
n
z
a
m
in

h

z 1
z 2

z p
··
·

F
ig

u
re

1:
M

u
lt

iv
ie

w
m

ix
tu

re
m

o
d
el

.

w
h
er

e
n
ot

at
io

n
⊗

re
p
re

se
n
ts

th
e

o
u

te
r

p
ro

d
u

ct
an

d
a
,b
,c
∈

R
d

ar
e

u
n
it

ve
ct

o
rs

.
A

te
n
so

r
T
∈
R
d
×
d
×
d

is
sa

id
to

h
av

e
a

C
P

ra
n

k
at

m
os

t
k

if
it

ca
n

b
e

w
ri

tt
en

as
th

e
su

m
o
f
k

ra
n
k
-1

te
n
so

rs
as

T
=
∑ i∈

[k
]

λ
ia
i
⊗
b i
⊗
c i
,

λ
i
∈
R
,
a
i,
b i
,c
i
∈
R
d
.

(7
)

F
or

th
ir

d
or

d
er

te
n
so

r
T
∈
R
d
×
d
×
d
,

th
e

sp
ec

tr
al

(o
p

er
a
to

r)
n
or

m
is

d
efi

n
ed

a
s

‖T
‖

:=
su

p
‖u
‖=
‖v
‖=
‖w
‖=

1
|T

(u
,v
,w

)|.

In
th

e
re

st
of

th
e

p
ap

er
,

S
ec

ti
on

2
d
es

cr
ib

es
h
ow

to
a
p
p
ly

ou
r

te
n
so

r
re

su
lt

s
to

le
a
rn

in
g

m
u
lt

iv
ie

w
m

ix
tu

re
m

o
d
el

s.
S
ec

ti
on

3
il
lu

st
ra

te
s

th
e

p
ro

of
id

ea
s,

w
it

h
m

or
e

d
et

a
il
s

in
th

e
A

p
p

en
d
ix

.
F

in
al

ly
w

e
co

n
cl

u
d
e

in
S
ec

ti
on

4.

2
.
L
e
a
rn

in
g
M

u
lt
iv
ie
w

M
ix
tu

re
M

o
d
e
l
th

ro
u
g
h
T
e
n
so

r
M

e
th

o
d
s

W
e

p
ro

p
os

ed
ou

r
m

ai
n

te
ch

n
ic

al
re

su
lt

in
S
ec

ti
on

1.
1

p
ro

v
id

in
g

co
n
v
er

ge
n
ce

g
u
a
ra

n
te

es
fo

r
th

e
te

n
so

r
p

ow
er

it
er

at
io

n
s

gi
ve

n
m

il
d

in
it

ia
li
za

ti
on

co
n
d
it

io
n
s

in
th

e
ov

er
co

m
p
le

te
re

g
im

e;
se

e
T

h
eo

re
m

1.
A

lo
n
g

th
is

re
su

lt
w

e
p
ro

v
id

e
th

e
a
p
p
li
ca

ti
on

to
le

ar
n
in

g
m

u
lt

iv
ie

w
m

ix
tu

re
s

m
o
d
el

in
T

h
eo

re
m

2.
In

th
is

se
ct

io
n
,

w
e

b
ri

efl
y

in
tr

o
d
u
ce

th
e

te
n
so

r
d
ec

om
p

o
si

ti
o
n

fr
a
m

e-
w

or
k

as
th

e
le

ar
n
in

g
al

go
ri

th
m

an
d

th
en

st
at

e
th

e
le

ar
n
in

g
gu

ar
an

te
es

w
it

h
m

o
re

d
et

a
il
s

an
d

re
m

ar
k
s.

2
.1

M
u

lt
iv

ie
w

M
ix

tu
re

M
o
d

e
l

C
on

si
d
er

an
ex

ch
an

ge
ab

le
m

u
lt

iv
ie

w
m

ix
tu

re
m

o
d
el

w
it

h
k

co
m

p
on

en
ts

an
d
p
≥

3
v
ie

w
s;

se
e

F
ig

u
re

1.
S
u
p
p

os
e

th
at

h
id

d
en

va
ri

a
b
le
h

is
a

d
is

cr
et

e
ca

te
go

ri
ca

l
ra

n
d
om

va
ri

a
b
le

ta
k
in

g
on

e
of

th
e
k

st
at

es
.

It
is

co
n
v
en

ie
n
t

to
re

p
re

se
n
t

it
b
y

b
as

is
ve

ct
or

s
su

ch
th

a
t

h
=
e j
∈
R
k

if
an

d
on

ly
if

it
ta

k
es

th
e
j-

th
st

at
e.

N
ot

e
th

at
e j
∈

R
k

d
en

ot
es

th
e
j-

th
e

b
as

is
ve

ct
or

in
th

e
k
-d

im
en

si
on

al
sp

a
ce

.
T

h
e

p
ri

or
p
ro

b
ab

il
it

y
fo

r
ea

ch
h
id

d
en

st
at

e
is

P
r[
h

=
e j

]
=
λ
j
,j
∈

[k
].

F
or

si
m

p
li
ci

ty
,

in
th

is
p
a
p

er
w

e
as

su
m

e
al

l
th

e
λ
i’

s
ar

e
th

e
sa

m
e.

H
ow

ev
er

,
si

m
il
ar

ar
gu

m
en

t
w

or
k
s

ev
en

w
h
en

th
e

ra
ti

o
o
f

m
ax

im
u
m

an
d

m
in

im
u
m

p
ri

or
p
ro

b
ab

il
it

ie
s
λ

m
a
x
/λ

m
in

is
b

ou
n
d
ed

b
y

so
m

e
co

n
st

a
n
t.

T
h
e

va
ri

ab
le

s
(v

ie
w

s)
z l
∈

R
d

ar
e

re
la

te
d

to
th

e
h
id

d
en

st
at

e
th

ro
u
gh

fa
ct

o
r

m
a
tr

ix
A
∈
R
d
×
k

su
ch

th
at

z l
=
A
h

+
η l
,

l
∈

[p
],
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T
e
n
so

r
P
o
w
e
r
M
e
t
h
o
d

D
y
n
a
m
ic
s
in

O
v
e
r
c
o
m
p
l
e
t
e
R
e
g
im

e

A
lg

o
rith

m
1

L
earn

in
g

m
u
ltiv

iew
m

ix
tu

re
m

o
d
el

v
ia

ten
sor

p
ow

er
iteration

s

R
e
q
u

ire
:

1
)

T
h
ird

ord
er

m
om

en
t

ten
sor

T
∈
R
d×
d×
d

in
(8),

2)
n

sam
p
les

of
z

1
in

m
u
ltiv

iew

m
ix

tu
re

m
o
d
el

as
z

(τ
)

1
,τ
∈

[n
],

an
d

3)
n
u
m

b
er

of
iteration

s
N

.
1
:

fo
r
τ

=
1

to
n

d
o

2
:

In
itia

liz
e

u
n
it

vectors
x

(1
)

τ
←
z

(τ
)

1
/ ∥∥
z

(τ
)

1

∥∥
.

3
:

fo
r
t

=
1

to
N

d
o

4
:

T
en

so
r

p
ow

er
u
p

d
ates

(see
(5)

for
th

e
d
efi

n
ition

of
th

e
m

u
ltilin

ear
form

):

x
(t+

1
)

τ
=

T
(
I
,x

(t)
τ
,x

(t)
τ

)

∥∥∥
T
(
I
,x

(t)
τ
,x

(t)
τ

) ∥∥∥
,

(9)

5
:

e
n

d
fo

r
6
:

e
n

d
fo

r
7
:

re
tu

rn
th

e
ou

tp
u
t

of
P

ro
ced

u
re

2
w

ith
in

p
u
t {

x
(N

+
1
)

τ
:
τ
∈

[n
] }

as
estim

ates
x
j .

w
h
ere

zero
-m

ea
n

n
oise

vectors
η
l ∈

R
d

are
in

d
ep

en
d
en

t
of

each
oth

er
an

d
th

e
h
id

d
en

state
h

.
G

iv
en

th
is,

th
e

variab
les

(v
iew

s)
z
l ∈

R
d

are
con

d
ition

ally
in

d
ep

en
d
en

t
given

th
e

laten
t

varia
b
le
h

,
a
n
d

th
e

con
d
ition

al
m

ean
s

are
E

[z
l |h

=
e
j ]

=
a
j ,

w
h
ere

a
j ∈

R
d

d
en

otes
th

e
j-th

co
lu

m
n

o
f

fa
cto

r
m

atrix
A

=
[a

1 ···a
k ]∈

R
d×
k.

In
ad

d
ition

,
th

e
ab

ove
p
rop

erties
im

p
ly

th
a
t

th
e

o
rd

er
of

ob
servation

s
z
l

d
o

n
ot

m
atter

an
d

th
e

m
o
d
el

is
exch

a
n

gea
ble.

T
h
e

goal
o
f

th
e

lea
rn

in
g

p
rob

lem
is

to
recover

th
e

p
aram

eters
of

th
e

m
o
d
el

(factor
m

atrix
)
A

given
o
b
serva

tio
n
s.

F
o
r

th
is

m
o
d
el,

th
e

th
ird

ord
er

2
ob

served
m

om
en

t
h
as

th
e

form
(A

n
a
n
d
k
u
m

ar
et

al.,
2
0
1
4
c)

E
[z

1 ⊗
z

2 ⊗
z

3 ]
=
∑j∈

[k
] λ
j a
j ⊗

a
j ⊗

a
j .

(8)

H
en

ce,
given

th
ird

ord
er

ob
served

m
om

en
t,

th
e

u
n
su

p
erv

ised
learn

in
g

p
ro

b
lem

(recoverin
g

fa
cto

r
m

a
trix

A
)

red
u
ces

to
com

p
u
tin

g
a

ten
sor

d
eco

m
p

osition
as

in
(8).

2
.2

T
e
n

so
r

D
e
c
o
m

p
o
sitio

n
A

lg
o
rith

m

T
h
e

a
lg

o
rith

m
for

u
n
su

p
erv

ised
learn

in
g

of
m

u
ltiv

iew
m

ix
tu

re
m

o
d
el

is
b
ased

on
ten

sor
d
eco

m
p

o
sitio

n
tech

n
iq

u
es

p
rov

id
ed

in
A

lgorith
m

1.
T

h
e

m
ain

step
in

(9)
p

erfo
rm

s
ten

so
r

po
w

er
itera

tio
n

; 3
see

(5)
for

th
e

m
u
ltilin

ear
form

d
efi

n
ition

.
A

fter
ru

n
n
in

g
th

e
algorith

m
fo

r
a
ll

d
iff

eren
t

in
itialization

vectors,
th

e
clu

sterin
g

p
ro

cess
from

A
n
an

d
k
u
m

ar
et

al.
(2015)

en
su

res
th

at
th

e
b

est
con

verged
vectors

are
retu

rn
ed

as
th

e
estim

ation
of

tru
e

com
p

on
en

ts
a
j .

2
.

It
is

en
o
u

g
h

to
fo

rm
th

e
th

ird
o
rd

er
m

o
m

en
t

fo
r

o
u

r
lea

rn
in

g
p

u
rp

o
se.

3
.

T
h

is
is

th
e

g
en

era
liza

tio
n

o
f

m
a
trix

p
ow

er
itera

tio
n

to
3
rd

o
rd

er
ten

so
rs.
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A
n
a
n
d
k
u
m
a
r
,
G
e
,
a
n
d

J
a
n
z
a
m
in

P
ro

c
e
d

u
re

2
C

lu
sterin

g
p
ro

cess
(A

n
an

d
k
u
m

ar
et

al.,
2015)

R
e
q
u

ire
:

T
en

sor
T
∈
R
d×
d×
d,

set
S

:=
{
x

(N
+

1
)

τ
:
τ
∈

[n
] }

,
p
aram

eter
ν

.

1
:

w
h

ile
S

is
n
ot

em
p
ty

d
o

2
:

C
h
o
ose

x
∈
S

w
h
ich

m
ax

im
izes|T

(x
,x
,x

)|.
3
:

D
o
N

m
ore

iteration
s

of
(9)

startin
g

from
x

.
4
:

O
u

tp
u

t
th

e
resu

lt
of

iteration
s

d
en

oted
b
y
x̂

.
5
:

R
em

ove
all

th
e
x
∈
S

w
ith
|〈x
,x̂〉|

>
ν
/
2.

6
:

e
n

d
w

h
ile

2
.3

L
e
a
rn

in
g

G
u

a
ra

n
te

e
s

W
e

assu
m

e
a

G
au

ssian
p
rior

on
th

e
m

ean
vectors,

i.e.,
th

e
vectors

a
j ∼
N

(0,I
d /d

),
j∈

[k
]

are
i.i.d

.
d
raw

n
from

a
stan

d
ard

m
u
ltivariate

G
au

ssia
n

d
istrib

u
tion

w
ith

u
n
it

ex
p

ected
sq

u
are

n
orm

.
N

ote
th

at
in

th
e

h
igh

d
im

en
sion

(grow
in

g
d
),

th
is

assu
m

p
tion

is
th

e
sam

e
as

u
n
iform

ly
d
raw

in
g

from
u
n
it

sp
h
ere

sin
ce

th
e

n
orm

of
vector

con
cen

trates
in

th
e

h
igh

d
im

en
-

sion
an

d
th

ere
is

n
o

n
eed

for
n
orm

alization
.

E
v
en

th
ou

gh
w

e
im

p
ose

a
p
rior

d
istrib

u
tion

,
w

e
d
o

n
ot

u
se

a
M

A
P

estim
ator,

sin
ce

th
e

corresp
on

d
in

g
op

tim
ization

is
N

P
-h

ard
.

In
stead

,
w

e
learn

th
e

m
o
d
el

p
aram

eters
th

rou
gh

d
ecom

p
osition

of
th

e
th

ird
ord

er
m

om
en

ts
th

rou
gh

ten
sor

p
ow

er
iteration

s.
T

h
e

assu
m

p
tion

of
a

G
au

ssian
p
rior

is
stan

d
ard

in
m

ach
in

e
learn

in
g

ap
p
lication

s.
W

e
im

p
ose

it
h
ere

for
tractab

le
an

aly
sis

of
p

ow
er

iteration
d
y
n
am

ics.
S
u
ch

G
au

ssian
assu

m
p
tion

s
h
ave

b
een

u
sed

b
efore

for
an

aly
sis

of
oth

er
iterative

m
eth

o
d
s

su
ch

as
ap

p
rox

im
ate

m
essage

p
assin

g
algorith

m
s,

a
n
d

th
ere

are
ev

id
en

ces
th

at
sim

ilar
resu

lts
h
old

for
m

ore
gen

eral
d
istrib

u
tion

s;
see

(B
ayati

an
d

M
o
n
tan

ari,
201

0)
an

d
referen

ces
th

ere.

A
s

ex
p
lain

ed
in

th
e

p
rev

iou
s

section
s,

w
e

u
se

ten
sor

p
ow

er
m

eth
o
d

to
learn

th
e

com
p

o-
n
en

ts
a
j ’s,

an
d

th
e

m
eth

o
d

is
in

itialized
w

ith
ob

served
sam

p
les

z
i .

In
tu

itively,
th

is
in

itializa-
tion

is
u
sefu

l
sin

ce
z
i

=
A
h

+
η
i

is
a

p
ertu

rb
ed

version
of

d
esired

p
a
ram

eter
a
j

(w
h
en
h

=
e
j ).

T
h
u
s,

w
e

p
resen

t
th

e
resu

lt
in

term
s

of
th

e
sign

al-to-n
oise

(S
N

R
)

ratio
w

h
ich

is
th

e
ex

p
ected

n
orm

of
sign

al
a
j

(w
h
ich

is
on

e
h
ere)

d
iv

id
ed

b
y

th
e

ex
p

ected
n
orm

of
n
o
ise

η
i ,

i.e.,
th

e
S
N

R
in

th
e
i-th

sam
p
le
z
i

=
a
j
+
η
i

(assu
m

ed
h

=
e
j )

is
d
efi

n
ed

as
S
N

R
:=

E
[‖a

j ‖]/E
[‖
η
i ‖].

T
h
is

sp
ecifi

es
h
ow

m
u
ch

n
oise

th
e

in
itialization

vector
z
i

can
tolerate

in
ord

er
to

en
su

re
th

e
con

vergen
ce

of
ten

sor
p

ow
er

iteration
to

a
d
esired

lo
cal

op
tim

u
m

.
W

e
n
ow

p
rop

ose
th

e
con

d
ition

s
req

u
ired

for
recovery

gu
a
ran

tees,
an

d
state

a
b
rief

ex
p
lan

ation
of

th
em

.

C
o
n

d
itio

n
s

fo
r

T
h
eo

rem
s

2
a
n

d
3
:

•
R

an
k

con
d
ition

:
k
≤
o(d

1
.5).

•
T

h
e

colu
m

n
s

of
A

are
u
n
iform

ly
i.i.d

.
d
raw

n
from

u
n
it
d
-d

im
en

sion
al

sp
h
ere.

•
T

h
e

n
oise

vectors
η
l ,l∈

[3],
are

in
d
ep

en
d
en

t
of

m
atrix

A
an

d
each

oth
er.

In
ad

d
ition

,
th

e
sign

al-to-n
oise

ratio
(S

N
R

)
is

w
.h

.p
.

b
ou

n
d
ed

as

S
N

R
≥

Ω

(
√

m
ax{k

,d}
d

1−
β

)
,

for
som

e
β
≥

(log
d
) −
c

for
u
n
iversal

con
stan

t
c
>

0.
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T
e
n
so

r
P
o
w
e
r
M
e
t
h
o
d

D
y
n
a
m
ic
s
in

O
v
e
r
c
o
m
p
l
e
t
e
R
e
g
im

e

T
h
e

ra
n
k

co
n
d
it

io
n

b
ou

n
d
s

th
e

le
v
el

of
ov

er
co

m
p
le

te
n
es

s
fo

r
w

h
ic

h
th

e
re

co
ve

ry
gu

ar
-

an
te

es
ar

e
sa

ti
sfi

ed
.

T
h
e

ra
n
d
om

as
su

m
p
ti

on
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at
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ra
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d
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b
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p
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b
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p
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b
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d
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h
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n
d
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p
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p
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d
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>
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d
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b
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b
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eo
re

m
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h
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p
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b
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h
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d
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n
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it

ia
li

za
ti

o
n

o
f

po
w

er
it

er
a
ti

o
n

is
pe

rf
o
rm

ed
by

sa
m

p
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∈
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r
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r
d
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p
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Θ
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d

or
d
er

te
n
so

r
is

gi
ve

n
to

th
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r
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h
er

ic
a
l

G
a
u

ss
ia

n
m

ix
tu

re
s:

C
on

si
d
er

a
m

ix
tu

re
of
k

d
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∈
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∈
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p
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⊗
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⊗
e i

+
e i
⊗
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⊗
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⊗
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r
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⊗
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e
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p
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re
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+
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+
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w
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p
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∥ ∥ ∥T
( I
,x

(t
)

2
,τ
,x

(t
)

3
,τ

)∥ ∥ ∥
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)∥ ∥ ∥
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∥ ∥ ∥T
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)∥ ∥ ∥
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e
as

y
m

m
et

ri
c

ve
rs

io
n

si
n
ce

th
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p
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p
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p
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r
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gi

ve
n

to
th

e
te

n
so

r

d
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om
p
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it
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n

A
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it

h
m

1.
W

e
n
ow
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m
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e
th

e
te

n
so

r
gi

ve
n
n
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m

p
le

s
z

(i
)

1
,z

(i
)

2
,z

(i
)

3
,i
∈
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],

as

T̂
=

1 n

∑ i∈
[n

]

z
(i

)
1
⊗
z

(i
)

2
⊗
z

(i
)

3
.
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0
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F
or
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u
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iv
ie

w
m
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tu
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m

o
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el
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o
d
u
ce

d
in

S
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ti
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2.
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le
t
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e

n
oi
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o
r
η l

b
e
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h
er

ic
al

,
an

d
ζ

2
d
en

ot
e

th
e
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en

tr
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n
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p
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d
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d
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n

s
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r
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h
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4
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)
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∈
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∈
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h
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p
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∈
R
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b
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b
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b
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T
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w
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r
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D
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O
v
e
r
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o
m
p
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e
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e

•
T

h
e

n
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m

b
er
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p
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n
satisfi

es
low

er
b

ou
n
d
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th
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ζ (
√
dn

+

√
λ

m
a
x
dn )

+
ζ

2 (
dn

+

√
λ

m
a
x
d

1
.5

n

)

+
ζ

3 (
d

1
.5

n
+

√
dn )
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m
in {

ε √
kd
,Õ
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m

in ) }
,

(11)

w
h
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ε
<
o (√

k
/d )

.
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d
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Â
.

T
h
en

,
w

e
h
a
ve

w
.h

.p
. 7

∥∥∥
Â
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ro

v
in

g
L

em
m

a
5

is
to

ch
ar

ac
te

r-
iz

e
th

e
co

n
d
it

io
n
al

d
is

tr
ib

u
ti

on
of

ra
n
d
om

G
au

ss
ia

n
te

n
so

r
co

m
p

on
en

ts
a
j
’s

gi
v
en

p
re

v
io

u
s

it
er

at
io

n
s.

In
p
ar

ti
cu

la
r,

w
e

sh
ow

th
at

th
e

re
si

d
u
al

in
d
ep

en
d
en

t
ra

n
d
om

n
es

s
le

ft
in

th
es

e
co

n
d
it

io
n
al

d
is

tr
ib

u
ti

on
s

is
la

rg
e

en
ou

gh
an

d
w

e
ca

n
ex

p
lo

it
it

to
ob

ta
in

ti
gh

te
r

co
n
ce

n
tr

a-
ti

on
b

ou
n
d
s

th
ro

u
gh

ou
t

th
e

an
al

y
si

s
of

th
e

it
er

a
ti

on
s.

T
h
e

G
au

ss
ia

n
as

su
m

p
ti

on
on

th
e

co
m

p
on

en
ts

,
an

d
sm

al
l

en
ou

gh
n
u
m

b
er

of
it

er
at

io
n
s

ar
e

cr
u
ci

al
in

th
is

ar
gu

m
en

t.

N
o
ta

ti
o
n

s:
F

or
tw

o
ve

ct
or

s
u
,v
∈

R
k
,

th
e

H
ad

am
ar

d
p
ro

d
u
ct

d
en

ot
ed

b
y
∗

is
d
efi

n
ed

as
th

e
en

tr
y
-w

is
e

m
u
lt

ip
li
ca

ti
on

of
ve

ct
or

s,
i.
e.

,
(u
∗v

) j
:=

u
j
v j

fo
r
j
∈

[k
].

F
or

a
m

at
ri

x
A

,
le

t
P
⊥
A

d
en

ot
e

th
e

p
ro

je
ct

io
n

op
er

at
or

to
th

e
su

b
sp

ac
e

or
th

og
on

al
to

co
lu

m
n

sp
an

of
A

.
F

or
a

su
b
sp

ac
e
R

,
le

t
R
⊥

d
en

ot
e

th
e

sp
ac

e
or

th
og

on
al

to
it

.
T

h
er

ef
or

e,
fo

r
a

su
b
sp

ac
e

R
,

th
e

p
ro

je
ct

io
n

op
er

at
or

on
th

e
su

b
sp

a
ce

or
th

og
on

al
to
R

is
eq

u
iv

al
en

tl
y

d
en

o
te

d
b
y
P
R
⊥

or
P
⊥
R

.
F

or
a

ra
n
d
om

m
at

ri
x
D

,
le

t
D
|{
u

=
D
v
}

d
en

ot
e

th
e

co
n
d
it

io
n
al

d
is

tr
ib

u
ti

on
of
D

8
.

T
h

e
co

rr
el

a
ti

o
n

b
et

w
ee

n
tw

o
u

n
it

G
a
u

ss
ia

n
v
ec

to
rs

in
d

d
im

en
si

o
n

s
is

ro
u

g
h

ly
1
/
√
d
.
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A
n
a
n
d
k
u
m
a
r
,
G
e
,
a
n
d

J
a
n
z
a
m
in

gi
ve

n
li
n
ea

r
co

n
st

ra
in

ts
u

=
D
v
.

W
e

al
so

u
se

eq
u
al

it
y

n
ot

a
ti

on
(d

)
=

to
d
en

ot
e

th
e

eq
u
iv

a
le

n
ce

in
d
is

tr
ib

u
ti

on
.

L
em

m
a

5
in

vo
lv

es
an

al
y
zi

n
g

th
e

d
y
n
am

ic
s

of
p

ow
er

it
er

at
io

n
in

(2
)

fo
r

3r
d

o
rd

er
ra

n
k
-k

te
n
so

rs
.

F
or

th
e

ra
n
k
-k

te
n
so

r
in

(1
2)

,
th

e
p

ow
er

it
er

at
iv

e
fo

rm
x
←

T
(I
,x
,x

)
‖T

(I
,x
,x

)‖
ca

n
b

e
w

ri
tt

en
as

x
(t

+
1
)

=
A
( A
>
x

(t
))
∗2

∥ ∥ ∥A
( A
>
x

(t
))
∗2
∥ ∥ ∥,

(1
4
)

w
h
er

e
th

e
m

u
lt

il
in

ea
r

fo
rm

in
(5

)
is

u
se

d
.

H
er

e,
A

=
[a

1
··
·a
k
]
∈

R
d
×
k

d
en

o
te

s
th

e
fa

ct
or

m
at

ri
x
,

an
d

fo
r

ve
ct

or
y
∈

R
k
,
y
∗2

:=
y
∗
y
∈

R
k

re
p
re

se
n
ts

th
e

el
em

en
t-

w
is

e
sq

u
a
re

of
en

tr
ie

s
of
y
.

W
e

co
n
si

d
er

th
e

ca
se

w
h
er

e
a
i
∼
N

(0
,

1 d
I
)

ar
e

i.
i.
d
.

d
ra

w
n

an
d

w
e

an
al

y
ze

th
e

ev
o
lu

ti
o
n

of
th

e
d
y
n
am

ic
s

of
th

e
p

ow
er

u
p

d
at

e.
A

s
ex

p
la

in
ed

ea
rl

ie
r,

fo
r

a
gi

ve
n

in
it

ia
li
za

ti
o
n
x

(1
) ,

th
e

u
p

d
at

e
in

th
e

fi
rs

t
st

ep
ca

n
b

e
an

al
y
ze

d
ea

si
ly

si
n
ce
A

is
in

d
ep

en
d
en

t
of
x

(1
) .

H
ow

ev
er

,
in

su
b
se

q
u
en

t
st

ep
s,

th
e

u
p

d
at

es
x

(t
)

ar
e

d
ep

en
d
en

t
on

A
,

an
d

it
is

n
o

lo
n
ge

r
cl

ea
r

h
ow

to
p
ro

v
id

e
a

ti
gh

t
b

ou
n
d

on
th

e
ev

ol
u
ti

on
of
x

(t
) .

In
th

is
w

or
k
,

w
e

p
ro

v
id

e
a

ca
re

fu
l

a
n
a
ly

si
s

b
y

co
n
tr

ol
li
n
g

th
e

am
ou

n
t

of
“c

or
re

la
ti

on
b
u
il
d
-u

p
”

b
y

ex
p
lo

it
in

g
th

e
st

ru
ct

u
re

o
f

G
a
u
ss

ia
n

m
at

ri
ce

s
u
n
d
er

li
n
ea

r
co

n
st

ra
in

ts
.

T
h
is

en
ab

le
s

u
s

to
p
ro

v
id

e
b

et
te

r
gu

ar
an

te
es

fo
r

m
a
tr

ix
A

w
it

h
G

au
ss

ia
n

en
tr

ie
s

co
m

p
ar

ed
to

ge
n
er

al
m

at
ri

ce
s
A

.

In
te

rm
ed

ia
te

u
pd

a
te

st
ep

s
a
n

d
va

ri
a
bl

es
:B

ef
o
re

w
e

p
ro

ce
ed

,
w

e
n
ee

d
to

b
re

a
k

d
ow

n
p

ow
er

u
p

d
at

e
in

(2
)

an
d

in
tr

o
d
u
ce

so
m

e
in

te
rm

ed
ia

te
u
p

d
at

e
st

ep
s

an
d

va
ri

a
b
le

s
as

fo
ll
ow

s.
R

ec
a
ll

th
at
x

(1
)
∈

R
d

d
en

ot
es

th
e

in
it

ia
li
za

ti
on

ve
ct

or
.

W
it

h
o
u
t

lo
ss

of
ge

n
er

al
it

y,
le

t
u
s

a
n
a
ly

ze
th

e
co

n
ve

rg
en

ce
of

p
ow

er
u
p

d
at

e
to

fi
rs

t
co

m
p

on
en

t
o
f

ra
n
k
-k

te
n
so

r
T

d
en

o
te

d
b
y
a

1
.

H
en

ce
,

le
t

th
e

fi
rs

t
en

tr
y

of
x

(1
)

d
en

ot
ed

b
y
x

(1
)

1
b

e
th

e
m

ax
im

u
m

en
tr

y
(i

n
a
b
so

lu
te

va
lu

e)

of
x

(1
) ,

i.
e.

,
x

(1
)

1
=
‖x

(1
) ‖
∞

.
L

et
B

:=
[a

2
a

3
··
·
a
k
]
∈
R
d
×

(k
−

1
) ,

an
d

th
er

ef
o
re
A

=
[a

1
|B

].
W

e
b
re

ak
th

e
p

ow
er

u
p

d
at

e
fo

rm
u
la

in
(2

)
in

to
a

fe
w

st
ep

s
b
y

in
tr

o
d
u
ci

n
g

in
te

rm
ed

ia
te

va
ri

ab
le

s
y

(t
)
∈
R
k

an
d
x̃

(t
+

1
)
∈
R
d

as

y
(t

)
:=

A
>
x

(t
) ,

x̃
(t

+
1
)

:=
A

(y
(t

) )∗
2
.

N
ot

e
th

at
x̃

(t
+

1
)

is
th

e
u
n
n
or

m
al

iz
ed

ve
rs

io
n

of
x

(t
+

1
)

:=
x̃

(t
+

1
) /
‖x̃

(t
+

1
) ‖

,
i.
e.

,
x̃

(t
+

1
)

:=
T

(I
,x

(t
) ,
x

(t
) )

.
T

h
u
s,

w
e

n
ee

d
to

jo
in

tl
y

an
al

y
ze

th
e

d
y
n
am

ic
s

of
al

l
va

ri
ab

le
s
x

(t
) ,
y

(t
)

a
n
d

(y
(t

) )
∗2

.
D

efi
n
e

X
[t

]
:=
[ x

(1
) |
..
.|x

(t
)]
,

Y
[t

]
:=
[ y

(1
) |
..
.|y

(t
)]
.

M
at

ri
x
B

is
ra

n
d
om

ly
d
ra

w
n

w
it

h
i.
i.
d
.

G
au

ss
ia

n
en

tr
ie

s
B
ij
∼
N

(0
,

1 d
).

A
s

th
e

it
er

a
ti

o
n
s

p
ro

ce
ed

,
w

e
co

n
si

d
er

th
e

fo
ll
ow

in
g

co
n
d
it

io
n
al

d
is

tr
ib

u
ti

on
s

B
(t
,1

)
:=

B
|{
X

[t
] ,
Y

[t
] },

B
(t
,2

)
:=

B
|{
X

[t
+

1
] ,
Y

[t
] }.

(1
5
)

T
h
u
s,
B

(t
,1

)
is

th
e

co
n
d
it

io
n
al

d
is

tr
ib

u
ti

on
of
B

at
th

e
m

id
d
le

of
tt

h
it

er
a
ti

on
(b

ef
o
re

u
p

d
a
te

st
ep

x̃
(t

+
1
)

=
A

(y
(t

) )
∗2

)
an

d
B

(t
,2

)
is

th
e

co
n
d
it

io
n
al

d
is

tr
ib

u
ti

on
at

th
e

en
d

o
f
tt

h
it

er
a
ti

on
(a

ft
er

u
p

d
at

e
st

ep
x̃

(t
+

1
)

=
A

(y
(t

) )
∗2

).
B

y
an

al
y
zi

n
g

th
e

ab
ov

e
co

n
d
it

io
n
al

d
is

tr
ib

u
ti

o
n
s,

w
e

ca
n

ch
ar

ac
te

ri
ze

th
e

le
ft

in
d
ep

en
d
en

t
ra

n
d
om

n
es

s
in
B

.

14
JM

L
R

 1
8(

22
):

1-
40

, 2
01

7



T
e
n
so

r
P
o
w
e
r
M
e
t
h
o
d

D
y
n
a
m
ic
s
in

O
v
e
r
c
o
m
p
l
e
t
e
R
e
g
im

e

3
.1
.1

C
o
n
d
it
io
n
a
l
D
ist

r
ib
u
t
io
n
s

In
o
rd

er
to

ch
aracterize

th
e

con
d
itio

n
al

d
istrib

u
tion

of
B

u
n
d
er

evolu
tion

of
x

(t)
an

d
y

(t)
in

(1
5
),

w
e

ex
p
lo

it
th

e
follow

in
g

b
asic

fact
(see

(B
ay

ati
a
n
d

M
on

tan
ari,

2010)
for

p
ro

of).

L
e
m

m
a

7
(C

o
n

d
itio

n
a
l

d
istrib

u
tio

n
o
f

N
o
rm

a
l

m
a
tric

e
s

u
n

d
e
r

lin
e
a
r

c
o
n

d
itio

n
)

C
o
n

sid
er

ra
n

d
o
m

m
a
trix

D
w

ith
i.i.d

.
G

a
u

ssia
n

en
tries

D
ij
∼
N

(0,σ
2).

C
o
n

d
itio

n
ed

o
n

u
=
D
v

w
ith

kn
o
w

n
vecto

rs
u

a
n

d
v

,
th

e
m

a
trix

D
is

d
istribu

ted
a
s

D
|{u

=
D
v}

(d
)

=
1

‖v‖
2
u
v >

+
D̃
P
⊥
v ,

w
h
ere

ra
n

d
o
m

m
a
trix

D̃
is

a
n

in
d
epen

d
en

t
co

p
y

o
f
D

w
ith

i.i.d
.

G
a
u

ssia
n

en
tries

D̃
ij
∼

N
(0,σ

2),
a
n

d
P
⊥
v

is
th

e
p

ro
jectio

n
o
pera

to
r

o
n

to
th

e
su

bspa
ce

o
rth

ogo
n

a
l

to
v

.

W
e

refer
to

D̃
P
⊥
v

as
th

e
resid

u
a
l

ran
d
om

m
atrix

sin
ce

it
rep

resen
ts

th
e

rem
ain

in
g

ra
n

d
o
m

n
ess

left
after

con
d
ition

in
g.

It
is

a
ran

d
om

m
atrix

w
h
ose

row
s

a
re

in
d
ep

en
d
en

t
ra

n
d
o
m

vecto
rs

th
at

are
orth

ogon
al

to
v
,

an
d

th
e

varian
ce

in
each

d
irectio

n
orth

ogon
al

to
v

is
eq

u
a
l

to
σ

2.
T

h
e

a
b

ove
L

em
m

a
can

b
e

ex
p
loited

to
ch

aracterize
th

e
con

d
ition

al
d
istrib

u
tion

of
B

in
tro

d
u
ced

in
(15).

H
ow

ever,
a

n
aive

d
irect

ap
p
lication

u
sin

g
th

e
con

strain
t
Y

[t]
=
A
>
X

[t]

is
n
o
t

tra
n
sp

a
ren

t
for

an
aly

sis.
T

h
e

reason
is

th
e

ev
olu

tion
of
x

(t)
an

d
y

(t)
are

th
em

selves
g
overn

ed
b
y

th
e

con
d
ition

al
d
istrib

u
tion

of
B

given
p
rev

iou
s

itera
tion

s.
T

h
erefore,

w
e

n
eed

th
e

fo
llow

in
g

recu
rsiv

e
version

of
L

em
m

a
7

w
h
ich

can
b

e
im

m
ed

iately
a
rgu

ed
b
y

in
d
u
ction

.

C
o
ro

lla
ry

8
(Ite

ra
tiv

e
c
o
n

d
itio

n
in

g
)

C
o
n

sid
er

ra
n

d
o
m

m
a
trix

D
w

ith
i.i.d

.
G

a
u

ssia
n

en
tries

D
ij
∼
N

(0,σ
2),

a
n

d
let

F
(d

)
=
P
⊥
C
D
P
⊥
R

be
th

e
ra

n
d
o
m

G
a
u

ssia
n

m
a
trix

w
h
o
se

co
lu

m
n

s
a
re

o
rth

ogo
n

a
l

to
spa

ce
C

a
n

d
ro

w
s

a
re

o
rth

ogo
n

a
l

to
spa

ce
R

.
C

o
n

d
itio

n
ed

o
n

th
e

lin
ea

r
co

n
stra

in
t
u

=
D
v

,
w

h
ere

9
u
∈
C
⊥

,
th

e
m

a
trix

F
is

d
istribu

ted
a
s

F
|{u

=
D
v}

(d
)

=
1

‖(P
⊥
R
v
)‖

2
u

(P
⊥
R
v
) >

+
P
⊥
C
D̃
P
⊥
{
R
,v} ,

w
h
ere

ra
n

d
o
m

m
a
trix

D̃
is

a
n

in
d
epen

d
en

t
co

p
y

o
f
D

w
ith

i.i.d
.

G
a
u

ssia
n

en
tries

D̃
ij
∼

N
(0,σ

2).

T
h
u
s,

th
e

resid
u

a
l

ran
d
om

m
atrix

P
⊥
C
D̃
P
⊥
{
R
,v}

is
a

ran
d
om

G
au

ssian
m

atrix
w

h
ose

co
lu

m
n
s

are
orth

ogon
al

to
C

an
d

row
s

are
orth

ogon
al

to
sp

an{R
,v}

.
T

h
e

varia
n
ce

in
an

y
rem

a
in

in
g

d
im

en
sion

is
eq

u
al

to
σ

2.

3
.1
.2

F
o
r
m

o
f
It
e
r
a
t
iv
e
U
p
d
a
t
e
s

N
ow

w
e

ex
p
lo

it
th

e
con

d
ition

al
d
istrib

u
tion

argu
m

en
ts

p
rop

osed
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N
o
te

th
a
t

th
er

e
is

a
su

b
tl

e
d

iff
er

en
ce

b
et

w
ee

n
n

o
ta

ti
o
n
x
(t
)

in
th

e
n

o
is

el
es

s
a
n

d
n

o
is

y
se

tt
in

g
s.

In
th

e
n

o
is

el
es

s
se

tt
in

g
,

th
is

v
ec

to
r

is
n

o
rm

a
li

ze
d

,
w

h
il

e
in

th
e

n
o
is

y
se

tt
in

g
th

e
w

h
o
le

v
ec

to
r
x̂
(t
)

=
x
(t
)

+
ξ(
t)

is
n

o
rm

a
li
ze

d
.
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T
e
n
so

r
P
o
w
e
r
M
e
t
h
o
d

D
y
n
a
m
ic
s
in

O
v
e
r
c
o
m
p
l
e
t
e
R
e
g
im

e

w
rite

th
e

fo
llow

in
g

recu
rsion

ex
p
an

d
in

g
th

e
con

trib
u
tio

n
of

m
ain

sign
al

a
n
d

n
oise

term
s

in
th

e
ten

so
r

p
ow

er
iteration

as

x
(t+

1
)

+
ξ

(t+
1
)

=
N

orm
(
T̂

(x
(t)

+
ξ

(t),x
(t)

+
ξ

(t),I
) )

=
N

orm
(
T

(x
(t),x

(t),I
)

+
2
T

(x
(t),ξ

(t),I
)

+
T

(ξ
(t),ξ

(t),I
)

+
E

(x̂
(t),x̂

(t),I
) )
,

(21)

w
h
ere

fo
r

vecto
r
v
,

w
e

h
ave

N
orm

(v
)

:=
v
/‖
v‖,

i.e.,
it

n
orm

alizes
th

e
v
ector.

T
h
e

fi
rst

term
is

th
e

d
esired

m
ain

sign
al

an
d

sh
ou

ld
h
av

e
th

e
la

rgest
n
orm

,
an

d
th

e
rest

of
th

e
term

s
are

th
e

n
o
ise

term
s.

T
h
e

th
ird

term
is

of
ord

er‖
ξ

(t)‖
2,

a
n
d

h
en

ce,
it

sh
ou

ld
b

e
fi
n
e

w
h
en

ever
w

e
ch

o
o
se‖E

‖
to

b
e

sm
all

en
ou

gh
.

T
h
e

last
term

is
O

(‖E
‖
)

an
d

is
th

e
sam

e
for

all
iteration

s
so

th
a
t

is
a
lso

fi
n
e.

T
h
e

p
rob

lem
atic

term
is

th
e

secon
d

term
,

w
h
ose

n
orm

if
w

e
b

ou
n
d

n
aively

is
2‖
ξ

(t)‖
.

H
ow

ever
th

e
n
orm

alization
factor

also
con

trib
u
tes

a
factor

of
ro

u
gh

ly
d
/ √

k
,

a
n
d

th
u
s,

th
is

term
grow

s
ex

p
on

en
tially

;
it

is
still

fi
n
e

if
w

e
ju

st
d
o

a
con

stan
t

n
u
m

b
er

of
itera

tio
n
s,

b
u
t

th
e

ex
p

on
en

t
w

ill
d
ep

en
d

on
th

e
n
u
m

b
er

of
iteration

s.
In

o
rd

er
to

solve
th

is
p
rob

lem
,

an
d

m
ake

su
re

th
at

th
e

am
ou

n
t

of
n
o
ise

w
e

can
to

lerate
is

in
d
ep

en
d
en

t
o
f

th
e

n
u
m

b
er

of
iteration

s,
w

e
n
eed

a
b

etter
w

ay
to

b
ou

n
d

th
e

n
oise

term
ξ

(t).
T

h
e

m
a
in

p
ro

b
lem

h
ere

is
w

e
b

ou
n
d

th
e

n
orm

of‖
T

(x
(t),ξ

(t),I
)‖

b
y
‖T‖‖ξ

(t)‖
≤
O

(ξ
(t)),

b
y

d
o
in

g
th

is
w

e
ig

n
ored

th
e

fact
th

at
x

(t)
is

u
n
correla

ted
w

ith
th

e
com

p
on

en
ts

in
T

.
In

ord
er

to
g
et

a
tig

h
ter

b
ou

n
d
,
w

e
in

tro
d
u
ce

an
oth

er
n
orm
‖·‖∗ ;

see
D

efi
n
ition

21
fo

r
th

e
ex

act
fo

rm
.

In
tu

itively,
th

e
n
orm

‖·‖∗
cap

tu
res

th
e

fact
th

at
x

d
o
es

n
ot

h
ave

a
h
igh

correlation
w

ith
th

e
co

m
p

o
n
en

ts
(ex

cep
t

for
th

e
fi
rst

com
p

on
en

t
th

at
x

w
ill

con
verge

to),
a
n
d

gives
a

b
etter

b
o
u
n
d
.

In
p
a
rticu

lar
w

e
h
ave
‖
T

(x
(t),ξ

(t),I
)‖
≈
√
kd ‖
ξ

(t)‖
2 .

T
h
erefore,

th
e

n
orm

aliza
tion

fa
cto

r
is

co
m

p
en

sated
b
y

th
e

ad
d
ition

al
term

√
kd
.

4
.
C
o
n
clu

sio
n

In
th

is
p
a
p

er,
w

e
p
rov

id
e

a
n
ovel

an
aly

sis
for

th
e

d
y
n
am

ics
of

th
ird

ord
er

ten
sor

p
ow

er
itera

tio
n

sh
ow

in
g

con
v
ergen

ce
gu

aran
tees

to
vectors

h
av

in
g

con
sta

n
t

correla
tion

w
ith

th
e

ten
so

r
co

m
p

o
n
en

t.
T

h
is

en
ab

les
u
s

to
p
rove

u
n
su

p
erv

ised
learn

in
g

of
laten

t
variab

le
m

o
d
els

in
th

e
ch

a
llen

g
in

g
overcom

p
lete

regim
e

w
h
ere

th
e

h
id

d
en

d
im

en
sion

ality
is

la
rger

th
an

th
e

o
b
served

d
im

en
sion

.
T

h
e

m
ain

tech
n
ical

ob
servation

is
th

at
u
n
d
er

ran
d
om

G
au

ssian
ten

sor
co

m
p

o
n
en

ts
a
n
d

sm
all

n
u
m

b
er

of
iteration

s,
th

e
resid

u
a
l

ran
d
om

n
ess

in
th

e
com

p
on

en
ts

(w
h
ich

a
re

in
vo

lved
in

th
e

iterative
step

s)
are

su
ffi

cien
tly

large.
T

h
is

en
ab

les
u
s

to
sh

ow
p
ro

g
ress

in
th

e
n
ex

t
iteration

of
th

e
u
p

d
ate

step
.

A
s

fu
tu

re
w

ork
,

it
is

very
in

terestin
g

to
g
en

era
lize

th
is

an
aly

sis
to

h
igh

er
ord

er
ten

sor
p

ow
er

iteration
,

an
d

m
ore

gen
erally

to
oth

er
k
in

d
s

o
f

itera
tiv

e
u
p

d
ates.

A
ck

n
o
w
le
d
g
m
e
n
ts

A
.

A
n
a
n
d
k
u
m

ar
is

su
p
p

orted
in

p
art

b
y

M
icrosoft

F
acu

lty
F

ellow
sh

ip
,

N
S
F

C
areer

aw
ard

C
C

F
-1

2
5
41

0
6
,

N
S
F

aw
ard

C
C

F
-1219

234,
O

N
R

aw
ard

N
00014-14-1-0665,

A
R

O
Y

IP
aw

ard
W

9
1
1
N

F
-1

3
-1-0

084,
an

d
A

F
O

S
R

Y
IP

aw
ard

F
A

9550-15-1-0221.
M

.
J
an

zam
in

is
su

p
p

orted
b
y

N
S
F

A
w

a
rd

C
C

F
-1219234.
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A
n
a
n
d
k
u
m
a
r
,
G
e
,
a
n
d

J
a
n
z
a
m
in

V
ariab

le
S
p
ace

D
escrip

tion
R

ecu
rsio

n
form

u
la

A
R
d×
k

m
ap

p
in

g
m

atrix
in

(14)
n
.a.

x
(t)

R
d

u
p

d
ate

variab
le

in
(14)

x
(t+

1
)

:=
A

(y
(t)) ∗

2

‖
A

(y
(t)) ∗

2‖
y

(t)
R
k

in
term

ed
iate

variab
le

in
(14)

y
(t)

:=
A
>
x

(t)

x̃
(t)

R
d

u
n
n
orm

alized
version

of
x

(t)
x̃

(t+
1
)

:=
A

(y
(t)) ∗

2

x̂
(t)

R
d

n
oisy

v
ersion

of
x

(t)
x̂

(t)
=
x

(t)
+
ξ

(t);
see

(2
1)

ξ
(t)

R
d

C
on

trib
u
tion

of
n
oise

in
ten

sor
p

ow
er

u
p

d
ate

given
n
oisy

ten
sor

T̂
=
T

+
E

x̂
(t)

=
x

(t)
+
ξ

(t);
see

(21)

B
R
d×

(k−
1
)

m
atrix

A
:=

[a
1
a

2
···

a
k ]

w
ith

fi
rst

colu
m

n
rem

oved
,

i.e.,
B

:=
[a

2
a

3
···

a
k ].

N
ote

th
at

th
e

fi
rst

colu
m

n
a

1
is

th
e

d
esired

o
n
e

to
recov

er.

n
.a.

B
(t,1

)
R
d×

(k−
1
)

con
d
ition

al
d
istrib

u
tion

of
B

given
p
rev

iou
s

iteration
s

at
th

e
m

id
d
le

of
t
th

iteration
(b

efore
u
p

d
ate

step
x̃

(t+
1
)

=
A

(y
(t)) ∗

2)

B
(t,1

)
(d

)
=
B
|{X

[t],Y
[t]}

B
(t,2

)
R
d×

(k−
1
)

con
d
ition

al
d
istrib

u
tion

of
B

given
p
rev

iou
s

iteration
s

at
th

e
en

d
of
t
th

iteration
(after

u
p

d
ate

step
x̃

(t+
1
)

=
A

(y
(t)) ∗

2)

B
(t,2

)
(d

)
=
B
|{X

[t+
1
],Y

[t]}

B
(t,1

)
res.

R
d×

(k−
1
)

resid
u
al

in
d
ep

en
d
en

t
ran

d
om

n
ess

left
in
B

(t,1
);

see
L

em
m

a
9.

see
eq

u
ation

(17)

B
(t,2

)
res.

R
d×

(k−
1
)

resid
u
al

in
d
ep

en
d
en

t
ran

d
om

n
ess

left
in
B

(t,2
);

see
L

em
m

a
9.

see
eq

u
ation

(19)

w
(t)

R
k−

1
in

term
ed

iate
variab

le
in

u
p

d
ate

form
u
la

(14)
w

(t)
:=

(y
(t)
−

1 ) ∗
2

u
(t)

R
d

p
art

of
x

(t)
rep

resen
tin

g
th

e
left

in
d
ep

en
d
en

t
ran

d
om

n
ess

u
(t+

1
)

:=
B

(t,1
)

res.
w

(t)

v
(t)

R
k−

1
p
art

of
y

(t)
−

1
rep

resen
tin

g
th

e
left

in
d
ep

en
d
en

t
ran

d
om

n
ess

v
(t)

:=
(B

(t−
1
,2

)
res.

) >
x

(t)

T
ab

le
1:

T
ab

le
of

p
aram

eters
an

d
variab

les.
S
u
p

erscrip
t

(t)
d
en

otes
th

e
variab

le
at

t-th
iteration

.
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m
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l
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t
e
R
e
g
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e

A
p
p
e
n
d
ix

A
.
P
ro

o
f
o
f
L
e
m
m
a
9

P
ro

o
f

o
f

L
e
m

m
a

9
R

ec
al

l
th

at
w

e
h
av

e
u
p

d
at

es
of

th
e

fo
rm

x̃
(t

+
1
)

=
A

(y
(t

) )∗
2
,

w
(t

)
:=

(y
(t

)
−

1
)∗

2
,

y
(t

)
=
A
>
x

(t
) .

L
et

X
[t

]\
1

:=
[ x

(2
) |
..
.|x

(t
)]
,

an
d

le
t

th
e

ro
w

s
of
Y

[t
]

ar
e

p
ar

ti
ti

on
ed

a
s

th
e

fi
rs

t
an

d
th

e
re

st
o
f

ro
w

s
as

Y
[t

]
=

[ Y
[t

]
1

>
∣ ∣ ∣Y

[t
]
−

1

>
] >

.

W
e

n
ow

m
ak

e
th

e
fo

ll
ow

in
g

si
m

p
le

o
b
se

rv
at

io
n
s

B
(t
,1

)
(d

)
=
B
|{
Y

[t
]
=
A
>
X

[t
] ,
X̃

[t
]\

1
=
A

(Y
[t
−

1
] )∗

2
}

(d
)

=
B
|{
Y

[t
]
−

1
=
B
>
X

[t
] ,
X̃

[t
]\

1
=
a

1
(Y

[t
−

1
]

1
)∗

2
+
B
W

[t
−

1
] }

(d
)

=
B
|{
v

(1
)

=
B
>
x

(1
) ,
..
.,
v

(t
)

=
(B

(t
−

1
,2

)
re

s.
)>
x

(t
) ,

u
(2

)
=
B

(1
,1

)
re

s.
w

(1
) ,
..
.,
u

(t
)

=
B

(t
−

1
,1

)
re

s.
w

(t
−

1
) }
,

w
h
er

e
th

e
se

co
n
d

eq
u
iv

al
en

ce
co

m
es

fr
om

th
e

fa
ct

th
at

B
is

m
at

ri
x
A

w
it

h
fi
rs

t
co

lu
m

n
re

m
ov

ed
.

N
ow

ap
p
ly

in
g

C
or

ol
la

ry
8,

w
e

h
av

e
th

e
re

su
lt

.
T

h
e

d
is

tr
ib

u
ti

on
o
f
B

(t
,2

)
fo

ll
ow

si
m

il
ar

ly
.

A
p
p
e
n
d
ix

B
.
A
n
a
ly
si
s
o
f
In

d
u
ct
io
n
A
rg

u
m
e
n
t

In
th

is
se

ct
io

n
,

w
e

an
al

y
ze

th
e

b
as

is
of

in
d
u
ct

io
n

an
d

in
d
u
ct

iv
e

st
ep

fo
r

th
e

in
d
u
ct

io
n

ar
gu

m
en

t
p
ro

p
os

ed
in

S
ec

ti
on

3.
1.

3
fo

r
th

e
p
ro

of
of

L
em

m
a

5.

B
.1

B
a
si

s
o
f

In
d

u
c
ti

o
n

W
e

fi
rs

t
sh

ow
th

at
th

e
h
y
p

ot
h
es

is
h
ol

d
s

fo
r

in
it

ia
li
za

ti
on

ve
ct

or
x

(1
)

as
th

e
b
as

is
o
f
in

d
u
ct

io
n
.

C
la

im
1

(B
a
si

s
o
f

in
d

u
c
ti

o
n

)
T

h
e

in
d
u

ct
io

n
h
yp

o
th

es
is

is
tr

u
e

fo
r
t

=
1.

P
ro

o
f

N
ot

ic
e

th
at

in
d
u
ct

io
n

h
y
p

ot
h
es

is
fo

r
t

=
1

on
ly

in
v
ol

ve
s

th
e

b
ou

n
d
s

on
‖x

(1
) ‖

an
d

〈a
1
,x

(1
) 〉

as
in

H
y
p

ot
h
es

es
1

an
d

3,
re

sp
ec

ti
ve

ly
.

T
h
es

e
b

ou
n
d
s

ar
e

d
ir

ec
tl

y
ar

gu
ed

b
y

th
e
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rr

el
at

io
n
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su

m
p
ti

on
on

th
e

in
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ia
l

v
ec

to
r
x
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)

st
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in

(1
3)

w
h
er

e
δ 1

=
δ∗ 1

=
∆
∗ 1

=
1.
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n
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z
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d
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va
lu

es
ti

ll
th
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d
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a
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o
n
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1
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d
in

S
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on

3.
1.

3)
,

w
e

an
al

y
ze

th
e
t-

th
it

er
at

io
n
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th

e
al

go
ri

th
m

,
a
n
d

p
ro

ve
th

a
t

in
d
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io
n

h
y
p

ot
h
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h
ol

d
s
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r

th
e
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d
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n
t.

S
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F
ig

u
re

2
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h
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e
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e
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e
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it

er
at

io
n
t

an
d

th
e

fl
ow
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th

e
al
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th
m

is
sh

ow
n
.

In
th

e
re

st
o
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p
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p
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+
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b
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√
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√
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b
y

ap
p
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⊥
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⊥
X

[t
−
1
]
x

(t
) .

(2
2
)

S
in

ce
ra

n
d
om

m
at

ri
x
B
′ ∈
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w
e

k
n
ow

v
(t

)
is

a
ra

n
d
om

G
au

ss
ia

n
v
ec

to
r

in
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−
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∈
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⊥
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p
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⊥
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⊥
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k d
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−
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−
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b
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at
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w
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√
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√
k d

] .

S
im

il
ar

ly
,

fo
r
u

(t
+

1
)

:=
B

(t
,1

)
re

s.
w

(t
) ,
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b
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p
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⊥
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∈
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er
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an
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∈
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[‖B̃

z‖
2 ]

=
z >E

[B̃
>
B̃
]
z

=
‖z‖
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⊥
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T

h
en
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y
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p
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ex

p
an
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⊥
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con
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ab
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m
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=
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−
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=
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con
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∑i∈
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⊥
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⊥
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⊥
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⊥
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⊥
X

[i−
1
] x

(i),x
(t)〉 )

+
v

(t),
(24)

w
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f
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b
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b
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p
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b
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(i)’s
in
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⊥
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n
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h
old

s
u
p

to
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⊥
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b
ou

n
d
,

in
tu

itively
th

e
fresh

ran
d
om

vector
v

(t)
sh

ou
ld

b
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∈
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∈
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=
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⊥
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1 ∗
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p
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⊥
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0 √
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4
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b
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H
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2
is

p
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U
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n
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e

u
p
p
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n
d
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H

y
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e
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u
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argu
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b
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==⇒
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=
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⇒
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⊥
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−

1 :

C
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p
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u

n
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‖
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W
e

h
a
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‖
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√
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∆
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Õ
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ou
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e
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√
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⊥
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⊥
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⊥
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√
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∈
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d √
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( ∆
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−
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−
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m

im
m

ed
ia

te
ly

im
p
li
es

th
at

‖w
(t

) ‖
∞
≤
Õ

(
1 d

)
.

(2
7)

N
ow

w
e

h
av

e
th

e
` ∞

n
or

m
on

w
,

h
ow

ev
er

w
e

n
ee

d
to

b
ou

n
d

th
e
` ∞

n
or

m
of

th
e

p
ro

je
ct

ed
ve

ct
or
P
⊥
W

[t
−
1
]
w

(t
) .

In
tu

it
iv

el
y

th
is

is
cl

ea
r

as
th

e
ve

ct
or

s
in

th
e

sp
ac

e
W

[t
−

1
]
al

l
h
av

e
sm

al
l

` ∞
as

gu
ar

an
te

ed
b
y

in
d
u
ct

io
n

h
y
p

o
th

es
is

.
W

e
fo

rm
al

iz
e

th
is

in
tu

it
io

n
u
si

n
g

th
e

fo
ll
ow

in
g

le
m

m
a.

L
e
m

m
a

1
2

S
u

p
po

se
R

is
a

su
bs

pa
ce

in
R
k

o
f

d
im

en
si

o
n
t′

,
su

ch
th

a
t

th
er

e
is

a
ba

si
s

{r
1
,.
..
,r
t′
}

w
it

h
‖r
i‖
∞
≤

∆ √
k

a
n

d
‖r
i‖

=
1.

L
et
p
∈
R
k

be
a
n

a
rb

it
ra

ry
ve

ct
o
r,

th
en

‖P
⊥
R
p
‖ ∞
≤
‖p
‖ ∞

+
‖p
‖∆
√
t′
√
k
.

L
et
R

=
sp

an
(W

[t
−

1
] )

.
T

h
en

th
e

v
ec

to
rs
P
⊥
W

[i
−
1
]
w

(i
) /
‖P
⊥
W

[i
−
1
]
w

(i
) ‖

,
i
∈

[t
−

1]
fo

rm
a

b
as

is
fo

r
su

b
sp

ac
e
R

,
an

d
w

e
k
n
ow

fr
om

H
y
p

o
th

es
is

2
th

at
th

e
` ∞

n
or

m
of

ea
ch

o
f

th
es

e

b
as

is
ve

ct
or

s
is

b
ou

n
d
ed

b
y

∆ √
k

fo
r

∆
:=

∆
′ t−

1

δ
′ t−

1
w

h
ic

h
is

of
or

d
er

p
ol

y
lo

g
d
.

A
p
p
ly

in
g

ab
ov

e

le
m

m
a,

w
e

h
av

e

‖P
⊥
W

[t
−
1
]
w

(t
) ‖
∞
≤
‖w

(t
) ‖
∞

(1
+

∆
√
t
−

1)
≤

∆
′ t
d
,

w
h
er

e
th

e
la

st
in

eq
u
al

it
y

u
se

s
b

ou
n
d

(2
7)

,
a
n
d

ap
p
ro

p
ri

at
e

ch
o
os

in
g

fo
r

∆
′ t

w
h
ic

h
is

of
or

d
er

p
ol

y
lo

g
d

an
d

on
ly

d
ep

en
d
s

on
t

an
d

lo
g
d
.

T
h
is

co
n
cl

u
d
es

th
e

u
p
p

er
b

ou
n
d

on
th

e
` ∞

n
o
rm

in
H

y
p

ot
h
es

is
2.

T
h
e

u
p
p

er
b

ou
n
d

on
th

e
` 2

n
or

m
is

al
so

im
m

ed
ia

te
ly

ar
gu

ed
u
si

n
g

th
is

` ∞
n
or

m
b

ou
n
d

w
h
er

e
an

ad
d
it

io
n
al
√
k

fa
ct

or
sh

ow
s

u
p
.

B
.2
.3

H
y
p
o
t
h
e
si
s
1

C
o
m

p
u

ti
n

g
x

(t
+

1
) :

In
th

e
n
ex

t
st

ep
of

it
er

at
io

n
t,

th
e

al
go

ri
th

m
co

m
p
u
te

s
x

(t
+

1
) .

C
on

d
it

io
n
in

g
on

th
e

p
re

v
io

u
s

it
er

at
io

n
s,

th
e

u
n
n
or

m
al

iz
ed

ve
rs

io
n
x̃

(t
+

1
)

is
eq

u
iv

al
en

t
(i

n
d
is

tr
ib

u
ti

on
)

to
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A
n
a
n
d
k
u
m
a
r
,
G
e
,
a
n
d

J
a
n
z
a
m
in

x̃
(t

+
1
)

(d
)

=
B

(t
,1

) w
(t

)
+

(y
(t

)
1

)2
a

1

=
∑

i∈
[t
−

1
]

u
(i

+
1
) (
P
⊥
W

[i
−
1
]
w

(i
) )
>

‖P
⊥
W

[i
−
1
]
w

(i
) ‖

2
w

(t
)

+
∑ i∈

[t
]

P
⊥
X

[i
−
1
]
x

(i
) (
v

(i
) )
>

‖P
⊥
X

[i
−
1
]
x

(i
) ‖

2
w

(t
)

+
B

(t
,1

)
re

s.
w

(t
)

+
(y

(t
)

1
)2
a

1

=
∑

i∈
[t
−

1
]

Θ̃

(
d

2 k

)
u

(i
+

1
) 〈P
⊥
W

[i
−
1
]
w

(i
) ,
w

(t
) 〉

+
∑ i∈

[t
]

Θ̃
(1

)P
⊥
X

[i
−
1
]
x

(i
) 〈v

(i
) ,
w

(t
) 〉

+
u

(t
+

1
)

+
(y

(t
)

1
)2
a

1
,

(2
8
)

w
h
er

e
fo

rm
of
B

(t
,1

)
in

(1
6)

is
u
se

d
in

th
e

se
co

n
d

eq
u
al

it
y.

T
h
e

b
ou

n
d
s

on
th

e
n
o
rm

s
co

m
e

fr
om

H
y
p

ot
h
es

es
1

an
d

2.
T

h
e

la
st

te
rm

is
th

e
d
efi

n
it

io
n

of
u

(t
+

1
)

:=
B

(t
,1

)
re

s.
w

(t
) .

N
o
te

th
a
t

d
iff

er
en

ce
s

in
p

ol
y
lo

g
fa

ct
or

s
in

th
e

(u
p
p

er
an

d
lo

w
er

)
b

ou
n
d
s

in
H

y
p

ot
h
es

es
1

a
n
d

2
a
re

re
p
re

se
n
te

d
b
y

n
ot

at
io

n
Θ̃

(·)
.

T
h
e

go
al

is
to

p
ro

ve
H

y
p

ot
h
es

is
1

h
ol

d
s

at
t-

th
it

er
at

io
n

(w
h
ic

h
is

to
sh

ow
th

e
d
es

ir
ed

lo
w

er
an

d
u
p
p

er
b

ou
n
d
s

on
‖P
⊥
X

[t
]
x

(t
+

1
) ‖

)
as

su
m

in
g

in
d
u
ct

io
n

h
y
p

ot
h
es

is
h
o
ld

s
fo

r
ea

rl
ie

r

it
er

at
io

n
s.

G
iv

en
th

e
n
or

m
al

iz
at

io
n
x

(t
+

1
)

:=
x̃

(t
+

1
) /
‖x̃

(t
+

1
) ‖

in
ea

ch
it

er
at

io
n
,

w
e

h
av

e

‖P
⊥
X

[t
]
x

(t
+

1
) ‖

=
1

‖x̃
(t

+
1
) ‖
‖P
⊥
X

[t
]
x̃

(t
+

1
) ‖
.

(2
9
)

T
h
er

ef
or

e,
w

e
fi
rs

t
b

ou
n
d

th
e

n
or

m
of
x̃

(t
+

1
)

w
h
ic

h
tu

rn
s

ou
t

to
b

e
‖x̃

(t
+

1
) ‖

=
Θ̃
( √

k d

)
a
s

ar
gu

ed
in

th
e

fo
ll
ow

in
g.

L
o
w

er
bo

u
n

d
:

T
h
e

lo
w

er
b

ou
n
d

on
‖x̃

(t
+

1
) ‖

si
m

p
ly

fo
ll
ow

s
fr

om
th

e
te

rm
u

(t
+

1
) ,

w
h
ic

h
is

an
in

d
ep

en
d
en

t
ra

n
d
om

G
au

ss
ia

n
.

C
la

im
4

If
t
≤

d 1
0
,

th
en

w
e

h
a
ve

w
h
p ‖x̃

(t
+

1
) ‖
≥
δ′ t 4

√
k d
.

P
ro

o
f

W
e

h
av

e

‖x̃
(t

+
1
) ‖
≥
‖P

sp
a
n

(X
[t
] ,
U

[t
] ,
a
1
)⊥
x̃

(t
+

1
) ‖

=
‖P

sp
a
n

(X
[t
] ,
U

[t
] ,
a
1
)⊥
u

(t
+

1
) ‖
.

N
ot

e
th

at
th

e
eq

u
al

it
y

is
co

n
cl

u
d
ed

fr
om

ex
p
an

si
on

of
x̃

(t
+

1
)

in
(2

8)
w

h
er

e
a
ll

th
e

co
m

-
p

on
en

ts
of
x̃

(t
+

1
)

in
th

e
su

b
sp

ac
e

sp
an

(X
[t

] ,
U

[t
] ,
a

1
)⊥

is
re

p
re

se
n
te

d
b
y
u

(t
+

1
) .

T
h
e

ve
ct

or
P

sp
a
n

(X
[t
] ,
U

[t
] ,
a
1
)⊥
u

(t
+

1
)

is
th

e
p
ro

je
ct

io
n

of
a

ra
n
d
om

G
au

ss
ia

n
v
ec

to
r
u

(t
+

1
)

in
to

a
su

b
sp

ac
e

of
d
im

en
ti

on
d
−
o(
d
).

H
en

ce
it

is
st

il
l
a

ra
n
d
om

G
au

ss
ia

n
ve

ct
or

w
it

h
ex

p
ec

te
d

sq
u
a
re

n
o
rm

la
rg

er
th

an
δ
′ t2 2

k d
2
.

B
y

L
em

m
a

18
,

w
it

h
h
ig

h
p
ro

b
ab

il
it

y
th

e
d
es

ir
ed

b
ou

n
d

h
o
ld

s.

U
p
pe

r
bo

u
n

d
:

T
h
e

u
p
p

er
b

ou
n
d

is
ar

gu
ed

in
th

e
fo

ll
ow

in
g

cl
ai

m
.
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T
e
n
so

r
P
o
w
e
r
M
e
t
h
o
d

D
y
n
a
m
ic
s
in

O
v
e
r
c
o
m
p
l
e
t
e
R
e
g
im

e

C
la

im
5

W
e

h
a
ve

eith
er

〈x
(t+

1
),a

1 〉≥
1−

γ
,

fo
r

so
m

e
co

n
sta

n
t
γ
>

0
o
r

‖x̃
(t+

1
)‖
≤
Õ

(
√
kd

)
.

P
ro

o
f

L
et
x̃

(t+
1
)

in
(28)

b
e

w
ritten

as
x̃

(t+
1
)

=
z

+
(y

(t)
1

)
2a

1
w

h
ere

vector
z
∈
R
d

rep
resen

ts

a
ll

th
e

o
th

er
term

s
in

th
e

ex
p
an

sion
.

T
h
e

an
aly

sis
is

d
on

e
u
n
d
er

tw
o

cases
1)

(y
(t)
1

)
2≥

2γ ‖z‖
a
n
d

2
)

(y
(t)
1

)
2
<

2γ ‖
z‖

for
som

e
con

stan
t
γ
>

0.
N

ote
th

at
th

e
left

h
an

d
sid

e
is

th
e

n
o
rm

of

(y
(t)
1

)
2a

1
sin

ce
‖
a

1 ‖
=

1,
an

d
in

ad
d
ition

(y
(t)
1

)
2

=
〈x

(t),a
1 〉

2.

C
a
se

1
(

(y
(t)
1

)
2≥

2γ ‖
z‖ )

:
F

or
th

e
x

(t+
1
)

:=
x̃

(t+
1
)/‖x̃

(t+
1
)‖

,
w

e
h
ave

〈x
(t+

1
),a

1 〉
=

1

‖
z

+
(y

(t)
1

)
2a

1 ‖ 〈z
+

(y
(t)
1

)
2a

1 ,a
1 〉

≥
1

‖
z‖

+
(y

(t)
1

)
2 [(y

(t)
1

)
2−
‖
z‖ ]

≥
1−

γ2

1
+

γ2

≥
1−

γ
,

w
h
ere

tria
n
g
le

an
d

C
au

ch
y
-S

ch
w

artz
in

eq
u
ality

are
u
sed

in
th

e
fi
rst

b
ou

n
d
,

an
d

th
e

secon
d

in
eq

u
a
lity

is
co

n
clu

d
ed

from
assu

m
p
tion

(y
(t)
1

)
2≥

2γ ‖
z‖.

C
a
se

2
(

(y
(t)
1

)
2
<

2γ ‖
z‖ )

:
W

e
ex

p
loit

th
e

in
d
u
ctio

n
h
y
p

oth
esis

to
b

ou
n
d

th
e

n
orm

of
all

th
e

term
s

in
th

e
ex

p
an

sion
of
x̃

(t+
1
)

in
(2

8).

F
o
r

th
e

term
s

in
volv

in
g
u

(i+
1
),i∈

[t],
w

e
h
av

e‖
u

(i+
1
)‖
≤

2∆
′i √

kd
from

H
y
p

oth
esis

4
an

d

th
e

a
rg

u
m

en
t

for‖
u

(t+
1
)‖

.
In

ad
d
ition

,
fo

r
u

(i+
1
),
i∈

[t−
1],

th
e

co
effi

cien
t

is
b

ou
n
d
ed

as

〈P
⊥
W

[i−
1
] w

(i),w
(t)〉

‖
P
⊥
W

[i−
1
] w

(i)‖
2
≤

‖
w

(t)‖
‖P
⊥
W

[i−
1
] w

(i)‖
≤

∆
′t
δ ′i
,

(30)

w
h
ere

C
a
u
ch

y
-S

ch
w

artz
in

eq
u
ality

is
u
sed

in
th

e
fi
rst

b
ou

n
d
,

an
d

th
e

b
ou

n
d

in
H

y
p

oth
esis

2
a
n
d

(2
7
)

a
re

ex
p
loited

in
th

e
last

in
eq

u
ality.

T
h
erefore,

th
e

total
con

trib
u
tion

from
term

s

in
vo

lv
in

g
u

(i+
1
)

in
‖x̃

(t+
1
)‖

is
b

ou
n
d
ed

b
y

2
(t−

1
)∆
′t
2

δ ′t

√
kd
.

F
o
r

th
e

term
s

in
volv

in
g
P
⊥
X

[i−
1
] x

(i),i∈
[t],

w
e

h
av

e
‖P
⊥
X

[i−
1
] x

(i)‖
≤

1,
b
u
t

th
e

co
ef-

fi
cien

t
〈v

(i),w
(t)〉

n
eed

s
fu

rth
er

an
aly

sis
to

b
e

b
ou

n
d
ed

w
h
ich

is
d
o
n
e

in
L

em
m

a
13

say
-

in
g
|〈v

(i),w
(t)〉|≤

Õ
(
√
kd )

.
T

h
is

im
p
lies

th
at

th
e

total
con

trib
u
tion

from
term

s
in

v
olv

in
g

P
⊥
X

[i−
1
] x

(i)
in
‖
x̃

(t+
1
)‖

is
b

ou
n
d
ed

b
y
Õ
(
√
kd )

.

C
o
m

b
in

in
g

th
e

ab
ove

b
ou

n
d
s

an
d

con
sid

erin
g

th
e

assu
m

p
tion

th
at

th
e

n
orm

of
(y

(t)
1

)
2a

1

in
th

e
ex

p
a
n
sion

of
x̃

(t+
1
)

is
d
om

in
ated

b
y

th
e

n
orm

of
oth

er
term

s
argu

ed
ab

ove,
th

e
p
ro

of

is
co

m
p
lete

co
n
clu

d
in

g
th

at‖
x̃

(t+
1
)‖
≤
Õ
(
√
kd )

.
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A
n
a
n
d
k
u
m
a
r
,
G
e
,
a
n
d

J
a
n
z
a
m
in

L
e
m

m
a

1
3

U
n

d
er

th
e

in
d
u

ctio
n

h
ypo

th
esis

(u
p

to
u

pd
a
te

step
x̃

(t+
1
)

:=
A

(y
(t)) ∗

2
a
t

itera
-

tio
n
t),

w
e

h
a
ve

fo
r
i∈

[t],

|〈v
(i),w

(t)〉|≤
O

(
t 3

(∆
′t−

1 )
4

(δ ′t−
1 )

4δ
2t

(log
d
) √

kd

)
=
Õ

(
√
kd

)
.

U
sin

g
(29)

an
d

th
e

fact
th

at‖x̃
(t+

1
)‖

=
Θ̃
(
√
kd )

,
w

e
h
ave

‖P
⊥
X

[t] x
(t+

1
)‖
≥

Θ̃

(
d√k )
‖P

sp
a
n

(X
[t],U

[t],a
1
) ⊥
u

(t+
1
)‖
≥
δ ′t4
,

w
h
ere

th
e

b
ou

n
d
‖P

sp
a
n

(X
[t],U

[t],a
1
) ⊥
u
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n
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er
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ct
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b
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u
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ed

b
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n
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y
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d
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,
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e
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b
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<
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∆
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e
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ta

l
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n
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u
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rm
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ed

b
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8t
2
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1
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1
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√
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)

T
h
e
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d
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p

e
of
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⊥
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]
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⊥
W
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−
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]
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w
h
ic

h
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n
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e
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n
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⊥
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∞
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⊥
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]
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∆
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u
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ed
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H
y
p

ot
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2
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d
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e
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rr
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g
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effi
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en
t
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ou
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ed

b
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i 1
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√
k d
.
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)
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p
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b
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or
b

ou
n
d
in

g
th
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p
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ra
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e
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d
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en

th
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d
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w

e
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t
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∈

R
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1
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∈

R
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1
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e
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W
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−
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w
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e
n
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e
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t
G
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s
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e
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k
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1
d
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e.
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d
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en
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e
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2
,

w
e

h
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e
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h
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h
p
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b
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(
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p
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su
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−

1
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en
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en

t
m

ean
-0

en
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each
w

ith
varian

ce
1d
3 .

O
n

th
e

oth
er

h
a
n
d
,

fro
m

H
y
p

oth
esis

4,
w

e
h
ave

E
[‖
v

(i)‖
2]≤

4
kd
,

an
d

sin
ce

vector
n

(i)−
v

(i)
is
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th

e

su
b
sp

a
ce
W

[t−
1
]

w
ith

d
im

en
sion

t,
w

e
h
ave

E
[‖
n

(i)−
v

(i)‖
2]≤

O

(
tk )
·

4
kd

=
O

(
td )

,

a
n
d

th
erefo

re,
w

e
h
ave

w
ith

h
igh

p
rob

ab
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‖
n

(i)−
v

(i)‖
≤
O

( √
t/d

)
fo

r
all

i∈
[t−

1].
U

sin
g

th
is,

th
e

d
iff

eren
ce

b
etw

een
〈n

(i),n
(i1

)∗
n

(i2
)〉

an
d
〈v

(i),v
(i1

)∗
v

(i2
)〉

can
b

e
b

ou
n
d
ed

a
s

|〈n
(i),n

(i1
)∗
n

(i2
)〉−
〈v

(i),v
(i1

)∗
v

(i2
)〉|≤

O

(
(lo

g
k
)t √

k

d √
d )

,

w
h
ere

th
e

rig
h
t

h
an

d
sid

e
is

th
e

b
ou

n
d

on
th

e
d
om

in
an

t
term

in
th

e
ex

p
an

sion
of

d
iff

eren
ce
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s

|〈n
(i),(n

(i1
)−

v
(i1

))∗
(n

(i2
)−

v
(i2

))〉|≤
‖
n

(i)‖·‖
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(i1
)−

v
(i1

))∗
(n

(i2
)−

v
(i2
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≤
O

(
(log

k
) √

kd )
·
O

(
td )

=
O

(
(log

k
)t √

k

d √
d )

.

H
ere,

th
e

fi
rst

in
eq

u
ality

is
th

e
C

au
ch

y
-S

ch
w

artz,
an

d
th

e
secon

d
in

eq
u
ality

is
from

b
o
u
n
d

o
n

th
e

n
o
rm

o
f

ran
d
om

G
au

ssian
v
ector

n
(i),

an
d

th
e

b
ou

n
d

on
th

e
n
orm

of
d
iff

eren
ce

vecto
rs
n

(i1
)−

v
(i1
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stated

earlier.
H

en
ce,

th
e

total
con

trib
u
tion

from
su

ch
term

s
is

b
ou

n
d
ed

b
y

O

(
t 3

log
k

δ
2t−

1

√
k

d √
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(34

c
)

T
a
k
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g
th

e
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m
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all
th

e
term

s
in

(34
a
)-(34c)
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e
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b
ou

n
d
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A
p
p
e
n
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l
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D
e
fi

n
itio

n
2
1

(N
o
rm
‖·‖∗ )

G
iven

a
m

a
trix

A
=

[a
1
a

2
···

a
k ]∈

R
d×
k,

fo
r

a
n

y
vecto

r
u
∈
R
d,

th
e

n
o
rm
‖
u‖

A
∗

is
d
efi

n
ed

a
s

‖
u‖

A
∗

=
m

ax
i∈

[k
] |〈a

i ,u〉|.

T
h
is

n
o
rm

sa
tisfi

es
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p
rop

erty
sh

ow
n
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L

em
m
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w
h
ich

en
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u
s
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a
rgu

e
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at
ξ

(t)
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a
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en
o
u
g
h

a
s
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L
em
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a
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W

e
n
ow

p
rov

id
e

th
e

p
ro

of
of

m
a
in

lem
m

a
for

n
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an
aly
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P
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b
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A
n
a
n
d
k
u
m
a
r
,
G
e
,
a
n
d

J
a
n
z
a
m
in

B
a
sis

o
f

in
d
u

ctio
n

:
F
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t

=
1,
x

(1
)
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th

e
in

itialization
vector

an
d
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u
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ξ
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H
en
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n
d

h
old

s
for

th
e

b
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d
u

ctive
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A
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g

th
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u
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h
y
p
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th
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h
old

s
for

step
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w
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p
rove
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h
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1.

W
e

h
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x
(t+

1
)
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ξ
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1
)

=
N

orm
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(t)
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ξ
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(35)
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fi
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m

ain
sign

al;
recall

th
at
x

(t+
1
)

=
N
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th
e
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th
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n
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at
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( √
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p
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b
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b
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=
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j ⊗
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u
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em
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22.
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ote
th
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Õ
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w
e

get
an
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1/ √
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em
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Õ
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1 √
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w
h
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w
e
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u
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th
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y
p
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Õ
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β
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F

or
p
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w
e

h
ave

‖
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Õ
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β
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t √
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w
h
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e
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eq
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e
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d
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d
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h
y
p
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E

q
u
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th
e

sign
al
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u
ction

h
y
p

oth
esis.

T
h
e

th
ird

term
T
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(t),I
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h
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2

n
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b
ou

n
d
ed
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Õ
(d
β

2
tε

2)≤
Õ
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t √
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e
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e
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b
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e
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e

b
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ten
sor

T
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d
th

e
in

d
u
ction

h
y
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T
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e

fi
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al
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ality
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e
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p
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fou
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term
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ou
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ed
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fi
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p
tion
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th

e
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orm
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E
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th
e
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e
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ve
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b
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m
al
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at
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+
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)
+
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+
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ed

as
α
≥

Ω̃
(√
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e
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ct
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Õ
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√
k
/d

),
(3

6)

w
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er
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b
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b
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e
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e
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,
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s.
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e
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w
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w
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s
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e
d
β
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√
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e
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p
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en
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w
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th
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se
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e
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z

is
n
eg
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b
le

co
m

p
ar

ed
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‖
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or
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is
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1
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‖
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T
h
er

ef
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te
r

th
e

n
or

m
al

iz
at
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n
,

w
e

h
av

e
th

e
n
oi

se
ve

ct
or
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1
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+

1
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w
h
er

e
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l
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p
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h
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h
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p
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d
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.
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.
(4)

L
et
β̂
n

b
e

a
seq

u
en

ce
of

estim
ators

for
β

0
an

d
let

Ŝ
n

b
e

th
e

seq
u
en

ce
of

corresp
o
n
d
in

g
m

o
d
els.

M
o
d
el

selection
con

sisten
cy

is
com

m
on

ly
d
efi

n
ed

as

lim
n→
∞
P

(Ŝ
n

=
S

0 )
=

1.
(5)

If
p
�

n
a
n
d

sm
all,

th
en

criteria
b
ased

m
eth

o
d
s

(e.g.,
B

IC
,

S
ch

w
arz,

1978
)

are
m

o
d
el

selectio
n

co
n
sisten

t
if
p

is
fi
x
ed

or
if

su
itab

le
con

d
ition

s
are

fu
lfi

lled
,

see
W

an
g

et
a
l.

(2009)
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N
e
v
o

a
n
d

R
it
o
v

an
d

referen
ces

th
erein

.
H

ow
ever,

th
ese

m
eth

o
d
s

are
rarely

com
p
u
ta

tion
ally

feasib
le

for
la

rge
p
.

F
or
p
>
n

,
it

tu
rn

s
ou

t
th

at
p
ractica

lly
stron

g
an

d
u
n
verifi

ab
le

con
d
ition

s
are

n
eed

ed
to

ach
ieve

(5)
for

p
op

u
lar

regu
larization

b
ased

estim
ators

(Z
h
ao

an
d

Y
u
,

2006;
M

ein
sh

au
sen

an
d

B
ü
h
lm

an
n
,

2006;
H

u
an

g
et

al.,
2008;

J
ia

an
d

Y
u
,

2
010;

T
rop

p
,

2004;
Z

h
an

g,
2009).

In
ligh

t
of

th
ese

estab
lish

ed
resu

lts,
w

e
su

ggest
to

p
u
rsu

e
a

d
iff

eren
t

goal.
In

stead
of

fi
n
d
in

g
a

sin
gle

m
o
d
el,

w
e

su
ggest

to
lo

ok
for

a
grou

p
of

m
o
d
els.

E
ach

of
th

ese
m

o
d
els

sh
ou

ld
in

clu
d
e

low
n
u
m

b
er

of
p
red

ictors,
b
u
t

it
sh

ou
ld

also
b

e
cap

ab
le

of
p
red

ictin
g
Y

w
ell

en
ou

gh
.

T
h
erefore,G

n0
=
G
n0
(κ
,η

)
is

called
a

m
in

im
al

class
of

m
o
d
els

of
size

κ
an

d
effi

cien
cy

η
if

G
n0

=
{
S

:|S|
=
κ

&
E
||Y
−
X
S
β

0
?
S
|| 22 ≤

m
in

|S
′|=

κ E
||Y
−
X
S
′β

0
?
S
′ || 22 }

+
η }
.

w
h
ere

β
0
?
S

m
in

im
izes

E
||Y
−
X
S
β
S || 22 .

N
ote

th
a
t
G
n0

d
ep

en
d
s

on
n

,
sim

ilarly
to

th
e

w
ay

th
e

tru
e

m
o
d
el

h
as

b
een

con
sid

ered
p
rev

iou
sly

(G
reen

sh
tein

an
d

R
itov

,
2004;

M
ein

sh
au

sen
an

d
B

ü
h
lm

an
n
,

2006;
Z

h
ao

an
d

Y
u
,

2006).
In

fact,
if
p
>
n

th
en

,
n
ecessarily,

p
grow

s
w

ith
n

an
d
,

at
th

e
least,

n
ew

p
oten

tial
p
red

ictors
are

ad
d
ed

;
th

e
size

ofG
n0

m
ay

also
ch

an
ge.

C
learly,G

n0
is

u
n
k
n
ow

n
.

H
ow

ever,
at

a
fi
rst

sigh
t,

it
is

u
n
clea

r
h
ow

to
refer

to
th

is
set.

E
ven

w
h
en

carry
in

g
ou

t
m

o
d
el

selection
,

on
e

h
ard

ly
treats

th
e

tru
e

m
o
d
el

as
a

p
aram

eter,
even

th
ou

gh
it

can
b

e
lo

oked
as

su
ch

.
In

term
s

of
in

feren
ce,

in
sim

p
le,

low
d
im

en
sion

al,
m

o
d
els,

likelih
o
o
d

ratio
tests

can
b

e
u
sed

in
som

e
freq

u
en

tist
cases,

or
p

osterior
p
rob

ab
ilities

for
th

e
B

ayesian
s.

M
ore

gen
erally,

m
o
d
el

selection
criteria,

su
ch

as
A

IC
(A

kaike,
1974)

or
B

IC
,

are
ty

p
ically

u
sed

,
w

ith
ou

t
assign

in
g

form
al

statistica
l

to
ols

to
ad

d
ress

u
n
certain

ty.
In

th
is

sen
se,

th
e

tru
e

m
in

im
al

class
of

m
o
d
els

is
som

e
ty

p
e

of
a

w
eak

eq
u
ivalen

ce
class,

w
ith

resp
ect

to
th

e
tru

e
m

o
d
el
S

0 .
G

iven
η
,

it
an

sw
ers

th
e

follow
in

g
q
u
estio

n
.

A
re

th
ere

ad
d
ition

al
m

o
d
els,

oth
er

th
a
n
S

0 ,
th

at
can

b
e

con
sid

ered
satisfactory

?
If

th
e

an
sw

er
is

yes,
w

h
ich

are
th

ese
m

o
d
els?

E
x
isten

ce
of

altern
ative

m
o
d
els

m
ay

h
elp

research
ers

to
q
u
estion

th
e

stren
gth

of
certain

con
clu

sion
s.

F
u
rth

erm
ore,

w
h
en

h
igh

–d
im

en
sion

al
regression

is
u
sed

as
p
art

of
a

p
ilot

stu
d
y

to
d
eterm

in
e

w
h
ich

p
red

ictors
sh

ou
ld

b
e

m
easu

red
regu

larly,
altern

ative
m

o
d
els

m
ay

b
e

co
m

p
ared

in
term

s
of

cost.
O

n
th

e
oth

er
h
an

d
,

if
th

ere
are

m
u
ltip

le
m

o
d
els

ex
p
lain

in
g

th
e

d
ata

in
a

satisfactory
m

an
n
er,

is
th

ere
su

ch
a

th
in

g
as

th
e

tru
e

m
o
d
el?

If
n
ot,

th
en

con
cep

tu
al

con
cern

s
m

ay
arise.

W
e

fu
rth

er
d
iscu

ss
th

ese
an

d
related

im
p

ortan
t

issu
es

in
S
ection

6
.

F
rom

a
p
ractical

p
oin

t
of

v
iew

,
it

w
ou

ld
b

e
u
sefu

l
to

con
sid

er
in

stead
a

sam
p
le

v
ersion

ofG
n0
,G

n
(κ
,η

),
d
efi

n
ed

as

G
n
(κ
,η

)
=
{
S

:|S|
=
κ

&
1n ||Y

−
X
S
β̂
L
S

S
|| 22 ≤

m
in

|S
′|=

κ {
1n ||Y

−
X
S
′β̂
L
S

S
′ || 22 }

+
η }
.

(6)

O
n
e

cou
ld

con
trol

h
ow

sim
ilar

th
e

m
o
d
els

in
G

=
G
n

are
to

each
oth

er
in

term
s

of
p
red

iction
,

u
sin

g
th

e
tu

n
in

g
p
aram

eter
η
.

A
reason

ab
le

ch
oice

is
η

=
cσ

2
w

ith
som

e
c
>

0.
If
σ

2
is

u
n
k
n
ow

n
,
it

cou
ld

b
e

rep
laced

w
ith

an
estim

ate,
e.g.,

u
sin

g
th

e
scaled

lasso
(S

u
n

an
d

Z
h
an

g,
2012).

A
n

altern
ativ

e
to
G

is
to

gen
erate

th
e

set
of

m
o
d
els

b
y

sim
p
ly

ch
o
osin

g
for

each
κ

th
e
M

m
o
d
els

h
av

in
g

th
e

low
est

sam
p
le

m
ean

sq
u
are

error
(M

S
E

),
for

som
e

n
u
m

b
er
M

.
T

h
e

L
S

estim
ator,

β̂
L
S

S
,

m
in

im
izes

th
e

sam
p
le

p
red

iction
error

for
an

y
m

o
d
el
S

w
ith

size
s≤

n
.

T
h
u
s,

th
is

estim
ator

is
u
sed

for
each

of
th

e
con

sid
ered

m
o
d
els.

In
p
ractice,

on
e

m
ay

fi
n
d
G

for
a

few
valu

es
of
κ

,
e.g.,

κ
=

1
,...,10,

an
d

th
en

ex
am

in
es

th
e

p
o
oled

resu
lts, ⋃

kj=
1 G

(j,η
).

A
ltern

atively,
th

e
em

p
irical

M
S
E
n
−

1||Y
−
X
S
β̂
L
S

S
|| 22

in
th

e
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M
in
im

a
l
C
l
a
ss

o
f
M
o
d
e
l
s

d
efi

n
it

io
n

of
G

ca
n

b
e

re
p
la

ce
d

w
it

h
on

e
of

th
e

av
ai

la
b
le

m
o
d
el

se
le

ct
io

n
cr

it
er

ia
,

e.
g.

,
A

IC
,

B
IC

or
la

ss
o.

T
h
en

,
m

o
d
el

s
of

va
ry

in
g

si
ze

ca
n

b
e

in
cl

u
d
ed

in
th

e
cl

as
s.

N
ot

e
th

at
w

e
ar

e
in

te
re

st
ed

in
si

tu
at

io
n
s

w
h
er

e
th

er
e

is
a

fa
ir

n
u
m

b
er

of
m

o
d
el

s
w

it
h

a
re

la
ti

ve
ly

ve
ry

sm
al

l
n
u
m

b
er

of
va

ri
ab

le
s

(p
re

d
ic

to
rs

)
ou

t
of

th
e

av
ai

la
b
le
p
.

A
t

th
is

p
oi

n
t,

a
n
at

u
ra

l
q
u
es

ti
on

is
h
ow

ca
n

w
e

b
en

efi
t

fr
o
m

u
si

n
g

a
m

in
im

al
cl

as
s

of
m

o
d
el

s.
E

x
am

in
in

g
th

e
m

o
d
el

s
in
G

m
ay

al
lo

w
u
s

to
d
er

iv
e

co
n
cl

u
si

on
s

re
ga

rd
in

g
th

e
im

p
or

ta
n
ce

of
d
iff

er
en

t
ex

p
la

n
at

or
y

va
ri

ab
le

s.
W

e
d
em

on
st

ra
te

th
is

k
in

d
of

an
al

y
si

s
in

S
ec

ti
on

5
u
si

n
g

tw
o

re
al

d
at

a
ex

am
p
le

s.
A

m
in

im
al

cl
as

s
of

m
o
d
el

s
co

u
ld

b
e

al
so

u
se

d
in

co
n
ju

n
ct

io
n

w
it

h
th

e
av

ai
la

b
le

m
o
d
el

s
ag

gr
eg

at
io

n
p
ro

ce
d
u
re

s.
A

gg
re

ga
ti

on
of

es
ti

m
at

es
ob

ta
in

ed
b
y

d
iff

er
en

t
m

o
d
el

s
w

as
su

g-
ge

st
ed

b
ot

h
fo

r
th

e
fr

eq
u
en

ti
st

(H
jo

rt
an

d
C

la
es

k
en

s,
20

03
),

an
d

fo
r

th
e

B
ay

es
ia

n
,

(H
o
et

in
g

et
al

.,
19

99
).

T
h
e

w
el

l–
k
n
ow

n
“B

ag
g
in

g”
(B

re
im

an
,

19
96

)
is

al
so

a
te

ch
n
iq

u
e

to
co

m
b
in

e
re

su
lt

s
fr

om
va

ri
ou

s
m

o
d
el

s.
A

v
er

ag
in

g
ac

ro
ss

es
ti

m
at

es
ob

ta
in

ed
b
y

m
u
lt

ip
le

m
o
d
el

s
is

u
su

al
ly

ca
rr

ie
d

ou
t

to
ac

co
u
n
t

fo
r

th
e

u
n
ce

rt
ai

n
ty

in
th

e
m

o
d
el

se
le

ct
io

n
p
ro

ce
ss

.
W

e,
h
ow

-
ev

er
,

ar
e

n
ot

in
te

re
st

ed
in

im
p
ro

v
in

g
p
re

d
ic

ti
on

p
er

se
,

b
u
t

in
id

en
ti

fy
in

g
go

o
d

m
o
d
el

s.
N

or
ar

e
w

e
in

te
re

st
ed

in
id

en
ti

fy
in

g
th

e
b

es
t

m
o
d
el

,
si

n
ce

th
is

is
n
ot

p
os

si
b
le

or
ev

en
m

ea
n
in

gf
u
l

in
ou

r
se

tu
p
,

b
u
t

in
id

en
ti

fy
in

g
p
re

d
ic

to
rs

(a
n
d

m
o
d
el

s)
th

at
ar

e
p

ot
en

ti
al

ly
re

le
va

n
t

an
d

im
p

or
ta

n
t.

2
.1

R
e
la

ti
o
n

to
o
th

e
r

w
o
rk

A
si

m
il
ar

p
oi

n
t

of
v
ie

w
on

th
e

re
le

va
n
ce

of
a

p
re

d
ic

to
r

w
as

gi
v
en

b
y

B
ic

ke
l

an
d

C
ai

(2
01

2)
.

T
h
ey

co
n
si

d
er

ed
a

p
re

d
ic

to
r

to
b

e
im

p
or

ta
n
t

if
it

s
re

la
ti

v
e

co
n
tr

ib
u
ti

on
to

th
e

p
re

d
ic

ti
ve

p
ow

er
of

a
se

t
of

p
re

d
ic

to
rs

is
h
ig

h
en

o
u
gh

.
T

h
ei

r
n
ex

t
st

ep
w

as
to

co
n
si

d
er

on
ly

sp
ec

ifi
c

ty
p

e
of

se
ts

,
su

ch
th

at
th

ei
r

p
re

d
ic

ti
on

er
ro

r
is

lo
w

,
ye

t
th

ey
d
o

n
ot

co
n
ta

in
to

o
m

an
y

va
ri

ab
le

s.
R

ig
ol

le
t

an
d

T
sy

b
ak

ov
(2

01
2)

in
v
es

ti
ga

te
d

th
e

q
u
es

ti
on

of
p
re

d
ic

ti
on

u
n
d
er

m
in

im
al

co
n
-

d
it

io
n
s.

T
h
ey

sh
ow

ed
th

at
li
n
ea

r
ag

gr
eg

at
io

n
o
f
es

ti
m

at
or

s
is

b
en

efi
ci

a
l
fo

r
h
ig

h
–d

im
en

si
on

al
re

gr
es

si
on

w
h
en

as
su

m
in

g
sp

ar
si

ty
of

th
e

n
u
m

b
er

of
es

ti
m

at
or

s
in

cl
u
d
ed

in
th

e
ag

gr
eg

at
io

n
.

T
h
ey

al
so

sh
ow

ed
th

at
ch

o
os

in
g

ex
p

on
en

ti
a
l

w
ei

gh
ts

fo
r

th
e

ag
gr

eg
at

io
n

co
rr

es
p

on
d
s

to
m

in
im

iz
in

g
a

sp
ec

ifi
c,

ye
t

re
le

va
n
t,

p
en

al
iz

ed
p
ro

b
le

m
.

T
h
ei

r
es

ti
m

a
to

r,
h
ow

ev
er

,
is

co
m

-
p
u
ta

ti
on

al
ly

im
p

os
si

b
le

an
d

th
ey

h
av

e
li
tt

le
in

te
re

st
in

p
re

d
ic

to
rs

an
d

m
o
d
el

id
en

ti
fi
ca

ti
on

.
A

s
w

e
d
es

cr
ib

e
in

S
ec

ti
on

3,
ou

r
su

g
ge

st
ed

se
ar

ch
al

go
ri

th
m

fo
r

ca
n
d
id

at
e

m
o
d
el

s
tr

av
el

s
th

ro
u
gh

th
e

m
o
d
el

sp
ac

e.
W

e
ch

o
os

e
to

u
se

si
m

u
la

te
d

an
n
ea

li
n
g

to
p
re

v
en

t
th

e
al

go
ri

th
m

fr
om

ge
tt

in
g

st
u
ck

in
a

lo
ca

l
m

in
im

u
m

.
S
o
m

e
B

ay
es

ia
n

m
o
d
el

se
le

ct
io

n
p
ro

ce
d
u
re

s
m

ov
e

al
on

g
th

e
m

o
d
el

sp
ac

e,
u
su

al
ly

u
si

n
g

a
re

le
va

n
t

p
os

te
ri

or
d
is

tr
ib

u
ti

on
,

cf
.

O
’H

ar
a

an
d

S
il
la

n
p
ää

(2
00

9)
.

W
e,

h
ow

ev
er

,
d
o

n
ot

as
su

m
e

an
y

p
ri

or
d
is

tr
ib

u
ti

on
fo

r
th

e
co

effi
ci

en
t

va
lu

es
.

O
u
r

u
se

of
th

e
al

go
ri

th
m

is
on

ly
as

a
se

ar
ch

m
ec

h
an

is
m

,
si

m
p
ly

to
fi
n
d

as
m

an
y

as
p

os
si

b
le

m
o
d
el

s
in

cl
u
d
ed

in
G.

C
on

ve
rg

en
ce

p
ro

p
er

ti
es

of
th

e
cl

as
si

ca
l

si
m

u
la

te
d

an
n
ea

li
n
g

al
go

ri
th

m
ar

e
n
ot

of
in

te
re

st
to

ou
r

u
se

of
it

.
W

e
ar

e
in

te
re

st
ed

in
th

e
p
at

h
ge

n
er

at
ed

b
y

th
e

al
go

ri
th

m
an

d
n
ot

in
it

s
fi
n
al

st
at

e.

3
.
A

se
a
rc
h
a
lg
o
ri
th

m

In
th

is
se

ct
io

n
,

w
e

su
gg

es
t

an
al

go
ri

th
m

to
fi
n
d
G

fo
r

a
gi

ve
n
κ

an
d
η
.

T
h
e

p
ro

b
le

m
is

th
at

||Y
−
X
S
β̂
L
S

S
||2 2

is
u
n
k
n
ow

n
fo

r
al

l
S

,
an

d
si

n
ce

p
is

la
rg

e,
ev

en
fo

r
a

re
la

ti
ve

ly
sm

al
l
κ

,
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N
e
v
o

a
n
d

R
it
o
v

th
e

n
u
m

b
er

of
p

os
si

b
le

m
o
d
el

s
is

h
u
ge

(e
.g

.,
fo

r
p

=
20

0
,k

=
4

th
er

e
ar

e
al

m
o
st

6
5

m
il
li
o
n

p
os

si
b
le

m
o
d
el

s)
.

W
e

th
er

ef
or

e
su

gg
es

t
to

fo
cu

s
ou

r
at

te
n
ti

on
on

sm
al

le
r

se
t

o
f

m
o
d
el

s,
d
en

ot
ed

b
y
M

(κ
).
M

is
a

la
rg

e
se

t
of

m
o
d
el

s,
b
u
t

n
o
t

to
o

la
rg

e
so

w
e

ca
n

ca
lc

u
la

te
M

S
E

s
fo

r
al

l
th

e
m

o
d
el

s
w

it
h
in
M

in
a

re
as

on
ab

le
co

m
p
u
te

r
ru

n
n
in

g
ti

m
e.

O
n
ce

w
e

h
av

e
M

a
n
d

th
e

co
rr

es
p

on
d
in

g
M

S
E

s,
w

e
ca

n
fo

rm
G

b
y

ch
o
os

in
g

th
e

re
le

va
n
t

m
o
d
el

s
ou

t
o
f
M

.

T
h
e

re
m

ai
n
in

g
q
u
es

ti
on

is
h
ow

to
as

se
m

b
le
M

fo
r

a
gi

ve
n
κ

.
A

n
y

gr
ee

d
y

a
lg

o
ri

th
m

is
b

ou
n
d

to
fi
n
d

m
o
d
el

s
th

at
ar

e
al

l
v
er

y
si

m
il
ar

.
O

u
r

p
u
rp

os
e

is
to

fi
n
d

m
o
d
el

s
th

a
t

a
re

si
m

il
ar

in
th

ei
r

p
re

d
ic

ti
ve

p
ow

er
,

b
u
t

h
et

er
og

en
eo

u
s

in
th

ei
r

st
ru

ct
u
re

.
F

or
th

is
w

e
p
ro

p
o
se

a
si

m
u
la

te
d

an
n
ea

li
n
g

al
go

ri
th

m
(K

ir
k
p
at

ri
ck

et
al

.,
19

83
)

w
h
ic

h
w

e
n
ow

d
es

cr
ib

e.

3
.1

S
im

u
la

te
d

a
n

n
e
a
li

n
g

a
lg

o
ri

th
m

O
u
r

ap
p
ro

ac
h

th
er

ef
or

e
is

to
im

p
le

m
en

t
a

se
ar

ch
al

go
ri

th
m

w
h
ic

h
tr

av
el

s
b

et
w

ee
n

p
o
te

n
ti

a
ll
y

at
tr

ac
ti

ve
m

o
d
el

s.
W

e
u
se

a
si

m
u
la

te
d

an
n
ea

li
n
g

al
go

ri
th

m
(K

ir
k
p
at

ri
ck

et
a
l.
,

1
9
8
3
),

o
ri

g
-

in
al

ly
su

gg
es

te
d

fo
r

fu
n
ct

io
n

op
ti

m
iz

at
io

n
.

T
h
e

m
ax

im
iz

er
of

a
fu

n
ct

io
n
f

(θ
)

is
o
f

in
te

re
st

.
L

et
T

=
(t

1
,t

2
,.
..
,t
R

)
b

e
a

d
ec

re
as

in
g

se
t

of
p

os
it

iv
e

“t
em

p
er

at
u
re

s”
.

F
or

ev
er

y
te

m
p

er
a
tu

re
le

ve
l
t
∈
T

,
it

er
at

iv
e

st
ep

s
ar

e
ca

rr
ie

d
ou

t,
b

ef
o
re

m
ov

in
g

to
th

e
n
ex

t,
lo

w
er

,
te

m
p

er
a
tu

re
le

ve
l.

In
ea

ch
st

ep
,

a
ra

n
d
om

m
ov

e
fr

om
th

e
cu

rr
en

t
θ

to
an

ot
h
er
θ′
6=
θ

is
su

g
g
es

te
d
.

T
h
e

m
ov

e
is

th
en

ac
ce

p
te

d
w

it
h

a
p
ro

b
ab

il
it

y
th

at
d
ep

en
d
s

on
ex

p
[(
f

(θ
′ )
−
f

(θ
))
/
t]

.
T

y
p
ic

a
ll
y,

al
th

ou
gh

n
ot

n
ec

es
sa

ri
ly

,
a

M
et

ro
p
li
s–

H
as

ti
n
gs

cr
it

er
io

n
(M

et
ro

p
ol

is
et

al
.,

1
9
5
3
;

H
a
st

in
gs

,
19

70
)

is
u
se

d
to

d
ec

id
e

w
h
et

h
er

to
ac

ce
p
t

th
e

su
gg

es
te

d
m

ov
e
θ′

or
to

st
ay

a
t
θ.

A
ft

er
a

p
re

d
et

er
m

in
ed

n
u
m

b
er

,N
t,

of
su

ch
it

er
at

io
n
s,

th
e

al
go

ri
th

m
m

ov
es

to
th

e
n
ex

t
t′
<
t

in
T

,
ta

k
in

g
th

e
fi
n
al

st
at

e
in

te
m

p
er

at
u
re
t

as
th

e
in

it
ia

l
st

at
e

fo
r
t′

.
T

h
e

m
o
ti

va
ti

o
n

fo
r

u
si

n
g

th
is

al
go

ri
th

m
is

th
at

fo
r

h
ig

h
“t

em
p

er
at

u
re

s”
,

m
ov

es
th

at
d
o

n
ot

im
p
ro

v
e

th
e

ta
rg

et
fu

n
ct

io
n

ar
e

p
os

si
b
le

,
so

th
e

al
go

ri
th

m
d
o
es

n
ot

ge
t

st
u
ck

in
a

sm
al

l
ar

ea
of

th
e

p
a
ra

m
et

er
sp

ac
e.

H
ow

ev
er

,
as

w
e

lo
w

er
th

e
te

m
p

er
at

u
re

,
th

e
d
ec

is
io

n
to

m
ov

e
to

a
su

g
g
es

te
d

p
o
in

t
is

b
as

ed
al

m
os

t
so

le
ly

on
th

e
cr

it
er

io
n

of
im

p
ro

v
em

en
t

in
th

e
ta

rg
et

fu
n
ct

io
n

va
lu

e.
T

h
e

n
a
m

e
of

th
e

al
go

ri
th

m
an

d
it

s
m

ot
iv

at
io

n
co

m
e

fr
om

an
n
ea

li
n
g

in
m

et
al

lu
rg

y
(o

r
gl

a
ss

p
ro

ce
ss

in
g)

,
w

h
er

e
a

st
ra

in
ed

p
ie

ce
of

m
et

al
is

h
ea

te
d
,

so
th

at
a

re
or

ga
n
iz

at
io

n
of

it
s

at
o
m

s
is

p
o
ss

ib
le

,
an

d
th

en
it

co
ld

s
off

sl
ow

ly
so

th
e

at
om

s
ca

n
se

tt
le

d
ow

n
in

lo
w

en
er

gy
p

os
it

io
n
.

S
ee

B
ro

o
k
s

an
d

M
or

ga
n

(1
99

5)
fo

r
a

ge
n
er

al
re

v
ie

w
of

si
m

u
la

te
d

an
n
ea

li
n
g

in
th

e
co

n
te

x
t

o
f

st
a
ti

st
ic

a
l

p
ro

b
le

m
s.

In
ou

r
ca

se
,

th
e

p
ar

am
et

er
of

in
te

re
st

is
th

e
m

o
d
el
S

an
d

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

is

f
(S

)
=
−

1 n
||Y
−
X
S
β̂
L
S

S
||2 2
.

W
e

n
ow

d
es

cr
ib

e
th

e
p
ro

p
os

ed
al

go
ri

th
m

in
m

or
e

d
et

ai
l.

W
e

u
se

si
m

u
la

te
d

a
n
n
ea

li
n
g

w
it

h
M

et
ro

p
ol

is
–H

as
ti

n
gs

ac
ce

p
ta

n
ce

cr
it

er
io

n
as

a
se

ar
ch

m
ec

h
an

is
m

fo
r

go
o
d

m
o
d
el

s.
T

h
a
t

is
,

w
e

ar
e

n
ot

lo
ok

in
g

fo
r

th
e

se
tt

li
n
g

p
oi

n
t

o
f

th
e

al
go

ri
th

m
;

in
st

ea
d
,

w
e

ar
e

fo
ll
ow

in
g

it
s

p
a
th

,
h
op

in
g

th
at

m
u
ch

of
it

w
il
l

b
e

in
n
ei

gh
b

or
h
o
o
d

of
go

o
d

m
o
d
el

s.

W
e

sa
y

th
e

al
go

ri
th

m
is

in
st

ep
(t
,i

)
if

th
e

cu
rr

en
t

te
m

p
er

at
u
re

is
t
∈
T

a
n
d

th
e

cu
rr

en
t

it
er

at
io

n
in

th
is

te
m

p
er

at
u
re

is
i
∈
{1
,.
..
,N

t}
.

F
or

si
m

p
li
ci

ty
,
w

e
d
es

cr
ib

e
h
er

e
th

e
a
lg

o
ri

th
m

fo
r
N
t

=
N

fo
r

al
l
t.

L
et
S
i t

an
d
β̂
i t

b
e

th
e

m
o
d
el

an
d

th
e

co
rr

es
p

on
d
in

g
L

S
es

ti
m

a
to

r
in

th
e

b
eg

in
n
in

g
of

th
e

st
at

e
(t
,i

),
re

sp
ec

ti
v
el

y.
A

n
it

er
at

io
n

in
cl

u
d
es

a
su

gg
es

te
d

m
o
d
el
S
i+ t

,
a

L
S

es
ti

m
at

or
fo

r
th

is
m

o
d
el

,
β̂
i+ t

,
an

d
a

d
ec

is
io

n
w

h
et

h
er

to
m

ov
e

to
S
i+ t

an
d
β̂
i+ t

o
r

to
st

ay
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M
in
im

a
l
C
l
a
ss

o
f
M
o
d
e
l
s

a
t
S
it

a
n
d
β̂
it .

W
e

n
ow

d
efi

n
e

h
ow

S
i+t

is
su

ggested
an

d
w

h
at

is
th

e
p
rob

ab
ility

of
a
ccep

tin
g

th
is

m
ove.

F
o
r

ea
ch

S
it ,

w
e

su
ggest

S
i+t

b
y

a
m

in
or

ch
an

ge,
i.e.,

w
e

take
on

e
p
red

ictor
ou

t
an

d
w

e
a
d
d

a
n
o
th

er
in

stead
,

an
d

th
en

ob
tain

β̂
i+t

b
y

stan
d
ard

lin
ear

regression
.

A
ssu

m
e

th
at

fo
r

every
varia

b
le
j
∈

(1,...,p
),

w
e

h
ave

a
score

γ
j ,

su
ch

th
at

h
igh

er
valu

e
o
f
γ
j

refl
ects

th
a
t

th
e

va
riab

le
j

sh
ou

ld
b

e
in

clu
d
ed

in
a

m
o
d
el,

com
p
arin

g
w

ith
oth

er
p

o
ssib

le
variab

les.
W

L
O

G
,

a
ssu

m
e

0
≤
γ
j ≤

1
for

all
j.

W
e

ch
o
ose

a
varia

b
le
r ∗∈

S
it

an
d

tak
e

it
ou

t
w

ith
th

e
p
ro

b
a
b
ility

fu
n
ction

p
o
u
t

i,r
=

γ
r −

1

∑u∈
S
it γ
u −

1
,
∀
r∈

S
it .

(7)

N
ex

t,
w

e
ch

o
o
se

a
variab

le
` ∗
/∈
S
it

an
d

ad
d

it
to

th
e

m
o
d
el

w
ith

th
e

p
rob

ab
ility

fu
n
ction

p
ini,`

=
γ
`

∑u
/∈
S
it γ
u
,
∀
`
/∈
S
it .

(8)

T
h
u
s,

S
i+t

=
{
S
it \
r ∗}∪

{
` ∗}

a
n
d

w
e

m
ay

ca
lcu

late
th

e
L

S
solu

tion
β̂
i+t

for
th

e
m

o
d
el
S
i+t

.
T

h
e

fi
rst

p
art

of
ou

r
iteration

is
over;

a
p

o
ten

tial
can

d
id

ate
w

as
ch

osen
.

T
h
e

secon
d

p
art

is
th

e
d
ecision

w
h
eth

er
to

m
ove

to
th

e
n
ew

m
o
d
el

or
to

stay
at

th
e

cu
rren

t
on

e.
F

ollow
in

g
th

e
sch

em
e

of
sim

u
lated

an
n
ealin

g
a
lg

o
rith

m
w

ith
M

etrop
olis–H

astin
gs

criterion
,

w
e

calcu
late

q
=

ex
p (

1n
t (||Y

−
X
S
it β̂
it || 22 −

||Y
−
X
S
i+
t
β̂
i+t || 22 ) )

P
r(S

i+t
→
S
it )

P
r(S

it →
S
i+t

)

w
h
ere

P
r(S

it →
S
i+t

)
=
p
o
u
t

i,r ∗
p
ini,` ∗

P
r(S

i+t
→
S
it )

=
p
o
u
t

i +
,` ∗
p
ini +
,r ∗ .

(9)

W
e

a
re

n
ow

rea
d
y

for
th

e
n
ex

t
iteration

i
+

1
b
y

settin
g

(S
i+

1
t

,β̂
i+

1
t

)
=

{
(S

i+t
,β̂

i+t
)

w
.p

m
in

(1,q)

(S
it ,β̂

it )
w
.p

m
ax

(0,1−
q).

A
lo

n
g

th
e

ru
n

of
th

e
algorith

m
,

th
e

su
ggested

m
o
d
els

an
d

th
eir

corresp
o
n
d
in

g
M

S
E

s
are

kep
t.

T
h
ese

m
o
d
els

are
u
sed

to
form

M
(κ

),
an

d
G

can
b

e
th

en
id

en
tifi

ed
fo

r
a

g
iven

valu
e

o
f
η
.W

e
n
ow

p
o
in

t
ou

t
sev

eral
issu

es
fo

r
th

e
p
ractical

ap
p
lication

of
th

e
algorith

m
.

F
irst,

th
e

a
lg

o
rith

m
w

as
d
escrib

ed
ab

ove
for

on
e

sin
gle

valu
e

o
f
κ

.
In

p
ractice,

on
e

m
ay

ru
n

th
e

a
lg

o
rith

m
sep

arately
for

d
iff

eren
t

valu
es

of
κ

.
A

n
oth

er
con

sid
eration

is
th

e
tu

n
in

g
p
a
ra

m
eters

o
f

th
e

algorith
m

th
at

are
p
rov

id
ed

b
y

th
e

u
ser:

T
h
e

tem
p

eratu
res

T
;

th
e

n
u
m

b
er

o
f

itera
tio

n
s
N

;
th

e
startin

g
p

oin
t
S

1t1 ;
an

d
th

e
vector

γ
=

(γ
1 ,...,γ

p ).
O

u
r

em
p
irical

ex
p

erien
ce

is
th

at
th

e
fi
rst

th
ree

can
b

e
m

an
aged

w
ith

o
u
t

to
o

m
an

y
con

cern
s.

In
p
articu

lar,
th

e
a
lg

o
rith

m
sh

ou
ld

b
e

started
from

m
ore

th
an

on
e

in
itial

p
oin

t,
an

d
th

e
resu

lts
from
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N
e
v
o

a
n
d

R
it
o
v

each
ru

n
sh

ou
ld

b
e

kep
t

an
d

com
p
ared

;
see

S
ectio

n
s

4
an

d
5.

R
egard

in
g

th
e

vector
γ

,
a

w
ise

ch
oice

of
th

is
v
ector

sh
ou

ld
im

p
rove

th
e

ch
an

ce
of

th
e

algorith
m

to
m

ove
in

d
esired

d
irection

s.
W

e
d
eal

w
ith

th
is

q
u
estion

in
S
ection

3.2.
H

ow
ever,

in
w

h
at

follow
s

w
e

sh
ow

th
at,

u
n
d
er

su
itab

le
con

d
ition

s,
th

e
algorith

m
can

w
ork

w
ell

even
w

ith
a

gen
eral

ch
oice

of
γ

.
D

efi
n
e
S

0 ,s
0

an
d
β

0
as

b
efore

an
d

let
µ

=
X
β

0.
T

h
at

is,
Y

=
µ

+
ε.

W
e

fi
rst

in
tro

d
u
ce

a
few

sim
p
le

an
d

com
m

on
assu

m
p
tion

s:

(A
1)
||µ|| 22

=
O

(n
)

(A
2)

s
0

is
sm

all,
i.e.,

s
0

=
O

(1).

(A
3)

p
=
n
a,a

>
1

(A
4)

ε∼
N
n
(0,σ

2I
)

D
en

ote
A
γ

for
th

e
set

of
p

ositive
en

tries
in
γ

.
T

h
at

is,
A
γ
⊆
{1
,.2,...p}

is
a

(p
o
ten

tially
)

sm
aller

grou
p

of
p
red

ictors
th

an
all

th
e
p

variab
les.

D
en

ote
also

h
γ

=
|A

γ |
for

th
e

card
in

a
lity

of
A
γ

an
d
γ
m
in

:=
m

in
i∈
A
γ

γ
i

for
th

e
low

est
p

ositive
en

try
in
γ

.

T
o

m
otivate

ou
r

n
ex

t
assu

m
p
tion

,
w

e
n
ote

th
at,

in
form

a
lly,

th
e

algorith
m

is
ex

p
ected

to
p
reform

reason
ab

ly
w

ell
if:

1.
T

h
e

tru
e

m
o
d
el

is
relatively

sm
all

(e.g.,
w

ith
10

active
variab

les).

2.
A

variab
le

in
th

e
tru

e
m

o
d
el

is
ad

d
in

g
to

th
e

p
red

iction
of

a
set

of
variab

les
if

a
very

few
(e.g.,

2)
oth

er
variab

les
are

in
th

e
set.

O
u
r

n
ex

t
assu

m
p
tion

is
m

ore
restrictive.

L
et
S̄

b
e

an
in

terestin
g

m
o
d
el

of
size

s
0 –a

m
o
d
el

w
ith

n
ot

to
o

m
an

y
p
red

ictors
an

d
w

ith
a

low
M

S
E

.
T

h
e

m
o
d
els

w
e

are
lo

ok
in

g
for

are
of

th
is

n
atu

re.
W

e
facilitate

th
e

id
ea

of
S̄

b
ein

g
an

in
terestin

g
m

o
d
el

b
y

assu
m

in
g

th
at

X
S̄
β̂
S̄

is
close

to
µ

(in
th

e
asy

m
p
totic

sen
se).

W
e

v
irtu

ally
assu

m
e

th
at

for
every

m
o
d
el

of
size|S̄|,

w
h
ich

is
n
ot
S̄

,
if

w
e

take
ou

t
a

p
red

ictor
th

at
is

n
ot

p
art

of
S̄

,
an

d
rep

lace
it

w
ith

a
p
red

ictor
from

S̄
,

th
e

su
b
sp

ace
sp

an
n
ed

b
y

th
e

n
ew

m
o
d
el

is
n
ot

m
u
ch

fu
rth

er
from

µ
,

com
p
arin

g
w

ith
th

e
su

b
sp

ace
sp

an
n
ed

b
y

th
e

origin
al

m
o
d
el.

F
orm

ally,
d
en

o
te
P
S

for
th

e
p
ro

jection
m

atrix
on

to
th

e
su

b
sp

ace
sp

an
n
ed

b
y

th
e

colu
m

n
s

of
th

e
su

b
m

atrix
X
S

.

(B
1)

T
h
ere

ex
ist

t0
>

0
an

d
a

con
sta

n
t
c
>

0,
su

ch
th

at
for

all
S

,|S|
=
s

0 −
1,

for
all

j∈
S̄
∩
S
c,
j ′∈

S̄
c∩

S
c,

an
d

for
a

larg
e

en
ou

gh
n

1n

[||P
S
?j µ|| 22 −

||P
S
?j ′ µ|| 22 ]

>
4
t0

log
c,

(10)

w
h
ere

S
?r ≡

S
∪
{
r}.

W
e

n
ote

th
at

sin
ce
c

cou
ld

b
e

low
er

th
an

on
e,

th
e

righ
t

h
an

d
sid

e
of

(10)
can

b
e

n
egative.

T
h
e

follow
in

g
th

eorem
gives

con
d
ition

s
u
n
d
er

w
h
ich

th
e

sim
u
lated

an
n
ealin

g
algorith

m
is

p
assin

g
th

rou
gh

an
in

terestin
g

m
o
d
el
S̄

.
M

ore
accu

rately,
th

e
th

eorem
states

th
at

th
ere

is
alw

ay
s

strictly
p

ositive
p
rob

ab
ility

to
p
a
ss

th
ro

u
gh

S̄
in

th
e

n
ex

t
few

m
oves.

T
h
is

resu
lt

covers
all

m
o
d
els

th
at

A
ssu

m
p
tion

(B
1)

h
old

s
for.

N
ote

h
ow

ever,
th

at
w

e
d
o

n
ot

claim
th

at
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M
in
im

a
l
C
l
a
ss

o
f
M
o
d
e
l
s

th
e

al
go

ri
th

m
fi
n
d
s

al
l

th
e

m
o
d
el

s
in

a
m

in
im

a
l

cl
as

s.
P

ro
v
in

g
su

ch
a

re
su

lt
w

ou
ld

p
ro

b
ab

ly
re

q
u
ir

e
co

m
p
li
ca

te
d

as
su

m
p
ti

on
s

on
m

o
d
el

s
w

it
h

la
rg

er
si

ze
th

an
s 0

,
an

d
th

ei
r

re
la

ti
on

to
S̄

an
d

ot
h
er

in
te

re
st

in
g

m
o
d
el

s.
L

et
P
m t

(S
′ |S

)
b

e
th

e
p
ro

b
ab

il
it

y
of

p
as

si
n
g

th
ro

u
gh

m
o
d
el
S
′

in
th

e
n
ex

t
m

it
er

at
io

n
s

of
th

e
al

go
ri

th
m

,
gi

ve
n

th
e

cu
rr

en
t

te
m

p
er

at
u
re

is
t,

an
d

th
e

cu
rr

en
t

st
at

e
o
f

th
e

al
go

ri
th

m
is

th
e

m
o
d
el
S

.

T
h

e
o
re

m
1

C
o
n

si
d
er

th
e

si
m

u
la

te
d

a
n

n
ea

li
n

g
a
lg

o
ri

th
m

w
it

h
κ

=
s 0

a
n

d
w

it
h

a
ve

ct
o
r
γ

su
ch

th
a
t
γ
m
in
≥
c γ

.
L

et
A

ss
u

m
p
ti

o
n

s
(A

1
)–

(A
4
)

h
o
ld

a
n

d
le

t
A

ss
u

m
p
ti

o
n

(B
1
)

h
o
ld

fo
r

so
m

e
te

m
pe

ra
tu

re
t 0

a
n

d
w

it
h
c

=
c γ

.
If
S̄
⊆
A
γ

th
en

fo
r

a
ll
S
⊆
A
γ

w
it

h
s

=
s 0

,
fo

r
a
ll

m
≥
s 0
−
|S̄
∩
S
|a

n
d

fo
r

la
rg

e
en

o
u

gh
n

,

P
m t 0

(S̄
|S

)
>

[
c2 γ

s 0
(h
γ
−
s 0

)] s
0

.
(1

1)

A
p
ro

of
is

gi
ve

n
in

th
e

ap
p

en
d
ix

.
T

h
eo

re
m

1
st

at
es

th
at

fo
r

an
y

sp
ec

ifi
ca

ti
on

of
th

e
ve

ct
or
γ

,
su

ch
th

at
th

e
en

tr
ie

s
in
γ

ar
e

p
os

it
iv

e
fo

r
al

l
th

e
p
re

d
ic

to
rs

in
S̄

,
th

e
p
ro

b
ab

il
it

y
th

at
th

e
al

go
ri

th
m

w
ou

ld
v
is

it
S̄

in
th

e
n
ex

t
m

m
ov

es
is

al
w

ay
s

p
os

it
iv

e,
p
ro

v
id

ed
th

e
te

m
p

er
at

u
re

is
h
ig

h
en

ou
gh

,
an

d
p
ro

v
id

ed
it

is
p

os
si

b
le

to
m

ov
e

fr
om

th
e

cu
rr

en
t

m
o
d
el

to
S̄

in
m

m
ov

es
.

F
or

th
e

cl
as

si
ca

l
m

o
d
el

se
le

ct
io

n
se

tt
in

g
w

it
h
p
<
n

,
a

si
m

il
ar

m
et

h
o
d

w
as

su
gg

es
te

d
b
y

B
ro

ok
s

et
al

.
(2

00
3)

.
T

h
ei

r
m

ot
iv

at
io

n
is

as
fo

ll
ow

s.
W

h
en

se
ar

ch
in

g
fo

r
th

e
m

os
t

ap
p
ro

-
p
ri

at
e

m
o
d
el

,
li
k
el

ih
o
o
d

b
as

ed
cr

it
er

ia
ar

e
of

te
n

u
se

d
.

H
ow

ev
er

,
m

ax
im

iz
in

g
th

e
li
ke

li
h
o
o
d

to
ge

t
p
ar

am
et

er
s

es
ti

m
at

es
fo

r
ea

ch
m

o
d
el

b
ec

om
es

in
fe

as
ib

le
as

th
e

n
u
m

b
er

of
p

os
si

b
le

m
o
d
el

s
in

cr
ea

se
s.

T
h
ey

th
er

ef
or

e
su

gg
es

t
to

si
m

p
li
fy

th
e

p
ro

ce
ss

b
y

m
a
x
im

iz
in

g
si

m
u
lt

an
e-

ou
sl

y
ov

er
th

e
p
ar

am
et

er
sp

ac
e

an
d

th
e

m
o
d
el

sp
ac

e.
T

h
ey

su
gg

es
t

a
si

m
u
la

te
d

an
n
ea

li
n
g

ty
p

e
al

go
ri

th
m

to
im

p
le

m
en

t
th

is
op

ti
m

iz
at

io
n
.

T
h
is

al
g
or

it
h
m

is
es

se
n
ti

al
ly

an
au

to
m

a
ti

c
m

o
d
el

se
le

ct
io

n
p
ro

ce
d
u
re

.

3
.2

C
h

o
o
si

n
g
γ

T
h
e

si
m

u
la

te
d

an
n
ea

li
n
g

al
go

ri
th

m
d
es

cr
ib

ed
ab

ov
e

is
p
ro

v
id

ed
w

it
h

th
e

ve
ct

o
r
γ

.
T

h
e

va
lu

es
γ

1
,.
..
,γ
p

sh
ou

ld
re

p
re

se
n
t

th
e

k
n
ow

le
d
ge

re
ga

rd
in

g
th

e
im

p
or

ta
n
ce

of
th

e
p
re

d
ic

to
rs

,
al

th
ou

gh
w

e
d
o

n
ot

as
su

m
e

th
at

an
y

p
ri

or
k
n
ow

le
d
ge

is
av

ai
la

b
le

.
A

s
it

ca
n

b
e

se
en

in
eq

u
at

io
n
s

(7
)–

(8
),

p
re

d
ic

to
rs

w
it

h
h
ig

h
γ

va
lu

es
h
av

e
la

rg
er

p
ro

b
ab

il
it

y
to

en
te

r
th

e
m

o
d
el

if
th

ey
ar

e
n
ot

p
ar

t
of

th
e

cu
rr

en
t

m
o
d
el

,
an

d
lo

w
er

p
ro

b
ab

il
it

y
to

b
e

su
gg

es
te

d
fo

r
re

p
la

ce
m

en
t

if
th

ey
ar

e
al

re
ad

y
p
ar

t
of

it
.

S
in

ce
p

is
la

rg
e,

w
e

m
ay

al
so

b
en

efi
t

if
γ

in
cl

u
d
es

m
a
n
y

ze
ro

s.
O

n
e

si
m

p
le

ch
oi

ce
of
γ

is
to

ta
ke

th
e

ab
so

lu
te

va
lu

es
of

th
e

u
n
iv

ar
ia

te
co

rr
el

at
io

n
s

of
th

e
d
iff

er
en

t
p
re

d
ic

to
rs

w
it

h
Y

.
W

e
co

u
ld

al
so

th
re

sh
ol

d
th

e
co

rr
el

at
io

n
s

in
or

d
er

to
k
ee

p
on

ly
p
re

d
ic

to
rs

h
av

in
g

la
rg

e
en

ou
gh

co
rr

el
at

io
n

(i
n

ab
so

lu
te

va
lu

e)
w

it
h
Y

.
H

ow
ev

er
,

u
si

n
g

u
n
iv

ar
ia

te
co

rr
el

at
io

n
s

is
cl

ea
rl

y
p
ro

b
le

m
at

ic
si

n
ce

it
ov

er
lo

ok
s

th
e

co
va

ri
an

ce
st

ru
ct

u
re

of
th

e
p
re

d
ic

to
rs

in
X

.
A

n
ot

h
er

p
os

si
b
il
it

y
is

to
fi
rs

t
u
se

th
e

la
ss

o
w

it
h

a
re

la
ti

ve
ly

lo
w

p
en

al
ty

,
an

d
th

en
to

se
t

γ
j

=
|β̂
L j
|/
||β̂

L
|| 1

.
T

h
e

id
ea

b
eh

in
d

th
is

su
gg

es
ti

on
is

th
at

p
re

d
ic

to
rs

w
it

h
la

rg
e

co
effi

ci
en

t
va

lu
e

m
ay

b
e

m
or

e
im

p
or

ta
n
t

fo
r

p
re

d
ic

ti
on

of
Y

.
H

ow
ev

er
,

as
d
is

cu
ss

ed
in

S
ec

ti
on

2,
th

e
la

ss
o

m
ig

h
t

m
is

s
so

m
e

p
ot

en
ti

al
ly

go
o
d

p
re

d
ic

-
to

rs
.

It
is

w
el

l
k
n
ow

n
th

at
th

e
el

as
ti

c
n
et

m
ay

ad
d

th
es

e
p
re

d
ic

to
rs

to
th

e
so

lu
ti

on
,

al
th

ou
gh

9
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24
):

1-
29

, 2
01

7

N
e
v
o

a
n
d

R
it
o
v

it
m

ig
h
t

al
so

ad
d

u
n
n
ec

es
sa

ry
p
re

d
ic

to
rs

.
M

or
eo

ve
r,

it
is

n
ot

cl
ea

r
h
ow

to
ch

o
o
se
γ
j

u
s-

in
g

so
le

ly
th

e
el

as
ti

c
n
et

.
T

h
e

la
ss

o
an

d
th

e
el

as
ti

c
n
et

es
ti

m
at

or
s

ar
e

n
ot

m
o
d
el

se
le

ct
io

n
co

n
si

st
en

t
in

m
an

y
si

tu
at

io
n
s.

H
ow

ev
er

,
fo

r
ou

r
p
u
rp

os
e,

co
m

b
in

in
g

b
ot

h
m

et
h
o
d
s

to
g
et

h
er

m
ay

h
el

p
u
s

ge
t

a
re

se
rv

oi
r

of
p
ro

m
is

in
g

p
re

d
ic

to
rs

.

Z
ou

an
d

H
as

ti
e

(2
00

5)
p
ro

v
id

ed
m

ot
iv

at
io

n
an

d
re

su
lt

s
th

at
ju

st
if

y
th

e
co

m
m

o
n

k
n
ow

l-
ed

ge
th

at
th

e
el

as
ti

c
n
et

is
b

et
te

r
to

u
se

w
it

h
co

rr
el

at
ed

p
re

d
ic

to
rs

.
S
in

ce
w

e
in

te
n
d

to
ex

p
lo

it
th

is
p
ro

p
er

ty
of

th
e

el
as

ti
c

n
et

,
th

is
p
ap

er
off

er
s

an
ad

d
it

io
n
al

th
eo

re
ti

ca
l

b
a
ck

-
gr

ou
n
d
.

W
e

p
re

se
n
t

a
m

or
e

ge
n
er

al
re

su
lt

la
te

r
on

th
is

se
ct

io
n
,

b
u
t

fo
r

n
ow

,
th

e
fo

ll
ow

in
g

p
ro

p
os

it
io

n
d
em

on
st

ra
te

s
w

h
y

th
e

el
as

ti
c

n
et

te
n
d
s

to
in

cl
u
d
e

co
rr

el
at

ed
p
re

d
ic

to
rs

in
it

s
m

o
d
el

.

P
ro

p
o
si

ti
o
n

2
D

efi
n

e
X

a
n

d
Y

a
s

be
fo

re
,

a
n

d
d
efi

n
e
β̂
E
N

by
(3

).
L

et
X

(1
)

a
n

d
X

(2
)

be
tw

o
co

lu
m

n
s

o
f
X

a
n

d
d
en

o
te
ρ

=
n
−

1
(X

(1
) )
T
X

(2
) .

A
ss

u
m

e
|β̂
E
N

1
|≥

c β
fo

r
so

m
e
c β
>

0
.

If
|ρ
|>

1
−
λ

2 2
c2 β
/|
|Y
||2 2

th
en
|β̂
E
N

2
|>

0
.

A
p
ro

of
is

gi
ve

n
in

th
e

ap
p

en
d
ix

.
P

ro
p

os
it

io
n

2
gi

ve
s

m
ot

iv
at

io
n

fo
r

w
h
y
β̂
E
N

h
a
s

ty
p
ic

a
ll
y

a
la

rg
er

m
o
d
el

th
an

β̂
L

.
It

al
so

q
u
an

ti
fi
es

h
ow
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ra
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p
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p
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to
r.

In
d
ee

d
,

a
m

o
d
el

th
a
t

in
cl

u
d
es

on
ly

th
is

p
re

d
ic

to
r

is
p
ar

t
of

ou
r

m
o
d
el

s.
If

on
e

co
n
st

ru
ct

s
h
is

m
o
d
el

u
si

n
g

th
e

st
a
b
il
it

y
se

le
ct

io
n

(M
ei

n
sh

a
u
se

n
an

d
B

ü
h
lm

an
n
,

20
1
0)

as
a

sc
re

en
in

g
p
ro

ce
ss

fo
r

th
e

p
re

d
ic

to
rs

,
h
e

w
ou

ld
ge

t
a

m
o
d
el

co
n
si

st
in

g
th

re
e

ge
n
es

,
w

h
ic

h
co

rr
es

p
on

d
to

co
lu

m
n
s

n
u
m

b
er

6
2
5
,2

5
6
5

an
d

40
04

in
ou

r
X

m
at

ri
x
.

H
ow

ev
er

,
th

is
m

o
d
el

is
n
ot

in
cl

u
d
ed

in
ou

r
to

p
m

o
d
el

s.
In

fa
ct

,
th

e
h
ig

h
es

t
M

S
E

fo
r

a
m

o
d
el

in
ou

r
8

m
o
d
el

s
of

si
ze

3
is

0.
20

47
w

h
il
e

th
e

M
S
E

o
f

th
e

m
o
d
el

su
gg

es
te

d
u
si

n
g

th
e

st
ab

il
it

y
se

le
ct

io
n

is
0.

27
03

,
m

or
e

th
an

30
%

d
iff

er
en

ce
!

5
.2

A
ir

p
o
ll
u

ti
o
n

W
e

n
ow

d
em

on
st

ra
te

h
ow

th
e

p
ro

p
os

ed
p
ro

ce
d
u
re

ca
n

b
e

u
se

d
fo

r
tr

ad
it

io
n
a
l,

p
u
rp

o
rt

ed
ly

si
m

p
le

r,
p
ro

b
le

m
.

T
h
e

ai
r

p
ol

lu
ti

on
d
at

a
se

t
(M

cD
on

al
d

an
d

S
ch

w
in

g,
19

7
3
)

in
cl

u
d
es

5
8

S
ta

n
d
ar

d
M

et
ro

p
ol

it
an

S
ta

ti
st

ic
al

A
re

as
(S

M
S
A

s)
of

th
e

U
S

(a
ft

er
re

m
ov

al
of

o
u
tl

ie
rs

).
T

h
e

ou
tc

om
e

va
ri

ab
le

is
ag

e-
ad

ju
st

ed
m

or
ta

li
ty

ra
te

.
T

h
er

e
a
re

15
p

ot
en

ti
al

p
re

d
ic

to
rs

in
cl

u
d
in

g
ai

r
p

ol
lu

ti
on

,
en

v
ir

on
m

en
ta

l,
d
em

og
ra

p
h
ic

a
n
d

so
ci

o
ec

on
om

ic
p
re

d
ic

to
rs

.
D

es
cr

ip
ti

o
n

o
f

th
e

p
re

d
ic

to
rs

is
gi

ve
n

in
T

ab
le

4
in

th
e

ap
p

en
d
ix

.

T
h
er

e
is

n
o

gu
ar

an
te

e
th

at
th

e
re

la
ti

on
sh

ip
b

et
w

ee
n

th
e

p
re

d
ic

to
rs

an
d

th
e

o
u
tc

o
m

e
va

ri
ab

le
h
as

a
li
n
ea

r
fo

rm
.

W
e

th
er

ef
or

e
in

cl
u
d
e

co
m

m
on

ly
u
se

d
tr

an
sf

or
m

a
ti

o
n
s

o
f

ea
ch
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M
in
im

a
l
C
l
a
ss

o
f
M
o
d
e
l
s

varia
b
le,

n
a
m

ely
n
atu

ral
logarith

m
,

sq
u
are

ro
ot

an
d

p
ow

er
of

tw
o

tran
sform

ation
s.

C
on

sid
-

erin
g

a
lso

all
p

ossib
le

tw
o

w
ay

in
teraction

s,
w

e
h
ave

a
total

of
165

p
red

ictors.

H
igh

–d
im

en
sion

al
regression

m
o
d
el

th
at

in
clu

d
es

tra
n
sform

ation
s

an
d

in
teraction

s
h
as

b
een

d
ealt

w
ith

in
th

e
literatu

re.
F

or
ex

am
p
le,

b
y

u
sin

g
tw

o
step

p
ro

ced
u
res

(B
ickel

et
al.,

2
0
1
0
)

o
r

b
y

so
lv

in
g

a
relevan

t
op

tim
ization

p
ro

b
lem

(B
ien

et
al.,

201
3).

O
u
r

p
ro

ced
u
re

h
a
s

a
d
iff

eren
t

goal,
sin

ce
w

e
are

n
ot

lo
ok

in
g

for
th

e
b

est
p
red

ictive
m

o
d
el,

b
u
t

rath
er

for
m

ean
in

g
fu

l
in

sigh
ts

ab
ou

t
th

e
d
ata.

F
o
llow

in
g

th
e

lasso
an

d
elastic

n
et

step
,

w
e

are
left

w
ith

51
p
red

icto
rs

w
ith

p
ositive

γ
j

(6
u
n
tra

n
sform

ed
p
red

ictors,
4

log
tran

sform
ation

s,
6

sq
u
are

ro
ot

tran
sform

ation
s,

9
p

ow
er

o
f

tw
o

tra
n
sform

ation
s

an
d

th
e

rest
are

in
teraction

s).
P

an
el

(b
)

of
F

igu
re

4
p
resen

ts
th

e
h
isto

g
ra

m
o
f

th
e

p
ositive

valu
es

in
γ

.

W
e

m
o
d
ify

th
e

search
algorith

m
to

m
ake

it
p
ro

d
u
ce

resu
lts

ty
p
ical

to
an

an
aly

sis
in

-
vo

lv
in

g
in

tera
ction

term
s.

In
p
articu

lar,
w

e
search

for
m

o
d
els

su
ch

th
at

an
in

tera
ctio

n
term

is
in

clu
d
ed

o
n
ly

if
at

least
on

e
of

th
e

corresp
on

d
in

g
m

ain
term

s
is

in
clu

d
ed

in
th

e
m

o
d
el.

In
o
rd

er
to

d
o

so,
th

e
d
efi

n
ition

s
in

(7)
an

d
(8)

a
re

m
o
d
ifi

ed
su

ch
th

at
th

e
p
rob

a
b
ility

of
p
ro

p
o
sin

g
a
n

in
teraction

term
is

zero
if

n
on

e
of

th
e

corresp
on

d
in

g
m

ain
eff

ects
is

in
th

is
m

o
d
el

(ex
clu

d
in

g
th

e
variab

le
ch

osen
to

b
e

taken
ou

t).
O

n
th

e
oth

er
h
an

d
,

m
ain

eff
ects

are
“
p
ro

tected
”

o
f

b
ein

g
su

ggested
to

b
e

ex
clu

d
ed

from
th

e
m

o
d
el,

if
an

y
in

teraction
in

v
olv

in
g

th
em

is
p
art

o
f

th
e

cu
rren

t
m

o
d
el.

W
e

ach
iev

e
th

is
b
y

settin
g

to
zero

th
e

p
rob

ab
ility

of
su

g
g
estin

g
a

p
red

ictor
w

h
en

an
in

teraction
term

in
volv

in
g

th
is

p
red

ictor
is

in
clu

d
ed

.

F
o
llow

in
g

o
u
r

earlier
com

m
en

t
on

con
sid

erin
g

satisfactory
m

o
d
els,

an
d

sin
ce

w
e

are
lo

ok
in

g
fo

r
m

o
re

com
p
lex

m
o
d
els

in
th

is
ex

am
p
le,

con
sid

erin
g

th
e

op
tion

o
f

tran
sform

a
tion

s
a
n
d

in
tera

ctio
n
s,

w
e

ru
n

th
e

algorith
m

for
κ

=
5,6

,...,15,
for

each
κ

,
from

th
ree

startin
g

p
o
in

ts,
a
n
d

th
en

w
e

keep
th

e
5

b
est

m
o
d
els.

In
total,

w
e

get
164

u
n
iq

u
e

m
o
d
els.

T
ab

le
3

su
m

m
a
rizes

th
e

resu
lts

for
p
rom

in
en

t
m

ain
eff

ect
p
red

ictors,
th

at
is,

p
red

ictors
th

at
ap

p
ear

in
a
t

lea
st

th
ird

of
th

e
m

o
d
els

w
e

ob
tain

ed
.

T
h
e

tab
le

p
resen

ts
a

m
atrix

of
th

e
join

t
freq

u
en

cy
o
f

each
tw

o
p
red

ictors.
E

ach
cell

in
th

e
tab

le
is

th
e

n
u
m

b
er

of
m

o
d
els

in
clu

d
in

g
b

o
th

th
e

p
red

ictor
listed

in
th

e
row

an
d

th
e

p
red

ictor
listed

in
th

e
colu

m
n
.

T
h
e

d
iago

n
al

is
sim

p
ly

th
e

n
u
m

b
er

of
m

o
d
els

th
at

a
p
red

ictor
ap

p
ears

in
.

C
on

sid
erin

g
T

ab
le

3,
th

e
n
itric

ox
id

e
p

o
llu

tio
n

is
in

valu
ab

le
for

p
red

iction
of

m
ortality

rate.
T

h
is

p
red

icto
r

(in
a

log
sh

ap
e)

a
p
p

ea
rs

in
a

la
rge

m
a

jority
of

th
e

m
o
d
els.

T
h
e

p
ercen

tag
e

of
n
on

–w
h
ite

p
op

u
lation

also
a
p
p

ea
rs

in
m

o
st

m
o
d
els.

In
alm

ost
h
alf

of
th

em
,

it
ap

p
ears

u
n
tran

sform
ed

,
b
u
t

th
e

sam
e

co
u
ld

b
e

sa
id

a
b

ou
t

th
is

p
red

ictor
after

sq
u
are

ro
ot

tran
sform

a
tion

.
H

ow
ever,

in
less

th
an

1
0
%

o
f

th
e

m
o
d
els,

th
is

p
red

ictor
ap

p
ears

in
b

oth
form

s.
W

e
con

clu
d
e

th
at

th
is

p
red

ictor
sh

o
u
ld

b
e

u
sed

for
p
red

iction
of

th
e

m
ortality

rate,
b
u
t

th
e

q
u
estion

of
tran

sform
a
tion

rem
a
in

s
u
n
so

lved
.

S
im

ilar
com

m
en

ts
can

b
e

m
ad

e
ab

ou
t

h
y
d
ro

carb
on

p
ollu

tion
.

W
e

tu
rn

to
th

e
in

teraction
s.

B
ecau

se
of

th
e

w
ay

w
e

search
ed

for
in

teraction
s,

it
b

ecom
es

“
h
a
rd

er”
fo

r
a
n

in
teraction

term
to

en
ter

a
m

o
d
el,

an
d

w
e

th
erefore

an
aly

ze
th

em
sep

arately.
O

u
t

o
f

th
e

2
6

in
teraction

s
con

sid
ered

,
n
on

e
clearly

sto
o
d

ou
t

ab
ove

th
e

rest.
F

ive
of

th
e

in
tera

ctio
n

term
s

ap
p

ear
in

ab
ou

t
15%

of
th

e
m

o
d
els.

T
w

o
of

th
ose

in
volve

th
e

p
ercen

tage
of

n
o
n
–
w

h
ite

p
o
p
u
lation

,
on

e
w

ith
th

e
p
revalen

ce
of

low
–in

com
e,

an
d

th
e

oth
er

w
ith

p
ercen

tage
o
f

h
o
u
sin

g
u
n
its

w
ith

all
facilities.

A
n
oth

er
of

th
ose

fi
ve

in
tera

ction
term

s
is

th
e

in
teraction

b
etw

een
p

ercen
tage

of
eld

erly
p

op
u
lation

an
d

th
e

average
tem

p
eratu

re
in

J
an

u
ary.

T
h
e

la
tter

m
a
in

eff
ect

ap
p

ears
in

ab
ou

t
50

m
o
d
els,

an
d

h
en

ce
d
id

n
ot

m
ake

th
e

cu
toff

for
T

ab
le

3
.

T
h
e

p
ercen

tage
of

eld
erly

p
op

u
lation

w
as

n
ot

in
clu

d
ed

in
eith

er
th

e
lasso

or
elastic

n
et
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N
e
v
o

a
n
d

R
it
o
v

(1)
(2)

(3)
(4)

(5)
(6)

(7)
(8)

(9)

(1)
p

re
c

57
25

25
52

27
29

18
18

27
(2)

n
w

h
t

81
33

75
34

15
39

37
39

(3)
log

(H
C

)
61

60
2
1

34
9

29
33

(4)
log

(N
O

x
)

158
67

85
64

56
80

(5) √
ja

n
t

71
37

25
23

37

(6) √
n
w

h
t

85
33

27
45

(7) √
H

C
66

29
22

(8)
ju

lt
2

61
24

(9)
e
d

u
c

2
83

T
ab

le
3:

F
req

u
en

cy
th

at
each

tw
o

p
red

ictors
togeth

er
in

th
e

164
m

o
d
els.

T
h
e

d
iagon

al
is

sim
p
ly

th
e

n
u
m

b
er

of
m

o
d
els

th
at

a
p
red

ictor
ap

p
ears

in
.

F
o
r

ex
am

p
le,

in
67

m
o
d
els

b
oth

log
(N

O
x

)
an

d
√

ja
n
t

ap
p

ear.

p
relim

in
ary

step
s.

H
ow

ev
er,

th
e

ab
sen

ce
of

age
related

eff
ect

is
n
ot

so
su

rp
risin

g
sin

ce
th

e
ou

tcom
e

variab
le,

th
e

m
ortality

rate,
is

age
corrected

.
N

everth
eless,

sin
ce

th
e

in
teraction

term
ap

p
eared

in
ab

ou
t

h
alf

of
th

e
m

o
d
els

th
at

in
clu

d
ed

J
an

u
ary

tem
p

era
tu

re
as

a
p
red

ictor,
it

can
b

e
con

sid
ered

if
th

e
m

ain
eff

ect
is

also
con

sid
ered

.

6
.
D
iscu

ssio
n

M
o
d
elselection

con
sisten

cy
is

an
am

b
itiou

s
goal

to
ach

ieve
w

h
en

d
ealin

g
w

ith
h
igh

–d
im

en
sion

al
d
ata.

A
“m

in
im

al
class

of
m

o
d
els”

w
as

d
efi

n
ed

to
b

e
a

set
of

m
o
d
els

th
at

sh
ou

ld
b

e
con

-
sid

ered
as

can
d
id

ates
for

p
red

iction
of

th
e

ou
tcom

e
variab

le.
A

search
algorith

m
to

id
en

tify
th

ese
m

o
d
els

w
as

d
evelop

ed
u
sin

g
a

sim
u
lated

an
n
ealin

g
m

eth
o
d
.

U
n
d
er

su
itab

le
con

d
ition

s,
th

at
are

ou
tlin

ed
in

T
h
eorem

1,
th

e
algorith

m
p
asses

th
rou

gh
m

o
d
els

of
in

terest.

A
score

for
each

p
red

ictor
is

given
u
sin

g
th

e
lasso,

th
e

elastic
n
et

an
d

a
red

u
ced

–p
en

alty
lasso.

T
h
ese

scores
are

u
sed

b
y

th
e

search
algorith

m
.

T
h
ey

are
n
ot

n
ecessarily

op
tim

al
b
u
t

w
e

claim
th

at
th

ey
are

sen
sib

le.
O

th
er

scorin
g

m
eth

o
d
s

m
ay

ach
ieve

b
etter

resu
lts.

O
n

th
e

oth
er

h
an

d
,

th
e

scores
w

e
u
se

h
ere

m
ay

b
e

u
sed

for
oth

er
p
u
rp

oses.
T

h
eoretical

ju
stifi

cation
for

u
sin

g
th

e
elastic

n
et

to
u
n
veil

p
red

ictors
th

e
lasso

m
igh

t
h
av

e
m

issed
w

as
also

p
resen

ted
.

A
sim

u
lation

stu
d
y

d
em

on
strated

th
e

cap
ab

ility
o
f

th
e

search
algorith

m
to

d
etect

relevan
t

m
o
d
els.

O
n
e

p
ossib

le
lim

itation
of

th
e

p
rop

osed
a
lgorith

m
is

th
e

n
u
m

b
er

of
tu

n
in

g
p
aram

eters
to

b
e

ch
osen

.
In

ou
r

sim
u
lation

stu
d
ies

an
d

d
ata

an
aly

ses,
w

e
h
ave

fou
n
d

th
e

algorith
m

to
b

e
q
u
ite

rob
u
st

to
th

e
p
aram

eters’
sp

ecifi
cation

.
F

or
ease

of
ap

p
lication

s,
w

e
n
ow

list
su

ggested
d
efau

lt
valu

es
for

som
e

of
th

e
p
aram

eters.
T

h
e

tu
n
in

g
p
aram

eter
of

th
e

lasso
λ

,
can

b
e

ch
osen

b
y

cross
valid

ation
.

S
in

ce
th

e
su

b
seq

u
en

t
u
se

of
th

e
elastic

n
et

is
to

b
rin

g
in

to
su

rface
p

oten
tial

p
red

ictors,
relatively

low
valu

e
for

α
in

(4)
can

b
e

tak
en

,
say

α
∈
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Ỹ

=
Y
−
X
−

(1
2
) β−

(1
2
) .

W
e

can
rew

rite
(19)

as

||Ỹ
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e
al
lw

ri
tt
en

in
C
+
+

le
ad

s
to

pe
rf
or
m
an

t
co
de

,i
t
m
ak

es
pr
ot
ot
yp

in
g
sl
ow

an
d
ch
al
le
ng

in
g
fo
r
ne
w

us
er
s.

It
is

al
so

co
m
pa

ra
ti
ve
ly

m
or
e
di
ffi
cu

lt
to

ex
te
nd

th
es
e
fr
am

ew
or
ks

to
ne

w
do

m
ai
ns

an
d
im

-
pl
em

en
t
ne

w
al
go

ri
th
m
s
du

e
to

th
ei
r
co
m
pl
ic
at
ed

hi
er
ar
ch
ie
s
an

d
la
ck

of
m
od

ul
ar
it
y
in

th
e

so
ur
ce

co
de

.
A

nu
m
be

r
of

re
in
fo
rc
em

en
t
le
ar
ni
ng

fr
am

ew
or
ks

ex
is
t
th
at

ar
e
de
si
gn

ed
to

be
ea
si
ly

ex
te
nd

ab
le

su
ch

as
B
U
R
LA

P
(D

iu
k
et

al
.,
20

08
),
R
LP

y
(G

er
am

ifa
rd

et
al
.,
20

15
),
an

d
rl
la
b
(D

ua
n
et

al
.,
20

16
).

H
ow

ev
er
,
th
es
e
fr
am

ew
or
ks

pr
im

ar
ily

ca
te
r
to

pr
ob

le
m
s
th
at

ar
e

fu
lly

ob
se
rv
ab

le
.
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3.
W

hy
P

O
M

D
P

s.jl?

P
O
M
D
P
s.jlaim

s
to

sim
plify

the
task

ofw
riting

problem
s,im

plem
enting

solvers,and
running

experim
ents

in
the

context
of

P
O
M
D
P
s.

T
he

advantages
of

P
O
M
D
P
s.jlare

as
follow

s:
S
im

p
licity:

T
he

P
O
M
D
P
s.jl

interface
provides

a
m
inim

al
set

of
types

and
functions

nec-
essary

to
define

a
problem

,a
solver,and

experim
ents

in
a
partially

observable
setting.

T
he

P
O
M
D
P
s.jl

interface
contains

10
abstract

types
and

37
functions,

of
w
hich,

each
user

w
ill

define
a
subset

for
their

problem
.
For

exam
ple,ifa

user
w
ants

to
solve

an
M
D
P
rather

than
a
P
O
M
D
P,

they
do

not
need

to
im

plem
ent

functions
involving

observations.
E
xam

ples
of

function
requirem

ents
for

the
M
C
T
S
and

SA
R
SO

P
solvers

are
show

n
in

T
able

1.

T
able

1:
A

section
of

the
function

table
for

tw
o
solvers

that
use

P
O
M
D
P
s.jl

functions
states

actions
observations

transition
observation

reward
···

M
C

T
S

n/a
n/a

n/a
···

SA
R

SO
P...

...
...

...
...

...
...

...

E
xp

ressiven
ess:

T
he

P
O
M
D
P
s.jlinterface

provides
flexibility

to
handle

problem
s
that

are
fully

or
partially

observable,
problem

s
that

are
continuous

or
discrete,

and
problem

s
w
ith

infinite
and

finite
horizons.

Solvers
m
ay

leverage
explicitly-defined

distributions,ifthey
are

available,or
only

use
sam

ples
from

a
generative

m
odel.

M
oreover,allP

O
M
D
P
s.jlproblem

s
can

be
defined

in
code.

Julia
m
akes

it
easy

to
prototype

new
code,

rem
oving

the
need

for
problem

specification
or

solver
configuration

files
w
ritten

in
another

form
at.

E
xten

sib
ility:

T
he

interface
allow

s
new

algorithm
s
to

be
im

plem
ented

w
ith

m
inim

aleffort.
B
y
providing

an
expressive

interface
to

a
P
O
M
D
P
m
odel,P

O
M
D
P
s.jlallow

s
algorithm

w
rit-

ers
to

access
any

com
ponent

of
the

m
odel

w
ith

sim
ple

function
calls.

Since
all

solvers
are

im
plem

ented
w
ithin

a
unified

fram
ew

ork,
P
O
M
D
P
s.jl

also
allow

s
for

standardized
bench-

m
arking

across
algorithm

s.
It

is
also

sim
ple

to
callprogram

s
w
ritten

in
other

languages
from

Julia,such
as

P
ython

and
C
,allow

ing
existing

solvers
to

be
w
rapped

using
P
O
M
D
P
s.jl.

U
sab

ility:
A

num
ber

ofready-to-use
solvers

supporting
the

P
O
M
D
P
s.jlinterface

are
avail-

able
from

the
JuliaP

O
M
D
P

com
m
unity.

T
o
install

the
SA

R
SO

P
solver,

for
exam

ple,
the

user
only

needs
to

run
POMDPs.add("SARSOP"),and

the
package

m
anager

w
illdow

nload
and

com
pile

any
dependencies

on
allthree

m
ajor

platform
s
—

Linux,W
indow

s,and
O
S
X
.

4.
C

on
cep

ts
an

d
U

se
C

ase
E
xam

p
les

T
his

section
describes

the
three

m
ain

concepts
outlined

in
F
ig.1,nam

ely
the

problem
,the

solver,and
the

experim
ent.

T
he

P
O
M
D
P
s.jlinterface

consists
ofseveralabstract

types
and

a
set

of
functions

that
support

these
concepts.

P
rob

lem
:

T
he

problem
defines

the
M
D
P

or
P
O
M
D
P

m
odel

to
be

solved.
B
elow

is
a

definition
for

the
T
iger

P
O
M
D
P

(K
aelbling

et
al.,1998).

i
m
m
u
t
a
b
l
e

T
i
g
e
r
P
O
M
D
P

<:
P
O
M
D
P
{
Bool

,
Int64

,
B
o
o
l
}

p
_
c
o
r
r
e
c
t
::

F
l
o
a
t
6
4

#
p
r
o
b
a
b
i
l
i
t
y

of
h
e
a
r
i
n
g

t
h
e

t
i
g
e
r

c
o
r
r
e
c
t
l
y

d
i
s
c
o
u
n
t
::

F
l
o
a
t
6
4

#
d
i
s
c
o
u
n
t

f
a
c
t
o
r

e
n
d

3
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T
he

TigerPOMDP
type

inheritsfrom
the

abstract
POMDP

type
(partofthe

P
O
M
D
P
s.jlinterface),

w
hich

is
param

etrized
by

the
state,action,and

observation
types.

In
this

case,the
state

is
represented

by
the

native
Bool

type,but,in
general,these

types
m
ay

be
user-defined.

T
he

sam
e
flexibility

is
available

for
the

other
com

ponents
of

the
problem

,
giving

the
user

the
flexibility

to
define

their
problem

in
the

form
of

their
choosing.

S
olver:

A
solver

im
plem

entation
typically

requires
three

type
definitions:

a
Solver

that
contains

the
param

eters
that

define
solver

behavior,
a
Policy

that
defines

a
m
apping

from
beliefs

to
actions,and

an
Updater

that
defines

how
the

belief
is

updated
w
ith

new
observa-

tions.
A
n
exam

ple
of

a
Q
M
D
P

(Littm
an

et
al.,1995)

policy
type

is
show

n
below

.
t
y
p
e

Q
M
D
P
P
o
l
i
c
y
{
A
c
t
i
o
n
}

<:
P
o
l
i
c
y

a
l
p
h
a
s
::

M
a
t
r
i
x
{
F
l
o
a
t
6
4
}

#
p
o
l
i
c
y

a
l
p
h
a

v
e
c
t
o
r
s

a
c
t
i
o
n
_
m
a
p
::

V
e
c
t
o
r
{
A
c
t
i
o
n
}

#
i
n
d
i
c
e
s

to
a
c
t
i
o
n
s

p
o
m
d
p
::

P
O
M
D
P

#
P
O
M
D
P

m
o
d
e
l

e
n
d

A
solver

im
plem

entation
usually

includes
three

top-level
functions:

solve,
that

creates
a

policy
for

the
problem

given
the

solver,
action,

that
em

its
an

action
for

a
belief

based
on

the
policy,and

update,that
updates

the
beliefbased

on
the

action
taken

and
the

observation
received,given

the
updater.

E
xp

erim
ent:

E
xperim

ents
com

bine
problem

s
and

solvers
to

evaluate
the

quality
ofa

solver
policy.

For
exam

ple,the
experim

enter
m
ight

create
a
sim

ulator
type,Sim,and

a
correspond-

ing
simulate

function
(an

im
portant

part
of

the
m
ain

loop
is

show
n
below

).
f
u
n
c
t
i
o
n

s
i
m
u
l
a
t
e
(
s
i
m
::

Sim
,

pomdp
,

p
o
l
i
c
y
,

u
p
d
a
t
e
r
,

i
n
i
t
i
a
l
_
d
i
s
t
)

.
.
.

f
o
r

t
in

1:
s
i
m
.
m
a
x
_
s
t
e
p
s

a
=

a
c
t
i
o
n
(
p
o
l
i
c
y
,

b
)

sp
=

r
a
n
d
(
s
i
m
.
rng

,
t
r
a
n
s
i
t
i
o
n
(
pomdp

,
s
,

a
)
)

r
_
t
o
t
a
l

+=
d
i
s
c
o
u
n
t
(
p
o
m
d
p
)
^
t
*
r
e
w
a
r
d
(
pomdp

,
s
,

a
,

sp
)

o
=

r
a
n
d
(
s
i
m
.
rng

,
o
b
s
e
r
v
a
t
i
o
n
(
pomdp

,
s
,

a
,

sp
)
)

b
=

u
p
d
a
t
e
(
u
p
d
a
t
e
r
,

b
,

a
,

o
)

.
.
.

A
sim

ulation
can

then
be

run
as

follow
s:

u
s
i
n
g

QMDP
,

P
O
M
D
P
M
o
d
e
l
s
,

P
O
M
D
P
T
o
o
l
b
o
x

#
i
m
p
o
r
t

J
u
l
i
a
P
O
M
D
P

p
a
c
k
a
g
e
s

p
o
m
d
p

=
T
i
g
e
r
P
O
M
D
P
()

#
i
n
i
t
i
a
l
i
z
e

t
h
e

t
i
g
e
r

p
r
o
b
l
e
m

s
o
l
v
e
r

=
Q
M
D
P
S
o
l
v
e
r
()

#
i
n
i
t
i
a
l
i
z
e

Q
M
D
P

s
o
l
v
e
r

p
o
l
i
c
y

=
s
o
l
v
e
(
s
o
l
v
e
r
,

p
o
m
d
p
)

#
c
o
m
p
u
t
e

a
p
o
l
i
c
y

r
=

s
i
m
u
l
a
t
e
(
S
i
m
()

,
pomdp

,
p
o
l
i
c
y
,

u
p
d
a
t
e
r
(
p
o
l
i
c
y
)
,

D
i
s
c
r
e
t
e
B
e
l
i
e
f
(
2
)
)

5.
C

on
clu

sion

P
O
M
D
P
s.jl

is
a
high

level
interface

for
w
orking

w
ith

P
O
M
D
P
s
that

allow
s
users

to
easily

define
their

problem
s,

create
new

solvers,
and

run
experim

ents.
T
his

m
anuscript

provides
a
brief

overview
of

the
fram

ew
ork

and
its

features;
extensive

docum
entation

and
exam

ples
for

this
softw

are
package

can
be

found
at

https://github.com/JuliaPOMDP/POMDPs.jl.
Future

w
ork

includes
integrating

Julia’s
shared

m
em

ory
parallelism

into
sam

pling
based

solvers
to

im
prove

com
putationaleffi

ciency,as
w
ellas

introducing
support

for
reinforcem

ent
learning

algorithm
s.
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∈

c
t,

th
e
U
j,
ts

ar
e

id
en

ti
ca

ll
y

an
d

in
d
ep

en
d
en

tl
y

d
is

tr
ib

u
te

d
fr

om
H
.

T
h
e

m
ai

n
co

n
tr

ib
u
ti

on
of

th
is

p
ap

er
co

n
si

st
s

of
d
efi

n
in

g
m

o
d
el

s
sa

ti
sf

y
in

g
(A

)
u
si

n
g

a
ge

n
er

al
iz

ed
P

ól
ya

u
rn

p
re

d
ic

ti
on

ru
le

b
as

ed
on

th
e

co
n
si

st
en

ce
p
ro

p
er

ti
es

u
n
d
er

sp
ec

ifi
c

d
el

et
io

n
p
ro

ce
d
u
re

s
of

th
e

E
w

en
s

sa
m

p
li
n
g

fo
rm

u
la

(K
in

g
m

an
,

19
78

;
G

n
ed

in
an

d
P

it
m

an
,

20
05

).
E

n
su

ri
n
g

(B
)

ca
n

b
e

p
er

fo
rm

ed
u
si

n
g

st
an

d
ar

d
m

et
h
o
d
s

fr
om

th
e

ti
m

e
se

ri
es

li
te

ra
-

tu
re

;
e.

g.
(J

o
e,

19
97

;
P

it
t

an
d

W
al

ke
r,

20
05

).

O
u
r

m
o
d
el

s
al

lo
w

u
s

to
m

o
d
if

y
b

ot
h

th
e

cl
u
st

er
lo

ca
ti

on
s

an
d

th
ei

r
w

ei
gh

ts
.

F
u
rt

h
er

-
m

or
e,

th
ey

re
ly

on
si

m
p
le

an
d

in
tu

it
iv

e
b
ir

th
an

d
d
ea

th
p
ro

ce
d
u
re

s.
B

y
u
si

n
g

a
P

ól
ya

u
rn

ap
p
ro

ac
h
,

th
e

m
o
d
el

s
ar

e
d
efi

n
ed

on
th

e
sp

ac
e

o
f

p
ar

ti
ti

on
s;

i.
e.

th
e

la
b

el
li
n
g

of
th

e
cl

as
s

to
w

h
ic

h
ea

ch
d
at

a
b

el
on

gs
is

ir
re

le
va

n
t.

F
ro

m
a

co
m

p
u
ta

ti
on

al
p

oi
n
t

of
v
ie

w
,
it

is
u
su

al
ly

ea
si

er
to

d
es

ig
n

effi
ci

en
t

M
C

M
C

an
d

S
M

C
al

go
ri

th
m

s
fo

r
in

fe
re

n
ce

b
as

ed
on

th
is

fi
n
it

e-
d
im

en
si

on
al

re
p
re

se
n
ta

ti
on

th
an

th
e

in
fi
n
it

e-
d
im

en
si

on
al

st
ic

k
-b

re
ak

in
g

re
p
re

se
n
ta

ti
on

,
w

h
er

e
sl

ic
e

sa
m

-
p
li
n
g

(W
al

k
er

,
20

07
;

K
al

li
et

al
.,

20
11

)
or

re
tr

o
sp

ec
ti

ve
sa

m
p
li
n
g

(P
ap

as
p
il
io

p
ou

lo
s

an
d

R
ob

er
ts

,
20

08
)

te
ch

n
iq

u
es

ca
n

b
e

u
se

d
.
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C
a
r
o
n
e
t
a
l
.

3
.

S
ta

ti
o
n
a
ry

P
it

m
a
n
-Y

o
r

P
ro

ce
ss

M
ix

tu
re

s

W
e

p
re

se
n
t

h
er

e
so

m
e

m
o
d
el

s
en

su
ri

n
g

p
ro

p
er

ty
(A

)
is

sa
ti

sfi
ed

.
W

e
th

en
b
ri

efl
y

d
is

cu
ss

in
S
ec

ti
on

3.
2

h
ow

to
en

su
re

(B
).

3
.1

S
ta

ti
o
n

a
ry

P
it

m
a
n

-Y
o
r

P
ro

c
e
ss

e
s

T
h
e

m
ai

n
id

ea
b

eh
in

d
ou

r
m

o
d
el

s
co

n
si

st
s

at
ea

ch
ti

m
e

st
ep

t
of

•
d
el

et
in

g
ra

n
d
om

ly
a

su
b
se

t
of

th
e

al
lo

ca
ti

on
s

va
ri

ab
le

s
sa

m
p
le

d
fr

om
ti

m
e

1
to
t
−

1
w

h
ic

h
h
ad

su
rv

iv
ed

th
e

p
re

v
io

u
s
t
−

1
d
el

et
io

n
st

ep
s,

•
sa

m
p
li
n
g
n

n
ew

al
lo

ca
ti

on
va

ri
ab

le
s

co
rr

es
p

on
d
in

g
to

th
e
n

ob
se

rv
at

io
n
s

z
t.

F
or

an
y
t
≥

2,
w

e
h
av

e
ge

n
er

at
ed

th
e

al
lo

ca
ti

o
n

va
ri

ab
le

s
c

1
:t
−

1
co

rr
es

p
o
n
d
in

g
to

z
1
:t
−

1

fr
om

ti
m

e
1

to
t
−

1.
W

e
d
en

ot
e

b
y

c
t−

1
1
:t
−

1
th

e
su

b
se

t
of

c
1
:t
−

1
co

rr
es

p
on

d
in

g
to

va
ri

a
b
le

s
h
av

in
g

su
rv

iv
ed

th
e

d
el

et
io

n
st

ep
s

fr
om

ti
m

e
1

to
t
−

1,
an

d
w

e
d
en

ot
e

b
y

c
t 1
:t
−

1
th

e
su

b
se

t
co

rr
es

p
on

d
in

g
to

th
os

e
h
av

in
g

su
rv

iv
ed

fr
om

ti
m

e
1

to
t.

L
et
K
t−

1
b

e
th

e
n
u
m

b
er

o
f

cl
u
st

er
s

cr
ea

te
d

fr
om

ti
m

e
1

to
t
−

1.
W

e
d
en

ot
e

b
y

m
t−

1
t−

1
th

e
v
ec

to
r

of
si

ze
K
t−

1
co

n
ta

in
in

g
th

e

si
ze

of
th

e
cl

u
st

er
s

as
so

ci
at

ed
to

c
t−

1
1
:t
−

1
,

an
d

w
e

d
en

o
te

b
y

m
t t−

1
th

e
v
ec

to
r

co
n
ta

in
in

g
th

e
si

ze
of

cl
u
st

er
s

as
so

ci
at

ed
to

c
t 1
:t
−

1
.

H
en

ce
,

th
es

e
ve

ct
or

s
h
av

e
ze

ro
en

tr
ie

s
co

rr
es

p
o
n
d
in

g
to

‘d
ea

d
’

cl
u
st

er
s.

T
h
e

in
tr

o
d
u
ct

io
n

o
f

m
t−

1
t−

1
an

d
m
t t−

1
si

m
p
li
fi
es

th
e

p
re

se
n
ta

ti
o
n

o
f

th
e

p
ro

ce
d
u
re

b
u
t

n
ot

e
th

at
,

fr
om

a
p
ra

ct
ic

al
p

oi
n
t

of
v
ie

w
,

th
er

e
is

ob
v
io

u
sl

y
n
o

n
ee

d
to

st
o
re

th
es

e
ve

ct
or

s
of

in
cr

ea
si

n
g

d
im

en
si

on
.

It
is

on
ly

n
ec

es
sa

ry
to

st
or

e
th

e
si

ze
of

th
e

n
o
n
-e

m
p
ty

cl
u
st

er
s

an
d

th
ei

r
as

so
ci

at
ed

la
b

el
s.

A
t

ti
m

e
1,

w
e

ju
st

ge
n
er

at
e

c
1

ac
co

rd
in

g
to

a
st

an
d
ar

d
P

ól
ya

u
rn

d
es

cr
ib

ed
in

th
e

in
tr

o
d
u
ct

io
n
.

A
t

ti
m

e
t
≥

2
w

e
h
av

e
c
t−

1
1
:t
−

1
=
( c
t−

1
1
:t
−

2
,c
t−

1

) an
d

w
e

sa
m

p
le

c
t 1
:t

=
( c
t 1
:t
−

1
,c
t)

as
fo

ll
ow

s.
W

e
fi
rs

t
ob

ta
in

c
t 1
:t
−

1
b
y

d
el

et
in

g
a

ra
n
d
om

n
u
m

b
er

of
al

lo
ca

ti
on

va
ri

a
b
le

s
fr

o
m

c
t−

1
1
:t
−

1
ac

co
rd

in
g

to
on

e
of

th
e

fo
ll
ow

in
g

ru
le

s.

•
U

n
if

o
rm

d
e
le

ti
o
n

:
d
el

et
e

ea
ch

al
lo

ca
ti

on
va

ri
ab

le
in

c
t−

1
1
:t
−

1
w

it
h

p
ro

b
a
b
il
it

y
1
−
ρ

w
h
er

e
0
≤
ρ
≤

1.
T

h
is

is
st

at
is

ti
ca

ll
y

eq
u
iv

al
en

t
to

sa
m

p
li
n
g

a
n
u
m

b
er
r

fr
o
m

a
b
in

o
m

ia
l

d
is

tr
ib

u
ti

on
Bi

n
(∑

k
m
t−

1
k
,t
−

1
,1
−
ρ
)

an
d

th
en

re
m

ov
in

g
r

it
em

s
u
n
if

or
m

ly
fr

om
c
t−

1
1
:t
−

1
to

o
b
ta

in

c
t 1
:t
−

1
.

F
or
ρ

=
0,

th
e

p
ar

ti
ti

on
s

c
t

an
d

c
t+

1
ar

e
in

d
ep

en
d
en

t
w

h
er

ea
s

fo
r
ρ

=
1

w
e

h
av

e
a

st
at

ic
P

it
m

an
-Y

or
p
ro

ce
ss

.

•
D

e
te

rm
in

is
ti

c
d

e
le

ti
o
n

:
d
el

et
e

th
e

al
lo

ca
ti

on
va

ri
ab

le
s
c
t−
r

fr
om

c
t−

1
1
:t
−

1
,
w

h
er

e
r
∈
N

an
d
r
<
t.

•
C

lu
st

e
r

d
e
le

ti
o
n

(f
or
α

,
θ

ve
ri

fy
in

g
co

n
d
it

io
n

(3
)

w
it

h
θ
≥

0)
:

co
m

p
u
te

th
e

fo
ll
ow

in
g

d
is

cr
et

e
p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
ov

er
th

e
se

t
of

n
on

-e
m

p
ty

cl
u
st

er
s

π
k
,t

=
(∑

`
m
t−

1
`,
t−

1
−
m
t−

1
k
,t
−

1
)γ

+
m
t−

1
k
,t
−

1
(1
−
γ

)

(∑
`
m
t−

1
`,
t−

1
)(

1
−
γ

+
(K

t−
1
−

1)
γ

)

w
h
er

e
∑

k
π
k
,t

=
1,
γ

=
α
α

+
θ

th
en

sa
m

p
le

an
in

d
ex

fr
om

th
is

d
is

tr
ib

u
ti

on
a
n
d

d
el

et
e

th
e

co
rr

es
p

on
d
in

g
cl

u
st

er
to

ob
ta

in
c
t 1
:t
−

1
.

T
h
e

cl
u
st

er
d
el

et
io

n
al

lo
w

s
u
s

to
m

o
d
el

la
rg

e
p

o
-

te
n
ti

al
‘j

u
m

p
s’

in
th

e
d
is

tr
ib

u
ti

on
s

of
th

e
ob

se
rv

at
io

n
s.

D
ep

en
d
en

t
on

th
e

va
lu

e
o
f
γ

,
w

e
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G
P
U

f
o
r
T
im

e
-V

a
r
y
in
g

P
it
m
a
n
-Y

o
r
P
r
o
c
e
sse

s

d
elete

clu
sters

w
ith

a
p
rob

ab
ility

in
d
ep

en
d
en

t
of

th
eir

size,
p
rop

ortion
a
l

to
th

eir
size

or
p
ro

p
o
rtio

n
a
l

to
th

e
size

of
th

e
p
artition

m
in

u
s

th
eir

size
(G

n
ed

in
an

d
P

itm
an

,
2005).

T
h
e

in
tro

d
u
ctio

n
of

th
e

P
itm

an
-Y

or
p
ro

cess
gives

u
s

th
is

ex
tra

m
o
d
elin

g
fl
ex

ib
ility

h
ere.

In
p
a
rticu

la
r,

th
e

follow
in

g
th

ree
cases

are
of

sp
ecial

in
terest:

S
iz

e
-b

ia
se

d
d

e
le

tio
n

F
or

α
=

0
an

d
θ
>

0,
an

d
h
en

ce
γ

=
0,

each
clu

ster
of

size
r

is
selected

w
ith

p
rob

ab
ility

p
rop

ortion
al

to
r.

T
h
is

resu
lt

is
k
n
ow

n
as

K
in

gm
an

’s
ch

a
ra

cteriza
tio

n
of

th
e

E
w

en
s

fam
ily

of
(0
,θ)

p
artition

stru
ctu

res
(K

in
gm

an
,

1978).
U

n
b

ia
se

d
(u

n
ifo

rm
)

d
e
le

tio
n

F
or
γ

=
α
α

+
θ

=
12 ,

giv
en

th
at

th
ere

are
l

clu
sters,

ea
ch

clu
ster

is
ch

osen
w

ith
p
rob

ab
ility

1l
i.e.,

each
clu

ster
is

d
eleted

in
d
ep

en
d
en

tly
of

its
size.

F
o
r

0
≤
α
≤

1
,

th
e

(α
,α

)
p
artition

stru
ctu

res
are

th
e

on
ly

p
artition

stru
ctu

res
in

va
rian

t
u
n
d
er

u
n
iform

d
eletion

.
C

o
siz

e
-b

ia
se

d
d

e
le

tio
n

F
or
γ

=
1

(h
en

ce
θ

=
0),

each
clu

ster
of

size
r

is
selected

w
ith

p
ro

b
a
b
ility

p
rop

ortion
al

to
th

e
size

n
−
r

of
th

e
rem

ain
in

g
p
artition

.

It
is

also
p

ossib
le

to
con

sid
er

an
y

m
ix

tu
re

an
d

com
p

ositio
n

of
th

ese
d
eletion

p
ro

ced
u
res.

F
o
r

ex
a
m

p
le,

w
e

can
p
ick

w
.p

.
ξ

th
e

u
n
iform

d
eletion

strategy
an

d
w

.p
.

1−
ξ

th
e

clu
s-

ter
d
eletio

n
strategy

or
p

erform
on

e
u
n
iform

d
eletion

follow
ed

b
y

on
e

clu
ster

d
eletion

or
a

d
eterm

in
istic

d
eletion

etc.
F

in
ally,

after
th

ese
d
eletion

step
s,

w
e

sam
p
le

th
e

allo
cation

va
ria

b
les

c
t

accord
in

g
to

a
stan

d
ard

P
ólya

u
rn

sch
em

e
b
ased

on
th

e
su

rv
iv

in
g

allo
cation

va
ria

b
les

c
t1
:t−

1 .

T
o

su
m

m
a
rize,

th
e

gen
eralized

P
ólya

u
rn

sch
em

e
p
ro

ceed
s

as
in

A
lgorith

m
1,

w
h
ere

I
(m

tt )
a
n
d
∣∣I
(m

tt ) ∣∣
d
en

ote
resp

ectively
th

e
in

d
ices

corresp
on

d
in

g
to

th
e

n
on

-zero
en

tries
o
f

m
tt

a
n
d

th
e

n
u
m

b
er

of
n
on

-zero
en

tries.

A
lg

o
rith

m
1

G
en

eralized
P

óly
a

U
rn

A
t

tim
e
t

=
1

•
S
et
c

11
,1

=
1,
m

11
,1

=
1
an
d
K

1
=

1.
•
F
or
k

=
2,...,n

w
.p
.
m

1i,1 −
α

k−
1
+
θ
,
i∈
{1,...,K

1 }
set

c
1k
,1

=
i,
m

1i,1
=
m

1i,1
+

1,

w
.p
.
K

1
α

+
θ

k−
1
+
θ
,
set

K
1

=
K

1
+

1,
c

1k
,1

=
K

1 ,
m

1K
1
,1

=
1.

A
t

tim
e
t≥

2
•
K
ill

a
su
b
set

of
c
t−

1
1
:t−

1
u
sin

g
a
m
ixtu

re/com
p
osition

of
u
n
iform

,
size-b

iased
an
d
d
eterm

in
istic

d
eletion

s
to

ob
tain

c
t1
:t−

1
(h
en
ce

m
tt−

1 )
an
d
set

m
tt

=
m
tt−

1 ,
K
t

=
K
t−

1 .
•
F
or
k

=
1,...,n

w
.p
.

m
ti,t −

α
∑
i
m
ti,t +

θ ,
i∈
I
(m

tt )
set

c
tk
,t

=
i,
m
ti,t

=
m
ti,t

+
1,

w
.p
.
| I(

m
tt )| α

+
θ

∑
i
m
ti,t +

θ
,
set

K
t

=
K
t
+

1,
c
tk
,t

=
K
t ,
m
tK
t ,t

=
1.

T
h
e

p
ro

o
f

th
at

c
t

satisfi
es

(A
)

is
a

d
irect

con
seq

u
en

ce
of

th
e

rem
arkab

le
con

sisten
ce

p
ro

p
erties

u
n
d
er

d
eletion

of
th

e
E

w
en

s
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p
lin

g
form

u
la

w
h
ich

h
av

e
b

een
fi
rst
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lish

ed
in

(K
in

g
m

a
n
,

1
978)

for
th

e
on

e-p
aram

eter
case

an
d

th
en

ex
ten

d
ed

to
th

e
tw

o-p
aram

eter
ca

se
in

(G
n
ed

in
an

d
P

itm
an

,
2005).

P
ro

p
o
sitio

n
.

A
t

an
y

tim
e
t≥

1,
c
t

in
d
u
ces

a
ran

d
om

p
a
rtition

d
istrib

u
ted
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rd

in
g

to
th

e
E

w
en

s
sa

m
p
lin

g
form

u
la.
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C
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l
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P
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f.
W

e
p
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e
b
y

in
d
u
ction

a
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lt;
th

at
is

c
t1
:t

in
d
u
ces
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ran

d
om

p
artition

follow
in

g
(9).

A
t

tim
e

1,
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e
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c
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=

c
1
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gen

erated
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in
g

to
a
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d
ard

P
ólya

u
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.
A
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m

e
it

is
tru

e
at

tim
e
t−

1
.
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th
e

d
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an
d
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e
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artition
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1
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p
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or
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resu
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.

3
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d
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an
d
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n
ed
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d
P

itm
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p
.

4)
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ólya
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b
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e
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g
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c
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1
th

en
c
t1
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in
d
eed

in
d
u
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b
y
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stru

ction
a

ran
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om

p
artition
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in
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(9).
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u
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p
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E
w
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s
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p
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n
u
m

b
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e
t
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e
n

corresp
on
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b
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b
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b
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p
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p
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1
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1
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1
,1 ,c

2
,1 ,c

1
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b
e
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o
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d
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n
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1
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en


∑c
2
,1 ∑c
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1
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2
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1
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6=
π
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1
,1 ,c

1
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h
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lack
of
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is
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b
y

oth
er

m
o
d
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b
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e
P

ó
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u
rn
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c-
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h
u

et
al.,
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A

h
m

ed
an

d
X
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2008;
B

lei
an

d
F

razier,
2
011).

B
lei
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d

F
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p
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e

a
d
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d
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e
ca
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d
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m
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d
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o
d
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a
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w
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P
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m
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m

o
d
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h
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b
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ieved
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U
k
,t ∼
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(·|U
k
,t−

1 )
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∈
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tt−
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b
u
ild

su
ch

tran
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b
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b
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ca
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d
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b
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ese
restau

ran
t

m
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(see
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2).
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at
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p
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b
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∑
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d
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p
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d
is

tr
ib

u
te

d
fr

om
a

P
oi

ss
on

b
in

om
ia

l
(a

ls
o

ca
ll
ed

P
ól

ya
F

re
q
u
en

cy
)

d
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d
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d
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∝
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∞
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{ c
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{ c
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−
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d
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p
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p
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p
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p
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d
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d
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∈
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∣ ∣ ∣m
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∑
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d
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p
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b
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b
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b
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b
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b
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b
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b
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b
le

s
ar

e
re

m
ov

ed
,

an
d

a
ce

rt
ai

n
n
u
m

b
er

of
cu

st
om

er
s

re
m

a
in

in
th

e
re

st
au

ra
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b
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b
er

o
f

p
eo

p
le

at
th

is
ta

b
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−
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h
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e

re
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∑
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∈
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)∣ ∣
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∈
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p
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∣ ∣ I
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an

s
in

th
e

sp
li
t

m
ov

e
is

a
fr

ee
tu

n
in

g
p
a
ra

m
et

er
fo

r
th

is
sa

m
p
le

r.
In

D
ah

l
(2

00
3)

,
an

al
te

rn
at

iv
e

ap
p
ro

ac
h

is
p
ro

p
os

ed
fo

r
sp

li
t

m
ov

es
.

T
h
e

re
st

ri
ct

ed
G

ib
b
s

sc
an

s
ar

e
re

p
la

ce
d

b
y

a
se

q
u
en

ti
al

al
lo

ca
ti

on
st

ep
w

h
er

eb
y

th
e

a
n
ch

or
s

d
efi

n
e

tw
o

n
ew

cl
u
st

er
s

an
d

al
l

p
oi

n
ts

w
h
ic

h
w

er
e

or
ig

in
al

ly
cl

u
st

er
ed

w
it

h
th

es
e

p
o
in

ts
a
re

se
q
u
en

ti
al

ly
al

lo
ca

te
d

to
on

e
of

th
e

an
ch

or
cl

u
st

er
s.

T
h
es

e
sp

li
t-

m
er

ge
al

go
ri

th
m

s
h
av

e
b

ec
om

e
p

op
u
la

r
a
s

th
ey

p
ro

v
id

e
st

at
e-

o
f-

th
e-

a
rt

p
er

-
fo

rm
an

ce
b
u
t

th
ey

ar
e

re
la

ti
ve

ly
d
iffi

cu
lt

to
im

p
le

m
en

t
d
u
e

to
th

ei
r

co
m

p
le

x
M

et
ro

p
o
li
s-

H
as

ti
n
gs

ac
ce

p
ta

n
ce

ra
ti

os
.

In
th

e
p
re

se
n
t

w
or

k
,

w
e

p
ro

p
os

e
a

n
ov

el
sp

li
t-

m
er

g
e

sa
m

p
le

r
b
as

ed
on

th
e

co
n
d
it

io
n
a
l

S
eq

u
en

ti
al

M
on

te
C

ar
lo

(S
M

C
)

al
go

ri
th

m
ap

p
ea

ri
n
g

in
th

e
P

ar
ti

cl
e

G
ib

b
s

(P
G

)
sa

m
p
le

r
(A

n
d
ri

eu
et

al
.,

20
09

,
20

10
),

w
h
ic

h
w

e
ca

ll
th

e
P

ar
ti

cl
e

G
ib

b
s

S
p
li
t

M
er

ge
(P

G
S
M

)
sa

m
p
le

r.
M

os
t

of
th

e
co

m
p
le

x
it

y
in

h
er

en
t

to
sp

li
t-

m
er

ge
op

er
at

or
s

is
en

ca
p
su

la
te

d
in

to
th

e
w

el
l-

u
n
d
er

st
o
o
d

P
G

sa
m

p
li
n
g

p
ro

ce
d
u
re

(C
h
op

in
an

d
S
in

gh
,

2
01

5)
,

an
d

n
o

ac
ce

p
ta

n
ce

ra
ti

o
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P
a
r
t
ic

l
e

G
ib

b
s

S
p
l
it

-M
e
r
g

e
S
a
m

p
l
in

g

n
eed

s
to

b
e

co
m

p
u
ted

.
M

oreov
er,

as
th

e
P

G
S
M

sam
p
ler

relies
on

S
M

C
m

eth
o
d
s,

it
b

en
efi

ts
fro

m
a
d
va

n
ced

sim
u
lation

m
eth

o
d
s

from
th

e
S
M

C
literatu

re,
su

ch
as

ad
ap

tation
sch

em
es

(L
ee,

2
0
1
1
)

an
d

m
eth

o
d
s

for
p
arallel

an
d

d
istrib

u
ted

in
feren

ce
(L

ee
et

al.,
2010;

J
u
n

et
al.,

2
0
1
2
;

L
ee

a
n
d

W
h
iteley

,
2016),

as
w

ell
as

from
effi

cien
t

S
M

C
softw

are
lib

raries
(J

oh
an

sen
,

2
0
0
9
;

M
u
rray

,
2015).

T
h
e

P
G

S
M

sam
p
ler

d
o
es

n
ot

m
ake

an
y

top
ological

assu
m

p
tion

on
th

e
o
b
serva

tio
n

sp
ace

in
con

trast
to

th
e

p
osterior

sim
u
lation

tech
n
iq

u
es

d
escrib

ed
in

D
ah

l
(2

0
0
9
)

a
n
d

L
ian

g
et

al.
(2007).

T
h
is

m
eth

o
d
ology

com
p
lem

en
ts

th
e

m
ax

im
u
m

a
po

sterio
ri

in
feren

ce
tech

n
iq

u
es

d
evelop

ed
in

D
au

m
é

III
(2007);

W
an

g
an

d
D

u
n
son

(2011).
T

h
ere

h
a
s

b
een

p
rev

iou
s

w
ork

on
ap

p
ly

in
g

seq
u
en

tial
im

p
ortan

ce
sam

p
lin

g
an

d
S
M

C
m

eth
o
d
s

fo
r

p
o
sterior

sim
u
lation

of
D

irich
let

p
ro

cesses
an

d
related

m
ix

tu
re

m
o
d
els.

H
ow

-
ever,

to
th

e
b

est
of

ou
r

k
n
ow

led
ge,

S
M

C
m

eth
o
d
s

h
av

e
n
ever

b
een

p
rev

iou
sly

u
sed

to
d
esign

sp
lit-m

erg
e

m
oves.

In
d
eed

,
th

e
m

eth
o
d
s

p
rop

osed
in

M
acE

ach
ern

et
a
l.

(1999);
F

earn
h
ea

d
(2

0
0
4
);

F
ea

rn
h
ead

an
d

M
eligkotsid

ou
(2007);

M
an

sin
gh

ka
et

al.
(2007);

C
aron

an
d

D
ou

cet
(2

0
0
9
);

C
a
rvalh

o
et

al.
(2010)

d
irectly

ap
p
ly

a
sin

gle
p
ass

S
M

C
algorith

m
to

th
e

en
tire

clu
sterin

g
p
ro

b
lem

.
E

m
p
irical

resu
lts

in
K

an
tas

et
al.

(2015)
su

ggest
th

at
su

ch
m

eth
o
d
s

m
ay

req
u
ire

a
n
u
m

b
er

of
p
article

w
h
ich

scales
a
t

least
q
u
ad

ratically
w

ith
resp

ect
to

th
e

n
u
m

b
er

of
d
a
ta

p
oin

ts.
T

h
e

w
ork

of
Ü

lker
et

al.
(2010)

u
ses

S
M

C
w

ith
in

th
e

con
tex

t
of

th
e

S
M

C
S
am

p
lers

m
eth

o
d
ology

(D
el

M
oral

et
a
l.,

2006
),

w
h
ich

m
akes

it
closer

in
sp

irit
to

ex
istin

g
M

C
M

C
m

eth
o
d
s.

O
u
r

con
trib

u
tion

is
to

p
rov

id
e

a
p
rin

cip
led

ap
p
roach

for
b
reak

in
g

d
ow

n
th

e
clu

sterin
g

p
rob

lem
in

to
sm

aller
su

b
-p

ro
b
lem

s
m

ore
am

en
ab

le
to

th
e

u
se

of
S
M

C
tech

n
iq

u
es.

F
in

a
lly,

oth
er

lin
es

of
w

ork
are

d
ev

oted
to

p
arallelization

an
d

d
istrib

u
tion

of
M

C
M

C
m

eth
o
d
s

fo
r

m
ix

tu
re

m
o
d
els

(C
h
an

g
an

d
F

ish
er

III,
2013;

W
illiam

son
et

a
l.,

2013;
G

al
an

d
G

h
a
h
ra

m
a
n
i,

2
014;

G
e

et
al.,

2015).
A

s
allu

d
ed

to
earlier,

ou
r

m
eth

o
d

can
p

oten
tially

b
e

p
a
ra

llelized
an

d
d
istrib

u
ted

u
sin

g
ex

istin
g

ap
p
roach

es
from

th
e

S
M

C
litera

tu
re

(L
ee

et
a
l.,

2
0
1
0
;

J
u
n

et
al.,

2012;
L

ee
an

d
W

h
iteley

,
2016).

L
ike

th
e

oth
er

availab
le

sp
lit-m

erge
p
ro

ced
u
res,

it
is

also
p

ossib
le

to
con

sid
er

d
iff

eren
t

sp
lit-m

erge
m

oves
sim

u
ltan

eou
sly

w
h
en

th
e

p
rio

r
clu

sterin
g

d
istrib

u
tion

restricted
to

th
e

clu
sters

b
ein

g
u
p

d
ated

d
o
es

n
ot

d
ep

en
d

o
n

th
e

n
u
m

b
er

of
clu

sters
for

th
e

w
h
ole

d
ataset.

H
ow

ever,
w

e
d
o

n
ot

fo
cu

s
on

th
ese

asp
ects

h
ere.T

h
e

rest
of

th
is

article
is

organ
ized

as
follow

s.
S
ection

2
in

tro
d
u
ces

ou
r

n
otation

for
th

e
ty

p
es

o
f

B
ayesian

m
ix

tu
re

m
o
d
els

th
at

w
e

con
sid

er.
S
ection

3
d
etails

th
e

P
G

S
M

sam
p
ler.

S
ectio

n
4

a
p
p
lies

th
e

m
eth

o
d

to
sy

n
th

etic
d
atasets,

as
w

ell
as

real
d
ata

from
a

geolo
cation

a
p
p
lica

tio
n
.

W
e

con
clu

d
e

w
ith

som
e

d
irection

s
for

fu
tu

re
w

ork
an

d
d
iscu

ssion
in

S
ection

5.

2
.
M

ix
tu

re
m
o
d
e
ls

a
n
d
B
a
y
e
sia

n
in
fe
re
n
ce

In
th

is
sectio

n
w

e
fi
rst

layou
t

n
otation

an
d

th
en

d
escrib

e
B

ayesian
m

ix
tu

re
m

o
d
els.

W
e

fo
cu

s
o
n

th
e

ca
se

w
h
ere

th
e

com
p

on
en

t
b
ase

m
easu

re
is

con
ju

gate
to

th
e

d
ata

likelih
o
o
d
,

so
th

a
t

th
e

p
osterior

d
istrib

u
tion

of
an

y
clu

sterin
g

can
b

e
evalu

ated
an

a
ly

tically
u
p

to
a

n
o
rm

a
lizin

g
con

stan
t.

2
.1

N
o
ta

tio
n

W
e

u
se

b
o
ld

letters
for

(ran
d
om

)
vectors,

an
d

n
orm

al
fon

ts
for

(ran
d
om

)
sca

lars,
sets,

an
d

m
atrices.

F
or

q
u
an

tities
su

ch
as

an
in

d
iv

id
u
al

ob
servation

y
i ,

or
a

p
aram

eter
θ,

w
h
ich

can

3
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B
o
u
c
h
a
r
d
-C

ô
t
é
,

D
o
u
c
e
t

a
n
d

R
o
t
h

b
e

eith
er

scalars
o
r

vectors
w

ith
ou

t
a
ff

ectin
g

ou
r

m
eth

o
d
o
logy,

w
e

con
sid

er
th

em
as

sca
lars

w
ith

ou
t

loss
of

gen
erality.

G
iven

a
vector

x
=

(x
1 ,x

2 ,...,x
n
),

an
d
i≤

j,
w

e
u
se

x
i:j

to
d
en

ote
th

e
su

b
-vector

x
i:j

=
(x
i ,x

i+
1 ,...,x

j ).
T

o
sim

p
lify

n
otation

,
w

e
d
o

n
ot

d
istin

gu
ish

ran
d
om

variab
les

from
th

eir
realization

.
W

e
d
efi

n
e

d
iscrete

p
rob

ab
ility

d
istrib

u
tion

s
w

ith
th

eir
p
rob

ab
ility

m
ass

fu
n
ction

s,
an

d
con

tin
u
ou

s
p
rob

ab
ility

d
istrib

u
tion

s
w

ith
th

eir
d
en

sity
fu

n
ction

s
w

ith
resp

ect
to

th
e

L
eb

esgu
e

m
easu

re.
A

list
of

sy
m

b
ols

is
availab

le
in

th
e

A
p
p

en
d
ix

.

2
.2

B
a
y
e
sia

n
m

ix
tu

re
m

o
d

e
l

C
on

sid
er
T

ob
servation

s
y

:=
(y

1 ,...,y
T

).
A

m
ix

tu
re

m
o
d
el

assu
m

es
th

at
th

e
ob

servation
s

in
d
ices

[T
]

:=
{1
,...,T}

are
p
artition

ed
in

to
su

b
sets.

T
h
is

p
artition

is
called

a
clu

sterin
g,

c
:=
{
b
1 ,...,b|c|

:
b
k
⊆

[T
]}

w
h
ere
|c|

d
en

otes
th

e
card

in
ality

of
th

e
set

c
an

d
each

b
lo

ck
b

in
th

e
p
artition

is
referred

to
as

a
clu

ster.
G

iv
en

th
e

clu
sterin

g
c,

w
e

d
efi

n
e

th
e

follow
in

g
likelih

o
o
d

for
th

e
d
ata

π
(y|c)

:=
∏b∈
c

L
(y
b ),

(1)

w
h
ere

L
(y
b )

is
th

e
likelih

o
o
d

of
th

e
ob

servation
s

in
clu

ster
b

L
(y
b )

:=

∫
(
∏i∈
b

L
(y
i |θ) )

H
(

d
θ).

(2)

In
th

is
ex

p
ression

,
L

(y
i |θ)

is
a

p
rob

ab
ility

d
en

sity
fu

n
ctio

n
p
aram

etrized
b
y
θ

an
d
H

(
d
θ)

a
p
rior

m
easu

re
over

th
is

p
aram

eter.
T

h
e

clu
sterin

g
c

is
u
n
k
n
ow

n
an

d
is

v
iew

ed
as

a
ran

d
om

variab
le.

L
et
τ
(c)

d
en

ote
its

p
rior

p
rob

ab
ility,

d
efi

n
ed

over
th

e
sp

ace
of

p
artition

s
of

[T
]

an
d

assu
m

ed
to

factorize
as

τ
(c)∝

τ
1 (|c|) ∏b∈

c

τ
2 (|b|),

(3)

w
h
ere

τ
1

:N
→

R
+

an
d
τ

2
:N
→

R
+

are
arb

itrary
fu

n
ction

s.
T

h
is

assu
m

p
tion

on
th

e
p
rior

clu
sterin

g
d
istrib

u
tion

is
n
ot

restrictive
an

d
in

clu
d
es

several
p

op
u
lar

p
riors,

su
ch

as:

D
irich

le
t

p
ro

c
e
ss

p
rio

r
(F

ergu
son

,
1973)

w
ith

p
aram

eter
α

0
>

0:
τ

1 (j)
∝

α
0
j

an
d

τ
2 (j)∝

(j−
1)!.

P
itm

a
n

-Y
o
r

p
ro

c
e
ss

p
rio

r
(P

itm
an

an
d

Y
or,

1
997;

Ish
w

aran
an

d
J
am

es,
2003)

w
ith

p
a-

ram
eters

α
0 ,d

(α
0
>
−
d
,

0
≤
d
<

1):
τ

1 (j)
∝
∏
jj ′=

1 {α
0

+
d

(j ′−
1)}

an
d
τ

2 (j)
∝

Γ
(j−

d
),

w
h
ere

Γ
(·)

is
th

e
G

am
m

a
fu

n
ction

.

F
in

ite
D

irich
le

t
m

ix
tu

re
w

ith
p
aram

eter
α

D
ir
>

0
an

d
k

0
com

p
on

en
ts

an
d

sy
m

m
etric

con
cen

tration
(α

D
ir ,...,α

D
ir ):

τ
1 (j)∝

1
[j≤

k
0 ]

an
d
τ

2 (j)∝
Γ

(j
+
α

D
ir ).

T
h
e

lik
elih

o
o
d

(1)-(2)
an

d
p
rior

(3)
d
efi

n
e

th
e

follow
in

g
target

p
osterio

r
d
istrib

u
tion

π
(c)

:=
π

(c|
y

)∝
τ
(c) ∏b∈

c

L
(y
b ).

(4)
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P
a
r
t
ic

l
e

G
ib

b
s

S
p
l
it

-M
e
r
g

e
S
a
m

p
l
in

g

S
in

ce
w

e
v
ie

w
th

e
ob

se
rv

at
io

n
s

as
fi
x
ed

,
w

e
d
ro

p
th

e
d
ep

en
d
en

cy
on

y
fr

om
th

e
n
ot

at
io

n
th

ro
u
gh

ou
t

th
e

p
ap

er
.

W
e

d
et

ai
l

in
th

e
fo

ll
ow

in
g

se
ct

io
n
s

an
or

ig
in

al
ap

p
ro

a
ch

to
sa

m
p
le

fr
om

th
is

p
os

te
ri

or
d
is

tr
ib

u
ti

on
.

3
.
M

e
th

o
d
o
lo
g
y

W
e

or
ga

n
iz

e
th

e
d
es

cr
ip

ti
on

of
ou

r
m

et
h
o
d

in
to

tw
o

m
ai

n
p
ar

ts
.

F
ir

st
,

w
e

d
efi

n
e

a
ge

n
er

ic
co

n
st

ru
ct

io
n

fo
r

d
ec

om
p

os
in

g
th

e
p
ro

b
le

m
of

sa
m

p
li
n
g

fr
om

th
e

p
os

te
ri

o
r

(E
q
u
at

io
n

(4
))

w
it

h
ar

b
it

ra
ry

n
u
m

b
er

s
of

cl
u
st

er
s

in
to

sp
li

t-
m

er
ge

su
b
-p

ro
b
le

m
s.

S
ec

on
d
,

w
e

sh
ow

h
ow

th
e

P
G

m
et

h
o
d
ol

og
y

ca
n

b
e

u
se

d
to

ad
d
re

ss
th

es
e

su
b
-p

ro
b
le

m
s.

3
.1

D
e
c
o
m

p
o
si

n
g

th
e

c
lu

st
e
ri

n
g

p
ro

b
le

m
in

to
sp

li
t-

m
e
rg

e
su

b
p

ro
b

le
m

s

A
lg

or
it

h
m

1
al

lo
w

s
u
s

to
b
re

ak
d
ow

n
th

e
p
ro

b
le

m
of

sa
m

p
li
n
g

fr
om

th
e

p
os

te
ri

or
in

to
sp

li
t-

m
er

ge
su

b
p
ro

b
le

m
s.

W
e

re
fe

r
th

e
re

ad
er

to
F

ig
u
re

1
fo

r
an

il
lu

st
ra

ti
ve

ex
am

p
le

of
th

e
n
ot

at
io

n
u
se

d
th

ro
u
gh

ou
t

th
is

d
es

cr
ip

ti
on

.

A
lg

o
ri

th
m

1

1
:

fu
n

c
ti

o
n

S
p
l
it

M
e
r
g

e
(c
,h

(s
),
K
c,
s
(c̄
′ |c̄

))
2
:

s
∼
h

(·)
.
s

=
{i

1
,i

2
}

3
:

c
←
{b
∈
c

:
b
∩
s
6=
∅}

.
C

lu
st

er
in

g
re

st
ri

ct
ed

to
th

e
an

ch
or

s
4
:

s
←
⋃
b∈
c
b

.
C

lo
su

re
of

th
e

an
ch

o
rs

w
it

h
re

sp
ec

t
to

th
e

cl
u
st

er
in

g
c

5
:

c′
∼
K
c,
s
(·|
c)

6
:

c′
←
c′
∪

(c
\c

)
7
:

re
tu

rn
c′

8
:

e
n

d
fu

n
c
ti

o
n

T
h
e

al
go

ri
th

m
re

q
u
ir

es
th

re
e

in
p
u
ts

:

1.
c:

th
e

cu
rr

en
t

cl
u
st

er
in

g,

2.
h

(s
):

a
d
is

tr
ib

u
ti

on
fo

r
p
ro

p
os

in
g

an
u
n
or

d
er

ed
p
a
ir

of
a
n

ch
o
rs
s

=
{i

1
,i

2
}
⊂

[T
],

3.
K
c,
s
(c
′ |c

):
a

M
ar

k
ov

tr
an

si
ti

on
k
er

n
el

ov
er

th
e

sp
ac

e
of

p
ar

ti
ti

on
s

of
s.

T
h
is

ke
rn

el
is

as
su

m
ed

to
b

e
in

va
ri

an
t

w
it

h
re

sp
ec

t
to

th
e

fo
ll
ow

in
g

ta
rg

et
d
is

tr
ib

u
ti

on
:

π
c,
s
(c
′ )
∝

τ
1
(|c
′ |)

 
∏ b∈
c′
τ 2

(|b
|)L

(y
b
)1

[b
∩
s
6=
∅]

 
,

(5
)

τ
1
(j

)
: =

τ 1
(j

+
|c|
−
|c|

).

In
th

e
fo

ll
ow

in
g,

w
e

d
ro

p
th

e
su

b
sc

ri
p
ts

fr
om

th
e

ke
rn

el
K

an
d

ta
rg

et
π

fo
r

si
m

p
li
ci

ty
.

T
h
e

d
is

tr
ib

u
ti

on
π

h
as

a
fo

rm
si

m
il
ar

to
th

e
p

os
te

ri
o
r

d
is

tr
ib

u
ti

on
d
efi

n
ed

in
E

q
u
at

io
n

(4
)

w
it

h
tw

o
m

o
d
ifi

ca
ti

on
s.

F
ir

st
,
τ 1

(|c
|)

is
re

p
la

ce
d

b
y
τ

1
(|c
′ |)

.
S
ec

on
d
,

th
e

su
p
p

or
t

of
th

e
d
is

tr
ib

u
ti

on
is

re
st

ri
ct

ed
so

th
at

ea
ch

b
lo

ck
in
c′

m
u
st

co
n
ta

in
at

le
as

t
on

e
an

ch
or

p
o
in

t.
T

h
is

al
so

im
p
li
ci

tl
y

en
fo

rc
es

th
e

co
n
st

ra
in

t
th

at
|c′
|≤
|s|

=
2.

A
lg

or
it

h
m

1
re

tu
rn

s
an

u
p

d
at

ed
cl

u
st

er
in

g
w

h
er

e
on

ly
th

e
al

lo
ca

ti
on

of
p

oi
n
ts

in
s

h
av

e
ch

an
ge

d
;

i.
e.

th
e

u
p

d
at

ed
cl

u
st

er
in

g
c′

on
ly

p
ot

en
ti

al
ly

d
iff

er
s

fr
om

c
at

p
oi

n
ts

w
h
ic

h
w

er
e
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B
o
u
c
h
a
r
d
-C

ô
t
é
,

D
o
u
c
e
t

a
n
d

R
o
t
h

1

2

3 4

5

6

7

B
e

fo
re

1

2

7

A
ft

e
r

5

6

4

3

A
n

c
h

o
rs

 a
llo

c
a

tio
n

R
e

s
a

m
p

lin
g

C
o

n
d

iti
o

n
a

l 

p
a

th

S
a

m
p

le
 f

in
a

l

p
a

rt
ic

le

#
4

#
2

#
2

#
2

#
4

#
2

#
2

#
2

#
3

#
2

#
4

#
3

#
3

#
4

#
4

{3
}

{3
}

{5
, 
6

, 
4

}

{3
, 

6
}

{5
, 

4
}

{3
, 

6
, 

4
}

{5
}

{3
, 
5

, 
6

, 
4

}

{3
}

{3
}

{3
}

{3
, 

5
}

{3
}

{5
}

{3
, 

5
}

{3
, 

5
}

{3
, 

5
, 

6
}

{3
, 

5
, 

6
}

{3
, 

5
, 

6
}

{3
, 

6
}

{5
}

{3
, 

6
}

{5
}

{3
, 

6
}

{5
}

{3
, 

5
, 

6
}

{3
}

{5
, 

6
}

{3
, 

6
, 

4
}

{5
}

{3
}

{3
}

{5
}

{3
}

{5
, 

6
}

{3
}

{5
, 

6
}

{5
, 

6
}

{3
, 

4
}

t 
=

 4
t 

=
 3

t 
=

 2
t 

=
 1

a

c

b
d

F
ig

u
re

1:
(a

)
E

x
am

p
le

il
lu

st
ra

ti
n
g

th
e

se
tu

p
o
f

a
sp

li
t

m
er

ge
an

d
(b

)
th

e
n
o
ta

ti
o
n

u
se

d
in

S
ec

ti
on

3.
1.

T
h
e

se
ve

n
p

oi
n
ts

d
en

ot
e

th
e

ob
se

rv
at

io
n

in
d
ic

es
.

W
h
il
e

w
e

sh
ow

p
oi

n
ts

in
a

tw
o-

d
im

en
si

on
al

sp
ac

e
fo

r
v
is

u
al

iz
at

io
n
,

th
e

m
et

h
o
d
o
lo

g
y

d
o
es

n
o
t

re
ly

on
an

y
to

p
ol

og
ic

al
p
ro

p
er

ti
es

of
th

e
ob

se
rv

at
io

n
sp

ac
e.

T
h
e

d
a
sh

ed
ci

rc
le

s
d
en

ot
e

th
e

an
ch

or
s
s,

an
d

th
e

sh
ad

ed
re

gi
on

,
th

e
cl

os
u
re

of
th

e
a
n
ch

o
rs

.
(c

)
E

x
am

p
le

of
a

si
n
gl

e
P

G
S
M

st
ep

w
it

h
σ

=
(3
,5
,6
,4

).
S
q
u
ar

e
b

ox
es

re
p
re

se
n
t

p
ar

ti
cl

es
co

rr
es

p
on

d
in

g
to

th
e

fi
x
ed

co
n
d
it

io
n
al

p
at

h
.

C
ir

cl
es

re
p
re

se
n
t

re
g
u
la

r
p
ar

ti
cl

es
.

E
ac

h
p
ar

ti
cl

e
h
a
s

an
as

so
ci

at
ed

cl
u
st

er
in

g
d
en

ot
ed

b
y

th
e

se
t

o
r

p
a
ir

of
se

ts
w

ri
tt

en
in

si
d
e

ea
ch

p
ar

ti
cl

e.
A

rr
ow

s
in

d
ic

at
e

p
ro

p
os

al
d
ra

w
s

la
b

el
le

d
b
y

th
e

p
ro

p
os

ed
st

at
e

(s
ee

F
ig

u
re

2)
.

D
as

h
ed

li
n
es

in
d
ic

at
e

w
h
en

re
sa

m
p
li
n
g

o
cc

u
rs

.
(d

)
C

on
fi
gu

ra
ti

on
af

te
r

th
e

P
G

S
M

u
p

d
at

e
il
lu

st
ra

te
d

in
c
.

in
it

ia
ll
y

cl
u
st

er
ed

w
it

h
th

e
an

ch
or

p
oi

n
ts

.
T

h
e

an
ch

or
p
ro

p
os

al
d
is

tr
ib

u
ti

o
n
h

o
b
v
io

u
sl

y
im

p
ac

ts
th

e
p

er
fo

rm
an

ce
of

th
is

p
ro

ce
d
u
re

.
W

e
em

p
ir

ic
al

ly
co

m
p
ar

e
th

e
p

er
fo

rm
a
n
ce

o
f

th
re

e
an

ch
or

p
ro

p
os

al
d
is

tr
ib

u
ti

on
s
h

in
S
ec

ti
on

4.
3.

T
h
is

sc
h
em

e
h
as

th
e

fo
ll
ow

in
g

p
ro

p
er

ty
:
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P
a
r
t
ic

l
e

G
ib

b
s

S
p
l
it

-M
e
r
g

e
S
a
m

p
l
in

g

P
ro

p
o
sitio

n
1

If
c∼

π
,

w
h
ere

π
is

given
by

E
qu

a
tio

n
(4

),
th

en
th

e
o
u

tp
u

t
o
f

A
lgo

rith
m

1
,

c ′,
sa

tisfi
es
c ′∼

π
.

T
h
a
t

is,
th

e
M

a
rko

v
kern

el
K

(c ′|c)
in

d
u

ced
by

A
lgo

rith
m

1
is
π

-in
va

ria
n

t.

3
.2

O
v
e
rv

ie
w

o
f

th
e

p
a
rtic

le
G

ib
b
s

a
lg

o
rith

m

Id
ea

lly,
w

e
w

o
u
ld

like
to

sam
p
le

in
d
ep

en
d
en

tly
from

π
in

A
lgorith

m
1,

th
at

is
w

e
w

ou
ld

like
to

h
ave

K
(c ′|c)

=
π

(c ′),
b
u
t

th
is

is
to

o
com

p
u
tation

ally
ex

p
en

siv
e

if|s|
is

large.
O

u
r

p
rim

a
ry

con
trib

u
tion

is
an

origin
al

w
ay

to
ad

d
ress

th
is

issu
e

u
sin

g
S
M

C
-b

ased
m

eth
o
d
s.

In
p
rin

cip
le,

it
w

ou
ld

b
e

p
ossib

le
to

u
se

S
M

C
m

eth
o
d
s

to
ob

ta
in

a
sam

p
le

a
p
p
rox

im
ately

d
istrib

u
ted

acco
rd

in
g

to
π

(F
earn

h
ead

,
2004).

H
ow

ever,
if

w
e

w
ere

to
u
se

th
is

sam
p
le

w
ith

in
A

lg
o
rith

m
1
,
th

e
resu

ltin
g

in
varian

t
d
istrib

u
tion

w
ou

ld
n
ot

b
e
π

.
F

or
th

is
reaso

n
,
w

e
con

sid
er

P
a
rticle

M
C

M
C

(P
M

C
M

C
)

m
eth

o
d
s

(A
n
d
rieu

et
a
l.,

2009,
2010).

P
M

C
M

C
m

eth
o
d
s

allow
u
s

to
u
se

S
M

C
id

eas
in

a
p
rin

cip
led

w
ay

w
ith

in
M

C
M

C
sch

em
es.

W
e

w
ill

fo
cu

s
h
ere

on
th

e
P

G
sam

p
ler

an
d

sh
ow

h
ow

on
e

can
u
se

th
is

m
eth

o
d
ology

to
o
b
ta

in
a
n

effi
cien

t
M

C
M

C
kern

el
K

targetin
g

th
e

d
istrib

u
tion

π
given

in
E

q
u
ation

(5).
T

h
e

o
u
tcom

e
o
f

th
e

P
G

sam
p
lin

g
step

s
w

ill
b

e
eith

er
to

clu
ster

all
th

e
p

oin
ts

in
s

in
to

on
e

b
lo

ck
o
r

to
b
rea

k
s

in
to

tw
o

clu
sters,

w
ith

th
e

restriction
th

at
each

of
th

e
tw

o
b
lo

ck
s

sh
ou

ld
co

n
ta

in
on

e
a
n
ch

or.
In

terestin
gly,

th
e

form
of

th
e

P
G

algorith
m

is
th

e
sam

e
n
o

m
atter

if
th

e
tw

o
a
n
ch

ors
w

ere
p
rev

iou
sly

togeth
er

or
ap

art
b

efore
its

ex
ecu

tion
.

T
h
is

con
trasts

w
ith

p
rev

io
u
s

sp
lit-m

erge
algorith

m
s

su
ch

as
J
ain

an
d

N
eal

(2004),
w

h
ich

req
u
ire

a
d
iff

eren
t

trea
tm

en
t

for
sp

lit
an

d
m

erge
m

oves.

T
o

sam
p
le

from
π

,
P

G
b
reak

s
th

e
sam

p
lin

g
of
c ′

in
to

a
seq

u
en

ce
of
n

:=
|s|

sim
p
ler

sa
m

p
lin

g
p
ro

b
lem

s.
In

th
is

scen
ario,

con
trary

to
m

o
st

ap
p
licatio

n
s

of
P

G
,

th
ere

is
n
o

in
trin

sic
tim

e
o
rd

erin
g

of
th

e
ob

servation
s.

W
e

ran
d
om

ize
th

e
ord

er
in

w
h
ich

th
e

p
oin

ts
are

in
clu

d
ed

b
y

in
tro

d
u
cin

g,
con

d
ition

ally
on

s
an

d
s,

a
ran

d
om

p
erm

u
tation

σ
:=

(σ
1 ,...,σ

n
).

T
h
is

p
erm

u
ta

tion
is

sam
p
led

u
sin

g
A

lgo
rith

m
2.

A
lg

o
rith

m
2

1
:

fu
n

c
tio

n
S
a
m

p
l
e
P

e
r
m

u
t
a
t
io

n
(s,s)

2
:

σ
1 ∼

U
n
iform

(s)
3
:

σ
2 ←

s\{σ
1 }

4
:

(σ
3 ,σ

4 ,...,σ
n
)←

U
n
iform

P
erm

u
tation

(s\
s)

5
:

re
tu

rn
σ

6
:

e
n

d
fu

n
c
tio

n

In
o
th

er
w

o
rd

s,
σ

is
u
n
iform

over
th

e
p

erm
u
tation

s
of

th
e

ob
servation

in
d
ices

in
s

su
ch

th
a
t

th
e

m
em

b
ers

of
s

ap
p

ear
in

th
e

fi
rst

tw
o

en
tries.

T
h
e

variab
le
σ
t

sp
ecifi

es
th

e
in

d
ex

o
f

th
e

o
b
servation

y
σ
t

in
tro

d
u
ced

in
to

th
e

P
G

algorith
m

at
S
M

C
iteration

(“algorith
m

ic”
tim

e)
t

a
n
d
x
t

is
th

e
corresp

on
d
in

g
allo

cation
d
ecision

.
A

p
article

x
t

is
d
efi

n
ed

as
a

seq
u
en

ce
o
f

a
llo

ca
tion

d
ecision

s,
x
t

:=
(x

1 ,...,x
t ),

w
h
ere

x
t ∈
X

,
t∈
{1
,...,n}

.

G
iven

σ
,
w

e
d
en

ote
th

e
S
M

C
p
rop

osals
u
sed

w
ith

in
P

G
b
y
q
σt

(x
t |x

t−
1 ),

an
d

th
e

in
term

e-
d
ia

te
u
n
n
o
rm

a
lized

target
d
istrib

u
tion

s,
b
y
γ
σt

(x
t ).

W
e

rem
in

d
th

e
read

er
th

at
b

oth
γ
σt

an
d

q
σt

a
re

a
llow

ed
to

d
ep

en
d

on
arb

itrary
su

b
sets

of
th

e
ob

servation
s

y
;

see,
e.g

.,
(D

el
M

oral
et

a
l.,

2
0
0
6
).

H
ow

ever,
w

e
om

it
th

is
d
ep

en
d
en

cy
for

n
otation

al
sim

p
licity.

O
u
r

m
eth

o
d
ol-

o
g
y

is
fl
ex

ib
le

w
ith

resp
ect

to
th

e
ch

oice
of

th
e

p
rop

osa
ls

an
d

th
e

ch
oice

of
th

e
in

term
ed

iate
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B
o
u
c
h
a
r
d
-C

ô
t
é
,

D
o
u
c
e
t

a
n
d

R
o
t
h

u
n
n
orm

alized
target

d
istrib

u
tion

s.
F

or
ou

r
m

eth
o
d
ology

to
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é
,

D
o
u
c
e
t

a
n
d

R
o
t
h

{{
σ 1

}}

{σ
1}

{{
σ 1

},
{σ

2}
}

{σ
1}

{{
σ 1

,σ
2}

}

{σ
1,
σ 2

}

{{
σ 1

},
{σ

2}
}

{σ
2}

#1
#2

#3 #4

M
e
rg
e

In
iti
a
liz
e

S
p
lit

S(
#

1)
: =
{#

2,
#

4
}

S(
#

2)
: =
{#

2}
S(

#
3)

: =
{#

3,
#

4
}

S(
#

4)
: =
{#

3,
#

4
}

F
ig

u
re

2:
L

ef
t:

S
ta

te
sp

ac
e
X

an
d

al
lo

w
ed

tr
an

si
ti

on
s
S(
·)

fo
r

th
e

lo
ca

l
al

lo
ca

ti
o
n

d
ec

is
io

n
s.

R
ig

h
t:

al
lo

w
ed

tr
an

si
ti

on
s

b
et

w
ee

n
th

e
st

at
es

.

C
or

re
ct

n
es

s
of

th
is

p
ro

ce
d
u
re

fo
ll
ow

s
st

ra
ig

h
tf

or
w

ar
d
ly

fr
om

th
e

or
ig

in
al

P
G

a
rg

u
m

en
t

(s
ee

A
p
p

en
d
ix

B
fo

r
d
et

ai
ls

):

P
ro

p
o
si

ti
o
n

2
U

n
d
er

A
ss

u
m

p
ti

o
n

s
1
,

2
,

a
n

d
3
,

th
e

o
u

tp
u

t
o
f

A
lg

o
ri

th
m

3
,
c′

,
sa

ti
sfi

es
c′
∼
π

if
c
∼
π

,
fo

r
a
n

y
N
≥

2,
i.

e.
th

e
M

a
rk

o
v

ke
rn

el
K

(c
′ |c

)
in

d
u

ce
d

by
A

lg
o
ri

th
m

3
is

π
-i

n
va

ri
a
n

t.

3
.3

In
te

rm
e
d

ia
te

ta
rg

e
t

d
is

tr
ib

u
ti

o
n

s
a
n

d
p

ro
p

o
sa

ls
c
o
n

st
ru

c
ti

o
n

W
e

d
et

ai
l

h
er

e
th

e
co

n
st

ru
ct

io
n

of
a

se
t

of
p
ro

p
os

al
d
is

tr
ib

u
ti

on
s
qσ

,
u
n
n
or

m
a
li
ze

d
ta

rg
et

d
is

tr
ib

u
ti

on
s
γ
σ

,
an

d
m

ap
p
in

gs
φ
σ

sa
ti

sf
y
in

g
A

ss
u
m

p
ti

o
n
s

1
to

3.
W

e
d
en

o
te

th
e

sp
a
ce

o
f

p
os

si
b
le

al
lo

ca
ti

on
d
ec

is
io

n
s

at
a

gi
ve

n
P

G
it

er
at

io
n

b
y
X

.
O

u
r

co
n
st

ru
ct

io
n

is
b
a
se

d
o
n

an
en

co
d
in

g
w

h
er

e
th

e
sp

ac
e
X

co
n
si

st
s

in
th

e
re

ct
an

gl
es

sh
ow

n
in

F
ig

u
re

2
.

W
e

ca
ll

th
e

re
ct

an
gl

es
st

a
te

s
fo

r
sh

or
t.

T
h
es

e
st

at
es

ar
e

u
se

d
to

b
u
il
d

p
ar

ti
cl

es
:

re
ca

ll
th

a
t

a
p
a
rt

ic
le

x
t

is
d
efi

n
ed

as
a

li
st

of
lo

ca
l

d
ec

is
io

n
s,

x
t

: =
(x

1
,.
..
,x

t)
,
x
t′
∈
X

.

T
h
e

st
at

e
ap

p
en

d
ed

to
a

p
ar

ti
cl

e
at

ti
m

e
t

re
p
re

se
n
ts

(a
)

th
e

cl
u
st

er
in

g
re

st
ri

ct
ed

to
th

e
an

ch
or

s
(s

h
ow

n
in

th
e

fi
rs

t
li
n
e

of
ea

ch
re

ct
an

gl
e

in
F

ig
u
re

2)
,

an
d

(b
),

th
e

cl
u
st

er
jo

in
ed

b
y
y σ

t
(e

n
co

d
ed

b
y

th
e

an
ch

or
(s

)
co

n
ta

in
ed

in
th

e
jo

in
ed

cl
u
st

er
,

se
co

n
d

li
n
e

in
th

e
sa

m
e

fi
gu

re
).

A
s

sh
ow

n
in

F
ig

u
re

2,
th

e
“m

er
ge

st
at

e”
(l

ef
t)

is
an

ab
so

rb
in

g
st

at
e,

en
co

d
in

g
th

e
fa

ct
th

at
fo

ll
ow

in
g

th
is

lo
ca

l
d
ec

is
io

n
,
al

l
ch

il
d
re

n
p
ar

ti
cl

es
ar

e
fo

rc
ed

to
jo

in
th

e
u
n
iq

u
e

b
lo

ck
in

th
e

re
st

ri
ct

ed
cl

u
st

er
in

g.
T

h
e

tw
o

“s
p
li
t

st
at

es
”

(r
ig

h
t)

,
on

th
e

ot
h
er

h
a
n
d
,

b
o
th

h
av

e
tw

o
ou

tg
oi

n
g

tr
an

si
ti

on
s,

en
co

d
in

g
th

e
fa

ct
th

at
fo

r
ea

ch
in

d
ex

in
s\
s,

th
e

co
rr

es
p

o
n
d
in

g
ob

se
rv

at
io

n
n
ee

d
s

to
b

e
al

lo
ca

te
d

to
on

e
of

th
e

tw
o

b
lo

ck
s.

T
h
er

e
is

a
b
ij

ec
ti

on
b

et
w

ee
n

th
e

su
p
p

or
t

o
f
π

,
an

d
p
ar

ti
cl

es
re

sp
ec

ti
n
g

th
e

tr
a
n
si

ti
on

co
n
st

ra
in

ts
d
efi

n
ed

b
y

th
e

ar
ro

w
s

in
F

ig
u
re

2.
M

or
e

p
re

ci
se

ly
,

fo
r

ea
ch

st
at

e
x
∈
X

,
w

e
le

t
S(
x

)
d
en

ot
e

th
e

se
t

of
al

lo
w

ed
tr

an
si

ti
on

s
fr

om
x

.
W

e
w

ri
te

x
t
∈
S t

if
(a

)
x

1
=

#
1
,

a
n
d

(b
)

fo
r

al
l
t′
∈
{2
,.
..
,t
},
x
t′
∈
S(
x
t′
−

1
).

F
ro

m
th

is
d
efi

n
it

io
n
,

w
e

ob
ta

in
th

e
fo

ll
ow

in
g

re
su

lt
w

h
os

e
p
ro

of
is

gi
ve

n
in

A
p
p

en
d
ix

C
.

1
0
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P
a
r
t
ic

l
e

G
ib

b
s

S
p
l
it

-M
e
r
g

e
S
a
m

p
l
in

g

P
ro

p
o
sitio

n
3

F
o
r

a
n

y
perm

u
ta

tio
n
σ

sa
tisfyin

g
{σ

1 ,σ
2 }

=
s,

th
ere

is
a

bijective
m

a
p
φ
σ

fro
m

th
e

spa
ce

o
f

pa
rticles

respectin
g

th
e

tra
n

sitio
n

co
n

stra
in

ts,S
n

,
to

th
e

su
p
po

rt
o
f

th
e

restricted
ta

rget,
su

p
p

ort( π
).

W
e

u
se

th
is

b
ijection

to
d
efi

n
e

a
seq

u
en

ce
of

in
term

ed
iate

target
an

d
p
rop

osal
d
istrib

u
-

tio
n
s.

T
h
e

in
term

ed
iate

target
at

tim
e
t

of
su

p
p

ortS
t

is
giv

en
b
y
:

γ
σt

(x
t )

:=
τ

1 (c
t ) 

∏b∈
c
t τ

2 (|b|)L
(y
b ) 

,
(7)

w
h
ere

c
t

=
φ
σ

1
:t(x

t ).
B

y
con

stru
ction

,
w

e
h
ave

th
at

fo
r
t

=
n

,
γ
σn

(x
n
)
∝
π

(φ
σ

(x
n
))

so
A

ssu
m

p
tio

n
3

is
satisfi

ed
.

W
e

d
efi

n
e

a
s

p
rop

osals:

q
σ1

(x
1 )

:=
δ

#
1 (x

1 ),
(8)

q
σt

(x
t |

x
t−

1 )
:=

γ
σt

(x
t )

∑
x
′t ∈S

(x
t−

1
)
γ
σt

(x
t−

1 ,x
′t ) ,

w
h
ere

(x
t−

1 ,x
′t )

d
en

otes
th

e
con

caten
ation

of
x
′t

to
th

e
vector

x
t−

1 ,
an

d
x
t

=
(x
t−

1 ,x
t ).

T
h
ese

d
efi

n
itio

n
s

satisfy
A

ssu
m

p
tion

1,
an

d
y
ield

th
e

follow
in

g
w

eigh
t

u
p

d
ates:

w
t (x

t−
1 ,x

t )
:=

γ
σt

(x
t )

γ
σt−

1 (x
t−

1 )

1

q
σt

(x
t |

x
t−

1 )
(9)

=

∑
x
′t ∈S

(x
t−

1
)
γ
σt

(x
t−

1 ,x
′t )

γ
σt−

1 (x
t−

1 )

=
∑

x
′t ∈S

(x
t−

1
)

γ
σt

(x
t−

1 ,x
′t )

γ
σt−

1 (x
t−

1 )
.

If
t
>
|s|

th
en

E
q
u
ation

(10)
sim

p
lifi

es
as

follow
s

γ
σt

(x
t )

γ
σt−

1 (x
t−

1 )
=

τ
2 (|b

+t |)
τ

2 (|b −t |) L
(
y
b
+t
|
y
b −t )

,
(10)

w
h
ere

L
(
y
b
+t
|
y
b −t )

:=
L
(
y
b
+t )

L
(
y
b −t )

.
(11)

H
ere

b −t
a
n
d
b
+t

en
co

d
e

th
e

b
lo

ck
in

w
h
ich

a
p

oin
t

is
ad

d
ed

to
w

h
en

tran
sition

in
g

from
x
t−

1

to
x
t ,

th
e

fi
rst

b
ein

g
th

e
b
lo

ck
b

efore
th

e
ad

d
ition

,
an

d
th

e
secon

d
,

th
e

sam
e

b
lo

ck
after

th
e

a
d
d
itio

n
:

b −t
:=
c
t−

1 \
c
t ,

b
+t

:=
b −
∪
{
σ
t }.

(12)

D
ep

en
d
in

g
o
n

th
e

form
of

th
e

p
artitio

n
p
rior

an
d

likelih
o
o
d

it
m

ay
b

e
p

o
ssib

le
to

sim
p
lify

th
ese

q
u
a
n
tities

in
to

m
ore

com
p
u
tation

ally
effi

cien
t

form
s.

1
1
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B
o
u
c
h
a
r
d
-C

ô
t
é
,

D
o
u
c
e
t

a
n
d

R
o
t
h

3
.4

A
n

im
p

ro
v
e
d

se
q
u

e
n

c
e

o
f

in
te

rm
e
d

ia
te

ta
rg

e
t

d
istrib

u
tio

n
s

W
e

n
ow

d
escrib

e
an

im
p
rovem

en
t

over
th

e
b
asic

in
term

ed
iate

an
d

p
rop

o
sal

d
istrib

u
tion

s
p
resen

ted
in

th
e

p
rev

iou
s

section
.

T
h
is

im
p
rovem

en
t

ad
d
resses

a
“greed

in
ess”

p
rob

lem
of

th
e

(con
d
ition

al)
S
M

C
p
ro

ced
u
re.

C
on

sid
er

a
case

w
h
ere

th
e

ratio
τ

1 (1)/
τ

1 (2)
b

etw
een

a
m

erge
an

d
a

sp
lit

is
large.

T
h
is

can
o
ccu

r
for

ex
am

p
le

w
h
en

th
e

D
irich

let
p
ro

cess
con

cen
tration

p
aram

eter
α

0
is

sm
all.

In
th

is
case,

th
e

p
rop

osal
in

th
e

fi
rst

n
on

-triv
ial

step
,
q
σ2

,
w

ill
assign

m
ost

of
its

m
ass

to
th

e
tran

sition
from

state
#

1
to

state
#

2
(see

F
igu

re
2).

H
ow

ev
er,

th
e

likelih
o
o
d

m
igh

t
overcom

e
th

is
p
rior

w
h
en
| s|

is
large.

B
u
t

p
rop

osin
g

su
ch

sp
lit

h
as

low
p
rob

ab
ility

u
n
d
er

th
e

d
efi

n
ition

s
given

in
th

e
p
rev

iou
s

section
,

as
#

2
is

an
ab

sorb
in

g
state.

T
o

overcom
e

th
is

issu
e,

w
e

b
u
ild

a
n
ew

seq
u
en

ce
of

in
term

ed
iate

d
istrib

u
tion

s,
w

h
ich

d
elay

th
e

in
corp

oration
of

th
e

p
rior:

γ̂
σt

(x
t )

:=

{
1

[x
t ∈
S
t ],

if
t∈
{1
,2},

(γ
σ2

(x
1
:2 ))

ζ
t

γ
σt

(x
t )

γ
σ2

(x
1
:2

),
oth

erw
ise.

(13)

w
h
ere

ζ
t

is
a

p
ositiv

e
in

creasin
g

an
n
ealin

g
sch

ed
u
le

su
ch

th
at
ζ
n

=
1.

W
e

u
se

th
e

follow
in

g
p
rop

osal
b
ased

on
th

ese
n
ew

in
term

ed
iate

d
istrib

u
tion

s:

q̂
σ1

(x
1 )

:=
δ

#
1 (x

1 ),
(14)

q̂
σt

(x
t |

x
t−

1 )
:=

γ̂
σt

(x
t )

∑
x
′t ∈S

(x
t−

1
)
γ̂
σt

(x
t−

1 ,x
′t−

1 ) .

T
h
is

y
ield

s
th

e
w

eigh
t

u
p

d
ates:

ŵ
t (x

t−
1 ,x

t )
:=

∑

x
′t ∈S

(x
t−

1
)

γ̂
σt

(x
t−

1 ,x
′t )

γ̂
σt−

1 (x
t−

1 )
.

(15)

F
or

sim
p
licity,

w
e

p
ick

ζ
t

=
t−

2
n−

2 .
T

h
is

ch
oice

sim
p
lifi

es
ratios

of
in

term
ed

iate
d
istrib

u
tion

s
to:

γ̂
σt

(x
t )

γ̂
σt−

1 (x
t−

1 )
=

{
1

if
t

=
2,

(γ
σ2

(x
1
:2 ))

∆
ζ

γ
σt

(x
t )

γ
σt−

1
(x
t−

1
)

if
t
>

2
,

(16)

w
h
ere

∆
ζ

:=
(n
−

2) −
1.

3
.5

R
u

n
tim

e
a
n

a
ly

sis

T
o

sim
p
lify

th
e

an
aly

sis
of

th
e

ru
n
n
in

g
tim

e,
w

e
m

ake
a

few
a
ssu

m
p
tion

s.

A
ssu

m
p

tio
n

4
T

h
e

pa
ra

m
etric

likelih
ood

m
od

el
h
a
s

th
e

fo
llo

w
in

g
p
ro

perties:

1
.

let
ψ

:=
ψ

(y
b )

d
en

o
te

a
su

ffi
cien

t
sta

tistic,
a
n

d
d
efi

n
e,

w
ith

a
sligh

t
a
bu

se
o
f

n
o
ta

tio
n

,
L

(ψ
)

:=
L

(y
b ).

F
o
r

a
given

su
ffi

cien
t

sta
tistic

va
lu

e
ψ

,
th

e
likelih

ood
L

(ψ
)

ca
n

be
co

m
p
u

ted
in

tim
e
O

(l),

2
.

th
e

su
ffi

cien
t

sta
tistic

fo
r
b
+

,
ψ

+
:=

ψ
(y
b
+

),
ca

n
be

u
pd

a
ted

in
tim

e
O

(u
)

fro
m

th
e

su
ffi

cien
t

sta
tistic

fo
r
b −

,
ψ
−

:=
ψ

(y
b −

).12
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p
l
in

g

T
h
e

n
ex

t
as

su
m

p
ti

on
h
ol

d
s

fo
r

al
l

th
e

cl
u
st

er
in

g
p
ri

or
s

re
v
ie

w
ed

in
S
ec

ti
o
n

2.

A
ss

u
m

p
ti

o
n

5
T

h
e

ra
ti

o
τ 2

(j
+

1
)

τ 2
(j

)
ca

n
be

co
m

p
u

te
d

in
co

n
st

a
n

t
ti

m
e.

F
or

ex
am

p
le

,
w

it
h

a
D

ir
ic

h
le

t
p
ro

ce
ss

,
th

is
ra

ti
o

is
eq

u
al

to
j!
/(
j
−

1)
!

=
j.

S
in

ce
|b+
|=

|b−
|+

1,
A

ss
u
m

p
ti

on
5

im
p
li
es

th
at

th
e

ra
ti

o
τ 2

(|b
+
|)

τ 2
(|b
−
|)

in
E

q
u
a
ti

on
(1

0)
ca

n
b

e
co

m
p
u
te

d
in

co
n
st

an
t

ti
m

e.

P
ro

p
o
si

ti
o
n

4
U

n
d
er

A
ss

u
m

p
ti

o
n

s
4

a
n

d
5
,

o
n

e
w

ei
gh

t
co

m
p
u

ta
ti

o
n

,
E

qu
a
ti

o
n

(1
5
),

ta
ke

s
ti

m
e
O

(u
+
l)

.
T

h
e

st
o
ra

ge
co

st
pe

r
pa

rt
ic

le
is
O

(1
).

M
o
re

o
ve

r,
th

e
ru

n
n

in
g

ti
m

e
pe

r
w

ei
gh

t
co

m
p
u

ta
ti

o
n

is
in

d
ep

en
d
en

t
o
f

th
e

n
u

m
be

r
o
f

cl
u

st
er

s.

T
h
e

ru
n
n
in

g
ti

m
e

re
su

lt
fo

ll
ow

s
d
ir

ec
tl

y
fr

om
th

e
fa

ct
th

at
|S

(·)
|≤

2,
an

d
h
en

ce
th

e
su

m
in

E
q
u
at

io
n

(1
5)

h
as

a
co

n
st

an
t

n
u
m

b
er

of
te

rm
s.

T
h
e

co
n
st

an
t

st
or

ag
e

co
st

fo
ll
ow

s
fr

om
th

e
fi
n
it

e
d
im

en
si

on
al

it
y

of
th

e
su

ffi
ci

en
t

st
at

is
ti

cs
(s

ee
A

ss
u
m

p
ti

on
4)

,
an

d
fr

om
|X
|=

4.

W
e

al
so

re
m

in
d

th
e

re
ad

er
th

at
fo

r
m

os
t

re
sa

m
p
li
n
g

sc
h
em

es
,

in
cl

u
d
in

g
th

e
on

e
in

E
q
u
at

io
n

(6
),

th
e

co
m

p
u
ta

ti
on

al
co

st
as

a
fu

n
ct

io
n

of
th

e
n
u
m

b
er

of
p
ar

ti
cl

es
an

d
S
M

C
it

er
at

io
n
s

is
O

(N
n

)
=
O

(N
|s|

)
(D

ou
ce

t
an

d
J
oh

an
se

n
,

20
11

).

3
.6

G
e
n

e
ra

li
z
a
ti

o
n

F
or

si
m

p
li
ci

ty
,

w
e

h
av

e
as

su
m

ed
so

fa
r

th
at
|s|

=
2,

an
d

h
en

ce
,

ac
co

rd
in

g
to

th
e

au
x
il
ia

ry
va

ri
ab

le
an

al
y
si

s
of

A
p
p

en
d
ix

B
,
|c|
≤

2.
In

fa
ct

,
th

e
sa

m
e

au
x
il
ia

ry
va

ri
ab

le
s

w
it

h
m

o
re

th
an

tw
o

an
ch

or
p

oi
n
ts

ca
n

b
e

u
se

d
to

co
n
st

ru
ct

n
ov

el
sa

m
p
li
n
g

al
go

ri
th

m
s.

D
et

ai
ls

ar
e

gi
ve

n
in

A
p
p

en
d
ix

D
.

T
h
is

ge
n
er

al
iz

at
io

n
lo

se
s

so
m

e
in

te
rp

re
ta

b
il
it

y
co

m
p
ar

ed
to

th
e

sp
li
t-

m
er

ge
ca

se
(|s
|=

2)
,

b
u
t

ca
n

b
e

u
se

fu
l

in
fi
n
it

e
cl

u
st

er
in

g
m

o
d
el

s.
In

th
is

ca
se

,
it

m
ay

on
ly

b
e

p
os

si
b
le

to
sp

li
t

a
cl

u
st

er
if

a
m

er
ge

is
p

er
fo

rm
ed

si
m

u
lt

an
eo

u
sl

y.
F

or
th

is
re

as
on

,
w

e
u
se
|s|

=
3

in
th

e
fi
n
it

e
D

ir
ic

h
le

t
m

ix
tu

re
m

o
d
el

ex
am

p
le

s
in

S
ec

ti
on

4.
3.

F
or

th
e

D
ir

ic
h
le

t
P

ro
ce

ss
,

w
e

d
id

n
ot

ob
se

rv
e

n
ot

ab
le

im
p
ro

ve
m

en
ts

b
y

go
in

g
fr

om
|s|

=
2

to
|s|

=
3,

so
w

e
u
se

th
e

fo
rm

er
se

tt
in

g
fo

r
th

e
n
on

-p
ar

am
et

ri
c

m
o
d
el

s.

4
.
A
p
p
li
ca

ti
o
n
s

In
th

is
se

ct
io

n
,

w
e

d
em

on
st

ra
te

th
e

p
er

fo
rm

an
ce

of
ou

r
m

et
h
o
d
ol

og
y

an
d

co
m

p
ar

e
it

to
st

an
d
ar

d
al

te
rn

at
iv

es
.

W
e

u
se

a
se

ri
es

of
sy

n
th

et
ic

d
at

as
et

s
co

ve
ri

n
g

a
la

rg
e

sp
ec

tr
u
m

of
cl

u
st

er
se

p
ar

at
en

es
s,

as
w

el
l

as
re

al
d
at

a
co

m
in

g
fr

om
a

ge
ol

o
ca

ti
on

ap
p
li
ca

ti
o
n
.

4
.1

Im
p

le
m

e
n
ta

ti
o
n

a
n

d
e
v
a
lu

a
ti

o
n

W
e

h
av

e
im

p
le

m
en

te
d

th
e

fo
ll
ow

in
g

th
re

e
D

ir
ic

h
le

t
P

ro
ce

ss
(D

P
)

cl
u
st
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.

S
in

ce
π̃

ad
m

it
s
π

as
a

m
ar

gi
n
al

,
th

e
co

m
p

os
it

io
n

of
K

1
,K

2
,

an
d
K

3
is

cl
ea

rl
y
π

-i
n
va

ri
a
n
t.

It
is

th
er

ef
or

e
en

ou
gh

to
sh

ow
th

at
w

h
en

c −
=
c −

(s
,c

)
w

h
er

e
c

is
a

va
li
d

p
a
rt

it
io

n
o
f

[T
],

sa
m

p
li
n
g

fr
om

K
2

is
eq

u
iv

al
en

t
to

sa
m

p
li
n
g

fr
om

th
e

M
ar

k
ov

ke
rn

el
K

(c
′ |c

)
in

d
u
ce

d
b
y

A
lg

or
it

h
m

1:

π̃
(c
′ |
s,
c −

)
∝

π
(c
′ )

1
[c
−

=
c −

(s
,c
′ )

]
(2

2
)

=
π

(c
′ )

1
[c
−

(s
,c

)
=
c −

(s
,c
′ )

]

=
τ 1

(|c
′ |)
(
∏ b∈
c′
τ 2

(|b
|)L

(y
b
))

1
[c
−

(s
,c

)
=
c −

(s
,c
′ )

].

U
si

n
g

L
em

m
a

5,
w

e
n
ow

re
w

ri
te

th
e

su
p
p

or
t

as
fo

ll
ow

s:

1
[c
−

(s
,c
′ )

=
c −

(s
,c

)]
=

1
[c
∩
c −

=
c′
∩
c −

]1
[b
∈
c′
\c
−

=
⇒
b
∩
s
6=
∅]
.

(2
3)
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P
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r
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l
e

G
ib

b
s

S
p
l
it

-M
e
r
g

e
S
a
m

p
l
in

g

s

c-

c
(a)

σ

g

c
(b)

F
ig

u
re

1
2:

G
ra

p
h
ical

m
o
d
els

of
th

e
au

x
iliary

variab
les

u
sed

in
th

e
correctn

ess
p
ro

ofs.
T

h
e

stru
ctu

re
of

th
e

d
ep

en
d
en

cies
give

an
in

tu
itive

ju
stifi

cation
th

at
th

e
orig

in
al

m
o
d
el

can
b

e
recovered

as
a

m
argin

al
in

b
oth

cases,
as

th
ere

are
n
ot

d
irected

p
a
th

from
th

e
au

x
iliary

variab
les

to
th

e
origin

al
variab

les.
(a)

In
A

p
p

en
d
ix

A
,
th

e
a
u
x
iliary

variab
les

are
s

an
d
c−

,
an

d
th

e
origin

al
variab

le
is
c.

(b
)

In
A

p
p

en
d
ix

B
,

th
e

au
x
iliary

variab
les

are
σ

an
d
g
,

an
d

th
e

origin
al

variab
le

is
c.

L
et

n
ow

c ′
=
c ′\
c−

.
P

lu
ggin

g
in

th
e

last
lin

e
of

E
q
u
ation

(22),
w

e
o
b
tain

:

π̃
(c ′|

s,c−
)

=
τ

1 (|c ′|) 
∏b∈
c ′ τ

2 (|b|)L
(y
b ) 

1
[c∩

c−
=
c ′∩

c−
]1

[b∩
s6=
∅]

(2
4)

=
π

(c ′)1
[c∩

c−
=
c ′∩

c−
],

w
h
ere

π
(c ′)

is
d
efi

n
ed

in
E

q
u
ation

(5).
S
in

ce
A

lgorith
m

1
d
o
es

n
ot

ch
an

ge
th

e
clu

sterin
g

of
p

o
in

ts
o
u
tsid

e
o
f
s

(lin
e

6
of

A
lgorith

m
1),

it
follow

s
th

at
th

e
in

d
icator

fu
n
ction

in
th

e
last

lin
e

o
f

E
q
u
a
tio

n
(24)

is
eq

u
al

to
on

e.

A
p
p
e
n
d
ix

B
.
C
o
rre

ctn
e
ss

o
f
p
a
rticle

G
ib
b
s
fo
r
sp

lit
m
e
rg

e

W
e

p
rov

id
e

h
ere

th
e

p
ro

of
of

P
rop

osition
2.

T
h
e

m
ain

step
s

in
th

e
p
ro

of
follow

a
stru

ctu
re

sim
ila

r
to

th
e

p
ro

of
of

P
rop

osition
1.

P
ro

p
o
sitio

n
7

U
n

d
er

A
ssu

m
p
tio

n
1
,

2
,

a
n

d
3
,

a
n

d
if
c
∼
π

,
th

en
th

e
o
u

tp
u

t
o
f

A
lgo

-
rith

m
3
,
c ′,

sa
tisfi

es
c ′∼

π
fo

r
a
n

y
N
≥

2;
i.e.

th
e

M
a
rko

v
kern

el
K

(c ′|c)
in

d
u

ced
by

A
lgo

rith
m

3
is
π

-in
va

ria
n

t.

P
ro

o
f

W
e

a
u
g
m

en
t

th
e

m
o
d
el
c

w
ith

th
e

au
x
ilia

ry
variab

les
σ

an
d
g

(see
F

ig
u
re

12(b
)),

d
efi

n
ed

a
s:

1
.
σ

is
d
istrib

u
ted

accord
in

g
to

th
e

ou
tp

u
t

of
A

lgorith
m

2,
d
efi

n
ed

in
S
ection

3.2.

2
.

G
iven

σ
an

d
c,

th
e

variab
les

g
=

(a
2
:n
,x

1
:N

1
:n
,k

)
are

d
istrib

u
ted

accord
in

g
to

th
e

sp
ecifi

cation
of

A
lgorith

m
3,

w
ith

th
e

ex
cep

tion
th

at
all

p
article

in
d
ices

a
re

sh
u
ffl

ed
a
cco

rd
in

g
to

an
in

d
ep

en
d
en

t
p

erm
u
tation

of{
1,...,N

}
at

each
gen

eration
.

H
ere

k
is

th
e

in
d
ex

of
th

e
p
article

sam
p
led

at
iteration

n
(on

lin
e

(35)).

N
ex

t,
w

e
in

tro
d
u
ce

th
ree

kern
els

w
ith

in
p
u
ts

an
d

ou
tp

u
ts

d
en

oted
b
y
:

c
K

1
7−→

(σ
,c)

K
2
7−→

(σ
,g
,c ′)

K
3
7−→

c ′.
(25)
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B
o
u
c
h
a
r
d
-C

ô
t
é
,

D
o
u
c
e
t

a
n
d

R
o
t
h

T
h
ese

k
ern

els
p
lay

th
e

follow
in

g
roles:

•
K

1
sam

p
les

th
e

p
erm

u
tation

σ
w

h
ile

k
eep

in
g

th
e

au
x
iliary

variab
les

c
fi
x
ed

,

•
K

2
sam

p
les

g
u
sin

g
th

e
P

G
step

th
en

sets
c ′

to
φ
σ

(x
kn
),

•
K

3
d
eterm

in
istically

p
ro

jects
th

e
trip

let
b
ack

to
th

e
origin

al
sp

ace,
retain

in
g

on
ly

th
e

restricted
clu

sterin
g
c ′.

T
h
e

kern
el
K

2
is

eq
u
ivalen

t
to

a
stan

d
a
rd

P
G

alg
orith

m
.

A
ssu

m
p
tion

1,
3,

an
d

T
h
e-

orem
5(a)

of
A

n
d
rieu

et
al.

(2010)
im

p
ly

th
at
K

2
is
π

-in
varian

t
(an

d
in

fact,
irred

u
cib

le).
A

ssu
m

p
tion

2
en

su
res

th
at

th
e

com
p
u
tation

of
th

e
co

n
d
ition

ed
p
ath

is
w

ell-d
efi

n
ed

.

A
p
p
e
n
d
ix

C
.
C
o
n
stru

ctio
n
o
f
th

e
b
ije

ctio
n

W
e

p
rov

id
e

h
ere

th
e

p
ro

of
of

P
rop

ositio
n

3:

P
ro

p
o
sitio

n
8

F
o
r

a
n

y
perm

u
ta

tio
n
σ

sa
tisfyin

g
{σ

1 ,σ
2 }

=
s,

th
ere

is
a

bijective
m

a
p
φ
σ

fro
m

th
e

spa
ce

o
f

pa
rticles

respectin
g

th
e

tra
n

sitio
n

co
n

stra
in

ts,S
n

,
to

th
e

su
p
po

rt
o
f

th
e

restricted
ta

rget,
su

p
p

ort( π
).

P
ro

o
f

C
on

sid
er

th
e

follow
in

g
m

ap
p
in

g:

φ
σ

(x
t )

:=

{
{{σ

1 ,...,σ
t }}

if
x
t ∈
{#

1
,#

2},
{σ

1 (x
t ),σ

2 (x
t )}

oth
erw

ise,
(26)

w
h
ere

σ
i (x

t )
:=
{σ

t ′
:
x
t ′

=
#

(2
+
i),1
≤
t ′≤

t}
.

It
is

easy
to

ch
eck

th
at

it
h
as

an
in

verse
given

b
y
:

(
(φ

σ
) −

1
( c) )

t
:=



#
1

if
t

=
1,

#
2

if
t
>

1
,| c|

=
1,

#
3

if
t
>

1
,|c|

>
1
,σ

1 ∼
c σ
t ,

#
4

if
t
>

1
,|c|

>
1
,σ

2 ∼
c σ
t ,

(27)

w
h
ere

σ
i ∼

c σ
j

m
ean

s
th

at
y
σ
i

is
in

th
e

sam
e

b
lo

ck
as

y
σ
j

for
th

e
clu

sterin
g
c.

B
y

th
e

con
stru

ction
of

th
e

su
p
p

ort
of

π
,

ex
actly

on
e

of
th

e
fou

r
cases

ab
ove

h
old

s
w

h
en

c
∈

su
p
p

ort(π
).

A
p
p
e
n
d
ix

D
.
G
e
n
e
ra

liza
tio

n
to
|s|

>
2

W
e

d
escrib

e
h
ere

th
e

algorith
m

ic
im

p
lica

tion
s

of
in

creasin
g

th
e

n
u
m

b
er

o
f

an
ch

or
p

oin
ts,

|s|,
to

som
e

con
stan

t
greater

th
an

tw
o.

T
h
is

con
stan

t
sh

ou
ld

b
e

selected
so

th
a
t

th
e

n
u
m

b
er

of
p
artition

s
of|s|

p
oin

ts
is

m
u
ch

low
er

th
an

th
e

n
u
m

b
er

of
p
articles.

T
h
e

algorith
m

is
gen

erally
u
n
ch

an
ged

,
w

ith
th

e
follow

in
g

ex
cep

tion
s:

1.
A

lgorith
m

2
is

m
o
d
ifi

ed
to

sam
p
le

(σ
1 ,σ

2 ,...,σ
|s| )

u
n
iform

ly
over

th
e

p
erm

u
tation

s
of
s,

an
d

(σ
|s|+

1 ,...,σ
n
),

over
th

e
p

erm
u
tation

s
of
s\
s,

2
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P
a
r
t
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l
e

G
ib

b
s

S
p
l
it

-M
e
r
g

e
S
a
m

p
l
in

g

2.
as

b
ef

or
e,

th
e

lo
ca

l
al

lo
ca

ti
on

st
at

e
sp

ac
e
X

ca
n

b
e

v
ie

w
ed

as
a

p
ai

r
ea

ch
co

n
ta

in
in

g
a

p
ar

ti
ti

on
an

d
a

b
lo

ck
in

th
is

p
ar

ti
ti

on
(s

ee
F

ig
u
re

2)
.

In
th

e
ca

se
w

h
er

e
|s|

=
2,

th
e

p
ar

ti
ti

on
s

ar
e

ta
ke

n
fr

om
th

e
u
n
io

n
of

th
e

se
t

of
p
ar

ti
ti

on
s

of
a

se
t

of
si

ze
on

e
w

it
h

th
e

se
t

of
p
ar

ti
ti

on
s

of
a

se
t

of
si

ze
tw

o.
W

h
en
|s|
>

2,
w

e
ad

d
m

or
e

st
at

es
,

co
rr

es
p

on
d
in

g
to

p
ar

ti
ti

on
s

of
a

se
t

of
si

ze
th

re
e,

et
c.

u
n
ti

l
w

e
ad

d
st

at
es

co
rr

es
p

on
d
in

g
to

p
ar

ti
ti

on
s

of
a

se
t

of
si

ze
|s|

.
T

h
e

su
p
p

or
t

of
th

e
tr

an
si

ti
on
S

co
n
si

st
s

in
(a

)
ed

ge
s
x
→
x
′ l

in
k
in

g
a

st
at

e
x
′

su
ch

th
at

re
m

ov
in

g
on

e
el

em
en

t
fr

om
o
n
e

of
it

s
b
lo

ck
s

y
ie

ld
s
x

,
an

d
(b

)
ed

ge
s
x
→

x
′

w
h
er

e
x

an
d
x
′

co
rr

es
p

on
d

to
th

e
sa

m
e

p
ar

ti
ti

on
of

a
se

t
of

si
ze
|s|

.
T

h
is

is
a

ge
n
er

al
iz

at
io

n
of

th
e

ca
se
|s|

=
2

sh
ow

n
in

F
ig

u
re

2.
T

h
e

m
ap

p
in

g
φ
σ

is
ge

n
er

al
iz

ed
in

th
e

ob
v
io

u
s

w
ay

,

3.
in

S
ec

ti
on

3.
4

th
e

fo
ll
ow

in
g

eq
u
at

io
n
s

ar
e

su
b
st

it
u
te

d
,

(a
)
t
∈
{1
,2
}
→
t
∈
{1
,2
,.
..
,|s
|}

,

(b
)
t

=
2
→
t
∈
{2
,.
..
,|s
|}

,

(c
)
t
>

2
→
t
>
|s|

,

(d
)

∆
ζ

: =
(n
−

2)
−

1
→

∆
ζ

: =
(n
−
|s|

)−
1
.

A
p
p
e
n
d
ix

E
.
M

o
d
e
ls

E
.1

M
u

lt
iv

a
ri

a
te

n
o
rm

a
l

T
h
e

fi
rs

t
li
k
el

ih
o
o
d

w
e

u
se

is
th

e
m

u
lt

iv
ar

ia
te

n
o
rm

al
(M

V
N

)
w

it
h

d
en

si
ty

d
en

ot
ed
N

(y
|µ
,Σ

).
W

e
sp

ec
if

y
a

n
or

m
al

in
v
er

se
W

is
h
ar

t
(N

IW
)

p
ri

or
fo

r
th

e
m

ea
n

an
d

co
va

ri
an

ce
p
ar

am
et

er
s

w
it

h
d
en

si
ty

d
en

ot
ed
N
I
W

(µ
,Σ
|ν
,r
,u
,S

).
T

h
e

d
en

si
ti

es
ar

e
gi

v
en

b
y

N
I
W

(µ
,Σ
|ν
,r
,u
,S

)
=
N
( µ
|u
,
1 r

Σ

)
IW

(Σ
|ν
,S

),
(2

8)

N
(y
|µ
,Σ

)
=

1

(2
π

)D 2
|Σ
|1 2

ex
p

( −
1 2

(y
−
µ

)T
Σ
−

1
(y
−
µ

))
,

IW
(Σ
|ν
,S

)
=

|S
|ν 2

2
ν
p 2
Γ
D

( ν 2

)|
Σ
|−

ν
+
p
+

1
2

ex
p

( −
1 2

tr
(S

Σ
−

1
))
,

w
h
er

e
Γ
D

(x
)

=
π
D

(D
−

1
)

4
∏
D d
=

1
Γ
( x

+
d
−

1
2

) .
W

e
u
se

th
e

fo
ll
ow

in
g

p
ri

or
s

fo
r

al
l

ex
p

er
im

en
ts

(ν
,r
,u
,S

)
=

(ν
0
,r

0
,u

0
,S

0
)

=
(2

+
D
,1
,0
,I

),
w

h
er

e
0

is
th

e
D

d
im

en
si

on
al

ve
ct

or
of

ze
ro

s,
an

d
I

is
th

e
D

d
im

en
si

on
al

id
en

ti
ty

m
at

ri
x
.

T
h
e

p
os

te
ri

or
d
is

tr
ib

u
ti

on
of
µ
,Σ

gi
ve

n
y

=
(y

1
,.
..
,y
m

)
is
N
IW

(µ
,Σ
|ν m

,r
m
,u

m
,S

m
)

w
h
er

e

ν m
=

ν 0
+
m
,

(2
9)

r m
=

r 0
+
m
,

u
m

=
r 0
u

0
+
∑

m i=
1
y i

r m
,

S
m

=
S

0
+

m ∑ i=
1

y i
y
T i

+
r 0
u

0
u
T 0
−
r m
u
m
u
T m
.

2
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B
o
u
c
h
a
r
d
-C

ô
t
é
,

D
o
u
c
e
t

a
n
d

R
o
t
h

F
or

co
m

p
u
ta

ti
on

a
l

effi
ci

en
cy

it
is

co
n
v
en

ie
n
t

to
ex

p
re

ss
th

es
e

u
p

d
at

es
it

er
at

iv
el

y
u
si

n
g

th
e

fo
ll
ow

in
g

eq
u
at

io
n
s:

ν m
=

ν m
−

1
+

1
,

(3
0
)

r m
=

r m
−

1
+

1
,

u
m

=
r m
−

1
u
m
−

1
+
y m

r m
,

S
m

=
S
m
−

1
+

r m r m
−

1
(y
m
−
u
m

)(
y m
−
u
m

)T
.

U
si

n
g

th
es

e
eq

u
at

io
n
s

th
e

C
h
ol

es
k
y

d
ec

om
p

os
it

io
n

of
S

0
ca

n
b

e
p

er
fo

rm
ed

on
ce

u
si

n
g
O

(D
3
)

op
er

at
io

n
s

an
d

ca
ch

ed
.

T
h
is

d
ec

om
p

os
it

io
n

ca
n

th
en

b
e

u
p

d
at

ed
u
si

n
g
m

ra
n
k

o
n
e

u
p

d
a
te

s,
ea

ch
re

q
u
ir

in
g
O

(D
2
)

op
er

at
io

n
s,

to
o
b
ta

in
S
m

.
T

h
is

a
ll
ow

s
fo

r
effi

ci
en

t
ev

a
lu

a
ti

o
n

o
f

th
e

m
ar

gi
n
al

an
d

p
re

d
ic

ti
ve

li
ke

li
h
o
o
d
s

as
|S
m
|c

an
b

e
ev

al
u
at

ed
u
si

n
g
O

(D
)

op
er

a
ti

o
n
s

u
si

n
g

th
e

C
h
ol

es
k
y

d
ec

om
p

os
it

io
n
,

in
st

ea
d

of
th

e
st

an
d
ar

d
O

(D
3
)

o
p

er
at

io
n
s.

T
h
e

m
ar

gi
n
al

li
ke

li
h
o
o
d

fo
r

th
e

M
V

N
-N

IW
co

n
gu

ga
te

p
ai

r
is

L
(y

)
=

∫
m ∏ i=

1

L
(y
i|θ

)H
(d
θ)

(3
1
)

=

∫
m ∏ i=

1

N
(y
i|µ
,Σ

)N
I
W

(µ
,Σ
|ν
,r
,u
,S

)
d
µ

d
Σ

=
1

π
m
D 2

r
D 2 0 r
D 2 m

|S
0
|ν 0 2

|S
m
|ν m 2

∏
D d
=

1
Γ
( ν

m
+
d
−

1
2

)
∏
D d
=

1
Γ
( ν

0
+
d
−

1
2

) .

T
h
e

p
re

d
ic

ti
ve

li
ke

li
h
o
o
d

is
gi

ve
n

b
y

L
(y

+
|y
−

)
=

L
(y

1
,.
..
,y
m

)

L
(y

1
,.
..
,y
m
−

1
)

(3
2
)

=
1 π
D 2

r
D 2 m
−

1

r
D 2 m

|S
m
−

1
|ν
m
−

1
2

|S
m
|ν m 2

∏
D d
=

1
Γ
( ν

m
+
d
−

1
2

)
∏
D d
=

1
Γ
( ν

m
−

1
+
d
−

1
2

) .

E
.2

B
e
rn

o
u

ll
i

W
e

u
se

a
B

er
n
ou

ll
i

li
ke

li
h
o
o
d
,

B
er

n
ou

ll
i(
x
|θ)

,
w

it
h

a
B

et
a

p
ri

or
d
is

tr
ib

u
ti

on
,

B
et

a
(θ
|α
,β

).
W

e
u
se

th
e

fo
ll
ow

in
g

p
ri

or
s

(α
,β

)
=

(α
0
,β

0
)

=
(1
,1

)
fo

r
a
ll

ex
p

er
im

en
ts

.
T

h
e

d
en

si
ti

es
a
re

B
er

n
ou

ll
i(
x
|θ

)
=

θx
(1
−
θ)

1
−
x
,

(3
3
)

B
et

a(
θ|α

,β
)

=
Γ

(α
)Γ

(β
)

Γ
(α

+
β

)
θα
−

1
θβ
−

1
.
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P
a
r
t
ic

l
e

G
ib

b
s

S
p
l
it

-M
e
r
g

e
S
a
m

p
l
in

g

T
h
e

p
o
sterio

r
d
en

sity
of
θ

given
y

=
(y

1 ,...,y
m

)
is

B
eta(α

m
,β
m

)
w

h
ere

α
m

=
α

0
+
∑

mi=
1
y
i

a
n
d
β
m

=
β

0
+
∑

mi=
1 (1−

y
i ).

T
h
e

m
argin

al
likelih

o
o
d

is

L
(y

)
=

∫
m∏i=

1

L
(y
i |θ)H

(d
θ)

(34)

=

∫
m∏i=

1

B
ern

ou
lli(y

i |θ)B
eta(θ|α

0 ,β
0 )

d
θ

=
Γ

(α
)Γ

(β
)

Γ
(α

m
)Γ

(β
m

)

Γ
(α

m
+
β
m

)

Γ
(α

0
+
β

0 )
,

a
n
d

th
e

p
red

ictiv
e

log
lik

elih
o
o
d

is

L
(y

+|y
−

)
=

L
(y

1 ,...,y
m

)

L
(y

1 ,...,y
m
−

1 )
(35)

=
Γ

(α
m
−

1 )Γ
(β
m
−

1 )

Γ
(α

m
)Γ

(β
m

)

Γ
(α

m
+
β
m

)

Γ
(α

m
−

1
+
β
m
−

1 ) .

E
.3

P
y
C

lo
n

e

F
o
r

th
e

ca
n
cer

gen
om

ics
d
ata

w
e

u
se

th
e

ap
p
lication

-sp
ecifi

c
P

y
C

lon
e

likelih
o
o
d

m
o
d
el

over
clo

n
a
l

p
reva

len
ces,

gen
oty

p
es,

an
d

ob
served

read
cou

n
ts.

T
h
e

key
variab

les
in

th
e

m
o
d
el

a
re

as
follow

s
(see

R
oth

et
al.

(2014)
for

a
m

ore
d
etailed

d
escrip

tion
of

th
e

m
o
d
el):

φ
i

:
p
rop

ortion
of

can
cer

cells
w

ith
m

u
tation

i,
φ
i ∈

[0,1],

t
:

p
rop

ortion
of

can
cer

cells
in

a
sam

p
le

(trea
ted

as
k
n
ow

n
),
t∈

[0,1],

ψ
i

:
g
en

oty
p

e
of

n
orm

al,
n
on

-m
u
tated

can
cer

an
d

m
u
tated

can
cer

cells,
ψ
i ∈

(g
N
,g
R
,g
V

),

g
x
∈
G

=
{
A
,B
,A

A
,A

B
,...}

,

π
i,ψ

i
:

p
rob

ab
ility

th
at

m
u
tation

i
h
as

gen
oty

p
e
ψ
i

(elicited
from

au
x
illary

d
ata),

c(g
x )

=
#

A
(g
x )

+
#

B
(g
x ),

µ
(g
x )

=
#

A
(g
x )

c(g
x )

,

ξ(ψ
,φ
,t)

:
p
rob

ab
ility

of
sam

p
lin

g
a

B
from

th
e

p
op

u
lation

of
cells

in
th

e
sam

p
le,

i.e.:

=
(1−

t)c(g
N

)µ
(g
N

)
+
t(1−

φ
)c(g

R
)µ

(g
R

)
+
tφ
c(g

V
)µ

(g
V

)

(1−
t)c(g

N
)

+
t(1−

φ
)c(g

R
)

+
tφ
c(g

V
)

,

y
i

:
n
u
m

b
er

of
seq

u
en

ce
read

s
w

ith
a

B
an

d
total

n
u
m

b
er

of
read

s
coverin

g
m

u
tation

i,
i.e.:

=
(y
i,b ,y

i,d )∈
N

2.

T
h
e

g
en

era
tiv

e
m

o
d
el

is
sp

ecifi
ed

as
follow

:

H
0

=
U

n
iform

([0
,1

]),
(36)

α
0
∼

G
am

m
a(α

0 |a
,b),

H
|α

0 ,H
0
∼

D
P

(H
|α

0 ,H
0 ),

φ
i |H

∼
H
,

y
i |ψ

i ,φ
i ,t

∼
B

in
o
m

ial(y
i,b |y

i,d ,ξ(ψ
i ,φ

,t)).
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B
o
u
c
h
a
r
d
-C

ô
t
é
,

D
o
u
c
e
t

a
n
d

R
o
t
h

T
h
is

m
o
d
el

is
n
ot

con
ju

gate.
H

ow
ever,

if
w

e
let

x
∈
{x

0 ,...,x
M
}

=
{

0
,

1
M
−

1 ,...,
M
−

2
M
−

1 ,1 }

b
e

a
d
iscretization

of
th

e
in

terval
[0,1]

an
d

rep
lace

th
e

con
tin

u
ou

s
u
n
iform

b
ase

m
easu

re,
H

0
=

U
n
iform

([0
,1]),

w
ith

th
e

d
iscrete

u
n
iform

m
easu

re,
H

0
=

U
n
iform

({
x

0 ,...,x
M
}),

th
en

w
e

can
ap

p
rox

im
ate

th
e

m
o
d
el.

U
sin

g
th

is
ap

p
rox

im
ation

,
w

e
can

n
ow

treat
th

e
m

o
d
el

as
if

it
w

ere
con

ju
gate.

T
h
e

m
argin

al
likelih

o
o
d

for
d
ata

(y
1 ,...,y

m
)

is
given

b
y

∫
m∏i=

1

L
(y
i |θ)H

(d
θ)

=

∫
m∏i=

1

∑ψ
i ∈G

3

π
i,ψ

i B
in

om
ial(y

i,b |y
i,d ,ξ(ψ

i ,φ
,t))H

(d
φ

)
(37)

=
M∑k
=

0

m∏i=
1

∑ψ
i ∈G

3

π
i,ψ

i B
in

om
ial(y

i,b |y
i,d ,ξ(ψ

i ,x
k ,t))

1M

=
M∑k
=

0

m∏i=
1

ex
p 

lo
g
∑ψ
i ∈G

3

π
i,ψ

i B
in

o
m

ial(y
i,b |y

i,d ,ξ(ψ
i ,x

k ,t))

︸
︷︷

︸
Ξ
k
(y
i )



1M

=
M∑k
=

0

ex
p (

m
∑i=

1

Ξ
k (y

i ) )
1M
,

w
h
ere

w
e

h
ave

th
e

su
ffi

cien
t

statistics

Ξ
(y
i )

=
(Ξ

0 (y
i ),...,Ξ

M
(y
i )).

(38)

R
e
m

a
rk

9
T

h
e

po
ssibly

in
fi

n
ite

su
m
∑

ψ
i ∈G

3
is

tru
n

ca
ted

to
a

fi
n

ite
su

m
o
ver

bio
logica

lly
p
la

u
sible

sta
tes.

A
p
p
e
n
d
ix

F
.
A
n
ch

o
r
p
ro

p
o
sa
l
d
istrib

u
tio

n

T
h
e

an
ch

or
p
rop

osal
d
istrib

u
tion

,
h

,
is

a
free

tu
n
in

g
p
aram

eter
for

th
e

P
G

S
M

sa
m

p
ler.

In
p
rin

cip
le,

p
rop

osals
w

h
ich

are
in

form
ed

b
y

th
e

cu
rren

t
clu

sterin
g

state
of

th
e

ch
ain

or
b
y

th
e

top
ology

of
th

e
sp

ace
m

ay
im

p
rove

th
e

p
erform

an
ce

of
th

e
sam

p
ler.

W
e

con
sid

er
tw

o
in

form
ed

p
rop

osal
d
istrib

u
tion

s.
W

h
ile

b
esp

ok
e

p
rop

osals
for

each
m

o
d
el

m
ay

p
erform

b
etter,

w
e

restrict
atten

tion
h
ere

to
p
rop

osals
w

h
ich

ca
n

b
e

ap
p
lied

gen
erically

to
an

y
class

of
m

o
d
el

for
w

h
ich

th
e

P
G

S
M

sam
p
ler

is
ap

p
licab

le.
In

p
articu

la
r,

w
e

d
o

n
ot

assu
m

e
a

d
istan

ce
m

etric
is

availab
le.

B
oth

p
rop

osals
w

e
d
iscu

ss
are

on
ly

ap
p
licab

le
w

h
en

tw
o

an
ch

or
p

oin
ts

are
u
sed

.

R
e
m

a
rk

1
0

If
th

e
a
n

y
o
f

th
e

sets
th

a
t

w
e

sa
m

p
le

u
n

ifo
rm

ly
fro

m
a
re

em
p
ty,

w
e

retu
rn

tw
o

a
n

ch
o
rs

sa
m

p
led

u
n

ifo
rm

ly
a
t

ra
n

d
o
m

.
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G
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S
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l
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S
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m

p
l
in

g

A
lg

o
ri

th
m

4
C

lu
st

er
in

fo
rm

ed
(C

I)
p
ro

p
os

al

1
:
i 1
∼

U
n
if

or
m

([
T

])
2
:
b̄
←
b
∈
c

s.
t.
i 1
∈
b

3
:
c′
←
c
\{
b̄}

4
:

fo
r
b
∈
c′

d
o

5
:

s b
←

L
(y
b̄
∪
b
)

L
(y
b̄
)L

(y
b
)

6
:

e
n

d
fo

r
7
:
s b̄
←

∑
b
∈
c
′s
b

|c|
−

1
.

M
er

ge
p
ro

b
ab

il
it

y
is

se
t

to
1
|c|
−

1
8
:

fo
r
b
∈
c

d
o

9
:

p
b
←

s b
∑
b
∈
c
s b

1
0
:

e
n

d
fo

r
1
1
:
b′
∼

D
is

cr
et

e(
c,
p
b
)

.
S
am

p
le

a
b
lo

ck
b′

in
c

w
it

h
p
ro

b
a
b
il
it

y
p
b

1
2
:
i 2
∼

U
n
if

or
m

(b
′ \
i 1

)
1
3
:

re
tu

rn
i 1
,i

2

A
lg

o
ri

th
m

5
T

h
re

sh
ol

d
in

fo
rm

ed
(T

I)
p
ro

p
os

al

1
:
i 1
∼

U
n
if

or
m

([
T

])
2
:

fo
r
b
∈
c

d
o

3
:

if
i 1
∈
b

th
e
n

4
:

b
←
b
\i

1

5
:

e
n

d
if

6
:

s b
←
τ 2

(b
)L

(y
i 1
|b)

.
C

R
P

at
ta

ch
m

en
t

p
ro

b
ab

il
it

y
w

h
er

e
L

(·|
b)

is
th

e
p
re

d
ic

ti
ve

d
is

tr
ib

u
ti

on
7
:

e
n

d
fo

r
8
:

fo
r
b
∈
c

d
o

9
:

p
b
←

s b
∑
b
∈
c
s b

1
0
:

e
n

d
fo

r
1
1
:
b′
∼

U
n
if

or
m

({
b

:
p
b
≥
t}

)
.
t

is
a

p
re

-s
p

ec
ifi

ed
th

re
sh

ol
d
,

se
t

to
0.

01
in

th
e

ex
p

er
im

en
ts

1
2
:
i 2
∼

U
n
if

or
m

(b
′ \
i 1

)
1
3
:

re
tu

rn
i 1
,i

2
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B
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-C

ô
t
é
,

D
o
u
c
e
t

a
n
d

R
o
t
h

L
is
t
o
f
S
y
m
b
o
ls

α
D

ir
S

y
m

m
et

ri
c

co
n

ce
n
tr

a
ti

o
n

p
a
ra

m
et

er
s

fo
r

th
e

fi
n

it
e

D
ir

ic
h

le
t

m
o
d

el

β
R

el
a
ti

v
e

E
S

S
th

re
sh

o
ld

u
se

d
fo

r
a
d

a
p

ti
v
e

re
sa

m
p

li
n

g

x
P

a
rt

ic
le

y
A

ll
o
b

se
rv

a
ti

o
n

s

σ
P

er
m

u
ta

ti
o
n

a
u

x
il

ia
ry

va
ri

a
b

le
v
ec

to
r

a
R

es
a
m

p
li

n
g

a
n

ce
st

ry
v
ec

to
r

w
W

ei
g
h
t

v
ec

to
r

k
0

M
a
x
im

u
m

n
u

m
b

er
o
f

cl
u

st
er

s
in

th
e

fi
n

it
e

D
ir

ic
h

le
t

m
o
d

el

S
S

u
p

p
o
rt

d
efi

n
in

g
va

li
d

se
q
u

en
ce

s
o
f

a
ll

o
ca

ti
o
n

d
ec

is
io

n
s

X
S

ta
te

sp
a
ce

co
n
ta

in
in

g
th

e
p

o
ss

ib
le

a
ll

o
ca

ti
o
n

d
ec

is
io

n
s

π
S

p
li

t
m

er
g
e

ta
rg

et
d

is
tr

ib
u

ti
o
n

τ
1

S
p

li
t

m
er

g
e

m
o
d

ifi
ca

ti
o
n

o
f

th
e

p
ri

o
r

fa
ct

o
r

d
ep

en
d

in
g

o
n

th
e

n
u

m
b

er
o
f

cl
u

st
er

s

c
R

es
tr

ic
ti

o
n

o
f

th
e

cl
u

st
er

in
g

to
th

e
cl

o
su

re
su

b
se

t

K
M

a
rk

ov
k
er

n
el

u
se

d
to

co
n

ce
p

tu
a
li

ze
d

a
p

a
rt

ic
le

G
ib

b
s

st
ep

s
C

lo
su

re
o
f

a
su

b
se

t
o
f

d
a
ta

p
o
in

t
in

d
ic

es
re

la
ti

v
e

to
a

cl
u

st
er

in
g

α
0

C
o
n

ce
n
tr

a
ti

o
n

p
a
ra

m
et

er
u

se
d

in
cl

u
st

er
in

g
p

ri
o
rs

su
ch

a
s

th
e

D
ir

ic
h

le
t

p
ro
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d
is

cr
et

e
o
p
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at
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d
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p
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m
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d
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d
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d
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d
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d
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v
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p
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d
e
r

to
ol

to
ob

ta
in

a
p
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b
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b
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d
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=
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ra
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it
h
r 1
≤
p
;

n
o
te

th
at

w
e

d
o

n
ot

n
ec

es
sa

ri
ly

re
st

ri
ct
r 1

to
b
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ra
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s
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Φ

=
d
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fo

ll
ow

s
th
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Σ
=

Σ
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Φ
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h
er

e
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d
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d
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)
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Σ
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ra
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d

a
n
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e
d
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o
n
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p
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g
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p
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ti
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la
r,
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e
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an
ce

of
th

e
it

h
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d
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a
te

o
f
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1
,.
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p
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i.
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,
va

r(
x
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=
∑

k
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+
Φ
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p
ar

ts
,

w
h
er

e
L

=
((
l i
k
))

.
T

h
e

fi
rs

t
p
ar

t
(∑
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p
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u
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p
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ra
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p
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p
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p
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b
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c
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b
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−
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b
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W
e
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e

read
er
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M

a
rd
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et

al.
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d
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ssin
g

th
e

im
p

ortan
ce

o
f
Σ
−

Φ
b

ein
g

P
S
D

. 2
W

e
th

u
s

h
ave
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e

follow
in

g
n
atu

ral
stru

ctu
ral
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on
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e

p
aram

eters:

Θ
�

0
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Φ
=

d
iag
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,...,Φ

p )�
0
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d

Σ
−

Φ
�

0
.

(3)

M
o
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ted
b
y
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e
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ove

con
sid
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s,

w
e

p
resen

t
th

e
follow

in
g

ran
k
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m
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n
p
ro

b
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F
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Σ
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Φ
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n
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Θ
�

0

Φ
=

d
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0
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−

Φ
�
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(4)

w
h
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Θ
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R
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p,Φ
∈
R
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p
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an
d
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a
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m
m
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S
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on
-N
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n
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o
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d
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w
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i (A
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1,...,p
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.
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o
f

so
lu

ti
on

s
v
ia

th
e

ch
oi

ce
of
r;

an
d

it
p
ro

v
id

es
sm

al
le

r
o
f
es

ti
m

at
es

of
ra

n
k

fo
r

a
co

m
p
ar

ab
le

am
ou

n
t

of
ex

p
la

in
ed

va
ri

an
ce

,
as

su
b
st

an
ti

at
ed

b
y

ex
p

er
im

en
ta

l
fi
n
d
in

gs
p
re

se
n
te

d
in

S
ec

ti
on

5
.

A
p

p
ro

x
im

a
te

M
in

im
u

m
R

a
n

k
F
a
c
to

r
A

n
a
ly

si
s

(M
R

F
A

):
T

h
is

m
et

h
o
d

(s
ee

fo
r

ex
-

am
p
le

,
te

n
B

er
ge

an
d

K
ie

rs
,

19
91

;
S
h
ap

ir
o

an
d

te
n

B
er

ge
,

20
02

)
co

n
si

d
er

s
th

e
fo

ll
ow

in
g

op
ti

m
iz

at
io

n
p
ro

b
le

m
:

m
in

im
iz

e

p ∑

i=
r
+

1

λ
i(

Σ
−

Φ
)

s.
t.

Φ
=

d
ia

g
(Φ

1
,.
..
,Φ

p
)
�

0
Σ
−

Φ
�

0
,

(8
)
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B
e
r
t
si
m
a
s,

C
o
p
e
n
h
a
v
e
r
,
a
n
d

M
a
z
u
m
d
e
r

w
h
er

e
th

e
op

ti
m

iz
at

io
n

va
ri

ab
le

is
Φ

.
P

ro
p

os
it

io
n

1
p
re

se
n
te

d
b

el
ow

es
ta

b
li
sh

es
th

a
t

P
ro

b
-

le
m

(8
)

is
eq

u
iv

al
en

t
to

th
e

ra
n
k
-c

on
st

ra
in

ed
F
A

fo
rm

u
la

ti
o
n

(4
)

fo
r

th
e

ca
se
q

=
1
.

T
h
is

co
n
n
ec

ti
on

d
o
es

n
ot

ap
p

ea
r

to
b

e
fo

rm
al

ly
es

ta
b
li
sh

ed
in

te
n

B
er

ge
an

d
K

ie
rs

(1
9
9
1
).

W
e

b
el

ie
ve

th
at

cr
it

er
io

n
(4

)
fo

r
q

=
1

is
ea

si
er

to
in

te
rp

re
t

as
an

es
ti

m
at

io
n

cr
it

er
io

n
fo

r
F
A

m
o
d
el

s
ov

er
(8

).
te

n
B

er
ge

an
d

K
ie

rs
(1

98
1,

19
91

)
d
es

cr
ib

e
a

m
et

h
o
d

4
fo

r
n
u
m

er
ic

a
ll
y

op
ti

m
iz

in
g

(8
)—

as
d
o
cu

m
en

te
d

in
th

e
co

d
e

fo
r
M
R
F
A

(t
en

B
er

ge
an

d
K

ie
rs

,
2
0
0
3
),

th
ei

r
im

p
le

m
en

ta
ti

on
ca

n
h
an

d
le

p
ro

b
le

m
s

of
si

ze
p
≤

20
.

P
ri

n
c
ip

a
l

C
o
m

p
o
n

e
n
t

(P
C

)
F
a
c
to

r
A

n
a
ly

si
s:

P
ri

n
ci

p
al

C
om

p
on

en
t

fa
ct

o
r

a
n
a
ly

si
s

or
P

C
in

sh
or

t
(C

on
n
or

an
d

K
or

a
jc

zy
k
,

19
86

;
B

ai
an

d
N

g,
20

08
)

im
p
li
ci

tl
y

a
ss

u
m

es
th

a
t

Φ
=
σ

2
I p
×
p
,

fo
r

so
m

e
σ

2
>

0
an

d
p

er
fo

rm
s

a
lo

w
-r

an
k

P
C

A
on

Σ
.

It
is

n
o
t

cl
ea

r
h
ow

to
es

ti
m

at
e

Φ
v
ia

th
is

m
et

h
o
d

su
ch

th
at

Φ
i
≥

0
an

d
Σ
−

Φ
�

0
.

F
ol

lo
w

in
g

M
a
rd

ia
et

a
l.

(1
97

9)
,
th

e
Φ

’s
m

ay
b

e
es

ti
m

at
ed

af
te

r
es

ti
m

at
in

g
Θ̂

v
ia

th
e

u
p

d
at

e
ru

le
Φ̂

=
d
ia

g
(Σ
−

Θ̂
)—

th
e

es
ti

m
at

es
th

u
s

ob
ta

in
ed

,
h
ow

ev
er

,
n
ee

d
n
ot

b
e

n
on

-n
eg

at
iv

e.
F

u
rt

h
er

m
o
re

,
it

is
n
o
t

gu
ar

an
te

ed
th

at
th

e
co

n
d
it

io
n

Σ
−

Φ
�

0
is

m
et

.

M
in

im
u

m
R

e
si

d
u

a
l
F
a
c
to

r
A

n
a
ly

si
s

(M
IN

R
E

S
):

T
h
is

ap
p
ro

ac
h

(H
ar

m
a
n

a
n
d

J
o
n
es

,
19

66
;

S
h
ap

ir
o

an
d

te
n

B
er

ge
,

20
02

)
co

n
si

d
er

s
th

e
fo

ll
ow

in
g

op
ti

m
iz

at
io

n
p
ro

b
le

m
(w

it
h

re
sp

ec
t

to
th

e
va

ri
ab

le
L
p
×
r
): m
in

im
iz

e
∑

1
≤
i6=
j≤
p

( σ
ij
−

(L
L
′ )
ij

) 2
,

(9
)

w
h
er

e
Σ

:=
((
σ
ij

))
,
Θ

=
L

L
′ a

n
d

th
e

su
m

(i
n

th
e

ob
je

ct
iv

e)
is

ta
ke

n
ov

er
al

l
th

e
o
ff

-d
ia

g
o
n
a
l

en
tr

ie
s.

F
or

m
u
la

ti
on

(9
)

is
eq

u
iv

al
en

t
to

th
e

n
on

co
n
ve

x
op

ti
m

iz
at

io
n

p
ro

b
le

m

m
in

im
iz

e
‖Σ
−

(Θ
+

Φ
)‖

2 2

s.
t.

ra
n
k
(Θ

)
≤
r

Θ
�

0
Φ

=
d
ia

g
(Φ

1
,.
..
,Φ

p
),

(1
0
)

w
it

h
va

ri
ab

le
s

Θ
an

d
Φ

,
w

h
er

e
Φ
i,
i
≥

1,
a
re

u
n
co

n
st

ra
in

ed
.

If
Θ̂

is
a

m
in

im
iz

er
of

P
ro

b
le

m
(1

0)
,

th
en

a
n

y
L̂

sa
ti

sf
y
in

g
L̂

L̂
′ =

Θ̂
m

in
im

iz
es

(9
)

an
d

v
ic

e-
ve

rs
a.

V
ar

io
u
s

h
eu

ri
st

ic
ap

p
ro

ac
h
es

ar
e

u
se

d
to

fo
r

P
ro

b
le

m
(9

).
T

h
e
R

p
ac

ka
g
e
p
s
y
c
h
,

fo
r

ex
am

p
le

,
u
se

s
a

b
la

ck
b

ox
gr

ad
ie

n
t

b
as

ed
to

ol
o
p
t
i
m

to
m

in
im

iz
e

th
e

n
on

co
n
v
ex

P
ro

b
le

m
(9

)
w

it
h

re
sp

ec
t

to
L

.
O

n
ce

L̂
is

es
ti

m
at

ed
,

th
e

d
ia

go
n
al

en
tr

ie
s

of
Φ

a
re

es
ti

m
a
te

d
a
s

Φ̂
i

=
σ
ii
−

(L̂
L̂
′ )
ii

,
fo

r
i
≥

1.
N

ot
e

th
at

Φ̂
i

ob
ta

in
ed

in
th

is
fa

sh
io

n
m

ay
b

e
n
eg

a
ti

ve
5

a
n
d

th
e

co
n
d
it

io
n

Σ
−

Φ
�

0
m

ay
b

e
v
io

la
te

d
.

G
e
n

e
ra

li
z
e
d

L
e
a
st

S
q
u

a
re

s,
P

ri
n

c
ip

a
l

A
x
is

a
n

d
v
a
ri

a
n
ts

:
T

h
e

O
rd

in
a
ry

L
ea

st
S
q
u
ar

es
(O

L
S

)
m

et
h
o
d

fo
r

F
A

(B
ar

th
ol

o
m

ew
et

al
.,

20
11

)
co

n
si

d
er

s
fo

rm
u
la

ti
o
n

(1
0
)

w
it

h
th

e
ad

d
it

io
n
al

co
n
st

ra
in

t
th

at
Φ
i
≥

0
∀i

.
T

h
e

W
ei

gh
te

d
L

ea
st

S
q
u
ar

es
(W

L
S

)
o
r

th
e

g
en

er
-

al
iz

ed
le

as
t

sq
u
ar

es
m

et
h
o
d

(s
ee

fo
r

ex
am

p
le

,
B

ar
th

ol
om

ew
et

al
.,

20
11

)
co

n
si

d
er

s
a

w
ei

g
h
te

d
le

as
t

sq
u
ar

es
ob

je
ct

iv
e:

‖W
(Σ
−

(Θ
+

Φ
))
‖2 2
.

4
.

T
h

e
m

et
h

o
d

is
si

m
il

a
r

to
A

lg
o
ri

th
m

1
p

re
se

n
te

d
h

er
ei

n
fo

r
th

e
ca

se
o
f
q

=
1
;

h
ow

ev
er

,
te

n
B

er
g
e

a
n

d
K

ie
rs

(1
9
8
1
,

1
9
9
1
)

re
ly

o
n

a
h

eu
ri

st
ic

p
ro

ce
d

u
re

,
a
s

d
es

cr
ib

ed
in

B
en

tl
er

a
n

d
W

o
o
d

w
a
rd

(1
9
8
0
),

fo
r

th
e

su
b

p
ro

b
le

m
w

it
h

re
sp

ec
t

to
Φ

.

5
.

If
Φ̂
i
<

0
,

so
m

e
a
d

-h
o
c

p
ro

ce
d

u
re

is
u

se
d

to
th

re
sh

o
ld

it
to

a
n

o
n

n
eg

a
ti

v
e

q
u

a
n
ti

ty
.
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C
e
r
t
if
ia
b
ly

O
p
t
im

a
l
L
o
w

R
a
n
k

F
a
c
t
o
r
A
n
a
ly

sis

A
s

in
th

e
ord

in
ary

least
sq

u
ares

case,
h
ere

to
o

w
e

assu
m

e
th

at
Φ
i ≥

0.
V

ariou
s

ch
oices

of
W

a
re

p
o
ssib

le
d
ep

en
d
in

g
u
p

on
th

e
ap

p
lication

,
w

ith
W
∈
{Σ
−

1,Φ
−

1}
b

ein
g

a
cou

p
le

of
p

o
p
u
la

r
ch

o
ices.

T
h
e

P
rin

cip
al

A
x
is

(P
A

)
F
A

m
eth

o
d

(B
arth

olom
ew

et
al.,

2011;
R

evelle,
2015

)
is

p
op

-
u
la

rly
u
sed

to
estim

ate
factor

m
o
d
el

p
aram

eters
b
ased

on
criterion

(10)
alon

g
w

ith
th

e
co

n
stra

in
ts

Φ
i ≥

0
∀
i.

T
h
is

m
eth

o
d

starts
w

ith
a

n
on

n
egative

estim
ate

Φ̂
an

d
p

erform
s

a
ra

n
k
r

eig
en

d
ecom

p
osition

on
Σ
−

Φ̂
to

ob
tain

Θ̂
.

T
h
e

m
atrix

Φ̂
is

th
en

u
p

d
ated

to
m

a
tch

th
e

d
iag

on
al

en
tries

of
Σ
−

Θ̂
,

an
d

th
e

ab
ove

step
s

are
rep

eated
u
n
til

th
e

estim
ate

Φ̂
sta

b
ilizes. 6

N
o
te

th
at

in
th

is
p
ro

ced
u
re

th
e

estim
ate

Θ̂
m

ay
fail

to
b

e
P

S
D

an
d

th
e

en
tries

o
f

Φ̂
i

m
ay

b
e

n
egative

as
w

ell.
H

eu
ristic

restarts
an

d
variou

s
in

itialization
s

are
often

carried
o
u
t

to
a
rrive

a
t

a
reason

ab
le

solu
tion

(see
for

ex
am

p
le

d
iscu

ssion
s

in
B

a
rth

olom
ew

et
al.

2
01

1
).

In
su

m
m

a
ry,

th
e

least
sq

u
ares

sty
lized

m
eth

o
d
s

d
escrib

ed
a
b

ove
m

ay
lead

to
estim

ates
th

a
t

v
io

la
te

o
n
e

or
m

ore
of

th
e

con
strain

ts:
Σ
−

Φ
�

0
,
Θ
�

0
an

d
Φ
�

0
.

M
a
x
im

u
m

L
ik

e
lih

o
o
d

fo
r

F
a
c
to

r
A

n
a
ly

sis:
T

h
is

ap
p
roach

(B
aian

d
L

i,2012;J
öresk

og,
1
9
6
7
;

M
a
rd

ia
et

al.,
1979;

R
ow

eis
an

d
G

h
ah

ram
an

i,
1999;

R
u
b
in

an
d

T
h
ayer,

1982)
is

an
-

o
th

er
w

id
ely

u
sed

m
eth

o
d

in
F
A

an
d

ty
p
ically

assu
m

es
th

at
th

e
d
ata

follow
s

a
m

u
ltivariate

G
a
u
ssia

n
d
istrib

u
tion

.
T

h
is

p
ro

ced
u
re

m
ax

im
izes

a
lik

elih
o
o
d

fu
n
ction

an
d

is
q
u
ite

d
iff

eren
t

fro
m

th
e

lo
ss

fu
n
ction

s
p
u
rsu

ed
in

th
is

p
ap

er
an

d
d
iscu

ssed
ab

ov
e.

T
h
e

estim
ator

n
eed

n
ot

ex
ist

fo
r

a
n
y

Σ
—

see
for

ex
am

p
le

R
ob

ertson
an

d
S
y
m

on
s

(2007).

M
o
st

o
f

th
e

m
eth

o
d
s

d
escrib

ed
in

S
ectio

n
1.1

are
w

id
ely

u
sed

an
d

th
eir

im
p
lem

en
tation

s
a
re

ava
ila

b
le

in
statistical

p
ackages

p
s
y
c
h

(R
evelle,

2015),
n
F
a
c
t
o
r
s

(R
aich

e
an

d
M

agis,
2
0
1
1
),
G
P
A
r
o
t
a
t
i
o
n

(B
ern

aard
s

an
d

J
en

n
rich

,
2005),

an
d

oth
ers

an
d

are
p
u
b
licly

availab
le

fro
m

C
R
A
N
. 7

1
.2

B
ro

a
d

c
a
te

g
o
rie

s
o
f

fa
c
to

r
a
n

a
ly

sis
e
stim

a
to

rs

A
ca

refu
l

in
vestigation

of
th

e
m

eth
o
d
s

d
escrib

ed
ab

ove
su

ggests
th

at
th

ey
can

b
e

d
iv

id
ed

in
to

tw
o

b
ro

ad
categories.

S
om

e
of

th
e

ab
ove

estim
ators

ex
p
licitly

in
corp

orate
a

P
S
D

stru
ctu

ra
l

a
ssu

m
p
tion

on
th

e
resid

u
al

covarian
ce

m
atrix

Σ
−

Φ
in

a
d
d
itio

n
to

req
u
irin

g
Θ
�

0
a
n
d

Φ
�

0
w

h
ile

th
e

oth
ers

d
o

n
ot.

A
s

alread
y

p
oin

ted
ou

t,
th

ese
con

strain
ts

are
im

p
o
rta

n
t

fo
r

statistical
in

terp
retab

ility.
W

e
p
rop

ose
to

d
istin

gu
ish

b
etw

een
th

e
follow

in
g

tw
o

b
ro

a
d

ca
tegories

of
F
A

algorith
m

s:

(A
)

T
h
is

ca
tegory

is
com

p
rised

of
F
A

estim
ation

p
ro

ced
u
res

cast
as

n
on

lin
ear

S
em

id
efi

n
ite

O
p
tim

iza
tion

(S
D

O
)

p
rob

lem
s—

estim
ation

tak
es

p
lace

in
th

e
p
resen

ce
of

co
n
stra

in
ts

of
th

e
fo

rm
Σ
−

Φ
�

0
,

alon
g

w
ith

Θ
�

0
an

d
Φ
�

0
.

M
em

b
ers

of
th

is
category

a
re

M
R
F
A

,
M
T
F
A

an
d

m
ore

gen
erally

P
rob

lem
(4

).

E
x
istin

g
a
p
p
roach

es
for

th
ese

p
rob

lem
s

are
ty

p
ically

n
ot

scalab
le:

fo
r

ex
am

p
le,

w
e

are
n
ot

aw
a
re

of
an

y
algorith

m
(p

rior
to

th
is

p
ap

er)
for

P
rob

lem
(8)

(M
R
F
A

)
th

at
scales

to
cova

ria
n
ce

m
atrices

w
ith

p
larger

th
an

th
irty.

In
d
eed

,
w

h
ile

th
eoretical

g
u
aran

tees

6
.

W
e

a
re

n
o
t

aw
a
re

o
f

a
p

ro
o
f,

h
ow

ev
er,

sh
ow

in
g

th
e

co
n
v
erg

en
ce

o
f

th
is

p
ro

ced
u

re.
7
.
h
t
t
p
:
/
/
c
r
a
n
.
u
s
.
r
-
p
r
o
j
e
c
t
.
o
r
g

7
JM

L
R

 18(29):1-53, 2017

B
e
r
t
sim

a
s,

C
o
p
e
n
h
a
v
e
r
,
a
n
d

M
a
z
u
m
d
e
r

of
op

tim
ality

ex
ist

in
certain

cases
(S

au
n
d
erson

et
al.,

2012),
th

e
con

d
ition

s
req

u
ired

for
su

ch
resu

lts
to

h
old

are
gen

erally
d
iffi

cu
lt

to
verify

in
p
ractice.

(B
)

T
h
is

category
in

clu
d
es

classical
F
A

m
eth

o
d
s

w
h
ich

are
n
ot

b
ased

on
n
on

lin
ear

S
D

O
b
ased

form
u
lation

s
(as

in
C

ategory
(A

)).
M
IN

R
E
S

,
O
L
S

,
W

L
S

,
G
L
S

,
P
C

an
d

P
A

b
ased

F
A

estim
ation

p
ro

ced
u
res

(as
d
escrib

ed
in

S
ection

1.1)
b

elon
g

to
th

is
category.

T
h
ese

m
eth

o
d
s

are
gen

erally
scalab

le
to

p
rob

lem
sizes

w
h
ere

p
is

of
th

e
ord

er
of

a
few

th
ou

san
d
—

sign
ifi

can
tly

larger
th

an
m

ost
p
ro

ced
u
res

b
elon

gin
g

to
C

a
teg

ory
(A

)—
an

d
are

im
p
lem

en
ted

in
op

en
-sou

rce
R
-p

ackages.

C
o
n
trib

u
tio

n
s:

O
u
r

con
trib

u
tion

s
in

th
is

p
ap

er
m

ay
b

e
su

m
m

arized
as

follow
s:

1.
W

e
con

sid
er

a
fl
ex

ib
le

fam
ily

of
F
A

estim
ators

w
h
ich

can
b

e
ob

tain
ed

as
solu

tion
s

to
ran

k
-con

strain
ed

n
on

lin
ear

S
D

O
p
rob

lem
s.

In
p
articu

lar,
ou

r
fram

ew
ork

p
rov

id
es

a
u
n
ify

in
g

p
ersp

ective
on

several
ex

istin
g

F
A

estim
ation

ap
p
ro

ach
es.

2.
W

e
p
rop

ose
a

n
ovel

exa
ct

reform
u
lation

of
th

e
ran

k
-con

strain
ed

F
A

p
ro

b
lem

(4)
as

a
sm

o
oth

op
tim

ization
p
rob

lem
w

ith
con

vex
com

p
act

con
stra

in
ts.

W
e

also
d
ev

elop
a

u
n
ifi

ed
algorith

m
ic

fram
ew

ork
u
tilizin

g
m

o
d
ern

op
tim

ization
tech

n
iq

u
es

to
ob

tain
h
igh

q
u
ality

solu
tion

s
to

P
rob

lem
(4).

O
u
r

algorith
m

s,
at

every
iteration

,
sim

p
ly

req
u
ire

com
p
u
tin

g
a

low
-ran

k
eigen

d
ecom

p
ositio

n
of

a
p×

p
m

atrix
an

d
a

stru
ctu

red
scalab

le
con

vex
S
D

O
.

O
u
r

p
rop

osal
is

cap
ab

le
of

solv
in

g
F
A

p
rob

lem
s

in
volv

in
g

covarian
ce

m
atrices

h
av

in
g

d
im

en
sion

s
u
p

to
a

few
th

ou
san

d
,

th
ereb

y
m

ak
in

g
it

on
p
ar

w
ith

th
e

m
ost

scalab
le

F
A

m
eth

o
d
s

u
sed

cu
rren

tly. 8

3.
O

u
r

S
D

O
form

u
lation

en
ab

les
u
s

to
estim

ate
th

e
u
n
d
erly

in
g

factors
an

d
u
n
iq

u
e

vari-
an

ces
u
n
d
er

th
e

restriction
th

at
th

e
resid

u
al

covarian
ce

m
atrix

is
P

S
D

—
a

ch
arac-

teristic
th

at
is

ab
sen

t
in

sev
eral

p
op

u
larly

u
sed

F
A

m
eth

o
d
s.

T
h
is

aid
s

statistical
in

terp
retab

ility,
esp

ecially
in

d
raw

in
g

p
arallels

w
ith

P
C

A
an

d
u
n
d
erstan

d
in

g
th

e
p
ro-

p
ortion

of
va

rian
ce

ex
p
lain

ed
b
y

a
given

n
u
m

b
er

of
factors.

M
eth

o
d
s

p
rop

osed
h
erein

p
ro

d
u
ce

su
p

erior
q
u
ality

estim
ates,

in
term

s
of

variou
s

p
erform

an
ce

m
etrics,

w
h
en

com
p
ared

to
ex

istin
g

F
A

ap
p
roa

ch
es.

T
o

ou
r

k
n
ow

led
ge,

th
is

is
th

e
fi
rst

p
ap

er
d
em

on
-

stratin
g

th
at

certifi
ab

ly
op

tim
al

solu
tion

s
to

a
ran

k
-con

strain
ed

p
rob

lem
can

b
e

fou
n
d

for
p
rob

lem
s

of
realistic

sizes,
w

ith
ou

t
m

ak
in

g
an

y
assu

m
p
tion

s
on

th
e

u
n
d
erly

in
g

d
ata.

4.
U

sin
g

tech
n
iq

u
es

from
d
iscrete

an
d

glob
al

op
tim

ization
,

w
e

d
evelop

a
b
ran

ch
-an

d
-

b
ou

n
d

algorith
m

w
h
ich

p
rov

es
th

a
t

th
e

low
-ran

k
solu

tion
s

fou
n
d

are
often

op
tim

al
in

secon
d
s

for
p
rob

lem
s

on
th

e
ord

er
of
p

=
10

variab
les,

in
m

in
u
tes

fo
r

p
rob

lem
s

on
th

e
ord

er
of
p

=
100,

an
d

in
d
ay

s
for

som
e

p
rob

lem
s

on
th

e
ord

er
of
p

=
4000.

A
s

th
e

selected
ran

k
in

creases,
so

to
o

d
o
es

th
e

com
p
u
tation

al
b
u
rd

en
of

p
rov

in
g

op
tim

ality.
It

is
p
articu

larly
cru

cial
to

n
ote

th
at

th
e

op
tim

al
solu

tion
s

fo
r

all
p
rob

lem
s

w
e

con
sid

er
are

fou
n
d

very
q
u
ick

ly,
an

d
th

at
va

st
m

a
jority

of
com

p
u
tation

a
l

tim
e

is
th

en
sp

en
t

on
p
rov

in
g

op
tim

ality.
H

en
ce,

for
a

p
ractition

er
w

h
o

is
n
ot

p
articu

larly
con

cern
ed

w
ith

certify
in

g
op

tim
ality,

ou
r

tech
n
iq

u
es

for
fi
n
d
in

g
feasib

le
solu

tion
s

p
rov

id
e

h
igh

-q
u
ality

estim
ates

q
u
ick

ly.

8
.

A
n

im
p

lem
en

ta
tio

n
o
f

o
u

r
a
p

p
ro

a
ch

is
ava

ila
b

le
a
t
h
t
t
p
s
:
/
/
g
i
t
h
u
b
.
c
o
m
/
c
o
p
e
n
h
a
v
e
r
/
f
a
c
t
o
r
a
n
a
l
y
s
i
s
.
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C
e
r
t
if
ia
b
ly

O
p
t
im

a
l
L
o
w

R
a
n
k

F
a
c
t
o
r
A
n
a
ly

si
s

5.
W

e
p
ro

v
id

e
co

m
p
u
ta

ti
on

al
ev

id
en

ce
d
em

on
st

ra
ti

n
g

th
e

fa
vo

ra
b
le

p
er

fo
rm

an
ce

of
ou

r
p
ro

p
os

ed
m

et
h
o
d
.

F
in

al
ly

,
to

th
e

b
es

t
of

ou
r

k
n
ow

le
d
ge

th
is

is
th

e
fi
rs

t
p
ap

er
th

at
v
ie

w
s

va
ri

ou
s

F
A

m
et

h
o
d
s

in
a

u
n
ifi

ed
fa

sh
io

n
v
ia

a
m

o
d
er

n
op

ti
m

iz
at

io
n

le
n
s

an
d

at
te

m
p
ts

to
co

m
p
ar

e
a

w
id

e
ra

n
ge

o
f

F
A

te
ch

n
iq

u
es

in
la

rg
e

sc
al

e.

S
tr

u
c
tu

re
o
f

th
e

p
a
p

e
r:

T
h
e

p
ap

er
is

or
ga

n
iz

ed
as

fo
ll
ow

s.
In

S
ec

ti
on

1
w

e
p
ro

p
os

e
a

fl
ex

ib
le

fa
m

il
y

of
op

ti
m

iz
at

io
n

P
ro

b
le

m
s

(4
)

fo
r

th
e

ta
sk

of
st

at
is

ti
ca

l
es

ti
m

a
ti

on
in

F
A

m
o
d
el

s.
S
ec

ti
on

2
p
re

se
n
ts

an
ex

ac
t

re
fo

rm
u
la

ti
on

of
P

ro
b
le

m
(4

)
as

a
n
on

li
n
ea

r
S
D

O
w

it
h
ou

t
th

e
ra

n
k

co
n
st

ra
in

t.
S
ec

ti
on

3
d
es

cr
ib

es
th

e
u
se

of
n
on

li
n
ea

r
o
p
ti

m
iz

at
io

n
te

ch
n
iq

u
es

su
ch

as
th

e
C

on
d
it

io
n
al

G
ra

d
ie

n
t

(C
G

)
m

et
h
o
d

(B
er

ts
ek

as
,
19

99
)

ad
ap

te
d

to
p
ro

v
id

e
fe

as
ib

le
so

lu
ti

on
s

(u
p
p

er
b

ou
n
d
s)

to
ou

r
fo

rm
u
la

ti
on

.
F

ir
st

or
d
er

m
et

h
o
d
s

em
p
lo

ye
d

to
co

m
p
u
te

th
e

co
n
ve

x
S
D

O
su

b
p
ro

b
le

m
s

ar
e

al
so

d
es

cr
ib

ed
in

th
e

sa
m

e
se

ct
io

n
.

In
S
ec

ti
on

4,
w

e
d
es

cr
ib

e
ou

r
m

et
h
o
d

fo
r

ce
rt

if
y
in

g
op

ti
m

al
it

y
of

th
e

so
lu

ti
on

s
fr

om
S
ec

ti
on

3
in

th
e

ca
se

w
h
en
q

=
1.

In
S
ec

ti
on

5,
w

e
p
re

se
n
t

co
m

p
u
ta

ti
on

al
re

su
lt

s
d
em

on
st

ra
ti

n
g

th
e

eff
ec

ti
ve

n
es

s
of

ou
r

p
ro

p
os

ed
m

et
h
o
d

in
te

rm
s

o
f

(a
)

m
o
d
el

in
g

fl
ex

ib
il
it

y
in

th
e

ch
oi

ce
of

th
e

n
u
m

b
er

of
fa

ct
or

s
r

an
d

th
e

p
ar

am
et

er
q,

(b
)

sc
al

ab
il
it

y,
an

d
(c

)
th

e
q
u
al

it
y

of
so

lu
ti

on
s

ob
ta

in
ed

in
a

w
id

e
ar

ra
y

of
re

al
an

d
sy

n
th

et
ic

d
at

as
et

s—
co

m
p
ar

is
on

s
w

it
h

se
ve

ra
l

ex
is

ti
n
g

m
et

h
o
d
s

fo
r

F
A

ar
e

co
n
si

d
er

ed
.

S
ec

ti
on

6
co

n
ta

in
s

ou
r

co
n
cl

u
si

on
s.

2
.

R
e
fo

rm
u
la

ti
o
n
s

o
f

P
ro

b
le

m
(4
)

L
et
λ

(A
)

d
en

ot
e

th
e

ve
ct

or
of

ei
ge

n
va

lu
es

of
A

,
ar

ra
n
ge

d
in

d
ec

re
as

in
g

or
d
er

,
i.
e.

,

λ
1
(A

)
≥
λ

2
(A

)
≥
..
.
≥
λ
p
(A

).
(1

1)

T
h
e

fo
ll
ow

in
g

p
ro

p
os

it
io

n
p
re

se
n
ts

th
e

fi
rs

t
re

fo
rm

u
la

ti
on

of
P

ro
b
le

m
(4

)
as

a
co

n
ti

n
u
ou

s
ei

ge
n
va

lu
e

op
ti

m
iz

at
io

n
p
ro

b
le

m
w

it
h

co
n
ve

x
co

m
p
ac

t
co

n
st

ra
in

ts
.

P
ro

of
s

of
al

l
re

su
lt

s
ca

n
b

e
fo

u
n
d

in
A

p
p

en
d
ix

A
.

P
ro

p
o
si

ti
o
n

1
(a

)
F

o
r

a
n

y
q
≥

1
,

P
ro

bl
em

(4
)

is
eq

u
iv

a
le

n
t

to
:

(C
F
A
q
)

m
in

im
iz

e
f q

(Φ
;Σ

)
:=

p ∑

i=
r
+

1

λ
q i
(Σ
−

Φ
)

s.
t.

Φ
=

d
ia

g
(Φ

1
,.
..
,Φ

p
)
�

0
Σ
−

Φ
�

0
,

(1
2)

w
h
er

e
Φ

is
th

e
o
p
ti

m
iz

a
ti

o
n

va
ri

a
bl

e.
(b

)
S

u
p
po

se
Φ
∗

is
a

m
in

im
iz

er
o
f

P
ro

bl
em

(1
2)

,
a
n

d
le

t

Θ
∗

=
U

d
ia

g
( λ

1
(Σ
−

Φ
∗ )
,.
..
,λ

r
(Σ
−

Φ
∗ )
,0
,.
..
,0
) U

′ ,
(1

3)

w
h
er

e
U
p
×
p

is
th

e
m

a
tr

ix
o
f

ei
ge

n
ve

ct
o
rs

o
f

Σ
−

Φ
∗ .

T
h
en

(Θ
∗ ,

Φ
∗ )

is
a

so
lu

ti
o
n

to
P

ro
b-

le
m

(4
).

P
ro

b
le

m
(1

2)
is

a
n
on

li
n
ea

r
S
D

O
in

Φ
,

u
n
li
ke

th
e

or
ig

in
al

fo
rm

u
la

ti
on

(4
)

th
at

es
ti

m
at

es
Θ

an
d

Φ
jo

in
tl

y.
N

ot
e

th
at

th
e

ra
n
k

co
n
st

ra
in

t
d
o
es

n
o
t

ap
p

ea
r

in
P

ro
b
le

m
(1

2
)

an
d

th
e

co
n
st

ra
in

t
se

t
of

P
ro

b
le

m
(1

2)
is

co
n
ve

x
an

d
co

m
p
ac

t.
H

ow
ev

er
,

P
ro

b
le

m
(1

2
)

is
n
o
n
co

n
ve

x
d
u
e

to
th

e
n
on

co
n
ve

x
ob

je
ct

iv
e

fu
n
ct

io
n
∑

p i=
r
+

1
λ
q i
(Σ
−

Φ
).

F
or
q

=
1

th
e

fu
n
ct

io
n

ap
p

ea
ri

n
g

in
th

e
ob

je
ct

iv
e

of
(1

2)
is

co
n
ca

ve
an

d
fo

r
q
>

1,
it

is
n
ei

th
er

co
n
ve

x
n
o
r

co
n
ca

ve
.
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1-
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, 2
01

7

B
e
r
t
si
m
a
s,

C
o
p
e
n
h
a
v
e
r
,
a
n
d

M
a
z
u
m
d
e
r

P
ro

p
o
si

ti
o
n

2
T

h
e

es
ti

m
a
ti

o
n

P
ro

bl
em

(4
)

is
eq

u
iv

a
le

n
t

to

m
in

im
iz

e
‖Σ
−

(Θ
+

Φ
)‖
q q

s.
t.

ra
n
k
(Θ

)
≤
r

Θ
�

0

Φ
=

d
ia

g
(Φ

1
,.
..
,Φ

p
)
�

0

Σ
−

Φ
�

0

Σ
−

Θ
�

0
.

(1
4
)

N
ot

e
th

at
P

ro
b
le

m
(1

4)
h
as

an
ad

d
it

io
n
al

P
S
D

co
n
st

ra
in

t
Σ
−

Θ
�

0
w

h
ic

h
d
o
es

n
o
t

ex
p
li
c-

it
ly

ap
p

ea
r

in
P

ro
b
le

m
(4

).
It

is
in

te
re

st
in

g
to

n
ot

e
th

at
th

e
tw

o
p
ro

b
le

m
s

a
re

eq
u
iv

a
le

n
t.

B
y

v
ir

tu
e

of
P

ro
p

os
it

io
n

2,
P

ro
b
le

m
(1

4)
ca

n
as

w
el

l
b

e
u
se

d
as

th
e

es
ti

m
a
ti

o
n

cr
it

er
io

n
fo

r
ra

n
k

co
n
st

ra
in

ed
F
A

.
H

ow
ev

er
,

w
e

w
il
l

w
or

k
w

it
h

fo
rm

u
la

ti
on

(4
)

b
ec

au
se

it
is

ea
si

er
to

in
te

rp
re

t
fr

om
a

st
at

is
ti

ca
l

p
er

sp
ec

it
ve

.

S
p

e
c
ia

l
in

st
a
n

c
e
s

o
f

(C
F
A
q
):

W
e

sh
ow

th
at

so
m

e
w

el
l-

k
n
ow

n
F
A

es
ti

m
a
ti

o
n

p
ro

b
le

m
s

ca
n

b
e

v
ie

w
ed

as
sp

ec
ia

l
ca

se
s

of
ou

r
ge

n
er

al
fr

am
ew

or
k
.

F
or
q

=
1,

P
ro

b
le

m
(1

2)
re

d
u
ce

s
to

M
R
F
A

,
as

d
es

cr
ib

ed
in

(8
).

F
or
q

=
1

a
n
d
r

=
0
,

P
ro

b
le

m
(1

2)
re

d
u
ce

s
to

M
T
F
A

(6
).

W
h
en

q
=

2
,

w
e

ge
t

a
va

ri
an

t
of

(1
0
),

i.
e.

,
a

P
S
D

co
n

st
ra

in
ed

an
al

og
u
e

of
M
IN

R
E
S

m
in

im
iz

e
p ∑

i=
r
+

1
λ

2 i
(Σ
−

Φ
)

s.
t.

Φ
=

d
ia

g
(Φ

1
,.
..
,Φ

p
)
�

0
Σ
−

Φ
�

0
.

(1
5
)

N
ot

e
th

at
u
n
li
k
e

P
ro

b
le

m
(1

0)
,

P
ro

b
le

m
(1

5
)

ex
p
li
ci

tl
y

im
p

os
es

P
S
D

co
n
st

ra
in

ts
o
n

Φ
an

d
Σ
−

Φ
.

T
h
e

ob
je

ct
iv

e
fu

n
ct

io
n

in
(1

2)
is

co
n
ti

n
u
ou

s
b
u
t

n
on

-s
m

o
ot

h
.

T
h
e

fu
n
ct

io
n

is
d
iff

er
en

ti
ab

le
at

Φ
if

an
d

on
ly

if
th

e
r

an
d

(r
+

1)
th

ei
ge

n
va

lu
es

of
Σ
−

Φ
ar

e
d
is

ti
n
ct

(L
ew

is
,

19
96

;
S
h
ap

ir
o

an
d

te
n

B
er

ge
,

20
02

),
i.
e.

,
λ
r
+

1
(Σ
−

Φ
)
<
λ
r
(Σ
−

Φ
).

T
h
e

n
on

-s
m

o
o
th

n
es

s
o
f

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

in
P

ro
b
le

m
(1

2
)

m
ak

es
th

e
u
se

of
st

an
d
ar

d
gr

ad
ie

n
t

b
a
se

d
m

et
h
o
d
s

p
ro

b
le

m
at

ic
(B

er
ts

ek
as

,
19

99
).

T
h
eo

re
m

1
p
re

se
n
ts

a
re

fo
rm

u
la

ti
on

of
P

ro
b
le

m
(1

2
)

in
w

h
ic

h
th

e
ob

je
ct

iv
e

fu
n
ct

io
n

is
co

n
ti

n
u
ou

sl
y

d
iff

er
en

ti
ab

le
.

T
h

e
o
re

m
1

(a
)

T
h
e

es
ti

m
a
ti

o
n

cr
it

er
io

n
gi

ve
n

by
P

ro
bl

em
(4

)
is

eq
u

iv
a
le

n
t

to
9

m
in

im
iz

e
g q

(W
,Φ

)
:=

T
r(

W
(Σ
−

Φ
)q

)
s.

t.
Φ

=
d
ia

g
(Φ

1
,.
..
,Φ

p
)
�

0
Σ
−

Φ
�

0
I
�

W
�

0
T

r(
W

)
=
p
−
r.

(1
6
)

(b
)

T
h
e

so
lu

ti
o
n

Θ̂
o
f

P
ro

bl
em

(4
)

ca
n

be
re

co
ve

re
d

fr
o
m

th
e

so
lu

ti
o
n

Ŵ
,Φ̂

o
f

P
ro

bl
em

(1
6
)

vi
a
:

Θ̂
:=

Û
d
ia

g
(λ̂

1
,.
..
,λ̂

r
,0
,.
..
,0

)Û
′ ,

(1
7
)

9
.

F
o
r

a
n
y

P
S

D
m

a
tr

ix
A

,
w

it
h

ei
g
en

d
ec

o
m

p
o
si

ti
o
n

A
=

U
A

d
ia

g
(λ

1
,.
..
,λ
p
)U
′ A

,
w

e
d

efi
n

e
A
q

:=
U
A

d
ia

g
(λ
q 1
,.
..
,λ
q p
)U
′ A

,
fo

r
a
n
y
q
≥

1
.

1
0
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C
e
r
t
if
ia
b
ly

O
p
t
im

a
l
L
o
w

R
a
n
k

F
a
c
t
o
r
A
n
a
ly

sis

w
h
ere

Û
is

th
e

m
a
trix

fo
rm

ed
by

th
e
p

eigen
vecto

rs
co

rrespo
n

d
in

g
to

th
e

eigen
va

lu
es
λ̂

1 ,...,λ̂
p

(a
rra

n
ged

in
d
ecrea

sin
g

o
rd

er)
o
f

th
e

m
a
trix

Σ
−

Φ̂
.

G
iven

Φ̂
,

a
n

y
so

lu
tio

n
Θ̂

(given
by

(17))
is

in
d
epen

d
en

t
o
f
q.

In
P

ro
b
lem

(16),
if

w
e

p
artially

m
in

im
ize

th
e

fu
n
ction

g
q (W

,Φ
)

ov
er

Φ
(w

ith
fi
x
ed

W
),

th
e

resu
ltin

g
fu

n
ction

is
con

cave
in

W
.

T
h
is

ob
servation

lead
s

to
th

e
follow

in
g

p
rop

osition
.

P
ro

p
o
sitio

n
3

T
h
e

fu
n

ctio
n
G
q (W

)
o
bta

in
ed

u
po

n
(pa

rtia
lly)

m
in

im
izin

g
g
q (W

,Φ
)

o
ver

Φ
(w

ith
W

fi
xed

)
in

P
ro

blem
(16),

given
by

G
q (W

)
:=

in
f

Φ
g
q (W

,Φ
)

s.t.
Φ

=
d
iag

(Φ
1 ,...,Φ

p )�
0

Σ
−

Φ
�

0
,

(18)

is
co

n
ca

ve
in

W
.

T
h
e

su
b-gra

d
ien

ts
o
f

th
e

fu
n

ctio
n
G
q (W

)
exist

a
n

d
a
re

given
by:

∇
G
q (W

)
=

(Σ
−

Φ̂
(W

))
q,

(19)

w
h
ere

Φ̂
(W

)
is

a
m

in
im

izer
o
f

th
e

co
n

vex
o
p
tim

iza
tio

n
P

ro
blem

(18).

In
lig

h
t

o
f

P
rop

osition
3,

w
e

p
resen

t
an

oth
er

reform
u
lation

of
P

rob
lem

(4)
as

th
e

fol-
low

in
g

con
cave

m
in

im
ization

p
rob

lem
:

m
in

im
ize

G
q (W

)

s.t.
I�

W
�

0
T

r(W
)

=
p−

r,

(20)

w
h
ere

th
e

fu
n
ction

G
q (W

)
is

d
iff

eren
tiab

le
if

an
d

on
ly

if
Φ̂

(W
)

is
u
n
iq

u
e.

N
o
te

th
a
t

b
y

v
irtu

e
of

P
rop

osition
1,

P
rob

lem
s

(1
2)

an
d

(20)
are

eq
u
ivalen

t.
T

h
erefore,

it
is

n
a
tu

ra
l

to
ask

w
h
eth

er
on

e
form

u
lation

m
igh

t
b

e
fav

ored
over

th
e

oth
er

from
a

com
p
u
-

ta
tio

n
a
l

p
ersp

ective.
T

ow
ard

s
th

is
en

d
,

n
ote

th
at

b
oth

P
rob

lem
s

(12)
an

d
(20)

in
vo

lv
e

th
e

m
in

im
iza

tio
n

o
f

a
n
on

-sm
o
oth

ob
jective

fu
n
ction

,
over

con
v
ex

com
p
act

con
strain

ts.
H

ow
-

ever,
th

e
o
b

jective
fu

n
ction

of
P

rob
lem

(12)
is

n
on

con
vex

(for
q
>

1)
w

h
ereas

th
e

on
e

in
P

ro
b
lem

(2
0
)

is
con

cave
(for

all
q≥

1).
W

e
w

ill
see

in
S
ection

3
th

at
C

G
-b

ased
algorith

m
s

ca
n

b
e

a
p
p
lied

to
a

con
cave

m
in

im
ization

p
rob

lem
(even

if
th

e
ob

jective
fu

n
ctio

n
is

n
ot

d
iff

eren
tia

b
le);

h
ow

ever,
C

G
ap

p
lied

to
gen

eral
n
on

-sm
o
oth

ob
jective

fu
n
ction

s
h
as

lim
ited

co
n
verg

en
ce

g
u
aran

tees.
T

h
u
s,

form
u
lation

(20)
is

read
ily

am
en

ab
le

to
C

G
-b

a
sed

op
tim

iza-
tio

n
a
lg

o
rith

m
s,

u
n
like

form
u
lation

(12).
T

h
is

seem
s

to
m

ake
P

rob
lem

(20)
com

p
u
tation

a
lly

m
o
re

a
p
p

ea
lin

g
th

an
P

rob
lem

(12).

3
.

F
in

d
in

g
U

p
p

e
r

B
o
u
n
d
s

T
h
is

sectio
n

p
resen

ts
a

u
n
ifi

ed
com

p
u
tation

al
fram

ew
ork

for
th

e
class

of
p
rob

lem
s

(C
F
A
q ).

P
ro

b
lem

(1
6
)

is
a

n
on

con
vex

sm
o
oth

op
tim

ization
p
ro

b
lem

an
d

ob
tain

in
g

a
station

ary
p

oin
t

is
q
u
ite

ch
a
llen

gin
g.

W
e

p
rop

ose
iterative

sch
em

es
b
ased

o
n

th
e

C
on

d
itio

n
al

G
rad

ien
t

(C
G

)
a
lg

o
rith

m
(B

ertsekas,
1999)—

a
gen

eralization
of

th
e

F
ran

k
-W

olfe
alg

orith
m

(F
ran

k

1
1
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B
e
r
t
sim

a
s,

C
o
p
e
n
h
a
v
e
r
,
a
n
d

M
a
z
u
m
d
e
r

an
d

W
olfe,

1956)—
to

ob
tain

a
station

ary
p

oin
t

of
th

e
p
rob

lem
.

T
h
e

ap
p

ealin
g

asp
ect

of
ou

r
fram

ew
ork

is
th

at
ev

ery
iteration

of
th

e
algorith

m
req

u
ires

solv
in

g
a

con
vex

S
D

O
p
rob

lem
w

h
ich

is
com

p
u
tation

ally
tractab

le.
W

h
ile

off
-th

e-sh
elf

in
terio

r
p

oin
t

algorith
m

s—
for

ex
am

p
le

S
D
P
T
3

(T
oh

et
al.,

1999),
Y
a
l
m
i
p

(L
öfb

erg,
2004),

an
d
M
O
S
E
K

(A
n
d
ersen

an
d

A
n
d
ersen

,
2000)—

can
b

e
u
sed

to
so

lve
th

e
con

vex
S
D

O
p
rob

lem
s,

th
ey

ty
p
ically

d
o

n
ot

scale
w

ell
for

large
p
rob

lem
s

d
u
e

to
in

ten
sive

m
em

ory
req

u
irem

en
ts.

In
th

is
vein

,
fi
rst

ord
er

algorith
m

s
h
ave

received
a

lot
of

atten
tion

(N
esterov

,
2004,

2005,
2007)

in
con

vex
op

tim
ization

of
la

te,
d
u
e

to
th

eir
low

cost
p

er
iteration

,
low

-m
em

ory
req

u
irem

en
ts,

an
d

ab
ility

to
d
eliver

solu
tion

s
of

m
o
d
erate

accu
racy

for
large

p
rob

lem
s

w
ith

in
a

m
o
d
est

tim
e

lim
it.

W
e

u
se

fi
rst

ord
er

m
eth

o
d
s

to
solve

th
e

con
vex

S
D

O
p
rob

lem
s.

W
e

p
resen

t
on

e
p
rim

ary
sch

em
e

b
ased

on
th

e
C

G
algorith

m
:

A
lg

o
rith

m
1
:

T
h
is

sch
em

e,
d
escrib

ed
in

S
ectio

n
3.1,

ap
p
lies

C
G

on
th

e
op

-
tim

ization
P

rob
lem

(20),
w

h
ere

th
e

fu
n
ction

G
q (W

)
d
efi

n
ed

in
(18)

is
con

cave
(an

d
p

ossib
ly

n
on

-sm
o
oth

).

In
ad

d
ition

,
in

A
p
p

en
d
ix

B
w

e
p
resen

t
an

altern
ative

ap
p
roach

th
at

ap
p
lies

C
G

to
P

rob
-

lem
(16),

w
h
ere

th
e

ob
jective

fu
n
ction

g
q (W

,Φ
)

is
sm

o
oth

.

T
o

m
ake

n
otation

sim
p
ler,

w
e

w
ill

u
se

th
e

follow
in

g
sh

orth
an

d
:

Ψ
p
,p−

r
:=
{W
∈
R
p×
p

:
I�

W
�

0
,

T
r(W

)
=
p−

r}
(21)

an
d
F

Σ
=
{Φ

:
Σ
−

Φ
<

0
,

Φ
=

d
iag

(Φ
1 ,...,Φ

p )<
0}.

3
.1

A
C

G
b

a
se

d
a
lg

o
rith

m
fo

r
P

ro
b

le
m

(20)

T
h
e

C
G

m
eth

o
d

for
P

rob
lem

(20)
req

u
ires

solv
in

g
a

lin
earizatio

n
of

th
e

con
cave

ob
jectiv

e
fu

n
ction

.
A

t
iteration

k
,

if
W

(k
)

is
th

e
cu

rren
t

estim
ate

of
W

,
th

e
n
ew

estim
ate

W
(k

+
1
)

is
ob

tain
ed

b
y

W
(k

+
1
)∈

arg
m

in
W
∈

Ψ
p
,p−

r

〈∇
G
q (W

(k
)),W

〉
=

arg
m

in
W
∈

Ψ
p
,p−

r

T
r(W

(Σ
−

Φ
(k

))
q),

(22)

w
h
ere

b
y

P
rop

osition
3,

(Σ
−

Φ
(k

))
q

is
a

su
b
-g

rad
ien

t
of
G
q (W

)
at

W
(k

)
w

ith
Φ

(k
)

given
b
y

Φ
(k

)
∈

arg
m

in
Φ
∈F

Σ

T
r(W

(k
)(Σ
−

Φ
)
q)

(23)

N
o

ex
p
licit

lin
e

search
is

n
ecessary

h
ere

b
ecau

se
th

e
m

in
im

u
m

w
ill

alw
ay

s
b

e
at

th
e

n
ew

p
oin

t,
i.e.,

Φ
(k

),
d
u
e

to
th

e
con

cav
ity

of
th

e
ob

jective
fu

n
ctio

n
.

T
h
e

seq
u
en

ce
W

(k
)

is
recu

rsively
com

p
u
ted

v
ia

(22)
u
n
til

th
e

con
v
ergen

ce
criterion

G
q (W

(k
))−

G
q (W

(k
+

1
))≤

T
O

L
·
G
q (W

(k
)),

(24)

for
som

e
u
ser-d

efi
n
ed

toleran
ce,

T
O

L
>

0,
is

m
et.

A
sh

ort
d
escrip

tion
of

th
e

p
ro

ced
u
re

ap
p

ears
in

A
lgorith

m
1.

B
efore

w
e

p
resen

t
th

e
con

v
ergen

ce
rate

of
A

lg
orith

m
1,

w
e

w
ill

n
eed

to
in

tro
d
u
ce

som
e

n
otation

.
F

or
an

y
p

oin
t

W
b

elon
gin

g
to

th
e

feasib
le

set
of

P
rob

lem
(20)

let
u
s

d
efi

n
e

∆
(W

)
as

follow
s:

∆
(W

)
:=

in
f

W
∈

Ψ
p
,p−

r 〈∇
G
q (W

),W
−

W
〉.

(25)
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F
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o
r
A
n
a
ly

si
s

A
lg

o
ri

th
m

1
A

C
G

b
as

ed
al

go
ri

th
m

fo
r

fo
rm

u
la

ti
on

(2
0)

1.
In

it
ia

li
ze

w
it

h
W

(1
)

(k
=

1)
,

fe
a
si

b
le

fo
r

P
ro

b
le

m
(2

0
)

an
d

re
p

ea
t,

fo
r
k
≥

2,
S
te

p
s

2-
3

u
n
ti

l
co

n
ve

rg
en

ce
cr

it
er

io
n

(2
4)

is
sa

ti
sfi

ed
.

2.
U

p
d
at

e
Φ

(w
it

h
W

fi
x
ed

)
b
y

so
lv

in
g

(2
3)

.

3.
U

p
d
at

e
W

(w
it

h
Φ

fi
x
ed

)
b
y

so
lv

in
g

(2
2)

,
to

ge
t

W
(k

+
1
) .

F
u
rt

h
er

,
W
∗

sa
ti

sfi
es

th
e

fi
rs

t
or

d
er

st
at

io
n
ar

y
co

n
d
it

io
n

fo
r

P
ro

b
le

m
(2

0)
if

W
∗

is
fe

as
ib

le
fo

r
th

e
p
ro

b
le

m
an

d
∆

(W
∗ )
≥

0.
W

e
n
ow

p
re

se
n
t

T
h
eo

re
m

2
es

ta
b
li
sh

in
g

th
e

ra
te

of
co

n
ve

rg
en

ce
an

d
as

so
ci

at
ed

co
n
-

ve
rg

en
ce

p
ro

p
er

ti
es

of
A

lg
or

it
h
m

1.
T

h
e

p
ro

of
(a

lo
n
g

w
it

h
al

l
ot

h
er

om
it

te
d

p
ro

of
s)

is
co

n
ta

in
ed

in
A

p
p

en
d
ix

A
.

T
h

e
o
re

m
2

If
W

(k
)

is
a

se
qu

en
ce

p
ro

d
u

ce
d

by
A

lg
o
ri

th
m

1
,

th
en

G
q
(W

(k
) )

is
a

m
o
n

o
to

n
e

d
ec

re
a
si

n
g

se
qu

en
ce

a
n

d
ev

er
y

li
m

it
po

in
t

W
(∞

)
o
f

th
e

se
qu

en
ce

W
(k

)
is

a
st

a
ti

o
n

a
ry

po
in

t
o
f

P
ro

bl
em

(2
0)

.
F

u
rt

h
er

m
o
re

,
A

lg
o
ri

th
m

1
h
a
s

a
co

n
ve

rg
en

ce
ra

te
o
f
O

(1
/K

)
(w

it
h
K

d
en

o
ti

n
g

th
e

it
er

a
ti

o
n

in
d
ex

)
to

a
fi

rs
t

o
rd

er
st

a
ti

o
n

a
ry

po
in

t
o
f

P
ro

bl
em

(2
0)

,
i.

e.
,

m
in

i=
1
,.
..
,K

{ −
∆

(W
(i

) )}
≤
G
q
(W

(1
) )
−
G
q
(W

(∞
) )

K
.

(2
6)

3
.2

S
o
lv

in
g

th
e

c
o
n
v
e
x

S
D

O
p

ro
b

le
m

s

A
lg

or
it

h
m

1
re

q
u
ir

es
se

q
u
en

ti
al

ly
so

lv
in

g
co

n
v
ex

S
D

O
p
ro

b
le

m
s

in
W

a
n
d

Φ
.

W
e

d
es

cr
ib

e
h
er

ei
n

h
ow

th
es

e
su

b
p
ro

b
le

m
s

ca
n

b
e

so
lv

ed
effi

ci
en

tl
y.

3
.2
.1

S
o
lv

in
g

t
h
e
S
D
O

p
r
o
b
l
e
m

w
it
h
r
e
sp

e
c
t
t
o

W

A
ge

n
er

ic
S
D

O
p
ro

b
le

m
as

so
ci

at
ed

w
it

h
P

ro
b
le

m
(2

2)
re

q
u
ir

es
u
p

d
at

in
g

W
as

Ŵ
∈

a
rg

m
in

W
∈Ψ

p
,p
−
r

〈W
,W̃
〉,

(2
7)

fo
r

so
m

e
fi
x
ed

sy
m

m
et

ri
c

W̃
p
×
p
,

d
ep

en
d
in

g
u
p

on
th

e
al

go
ri

th
m

an
d

th
e

ch
oi

ce
of
q,

d
e-

sc
ri

b
ed

as
fo

ll
ow

s.
F

or
A

lg
or

it
h
m

1
th

e
u
p

d
at

e
in

W
at

it
er

at
io

n
k

fo
r

P
ro

b
le

m
(2

2)
,

co
rr

es
p

on
d
s

to
W̃

=
(Σ
−

Φ
(k

+
1
) )
q
.

A
so

lu
ti

on
to

P
ro

b
le

m
(2

7)
is

gi
v
en

b
y

Ŵ
=
∑

p i=
r
+

1
u
iu
′ i,

w
h
er

e
u

1
,.
..
,u

p
a
re

th
e

ei
ge

n
ve

ct
or

s
of

th
e

m
at

ri
x

W̃
,

co
rr

es
p

on
d
in

g
to

th
e

ei
ge

n
va

lu
es
λ

1
(W̃

),
..
.,
λ
p
(W̃

).

3
.2
.2

S
o
lv

in
g

t
h
e
S
D
O

p
r
o
b
l
e
m

w
it
h
r
e
sp

e
c
t
t
o

Φ

T
h
e

S
D

O
p
ro

b
le

m
ar

is
in

g
fr

om
th

e
u
p

d
at

e
of

Φ
is

n
ot

as
st

ra
ig

h
tf

or
w

ar
d

as
th

e
u
p

d
at

e
w

it
h

re
sp

ec
t

to
W

.
B

ef
or

e
p
re

se
n
ti

n
g

th
e

ge
n
er

al
ca

se
,

it
h
el

p
s

to
co

n
si

d
er

a
fe

w
sp

ec
ia

l
ca

se
s

of
(C

F
A
q
).

F
or
q

=
1

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

of
P

ro
b
le

m
(1

6)

g 1
(W

,Φ
)

=
〈W

,Σ
〉−

p ∑ i=
1

w
ii

Φ
i

(2
8)
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B
e
r
t
si
m
a
s,

C
o
p
e
n
h
a
v
e
r
,
a
n
d

M
a
z
u
m
d
e
r

is
li
n
ea

r
in

Φ
(f

or
fi
x
ed

W
).

F
or
q

=
2
,

th
e

o
b

je
ct

iv
e

fu
n
ct

io
n

of
P

ro
b
le

m
(1

6
)

g 2
(W

,Φ
)

=
T

r(
W

Σ
2
)

+

p ∑ i=
1

(w
ii

Φ
2 i
−

2〈
w
i,
σ
i〉Φ

i)
(2

9
)

is
a

co
n
ve

x
q
u
ad

ra
ti

c
in

Φ
(f

or
fi
x
ed

W
).

F
or

A
lg

or
it

h
m

1,
th

e
p
ar

ti
al

m
in

im
iz

at
io

n
s

w
it

h
re

sp
ec

t
to

Φ
,

fo
r
q

=
1

a
n
d
q

=
2
,

re
q
u
ir

e
m

in
im

iz
in

g
P

ro
b
le

m
s

(2
8)

an
d

(2
9)

,
re

sp
ec

ti
ve

ly
.

V
ar

io
u
s

in
st

an
ce

s
of

op
ti

m
iz

at
io

n
p
ro

b
le

m
s

w
it

h
re

sp
ec

t
to

Φ
su

ch
as

th
o
se

a
p
p

ea
ri

n
g

in
A

lg
or

it
h
m

1
ca

n
b

e
v
ie

w
ed

as
sp

ec
ia

l
ca

se
s

of
th

e
fo

ll
ow

in
g

fa
m

il
y

of
S
D

O
p
ro

b
le

m
s:

m
in

im
iz

e
Φ
∈F

Σ

p ∑ i=
1

( c
iΦ

2 i
+
d
iΦ

i)
(3

0
)

w
h
er

e
c i
≥

0
an

d
d
i

fo
r
i

=
1,
..
.,
p

ar
e

p
ro

b
le

m
p
ar

am
et

er
s

th
at

d
ep

en
d

u
p

o
n

th
e

ch
o
ic

e
o
f

al
go

ri
th

m
an

d
q.

W
e

n
ow

p
re

se
n
t

a
fi
rs

t
or

d
er

co
n
ve

x
op

ti
m

iz
at

io
n

sc
h
em

e
fo

r
so

lv
in

g
(3

0
).

A
F
ir
st

O
r
d
e
r
S
c
h
e
m
e
f
o
r
P
r
o
b
l
e
m

(3
0
)

W
it

h
th

e
in

te
n
ti

on
of

p
ro

v
id

in
g

a
si

m
p
le

an
d

sc
al

ab
le

al
go

ri
th

m
fo

r
th

e
co

n
ve

x
S
D

O
p
ro

b
le

m
,

w
e

u
se

th
e

A
lt

er
n
at

in
g

D
ir

ec
ti

on
M

et
h
o
d

of
M

u
lt

ip
li
er

s
(B

er
ts

ek
as

,
19

99
;

B
oy

d
et

a
l.
,

2
0
1
1)

(A
D
M
M

).
W

e
in

tr
o
d
u
ce

a
sp

li
tt

in
g

va
ri

ab
le

Λ
=

Σ
−

Φ
an

d
re

w
ri

te
P

ro
b
le

m
(3

0
)

in
th

e
fo

ll
ow

in
g

eq
u
iv

al
en

t
fo

rm
:

m
in

im
iz

e
Φ
,Λ

p ∑ i=
1

(c
iΦ

2 i
+
d
iΦ

i)

s.
t.

Φ
=

d
ia

g
(Φ

1
,.
..
,Φ

p
)
�

0

Λ
�

0

Λ
=

Σ
−

Φ
.

(3
1)

T
h
e

A
u
gm

en
te

d
L

ag
ra

n
gi

an
fo

r
th

e
ab

ov
e

p
ro

b
le

m
is

:

L ρ
(Φ
,Λ
,ν

)
:=

p ∑ i=
1

(c
iΦ

2 i
+
d
iΦ

i)
+
〈 ν
,Λ
−

(Σ
−

Φ
)
〉

+
ρ 2
‖Λ
−

(Σ
−

Φ
)‖

2 2
,

(3
2
)

w
h
er

e
ρ
>

0
is

a
sc

al
ar

an
d
〈·,
·〉

d
en

ot
es

th
e

st
an

d
ar

d
tr

ac
e

in
n
er

p
ro

d
u
ct

.
A
D
M
M

in
vo

lv
es

th
e

fo
ll
ow

in
g

th
re

e
u
p

d
at

es
:

Φ
(k

+
1
)
∈

ar
g

m
in

Φ
=

d
ia

g
(Φ

1
,.
..
,Φ
p
)�

0
L ρ

(Φ
,Λ

(k
) ,
ν

(k
) ),

(3
3
)

Λ
(k

+
1
)
∈

ar
g

m
in

Λ
�

0
L ρ

(Φ
(k

+
1
) ,

Λ
,ν

(k
) ),

(3
4
)

ν
(k

+
1
)

=
ν

(k
)

+
ρ
(Λ

(k
+

1
)
−

(Σ
−

Φ
(k

+
1
) ))
,

(3
5
)

an
d

p
ro

d
u
ce

s
a

se
q
u
en

ce
{(

Φ
(k

) ,
λ

(k
) ,
ν

(k
) )
},

k
≥

1
—

th
e

co
n
v
er

ge
n
ce

p
ro

p
er

ti
es

o
f

th
e

al
go

ri
th

m
ar

e
q
u
it

e
w

el
l

k
n
ow

n
(B

oy
d

et
al

.,
20

11
).
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C
e
r
t
if
ia
b
ly

O
p
t
im

a
l
L
o
w

R
a
n
k

F
a
c
t
o
r
A
n
a
ly

sis

P
ro

b
lem

(3
3)

can
b

e
solved

in
closed

form
as

Φ
(k

+
1
)

i
=

ρ

ρ
+

2
c
i

m
ax {

(σ
ii −

λ
(k

)
ii

)−
(d
i
+
ν

(k
)

ii
)

ρ
,0 }

,
i

=
1,...,p

.
(36)

T
h
e

u
p

d
a
te

w
ith

resp
ect

to
Λ

in
(34)

req
u
ires

an
eigen

d
ecom

p
osition

:

Λ
(k

+
1
)

=
arg

m
in

Λ
�

0

∥∥∥∥
Λ
−

(Σ
−

Φ
(k

+
1
)−

1ρ
ν

(k
)) ∥∥∥∥

22

=
P
S
+p (

Σ
−

Φ
(k

+
1
)−

1ρ
ν

(k
) )
,

(37)

w
h
ere,

th
e

o
p

eratorP
S
+p

(A
)

d
en

otes
th

e
p
ro

jection
of

a
sy

m
m

etric
m

atrix
A

on
to

th
e

con
e

of

P
S
D

m
a
trices

o
f

d
im

en
sion

p×
p
:P

S
+p

(A
)

=
U
A

d
iag (

m
ax{

λ
1 ,0}

,...,m
a
x{
λ
p ,0} )

U
′A
,

w
h
ere,

A
=

U
A

d
iag

(λ
1 ,...,λ

p )U
′A

is
th

e
eigen

d
ecom

p
osition

of
A

.

S
to

p
p

in
g

c
rite

rio
n

:
T

h
e
A
D
M
M

iteratio
n
s

(33)—
(35)

are
con

tin
u
ed

till
th

e
valu

es
of

‖
Λ

(k
+

1
)−

(Σ
−

Φ
(k

+
1
))‖

2
an

d
th

e
relative

ch
a
n
ge

in
th

e
ob

jective
valu

es
of

P
rob

lem
(3

0)
b

eco
m

e
sm

a
ller

th
an

a
certain

th
resh

old
,

say,
T

O
L×

α
,

w
h
ere

α
∈
{10 −

1,...,10 −
3}

—
th

is
is

ty
p
ica

lly
tak

en
to

b
e

sm
aller

th
an

th
e

con
vergen

ce
th

resh
old

for
th

e
C

G
iteration

s
(T

O
L

).

C
o
m

p
u

ta
tio

n
a
l

c
o
st

o
f

P
ro

b
le

m
(30):

T
h
e

m
ost

in
ten

sive
com

p
u
ta

tion
al

stage
in

th
e

A
D
M
M

p
ro

ced
u
re

is
in

p
erform

in
g

th
e

p
ro

jection
op

eration
(37);

th
is

req
u
ires

O
(p

3)
o
p

era-
tio

n
s

d
u
e

to
th

e
asso

ciated
eigen

d
ecom

p
osition

.
T

h
is

n
eed

s
to

b
e

d
on

e
for

as
m

an
y
A
D
M
M

step
s,

u
n
til

co
n
vergen

ce.
S
in

ce
P

ro
b
lem

(30)
is

em
b

ed
d
ed

in
sid

e
iterative

p
ro

ced
u
res

lik
e

A
lgorith

m
1,

th
e

es-
tim

a
tes

of
(Φ
,Λ
,ν

)
ob

tain
ed

b
y

solv
in

g
P

rob
lem

(30
)

for
a

iteration
in

d
ex

(of
th

e
C

G
a
lg

o
rith

m
)

p
rov

id
es

a
go

o
d

w
arm

-sta
rt

for
th

e
P

rob
lem

(30)
in

th
e

su
b
seq

u
en

t
C

G
iter-

a
tio

n
.

T
h
is

is
often

fou
n
d

to
d
ecrease

th
e

n
u
m

b
er

of
iteration

s
req

u
ired

b
y

th
e
A
D
M
M

a
lg

o
rith

m
to

co
n
verge

to
a

p
rescrib

ed
level

of
accu

racy. 1
0

3
.3

C
o
m

p
u

ta
tio

n
a
l

c
o
st

o
f

A
lg

o
rith

m
1

F
o
r

A
lg

o
rith

m
1

an
d

oth
er

C
G

-b
ased

algorith
m

s
for

factor
a
n
aly

sis
(see

A
p
p

en
d
ix

B
),

th
e

co
m

p
u
tatio

n
al

b
ottlen

eck
is

in
p

erform
in

g
th

e
eigen

d
ecom

p
osition

of
a
p×

p
m

atrix
:

th
e

W
u
p

d
a
te

req
u
ires

p
erform

in
g

a
low

-ran
k

eig
en

d
ecom

p
osition

of
a
p×

p
m

atrix
an

d
th

e
Φ

u
p

d
a
te

req
u
ires

solv
in

g
a

p
rob

lem
of

th
e

form
(30),

w
h
ich

also
costs

O
(p

3).
S
in

ce
eig

en
d
eco

m
p

o
sition

s
can

easily
b

e
d
on

e
for

p
of

th
e

ord
er

of
a

few
th

ou
san

d
s,

th
e

p
rop

osed
a
lg

o
rith

m
s

ca
n

b
e

ap
p
lied

to
th

at
scale.

N
o
te

th
a
t

m
ost

ex
istin

g
p

op
u
lar

algorith
m

s
for

F
A

b
elon

gin
g

to
C

ategory
(B

)
(see

S
ectio

n
1
.2

)
a
lso

p
erform

an
eigen

d
ecom

p
osition

w
ith

cost
O

(p
3).

T
h
u
s

it
ap

p
ears

th
at

1
0
.

T
h

e
u

tility
o
f

w
a
rm

sta
rts

is
a
n

o
th

er
co

m
p

ellin
g

rea
so

n
to

a
p

p
ly

a
fi

rst-o
rd

er-b
a
sed

a
p

p
ro

a
ch

in
stea

d
o
f

in
terio

r
p

o
in

t
m

eth
o
d

s.
In

d
eed

,
w

a
rm

sta
rts

a
re

w
ell-k

n
ow

n
to

p
erfo

rm
q
u

ite
p

o
o
rly

w
h

en
in

co
rp

o
ra

ted
in

to
in

terio
r

p
o
in

t
m

eth
o
d

s—
o
ften

th
ey

ca
n

p
erfo

rm
w

o
rse

th
a
n

co
ld

sta
rts

(Y
ild

irim
a
n

d
W

rig
h
t,

2
0
0
2
;

J
o
h

n
a
n

d
Y

ild
irim

,
2
0
0
8
).

G
iv

en
th

e
n

eed
to

rep
ea

ted
ly

so
lv

e
sim

ila
rly

stru
ctu

red
S

D
O

s
fo

r
b

o
th

u
p

p
er

b
o
u
n

d
s

(a
s

p
resen

ted
in

th
is

sectio
n

)
a
s

w
ell

a
s

low
er

b
o
u

n
d

s
(a

s
p

resen
ted

in
S

ectio
n

4
),

th
e

a
b

ility
to

eff
ectiv

ely
in

co
rp

o
ra

te
w

a
rm

sta
rt

in
fo

rm
a
tio

n
is

cru
cia

l.
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B
e
r
t
sim

a
s,

C
o
p
e
n
h
a
v
e
r
,
a
n
d

M
a
z
u
m
d
e
r

C
ategory

(B
)

an
d

th
e
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.

G
lo

b
a
l

O
p

ti
m

iz
a
ti

o
n

—
S

ta
te

o
f

th
e

A
rt

:
W

e
cl

os
e

th
is

se
ct

io
n

b
y

d
is

cu
ss

in
g

si
m

i-
la

ri
ti

es
b

et
w

ee
n

th
e

b
ra

n
ch

-a
n
d
-b

ou
n
d

ap
p
ro

ac
h

w
e

d
ev

el
op

h
er

e
an

d
ex

is
ti

n
g

m
et

h
o
d
s

in
n
on

co
n
ve

x
op

ti
m

iz
at

io
n
.

O
u
r

ap
p
ro

ac
h

is
ve

ry
si

m
il
ar

in
sp

ir
it

to
ap

p
ro

ac
h
es

to
g
lo

b
a
l

op
-

ti
m

iz
at

io
n

(F
lo

u
d
as

,
19

99
),

an
d

in
p
ar

ti
cu

la
r

fo
r

(n
on

co
n
ve

x
)

q
u
ad

ra
ti

c
op

ti
m

iz
a
ti

o
n

p
ro

b
-

le
m

s,
q
u
ad

ra
ti

ca
ll
y
-c

on
st

ra
in

ed
co

n
v
ex

op
ti

m
iz

at
io

n
p
ro

b
le

m
s,

a
n
d

b
il
in

ea
r

o
p
ti

m
iz

a
ti

on
p
ro

b
le

m
s

(H
an

se
n

et
al

.,
19

93
;

B
ao

et
al

.,
20

09
;

T
aw

ar
m

al
an

i
an

d
S
ah

in
id

is
,

2
0
0
2
b
;

T
aw

a
r-

m
al

an
i

et
al

.,
20

13
;

C
os

ta
an

d
L

ib
er

ti
,

20
12

;
A

n
st

re
ic

h
er

an
d

B
u
re

r,
2
01

0
;

M
is

en
er

a
n
d

F
lo

u
d
as

,
20

12
).

T
h
e

p
ri

m
ar

y
si

m
il
ar

it
y

is
th

at
w

e
w

or
k

w
it

h
in

a
b
ra

n
ch

an
d

b
o
u
n
d

fr
a
m

e-
w

or
k

u
si

n
g

su
cc

es
si

ve
ly

b
et

te
r

co
n
ve

x
lo

w
er

b
ou

n
d
s.

H
ow

ev
er

,
w

h
il
e

gl
ob

a
l

o
p
ti

m
iz

a
ti

o
n

so
ft

w
ar

e
fo

r
a

va
ri

et
y

of
n
on

co
n
ve

x
p
ro

b
le

m
s

w
it

h
u
n
d
er

ly
in

g
ve

ct
or

va
ri

ab
le

s
is

g
en

er
a
ll
y

w
el

l-
d
ev

el
op

ed
(a

s
ev

id
en

ce
d

b
y

so
lv

er
s

li
ke

B
A
R
O
N
,

se
e

S
ah

in
id

is
20

14
),

th
is

is
n
o
t

th
e

ca
se

fo
r

p
ro

b
le

m
s

w
it

h
u
n
d
er

ly
in

g
m

at
ri

x
va

ri
ab

le
s

an
d

se
m

id
efi

n
it

e
co

n
st

ra
in

ts
.

T
h
e

p
re

se
n
ce

of
se

m
id

efi
n
it

e
st

ru
ct

u
re

p
re

se
n
ts

se
v
er

al
su

b
st

an
ti

al
co

m
p
u
ta

ti
o
n
a
l

ch
a
l-

le
n
ge

s.
F

ir
st

an
d

fo
re

m
os

t,
al

go
ri

th
m

ic
im

p
le

m
en

ta
ti

on
s

fo
r

so
lv

in
g

li
n
ea

r
S
D

O
s

a
re

n
o
t

n
ea

rl
y

as
ad

va
n
ce

d
as

th
os

e
w

h
ic

h
ex

is
t

fo
r

li
n
ea

r
op

ti
m

iz
at

io
n

p
ro

b
le

m
s.

T
h
er

ef
o
re

,
ea

ch

18
JM

L
R

 1
8(
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53
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C
e
r
t
if
ia
b
ly

O
p
t
im

a
l
L
o
w

R
a
n
k

F
a
c
t
o
r
A
n
a
ly

sis

su
b
p
ro

b
lem

,
w

h
ich

is
itself

a
lin

ear
S
D

O
,

carries
a

larger
com

p
u
tation

al
cost

th
an

th
e

u
su

al
co

rresp
o
n
d
in

g
lin

ear
p
rogram

w
h
ich

ty
p
ically

arises
in

oth
er

glob
al

op
tim

ization
p
rob

lem
s

w
ith

vector
va

riab
les.

S
econ

d
ly,

a
critical

com
p

on
en

t
of

th
e

su
ccess

of
glob

al
op

tim
iza-

tio
n

so
ftw

a
re

is
th

e
ab

ility
to

q
u
ick

ly
resolve

m
u
ltip

le
in

stan
ces

of
su

b
p
rob

lem
s

w
h
ich

h
ave

sim
ila

r
stru

ctu
re.

C
orresp

on
d
in

g
m

eth
o
d
s

for
S
D

O
s,

as
solved

v
ia

in
terior

p
o
in

t
m

eth
o
d
s,

a
re

gen
era

lly
n
ot

w
ell-d

evelop
ed

.
F

in
ally,

sem
id

efi
n
ite

stru
ctu

re
com

p
licates

th
e

trad
ition

al
p
ro

cess
o
f

co
m

p
u
tin

g
con

v
ex

en
v
elop

es.
S
u
ch

com
p
u
tation

s
are

critical
to

th
e

su
ccess

of
m

o
d
ern

g
lo

b
a
l

op
tim

ization
solvers

like
B
A
R
O
N
.

T
h
ere

a
re

a
variety

of
oth

er
p

ossib
le

ap
p
roach

es
to

com
p
u
tin

g
low

er
b

ou
n
d
s

to
(C

F
A
q ).

O
n
e

su
ch

a
p
p
ro

ach
is

th
e

m
eth

o
d

of
m

om
en

ts
(L

asserre,
2009).

H
ow

ever,
for

p
ro

b
lem

s
of

th
e

size
w

e
are

con
sid

erin
g,

su
ch

an
ap

p
roach

is
likely

n
ot

com
p
u
tatio

n
ally

feasib
le,

so
w

e
d
o

n
o
t

m
a
k
e

a
d
irect

com
p
arison

h
ere.

T
h
ere

is
also

recen
t

w
ork

in
com

p
lem

en
tarity

con
-

stra
in

ts
literatu

re
(B

ai
et

al.,
2016)

w
h
ich

con
n
ects

ran
k
-con

strain
ed

op
tim

ization
p
rob

lem
s

to
co

p
o
sitiv

e
o
p
tim

ization
(B

u
rer,

2012).
In

sh
ort,

su
ch

an
ap

p
roach

tu
rn

s
(38)

in
to

an
eq

u
iva

len
t

co
n
vex

p
rob

lem
;

d
esp

ite
th

e
tran

sform
ation

,
th

e
n
ew

p
rob

lem
is

n
ot

p
articu

larly
a
m

en
a
b
le

to
co

m
p
u
tation

at
th

is
tim

e.
F

or
th

is
reaso

n
,

w
e

d
o

n
ot

con
sid

er
th

e
cop

ositive
o
p
tim

iza
tio

n
a
p
p
roach

.

4
.2

P
ro

p
e
rtie

s
o
f

(L
S
`,u

)

W
e

n
ow

ex
a
m

in
e

p
rop

erties
of

(L
S
`,u

),
th

e
m

ain
su

b
p
rob

lem
of

in
terest.

O
b
serve

th
at

it
is

a
lin

ear
S
D

O
p
rob

lem
,

an
d

th
erefore

w
e

can
con

sid
er

its
d
u
al,

n
am

ely

(D
S
`,u

)

m
ax

im
ize

q
,f
u
,f
` ,µ

,
σ
,M

,N
,P

(p−
r)q−

u
′f
u −

T
r(N

)−
〈P
,Σ
−

d
iag

(`)〉

s.t.
µ

+
σ

=
1

d
iag

(P
)

+
f
u −

f
` −

µ
=

0
Σ
−

d
iag

(u
)

+
M

+
N

+
d
iag

(d
iag

(u
−
`)µ

)−
qI

=
0

f
u ,f

` ,µ
,σ
≥

0
M
,N

,P
<

0
.

O
b

se
rv

a
tio

n
1

W
e

n
o
w

in
clu

d
e

so
m

e
rem

a
rks

a
bo

u
t

stru
ctu

ra
l

p
ro

perties
o
f

(L
S
`,u

)
a
n

d
its

d
u

a
l

(D
S
`,u

).

1
.

If
ra

n
k
(Σ

)
=
p

th
en

th
e

S
la

ter
co

n
d
itio

n
(B

o
yd

a
n

d
V

a
n

d
en

bergh
e,

2
0
0
4
)

h
o
ld

s
a
n

d
h
en

ce
th

ere
is

stro
n

g
d
u

a
lity,

so
w

e
ca

n
w

o
rk

w
ith

(D
S
`,u

)
in

stea
d

o
f

(L
S
`,u

)
a
s

a
n

exa
ct

refo
rm

u
la

tio
n

.

2
.

T
h
ere

exists
a
n

o
p
tim

a
l

so
lu

tio
n

to
th

e
d
u

a
l

w
ith
f
u

=
0

.
T

h
is

is
a

va
ria

ble
red

u
ctio

n
w

h
ich

is
n

o
t

im
m

ed
ia

tely
o
bvio

u
s.

N
o
te

th
a
t
f
u

a
p
pea

rs
a
s

th
e

m
u

ltip
lier

fo
r

th
e

co
n

stra
in

ts
in

th
e

p
rim

a
l

o
f

th
e

fo
rm

d
iag

(Φ
)≤

u
.

T
o

cla
im

th
a
t

w
e

ca
n

set
f
u

=
0

it
su

ffi
ces

to
sh

o
w

th
a
t

th
e

co
rrespo

n
d
in

g
co

n
stra

in
ts

in
th

e
p
rim

a
l

ca
n

be
ign

o
red

.
N

a
m

ely,
if

(W
∗,Φ

∗)
so

lves
(L

S
`,u

)
w

ith
th

e
co

n
stra

in
ts

Φ
i ≤

u
i ∀
i

o
m

itted
,

th
en

th
e

pa
ir

(W
∗,Φ̃

)
is

fea
sible

a
n

d
o
p
tim

a
l

to
(L

S
`,u

)
w

ith
a
ll

th
e

co
n

stra
in

ts
in

clu
d
ed

,
w

h
ere

Φ̃
is

d
efi

n
ed

by

Φ̃
i

=
m

in{
Φ
∗i ,u

i }.

1
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B
e
r
t
sim

a
s,

C
o
p
e
n
h
a
v
e
r
,
a
n
d

M
a
z
u
m
d
e
r

H
erein

a
fter

w
e

set
f
u

=
0

a
n

d
o
m

it
th

e
co

n
stra

in
t

d
iag

(Φ
)
≤

u
(w

ith
th

e
ca

vea
t

th
a
t,

u
po

n
so

lvin
g

a
p
ro

blem
a
n

d
id

en
tifyin

g
so

m
e

Φ
∗,

w
e

m
u

st
in

stea
d

w
o
rk

w
ith

m
in{Φ

∗,d
iag

(u
)},

ta
ken

en
tryw

ise).

S
o
lv

in
g

S
u

b
p

ro
b

le
m

s:
W

e
b
riefl

y
d
etail

h
ow

to
so

lv
e

(L
S
`,u

).
In

ligh
t

of
th

e
d
iscu

ssion
in

S
ection

3.2,
w

e
ch

o
ose

to
ap

p
ly

a
fi
rst-ord

er
m

eth
o
d
.

O
b
serve

th
at

w
e

can
n
ot

solve
th

e
p
rim

al
form

(L
S
`,u

)
w

ith
in

th
e

b
ran

ch
-an

d
-b

ou
n
d

fram
ew

ork
u
n
less

w
e

solve
it

to
op

tim
ality.

T
h
erefore,

w
e

in
stead

ch
o
ose

to
w

ork
w

ith
its

d
u
al

(D
S
`,u

).
W

e
ap

p
ly

an
off

-
th

e-sh
elf

solver
S
C
S

(O
’D

on
ogh

u
e

et
al.,

2016)
to

solv
e

(D
S
`,u

)
an

d
fi
n
d

rea
so

n
ab

ly
accu

rate,
fea

sible
solu

tion
s

for
th

is
d
u
al

p
rob

lem
,

w
h
ich

gu
aran

tees
th

at
w

e
h
ave

a
low

er
b

ou
n
d

to
(L

S
`,u

). 1
3

In
th

is
w

ay,
w

e
m

ain
tain

th
e

p
rovab

le
op

tim
a
lity

p
rop

erties
of

A
lgorith

m
2

w
ith

ou
t

n
eed

in
g

to
solve

n
o
d
es

in
th

e
b
ran

ch
-an

d
-b

ou
n
d

tree
to

fu
ll

op
tim

a
lity.

4
.3

In
p

u
t

P
a
ra

m
e
te

rs

In
solv

in
g

th
e

ro
ot

n
o
d
e

of
A

lgorith
m

2,
w

e
m

u
st

b
egin

w
ith

som
e

ch
oice

of
u

0
=

u
.

A
n

ob
v
iou

s
fi
rst

ch
oice

for
u
i

is
u
i

=
Σ
ii ,

b
u
t

on
e

can
d
o

b
etter.

L
et

u
s

op
tim

ally
set

u
i ,

d
efi

n
in

g
it

as

u
i

:=
m

ax
im

ize
x∈

R
x

s.t.
Σ
−
x
E

(i)<
0
,

(40)

w
h
ere

E
(i)
∈

R
p×
p

is
a

m
atrix

w
ith

all
zeros

ex
cep

t
E

(i)
ii

=
1.

T
h
ese

b
ou

n
d
s

are
u
sefu

l
b

ecau
se

if
Φ
∈
F

Σ
,

th
en

Φ
i ≤

u
i .

N
ote

th
at

p
rob

lem
(40)

is
a

lin
ear

S
D

O
for

w
h
ich

stron
g

d
u
ality

h
old

s.
Its

d
u
al

is
p
reciselyu

i
=

m
in

im
ize

M
∈
R
p×
p
〈M

,Σ
〉

s.t.
M
ii

=
1

M
<

0
,

(41)

a
lin

ear
S
D

O
in

stan
d
ard

form
w

ith
a

sin
gle

eq
u
ality

con
strain

t.
B

y
a

resu
lt

of
(B

arv
in

ok
,

1995;
P

atak
i,

1998),
th

ere
ex

ists
a

ran
k

on
e

solu
tion

to
(41).

T
h
is

im
p
lies

th
at

(4
1)

can
actu

ally
b

e
solv

ed
as

a
con

vex
q
u
ad

ratic
p
rogra

m
:

u
i

=
m

in
im

ize
m
∈
R
p

m
′Σ

m

s.t.
m

2i
=

1.
=

m
in

im
ize

m
m
′Σ

m

s.t.
m
i

=
1.

(42)

T
h
is

form
u
lation

given
in

(42)
is

com
p
u
tation

ally
in

ex
p

en
sive

to
solve

(given
a

large
n
u
m

b
er

of
sp

ecialized
con

vex
q
u
ad

ratic
p
rob

lem
solvers),

in
con

trast
to

b
oth

form
u
latio

n
s

(40)
an

d
(41). 1

4

1
3
.

O
n

e
n

o
ta

b
le

fea
tu

re
o
f

th
e

A
D
M
M

-b
a
sed

a
p

p
ro

a
ch

is
th

a
t

w
e

ca
n

ex
tra

ct
a
n

a
p

p
rox

im
a
tely

fea
sib

le
p

rim
a
l

so
lu

tio
n

Φ
,

w
h

ich
is

u
sefu

l
fo

r
b

ra
n

ch
in

g
.

N
o
te

th
a
t

in
A

lg
o
rith

m
2
,

w
e

ca
n

rep
la

ce
th

e
b

est
in

cu
m

b
en

t
so

lu
tio

n
if

w
e

fi
n

d
a

n
ew

Φ
w

h
ich

h
a
s

b
etter

o
b

jectiv
e

va
lu

e
∑
i>
r
σ
i (Σ
−

Φ
).

B
eca

u
se

Φ
m

ay
n

o
t

b
e

fea
sib

le
(i.e.,

Φ
/∈
F

Σ
),

w
e

ta
k
e

ca
re

h
ere.

N
a
m

ely,
co

m
p

u
te
t

=
∑
i>
r
λ
i (Σ
−

Φ
),

w
h

ere
λ
1 (Σ
−

Φ
)
≥
···≥

λ
p (Σ
−

Φ
)

a
re

th
e

so
rted

eig
en

va
lu

es
o
f

Σ
−

Φ
.

If
t
<
z
f
,

th
en

w
e

p
erfo

rm
a
n

itera
tio

n
o
f

C
G

sch
em

e
fo

r
fi

n
d

in
g

fea
sib

le
so

lu
tio

n
s

(o
u

tlin
ed

in
S

ectio
n

3
)

to
fi

n
d

a
fea

sib
le

Φ̄
∈
F

Σ
.

W
e

th
en

u
se

th
is

a
s

a
p

o
ssib

le
ca

n
d

id
a
te

fo
r

rep
la

cin
g

th
e

in
cu

m
b

en
t.

1
4
.

In
th

e
ca

se
w

h
en

Σ
�

0
,

it
is

n
o
t

n
ecessa

ry
to

u
se

q
u

a
d

ra
tic

o
p

tim
iza

tio
n

p
ro

b
lem

s
to

co
m

p
u

te
u

.
In

th
is

ca
se

o
n

ce
ca

n
a
p

p
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p
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p
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p
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b
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p
ro

ve
th
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p
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p
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p
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h
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-v
is

W
ey

l’s
m

eth
o
d
,

w
e

k
n
ow

a
p
rio

ri,
w

ith
ou

t
solv

in
g

(L
S
`
c,u

c),
th

at

m
in

im
ize

Φ
∈F

Σ
`
c≤

d
ia

g
(Φ

)≤
u
c ∑i>

r

σ
i (Σ
−

Φ
)≥

∑i>
r

m
ax{λ

i (Σ
−

d
iag

(u
c)),0}.

H
en

ce,
if
z
f −

T
O
L
<
∑

i>
r

m
ax{

λ
i (Σ
−

d
iag

(u
c)),0}

,
w

h
ere

z
f

is
as

in
A

lgorith
m

2,
th

en
n
o
d
e
n

ca
n

b
e

d
iscard

ed
,

i.e.,
th

ere
is

n
o

n
eed

to
actu

ally
com

p
u
te

(L
S
`
c,u

c)
or

fu
rth

er
co

n
sid

er
th

is
b
ran

ch
.

T
h
is

is
b

ecau
se

if
w

e
w

ere
to

solve
(L

S
`
c,u

c),
an

d
th

en
b
ran

ch
ag

ain
,

so
lv

in
g

fu
rth

er
d
ow

n
th

is
b
ran

ch
to

op
tim

ality,
th

en
th

e
fi
n
al

low
er

b
ou

n
d

o
b
tain

ed
w

ou
ld

n
ecessa

rily
b

e
a
t

least
as

large
as

th
e

b
est

feasib
le

ob
jectiv

e
alread

y
fou

n
d

(w
ith

in
toleran

ce
T
O
L
).In

th
is

w
ay,

b
ecau

se
W

ey
l’s

m
eth

o
d

is
relatively

fast,
th

is
p
rov

id
es

a
sim

p
le

m
eth

o
d

for
p
ru

n
in

g.
In

th
e

com
p
u
tation

al
resu

lts
d
etailed

in
S
ection

5.3,
w

e
alw

ay
s

u
se

W
ey

l’s
m

eth
o
d

to
d
isca

rd
n
o
d
es

w
h
ich

are
n
ot

fru
itfu

l
to

con
sid

er.

B
o
u

n
d

T
ig

h
te

n
in

g
:

W
e

n
ow

tu
rn

ou
r

atten
tio

n
to

an
oth

er
w

ay
in

w
h
ich

W
ey

l’s
m

eth
o
d

ca
n

b
e

u
sed

to
im

p
rove

th
e

p
erform

an
ce

of
A

lgorith
m

2—
bo

u
n

d
tigh

ten
in

g.
In

sh
ort,

b
ou

n
d

tig
h
ten

in
g

is
th

e
u
se

of
im

p
licit

con
strain

ts
to

stren
gth

en
b

ou
n
d
s

ob
tain

ed
for

a
given

n
o
d
e.

W
e

d
eta

il
th

is
w

ith
th

e
sam

e
n
o
d
e

n
otation

as
ab

ove.
N

am
ely,

con
sid

er
a

given
n
o
d
e

n
=

[`
c,u

c].
F

ix
som

e
j∈
{1
,...,p}

an
d

let
α
∈

(`
cj ,u

cj ).
If

w
e

h
ave

th
at

z
f −

T
O
L
<
∑i>
r

m
ax{λ

i (Σ
−

d
iag

(ũ
)),0},

w
h
ere

ũ
is

u
c

w
ith

th
e
jth

en
try

rep
laced

b
y
α

,
th

en
w

e
can

rep
lace

th
e

n
o
d
e
n

w
ith

th
e

“
tig

h
ten

ed
”

n
o
d
e
ñ

=
[ ˜̀,u

c],
w

h
ere

˜̀
is
`
c

w
ith

th
e
jth

en
try

rep
laced

b
y
α

.
W

e
co

n
sid

er
w

h
y

th
is

is
valid

.
S
u
p
p

ose
th

a
t

on
e

w
ere

to
solve

(L
S
`
c,u

c)
an

d
ch

o
ose

to

b
ra

n
ch

o
n

in
d
ex
j

at
α

.
T

h
en

on
e

w
ou

ld
crea

te
tw

o
n
ew

n
o
d
es:

[`
c,ũ

]
an

d
[ ˜̀,u

c].
W

e
w

ou
ld

n
ecessa

rily
th

en
p
ru

n
e

aw
ay

th
e

n
o
d
e

[`
c,ũ

]
as

ju
st

d
escrib

ed
;

h
en

ce,
w

e
can

rep
lace

[`
c,u

c]
w

ith
o
u
t

lo
ss

o
f

gen
erality

w
ith

[ ˜̀,u
c].

N
ote

th
at

h
ere

α
∈

(`
cj ,u

cj )
an

d
j
∈
{1
,...,p}

w
ere

a
rb

itra
ry.

H
en

ce,
for

each
j,

on
e

ca
n

ch
o
ose

th
e

largest
su

ch
α
j ∈

(`
cj ,u

cj )
(if

on
e

ex
ists)

so

th
a
t
z
f −

T
O
L
<
∑

i>
k

m
ax{λ

i (Σ
−

d
iag

(ũ
)),0}

,
an

d
th

en
rep

lace
`
c

b
y

˜̀. 1
5

S
u
ch

a
p
ro

ced
u
re

is
som

ew
h
at

ex
p

en
sive

(b
ecau

se
of

its
u
se

of
rep

eated
eigen

va
lu

e
ca

lcu
la

tio
n
s),

b
u
t

can
b

e
th

ou
gh

t
of

as
“op

tim
a
l”

p
ru

n
in

g
v
ia

W
ey

l’s
m

eth
o
d
.

In
ou

r
ex

p
erien

ce
th

e
b

en
efi

t
of

b
ou

n
d

tigh
ten

in
g

d
o
es

n
ot

w
arran

t
its

com
p
u
tation

al
cost

w
h
en

u
sed

a
t

every
n
o
d
e

in
th

e
b
ran

ch
-an

d
-b

ou
n
d

tree
ex

cep
t

in
a

sm
all

n
u
m

b
er

of
p
rob

lem
s.

F
or

th
is

rea
so

n
,

in
th

e
com

p
u
tation

al
resu

lts
in

S
ection

5.3
w

e
on

ly
em

p
loy

b
ou

n
d

tigh
ten

in
g

a
t

th
e

ro
ot

n
o
d
e
n

=
[0
,u

0].

4
.6

N
o
d

e
S

e
le

c
tio

n

In
th

is
sectio

n
,

w
e

b
riefl

y
d
escrib

e
ou

r
m

eth
o
d

of
n
o
d
e

selection
.

T
h
e

p
rob

lem
of

n
o
d
e

selectio
n

h
as

b
een

con
sid

ered
ex

ten
siv

ely
in

d
iscrete

op
tim

ization
an

d
is

still
an

active
area

o
f

resea
rch

.
H

ere
w

e
d
escrib

e
a

sim
p
le

n
o
d
e

selection
strategy.

1
5
.

A
n

o
b
v
io

u
s

ch
o
ice

to
fi

n
d

su
ch

a
n
α

is
a

g
rid

-sea
rch

-b
a
sed

b
isectio

n
m

eth
o
d

.
F

o
r

sim
p

licity
w

e
u

se
a

lin
ea

r
sea

rch
o
n

a
g
rid

in
stea

d
o
f

reso
rtin

g
to

th
e

b
isectio

n
m

eth
o
d

.
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B
e
r
t
sim

a
s,

C
o
p
e
n
h
a
v
e
r
,
a
n
d

M
a
z
u
m
d
e
r

T
o

b
e

p
recise,

con
sid

er
som

e
p

oin
t

in
A

lgorith
m

2
w

ere
w

e
h
ave

a
certain

collection
of

n
o
d
es,

([`
c,u

c],z
c)∈

N
o
d
e
s
.

T
h
e

m
ost

ob
v
iou

s
n
o
d
e

selection
strategy

is
to

p
ick

th
e

n
o
d
e

n
for

w
h
ich

z
c

is
sm

allest
am

on
g

all
n
o
d
es

in
N
o
d
e
s
.

In
th

is
w

ay,
th

e
algorith

m
is

likely
to

im
p
rove

th
e

gap
z
f −

z
lb

at
every

iteration
.

S
u
ch

greed
y

selection
strategies

ten
d

to
n
ot

p
erform

p
articu

larly
w

ell
in

gen
eral

glob
al

op
tim

ization
p
rob

lem
s

(see,
e.g.,

T
aw

arm
alan

i
an

d
S
ah

in
id

is,
2002a).

F
or

th
ese

reason
s,

w
e

em
p
loy

a
sligh

tly
m

o
d
ifi

ed
greed

y
selection

strategy
w

h
ich

u
tilizes

W
ey

l’s
m

eth
o
d
.

F
or

a
given

n
o
d
e
n
,

w
e

also
co

n
sid

er
its

corresp
on

d
in

g
low

er
b

ou
n
d
w
c

ob
tain

ed
from

W
ey

l’s
m

eth
o
d
,

n
am

ely,
w
c

:=
∑

i>
r

m
ax{λ

i (Σ
−

d
iag

(u
c)),0}

.
F

or
each

n
o
d
e,

w
e

n
ow

con
sid

er
m

ax{
z
c,w

c}.
T

h
ere

are
tw

o
cases

to
con

sid
er:

1.
W

ith
p
rob

ab
ility

β
,

w
e

select
th

e
n
o
d
e

w
ith

sm
allest

valu
e

of
m

ax{
z
c,w

c}.

2.
In

th
e

rem
ain

in
g

scen
arios

(o
ccu

rrin
g

w
ith

p
rob

ab
ility

1−
β

),
w

e
ch

o
ose

ran
d
om

ly
b

etw
een

selectin
g

th
e

n
o
d
e

w
ith

sm
allest

valu
e

of
z
c

an
d

th
e

n
o
d
e

w
ith

sm
allest

valu
e

of
w
c.

T
o

b
e

p
recise,

let
Z

b
e

th
e

m
in

im
u
m

of
z
c

over
all

n
o
d
es

an
d

likew
ise

let
W

b
e

th
e

m
in

im
u
m

of
w
c

over
all

n
o
d
es.

T
h
en

w
ith

(in
d
ep

en
d
en

t)
p
rob

a
b
ility

β
,

w
e

ch
o
ose

th
e

n
o
d
e

w
ith

w
orst

z
c

o
r
w
c

(i.e.,
w

ith
m

in{z
c,w

c}
=

m
in{Z

,W
}
);

w
ith

p
rob

ab
ility

1−
β

,
if
Z
<
W

w
e

ch
o
ose

a
n
o
d
e

w
ith

w
c

=
W

,
an

d
if
Z
>
W

w
e

ch
o
o
se

a
n
o
d
e

w
ith

z
c

=
Z

.

In
th

is
w

ay,
w

e
allow

for
th

e
algorith

m
to

sw
itch

b
etw

een
try

in
g

to
m

ake
p
ro

gress
tow

ard
s

im
p
rov

in
g

th
e

con
vex

en
velop

e
b

ou
n
d
s

an
d

m
ak

in
g

p
rogress

tow
ard

s
im

p
rov

in
g

th
e

b
est

of
th

e
tw

o
b

ou
n
d
s

(th
e

con
vex

en
velop

e
b

ou
n
d
s

alon
g

w
ith

th
e

W
ey

l
b

ou
n
d
s).

W
e

set
β

=
0
.9

for
all

com
p
u
tation

al
ex

p
erim

en
ts.

It
is

p
ossib

le
th

at
a

m
ore

d
y
n
am

ic
b
ra

n
ch

in
g

strategy
cou

ld
p

erform
su

b
stan

tially
b

etter;
h
ow

ever,
th

e
m

eth
o
d

h
ere

h
as

a
d
esirab

le
level

of
sim

p
licity.

W
e

close
b
y

n
otin

g
th

at
w

h
ile

th
is

n
o
d
e

selection
strategy

ap
p

ears
n
äıve,

it
is

n
ot

n
ecessarily

so
sim

p
le.

Im
p
roved

n
o
d
e

selection
strategies

from
d
iscrete

op
tim

ization
often

take
in

to
accou

n
t

som
e

sort
of

d
u
ality

th
eory.

W
ey

l’s
in

eq
u
ality

is
at

its
core

a
resu

lt
from

d
u
ality

th
eory

(p
rin

cip
ally

W
ielan

d
t’s

m
in

im
ax

p
rin

cip
le;

see
B

h
atia,

2007),
an

d
th

erefore
ou

r
strategy

is
n
ot

as
u
n
sop

h
isticated

as
it

m
igh

t
ap

p
ear

on
fi
rst

in
sp

ection
.

5
.

C
o
m

p
u
ta

tio
n
a
l

e
x
p

e
rim

e
n
ts

In
th

is
section

,
w

e
p

erform
variou

s
com

p
u
tation

al
ex

p
erim

en
ts

to
stu

d
y

th
e

p
rop

erties
of

ou
r

d
iff

eren
t

algorith
m

ic
p
rop

osals
for

(C
F
A
q ),

for
q
∈
{
1
,2}

.
U

sin
g

a
variety

of
sta-

tistical
m

easu
res,

w
e

com
p
are

ou
r

m
eth

o
d
s

w
ith

ex
istin

g
p

op
u
lar

ap
p
roach

es
for

F
A

,
as

im
p
lem

en
ted

in
stan

d
ard

R
statistica

l
p
ackages

p
s
y
c
h

(R
evelle,

2015),
n
F
a
c
t
o
r
s

(R
aich

e
an

d
M

agis,
2011),

an
d
G
P
A
r
o
t
a
t
i
o
n

(B
ern

aard
s

an
d

J
en

n
rich

,
2005).

W
e

th
en

tu
rn

o
u
r

atten
tion

to
certifi

cates
of

op
tim

ality
as

d
escrib

ed
in

S
ection

4
for

(C
F
A

1 ).

5
.1

S
y
n
th

e
tic

e
x
a
m

p
le

s

F
or

ou
r

sy
n
th

etic
ex

p
erim

en
ts,

w
e

con
sid

ered
d
istin

ctly
d
iff

eren
t

grou
p
s

of
ex

am
p
les.

C
lasses

A
1

an
d
A

2
h
ave

su
b
sp

aces
of

th
e

low
-ran

k
com

m
on

factors
w

h
ich

are
ran

d
om

an
d

th
e

valu
es
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C
e
r
t
if
ia
b
ly

O
p
t
im

a
l
L
o
w

R
a
n
k

F
a
c
t
o
r
A
n
a
ly

si
s

of
Φ
i

ar
e

ta
ke

n
to

b
e

eq
u
al

ly
sp

ac
ed

.
T

h
e

u
n
d
er

ly
in

g
m

at
ri

x
co

rr
es

p
on

d
in

g
to

th
e

co
m

m
on

fa
ct

or
s

in
ty

p
e
A

1
is

ex
ac

tl
y

lo
w

-r
an

k
,

w
h
il
e

th
is

is
n
ot

th
e

ca
se

in
ty

p
e
A

2
.

C
la

ss
A

1
(R
/p

).
W

e
ge

n
er

at
ed

a
m

a
tr

ix
L
p
×
R

:=
((
L
ij

))
(w

it
h
R
<
p
)

w
it

h
L
ij

ii
d ∼
N

(0
,1

).
T

h
e

u
n

iq
u

e
va

ri
a
n

ce
s

Φ
1
,.
..
,Φ

p
,

ar
e

ta
ke

n
to

b
e

p
ro

p
or

ti
on

al
to
p

eq
u
i-

sp
ac

ed
va

lu
es

on

th
e

in
te

rv
al

[λ
R

(L
′ L

),
λ

1
(L
′ L

)]
su

ch
th

at
Φ
i

=
φ̄
·(
λ

1
(L
′ L

)
+

(λ
R

(L
′ L

)
−
λ

1
(L
′ L

))
i−

1
p

) ,
fo

r

1
≤
i
≤
p
.

H
er

e
φ̄

,
w

h
ic

h
co

n
tr

ol
s

th
e

ra
ti

o
of

th
e

va
ri

an
ce

s
b

et
w

ee
n

th
e

u
n

iq
u

en
es

se
s

an
d

th
e

co
m

m
on

la
te

n
t

fa
ct

or
s

is
ch

os
en

su
ch

th
at
∑

p i=
1

Φ
i

=
T

r(
L

L
′ )

,
i.
e.

,
th

e
co

n
tr

ib
u
ti

on
to

th
e

to
ta

l
va

ri
an

ce
fr

om
th

e
co

m
m

on
fa

ct
or

s
m

at
ch

es
th

at
fr

o
m

th
e

u
n
iq

u
en

es
s

fa
ct

or
s.

T
h
e

co
va

ri
an

ce
m

at
ri

x
is

th
u
s

gi
ve

n
b
y
:

Σ
=

L
L
′ +

Φ
.

C
la

ss
A

2
(p

).
H

er
e

L
p
×
p

is
ge

n
er

at
ed

as
L
ij

ii
d ∼
N

(0
,1

).
W

e
d
id

a
fu

ll
si

n
gu

la
r

va
lu

e
d
ec

om
-

p
os

it
io

n
on

L
—

le
t

U
L

d
en

ot
e

th
e

se
t

of
p

(l
ef

t)
si

n
gu

la
r

ve
ct

or
s.

W
e

cr
ea

te
d

a
p

os
it

iv
e

d
efi

-
n
it

e
m

at
ri

x
w

it
h

ex
p

on
en

ti
al

ly
d
ec

ay
in

g
ei

ge
n
va

lu
es

as
fo

ll
ow

s:
L̃

L̃
′ =

U
L

d
ia

g
(λ

1
,.
..
,λ

p
)U
′ L
,

w
h
er

e
th

e
ei

ge
n
va

lu
es

w
er

e
ch

os
en

as
λ
i

=
0.

8i
/
2
,i

=
1,
..
.,
p
.

W
e

ch
os

e
th

e
d
ia

go
n
al

en
tr

ie
s

of
Φ

(l
ik

e
d
at

a
T

y
p

e-
A

1
),

as
a

sc
al

ar
m

u
lt

ip
le

(φ̄
)

of
a

u
n
if

or
m

ly
sp

ac
ed

g
ri

d
in

[λ
p
,λ

1
]

an
d

φ̄
w

as
ch

os
en

su
ch

th
at
∑

i
Φ
i

=
T

r(
L̃

L̃
′ )

.

In
co

n
tr

as
t,

cl
as

se
s
B

1
,
B

2
,

an
d
B

3
ar

e
q
u
al

it
at

iv
el

y
d
iff

er
en

t
fr

om
th

e
af

or
em

en
ti

o
n
ed

on
es

—
th

e
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=
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=
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R
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=
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j
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R
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Θ
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Φ
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r
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p
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∈
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p
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e
fo

ll
ow

in
g

p
op

u
la

r
F
A

es
ti

m
at

io
n

p
ro

ce
d
u
re

s
as

d
es

cr
ib

ed
in

S
ec

ti
on

1.
1:

25
JM

L
R

 1
8(

29
):

1-
53

, 2
01

7

B
e
r
t
si
m
a
s,

C
o
p
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w
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u
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w
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p
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ra
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p
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p
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m
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u
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b
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p
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b
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d
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p
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p
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p
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b
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b
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p
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=
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−
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b
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b
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p
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b
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a
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at
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P
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c
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re
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p
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d
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Φ
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p
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Φ̂
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b
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b
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p
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n
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−
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b
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(Θ̂
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b
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Θ
r ‖
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p
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d
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∈
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b
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b
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b
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ra
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e
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ra
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b
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b
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Θ̂
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b
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Φ̂
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b
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p
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d
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p
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m
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b
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ra
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lts

for
ty

p
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b
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b
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p
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p
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p
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b
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p
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p
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b
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b
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at
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b
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b
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b
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b
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p
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d
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b
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b
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p
le
A

1
(3
/
1
0
)

g
iv

en
,

th
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re
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b
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p
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p
ar

ti
cu

la
r

eff
ec

ti
v
e

fo
r

th
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p
le

.
A

s
W

ey
l’
s

in
eq

u
al

it
y

is
ce

n
tr

a
l

to
b

ou
n
d

ti
gh

te
n
in

g,
p
ro

b
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p
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b
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b
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n
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gh
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t
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o
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c
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c
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e
th
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n
b
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th
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in
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o
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ra
n
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p
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b
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C
e
r
t
if
ia
b
ly

O
p
t
im

a
l
L
o
w

R
a
n
k

F
a
c
t
o
r
A
n
a
ly

sis

n
o
d
es

to
p
rove

op
tim

ality
ch

an
ges

as
a

fu
n
ctio

n
of
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d
itive

gap
n
ecessary

for
term

in
ation

.
T

h
e

co
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o
n
d
in

g
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lts
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th
e

fou
r

ex
am

p
les

are
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ow
n
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T

ab
le

15.
N

ot
su

rp
risin
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a
s

th
e

g
a
p

n
ecessary

for
term

in
ation

is
p
rogressively

h
alved

,
th

e
corresp

on
d
in

g
n
u
m

b
er

of
n
o
d
es

co
n
sid

ered
in

creases
su

b
stan

tially.
H

ow
ever,
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im
p

ortan
t

to
n
ote

th
at

even
th

ou
gh

th
e

g
a
p

at
term

in
ation
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aller
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th
is
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ce

d
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(b
y

d
esign
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fo

r
th

ese
ex
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p
les

th
e

b
est

fea
sib
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s

u
n
ch

a
n
ged
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oth
er

w
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th

e
in

crease
in

th
e

n
u
m

b
er

of
n
o
d
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is
th

e
p
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for
m
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in
g
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tim

ality
an

d
n
ot

for
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n
d
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g
b

etter
fea
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le

so
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s.
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d
eed
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e
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s

fou
n
d

v
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con
d
ition

al
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ien
t

m
eth

o
d
s

at
th

e
o
u
tset

are
o
f
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h
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q
u
ality.
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n
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W
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ran
k
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ed
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A

p
rob

lem
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p
u
tation

al
p
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W
e

p
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p
o
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fam
ily

of
ran

k
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ed

,
n
on
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S
D

O
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u
-
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s

for
th
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im
atin
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an
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covarian
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m
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Σ
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th

e
su

m
of

a
P

S
D
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n
k

com
p

on
en

t
Θ

an
d

a
d
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m
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Φ

(w
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n
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n
egative
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tries)

su
b
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Σ
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Φ
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P
S
D
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O

u
r
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n
d
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e
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is

is
im

p
o
rta

n
t

fo
r

statistical
in

terp
retab

ility
an

d
u
n
d
erstan

d
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b
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b
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ored
b
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F
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W
e

in
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d
u
ce
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o
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th
e

ran
k
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o
p
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p
rob

lem
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v
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W

e
p
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n
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o
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g
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o
d
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n
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u
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n
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ization
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d
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eth
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ob
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th
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p
rob

lem
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t

th
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an
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d
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d
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ra
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u
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d
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b
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k
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ization
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b
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b
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W
e
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b
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n
d
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g
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d
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d
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b
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referees
w

h
ich

h
as

led
to

a
su

b
sta

n
tia

l
im

p
rovem

en
t

in
th

e
q
u
ality,

orga
n
ization

,
an

d
co

m
p
leten

ess
of

th
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p
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B
e
r
t
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a
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C
o
p
e
n
h
a
v
e
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a
n
d

M
a
z
u
m
d
e
r
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to
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th

e
J
u
liaO

p
t

team
,
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J
o
ey

H
u
ch

ette,
for

assistan
ce

w
ith

ex
p

erim
en

tal
featu

res
in

th
e
j
u
l
i
a

lan
gu

a
ge.

A
p
p

e
n
d
ix
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T
h
is

ap
p

en
d
ix

con
tain

s
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p
ro

ofs
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resu
lts

p
resen
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th
e

m
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tex
t.

P
ro

o
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o
f

P
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p
o
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n
1
:

(a)
W

e
start

b
y

ob
serv

in
g

th
at

for
an

y
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o
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m

m
etric

m
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A
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(w
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d
im

en
sion

s
p
×
p
)
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d
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e

m
atrix

q-n
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,
a
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d
u
e
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M

irsk
y
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k
n
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n
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th
e
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W
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d
t-H
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m

an
in

eq
u
ality

;
see

e.g.
S
tew

art
an

d
S
u
n

1
990,

p
.

205)
states:

‖A
−

B
‖
q ≥
‖λ

(A
)−

λ
(B

)‖
q ,

(46)

w
h
ere

λ
(A

)
an

d
λ

(B
)

d
en

ote
th

e
vector

of
eigen

valu
es

of
A

an
d

B
,

resp
ectively,

ar-
ran

ged
in

d
ecreasin

g
ord

er,
i.e.,

λ
1 (A

)≥
λ

2 (A
)≥

...≥
λ
p (A

)
an

d
λ

1 (B
)≥

λ
2 (B

)≥
...≥

λ
p (B

).
U

sin
g

th
is

resu
lt

for
P

rob
lem

(4),
it

is
easy

to
see

th
at

for
fi
x
ed

Φ

{
Θ

:
Θ
�

0
,ran

k
(Θ

)≤
r}

=
{Θ

:
λ

(Θ
)≥

0
,‖λ

(Θ
)‖

0 ≤
r}
,

(47)

w
h
ere
‖
λ

(Θ
)‖

0
cou

n
ts

th
e

n
u
m

b
er

of
n
on

-zero
elem

en
ts

of
λ

(Θ
).

If
w

e
p
artially

m
in

-
im

ize
th

e
ob

jective
fu

n
ction

in
P

rob
lem

(4),
w

ith
resp

ect
to

Θ
(w

ith
Φ

fi
x
ed

),
an

d
u
se

(46)
alon

g
w

ith
(47),

w
e

h
av

e
th

e
follow

in
g

in
eq

u
ality

:

in
f

Θ
‖(Σ
−

Φ
)−

Θ
‖
qq

s.t.
Θ
�

0
,ran

k
(Θ

)≤
r

≥
in

f
λ

(Θ
)
‖
λ

(Σ
−

Φ
)−

λ
(Θ

)‖
qq

s.t.
λ

(Θ
)≥

0
,‖
λ

(Θ
)‖

0 ≤
r.

(48)

S
in

ce
Σ
−

Φ
�

0
,

it
follow

s
th

at
th

e
m

in
im

u
m

ob
jective

valu
e

of
th

e
r.h

.s.
op

tim
ization

P
rob

lem
(48)

is
given

b
y
∑

pi=
r
+

1
λ
qi (Σ
−

Φ
)

an
d

is
ach

ieved
for

λ
i (Θ

)
=
λ
i (Σ
−

Φ
)

for
i

=
1,...,r.

T
h
is

lead
s

to
th

e
follow

in
g

in
eq

u
ality

:

in
f

Θ
:Θ
�

0
,ra

n
k
(Θ

)≤
r
‖(Σ
−

Φ
)−

Θ
‖
qq
≥

p
∑i=
r
+

1

λ
qi (Σ
−

Φ
).

(49)

F
u
rth

erm
ore,

if
U
p×
p

d
en

otes
th

e
m

atrix
of
p

eigen
vectors

of
Σ
−

Φ
,

th
en

th
e

follow
in

g
ch

oice
of

Θ
∗:

Θ
∗

:=
U

d
iag (λ

1 (Σ
−

Φ
),...,λ

r (Σ
−

Φ
),0

,...,0 )
U
′,

(50)

gives
eq

u
ality

in
(49).

T
h
is

lead
s

to
th

e
fo

llow
in

g
resu

lt:

in
f

Θ
:Θ
�

0
,ra

n
k
(Θ

)≤
r
‖Σ
−

(Θ
+

Φ
)‖
qq

=
‖Σ
−

(Θ
∗

+
Φ

)‖
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p
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b
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p
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re
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d
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p
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h
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d
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b
ryo

n
ic

stem
cell.

H
ow

ev
er,

th
e
`
q

regu
larization

p
rob

lem
is

n
on

con
vex

,
n
o
n
sm

o
oth

an
d

n
o
n
-L

ip
sch

itz,
an

d
th

u
s

it
is

d
iffi

cu
lt

in
g
en

eral
to

d
esign

effi
cien

t
algorith

m
s

for
solv

in
g

it.
It

w
a
s

p
resen

ted
in

G
e

et
al.

(2011)
th

at
fi
n
d
in

g
th

e
glob

al
m

in
im

al
valu

e
of

th
e
`
q

reg
u
la

riza
tio

n
p
rob

lem
(2)

is
stron

gly
N

P
-h

ard
;

w
h
ile

fortu
n
ately,

com
p
u
tin

g
a

lo
cal

m
in

i-
m

u
m

cou
ld

b
e

d
on

e
in

p
oly

n
om

ial
tim

e.
S
om

e
eff

ective
an

d
effi

cien
t

algorith
m

s
h
ave

b
een

p
ro

p
o
sed

to
fi
n
d

a
lo

cal
m

in
im

u
m

of
p
rob

lem
(2),

su
ch

as
in

terior-p
oin

t
p

o
ten

tial
red

u
ction

a
lg

o
rith

m
(G

e
et

al.,
2011),

sm
o
oth

in
g

m
eth

o
d
s

(C
h
en

,
2012;

C
h
en

et
al.,

2010),
sp

littin
g

m
eth

o
d
s

(L
i

a
n
d

P
on

g,
2015a,b

)
an

d
iterative

rew
eigh

ted
m

in
im

ization
m

eth
o
d
s

(L
ai

an
d

W
a
n
g
,

2
01

1
;

L
a
i

et
al.,

2013;
L

u
,

2014).
T

h
e
`
q

reg
u
larization

p
rob

lem
(2)

is
a

varian
t

of
low

er-ord
er

p
en

alty
p
ro

b
lem

s,
in

v
es-

tig
a
ted

in
H

u
an

g
an

d
Y

an
g

(2003);
L

u
o

et
al.

(1996);
Y

an
g

an
d

H
u
an

g
(2001

),
for

a
con

-
stra

in
ed

o
p
tim

ization
p
rob

lem
.

T
h
e

m
ain

ad
van

tage
of

th
e

low
er-o

rd
er

p
en

alty
fu

n
ctio

n
s
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H
u
,
L
i,
M
e
n
g
,
Q
in
,
a
n
d

Y
a
n
g

over
th

e
classical

`
1

p
en

alty
fu

n
ction

is
th

at
th

ey
req

u
ire

w
eaker

con
d
ition

s
to

gu
aran

tee
an

ex
act

p
en

alization
p
rop

erty
an

d
th

at
th

eir
least

ex
act

p
en

alty
p
aram

eter
is

sm
aller;

see
H

u
an

g
an

d
Y

an
g

(2003).
It

w
as

rep
orted

in
Y

an
g

an
d

H
u
an

g
(2

001)
th

at
th

e
fi
rst-

an
d

secon
d
-ord

er
n
ecessary

op
tim

ality
con

d
ition

s
of

low
er-ord

er
p

en
alty

p
rob

lem
s

con
verge

to
th

at
of

th
e

origin
al

con
strain

ed
op

tim
ization

p
rob

lem
u
n
d
er

a
lin

early
in

d
ep

en
d
en

t
con

-
strain

t
q
u
alifi

cation
.

B
esid

es
th

e
p
reced

in
g

n
u
m

erical
algorith

m
s,

on
e

of
th

e
m

ost
w

id
ely

stu
d
ied

m
eth

o
d
s

for
solv

in
g

th
e

sp
arse

op
tim

ization
p
rob

lem
is

th
e

class
of

th
e

itera
tive

th
resh

old
in

g
algorith

m
s,

w
h
ich

is
stu

d
ied

in
a

u
n
ifi

ed
fram

ew
ork

of
p
rox

im
al

grad
ien

t
m

eth
o
d
s;

see
B

eck
an

d
T

eb
ou

lle
(2009);

B
lu

m
en

sath
an

d
D

av
ies

(2008);
C

om
b

ettes
an

d
W

a
js

(2005);
D

au
b

ech
ies

et
al.

(2004);
G

on
g

et
al.

(2013);
N

esterov
(2013);

X
u

et
al.

(2012)
an

d
referen

ces
th

erein
.

It
is

con
vergen

t
fast

an
d

of
very

low
com

p
u
tation

al
com

p
lex

ity.
B

en
efi

ttin
g

from
its

sim
p
le

form
u
lation

an
d

low
storage

req
u
irem

en
t,

it
is

v
ery

effi
cien

t
an

d
ap

p
licab

le
for

large-scale
sp

arse
op

tim
ization

p
rob

lem
s.

In
p
articu

lar,
th

e
iterative

h
ard

(resp
.

soft,
h
a
lf)

th
resh

old
in

g
algorith

m
for

th
e
`
0

(resp
.
`
1 ,
`
1
/
2 )

regu
larization

p
rob

lem
w

a
s

stu
d
ied

in
B

lu
m

en
sath

an
d

D
av

ies
(2008)

(resp
.

D
au

b
ech

ies
et

al.,
2004;

X
u

et
al.,

2012).

1
.2

G
lo

b
a
l

R
e
c
o
v
e
ry

B
o
u

n
d

T
o

estim
ate

h
ow

far
is

th
e

solu
tion

of
regu

lariza
tion

p
rob

lem
s

from
th

at
of

th
e

lin
ear

sy
stem

,
th

e
glob

al
recovery

b
ou

n
d

(also
called

th
e
`
2

con
sisten

cy
)

of
th

e
`
1

regu
larization

p
rob

lem
h
as

b
een

in
vestigated

in
th

e
literatu

re.
M

ore
sp

ecifi
cally,

u
n
d
er

som
e

m
ild

con
d
ition

s
on

A
,

su
ch

as
th

e
restricted

isom
etry

p
rop

erty
(R

IP
,

C
a
n
d
ès

an
d

T
ao,

2005)
or

restricted
eigen

-
valu

e
con

d
ition

(R
E

C
,

B
ickel

et
al.,

2009),
van

d
e

G
eer

an
d

B
ü
h
lm

an
n

(2009)
estab

lish
ed

a
d
eterm

in
istic

recovery
b

ou
n
d

for
th

e
(con

vex
)
`
1

regu
larization

p
rob

lem
:

‖
x
∗(`

1 )−
x̄‖

22
=
O

(λ
2s),

(3)

w
h
ere

x
∗(`

1 )
is

a
solu

tion
of

p
rob

lem
(1),

x̄
is

a
solu

tion
of

th
e

lin
ear

sy
stem

A
x

=
b,

an
d

sp
arsity

s
:=
‖x̄‖

0 .
In

th
e

sta
tistics

literatu
re,

B
ickel

et
al.

(2009);
B

u
n
ea

et
al.

(2007);
M

ein
sh

au
sen

an
d

Y
u

(2009);
Z

h
an

g
(200

9)
p
rov

id
ed

th
e

recovery
b

ou
n
d

in
a

h
igh

p
rob

ab
ility

for
th

e
`
1

regu
larization

p
rob

lem
w

h
en

th
e

size
of

th
e

variab
le

ten
d
s

to
in

fi
n
ity,

u
n
d
er

R
E

C
/R

IP
or

som
e

relevan
t

con
d
ition

s.
H

ow
ever,

to
th

e
b

est
of

ou
r

k
n
ow

led
ge,

th
e

recovery
b

ou
n
d

for
th

e
gen

eral
(n

on
con

vex
)
`
p

regu
larization

p
rob

lem
is

still
u
n
d
iscovered

.
W

e
w

ill
estab

lish
su

ch
a

d
eterm

in
istic

p
rop

erty
in

section
2.

1
.3

G
ro

u
p

S
p

a
rse

O
p

tim
iz

a
tio

n

In
ap

p
lication

s,
a

w
id

e
class

of
p
rob

lem
s

u
su

ally
h
ave

certain
sp

ecial
stru

ctu
res,

an
d

recen
tly,

en
h
an

cin
g

th
e

recoverab
ility

d
u
e

to
th

e
sp

ecial
stru

ctu
res

h
as

b
ecom

e
an

active
to

p
ic

in
sp

arse
op

tim
ization

.
O

n
e

of
th

e
m

ost
p

op
u
lar

stru
ctu

res
is

th
e

grou
p

sp
arsity

stru
ctu

re,
th

at
is,

th
e

solu
tion

h
as

a
n
atu

ral
grou

p
in

g
of

its
com

p
on

en
ts,

an
d

th
e

com
p

on
en

ts
w

ith
in

each
grou

p
are

likely
to

b
e

eith
er

all
zeros

or
all

n
on

zeros.
In

gen
era

l,
th

e
grou

p
in

g
in

form
ation

can
b

e
an

arb
itrary

p
artition

of
x

,
an

d
it

is
u
su

ally
p
re-d

efi
n
ed

b
ased

on
p
rior

k
n
ow

led
ge

of
sp

ecifi
c

p
rob

lem
s.

L
et
x

:=
(x
>G
1 ,···

,x
>G
r ) >

rep
resen

t
th

e
grou

p
stru

ctu
re

of
x

.
T

h
e

grou
p
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G
r
o
u
p
S
pa

r
se

O
p
t
im

iz
a
t
io
n

sp
ar

si
ty

of
x

w
it

h
su

ch
a

gr
ou

p
st

ru
ct

u
re

ca
n

b
e

m
ea

su
re

d
b
y

an
` p
,q

n
or

m
,

d
efi

n
ed

b
y

‖x
‖ p
,q

:=

(
r ∑ i=
1

‖x
G i
‖q p

)
1
/
q

.

E
x
p
lo

it
in

g
th

e
gr

ou
p

sp
ar

si
ty

st
ru

ct
u
re

ca
n

re
d
u
ce

th
e

d
eg

re
es

o
f
fr

ee
d
o
m

in
th

e
so

lu
ti

on
,

th
er

eb
y

le
ad

in
g

to
b

et
te

r
re

co
ve

ry
p

er
fo

rm
an

ce
.

B
en

efi
tt

in
g

fr
om

th
es

e
ad

va
n
ta

ge
s,

th
e

gr
ou

p
sp

ar
se

op
ti

m
iz

at
io

n
m

o
d
el

h
as

b
ee

n
ap

p
li
ed

in
b
ir

th
w

ei
gh

t
p
re

d
ic

ti
on

(B
ac

h
,

2
00

8;
Y

u
an

an
d

L
in

,
20

06
),

d
y
n
am

ic
M

R
I

(U
sm

an
et

al
.,

20
11

)
an

d
g
en

e
fi
n
d
in

g
(M

ei
er

et
al

.,
20

08
;
Y

an
g

et
al

.,
20

10
)

w
it

h
th

e
` 2
,1

n
or

m
.

M
or

e
sp

ec
ifi

ca
ll
y,

th
e
` 2
,1

re
gu

la
ri

za
ti

on
p
ro

b
le

m

m
in

x
∈R

n
‖A
x
−
b‖

2 2
+
λ
‖x
‖ 2
,1

w
as

in
tr

o
d
u
ce

d
b
y

Y
u
an

an
d

L
in

(2
00

6)
to

st
u
d
y

th
e

gr
ou

p
ed

va
ri

ab
le

se
le

ct
io

n
in

st
at

is
ti

cs
u
n
d
er

th
e

n
am

e
of

gr
ou

p
L

as
so

.
T

h
e
` 2
,1

re
gu

la
ri

za
ti

on
,

an
im

p
or

ta
n
t

ex
te

n
si

on
of

th
e

` 1
re

gu
la

ri
za

ti
on

,
p
ro

p
os

es
an

` 2
re

gu
la

ri
za

ti
on

fo
r

ea
ch

g
ro

u
p

an
d

u
lt

im
a
te

ly
y
ie

ld
s

th
e

sp
ar

si
ty

in
a

gr
ou

p
m

an
n
er

.
S
in

ce
th

e
` 2
,1

re
gu

la
ri

za
ti

on
p
ro

b
le

m
is

a
co

n
ve

x
op

ti
m

iz
at

io
n

p
ro

b
le

m
,

so
m

e
eff

ec
ti

v
e

al
go

ri
th

m
s

h
av

e
b

ee
n

p
ro

p
os

ed
,

su
ch

as
,

th
e

sp
ec

tr
al

p
ro

je
ct

ed
gr

a-
d
ie

n
t

m
et

h
o
d

(v
an

d
en

B
er

g
et

al
.,

20
08

),
S
p
aR

S
A

(W
ri

gh
t

et
al

.,
20

09
)

an
d

th
e

al
te

rn
at

in
g

d
ir

ec
ti

on
m

et
h
o
d

(D
en

g
et

al
.,

20
11

).

1
.4

T
h

e
A

im
o
f

T
h

is
P

a
p

e
r

In
th

is
p
ap

er
,

w
e

w
il
l

in
ve

st
ig

at
e

th
e

gr
ou

p
sp

ar
se

op
ti

m
iz

at
io

n
v
ia
` p
,q

re
gu

la
ri

za
ti

on
(p
≥

1
,0
≤
q
≤

1)
,

al
so

ca
ll
ed

th
e
` p
,q

re
gu

la
ri

za
ti

on
p
ro

b
le

m

m
in

x
∈R

n
F

(x
)

:=
‖A
x
−
b‖

2 2
+
λ
‖x
‖q p
,q
.

(4
)

W
e

w
il
l

in
ve

st
ig

at
e

th
e

or
ac

le
p
ro

p
er

ty
an

d
re

co
ve

ry
b

ou
n
d

fo
r

th
e
` p
,q

re
gu

la
ri

za
ti

on
p
ro

b
-

le
m

,
w

h
ic

h
ex

te
n
d
s

th
e

ex
is

ti
n
g

re
su

lt
s

in
tw

o
w

ay
s:

on
e

is
th

e
lo

w
er

-o
rd

er
re

gu
la

ri
za

ti
on

,
in

cl
u
d
in

g
th

e
` q

re
gu

la
ri

za
ti

on
p
ro

b
le

m
(q
<

1)
;

th
e

ot
h
er

is
th

e
gr

ou
p

sp
ar

se
op

ti
m

iz
at

io
n
,

in
cl

u
d
in

g
th

e
` 2
,1

re
gu

la
ri

za
ti

on
p
ro

b
le

m
(g

ro
u
p

L
as

so
)

as
a

sp
ec

ia
l
ca

se
.

T
o

th
is

en
d
,
w

e
w

il
l

in
tr

o
d
u
ce

th
e

w
ea

k
er

n
ot

io
n
s

of
R

E
C

:
th

e
lo

w
er

-o
rd

er
R

E
C

an
d

th
e

gr
ou

p
R

E
C

(G
R

E
C

).
W

e
w

il
l

fu
rt

h
er

es
ta

b
li
sh

th
e

re
la

ti
o
n
sh

ip
s

b
et

w
ee

n
th

e
n
ew

n
ot

io
n
s

w
it

h
th

e
cl

as
si

ca
l

on
e:

th
e

lo
w

er
-o

rd
er

R
E

C
is

w
ea

k
er

th
a
n

th
e

cl
as

si
ca

l
R

E
C

,
b
u
t

th
e

re
ve

rs
e

is
n
o
t

tr
u
e

(s
ee

E
x
am

p
le

1)
;

an
d

th
e

G
R

E
C

is
w

ea
ke

r
th

an
th

e
R

E
C

.
U

n
d
er

th
e

lo
w

er
-o

rd
er

G
R

E
C

,
w

e
w

il
l

p
ro

v
id

e
th

e
or

ac
le

p
ro

p
er

ty
an

d
th

e
gl

ob
al

re
co

ve
ry

b
ou

n
d

fo
r

th
e
` p
,q

re
gu

la
ri

za
ti

on
p
ro

b
-

le
m

(s
ee

T
h
eo

re
m

9)
.

F
u
rt

h
er

m
or

e,
w

e
w

il
l

co
n
d
u
ct

a
lo

ca
l

an
al

y
si

s
of

re
co

v
er

y
b

ou
n
d

fo
r

th
e
` p
,q

re
gu

la
ri

za
ti

on
p
ro

b
le

m
b
y

v
ir

tu
e

of
m

o
d
er

n
va

ri
at

io
n
al

an
al

y
si

s
te

ch
n
iq

u
es

(R
o
ck

-
af

el
la

r
an

d
W

et
s,

19
98

).
M

or
e

p
re

ci
se

ly
,

w
e

as
su

m
e

th
at

an
y

n
on

ze
ro

gr
o
u
p

of
x̄

is
ac

ti
v
e

an
d

th
e

co
lu

m
n
s

of
A

co
rr

es
p

on
d
in

g
to

th
e

ac
ti

v
e

co
m

p
o
n
en

ts
of
x̄

(a
so

lu
ti

on
of
A
x

=
b)

ar
e

li
n
ea

rl
y

in
d
ep

en
d
en

t,
w

h
ic

h
m

at
ch

es
th

e
n
at

u
re

of
th

e
gr

ou
p

sp
ar

si
ty

st
ru

ct
u
re

.
T

h
is

le
ad

s
u
s

to
th

e
ap

p
li
ca

ti
on

of
im

p
li
ci

t
fu

n
ct

io
n

th
eo

re
m

an
d

th
u
s

gu
ar

an
te

es
th

e
ex

is
te

n
ce

of
a

lo
ca

l
p
at

h
ar

ou
n
d
x̄

w
h
ic

h
sa

ti
sfi

es
a

se
co

n
d
-o

rd
er

gr
ow

th
co

n
d
it

io
n
.

A
s

su
ch

,
in

th
e

lo
ca

l
re

co
ve

ry
b

ou
n
d
,

w
e

w
il
l

es
ta

b
li
sh

a
u
n
if

or
m

re
co

ve
ry

b
ou

n
d
O

(λ
2
S

)
fo

r
a
ll

th
e
` p
,q

re
gu

la
ri

za
ti

on
p
ro

b
le

m
s;

se
e

T
h
eo

re
m

2.
2.
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H
u
,
L
i,
M
e
n
g
,
Q
in
,
a
n
d

Y
a
n
g

T
h
e

p
ro

x
im

al
gr

ad
ie

n
t

m
et

h
o
d

is
on

e
of

th
e

m
os

t
p

op
u
la

r
a
n
d

p
ra

ct
ic

a
l

m
et

h
o
d
s

fo
r

th
e

sp
ar

se
op

ti
m

iz
at

io
n

p
ro

b
le

m
s,

ei
th

er
co

n
v
ex

or
n
on

co
n
ve

x
p
ro

b
le

m
s.

W
e

w
il
l

a
p
p
ly

th
e

p
ro

x
im

al
gr

ad
ie

n
t

m
et

h
o
d

to
so

lv
e

th
e
` p
,q

re
gu

la
ri

za
ti

on
p
ro

b
le

m
(4

).
T

h
e

a
d
va

n
ta

g
e

of
th

e
p
ro

x
im

al
gr

ad
ie

n
t

m
et

h
o
d

is
th

at
th

e
p
ro

x
im

al
op

ti
m

iz
at

io
n

su
b
p
ro

b
le

m
s

o
f

so
m

e
sp

ec
ifi

c
re

gu
la

ri
za

ti
on

h
av

e
th

e
an

al
y
ti

ca
l

so
lu

ti
on

s,
an

d
th

e
re

su
lt

in
g

al
g
o
ri

th
m

is
th

u
s

p
ra

ct
ic

al
ly

at
tr

ac
ti

v
e.

In
th

e
ge

n
er

al
ca

se
s

w
h
en

th
e

an
al

y
ti

ca
l

so
lu

ti
on

s
o
f

th
e

p
ro

x
im

a
l

op
ti

m
iz

at
io

n
su

b
p
ro

b
le

m
s

se
em

n
ot

av
ai

la
b
le

,
w

e
w

il
l

em
p
lo

y
th

e
N

ew
to

n
m

et
h
o
d

to
so

lv
e

th
em

.
F

u
rt

h
er

m
or

e,
w

e
w

il
l

in
ve

st
ig

at
e

a
lo

ca
l

li
n
ea

r
co

n
ve

rg
en

ce
ra

te
o
f

th
e

p
ro

x
im

al
gr

ad
ie

n
t

m
et

h
o
d

fo
r

so
lv

in
g

th
e
` p
,q

re
gu

la
ri

za
ti

on
p
ro

b
le

m
w

h
en

p
=

1
a
n
d

0
<
q
<

1
u
n
d
er

th
e

as
su

m
p
ti

on
th

at
an

y
n
on

ze
ro

gr
ou

p
of

a
lo

ca
l

m
in

im
u
m

is
ac

ti
v
e.

P
ro

b
le

m
(4

)
of

th
e

ca
se
p

=
1

an
d

0
<
q
<

1
p

os
se

ss
es

th
e

p
ro

p
er

ti
es

th
at

th
e

re
gu

la
ri

za
ti

o
n

te
rm

‖·
‖q p
,q

is
co

n
ca

ve
n
ea

r
a

lo
ca

l
m

in
im

u
m

an
d

th
at

th
e

ob
je

ct
iv

e
fu

n
ct

io
n
F

(·)
o
f

(4
)

sa
ti

sfi
es

a
se

co
n
d
-o

rd
er

gr
ow

th
co

n
d
it

io
n
,

w
h
ic

h
p
la

y
s

an
im

p
or

ta
n
t

ro
le

in
th

e
es

ta
b
li
sh

m
en

t
o
f

th
e

lo
ca

l
li
n
ea

r
co

n
ve

rg
en

ce
ra

te
.

T
o

th
e

b
es

t
of

ou
r

k
n
ow

le
d
ge

,
th

is
is

th
e

fi
rs

t
a
tt

em
p
t

to
st

u
d
y

th
e

lo
ca

l
li
n
ea

r
co

n
ve

rg
en

ce
ra

te
of

p
ro

x
im

al
gr

ad
ie

n
t

m
et

h
o
d

fo
r

so
lv

in
g

th
e

lo
w

er
-

or
d
er

op
ti

m
iz

at
io

n
p
ro

b
le

m
s.

A
s

a
co

n
se

q
u
en

ce
of

th
is

re
su

lt
,

w
e

w
il
l

ob
ta

in
th

e
lo

ca
l

li
n
ea

r
co

n
ve

rg
en

ce
ra

te
of

p
ro

x
im

al
gr

ad
ie

n
t

m
et

h
o
d

fo
r

so
lv

in
g
` q

re
gu

la
ri

za
ti

o
n

p
ro

b
le

m
(0
<
q
<

1)
,

w
h
ic

h
in

cl
u
d
es

th
e

it
er

at
iv

e
h
al

f
th

re
sh

ol
d
in

g
al

go
ri

th
m

(q
=

1/
2
)

p
ro

p
o
se

d
in

X
u

et
al

.
(2

01
2)

as
a

sp
ec

ia
l

ca
se

.
T

h
e

re
su

lt
on

lo
ca

l
li
n
ea

r
co

n
ve

rg
en

ce
ra

te
o
f

p
ro

x
im

al
gr

ad
ie

n
t

m
et

h
o
d

fo
r

so
lv

in
g

th
e
` q

re
gu

la
ri

za
ti

on
p
ro

b
le

m
is

st
il
l

n
ew

,
as

fa
r

a
s

w
e

k
n
ow

.
In

th
e

as
p

ec
t

of
ap

p
li
ca

ti
on

,
w

e
w

il
l

co
n
d
u
ct

so
m

e
n
u
m

er
ic

al
ex

p
er

im
en

ts
o
n

b
o
th

si
m

u
-

la
te

d
d
at

a
an

d
re

al
d
at

a
in

ge
n
e

tr
a
n
sc

ri
p
ti

o
n
al

re
gu

la
ti

on
to

d
em

on
st

ra
te

th
e

p
er

fo
rm

a
n
ce

of
th

e
p
ro

p
os

ed
p
ro

x
im

al
gr

ad
ie

n
t

m
et

h
o
d
.

F
ro

m
th

e
n
u
m

er
ic

al
re

su
lt

s,
it

is
d
em

o
n
st

ra
te

d
th

at
th

e
` p
,1
/
2

re
g
u
la

ri
za

ti
on

is
th

e
b

es
t

on
e

am
on

g
th

e
` p
,q

re
gu

la
ri

za
ti

on
s

fo
r
q
∈

[0
,1

],
an

d
it

ou
tp

er
fo

rm
s

th
e
` p
,1

an
d
` p
,0

re
gu

la
ri

za
ti

on
s

on
b

ot
h

ac
cu

ra
cy

an
d

ro
b
u
st

n
es

s.
T

h
is

ob
se

rv
at

io
n

is
co

n
si

st
en

t
w

it
h

se
ve

ra
l

p
re

v
io

u
s

n
u
m

er
ic

al
st

u
d
ie

s
on

th
e
` p

re
g
u
la

ri
za

ti
o
n

p
ro

b
le

m
;

se
e

C
h
ar

tr
an

d
an

d
S
ta

n
ev

a
(2

00
8)

;
X

u
et

al
.

(2
01

2)
.

It
is

al
so

il
lu

st
ra

te
d

fr
o
m

th
e

n
u
m

er
ic

al
re

su
lt

s
th

at
th

e
p
ro

x
im

al
gr

ad
ie

n
t

m
et

h
o
d

(`
2
,1
/
2
)

ou
tp

er
fo

rm
s

m
o
st

so
lv

er
s

in
gr

ou
p

sp
ar

se
le

ar
n
in

g,
su

ch
as

O
M

P
(C

ai
an

d
W

an
g,

20
11

),
F

oB
a

(Z
h
an

g,
2
0
1
1
),
` 1

-M
a
gi

c
(C

an
d
ès

et
al

.,
20

06
a)

,
IS

T
A

(D
au

b
ec

h
ie

s
et

al
.,

2
00

4)
,

Y
A

L
L

1
(Y

an
g

an
d

Z
h
a
n
g
,

2
0
1
1
)

et
c.

T
h
e

R
p
ac

ka
ge

of
th

e
p
ro

x
im

al
gr

ad
ie

n
t

m
et

h
o
d

fo
r

so
lv

in
g

gr
ou

p
sp

ar
se

o
p
ti

m
iz

a
ti

o
n
,

n
am

ed
G

S
p
ar

O
in

C
R

A
N

,
is

av
ai

la
b
le

at
h
tt

p
s:

//
C

R
A

N
.R

-p
ro

je
ct

.o
rg

/p
ac

ka
g
e=

G
S
p
a
rO

1
.5

M
a
in

C
o
n
tr

ib
u

ti
o
n

s

T
h
is

p
ap

er
is

to
in

v
es

ti
ga

te
th

e
gr

ou
p

sp
ar

se
op

ti
m

iz
at

io
n

u
n
d
er

a
u
n
ifi

ed
fr

a
m

ew
o
rk

o
f

th
e

` p
,q

re
gu

la
ri

za
ti

on
p
ro

b
le

m
(4

).
In

th
is

p
ap

er
,

w
e

es
ta

b
li
sh

th
e

or
a
cl

e
p
ro

p
er

ty
a
n
d

re
co

v
-

er
y

b
ou

n
d
,

d
es

ig
n

an
effi

ci
en

t
n
u
m

er
ic

al
m

et
h
o
d

fo
r

p
ro

b
le

m
(4

),
an

d
ap

p
ly

th
e

p
ro

p
o
se

d
m

et
h
o
d

to
so

lv
e

th
e

p
ro

b
le

m
of

ge
n
e

tr
an

sc
ri

p
ti

on
al

re
gu

la
ti

o
n
.

T
h
e

m
ai

n
co

n
tr

ib
u
ti

o
n
s

a
re

p
re

se
n
te

d
as

fo
ll
ow

s.

(i
)

W
e

es
ta

b
li
sh

th
e

fo
ll
ow

in
g

gl
ob

al
re

co
v
er

y
b

ou
n
d

fo
r

th
e
` p
,q

re
gu

la
ri

za
ti

o
n

p
ro

b
le

m
(4

)
u
n
d
er

th
e

(p
,q

)-
G

R
E

C
:

‖x
∗
−
x̄
‖2 2
≤
{
O

(λ
2

2
−
q
S

),
2
K
−

1
q

=
1,

O
(λ

2
2
−
q
S

3
−
q

2
−
q
),

2
K
−

1
q
>

1,
(5

)
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G
r
o
u
p
S
pa

r
se

O
p
t
im

iz
a
t
io
n

w
h
ere

x̄
is

a
solu

tion
of
A
x

=
b,
S

:=
‖
x̄‖

p
,0

is
th

e
gro

u
p

sp
arsity,

0
<
q≤

1
≤
p
≤

2,
x
∗

is
an

y
p

oin
t

in
th

e
level

set
lev

F
(x̄

)
of

p
rob

lem
(4),

an
d
K

is
th

e
sm

allest
in

teger
su

ch
th

a
t

2
K
−

1q≥
1.

(ii)
B

y
v
irtu

e
of

th
e

variation
al

an
aly

sis
tech

n
iq

u
e,

for
all

th
e
`
p
,q

regu
larization

p
rob

lem
s,

w
e

estab
lish

a
u
n
iform

lo
cal

recovery
b

ou
n
d

‖x
∗p
,q (λ

)−
x̄‖

22 ≤
O

(λ
2S

)
for

sm
all

λ
,

w
h
ere

0
<
q
<

1
≤
p

an
d
x
∗p
,q (λ

)
is

a
lo

cal
op

tim
al

solu
tio

n
of

p
rob

lem
(4)

(n
ear

x̄
).

(iii)
W

e
p
resen

t
th

e
an

aly
tical

form
u
lae

for
th

e
p
rox

im
al

op
tim

ization
su

b
p
rob

lem
s

of
sp

e-
cifi

c
`
p
,q

regu
larization

s
w

h
en

p
=

1,2
an

d
q

=
0,1/

2,2/
3
,1.

M
o
reover,

w
e

p
rove

th
a
t

a
n
y

seq
u
en

ce
{x

k},
gen

erated
b
y

p
rox

im
al

grad
ien

t
m

eth
o
d

for
solv

in
g

th
e
`
1
,q

reg
u
la

riza
tion

p
rob

lem
,

lin
early

con
verges

to
a

lo
cal

m
in

im
u
m
x
∗

u
n
d
er

som
e

m
ild

co
n
d
ition

s,
th

at
is,

th
ere

ex
ist

N
∈
N

,
C
>

0
an

d
η
∈

(0,1)
su

ch
th

a
t

F
(x
k)−

F
(x
∗)≤

C
η
k

an
d
‖
x
k−

x
∗‖

2 ≤
C
η
k

for
an

y
k
≥
N
.

(iv
)

O
u
r

n
u
m

erical
ex

p
erim

en
ts

sh
ow

th
at,

m
easu

red
b
y

th
e

b
iologica

l
gold

en
stan

d
ard

s,
th

e
accu

ra
cy

of
th

e
gen

e
regu

la
tion

n
etw

ork
s

forecastin
g

can
b

e
im

p
rov

ed
b
y

ex
p
loitin

g
th

e
g
ro

u
p

stru
ctu

re
of

T
F

com
p
lex

es.
T

h
e

su
ccessfu

l
ap

p
lication

of
grou

p
sp

arse
o
p
tim

iza
tion

to
gen

e
tran

scrip
tio

n
al

regu
lation

w
ill

facilitate
b
iolog

ists
to

stu
d
y

th
e

g
en

e
reg

u
lation

of
h
igh

er
m

o
d
el

organ
ism

s
in

a
gen

om
e-w

id
e

scale.

1
.6

T
h

e
O

rg
a
n

iz
a
tio

n
o
f

T
h

is
P

a
p

e
r

T
h
is

p
a
p

er
is

organ
ized

as
follow

s.
In

section
2,

w
e

in
tro

d
u
ce

th
e

n
otion

s
of
q-R

E
C

an
d

G
R

E
C

,
a
n
d

estab
lish

th
e

oracle
p
rop

erty
an

d
(glob

al
an

d
lo

cal)
recovery

b
ou

n
d
s

for
th

e
`
p
,q

reg
u
la

riza
tio

n
p
rob

lem
.

In
section

3,
w

e
ap

p
ly

th
e

p
rox

im
al

grad
ien

t
m

eth
o
d

to
so

lv
e

th
e

g
ro

u
p

sp
a
rse

o
p
tim

ization
u
sin

g
d
iff

eren
t

ty
p

es
of
`
p
,q

regu
lariza

tion
,

an
d

in
vestigate

th
e

lo
ca

l
lin

ea
r

co
n
vergen

ce
rate

of
th

e
resu

ltin
g

p
rox

im
al

grad
ien

t
m

eth
o
d
.

F
in

a
lly,

section
4

ex
h
ib

its
th

e
n
u
m

erical
resu

lts
on

b
oth

sim
u
lated

d
ata

an
d

real
d
ata

in
gen

e
tran

scrip
tion

al
reg

u
la

tio
n
.

2
.
G
lo
b
a
l
a
n
d
L
o
ca

l
R
e
co

v
e
ry

B
o
u
n
d
s

T
h
is

sectio
n

is
d
evoted

to
th

e
stu

d
y

of
th

e
oracle

p
rop

erty
an

d
(glob

al
a
n
d

lo
cal)

recovery
b

o
u
n
d
s

for
th

e
`
p
,q

regu
larization

p
rob

lem
(4).

T
o

th
is

en
d
,

w
e

fi
rst

p
resen

t
som

e
b
asic

in
eq

u
a
lities

o
f
`
p

n
orm

an
d

in
tro

d
u
ce

th
e

n
otion

s
of

R
E

C
s,

as
w

ell
as

th
eir

relation
sh

ip
s.

T
h
e

n
o
tatio

n
s

ad
op

ted
in

th
is

p
ap

er
are

d
escrib

ed
as

follow
s.

W
e

let
th

e
low

ercase
letters

x
,y
,z

d
en

ote
th

e
vectors,

calligrap
h
ic

lettersI
,T

,S
,J

,N
d
en

o
te

th
e

in
d
ex

sets,
ca

p
ita

l
letters

N
,S

d
en

ote
th

e
n
u
m

b
ers

of
grou

p
s

in
th

e
in

d
ex

sets.
In

p
articu

lar,
w

e
u
se

G
i

to
d
en

o
te

th
e

in
d
ex

set
corresp

on
d
in

g
to

th
e
i-th

grou
p

an
d
G
S

to
d
en

ote
th

e
in

d
ex

set
{G

i
:
i∈
S}

.
F

or
x
∈

R
n

an
d
T
⊆
{
1,...,n}

,
w

e
u
se
x
T

to
d
en

ote
th

e
su

b
vector

of
x

co
rresp

on
d
in

g
to
T

.
W

e
u
se

sign
:R
→

R
to

d
en

ote
th

e
sign

u
m

fu
n
ction

,
d
efi

n
ed

b
y

sign
(t)

=


1
,

t
>

0
,

0
,

t
=

0,
−

1,
t
<

0
.
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H
u
,
L
i,
M
e
n
g
,
Q
in
,
a
n
d

Y
a
n
g

T
h
rou

gh
ou

t
th

is
p
ap

er,
w

e
assu

m
e

th
at

th
e

grou
p

sp
arse

op
tim

ization
p
rob

lem
is

of
th

e
grou

p
stru

ctu
re

d
escrib

ed
as

follow
s.

L
et
x

:=
(x
>G
1 ,···

,x
>G
r ) >

rep
resen

t
th

e
gro

u
p

stru
ctu

re
of
x

,
w

h
ere
{
x
G
i ∈

R
n
i

:
i

=
1,···

,r}
is

th
e

grou
p
in

g
of
x

, ∑
ri=

1
n
i

=
n

an
d

n
m

a
x

:=
m

ax{n
i

:
i∈
{1
,...,r}}.

F
or

a
grou

p
x
G
i ,

w
e

u
se
x
G
i

=
0

(rep
s.
x
G
i 6=

0,
x
G
i 6=

a
0)

to
d
en

ote
a

zero
(rep

s.
n
on

zero,
active)

grou
p
,

w
h
ere

x
G
i

=
0

m
ean

s
th

at
x
j

=
0

for
all

j∈
G
i ;
x
G
i 6=

0
m

ean
s

th
at
x
j 6=

0
for

som
e
j∈
G
i ;

an
d
x
G
i 6=

a
0

m
ean

s
th

at
x
j 6=

0
for

all
j∈
G
i .

It
is

triv
ial

to
see

th
at

x
G
i 6=

a
0
⇒

x
G
i 6=

0.

F
or

th
is

grou
p

stru
ctu

re
an

d
p
>

0
,

th
e
`
p
,q

n
orm

of
x

is
d
efi

n
ed

b
y

‖x‖
p
,q

=

{
( ∑

ri=
1 ‖x

G
i ‖
qp )

1
/
q
,
q
>

0
,

∑
ri=

1 ‖
x
G
i ‖

0p ,
q

=
0,

(6)

w
h
ich

p
rop

oses
th

e
`
p

n
orm

for
each

grou
p

an
d

th
en

p
ro

cesses
th

e
`
q

n
orm

for
th

e
resu

ltin
g

vector.
W

h
en

p
=
q,

th
e
`
p
,q

n
orm

coin
cid

es
w

ith
th

e
`
p

n
orm

,
th

at
is,‖x‖

p
,p

=
‖x‖

p .
F

u
rth

erm
ore,

all
`
p
,0

n
orm

s
sh

are
th

e
sam

e
form

u
la,

th
at

is,‖
x‖

p
,0

=
‖x‖

2
,0

for
all

p
>

0.
In

p
articu

lar,
w

h
en

th
e

grou
p
in

g
stru

ctu
re

is
d
egen

erated
to

th
e

in
d
iv

id
u
al

featu
re

level,
th

at
is,

if
n

m
a
x

=
1

or
n

=
r,

w
e

h
ave
‖
x‖

p
,q

=
‖
x‖

q
for

all
p
>

0
an

d
q
>

0.
M

oreover,
w

e
assu

m
e

th
at
A

an
d
b

in
(4)

are
related

b
y

a
lin

ear
m

o
d
el

(n
oiseless)

b
=
A
x̄
.

L
etS

:=
{i∈

{1,...,r}
:
x̄
G
i 6=

0}
b

e
th

e
in

d
ex

set
of

n
on

zero
grou

p
s

of
x̄

,S
c

:=
{1
,...,r}\

S
b

e
th

e
com

p
lem

en
t

ofS
,
S

:=
|S|

b
e

th
e

g
rou

p
sp

arsity
of
x̄

,
a
n
d
n
a

:=
∑

i∈S
n
i .

2
.1

In
e
q
u

a
litie

s
o
f
`
p
,q

N
o
rm

W
e

b
egin

w
ith

som
e

b
asic

in
eq

u
alities

of
th

e
`
p

an
d
`
p
,q

n
orm

s,
w

h
ich

w
ill

b
e

u
sefu

l
in

th
e

later
d
iscu

ssion
of

R
E

C
s

an
d

recov
ery

b
ou

n
d
s.

F
irst,

w
e

recall
th

e
follow

in
g

w
ell-k

n
ow

n
in

eq
u
ality

(
n
∑i=

1 |x
i | γ

2 )
1
/
γ
2≤

(
n
∑i=

1 |x
i | γ

1 )
1
/
γ
1

if
0
<
γ

1 ≤
γ

2 ,
(7)

or
eq

u
ivalen

tly
(x

=
(x

1 ,x
2 ,...,x

n
) >

),

‖x‖
γ
2 ≤
‖x‖

γ
1

if
0
<
γ

1 ≤
γ

2 .

T
h
e

follow
in

g
lem

m
a

im
p
roves

H
u
an

g
an

d
Y

an
g

(2003,
lem

.
4.1)

an
d

ex
ten

d
s

to
th

e
`
p
,q

n
orm

.
It

w
ill

b
e

u
sefu

l
in

p
rov

id
in

g
a

sh
ap

er
glob

al
recovery

b
ou

n
d

(see
T

h
eorem

9
later).

L
e
m

m
a

1
L

et
0
<
q≤

p
≤

2,
x
∈
R
n

a
n

d
K

be
th

e
sm

a
llest

in
teger

su
ch

th
a
t

2
K
−

1q≥
1
.

T
h
en

th
e

fo
llo

w
in

g
rela

tio
n

s
h
o
ld

.

(i)
‖x‖

qq ≤
n

1−
2 −

K‖
x‖

q2 .

(ii)
‖x‖

qp
,q ≤

r
1−

2 −
K‖
x‖

qp
,2 .
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G
r
o
u
p
S
pa

r
se

O
p
t
im

iz
a
t
io
n

P
ro

o
f

(i
)

R
ep

ea
te

d
ly

u
si

n
g

th
e

p
ro

p
er

ty
th

at
‖x
‖ 1
≤
√
n
‖x
‖ 2

,
on

e
h
as

th
a
t

‖x
‖q q
≤
√
n

(
n ∑ i=

1

|x
i|2
q

)
1
/
2

≤
··
·≤

n
1 2

+
···

+
1

2
K

(
n ∑ i=

1

|x
i|2

K
q

)
2
−
K

.

S
in

ce
2
K
−

1
q
≥

1,
b
y

(7
),

w
e

ob
ta

in
th

at
(

n ∑ i=
1

|x
i|2

K
q

)
2
−
K

=

(
n ∑ i=

1

(|x
i|2

)2
K
−
1
q

)
1

2
K
−
1
q

q 2

≤
(

n ∑ i=
1

|x
i|2
)
q
/
2

=
‖x
‖q 2
.

T
h
er

ef
or

e,
w

e
ar

ri
ve

at
th

e
co

n
cl

u
si

on
th

at

‖x
‖q q
≤
n

1
−

2
−
K
‖x
‖q 2
.

(i
i)

B
y

(6
),

it
is

a
d
ir

ec
t

co
n
se

q
u
en

ce
of

(i
).

F
or

ex
am

p
le

,
if
q

=
1,

th
en

K
=

1;
if
q

=
1 2

or
2 3
,

th
en

K
=

2.
T

h
e

fo
ll
ow

in
g

le
m

m
a

d
es

cr
ib

es
th

e
tr

ia
n
gl

e
in

eq
u
al

it
y

of
‖·
‖q p
,q

.

L
e
m

m
a

2
L

et
0
<
q
≤

1
≤
p

a
n

d
x
,y
∈
R
n

.
T

h
en

‖x
‖q p
,q
−
‖y
‖q p
,q
≤
‖x
−
y
‖q p
,q
.

P
ro

o
f

B
y

th
e

su
b
ad

d
it

iv
it

y
of

th
e
` p

n
or

m
an

d
(7

),
it

is
ea

sy
to

se
e

th
at

‖x
G i
‖q p
−
‖y
G i
‖q p
≤
‖x
G i
−
y G

i
‖q p
,

fo
r
i

=
1,
..
.,
r.

C
on

se
q
u
en

tl
y,

th
e

co
n
cl

u
si

on
d
ir

ec
tl

y
fo

ll
ow

s
fr

om
(6

).

T
h
e

fo
ll
ow

in
g

le
m

m
a

w
il
l

b
e

b
en

efi
ci

a
l

to
st

u
d
y
in

g
p
ro

p
er

ti
es

of
th

e
lo

w
er

-o
rd

er
R

E
C

in
P

ro
p

os
it

io
n

5
la

te
r.

L
e
m

m
a

3
L

et
γ
≥

1
,

a
n

d
tw

o
fi

n
it

e
se

qu
en

ce
s
{y
i

:
i
∈
I}

a
n

d
{x

j
:
j
∈
J
}

sa
ti

sf
y

th
a
t

y i
≥
x
j
≥

0
fo

r
a
ll

(i
,j

)
∈
I
×
J

.
If
∑

i∈
I
y i
≥
∑

j∈
J
x
j
,

th
en
∑

i∈
I
y
γ i
≥
∑

j∈
J
x
γ j
.

P
ro

o
f

S
et
ȳ

:=
1 |I
|∑

i∈
I
y i

an
d
α

:=
m

in
i∈
I
y i

.
B

y
H

u
an

g
an

d
Y

an
g

(2
00

3,
le

m
.

4.
1)

,
on

e
h
as

th
at

∑ i∈
I
y
γ i
≥

1

|I
|γ−

1

(
∑ i∈
I
y i

)
γ

=
|I
|ȳ
γ
.

(8
)

O
n

th
e

ot
h
er

h
an

d
,

le
t
M
∈
N

an
d
β
∈

[0
,α

)
b

e
su

ch
th

at
∑

j∈
J
x
j

=
M
α

+
β

.
O

b
se

rv
in

g

th
at

γ
≥

1
an

d
0
≤

x
j
≤

α
fo

r
al

l
j
∈
J

,
w

e
ob

ta
in

th
at

x
γ j
≤

x
j
α
γ
−

1
,

an
d

th
u
s,

∑
j∈
J
x
γ j
≤
M
α
γ

+
α
γ
−

1
β

.
B

y
(8

),
it

re
m

ai
n
s

to
sh

ow
th

at

|I
|ȳ
γ
≥
M
α
γ

+
α
γ
−

1
β
.

(9
)

If
|I
|>

M
,

th
e

re
la

ti
on

(9
)

is
tr

iv
ia

l
si

n
ce
ȳ
≥
α
>
β

;
o
th

er
w

is
e,
|I
|≤

M
,

fr
om

th
e

fa
ct

s
th

at
|I
|ȳ
≥
M
α

+
β

(t
h
at

is
,
∑

i∈
I
y i
≥
∑

j∈
J
x
j
)

an
d

th
at
γ
≥

1,
it

fo
ll
ow

s
th

at

|I
|ȳ
γ
≥
M

1
−
γ
(M

α
+
β

)γ
≥
M

1
−
γ
(M

γ
α
γ

+
γ
M

γ
−

1
α
γ
−

1
β

)
≥
M
α
γ

+
α
γ
−

1
β
.

T
h
er

ef
or

e,
w

e
ve

ri
fy

th
e

re
la

ti
on

(9
),

an
d

th
e

p
ro

of
is

co
m

p
le

te
.

9
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R

 1
8(

30
):

1-
52

, 2
01

7

H
u
,
L
i,
M
e
n
g
,
Q
in
,
a
n
d

Y
a
n
g

2
.2

G
ro

u
p

R
e
st

ri
c
te

d
E

ig
e
n
v
a
lu

e
C

o
n

d
it

io
n

s

T
h
is

su
b
se

ct
io

n
ai

m
s

at
th

e
d
ev

el
op

m
en

t
of

th
e

cr
it

ic
al

co
n
d
it

io
n
s

on
th

e
m

a
tr

ix
A

to
g
u
a
r-

an
te

e
th

e
or

ac
le

p
ro

p
er

ty
an

d
th

e
gl

ob
al

re
co

ve
ry

b
ou

n
d

of
th

e
` p
,q

re
gu

la
ri

za
ti

o
n

p
ro

b
le

m
(4

).
In

p
ar

ti
cu

la
r,

w
e

w
il
l

fo
cu

s
on

th
e

re
st

ri
ct

ed
ei

ge
n
va

lu
e

co
n
d
it

io
n

(R
E

C
),

a
n
d

ex
te

n
d

it
to

th
e

lo
w

er
-o

rd
er

se
tt

in
g

an
d

eq
u
ip

it
w

it
h

th
e

gr
ou

p
st

ru
ct

u
re

.
In

th
e

sc
en

ar
io

of
sp

ar
se

op
ti

m
iz

at
io

n
,

gi
ve

n
th

e
sp

ar
si

ty
le

ve
l
s,

it
is

a
lw

ay
s

a
ss

u
m

ed
th

at
th

e
2
s-

sp
ar

se
m

in
im

al
ei

ge
n
va

lu
e

of
A
>
A

is
p

os
it

iv
e

(s
ee

B
ic

ke
l

et
al

.,
2
0
0
9
;

B
u
n
ea

et
al

.,
20

07
;

M
ei

n
sh

au
se

n
an

d
Y

u
,

20
09

),
th

at
is

,

φ
m

in
(2
s)

:=
m

in
‖x
‖ 0
≤

2
s

x
>
A
>
A
x

x
>
x

>
0
,

(1
0
)

w
h
ic

h
is

th
e

m
in

im
al

ei
ge

n
va

lu
e

of
an

y
2s
×

2s
d
im

en
si

on
al

su
b
m

at
ri

x
.

It
is

w
el

l-
k
n
ow

n
th

a
t

th
e

so
lu

ti
on

at
sp

ar
si

ty
le

ve
l
s

of
th

e
li
n
ea

r
sy

st
em

A
x

=
b

is
u
n
iq

u
e

if
th

e
co

n
d
it

io
n

(1
0
)

is
sa

ti
sfi

ed
;

ot
h
er

w
is

e,
as

su
m

e
th

at
th

er
e

ar
e

tw
o

d
is

ti
n
ct

v
ec

to
rs
x̂

an
d
x̃

su
ch

th
a
t
A
x̂

=
A
x̃

an
d
‖x̂
‖ 0

=
‖x̃
‖ 0

=
s.

T
h
en

x
:=

x̂
−
x̃

is
a

ve
ct

or
su

ch
th

at
A
x

=
0

a
n
d
‖x
‖ 0
≤

2
s,

an
d

th
u
s
φ

m
in

(2
s)

=
0,

w
h
ic

h
is

co
n
tr

ad
ic

t
w

it
h

(1
0)

.
T

h
er

ef
or

e,
if

th
e

2s
-s

p
a
rs

e
m

in
im

a
l

ei
ge

n
va

lu
e

of
A
>
A

is
ze

ro
(t

h
at

is
,
φ

m
in

(2
s)

=
0)

,
on

e
h
as

n
o

h
op

e
o
f

re
co

ve
ri

n
g

th
e

tr
u
e

sp
ar

se
so

lu
ti

on
fr

o
m

n
oi

sy
ob

se
rv

at
io

n
s.

H
ow

ev
er

,
on

ly
co

n
d
it

io
n

(1
0)

is
n
ot

en
ou

gh
a
n
d

so
m

e
fu

rt
h
er

co
n
d
it

io
n

is
re

q
u
ir

ed
to

m
ai

n
ta

in
th

e
n
ic

e
re

co
ve

ry
of

re
gu

la
ri

za
ti

on
p
ro

b
le

m
s;

se
e

B
ic

ke
l

et
al

.
(2

00
9
);

B
u
n
ea

et
a
l.

(2
00

7)
;

M
ei

n
sh

au
se

n
an

d
Y

u
(2

00
9)

;
va

n
d
e

G
ee

r
an

d
B

ü
h
lm

a
n
n

(2
00

9
);

Z
h
a
n
g

(2
0
0
9
)

an
d

re
fe

re
n
ce

s
th

er
ei

n
.

F
or

ex
am

p
le

,
th

e
R

E
C

w
as

in
tr

o
d
u
ce

d
in

B
ic

ke
l

et
a
l.

(2
0
0
9
)

to
in

ve
st

ig
at

e
th

e
` 2

co
n
si

st
en

cy
of

th
e
` 1

re
gu

la
ri

za
ti

on
p
ro

b
le

m
(L

as
so

),
w

h
er

e
th

e
m

in
im

u
m

in
(1

0)
is

re
p
la

ce
d

b
y

a
m

in
im

u
m

ov
er

a
re

st
ri

ct
ed

se
t

of
ve

ct
or

s
m

ea
su

re
d

b
y

a
n
` 1

n
o
rm

in
eq

u
al

it
y

an
d

th
e

d
en

om
in

at
or

is
re

p
la

ce
d

b
y

th
e
` 2

n
or

m
of

on
ly

a
p
ar

t
of
x

.
W

e
n
ow

in
tr

o
d
u
ce

th
e

n
ot

io
n

of
th

e
lo

w
er

-o
rd

er
R

E
C

.
N

ot
e

th
at

th
e

re
si

d
u
a
l
x̂

:=
x
∗ (
` q

)
−
x̄

,
w

h
er

e
x
∗ (
` q

)
is

an
op

ti
m

al
so

lu
ti

on
of

th
e
` q

re
gu

la
ri

za
ti

on
p
ro

b
le

m
a
n
d
x̄

is
a

sp
ar

se
so

lu
ti

on
of
A
x

=
b,

of
th

e
` q

re
gu

la
ri

za
ti

on
p
ro

b
le

m
a
lw

ay
s

sa
ti

sfi
es

‖x̂
Sc
‖ q
≤
‖x̂
S
‖ q
,

(1
1
)

w
h
er

e
S

is
th

e
su

p
p

or
t

of
x̄

.
T

h
u
s

w
e

in
tr

o
d
u
ce

a
lo

w
er

-o
rd

er
R

E
C

,
w

h
er

e
th

e
m

in
im

u
m

is
ta

ke
n

ov
er

a
re

st
ri

ct
ed

se
t

m
ea

su
re

d
b
y

an
` q

n
or

m
in

eq
u
al

it
y

su
ch

as
(1

1)
,

fo
r

es
ta

b
li
sh

in
g

th
e

gl
ob

al
re

co
ve

ry
b

ou
n
d

of
th

e
` q

re
gu

la
ri

za
ti

on
p
ro

b
le

m
.

G
iv

en
s
≤
t
�

n
,
x
∈
R
n

a
n
d

I
⊆
{1
,.
..
,n
},

w
e

d
en

ot
e

b
y
I(
x

;t
)

th
e

su
b
se

t
of
{1
,.
..
,n
}

co
rr

es
p

on
d
in

g
to

th
e

fi
rs

t
t

la
rg

es
t

co
or

d
in

at
es

in
ab

so
lu

te
va

lu
e

of
x

in
Ic

.

D
e
fi

n
it

io
n

4
L

et
0
≤
q
≤

1
.

T
h
e
q-

re
st

ri
ct

ed
ei

ge
n

va
lu

e
co

n
d
it

io
n

re
la

ti
ve

to
(s
,t

)
(q

-
R
E
C

(s
,t

))
is

sa
id

to
be

sa
ti

sfi
ed

if

φ
q
(s
,t

)
:=

m
in

{
‖A
x
‖ 2

‖x
T
‖ 2

:
|I
|≤

s,
‖x
Ic
‖ q
≤
‖x
I‖

q
,T

=
I(
x

;t
)
∪
I}

>
0
.

T
h
e
q-

R
E

C
d
es

cr
ib

es
a

k
in

d
of

re
st

ri
ct

ed
p

os
it

iv
e

d
efi

n
it

en
es

s
of
A
>
A

,
w

h
ic

h
is

va
li
d

o
n
ly

fo
r

th
e

v
ec

to
rs

sa
ti

sf
y
in

g
th

e
re

la
ti

on
m

ea
su

re
d

b
y

an
` q

n
or

m
.

T
h
e
q-

R
E

C
p
re

se
n
ts

a
u
n
ifi

ed
fr

am
ew

or
k

of
th

e
R

E
C

-t
y
p

e
co

n
d
it

io
n
s

w
h
en

ev
er
q
∈

[0
,1

].
In

p
ar

ti
cu

la
r,

w
e

n
o
te

b
y

1
0
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G
r
o
u
p
S
pa

r
se

O
p
t
im

iz
a
t
io
n

(a
)

R
E

C
(b

)
1
/
2
-R

E
C

(c)
0
-R

E
C

F
ig

u
re

1:
T

h
e

geom
etric

in
terp

retation
of

th
e

R
E

C
s:

th
e

gray
region

s
sh

ow
th

e
feasib

le
sets

C
q (s)

(q
=

1,1
/2
,0).

T
h
e
q-R

E
C

h
old

s
if

an
d

on
ly

if
th

e
n
u
ll

sp
ace

of
A

d
o
es

n
ot

in
tersect

th
e

gray
region

.

d
efi

n
itio

n
th

a
t

1
-R

E
C

red
u
ces

to
th

e
classical

R
E

C
(B

ickel
et

al.,
2009),

an
d

th
at
φ

m
in (2s)

=
φ

20 (s,s),
a
n
d

th
u
s

(10)
⇔

0-R
E

C
(s,s)

is
sa

tisfi
ed

.

It
is

w
ell-k

n
ow

n
in

th
e

literatu
re

th
at

th
e

1-R
E

C
is

a
stro

n
ger

con
d
ition

th
an

th
e

0-R
E

C
(1

0
).

A
n
a
tu

ra
l

q
u
estion

arises
w

h
at

are
th

e
relation

sh
ip

s
b

etw
een

th
e

gen
eral

q-R
E

C
s.

T
o

a
n
sw

er
th

is
q
u
estion

,
asso

ciated
w

ith
th

e
q-R

E
C

,
w

e
con

sid
er

th
e

feasib
le

set

C
q (s)

:=
{x
∈
R
n

:‖
x
I
c‖
q ≤
‖x
I ‖

q
for

som
e
|I|≤

s},
w

h
ich

is
a

co
n
e.

S
in

ce
th

e
ob

jective
fu

n
ction

asso
ciated

w
ith

th
e
q-R

E
C

is
h
om

o
gen

eo
u
s,

th
e
q-R

E
C

(s,t)
say

s
th

at
th

e
n
u
ll

sp
a
ce

o
f
A

d
o
es

n
ot

cross
over

C
q (s).

F
ig

u
re

1
p
resen

ts
th

e
g
eom

etric
in

terp
retation

of
th

e
q-R

E
C

s.
It

is
sh

ow
n

in
F

igu
re

1
th

at
C

0 (s)⊆
C

1
/
2 (s)⊆

C
1 (s),

a
n
d

th
u
s

1-R
E

C
⇒

1/2-R
E

C
⇒

0
-R

E
C
.

It
is

a
lso

o
b
served

from
F

igu
re

1
th

a
t

th
e

gap
b

etw
een

th
e

1-R
E

C
an

d
1/2-R

E
C

an
d

th
a
t

b
etw

een
1
/2-R

E
C

an
d

0-R
E

C
are

th
e

m
atrices

w
h
ose

n
u
ll

sp
aces

fall
in

th
e

con
es

o
f
C

1 (s)\
C

1
/
2 (s)

an
d
C

1
/
2 (s)\

C
0 (s),

resp
ectively.

W
e

n
ow

p
rov

id
e

a
rigorou

s
p
ro

of
in

th
e

follow
in

g
p
rop

osition
to

id
en

tify
th

e
relation

sh
ip

b
etw

een
th

e
fea

sib
le

sets
C
q (s)

an
d

b
etw

een
th

e
gen

eral
q-R

E
C

s:
th

e
low

er
th

e
q,

th
e

sm
aller

th
e

co
n
e
C
q (s),

an
d

th
e

w
eaker

th
e
q-R

E
C

.

P
ro

p
o
sitio

n
5

L
et

0
≤
q

1 ≤
q

2 ≤
1

a
n

d
1
≤
s≤

t�
n

.
T

h
en

th
e

fo
llo

w
in

g
sta

tem
en

ts
a
re

tru
e:

(i)
C
q
1 (s)⊆

C
q
2 (s),

a
n

d

(ii)
if

th
e
q

2 -R
E

C
(s,t)

h
o
ld

s,
th

en
th

e
q

1 -R
E

C
(s,t)

h
o
ld

s.

P
ro

o
f

(i)
F

ix
x
∈
C
q
1 (s).

W
e

u
seI∗

to
d
en

o
te

th
e

in
d
ex

set
of

th
e

fi
rst

s
largest

co
ord

in
ates

in
a
b
so

lu
te

va
lu

e
of
x

.
S
in

ce
x
∈
C
q
1 (s),

it
follow

s
th

at‖
x
I
c∗ ‖
q
1 ≤
‖x
I∗ ‖

q
1

(|I∗ |≤
s

d
u
e

to
th

e
co

n
stru

ctio
n

ofI∗ ).
B

y
L

em
m

a
3

(tak
in

g
γ

=
q

2 /q
1 ),

on
e

h
as

th
at

‖x
I
c∗ ‖
q
2 ≤
‖x
I∗ ‖

q
2 ,
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L
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H
u
,
L
i,
M
e
n
g
,
Q
in
,
a
n
d

Y
a
n
g

th
at

is,
x
∈
C
q
2 (s).

H
en

ce
it

follow
s

th
at
C
q
1 (s)⊆

C
q
2 (s).

(ii)
A

s
p
roved

b
y

(i)
th

at
C
q
1 (s)⊆

C
q
2 (s),

b
y

th
e

d
efi

n
ition

of
q-R

E
C

,
it

follow
s

th
at

φ
q
1 (s,t)≥

φ
q
2 (s,t)

>
0
.

T
h
e

p
ro

of
is

com
p
lete.

T
o

th
e

b
est

of
ou

r
k
n
ow

led
ge,

th
is

is
th

e
fi
rst

w
ork

on
in

tro
d
u
cin

g
th

e
low

er-ord
er

R
E

C
an

d
estab

lish
in

g
th

e
relation

sh
ip

of
th

e
low

er-ord
er

R
E

C
s.

In
th

e
follow

in
g,

w
e

p
rov

id
e

a
cou

n
ter

ex
am

p
le

to
sh

ow
th

at
th

e
rev

erse
of

P
ro

p
osition

5
is

n
ot

tru
e.

E
x
a
m

p
le

1
(A

m
a
trix

sa
tisfy

in
g

1/
2
-R

E
C

b
u

t
n

o
t

R
E

C
)

C
o
n

sid
er

th
e

m
a
trix

A
:=

(
a

a
+
c

a−
c

ã
ã−

c̃
ã

+
c̃ )
∈
R

2×
3,

w
h
ere

a
>
c
>

0
a
n

d
ã
>
c̃
>

0
.

T
h
is

m
a
trix

A
d
oes

n
o
t

sa
tisfy

th
e
R
E
C

(1,1).
In

d
eed

,
by

lettin
g
J

=
{1}

a
n

d
x

=
(2,−

1,−
1) >

,
w

e
h
a
ve
A
x

=
0

a
n

d
th

u
s
φ

(1,1)
=

0
.

B
elo

w
,

w
e

cla
im

th
a
t
A

sa
tisfi

es
th

e
1
/2

-R
E

C
(1,1).

It
su

ffi
ces

to
sh

o
w

th
a
t
φ

1
/
2 (1,1)

>

0
.

L
et
x

=
(x

1 ,x
2 ,x

3 ) >
sa

tisfy
th

e
co

n
stra

in
t

a
ssocia

ted
w

ith
1/

2
-R

E
C

(1,1).
A

s
s

=
1,

th
e

d
ed

u
ctio

n
is

d
ivid

ed
in

to
th

e
fo

llo
w

in
g

th
ree

ca
ses.

(i)
J

=
{
1}

.
T

h
en

|x
1 |≥

‖x
J
c‖

1
/
2

=
|x

2 |+
|x

3 |+
2|x

2 | 1
/
2|x

3 | 1
/
2.

(12)

W
ith

o
u

t
lo

ss
o
f

gen
era

lity,
w

e
a
ssu

m
e
|x

1 |≥
|x

2 |≥
|x

3 |.
H

en
ce,T

=
{
1,2}

a
n

d

‖A
x‖

2

‖
x
T ‖

2
≥

m
in{a

,ã}|x
1

+
x

2
+
x

3 |+
m

in{
c,c̃}|x

2 −
x

3 |
|x

1 |+
|x

2 |
.

(13)

If|x
2 |≤

13 |x
1 |,

(13)
red

u
ces

to

‖
A
x‖

2

‖
x
T ‖

2
≥

m
in{

a
,ã}

3
|x

1 |
43 |x

1 |
=

m
in{a

,ã}
4

.
(14)

If|x
2 |≥

13 |x
1 |,

su
bstitu

tin
g

(12)
in

to
(13),

o
n

e
h
a
s

th
a
t

‖A
x‖

2

‖x
T ‖

2
≥
{

m
in{

c,c̃}
8

,
|x

3 |≤
12 |x

2 |,
m

in{
a
,ã}

4
,
|x

3 |≥
12 |x

2 |.
(15)

(ii)
J

=
{
2}

.
S

in
ceT

=
{
2,1}

o
r{

2,3}
,

it
fo

llo
w

s
fro

m
H

u
a
n

g
a
n

d
Y

a
n

g
(2

0
0
3
,

lem
.

4
.1

)
th

a
t

|x
2 |≥

‖x
J
c‖

1
/
2 ≥
|x

1 |
+
|x

3 |.
(16)

T
h
u

s,
it

is
ea

sy
to

verify
th

a
t‖
x
T ‖

2 ≤
2|x

2 |
a
n

d
th

a
t

‖
A
x‖

2

‖
x
T ‖

2
≥
|a
x

1
+

(a
+
c)x

2
+

(a−
c)x

3 |
2|x

2 |
=
|a

(x
1

+
x

2
+

a−
c

a
x

3 )
+
cx

2 |
2|x

2 |
≥
c2
,

(17)

w
h
ere

th
e

la
st

in
equ

a
lity

fo
llo

w
s

fro
m

(16)
a
n

d
th

e
fa

ct
th

a
t
a
>
c.

1
2
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G
r
o
u
p
S
pa

r
se

O
p
t
im

iz
a
t
io
n

(i
ii
)
J

=
{3
}.

S
im

il
a
r

to
th

e
d
ed

u
ct

io
n

o
f

(i
i)

,
o
n

e
h
a
s

th
a
t

‖A
x
‖ 2

‖x
T
‖ 2
≥
|ã
x

1
+

(ã
−
c̃)
x

2
+

(ã
+
c̃)
x

3
|

2
|x

3
|

≥
c̃ 2
.

(1
8)

T
h
er

ef
o
re

,
by

(1
4)

-(
15

)
a
n

d
(1

7)
-(

18
),

w
e

co
n

cl
u

d
e

th
a
t
φ

1
/
2
(1
,1

)
≥

1 8
m

in
{c
,c̃
}
>

0,
a
n

d
th

u
s,

th
e

m
a
tr

ix
A

sa
ti

sfi
es

th
e

1
/2

-R
E

C
(1
,1

).

In
or

d
er

to
es

ta
b
li
sh

th
e

or
ac

le
p
ro

p
er

ty
an

d
th

e
gl

ob
al

re
co

ve
ry

b
ou

n
d

fo
r

th
e
` p
,q

re
gu

-
la

ri
za

ti
on

p
ro

b
le

m
,

w
e

fu
rt

h
er

in
tr

o
d
u
ce

th
e

n
ot

io
n

of
gr

ou
p

re
st

ri
ct

ed
ei

ge
n
va

lu
e

co
n
d
it

io
n

(G
R

E
C

).
G

iv
en

S
≤
N
�

r,
x
∈

R
n

an
d
J
⊆
{1
,.
..
,r
},

w
e

u
se

ra
n
k
i(
x

)
to

d
en

ot
e

th
e

ra
n
k

of
‖x
G i
‖ p

am
on

g
{‖
x
G j
‖ p

:
j
∈
J
c
}

(i
n

a
d
ec

re
as

in
g

or
d
er

),
J

(x
;N

)
to

d
en

ot
e

th
e

in
d
ex

se
t

of
th

e
fi
rs

t
N

la
rg

es
t

gr
ou

p
s

in
th

e
va

lu
e

of
‖x
G i
‖ p

am
on

g
{‖
x
G j
‖ p

:
j
∈
J
c
},

th
at

is
,

J
(x

;N
)

:=
{i
∈
J
c

:
ra

n
k
i(
x

)
∈
{1
,.
..
,N
}}
.

F
u
rt

h
er

m
or

e,
b
y

le
tt

in
g
R

:=
dr
−
|J
|

N
e,

w
e

d
en

o
te

J k
(x

;N
)

:=

{ {
i
∈
J
c

:
ra

n
k
i(
x

)
∈
{k
N

+
1
,.
..
,(
k

+
1
)N
}}
,
k

=
1,
..
.,
R
−

1
,

{i
∈
J
c

:
ra

n
k
i(
x

)
∈
{R
N

+
1
,.
..
,r
−
|J
|}
},

k
=
R
.

(1
9)

N
ot

e
th

at
th

e
re

si
d
u
al
x̂

:=
x
∗ (
` p
,q

)−
x̄

of
th

e
` p
,q

re
gu

la
ri

za
ti

on
p
ro

b
le

m
al

w
ay

s
sa

ti
sfi

es
‖x̂
G S

c
‖ p
,q
≤
‖x̂
G S
‖ p
,q

.
T

h
u
s

w
e

in
tr

o
d
u
ce

th
e

n
ot

io
n

of
G

R
E

C
,

w
h
er

e
th

e
m

in
im

u
m

is
ta

ke
n

ov
er

a
re

st
ri

ct
ed

se
t

m
ea

su
re

d
b
y

an
` p
,q

n
or

m
in

eq
u
al

it
y,

as
fo

ll
ow

s.

D
e
fi

n
it

io
n

6
L

et
0
<
q
≤
p
≤

2
.

T
h
e

(p
,q

)-
gr

o
u

p
re

st
ri

ct
ed

ei
ge

n
va

lu
e

co
n

d
it

io
n

re
la

ti
ve

to
(S
,N

)
((
p
,q

)-
G

R
E

C
(S
,N

))
is

sa
id

to
be

sa
ti

sfi
ed

if

φ
p
,q

(S
,N

)
:=

m
in

{
‖A
x
‖ 2

‖x
G N
‖ p
,2

:
|J
|≤

S
,‖
x
G J

c
‖ p
,q
≤
‖x
G J
‖ p
,q
,N

=
J

(x
;N

)
∪
J
}
>

0
.

T
h
e

(p
,q

)-
G

R
E

C
ex

te
n
d
s

th
e
q-

R
E

C
to

th
e

se
tt

in
g

eq
u
ip

p
in

g
w

it
h

a
p
re

-d
efi

n
ed

gr
o
u
p

st
ru

ct
u
re

.
H

an
d
li
n
g

th
e

co
m

p
on

en
ts

in
ea

ch
gr

ou
p

as
on

e
el

em
en

t,
th

e
(p
,q

)-
G

R
E

C
ad

m
it

s
th

e
fe

w
er

d
eg

re
e

of
fr

ee
d
om

,
w

h
ic

h
is
S

(a
b

ou
t
s/
n

m
a
x
),

on
it

s
as

so
ci

at
ed

co
n
st

ra
in

t
th

an
th

at
of

th
e
q-

R
E

C
,

an
d

th
u
s

it
ch

ar
ac

te
ri

ze
s

a
w

ea
ke

r
co

n
d
it

io
n

th
an

th
e
q-

R
E

C
.

F
or

ex
am

p
le

,
th

e
0-

R
E

C
(s
,s

)
is

to
in

d
ic

at
e

th
e

re
st

ri
ct

ed
p

os
it

iv
e

d
efi

n
it

en
es

s
of
A
>
A

,
w

h
ic

h
is

va
li
d

on
ly

fo
r

th
e

ve
ct

or
s

w
h
os

e
ca

rd
in

al
it

y
is

le
ss

th
an

2s
;

w
h
il
e

th
e

(p
,0

)-
G

R
E

C
(S
,S

)
is

to
d
es

cr
ib

e
th

e
re

st
ri

ct
ed

p
os

it
iv

e
d
efi

n
it

en
es

s
of
A
>
A

o
n

an
y

2S
-g

ro
u
p

su
p
p

or
t,

w
h
os

e
d
eg

re
e

of
fr

ee
d
om

is
m

u
ch

le
ss

th
an

th
e

2
s-

su
p
p

or
t.

T
h
u
s

th
e

(p
,0

)-
G

R
E

C
(S
,S

)
p
ro

v
id

es
a

b
ro

ad
er

co
n
d
it

io
n

th
an

th
e

0-
R

E
C

(s
,s

).
S
im

il
ar

to
th

e
p
ro

of
of

P
ro

p
os

it
io

n
5,

w
e

ca
n

sh
ow

th
at

if
0
≤
q 1
≤
q 2
≤

1
≤
p
≤

2
an

d
th

e
(p
,q

2
)-

G
R

E
C

(S
,N

)
h
ol

d
s,

th
en

th
e

(p
,q

1
)-

G
R

E
C

(S
,N

)
al

so
h
ol

d
s.

W
e

en
d

th
is

su
b
se

ct
io

n
b
y

p
ro

v
id

in
g

th
e

fo
ll
ow

in
g

le
m

m
a,

w
h
ic

h
w

il
l

b
e

u
se

fu
l

in
es

ta
b
-

li
sh

in
g

th
e

gl
ob

al
re

co
ve

ry
b

ou
n
d

fo
r

th
e
` p
,q

re
gu

la
ri

za
ti

on
p
ro

b
le

m
in

T
h
eo

re
m

9.

L
e
m

m
a

7
L

et
0
<
q
≤

1
≤
p
,
τ
≥

1
a
n

d
x
∈
R
n

,
N

:=
J

(x
;N

)
∪
J

a
n

d
J k

:=
J k

(x
;N

)
fo

r
k

=
1,
..
.,
R

.
T

h
en

th
e

fo
ll

o
w

in
g

in
eq

u
a
li

ti
es

h
o
ld

‖x
G N

c
‖ p
,τ
≤

R ∑ k
=

1

‖x
G J

k
‖ p
,τ
≤
N

1 τ
−

1 q
‖x
G J

c
‖ p
,q
.
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H
u
,
L
i,
M
e
n
g
,
Q
in
,
a
n
d

Y
a
n
g

P
ro

o
f

B
y

th
e

d
efi

n
it

io
n

of
J k

(1
9)

,
fo

r
ea

ch
j
∈
J k

,
on

e
h
as

th
at

‖x
G j
‖ p
≤
‖x
G i
‖ p
,

fo
r

ea
ch

i
∈
J k
−

1
,

an
d

th
u
s

‖x
G j
‖q p
≤

1 N

∑

i∈
J k
−
1

‖x
G i
‖q p

=
1 N
‖x
G J

k
−
1
‖q p
,q
.

C
on

se
q
u
en

tl
y,

w
e

ob
ta

in
th

at

‖x
G J

k
‖τ p
,τ

=
∑ i∈
J k
‖x
G i
‖τ p
≤
N

1
−
τ
/
q
‖x
G J

k
−
1
‖τ p
,q
.

F
u
rt

h
er

b
y

H
u
an

g
an

d
Y

an
g

(2
00

3,
le

m
.

4.
1)

(τ
≥

1
an

d
q
≤

1)
,

it
fo

ll
ow

s
th

a
t

‖x
G N

c
‖ p
,τ

=
( ∑

R k
=

1

∑
i∈
J k
‖x
G i
‖τ p
) 1
/
τ

≤
∑

R k
=

1
‖x
G J

k
‖ p
,τ

≤
N

1 τ
−

1 q
∑

R k
=

1
‖x
G J

k
−
1
‖ p
,q

≤
N

1 τ
−

1 q
‖x
G J

c
‖ p
,q
.

T
h
e

p
ro

of
is

co
m

p
le

te
.

2
.3

G
lo

b
a
l

R
e
c
o
v
e
ry

B
o
u

n
d

In
re

ce
n
t

y
ea

rs
,

m
an

y
ar

ti
cl

es
h
av

e
b

ee
n

d
ev

ot
ed

to
es

ta
b
li
sh

in
g

th
e

or
ac

le
p
ro

p
er

ty
a
n
d

th
e

gl
ob

al
re

co
ve

ry
b

ou
n
d

fo
r

th
e
` 1

re
gu

la
ri

za
ti

on
p
ro

b
le

m
(1

)
u
n
d
er

th
e

R
IP

o
r

R
E

C
;

se
e

B
ic

ke
l

et
al

.
(2

00
9)

;
M

ei
n
sh

au
se

n
an

d
Y

u
(2

00
9)

;
va

n
d
e

G
ee

r
an

d
B

ü
h
lm

an
n

(2
0
0
9
);

Z
h
a
n
g

(2
00

9)
.

H
ow

ev
er

,
to

th
e

b
es

t
of

ou
r

k
n
ow

le
d
ge

,
th

er
e

is
fe

w
p
ap

er
d
ev

ot
ed

to
in

ve
st

ig
a
ti

n
g

th
es

e
p
ro

p
er

ti
es

fo
r

th
e

lo
w

er
-o

rd
er

re
gu

la
ri

za
ti

on
p
ro

b
le

m
.

In
th

e
p
re

ce
d
in

g
su

b
se

ct
io

n
s,

w
e

h
av

e
in

tr
o
d
u
ce

d
th

e
ge

n
er

al
n
ot

io
n

of
(p
,q

)-
G

R
E

C
.

U
n
d
er

th
e

(p
,q

)-
G

R
E

C
(S
,S

),
th

e
so

lu
ti

on
of
A
x

=
b

w
it

h
gr

ou
p

sp
ar

si
ty

b
ei

n
g
S

is
u
n
iq

u
e.

In
th

is
su

b
se

ct
io

n
,

w
e

w
il
l

p
re

se
n
t

th
e

or
ac

le
p
ro

p
er

ty
a
n
d

th
e

gl
ob

a
l

re
co

ve
ry

b
o
u
n
d

fo
r

th
e
` p
,q

re
gu

la
ri

za
ti

on
p
ro

b
le

m
(4

)
u
n
d
er

th
e

(p
,q

)-
G

R
E

C
.

T
h
e

or
ac

le
p
ro

p
er

ty
p
ro

v
id

es
a
n

u
p
p

er
b

ou
n
d

on
th

e
sq

u
ar

es
er

ro
r

of
th

e
li
n
ea

r
sy

st
em

an
d

th
e

v
io

la
ti

on
of

th
e

tr
u
e

n
o
n
ze

ro
gr

ou
p
s

fo
r

ea
ch

p
oi

n
t

in
th

e
le

ve
l

se
t

of
th

e
ob

je
ct

iv
e

fu
n
ct

io
n

of
p
ro

b
le

m
(4

)

le
v
F

(x̄
)

:=
{x
∈
R
n

:
‖A
x
−
b‖

2 2
+
λ
‖x
‖q p
,q
≤
λ
‖x̄
‖q p
,q
}.

P
ro

p
o
si

ti
o
n

8
L

et
0
<
q
≤

1
≤
p
,
S
>

0
a
n

d
le

t
th

e
(p
,q

)-
G

R
E

C
(S
,S

)
h
o
ld

.
L

et
x̄

be
th

e
u

n
iq

u
e

so
lu

ti
o
n

o
f
A
x

=
b

a
t

a
gr

o
u

p
sp

a
rs

it
y

le
ve

l
S

,
a
n

d
S

be
th

e
in

d
ex

se
t

o
f

n
o
n

ze
ro

gr
o
u

p
s

o
f
x̄

.
L

et
K

be
th

e
sm

a
ll

es
t

in
te

ge
r

su
ch

th
a
t

2K
−

1
q
≥

1
.

T
h
en

,
fo

r
a
n

y
x
∗
∈

le
v
F

(x̄
),

th
e

fo
ll

o
w

in
g

o
ra

cl
e

in
eq

u
a
li

ty
h
o
ld

s

‖A
x
∗
−
A
x̄
‖2 2

+
λ
‖x
∗ G S

c
‖q p
,q
≤
λ

2
2
−
q
S

(1
−

2
−
K

)
2

2
−
q
/φ

2
q

2
−
q

p
,q

(S
,S

).
(2

0
)

M
o
re

o
ve

r,
le

tt
in

g
N
∗

:=
S
∪
S(
x
∗ ;
S

),
w

e
h
a
ve

‖x
∗ G N
∗
−
x̄
G N
∗
‖2 p
,2
≤
λ

2
2
−
q
S

(1
−

2
−
K

)
2

2
−
q
/φ

4
2
−
q

p
,q

(S
,S

).
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G
r
o
u
p
S
pa

r
se

O
p
t
im

iz
a
t
io
n

P
ro

o
f

L
et
x
∗∈

lev
F

(x̄
).

T
h
at

is,‖A
x
∗−

b‖
22

+
λ‖
x
∗‖
qp
,q ≤

λ‖x̄‖
qp
,q .

B
y

L
em

m
as

1(ii)
an

d
2
,

o
n
e

h
a
s

th
a
t

‖A
x
∗−

A
x̄‖

22
+
λ‖x

∗G
S
c ‖
qp
,q
≤
λ‖x̄

G
S ‖

qp
,q −

λ‖x
∗G
S ‖

qp
,q

≤
λ‖x̄

G
S −

x
∗G
S ‖

qp
,q

≤
λ
S

1−
2 −

K‖
x̄
G
S −

x
∗G
S ‖

qp
,2 .

(21)

N
o
tin

g
th

a
t

‖x
∗G
S
c −

x̄
G
S
c ‖
qp
,q −
‖x
∗G
S −

x̄
G
S ‖

qp
,q ≤
‖x
∗G
S
c ‖
qp
,q −

(‖
x̄
G
S ‖

qp
,q −
‖x
∗G
S ‖

qp
,q )

=
‖
x
∗‖
qp
,q −
‖x̄‖

qp
,q ≤

0.

T
h
en

th
e

(p
,q)-G

R
E

C
(S
,S

)
im

p
lies

th
at

‖x̄
G
S −

x
∗G
S ‖

p
,2 ≤
‖A
x
∗−

A
x̄‖

2 /φ
p
,q (S

,S
).

T
h
is,

to
g
eth

er
w

ith
(21),

y
ield

s
th

at

‖
A
x
∗−

A
x̄‖

22
+
λ‖
x
∗G
S
c ‖
qp
,q ≤

λ
S

1−
2 −

K‖
A
x
∗−

A
x̄‖

q2 /φ
qp
,q (S

,S
),

(22)

a
n
d

con
seq

u
en

tly,

‖A
x
∗−

A
x̄‖

2 ≤
λ

1
2−
qS

(
1−

2 −
K

)
/
(2−

q
)/φ

q
2−
q

p
,q

(S
,S

).
(23)

T
h
erefo

re,
b
y

(22)
an

d
(23),

w
e

arrive
at

th
e

o
racle

in
eq

u
ality

(20).
F

u
rth

erm
ore,

b
y

th
e

d
efi

n
itio

n
o
fN
∗ ,

th
e

(p
,q)-G

R
E

C
(S
,S

)
im

p
lies

th
at

‖
x
∗G
N
∗ −

x̄
G
N
∗ ‖

2p
,2 ≤
‖A
x
∗−

A
x̄‖

22 /φ
2p
,q (S

,S
)≤

λ
2

2−
qS

(
1−

2 −
K

)
2

2−
q/φ

4
2−
q

p
,q

(S
,S

).

T
h
e

p
ro

o
f

is
co

m
p
lete.

O
n
e

of
th

e
m

ain
resu

lts
of

th
is

section
is

p
resen

ted
as

follow
s,

w
h
ere

w
e

estab
lish

th
e

g
lo

b
al

recovery
b

ou
n
d

for
th

e
`
p
,q

regu
larization

p
rob

lem
u
n
d
er

th
e

(p
,q)-G

R
E

C
.

W
e

w
ill

a
p
p
ly

o
ra

cle
in

eq
u
ality

(20)
an

d
L

em
m

a
7

in
ou

r
p
ro

of.

T
h

e
o
re

m
9

L
et

0
<
q
≤

1
≤
p
≤

2
,
S
>

0
a
n

d
let

th
e

(p
,q)-G

R
E

C
(S
,S

)
h
o
ld

.
L

et
x̄

be
th

e
u

n
iqu

e
so

lu
tio

n
o
f
A
x

=
b

a
t

a
gro

u
p

spa
rsity

level
S

,
a
n

d
S

be
th

e
in

d
ex

set
o
f

n
o
n

zero
gro

u
p
s

o
f
x̄

.
L

et
K

be
th

e
sm

a
llest

in
teger

su
ch

th
a
t

2
K
−

1q
≥

1.
T

h
en

,
fo

r
a
n

y
x
∗∈

lev
F

(x̄
),

th
e

fo
llo

w
in

g
glo

ba
l

reco
very

bo
u

n
d

fo
r

p
ro

blem
(4)

h
o
ld

s

‖x
∗−

x̄‖
22 ≤

2λ
2

2−
qS

q−
2
q

+
(
1−

2 −
K

)
4

q
(2−

q
)/φ

4
2−
q

p
,q

(S
,S

).
(24)

M
o
re

p
recisely,

‖x
∗−

x̄‖
22 ≤

{
O

(λ
2

2−
qS

),
2
K
−

1q
=

1,

O
(λ

2
2−
qS

3−
q

2−
q),

2
K
−

1q
>

1
.

(25)
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H
u
,
L
i,
M
e
n
g
,
Q
in
,
a
n
d

Y
a
n
g

P
ro

o
f

L
etN

∗
:=
S
∪
S

(x
∗;S

)
as

in
P

rop
osition

8.
S
in

ce
p
≤

2,
it

follow
s

from
L

em
m

a
7

an
d

P
rop

osition
8

th
at

‖
x
∗G
N
c∗ ‖

22 ≤
‖x
∗G
N
c∗ ‖

2p
,2 ≤

S
1−

2
/
q‖
x
∗G
S
c ‖

2p
,q ≤

λ
2

2−
qS

q−
2
q

+
(
1−

2 −
K

)
4

q
(2−

q
)/φ

4
2−
q

p
,q

(S
,S

).

T
h
en

b
y

P
rop

osition
8,

on
e

h
as

th
at

‖
x
∗−

x̄‖
22

=
‖x
∗G
N
∗ −

x̄
G
N
∗ ‖

22
+
‖
x
∗G
N
c∗ ‖

22

≤
λ

2
2−
qS

(
1−

2 −
K

)
2

2−
q/φ

4
2−
q

p
,q

(S
,S

)
+
λ

2
2−
qS

q−
2
q

+
(
1−

2 −
K

)
4

q
(2−

q
)/φ

4
2−
q

p
,q

(S
,S

)

≤
2λ

2
2−
qS

q−
2
q

+
(
1−

2 −
K

)
4

q
(2−

q
)/φ

4
2−
q

p
,q

(S
,S

),

w
h
ere

th
e

last
in

eq
u
ality

follow
s

from
th

e
fact

th
at

2
K
−

1q
≥

1.
T

h
is

p
roves

(24
).

In
p
articu

lar,
if

2
K
−

1q
=

1,
th

en
q−

2
q

+
(1−

2 −
K )

4
q
(2−

q
)

=
1

an
d

th
u
s

‖
x
∗−

x̄‖
22 ≤
O

(λ
2

2−
qS

).

If
2
K
−

1q
>

1,
th

en
2
K
−

2q
<

1.
H

en
ce,

q−
2
q

+
(1−

2 −
K )

4
q
(2−

q
)
<

3−
q

2−
q ,

an
d

con
seq

u
en

tly

‖
x
∗−

x̄‖
22 ≤
O

(λ
2

2−
qS

3−
q

2−
q).

H
en

ce
(25)

is
ob

tain
ed

.
T

h
e

p
ro

of
is

com
p
lete.

T
h
e

glob
al

recovery
b

ou
n
d

(25)
is

d
ed

u
ced

u
n
d
er

gen
eral

(p
,q)-G

R
E

C
(S
,S

),
w

h
ich

is
w

eaker
th

an
th

e
R

E
C

as
u
sed

in
van

d
e

G
eer

an
d

B
ü
h
lm

an
n

(2009).
It

sh
ow

s
th

at
th

e
sp

a
rse

solu
tion

x̄
m

ay
b

e
recovered

b
y

an
y

p
o
in

t
x
∗

in
th

e
level

set
lev

F
(x̄

),
in

p
articu

lar,
w

h
en
x
∗

is
a

glob
al

op
tim

al
solu

tion
of

p
rob

lem
(4),

as
lon

g
as
λ

is
su

ffi
cien

tly
sm

all.
It

is
w

ell-k
n
ow

n
th

at
w

h
en
p

=
2

an
d
q

=
1,

con
vex

regu
larization

p
rob

lem
(4)

is
n
u
m

erically
in

tractab
le

for
fi
n
d
in

g
th

e
sp

arse
solu

tion
an

d
th

at
w

h
en

q
<

1
fi
n
d
in

g
a

p
oin

t
in

th
e

n
on

con
vex

level
set

lev
F

(x̄
)

is
eq

u
ivalen

t
to

fi
n
d
in

g
a

glob
al

m
in

im
u
m

of
m

in
im

izin
g

th
e

in
d
icator

fu
n
ction

of
th

e
n
on

con
v
ex

level
set,

w
h
ich

is
N

P
-h

ard
.

T
h
u
s

T
h
eorem

9
is

on
ly

a
th

eoretical
resu

lt
an

d
d
o
es

n
ot

p
rov

id
e

an
y

in
sigh

t
for

th
e

n
u
m

erical
com

p
u
tation

of
a

sp
arse

solu
tion

b
y

v
irtu

e
of

p
rob

lem
(4).

W
e

w
ill

d
esign

a
p
rox

im
al

grad
ien

t
m

eth
o
d

in
section

3,
test

its
n
u
m

erical
effi

cien
cy

an
d

p
rov

id
e

som
e

gen
eral

gu
id

an
ce

on
w

h
ich

q
is

m
ore

attractive
in

p
ractical

ap
p
lication

s
in

section
4.

T
o

con
clu

d
e

th
is

su
b
section

,
w

e
illu

strate
b
y

an
ex

am
p
le

in
w

h
ich

(24)
d
o
es

n
ot

h
old

w
h
en

q
=

1,
b
u
t

it
d
o
es

an
d

is
also

tigh
t

w
h
en

q
=

12 .
W

e
w

ill
testify

th
e

recov
ery

b
ou

n
d

O
(λ

4
/
3S

)
in

(24)
w

h
en

q
=

12
b
y

u
sin

g
a

glob
al

op
tim

iza
tion

m
eth

o
d
.

E
x
a
m

p
le

2
B

y
lettin

g
a

=
ã

=
2

a
n

d
c

=
c̃

=
1

in
E

xa
m

p
le

1
,

w
e

co
n

sid
er

th
e

fo
llo

w
in

g
m

a
trix:

A
:=

(
2

3
1

2
1

3 )
.

W
e

set
b

:=
(2,2) >

a
n

d
th

en
a

tru
e

so
lu

tio
n

o
f
A
x

=
b

is
x̄

:=
(1,0,0) >

.
D

en
o
tin

g
x

:=
(x

1 ,x
2 ,x

3 ) >
,

th
e

o
bjective

fu
n

ctio
n

a
ssocia

ted
w

ith
th

e
`
1

regu
la

riza
tio

n
p
ro

blem
(1)

is

F
(x

)
:=
‖
A
x
−
b‖

22
+
λ‖x‖

1

=
(2x

1
+

3
x

2
+
x

3 −
2)

2
+

(2
x

1
+
x

2
+

3
x

3 −
2)

2
+
λ

(|x
1 |

+
|x

2 |
+
|x

3 |).
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G
r
o
u
p
S
pa

r
se

O
p
t
im

iz
a
t
io
n

L
et
x
∗ (
` 1

)
:=

(x
∗ 1
,x
∗ 2
,x
∗ 3
)>

be
a

n
o
p
ti

m
a
l

so
lu

ti
o
n

o
f

p
ro

bl
em

(1
).

W
it

h
o
u

t
lo

ss
o
f

ge
n

er
a
li

ty
,

w
e

a
ss

u
m

e
λ
≤

1
.

T
h
e

n
ec

es
sa

ry
co

n
d
it

io
n

o
f
x
∗ (
` 1

)
be

in
g

a
n

o
p
ti

m
a
l

so
lu

ti
o
n

o
f

p
ro

bl
em

(1
)

is
0
∈
∂
F

(x
∗ (
` 1

))
,

th
a
t

is
,

0
∈

16
x
∗ 1

+
16
x
∗ 2

+
16
x
∗ 3
−

16
+
λ
∂
|x
∗ 1
|,

(2
6a

)

0
∈

16
x
∗ 1

+
20
x
∗ 2

+
12
x
∗ 3
−

16
+
λ
∂
|x
∗ 2
|,

(2
6b

)

0
∈

16
x
∗ 1

+
1
2
x
∗ 2

+
20
x
∗ 3
−

16
+
λ
∂
|x
∗ 3
|,

(2
6c

)

w
h
er

e
∂
|µ
|:

=

{ si
gn

(µ
),

µ
6=

0,
[−

1
,1

],
µ

=
0.

W
e

fi
rs

t
sh

o
w

th
a
t
x
∗ i
≥

0
fo

r
i

=
1
,2
,3

by
co

n
tr

a
d
ic

ti
o
n

.
In

d
ee

d
,

if
x
∗ 1
<

0,
(2

6a
)

re
d
u

ce
s

to
16
x
∗ 1

+
16
x
∗ 2

+
16
x
∗ 3
−

16
=
λ
.

S
u

m
m

in
g

(2
6b

)
a
n

d
(2

6c
),

w
e

fu
rt

h
er

h
a
ve

λ
=

16
x
∗ 1

+
16
x
∗ 2

+
16
x
∗ 3
−

16
∈
−
λ 2

(∂
|x
∗ 2
|+

∂
|x
∗ 3
|),

w
h
ic

h
im

p
li

es
th

a
t
x
∗ 2
≤

0
a
n

d
x
∗ 3
≤

0
.

H
en

ce
,

it
fo

ll
o
w

s
th

a
t
F

(x
∗ )
>
F

(0
),

w
h
ic

h
in

d
ic

a
te

s
th

a
t
x
∗

is
n

o
t

a
n

o
p
ti

m
a
l

so
lu

ti
o
n

o
f

p
ro

bl
em

(1
),

a
n

d
th

u
s,
x
∗ 1
<

0
is

im
po

ss
ib

le
.

S
im

il
a
rl

y,
w

e
ca

n
sh

o
w

th
a
t
x
∗ 2
≥

0
a
n

d
x
∗ 3
≥

0.
N

ex
t,

w
e

fi
n

d
th

e
o
p
ti

m
a
l

so
lu

ti
o
n
x
∗ (
` 1

)
by

o
n

ly
co

n
si

d
er

in
g
x
∗ (
` 1

)
≥

0
.

It
is

ea
sy

to
o

bt
a
in

th
a
t

th
e

so
lu

ti
o
n

o
f

(2
6)

a
n

d
th

e
co

rr
es

po
n

d
in

g
o
bj

ec
ti

ve
va

lu
e

a
ss

oc
ia

te
d

w
it

h
p
ro

bl
em

(1
)

ca
n

be
re

p
re

se
n

te
d

re
sp

ec
ti

ve
ly

by

x
∗ 1

=
1
−

λ 16
−

2x
∗ 3
,

x
∗ 2

=
x
∗ 3

( 0
≤
x
∗ 3
≤

1 2
−

λ 32

)
,

an
d

F
(x
∗ (
` 1

))
=
λ
−
λ

2

32
.

H
en

ce
,
x
∗ (
` 1

)
:=
( 0
,

1 2
−

λ 3
2
,

1 2
−

λ 3
2

) >
is

a
n

o
p
ti

m
a
l

so
lu

ti
o
n

o
f

p
ro

bl
em

(1
).

T
h
e

es
ti

m
a
te

d
er

ro
r

fo
r

th
is
x
∗ (
` 1

)
is

‖x
∗ (
` 1

)
−
x̄
‖2 2

=
1

+
1 2

( 1
−

λ 16

) 2
>

1,

w
h
ic

h
d
oe

s
n

o
t

m
ee

t
th

e
re

co
ve

ry
bo

u
n

d
(2

5
)

fo
r

a
n

y
λ
≤

1
.

It
is

re
ve

a
le

d
fr

o
m

E
xa

m
p
le

1
th

a
t

th
is

m
a
tr

ix
A

sa
ti

sfi
es

th
e

1
/2

-R
E

C
(1
,1

).
T

h
en

th
e

h
yp

o
th

es
is

o
f

T
h
eo

re
m

9
is

ve
ri

fi
ed

,
a
n

d
th

u
s,

T
h
eo

re
m

9
is

a
p
p
li

ca
bl

e
to

es
ta

bl
is

h
in

g
th

e
re

co
ve

ry
bo

u
n

d
(2

5)
fo

r
th

e
` 1
/
2

re
gu

la
ri

za
ti

o
n

p
ro

bl
em

.
A

lt
h
o
u

gh
w

e
ca

n
n

o
t

o
bt

a
in

th
e

cl
o
se

d
-f

o
rm

so
lu

ti
o
n

o
f

th
is

n
o
n

co
n

ve
x
` 1
/
2

re
gu

la
ri

za
ti

o
n

p
ro

bl
em

,
a
s

it
is

o
f

o
n

ly
3
-

d
im

en
si

o
n

s,
w

e
ca

n
a
p
p
ly

a
gl

o
ba

l
o
p
ti

m
iz

a
ti

o
n

m
et

h
od

,
th

e
fi

ll
ed

fu
n

ct
io

n
m

et
h
od

(G
e,

1
9
9
0
),

to
fi

n
d

th
e

gl
o
ba

l
o
p
ti

m
a
l

so
lu

ti
o
n
x
∗ (
` 1
/
2
)

a
n

d
th

u
s

to
te

st
if

y
th

e
re

co
ve

ry
bo

u
n

d
(2

5)
.

T
h
is

is
d

o
n

e
by

co
m

p
u

ti
n

g
th

e
` 1
/
2

re
gu

la
ri

za
ti

o
n

p
ro

bl
em

fo
r

m
a
n

y
λ

to
p
lo

t
th

e
cu

rv
e

‖x
∗ (
` 1
/
2
)
−
x̄
‖2 2

.
F

ig
u

re
2

il
lu

st
ra

te
s

th
e

va
ri

a
ti

o
n

o
f

th
e

es
ti

m
a
te

d
er

ro
r
‖x
∗ (
` 1
/
2
)
−
x̄
‖2 2

a
n

d

th
e

bo
u

n
d

2λ
4
/
3

(t
h
a
t

is
th

e
ri

gh
t-

h
a
n

d
si

d
e

o
f

(2
4)

,
w

h
er

e
S

=
1

a
n

d
φ

1
/
2
(1
,1

)
≤

1
(s

ee
E

xa
m

p
le

1
))

,
w

h
en

va
ry

in
g

th
e

re
gu

la
ri

za
ti

o
n

pa
ra

m
et

er
λ

fr
o
m

10
−

8
to

1
.

It
is

il
lu

st
ra

te
d

fr
o
m

F
ig

u
re

2
th

e
re

co
ve

ry
bo

u
n

d
(2

5)
is

sa
ti

sfi
ed

,
a
n

d
it

is
in

d
ee

d
ti

gh
t,

fo
r

th
is

ex
a
m

p
le

.
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H
u
,
L
i,
M
e
n
g
,
Q
in
,
a
n
d

Y
a
n
g

0
0.

2
0.

4
0.

6
0.

8
1

10
−

10

10
−

8

10
−

6

10
−

4

10
−

2

10
0

10
2

λ

 

 

‖x
∗ (
ℓ 1

/
2
)
−

x̄
‖2 2

2
λ
4
/
3

E
st

im
at

ed
 E

rr
or

R
ec

ov
er

y 
B

ou
nd

F
ig

u
re

2:
T

h
e

il
lu

st
ra

ti
on

of
th

e
re

co
ve

ry
b

ou
n
d

(2
4)

an
d

es
ti

m
at

ed
er

ro
r.

2
.4

L
o
c
a
l

R
e
c
o
v
e
ry

B
o
u

n
d

In
th

e
p
re

ce
d
in

g
su

b
se

ct
io

n
,

w
e

p
ro

v
id

ed
th

e
gl

ob
a
l

an
al

y
si

s
of

th
e

re
co

ve
ry

b
o
u
n
d

fo
r

th
e

` p
,q

re
gu

la
ri

za
ti

on
p
ro

b
le

m
u
n
d
er

th
e

(p
,q

)-
G

R
E

C
;

se
e

T
h
eo

re
m

9.
O

n
e

ca
n

a
ls

o
o
b
se

rv
e

fr
om

F
ig

u
re

2
th

at
th

e
gl

ob
al

re
co

ve
ry

b
ou

n
d

(2
5)

is
ti

gh
t

fo
r

th
e
` 1
/
2

re
gu

la
ri

za
ti

o
n

p
ro

b
le

m
as

th
e

cu
rv

es
co

m
e

to
ge

th
er

at
λ
'

0
.5

,
b
u
t

th
er

e
is

st
il
l

a
b
ig

ga
p

fo
r

th
e

im
p
ro

v
em

en
t

w
h
en

λ
is

sm
al

l.

T
h
is

su
b
se

ct
io

n
is

d
ev

ot
ed

to
p
ro

v
id

in
g

a
lo

ca
l

an
al

y
si

s
of

th
e

re
co

v
er

y
b

o
u
n
d

fo
r

th
e

` p
,q

re
gu

la
ri

za
ti

on
p
ro

b
le

m
b
y

v
ir

tu
e

of
th

e
va

ri
at

io
n
al

an
al

y
si

s
te

ch
n
iq

u
e

(R
o
ck

a
fe

ll
a
r

a
n
d

W
et

s,
19

98
).

F
or
x
∈

R
n

an
d
δ
∈

R
+

,
w

e
u
se

B
(x
,δ

)
to

d
en

ot
e

th
e

op
en

b
a
ll

o
f

ra
d
iu

s
δ

ce
n
te

re
d

at
x

.
F

or
a

lo
w

er
se

m
i-

co
n
ti

n
u
ou

s
(l

sc
)

fu
n
ct

io
n
f

:
R
n
→

R
an

d
x
,w
∈

R
n
,

th
e

su
b

d
er

iv
at

iv
e

of
f

at
x

al
on

g
th

e
d
ir

ec
ti

on
w

is
d
efi

n
ed

b
y

df
(x̄

)(
w

)
:=

li
m

in
f

τ
↓0
,
w
′ →

w

f
(x̄

+
τ
w
′ )
−
f

(x̄
)

τ
.

T
o

b
eg

in
w

it
h
,

w
e

sh
ow

in
th

e
fo

ll
ow

in
g

le
m

m
a

a
si

gn
ifi

ca
n
t

ad
va

n
ta

ge
of

lo
w

er
-o

rd
er

re
g
u
-

la
ri

za
ti

on
ov

er
th

e
` 1

re
gu

la
ri

za
ti

on
:

th
e

lo
w

er
-o

rd
er

re
gu

la
ri

za
ti

o
n

te
rm

ca
n

ea
si

ly
in

d
u
ce

th
e

sp
ar

si
ty

of
th

e
lo

ca
l

m
in

im
u
m

.

L
e
m

m
a

1
0

L
et

0
<
q
<

1
≤
p
.

L
et
f

:
R
n
→

R
be

a
ls

c
fu

n
ct

io
n

sa
ti

sf
yi

n
g
df

(0
)(

0
)

=
0
.

T
h
en

th
e

fu
n

ct
io

n
F

:=
f

+
λ
‖·
‖q p
,q

h
a
s

a
lo

ca
l

m
in

im
u

m
a
t

0
w

it
h

th
e

fi
rs

t-
o
rd

er
gr

o
w

th
co

n
d
it

io
n

be
in

g
fu

lfi
ll

ed
,

th
a
t

is
,

th
er

e
ex

is
t

so
m

e
ε
>

0
a
n

d
δ
>

0
su

ch
th

a
t

F
(x

)
≥
F

(0
)

+
ε‖
x
‖ 2

fo
r

a
n

y
x
∈

B
(0
,δ

).

P
ro

o
f

L
et
ϕ

:=
λ
‖·
‖q p
,q

an
d

th
en

F
=
f

+
ϕ

.
S
in

ce
ϕ

is
gr

ou
p

ed
se

p
ar

ab
le

,
b
y

R
o
ck

a
fe

ll
a
r

an
d

W
et

s
(1

99
8,

p
ro

p
.

10
.5

),
it

fo
ll
ow

s
fr

om
th

e
d
efi

n
it

io
n

th
a
t
d
ϕ

(0
)

=
δ {

0
},

w
h
er

e
δ X

is
th

e
in

d
ic

at
or

fu
n
ct

io
n

of
X

.
A

p
p
ly

in
g

R
o
ck

af
el

la
r

an
d

W
et

s
(1

99
8,

p
ro

p
.

1
0
.9

),
it

fo
ll
ow

s
th

at

d
F

(0
)
≥
df

(0
)

+
d
ϕ

(0
)

=
df

(0
)

+
δ {

0
}.

(2
7)
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G
r
o
u
p
S
pa

r
se

O
p
t
im

iz
a
t
io
n

B
y

th
e

a
ssu

m
p
tion

th
at

f
is

fi
n
ite

an
d
df

(0)(0)
=

0,
its

su
b

d
erivative

df
(0)

is
p
rop

er
(see

R
o
cka

fella
r

an
d

W
ets,

1998,
ex

.
3.19).

N
otin

g
th

at
df

(0)(0)
=

0,
w

e
ob

tain
th

at
df

(0
)

+
δ{

0}
=
δ{

0} .
T

h
is,

togeth
er

w
ith

(27),
y
ield

s
th

a
t
d
F

(0)
≥
δ{

0} .
T

h
erefore,

b
y

d
efi

n
itio

n
,

th
ere

ex
ist

som
e
ε
>

0
an

d
δ
>

0
su

ch
th

at

F
(x

)≥
F

(0)
+
ε‖
x‖

2
for

an
y
x
∈

B
(0,δ).

T
h
e

p
ro

o
f

is
com

p
lete.

W
ith

th
e

h
elp

of
th

e
ab

ove
lem

m
a,

w
e

can
p
resen

t
in

th
e

follow
in

g
a

lo
cal

version
of

th
e

recovery
b

o
u
n
d
.

T
h
is

is
d
on

e
b
y

con
stru

ctin
g

a
p
ath

of
lo

cal
m

in
im

a
d
ep

en
d
in

g
on

th
e

reg
u
la

riza
tion

p
aram

eter
λ

for
th

e
regu

larization
p
rob

lem
,

w
h
ich

starts
from

a
sp

arse
so

lu
tio

n
o
f

th
e

origin
al

p
rob

lem
an

d
sh

ares
th

e
sam

e
su

p
p

ort
as

th
is

sp
arse

solu
tio

n
h
as,

resu
ltin

g
in

a
sh

arp
er

b
ou

n
d

in
term

s
of
λ

2.

T
h

e
o
re

m
1
1

L
et
x̄

be
a

so
lu

tio
n

o
f
A
x

=
b,
S

be
th

e
gro

u
p

spa
rsity

o
f
x̄

,
a
n

d
B

be
a

su
bm
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d
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p
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d
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th
e
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d
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L
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.

T
h
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>

0
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im
a
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‖
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x̄‖
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λ
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>
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2
m

ax
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G
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G
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)

p
‖x̄
G
i ‖

2
p−

2
2
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r
a
n

y
λ
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P
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o
f

W
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o
u
t
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gen
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w
e
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x̄

b
e
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ctu
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=
(z̄ >
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w
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=

(x̄
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S
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d
x̄
G
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a
0
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i
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a
n
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b
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L
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B

b
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b
m
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p
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=
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=
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h
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p
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p
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recovery
b

ou
n
d

for
th

e
con

stru
cted

p
ath

.

F
irst,

to
sh

ow
(a),
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)
=
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‖
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=
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con
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∈
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∈
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=
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∈
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‖
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=
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con
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∈
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∈
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) >
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→
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at
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∈
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>
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√
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‖‖D
‖
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10
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0 ‖
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,q ≥
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y
∈

B
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(34)
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p
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√
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‖‖
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‖A
x
∗ (
λ

)
−
b‖
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‖‖
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b
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p
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p
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.
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=
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⊆
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−
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−
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−
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−
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p
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ce
ra

te
u
n
d
er

so
m

e
a
s-

su
m

p
ti

on
s;

se
e

B
re

d
ie

s
an

d
L

or
en

z
(2

00
8)

;
H

al
e

et
al

.
(2

00
8)

;
T

ao
et

al
.

(2
0
1
6
).

R
ec

en
tl

y,
th

e
gl

ob
al

co
n
ve

rg
en

ce
of

th
e

P
G

M
fo

r
so

lv
in

g
so

m
e

ty
p

es
of

n
on

co
n
ve

x
re

gu
la

ri
za

ti
o
n

p
ro

b
-

le
m

s
h
av

e
b

ee
n

st
u
d
ie

d
u
n
d
er

th
e

fr
am

ew
or

k
of

th
e

K
u
rd

y
ka

- L
o
ja

si
ew

ic
z

th
eo

ry
(A

tt
o
u
ch

et
al

.,
20

10
;

B
ol

te
et

al
.,

20
13

),
th

e
m

a
jo

ri
za

ti
on

-m
in

im
iz

at
io

n
sc

h
em

e
(M

ai
ra

l,
2
0
1
3
),

th
e

co
or

d
in

at
e

gr
ad

ie
n
t

d
es

ce
n
t

m
et

h
o
d

(T
se

n
g

an
d

Y
u
n
,

20
0
9)

,
th

e
ge

n
er

a
l

it
er

a
ti

ve
sh

ri
n
ka

ge
an

d
th

re
sh

ol
d
in

g
(G

on
g

et
al

.,
20

13
)

an
d

th
e

su
cc

es
si

v
e

u
p
p

er
-b

ou
n
d

m
in

im
iz

a
ti

o
n

a
p
p
ro

a
ch

(R
az

av
iy

ay
n

et
al

.,
20

13
).

In
th

is
se

ct
io

n
,

w
e

ap
p
ly

th
e

P
G

M
to

so
lv

e
th

e
gr

ou
p

sp
ar

se
op

ti
m

iz
at

io
n

p
ro

b
le

m
(4

)
(P

G
M

-G
S
O

),
w

h
ic

h
is

st
at

ed
as

fo
ll
ow

s.

A
lg

o
ri

th
m

1
(P

G
M

-G
S

O
)

S
el

ec
t

a
st

ep
si

ze
v

,
st

a
rt

w
it

h
a
n

in
it

ia
l

po
in

t
x

0
∈
R
n

,
a
n

d
ge

n
er

a
te

a
se

qu
en

ce
{x

k
}
⊆

R
n

vi
a

th
e

it
er

a
ti

o
n

z
k

=
x
k
−

2v
A
>

(A
x
k
−
b)
,

(3
6
)

x
k
+

1
∈

ar
g

m
in

x
∈R

n

{ λ
‖x
‖q p
,q

+
1 2v
‖x
−
z
k
‖2 2

}
.

(3
7
)

G
lo

b
al

co
n
v
er

ge
n
ce

of
th

e
P

G
M

-G
S
O

fa
ll
s

in
th

e
fr

am
ew

or
k

of
th

e
K

u
rd

y
ka

- L
o
ja

si
ew

ic
z

th
eo

ry
(s

ee
A

tt
ou

ch
et

al
.,

20
10

).
In

p
ar

ti
cu

la
r,

fo
ll
ow

in
g

fr
om

B
ol

te
et

al
.

(2
0
1
3
,

p
ro

p
.

3)
,

th
e

se
q
u
en

ce
ge

n
er

at
ed

b
y

th
e

P
G

M
-G

S
O

co
n
ve

rg
es

to
a

cr
it

ic
al

p
oi

n
t,

es
p

ec
ia

ll
y

a
g
lo

b
al

m
in

im
u
m

w
h
en
q
≥

1
an

d
a

lo
ca

l
m

in
im

u
m

w
h
en
q

=
0

(i
n
sp

ir
ed

b
y

th
e

id
ea

in
B

lu
m

en
sa

th
an

d
D

av
ie

s,
20

08
),

as
su

m
m

ar
iz

ed
as

fo
ll
ow

s.

T
h

e
o
re

m
1
2

L
et
p
≥

1,
a
n

d
le

t
{x

k
}

be
a

se
qu

en
ce

ge
n

er
a
te

d
by

th
e

P
G

M
-G

S
O

w
it

h
v
<

1 2
‖A
‖−

2
2

.
T

h
en

th
e

fo
ll

o
w

in
g

st
a
te

m
en

ts
h
o
ld

:

(i
)

if
q
≥

1
,

th
en
{x

k
}

co
n

ve
rg

es
to

a
gl

o
ba

l
m

in
im

u
m

o
f

p
ro

bl
em

(4
),
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G
r
o
u
p
S
pa

r
se

O
p
t
im

iz
a
t
io
n

(ii)
if
q

=
0,

th
en
{x

k}
co

n
verges

to
a

loca
l

m
in

im
u

m
o
f

p
ro

blem
(4),

a
n

d

(iii)
if

0
<
q
<

1
,

th
en
{
x
k}

co
n

verges
to

a
critica

l
po

in
t

1
o
f

p
ro

blem
(4).

A
lth

ou
gh

th
e

glob
al

con
vergen

ce
of

th
e

P
G

M
-G

S
O

h
as

b
een

p
rov

id
ed

in
T

h
eorem

12,
so

m
e

im
p

o
rtan

t
issu

es
of

th
e

P
G

M
-G

S
O

h
ave

n
o
t

b
een

d
iscovered

yet.
T

h
e

section
is

to
co

n
tin

u
e

th
e

d
evelop

m
en

t
of

th
e

P
G

M
-G

S
O

,
con

cen
tratin

g
on

its
effi

cien
cy

a
n
d

ap
p
licab

ility.
In

p
a
rticu

la
r,

w
e

w
ill

estab
lish

th
e

lo
cal

con
vergen

ce
rate

of
th

e
P

G
M

-G
S
O

u
n
d
er

som
e

m
ild

co
n
d
itio

n
s,

an
d

d
erive

th
e

an
aly

tical
solu

tion
s

of
su

b
p
rob

lem
(37)

fo
r

som
e

sp
ecifi

c
p

an
d
q.

3
.1

L
o
c
a
l

L
in

e
a
r

C
o
n
v
e
rg

e
n

c
e

R
a
te

In
th

is
su

b
section

,
w

e
estab

lish
th

e
lo

cal
lin

ear
con

vergen
ce

rate
of

th
e

P
G

M
-G

S
O

for
th

e
ca

se
w

h
en
p

=
1

an
d

0
<
q
<

1.
F

or
th

e
rem

in
d
er

of
th

is
su

b
section

,
w

e
alw

ay
s

a
ssu

m
e

th
at

p
=

1
a
n
d

0
<
q
<

1.
T

o
b

eg
in

w
ith

,
b
y

v
irtu

e
of

th
e

secon
d
-ord

er
n
ecessary

con
d
ition

of
su

b
p
rob

lem
(37),

th
e

fo
llow

in
g

lem
m

a
p
rov

id
es

a
low

er
b

ou
n
d

for
n
on

zero
grou

p
s

of
seq

u
en

ce{x
k}

gen
erated

b
y

th
e

P
G

M
-G

S
O

an
d

sh
ow

s
th

at
th

e
in

d
ex

set
of

n
on

zero
grou

p
s

of{x
k}

m
ain

tain
s

con
sta

n
t

fo
r

la
rg

e
k
.

L
e
m

m
a

1
3

L
et
K

=
(v
λ
q(1−

q))
1

2−
q,

a
n

d
let{x

k}
be

a
sequ

en
ce

gen
era

ted
by

th
e

P
G

M
-

G
S

O
w

ith
v
<

12 ‖A‖ −
2

2
.

T
h
en

th
e

fo
llo

w
in

g
sta

tem
en

ts
h
o
ld

:

(i)
F

o
r

a
n

y
i

a
n

d
k

,
if
x
kG
i 6=

0,
th

en
‖x

kG
i ‖

1 ≥
K

.

(ii)
x
k

sh
a
res

th
e

sa
m

e
in

d
ex

set
o
f

n
o
n

zero
gro

u
p
s

fo
r

la
rge

k
,

th
a
t

is,
th

ere
exist

N
∈
N

a
n

d
I
⊆
{
1,...,r}

su
ch

th
a
t

{
x
kG
i 6=

0,
i∈
I
,

x
kG
i

=
0,

i
/∈
I
,

fo
r

a
ll
k
≥
N
.

P
ro

o
f

(i)
F

or
each

grou
p
x
kG
i ,

b
y

(37),
on

e
h
as

th
at

x
kG
i ∈

arg
m

in
x∈

R
n
i

{
λ‖
x‖

q1
+

12
v ‖
x
−
z
k−

1
G
i
‖

22 }
.

(38)

If
x
kG
i 6=

0,
w

e
d
efi

n
eA

ki
:=
{
j∈
G
i

:
x
kj 6=

0}
an

d
a
ki

:=
|A

ki |.
W

ith
ou

t
loss

of
gen

erality,
w

e

a
ssu

m
e

th
at

th
e

fi
rst

a
ki

com
p

on
en

ts
of
x
kG
i

are
n
on

zeros.
T

h
en

(3
8)

im
p
lies

th
a
t

x
kG
i ∈

arg
m

in

x∈
R
a
ki×
{
0} {

λ‖x‖
q1

+
12
v ‖
x
−
z
k−

1
G
i
‖

22 }
.

Its
seco

n
d
-ord

er
n
ecessary

con
d
ition

say
s

th
at

1v
I
ki

+
λ
q(q−

1)M
ki �

0
,

1
.

A
p

o
in

t
x

is
sa

id
to

b
e

a
critica

l
p

o
in

t
o
f
F

if
0

b
elo

n
g
s

to
its

lim
itin

g
su

b
d

iff
eren

tia
l

a
t
x

;
see

M
o
r-

d
u

k
h

ov
ich

(2
0
0
6
).
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H
u
,
L
i,
M
e
n
g
,
Q
in
,
a
n
d

Y
a
n
g

w
h
ere

I
ki

is
th

e
id

en
tity

m
atrix

in
R
a
ki ×

a
ki

an
d
M

ki
=
‖
x
kA
ki ‖
q−

2
1

(sign
(x
kA
ki ))(sign

(x
kA
ki )) >

.
L

et

e
b

e
th

e
fi
rst

colu
m

n
of
I
ki .

T
h
en

,
w

e
ob

tain
th

at

1v
e >
I
ki e

+
λ
q(q−

1)e >
M

ki e≥
0
,

th
at

is,
1v

+
λ
q(q−

1)‖x
kA
ki ‖
q−

2
1
≥

0
.

C
on

seq
u
en

tly,
it

im
p
lies

th
at

‖
x
kG
i ‖

1
=
‖
x
kA
ki ‖

1 ≥
(v
λ
q(1−

q))
1

2−
q

=
K
.

H
en

ce,
it

com
p
letes

th
e

p
ro

of
of

(i).
(ii)

R
ecall

from
T

h
eorem

12
th

at{
x
k}

con
verges

to
a

critical
p

oin
t
x
∗.

T
h
en

th
ere

ex
ists

N
∈
N

su
ch

th
at‖

x
k−

x
∗‖

2
<

K
2 √

n
,

an
d

th
u
s,

‖x
k
+

1−
x
k‖

2 ≤
‖x

k
+

1−
x
∗‖

2
+
‖
x
k−

x
∗‖

2
<

K√
n
,

(39)

for
an

y
k
≥
N

.
P

rov
in

g
b
y

con
trad

iction
,

w
ith

ou
t

loss
of

gen
erality,

w
e

assu
m

e
th

at
th

ere
ex

ist
k
≥
N

an
d
i∈
{
1,...,r}

su
ch

th
at
x
k
+

1
G
i
6=

0
an

d
x
kG
i

=
0.

T
h
en

it
follow

s
from

(i)
th

at

‖
x
k
+

1−
x
k‖

2 ≥
1√n ‖

x
k
+

1−
x
k‖

1 ≥
1√n ‖

x
k
+

1
G
i
−
x
kG
i ‖

1 ≥
K√
n
,

w
h
ich

y
ield

s
a

con
trad

iction
w

ith
(39).

T
h
e

p
ro

of
is

com
p
lete.

L
et
x
∗∈

R
n
,

an
d

let

S
:=
{
i∈
{1,...,r}

:
x
∗G
i 6=

0 }
a
n
d

B
:=

(A
·j )
j∈G
S
.

C
on

sid
er

th
e

follow
in

g
restricted

p
rob

lem

m
in

y∈
R
n
a

f
(y

)
+
ϕ

(y
),

(40)

w
h
ere

n
a

:=
∑

i∈S
n
i ,

an
d

f
:R

n
a→

R
w

ith
f

(y
)

:=
‖
B
y−

b‖
22

for
an

y
y
∈
R
n
a,

ϕ
:R

n
a→

R
w

ith
ϕ

(y
)

:=
λ‖
y‖

q1
,q

for
a
n
y
y
∈
R
n
a.

T
h
e

follow
in

g
lem

m
a

p
rov

id
es

th
e

fi
rst-

an
d

secon
d
-ord

er
con

d
ition

s
for

a
lo

cal
m

in
im

u
m

of
th

e
`
1
,q

regu
larization

p
rob

lem
,
an

d
sh

ow
s

a
secon

d
-ord

er
grow

th
con

d
ition

for
th

e
restricted

p
rob

lem
(40),

w
h
ich

is
u
sefu

l
for

estab
lish

in
g

th
e

lo
cal

lin
ear

con
v
ergen

ce
rate

of
th

e
P

G
M

-
G

S
O

.
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G
r
o
u
p
S
pa

r
se

O
p
t
im

iz
a
t
io
n

L
e
m

m
a

1
4

A
ss

u
m

e
th

a
t
x
∗

is
a

lo
ca

l
m

in
im

u
m

o
f

p
ro

bl
em

(4
).

S
u

p
po

se
th

a
t

a
n

y
n

o
n

ze
ro

gr
o
u

p
o
f
x
∗

is
a
ct

iv
e,

a
n

d
th

e
co

lu
m

n
s

o
f
B

a
re

li
n

ea
rl

y
in

d
ep

en
d
en

t
2
.

T
h
en

th
e

fo
ll

o
w

in
g

st
a
te

m
en

ts
a
re

tr
u

e:

(i
)

T
h
e

fo
ll

o
w

in
g

fi
rs

t-
a
n

d
se

co
n

d
-o

rd
er

co
n

d
it

io
n

s
h
o
ld

2
B
>

(B
y
∗
−
b)

+
λ
q

  
‖y
∗ G 1
‖q
−

1
1

si
gn

(y
∗ G 1

)
. . .

‖y
∗ G S
‖q
−

1
1

si
gn

(y
∗ G S

)

  
=

0,
(4

1)

a
n

d

2
B
>
B

+
λ
q(
q
−

1)

  
M
∗ 1

0
0

0
. .

.
0

0
0

M
∗ S

  
�

0,
(4

2)

w
h
er

e

M
∗ i

=
‖y
∗ G i
‖q
−

2
1

( si
gn

(y
∗ G i

))
( si

gn
(y
∗ G i

))
>
.

(i
i)

T
h
e

se
co

n
d
-o

rd
er

gr
o
w

th
co

n
d
it

io
n

h
o
ld

s
a
t
y
∗

fo
r

p
ro

bl
em

(4
0)

,
th

a
t

is
,

th
er

e
ex

is
t

ε
>

0
a
n

d
δ
>

0
su

ch
th

a
t

(f
+
ϕ

)(
y
)
≥

(f
+
ϕ

)(
y
∗ )

+
ε‖
y
−
y
∗ ‖

2 2
fo

r
a
n

y
y
∈

B
(y
∗ ,
δ)
.

(4
3)

P
ro

o
f

W
it

h
ou

t
lo

ss
of

ge
n
er

al
it

y,
w

e
as

su
m

e
th

at
S

:=
{1
,.
..
,S
}.

B
y

as
su

m
p
ti

on
,
x
∗

is
of

st
ru

ct
u
re
x
∗

:=
(y
∗>
,0

)>
w

it
h

y
∗

:=
(x
∗ G 1
>
,.
..
,x
∗ G S
>

)>
an

d
x
∗ G i
6=

a
0

fo
r
i

=
1,
..
.,
S

.
(4

4)

(i
)

B
y

(4
4)

,
on

e
h
as

th
at

ϕ
(·)

is
sm

o
ot

h
ar

ou
n
d
y
∗

w
it

h
it

s
fi
rs

t-
an

d
se

co
n
d
-d

er
iv

at
iv

es
b

ei
n
g

ϕ
′ (
y
∗ )

=
λ
q

  
‖y
∗ G 1
‖q
−

1
1

si
gn

(y
∗ G 1

)
. . .

‖y
∗ G S
‖q
−

1
1

si
gn

(y
∗ G S

)

  
,

an
d

ϕ
′′ (
y
∗ )

=
λ
q(
q
−

1)

  
M
∗ 1

0
0

0
. .

.
0

0
0

M
∗ S

  
;

h
en

ce
(f

+
ϕ

)(
·)

is
al

so
sm

o
ot

h
ar

ou
n
d
y
∗ .

T
h
er

ef
or

e,
w

e
ob

ta
in

th
e

fo
ll
ow

in
g

fi
rs

t-
a
n
d

se
co

n
d
-o

rd
er

n
ec

es
sa

ry
co

n
d
it

io
n
s

of
p
ro

b
le

m
(4

0)

f
′ (
y
∗ )

+
ϕ
′ (
y
∗ )

=
0

an
d

f
′′ (
y
∗ )

+
ϕ
′′ (
y
∗ )
�

0,

2
.

T
h

is
a
ss

u
m

p
ti

o
n

is
m

il
d

,
a
n

d
it

h
o
ld

s
a
u

to
m

a
ti

ca
ll

y
fo

r
th

e
ca

se
w

h
en

n
m
a
x

=
1

(s
ee

C
h

en
et

a
l.

,
2
0
1
0
,

th
m

.
2
.1

).

25
JM

L
R

 1
8(

30
):

1-
52

, 2
01

7

H
u
,
L
i,
M
e
n
g
,
Q
in
,
a
n
d

Y
a
n
g

w
h
ic

h
ar

e
(4

1)
an

d

2B
>
B

+
λ
q(
q
−

1)

  
M
∗ 1

0
0

0
. .

.
0

0
0

M
∗ S

  
�

0
,

re
sp

ec
ti

ve
ly

.
P

ro
v
in

g
b
y

co
n
tr

ad
ic

ti
on

,
w

e
as

su
m

e
th

at
(4

2)
d
o
es

n
ot

h
o
ld

,
th

a
t

is
,

th
er

e
ex

is
ts

so
m

e
w
6=

0
su

ch
th

at

2w
>
B
>
B
w

+
λ
q(
q
−

1)
S ∑ i=

1

 
‖y
∗ G i
‖q
−

2
1
· 
∑ j∈
G i
w
j
si

g
n
(y
∗ j)

 
2
 

=
0.

(4
5
)

B
y

as
su

m
p
ti

on
,

on
e

h
as

th
at
B
>
B
�

0,
an

d
th

u
s

it
fo

ll
ow

s
fr

om
(4

5)
th

at
 
∑ j∈
G i
w
j
si

gn
(y
∗ j)

 
2

>
0

fo
r

so
m

e
i
∈
{1
,.
..
,S
}.

(4
6
)

L
et
h

:
R
→

R
w

it
h
h

(t
)

:=
‖B

(y
∗

+
tw

)
−
b‖

2 2
+
λ
‖y
∗

+
tw
‖p p

fo
r

an
y
t
∈
R

.
C

le
a
rl

y,
h

(·)
h
as

a
lo

ca
l

m
in

im
u
m

at
0,

an
d
h

(·)
is

sm
o
ot

h
ar

ou
n
d

0
w

it
h

it
s

d
er

iv
at

iv
es

b
ei

n
g

h
′ (

0)
=

2
w
>
B
>

(B
y
∗
−
b)

+
λ
q

S ∑ i=
1

 
‖y
∗ G i
‖q
−

1
1
·∑ j∈
G i
w
j
si

gn
(y
∗ j)

 
=

0,

h
′′ (

0)
=

2
w
>
B
>
B
w

+
λ
q(
q
−

1)
S ∑ i=

1

 
‖y
∗ G i
‖q
−

2
1
· 
∑ j∈
G i
w
j
si

gn
(y
∗ j)

 
2
 

=
0

(b
y

(4
5
))
,

h
(3

) (0
)

=
λ
q(
q
−

1)
(q
−

2
)

S ∑ i=
1

 
‖y
∗ G i
‖q
−

3
1
· 
∑ j∈
G i
w
j
si

gn
(y
∗ j)

 
3
 

=
0,

h
(4

) (0
)

=
λ
q(
q
−

1)
(q
−

2)
(q
−

3)
S ∑ i=

1

 
‖y
∗ G i
‖q
−

4
1
· 
∑ j∈
G i
w
j
si

gn
(y
∗ j)

 
4
 
<

0
;

(4
7
)

d
u
e

to
(4

6)
.

H
ow

ev
er

,
b
y

el
em

en
ta

ry
of

ca
lc

u
lu

s,
it

is
cl

ea
r

th
at
h

(4
) (

0)
m

u
st

b
e

n
o
n
n
eg

a
ti

ve
(s

in
ce
h

(·)
ob

ta
in

s
a

lo
ca

l
m

in
im

u
m

at
0)

,
w

h
ic

h
y
ie

ld
s

a
co

n
tr

ad
ic

ti
on

to
(4

7
).

T
h
er

ef
o
re

,
w

e
p
ro

ve
d

(4
2)

.
(i

i)
B

y
th

e
st

ru
ct

u
re

of
y
∗

(4
4)

,
ϕ

(·)
is

sm
o
ot

h
ar

ou
n
d
y
∗ ,

a
n
d

th
u
s,

(f
+
ϕ

)(
·)

is
a
ls

o
sm

o
o
th

ar
ou

n
d
y
∗

w
it

h
it

s
d
er

iv
at

iv
es

b
ei

n
g

f
′ (
y
∗ )

+
ϕ
′ (
y
∗ )

=
0

an
d

f
′′ (
y
∗ )

+
ϕ
′′ (
y
∗ )
�

0;

d
u
e

to
(4

1)
an

d
(4

2)
.

H
en

ce
(4

3)
fo

ll
ow

s
fr

om
R

o
ck

af
el

la
r

an
d

W
et

s
(1

99
8
,

th
m

.
1
3
.2

4
).

T
h
is

co
m

p
le

te
s

th
e

p
ro

of
.

T
h
e

ke
y

fo
r

th
e

st
u
d
y

of
lo

ca
l
co

n
ve

rg
en

ce
ra

te
of

th
e

P
G

M
-G

S
O

is
th

e
d
es

ce
n
t

p
ro

p
er

ty
of

th
e

fu
n
ct

io
n
f

+
ϕ

in
ea

ch
it

er
at

io
n

st
ep

.
T

h
e

fo
ll
ow

in
g

le
m

m
a

st
at

es
so

m
e

b
a
si

c
p
ro

p
er

ti
es

of
ac

ti
v
e

gr
ou

p
s

of
se

q
u
en

ce
{x

k
}

ge
n
er

at
ed

b
y

th
e

P
G

M
-G

S
O

.
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G
r
o
u
p
S
pa

r
se

O
p
t
im

iz
a
t
io
n

L
e
m

m
a

1
5

L
et{

x
k}

be
a

sequ
en

ce
gen

era
ted

by
th

e
P

G
M

-G
S

O
w

ith
v
<

12 ‖A‖ −
2

2
,

w
h
ich

co
n

verges
to
x
∗

(by
T

h
eo

rem
1
2
).

A
ssu

m
e

th
a
t

th
e

a
ssu

m
p
tio

n
s

in
L

em
m

a
1
4

a
re

sa
tisfi

ed
.

W
e

d
efi

n
e

α
:=
‖
B
‖

22 ,
L

:=
2‖
A‖

22
an

d
D
k

:=
ϕ

(y
k)−

ϕ
(y
k
+

1)
+
〈f
′(y

k),y
k−

y
k
+

1〉.

T
h
en

th
ere

exist
δ
>

0
a
n

d
N
∈
N

su
ch

th
a
t

th
e

fo
llo

w
in

g
in

equ
a
lities

h
o
ld

fo
r

a
n

y
k
≥
N

:

D
k ≥

(
1v
−
α )
‖y

k−
y
k
+

1‖
22 ,

(48)

a
n

d

(f
+
ϕ

)(y
k
+

1)≤
(f

+
ϕ

)(y
k)−

(
1−

L
v

2(1−
v
α

) )
D
k .

(49)

P
ro

o
f

B
y

L
em

m
a

13(ii)
an

d
th

e
fact

th
at
{x

k}
con

verges
to
x
∗,

on
e

h
a
s

th
at
x
k

sh
ares

th
e

sa
m

e
in

d
ex

set
of

n
on

zero
grou

p
s

w
ith

th
at

of
x
∗

for
large

k
;

fu
rth

er
b
y

th
e

stru
ctu

re
o
f
y ∗

(4
4
),

w
e

o
b
tain

th
at

all
com

p
on

en
ts

in
n
on

zero
grou

p
s

of
y
k

a
re

n
on

zero
for

large
k
.

In
a
n
o
th

er
w

o
rd

,
w

e
h
ave

th
ere

ex
ists

N
∈
N

su
ch

th
at
y
k6=

a
0

an
d
x
kG
S
c

=
0

for
an

y
k
≥
N

;
(50)

h
en

ce
ϕ

(·)
is

sm
o
oth

arou
n
d
y
k

for
an

y
k
≥
N

.

In
v
iew

of
P

G
M

-G
S
O

an
d

th
e

d
ecom

p
osition

of
x

=
(y >

,z > )>
,

on
e

h
as

th
at

y
k
+

1∈
arg

m
in {

ϕ
(y

)
+

12
v

∥∥∥
y−

(
y
k−

v
f
′(y

k) ) ∥∥∥
22 }

.

Its
fi
rst-o

rd
er

n
ecessary

con
d
ition

is

ϕ
′(y

k
+

1)
=

1v

(
y
k−

v
f
′(y

k)−
y
k
+

1 )
.

(51)

R
eca

ll
fro

m
(4

2
)

th
at
ϕ
′′(y ∗)�

−
2
B
>
B

.
S
in

ce
ϕ

(·)
is

sm
o
oth

arou
n
d
y ∗,

th
en

th
ere

ex
ists

δ
>

0
su

ch
th

a
t
ϕ
′′(w

)
�
−

2B
>
B

for
an

y
w
∈

B
(y ∗,δ).

N
otin

g
th

at
{
y
k}

con
verges

to
y ∗,

w
ith

ou
t

lo
ss

of
gen

erality,
w

e
assu

m
e

th
at‖

y
k−

y ∗‖
<
δ

for
a
n
y
k
≥
N

(oth
erw

ise,
w

e
ca

n
ch

o
o
se

a
la

rger
N

).
T

h
erefore,

on
e

h
as

th
at
ϕ
′′(y

k)�
−

2B
>
B

for
an

y
k
≥
N

.
T

h
en

b
y

T
ay

lo
r

ex
p
a
n
sion

,
w

e
can

assu
m

e
w

ith
ou

t
loss

of
gen

erality
th

at
th

e
follow

in
g

in
eq

u
ality

h
old

s
fo

r
a
n
y
k
≥
N

an
d

an
y
w
∈

B
(y ∗,δ)

(oth
erw

ise,
w

e
can

ch
o
ose

a
sm

aller
δ):

ϕ
(w

)
>
ϕ

(y
k
+

1)
+
〈ϕ
′(y

k
+

1),w
−
y
k
+

1〉−
α‖w

−
y
k
+

1‖
22 .

H
en

ce,
b
y

(5
1),

it
follow

s
th

at

ϕ
(w

)−
ϕ

(y
k
+

1)
>

1v 〈y
k−

v
f
′(y

k)−
y
k
+

1,w
−
y
k
+

1〉−
α‖w

−
y
k
+

1‖
22 .

(52)

T
h
en

(4
8
)

fo
llow

s
b
y

settin
g
w

=
y
k.

F
u
rth

erm
ore,

b
y

th
e

d
efi

n
ition

of
f

(·),
it

is
of

class
C

1
,1
L

a
n
d

it
fo

llow
s

from
B

ertsekas
(1999,

p
rop

.
A

.24)
th

at

‖
f

(y
)−

f
(x

)−
f
′(x

)(y−
x

)‖
≤
L2 ‖
y−

x‖
2

for
an

y
x
,y
.
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H
u
,
L
i,
M
e
n
g
,
Q
in
,
a
n
d

Y
a
n
g

T
h
en

,
b
y

th
e

d
efi

n
ition

of
D
k ,

it
follow

s
th

at

(f
+
ϕ

)(y
k
+

1)−
(f

+
ϕ

)(y
k)

+
D
k

=
f

(y
k
+

1)−
f

(y
k)

+
〈f
′(y

k),y
k−

y
k
+

1〉
≤

L2 ‖y
k−

y
k
+

1‖
22

≤
L
v

2
(1−

v
α

) D
k ,

w
h
ere

th
e

last
in

eq
u
ality

follow
s

from
(48),

an
d

th
u
s,

(49)
is

p
roved

.

T
h
e

m
ain

resu
lt

of
th

is
su

b
section

is
p
resen

ted
as

follow
s,

in
w

h
ich

w
e

estab
lish

th
e

lo
cal

lin
ear

con
v
ergen

ce
rate

of
th

e
P

G
M

-G
S
O

to
a

lo
cal

m
in

im
u
m

for
th

e
case

w
h
en

p
=

1
an

d
0
<
q
<

1
u
n
d
er

som
e

m
ild

assu
m

p
tion

s.

T
h

e
o
re

m
1
6

L
et{

x
k}

be
a

sequ
en

ce
gen

era
ted

by
th

e
P

G
M

-G
S

O
w

ith
v
<

12 ‖
A‖ −

2
2

.
T

h
en

{
x
k}

co
n

verges
to

a
critica

l
po

in
t
x
∗

o
f

p
ro

blem
(4).

A
ssu

m
e

th
a
t
x
∗

is
a

loca
l

m
in

im
u

m
o
f

p
ro

blem
(4).

S
u

p
po

se
th

a
t

a
n

y
n

o
n

zero
gro

u
p

o
f
x
∗

is
a
ctive,

a
n

d
th

e
co

lu
m

n
s

o
f
B

a
re

lin
ea

rly
in

d
epen

d
en

t.
T

h
en

th
ere

exist
N
∈
N

,
C
>

0
a
n

d
η
∈

(0,1)
su

ch
th

a
t

F
(x
k)−

F
(x
∗)≤

C
η
k

an
d
‖
x
k−

x
∗‖

2 ≤
C
η
k

fo
r

a
n

y
k
≥
N
.

(53)

P
ro

o
f

T
h
e

con
vergen

ce
of{

x
k}

to
a

critical
p

oin
t
x
∗

of
p
rob

lem
(4)

d
irectly

follow
s

from
T

h
eorem

12.
L

et
D
k ,
N

an
d
δ

b
e

d
efi

n
ed

as
in

L
em

m
a

15,
an

d
let

r
k

:=
F

(x
k)−

F
(x
∗).

N
ote

in
(50)

th
at
y
k6=

a
0

an
d
x
kG
cS

=
0

for
an

y
k
≥
N

.
T

h
u
s

r
k

=
(f

+
ϕ

)(y
k)−

(f
+
ϕ

)(y ∗)
for

an
y
k
≥
N
.

It
is

triv
ial

to
see

th
at
ϕ

(·)
is

sm
o
oth

arou
n
d
y ∗

(as
it

is
a
ctive)

an
d

th
a
t

ϕ
′′(y ∗)

=
λ
q(q−

1) 
M
∗1

0
0

0
...

0
0

0
M
∗S


≺

0
,

f
′′(y ∗)

+
ϕ
′′(y ∗)�

0;

as
sh

ow
n

in
(42).

T
h
is

sh
ow

s
th

at
ϕ

(·)
is

con
cave

arou
n
d
y ∗,

w
h
ile

(f
+
ϕ

)(·)
is

con
vex

arou
n
d
y ∗.

W
ith

ou
t

loss
of

gen
erality,

w
e

assu
m

e
th

at
ϕ

(·)
is

con
cave

an
d

(f
+
ϕ

)(·)
is

con
vex

in
B

(y ∗,δ)
an

d
th

at
y
k∈

B
(y ∗,δ)

for
an

y
k
≥
N

(sin
ce
{y

k}
con

verges
to
y ∗).

B
y

th
e

con
vex

ity
of

(f
+
ϕ

)(·)
in

B
(y ∗,δ),

it
follow

s
th

at
for

an
y
k
≥
N

r
k

=
(f

+
ϕ

)(y
k)−

(f
+
ϕ

)(y ∗)
≤
〈f
′(y

k)
+
ϕ
′(y

k),y
k−

y ∗〉
=
〈f
′(y

k)
+
ϕ
′(y

k),y
k−

y
k
+

1〉
+
〈f
′(y

k)
+
ϕ
′(y

k),y
k
+

1−
y ∗〉

=
D
k −

ϕ
(y
k)

+
ϕ

(y
k
+

1)
+
〈ϕ
′(y

k),y
k−

y
k
+

1〉
+
〈f
′(y

k)
+
ϕ
′(y

k),y
k
+

1−
y ∗〉.

(54)

N
otin

g
th

at
ϕ

(·)
is

con
cave

in
B

(y ∗,δ),
it

follow
s

th
at

ϕ
(y
k)−

ϕ
(y
k
+

1)≥
〈ϕ
′(y

k),y
k−

y
k
+

1〉.

28
JM

L
R

 18(30):1-52, 2017



G
r
o
u
p
S
pa

r
se

O
p
t
im

iz
a
t
io
n

C
on

se
q
u
en

tl
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(5
4)

is
re

d
u
ce

d
to

r k
≤
D
k

+
〈f
′ (
y
k
)

+
ϕ
′ (
y
k
),
y
k
+

1
−
y
∗ 〉

=
D
k

+
〈ϕ
′ (
y
k
)
−
ϕ
′ (
y
k
+

1
),
y
k
+

1
−
y
∗ 〉

+
〈f
′ (
y
k
)

+
ϕ
′ (
y
k
+

1
),
y
k
+

1
−
y
∗ 〉

≤
D
k

+
( L

ϕ
+

1 v

) ‖
y
k
−
y
k
+

1
‖ 2
‖y

k
+

1
−
y
∗ ‖

2
,

(5
5)

w
h
er

e
th

e
la

st
in

eq
u
al

it
y

fo
ll
ow

s
fr

om
th

e
sm

o
ot

h
n
es

s
of
ϕ

on
B

(y
∗ ,
δ)

a
n
d

(5
1)

,
an

d
L
ϕ

is
th

e
L

ip
sc

h
it

z
co

n
st

an
t

of
ϕ
′ (
·)

on
B

(y
∗ ,
δ)

.
L

et
β

:=
1
−

L
v

2
(1
−
v
α

)
∈

(0
,1

)
(d

u
e

to
th

e

as
su

m
p
ti

on
v
<

1 L
).

T
h
en

,
(4

9)
is
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d
u
ce

d
to

r k
−
r k

+
1

=
(f

+
ϕ

)(
y
k
)
−

(f
+
ϕ

)(
y
k
+

1
)
≥
β
D
k
>

0
,

an
d

th
u
s,

it
fo

ll
ow

s
fr

om
(5

5)
an

d
(4

8)
th

at

β
r k
≤
β
D
k

+
β
( L

ϕ
+

1 v

) ‖
y
k
−
y
k
+

1
‖ 2
‖y

k
+

1
−
y
∗ ‖

2

≤
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−
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1

+
β
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ϕ
+

1 v
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1
−
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∗ ‖

2

√
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v
α
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+
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β
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−
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α
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+
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−
y
∗ ‖

2
√
r k
−
r k

+
1
.

(5
6)

R
ec

al
l

fr
om

L
em

m
a

14
(i

i)
th

at
th

er
e

ex
is

ts
c
>

0
su

ch
th

at

‖y
−
y
∗ ‖

2 2
≤
c

((
f

+
ϕ

)(
y
)
−

(f
+
ϕ

)(
y
∗ )

)
fo

r
an

y
y
∈

B
(y
∗ ,
δ)
.

T
h
u
s,

it
fo

ll
ow

s
th

at

‖y
k
+

1
−
y
∗ ‖

2 2
≤
cr
k
+

1
≤
cr
k

fo
r

an
y
k
≥
N
.

(5
7)

L
et
ε

:=
c β

( L
ϕ

+
1 v

) 2
.

B
y

Y
ou

n
g’

s
in

eq
u
al

it
y,

(5
6)

y
ie

ld
s

th
at

β
r k
≤
r k
−
r k

+
1

+
1 2
ε
‖y

k
+

1
−
y
∗ ‖

2 2

( L
ϕ

+
1 v

) 2
+

εv
β

2
(1
−
v
α

)
(r
k
−
r k

+
1
)

≤
r k
−
r k

+
1

+
β 2
r k

+
cv

2
(1
−
v
α

)

( L
ϕ

+
1 v

) 2
(r
k
−
r k

+
1
).

(5
8)

L
et
γ

:=
cv

2
(1
−
v
α

)

( L
ϕ

+
1 v

) 2
>

0.
T

h
en

,
(5

8)
is

re
d
u
ce

d
to

r k
+

1
≤

1
+
γ
−

β 2

1
+
γ

r k
=
η 1
r k
,

w
h
er

e
η 1

:=
1
+
γ
−
β 2

1
+
γ
∈

(0
,1

).
T

h
u
s,

b
y

le
tt

in
g
C

1
:=

r N
η
−
N

1
,

it
fo

ll
ow

s
th

at

r k
≤
η
k
−
N

1
r N

=
C

1
η
k 1

fo
r

an
y
k
≥
N
.

B
y

le
tt

in
g
η 2

=
√
η 1

an
d
C

2
=
√
cC

1
,

it
fo

ll
ow

s
fr

om
(5

7)
th

at

‖x
k
−
x
∗ ‖

2
=
‖y

k
−
y
∗ ‖

2
≤

(c
r k

)1
/
2
≤
C

2
η
k 2

fo
r

an
y
k
≥
N
.

L
et

ti
n
g
C

:=
m

ax
{C

1
,C

2
}

an
d
η

:=
m

ax
{η

1
,η

2
},

w
e

ob
ta

in
(5

3)
.

T
h
e

p
ro

of
is

co
m

p
le

te
.

2
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H
u
,
L
i,
M
e
n
g
,
Q
in
,
a
n
d

Y
a
n
g

T
h
eo

re
m

16
es

ta
b
li
sh

es
th

e
li
n
ea

r
co

n
ve

rg
en

ce
ra

te
of

th
e

P
G

M
fo

r
so

lv
in

g
th

e
` 1
,q

re
gu

la
ri

za
ti

on
p
ro

b
le

m
u
n
d
er

tw
o

as
su

m
p
ti

on
s:

(i
)

th
e

cr
it

ic
al

p
oi

n
t
x
∗

o
f

th
e

se
q
u
en

ce
p
ro

d
u
ce

d
b
y

th
e

P
G

M
is

a
lo

ca
l

m
in

im
u
m

of
p
ro

b
le

m
(4

),
an

d
(i

i)
an

y
n
o
n
ze

ro
g
ro

u
p

o
f

th
e

lo
ca

l
m

in
im

u
m

is
an

ac
ti

ve
on

e.
T

h
e

as
su

m
p
ti

on
(i

)
is

im
p

or
ta

n
t

b
y

w
h
ic

h
w

e
ar

e
ab

le
to

es
ta

b
li
sh

a
se

co
n
d
-o

rd
er

gr
ow

th
p
ro

p
er

ty
,

w
h
ic

h
p
la

y
s

a
cr

u
ci

al
ro

le
in

o
u
r

a
n
a
ly

si
s.

N
ot

e
th

at
th

e
as

su
m

p
ti

on
(i

i)
is

sa
ti

sfi
ed

au
to

m
at

ic
al

ly
fo

r
th

e
sp

ar
se

op
ti

m
iz

a
ti

o
n

p
ro

b
le

m
(n
m
a
x

=
1)

.
H

en
ce

,
w

h
en

n
m
a
x

=
1,

w
e

ob
ta

in
th

e
li
n
ea

r
co

n
ve

rg
en

ce
ra

te
o
f

th
e

P
G

M
fo

r
so

lv
in

g
` q

re
gu

la
ri

za
ti

on
p
ro

b
le

m
(0
<
q
<

1)
.

T
h
is

re
su

lt
is

st
at

ed
b

el
ow

as
a

co
ro

ll
a
ry

.

C
o
ro

ll
a
ry

1
7

L
et

0
<
q
<

1,
a
n

d
le

t
{x

k
}

be
a

se
qu

en
ce

ge
n

er
a
te

d
by

th
e

P
G

M
fo

r
so

lv
in

g
th

e
fo

ll
o
w

in
g
` q

re
gu

la
ri

za
ti

o
n

p
ro

bl
em

m
in

x
∈R

n
F

(x
)

:=
‖A
x
−
b‖

2 2
+
λ
‖x
‖q q

(5
9
)

w
it

h
v
<

1 2
‖A
‖−

2
2

.
T

h
en
{x

k
}

co
n

ve
rg

es
to

a
cr

it
ic

a
l

po
in

t
x
∗

o
f

p
ro

bl
em

(5
9
).

F
u

rt
h
er

a
ss

u
m

e
th

a
t
x
∗

is
a

lo
ca

l
m

in
im

u
m

o
f

p
ro

bl
em

(5
9)

.
T

h
en

th
er

e
ex

is
t
N
∈

N
,
C
>

0
a
n

d
η
∈

(0
,1

)
su

ch
th

a
t

F
(x
k
)
−
F

(x
∗ )
≤
C
η
k

an
d
‖x

k
−
x
∗ ‖

2
≤
C
η
k

fo
r

a
n

y
k
≥
N
.

W
h
il
e

w
e

ar
e

ca
rr

y
in

g
ou

t
th

e
re

v
is

io
n

of
ou

r
m

an
u
sc

ri
p
t,

w
e

h
av

e
fo

u
n
d

th
a
t

th
e

lo
ca

l
li
n
ea

r
co

n
ve

rg
en

ce
ra

te
of

th
e

P
G

M
h
as

b
ee

n
st

u
d
ie

d
in

th
e

li
te

ra
tu

re
.

O
n

o
n
e

h
a
n
d
,

th
e

lo
ca

l
li
n
ea

r
co

n
ve

rg
en

ce
ra

te
of

th
e

P
G

M
fo

r
so

lv
in

g
th

e
` 1

re
gu

la
ri

za
ti

o
n

p
ro

b
le

m
(I

S
T

A
)

h
as

b
ee

n
es

ta
b
li
sh

ed
u
n
d
er

so
m

e
a
ss

u
m

p
ti

on
s

in
B

re
d
ie

s
an

d
L

or
en

z
(2

0
0
8
);

H
al

e
et

al
.

(2
00

8)
;

T
ao

et
al

.
(2

01
6)

,
an

d
,

u
n
d
er

th
e

fr
am

ew
or

k
of

th
e

so
-c

al
le

d
K

L
th

eo
ry

,
it

is
es

ta
b
li
sh

ed
th

at
th

e
se

q
u
en

ce
ge

n
er

at
ed

b
y

th
e

P
G

M
li
n
ea

rl
y

co
n
ve

rg
es

to
a

cr
it

ic
a
l
p

o
in

t
o
f

a
K

L
fu

n
ct

io
n

if
it

s
K

L
ex

p
on

en
t

is
in

(0
,1 2

];
se

e
F

ra
n
k
el

et
a
l.

(2
01

5)
;
L

i
an

d
P

o
n
g

(2
0
1
6
);

X
u

an
d

Y
in

(2
01

3)
.

H
ow

ev
er

,
th

e
K

L
ex

p
on

en
t

of
th

e
` q

re
gu

la
ri

ze
d

fu
n
ct

io
n

is
st

il
l

u
n
k
n
ow

n
,

an
d

th
u
s

th
e

li
n
ea

r
co

n
v
er

ge
n
ce

re
su

lt
in

th
es

e
re

fe
re

n
ce

s
ca

n
n
ot

d
ir

ec
tl

y
b

e
a
p
p
li
ed

to
th

e
` q

re
gu

la
ri

za
ti

on
p
ro

b
le

m
.

O
n

th
e

ot
h
er

h
an

d
,

Z
en

g
et

al
.

(2
01

5)
h
as

ob
ta

in
ed

th
e

li
n
ea

r
co

n
ve

rg
en

ce
ra

te
of

th
e
` q

re
gu

la
ri

za
ti

on
p
ro

b
le

m
u
n
d
er

th
e

fr
a
m

ew
or

k
of

a
re

st
ri

ct
ed

K
L

p
ro

p
er

ty
.

H
ow

ev
er

,
it

se
em

s
th

at
th

ei
r

re
su

lt
is

re
st

ri
ct

iv
e

as
it

is
as

su
m

ed
th

a
t

th
e

st
ep

si
ze

v
an

d
th

e
re

gu
la

ri
za

ti
on

co
m

p
on

en
t
q

sa
ti

sf
y

q 2
<
λ

m
in

(A
T S
A
S

)

‖A
‖2 2

an
d

q

4
λ

m
in

(A
T S
A
S

)
<
v
<

1

2‖
A
‖2 2

,

w
h
er

e
S

is
th

e
ac

ti
ve

in
d
ex

of
th

e
li
m

it
in

g
p

oi
n
t
x
∗ ,

w
h
il
e

ou
r

re
su

lt
in

C
or

o
ll
a
ry

1
7

h
o
ld

s
fo

r
al

l
th

e
st

ep
si

ze
v
<

1 2
‖A
‖−

2
2

an
d

th
e

re
gu

la
ri

za
ti

on
co

m
p

on
en

t
0
<
q
<

1
.

3
.2

A
n

a
ly

ti
c
a
l

S
o
lu

ti
o
n

s
o
f

P
ro

x
im

a
l

S
u

b
p

ro
b

le
m

s

S
in

ce
th

e
m

ai
n

co
m

p
u
ta

ti
on

of
th

e
P

G
M

is
th

e
p
ro

x
im

al
st

ep
(3

7)
,

it
is

si
g
n
ifi

ca
n
t

to
in

ve
st

ig
at

e
th

e
so

lu
ti

on
s

of
su

b
p
ro

b
le

m
(3

7)
fo

r
th

e
sp

ec
ifi

c
ap

p
li
ca

ti
on

s
so

a
s

to
sp

re
a
d

th
e

ap
p
li
ca

ti
on

of
th

e
P

G
M

.
N

ot
e

th
at
‖x
‖q p
,q

an
d
‖x
−
z
k
‖2 2

ar
e

b
ot

h
gr

ou
p

ed
se

p
a
ra

b
le

.
T

h
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G
r
o
u
p
S
pa

r
se

O
p
t
im

iz
a
t
io
n

th
e

p
rox

im
a
l

step
(37)

can
b

e
ach

ieved
p
arallelly

in
each

grou
p
,

an
d

is
eq

u
ivalen

t
to

solve
a

cy
cle

o
f

low
d
im

en
sion

al
p
rox

im
al

op
tim

ization
su

b
p
rob

lem
s

x
k
+

1
G
i
∈

arg
m

in
x∈

R
n
i

{
λ‖x

G
i ‖
qp

+
12
v ‖x

G
i −

z
kG
i ‖

22 }
for

i
=

1,···
,r.

(6
0)

W
h
en
p

a
n
d
q

a
re

given
as

som
e

sp
ecifi

c
n
u
m

b
ers,

su
ch

as
p

=
1,2

an
d
q

=
0,1/

2,2/
3
,1,

th
e

so
lu

tio
n

o
f

su
b
p
rob

lem
(60)

of
each

grou
p

can
b

e
given

ex
p
licitly

b
y

an
an

aly
tical

fo
rm

u
la,

a
s

sh
ow

n
in

th
e

follow
in

g
p
rop

osition
.

P
ro

p
o
sitio

n
1
8

L
et
z
∈
R
l,
v
>

0
a
n

d
th

e
p
ro

xim
a
l

regu
la

riza
tio

n
be

Q
p
,q (x

)
:=

λ‖x‖
qp

+
12
v ‖x
−
z‖

22
fo

r
a
n

y
x
∈
R
l.

T
h
en

th
e

p
ro

xim
a
l

o
pera

to
r

P
p
,q (z

)∈
arg

m
in

x∈
R
l

{Q
p
,q (x

)}

h
a
s

th
e

fo
llo

w
in

g
a
n

a
lytica

l
fo

rm
u

la
:

(i)
if
p

=
2

a
n

d
q

=
1,

th
en

P
2
,1 (z

)
=

{
(

1−
v
λ
‖
z‖

2 )
z
,
‖z‖

2
>
v
λ
,

0,
oth

erw
ise,

(ii)
if
p

=
2

a
n

d
q

=
0,

th
en

P
p
,0 (z

)
=


z
,

‖
z‖

2
>
√

2
v
λ
,

0
or
z
,
‖
z‖

2
=
√

2
v
λ
,

0,
‖
z‖

2
<
√

2
v
λ
,

(iii)
if
p

=
2

a
n

d
q

=
1/

2,
th

en

P
2
,1
/
2 (z

)
=



1
6‖
z‖

3
/
2

2
co

s
3 (

π3 −
ψ
(z

)
3

)

3 √
3
v
λ

+
1
6‖
z‖

3
/
2

2
co

s
3 (

π3 −
ψ
(z

)
3

)
z
,

‖
z‖

2
>

32 (v
λ

)
2
/
3,

0
or

1
6‖
z‖

3
/
2

2
co

s
3 (

π3 −
ψ
(z

)
3

)

3 √
3
v
λ

+
1
6‖
z‖

3
/
2

2
co

s
3 (

π3 −
ψ
(z

)
3

)
z
,
‖
z‖

2
=

32 (v
λ

)
2
/
3,

0
,

‖
z‖

2
<

32 (v
λ

)
2
/
3,

(61)

w
ith

ψ
(z

)
=

arccos (
v
λ4

(
3

‖
z‖

2 )
3
/
2 )

,
(62)

(iv
)

if
p

=
1

a
n

d
q

=
1/

2,
th

en

P
1
,1
/
2 (z

)
=


z̃
,

Q
1
,1
/
2 (z̃

)
<
Q

1
,1
/
2 (0),

0
or
z̃
,
Q

1
,1
/
2 (z̃

)
=
Q

1
,1
/
2 (0),

0
,

Q
1
,1
/
2 (z̃

)
>
Q

1
,1
/
2 (0),
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L
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H
u
,
L
i,
M
e
n
g
,
Q
in
,
a
n
d

Y
a
n
g

w
ith

z̃
=
z−

√
3v
λ

4 √
‖
z‖

1
cos (

π3 −
ξ
(z

)
3

)
sign

(z
),

ξ(z
)

=
arccos (

v
λ
l

4

(
3

‖
z‖

1 )
3
/
2 )

,

(v
)

if
p

=
2

a
n

d
q

=
2/

3,
th

en

P
2
,2
/
3 (z

)
=



3 (
a
3
/
2
+ √

2‖
z‖

2 −
a
3 )

3
2
v
λ
a
2
+

3 (
a
3
/
2
+ √

2‖
z‖

2 −
a
3 )
z
,

‖
z‖

2
>

2 (
23 v
λ )

3
/
4
,

0
or

3 (
a
3
/
2
+ √

2‖
z‖

2 −
a
3 )

3
2
v
λ
a
2
+

3 (
a
3
/
2
+ √

2‖
z‖

2 −
a
3 )
z
,
‖
z‖

2
=

2 (
23 v
λ )

3
/
4
,

0
,

‖
z‖

2
<

2 (
23 v
λ )

3
/
4
,

(63)

w
ith

a
=

2√3
(2v

λ
)
1
/
4 (

cosh (
ϕ

(z
)

3

))
1
/
2

,
ϕ

(z
)

=
arccosh (

27‖z‖
22

16(2
v
λ

)
3
/
2 )

,
(64)

(v
i)

if
p

=
1

a
n

d
q

=
2/

3,
th

en

P
1
,2
/
3 (z

)
=


z̄
,

Q
1
,2
/
3 (z̄

)
<
Q

1
,2
/
3 (0),

0
or
z̄
,
Q

1
,2
/
3 (z̄

)
=
Q

1
,2
/
3 (0),

0
,

Q
1
,2
/
3 (z̄

)
>
Q

1
,2
/
3 (0),

w
ith

z̄
=
z−

4v
λ
ā

1
/
2

3 (
ā

3
/
2

+
√

2‖z‖
1 −

ā
3 )

sign
(z

),

a
n

d

ā
=

2√3
(2v

λ
l)

1
/
4 (

cosh (
ζ
(z

)

3

))
1
/
2

,
ζ
(z

)
=

arccosh (
27‖

z‖
21

16(2v
λ
l)

3
/
2 )

.

P
ro

o
f

S
in

ce
th

e
p
rox

im
al

regu
larization

Q
p
,q (·)

:=
λ‖·‖

qp
+

12
v ‖·−

z‖
22

is
n
o
n
-d

iff
eren

tiab
le

on
ly

at
0,
P
p
,q (z

)
m

u
st

b
e

0
or

som
e

p
oin

t
x̃

(6=
0)

satisfy
in

g
th

e
fi
rst-ord

er
op

tim
ality

con
d
ition

λ
q‖
x̃‖
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si
m

pl
e

in
fin

ite
co

nc
ep

t
cl

as
se

s
w

ith
in

fin
ite

R
T

D
,s

ug
ge

st
in

g
th

at
th

e
R

T
D

is
in

ad
eq

ua
te

fo
ra

dd
re

ss
in

g
th

e
co

m
pl

ex
ity

of
te

ac
hi

ng
in

fin
ite

cl
as

se
s.

In
th

is
pa

pe
r,

w
e

in
tr

od
uc

e
a

m
od

el
ca

lle
d

pr
ef

er
en

ce
-b

as
ed

te
ac

hi
ng

,i
n

w
hi

ch
th

e
te

ac
he

ra
nd

th
e

st
ud

en
td

o
no

to
nl

y
ag

re
e

on
a

cl
as

si
fic

at
io

n-
ru

le
sy

st
em
L

bu
ta

ls
o

on
a

pr
ef

er
en

ce
re

la
tio

n
(a

st
ri

ct
pa

rt
ia

lo
rd

er
)i

m
po

se
d

on
L.

If
th

e
la

be
le

d
ex

am
pl

es
pr

es
en

te
d

by
th

e
te

ac
he

ra
llo

w
fo

rs
ev

er
al

co
ns

is
te

nt
ex

pl
an

at
io

ns
(=

co
ns

is
te

nt
co

nc
ep

ts
)

in
L,

th
e

st
ud

en
tw

ill
ch

oo
se

a
co

nc
ep

tL
∈
L

th
at

sh
e

pr
ef

er
s

m
os

t.
T

hi
s

gi
ve

s
m

or
e

fle
xi

bi
lit

y
to

th
e

te
ac

he
r

th
an

th
e

cl
as

si
ca

l
m

od
el

:
th

e
se

t
of

la
be

le
d

ex
am

pl
es

ne
ed

no
td

is
tin

gu
is

h
a

ta
rg

et
co

nc
ep

tL
fr

om
an

y
ot

he
rc

on
ce

pt
in
L

bu
to

nl
y

fr
om

th
os

e
co

nc
ep

ts
L
′

ov
er

w
hi

ch
L

is
no

t
pr

ef
er

re
d.

1
A

t
th

e
sa

m
e

tim
e,

pr
ef

er
en

ce
-b

as
ed

te
ac

hi
ng

yi
el

ds
va

lid
te

ac
he

r/
le

ar
ne

rp
ai

rs
ac

co
rd

in
g

to
G

ol
dm

an
an

d
M

at
hi

as
’s

de
fin

iti
on

.W
e

w
ill

sh
ow

th
at

th
e

ne
w

m
od

el
,d

es
pi

te
av

oi
di

ng
co

di
ng

tr
ic

ks
,i

s
qu

ite
po

w
er

fu
l.

M
or

eo
ve

r,
as

w
e

w
ill

se
e

in
th

e
co

ur
se

of
th

e
pa

pe
r,

it
of

te
n

al
lo

w
s

fo
ra

ve
ry

na
tu

ra
ld

es
ig

n
of

te
ac

hi
ng

se
ts

.
A

ss
um

e
te

ac
he

ra
nd

st
ud

en
tc

ho
os

e
a

pr
ef

er
en

ce
re

la
tio

n
th

at
m

in
im

iz
es

th
e

w
or

st
-c

as
e

nu
m

be
r

M
of

ex
am

pl
es

re
qu

ir
ed

fo
rt

ea
ch

in
g

an
y

co
nc

ep
ti

n
th

e
cl

as
s
L.

T
hi

s
nu

m
be

rM
is

th
en

ca
lle

d
th

e
pr

ef
er

en
ce

-b
as

ed
te

ac
hi

ng
di

m
en

si
on

(P
B

T
D

)o
fL

.I
n

pa
rt

ic
ul

ar
,w

e
w

ill
sh

ow
th

e
fo

llo
w

in
g:

(i
)

R
ec

ur
si

ve
te

ac
hi

ng
is

a
sp

ec
ia

lc
as

e
of

pr
ef

er
en

ce
-b

as
ed

te
ac

hi
ng

w
he

re
th

e
pr

ef
er

en
ce

re
-

la
tio

n
sa

tis
fie

s
a

so
-c

al
le

d
“fi

ni
te

-d
ep

th
co

nd
iti

on
”.

It
is

pr
ec

is
el

y
th

is
ad

di
tio

na
l

co
nd

iti
on

th
at

re
nd

er
s

re
cu

rs
iv

e
te

ac
hi

ng
us

el
es

s
fo

r
m

an
y

na
tu

ra
la

nd
ap

pa
re

nt
ly

si
m

pl
e

in
fin

ite
co

nc
ep

tc
la

ss
es

.
Pr

ef
er

en
ce

-b
as

ed
te

ac
hi

ng
su

cc
es

sf
ul

ly
ad

dr
es

se
st

he
se

sh
or

tc
om

in
gs

of
re

cu
rs

iv
e

te
ac

hi
ng

,s
ee

Se
c-

tio
n

3.
Fo

rfi
ni

te
cl

as
se

s,
PB

T
D

an
d

R
T

D
ar

e
eq

ua
l.

(i
i)

A
w

id
e

co
lle

ct
io

n
of

ge
om

et
ri

c
an

d
al

ge
br

ai
c

co
nc

ep
tc

la
ss

es
w

ith
in

fin
ite

R
T

D
ca

n
be

ta
ug

ht
ve

ry
ef

fic
ie

nt
ly

,i
.e

.,
w

ith
lo

w
PB

T
D

.T
o

es
ta

bl
is

h
su

ch
re

su
lts

,w
e

sh
ow

in
Se

ct
io

n
4

th
at

sp
an

ni
ng

se
ts

ca
n

be
us

ed
as

pr
ef

er
en

ce
-b

as
ed

te
ac

hi
ng

se
ts

w
ith

po
si

tiv
e

ex
am

pl
es

on
ly

—
a

re
su

lt
th

at
is

ve
ry

si
m

pl
e

to
ob

ta
in

bu
tq

ui
te

us
ef

ul
.

1.
Su

ch
a

pr
ef

er
en

ce
re

la
tio

n
ca

n
be

th
ou

gh
to

f
as

a
ki

nd
of

bi
as

in
le

ar
ni

ng
:

th
e

st
ud

en
ti

s
“b

ia
se

d”
to

w
ar

ds
co

nc
ep

ts
th

at
ar

e
pr

ef
er

re
d

ov
er

ot
he

rs
,a

nd
th

e
te

ac
he

r,
kn

ow
in

g
th

e
st

ud
en

t’s
bi

as
,s

el
ec

ts
te

ac
hi

ng
se

ts
ac

co
rd

in
gl

y.
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R

E
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E
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E
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C
E-B

A
S

E
D

T
E

A
C

H
IN

G

(iii)
In

the
preference-based

m
odel,linear

sets
over

N
0

w
ith

origin
0

and
atm

ost
k

generators
can

be
taughtw

ith
k

positive
exam

ples,w
hile

recursive
teaching

w
ith

a
bounded

num
berofpositive

exam
ples

w
as

previously
show

n
to

be
im

possible
and

it
is

unknow
n

w
hether

recursive
teaching

w
ith

a
bounded

num
berofpositive

and
negative

exam
ples

is
possible

for
k
≥

4.W
e

also
give

som
e

alm
ostm

atching
upperand

low
erbounds

on
the

PB
T

D
forotherclasses

oflinearsets,see
Section

6.
(iv)T

he
PB

T
D

ofhalfspaces
in
R
d

is
upper-bounded

by
6,independentofthe

dim
ensionality

d
(see

Section
7),w

hile
its

R
T

D
is

infinite.
(v)

W
e

give
fullcharacterizations

of
conceptclasses

thatcan
be

taughtw
ith

only
one

exam
ple

(orw
ith

only
one

exam
ple,w

hich
is

positive)in
the

preference-based
m

odel(see
Section

8).
B

ased
on

our
results

and
the

naturalness
of

the
teaching

sets
and

preference
relations

used
in

their
proofs,

w
e

claim
that

preference-based
teaching

is
far

m
ore

suitable
to

the
study

of
infinite

conceptclasses
than

recursive
teaching.

Parts
ofthis

paperw
ere

published
in

a
previous

conference
version

(G
ao

etal.,2016).

2.B
asic

D
efinitionsand

Facts

N
0

denotes
the

set
of

all
non-negative

integers
and

N
denotes

the
set

of
all

positive
integers.

A
conceptclassL

isa
fam

ily
ofsubsetsovera

universeX
,i.e.,L

⊆
2 X

w
here

2 X
denotesthe

pow
erset

ofX
.

T
he

elem
ents

ofL
are

called
concepts.

A
labeled

exam
ple

is
an

elem
ent

ofX
×
{−
,+
}.

W
e

slightly
deviate

from
this

notation
in

Section
7,

w
here

our
treatm

ent
of

halfspaces
m

akes
it

m
ore

convenientto
use{−

1
,1}

instead
of{−

,+
},and

in
Section

8,w
here

w
e

perform
B

oolean
operations

on
the

labels
and

therefore
use
{
0
,1}

instead
of{−

,+
}.

E
lem

ents
ofX

are
called

exam
ples.

Suppose
that

T
is

a
set

of
labeled

exam
ples.

L
et
T
+

=
{
x
∈
X

:
(x
,+

)
∈
T}

and
T
−

=
{
x
∈
X

:
(x
,−

)∈
T}.A

set
L
⊆
X

is
consistentw

ith
T

ifitincludes
allexam

ples
in
T

that
are

labeled
“+

”
and

excludesallexam
plesin

T
thatare

labeled
“−

”,i.e,if
T
+
⊆
L

and
T
−∩

L
=
∅.

A
setoflabeled

exam
ples

thatis
consistentw

ith
L

butnotw
ith

L
′is

said
to

distinguish
L

from
L
′.

T
he

classicalm
odelofteaching

is
then

defined
as

follow
s.

D
efinition

1
(Shinohara

and
M

iyano
(1991);G

oldm
an

and
K

earns(1995))
A

teaching
setfor

a
concept

L
∈
L

w.r.t.L
is

a
set

T
oflabeled

exam
ples

such
that

L
is

the
only

conceptin
L

thatis
consistentw

ith
T

,i.e.,T
distinguishes

L
from

any
other

conceptinL
.D

efine
T

D
(L
,L

)
=

in
f{|T|

:

T
is

a
teaching

setfor
L

w.r.t.L}.
i.e.,

T
D

(L
,L

)
is

the
sm

allestpossible
size

ofa
teaching

setfor
L

w.r.t.L
.

If
L

has
no

finite
teaching

set
w.r.t.L

,then
T

D
(L
,L

)
=
∞

.
The

num
ber

T
D

(L
)

=
su

p
L∈L

T
D

(L
,L

)∈
N

0 ∪
{∞
}

is
called

the
teaching

dim
ension

ofL
.

For
technicalreasons,w

e
w

illoccasionally
dealw

ith
the

num
ber

T
D
m
in

(L
)

=
in

f
L∈L

T
D

(L
,

L
),i.e.,the

num
berofexam

ples
needed

to
teach

the
conceptfrom

L
thatis

easiestto
teach.

In
this

paper,w
e

w
illexam

ine
a

teaching
m

odelin
w

hich
the

teacherand
the

studentdo
notonly

agree
on

a
classification-rule

system
L

butalso
on

a
preference

relation,denoted
as≺

,im
posed

on
L

.W
e

assum
e

that≺
is

a
strictpartialorder

onL
,i.e.,≺

is
asym

m
etric

and
transitive.T

he
partial

orderthatm
akes

every
pair

L
6=
L
′∈
L

incom
parable

is
denoted

by≺
∅ .Forevery

L
∈
L

,let

L
≺
L

=
{L
′∈
L

:
L
′≺

L}

be
the

setofconcepts
overw

hich
L

is
strictly

preferred.N
ote

thatL
≺
∅
L

=
∅

forevery
L
∈
L

.
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G
A

O
E

T
A

L.

A
s

already
noted

above,a
teaching

set
T

of
L

w
.r.t.L

distinguishes
L

from
any

other
concept

in
L

.
If

a
preference

relation
com

es
into

play,
then

T
w

ill
be

exem
pted

from
the

obligation
to

distinguish
L

from
the

concepts
inL

≺
L

because
L

is
strictly

preferred
overthem

anyw
ay.

D
efinition

2
A

teaching
setfor

L
⊆
X

w
.r.t.(L

,≺
)

is
defined

as
a

teaching
setfor

L
w.r.t.L

\L
≺
L .

F
urtherm

ore
define

P
B

T
D

(L
,L
,≺

)
=

in
f{|T|

:
T

is
a

teaching
setfor

L
w.r.t.(L

,≺
)}
∈
N

0 ∪
{∞
}
.

The
num

ber
P

B
T

D
(L
,≺

)
=

su
p
L∈L

P
B

T
D

(L
,L
,≺

)∈
N

0 ∪
{∞
}

is
called

the
teaching

dim
en-

sion
of

(L
,≺

).

D
efinition

2
im

plies
that

P
B

T
D

(L
,L
,≺

)
=

T
D

(L
,L
\L
≺
L

)
.

(1)

L
et
L
7→

T
(L

)
be

a
m

apping
thatassigns

a
teaching

setfor
L

w
.r.t.

(L
,≺

)
to

every
L
∈
L

.
Itis

obvious
from

D
efinition

2
that

T
m

ustbe
injective,i.e.,T

(L
)6=

T
(L
′)

if
L

and
L

’are
distinctcon-

cepts
from

L
.T

he
classicalm

odelofteaching
is

obtained
from

the
m

odeldescribed
in

D
efinition

2
w

hen
w

e
plug

in
the

em
pty

preference
relation≺

∅
for≺

.In
particular,P

B
T

D
(L
,≺
∅ )

=
T

D
(L

).
W

e
are

interested
in

finding
the

partialorderthatis
optim

alforthe
purpose

ofteaching
and

w
e

aim
atdeterm

ining
the

corresponding
teaching

dim
ension.T

his
m

otivates
the

follow
ing

notion:

D
efinition

3
The

preference-based
teaching

dim
ension

ofL
is

given
by

P
B

T
D

(L
)

=
in

f{
P

B
T

D
(L
,≺

)
:≺

is
a

strictpartialorder
onL}

.

A
relation

R
′onL

issaid
to

be
an

extension
ofa

relation
R

if
R
⊆
R
′.T

he
order-extension

prin-
ciple

states
thatany

partialorder
has

a
linear

extension
(Jech,1973).

T
he

follow
ing

result(w
hose

second
assertion

follow
s

from
the

first
one

in
com

bination
w

ith
the

order-extension
principle)

is
pretty

obvious:

L
em

m
a

4
1.

Suppose
that≺

′extends≺
.

If
T

is
a

teaching
setfor

L
w.r.t.

(L
,≺

),then
T

is
a

teaching
setfor

L
w.r.t.

(L
,≺
′).M

oreover
P

B
T

D
(L
,≺
′)≤

P
B

T
D

(L
,≺

).

2.
P

B
T

D
(L

)
=

in
f{P

B
T

D
(L
,≺

)
:≺

is
a

strictlinear
order

onL}.

R
ecallthatG

oldm
an

and
M

athias
(1996)suggested

to
avoid

coding
tricks

by
requesting

thatany
superset

S
of

a
teaching

setfor
a

concept
L

rem
ains

a
teaching

set,if
S

is
consistentw

ith
L

.
T

his
property

is
obviously

satisfied
in

preference-based
teaching.A

preference-based
teaching

setneeds
to

distinguish
a

concept
L

from
allconcepts

in
L

thatare
preferred

over
L

.
A

dding
m

ore
labeled

exam
ples

from
L

to
such

a
teaching

setw
illstillresultin

a
setdistinguishing

L
from

allconcepts
in

L
thatare

preferred
over

L
.
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P
R

E
F

E
R

E
N

C
E

-B
A

S
E

D
T

E
A

C
H

IN
G

Pr
ef

er
en

ce
-b

as
ed

te
ac

hi
ng

w
ith

po
si

tiv
e

ex
am

pl
es

on
ly

.
Su

pp
os

e
th

at
L

co
nt

ai
ns

tw
o

co
nc

ep
ts

L
,L
′

su
ch

th
at
L
⊂
L
′ .

In
th

e
cl

as
si

ca
l

te
ac

hi
ng

m
od

el
,

an
y

te
ac

hi
ng

se
t

fo
r
L

w
.r.

t.
L

ha
s

to
em

pl
oy

a
ne

ga
tiv

e
ex

am
pl

e
in

or
de

r
to

di
st

in
gu

is
h
L

fr
om

L
′ .

Sy
m

m
et

ri
ca

lly
,a

ny
te

ac
hi

ng
se

tf
or

L
′ w

.r.
t.
L

ha
s

to
em

pl
oy

a
po

si
tiv

e
ex

am
pl

e.
T

hu
s

cl
as

si
ca

lt
ea

ch
in

g
ca

nn
ot

be
pe

rf
or

m
ed

w
ith

on
e

ty
pe

of
ex

am
pl

es
on

ly
un

le
ss
L

is
an

an
tic

ha
in

w
.r.

t.
in

cl
us

io
n.

A
s

fo
r

pr
ef

er
en

ce
-b

as
ed

te
ac

hi
ng

,
th

e
re

st
ri

ct
io

n
to

on
e

ty
pe

of
ex

am
pl

es
is

m
uc

h
le

ss
se

ve
re

,a
s

ou
rr

es
ul

ts
be

lo
w

w
ill

sh
ow

.
A

te
ac

hi
ng

se
tT

fo
rL
∈
L

w
.r.

t.
(L
,≺

)
is

sa
id

to
be

po
si

tiv
e

if
it

do
es

no
tm

ak
e

us
e

of
ne

ga
tiv

el
y

la
be

le
d

ex
am

pl
es

,i
.e

.,
if
T
−

=
∅.

In
th

e
se

qu
el

,w
e

w
ill

oc
ca

si
on

al
ly

id
en

tif
y

a
po

si
tiv

e
te

ac
hi

ng
se

t
T

w
ith

T
+

.
A

po
si

tiv
e

te
ac

hi
ng

se
tf

or
L

w
.r.

t.
(L
,≺

)
ca

n
cl

ea
rl

y
no

td
is

tin
gu

is
h
L

fr
om

a
pr

op
er

su
pe

rs
et

of
L

in
L.

T
hu

s,
th

e
fo

llo
w

in
g

ho
ld

s:

L
em

m
a

5
Su

pp
os

e
th

at
L
7→
T
+

(L
)

m
ap

s
ea

ch
L
∈
L

to
a

po
si

tiv
e

te
ac

hi
ng

se
tf

or
L

w.
r.t

.(
L,
≺

).
Th

en
≺

m
us

tb
e

an
ex

te
ns

io
n

of
⊃

(s
o

th
at

pr
op

er
su

bs
et

s
of

a
se

tL
ar

e
st

ri
ct

ly
pr

ef
er

re
d

ov
er
L

)
an

d,
fo

r
ev

er
y
L
∈
L,

th
e

se
tT

+
(L

)
m

us
td

is
tin

gu
is

h
L

fr
om

ev
er

y
pr

op
er

su
bs

et
of
L

in
L.

D
efi

ne

P
B

T
D

+
(L
,L
,≺

)
=

in
f{
|T
|:
T

is
a

po
si

tiv
e

te
ac

hi
ng

se
tf

or
L

w
.r.

t.
(L
,≺

)}
.

(2
)

T
he

nu
m

be
rP

B
T

D
+

(L
,≺

)
=

su
p
L
∈L

P
B

T
D

+
(L
,L
,≺

)
(p

os
si

bl
y
∞

)i
s

ca
lle

d
th

e
po

si
tiv

e
te

ac
h-

in
g

di
m

en
si

on
of

(L
,≺

).
T

he
po

si
tiv

e
pr

ef
er

en
ce

-b
as

ed
te

ac
hi

ng
di

m
en

si
on

of
L

is
th

en
gi

ve
n

by

P
B

T
D

+
(L

)
=

in
f{

P
B

T
D

+
(L
,≺

)
:
≺

is
a

st
ri

ct
pa

rt
ia

lo
rd

er
on
L}

.
(3

)

M
on

ot
on

ic
ity

.
A

co
m

pl
ex

ity
m

ea
su

re
K

th
at

as
si

gn
s

a
nu

m
be

rK
(L

)
∈
N

0
to

a
co

nc
ep

tc
la

ss
L

is
sa

id
to

be
m

on
ot

on
ic

if
L′
⊆
L

im
pl

ie
s

th
at
K

(L
′ )
≤
K

(L
).

It
is

w
el

lk
no

w
n

(a
nd

tr
iv

ia
lt

o
se

e)
th

at
T

D
is

m
on

ot
on

ic
.I

ti
s

fa
ir

ly
ob

vi
ou

s
th

at
P

B
T

D
is

m
on

ot
on

ic
,t

oo
:

L
em

m
a

6
P

B
T

D
an

d
P

B
T

D
+

ar
e

m
on

ot
on

ic
.

A
s

an
ap

pl
ic

at
io

n
of

m
on

ot
on

ic
ity

,w
e

sh
ow

th
e

fo
llo

w
in

g
re

su
lt:

L
em

m
a

7
Fo

r
ev

er
y

fin
ite

su
bc

la
ss
L′

of
L,

w
e

ha
ve

P
B

T
D

(L
)
≥

P
B

T
D

(L
′ )
≥

T
D
m
in

(L
′ )

.

Pr
oo

f
T

he
fir

st
in

eq
ua

lit
y

ho
ld

s
be

ca
us

e
P

B
T

D
is

m
on

ot
on

ic
.T

he
se

co
nd

in
eq

ua
lit

y
fo

llo
w

s
fr

om
th

e
fa

ct
th

at
a

fin
ite

pa
rt

ia
lly

or
de

re
d

se
tm

us
tc

on
ta

in
a

m
in

im
al

el
em

en
t.

T
hu

s,
fo

ra
ny

fix
ed

ch
oi

ce
of
≺

,L
′ m

us
tc

on
ta

in
a

co
nc

ep
tL
′ s

uc
h

th
at
L′ ≺

L
′

=
∅.

H
en

ce
,

P
B

T
D

(L
′ ,
≺

)
≥

P
B

T
D

(L
′ ,
L′
,≺

)
(1
)

=
T

D
(L
′ ,
L′
\L
′ ≺
L
′)

=
T

D
(L
′ ,
L′

)
≥

T
D
m
in

(L
′ )
.

Si
nc

e
th

is
ho

ld
s

fo
ra

ny
ch

oi
ce

of
≺

,w
e

ge
tP

B
T

D
(L
′ )
≥

T
D
m
in

(L
′ )

,a
s

de
si

re
d.
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G
A

O
E

T
A

L
.

3.
Pr

ef
er

en
ce

-b
as

ed
ve

rs
us

R
ec

ur
si

ve
Te

ac
hi

ng

T
he

pr
ef

er
en

ce
-b

as
ed

te
ac

hi
ng

di
m

en
si

on
is

a
re

la
tiv

e
of

th
e

re
cu

rs
iv

e
te

ac
hi

ng
di

m
en

si
on

.
In

fa
ct

,
bo

th
no

tio
ns

co
in

ci
de

on
fin

ite
cl

as
se

s,
as

w
e

w
ill

se
e

sh
or

tly
.

W
e

fir
st

re
ca

ll
th

e
de

fin
iti

on
s

of
th

e
re

cu
rs

iv
e

te
ac

hi
ng

di
m

en
si

on
an

d
of

so
m

e
re

la
te

d
no

tio
ns

(Z
ill

es
et

al
.,

20
11

;M
az

ad
ie

ta
l.,

20
14

).
A

te
ac

hi
ng

se
qu

en
ce

fo
r
L

is
a

se
qu

en
ce

of
th

e
fo

rm
S

=
(L

i,
d
i)
i≥

1
w

he
re
L 1
,L

2
,L

3
,.
..

fo
rm

a
pa

rt
iti

on
of
L

in
to

no
n-

em
pt

y
su

b-
cl

as
se

s
an

d,
fo

re
ve

ry
i
≥

1
,w

e
ha

ve
th

at

d
i

=
su

p
L
∈L

i

T
D
( L
,L
\∪

i−
1

j=
1
L j
)
.

(4
)

If
,f

or
ev

er
y
i
≥

1,
d
i

is
th

e
su

pr
em

um
ov

er
al

lL
∈
L i

of
th

e
sm

al
le

st
si

ze
of

a
po

si
tiv

e
te

ac
hi

ng
se

t
fo

r
L

w
.r.

t.
∪ j
≥
iL
j

(a
nd

d
i

=
∞

if
so

m
e
L
∈
L i

do
es

no
th

av
e

a
po

si
tiv

e
te

ac
hi

ng
se

tw
.r.

t.
∪ j
≥
iL
j
),

th
en
S

is
sa

id
to

be
a

po
si

tiv
e

te
ac

hi
ng

se
qu

en
ce

fo
r
L.

T
he

or
de

r
of

a
te

ac
hi

ng
se

qu
en

ce
or

a
po

si
tiv

e
te

ac
hi

ng
se

qu
en

ce
S

(p
os

si
bl

y
∞

)
is

de
fin

ed
as

or
d
(S

)
=

su
p
i≥

1
d
i.

T
he

re
cu

rs
iv

e
te

ac
hi

ng
di

m
en

si
on

of
L

(p
os

si
bl

y
∞

)
is

de
fin

ed
as

th
e

or
de

r
of

th
e

te
ac

hi
ng

se
qu

en
ce

of
lo

w
es

t
or

de
r

fo
r
L.

M
or

e
fo

rm
al

ly
,R

T
D

(L
)

=
in

f S
or

d
(S

)
w

he
re
S

ra
ng

es
ov

er
al

lt
ea

ch
in

g
se

qu
en

ce
s

fo
rL

.S
im

ila
rl

y,
R

T
D

+
(L

)
=

in
f S

or
d
(S

),
w

he
re
S

ra
ng

es
ov

er
al

lp
os

iti
ve

te
ac

hi
ng

se
qu

en
ce

s
fo

r
L.

N
ot

e
th

at
th

e
fo

llo
w

in
g

ho
ld

s
fo

re
ve

ry
L′
⊆
L

an
d

fo
re

ve
ry

te
ac

hi
ng

se
qu

en
ce
S

=
(L

i,
d
i)
i≥

1

fo
rL
′ s

uc
h

th
at

or
d
(S

)
=

R
T

D
(L
′ )

:

R
T

D
(L

)
≥

R
T

D
(L
′ )

=
or

d
(S

)
≥
d
1

=
su

p
L
∈L

1

T
D

(L
,L
′ )
≥

T
D
m
in

(L
′ )
.

(5
)

N
ot

e
an

im
po

rt
an

td
iff

er
en

ce
be

tw
ee

n
P

B
T

D
an

d
R

T
D

:
w

hi
le

R
T

D
(L

)
≥

T
D
m
in

(L
′ )

fo
ra

ll
L′
⊆
L,

in
ge

ne
ra

lt
he

sa
m

e
ho

ld
s

fo
r

P
B

T
D

on
ly

w
he

n
re

st
ri

ct
ed

to
fin

ite
L′

,c
f.

L
em

m
a

7.
T

hi
s

di
ff

er
en

ce
w

ill
be

co
m

e
ev

id
en

ti
n

th
e

pr
oo

fo
fL

em
m

a
10

.
T

he
de

pt
h

of
L
∈
L

w
.r.

t.
a

st
ri

ct
pa

rt
ia

l
or

de
r

im
po

se
d

on
L

is
de

fin
ed

as
th

e
le

ng
th

of
th

e
lo

ng
es

tc
ha

in
in

(L
,≺

)
th

at
en

ds
w

ith
th

e
≺

-m
ax

im
al

el
em

en
tL

(r
es

p.
as
∞

if
th

er
e

is
no

bo
un

d
on

th
e

le
ng

th
of

th
es

e
ch

ai
ns

).
T

he
re

cu
rs

iv
e

te
ac

hi
ng

di
m

en
si

on
is

re
la

te
d

to
th

e
pr

ef
er

en
ce

-b
as

ed
te

ac
hi

ng
di

m
en

si
on

as
fo

llo
w

s:

L
em

m
a

8
R

T
D

(L
)

=
in

f ≺
P

B
T

D
(L
,≺

)
an

d
R

T
D

+
(L

)
=

in
f ≺

P
B

T
D

+
(L
,≺

)
w

he
re
≺

ra
ng

es
ov

er
al

ls
tr

ic
tp

ar
tia

lo
rd

er
s

on
L

th
at

sa
tis

fy
th

e
fo

llo
w

in
g

“fi
ni

te
-d

ep
th

co
nd

iti
on

”:
ev

er
y
L
∈
L

ha
s

a
fin

ite
de

pt
h

w.
r.t

.≺
.

T
he

fo
llo

w
in

g
is

an
im

m
ed

ia
te

co
ns

eq
ue

nc
e

of
L

em
m

a
8

an
d

th
e

tr
iv

ia
l

ob
se

rv
at

io
n

th
at

th
e

fin
ite

-d
ep

th
co

nd
iti

on
is

al
w

ay
s

sa
tis

fie
d

if
L

is
fin

ite
:

C
or

ol
la

ry
9

P
B

T
D

(L
)
≤

R
T

D
(L

),
w

ith
eq

ua
lit

y
if
L

is
fin

ite
.

W
hi

le
P

B
T

D
(L

)
an

d
R

T
D

(L
)

re
fe

r
to

th
e

sa
m

e
fin

ite
nu

m
be

r
w

he
n
L

is
fin

ite
,t

he
re

ar
e

cl
as

se
s

fo
rw

hi
ch

th
e

R
T

D
is

in
fin

ity
an

d
ye

tt
he

P
B

T
D

is
fin

ite
,a

s
L

em
m

a
10

w
ill

sh
ow

.

L
em

m
a

10
Th

er
e

ex
is

ts
an

in
fin

ite
cl

as
s
L ∞

of
V

C
-d

im
en

si
on

1
su

ch
th

at
P

B
T

D
+

(L
∞

)
=

1
an

d
R

T
D

(L
∞

)
=
∞

.
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P
R

E
F

E
R

E
N

C
E-B

A
S

E
D

T
E

A
C

H
IN

G

Proof
L

etL
∞

be
the

fam
ily

of
closed

half-intervals
over

[0,1),i.e.,L
∞

=
{[0,a

]
:

0
≤
a
<

1}.
W

e
firstprove

that
P

B
T

D
+

(L
∞

)
=

1.
C

onsider
the

preference
relation

given
by

[0,b]≺
[0,a

]iff
a
<
b.T

hen,foreach
0
≤
a
<

1,w
e

have

P
B

T
D

([0,a
],L
∞
,≺

)
(1
)

=
T

D
([0,a

],{[0,b]
:

0
≤
b≤

a}
)

=
1

because
the

single
exam

ple
(a
,+

)
suffices

for
distinguishing

[0,a
]

from
any

interval
[0,b]

w
ith

b
<
a.
Itw

as
observed

by
M

oran
etal.(2015)already

that
R

T
D

(L
∞

)
=
∞

because
every

teaching
set

for
som

e
[0,a

]m
ustcontain

an
infinite

sequence
of

distinctreals
thatconverges

from
above

to
a.

T
hus,using

E
quation

(5)w
ithL

′
=
L

,w
e

have
R

T
D

(L
∞

)≥
T

D
m
in

(L
∞

)
=
∞

.

R
em

ark
11

For
every

k
≥

1,
there

exists
an

infinite
classL

k
such

that
P

B
T

D
+

(L
k )

=
1

and
R

T
D

(L
k )

=
k;see

(G
ao

etal.,2017,Lem
m

a
6).

4.Preference-based
Teaching

w
ith

Positive
E

xam
plesO

nly

T
he

m
ain

purpose
of

this
section

is
to

relate
positive

preference-based
teaching

to
“spanning

sets”
and

“closure
operators”,w

hich
are

w
ell-studied

concepts
in

the
com

putationallearning
theory

lit-
erature.

L
etL

be
a

concept
class

over
the

universeX
.

W
e

say
that

S
⊆
X

is
a

spanning
set

of
L
∈
L

w
.r.t.L

if
S
⊆
L

and
any

setinL
thatcontains

S
m

ustcontain
L

as
w

ell. 2
In

other
w

ords,
L

is
the

unique
sm

allestconceptin
L

thatcontains
S

.
W

e
say

that
S
⊆
X

is
a

w
eak

spanning
set

of
L
∈
L

w
.r.t.L

if
S
⊆
L

and
S

is
not

contained
in

any
proper

subset
of
L

in
L

. 3
W

e
denote

by
I
(L

)
(resp.

I ′(L
))

the
sm

allest
num

ber
k

such
that

every
concept

L
∈
L

has
a

spanning
set

(resp.a
w

eak
spanning

set)w
.r.t.L

ofsize
atm

ost
k.

N
ote

that
S

is
a

spanning
setof

L
w

.r.t.L
iff

S
distinguishes

L
from

allconcepts
inL

exceptfor
supersets

of
L

,i.e.,iff
S

is
a

positive
teaching

setfor
L

w
.r.t.

(L
,⊃

).
Sim

ilarly,
S

is
a

w
eak

spanning
setof

L
w

.r.t.L
iff
S

distinguishes
L

from
allits

proper
subsets

in
L

(w
hich

is
necessarily

the
case

w
hen

S
is

a
positive

teaching
set).

T
hese

observations
can

be
sum

m
arized

as
follow

s:

I ′(L
)≤

P
B

T
D

+
(L

)≤
P

B
T

D
+

(L
,⊃

)≤
I
(L

)
.

(6)

T
he

lasttw
o

inequalities
are

straightforw
ard.T

he
inequality

I ′(L
)≤

P
B

T
D

+
(L

)
follow

s
from

L
em

m
a

5,w
hich

im
plies

thatno
concept

L
can

have
a

preference-based
teaching

set
T

sm
allerthan

its
sm

allest
w

eak
spanning

set.
Such

a
set

T
w

ould
be

consistent
w

ith
som

e
proper

subset
of
L

,
w

hich
is

im
possible

by
L

em
m

a
5.

SupposeL
is

intersection-closed.
T

hen
∩
L∈L

:S⊆
L
L

is
the

unique
sm

allestconceptin
L

con-
taining

S
.If

S
⊆
L
0

is
a

w
eak

spanning
setof

L
0 ∈
L

,then∩
L∈L

:S⊆
L
L

=
L
0

because,on
the

one
hand,∩

L∈L
:S⊆

L
L
⊆
L
0

and,on
the

other
hand,no

proper
subsetof

L
0

in
L

contains
S

.
T

hus
the

distinction
betw

een
spanning

sets
and

w
eak

spanning
sets

is
blurred

forintersection-closed
classes:

2.T
his

generalizes
the

classicaldefinition
of

a
spanning

set(H
elm

bold
etal.,1990),w

hich
is

given
w

.r.t.intersection-
closed

classes
only.

3.W
eak

spanning
sets

have
been

used
in

the
field

of
recursion-theoretic

inductive
inference

under
the

nam
e

“tell-tale
sets”

(A
ngluin,1980).
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Suppose

thatL
is

intersection-closed.Then
I ′(L

)
=

P
B

T
D

+
(L

)
=
I
(L

).

E
xam

ple
1

LetR
d

denote
the

classofd-dim
ensionalaxis-parallelhyper-rectangles(=

d-dim
ensio-

nalboxes).This
class

is
intersection-closed

and
clearly

I
(R

d )
=

2.Thus
P

B
T

D
+

(R
d )

=
2.

A
m

apping
cl

:
2 X
→

2 X
is

said
to

be
a

closure
operator

on
the

universeX
if

the
follow

ing
conditions

hold
forallsets

A
,B
⊆
X

:

A
⊆
B
⇒

cl(A
)⊆

cl(B
)

and
A
⊆

cl(A
)

=
cl(cl(A

))
.

T
he

follow
ing

notions
refer

to
an

arbitrary
butfixed

closure
operator.

T
he

set
cl(A

)
is

called
the

closure
of
A

.A
set

C
is

said
to

be
closed

if
cl(C

)
=
C

.Itfollow
s

thatprecisely
the

sets
cl(A

)
w

ith
A
⊆
X

are
closed.W

ith
this

notation,w
e

observe
the

follow
ing

lem
m

a.

L
em

m
a

13
LetC

be
the

set
of

all
closed

subsets
ofX

under
som

e
closure

operator
cl,

and
let

L
∈
C.If

L
=

cl(S
),then

S
is

a
spanning

setof
L

w.r.t.C.
Proof

Suppose
L
′∈
C

and
S
⊆
L
′.T

hen
L

=
cl(S

)⊆
cl(L

′)
=
L
′.

For
every

closed
set

L
∈
L

,let
s
cl (L

)
denote

the
size

(possibly
∞

)
of

the
sm

allestset
S
⊆
X

such
that

cl(S
)

=
L

.W
ith

this
notation,w

e
getthe

follow
ing

(trivialbutuseful)result:

T
heorem

14
G

iven
a

closure
operator,

letC
[m

]
be

the
class

of
all

closed
subsets

C
⊆
X

w
ith

s
cl (C

)≤
m

.
Then

P
B

T
D

+
(C

[m
])≤

P
B

T
D

+
(C

[m
],⊃

)≤
m

.
M

oreover,this
holds

w
ith

equality
provided

thatC
[m

]\C
[m
−

1]6=
∅.

Proof
T

he
inequality

P
B

T
D

+
(C

[m
],⊃

)≤
m

follow
s

directly
from

E
quation

(6)and
L

em
m

a
13.

Pick
a

concept
C
0
∈
C

[m
]such

that
s
cl (C

0 )
=
m

.
T

hen
any

subset
S

of
C
0

of
size

less
than

m
spans

only
a

proper
subset

of
C
0 ,i.e.,

cl(S
)
⊂
C
0 .

T
hus

S
does

not
distinguish

C
0

from
cl(S

).
H

ow
ever,by

L
em

m
a

5,any
preference-based

learner
m

uststrictly
prefer

cl(S
)

over
C
0 .

Itfollow
s

thatthere
is

no
positive

teaching
setofsize

less
than

m
for

C
0

w
.r.t.C

[m
].

M
any

naturalclasses
can

be
castas

classes
of

the
form

C
[m

]by
choosing

the
universe

and
the

closure
operator

appropriately;
the

follow
ing

exam
ples

illustrate
the

usefulness
of

T
heorem

14
in

thatregard.

E
xam

ple
2

Let
L

IN
S
E

T
k

=
{〈G
〉

:
(G
⊂
N

)∧
(1
≤
|G
|≤

k
)}

w
here〈G

〉
=
{∑

g∈
G
a
(g

)g
:
a
(g

)∈
N

0 }
.

In
other

w
ords,

L
IN

S
E

T
k

is
the

setofallnon-em
pty

linear
subsets

ofN
0

thatare
generated

by
atm

ost
k

generators.N
ote

thatthe
m

apping
G
7→
〈G
〉

is
a

closure
operator

over
the

universe
N

0 .Since
obviously

L
IN

S
E

T
k \

L
IN

S
E

T
k−

1 6=
∅,w

e
obtain

P
B

T
D

+
(L

IN
S
E

T
k )

=
k.

E
xam

ple
3

LetX
=
R

2
and

letC
k

be
the

classofconvex
polygonsw

ith
atm

ostk
vertices.D

efining
cl(S

)
to

be
the

convex
closure

of
S

,w
e

obtainC
[k

]
=
C
k

and
thus

P
B

T
D

+
(C
k )

=
k.

E
xam

ple
4

LetX
=

R
n

and
letC

k
be

the
class

ofpolyhedralcones
thatcan

be
generated

by
k

(or
less)

vectors
in
R
n.

Ifw
e

take
cl(S

)
to

be
the

conic
closure

of
S
⊆
R
n,then

C
[k

]
=
C
k

and
thus

P
B

T
D

+
(C
k )

=
k.
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A

C
on

ve
ni

en
tT

ec
hn

iq
ue

fo
r

Pr
ov

in
g

U
pp

er
B

ou
nd

s

In
th

is
se

ct
io

n,
w

e
gi

ve
an

al
te

rn
at

iv
e

de
fin

iti
on

of
th

e
pr

ef
er

en
ce

-b
as

ed
te

ac
hi

ng
di

m
en

si
on

us
in

g
th

e
no

tio
n

of
an

“a
dm

is
si

bl
e

m
ap

pi
ng

”.
G

iv
en

a
co

nc
ep

t
cl

as
s
L

ov
er

a
un

iv
er

se
X

,
le

t
T

be
a

m
ap

pi
ng
L
7→
T

(L
)
⊆
X
×
{−
,+
}t

ha
ta

ss
ig

ns
a

se
tT

(L
)

of
la

be
le

d
ex

am
pl

es
to

ev
er

y
se

tL
∈
L

su
ch

th
at

th
e

la
be

ls
in
T

(L
)

ar
e

co
ns

is
te

nt
w

ith
L

.T
he

or
de

r
of
T

,d
en

ot
ed

as
or

d
(T

),
is

de
fin

ed
as

su
p
L
∈L
|T

(L
)|
∈
N
∪
{∞
}.

D
efi

ne
th

e
m

ap
pi

ng
s
T
+

an
d
T
−

by
se

tti
ng
T
+

(L
)

=
{x

:
(x
,+

)
∈

T
(L

)}
an

d
T
−

(L
)

=
{x

:
(x
,−

)
∈
T

(L
)}

fo
re

ve
ry
L
∈
L.

W
e

sa
y

th
at
T

is
po

si
tiv

e
if
T
−

(L
)

=
∅

fo
r

ev
er

y
L
∈
L.

In
th

e
se

qu
el

,w
e

w
ill

oc
ca

si
on

al
ly

id
en

tif
y

a
po

si
tiv

e
m

ap
pi

ng
L
7→

T
(L

)
w

ith
th

e
m

ap
pi

ng
L
7→

T
+

(L
).

T
he

sy
m

bo
l“

+
”

as
an

up
pe

r
in

de
x

of
T

w
ill

al
w

ay
s

in
di

ca
te

th
at

th
e

un
de

rl
yi

ng
m

ap
pi

ng
T

is
po

si
tiv

e.
T

he
fo

llo
w

in
g

re
la

tio
n

w
ill

he
lp

to
cl

ar
if

y
un

de
rw

hi
ch

co
nd

iti
on

s
th

e
se

ts
(T

(L
))
L
∈L

ar
e

te
ac

hi
ng

se
ts

w
.r.

t.
a

su
ita

bl
y

ch
os

en
pr

ef
er

en
ce

re
la

tio
n:

R
T

=
{(
L
,L
′ )
∈
L
×
L

:
(L
6=
L
′ )
∧

(L
is

co
ns

is
te

nt
w

ith
T

(L
′ )

)}
.

T
he

tr
an

si
tiv

e
cl

os
ur

e
of
R
T

is
de

no
te

d
as

tr
cl

(R
T

)
in

th
e

se
qu

el
.

T
he

fo
llo

w
in

g
no

tio
n

w
ill

pl
ay

an
im

po
rt

an
tr

ol
e

in
th

is
pa

pe
r:

D
efi

ni
tio

n
15

A
m

ap
pi

ng
L
7→
T

(L
)

w
ith
L

ra
ng

in
g

ov
er

al
lc

on
ce

pt
s

in
L

is
sa

id
to

be
ad

m
is

si
bl

e
fo

rL
if

th
e

fo
llo

w
in

g
ho

ld
s:

1.
Fo

r
ev

er
y
L
∈
L,
L

is
co

ns
is

te
nt

w
ith

T
(L

).

2.
Th

e
re

la
tio

n
tr

cl
(R

T
)

is
as

ym
m

et
ri

c
(w

hi
ch

cl
ea

rl
y

im
pl

ie
s

th
at
R
T

is
as

ym
m

et
ri

c
to

o)
.

If
T

is
ad

m
is

si
bl

e,
th

en
tr

cl
(R

T
)

is
tr

an
si

tiv
e

an
d

as
ym

m
et

ri
c,

i.e
.,

tr
cl

(R
T

)
is

a
st

ri
ct

pa
rt

ia
lo

rd
er

on
L.

W
e

w
ill

th
er

ef
or

e
us

e
th

e
no

ta
tio

n
≺
T

in
st

ea
d

of
tr

cl
(R

T
)

w
he

ne
ve

r
T

is
kn

ow
n

to
be

ad
m

is
si

bl
e.

L
em

m
a
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Su

pp
os

e
th

at
T
+

is
a

po
si

tiv
e

ad
m

is
si

bl
e

m
ap

pi
ng

fo
r
L.

Th
en

th
e

re
la

tio
n
≺
T

+
on
L

ex
te

nd
s

th
e

re
la

tio
n
⊃

on
L.

M
or

e
pr

ec
is

el
y,

th
e

fo
llo

w
in

g
ho

ld
s

fo
r

al
lL
,L
′ ∈
L:

L
′ ⊂

L
⇒

(L
,L
′ )
∈
R
T

+
⇒
L
≺
T

+
L
′
.

Pr
oo

f
If
T
+

is
ad

m
is

si
bl

e,
th

en
L
′ i

s
co

ns
is

te
nt

w
ith

T
+

(L
′ )

.T
hu

s
T
+

(L
′ )
⊆
L
′ ⊂

L
so

th
at
L

is
co

ns
is

te
nt

w
ith

T
+

(L
′ )

to
o.

T
he

re
fo

re
(L
,L
′ )
∈
R
T

+
,i

.e
.,
L
≺
T

+
L
′ .

T
he

fo
llo

w
in

g
re

su
lt

cl
ar

ifi
es

ho
w

ad
m

is
si

bl
e

m
ap

pi
ng

s
ar

e
re

la
te

d
to

pr
ef

er
en

ce
-b

as
ed

te
ac

hi
ng

:

L
em

m
a

17
Fo

r
ea

ch
co

nc
ep

tc
la

ss
L,

th
e

fo
llo

w
in

g
ho

ld
s:

P
B

T
D

(L
)

=
in

f
T

or
d
(T

)
an

d
P

B
T

D
+

(L
)

=
in

f
T

+
or

d
(T

+
)

w
he

re
T

ra
ng

es
ov

er
al

lm
ap

pi
ng

s
th

at
ar

e
ad

m
is

si
bl

e
fo

r
L

an
d
T
+

ra
ng

es
ov

er
al

lp
os

iti
ve

m
ap

-
pi

ng
s

th
at

ar
e

ad
m

is
si

bl
e

fo
r
L.
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7

G
A

O
E

T
A

L
.

Pr
oo

f
W

e
re

st
ri

ct
ou

rs
el

ve
s

to
th

e
pr

oo
f

fo
r

P
B

T
D

(L
)

=
in

f T
or

d
(T

)
be

ca
us

e
th

e
eq

ua
tio

n
P

B
T

D
+

(L
)

=
in

f T
+

or
d
(T

+
)

ca
n

be
ob

ta
in

ed
in

a
si

m
ila

rf
as

hi
on

.W
e

fir
st

pr
ov

e
th

at
P

B
T

D
(L

)
≤

in
f T

or
d
(T

).
L

et
T

be
an

ad
m

is
si

bl
e

m
ap

pi
ng

fo
r
L.

It
su

ffi
ce

s
to

sh
ow

th
at

,f
or

ev
er

y
L
∈
L,

T
(L

)
is

a
te

ac
hi

ng
se

tf
or
L

w
.r.

t.
(L
,≺

T
).

Su
pp

os
e
L
′
∈
L
\{
L
}

is
co

ns
is

te
nt

w
ith

T
(L

).
T

he
n

(L
′ ,
L

)
∈
R
T

an
d

th
us
L
′
≺
T
L

.
It

fo
llo

w
s

th
at
≺
T

pr
ef

er
s
L

ov
er

al
lc

on
ce

pt
s
L
′
∈
L
\{
L
}t

ha
t

ar
e

co
ns

is
te

nt
w

ith
T

(L
).

T
hu

s
T

is
a

te
ac

hi
ng

se
tf

or
L

w
.r.

t.
(L
,≺

T
),

as
de

si
re

d.
W

e
no

w
pr

ov
e

th
at

in
f T

or
d
(T

)
≤

P
B

T
D

(L
).

L
et
≺

be
a

st
ri

ct
pa

rt
ia

lo
rd

er
on
L

an
d

le
tT

be
a

m
ap

pi
ng

su
ch

th
at

,f
or

ev
er

y
L
∈
L,
T

(L
)

is
a

te
ac

hi
ng

se
tf

or
L

w
.r.

t.
(L
,≺

).
It

su
ffi

ce
s

to
sh

ow
th

at
T

is
ad

m
is

si
bl

e
fo

r
L.

C
on

si
de

r
a

pa
ir

(L
′ ,
L

)
∈
R
T

.
T

he
de

fin
iti

on
of
R
T

im
pl

ie
s

th
at

L
′ 6=

L
an

d
th

at
L
′ i

s
co

ns
is

te
nt

w
ith
T

(L
).

Si
nc

e
T

(L
)

is
a

te
ac

hi
ng

se
tw

.r.
t.

(L
,≺

),
it

fo
llo

w
s

th
at

L
′
≺
L

.
T

hu
s,
≺

is
an

ex
te

ns
io

n
of
R
T

.
Si

nc
e
≺

is
tr

an
si

tiv
e,

it
is

ev
en

an
ex

te
ns

io
n

of
tr

cl
(R

T
).

B
ec

au
se
≺

is
as

ym
m

et
ri

c,
tr

cl
(R

T
)

m
us

tb
e

as
ym

m
et

ri
c,

to
o.

It
fo

llo
w

s
th

at
T

is
ad

m
is

si
bl

e.

6.
Pr

ef
er

en
ce

-b
as

ed
Te

ac
hi

ng
of

L
in

ea
r

Se
ts

So
m

e
w

or
k

in
co

m
pu

ta
tio

na
ll

ea
rn

in
g

th
eo

ry
(A

be
,1

98
9;

G
ao

et
al

.,
20

15
;T

ak
ad

a,
19

92
)

is
co

n-
ce

rn
ed

w
ith

le
ar

ni
ng

se
m

i-
lin

ea
r

se
ts

,
i.e

.,
un

io
ns

of
lin

ea
r

su
bs

et
s

of
N
k

fo
r

so
m

e
fix

ed
k
≥

1
,

w
he

re
ea

ch
lin

ea
r

se
t

co
ns

is
ts

of
ex

ac
tly

th
os

e
el

em
en

ts
th

at
ca

n
be

w
ri

tte
n

as
th

e
su

m
of

so
m

e
co

ns
ta

nt
ve

ct
or
c

an
d

a
lin

ea
r

co
m

bi
na

tio
n

of
th

e
el

em
en

ts
of

so
m

e
fix

ed
se

t
of

ge
ne

ra
to

rs
,

se
e

E
xa

m
pl

e
2.

W
hi

le
se

m
i-

lin
ea

r
se

ts
ar

e
of

co
m

m
on

in
te

re
st

in
m

at
he

m
at

ic
s

in
ge

ne
ra

l,
th

ey
pl

ay
a

pa
rt

ic
ul

ar
ly

im
po

rt
an

tr
ol

e
in

th
e

th
eo

ry
of

fo
rm

al
la

ng
ua

ge
s,

du
e

to
Pa

ri
kh

’s
th

eo
re

m
,b

y
w

hi
ch

th
e

so
-c

al
le

d
Pa

ri
kh

ve
ct

or
s

of
st

ri
ng

s
in

a
co

nt
ex

t-
fr

ee
la

ng
ua

ge
al

w
ay

s
fo

rm
a

se
m

i-
lin

ea
rs

et
(P

ar
ik

h,
19

66
). A

re
ce

nt
st

ud
y

(G
ao

et
al

.,
20

15
)

an
al

yz
ed

co
m

pu
ta

tio
na

lt
ea

ch
in

g
of

cl
as

se
s

of
lin

ea
r

su
bs

et
s

of
N

(w
he

re
k

=
1)

an
d

so
m

e
va

ri
an

ts
th

er
eo

f,
as

a
su

bs
ta

nt
ia

lly
si

m
pl

er
ye

ts
til

li
nt

er
es

tin
g

sp
ec

ia
l

ca
se

of
se

m
i-

lin
ea

rs
et

s.
In

th
is

se
ct

io
n,

w
e

ex
te

nd
th

at
st

ud
y

to
pr

ef
er

en
ce

-b
as

ed
te

ac
hi

ng
.

W
ith

in
th

e
sc

op
e

of
th

is
se

ct
io

n,
al

lc
on

ce
pt

cl
as

se
s

ar
e

fo
rm

ul
at

ed
ov

er
th

e
un

iv
er

se
X

=
N

0
.

L
et
G

=
{g

1
,.
..
,g
k
}b

e
a

fin
ite

su
bs

et
of
N

.W
e

de
no

te
by
〈G
〉r

es
p.

by
〈G
〉 +

th
e

fo
llo

w
in

g
se

ts
:

〈G
〉=

  
k ∑ i=
1

a
ig
i

:
a
1
,.
..
,a
k
∈
N

0

  
an

d
〈G
〉 +

=

  
k ∑ i=
1

a
ig
i

:
a
1
,.
..
,a
k
∈
N

  
.

W
e

w
ill

de
te

rm
in

e
(a

tl
ea

st
ap

pr
ox

im
at

el
y)

th
e

pr
ef

er
en

ce
-b

as
ed

te
ac

hi
ng

di
m

en
si

on
of

th
e

fo
l-

lo
w

in
g

co
nc

ep
tc

la
ss

es
ov

er
N

0
:

L
IN

S
E

T
k

=
{〈
G
〉:

(G
⊂
N

)
∧

(1
≤
|G
|≤

k
)}

.

C
F

-L
IN

S
E

T
k

=
{〈
G
〉:

(G
⊂
N

)
∧

(1
≤
|G
|≤

k
)
∧

(g
cd

(G
)

=
1
)}

.

N
E

-L
IN

S
E

T
k

=
{〈
G
〉 +

:
(G
⊂
N

)
∧

(1
≤
|G
|≤

k
)}

.

N
E

-C
F

-L
IN

S
E

T
k

=
{〈
G
〉 +

:
(G
⊂
N

)
∧

(1
≤
|G
|≤

k
)
∧

(g
cd

(G
)

=
1
)}

.

A
su

bs
et

of
N

0
w

ho
se

co
m

pl
em

en
ti

n
N

0
is

fin
ite

is
sa

id
to

be
co

-fi
ni

te
.

T
he

le
tte

rs
“C

F”
in

C
F

-L
IN

S
E

T
m

ea
n

“c
o-

fin
ite

”.
T

he
co

nc
ep

ts
in

L
IN

S
E

T
k

ha
ve

th
e

al
ge

br
ai

c
st

ru
ct

ur
e

of
a

m
on

oi
d

w
.r.

t.
ad

di
tio

n.
T

he
co

nc
ep

ts
in

C
F

-L
IN

S
E

T
k

ar
e

al
so

kn
ow

n
as

“n
um

er
ic

al
se

m
ig

ro
up

s”
(R

os
al

es
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P
R

E
F

E
R

E
N

C
E-B

A
S

E
D

T
E

A
C

H
IN

G

and
G

arcı́a-Sánchez,2009).A
zero

coefficienta
j

=
0

erases
g
j in

the
linearcom

bination ∑
ki=

1
a
i g
i .

C
oefficients

from
N

are
non-erasing

in
this

sense.T
he

letters
“N

E
”

in
“N

E
-L

IN
S
E

T
”

m
ean

“non-
erasing”.

T
he

shift-extensionL
′ofa

conceptclassL
overthe

universe
N

0
is

defined
as

follow
s:

L
′
=
{c

+
L

:
(c∈

N
0 )∧

(L
∈
L

)}
.

(7)

T
he

follow
ing

bounds
on

R
T

D
and

R
T

D
+

(for
sufficiently

large
values

of
k) 4

are
know

n
from

(G
ao

etal.,2015):

R
T

D
+

R
T

D

L
IN

S
E

T
k

=
∞

?
C

F
-L

IN
S
E

T
k

=
k

∈
{k−

1
,k}

N
E

-L
IN

S
E

T
′k

=
k

+
1
∈
{k−

1
,k
,k

+
1}

H
ere

N
E

-L
IN

S
E

T
′k

denotes
the

shift-extension
of

N
E

-L
IN

S
E

T
k

.
T

he
follow

ing
resultshow

s
the

corresponding
bounds

w
ith

PB
T

D
in

place
ofR

T
D

:

T
heorem

18
The

bounds
in

the
follow

ing
table

are
valid:

P
B

T
D

+
P

B
T

D

L
IN

S
E

T
k

=
k

∈
{k−

1
,k}

C
F

-L
IN

S
E

T
k

=
k

∈
{k−

1
,k}

N
E

-L
IN

S
E

T
k

∈
[⌊

k−
1

2

⌋
:
k ]
∈
[⌊

k−
1

2

⌋
:
k ]

N
E

-C
F

-L
IN

S
E

T
k
∈
[⌊

k−
1

2

⌋
:
k ]
∈
[⌊

k−
1

2

⌋
:
k ]

M
oreover

P
B

T
D

+
(L
′)

=
k

+
1
∧

P
B

T
D

(L
′)∈
{k−

1
,k
,k

+
1}

(8)

holds
for

allL
∈
{L

IN
S
E

T
k ,C

F
-L

IN
S
E

T
k ,N

E
-L

IN
S
E

T
k ,N

E
-C

F
-L

IN
S
E

T
k }.

N
ote

thatthe
equation

P
B

T
D

+
(L

IN
S
E

T
k )

=
k

w
as

already
proven

in
E

xam
ple

2,using
the

fact
that

G
7→
〈G
〉

is
a

closure
operator.

Since
G
7→
〈G
〉
+

is
not

a
closure

operator,
w

e
give

a
separate

argum
ent

to
prove

an
upper

bound
of
k

on
P

B
T

D
+

(N
E

-L
IN

S
E

T
k )

(see
L

em
m

a
37

in
A

ppendix
A

).A
ll

other
upper

bounds
in

T
heorem

18
are

then
easy

to
derive.

T
he

low
er

bounds
in

T
heorem

18
are

m
uch

harder
to

obtain.
A

com
plete

proof
of

T
heorem

18
w

illbe
given

in
A

p-
pendix

A
.

R
em

ark
19

The
low

er
bound

on
P

B
T

D
+

(N
E

-L
IN

S
E

T
k )

and
P

B
T

D
+

(N
E

-C
F

-L
IN

S
E

T
k )

m
ay

be
im

proved
to
k−

1;see
(G

ao
etal.,2017,Theorem

2,A
ppendix

A
.3).

4.For
instance,

R
T
D

+
(L

IN
S
E
T
k
)
=
∞

holds
for

all
k
≥

2
and

R
T
D
(L

IN
S
E
T
k
)
=

?
(w

here
“?”

m
eans

“un-
know

n”)holds
forall

k
≥

4.
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G
A

O
E

T
A

L.

7.Preference-based
Teaching

ofH
alfspaces

In
this

section,
w

e
study

preference-based
teaching

of
halfspaces.

W
e

w
ill

denote
the

all-zeros
vectoras

~0.T
he

vectorw
ith

1
in

coordinate
iand

w
ith

0
in

the
rem

aining
coordinates

is
denoted

as
~e
i .

T
he

dim
ension

of
the

E
uclidean

space
in

w
hich

these
vectors

reside
w

illalw
ays

be
clear

from
the

context.
T

he
sign

of
a

realnum
ber

x
(w

ith
value

1
if
x
>

0,value−
1

if
x
<

0,and
value

0
if

x
=

0)is
denoted

by
sign

(x
).

Suppose
that

w
∈
R
d\{ ~0}

and
b
∈
R

.
T

he
(positive)

halfspace
induced

by
w

and
b

is
then

given
by

H
w
,b

=
{
x
∈
R
d

:
w
>
x

+
b≥

0}
.

Instead
of
H
w
,0 ,w

e
sim

ply
w

rite
H
w

.
L

etH
d

denote
the

class
of
d-dim

ensionalE
uclidean

half-
spaces:

H
d

=
{
H
w
,b

:
w
∈
R
d\{ ~0}∧

b∈
R
}
.

Sim
ilarly,H

0d
denotes

the
class

of
d-dim

ensionalhom
ogeneous

E
uclidean

halfspaces:

H
0d

=
{H

w
:
w
∈
R
d\{ ~0}}

.

L
et
S
d−

1
denote

the
(d
−

1)-dim
ensional

unit
sphere

in
R
d.

M
oreover

S
+d−

1
=
{x
∈
S
d−

1
:

x
d
>

0}
denotes

the
“northern

hem
isphere”.

If
notstated

explicitly
otherw

ise,w
e

w
illrepresent

hom
ogeneous

halfspaces
w

ith
norm

alized
vectors

residing
on

the
unitsphere.W

e
rem

ind
the

reader
ofthe

follow
ing

w
ell-know

n
fact:

R
em

ark
20

The
orthogonalgroup

in
dim

ension
d

(i.e.,the
m

ultiplicative
group

oforthogonal
(d×

d
)-m

atrices)acts
transitively

on
S
d−

1
and

itconserves
the

inner
product.

W
e

now
prove

a
helpful

lem
m

a,
stating

that
each

vector
w
∗

in
the

northern
hem

isphere
m

ay
serve

as
a

representative
for

som
e

hom
ogeneous

halfspace
H
u

in
the

sense
thatallother

elem
ents

of
H
u

in
the

northern
hem

isphere
have

a
strictly

sm
aller

d-th
com

ponentthan
w
∗.

T
his

w
illlater

help
to

teach
hom

ogeneous
halfspaces

w
ith

a
preference

thatorders
vectors

by
the

size
oftheirlast

coordinate.

L
em

m
a

21
Let

d
≥

2,let
0
<
h
≤

1
and

let
R
d
,h

=
{w
∈
S
d−

1
:
w
d

=
h}.W

ith
this

notation
the

follow
ing

holds.For
every

w
∗∈

R
d
,h ,there

exists
u
∈
R
d\{ ~0}

such
that

(w
∗∈

H
u )∧

(∀
w
∈

(S
+d−

1 ∩
H
u )\{

w
∗}

:
w
d
<
h

)
.

(9)

Proof
For

h
=

1,the
statem

entis
trivial,since

R
d
,1

=
{~e
d }.So

let
h
<

1.
B

ecause
of

R
em

ark
20,w

e
m

ay
assum

e
w

ithoutloss
of

generality
thatthe

vector
w
∗
∈
R
d
,h

equals
(0,...,0

, √
1−

h
2,h

).
Itsuffices

therefore
to

show
that,w

ith
this

choice
of
w
∗,the

vector
u

=
(0,...,0

,w
∗d ,−

w
∗d−

1 )
satisfies

(9).
N

ote
that

w
∈
H
u

iff〈u
,w〉

=
w
∗d w

d−
1 −

w
∗d−

1 w
d
≥

0.
Since〈u

,w
∗〉

=
0,w

e
have

w
∗∈

H
u .M

oreover,itfollow
s

that

S
+d−

1 ∩
H
u

=

{
w
∈
S
+d−

1
:
w
d−

1

w
d
≥
w
∗d−

1

w
∗d

>
0 }

.

Itis
obvious

thatno
vector

w
∈
S
+d−

1 ∩
H
u

can
have

a
d-th

com
ponent

w
d

exceeding
w
∗d

=
h

and
thatsetting

w
d

=
h

=
w
∗d

forces
the

settings
w
d−

1
=
w
∗d−

1
=
√

1−
h
2

and
w
1

=
...

=
w
d−

2
=

0.
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P
R

E
F

E
R

E
N

C
E

-B
A

S
E

D
T

E
A

C
H

IN
G

C
on

se
qu

en
tly

,(
9)

is
sa

tis
fie

d,
w

hi
ch

co
nc

lu
de

s
th

e
pr

oo
f.

W
ith

th
is

le
m

m
a

in
ha

nd
,w

e
ca

n
no

w
pr

ov
e

an
up

pe
rb

ou
nd

of
2

fo
rt

he
pr

ef
er

en
ce

-b
as

ed
te

ac
h-

in
g

di
m

en
si

on
of

th
e

cl
as

s
of

ho
m

og
en

eo
us

ha
lf

sp
ac

es
,i

nd
ep

en
de

nt
of

th
e

un
de

rl
yi

ng
di

m
en

si
on
d

.

T
he

or
em

22
P

B
T

D
(H

0 1
)

=
T

D
(H

0 1
)

=
1

an
d,

fo
r

ev
er

y
d
≥

2,
w

e
ha

ve
P

B
T

D
(H

0 d
)
≤

2.

Pr
oo

f
C

le
ar

ly
,P

B
T

D
(H

0 1
)

=
T

D
(H

0 1
)

=
1

si
nc

e
H

0 1
co

ns
is

ts
of

th
e

tw
o

se
ts
{x
∈
R

:
x
≥

0
}

an
d
{x
∈
R

:
x
≤

0
}.

Su
pp

os
e

no
w

th
at
d
≥

2.
L

et
w
∗

be
th

e
ta

rg
et

w
ei

gh
tv

ec
to

r
(i

.e
.,

th
e

w
ei

gh
tv

ec
to

r
th

at
ha

s
to

be
ta

ug
ht

).
U

nd
er

th
e

fo
llo

w
in

g
co

nd
iti

on
s,

w
e

m
ay

as
su

m
e

w
ith

ou
tl

os
s

of
ge

ne
ra

lit
y

th
at
w
∗ d
6=

0:

•
Fo

ra
ny

0
<
s 1
<
s 2

,t
he

st
ud

en
tp

re
fe

rs
an

y
w

ei
gh

tv
ec

to
rt

ha
te

nd
s

w
ith
s 2

ze
ro

co
or

di
na

te
s

ov
er

an
y

w
ei

gh
tv

ec
to

rt
ha

te
nd

s
w

ith
on

ly
s 1

ze
ro

co
or

di
na

te
s.

•
If

th
e

ta
rg

et
ve

ct
or

en
ds

w
ith

(e
xa

ct
ly

)
s

ze
ro

co
or

di
na

te
s,

th
en

th
e

te
ac

he
r

pr
es

en
ts

on
ly

ex
am

pl
es

en
di

ng
w

ith
(a

tl
ea

st
)s

ze
ro

co
or

di
na

te
s.

In
th

e
se

qu
el

,w
e

sp
ec

if
y

a
st

ud
en

ta
nd

a
te

ac
he

r
su

ch
th

at
th

es
e

co
nd

iti
on

s
ho

ld
,s

o
th

at
w

e
w

ill
co

ns
id

er
on

ly
ta

rg
et

w
ei

gh
tv

ec
to

rs
w
∗

w
ith

w
∗ d
6=

0.
T

he
st

ud
en

th
as

th
e

fo
llo

w
in

g
pr

ef
er

en
ce

re
la

tio
n:

•
A

m
on

g
th

e
w

ei
gh

tv
ec

to
rs
w

w
ith

w
d
6=

0,
th

e
st

ud
en

tp
re

fe
rs

ve
ct

or
s

w
ith

la
rg

er
va

lu
es

of
|w
d
|o

ve
rt

ho
se

w
ith

sm
al

le
rv

al
ue

s
of
|w
d
|.

T
he

te
ac

he
rw

ill
us

e
tw

o
ex

am
pl

es
.T

he
fir

st
on

e
is

ch
os

en
as

{
(−
~e
d
,−

)
if
w
∗ d
>

0
(~e
d
,−

)
if
w
∗ d
<

0
.

T
hi

s
ex

am
pl

e
re

ve
al

s
w

he
th

er
th

e
un

kn
ow

n
w

ei
gh

t
ve

ct
or
w
∗
∈
S
d
−
1

ha
s

a
st

ri
ct

ly
po

si
tiv

e
or

a
st

ri
ct

ly
ne

ga
tiv

e
d

-t
h

co
m

po
ne

nt
.

Fo
r

re
as

on
s

of
sy

m
m

et
ry

,w
e

m
ay

as
su

m
e

th
at
w
∗ d
>

0
.

W
e

ar
e

no
w

pr
ec

is
el

y
in

th
e

si
tu

at
io

n
th

at
is

de
sc

ri
be

d
in

L
em

m
a

21
.

G
iv

en
w
∗

an
d
h

=
w
∗ d,

th
e

te
ac

he
r

pi
ck

s
as

a
se

co
nd

ex
am

pl
e

(u
,+

)
w

he
re
u
∈
R
d
\{
~ 0
}h

as
th

e
pr

op
er

tie
s

de
sc

ri
be

d
in

th
e

le
m

m
a.

It
fo

llo
w

s
im

m
ed

ia
te

ly
th

at
th

e
st

ud
en

t’s
pr

ef
er

en
ce

s
w

ill
m

ak
e

he
rc

ho
os

e
th

e
w

ei
gh

tv
ec

to
rw
∗ .

T
he

up
pe

rb
ou

nd
of

2
gi

ve
n

in
T

he
or

em
22

is
tig

ht
,a

s
is

st
at

ed
in

th
e

fo
llo

w
in

g
le

m
m

a.

L
em

m
a

23
Fo

r
ev

er
y
d
≥

2
,w

e
ha

ve
P

B
T

D
(H

0 d
)
≥

2.

Pr
oo

f
W

e
ve

ri
fy

th
is

le
m

m
a

vi
a

L
em

m
a

7,
by

pr
ov

id
in

g
a

fin
ite

su
bc

la
ss
F

of
H

0 2
su

ch
th

at
T

D
m
in

(F
)

=
2

.
L

et
F

=
{H

w
:
~ 0
6=
w
∈
{−

1,
0,

1}
2
}.

It
is

ea
sy

to
ve

ri
fy

th
at

ea
ch

of
th

e
8

ha
lf

sp
ac

es
in
F

ha
s

a
te

ac
hi

ng
di

m
en

si
on

of
2

w
ith

re
sp

ec
tt

o
F

.
T

hi
s

ex
am

pl
e

ca
n

be
ex

te
nd

ed
to

hi
gh

er
di

m
en

si
on

s
in

th
e

ob
vi

ou
s

w
ay

.

W
e

th
us

co
nc

lu
de

th
at

th
e

cl
as

s
of

ho
m

og
en

eo
us

ha
lf

sp
ac

es
ha

s
a

pr
ef

er
en

ce
-b

as
ed

te
ac

hi
ng

di
m

en
si

on
of

2,
in

de
pe

nd
en

to
ft

he
di

m
en

si
on

al
ity

d
≥

2
.
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G
A

O
E

T
A

L
.

C
or

ol
la

ry
24

Fo
r

ev
er

y
d
≥

2,
w

e
ha

ve
P

B
T

D
(H

0 d
)

=
2

.

B
y

co
nt

ra
st

,w
e

w
ill

sh
ow

ne
xt

th
at

th
e

re
cu

rs
iv

e
te

ac
hi

ng
di

m
en

si
on

of
th

e
cl

as
s

of
ho

m
og

e-
ne

ou
s

ha
lf

sp
ac

es
gr

ow
s

w
ith

th
e

di
m

en
si

on
al

ity
.

T
he

or
em

25
Fo

r
an

y
d
≥

2
,T

D
(H

0 d
)

=
R

T
D

(H
0 d
)

=
d

+
1

.

Pr
oo

f
A

ss
um

e
by

no
rm

al
iz

at
io

n
th

at
th

e
ta

rg
et

w
ei

gh
tv

ec
to

rh
as

no
rm

1
,i

.e
.,

it
is

ta
ke

n
fr

om
S
d
−
1
.

R
em

ar
k

20
im

pl
ie

s
th

at
al

lw
ei

gh
tv

ec
to

rs
in
S
d
−
1

ar
e

eq
ua

lly
ha

rd
to

te
ac

h.
It

su
ffi

ce
s

th
er

ef
or

e
to

sh
ow

th
at

T
D

(H
~e
1
,H

0 d
)

=
d

+
1

.
W

e
fir

st
sh

ow
th

at
T

D
(H

~e
1
,H

0 d
)
≤

d
+

1.
D

efi
ne

u
=
−
∑

d i=
2
~e
i.

W
e

cl
ai

m
th

at
T

=
{(
~e
i,

+
)

:
2
≤
i
≤
d
}∪
{(
u
,+

),
(~e

1
,+

)}
is

a
te

ac
hi

ng
se

tf
or
H
~e
1

w
.r.

t.
H

0 d
.

C
on

si
de

r
an

y
w
∈

S
d
−
1

su
ch

th
at
H
w

is
co

ns
is

te
nt

w
ith

T
.

N
ot

e
th

at
w
i

=
〈~e
i,
w
〉
≥

0
fo

r
al

li
∈
{2
,.
..
,d
}

an
d

〈u
,w
〉=
−
∑

d i=
2
w
i
≥

0
to

ge
th

er
im

pl
y

th
at
w
i

=
0

fo
ra

ll
i
∈
{2
,.
..
,d
}a

nd
th

er
ef

or
e
w

=
±~
e 1

.
Fu

rt
he

rm
or

e,
w
1

=
〈w
,~e

1
〉≥

0
,a

nd
so
w

=
~e
1
,a

s
re

qu
ir

ed
.

N
ow

w
e

sh
ow

th
at

T
D

(H
~e
1
,H

0 d
)
≥
d

+
1

ho
ld

s
fo

r
al

ld
≥

2
.

It
is

ea
sy

to
se

e
th

at
tw

o
ex

-
am

pl
es

do
no

t
su

ffi
ce

fo
r

di
st

in
gu

is
hi

ng
~e
1
∈
R

2
fr

om
al

l
w

ei
gh

t
ve

ct
or

s
in
S
1
.

In
ot

he
r

w
or

ds
,

T
D

(H
~e
1
,H

0 2
)
≥

3.
Su

pp
os

e
no

w
th

at
d
≥

3.
It

is
fu

rt
he

rm
or

e
ea

sy
to

se
e

th
at

a
te

ac
hi

ng
se

tT
w

hi
ch

di
st

in
gu

is
he

s~
e 1

fr
om

al
lw

ei
gh

tv
ec

to
rs

in
S
d
−
1

m
us

tc
on

ta
in

at
le

as
to

ne
po

si
tiv

e
ex

am
pl

e
u

th
at

is
or

th
og

on
al

to
~e
1
.T

he
in

eq
ua

lit
y

T
D

(H
~e
1
,H

0 d
)
≥
d

+
1

is
no

w
ob

ta
in

ed
in

du
ct

iv
el

y
be

ca
us

e
th

e
ex

am
pl

e
(u
,+

)
∈
T

le
av

es
op

en
a

pr
ob

le
m

th
at

is
no

te
as

ie
rt

ha
n

te
ac

hi
ng
~e
1

w
.r.

t.
th

e
(d
−

2
)-

di
m

en
si

on
al

sp
he

re
{x
∈
S
d
−
1

:
x
⊥
u
}.

W
e

ha
ve

th
us

es
ta

bl
is

he
d

th
at

th
e

cl
as

s
of

ho
m

og
en

eo
us

ha
lf

sp
ac

es
ha

s
a

re
cu

rs
iv

e
te

ac
hi

ng
di

m
en

si
on

gr
ow

in
g

lin
ea

rl
y

w
ith

d
,w

hi
le

its
pr

ef
er

en
ce

-b
as

ed
te

ac
hi

ng
di

m
en

si
on

is
co

ns
ta

nt
.

In
th

e
ca

se
of

ge
ne

ra
l

(i
.e

.,
no

t
ne

ce
ss

ar
ily

ho
m

og
en

eo
us

)
d

-d
im

en
si

on
al

ha
lf

sp
ac

es
,

th
e

di
ff

er
en

ce
be

tw
ee

n
R

T
D

an
d

P
B

T
D

is
ev

en
m

or
e

ex
tr

em
e.

O
n

th
e

on
e

ha
nd

,b
y

ge
ne

ra
liz

in
g

th
e

pr
oo

f
of

L
em

m
a

10
,i

ti
s

ea
sy

to
se

e
th

at
R

T
D

(H
d
)

=
∞

fo
ra

ll
d
≥

1.
O

n
th

e
ot

he
rh

an
d,

w
e

w
ill

sh
ow

in
th

e
re

m
ai

nd
er

of
th

is
se

ct
io

n
th

at
P

B
T

D
(H

d
)
≤

6
,i

nd
ep

en
de

nt
of

th
e

va
lu

e
of
d

.
W

e
w

ill
as

su
m

e
in

th
e

se
qu

el
(b

y
w

ay
of

no
rm

al
iz

at
io

n)
th

at
an

in
ho

m
og

en
eo

us
ha

lf
sp

ac
e

ha
s

a
bi

as
b
∈
{±

1
}.

W
e

st
ar

tw
ith

th
e

fo
llo

w
in

g
re

su
lt:

L
em

m
a

26
Le

tw
∗
∈
R
d

be
a

ve
ct

or
w

ith
a

no
n-

tr
iv

ia
ld

-t
h

co
m

po
ne

nt
w
∗ d
6=

0
an

d
le

tb
∗
∈
{±

1}
be

a
bi

as
.T

he
n

th
er

e
ex

is
tt

hr
ee

ex
am

pl
es

la
be

le
d

ac
co

rd
in

g
to
H
w
∗ ,
b∗

su
ch

th
at

th
e

fo
llo

w
in

g
ho

ld
s.

E
ve

ry
w

ei
gh

t-
bi

as
pa

ir
(w
,b

)
co

ns
is

te
nt

w
ith

th
es

e
ex

am
pl

es
sa

tis
fie

s
b

=
b∗

,s
ig

n
(w

d
)

=
si

g
n
(w
∗ d)

an
d

{
|w
d
|≥
|w
∗ d|

if
b∗

=
−

1
|w
d
|≤
|w
∗ d|

if
b∗

=
+

1
.

(1
0)

Pr
oo

f
W

ith
in

th
e

pr
oo

f,
w

e
us

e
th

e
la

be
l“

1”
in

st
ea

d
of

“+
”

an
d

th
e

la
be

l“
−

1
”

in
st

ea
d

of
“−

”.
T

he
pa

ir
(w
,b

)
de

no
te

s
th

e
st

ud
en

t’s
hy

po
th

es
is

fo
r

th
e

ta
rg

et
w

ei
gh

t-
bi

as
pa

ir
(w
∗ ,
b∗

).
T

he
ex

am
pl

es
sh

ow
n

to
th

e
st

ud
en

tw
ill

in
vo

lv
e

th
e

un
kn

ow
n

qu
an

tit
ie

s
w
∗

an
d
b∗

.
E

ac
h

ex
am

pl
e

w
ill

le
ad

to
a

ne
w

co
ns

tr
ai

nt
on
w

an
d
b.

W
e

w
ill

se
e

th
at

th
e

co
lle

ct
io

n
of

th
es

e
co

ns
tr

ai
nt

s
re

ve
al

s
th

e
re

qu
ir

ed
in

fo
rm

at
io

n.
W

e
pr

oc
ee

d
in

th
re

e
st

ag
es

:

1.
T

he
fir

st
ex

am
pl

e
is

ch
os

en
as

(~ 0
,b
∗ )

.
T

he
pa

ir
(w
,b

)
ca

n
be

co
ns

is
te

nt
w

ith
th

is
ex

am
pl

e
on

ly
if
b

=
−

1
in

th
e

ca
se

th
at
b∗

=
−

1
an

d
b
∈
{0
,1
}i

n
th

e
ca

se
th

at
b∗

=
1.
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P
R

E
F

E
R

E
N

C
E-B

A
S

E
D

T
E

A
C

H
IN

G

2.
T

he
nextexam

ple
is

chosen
as
~a
2

=
−

2
b ∗
w
∗d
·~e
d

and
labeled

“−
b ∗”.N

ote
that〈w

∗,~a
2 〉

+
b ∗

=

−
b ∗.W

e
obtain

the
follow

ing
new

constraint:

〈w
,~a

2 〉
+
b

=



−
2
w
d

w
∗d

+

∈{
0
,1}

︷︸︸︷b
<

0
if
b ∗

=
1

+
2
w
d

w
∗d

+
b
︸︷︷︸
=
−
1 ≥

0
if
b ∗

=
−

1
.

T
he

pair
(w
,b)

w
ith

b
=
b ∗

if
b ∗

=
−

1
and

b
∈
{
0
,1}

if
b ∗

=
1

can
satisfy

the
above

constraintonly
ifthe

sign
of
w
d

equals
the

sign
of
w
∗d .

3.
T

he
third

exam
ple

is
chosen

as
the

exam
ple

~a
3

=
−
b ∗
w
∗d
·
~e
d

w
ith

label
“1”.

N
ote

that
〈w
∗,~a

3 〉 ∗
+
b ∗

=
0.W

e
obtain

the
follow

ing
new

constraint:

〈w
,~a

3 〉
=
−
b ∗w

d

w
∗d

+
b≥

0
.

G
iven

that
w

is
already

constrained
to

w
eight

vectors
satisfying

sign
(w

d )
=

sign
(w
∗d ),w

e
can

safely
replace

w
d /w

∗d
by|w

d |/|w
∗d |.T

his
yields|w

d |/|w
∗d |≤

b
if
b ∗

=
1

and|w
d |/|w

∗d |≥
−
b

if
b ∗

=
−

1.
Since

b
is

already
constrained

as
described

in
stage

1
above,

w
e

obtain
|w
d |/|w

∗d |≤
b∈
{
0
,1}

if
b ∗

=
1

and|w
d |/|w

∗d |≥
−
b

=
1

if
b ∗

=
−

1.T
he

w
eight-bias

pair
(w
,b)

satisfies
these

constraints
only

if
b

=
b ∗

and
if(10)is

valid.

T
he

assertion
ofthe

lem
m

a
is

im
m

ediate
from

this
discussion.

T
heorem

27
P

B
T

D
(H

d )≤
6.

Proof
A

s
in

the
proofofL

em
m

a
26,w

e
use

the
label“1”

instead
of“+

”
and

the
label“−

1”
instead

of
“−

”.
A

s
in

the
proof

of
T

heorem
22,w

e
m

ay
assum

e
w

ithoutloss
of

generality
thatthe

target
w

eightvector
w
∗∈

R
d

satisfies
w
∗d 6=

0.T
he

proofw
illproceed

in
stages.O

n
the

w
ay,w

e
specify

six
rules

w
hich

determ
ine

the
preference

relation
ofthe

student.
Stage

1
is

concerned
w

ith
teaching

hom
ogeneous

halfspaces
given

by
w
∗

(and
b ∗

=
0).

T
he

studentrespects
the

follow
ing

rules:

R
ule

1:
She

prefers
any

pair
(w
,0)

overany
pair

(w
′,b)

w
ith

b6=
0.In

otherw
ords,any

hom
oge-

neous
halfspace

is
preferred

overany
non-hom

ogeneous
halfspace.

R
ule

2:
A

m
ong

hom
ogeneous

halfspaces,herpreferences
are

the
sam

e
as

the
ones

thatw
ere

used
w

ithin
the

proofofT
heorem

22
forteaching

hom
ogeneous

halfspaces.

T
hus,if

b ∗
=

0,then
w

e
can

sim
ply

apply
the

teaching
protocolfor

hom
ogeneous

halfspaces.
In

this
case,w

∗
can

be
taughtatthe

expense
ofonly

tw
o

exam
ples.

Stage
1

reduces
the

problem
to

teaching
inhom

ogeneous
halfspaces

given
by

(w
∗,b ∗)

w
ith
b ∗6=

0.W
e

assum
e,by

w
ay

ofnorm
alization,that

b ∗∈
{±

1},butnote
that

w
∗

can
now

notbe
assum

ed
to

be
ofunit(orany

otherfixed)length.
In

stage
2,the

teacherpresentsthree
exam

plesin
accordance

w
ith

L
em

m
a

26.Itfollow
sthatthe

studentw
illtake

into
consideration

only
w

eight-bias
pairs

(w
,b)

such
thatthe

constraints
b

=
b ∗,

sig
n
(w

d )
=

sig
n
(w
∗d )

and
(10)

are
satisfied.

T
he

follow
ing

rule
w

ill
then

induce
the

constraint
w
d

=
w
∗d :
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L
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G
A

O
E

T
A

L.

R
ule

3:
A

m
ong

the
pairs

(w
,b)

such
that

w
d
6=

0
and

b
∈
{±

1},the
student’s

preferences
are

as
follow

s.If
b

=
−

1
(resp.b

=
1),then

she
prefers

vectors
w

w
ith

a
sm

aller(resp.larger)value
of|w

d |overthose
w

ith
a

larger(resp.sm
aller)value

of|w
d |.

T
hanks

to
L

em
m

a
26

and
thanks

to
R

ule
3,w

e
m

ay
from

now
on

assum
e

that
b

=
b ∗

and
w
d

=
w
∗d .

In
the

sequel,let
w
∗

be
decom

posed
according

to
w
∗

=
(
~w
∗d−

1 ,w
∗d )
∈
R
d−

1×
R

.
W

e
think

of
~w
d−

1
as

the
student’s

hypothesis
for

~w
∗d−

1 .
Stage

3
is

concerned
w

ith
the

specialcase
w

here
~w
∗d−

1
=
~0.T

he
studentw

illautom
atically

set
~w
d−

1
=
~0

ifw
e

add
the

follow
ing

to
the

student’s
rule

system
:

R
ule

4:
G

iven
thatthe

values
for

w
d

and
b

have
been

fixed
already

(and
are

distinctfrom
0),the

studentprefers
w

eight-bias
pairs

w
ith

~w
d−

1
=
~0

overany
w

eight-bias
pairw

ith
~w
d−

1 6=
~0.

Stage
3

reduces
the

problem
to

teaching
(w
∗,b ∗)

w
ith

fixed
non-zero

values
for

w
d

and
b ∗

(know
n

to
the

student)and
w

ith
~w
∗d−

1 6=
~0.T

hus,essentially,only
~w
∗d−

1
has

stillto
be

taught.In
the

nextstage,w
e

w
illargue

thatthe
problem

ofteaching
~w
∗d−

1
isequivalentto

teaching
a

hom
ogeneous

halfspace.
In

stage
4,the

teacher
w

illpresentonly
exam

ples
a

such
that

a
d

=
−
b ∗
w
∗d

so
thatthe

contribu-
tion

of
the

d-th
com

ponentto
the

inner
productof

w
∗

and
a

cancels
w

ith
the

bias
b ∗.

G
iven

this
com

m
itm

entfor
a
d ,the

first
d
−

1
com

ponents
of

the
exam

ples
can

be
chosen

so
as

to
teach

the
hom

ogeneous
halfspace

H
~w
∗d−

1 .
A

ccording
to

T
heorem

22,this
can

be
achieved

atthe
expense

of
tw

o
m

ore
exam

ples.O
fcourse

the
student’s

preferences
m

ustm
atch

w
ith

the
preferences

thatw
ere

used
in

the
proofofthis

theorem
:

R
ule

5:
Suppose

that
the

values
of
w
d

and
b

have
been

fixed
already

(and
are

distinct
from

0)
and

suppose
that

~w
d−

1
6=
~0.

T
hen

the
preferences

for
the

choice
of

~w
d−

1
m

atch
w

ith
the

preferences
thatw

ere
used

in
the

protocolforteaching
hom

ogeneous
halfspaces.

A
fterstage

4,the
studenttakes

into
consideration

only
w

eight-bias
pairs

(w
,b)

such
that

w
d

=
w
∗d ,
b

=
b ∗

and
H
~w
d−

1
=
H
~w
∗d−

1 .
H

ow
ever,since

w
e

had
norm

alized
the

bias
and

notthe
w

eight
vector,this

does
notnecessarily

m
ean

that
~w
d−

1
=
~w
∗d−

1 .O
n

the
otherhand,the

tw
o

w
eightvectors

already
coincide

m
odulo

a
positive

scaling
factor,say

~w
d−

1
=
s·

~w
∗d−

1
forsom

e
s
>

0
.

(11)

In
orderto

com
plete

the
proof,itsuffices

to
teach

the
L
1 -norm

of
~w
∗d−

1
to

the
student(because

(11)
and‖

~w
d−

1 ‖
1

=
‖
~w
∗d−

1 ‖
1

im
ply

that
~w
d−

1
=
~w
∗d−

1 ).T
he

next(and
final)stage

serves
precisely

this
purpose.

A
s

for
stage

5,
w

e
first

fix
som

e
notation.

For
i

=
1
,...,k

−
1,

let
β
i

=
sign

(w
∗i ).

N
ote

that(11)
im

plies
that

β
i

=
sign

(w
i ).

L
et
L

=
‖
~w
∗d−

1 ‖
1

denote
the

L
1 -norm

of
~w
∗d−

1 .
T

he
final

exam
ple

is
chosen

as
~a
6

=
(β

1 ,...,β
d−

1 ,−
(L

+
b ∗)/w

∗d )
and

labeled
“1”.N

ote
that

〈w
∗,
~a
6 〉

+
b ∗

=
|w
∗1 |+

...
+
|w
∗d−

1 |−
L

=
0
.

G
iven

that
β
i

=
sign

(w
i ),
w
d

=
w
∗d

and
b

=
b ∗,the

studentcan
derive

from
~a
6

and
its

labelthe
follow

ing
constrainton

~w
d−

1 :

〈w
,
~a
6 〉

+
b

=
|w

1 |+
...

+
|w
d−

1 |−
L
≥

0
.

In
com

bination
w

ith
the

follow
ing

rule,w
e

can
now

force
the

constraint‖
~w
d−

1 ‖
1

=
L

:
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P
R

E
F

E
R

E
N

C
E

-B
A

S
E

D
T

E
A

C
H

IN
G

R
ul

e
6:

Su
pp

os
e

th
at

th
e

va
lu

es
of
w
d

an
d
b

ha
ve

be
en

fix
ed

al
re

ad
y

(a
nd

ar
e

di
st

in
ct

fr
om

0
)

an
d

su
pp

os
e

th
at
H
~w
d
−
1

ha
s

al
re

ad
y

be
en

fix
ed

.T
he

n,
am

on
g

th
e

ve
ct

or
s

re
pr

es
en

tin
g
H
~w
d
−
1
,t

he
on

es
w

ith
a

sm
al

le
rL

1
-n

or
m

ar
e

pr
ef

er
re

d
ov

er
th

e
on

es
w

ith
a

la
rg

er
L
1
-n

or
m

.

A
n

in
sp

ec
tio

n
of

th
e

si
x

st
ag

es
re

ve
al

s
th

at
at

m
os

ts
ix

ex
am

pl
es

al
to

ge
th

er
w

er
e

sh
ow

n
to

th
e

st
u-

de
nt

(t
hr

ee
in

st
ag

e
2,

tw
o

in
st

ag
e

4,
an

d
on

e
in

st
ag

e
5)

.T
hi

s
co

m
pl

et
es

th
e

pr
oo

fo
ft

he
th

eo
re

m
.

N
ot

e
th

at
T

he
or

em
s

22
an

d
27

re
m

ai
n

va
lid

w
he

n
w

e
al

lo
w
w

to
be

th
e

al
l-

ze
ro

ve
ct

or
,w

hi
ch

ex
te

nd
s
H

0 d
by
{R

d
}

an
d
H
d

by
{R

d
,∅
}.

R
d

w
ill

be
ta

ug
ht

w
ith

a
si

ng
le

po
si

tiv
e

ex
am

pl
e,

an
d

∅
w

ith
a

si
ng

le
ne

ga
tiv

e
ex

am
pl

e.
T

he
st

ud
en

tw
ill

gi
ve

th
e

hi
gh

es
tp

re
fe

re
nc

e
to

R
d
,t

he
se

co
nd

hi
gh

es
tt

o
∅,

an
d

am
on

g
th

e
re

m
ai

ni
ng

ha
lf

sp
ac

es
,t

he
st

ud
en

t’s
pr

ef
er

en
ce

s
st

ay
th

e
sa

m
e.

8.
C

la
ss

es
w

ith
P
B
T
D

or
P
B
T
D

+
E

qu
al

to
O

ne

In
th

is
se

ct
io

n,
w

e
w

ill
gi

ve
co

m
pl

et
e

ch
ar

ac
te

ri
za

tio
ns

of
(i

)
th

e
co

nc
ep

t
cl

as
se

s
w

ith
a

po
si

tiv
e

pr
ef

er
en

ce
-b

as
ed

te
ac

hi
ng

di
m

en
si

on
of

1
,

an
d

(i
i)

th
e

co
nc

ep
t

cl
as

se
s

w
ith

a
pr

ef
er

en
ce

-b
as

ed
te

ac
hi

ng
di

m
en

si
on

of
1

.T
hr

ou
gh

ou
tt

hi
s

se
ct

io
n,

w
e

us
e

th
e

la
be

l“
1

”
to

in
di

ca
te

po
si

tiv
e

ex
am

pl
es

an
d

th
e

la
be

l“
0”

to
in

di
ca

te
ne

ga
tiv

e
ex

am
pl

es
.

L
et
I

be
a

(p
os

si
bl

y
in

fin
ite

)
in

de
x

se
t.

W
e

w
ill

co
ns

id
er

a
m

ap
pi

ng
A

:
I
×
I
→
{0
,1
}

as
a

bi
na

ry
m

at
ri

x
A
∈
{0
,1
}I
×
I
.A

is
sa

id
to

be
lo

w
er

-t
ri

an
gu

la
r

if
th

er
e

ex
is

ts
a

lin
ea

ro
rd

er
in

g
≺

on
I

su
ch

th
at
A

(i
,i
′ )

=
0

fo
re

ve
ry

pa
ir

(i
,i
′ )

su
ch

th
at
i
≺
i′

.
W

e
w

ill
oc

ca
si

on
al

ly
id

en
tif

y
a

se
tL
⊆
X

w
ith

its
in

di
ca

to
rf

un
ct

io
n

by
se

tti
ng
L

(x
)

=
1
[x
∈L

].
Fo

re
ac

h
M
⊆
X

,w
e

de
fin

e
M
⊕
L

=
(L
\M

)
∪

(M
\L

)

an
d

M
⊕
L

=
{M
⊕
L

:
L
∈
L}

.

Fo
rT
⊆
X
×
{0
,1
},

w
e

de
fin

e
si

m
ila

rl
y

M
⊕
T

=
{(
x
,ȳ

)
:
(x
,y

)
∈
T

an
d
x
∈
M
}∪
{(
x
,y

)
∈
T

:
x
/∈
M
}
.

M
or

eo
ve

r,
gi

ve
n
M
⊆
X

an
d

a
lin

ea
ro

rd
er

in
g
≺

on
L,

w
e

de
fin

e
a

lin
ea

ro
rd

er
in

g
≺
M

on
M
⊕
L

as
fo

llo
w

s:
M
⊕
L
′ ≺

M
M
⊕
L
⇔
M
⊕

(M
⊕
L
′ )

︸
︷︷

︸
=
L
′

≺
M
⊕

(M
⊕
L

)
︸

︷︷
︸

=
L

.

L
em

m
a

28
W

ith
th

is
no

ta
tio

n,
th

e
fo

llo
w

in
g

ho
ld

s.
If

th
e

m
ap

pi
ng
L
3
L
7→

T
(L

)
⊆
X
×
{0
,1
}

as
si

gn
s

a
te

ac
hi

ng
se

t
to
L

w.
r.t

.(
L,
≺

),
th

en
th

e
m

ap
pi

ng
M
⊕
L
3
M
⊕
L
7→

M
⊕
T

(L
)
⊆

X
×
{0
,1
}a

ss
ig

ns
a

te
ac

hi
ng

se
tt

o
M
⊕
L

w.
r.t

.(
M
⊕
L,
≺
M

).

Si
nc

e
th

is
re

su
lt

is
ra

th
er

ob
vi

ou
s,

w
e

sk
ip

its
pr

oo
f.

W
e

sa
y

th
at
L

an
d
L′

ar
e

eq
ui

va
le

nt
if
L′

=
M
⊕
L

fo
r

so
m

e
M
⊆
X

(a
nd

th
is

cl
ea

rl
y

is
an

eq
ui

va
le

nc
e

re
la

tio
n)

.A
s

an
im

m
ed

ia
te

co
ns

eq
ue

nc
e

of
L

em
m

a
28

,w
e

ob
ta

in
th

e
fo

llo
w

in
g

re
su

lt:

L
em

m
a

29
If
L

is
eq

ui
va

le
nt

to
L′

,t
he

n
P

B
T

D
(L

)
=

P
B

T
D

(L
′ )

.
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G
A

O
E

T
A

L
.

T
he

fo
llo

w
in

g
le

m
m

a
pr

ov
id

es
a

ne
ce

ss
ar

y
co

nd
iti

on
fo

r
a

co
nc

ep
tc

la
ss

to
ha

ve
a

pr
ef

er
en

ce
-

ba
se

d
te

ac
hi

ng
di

m
en

si
on

of
on

e.

L
em

m
a

30
Su

pp
os

e
th

at
L
⊆

2
X

is
a

co
nc

ep
tc

la
ss

of
P

B
T

D
1.

P
ic

k
a

lin
ea

r
or

de
ri

ng
≺

on
L

an
d

a
m

ap
pi

ng
L
3
L
7→

(x
L
,y
L

)
∈
X
×
{0
,1
}

su
ch

th
at

,f
or

ev
er

y
L
∈
L,
{(
x
L
,y
L

)}
is

a
te

ac
hi

ng
se

tf
or
L

w.
r.t

.(
L,
≺

).
Th

en

•
ei

th
er

ev
er

y
in

st
an

ce
x
∈
X

oc
cu

rs
at

m
os

to
nc

e
in

(x
L

) L
∈L

•
or

th
er

e
ex

is
ts

a
co

nc
ep

tL
∗
∈
L

th
at

is
pr

ef
er

re
d

ov
er

al
lo

th
er

co
nc

ep
ts

in
L

an
d
x
L
∗

is
th

e
on

ly
in

st
an

ce
fr

om
X

th
at

oc
cu

rs
tw

ic
e

in
(x
L

) L
∈L

.

Pr
oo

f
Si

nc
e

th
e

m
ap

pi
ng
T

m
us

tb
e

in
je

ct
iv

e,
no

in
st

an
ce

ca
n

oc
cu

rt
w

ic
e

in
(x
L

) L
∈L

w
ith

th
e

sa
m

e
la

be
l.

Su
pp

os
e

th
at

th
er

e
ex

is
ts

an
in

st
an

ce
x
∈
X

an
d

co
nc

ep
ts
L
≺
L
∗

su
ch

th
at
x

=
x
L

=
x
L
∗

an
d,

w
.l.

o.
g.

,y
L

=
1

an
d
y L
∗

=
0.

Si
nc

e
{(
x
,1

)}
is

a
te

ac
hi

ng
se

tf
or
L

w
.r.

t.
(L
,≺

),
ev

er
y

co
nc

ep
t

L
′
�
L

(i
nc

lu
di

ng
th

e
on

es
th

at
ar

e
pr

ef
er

re
d

ov
er
L
∗ )

m
us

t
sa

tis
fy
L
′ (
x

)
=

0.
Fo

r
an

al
og

ou
s

re
as

on
s,

ev
er

y
co

nc
ep

tL
′ �

L
∗

(i
fa

ny
)m

us
ts

at
is

fy
L
′ (
x

)
=

1.
A

co
nc

ep
tL
′ ∈
L

th
at

is
pr

ef
er

re
d

ov
er
L
∗

w
ou

ld
ha

ve
to

sa
tis

fy
L
′ (
x

)
=

0
an

d
L
′ (
x

)
=

1
,w

hi
ch

is
im

po
ss

ib
le

.
It

fo
llo

w
s

th
at

th
er

e
ca

n
be

no
co

nc
ep

tt
ha

ti
s

pr
ef

er
re

d
ov

er
L
∗ .

T
he

fo
llo

w
in

g
re

su
lt

is
a

co
ns

eq
ue

nc
e

of
L

em
m

as
28

an
d

30
.

T
he

or
em

31
If

P
B

T
D

(L
)

=
1

,
th

en
th

er
e

ex
is

ts
a

co
nc

ep
t

cl
as

s
L′

th
at

is
eq

ui
va

le
nt

to
L

an
d

sa
tis

fie
s

P
B

T
D

(L
′ )

=
P

B
T

D
+

(L
′ )

=
1.

Pr
oo

f
Pi

ck
a

lin
ea

ro
rd

er
in

g
≺

on
L

an
d,

fo
re

ve
ry
L
∈
L,

a
pa

ir
(x
L
,y
L

)
∈
X
×
{0
,1
}s

uc
h

th
at

T
(L

)
=
{(
x
L
,y
L

)}
is

a
te

ac
hi

ng
se

tf
or
L

w
.r.

t.
(L
,≺

).

C
as

e
1:

E
ve

ry
in

st
an

ce
x
∈
X

oc
cu

rs
at

m
os

to
nc

e
in

(x
L

) L
∈L

.
T

he
n

ch
oo

se
M

=
{x

L
:
y L

=
0}

an
d

ap
pl

y
L

em
m

a
28

.

C
as

e
2:

T
he

re
ex

is
ts

a
co

nc
ep

tL
∗
∈
L

th
at

is
pr

ef
er

re
d

ov
er

al
lo

th
er

co
nc

ep
ts

in
L

an
d
x
L
∗

is
th

e
on

ly
in

st
an

ce
fr

om
X

th
at

oc
cu

rs
tw

ic
e

in
(x
L

) L
∈L

.
T

he
n

ch
oo

se
M

=
{x

L
:
y L

=
0
∧
L
6=
L
∗ }

an
d

ap
pl

y
L

em
m

a
28

.
W

ith
th

is
ch

oi
ce

,
w

e
ob

ta
in
M
⊕
T

(L
)

=
{(
x
L
,1

)}
fo

r
ev

er
y
L
∈
L
\{
L
∗ }

.
Si

nc
e
L
∗

is
pr

ef
er

re
d

ov
er

al
l

ot
he

rc
on

ce
pt

s
in
L,

w
e

m
ay

te
ac

h
L
∗

w
.r.

t.
(L
,≺

)
by

th
e

em
pt

y
se

t(
in

st
ea

d
of

em
pl

oy
in

g
a

po
ss

ib
ly

0
-l

ab
el

ed
ex

am
pl

e)
.

T
he

di
sc

us
si

on
sh

ow
s

th
at

th
er

e
is

a
cl

as
s
L′

th
at

is
eq

ui
va

le
nt

to
L

an
d

ca
n

be
ta

ug
ht

in
th

e
pr

ef
er

en
ce

-b
as

ed
m

od
el

w
ith

po
si

tiv
e

te
ac

hi
ng

se
ts

of
si

ze
1

(o
rs

iz
e

0
in

ca
se

of
L
∗ )

.

W
e

no
w

ha
ve

th
e

to
ol

s
re

qu
ir

ed
fo

r
ch

ar
ac

te
ri

zi
ng

th
e

co
nc

ep
t

cl
as

se
s

w
ho

se
po

si
tiv

e
PB

T
D

eq
ua

ls
1.

T
he

or
em

32
P

B
T

D
+

(L
)

=
1

if
an

d
on

ly
if

th
er

e
ex

is
ts

a
m

ap
pi

ng
L
3
L
7→

x
L
∈
X

su
ch

th
at

th
e

m
at

ri
x
A
∈
{0
,1
}(
L\
{∅
})
×
(L
\{
∅}

)
gi

ve
n

by
A

(L
,L
′ )

=
L
′ (
x
L

)
is

lo
w

er
-t

ri
an

gu
la

r.
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Proof
Suppose

firstthatP
B

T
D

+
(L

)
=

1.Pick
a

linearordering≺
onL

and,forevery
L
∈
L\{∅},

pick
x
L
∈
X

such
that{x

L }
is

a
positive

teaching
setfor

L
w

.r.t.
(L
,≺

). 5
If
L
≺
L
′(so

that
L
′

is
preferred

over
L

),w
e

m
ust

have
L
′(x

L
)

=
0.

It
follow

s
that

the
m

atrix
A

,as
specified

in
the

theorem
,is

low
er-triangular.

Suppose
conversely

that
there

exists
a

m
apping

L
3
L
7→

x
L
∈
X

such
that

the
m

atrix
A
∈
{
0
,1}

(L\{∅}
)×

(L\{∅}
)

given
by

A
(L
,L
′)

=
L
′(x

L
)

is
low

er-triangular,
say

w
.r.t.

the
linear

ordering
≺

on
L
\
{∅}.

T
hen,for

every
L
∈
L
\
{∅},the

singleton
{x

L }
is

a
positive

teaching
set

for
L

w
.r.t.

(L
,≺

)
because

it
distinguishes

L
from

∅
(of

course)
and

also
from

every
concept

L
′∈
L
\{∅}

such
that

L
′�

L
.

If∅
∈
L

,then
extend

the
linear

ordering
≺

by
preferring

∅
over

every
otherconceptfrom

L
(so

that∅
is

a
positive

teaching
setfor∅

w
.r.t.

(L
,≺

)).

In
view

of
T

heorem
31,

T
heorem

32
characterizes

every
classL

w
ith

P
B

T
D

(L
)

=
1

up
to

equivalence.

L
et

S
g
(X

)
=
{{x}

:
x
∈
X
}

denote
the

class
ofsingletons

overX
and

suppose
that

S
g
(X

)
is

a
sub-class

ofL
and

P
B

T
D

(L
)

=
1.

W
e

w
illshow

thatonly
fairly

trivialextensions
of

S
g
(X

)
w

ith
a

preference-based
dim

ension
of

1
are

possible.

L
em

m
a

33
LetL

⊆
2 X

be
a

conceptclassofP
B

T
D

1
thatcontains

S
g
(X

).LetT
be

an
adm

issible
m

apping
forL

thatassigns
a

labeled
exam

ple
(x
L
,y
L

)∈
X
×
{0
,1}

to
each

L
∈
L

.For
b

=
0,1,

letL
b

=
{
L
∈
L

:
y
L

=
b}.

Sim
ilarly,letX

b
=
{
x
∈
X

:
y{
x}
∈
L
b}.

W
ith

this
notation,the

follow
ing

holds:

1.
If
L
∈
L
1

and
L
⊂
L
′∈
L

,then
L
′∈
L
1.

2.
If
L
′∈
L
0

and
L
′⊃

L
∈
L

,then
L
∈
L
0.

3.|X
0|≤

2.
M

oreover
if|X

0|
=

2,then
there

exist
q
6=
q ′∈

X
such

thatX
0

=
{
q,q ′}

and
x
{
q}

=
q ′.

Proof
R

ecallthat
R
T

=
{(L

,L
′)∈

L
×
L

:
(L
6=
L
′)∧

(L
is

consistentw
ith

T
(L
′))}

and
that

R
T

(and
even

the
transitive

closure
of
R
T

)is
asym

m
etric

if
T

is
adm

issible.

1.
If
L
∈
L
1

and
L
⊂
L
′,then

y
L

=
1

so
that

L
′is

consistentw
ith

the
exam

ple
(x
L
,y
L

).
It

follow
s

that
(L
′,L

)
∈
R
T

.
L
′∈
L
0

w
ould

sim
ilarly

im
ply

that
(L
,L
′)
∈
R
T

so
that

R
T

w
ould

notbe
asym

m
etric.T

his
is

in
contradiction

w
ith

the
adm

issibility
of
T

.

2.
T

he
second

assertion
in

the
lem

m
a

isa
logically

equivalentreform
ulation

ofthe
firstassertion.

3.
Suppose

for
the

sake
of

contradiction
thatX

0
contains

three
distinct

points,
say

q
1 ,q

2 ,q
3 .

Since,for
i

=
1
,2,3,

T
assigns

a
0-labeled

exam
ple

to
{q
i },atleastone

of
the

rem
aining

tw
o

points
is

consistentw
ith
T

({
q
i }

).L
et
G

be
the

digraph
w

ith
the

nodes
q
1 ,q

2 ,q
3

and
w

ith
an

edge
from

q
j

to
q
i

iff{
q
j }

is
consistentw

ith
T

({
q
i }

).
T

hen
each

of
the

three
nodes

has
an

indegree
of

atleast
1.

D
igraphs

of
this

form
m

ustcontain
a

cycle
so

that
trcl(R

T
)

is
not

asym
m

etric.T
his

is
in

contradiction
w

ith
the

adm
issibility

of
R
T

.

5.Such
an
x
L

alw
ays

exists,even
if∅

is
a

teaching
setfor

L
,because

every
supersetofa

teaching
setfor

L
thatis

still
consistentw

ith
L

is
stilla

teaching
setfor

L
,cf.the

discussion
im

m
ediately

afterL
em

m
a

4.
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G
A

O
E

T
A

L.

A
sim

ilar
argum

entholds
ifX

0
contains

only
tw

o
distinctelem

ents,say
q

and
q ′.

If
neither

x
{
q}

=
q ′nor

x
{
q ′}

=
q,

then
({
q ′}
,{
q}

)
∈
R
T

and
({
q}
,{
q ′}

)
∈
R
T

so
that

R
T

is
not

asym
m

etric
—

again
a

contradiction
to

the
adm

issibility
of
R
T

.

W
e

are
now

in
the

position
to

characterize
those

classes
of

P
B

T
D

one
thatcontain

allsingletons.

T
heorem

34
Suppose

thatL
⊆

2 X
is

a
conceptclass

thatcontains
S
g
(X

).
Then

P
B

T
D

(L
)

=
1

if
and

only
if

the
follow

ing
holds.

E
itherL

coincides
w

ith
S
g
(X

)
orL

contains
precisely

one
additionalconcept,w

hich
is

either
the

em
pty

setor
a

setofsize
2.

Proof
W

e
startw

ith
proving

“⇐
”.

Itis
w

ellknow
n

that
P

B
T

D
+

(L
)

=
1

forL
=

S
g
(X

)∪
{∅}:

prefer∅
over

any
singleton

set,set
T

(∅)
=
∅

and,for
every

x
∈
X

,set
T

({
x})

=
{(x

,1)}.
In

a
sim

ilar
fashion,w

e
can

show
that

P
B

T
D

(L
)

=
1

forL
=

S
g
(X

)∪
{{q,q ′}}

for
any

choice
of

q
6=
q ′∈

X
.

Prefer{
q,q ′}

over{q}
and{q ′},respectively.

Furtherm
ore,prefer{q}

and{
q ′}

over
allother

singletons.
Finally,set

T
({q,q ′})

=
∅,
T

({q}
)

=
{(q ′,0

)},
T

({
q ′}

)
=
{(q,0)}

and,for
every

x
∈
X
\{q,q ′},set

T
({
x}

)
=
{(x

,1)}.
A

s
for

the
proof

of
“⇒

”,w
e

m
ake

use
of

the
notions

T
,x

L
,y
L
,L

0,L
1,X

0,X
1

thathad
been

introduced
in

L
em

m
a

33
and

w
e

proceed
by

case
analysis.

C
ase

1:
X

0
=
∅.

SinceX
0

=
∅,w

e
haveX

=
X

1.
In

com
bination

w
ith

the
firstassertion

in
L

em
m

a
33,it

follow
s

thatL
\{∅}

=
L
1.

W
e

claim
thatno

conceptin
L

contains
tw

o
distinctelem

ents.
A

ssum
e

for
the

sake
of

contradiction
that

there
is

a
concept

L
∈
L

such
that|L|≥

2.
It

follow
s

that,for
every

q
∈
L

,
x
{
q}

=
q

and
y{
q}

=
1

so
that

(L
,{q})

∈
R
T

.
M

oreover,
there

exists
q
0
∈
L

such
that

x
L

=
q
0

and
y
L

=
1.

Itfollow
s

that
({
q
0 }
,L

)∈
R
T

,w
hich

contradicts
the

factthat
R
T

is
asym

m
etric.

C
ase

2:
X

0
=
{
q}

forsom
e
q∈
X

.
Set

q ′
=
x
{
q}

and
note

that
y{
q}

=
0.

M
oreover,sinceX

1
=
X
\{
q},w

e
have

x
{
p}

=
p

and
y{
p}

=
1

for
every

p
∈
X
\{q}.

W
e

claim
thatL

cannotcontain
a

concept
L

of
size

atleast
2

thatcontains
an

elem
entofX

\{q,q ′}.
A

ssum
e

for
the

sake
of

contradiction,that
there

is
a

set
L

such
that|L|≥

2
and

p
∈
L

for
som

e
p
∈
X
\{
q,q ′}.

T
he

firstassertion
in

L
em

m
a

33
im

plies
that

y
L

=
1

(because
y{
p}

=
1

and{
p}
⊆
L

).
Since

allpairs
(x
,1)

w
ith

x
6=
q

are
already

in
use

for
teaching

the
corresponding

singletons,
w

e
m

ay
conclude

that
q
∈
L

and
T

(L
)

=
{
(q,1)}.

T
his

contradicts
the

factthat
trcl(R

T
)

is
asym

m
etric,because

our
discussion

im
plies

that
(L
,{
p}),({p},{q}),({q}

,L
)
∈
R
T

.
W

e
m

ay
therefore

safely
assum

e
thatthere

is
no

conceptof
size

atleast
2

inL
thathas

a
non-em

pty
intersection

w
ith

X
\{q,q ′}.T

hus,exceptforthe
singletons,the

only
rem

aining
sets

thatpossibly
belong

toL
are∅

and{
q,q ′}.W

e
stillhave

to
show

thatnotboth
ofthem

can
belong

toL
.A

ssum
e

forthe
sake

of
contradiction

that∅
,{
q,q ′}

∈
L

.
Since∅

is
consistentw

ith
T

({
q}

)
=
{
(q ′,0)},w

e
have

(∅
,{
q}

)∈
R
T

.C
learly,y∅

=
0.Since{

q}
is

consistentw
ith

every
pair

(x
,0)

exceptfor
(q,0),w

e
m

usthave
x
∅

=
q.

(O
therw

ise,w
e

have
({q},∅)∈

R
T

and
arrive

ata
contradic-

tion.)
L

etus
now

inspectthe
possible

teaching
sets

for
L

=
{
q,q ′}.Since{

q,q ′}
is

consistent
w

ith
T

({q ′})
=
{
(q ′,1)},setting

y
L

=
0

w
ould

lead
to

a
contradiction.

T
he

exam
ple

(q ′,1)
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P
R

E
F

E
R

E
N

C
E

-B
A

S
E

D
T

E
A

C
H

IN
G

is
al

re
ad

y
in

us
e

fo
r

te
ac

hi
ng
{q
′ }.

It
is

th
er

ef
or

e
ne

ce
ss

ar
y

to
se

tT
(L

)
=
{(
q,

1)
}.

A
n

in
-

sp
ec

tio
n

of
th

e
va

ri
ou

s
te

ac
hi

ng
se

ts
sh

ow
s

th
at

(∅
,{
q}

),
({
q}
,L

),
(L
,{
q′
})
,(
{q
′ },
∅)
∈
R
T

,
w

hi
ch

co
nt

ra
di

ct
s

th
e

fa
ct

th
at

tr
cl

(R
T

)
is

as
ym

m
et

ri
c.

C
as

e
3:
X

0
=
{q
,q
′ }

fo
rs

om
e
q
6=
q′
∈
X

.
N

ot
e

fir
st

th
at
y {
q
}

=
y {
q
′ }

=
0

an
d
y {
p
}

=
1

fo
r

ev
er

y
p
∈
X
\
{q
,q
′ }.

W
e

cl
ai

m
th

at
∅
/∈
L.

A
ss

um
e

fo
rt

he
sa

ke
of

co
nt

ra
di

ct
io

n
th

at
∅
∈
L.

T
he

n
(∅
,{
q}

),
(∅
,{
q′
})
∈
R
T

si
nc

e
∅

is
co

ns
is

te
nt

w
ith

th
e

te
ac

hi
ng

se
ts

fo
r

in
st

an
ce

s
fr

om
X

0
.

B
ut

th
en

,n
o

m
at

te
r

ho
w
x

in
T

(∅
)

=
{(
x
,0

)}
is

ch
os

en
,a

tl
ea

st
on

e
of

th
e

se
ts
{q
}a

nd
{q
′ }

w
ill

be
co

ns
is

te
nt

w
ith

T
(∅

)
so

th
at

at
le

as
t

on
e

of
th

e
pa

ir
s

({
q}
,∅

)
an

d
({
q′
},
∅)

be
lo

ng
s

to
R
T

.
T

hi
s

co
nt

ra
di

ct
s

th
e

fa
ct

th
at
R
T

m
us

tb
e

as
ym

m
et

ri
c.

T
hu

s
∅
/∈
L,

in
de

ed
.N

ow
it

su
ffi

ce
s

to
sh

ow
th

at
L

ca
nn

ot
co

nt
ai

n
a

co
nc

ep
to

fs
iz

e
at

le
as

t2
th

at
co

nt
ai

ns
an

el
em

en
to

fX
\{
q,
q′
}.

A
ss

um
e

fo
rt

he
sa

ke
of

co
nt

ra
di

ct
io

n
th

at
th

er
e

is
a

se
tL
∈
L

su
ch

th
at
|L
|≥

2
an

d
p
∈
L

fo
rs

om
e
p
∈
X
\{
q,
q′
}.

O
bs

er
ve

th
at

(L
,{
p
})
∈
R
T

.
A

no
th

er
ap

pl
ic

at
io

n
of

th
e

fir
st

as
se

rt
io

n
in

L
em

m
a

33
sh

ow
s

th
at
y L

=
1

(b
ec

au
se
y {
p
}

=
1

an
d
p
∈
L

)
an

d
x
L
∈
{q
,q
′ }

(b
ec

au
se

th
e

ot
he

r
1

-l
ab

el
ed

in
st

an
ce

s
ar

e
al

re
ad

y
in

us
e

fo
rt

ea
ch

in
g

th
e

co
rr

es
po

nd
in

g
si

ng
le

to
ns

).
It

fo
llo

w
s

th
at

on
e

of
th

e
pa

ir
s

({
q}
,L

)
an

d
({
q′
},
L

)
be

lo
ng

s
to
R
T

.T
he

th
ir

d
as

se
rt

io
n

of
L

em
m

a
33

im
pl

ie
s

th
at

T
(q

)
=
{(
q′
,0

)}
or
T

(q
′ )

=
{(
q,

0)
}.

Fo
rr

ea
so

ns
of

sy
m

m
et

ry
,w

e
m

ay
as

su
m

e
th

at
T

(q
)

=
{(
q′
,0

)}
.T

hi
si

m
pl

ie
st

ha
t(
{p
},
{q
})
∈
R
T

.L
et
q′
′ b

e
gi

ve
n

by
T

(q
′ )

=
{(
q′
′ ,

0)
}.

N
ot

e
th

at
ei

th
er
q′
′ =

q
or
q′
′ ∈
X
\{
q,
q′
}.

In
th

e
fo

rm
er

ca
se

,w
e

ha
ve

th
at

({
p
},
{q
′ })
∈
R
T

an
d

in
th

e
la

tte
rc

as
e

w
e

ha
ve

th
at

({
q}
,{
q′
})
∈
R
T

.S
in

ce
({
p
},
{q
})
∈
R
T

(w
hi

ch
w

as
ob

se
rv

ed
ab

ov
e

al
re

ad
y)

,
w

e
co

nc
lu

de
th

at
in

bo
th

ca
se

s,
({
p
},
{q
})
,(
{p
},
{q
′ })
∈

tr
cl

(R
T

).
C

om
bi

ni
ng

th
is

w
ith

ou
r

ob
se

rv
at

io
ns

ab
ov

e
th

at
(L
,{
p
})
∈
R
T

an
d

th
at

on
e

of
th

e
pa

ir
s

({
q}
,L

)
an

d
({
q′
},
L

)
be

lo
ng

s
to
R
T

,y
ie

ld
s

a
co

nt
ra

di
ct

io
n

to
th

e
fa

ct
th

at
tr

cl
(R

T
)

is
as

ym
m

et
ri

c.

C
or

ol
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ry
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Le
t
L
⊆

2
X

be
a

co
nc

ep
t

cl
as

s
th

at
co

nt
ai

ns
S
g
(X

).
If

P
B

T
D

(L
)

=
1

,
th

en
R

T
D

(L
)

=
1.

Pr
oo

f
A

cc
or

di
ng

to
T

he
or

em
34

,e
ith

er
L

co
in

ci
de

s
w

ith
S
g
(X

)
or
L

co
nt

ai
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pr
ec

is
el

y
on

e
ad

di
-

tio
na

lc
on

ce
pt

th
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T
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fir
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e
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fo
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(p

ro
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di
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“⇐
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si
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co

m
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in
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a
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ac
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T
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ch
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ov
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ca
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be
ap
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d
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c
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C
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si
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cl
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s
L,

co
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tin

g
of

bo
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d

to
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ob
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ct

s
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e
d

-d
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E
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ea

n
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fie
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fo
llo

w
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g
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ev
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y

pa
ir

(A
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∈
R
d
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he
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is
ex
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e
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je
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de
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te
d
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L
A
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e
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A
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L

an
d

su
ch

th
at
‖A
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‖

co
in

ci
de

s
w

ith
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e
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et

er
of
L
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T

hi
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m
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n
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s

th
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\

S
g
(R

d
)|
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∞
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B

y
se
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ng
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B

,
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fu
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he
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ie
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S
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⊆
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L
et
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ef
er

ob
je

ct
s

w
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a
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l
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er
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ob
je

ct
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w
ith

a
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er

di
am

et
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.T
he
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ob
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y,
{A
,B
}i

s
a
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si

tiv
e

te
ac

hi
ng

se
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L
A
,B

.B
ec

au
se

6.
T

hi
s

al
so

fo
llo

w
s

fr
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L
em

m
a

8
an
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th

e
fa

ct
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at
th

er
e

ar
e

no
ch

ai
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of
a

le
ng

th
ex

ce
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in
g
2
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(L
,≺
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r

pr
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er
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ed
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hi
ng

se
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ex
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W
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le
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fu
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n
of

th
e
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el
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ef

er
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ce
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ed

te
ac

hi
ng
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th

e
te

ac
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ts
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ar

e
of

te
n
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ex
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tly

th
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e
a

te
ac

he
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ld
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oo

se
in

th
e
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sr
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m
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or
in

st
an

ce
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ne
w

ou
ld

re
pr

es
en

t
co
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ex

po
ly
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ns
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th

ei
r

ve
rt
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s
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E
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m
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e
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.
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sh

ou
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be
no

te
d,

to
o,

th
at

it
ca

n
so

m
et

im
es

be
di

ffi
cu

lt
to

es
ta

bl
is

h
w

he
th

er
th

e
up

pe
r
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un

d
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PB
T

D
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ta
in

ed
th

is
w

ay
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tig
ht

,o
r

w
he

th
er

th
e

us
e

of
ne

ga
tiv

e
ex

am
pl

es
or
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ef

er
en

ce
re

la
tio

ns
ot

he
rt

ha
n
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cl

us
io

n
yi

el
d

sm
al

le
rt

ea
ch

in
g

se
ts

.
G

en
er

al
ly

,t
he

ch
oi

ce
of

pr
ef

er
en

ce
re

la
tio

n
pr

ov
id

es
a

de
gr

ee
of

fr
ee

do
m

th
at

in
cr

ea
se

st
he

po
w

er
of

th
e

te
ac

he
rb

ut
al

so
in

cr
ea

se
s

th
e

di
ffi

cu
lty

of
es

ta
bl

is
hi

ng
lo

w
er

bo
un

ds
on

th
e

nu
m

be
ro

fe
xa

m
pl

es
re

qu
ir

ed
fo

rt
ea

ch
in

g.

A
ck

no
w

le
dg

em
en

ts
.

Sa
nd

ra
Z

ill
es

w
as

su
pp

or
te

d
by

th
e

N
at

ur
al

Sc
ie

nc
es

an
d

E
ng

in
ee

ri
ng

R
e-

se
ar

ch
C

ou
nc

il
of

C
an

ad
a

(N
SE

R
C
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in

th
e

D
is

co
ve

ry
G

ra
nt

an
d

C
an

ad
a

R
es

ea
rc

h
C

ha
ir

s
pr

og
ra

m
s.

W
e

th
an

k
th

e
an
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s
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fe

re
es

fo
rt

he
ir

nu
m

er
ou

s
th

ou
gh

tf
ul

co
m

m
en

ts
,w

hi
ch

gr
ea

tly
he

lp
ed

to
im

pr
ov

e
th

e
pr

es
en

ta
tio

n
of

th
e

pa
pe

r.

R
ef

er
en

ce
s

N
.A

be
.

Po
ly

no
m

ia
ll

ea
rn

ab
ili

ty
of

se
m

ili
ne

ar
se

ts
.

In
P

ro
ce

ed
in

gs
of

th
e

2n
d

A
nn

ua
lC

on
fe

re
nc

e
on

Le
ar

ni
ng

Th
eo

ry
(C

O
LT

),
pa

ge
s
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19

89
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D
.A

ng
lu

in
.

In
du

ct
iv

e
in

fe
re

nc
e

of
fo

rm
al

la
ng

ua
ge

s
fr

om
po

si
tiv

e
da

ta
.

In
fo

rm
at

io
n

an
d

C
on

tr
ol

,
45
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7–

13
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19
80

.

X
.C

he
n,

Y.
C

he
ng

,a
nd

B
.T

an
g.

O
n

th
e

re
cu

rs
iv

e
te

ac
hi

ng
di

m
en

si
on

of
vc

cl
as

se
s.

In
A

dv
an

ce
s

in
N

eu
ra

lI
nf

or
m

at
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n
P

ro
ce

ss
in

g
Sy

st
em
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IP

S
20

16
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pa
ge

s
21

64
–2

17
1,

20
16

.

T.
D

ol
iw

a,
G

.F
an

,H
.U

.S
im

on
,a

nd
S.

Z
ill

es
.

R
ec

ur
si

ve
te

ac
hi

ng
di

m
en

si
on

,V
C

-d
im

en
si

on
,a

nd
sa

m
pl

e
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m
pr

es
si

on
.

Jo
ur

na
lo

fM
ac

hi
ne

Le
ar

ni
ng

R
es

ea
rc

h,
15

:3
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7–
31
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,2

01
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Z
.G

ao
,H

.U
.S

im
on

,a
nd

S.
Z

ill
es

.
O

n
th

e
te

ac
hi

ng
co

m
pl

ex
ity

of
lin

ea
r

se
ts

.
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P
ro

ce
ed

in
gs

of
th

e
26

th
In

te
rn

at
io

na
lC

on
fe

re
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e
on

A
lg

or
ith

m
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Le
ar
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Th
eo
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LT
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s
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2–
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E
N

C
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A
S

E
D

T
E

A
C

H
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G

Z
.G

ao,C
.R

ies,H
.U

.Sim
on,and

S.Z
illes.

Preference-based
teaching.

In
P

roceedings
ofthe

29th
C

onference
on

Learning
Theory

(C
O

LT),pages
971–997,2016.

Z
.G

ao,C
.R

ies,H
.U

.Sim
on,and

S.Z
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Preference-based
teaching.

A
rX
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U
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L
h
t
t
p
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:
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/
a
r
x
i
v
.
o
r
g
/
p
d
f
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1
7
0
2
.
0
2
0
4
7
.
p
d
f.

S.A
.G

oldm
an

and
M

.J.K
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O
n

the
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plexity
ofteaching.

JournalofC
om

puter
and

System
Sciences,50:20–31,1995.

S.A
.G

oldm
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and
H

.D
.M

athias.
Teaching

a
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arter
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om

puter
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System
Sciences,52:255–267,1996.

D
.H

elm
bold,

R
.Sloan,

and
M

.K
.W

arm
uth.

L
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nested
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of
intersection-closed
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M

achine
Learning,pages

165–196,1990.

T.J.Jech.
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A
xiom

ofC
hoice.

N
orth-H

olland
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m

sterdam
,1973.

Z
.M

azadi,Z
.G

ao,and
S.Z

illes.
D

istinguishing
pattern

languages
w

ith
m

em
bership

exam
ples.

In
P

roceedings
ofthe

8th
InternationalC

onference
on

Language
and

Autom
ata

Theory
and

A
ppli-

cations
(LATA

),pages
528–540,2014.

S.M
oran,A

.Shpilka,A
.W

igderson,and
A

.Y
ehudayoff.

C
om

pressing
and

teaching
for

low
V

C
-

dim
ension.

In
P

roceedings
of

the
56th

A
nnual

Sym
posium

on
the

Foundations
of

C
om

puter
Science

(F
O

C
S),pages

40–51,2015.

R
.J.Parikh.

O
n

context-free
languages.

Journalofthe
AC

M
,13(4):570–581,1966.

J.G
.R

osales
and

P.A
.G

arcı́a-Sánchez.
N

um
ericalSem

igroups.
Springer,2009.

A
.Shinohara

and
S.M

iyano.
Teachability

in
com

putationallearning.
N

ew
G

eneration
C

om
puting,

8(4):337–347,1991.

H
.U

.Sim
on

and
S.Z

illes.
O

pen
problem

:
R

ecursive
teaching

dim
ension

versus
V

C
dim

ension.
In

P
roceedings

ofthe
28th

A
nnualC

onference
on

Learning
Theory

(C
O

LT),pages
1770–1772,

2015.

Y.Takada.L
earning

sem
ilinearsets

from
exam

ples
and

via
queries.TheoreticalC

om
puter

Science,
104(2):207–233,1992.

S.
Z

illes,
S.

L
ange,

R
.

H
olte,

and
M

.
Z

inkevich.
M

odels
of

cooperative
teaching

and
learning.

JournalofM
achine

Learning
R

esearch,12:349–384,2011.

A
ppendix

A
.ProofofT

heorem
18

In
Section

A
.1,w

e
presenta

generalresultw
hich

helps
to

verify
the

upper
bounds

in
T

heorem
18.

T
hese

upperbounds
are

then
derived

in
Section

A
.2.Section

A
.3

is
devoted

to
the

derivation
ofthe

low
erbounds.
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G
A

O
E

T
A

L.

A
.1

T
he

ShiftL
em

m
a

In
this

section,
w

e
assum

e
thatL

is
a

concept
class

over
a

universe
X
∈
{
N

0 ,Q
+0
,R

+0 }.
W

e
furtherm

ore
assum

e
that

0
is

contained
in

every
concept

L
∈
L

.
W

e
can

extendL
to

a
largerclass,

nam
ely

the
shift-extensionL

′ofL
,by

allow
ing

each
ofits

concepts
to

be
shifted

by
som

e
constant

w
hich

is
taken

from
X

:
L
′
=
{
c

+
L

:
(c∈

X
)∧

(L
∈
L

)}
.

T
he

nextresultstates
thatthis

extension
has

little
effectonly

on
the

com
plexity

m
easures

P
B

T
D

and
P

B
T

D
+

:

L
em

m
a

36
(ShiftL

em
m

a)
W

ith
the

above
notation

and
assum

ptions,the
follow

ing
holds:

P
B

T
D

(L
)≤

P
B

T
D

(L
′)≤

1
+

P
B

T
D

(L
)

and
P

B
T

D
+

(L
)≤

P
B

T
D

+
(L
′)≤

1
+

P
B

T
D

+
(L

)
.

Proof
Itsuffices

to
verify

the
inequalities

P
B

T
D

(L
′)≤

1
+

P
B

T
D

(L
)

and
P

B
T

D
+

(L
′)≤

1
+

P
B

T
D

+
(L

)
because

the
otherinequalities

hold
by

virtue
ofm

onotonicity.
L

et
T

be
an

adm
issible

m
apping

forL
.Itsuffices

to
show

that
T

can
be

transform
ed

into
an

adm
issible

m
apping

T
′forL

′

such
that

ord
(T
′)≤

1
+

ord
(T

)
and

such
that

T
′is

positive
provided

that
T

is
positive.To

this
end,

w
e

define
T
′as

follow
s:

T
′(c

+
L

)
=
{(c,+

)}∪
{
(c

+
x
,b)

:
(x
,b)∈

T
(L

)}
.

O
bviously

ord
(T
′)≤

1
+

ord
(T

).N
ote

thatc∈
c
+
L

because
ofourassum

ption
that0

is
contained

in
every

conceptinL
.M

oreover,since
the

adm
issibility

of
T

im
pliesthatL

isconsistentw
ith
T

(L
),

the
above

definition
of
T
′(c

+
L

)m
akessure

thatc
+
L

isconsistentw
ith
T
′(c

+
L

).Itsufficesthere-
fore

to
show

thatthe
relation

trcl(R
T
′)isasym

m
etric.C

onsidera
pair

(c ′+
L
′,c+

L
)∈

R
T
′.B

y
the

definition
of
R
T
′,itfollow

s
thatc ′+

L
′is

consistentw
ith
T
′(c

+
L

).B
ecause

of
(c,+

)∈
T
′(c

+
L

),
w

e
m

usthave
c ′≤

c.
Suppose

that
c ′

=
c.

In
this

case,
L
′m

ustbe
consistentw

ith
T

(L
).

T
hus

L
′≺

T
L

.
T

his
reasoning

im
plies

that
(c ′

+
L
′,c

+
L

)∈
R
T
′can

happen
only

if
either

c ′
<
c

or
(c ′

=
c)∧

(L
′≺

T
L

).Since≺
T

isasym
m

etric,w
e

m
ay

now
conclude

thattrcl(R
T
′)isasym

m
etric,

as
desired.Finally

note
that,according

to
ourdefinition

above,the
m

apping
T
′is

positive
provided

that
T

is
positive.T

his
concludes

the
proof.

A
.2

T
he

U
pper

B
oundsin

T
heorem

18

W
e

rem
ind

the
readerthatthe

equality
P

B
T

D
+

(L
IN

S
E

T
k )

=
k

w
as

stated
in

E
xam

ple
2.W

e
w

ill
show

in
L

em
m

a
37

that
P

B
T

D
+

(N
E

-L
IN

S
E

T
k )≤

k.In
com

bination
w

ith
the

ShiftL
em

m
a,this

im
plies

that
P

B
T

D
+

(L
IN

S
E

T
′k )≤

k
+

1
and

P
B

T
D

+
(N

E
-L

IN
S
E

T
′k )≤

k
+

1.
A

llrem
aining

upperbounds
in

T
heorem

18
follow

now
by

virtue
ofm

onotonicity.

L
em

m
a

37
P

B
T

D
+

(N
E

-L
IN

S
E

T
k )≤

k.

Proof
W

e
w

antto
show

thatthere
is

a
preference

relation
forw

hich
k

positive
exam

ples
suffice

to
teach

any
conceptin

N
E

-L
IN

S
E

T
k .To

this
end,letG

=
{
g
1 ,...,g

` }
be

a
generatorsetw

ith
`≤

k
w

here
g
1
<
...

<
g
` .W

e
use

su
m

(G
)

=
g
1

+
...+

g
` to

denote
the

sum
ofallgenerators

in
G

.W
e

say
that

g
i

is
a

redundantgenerator
in
G

if
g
i ∈

〈{g
1 ,...,g

i−
1 } 〉.

L
et
G
∗

=
{
g ∗1 ,...,g ∗` ∗ }

⊆
G
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P
R

E
F

E
R

E
N

C
E

-B
A

S
E

D
T

E
A

C
H

IN
G

w
ith

g
∗ 1
<
..
.
<
g
∗ `∗

be
th

e
se

to
fn

on
-r

ed
un

da
nt

ge
ne

ra
to

rs
in
G

an
d

le
tt

u
p
le

(G
)

=
(g
∗ 1,
..
.,
g
∗ `∗

)
be

th
e

co
rr

es
po

nd
in

g
or

de
re

d
se

qu
en

ce
.T

he
n
G
∗

is
an

in
de

pe
nd

en
ts

ub
se

to
fG

ge
ne

ra
tin

g
th

e
sa

m
e

lin
ea

rs
et

as
G

w
he

n
al

lo
w

in
g

ze
ro

co
ef

fic
ie

nt
s,

i.e
.,

w
e

ha
ve
〈G
∗ 〉

=
〈G
〉(

al
th

ou
gh
〈G
∗ 〉

+
6=
〈G
〉 +

w
he

ne
ve

rG
∗

is
a

pr
op

er
su

bs
et

of
G

).
To

de
fin

e
a

su
ita

bl
e

pr
ef

er
en

ce
re

la
tio

n,
le

tG
,Ĝ

be
ge

ne
ra

to
rs

et
so

fs
iz

e
k

or
le

ss
w

ith
tu

p
le

(G
)

=
(g
∗ 1,
..
.,
g
∗ `∗

)
an

d
tu

p
le

(Ĝ
)

=
(ĝ
∗ 1,
..
.,
ĝ
∗ ̂̀∗

).
L

et
th

e
st

ud
en

t
pr

ef
er
G

ov
er
Ĝ

if
an

y
of

th
e

fo
llo

w
in

g
co

nd
iti

on
s

is
sa

tis
fie

d:

C
on

di
tio

n
1:

su
m

(G
)
>

su
m

(Ĝ
).

C
on

di
tio

n
2:

su
m

(G
)

=
su

m
(Ĝ

)
an

d
tu

p
le

(G
)

is
le

xi
co

gr
ap

hi
ca

lly
gr

ea
te

rt
ha

n
tu

p
le

(Ĝ
)

w
ith

ou
t

ha
vi

ng
tu

p
le

(Ĝ
)

as
pr

efi
x.

C
on

di
tio

n
3:

su
m

(G
)

=
su

m
(Ĝ

)
an

d
tu

p
le

(G
)

is
a

pr
op

er
pr

efi
x

of
tu

p
le

(Ĝ
).

To
te

ac
h

a
co

nc
ep

t〈
G
〉∈

N
E

-L
IN

S
E

T
k

w
ith

su
m

(G
)

=
g

an
d

tu
p
le

(G
)

=
(g
∗ 1,
..
.,
g
∗ `∗

),
on

e
us

es
th

e
te

ac
hi

ng
se

t
S

=
{(
g
,+

),
(g

+
g
∗ 1
,+

),
..
.,

(g
+
g
∗ h∗
,+

)}
w

he
re

h
=

{
`∗
−

1
if
G
∗

=
G

`∗
if
G
∗
⊂
G

.
(1

2)

N
ot

e
th

at
S

co
nt

ai
ns

at
m

os
t|
G
|≤

k
ex

am
pl

es
.

L
et
Ĝ

w
ith
〈 Ĝ
〉 +
∈

N
E

-L
IN

S
E

T
k

de
no

te
th

e

ge
ne

ra
to

rs
et

th
at

is
re

tu
rn

ed
by

th
e

st
ud

en
t.

C
le

ar
ly
〈 Ĝ
〉

sa
tis

fie
s

su
m

(Ĝ
)

=
g

si
nc

e

•
co

nc
ep

ts
w

ith
la

rg
er

ge
ne

ra
to

rs
um

s
ar

e
in

co
ns

is
te

nt
w

ith
(g
,+

),
an

d

•
co

nc
ep

ts
w

ith
sm

al
le

r
ge

ne
ra

to
r

su
m

s
ha

ve
a

lo
w

er
pr

ef
er

en
ce

(c
om

pa
re

w
ith

C
on

di
tio

n
1

ab
ov

e)
.

It
fo

llo
w

s
th

at
g

+
g
∗ i
∈
〈 Ĝ
〉 +

is
eq

ui
va

le
nt

to
g
∗ i
∈
〈 Ĝ
〉

=
〈 Ĝ
∗〉

.W
e

co
nc

lu
de

th
at

th
e

sm
al

le
st

ge
ne

ra
to

ri
n

tu
p
le

(Ĝ
)

eq
ua

ls
g
∗ 1

si
nc

e

•
a

sm
al

le
st

ge
ne

ra
to

r
in

tu
p
le

(Ĝ
)

th
at

is
gr

ea
te

r
th

an
g
∗ 1

w
ou

ld
ca

us
e

an
in

co
ns

is
te

nc
y

w
ith

(g
+
g
∗ 1,

+
),

an
d

•
a

sm
al

le
st

ge
ne

ra
to

ri
n

tu
p
le

(Ĝ
)

th
at

is
sm

al
le

rt
ha

n
g
∗ 1

w
ou

ld
ha

ve
a

lo
w

er
pr

ef
er

en
ce

(c
om

-
pa

re
w

ith
C

on
di

tio
n

2
ab

ov
e)

.

A
ss

um
e

in
du

ct
iv

el
y

th
at

th
e
i
−

1
sm

al
le

st
ge

ne
ra

to
rs

in
tu

p
le

(Ĝ
)

ar
e
g
∗ 1,
..
.,
g
∗ i−

1
.

Si
nc

e
g
∗ i
/∈

〈 {
g
∗ 1,
..
.,
g
∗ i−

1
}〉

,w
e

m
ay

ap
pl

y
a

re
as

on
in

g
th

at
is

si
m

ila
r

to
th

e
ab

ov
e

re
as

on
in

g
co

nc
er

ni
ng
g
∗ 1

an
d

co
nc

lu
de

th
at

th
e
i’

th
sm

al
le

st
ge

ne
ra

to
ri

n
tu

p
le

(Ĝ
)

eq
ua

ls
g
∗ i.

T
he

pu
nc

hl
in

e
of

th
is

di
sc

us
si

on
is

th
at

th
e

se
qu

en
ce

tu
p
le

(Ĝ
)

st
ar

ts
w

ith
g
∗ 1,
..
.,
g
∗ h

w
ith

h
gi

ve
n

by
(1

2)
.

L
et
G
′ =

G
\G
∗

be
th

e
se

to
fr

ed
un

da
nt

ge
ne

ra
to

rs
in
G

an
d

no
te

th
at

g
−

h ∑ i=
1

g
∗ i

=

{
g
∗ `∗

if
G
∗

=
G

∑
g
′ ∈
G
′
g
′

if
G
∗
⊂
G

.

L
et
Ĝ
′ =

Ĝ
\{
g
∗ 1,
..
.,
g
∗ h}

.W
e

pr
oc

ee
d

by
ca

se
an

al
ys

is
:
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G
A

O
E

T
A

L
.

C
as

e
1:

G
∗

=
G

.
Si

nc
e
Ĝ

is
co

ns
is

te
nt

w
ith

(g
,+

),
w

e
ha

ve
∑

g
′ ∈
Ĝ
′
g
′ =

g
∗ `∗

.S
in

ce
g
∗ `∗
/∈
〈 {
g
∗ 1,
..
.,
g
∗ `∗
−
1
}〉

,

th
e

se
t
Ĝ
′

m
us

t
co

nt
ai

n
an

el
em

en
t

th
at

ca
nn

ot
be

ge
ne

ra
te

d
by

g
∗ 1,
..
.,
g
∗ `∗
−
1
.

G
iv

en
th

e
pr

ef
er

en
ce

so
ft

he
st

ud
en

t(
co

m
pa

re
w

ith
C

on
di

tio
n

2)
,s

he
w

ill
ch

oo
se
Ĝ
′ =
{g
∗ `∗
}.

It
fo

llo
w

s
th

at
Ĝ

=
G

.

C
as

e
2:

G
∗
⊂
G

.
H

er
e,

w
e

ha
ve
∑

g
′ ∈
Ĝ
′
g
′

=
∑

g
′ ∈
G
′
g
′ .

G
iv

en
th

e
pr

ef
er

en
ce

s
of

th
e

st
ud

en
t(

co
m

pa
re

w
ith

C
on

di
tio

n
3)

,s
he

w
ill

ch
oo

se
Ĝ

su
ch

th
at
Ĝ
∗

=
G
∗

an
d
Ĝ
′ c

on
si

st
s

of
el

em
en

ts
fr

om
〈G
∗ 〉

th
at

su
m

up
to
∑

g
′ ∈
G
′
g
′

(w
ith

Ĝ
′

=
{ ∑

g
′ ∈
G
′
g
′}

am
on

g
th

e
po

ss
ib

le
ch

oi
ce

s)
.

C
le

ar
ly

,
〈 Ĝ
〉 +

=
〈G
〉 +

.

T
hu

s,
in

bo
th

ca
se

s,
th

e
st

ud
en

tc
om

es
up

w
ith

th
e

ri
gh

th
yp

ot
he

si
s.

A
.3

T
he

L
ow

er
B

ou
nd

si
n

T
he

or
em

18

T
he

lo
w

er
bo

un
ds

in
T

he
or

em
18

ar
e

an
im

m
ed

ia
te

co
ns

eq
ue

nc
e

of
th

e
fo

llo
w

in
g

re
su

lt:

L
em

m
a

38
Th

e
fo

llo
w

in
g

lo
w

er
bo

un
ds

ar
e

va
lid

:

P
B

T
D

+
(N

E
-C

F
-L

IN
S
E

T
′ k)
≥

k
+

1
.

(1
3)

P
B

T
D

(N
E

-C
F

-L
IN

S
E

T
′ k)
≥

k
−

1
.

(1
4)

P
B

T
D

(N
E

-C
F

-L
IN

S
E

T
k
)
≥

k
−

1

2
.

(1
5)

P
B

T
D

(C
F

-L
IN

S
E

T
k
)
≥

k
−

1
.

(1
6)

T
hi

s
le

m
m

a
ca

n
be

se
en

as
an

ex
te

ns
io

n
an

d
a

st
re

ng
th

en
in

g
of

a
si

m
ila

r
re

su
lt

in
(G

ao
et

al
.,

20
15

)w
he

re
th

e
fo

llo
w

in
g

lo
w

er
bo

un
ds

w
er

e
sh

ow
n:

R
T

D
+

(N
E

-L
IN

S
E

T
′ k)
≥

k
+

1
.

R
T

D
(N

E
-L

IN
S
E

T
′ k)
≥

k
−

1
.

R
T

D
(C

F
-L

IN
S
E

T
k
)
≥

k
−

1
.

T
he

pr
oo

f
of

L
em

m
a

38
bu

ild
s

on
so

m
e

id
ea

s
th

at
ar

e
fo

un
d

in
(G

ao
et

al
.,

20
15

)
al

re
ad

y,
bu

t
it

re
qu

ir
es

so
m

e
el

ab
or

at
io

n
to

ob
ta

in
th

e
st

ro
ng

er
re

su
lts

.
W

e
no

w
br

ie
fly

ex
pl

ai
n

w
hy

th
e

lo
w

er
bo

un
ds

in
T

he
or

em
18

di
re

ct
ly

fo
llo

w
fr

om
L

em
m

a
38

.
N

ot
e

th
at

th
e

lo
w

er
bo

un
d
k
−

1
in

(8
)

is
im

m
ed

ia
te

fr
om

(1
4)

an
d

a
m

on
ot

on
ic

ity
ar

gu
m

en
t.

T
hi

s
is

be
ca

us
e

N
E

-L
IN

S
E

T
′ k
⊇

N
E

-C
F

-L
IN

S
E

T
′ k

as
w

el
l

as
L

IN
S
E

T
′ k
⊇

C
F

-L
IN

S
E

T
′ k
⊇

N
E

-C
F

-L
IN

S
E

T
′ k.

N
ot

e
fu

rt
he

rm
or

e
th

at
P

B
T

D
+

(C
F

-L
IN

S
E

T
′ k)
≥
k

+
1

be
ca

us
e

of
(1

3)
an

d
a

m
on

ot
on

ic
ity

ar
gu

m
en

t.
T

he
n

th
e

Sh
if

tL
em

m
a

im
pl

ie
s

th
at

P
B

T
D

+
(C

F
-L

IN
S
E

T
k
)
≥
k

.
A

ll
re

m
ai

ni
ng

lo
w

er
bo

un
ds

in
T

he
or

em
18

ar
e

ob
ta

in
ed

fr
om

th
es

e
ob

se
rv

at
io

ns
by

vi
rt

ue
of

m
on

o-
to

ni
ci

ty
.

T
he

pr
oo

f
of

T
he

or
em

18
ca

n
th

er
ef

or
e

be
ac

co
m

pl
is

he
d

by
pr

ov
in

g
L

em
m

a
38

.
It

tu
rn

s
ou

t
th

at
th

e
pr

oo
f

of
th

is
le

m
m

a
is

qu
ite

in
vo

lv
ed

.
W

e
w

ill
pr

es
en

ti
n

Se
ct

io
n

A
.3

.1
so

m
e

th
eo

re
tic

al
pr

er
eq

ui
si

te
s.

Se
ct

io
ns

A
.3

.2
an

d
A

.3
.3

ar
e

de
vo

te
d

to
th

e
ac

tu
al

pr
oo

fo
ft

he
le

m
m

a.
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P
R

E
F

E
R

E
N

C
E-B

A
S

E
D

T
E

A
C

H
IN

G

A
.3.1

S
O

M
E

B
A

S
IC

C
O

N
C

E
P

T
S

IN
T

H
E

T
H

E
O

R
Y

O
F

N
U

M
E

R
IC

A
L

S
E

M
IG

R
O

U
P

S

R
ecall

from
Section

6
that〈G

〉
=
{∑

g∈
G
a
(g

)g
:
a
(g

)∈
N

0 }
.

T
he

elem
ents

of
G

are
called

generators
of〈G

〉.
A

set
P
⊂
N

is
said

to
be

independent
if

none
of

the
elem

ents
in
P

can
be

w
ritten

as
a

linearcom
bination

(w
ith

coefficients
from

N
0 )ofthe

rem
aining

elem
ents

(so
that 〈P

′ 〉

is
a

proper
subsetof〈P

〉
for

every
proper

subset
P
′of

P
).

Itis
w

ellknow
n

(R
osales

and
G

arcı́a-
Sánchez,2009)thatindependence

m
akes

generating
system

s
unique,i.e.,if

P
,P
′are

independent,
then

〈P
〉

=
〈P
′ 〉

im
plies

that
P

=
P
′.

M
oreover,

for
every

independent
set

P
,

the
follow

ing
im

plication
is

valid:
(S
⊆
〈P
〉∧

P
6⊆
S

)
⇒

(〈S〉⊂
〈P
〉)
.

(17)

L
et
P

=
{a

1 ,...,a
k }

be
independent

w
ith

a
1

=
m

in
P

.
It

is
w

ell
know

n
7

and
easy

to
see

that
the

residues
of
a
1 ,a

2 ,...,a
k

m
odulo

a
1

m
ust

be
pairw

ise
distinct

(because,
otherw

ise,
w

e
w

ould
obtain

a
dependence).If

a
1

is
a

prim
e

and|P
|≥

2,then
the

independence
of
P

im
plies

that
g
cd

(P
)

=
1.T

hus
the

follow
ing

holds:

L
em

m
a

39
If
P
⊂
N

is
an

independent
set

of
cardinality

at
least

2
and

m
in
P

is
a

prim
e,then

g
cd

(P
)

=
1.

In
the

rem
ainder

of
the

paper,the
sym

bols
P

and
P
′are

reserved
for

denoting
independentsets

of
generators.

Itis
w

ellknow
n

that〈G
〉

is
co-finite

iff
gcd

(G
)

=
1

(R
osales

and
G

arcı́a-Sánchez,2009).L
etP

be
a

finite
(independent)subsetof

N
such

thatgcd
(P

)
=

1.T
he

largestnum
berin

N
\〈P
〉

is
called

the
Frobenius

num
ber

of
P

and
is

denoted
as
F

(P
).Itis

w
ellknow

n
(R

osales
and

G
arcı́a-Sánchez,

2009)that
F

({
p
,q}

)
=
p
q−

p−
q

(18)

provided
that

p
,q≥

2
satisfy

gcd
(p
,q)

=
1.

A
.3.2

P
R

O
O

F
O

F
(13)

T
he

shift-extension
of

N
E

-C
F

-L
IN

S
E

T
k

is
(by

w
ay

ofdefinition)the
follow

ing
class:

N
E

-C
F

-L
IN

S
E

T
′k

=
{c

+
〈P
〉
+

:
(c∈

N
0 )∧

(P
⊂
N

)∧
(|P
|≤

k
)∧

(gcd
(P

)
=

1)}
.

(19)

Itis
easy

to
see

thatthis
can

be
w

ritten
alternatively

in
the

form

N
E

-C
F

-L
IN

S
E

T
′k

=


N

+
〈P
〉

:
N
∈
N

0 ∧
P
⊂
N
∧
|P
|≤

k∧
gcd

(P
)

=
1∧

∑p∈
P

p
≤
N

(20)
w

here
N

in
(20)corresponds

to
c

+
∑

p∈
P
p

in
(19).

For
technical

reasons,
w

e
define

the
follow

ing
subfam

ilies
of

N
E

-C
F

-L
IN

S
E

T
′k .

For
each

N
≥

0,let
N

E
-C

F
-L

IN
S
E

T
′k [N

]
=
{N

+
L

:
L
∈

L
IN

S
E

T
k [N

]}

7.E
.g.,see

(R
osales

and
G

arcı́a-Sánchez,2009)
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G
A

O
E

T
A

L.

w
here

L
IN

S
E

T
k [N

]
=


〈P
〉∈

L
IN

S
E

T
k

:
(gcd

(P
)

=
1)∧


∑p∈
P

p
≤
N




.

In
otherw

ords,N
E

-C
F

-L
IN

S
E

T
′k [N

]isthe
subclassconsisting

ofallconceptsin
N

E
-C

F
-L

IN
S
E

T
′k

(w
ritten

in
the

form
(20))w

hose
constantis

N
.

A
centralnotion

forproving
(13)is

the
follow

ing
one:

D
efinition

40
Let

k
,N
≥

2
be

integers.W
e

say
thata

set
L
∈

N
E

-C
F

-L
IN

S
E

T
′is

(k
,N

)-special
ifitis

ofthe
form

L
=
N

+
〈P
〉

such
thatthe

follow
ing

holds:

1.
P

is
an

independentsetofcardinality
k

and
m

in
P

is
a

prim
e

(so
that

gcd
(P

)
=

1
according

to
Lem

m
a

39,w
hich

furtherm
ore

im
plies

that〈P
〉

is
co-finite).

2.
Let

q(P
)

denote
the

sm
allestprim

e
thatis

greater
than

F
(P

)
and

greater
than

m
ax
P

.
For

a
=

m
in
P

and
r

=
0,...,a−

1,let

tr (P
)

=
m

in{
s∈
〈P
〉

:
s≡

r
(m

o
d
a
)}

and
tm

a
x (P

)
=

m
ax

0≤
r≤
a−

1
tr (P

)
.

Then
N
≥
k
(a

+
tm

a
x (P

))
and

N
≥
q(P

)
+

∑

p∈
P
\{
a}
p
.

(21)

W
e

need
at

least
k

positive
exam

ples
in

order
to

distinguish
a

(k
,N

)-special
set

from
all

its
propersubsets

in
N

E
-C

F
-L

IN
S
E

T
′k [N

],as
the

follow
ing

resultshow
s:

L
em

m
a

41
For

all
k
≥

2,the
follow

ing
holds.

If
L
∈

N
E

-C
F

-L
IN

S
E

T
′is

(k
,N

)-special,then
L
∈

N
E

-C
F

-L
IN

S
E

T
′[N

]and
I ′(L

,N
E

-C
F

-L
IN

S
E

T
k [N

])≥
k.

Proof
Suppose

that
L

=
N

+
〈P
〉

is
of

the
form

as
described

in
D

efinition
40.

L
et
P

=
{
a
,a

2
...,a

k }
w

ith
a

=
m

in
P

.
For

the
sake

of
sim

plicity,
w

e
w

ill
w

rite
tr

instead
of
tr (P

)
and

tm
a
x

instead
of
tm

a
x (P

).
T

he
independence

of
P

im
plies

that
ta
i
m
o
d
a

=
a
i for

i
=

2
,...,k.

It
follow

s
that

tm
a
x
≥

m
ax
P

.
Since,

by
assum

ption,
N
≥
k
·
tm

a
x ,

it
becom

es
obvious

that
L
∈

N
E

-C
F

-L
IN

S
E

T
′[N

].
A

ssum
e

by
w

ay
ofcontradiction

thatthe
follow

ing
holds:

(A
)

T
here

is
a

w
eak

spanning
set

S
ofsize

k−
1

for
L

w
.r.t.

N
E

-C
F

-L
IN

S
E

T
′k [N

].

Since
N

is
contained

in
any

conceptfrom
N

E
-C

F
-L

IN
S
E

T
′k [N

],w
e

m
ay

assum
e

that
N

/∈
S

so
that

S
is

of
the

form
S

=
{N

+
x
1 ,...,N

+
x
k−

1 }
for

integers
x
i ≥

1.
For

i
=

1
,...,k

−
1,let

r
i

=
x
i

m
o
d
a
∈
{
0
,1
,...,a−

1}.
Itfollow

s
thateach

x
i is

of
the

form
x
i

=
q
i a

+
tr
i

for
som

e
integer

q
i ≥

0.L
et
X

=
{
x
1 ,...,x

k−
1 }.W

e
proceed

by
case

analysis:

C
ase

1:
X
⊆
{a

2 ,...,a
k }

(so
that,in

view
of|X

|
=
k−

1,w
e

even
have

X
=
{a

2 ,...,a
k }).

L
et
L
′

=
N

+
〈X
〉.

T
hen

S
⊆
L
′.

N
ote

that
X
⊆
P

but
P
6⊆
X

.
W

e
m

ay
conclude

from
(17)

that〈X
〉
⊂
〈P
〉

and,therefore,
L
′⊂

L
.

T
hus

L
′is

a
proper

subsetof
L

w
hich

contains
S

.N
ote

that(21)im
plies

that
N
≥
∑

ki=
2
a
i

=
∑

k−
1

i=
1
x
i .If

gcd
(X

)
=

1,then
L
′∈

N
E

-C
F

-L
IN

S
E

T
[N

]and
w

e
have

an
im

m
ediate

contradiction
to

the
above

assum
ption

(A
).

28
JM

L
R

 18(31):1-32, 2017



P
R

E
F

E
R

E
N

C
E

-B
A

S
E

D
T

E
A

C
H

IN
G

O
th

er
w

is
e,

if
gc

d
(X

)
≥

2,
th

en
w

e
de

fin
e
L
′′

=
N

+
〈 X
∪
{q

(P
)}
〉 .N

ot
e

th
at
S
⊆
L
′ ⊆

L
′′ .

Si
nc

e
q(
P

)
>
F

(P
),

w
e

ha
ve
X
∪
{q

(P
)}
⊆
〈P
〉a

nd
,

si
nc

e
q(
P

)
>

m
ax
P

,
w

e
ha

ve
P
6⊆
X
∪
{q

(P
)}

.
W

e
m

ay
co

nc
lu

de
fr

om
(1

7)
th

at
〈 X
∪
{q

(P
)}
〉
⊂
〈P
〉a

nd
,t

he
re

fo
re

,
L
′′
⊂
L

.
T

hu
s,
L
′′

is
a

pr
op

er
su

bs
et

of
L

w
hi

ch
co

nt
ai

ns
S

.
B

ec
au

se
X

=
{a

2
,.
..
,a
k
}

an
d
q(
P

)
is

a
pr

im
e

th
at

is
gr

ea
te

r
th

an
m

ax
P

,
it

fo
llo

w
s

th
at

gc
d
(X
∪
{q

(P
)}

)
=

1
.

In
co

m
bi

na
tio

n
w

ith
(2

1)
,

it
ea

si
ly

fo
llo

w
s

no
w

th
at
L
′′
∈

N
E

-C
F

-L
IN

S
E

T
[N

].
Pu

tti
ng

ev
er

yt
hi

ng
to

ge
th

er
,w

e
ar

riv
e

at
a

co
nt

ra
di

ct
io

n
to

th
e

as
su

m
pt

io
n

(A
).

C
as

e
2:

X
6⊆
{a

2
,.
..
,a
k
}.

If
r i

=
0

fo
ri

=
1,
..
.,
k
−

1
,t

he
n

ea
ch
x
i

is
a

m
ul

tip
le

of
a

.I
n

th
is

ca
se

,N
+
〈 a
,q

(P
)〉

is
a

pr
op

er
su

bs
et

of
L

=
N

+
〈P
〉t

ha
ti

s
co

ns
is

te
nt

w
ith

S
,w

hi
ch

yi
el

ds
a

co
nt

ra
di

ct
io

n.
W

e
m

ay
th

er
ef

or
e

as
su

m
e

th
at

th
er

e
ex

is
ts
i′
∈
{1
,.
..
,k
−

1
}

su
ch

th
at
r i
′
6=

0
.

Fr
om

th
e

ca
se

as
su

m
pt

io
n,
X
6⊆
{a

2
,.
..
,a
k
},

it
fo

llo
w

s
th

at
th

er
e

m
us

te
xi

st
an

in
de

x
i′′
∈
{1
,.
..
,k
−

1
}

su
ch

th
at
q i
′′
≥

1
or
t r
i′
′
/∈
{a

2
,.
..
,a
k
}.

Fo
r
i

=
1
,.
..
,k
−

1
,

le
t
q′ i

=
m

in
{q
i,

1
}

an
d
x
′ i

=
q′ i
a

+
t r
i
.

N
ot

e
th

at
q′ i
′′

=
1

iff
q i
′′
≥

1.
D

efi
ne
L
′′

=
N

+
〈 X
′〉

fo
r
X
′

=
{a
,x
′ 1,
..
.,
x
′ k−

1
}

an
d

ob
se

rv
e

th
e

fo
llo

w
in

g.
Fi

rs
t,

th
e

se
tL
′′

cl
ea

rl
y

co
nt

ai
ns
S

.
Se

co
nd

,
th

e
ch

oi
ce

of
x
′ 1,
..
.,
x
′ k−

1
im

pl
ie

s
th

at
X
′
⊆
〈P
〉.

T
hi

rd
,i

te
as

ily
fo

llo
w

s
fr

om
q′ i
′′

=
1

or
t r
i′
′
/∈
{a

2
,.
..
,a
k
}

th
at
P
6⊆
{a
,x
′ 1,
..
.,
x
′ k−

1
}.

W
e

m
ay

co
nc

lu
de

fr
om

(1
7)

th
at
〈 X
′〉
⊂

〈P
〉a

nd
,t

he
re

fo
re

,L
′′
⊂
L

.T
hu

s,
L
′′

is
a

pr
op

er
su

bs
et

of
L

w
hi

ch
co

nt
ai

ns
S

.S
in

ce
r i
′
6=

0
an

d
a

is
a

pr
im

e,
it

fo
llo

w
s

th
at

gc
d
(a
,x
′ i′)

=
1

an
d,

th
er

ef
or

e,
gc

d
(X
′ )

=
1

.I
n

co
m

bi
na

tio
n

w
ith

(2
1)

,i
te

as
ily

fo
llo

w
s

no
w

th
at
L
′′
∈

N
E

-C
F

-L
IN

S
E

T
[N

].
Pu

tti
ng

ev
er

yt
hi

ng
to

ge
th

er
,

w
e

ob
ta

in
ag

ai
n

a
co

nt
ra

di
ct

io
n

to
th

e
as

su
m

pt
io

n
(A

).

Fo
rt

he
sa

ke
of

br
ev

ity
,l

et
L

=
N

E
-C

F
-L

IN
S
E

T
′ .

A
ss

um
e

by
w

ay
of

co
nt

ra
di

ct
io

n
th

at
th

er
e

ex
is

ts
a

po
si

tiv
e

m
ap

pi
ng

T
of

or
de

r
k

th
at

is
ad

m
is

si
bl

e
fo

r
L k

.
W

e
w

ill
pu

rs
ue

th
e

fo
llo

w
in

g
st

ra
te

gy
:

1.
W

e
de

fin
e

a
se

tL
∈
L k

of
th

e
fo

rm
L

=
N

+
p

+
〈1
〉.

2.
W

e
de

fin
e

a
se

co
nd

se
tL
′ =

N
+
〈G
〉∈
L

th
at

is
(k
,N

)-
sp

ec
ia

la
nd

co
ns

is
te

nt
w

ith
T
+

(L
).

M
or

eo
ve

r,
L
′ \
L

=
{N
}.

If
th

is
ca

n
be

ac
hi

ev
ed

,t
he

n
th

e
pr

oo
fw

ill
be

ac
co

m
pl

is
he

d
as

fo
llo

w
s:

•
A

cc
or

di
ng

to
L

em
m

a
41

,T
+

(L
′ )

m
us

tc
on

ta
in

at
le

as
tk

ex
am

pl
es

(a
ll

of
w

hi
ch

ar
e

di
ff

er
en

t
fr

om
N

)f
or

di
st

in
gu

is
hi

ng
L
′ f

ro
m

al
li

ts
pr

op
er

su
bs

et
s

in
L k

[N
].

•
Si

nc
e
L
′

is
co

ns
is

te
nt

w
ith

T
+

(L
),

th
e

se
t
T
+

(L
′ )

m
us

t
co

nt
ai

n
an

ex
am

pl
e

w
hi

ch
di

st
in

-
gu

is
he

s
L
′ f

ro
m
L

.B
ut

th
e

on
ly

ex
am

pl
e

w
hi

ch
fit

s
th

is
pu

rp
os

e
is

(N
,+

).

•
T

he
di

sc
us

si
on

sh
ow

s
th

at
T
+

(L
′ )

m
us

tc
on

ta
in
k

ex
am

pl
es

in
or

de
r

to
di

st
in

gu
is

h
L
′ f

ro
m

al
li

ts
pr

op
er

su
bs

et
s

in
L k

pl
us

on
e

ad
di

tio
na

le
xa

m
pl

e,
N

,n
ee

de
d

to
di

st
in

gu
is

h
L
′ f

ro
m
L

.

•
W

e
ob

ta
in

a
co

nt
ra

di
ct

io
n

to
ou

ri
ni

tia
la

ss
um

pt
io

n
th

at
T
+

is
of

or
de

rk
.
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G
A

O
E

T
A

L
.

W
e

st
ill

ha
ve

to
de

sc
ri

be
ho

w
ou

r
pr

oo
f

st
ra

te
gy

ca
n

ac
tu

al
ly

be
im

pl
em

en
te

d.
W

e
st

ar
t

w
ith

th
e

de
fin

iti
on

of
L

.
Pi

ck
th

e
sm

al
le

st
pr

im
e
p
≥
k

+
1

.
T

he
n
{p
,p

+
1
,.
..
,p

+
k
}

is
in

de
pe

nd
en

t.

L
et
M

=
F

({
p
,p

+
1
})

(1
8
)

=
p
(p

+
1)
−
p
−

(p
+

1)
.

A
n

ea
sy

ca
lc

ul
at

io
n

sh
ow

s
th

at
k
≥

2
an

d
p
≥
k

+
1

im
pl

y
th

at
M
≥
p

+
k

.
L

et
I

=
{p
,p

+
1
,.
..
,M
}.

C
ho

os
e
N

la
rg

e
en

ou
gh

so
th

at
al

l
co

nc
ep

ts
of

th
e

fo
rm

N
+
〈P
〉

w
he

re
|P
|=

k
,
p

=
m

in
P

an
d
P
⊆
I

ar
e

(k
,N

)-
sp

ec
ia

l.
W

ith
th

es
e

ch
oi

ce
so

fp
an

d
N

,l
et
L

=
N

+
p
+
〈1
〉.

N
ot

e
th

at
N

+
p
,N

+
p
+

1
∈

T
+

(L
)

be
ca

us
e,

ot
he

rw
is

e,
on

e
of

th
e

co
nc

ep
ts
N

+
p

+
1

+
〈1
〉,
N

+
p

+
〈2
,3
〉⊂

L
w

ou
ld

be
co

ns
is

te
nt

w
ith
T
+

(L
)

w
he

re
as
T
+

(L
)

m
us

td
is

tin
gu

is
h
L

fr
om

al
li

ts
pr

op
er

su
bs

et
s

in
L k

.S
et

tin
g

A
=
{x

:
N

+
x
∈
T
+

(L
)}

,i
tf

ol
lo

w
s

th
at
|A
|=
|T

+
(L

)|
≤
k

an
d
p
,p

+
1
∈
A

.
T

he
se

tA
is

no
tn

ec
es

sa
ri

ly
in

de
pe

nd
en

tb
ut

it
co

nt
ai

ns
an

in
de

pe
nd

en
ts

ub
se

tB
su

ch
th

at
p
,p

+
1
∈
B

an
d

〈A
〉=
〈B
〉.

Si
nc

e
M

=
F

({
p
,p

+
1
})

,i
tf

ol
lo

w
s

th
at

an
y

in
te

ge
r

gr
ea

te
r

th
an
M

is
co

nt
ai

ne
d

in
〈p
,p

+
1
〉.

Si
nc

e
B

is
an

in
de

pe
nd

en
te

xt
en

si
on

of
{p
,p

+
1}

,i
tc

an
no

tc
on

ta
in

an
y

in
te

ge
rg

re
at

er
th

an
M

.
It

fo
llo

w
s

th
at
B
⊆
I

.
C

le
ar

ly
,|
B
|≤

k
an

d
gc

d
(B

)
=

1.
W

e
w

ou
ld

lik
e

to
tr

an
sf

or
m
B

in
to

an
ot

he
rg

en
er

at
in

g
sy

st
em

G
⊆
I

su
ch

th
at

〈B
〉⊆
〈G
〉,

gc
d
(G

)
=

1
an

d
|G
|=

k
.

If
|B
|=

k
,w

e
ca

n
si

m
pl

y
se

tG
=
B

.I
f|
B
|<

k
,t

he
n

w
e

m
ak

e
us

e
of

th
e

el
em

en
ts

in
th

e
in

de
pe

n-
de

nt
se

t{
p
,p

+
1,
..
.,
p

+
k
}
⊆
I

an
d

ad
d

th
em

,o
ne

af
te

rt
he

ot
he

r,
to
B

(t
he

re
by

re
m

ov
in

g
ot

he
r

el
em

en
ts

fr
om

B
w

he
ne

ve
r

th
ei

r
re

m
ov

al
le

av
es
〈B
〉i

nv
ar

ia
nt

)
un

til
th

e
re

su
lti

ng
se

tG
co

nt
ai

ns
k

el
em

en
ts

.W
e

no
w

de
fin

e
th

e
se

tL
′ b

y
se

tti
ng
L
′ =

N
+
〈G
〉.

Si
nc

e
G
⊆
I

=
{p
,p

+
1,
..
.,
M
},

an
d
p
,p

+
1
∈
G

,i
tf

ol
lo

w
s

th
at
p

=
m

in
G

,g
cd

(G
)

=
1

an
d

m
in

(L
′ \
{N
})

is
N

+
p

.
T

hu
s,

L
′ \
L

=
{N
},

as
de

si
re

d.
M

or
eo

ve
r,

si
nc

e
N

ha
d

be
en

ch
os

en
la

rg
e

en
ou

gh
,t

he
se

tL
′ i

s
(k
,N

)-
sp

ec
ia

l.
T

hu
s
L

an
d
L
′

ha
ve

al
l

pr
op

er
tie

s
th

at
ar

e
re

qu
ir

ed
by

ou
r

pr
oo

f
st

ra
te

gy
an

d
th

e
pr

oo
f

of
(1

3)
is

co
m

pl
et

e.

A
.3

.3
P

R
O

O
F

O
F

(1
4)

,(
15

),
A

N
D

(1
6)

W
e

m
ak

e
us

e
of

so
m

e
w

el
lk

no
w

n
(a

nd
tr

iv
ia

l)
lo

w
er

bo
un

ds
on

T
D
m
in

:

E
xa

m
pl

e
5

Fo
r

ev
er

y
k
∈
N

,l
et

[k
]

=
{1
,2
,.
..
,k
},

le
t2

[k
]

de
no

te
th

e
po

w
er

se
to

f[
k
]

an
d,

fo
r

al
l

`
=

0,
1,
..
.,
k

,l
et

( [k
] `

)
=
{S
⊆

[k
]
:
|S
|=

`}

de
no

te
th

e
cl

as
s

of
th

os
e

su
bs

et
s

of
[k

]
th

at
ha

ve
ex

ac
tly
`

el
em

en
ts

.I
ti

s
tr

iv
ia

lt
o

ve
ri

fy
th

at

T
D
m
in

( 2
[k
])

=
k

an
d

T
D
m
in

(
( [k

] `

))
=

m
in
{`
,k
−
`}

.

In
vi

ew
of

P
B

T
D

+
(L

IN
S
E

T
k
)

=
k

,t
he

ne
xt

re
su

lts
sh

ow
th

at
ne

ga
tiv

e
ex

am
pl

es
ar

e
of

lim
ite

d
he

lp
on

ly
as

fa
ra

s
pr

ef
er

en
ce

-b
as

ed
te

ac
hi

ng
of

co
nc

ep
ts

fr
om

L
IN

S
E

T
k

is
co

nc
er

ne
d:
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P
R

E
F

E
R

E
N

C
E-B

A
S

E
D

T
E

A
C

H
IN

G

L
em

m
a

42
For

every
k
≥

1
and

for
all

`
=

0,...,k−
1,let

L
k

=
{〈k

,p
1 ,...,p

k−
1 〉

:
p
i ∈
{k

+
i,2k

+
i}}

,

L
k
,`

=
{{〈k

,p
1 ,...,p

k−
1 〉∈

L
k

:
|{i

:
p
i

=
k

+
i}|

=
`}

.

W
ith

this
notation,the

follow
ing

holds:

T
D
m
in

(L
k )≥

k−
1

and
T

D
m
in

(L
k
,` )≥

m
in{

`,k−
1−

`}
.

Proof
For

k
=

1,
the

assertion
in

the
lem

m
a

is
vacuous.

Suppose
therefore

that
k
≥

2.
A

n
inspection

ofthe
generators

k
,p

1 ,...,p
k−

1
w

ith
p
i ∈
{k

+
i,2k

+
i}

show
s

that

L
k

=
{
L
k
,S

:
S
⊆
{k

+
1
,k

+
2
,...,2

k−
1}}

L
k
,`

=
{
L
k
,S

:
(S
⊆
{k

+
1
,k

+
2
,...,2k−

1})∧
(|S|

=
`)}

w
here

L
k
,S

=
{0
,k}∪

{
2
k
,2
k

+
1
,...}∪

S
.

N
ote

thatthe
exam

ples
in{0

,1
,...,k}∪

{2
k
,2k

+
1,...,}

are
redundantbecause

they
do

notdis-
tinguish

betw
een

distinct
concepts

from
L
k .

T
he

only
useful

exam
ples

are
therefore

contained
in

the
interval{

k
+

1,k
+

2,...,2k
−

1}.
From

this
discussion,

it
follow

s
that

teaching
the

concepts
ofL

k
(resp.

ofL
k
,` )

is
not

essentially
different

from
teaching

the
concepts

of
2
[k−

1
]

(resp.of (
[k−

1
]

`

) ).
T

his
com

pletes
the

proof
of

the
lem

m
a

because
w

e
know

from
E

xam
ple

5
that

T
D
m
in

(2
[k−

1
])

=
k−

1
and

T
D
m
in ((

[k−
1
]

`

) )
=

m
in{`,k−

1−
`}.

W
e

claim
now

thatthe
inequalities

(14),(15)and
(16)are

valid,i.e.,w
e

claim
thatthe

follow
ing

holds:

1.
P

B
T

D
(C

F
-L

IN
S
E

T
k )≥

k−
1.

2.
P

B
T

D
(N

E
-C

F
-L

IN
S
E

T
k )≥

b(k−
1)/2c.

3.
P

B
T

D
(N

E
-C

F
-L

IN
S
E

T
′k )≥

k−
1.

Proof
For

k
=

1,the
inequalities

are
obviously

valid.Suppose
therefore

that
k
≥

2.

1.
Since

g
cd

(k
,k

+
1)

=
gcd

(k
,2
k

+
1)

=
1,

it
follow

s
thatL

k
is

a
finite

subclass
of

C
F

-L
IN

S
E

T
k .T

hus
P

B
T

D
(C

F
-L

IN
S
E

T
k )≥

P
B

T
D

(L
k )≥

T
D
m
in

(L
k )≥

k−
1.

2.
D

efine
L
k [N

]
=
{N

+
L

:
L
∈
L
k }

and
L
k
,` [N

]
=
{
N

+
L

:
L
∈
L
k
,` }.

C
learly

T
D
m
in

(L
k [N

])
=

T
D
m
in

(L
k )

and
T

D
m
in

(L
k
,` [N

])
=

T
D
m
in

(L
k
,` )

holds
for

every
N
≥

0.
It

follow
s

that
the

low
er

bounds
in

L
em

m
a

42
are

also
valid

for
the

classesL
k [N

]
and

L
k
,` [N

]in
place

ofL
k

andL
k
,` ,respectively.L

et

N
(k

)
=
k
2+

(k−
1−
b(k−

1)/2c)k
+
k−

1
∑i=

1

i
=
k
2+

(k−
1−
b(k−

1)/2c)k
+

12
(k−

1)k
.

(22)
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G
A

O
E

T
A

L.

Itsuffices
to

show
that

N
(k

)
+
L
k
,b(k−

1
)/
2c

is
a

finite
subclass

of
N

E
-C

F
-L

IN
S
E

T
k .To

this
end,firstnote

that〈k
,p

1 ,...,p
k−

1 〉
+

=
k

+
k−

1
∑i=

1

p
i
+
〈k
,p

1 ,...,p
k−

1 〉
.

C
all
p
i “light”

if
p
i

=
k

+
i

and
callit“heavy”

if
p
i

=
2k

+
i.

N
ote

thata
concept

L
from

N
(k

)
+
L
k
,`

is
ofthe

generalform

L
=
N

(k
)

+
〈k
,p

1 ,...,p
k−

1 〉
(23)

w
ith

exactly
`

lightparam
etersam

ong
p
1 ,...,p

k−
1 .A

straightforw
ard

calculation
show

sthat,
for

`
=
b(k−

1)/
2c,the

sum
k

+
∑

k−
1

i=
1
p
i equals

the
num

ber
N

(k
)

as
defined

in
(22).T

hus,
the

conceptL
from

(23)w
ith

exactlyb(k−
1)/2c

lightparam
eters

am
ong{

p
1 ,...,p

k−
1 }

can
be

rew
ritten

as
follow

s:

L
=
N

(k
)

+
〈k
,p

1 ,...,p
k−

1 〉
=
〈k
,p

1 ,...,p
k−

1 〉
+
.

T
his

show
s

that
L
∈

N
E

-C
F

-L
IN

S
E

T
k .A

s
L

is
a

conceptfrom
N

(k
)
+
L
k
,b(k−

1
)/
2c

in
gen-

eralform
,w

e
m

ay
conclude

thatN
(k

)+
L
k
,b(k−

1
)/
2c isa

finite
subclassof

N
E

-C
F

-L
IN

S
E

T
k ,

as
desired.

3.
T

he
proof

of
the

third
inequality

is
sim

ilar
to

the
above

proof
of

the
second

one.
Itsuffices

to
show

that,
for

every
k
≥

2,
there

exists
N
∈
N

such
that

N
+
L
k

is
a

subclass
of

N
E

-C
F

-L
IN

S
E

T
′k .

To
this

end,
w

e
set

N
=

3
k
2.

A
concept

L
from

3
k
2

+
L
k

is
of

the
generalform

L
=

3k
2

+
〈k
,p

1 ,...,p
k−

1 〉
w

ith
p
i ∈
{k

+
i,2k

+
i}

(butw
ithoutcontroloverthe

num
beroflightparam

eters).Itis
easy

to
see

thatthe
constant

3
k
2

is
large

enough
so

that
L

can
be

rew
ritten

as

L
=

3k
2−


k

+
k−

1
∑i=

1

p
i 

+
〈k
,p

1 ,...,p
k−

1 〉
+

w
here

3
k
2−

(
k

+
∑

k−
1

i=
1
p
i )
≥

0.
T

his
show

s
that

L
∈

N
E

-C
F

-L
IN

S
E

T
′k .

A
s
L

is
a

conceptfrom
3
k
2

+
L
k

in
generalform

,w
e

m
ay

conclude
that

3k
2

+
L
k

is
a

finite
subclass

of
N

E
-C

F
-L

IN
S
E

T
′k ,as

desired.
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m
in

g
o
n
ly

m
il
d

co
n
d
it

io
n
s—

ex
is

te
n
ce

of
so

m
e

m
om

en
ts

,
st

at
io

n
ar

it
y,

an
d

th
e

d
ec

ay
of

te
m

p
o
ra

l
d
ep

en
d
en

ce
as

d
at

a
p

oi
n
ts

b
ec

om
e

w
id

el
y

se
p
ar

at
ed

in
ti

m
e.

W
e

gi
ve

ap
p
li
ca

ti
o
n
s

in
S
ec

ti
o
n

6
.

O
u
r

go
al

in
th

is
p
ap

er
is

to
p
ro

v
id

e
ge

n
er

al
b

ou
n
d
s

fo
r

co
m

m
on

ti
m

e-
se

ri
es

m
o
d
el

s
w

it
h

u
n
b

ou
n
d
ed

lo
ss

fu
n
ct

io
n
s,

n
o

ex
p
li
ci

t
re

gu
la

ri
za

ti
on

,
an

d
p

ot
en

ti
al

d
ep

en
d
en

ce
o
n

th
e

en
ti

re
ty

of
th

e
ob

se
rv

ed
d
at

a.
T

h
e

b
ou

n
d
s

w
e

d
er

iv
e

h
er

e
ar

e
re

le
va

n
t

fo
r

th
e

ti
m

e-
se

ri
es

m
o
d
el

s
ty

p
ic

al
ly

u
se

d
in

ap
p
li
ed

se
tt

in
gs

—
fi
n
an

ce
,

ec
o
n
om

ic
s,

en
gi

n
ee

ri
n
g,

et
c.

—
a
s

w
el

l
a
s

co
ve

ri
n
g

m
o
d
el

s
m

or
e

co
m

m
on

in
m

ac
h
in

e
le

ar
n
in

g.
In

p
ar

ti
cu

la
r,

w
e

d
er

iv
e

re
su

lt
s

fo
r

n
on

-l
in

ea
r

m
o
d
el

s
w

h
ic

h
d
ep

en
d

on
ly

on
a

fi
x
ed

q
u
an

ti
ty

of
re

ce
n
t

d
at

a
a
n
d

li
n
ea

r
ti

m
e

in
va

ri
an

t
sy

st
em

s,
st

at
e-

sp
ac

e
m

o
d
el

s,
w

h
ic

h
u
se

th
e

en
ti

re
p
as

t
to

p
re

d
ic

t
n
ew

d
a
ta

.
T

h
es

e
re

su
lt

s
h
ow

ev
er

d
o

n
ot

co
ve

r,
e.

g.
H

M
M

s
in

th
e

st
ri

ct
es

t
se

n
se

,
a
s

th
ey

re
q
u
ir

e
a
b
so

lu
te

ly
co

n
ti

n
u
ou

s
la

te
n
t

st
at

es
ra

th
er

th
an

d
is

cr
et

e
va

lu
ed

on
es

.

T
h
e

re
m

ai
n
d
er

of
th

is
p
ap

er
is

st
ru

ct
u
re

d
as

fo
ll
ow

s.
S
ec

ti
on

2
p
ro

v
id

es
m

o
ti

va
ti

o
n

a
n
d

b
ac

k
gr

ou
n
d

fo
r

ou
r

re
su

lt
s,

gi
v
in

g
in

tu
it

io
n

in
th

e
i.
i.
d
.

se
tt

in
g

b
y

fo
cu

si
n
g

on
co

n
ce

n
tr

a
ti

o
n

of
m

ea
su

re
id

ea
s

an
d

ch
ar

ac
te

ri
za

ti
on

s
of

m
o
d
el

co
m

p
le

x
it

y.
S
ec

ti
on

3
gi

ve
s

th
e

ex
p
li
ci

t
as

su
m

p
ti

on
s

w
e

m
ak

e
an

d
d
es

cr
ib

es
h
ow

to
le

ve
ra

ge
p

ow
er

fu
l

id
ea

s
fr

om
ti

m
e

se
ri

es
to

g
en

-
er

al
iz

e
th

e
i.
i.
d
.

m
et

h
o
d
s.

S
ec

ti
on

4
in

tr
o
d
u
ce

s
li
n
ea

r
ti

m
e-

in
va

ri
an

t
sy

st
em

s
a
n
d

d
is

cu
ss

es
h
ow

su
ch

fo
re

ca
st

er
s

ar
e

d
iff

er
en

t
fr

om
,

e.
g.

,
au

to
re

gr
es

si
ve

m
o
d
el

s.
S
ec

ti
o
n

5
st

a
te

s
a
n
d

p
ro

ve
s

ri
sk

b
ou

n
d
s

fo
r

th
e

ti
m

e-
se

ri
es

fo
re

ca
st

in
g

se
tt

in
g,

w
h
il
e

w
e

d
em

on
st

ra
te

h
ow

to
u
se

th
e

re
su

lt
s

in
S
ec

ti
on

6
an

d
gi

ve
so

m
e

p
ro

p
er

ti
es

of
th

os
e

re
su

lt
s

in
S
ec

ti
on

7
.

F
in

a
ll
y,

S
ec

-
ti

on
8

co
n
cl

u
d
es

an
d

il
lu

st
ra

te
s

th
e

p
at

h
to

w
ar

d
ge

n
er

al
iz

in
g

ou
r

m
et

h
o
d
s

to
m

o
re

el
a
b

o
ra

te
m

o
d
el

cl
as

se
s.

1
.1

R
e
la

te
d

W
o
rk

Y
u

(1
99

4)
an

d
N

ob
el

an
d

D
em

b
o

(1
99

3)
sh

ow
ed

th
at

it
w

as
p

os
si

b
le

to
tr

an
sf

er
so

m
e

i.
i.
d
.

re
su

lt
s

to
β

-m
ix

in
g

se
q
u
en

ce
s,

al
b

ei
t

w
it

h
ou

t
ex

p
li
ci

t
ra

te
s

of
co

n
ve

rg
en

ce
(c

.f
.

V
id

ya
sa

g
a
r,

20
03

,
§3

.4
).

K
ar

an
d
ik

ar
an

d
V

id
y
as

ag
ar

(2
00

2)
;

M
ei

r
(2

00
0)

;
V

id
ya

sa
ga

r
(2

0
0
3
)

p
re

se
n
te

d

2
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L
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N
o
n
pa

r
a
m
e
t
r
ic

R
isk

B
o
u
n
d
s
f
o
r
T
im

e
-S
e
r
ie
s

b
o
u
n
d
s

fo
r

m
o
d
el

classes
w

ith
fi
n
ite

coverin
g

n
u
m

b
ers

(a
su

ffi
cien

t
con

d
ition

for
w

h
ich

is
fi
n
ite

V
C

-d
im

en
sion

of
a

related
class)

b
u
t

ad
d
ition

ally
req

u
ire

th
atY

is
com

p
act

an
d
`

is
b

o
u
n
d
ed

.
E

a
rly

w
ork

in
sign

al
p
ro

cessin
g

(M
o
d
h
a

an
d

M
asry

,
1998)

p
rop

oses
p
red

ictors
b
a
sed

o
n

seq
u
en

ces
of

p
aram

etric
m

o
d
els

of
in

creasin
g

m
em

ory
w

h
ich

m
in

im
ize

a
com

p
lex

-
ity

reg
u
la

rized
least

sq
u
ares

criterion
an

d
estab

lish
th

at
th

ese
p
red

ictors
d
eliver

th
e

sam
e

sta
tistica

l
p

erfo
rm

an
ce

as
oracle

p
red

ictors.
S
tein

w
art

an
d

C
h
ristm

an
n

(20
09)

p
rove

an
or-

a
cle

in
eq

u
a
lity

regu
larized

E
R

M
algo

rith
m

s
w

h
en

ob
servatio

n
s

are
α

-m
ix

in
g

w
h
ich

are
close

to
th

e
o
p
tim

a
l

i.i.d
.

rates.
M

oh
ri

an
d

R
ostam

izad
eh

(2009)
give

resu
lts

u
sin

g
R

ad
em

ach
er

co
m

p
lex

ity
w

h
ich

are
b

oth
tigh

ter
th

an
th

ose
u
sin

g
V

C
-d

im
en

sio
n

or
cov

erin
g

n
u
m

b
ers

as
w

ell
a
s

b
ein

g
co

m
p
u
tab

le
from

th
e

d
ata

in
m

an
y

cases.
M

oh
ri

an
d

R
ostam

izad
eh

(2010)
an

d
A

g
a
rw

a
l

a
n
d

D
u
ch

i
(2013)

con
sid

er
an

oth
er

fam
ily

of
b

ou
n
d
s

for
φ

-m
ix

in
g

an
d
β

-m
ix

in
g

seq
u
en

ces
w

h
en

th
e

p
red

ictors
are

algorith
m

ically
stab

le.
M

an
y

classes
o
f

com
m

on
m

ach
in

e
lea

rn
in

g
a
lg

o
rith

m
s

are
am

en
ab

le
to

eith
er

R
ad

em
ach

er
or

algorith
m

ic-stab
ility

b
ou

n
d
s:

K
ern

el-reg
u
larized

m
eth

o
d
s,

su
p
p

ort-v
ector

m
ach

in
es,

relative-en
trop

y
b
ased

regu
lariza-

tio
n
,

a
n
d

kern
el

rid
ge

regression
am

on
g

oth
ers.

H
ow

ever,
m

eth
o
d
s

com
m

on
to

tim
e-series

su
ch

a
s

A
R

m
o
d
els,

A
R

IM
A

m
o
d
els,

A
R

C
H

an
d

G
A

R
C

H
m

o
d
els

(E
n
gle,

1982,
2001),

state-
sp

a
ce

m
o
d
els,

a
n
d

oth
er

B
ox

-J
en

k
in

s
ty

p
e

p
red

ictors
are

n
ot

b
ecau

se
th

ey
are

n
ot

ex
p
licitly

reg
u
la

rized
,

th
e

loss
fu

n
ction

s
are

n
ot

b
ou

n
d
ed

,
an

d
th

e
p
red

iction
s

can
d
ep

en
d

on
m

ore
th

an
sim

p
ly

a
fi
x
ed

d
im

en
sion

al
p
ast.

M
cD

o
n
ald

et
al.

(2011b
)

sh
ow

s
th

at
station

arity
alo

n
e

ca
n

b
e

u
sed

to
im

p
ose

a
kern

el-ty
p

e
regu

larization
on

an
A

R
m

o
d
el,

an
d

h
en

ce,
follow

in
g

th
e

resu
lts

o
f

M
oh

ri
an

d
R

ostam
izad

eh
(2009),

is
a
m

en
ab

le
to

R
ad

em
ach

er
com

p
lex

ity
for

a
b

o
u
n
d
ed

lo
ss

fu
n
ction

.

O
th

er
d
ep

en
d
en

ce
con

d
ition

s
ap

art
from

station
ary

an
d

stro
n
g

m
ix

in
g

are
also

co
n
sid

-
ered

in
th

e
literatu

re.
A

lq
u
ier

et
al.

(2012)
d
evelop

oracle
in

eq
u
alities

an
d

m
o
d
el

selection
p
ro

ced
u
res

fo
r

lin
ear

m
o
d
els,

n
eu

ral
n
etw

ork
s,

an
d

n
on

-p
aram

etric
au

toregression
s

w
h
en

o
b
servatio

n
s

co
m

e
from

cau
sal

B
ern

ou
lli

sh
ifts

or
b

ou
n
d
ed

,
w

eak
ly

-d
ep

en
d
en

t
p
ro

cesses.
U

n
d
er

th
e

sa
m

e
w

eak
-d

ep
en

d
en

ce
con

d
ition

s,
A

lq
u
ier

et
al.

(2014)
ex

ten
d
s

th
is

resu
lt

to
co

n
vex

L
ip

sch
itz

loss
fu

n
ction

s
an

d
ex

am
in

es
forecastin

g
of

th
e

F
ren

ch
G

D
P

.
F

in
ally,

recen
t

w
ork

b
y

K
u
zn

etsov
an

d
M

oh
ri

(2014)
ex

am
in

es
b

oth
average-p

ath
gen

eralization
a
n
d

p
ath

-
d
ep

en
d
en

t
g
en

eralization
for

certain
ty

p
es

of
n
on

-station
ary

m
ix

in
g

p
ro

cesses
an

d
d
erives

R
a
d
em

a
ch

er
co

m
p
lex

ity
b

ou
n
d
s.

2
.
S
ta
tistica

l
L
e
a
rn

in
g
T
h
e
o
ry

fo
r
I.I.D

.
D
a
ta

O
u
r

g
o
a
l
is

to
con

trol
th

e
risk

of
p
red

ictive
m

o
d
els,

th
at

is,
th

eir
ex

p
ected

in
accu

racy
on

n
ew

d
a
ta

fro
m

th
e

sam
e

sto
ch

astic
sou

rce
as

th
e

d
ata

u
sed

to
fi
t

th
e

m
o
d
el.

T
o

orien
t

read
ers,

w
e

p
resen

t
so

m
e

stan
d
ard

resu
lts

for
i.i.d

.
d
ata,

w
h
ich

are
ad

ap
ted

to
th

e
d
ep

en
d
en

t
settin

g
in

S
ectio

n
5
.

L
et
f

:X
→
Y

b
e

som
e

fu
n
ction

u
sed

for
m

ak
in

g
p
red

iction
s

of
Y

from
X

.
W

e
d
efi

n
e

a
lo

ss
fu

n
ctio

n
`

:
Y
×
Y
→

R
+

w
h
ich

m
easu

res
th

e
cost

of
m

ak
in

g
p

o
or

p
red

iction
s.

T
h
ro

u
gh

ou
t

th
is

p
ap

er,
w

e
w

ill
assu

m
e

th
at

`(y
,y ′)

is
a

fu
n
ction

solely
of

th
e

d
iff

eren
ce

y−
y ′

w
h
ere

`(·)
is

n
on

n
egative

an
d
`(0)

=
0;

w
e

take
th

e
lib

erty
of

d
en

otin
g

th
at

fu
n
ction

`(y−
y ′).

T
h
en

th
e

risk
of

an
y

p
red

ictor
f
∈
F

(w
h
ere

f
is

fi
x
ed

in
d
ep

en
d
en

tly
of

th
e

d
ata)

3
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M
c
D
o
n
a
l
d
,
S
h
a
l
iz
i,
a
n
d

S
c
h
e
r
v
ish

is
giv

en
b
y

R
(f

)
=

E
[`

(Y
−
f

(X
))],

w
h
ere

(X
,Y

)∼
P

.
T

h
e

risk
or

gen
eralizatio

n
error

is
th

e
ex

p
ected

cost
o
f

u
sin

g
f

to
p
red

ict
Y

from
X

on
a

n
ew

ob
servation

.
S
in

ce
th

e
tru

e
d
istrib

u
tion

P
is

u
n
k
n
ow

n
,

so
is
R

(f
),

b
u
t

w
e

can
try

to
estim

ate
it

b
ased

on
ou

r
ob

served
d
ata.

T
h
e

tra
in

in
g

erro
r

or
em

p
irica

l
risk

of
f

is

R̂
n
(f

)
:=

1n

n
∑i=

1

`
(Y
i −

f
(X

i ))
.

In
oth

er
w

ord
s,

th
e

in
-sam

p
le

train
in

g
error,

R̂
n
(f

),
is

th
e

av
erag

e
loss

over
th

e
a
ctu

al
train

in
g

p
oin

ts.
F

or
an

y
given

f
,

w
e

can
b

ou
n
d
R

(f
)

in
term

s
of
R̂
n
(f

)
u
sin

g
d
ev

ia
tion

in
eq

u
alities,

as
illu

strated
b

elow
.

W
h
en

w
e

u
se

th
e

d
ata

to
ch

ose
an

f̂
from

F
,

w
e

w
ou

ld
lik

e
to

b
ou

n
d
R

(f̂
).

T
o

d
o

so,
w

e
m

u
st

con
sid

er
n
ot

ju
st
R̂
n
(f̂

),
b
u
t

also
th

e
size,

in
som

e
sen

se,
ofF

.
T

h
ere

are
a

n
u
m

b
er

of
m

easu
res

for
th

e
size

or
cap

acity
of

a
m

o
d
el

m
an

y
of

w
h
ich

lead
to

learn
in

g
th

eoretic
risk

b
ou

n
d
s.

A
lgorith

m
ic

stab
ility

(B
ou

sq
u
et

an
d

E
lisseeff

,
2002;

K
earn

s
an

d
R

on
,

1999)
q
u
an

tifi
es

th
e

sen
sitiv

ity
of

th
e

ch
osen

fu
n
ction

to
sm

all
p

ertu
rb

ation
s

to
th

e
d
ata.

S
im

i-
larly,

m
ax

im
al

d
iscrep

an
cy

(V
ap

n
ik

,
2000

)
ask

s
h
ow

d
iff

eren
t

th
e

p
red

iction
s

cou
ld

b
e

if
tw

o
fu

n
ction

s
are

ch
osen

u
sin

g
tw

o
sep

ara
te

d
ata

sets.
A

m
ore

d
irect,

fu
n
ction

al-an
aly

tic
ap

-
p
roach

p
artition

sF
in

to
eq

u
ivalen

ce
classes

u
n
d
er

som
e

m
etric,

lead
in

g
to

coverin
g

n
u
m

b
ers

(P
ollard

,
1984,

1990).
R

ad
em

ach
er

com
p
lex

ity
(B

a
rtlett

an
d

M
en

d
elson

,
2
002;

K
oltch

in
sk

ii
an

d
P

an
ch

en
ko,

2002)
d
irectly

d
escrib

es
a

m
o
d
el’s

ab
ility

to
fi
t

ran
d
om

n
oise.

W
e

fo
cu

s
on

a
m

easu
re

w
h
ich

is
b

oth
in

tu
itive

an
d

p
ow

erfu
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Ŷ
i ,

F
i

=
(Z
P̂
i Z
>

+
H

) −
1,

K
i

=
T
P̂
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p
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p
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p
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y
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d
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e
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d
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d
el

u
n
d
er

certain
con

d
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E
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=
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=
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b
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e
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con
d
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a
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‖P̂
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n
s

o
f

p
re

v
io

u
s

ob
-

se
rv

at
io

n
s.

In
th

is
ca

se
,
Ŷ

1
:n

+
1

=
S
Y

1
:n

w
h
er

e
th

e
p
re

d
ic

ti
on

w
ei

gh
ts

ar
e

g
iv

en
b
y

(S
) i
j

=
s i
j

=
s i
−
j−

1
=

{
Z

(T
−
K
Z

)i
−
j−

1
K

i
−
j
>

0

0
i
−
j
≤

0
(3

)

T
o

ar
ri

v
e

at
th

is
fo

rm
u
la

ti
on

,
si

m
p
ly

su
b
st

it
u
te
L
k

=
(T
−
K
Z

)
a
n
d
K
j

=
K

in
(2

).
N

ot
ic

e
in

p
ar

ti
cu

la
r

th
at

th
e

w
ei

gh
ts

d
ep

en
d

on
ly

on
th

e
d
iff

er
en

ce
i
−
j

fo
r

th
is

al
go

ri
th

m
.

T
h
e

n
ex

t
re

su
lt

sh
ow

s
th

at
th

e
p
re

d
ic

ti
on

w
ei

gh
ts

fo
r

th
e

tw
o

al
go

ri
th

m
s

co
n
ve

rg
e

ra
p
id

ly
.

L
e
m

m
a

9
If
λ

m
a
x
(T

)
<

1
a
n

d
H

po
si

ti
ve

d
efi

n
it

e.
T

h
en

,
‖s
ij
‖

=
O

(ρ
i−
j−

1
)

a
n

d
fo

r
j
<
i,

‖b
ij
−
s i
j
‖

=
O

(ρ
j
).

W
e

w
il
l

re
fe

r
to

th
e

cl
as

s
of

p
re

d
ic

to
rs

gi
ve

n
b
y

A
lg

or
it

h
m

1
as
F 1

an
d

th
os

e
gi

ve
n

b
y

A
lg

or
it

h
m

2
as
F 2

.

5
.
R
is
k
B
o
u
n
d
s

W
it

h
th

e
re

le
va

n
t

b
ac

k
gr

ou
n
d

in
p
la

ce
,

w
e

ca
n

p
u
t

th
e

p
ie

ce
s

to
ge

th
er

to
d
er

iv
e

ou
r

re
su

lt
s.

W
e

u
se

β
-m

ix
in

g
to

fi
n
d

ou
t

h
ow

m
u
ch

in
fo

rm
at

io
n

is
in

th
e

d
at

a
an

d
V

C
d
im

en
si

on
to

m
ea

su
re

th
e

ca
p
ac

it
y

of
th

e
st

at
e-

sp
ac

e
m

o
d
el

’s
p
re

d
ic

ti
on

fu
n
ct

io
n
s.

T
h
e

re
su

lt
is

a
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M
c
D
o
n
a
l
d
,
S
h
a
l
iz
i,
a
n
d

S
c
h
e
r
v
is
h

b
ou

n
d

on
th

e
ge

n
er

al
iz

at
io

n
er

ro
r

of
th

e
ch

os
en

fu
n
ct

io
n
f̂

.
A

ft
er

sl
ig

h
tl

y
m

o
d
if

y
in

g
th

e
d
efi

n
it

io
n

of
“r

is
k
”

to
fi
t

th
e

ti
m

e-
se

ri
es

fo
re

ca
st

in
g

sc
en

ar
io

an
d

st
at

in
g

n
ec

es
sa

ry
te

ch
n
ic

al
as

su
m

p
ti

on
s,

w
e

d
er

iv
e

ri
sk

b
ou

n
d
s

fo
r

tr
ad

it
io

n
al

ti
m

e-
se

ri
es

fo
re

ca
st

in
g

m
o
d
el

s.

5
.1

S
e
tu

p
a
n

d
A

ss
u

m
p

ti
o
n

s

W
e

ob
se

rv
e

a
fi
n
it

e
su

b
se

q
u
en

ce
of

ra
n
d
om

ve
ct

or
s
Y

1
:n

fr
om

a
p
ro

ce
ss
Y
∞

d
efi

n
ed

o
n

a
p
ro

b
ab

il
it

y
sp

ac
e

(Ω
,Σ
,P
∞

),
w

it
h
Y
i
∈

R
p
.

W
e

m
ak

e
th

e
fo

ll
ow

in
g

as
su

m
p
ti

o
n

o
n

th
e

p
ro

ce
ss

.

A
ss

u
m

p
ti

o
n

A
P ∞

is
a

st
a
ti

o
n

a
ry

,
β

-m
ix

in
g

p
ro

ce
ss

w
it

h
m

ix
in

g
co

effi
ci

en
ts
β
a
,
∀a

>
0.

1

U
n
d
er

st
at

io
n
ar

it
y,

th
e

m
ar

gi
n
al

d
is

tr
ib

u
ti

on
o
f
Y
t

is
th

e
sa

m
e

fo
r

al
l
t.

W
e

d
ea

l
m

a
in

ly
w

it
h

th
e

jo
in

t
d
is

tr
ib

u
ti

on
of
Y

1
:n

+
1
,

w
h
er

e
w

e
ob

se
rv

e
th

e
fi
rs

t
n

ob
se

rv
a
ti

o
n
s

a
n
d

tr
y

p
re

d
ic

ti
n
g
Y
n

+
1
.

F
or

th
e

re
m

ai
n
d
er

of
th

is
p
ap

er
,

w
e

w
il
l

ca
ll

th
is

jo
in

t
d
is

tr
ib

u
ti

o
n

P.
O

u
r

re
su

lt
s

ex
te

n
d

to
p
re

d
ic

ti
n
g

m
or

e
th

an
on

e
st

ep
ah

ea
d
,

b
u
t

th
e

n
o
ta

ti
o
n

b
ec

o
m

es
cu

m
b

er
so

m
e.

W
e

m
u
st

d
efi

n
e

ge
n
er

al
iz

at
io

n
er

ro
r

an
d

tr
ai

n
in

g
er

ro
r

sl
ig

h
tl

y
d
iff

er
en

tl
y

fo
r

ti
m

e
se

ri
es

th
an

in
th

e
i.
i.
d
.

se
tt

in
g.

U
si

n
g

th
e

sa
m

e
n
ot

io
n

of
lo

ss
fu

n
ct

io
n
s

as
b

ef
or

e,
w

e
co

n
si

d
er

p
re

d
ic

ti
on

fu
n
ct

io
n
s
f

:
R
n
×
p
→

R
p
.

T
h
e

fu
n
ct

io
n
f

m
ay

u
se

so
m

e
or

al
l

o
f

th
e

p
a
st

to
ge

n
er

at
e

p
re

d
ic

ti
on

s.
A

fu
n
ct

io
n

u
si

n
g

on
ly

th
e

m
os

t
re

ce
n
t
d

o
b
se

rv
at

io
n
s

a
s

in
p
u
ts

w
il
l

b
e

sa
id

to
h
av

e
fi

xe
d

m
em

o
ry

of
le

n
gt

h
d
.

O
th

er
fu

n
ct

io
n
s,

in
p
ar

ti
cu

la
r,

th
e

li
n
ea

r
ti

m
e-

in
va

ri
an

t
sy

st
em

s
w

e
d
is

cu
ss

b
el

ow
,

h
av

e
gr

o
w

in
g

m
em

o
ry

w
h
ic

h
m

ea
n
s

th
at
f

m
ay

u
se

a
ll

th
e

p
re

v
io

u
s

d
at

a
to

p
re

d
ic

t
th

e
n
ex

t
d
at

a
p

oi
n
t.

T
h
es

e
co

n
ce

p
ts

re
q
u
ir

e
u
s

to
st

a
te

w
it

h
so

m
e

ca
re

w
h
at

w
e

m
ea

n
b
y

p
re

d
ic

ti
on

fu
n
ct

io
n
s,

an
d

b
y

ti
m

e-
se

ri
es

tr
ai

n
in

g
er

ro
r

a
n
d

ri
sk

.

D
e
fi

n
it

io
n

1
0

(T
im

e
-s

e
ri

e
s

ri
sk

)

R
n
(f

)
:=

E[
`

(Y
n

+
1
−
f

(Y
1
:n

))
] .

T
h
e

ex
p

ec
ta

ti
on

is
ta

ke
n

w
it

h
re

sp
ec

t
to

th
e

jo
in

t
d
is

tr
ib

u
ti

on
P

an
d

th
er

ef
o
re

d
ep

en
d
s

on
n

.

D
e
fi

n
it

io
n

1
1

(T
im

e
-s

e
ri

e
s

tr
a
in

in
g

e
rr

o
r)

R̂
n
(f

)
:=

1

n
−
d

n ∑

i=
d
+

1

`
(Y
i
−
f

(Y
1
:i
−

1
))
.

In
or

d
er

to
m

ak
e

u
se

of
th

is
si

n
gl

e
d
efi

n
it

io
n

of
tr

ai
n
in

g
er

ro
r,

w
e

le
t
d
≥

0.
In

fi
x
ed

m
em

o
ry

ca
se

s—
sa

y
an

A
R

(2
)—

d
h
as

an
ob

v
io

u
s

m
ea

n
in

g,
an

d
f

(Y
1
:i
)

=
f

(Y
i−
d
+

1
:i
)

b
y

d
efi

n
it

io
n

o
f

fi
x
ed

m
em

or
y,

w
h
il
e

w
it

h
gr

ow
in

g
m

em
or

y,
d

=
0,

an
d

w
e

d
efi

n
e
Y

1
:0

:=
∅

.
T

o
co

n
tr

ol
th

e
ge

n
er

al
iz

at
io

n
er

ro
r

fo
r

ti
m

e-
se

ri
es

fo
re

ca
st

in
g,

w
e

m
ak

e
on

e
fi
n
a
l
a
ss

u
m

p
-

ti
on

,
ab

ou
t

th
e

p
os

si
b
le

m
ag

n
it

u
d
e

of
th

e
lo

ss
es

.
S
p

ec
ifi

ca
ll
y,

w
e

w
ea

ke
n

th
e

b
o
u
n
d
ed

lo
ss

as
su

m
p
ti

on
w

e
u
se

d
in

S
ec

ti
on

2
to

al
lo

w
fo

r
u
n
b

ou
n
d
ed

lo
ss

a
s

lo
n
g

as
w

e
re

ta
in

so
m

e
co

n
tr

ol
on

m
om

en
ts

of
th

e
lo

ss
.

1
.

In
o
rd

er
to

a
p

p
ly

th
e

re
su

lt
s,

o
n

e
m

u
st

ei
th

er
k
n

ow
β
a

fo
r

so
m

e
a

o
r

b
e

a
b

le
to

es
ti

m
a
te

it
w

it
h

su
ffi

ci
en

t
p

re
ci

si
o
n

a
n

d
a
cc

u
ra

cy
.

M
cD

o
n

a
ld

et
a
l.

(2
0
1
1
a
,

2
0
1
5
)

sh
ow

h
ow

to
es

ti
m

a
te

th
e

m
ix

in
g

co
effi

ci
en

ts
n

o
n

-
p

a
ra

m
et

ri
ca

ll
y,

b
a
se

d
o
n

a
si

n
g
le

sa
m

p
le

fr
o
m

th
e

p
ro

ce
ss

.
H

ow
ev

er
,
th

o
se

re
su

lt
s

(a
n

d
th

o
se

co
n
ta

in
ed

in
th

is
p

a
p

er
)

o
n

ly
a
p

p
ly

if
th

e
d

a
ta

g
en

er
a
ti

n
g

p
ro

ce
ss

is
β

-m
ix

in
g
,

a
n

a
ss

u
m

p
ti

o
n

th
a
t

ca
n

n
o
t

b
e

v
er

ifi
ed

.
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N
o
n
pa

r
a
m
e
t
r
ic

R
isk

B
o
u
n
d
s
f
o
r
T
im

e
-S
e
r
ie
s

A
ssu

m
p

tio
n

B
A

ssu
m

e
th

a
t

fo
r

a
ll
f
∈
F

a
n

d
a
ll
d
∈
N

Q
d (f

)
:=

√
E
P [`

(Y
d
+

1 −
f

(Y
1
:d ))

2 ]≤
M

<
∞
.

A
ssu

m
p
tio

n
B

w
ill

b
e

satisfi
ed

for
Y
i

su
b
-G

au
ssian

,
as

w
ell

as
oth

er
d
istrib

u
tio

n
s

w
ith

b
o
u
n
d
ed

seco
n
d

m
om

en
t.

T
h
ese

in
clu

d
e,

for
in

stan
ce,

h
eav

y
-tailed

L
év

y
n
oises

w
h
ere

th
e

ta
ils

o
f

th
e

p
d
f

d
ecay

faster
th

an
an

in
verse

cu
b
ic.

5
.2

F
ix

e
d

M
e
m

o
ry

W
e

ca
n

n
ow

sta
te

ou
r

resu
lts

giv
in

g
fi
n
ite

sam
p
le

risk
b

ou
n
d
s

for
th

e
p
rob

lem
of

tim
e-series

fo
reca

stin
g
.

W
e

b
egin

w
ith

th
e

fi
x
ed

m
em

ory
settin

g;
th

e
n
ex

t
section

w
ill

allow
th

e
m

em
ory

len
g
th

to
g
row

.

T
h

e
o
re

m
1
2

S
u

p
po

se
th

a
t

A
ssu

m
p
tio

n
A

a
n

d
A

ssu
m

p
tio

n
B

h
o
ld

,
th

a
t

th
e

m
od

el
cla

ssF
h
a
s

a
fi

xed
m

em
o
ry

len
gth

d
<
n

,
a
n

d
th

a
t

w
e

h
a
ve

a
sa

m
p
le
Y

1
:n

.
L

et
µ

a
n

d
a
>
d

be

in
tegers

su
ch

th
a
t

2
µ
a

+
d

=
n

. 2
T

h
en

,
fo

r
a
ll

0
<
ε
<

e
3
/
2

√
2

,

P

(
su

p
f∈F

R
n
(f

)−
R̂
n
(f

)

Q
d (f

)
>
ε )
≤

8G
(n
,C
`◦F

)
ex

p 
−
µ

ex
p (

W
(−

2
ε
2

e
4 )

+
4 )

4


+

2
µ
β
a−

d ,

w
h
ere

W
(·)

is
th

e
L

a
m

bert
W

fu
n

ctio
n

.

T
h
e

im
p
lica

tion
s

of
th

is
th

eorem
are

con
sid

erab
le.

G
iven

a
fi
n
ite

sam
p
le

of
len

gth
n

,
w

e
ca

n
say

th
a
t

w
ith

h
igh

p
rob

ab
ility,

fu
tu

re
p
red

iction
errors

w
ill

n
ot

b
e

m
u
ch

larger
th

an
ou

r
o
b
served

tra
in

in
g

errors.
It

m
akes

n
o

d
iff

eren
ce

w
h
eth

er
th

e
m

o
d
el

is
correctly

sp
ecifi

ed
.

T
h
is

sta
n
d
s

in
stark

con
trast

to
m

o
d
el

selection
to

ols
like

A
IC

or
B

IC
w

h
ich

ap
p

eal
to

a
sy

m
p
to

tics.
M

oreover,
given

a
m

o
d
el

classF
,

w
e

can
say

ex
actly

h
ow

m
u
ch

d
ata

w
e

n
eed

to
h
av

e
g
o
o
d

co
n
trol

of
th

e
p
red

iction
risk

.
A

s
th

e
eff

ective
d
ata

size
in

creases,
th

e
train

in
g

erro
r

is
a

b
etter

an
d

b
etter

estim
ate

of
th

e
gen

eralization
error,

u
n
iform

ly
over

a
ll

o
fF

,
p
rov

id
ed

µ
,a
→
∞

su
ch

th
at
β
a−

d
=
o(1/

µ
).

T
h
e

L
am

b
ert

W
fu

n
ction

in
th

e
ex

p
on

en
tial

term
d
eserves

som
e

ex
p
la

n
ation

.
T

h
e

L
a
m

b
ert

W
fu

n
ction

is
d
efi

n
ed

as
th

e
in

verse
of
f

(w
)

=
w

ex
p
w

(c.f.
C

o
rless

et
al.,

1996).
A

strictly,
b
u
t

on
ly

sligh
tly,

w
orse

b
ou

n
d

can
b

e
a
ch

ieved
b
y

n
otin

g
th

at

ex
p (

W

(−
2ε

2

e
4 )

+
4 )
≤
ε
8
/
3

4
2
/
3

fo
r

a
ll
ε∈

[0,1
]

(see
C

ortes
et

al.,
2010,

for
th

e
d
erivation

).

T
h
e

d
iff

eren
ce

b
etw

een
ex

p
ected

an
d

em
p
irical

risk
is

on
ly

in
terestin

g
w

h
en

R
n
(f

)
ex

-

ceed
s
R̂
n
(f

).
D

u
e

to
th

e
su

p
rem

u
m

p
reced

in
g
R
n

(f
)−
R̂
n

(f
)

Q
d
(f

)
,

even
ts

w
h
ere

th
e

train
in

g
error

ex
ceed

s
th

e
ex

p
ected

risk
are

irrelevan
t

(as
th

is
term

w
ill

b
e

n
egative).

T
h
erefore,

w
e

are

2
.

B
y

m
a
k
in

g
a
p

p
ro

p
ria

te
m

o
d

ifi
ca

tio
n

s
to

th
e

d
efi

n
itio

n
o
f

th
e

tra
in

in
g

erro
r

a
n

d
so

m
e

o
f

th
e

p
ro

o
f

ele-
m

en
ts,

o
n

e
co

u
ld

a
llow

2
µ
a

+
d
<
n

,
b

u
t

w
e

o
b
v
ia

te
th

is
issu

e
fo

r
th

e
sa

k
e

o
f

cla
rity.

11
JM

L
R

 18(32):1-40, 2017

M
c
D
o
n
a
l
d
,
S
h
a
l
iz
i,
a
n
d

S
c
h
e
r
v
ish

Y
1
:d

U
1

V
1

U
2

V
2

U
j

V
j

U
µ

V
µ

←
a
→

←
a
→

F
igu

re
1:

T
h
e

b
lo

ck
in

g
p
ro

ced
u
re

d
iv

id
es
Y
d
+

1
:n

in
to

2µ
altern

atin
g

b
lo

ck
s
U
j

(green
)

an
d

V
j

(oran
ge)

each
of

len
gth

a
.

It
ign

ores
th

e
fi
rst

d
o
b
servation

s
Y

1
:d

(b
lu

e).

on
ly

con
cern

ed
w

ith
0
≤
R̂
n
(f

)
≤
R
n
(f

).
O

f
cou

rse,
as

d
iscu

ssed
in

S
ection

2,
for

m
ost

estim
ation

p
ro

ced
u
res,

f
is

ch
osen

to
m

ak
e
R̂
n
(f

)
as

sm
all

as
p

ossib
le.

B
efore

w
e

p
rove

T
h
eorem

12,
w

e
w

ill
state

a
corollary

w
h
ich

p
u
ts

th
e

sam
e

resu
lt

in
a

form
th

at
is

som
etim

es
easier

to
u
se.

C
o
ro

lla
ry

1
3

U
n

d
er

th
e

co
n

d
itio

n
s

o
f

T
h
eo

rem
1
2
,

fo
r

a
n

y
f
∈
F

,
th

e
fo

llo
w

in
g

bo
u

n
d

h
o
ld

s
w

ith
p
ro

ba
bility

a
t

lea
st

1−
η

,
fo

r
a
ll
η
>

2
µ
β
a−

d ,

R
n
(f

)≤
R̂
n
(f

)
+
M
e

2 √
E

(4−
logE

)

2
,

w
ith

E
=

4
log

G
(n
,C
`◦F

)
+

4
log

8/η ′

µ
,

a
n

d
η ′

=
η−

2µ
β
a−

d .

W
e

n
ow

p
rove

b
oth

T
h
eorem

12
an

d
C

orollary
13

to
p
rov

id
e

th
e

read
er

w
ith

som
e

in
tu

ition
for

th
e

ty
p

es
of

argu
m

en
ts

n
ecessary.

W
e

d
efer

p
ro

of
of

th
e

rem
ain

d
er

of
ou

r
resu

lts
to

S
ection

B
.

P
ro

o
f

[of
T

h
eorem

12
an

d
C

orollary
13]

T
h
e

fi
rst

step
is

to
m

ove
from

th
e

actu
al

sam
p
le

size
n

to
th

e
eff

ectiv
e

sam
p
le

size
µ

w
h
ich

d
ep

en
d
s

on
th

e
β

-m
ix

in
g

b
eh

av
ior.

L
et
a

an
d
µ

b
e

n
on

-n
egative

in
tegers

su
ch

th
at

2
a
µ

+
d

=
n

.
N

ow
d
iv

id
e
Y
d
+

1
:n

in
to

2
µ

b
lo

ck
s,

each
of

len
gth

a
,

ign
orin

g
th

e
fi
rst

d
ob

servation
s.

Id
en

tify
th

e
b
lo

ck
s

as
follow

s:

U
j

=
{
Y
i

:
2(j−

1)a
+
d

+
1
≤
i≤

(2j−
1)a

+
d},

V
j

=
{
Y
i

:
(2j−

1)a
+
d

+
1
≤
i≤

2
ja

+
d}
.

L
et

U
b

e
th

e
seq

u
en

ce
of

o
d
d

b
lo

ck
s
U
j ,

an
d

let
V

b
e

th
e

seq
u
en

ce
of

even
b
lo

ck
s
V
j .

A
grap

h
ical

d
ep

iction
of

th
e

b
lo

ck
in

g
p
ro

ced
u
re

is
sh

ow
n

in
F

igu
re

1.
F

in
ally,

let
U
′

b
e

a
seq

u
en

ce
of

b
lo

ck
s

w
h
ich

are
m

u
tu

ally
in

d
ep

en
d
en

t
b
u
t

su
ch

th
at

each
b
lo

ck
h
as

th
e

sam
e

d
istrib

u
tion

as
a

b
lo

ck
from

th
e

origin
al

seq
u
en

ce.
T

h
at

is
con

stru
ct
U
′j

su
ch

th
at

L
(U
′j )

=
L

(U
j )

=
L

(U
1 ),

w
h
ere
L

(·)
m

ean
s

th
e

p
rob

ab
ility

law
of

th
e

argu
m

en
t.

1
2

JM
L

R
 18(32):1-40, 2017



N
o
n
pa

r
a
m
e
t
r
ic

R
is
k

B
o
u
n
d
s
f
o
r
T
im

e
-S
e
r
ie
s

L
et
R̂

U
(f

),
R̂

U
′ (
f

),
an

d
R̂

V
(f

)
b

e
th

e
em

p
ir

ic
al

ri
sk

of
f

b
as

ed
on

th
e

b
lo

ck
se

q
u
en

ce
s

U
,
U
′ ,

an
d

V
re

sp
ec

ti
ve

ly
.

W
e

h
av

e

R̂
n
(f

)
=

1

n
−
d

n ∑

i=
d
+

1

`
(Y
i
−
f

(Y
1
:i
−

1
))

=
1

n
−
d

 
∑

i:
Y
i
∈U

`
(Y
i
−
f

(Y
1
:i
−

1
))

+
∑

j:
Y
j
∈V

`
(Y
j
−
f

(Y
1
:j
−

1
))

 

=
1 2

 
2

n
−
d

∑

i:
Y
i
∈U

`
(Y
i
−
f

(Y
1
:i
−

1
))

+
2

n
−
d

∑

j:
Y
j
∈V

`
(Y
j
−
f

(Y
1
:j
−

1
))

 

=
1 2

[ R̂
U

(f
)

+
R̂

V
(f

)] .

T
h
en

,

P

(
su

p
f
∈F

R
n
(f

)
−
R̂
n
(f

)

Q
d
(f

)
>
ε)

=
P

(
su

p
f
∈F

[ R
n
(f

)
−
R̂

U
(f

)

2
Q
d
(f

)
+
R
n
(f

)
−
R̂

V
(f

)

2Q
d
(f

)

]
>
ε)

≤
P

(
su

p
f
∈F

R
n
(f

)
−
R̂

U
(f

)

Q
d
(f

)
+

su
p

f
∈F

R
n
(f

)
−
R̂

V
(f

)

Q
d
(f

)
>

2
ε)

(4
)

≤
P

(
su

p
f
∈F

R
n
(f

)
−
R̂

U
(f

)

Q
d
(f

)
>
ε)

+
P

(
su

p
f
∈F

R
n
(f

)
−
R̂

V
(f

)

Q
d
(f

)
>
ε)

(5
)

=
2P

(
su

p
f
∈F

R
n
(f

)
−
R̂

U
(f

)

Q
d
(f

)
>
ε)

=
2P

(
su

p
f
∈F

R
d
(f

)
−
R̂

U
(f

)

Q
d
(f

)
>
ε)

.
(6

)

H
er

e,
(4

)
fo

ll
ow

s
b
y

th
e

co
n
ve

x
it

y
of

th
e

su
p
re

m
u
m

an
d

(5
)

b
y

a
u
n
io

n
b

ou
n
d
.

N
ow

,
fo

r
(6

),
as
f

h
as

fi
x
ed

m
em

or
y
d
,

w
e

h
av

e
th

at
f

(Y
1
:j

)
=
f

(Y
j−
d
+

1
:j

).
T

h
u
s

R
n
(f

)
=

E[
`

(Y
n

+
1
−
f

(Y
1
:n

))
] =

E[
`

(Y
n

+
1
−
f

(Y
n
−
d
+

1
:n

))
]

=
E[
`

(Y
d
+

1
−
f

(Y
1
:d

))
] =

R
d
(f

)

b
y

st
at

io
n
ar

it
y

an
d
,

si
m

il
ar

ly
,
Q
d
(f

)
=
√

E[
`

(Y
d
+

1
−
f

(Y
1
:d

))
2
] .

T
h
u
s
R
d
(f

)
an

d
Q
d
(f

)

d
ep

en
d

on
on

ly
d

+
1

d
at

a
va

lu
es

.
L

ik
ew

is
e,

a
“p

oi
n
t”

in
th

e
tr

ai
n
in

g
er

ro
r
R̂

U
(f

)
d
ep

en
d
s

on
d

+
1

d
at

a
va

lu
es

.
T

h
er

ef
or

e,
a

p
re

d
ic

ti
o
n

at
an

y
Y
i

in
so

m
e

b
lo

ck
U
j

is
se

p
ar

at
ed

b
y

at
le

as
t
a
−
d

ob
se

rv
at

io
n
s

fr
om

an
y
Y
i′

in
d
iff

er
en

t
b
lo

ck
U
j′
.
F

u
rt

h
er

m
or

e,
w

e
ar

e
es

ti
m

a
ti

n
g

an

ex
p

ec
ta

ti
on
R
d
(f

)
w

h
ic

h
d
ep

en
d
s

on
d

+
1

va
lu

es
w

it
h

an
em

p
ir

ic
al

ex
p

ec
ta

ti
on
R̂

U
(f

)
w

h
ic

h
is

a
d
ep

en
d
en

t
su

m
of

co
m

p
on

en
ts

ea
ch

o
f

w
h
ic

h
d
ep

en
d
s

on
d

+
1

ob
se

rv
ed

d
a
ta

va
lu

es
.

13
JM

L
R

 1
8(

32
):

1-
40

, 2
01

7

M
c
D
o
n
a
l
d
,
S
h
a
l
iz
i,
a
n
d

S
c
h
e
r
v
is
h

T
h
er

ef
or

e,
w

e
ca

n
ap

p
ly

L
em

m
a

4.
1

in
Y

u
(1

99
4)

(r
ep

ro
d
u
ce

d
as

L
em

m
a

21
in

S
ec

ti
o
n

A
)

to
th

e
ev

en
t
{ su

p
f
∈F

R
d
(f

)−
R̂

U
(f

)
Q
d
(f

)
>
ε}

.
T

h
is

al
lo

w
s

u
s

to
m

ov
e

fr
om

st
at

em
en

ts
a
b

o
u
t

th
e

d
ep

en
d
en

t
b
lo

ck
s

in
R̂

U
(f

)
to

st
at

em
en

ts
ab

ou
t

th
e

in
d
ep

en
d
en

t
b
lo

ck
s

in
R̂

U
′ (
f

)
w

it
h

a
sl

ig
h
t

co
rr

ec
ti

on
w

h
ic

h
ac

co
u
n
ts

fo
r

th
e

w
or

st
-c

as
e

d
ep

en
d
en

ce
b

et
w

ee
n

ad
ja

ce
n
t

b
lo

ck
s:

β
a
−
d
.

T
h
er

ef
or

e,

2
P

(
su

p
f
∈F

R
d
(f

)
−
R̂

U
(f

)

Q
d
(f

)
>
ε)
≤

2P

(
su

p
f
∈F

R
d
(f

)
−
R̂

U
′ (
f

)

Q
d
(f

)
>
ε)

+
2
µ
β
a
−
d
,

(7
)

w
h
er

e
th

e
p
ro

b
ab

il
it

y
on

th
e

ri
gh

t
of

(7
)

is
fo

r
th

e
σ

-fi
el

d
ge

n
er

at
ed

b
y

th
e

in
d
ep

en
d
en

t
b
lo

ck
se

q
u
en

ce
U
′ .

L
et

u
s

n
ow

in
tr

o
d
u
ce

th
e

gr
ow

th
fu

n
ct

io
n

fo
r

th
e

cl
as

s
o
f

“
b
lo

ck
ed

”
p
re

d
ic

to
r

lo
ss

es
CΣ `
◦F

=
{C

Σ `◦
F

:
f
∈
F
},

w
h
er

e3

C
Σ `◦
F

=

  
(u
,d
,b

)
:
1

[0
,∞

)

 
a ∑ j=

1

`(
d
j
−
f

(u
j
))
−
b 

=
1,

u
∈
U
a
,

d
∈
R
k
×
a
,
b
∈
R

  
.

T
h
is

al
lo

w
s

u
s

to
st

at
e

th
at

2P

(
su

p
f
∈F

R
d
(f

)
−
R̂

U
′ (
f

)

Q
d
(f

)
>
ε)
≤

8
G

(2
µ
,C

Σ `◦
F

)
ex

p

  
−
µ

ex
p
( W

( −
2
ε2 e4

)
+

4
)

4

  
,

(8
)

w
h
er

e
w

e
h
av

e
ap

p
li
ed

C
or

ol
la

ry
23

to
b

ou
n
d

th
e

in
d
ep

en
d
en

t
b
lo

ck
s

U
′ .

S
in

ce
th

er
e

a
re
µ

in
d
ep

en
d
en

t
b
lo

ck
s,

th
is

u
p
p

er
b

ou
n
d

is
in

te
rm

s
of
µ

eff
ec

ti
ve

ly
in

d
ep

en
d
en

t
d
a
ta

“
p

o
in

ts
”

p
en

al
iz

ed
b
y

th
e

co
rr

ec
ti

on
β
a
−
d

w
h
ic

h
ad

ju
st

s
fo

r
th

e
w

or
st

ca
se

d
ep

en
d
en

ce
b

et
w

ee
n

“p
oi

n
ts

”
ra

th
er

th
an

n
d
ep

en
d
en

t
d
a
ta

p
oi

n
ts

.
H

ow
ev

er
,

th
e

gr
ow

th
fu

n
ct

io
n

is
in

te
rm

s
o
f

th
e

cl
as

s
of

b
lo

ck
ed

p
re

d
ic

to
rs

an
d

d
ep

en
d
s

on
a
.

T
o

re
m

ov
e

th
is

d
ep

en
d
en

ce
,

w
e

p
re

se
n
t

a
n
ov

el
re

su
lt

,
L

em
m

a
24

.
T

h
is

le
m

m
a

sh
ow

s
th

at
G

(2
µ
,C

Σ `◦
F

)
≤
G

(2
µ
a
,C
`◦
F

)
≤
G

(n
,C
`◦
F

),
gi

v
in

g
th

e
d
es

ir
ed

re
su

lt
.

T
o

p
ro

ve
th

e
co

ro
ll
ar

y,
se

t
th

e
ri

gh
t

h
an

d
si

d
e

of
(8

)
to
η
,

ta
ke

η
′

=
η
−

2µ
β
a
−
d
,

a
n
d

so
lv

e
fo

r
ε.

W
e

ge
t

th
at

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t
1
−
η
,

fo
r

al
l
f
∈
F

,

R
n
(f

)
−
R̂
n
(f

)

Q
d
(f

)
≤
ε.

S
ol

v
in

g
th

e
eq

u
at

io
n

η
′ =

8G
(n
,C
`◦
F

)
ex

p

  
−
µ

ex
p
( W

( −
2
ε2 e4

)
+

4
)

4

  

im
p
li
es

ε
=
e2
√
E(

4
−

lo
g
E)

2

3
.

T
h

e
Σ

in
d

ic
a
te

s
a

su
m

ov
er

th
e

co
o
rd

in
a
te

s
o
f

th
e

b
lo

ck
.

14
JM

L
R

 1
8(

32
):

1-
40

, 2
01

7



N
o
n
pa

r
a
m
e
t
r
ic

R
isk

B
o
u
n
d
s
f
o
r
T
im

e
-S
e
r
ie
s

w
ith

E
=

4
log

G
(n
,C
`◦F

)
+

4
log

8/η ′

µ
.

T
h
e

o
n
ly

o
b
stacle

to
th

e
u
se

of
T

h
eorem

12
is

k
n
ow

led
ge

of
th

e
G

(n
,C
`◦F

)
or

v
c
d

(C
`◦F

).
F

o
r

so
m

e
m

o
d
els,

th
ese

can
b

e
calcu

lated
ex

p
licitly.

T
h

e
o
re

m
1
4

If
`(y
−
y ′)

is
m

o
n

o
to

n
e

in
crea

sin
g

in
|y
−
y ′|,

th
en

fo
r

th
e

cla
ss

o
f

A
R

(d
)

m
od

els,

G
(n
,C
`◦F

)≤
(

2en

d
+

1 )
d
+

1

.

If
`(y−

y ′)
is

m
o
n

o
to

n
e

in
crea

sin
g

in
ea

ch
coo

rd
in

a
te

o
f|y

j −
y ′j |,

th
en

fo
r

th
e

cla
ss

o
f

vecto
r

a
u

to
regressive

m
od

els
o
f

o
rd

er
d

w
ith

p
tim

e-series,

G
(n
,C
`◦F

)≤
(

2
en

d
+

1 )
p
(d

+
1
)

.

T
h
e

p
ro

o
f

o
f

T
h
eorem

14
is

giv
en

in
S
ection

B
.

W
e

n
ote

th
at

th
is

resu
lt

ap
p
lies

eq
u
ally

to
B

ayesia
n

V
A

R
s,

h
ow

ever,
th

is
is

likely
con

servativ
e

as
th

e
p
rior

ten
d
s

to
restrict

th
e

eff
ective

co
m

p
lex

ity
of

th
e

fu
n
ction

class. 4

5
.3

B
o
u

n
d

s
fo

r
L
T

Is

A
s

d
iscu

ssed
in

S
ection

4,
ou

r
goal

is
to

d
erive

sim
ilar

b
ou

n
d
s

for
lin

ear
tim

e-in
varian

t
d
y
n
a
m

ica
l

sy
stem

s
w

h
ich

p
ro

d
u
ce

forecasts
v
ia

A
lgorith

m
1

or
A

lgorith
m

2.
W

e
b

egin
w

ith
a

resu
lt

fo
r

th
e

sim
p
le

case
w

ith
p
red

iction
s

gen
erated

b
y

A
lg

orith
m

2.

T
h

e
o
re

m
1
5

S
u

p
po

se
th

a
t

A
ssu

m
p
tio

n
A

a
n

d
A

ssu
m

p
tio

n
B

h
o
ld

,
a
n

d
th

a
t

th
e

m
od

el
cla

ss
F

2
is

gen
era

ted
by

A
lgo

rith
m

2
w

ith
λ

m
a
x (T

)
<

1
.

F
u

rth
er

a
ssu

m
e

th
a
t

th
e

lo
ss

fu
n

ctio
n
`

is
a

n
o
rm

a
n

d
let

` ∗(A
)

=
su

p
z6=

0
`(A

z
)/`(z

)
be

th
e

m
a
trix

n
o
rm

in
d
u

ced
by
`.

G
iven

a
tim

e-
series

o
f

len
gth

n
,

fi
x

so
m

e
1
≤
d
<
n

,
a
n

d
let

µ
a
n

d
a

be
in

tegers
su

ch
th

a
t

2
µ
a

+
d

=
n

.

4
.

H
ere

w
e

sh
o
u
ld

m
en

tio
n

th
a
t

th
ese

risk
b

o
u

n
d

s
a
re

freq
u

en
tist

in
n

a
tu

re.
W

e
m

ea
n

th
a
t

if
o
n

e
trea

ts
B

ay
esia

n
m

eth
o
d

s
a
s

a
reg

u
la

riza
tio

n
tech

n
iq

u
e

a
n

d
p

red
icts

w
ith

th
e

p
o
sterio

r
m

ea
n

o
r

m
o
d

e,
th

en
o
u

r
resu

lts
h

o
ld

.
H

ow
ev

er,
fro

m
a

su
b

jectiv
e

B
ay

esia
n

p
ersp

ectiv
e,

o
u

r
resu

lts
a
d

d
n

o
th

in
g

sin
ce

a
ll

in
feren

ce
ca

n
b

e
d

eriv
ed

fro
m

th
e

p
o
sterio

r.
F

o
r

fu
rth

er
d

iscu
ssio

n
o
f

th
e

freq
u

en
tist

risk
p

ro
p

erties
o
f

B
ay

esia
n

m
eth

o
d

s
u

n
d

er
m

is-sp
ecifi

ca
tio

n
,

see
fo

r
ex

a
m

p
le

K
leijn

a
n

d
va

n
d

er
V

a
a
rt

(2
0
0
6
);

M
ü

ller
(2

0
1
3
)

o
r

S
h

a
lizi

(2
0
0
9
).
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M
c
D
o
n
a
l
d
,
S
h
a
l
iz
i,
a
n
d

S
c
h
e
r
v
ish

T
h
en

P

(
su

p
f
2 ∈F

2

R
n
(f

2 )−
R̂
n
(f

2 )−
δ
d (f

2 )

Q
d (f

2 )
>
ε )

≤
8G

(n
,C
`◦F
′2 )

ex
p 
−
µ

ex
p (

W
(−

2
ε
2

e
4 )

+
4 )

4


+

2
µ
β
a−

d ,

≤
8 (

2
en

d
+

1 )
p
(d

+
1
)

ex
p 
−
µ

ex
p (

W
(−

2
ε
2

e
4 )

+
4 )

4


+

2
µ
β
a−

d ,

w
h
ere

δ
d (f

2 )
=

1

n
−
d

n
∑i=
d
+

1 
` 

Y
i −

i−
1

∑j=
i−
d

s
ij Y

j 
−
` 

Y
i −

i−
1

∑j=
1

s
ij Y

j 


+
E

[`
(Y

1 )]
n−

d
∑j=

1

` ∗(s
n
j ).

T
h
e
δ
d (f

2 )
term
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from

tak
in

g
a

fi
x
ed

-m
em

ory
ap

p
rox

im
ation

,
of

len
gth

d
,

to
p
re-

d
ictors

w
ith

grow
in

g
m

em
ory

5.
A

s
b

ecom
es

clear
in

th
e

p
ro

of
(see

S
ection

B
),

w
e

m
ake

th
is

ap
p
rox

im
ation

to
ap

p
ly

th
e

p
rev

iou
s

th
eorem

,
b
u
t

it
in

volv
es

a
trad

e-off
.

A
s
d
↗

n
,

δ
d (f

2 )
↘

0,
b
u
t

th
is

d
rives

µ
↘

0,
resu

ltin
g

in
few

er
eff

ective
train

in
g

p
oin

ts,
w

h
ereas

sm
aller

d
h
as

th
e

op
p

osite
eff

ect.
T

h
e

su
m

m
ation

in
sid

e
sq

u
are

b
races

on
th

e
left

is
th

e
d
iff

eren
ce

b
etw

een
em

p
irical

risk
s

for
f

2
an

d
th

at
of

th
e

tru
n
cated

p
red

icto
r
f
′2

w
h
ich

u
ses

on
ly

th
e

m
ost

recen
t
d

d
ata

valu
es.

T
h
a
t

is

1

n
−
d−

1

n−
1

∑i=
d 

` 
Y
i+

1 −
i
∑

j=
i−
d
+

1

s
ij Y

j 
−
` 

Y
i+

1 −
i
∑j=

1

s
ij Y

j 


=
R̂
n
(f
′2 )−

R̂
n
(f

2 ).

T
h
is

term
is

easily
calcu

lated
from

th
e

d
ata.

A
lso,

δ
d (f

2 )
d
ep

en
d
s

on
E [`

(Y
1 ) ]

w
h
ich

is
n
ot

n
ecessarily

d
esirab

le.
H

ow
ever,

A
ssu

m
p
tio

n
B

h
as

th
e

con
seq

u
en

ce
th

at
E [`

(Y
1 ) ]≤

M
<

∞
as

lon
g

asF
2

a
llow

s
s
ij

=
0.

F
in

ally,
w

e
reiterate

th
at
s
ij

=
s
i−
j−

1
is

a
fu

n
ction

on
ly

of
th

e
d
iff

eren
ce

b
etw

een
i

an
d
j.

F
in

a
lly,

n
ote

th
at

th
e

u
p
p

er
b

ou
n
d

d
ep

en
d
s

on
th

e
grow

th
fu

n
ction

of
th

e
tru

n
cated

classF
′2 ,

w
h
ich

can
b

e
b

ou
n
d
ed

u
sin

g
T

h
eorem

14.

C
o
ro

lla
ry

1
6

U
n

d
er

th
e

co
n

d
itio

n
s

o
f

eith
er

T
h
eo

rem
1
5
,

fo
r

a
n

y
f

2 ∈
F

2 ,
w

ith
p
ro

ba
bility

a
t

lea
st

1−
η

,

R
n
(f

2 )≤
R̂
n
(f

2 )
+
δ
d (f

2 )
+
M
e

2 √
E

(4−
logE

)

2
,

w
h
ere

E
=

4
log

G
(n
,C
`◦F
′2 )

+
4

log
8/η ′

µ
,

a
n

d
η ′

=
η−

2µ
β
a−

d .
F

u
rth

erm
o
re,

δ
d (f

2 )
=
O

P (ρ
d).

5
.

T
h

ere
a
re

sev
era

l
w

ay
s

o
n

e
co

u
ld

m
a
k
e

su
ch

a
n

a
p

p
rox

im
a
tio

n
.

T
o

sim
p

lify
th

e
p

ro
o
f,

w
e

h
av

e
set

a
ll

co
effi

cien
ts

a
t

la
g
s

b
ey

o
n

d
d

to
zero

ra
th

er
th

a
n

,
e.g

.,
a
sk

in
g

fo
r

th
e
d
-m

em
o
ry

lin
ea

r
p

red
icto

r
co

m
in

g
clo

sest
in
L

2
to

th
e

in
fi

n
ite-m

em
o
ry

p
red

icto
r.
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N
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e
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R
is
k

B
o
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n
d
s
f
o
r
T
im

e
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e
r
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s

F
or

th
e

ca
se

of
A

lg
or

it
h
m

1,
A

ss
u
m

p
ti

on
B

n
o

lo
n
ge

r
m
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es

se
n
se

as
it

fa
il
s

to
re

fl
ec

t
th

e
fa

ct
ea

ch
f 1
∈
F 1

is
a

ti
m

e
va

ry
in

g
fu

n
ct

io
n

of
p
re

v
io

u
s

ob
se
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at

io
n
s

a
s

il
lu

st
ra

te
d

in
(2

).
W

e
th

er
ef

or
e

st
re

n
gt

h
en

th
e

as
su

m
p
ti

on
sl

ig
h
tl

y.
N

ot
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e
in

p
ar
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cu

la
r

th
at
f
′ 1

d
ep

en
d
s

on
n

as
il
lu

st
ra

te
d

in
(2

).

A
ss

u
m

p
ti

o
n

C
F

o
r

a
ll
f
′ 1

ge
n

er
a
te

d
by

tr
u

n
ca

ti
n

g
A

lg
o
ri

th
m

1
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d
ep

en
d

o
n

th
e

m
o
st

re
ce

n
t
d

o
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er
va

ti
o
n

s,
a
n

d
a
ll
n
>
d

,

1
.

Q
d
(f
′ 1
)

:=

√
E P
[ `

(Y
n

+
1
−
f
′ 1
(Y
n
−
d
+

1
:n

))
2
] ≤

M
<
∞
.

2
.

F
o
r

ev
er

y
ε
>

0
th

er
e

ex
is

ts
δ
>

0
su

ch
th

a
t,

fo
r

a
ll

m
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su
ra

bl
e

se
ts
A

,
w

it
h
P(
A

)
≤
δ,

a
n

d
ev

er
y
f
′ 1
,

∫ A
d
P[
`
( Y

n
+

1
−
f
′ 1
(Y
n
−
d
+

1
:n

))
2
] ≤

ε.

T
h
e

fi
rs

t
p
ar

t
of

th
is

as
su

m
p
ti

on
is

a
n
al

og
ou

s
to

A
ss

u
m

p
ti

on
B

b
u
t

fo
r

p
re

d
ic

to
rs
f 1
∈

F 1
.

H
ow

ev
er

,
w

e
n
ee

d
on

ly
im

p
os

e
th

e
as

su
m

p
ti

on
on

a
fi
x
ed

-m
em

or
y

v
er

si
on

of
th

es
e

gr
ow

in
g

m
em

or
y

p
re

d
ic

to
rs

.
N

ot
e

al
so

th
at

fo
r

th
e

ca
se

of
A

lg
or

it
h
m

2,
a
s

in
T

h
eo

re
m

15
,

fo
r

an
y
n

,
f 2
∈
F 2

,
w

e
h
av

e
Q
d
(f
′ 2
)

=

√
E P
[ `

(Y
n
−
f
′ 2
(Y
n
−
d
:n
−

1
))

2
] .

F
or

A
lg

or
it

h
m

1,

th
is

is
n
o

lo
n
ge

r
th

e
ca

se
(a

s
f
′ 1

d
ep

en
d
s

on
n

).
H

ow
ev

er
,

th
e

d
ep

en
d
en

ce
on

n
w

il
l

n
ot

b
e

n
ec

es
sa

ry
.

T
h
e

se
co

n
d

p
ar

t
of

th
is

as
su

m
p
ti

on
en

su
re

s
th

at
th

e
lo

ss
of

th
e

tr
u
n
ca

te
d

ve
rs

io
n
s

of
th

es
e

p
re

d
ic

to
rs

is
u
n
if

or
m

ly
in

te
gr

ab
le

.
U

n
d
er

th
is

as
su

m
p
ti

on
,
si

n
ce

p
re

d
ic

ti
on

s
f
′ 1
(Y
n
−
d
+

1
:n

)
−
f
′ 2
(Y
n
−
d
+

1
:n

)
=
O

P
(1

),
w

e
h
av

e
th

at
li
m
n
→
Q
d
(f
′ 1
)

=
Q
d
(f

2
).

T
h
is

st
at

em
en

t
is

m
ad

e
ri

go
ro

u
s

in
th

e
p
ro

of
.

T
h

e
o
re

m
1
7

S
u

p
po

se
th

a
t

A
ss

u
m

p
ti

o
n

A
a
n

d
A

ss
u

m
p
ti

o
n

C
h
o
ld

,
a
n

d
th

a
t

th
e

m
od

el
cl

a
ss

F 1
is

ge
n

er
a
te

d
by

A
lg

o
ri

th
m

1
w

it
h
λ

m
a
x
(T

)
<

1
.

F
u

rt
h
er

a
ss

u
m

e
th

a
t

th
e

lo
ss

fu
n

ct
io

n
`

is

a
n

o
rm

a
n

d
le

t
`∗

(A
)

=
su

p
z
6=

0
`(
A
z
)

`(
z
)

be
th

e
m

a
tr

ix
n

o
rm

in
d
u

ce
d

by
`.

G
iv

en
a

ti
m

e-
se

ri
es

o
f

le
n

gt
h
n

,
fi

x
so

m
e

1
≤
d
<
n

,
a
n

d
le

t
µ

a
n

d
a

be
in

te
ge

rs
su

ch
th

a
t

2
µ
a

+
d

=
n

.
T

h
en

P

(
su

p
f
n
∈F

R
n
(f

1
)
−
R̂
n
(f

1
)
−
δ d

(f
1
)

li
m
n
→
∞
Q
d
(f
′ 1
)

>
ε)

≤
8G

(n
,C
`◦
F
′ 2)

ex
p

  
−
µ

ex
p
( W

( −
2
ε2 e4

)
+

4
)

4

  
+

2
µ
β
a
−
d
,

≤
8

(
2
en

d
+

1

) p
(d

+
1
)

ex
p

  
−
µ

ex
p
( W

( −
2
ε2 e4

)
+

4
)

4

  
+

2
µ
β
a
−
d
,

w
h
er

e

δ d
(f

1
)

=
1

n
−
d

n ∑

i=
d
+

1

  `

 
Y
i
−

i−
1

∑

j=
i−
d

b i
j
Y
j

 
−
`

 
Y
i
−

i−
1

∑ j=
1

s i
−
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1
Y
j

 
 

+
E[
`

(Y
1
)]
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−
d
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n
j
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l
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S
h
a
l
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a
n
d

S
c
h
e
r
v
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F
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th
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re
su
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,

th
e
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m

m
at

io
n

in
si

d
e

sq
u
a
re

b
ra

ce
s
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e
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is
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e

d
iff

er
en

ce
b

et
w

ee
n
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p
ir
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al

ri
sk

fo
r
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an
d

th
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of
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e
tr

u
n
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st
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d
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te

p
re
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r
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w
h
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u
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o
n
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1
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n ∑
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∑
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=
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−
R̂
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′ 2
)
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h
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e
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is
gi
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b
y

A
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or
it

h
m
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A

ga
in

,
th

is
te

rm
is
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si

ly
ca
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u
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te
d

fr
o
m

th
e

d
a
ta

.
F

u
rt

h
er

m
or

e,
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e
u
p
p

er
b

ou
n
d

d
ep

en
d
s

on
th

e
g
ro

w
th

fu
n
ct

io
n

of
th

e
le

ve
l

se
ts

o
f
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w
h
ic

h
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si

ly
b

ou
n
d
ed

u
si

n
g

T
h
eo

re
m
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o
ro

ll
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ry
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U
n

d
er

th
e
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n

d
it

io
n

s
o
f

T
h
eo

re
m

1
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,

fo
r

a
n

y
f 1
∈
F 1

,
w

it
h

p
ro
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a
t

le
a
st

1
−
η

,

R
n
(f

1
)
≤
R̂
n
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1
)
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δ d
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1
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+
M
e2
√
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4
−
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g
E)

2
,

w
h
er

e

E
=

4
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g
G

(n
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F
′ 2)

+
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g
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′
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a
n

d
η
′ =
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−
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−
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.

F
u
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h
er

m
o
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δ d
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1
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=
O

P
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d
)
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O
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n
−
d
+

1
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O
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δ d
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n
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∞
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δ d
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δ d
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)
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h
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s

of
th

e
op

ti
m

iz
at

io
n

p
ro

b
le

m
to

p
ar

am
et

er
s

of
th

e
st

at
e-

sp
ac

e
m

o
d
el

is
n
on

li
n
ea

r,
b
u
t,

fo
r

ea
ch

p
ar

am
et

er
se

tt
in

g,
th

e
K

al
m

an
fi
lt

er
re

tu
rn

s
th

e
li
ke

li
h
o
o
d
,

so
th

at
li
k
el

ih
o
o
d

m
et

h
o
d
s

ar
e

p
os

si
b
le

.
A

s
th

e
d
a
ta

ar
e

fa
ir

ly
u
n
in

fo
rm

at
iv

e
ab

ou
t

m
a
n
y

of
th

e
p
ar

am
et

er
s,

w
e

es
ti

m
at

e
b
y

m
ax

im
iz

in
g

a
p

en
al

iz
ed

li
ke

li
h
o
o
d
,

ra
th

er
th

an
a

si
m

p
le

li
ke

li
h
o
o
d
.

T
h
en

th
e

K
al

m
an

fi
lt

er
p
ro

d
u
ce

s
in

-s
am

p
le

fo
re

ca
st

s
w

h
ic

h
ar

e
li
n
ea

r
in

p
as

t
va

lu
es

of
th

e
d
at

a,
so

th
at

w
e

co
u
ld

p
ot

en
ti

al
ly

ap
p
ly

th
e

gr
ow

in
g

m
em

or
y

b
ou

n
d
.

F
or

m
ac

ro
ec

on
om

ic
ti

m
e

se
ri

es
,

th
er

e
is

n
ot

en
ou

gh
d
at

a
to

gi
ve

n
on

tr
iv

ia
l

b
o
u
n
d
s,

re
ga

rd
le

ss
of

th
e

m
ix

in
g

co
effi

ci
en

ts
or

th
e

si
ze

of
th

e
fi
n
it

e
m

em
or

y
ap

p
ro

x
im

at
io

n
.
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M
c
D
o
n
a
l
d
,
S
h
a
l
iz
i,
a
n
d

S
c
h
e
r
v
is
h

sh
ow

s
n

=
24

5
ob

se
rv

at
io

n
s.

T
h
e

m
in

im
al

p
os

si
b
le

fi
n
it

e
ap

p
ro

x
im

at
io

n
m

o
d
el

is
a

V
A

R
w

it
h

on
e

la
g

an
d

fo
u
r

ti
m

e
se

ri
es

.
In

th
is

ca
se

,
si

n
ce

w
e

ar
e

d
ea

li
n
g

w
it

h
ve

ct
o
r

va
lu

ed
fo

re
ca

st
s,

w
e

ta
ke

`(
y
−
y
′ )

=
‖y
−
y
′ ‖ 2

so
th

at
th

e
in

d
u
ce

d
m

at
ri

x
n
or

m
o
f
A

is
`∗

(A
)

=
σ

m
a
x
(A

),
th

e
la

rg
es

t
si

n
gu

la
r

va
lu

e
of
A

.
W

e
as

su
m

e
th

at
A

ss
u
m

p
ti

on
C

is
sa

ti
sfi

ed
w

it
h

M
=

0.
1

an
d

d
em

an
d

co
n
fi
d
en

ce
0.

95
(η

=
0.

05
).

B
y

T
h
eo

re
m

14
,

th
is

cl
a
ss

h
a
s

g
ro

w
th

fu
n
ct

io
n

b
ou

n
d
ed

b
y

(e
n

)8
.

A
ga

in
,

u
si

n
g

th
e

m
et

h
o
d
s

of
M

cD
on

al
d

et
al

.
(2

01
1a

),
w

e
ca

n
es

ti
m

at
e

th
e
β

-m
ix

in
g

co
effi

ci
en

ts
of

th
e

m
ac

ro
ec

on
om

ic
d
at

a
se

t.
T

h
e

re
su

lt
is

a
p

oi
n
t

es
ti

m
at

e
β

4
=

0
.

A
ss

u
m

in
g

th
at

th
is

is
ap

p
ro

x
im

at
el

y
ac

cu
ra

te
(0

is
o
f

co
u
rs

e
an

u
n
d
er

es
ti

m
at

e)
,

th
is

su
g
g
es

ts
th

a
t

th
e

eff
ec

ti
ve

si
ze

of
th

e
m

ac
ro

ec
on

om
ic

d
at

a
se

t
is

n
o

m
or

e
th

an
a
b

ou
t
µ

=
25

,
m

u
ch

sm
a
ll
er

th
en

n
=

24
5.

T
o

ca
lc

u
la

te
th

e
b

ou
n
d
,

w
e

as
su

m
e

th
at

E[
‖Y
‖ 2

]
<

0.
1.

T
h
e

tr
a
in

in
g

er
ro

r
of

th
e

fi
tt

ed
R

B
C

m
o
d
el

is
R̂
n
(f

)
=

0.
04

6.
T

h
e

b
ou

n
d

is
R
n
(f

)
<

2
.2

9.

T
h
e

b
ou

n
d

h
er

e
is

th
re

e
or

d
er

s
of

m
ag

n
it

u
d
e

la
rg

er
th

an
th

e
tr

ai
n
in

g
er

ro
r.

If
th

e
b

ou
n
d

is
ti

gh
t,

th
en

th
is

su
gg

es
ts

th
a
t

th
e

tr
ai

n
in

g
er

ro
r

se
ve

re
ly

u
n
d
er

es
ti

m
a
te

s
th

e
tr

u
e

p
re

d
ic

ti
on

ri
sk

.
O

f
co

u
rs

e,
th

is
sh

ou
ld

n
ot

b
e

to
o

su
rp

ri
si

n
g

si
n
ce

th
e

R
B

C
m

o
d
el

h
a
s

11
p
ar

am
et

er
s

an
d

w
e

ar
e

tr
y
in

g
to

ge
t

co
n
fi
d
en

ce
in

te
rv

al
s

u
si

n
g

on
ly

25
eff

ec
ti

ve
d
a
ta

p
o
in

ts
.

In
so

m
e

se
n
se

,
th

e
em

p
ir

ic
al

re
su

lt
s

in
th

is
se

ct
io

n
m

ay
se

em
sl

ig
h
tl

y
u
n
re

a
so

n
a
b
le

.
S
in

ce
th

e
re

su
lt

s
ar

e
on

ly
u
p
p

er
b

ou
n
d
s,

it
is

im
p

or
ta

n
t

to
ge

t
an

id
ea

as
to

h
ow

ti
g
h
t

th
ey

m
ay

b
e.

W
e

ad
d
re

ss
th

is
is

su
e

in
th

e
n
ex

t
se

ct
io

n
.

7
.
P
ro

p
e
rt
ie
s
o
f
O
u
r
R
e
su

lt
s

In
th

e
p
re

v
io

u
s

se
ct

io
n
,

w
e

sh
ow

ed
th

at
th

e
u
p
p

er
b

ou
n
d

fo
r

th
e

ri
sk

of
st

a
n
d
a
rd

m
a
cr

o
e-

co
n
om

ic
fo

re
ca

st
in

g
m

o
d
el

s
m

ay
b

e
la

rg
e.

T
h
is

of
co

u
rs

e
ra

is
es

th
e

q
u
es

ti
on

“
H

ow
ti

g
h
t

a
re

th
es

e
b

ou
n
d
s?

”
W

e
ad

d
re

ss
th

is
q
u
es

ti
on

n
ex

t
an

d
th

en
d
is

cu
ss

h
ow

to
u
se

th
e

b
o
u
n
d
s

fo
r

m
o
d
el

se
le

ct
io

n
.

7
.1

H
o
w

T
ig

h
t

A
re

th
e

B
o
u

n
d

s?

H
er

e
w

e
gi

ve
so

m
e

id
ea

of
h
ow

ti
gh

t
th

e
b

ou
n
d
s

p
re

se
n
te

d
in

S
ec

ti
on

5
ar

e.
D

en
o
te

th
e

fu
n
ct

io
n

th
at

m
in

im
iz

es
th

e
tr

ai
n
in

g
er

ro
r

(o
r

p
en

al
iz

ed
tr

ai
n
in

g
er

ro
r)

ov
er
F

b
y
f̂ e
r
m

,
a
n
d

le
t

f
∗

=
ar

gm
in

f
∈F

R
n
(f

)

b
e

th
e

or
ac

le
p
re

d
ic

to
r

w
it

h
re

sp
ec

t
to
F

.
W

e
ca

ll

L
n
(Π

)
:=

su
p

P∈
Π
E P

[R
n
(f̂
er
m

)
−
R
n
(f
∗ )

]
=

su
p

P∈
Π
E P

[R
n
(f̂
er
m

)]
−
R
n
(f
∗ )

th
e

“o
ra

cl
e

lo
ss

”;
it

d
es

cr
ib

es
h
ow

w
el

l
em

p
ir

ic
al

ri
sk

m
in

im
iz

at
io

n
w

or
k
s

re
la

ti
ve

to
th

e
b

es
t

p
os

si
b
le

p
re

d
ic

to
r
f
∗

ov
er

th
e

w
or

st
d
is

tr
ib

u
ti

on
P.

V
ap

n
ik

(1
99

8
)

sh
ow

s
th

a
t

fo
r

cl
as

si
fi
ca

ti
on

an
d

i.
i.
d
.

d
at

a,
fo

r
su

ffi
ci

en
tl

y
la

rg
e
n

,
th

er
e

ex
is

t
co

n
st

an
ts

Υ
∗

a
n
d

Υ
∗

su
ch

th
at

Υ
∗√

v
c
d

(C
F

)

n
≤
L
n
(Π

)
≤

Υ
∗√

v
c
d

(C
F

)
lo

g
n

n
,
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N
o
n
pa

r
a
m
e
t
r
ic

R
isk

B
o
u
n
d
s
f
o
r
T
im

e
-S
e
r
ie
s

w
h
ere

Π
is

th
e

class
of

all
d
istrib

u
tion

s
on

U
×
{0
,1}

an
d
CF

h
a
s

fi
n
ite

V
C

-d
im

en
sion

v
c
d

(CF
).

In
o
th

er
w

ord
s,

for
i.i.d

.
d
ata,

th
e

b
est

w
e

ca
n

h
op

e
to

d
o

is
a

rate
of

O

(
√

v
c
d

(CF
)

n

)

,
a
n
d

p
red

ictio
n

m
eth

o
d
s

w
h
ich

p
erform

w
orse

th
an

O
(√

v
c
d

(CF
)

log
n
/n )

are
in

effi
cien

t.

W
e

w
ill

d
erive

sim
ilar

b
ou

n
d
s

for
th

e
β

-m
ix

in
g

settin
g.

F
irst,

w
e

n
eed

a
sligh

tly
d
iff

eren
t

versio
n

o
f

T
h
eo

rem
12.

T
h

e
o
re

m
1
9

S
u

p
po

se
th

a
t
`(y−

y ′)
<
M

,
th

a
t

A
ssu

m
p
tio

n
A

h
o
ld

s,
a
n

d
th

a
tF

h
a
s

a
fi

xed
m

em
o
ry

len
gth

d
<
n

.
L

et
µ

a
n

d
a

be
in

tegers
su

ch
th

a
t

2µ
a

+
d
≤
n

.
T

h
en

,
fo

r
a
ll
ε
>

0
,

P

(
su

p
f∈F

(R
n
(f

)−
R̂
n
(f

))
>
ε )
≤

8G
(n
,C
`◦F

)
ex

p {−
µ
ε
2

Υ

}
+

2
µ
β
a−

d .

w
h
ere

Υ
d
epen

d
s

o
n

ly
o
n
M

.

T
h
e

p
ro

o
f

o
f

T
h
eorem

19
is

ex
actly

lik
e

th
at

for
T

h
eorem

12
u
sin

g
th

e
resu

lt
for

b
ou

n
d
ed

lo
ss

in
T

h
eo

rem
4

rath
er

th
an

th
at

for
relative

loss
in

C
orollary

23
to

con
trol

th
e

p
rob

ab
ility

th
a
t

em
p
irical

risk
over

b
lo

ck
s

d
ev

iates
from

its
ex

p
ectatio

n
(see

(8)).

A
ssu

m
p

tio
n

D
T

h
e

tim
e

series
Y
∞

is
geom

etrically
β

-m
ixin

g,
th

a
t

is
β
a

=
υ

1
ex

p
(−
υ

2 a
κ)

fo
r

so
m

e
co

n
sta

n
ts
υ

1 ,υ
2 ,κ

.

T
h

e
o
re

m
2
0

S
u

p
po

se
`(y−

y ′)
<
M

a
n

d
th

a
t

A
ssu

m
p
tio

n
D

h
o
ld

s.
F

u
rth

er
a
ssu

m
e

th
a
t

C
`◦F

h
a
s

fi
n

ite
V

C
-d

im
en

sio
n
v
c
d

(C
`◦F

).
T

h
en

,
fo

r
su

ffi
cien

tly
la

rge
n

,
th

ere
exist

co
n

sta
n

ts
Υ
∗

a
n

d
Υ
∗,

in
d
epen

d
en

t
o
f
n

a
n

d
v
c
d

(C
`◦F

),
su

ch
th

a
t

Υ
∗ √

v
c
d

(C
`◦F

)

n
≤
L
n
(Π

)≤
Υ
∗ √

v
c
d

(C
`◦F

)
log

n

n
κ
/
(1

+
κ

)
.

If
w

e
in

stead
assu

m
e

a
lgebra

ic
m

ixin
g,

th
at

is
β
a

=
υ
a −

ρ,
th

en
w

e
can

retrieve
th

e
sam

e
rate

w
h
ere

0
<
κ
<

(ρ−
1)/

2
(see

M
eir,

20
00).

T
h
eorem

20
say

s
th

a
t

in
d
ep

en
d
en

t
d
ata

settin
g
s,

u
sin

g
th

e
b
lo

ck
in

g
ap

p
roach

d
ev

elop
ed

h
ere,

w
e

m
ay

p
ay

a
p

en
a
lty

:
th

e
u
p
p

er
b

o
u
n
d

o
n
L
n
(Π

)
go

es
to

zero
m

ore
slow

ly
th

an
in

th
e

i.i.d
.

case.
B

u
t,

th
e

low
er

b
ou

n
d

ca
n
n
o
t

b
e

m
a
d
e

an
y

tigh
ter

sin
ce

i.i.d
.

p
ro

cesses
are

still
allow

ed
u
n
d
er

A
ssu

m
p
tion

D
(an

d
of

co
u
rse

u
n
d
er

th
e

m
ore

gen
eral

A
ssu

m
p
tion

A
).

In
oth

er
w

ord
s,

w
e

m
ay

h
ave

κ
→
∞

so

w
e

ca
n

n
o
t

ru
le

ou
t

th
e

faster
learn

in
g

rate
of
O

(√
v
c
d

(C
`◦F

)
lo

g
n

n

)
.

7
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S
tru

c
tu

ra
l

R
isk

M
in

im
iz

a
tio

n

O
u
r

p
resen

tatio
n

so
far

h
as

fo
cu

sed
on

ch
o
osin

g
on

e
fu

n
ction

f̂
from

a
m

o
d
elF

an
d

d
em

on
-

stra
tin

g
th

a
t

th
e

p
red

iction
risk

R
n
(f̂

)
is

w
ell

ch
aracterized

b
y

th
e

train
in

g
error

in
fl
a
ted

b
y

a
co

m
p
lex

ity
term

.
T

h
e

p
ro

ced
u
re

for
actu

ally
ch

o
osin

g
f̂

h
as

b
een

ign
ored

.
C

om
m

on
w

ay
s

o
f

ch
o
o
sin

g
f̂

are
freq

u
en

tly
referred

to
as

em
p
irica

l
risk

m
in

im
iza

tio
n

or
E

R
M

:
ap

-
p
rox

im
a
te

th
e

ex
p

ected
risk

R
n
(f

)
w

ith
th

e
em

p
irical

risk
R̂
n
(f

),
an

d
ch

o
ose

f̂
to

m
in

im
ize

2
3
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M
c
D
o
n
a
l
d
,
S
h
a
l
iz
i,
a
n
d

S
c
h
e
r
v
ish

th
e

em
p
irical

risk
.

M
an

y
likelih

o
o
d

b
ased

m
eth

o
d
s

h
ave

ex
actly

th
is

fl
avor.

B
u
t

m
ore

fre-
q
u
en

tly,
forecasters

h
ave

m
an

y
d
iff

eren
t

m
o
d
els

in
m

in
d
,

each
w

ith
a

d
iff

eren
t

em
p
irical

risk
m

in
im

izer.
R

egu
larized

m
o
d
el

classes
(rid

ge
regression

,
lasso,

B
ay

esia
n

m
eth

o
d
s)

im
p
licitly

h
ave

th
is

stru
ctu

re
—

alterin
g

th
e

am
ou

n
t

of
regu

larization
lead

s
to

d
iff

eren
t

m
o
d
els
F

.
O

r
on

e
m

ay
h
ave

m
an

y
d
iff

eren
t

forecastin
g

m
o
d
els

from
w

h
ich

th
e

forecaster
w

ou
ld

like
to

ch
o
ose

th
e

b
est.

T
h
is

scen
ario

lead
s

to
a

gen
eralization

of
E

R
M

called
stru

ctu
ra

l
risk

m
in

im
iza

tio
n

or
S
R

M
.

G
iven

a
collection

of
m

o
d
elsF

1 ,F
2 ,...

ea
ch

w
ith

asso
ciated

em
p
irical
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éon
B

ottou
,

ed
itors,

A
d
va

n
ces

in
N

eu
ra

l
In

fo
rm

a
tio

n
P

rocessin
g

S
ystem

s
(N

IP
S

),
p
ages

1097–1104,
2009.

M
eh

rya
r

M
oh

ri
an

d
A

fsh
in

R
ostam

izad
eh

.
S
tab

ility
b

ou
n
d
s

for
station

ary
φ

-m
ix

in
g

an
d

β
-m

ix
in

g
p
ro

cesses.
J

o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

esea
rch

,
11,

2010.

A
b

d
elka

d
er

M
o
k
kad

em
.

M
ix

in
g

p
rop

erties
of

A
R

M
A

p
ro

cesses.
S

toch
a
stic

P
rocesses

a
n

d
th

eir
A

p
p
lica

tio
n

s,
29(2):309–315,

1988.

U
lrich

K
.

M
ü
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To
address

the
above

problem
s

ofboth
online

PA
on

incorporating
flexible

latentstructures
and

B
ayesian

m
ax-m

argin
m

odels
on

scalable
stream

ing
inference,this

paperpresents
online

B
ayesian

Passive-A
ggressive

(B
ayesPA

)
learning,

a
general

fram
ew

ork
of

perform
ing

online
learning

for
B

ayesian
m

ax-m
argin

m
odels.

W
e

show
that

online
B

ayesPA
subsum

es
the

standard
online

PA
w

hen
the

underlying
m

odelis
linear

and
the

param
eter

prior
is

G
aussian

(See
Table

1
for

its
close

relationships
w

ith
stream

ing
variational

B
ayes

and
R

egB
ayes).

W
e

further
show

that
one

m
ajor

significance
of

B
ayesPA

is
its

naturalgeneralization
to

incorporate
a

hierarchy
of

latentvariables
for

both
param

etric
and

nonparam
etric

B
ayesian

inference,therefore
allow

ing
online

B
ayesPA

to
have

the
greatflexibility

of
(nonparam

etric)
B

ayesian
m

ethods
for

explorative
analysis

as
w

ellas
the

strong
discrim

inative
ability

of
large-m

argin
learning

for
predictive

tasks.
A

s
concrete

exam
-

ples,w
e

apply
the

theory
of

online
B

ayesPA
to

topic
m

odeling
and

derive
efficientonline

learning
algorithm

s
form

ax-m
argin

supervised
topic

m
odels

(Z
hu

etal.,2012).W
e

furtherdevelop
efficient

online
learning

algorithm
sforthe

nonparam
etric

m
ax-m

argin
topic

m
odels,an

extension
ofthe

non-
param

etric
topic

m
odels

(Teh
etal.,2006a)forpredictive

tasks.E
xtensive

em
piricalresults

on
real

datasets
dem

onstrate
significantim

provem
ents

on
tim

e
efficiency

and
m

aintenance
of

com
parable

results
w

ith
corresponding

batch
algorithm

s.

T
he

paper
is

structured
as

follow
s.

W
e

discuss
the

related
w

ork
in

Section
2,and

review
the

prelim
inary

know
ledge

in
Section

3.
T

hen,w
e

m
ove

on
to

the
detailed

description
of

B
ayesPA

in
Section

4,
and

present
the

theoretical
analysis.

Section
5

presents
the

concrete
instantiations

on
topic

m
odeling,and

Section
6

presents
the

extensions
to

nonparam
etric

topic
m

odels
and

m
ulti-task

learning.Section
7

presentsexperim
entalresults.Finally,Section

8
concludesthispaperw

ith
future

directions
discussed.

2.R
elated

W
ork

A
s

a
w

ell-established
learning

paradigm
,online

learning
is

ofboth
theoreticaland

practicalinterest.
T

he
goalofonline

learning
is

to
m

ake
a

sequence
ofdecisions,such

as
classification

and
regression,

and
use

the
know

ledge
extracted

from
previous

correctansw
ers

to
produce

decisions
on

incom
ing

ones.T
he

rootofonline
learning

could
be

traced
back

to
early

studies
ofrepeated

gam
es

(H
annan,

1957),
w

here
an

agent
dynam

ically
m

akes
choices

w
ith

the
sum

m
ary

of
past

inform
ation.

T
he

idea
becam

e
popular

w
ith

the
advent

of
Perceptron

algorithm
s

(R
osenblatt,

1958),
w

hich
adopt

an
additive

update
rule

for
the

classifier
w

eights,and
its

m
ultiplicative

counterpartis
the

W
innow

algorithm
(L

ittlestone,1988).T
he

class
ofonline

m
ultiplicative

algorithm
s

w
as

furthergeneralized
by

A
daboost(Freund

and
Schapire,1997)

in
a

decision
theoretic

sense
and

is
now

w
idely

applied
to

various
fields

ofstudy
(A

rora
etal.,2012).

Firstpresented
by

C
ram

m
eretal.(2006)asa

w
eightupdating

m
ethod,online

Passive-A
ggressive

(PA
)algorithm

s
provide

a
generic

online
learning

fram
ew

ork
form

ax-m
argin

m
odels.In

particular,
they

considered
loss

functions
thatenforce

m
ax-m

argin
constraints,and

show
ed

thatsurprisingly
sim

ple
update

rulescould
be

derived
in

closed
form

s.M
otivated

by
online

PA
learning

and
to

handle
unbalanced

training
sets,D

redze
etal.(2008)proposed

confidence-w
eighted

learning,w
hich

m
ain-

tains
a

G
aussian

distribution
of

the
classifier

w
eights

at
each

round
and

replaces
the

m
ax-m

argin
constraintin

PA
w

ith
a

probabilistic
constraintenforcing

confidence
of

classification.
W

ithin
the

sam
e

fram
ew

ork,C
ram

m
er

etal.(2008)
derived

a
new

convex
form

of
the

constraintand
dem

on-
strated

perform
ance

im
provem

ents
through

em
piricalevaluations.
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T
he

theoreticalanalysis
of

online
learning

typically
relies

on
the

notion
of

regret,w
hich

is
the

average
loss

incurred
by

an
adaptive

online
learner

on
stream

ing
data

versus
the

best
achievable

through
a

single
fixed

m
odel

having
the

hindsight
of

all
data

(M
urphy,

2012).
It

can
be

show
n

that
the

notion
of

regret
is

closely
related

to
w

eak
duality

in
convex

optim
ization,

w
hich

brings
online

learning
to

the
algorithm

ic
fram

ew
ork

ofconvex
repeated

gam
es(Shalev-Shw

artz
and

Singer,
2006).

A
lthough

the
classical

regim
e

of
online

learning
is

based
on

decision
theory,

recently
m

uch
attention

has
been

paid
to

the
theory

and
practice

of
online

probabilistic
inference

in
the

context
of

B
ig

D
ata.

R
ooted

either
in

variational
inference

or
M

onte
C

arlo
sam

pling
m

ethods,
there

are
broadly

tw
o

lines
of

w
ork

on
the

topic
of

online
B

ayesian
inference.

Stochastic
variationalinfer-

ence
(SV

I)
(H

offm
an

et
al.,

2013)
is

a
stochastic

approxim
ation

algorithm
for

m
ean-field

varia-
tionalinference.

B
y

approxim
ating

the
naturalgradients

in
m

axim
izing

the
evidence

low
er

bound
w

ith
stochastic

gradients
sam

pled
from

data
points,

H
offm

an
et

al.(2013)
dem

onstrated
scalable

inference
of

topic
m

odels
on

large
corpora.

M
im

no
etal.(2012)

show
ed

the
perform

ance
of

SV
I

could
be

im
proved

through
structured

m
ean-field

assum
ptions

and
locally

collapsed
variationalin-

ference.SV
Iis

also
applicable

to
the

stochastic
inference

ofnonparam
etric

B
ayesian

m
odels,such

as
hierarchicalD

irichletprocess
(W

ang
etal.,2011;W

ang
and

B
lei,2012b).

T
here

is
also

a
large

body
of

w
ork

on
extending

M
onte

C
arlo

m
ethods

to
the

online
setting.

A
classic

approach
is

sequential
M

onte
C

arlo
m

ethods
(SM

C
)

or
particle

filters
(D

oucet
and

Jo-
hansen,2009),

w
hich

arose
from

the
num

erical
estim

ation
of

state-space
m

odels.
T

hrough
R

ao-
B

lackw
ellized

particle
filters

(D
oucetetal.,2000),one

could
obtain

online
inference

algorithm
s

for
latentD

irichletallocation
(L

D
A

)(C
aninietal.,2009),and

m
ore

recently
G

ao
etal.(2016)presented

a
stream

ing
(collapsed)G

ibbs
sam

plerw
ith

betteraccuracy.To
tackle

the
sparsity

issues
and

inade-
quate

coverage
ofparticles,Steinhardtand

L
iang

(2014)leveraged
“abstractparticles”

to
represent

entire
regions

of
the

sam
ple

space.
R

ecently,K
orattikara

etal.(2014)
introduced

an
approxim

ate
M

etropolis-H
asting

rule
based

on
sequentialhypothesis

testing
thatallow

s
accepting

and
rejecting

sam
ples

using
only

a
fraction

of
the

data.
A

s
an

alternative,B
ardenet

et
al.(2014)

proposed
an

adaptive
sam

pling
strategy

ofM
etropolis-H

astings
from

a
controlled

perturbation
ofthe

targetdis-
tribution.

W
ith

elegantuse
of

gradientinform
ation

thatM
etropolis-H

astings
algorithm

s
neglected,

a
line

of
w

ork
(W

elling
and

Teh,2011;A
hn

etal.,2012;Patterson
and

Teh,2013)
also

developed
stochastic

gradientm
ethods

based
on

L
angevin

dynam
ics.

W
hile

m
ost

online
B

ayesian
inference

m
ethods

have
adopted

a
stochastic

approxim
ation

of
the

posteriordistribution
by

sub-sam
pling

a
given

finite
dataset,in

m
any

applications
data

arrives
in

stream
so

thatthe
datasetischanging

overtim
e

and
itssize

isunknow
n.To

relax
the

previousrequest
on

know
ing

the
data

size,B
roderick

etal.(2013)m
ade

stream
ing

updates
to

the
estim

ated
posterior

and
dem

onstrated
the

advantage
of

stream
ing

variationalB
ayes

(SV
B

)
over

stochastic
variational

inference.
A

s
w

ill
be

discussed
in

this
paper,B

ayesPA
also

does
not

im
pose

assum
ptions

on
the

size
ofdatasetand

w
orks

on
stream

ing
data.

T
he

idea
to

discrim
inatively

train
univariate

orstructured
outputclassifiers

w
as

popularized
by

the
sem

inal
w

ork
on

support
vector

m
achines

(V
apnik,1995)

and
m

ax-m
argin

M
arkov

netw
orks

(aka
structuralSV

M
s)(Taskaretal.,2003).Since

then,research
on

developing
m

ax-m
argin

m
odels

w
ith

latentvariables
has

received
increasing

attention,because
ofthe

prom
ise

to
capture

underlying
com

plex
structures

ofthe
problem

s.A
prom

ising
line

ofw
ork

focused
on

B
ayesian

approaches,and
one

representative
is

m
axim

um
entropy

discrim
ination

(M
E

D
)(Jaakkola

etal.,1999;Jebara,2001;
Z

hu
and

X
ing,2009),w

hich
learns

distributions
ofm

odelparam
eters

discrim
inatively

from
labeled
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of
w

gi
ve

n
th

e
fir

st
T

sa
m

pl
es

(T
≥

1)
sa

tis
fie

s

p
(w
|{
x
t}
T t=

0
)
∝
p
(w
|{
x
t}
T
−

1
t=

0
)p

(x
T
|w

).
(3

)

In
ot

he
r

w
or

ds
,t

he
po

st
er

io
r

af
te

r
ob

se
rv

in
g

th
e

fir
st
T
−

1
sa

m
pl

es
is

tr
ea

te
d

as
th

e
pr

io
r

fo
r

th
e

in
co

m
in

g
da

ta
po

in
t.

T
hi

sn
at

ur
al

st
re

am
in

g
B

ay
es

’r
ul

e,
ho

w
ev

er
,i

so
ft

en
in

tr
ac

ta
bl

e
to

co
m

pu
te

,e
sp

ec
ia

lly
fo

rc
om

-
pl

ex
m

od
el

s
(e

.g
.,

w
he

n
la

te
nt

va
ri

ab
le

s
ar

e
pr

es
en

t)
.

St
re

am
in

g
va

ri
at

io
na

l
B

ay
es

(S
V

B
)

(B
ro

d-
er

ic
k

et
al

.,
20

13
)

su
gg

es
ts

th
at

a
va

ri
at

io
na

l
ap

pr
ox

im
at

io
n

sh
ou

ld
be

ad
op

te
d

an
d

it
pr

ac
tic

al
ly

w
or

ks
w

el
l.

Sp
ec

ifi
ca

lly
,l

et
A

be
an

y
al

go
ri

th
m

th
at

ca
lc

ul
at

es
an

ap
pr

ox
im

at
e

po
st

er
io

r
q(
w

)
=

A
(X

,q
0
(w

))
ba

se
d

on
da

ta
X

an
d

pr
io

r
q 0

(w
).

T
he

n,
th

e
re

cu
rs

iv
e

fo
rm

ul
a

fo
r

ap
pr

ox
im

at
e

st
re

am
in

g
up

da
te

is
:

q(
w
|{
x
t}
T t=

0
)

=
A
( x

T
,q

(w
|{
x
t}
T
−

1
t=

0
)) .

T
he

ch
oi

ce
of
A

ca
n

be
pr

ob
le

m
-s

pe
ci

fic
.

Fo
r

to
pi

c
m

od
el

in
g,

B
ro

de
ri

ck
et

al
.(

20
13

)
sh

ow
ed

th
at

on
e

m
ay

ad
op

tm
ea

n-
fie

ld
va

ri
at

io
na

lB
ay

es
(W

ai
nw

ri
gh

ta
nd

Jo
rd

an
,2

00
8)

,e
xp

ec
ta

tio
n

pr
op

ag
a-

tio
n

(M
in

ka
,2

00
1)

,a
nd

on
e-

pa
ss

po
st

er
io

r
ap

pr
ox

im
at

io
n

al
go

ri
th

m
s

us
in

g
st

oc
ha

st
ic

va
ri

at
io

na
l

in
fe

re
nc

e
(H

of
fm

an
et

al
.,

20
13

)
or

su
ffi

ci
en

t
st

at
is

tic
s

up
da

te
(H

on
ke

la
an

d
V

al
po

la
,2

00
3;

L
ut

s
et

al
.,

20
13

).
B

y
ap

pl
yi

ng
th

e
st

re
am

in
g

up
da

te
in

a
di

st
ri

bu
te

d
se

tti
ng

as
yn

ch
ro

no
us

ly
,S

V
B

co
ul

d
al

so
be

sc
al

ed
up

ac
ro

ss
m

ul
tip

le
co

m
pu

te
rc

lu
st

er
s

(B
ro

de
ri

ck
et

al
.,

20
13

).
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3.3
R

egularized
B

ayesian
Inference

T
he

decision-theoretic
and

B
ayesian

view
of

learning
can

be
reciprocal.

For
exam

ple,itw
ould

be
beneficial

to
com

bine
the

flexibility
of

B
ayesian

m
odels

w
ith

the
discrim

inative
pow

er
of

large-
m

argin
m

ethods.
T

he
idea

of
regularized

B
ayesian

inference
(R

egB
ayes)

(Z
hu

et
al.,

2014c)
is

to
treatB

ayesian
inference

as
an

optim
ization

problem
w

ith
an

im
posed

loss
function

for
predic-

tion
tasks

or
a

regularization
term

on
the

targetposterior
distribution

in
general.

M
athem

atically,
R

egB
ayes

forsupervised
learning

can
be

form
ulated

as

m
in

q∈P
K

L [q(w
)||p

0 (w
) ]−

E
q
(w

) [
log

p
(X
|w

) ]
+

2
c·
` (
q(w

);X
,Y
)
,

(4)

w
here

P
is

the
probability

sim
plex,

p
(X
|w

)
is

the
likelihood

function
and

K
L

is
the

K
ullback-

L
eiblerdivergence. 2

N
ote

thatifthe
loss

is
zero,i.e.,`(q(w

);X
,Y

)
=

0,then
the

optim
alsolution

is
q ∗(w

)
∝
p

0 (w
)p

(X
|w

),
w

hich
is

just
the

B
ayes’

rule.
H

ow
ever,

w
hen

`(q(w
);X

,Y
)
6=

0,
R

egB
ayes

biases
the

inferred
posteriortow

ards
discrim

inating
the

supervising
side-inform

ation
Y

,
w

ith
the

param
eter

c
controlling

the
extentofregularization.Ifthe

posteriorregularization
term

`(·)
is

a
convex

function
of
q(w

)
through

the
linearexpectation

operator,Z
hu

etal.(2014c)presented
a

generalrepresentation
theorem

to
characterize

the
solution

to
problem

(4).
To

distinguish
from

the
posteriordistribution

obtained
via

B
ayes’rule,the

solution
to

problem
(4)is

called
post-data

poste-
rior

(Z
hu

etal.,2014c).M
any

instantiations
have

been
developed

follow
ing

the
generic

fram
ew

ork
of

R
egB

ayes
to

dem
onstrate

its
superior

perform
ance

than
standard

B
ayesian

m
odels

in
various

settings,
such

as
topic

m
odeling

(Jiang
et

al.,2012;
Z

hu
et

al.,
2014b),

m
atrix

factorization
(X

u
etal.,2013)and

link
prediction

(Z
hu,2012),as

w
ellas

the
flexibility

ofperform
ing

robustB
ayesian

inference
w

ith
noisy

dom
ain

know
ledge

(M
eietal.,2014).

4.B
ayesian

Passive-A
ggressive

L
earning

In
this

section,w
e

presentonline
B

ayesian
Passive-A

ggressive
(B

ayesPA
)

learning,a
generalper-

spective
on

online
m

ax-m
argin

B
ayesian

inference.
W

ithoutloss
of

generality,w
e

consider
binary

classification.
T

he
techniques

can
be

applied
to

other
learning

tasks.
W

e
provide

an
extension

in
Section

6.2.

4.1
O

nline
B

ayesPA
L

earning

Instead
ofupdating

a
pointestim

ate
of
w

,online
B

ayesian
PA

(B
ayesPA

)sequentially
infers

a
new

post-data
posteriordistribution

q
t+

1 (w
),eitherparam

etric
ornonparam

etric,on
the

arrivalofa
new

data
point

(x
t ,y

t )
by

solving
the

follow
ing

optim
ization

problem
:

m
in

q
(w

)∈F
t

K
L [q(w

)||q
t (w

) ]−
E
q
(w

) [
log

p
(x

t |w
) ]

s.t.:
`
ε (
q(w

);x
t ,y

t )
=

0,
(5)

2.W
e

assum
e

thatthe
m

odelspace
W

is
a

com
plete

separable
m

etric
space

endow
ed

w
ith

its
B

orel
σ

-algebraB
(W

).
L

et
P
0

and
Q

be
probability

m
easures

on
W

.
T

he
K

ullback-L
eibler

(K
L

)
divergence

of
the

probability
m

easure
Q

w
ith

respect
to

the
m

easure
P
0

is
defined

as
K

L
[Q
‖
P
0 ]

=
∫

d
Q

d
P
0
(w

)
lo
g

d
Q

d
P
0
(w

)d
P
0 (w

),
w

here
d
Q

d
P
0
(w

)
is

the
R

adon-N
ikodym

derivative
(D

urret,2010).
It

is
required

that
Q

is
absolutely

continuous
w

ith
respect

to
P
0

such
that

this
derivative

exists.
In

this
paper,

w
e

further
assum

e
that

P
0

is
absolutely

continuous
w

ith
respect

to
som

e
background

m
easure

µ
.

T
hus,there

exists
a

density
p
0

thatsatisfies
d
P
0
=
p
0 d
µ

and
there

also
exists

a
density

q
thatsatisfies

d
Q

=
qd
µ

.T
hen,the

K
L

-divergence
can

be
expressed

asK
L
[q‖
p
0 ]

=
∫
q(w

)
lo
g
q
(w

)
p
0
(w

) d
µ
(w

).
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S
H

I
A

N
D

Z
H

U

q
t (w)

q
t+1 (w)

q
t (w
)

q
t+1 (w

)

feasible(zone(

Projection!

feasible(zone(

(a)!
(b)!

region

Text

region

Figure
1:

G
raphicalIllustration

of
B

ayesPA
learning.

(a).
U

pdate
passively

by
B

ayes
rule,if

the
resulting

distribution
suffer

zero
loss.

(b)
O

therw
ise,

aggressively
project

the
resulting

distribution
to

the
feasible

region
ofw

eights
w

ith
zero

loss.

w
hereF

t
can

be
som

e
fam

ily
of

distributions
or

the
w

hole
probability

sim
plex

P
.

For
notational

convenience,w
e

denote
the

objective
asL

(q(w
)).In

w
ords,w

e
find

a
post-data

posteriordistribu-
tion

q
t+

1 (w
)

in
the

feasible
region

thatis
notonly

close
to

the
currentposterior

q
t (w

)
in

term
s

of
K

L
-divergence,butalso

has
a

high
likelihood

ofexplaining
the

new
data.A

s
a

result,ifB
ayes’rule

already
gives

the
posteriordistribution

q
t+

1 (w
)∝

q
t (w

)p
(x

t |w
)

thatsuffers
no

loss
(i.e.,

`
ε

=
0),

B
ayesPA

passively
updates

the
posterior

follow
ing

justB
ayes’

rule; 3
otherw

ise,B
ayesPA

aggres-
sively

projects
the

new
posteriorto

the
feasible

region
ofposteriors

thatattain
zero

loss.T
he

passive
and

aggressive
update

cases
are

illustrated
in

Figure
1.

W
e

should
note

that
w

hen
no

likelihood
is

defined
(e.g.,

p
(x

t |w
)

is
independent

of
w

),
B

ayesPA
w

ill
passively

set
q
t+

1 (w
)

=
q
t (w

)
if

q
t (w

)
suffers

no
loss;otherw

ise,itw
illaggressively

project
q
t (w

)
to

the
feasible

region.W
e

callit
non-likelihood

B
ayesPA

.
In

practical
problem

s,
the

constraints
in

(5)
could

be
unrealizable.

To
deal

w
ith

such
cases,

w
e

introduce
the

soft-m
argin

version
of

B
ayesPA

learning,w
hich

is
equivalentto

m
inim

izing
the

objective
function

L
(q(w

))
in

problem
(5)

w
ith

a
regularization

term
,sim

ilar
as

in
SV

M
s

(C
ortes

and
V

apnik,1995):

q
t+

1 (w
)

=
argm

in
q
(w

)∈F
t L (

q(w
) )

+
2
c·
`
ε (
q(w

);x
t ,y

t )
.

(6)

For
the

m
ax-m

argin
classifiers

thatw
e

consider,tw
o

types
of

loss
functionals

`
ε (q(w

);x
t ,y

t )
are

com
m

on:

3.U
nder

the
B

ayesian
setting,w

e
regard

B
ayes’

rule
as

a
natural

update
(passive),

since
no

aggressive
projection

is
applied.
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ri
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es
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an
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its
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ou
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cu
rs
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s,
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ud
in
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-

in
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at
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na
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ay
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ze

d
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ay
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fe
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nc
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e
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pe
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s.

1.
Av

er
ag

in
g

cl
as

si
fie

r:
as

su
m

e
th

at
a

po
st

-d
at

a
po

st
er

io
r

di
st
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bu

tio
n
q(
w

)
is

gi
ve

n,
th

en
an

av
er

ag
in

g
cl
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si

fie
r

m
ak

es
pr

ed
ic

tio
ns

us
in

g
th

e
si

gn
ru

le
ŷ t

=
si

gn
E q

(w
)[
w
>
x
t]

w
he

n
th

e
di
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ri

m
in

an
tf

un
ct

io
n

ha
s

th
e

si
m

pl
e

lin
ea

r
fo
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,f
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t;
w

)
=
w
>
x
t.

Fo
r

th
is

cl
as

si
fie

r,
its

hi
ng

e
lo

ss
is

th
er

ef
or

e
de

fin
ed

as
:

`av
e

ε

( q(
w

);
x
t,
y t

)
=
( ε
−
y t
E q

(w
)

[ w
>
x
t])

+
.
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si
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th
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st
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at
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.
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ra
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=
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.
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as
si

fie
r

`a
ve ε

,t
he

no
n-

lik
el

ih
oo

d
B

ay
es

PA
su

bs
um

es
th

e
on

lin
e

PA
.
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7

S
H

I
A

N
D

Z
H

U

Pr
oo

f
T

he
so

ft
-m

ar
gi

n
ve

rs
io

n
of

B
ay

es
PA

le
ar

ni
ng

ca
n

be
re

fo
rm

ul
at

ed
us

in
g

a
sl

ac
k

va
ri

ab
le
ξ t

:

q t
+

1
(w

)
=

a
rg

m
in

q
(w

)∈
P

K
L
[ q(
w

)||
q t

(w
)] +

2
c
·ξ
t

s.
t.

:
y t
E q

(w
)

[ w
>
x
t]
≥
ε
−
ξ t
,
ξ t
≥

0
.

(7
)

Si
m

ila
rt

o
C

or
ol

la
ry

5
in

(Z
hu

et
al

.,
20

12
),

th
e

op
tim

al
so

lu
tio

n
q∗

(w
)

of
th

e
ab

ov
e

pr
ob

le
m

ca
n

be
de

riv
ed

fr
om

its
fu

nc
tio

na
lL

ag
ra

ng
ia

n
an

d
ha

s
th

e
fo

llo
w

in
g

fo
rm

:

q∗
(w

)
=

1

Γ
(τ
∗ t,
x
t,
y t

)q
t(
w

)
ex

p
( τ
∗ ty
tw
>
x
t) ,

(8
)

w
he

re
th

e
no

rm
al

iz
at

io
n

te
rm

Γ
(τ
t,
x
t,
y t

)
=
∫ w

q t
(w

)
ex

p
( τ t

y t
w
>
x
t) d
w

,a
nd
τ
∗ t

is
th

e
op

tim
al

so
lu

tio
n

to
th

e
du

al
pr

ob
le

m
m

ax τ t
ετ
t
−

lo
g

Γ
(τ
t,
x
t,
y t

)

s.
t.

0
≤
τ t
≤

2
c.

(9
)

U
si

ng
th

is
pr

im
al

-d
ua

li
nt

er
pr

et
at

io
n,

w
e

pr
ov

e
th

at
fo

r
th

e
no

rm
al

pr
io

r
p

0
(w

)
=
N

(w
0
,I

),
th

e
po

st
-d

at
a

po
st

er
io

r
is

al
so

G
au

ss
ia

n:
q t

(w
)

=
N

(µ
t,
I
)

fo
r

so
m

e
µ
t

in
ea

ch
ro

un
d
t

=
0
,1
,2
,.
..

T
hi

s
ca

n
be

sh
ow

n
by

in
du

ct
io

n.
B

y
ou

r
as

su
m

pt
io

n,
q 0

(w
)

=
p

0
(w

)
=
N

(w
0
,I

)
is

G
au

ss
ia

n.
A

ss
um

e
fo

rr
ou

nd
t
≥

0
,t

he
di

st
ri

bu
tio

n
q t

(w
)

=
N

(µ
t,
I
).

T
he

n
fo

rr
ou

nd
t
+

1,
E

q.
(8

)s
ug

ge
st

s
th

e
di

st
ri

bu
tio

n

q t
+

1
(w

)
=

C
Γ

(τ
∗ t,
x
t,
y t

)
ex

p

( −
1 2
||w
−

(µ
t
+
τ
∗ ty
tx
t)
||2
)
,

w
he

re
th

e
co

ns
ta

nt
C

=
ex

p
(y
tτ
∗ tµ
> t
x
t

+
1 2
τ
∗2 t
x
> t
x
t)

.
T

he
re

fo
re

,
th

e
di

st
ri

bu
tio

n
q t

+
1
(w

)
=

N
(µ

t+
τ
∗ ty
tx
t,
I
),

an
d

th
e

no
rm

al
iz

at
io

n
te

rm
is

Γ
(τ
t,
x
t,
y t

)
=

(√
2
π

)K
ex

p
(τ
ty
tx
> t
µ
t+

1 2
τ

2 t
x
> t
x
t)

fo
ra

ny
τ t
∈

[0
,2
c]

.
N

ex
t,

w
e

sh
ow

th
at
µ
t+

1
=
µ
t

+
τ
∗ ty
tx
t

is
th

e
op

tim
al

so
lu

tio
n

of
th

e
on

lin
e

PA
up

da
te

ru
le

(C
ra

m
m

er
et

al
.,

20
06

).
To

se
e

th
is

,w
e

re
pl

ac
e

Γ
(τ
t,
x
t,
y t

)
in

pr
ob

le
m

(9
)

w
ith

ou
r

de
riv

ed
fo

rm
.

Ig
no

ri
ng

co
ns

ta
nt

te
rm

s,
w

e
ob

ta
in

th
e

du
al

pr
ob

le
m

m
ax τ t

ετ
t
−

1 2
τ

2 t
x
> t
x
t
−
y t
τ t
µ
> t
x
t

s.
t.:

0
≤
τ t
≤

2
c,

(1
0)

w
hi

ch
is

ex
ac

tly
th

e
du

al
fo

rm
of

th
e

on
lin

e
PA

up
da

te
eq

ua
tio

n:

µ
PA t+

1
=

ar
g

m
in µ

1 2
||µ
−
µ
t||

2
+

2
c
·ξ
t

s.
t.
y t
µ
>
x
t
≥
ε
−
ξ t
,
ξ t
≥

0
.

T
he

op
tim

al
so

lu
tio

n
is
µ

PA t+
1

=
µ
t

+
τ
∗ ty
tx
t.

N
ot

e
th

at
τ
∗ t

is
th

e
op

tim
al

so
lu

tio
n

of
du

al
pr

ob
le

m
(1

0)
sh

ar
ed

by
bo

th
PA

an
d

B
ay

es
PA

.T
he

re
fo

re
,w

e
co

nc
lu

de
th

at
µ
t+

1
=
µ

PA t+
1
.

Se
co

nd
,s

up
po

se
so

m
e

al
go

ri
th

m
A

is
ca

pa
bl

e
of

so
lv

in
g

pr
ob

le
m

(6
),

th
en

it
w

ou
ld

pr
od

uc
e

st
re

am
in

g
up

da
te

s
to

th
e

po
st

er
io

r
di

st
ri

bu
tio

n.
Fo

r
av

er
ag

in
g

cl
as

si
fie

rs
,i

t
is

ea
sy

to
m

od
if

y
th

e
pr

oo
fo

ft
he

or
em

2
to

de
riv

e
th

e
up

da
te

ru
le

of
B

ay
es

PA
,w

hi
ch

is
pr

es
en

te
d

in
th

e
fo

llo
w

in
g

le
m

m
a.
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A
Y

E
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P
A

S
S

IV
E-A

G
G

R
E

S
S

IV
E

L
E

A
R

N
IN

G

L
em

m
a

3
IfF

t
=
P

and
w

e
use

the
averaging

classifier
w

ith
loss

functional
` ave
ε

,the
update

rule
ofonline

B
ayesPA

isq
t+

1 (w
)

=
1

Γ
(τ ∗t ,x

t ,y
t ) q

t (w
)p

(x
t |w

)
ex

p (
τ ∗t y

t w
>
x
t )
,

(11)

w
here

Γ
(τ
t ,x

t ,y
t )isthe

norm
alization

term
Γ

(τ
t ,x

t ,y
t )

=
∫
w
q
t (w

)p
(x

t |w
)

ex
p (

τ
t y
t w
>t
x
t )
d
w
,

and
τ ∗t

is
the

optim
alsolution

to
the

dualproblem

m
ax
τ
t

ετ
t −

log
Γ

(τ
t ,x

t ,y
t )

s.t.
0
≤
τ
t ≤

2c.

ForG
ibbs

classifiers,w
e

have
the

follow
ing

lem
m

a
to

characterize
its

stream
ing

update
rule.

L
em

m
a

4
IfF

t
=
P

and
w

e
use

the
G

ibbs
classifier

w
ith

loss
functional

` gibbs
ε

,the
update

rule
of

online
B

ayesPA
is

q
t+

1 (w
)

=
q
t (w

)p
(x

t |w
)

ex
p (−

2c (ε−
y
t w
>
x
t )

+ )

Γ
(x

t ,y
t )

,
(12)

w
here

Γ
(x

t ,y
t )

is
the

norm
alization

constant.

In
both

update
rules

(11)
and

(12),
the

post-data
posterior

q
t (w

)
in

the
previous

round
t

can
be

treated
as

a
prior,

w
hile

the
new

ly
observed

data
and

the
loss

it
incurs

provide
a

likelihood
and

an
un-norm

alized
pseudo-likelihood

respectively.
D

ue
to

the
analyticalform

,the
B

ayesPA
update

rule
(12)

is
sequentialin

nature,sim
iar

as
the

conventialB
ayes

rule
(3).

T
herefore,the

sequential
posterior

attim
e
T

is
the

sam
e

as
the

batch
posterior

thatobserves
allthe

data
instances

up
to
T

.
Forthe

case
w

ith
averaging

classifers,E
q.(11)reduces

to
the

stream
ing

B
ayesian

update
problem

if
there

is
no

loss
functional(i.e.,`

ε
=

0).T
herefore,B

ayesPA
is

an
extension

to
stream

ing
variational

B
ayes

(SV
B

)w
ith

im
posed

m
ax-m

argin
posteriorconstraints.

Finally,the
update

form
ulation

(6)
is

essentially
a

R
egB

ayes
problem

w
ith

a
single

data
point

(x
t ,y

t ).
A

lthough
R

egB
ayes

inference
is

norm
ally

intractable,w
e

w
ould

show
later

in
the

paper
how

to
use

variationalapproxim
ation

to
bypass

the
difficulty

for
specific

settings.
T

his
w

ould
lead

to
variationalapproxim

ation
algorithm

A
forthe

stream
ing

update
ofpost-data

posterior.
B

esides
treating

a
single

data
pointata

tim
e,a

usefultechnique
in

practice
to

reduce
the

noise
in

data
is

to
use

m
ini-batches.

Suppose
thatw

e
have

a
m

ini-batch
of

data
points

attim
e
t

w
ith

an
index

set
B
t .

L
et
X
t

=
{x

d }
d∈
B
t ,Y

t
=
{y
d }
d∈
B
t .

T
he

online
B

ayesPA
update

equation
for

this
m

ini-batch
can

be
defined

in
a

naturalw
ay:

m
in

q∈F
t

K
L [q(w

)||q
t (w

) ]−
E
q
(w

) [
log

p
(X

t |w
) ]

+
2
c·
`
ε (
q(w

);X
t ,Y

t )
,

w
here

`
ε (q(w

);X
t ,Y

t )
=
∑

d∈
B
t
`
ε (q(w

);x
d ,y

d )
is

the
cum

ulative
loos

functionalon
the

m
ini-

batch
B
t .

L
ike

the
vanilla

PA
m

ethods
(C

ram
m

er
etal.,2006),B

ayesPA
on

m
ini-batches

m
ay

not
have

closed-form
update

rules,and
num

ericaloptim
ization

m
ethods

are
needed

to
solve

this
new

form
ulation.
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S
H

I
A

N
D

Z
H

U

global&variables�

local&variables�
sam

pling�
analysis�

m
odel&update�

draw
&a&m

ini5
batch

�
infer&the&hidden&
structure�

update&distribu8on&of&
global&variables�

(a)�
(b)�

H
t

X
t ,Y

t
t=
1,2,...,∞

(X
t ,Y

t )
q
*(H

t )
 q
*(w,M

)

w

Figure
2:

G
raphicalillustrations

of:(a)the
abstraction

ofm
odels

w
ith

latentstructures;and
(b)the

procedure
ofB

ayesPA
learning

w
ith

latentstructures.

4.2
B

ayesPA
L

earning
w

ith
L

atentStructures

To
expressively

explain
com

plex
real-w

ord
data,B

ayesian
m

odels
w

ith
latentstructures

have
been

extensively
developed.T

he
latentstructures

could
typically

be
characterized

by
a

hierarchy
ofvari-

ables,w
hich

are
generally

grouped
into

tw
o

sets—
locallatentvariables

h
d

(d
≥

0)thatcharacterize
the

hidden
structures

of
each

observed
data

x
d

and
globalvariablesM

thatcapture
the

com
m

on
properties

shared
by

alldata.
A

sillustrated
in

Figure
2,B

ayesPA
learning

w
ith

latentstructuresaim
sto

update
the

distribution
ofM

as
w

ellas
the

classifier
w

eights
w

,based
on

each
incom

ing
m

ini-batch
(X

t ,Y
t )

and
their

corresponding
latent

variables
H
t

=
{
h
d }
d∈
B
t .

B
ecause

of
the

uncertainty
in
H
t ,our

posterior
approxim

ation
algorithm

A
w

ould
firstinferthe

jointposteriordistribution
q
t+

1 (w
,M

,H
t )

from

m
in

q∈F
t L (

q(w
,M

,H
t ) )

+
2
c·`

ε (
q(w

,M
,H

t );X
t ,Y

t )
,

(13)

w
here

L
(q)

=
K

L
[q(w

,M
,H

t )||q
t (w

,M
)p

0 (H
t )]−

E
q
(w
,M

,H
t ) [log

p
(X

t |w
,M

,H
t )]

and
`
ε (q(w

,M
,H

t );X
t ,Y

t )
is

som
e

cum
ulative

loss
functional

on
the

m
in-batch

data
incurred

by
som

e
classifiers

on
the

latentvariables
H
t and/orglobalvariablesM

.A
s

in
the

case
w

ithoutlatent
variables,both

averaging
classifierand

G
ibbs

classifiercan
be

used.
N

ext,algorithm
A

produces
the

approxim
ate

posterior
q
t+

1 (w
,M

).
In

generalw
e

w
ould

not
obtain

a
closed-form

posterior
distribution

by
m

arginalizing
out

H
t ,

especially
in

dealing
w

ith
som

e
involved

m
odels

like
M

edL
D

A
(Z

hu
et

al.,
2012).

T
he

intractability
is

bypassed
through

the
m

ean-field
assum

ption
q(w

,M
,H

t )
=
q(w

)q(M
)q(H

t ).
Specifically,algorithm

A
solves

problem
(13)using

an
iterative

procedure
and

obtain
the

optim
aldistribution

q ∗(w
)q ∗(M

)q ∗(H
t ).

T
hen

itsets
q
t+

1 (w
,M

)
=
q ∗(w

)q ∗(M
)

and
proceeds

to
nextround.

C
oncrete

exam
ples

of
this

m
ethod

w
illbe

discussed
in

Section
5

and
Section

6.

5.O
nline

M
ax-M

argin
Topic

M
odels

In
this

section,w
e

apply
the

theory
ofonline

B
ayesPA

to
topic

m
odeling.W

e
firstreview

the
basic

ideas
ofm

ax-m
argin

topic
m

odels,and
develop

online
learning

algorithm
s

based
on

B
ayesPA

w
ith

averaging
and

G
ibbs

classifiers
respectively.
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5.
1

B
as

ic
so

fM
ed

L
D

A

A
m

ax
-m

ar
gi

n
to

pi
c

m
od

el
co

ns
is

ts
of

a
la

te
nt

D
ir

ic
hl

et
al

lo
ca

tio
n

(L
D

A
)m

od
el

(B
le

ie
ta

l.,
20

03
)

fo
rd

es
cr

ib
in

g
th

e
un

de
rl

yi
ng

to
pi

c
re

pr
es

en
ta

tio
ns

of
do

cu
m

en
tc

on
te

nt
an

d
a

m
ax

-m
ar

gi
n

cl
as

si
fie

r
fo

r
m

ak
in

g
pr

ed
ic

tio
ns

.
Sp

ec
ifi

ca
lly

,L
D

A
is

a
hi

er
ar

ch
ic

al
B

ay
es

ia
n

m
od

el
th

at
tr

ea
ts

ea
ch

do
cu

-
m

en
ta

s
an

ad
m

ix
tu

re
of
K

to
pi

cs
,Φ

=
{φ

k
}K k

=
1
,w

he
re

ea
ch

to
pi

c
φ
k

is
a

m
ul

tin
om

ia
ld

is
tr

ib
ut

io
n

ov
er

a
gi

ve
n
W

-w
or

d
vo

ca
bu

la
ry

.4
T

he
ge

ne
ra

tiv
e

pr
oc

es
s

of
th

e
d

-t
h

do
cu

m
en

t(
1
≤
d
≤
D

)
is

de
sc

ri
be

d
as

fo
llo

w
s:

•
D

ra
w

a
to

pi
c

m
ix

tu
re

pr
op

or
tio

n
ve

ct
or
θ
d
|α
∼

D
ir

(α
)

•
Fo

rt
he
i-

th
w

or
d

in
do

cu
m

en
td

,w
he

re
i

=
1,

2,
..
.,
n
d
,

–
dr

aw
a

la
te

nt
to

pi
c

as
si

gn
m

en
tz
d
i
∼

M
ul

t(
θ
d
).

–
dr

aw
th

e
w

or
d

in
st

an
ce
x
d
i
∼

M
ul

t(
φ
z d
i
).

w
he

re
D

ir
(·)

is
th

e
D

ir
ic

hl
et

di
st

ri
bu

tio
n

an
d

M
ul

t(
·)

is
th

e
m

ul
tin

om
ia

ld
is

tr
ib

ut
io

n.
Fo

r
B

ay
es

ia
n

L
D

A
,t

he
to

pi
cs

ar
e

al
so

dr
aw

n
fr

om
a

D
ir

ic
hl

et
di

st
ri

bu
tio

n,
i.e

.,
φ
k
∼

D
ir

(γ
).

G
iv

en
a

do
cu

m
en

t
se

t
X

=
{x

d
}D d

=
1
.

L
et
Z

=
{z

d
}D d

=
1

an
d

Θ
=
{θ

d
}D d

=
1

de
no

te
al

l
th

e
to

pi
c

as
si

gn
m

en
ts

an
d

to
pi

c
m

ix
in

g
ve

ct
or

s.
L

D
A

in
fe

rs
th

e
po

st
er

io
rd

is
tr

ib
ut

io
n
p
(Φ
,Θ

,Z
|X

)
∝

p
0
(Φ
,Θ

,Z
)p

(X
|Z
,Φ

)
vi

a
B

ay
es

’r
ul

e.
Fr

om
a

va
ri

at
io

na
lp

oi
nt

of
vi

ew
,t

he
po

st
er

io
ri

s
id

en
tic

al
to

th
e

so
lu

tio
n

of
th

e
op

tim
iz

at
io

n
pr

ob
le

m
:

m
in

q
∈P

K
L
[ q(

Φ
,Θ

,Z
)||
p
(Φ
,Θ

,Z
|X

)] .

T
he

ad
va

nt
ag

e
of

th
e

va
ri

at
io

na
lf

or
m

ul
at

io
n

of
B

ay
es

ia
n

in
fe

re
nc

e
lie

si
n

th
e

co
nv

en
ie

nc
e

of
po

si
ng

re
st

ri
ct

io
ns

on
th

e
po

st
-d

at
a

di
st

ri
bu

tio
n

w
ith

a
re

gu
la

ri
za

tio
n

te
rm

.
Fo

r
su

pe
rv

is
ed

to
pi

c
m

od
el

s
(B

le
ia

nd
M

cA
ul

iff
e,

20
10

;Z
hu

et
al

.,
20

12
),

su
ch

a
re

gu
la

ri
za

tio
n

te
rm

co
ul

d
be

a
lo

ss
fu

nc
tio

n
of

a
pr

ed
ic

tio
n

m
od

el
w

on
th

e
da

ta
X

=
{x

d
}D d

=
1

an
d

re
sp

on
se

si
gn

al
s
Y

=
{y
d
}D d

=
1
.

A
s

a
re

gu
la

ri
ze

d
B

ay
es

ia
n

(R
eg

B
ay

es
)m

od
el

,M
ed

L
D

A
in

fe
rs

a
di

st
ri

bu
tio

n
of

th
e

la
te

nt
va

ri
ab

le
s
Z

as
w

el
la

s
cl

as
si

fic
at

io
n

w
ei

gh
ts
w

by
so

lv
in

g
th

e
pr

ob
le

m
:

m
in

q
∈P
L(
q(
w
,Φ
,Θ

,Z
))

+
2
c
D ∑ d
=

1

` ε

( q(
w
,z
d
);
x
d
,y
d

) ,

w
he

re
L(
q(
w
,Φ
,Θ

,Z
))

=
K

L
[q

(w
,Φ
,Θ

,Z
)||
p
(w
,Φ
,Θ

,Z
|X

)]
.

To
sp

ec
if

y
th

e
lo

ss
fu

nc
tio

n,
a

lin
ea

rd
is

cr
im

in
an

tf
un

ct
io

n
ne

ed
s

to
be

de
fin

ed
w

ith
re

sp
ec

tt
o
w

an
d
z
d

f
(w
,z
d
)

=
w
>
z̄
d
,

(1
4)

w
he

re
z̄ d
k

=
1 n
d

∑
i
I[z

d
i

=
k
]

is
th

e
av

er
ag

e
fr

eq
ue

nc
y

of
as

si
gn

in
g

th
e

w
or

ds
in

do
cu

m
en

td
to

to
pi

c
k

.B
as

ed
on

th
e

di
sc

ri
m

in
an

tf
un

ct
io

n,
bo

th
av

er
ag

in
g

cl
as

si
fie

rs
w

ith
th

e
hi

ng
e

lo
ss

`av
e

ε
(q

(w
,z
d
);
x
d
,y
d
)

=
( ε
−
y d
E q

(w
,z
d
)[
f

(w
,z
d
)]
) +
,

(1
5)

4.
W

ith
ou

tc
au

si
ng

co
nf

us
io

n,
w

e
sl

ig
ht

ly
ab

us
ed

th
e

no
ta

tio
n
K

to
de

no
te

th
e

to
pi

c
nu

m
be

r(
i.e

.,
th

e
la

te
nt

di
m

en
si

on
)

in
to

pi
c

m
od

el
s.
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S
H

I
A

N
D

Z
H

U

an
d

G
ib

bs
cl

as
si

fie
rs

w
ith

th
e

ex
pe

ct
ed

hi
ng

e
lo

ss

`gi
bb

s
ε

(q
(w
,z
d
);
x
d
,y
d
)

=
E q

(w
,z
d
)

[ (ε
−
y d
f

(w
,z
d
))

+

] ,
(1

6)

ha
ve

be
en

pr
op

os
ed

,w
ith

ex
te

ns
iv

e
co

m
pa

ri
so

ns
re

po
rt

ed
in

Z
hu

et
al

.(
20

14
b)

us
in

g
ba

tc
h

le
ar

ni
ng

al
go

ri
th

m
s.

A
s

co
m

m
en

te
d

in
(C

ha
ng

an
d

B
le

i,
20

10
),

de
fin

in
g

th
e

cl
as

si
fie

r
on
z̄
d
,

in
st

ea
d

of
θ
d
,e

nf
or

ce
s

w
or

ds
an

d
la

be
ls

to
sh

ar
e

th
e

sa
m

e
to

pi
cs

.
B

es
id

es
,i

tr
et

ai
ns

th
e

co
nj

ug
ac

y
st

ru
ct

ur
e

be
tw

ee
n

th
e

D
ir

ic
hl

et
pr

io
ro

fθ
an

d
th

e
m

ul
tin

om
ia

ll
ik

el
ih

oo
d

of
ge

ne
ra

tin
g
z

;a
nd

it
w

ill
al

lo
w

us
to

in
te

gr
at

e
ou

tθ
fo

re
ffi

ci
en

tc
ol

la
ps

ed
in

fe
re

nc
e.

5.
2

O
nl

in
e

M
ed

L
D

A

W
e

fir
st

ap
pl

y
on

lin
e

B
ay

es
PA

to
M

ed
L

D
A

w
ith

av
er

ag
in

g
cl

as
si

fie
rs

,w
hi

ch
w

ill
be

re
fe

rr
ed

to
as

pa
M

ed
L

D
A

av
e

fo
rc

on
ve

ni
en

ce
.D

ur
in

g
in

fe
re

nc
e,

w
e

in
te

gr
at

e
ou

tt
he

lo
ca

lv
ar

ia
bl

es
Θ
t

us
in

g
th

e
co

nj
ug

ac
y

be
tw

ee
n

a
D

ir
ic

hl
et

pr
io

ra
nd

a
m

ul
tin

om
ia

ll
ik

el
ih

oo
d

(G
ri

ffi
th

s
an

d
St

ey
ve

rs
,2

00
4;

Te
h

et
al

.,
20

06
b)

,w
hi

ch
po

te
nt

ia
lly

im
pr

ov
es

th
e

in
fe

re
nc

e
ac

cu
ra

cy
.T

he
n

w
e

ha
ve

th
e

gl
ob

al
va

ri
ab

le
s

M
=

Φ
an

d
lo

ca
lv

ar
ia

bl
es
H
t

=
Z
t.

T
he

la
te

nt
B

ay
es

PA
ru

le
(1

3)
be

co
m

es
:

m
in

q
,ξ
d

K
L
[ q(
w
,Φ
,Z

t)
||q
t(
w
,Φ

)p
0
(Z

t)
p
(X

t|Φ
,Z

t)
] +

2
c
∑ d
∈B

t

ξ d
,

(1
7)

s.
t.:

y d
E q

(w
,z
d
)[
w
>
z̄
d
]
≥
ε
−
ξ d
,
ξ d
≥

0,
∀d
∈
B
t,

q(
w
,Φ
,Z

t)
∈
P
.

Si
nc

e
di

re
ct

ly
so

lv
in

g
th

e
ab

ov
e

pr
ob

le
m

is
in

tr
ac

ta
bl

e,
w

e
w

ou
ld

im
po

se
a

m
ild

m
ea

n-
fie

ld
as

su
m

p-
tio

n
q(
w
,Φ
,Z

t)
=
q(
w

)q
(Φ

)q
(Z

t)
.N

ow
,p

ro
bl

em
(1

7)
ca

n
be

so
lv

ed
us

in
g

an
ite

ra
tiv

e
pr

oc
ed

ur
e

th
at

al
te

rn
at

el
y

up
da

te
s

ea
ch

fa
ct

or
di

st
ri

bu
tio

n
(J

or
da

n
et

al
.,

19
98

),
as

de
ta

ile
d

be
lo

w
:

1.
U

pd
at

e
gl

ob
al
q(

Φ
):

B
y

fix
in

g
th

e
di

st
ri

bu
tio

ns
q(
Z
t)

an
d
q(
w

),
w

e
ca

n
ig

no
re

ir
re

le
va

nt
te

rm
s

an
d

so
lv

e

m
in

q
(Φ

)
K

L
[ q(

Φ
)q

(Z
t)
||q
t(

Φ
)p

0
(Z

t)
p
(X

t|Φ
,Z

t)
] .

T
he

op
tim

al
so

lu
tio

n
ha

s
th

e
fo

llo
w

in
g

cl
os

ed
fo

rm
:

q∗
(Φ

k
)
∝
q t

(Φ
k
)

ex
p
( E q

(Z
t
)[ lo

g
p

0
(Z

t)
p
(X

t|Z
t,

Φ
)])

,
k

=
1,

2,
..
.,
K
.

(1
8)

If
in

iti
al

ly
th

e
pr

io
r

is
q 0

(Φ
k
)

=
D

ir
(∆

0 k
1
,.
..
,∆

0 k
W

),
th

en
by

in
du

ct
io

n
th

e
in

fe
rr

ed
di

st
ri

-
bu

tio
ns

in
ea

ch
ro

un
d

ar
e

al
so

in
th

e
fa

m
ily

of
D

ir
ic

hl
et

di
st

ri
bu

tio
ns

,
na

m
el

y,
q t

(Φ
k
)

=
D

ir
(∆

t k
1
,.
..
,∆

t k
W

).
U

si
ng

eq
ua

tio
n

(1
8)

,w
e

ca
n

de
riv

e

q∗
(Φ

k
)

=
D

ir
(∆
∗ k1
,.
..
,∆
∗ kW

),
(1

9)

w
he

re
∆
∗ kw

=
∆
t k
w

+
∑

d
∈B

t

∑
n
d
i=

1
γ
k d
i
·I

[x
d
i

=
w

]
fo

r
al

lw
or

ds
w

(1
≤
w
≤
W

)
in

th
e

vo
cu

ab
ul

ar
y

an
d
γ
k d
i

=
E q

(z
d
)I

[z
d
i

=
k
]

is
th

e
pr

ob
ab

ili
ty

of
as

si
gn

in
g

ea
ch

w
or

d
x
d
i

to
to

pi
c

k
.
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N
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2.
U

pdate
globalw

eight
q(w

):
K

eeping
allthe

otherdistributions
fixed,q(w

)
can

be
solved

as

m
in

q
(w

)
K

L [q(w
)||q

t (w
) ]

+
2
c
∑d∈
B
t ξ
d ,

s.t.:
y
d E

q
(w

) [w
] >
ẑ
d ≥

ε−
ξ
d ,

ξ
d ≥

0
,
∀
d
∈
B
t ,

w
here

ẑ
d

=
E
q
(z
d
) [z̄

d ]
is

the
expectation

of
topic

assignm
ents

under
the

fixed
distribution

q(Z
).Sim

ilarto
Proposition

2
in

M
edL

D
A

(Z
hu

etal.,2012),the
optim

alsolution
is

attained
by

solving
the

L
agrangian

form
w

ith
respectto

q(w
),w

hich
gives

q ∗(w
)

=
1

Z
(τ ∗d ) q

t (w
)

ex
p 

∑d∈
B
t τ ∗d y

d w
>
ẑ
d 

,
(20)

w
here

the
L

agrange
m

ultipliers
τ ∗d (d

∈
B
t )

are
obtained

by
solving

the
dualproblem

m
ax

0≤
τ
d ≤

2
c
ε ∑d∈

B
t τ
d −

log
Z

(τ
d ).

For
the

com
m

on
sphericalG

aussian
prior

q
0 (w

)
=
N

(0,σ
2I

),by
induction

the
distribution

q
t (w

)
=
N

(µ
t ,σ

2I
)

ateach
round.So

equation
(20)gives

q ∗(w
)

=
N

(µ
∗,σ

2I
),w

here

µ
∗

=
µ
t
+
σ

2
∑d∈
B
t τ ∗d y

d ẑ
d .

(21)

Furtherm
ore,the

dualproblem
becom

es,

m
ax

0≤
τ
d ≤

2
c
ε ∑d∈

B
t τ
d −

∑

d
1
,d

2 ∈
B
t

12
σ

2τ
d
1 τ
d
2 ẑ
>d
1 ẑ
d
2 −

µ
>t
∑d∈
B
t y
d τ
d ẑ
d ,

(22)

w
hich

is
identical

to
the

L
agrangian

dual
of

the
classical

PA
problem

w
ith

m
ini-batch

B
t

(expressed
in

the
equivalentconstrained

form
by

introducing
slack

variables)

m
in
µ

||µ
−
µ
t || 2

2
σ

2
+

2
c
∑d∈
B
t (
ε−

y
d µ
>
ẑ
d )

+
.

(23)

T
his

equivalence
suggests

thatw
e

could
rely

on
contem

porary
PA

techniques
to

solve
for
µ
∗.

In
particular,forinstancescom

ing
one

ata
tim

e
(i.e.,B

t
=
{t},

∀
t),w

e
have

the
closed-form

solution

τ ∗t
=

m
in {

2
c, (ε−

y
t µ
>t
ẑ
t )

+

||ẑ
t || 2

}
,

w
hose

com
putation

requires
O

(K
)

tim
e;for

m
ini-batches,w

e
could

adaptm
ethods

solving
linearSV

M
to

eitherthe
dual(22)orprim

al(23)problem
,w

hich
by

state-of-the-arts
require

com
plexity

O
(poly(ε −

1)K
)pertraining

instance
in

orderto
obtain

ε-accurate
solutions.H

ere
w

e
choose

a
gradient-based

m
ethod

sim
ilarto

Shalev-Shw
artz

etal.(2011).
Specifically,w

e
firstset

µ
1

=
µ
t ,and

then
take

the
gradientsteps

i
=

2
,3
,...until

µ
iconverges

to
µ
∗.

L
et
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S
H

I
A

N
D

Z
H

U

A
it

be
the

setof
instances

in
B
t

thatsuffer
non-zero

loss
atstep

i,then
w

e
use

the
gradients

to
iteratively

update
µ
i+

1←
µ
i−

ρ
i ∇

i ,
(24)

w
here

annealing
rate

ρ
i

=
σ

2i −
1

and

∇
i

=
µ
i−

µ
t

σ
2
−

2
c
∑d∈
A
it y
d ẑ
d .

C
orrespondingly,w

e
can

derive
the

gradient-based
update

rule
forthe

dualparam
eters.Im

ag-
ine

thatw
e

im
plicitly

m
aintain

the
relationship

µ
=
µ
t

+
σ

2 ∑
d∈
B
t
τ
d y
d ẑ
d .

T
hen

the
fol-

low
ing

update
rule

for
τ
d

(d
∈
B
t )

naturally
im

plies
the

update
rule

(24)for
µ

:

τ
id ←

{
(1−

1i )τ
id
+

2
ci

for
d
∈
A
it

(1−
1i )τ

id
for

d
6∈
A
it .

T
herefore,the

gradientsteps
adaptively

adjustthe
contribution

ofeach
latentẑ

d
to
µ

based
on

the
loss

itincurs.Furtherm
ore,the

annealing
m

akes
sure

that
0
≤
τ
id ≤

2c
forall

i.Since
the

problem
(22)

is
concave,itcan

be
guaranteed

that
τ
id

converges
to
τ ∗d .

T
his

correspondence
w

ould
be

used
in

updating
q(Z

t ).

3.
U

pdate
local

q(Z
t ):

Fixing
allthe

otherdistributions,w
e

aim
to

solve

m
in

q
(Z

t )
K

L [q(Z
t )||p

0 (Z
t )p

(X
t |Z

t ,Φ
) ]

+
2
c
∑d∈
B
t ξ
d ,

s.t.:
y
d µ
∗>E

q
(z
d
) [z̄

d ]≥
ε−

ξ
d ,

ξ
d ≥

0
,
∀
d
∈
B
t ,

w
here

µ
∗

=
E
q
(w

) [w
]is

the
expectation

of
w

under
the

fixed
distribution

q(w
).

U
nlike

the
w

eight
w

,the
expectation

over
Z
t during

optim
ization

is
intractable

due
to

the
com

binatorial
space

of
values.

Instead,w
e

adoptthe
sam

e
approxim

ation
strategy

as
M

edL
D

A
(Z

hu
etal.,

2012):fix
ξ,τ

d
atthe

previous
globalstep,and

use
the

approxim
ate

solution

q ∗(Z
t )

=
p

0 (Z
t )p

(X
t |Z

t ,Φ
)

ex
p 

∑d∈
B
t τ ∗d y

d µ
∗>
z̄
d 

.

T
hen

the
expectation

of
z̄
d ,as

needed
in

the
globalupdates,could

be
approxim

ated
by

sam
-

ples
from

the
distribution

q ∗(Z
t ).

Specifically,w
e

use
G

ibbs
sam

pling
w

ith
the

conditional
distribution

q(z
d
i

=
k
|
Z
¬
d
i

t
)∝

(α
+
C
¬
d
i

d
k

)
ex

p (
Λ
k
,x
d
i

+
∑d∈
B
t n
−

1
d
y
d τ ∗d µ

∗k )
.

(25)

w
here

Λ
z
d
i ,x

d
i

=
E
q
(Φ

) [log
(Φ

z
d
i ,x

d
i )]

=
Ψ

(∆
∗z
d
i ,x

d
i )−

Ψ
( ∑

w
∆
∗z
d
i ,w

)
(note

that
Ψ

(·)
is

the
digam

m
a

function)
and

C
¬
d
i

d
is

a
vector

w
ith

the
k-th

entry
being

the
num

ber
of

w
ords

in
docum

ent
d

(exceptthe
i-th

w
ord)thatare

assigned
to

topic
k.

T
hen

w
e

draw
J

sam
ples{Z

(j)
t
} Jj=

1
using

E
q.(25),discard

the
first

β
(0
≤
β
<
J

)burn-in

sam
ples,and

approxim
ate

ẑ
d
k

w
ith

the
em

piricalsum
(J
−
β

) −
1 ∑

Jj=
β

+
1 ∑

d
,i I[z

(j)
d
i

=
k
].
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A
lg

or
ith

m
1

O
nl

in
e

M
ed

L
D

A

1:
L

et
q 0

(w
)

=
N

(0
;σ

2
I
),
q 0

(φ
k
)

=
D

ir
(γ

),
∀
k

.
2:

fo
r
t

=
0
→
∞

do
3:

Se
tq

(Φ
,w

)
=
q t

(Φ
)q
t(
w

).
In

iti
al

iz
e
Z
t.

4:
fo

r
i

=
1
→
I

do
5:

D
ra

w
sa

m
pl

es
{Z

(j
)

t
}J j

=
1

fr
om

E
q.

(2
5)

.
6:

D
is

ca
rd

th
e

fir
st
β

bu
rn

-i
n

sa
m

pl
es

(β
<
J

).
7:

U
se

th
e

re
st
J
−
β

sa
m

pl
es

to
up

da
te
q(

Φ
,w

)
fo

llo
w

in
g

E
q.

s
(1

9,
20

).
8:

en
d

fo
r

9:
Se

tq
t+

1
(Φ
,w

)
=
q(

Φ
,w

).
10

:
en

d
fo

r

A
te

ac
h

ro
un

d
t

of
B

ay
es

PA
op

tim
iz

at
io

n
du

ri
ng

tr
ai

ni
ng

,w
e

ru
n

th
e

gl
ob

al
an

d
lo

ca
lu

pd
at

es
al

te
rn

at
el

y
un

til
co

nv
er

ge
nc

e,
an

d
as

si
gn
q t

(Φ
,w

)
=
q∗

(Φ
)q
∗ (
w

),
as

ou
tli

ne
d

in
A

lg
or

ith
m

1.
To

m
ak

e
pr

ed
ic

tio
ns

on
te

st
in

g
da

ta
,

w
e

us
e

th
e

m
ea

n
µ

as
th

e
cl

as
si

fic
at

io
n

w
ei

gh
t

an
d

ap
pl

y
th

e
pr

ed
ic

tio
n

ru
le

.
T

he
in

fe
re

nc
e

of
z̄

fo
rt

es
tin

g
do

cu
m

en
ts

is
si

m
ila

rt
o

Z
hu

et
al

.(
20

14
b)

.
Fi

rs
t,

w
e

dr
aw

a
si

ng
le

sa
m

pl
e

of
Φ

,a
nd

fo
re

ac
h

te
st

do
cu

m
en

td
,w

e
in

fe
rt

he
M

A
P

of
θ
d
.T

he
n,

w
e

di
re

ct
ly

ru
n

th
e

sa
m

pl
in

g
of
z
d

un
til

th
e

bu
rn

-i
n

st
ag

e
is

co
m

pl
et

ed
,a

nd
us

e
th

e
av

er
ag

e
of

se
ve

ra
ls

am
pl

es
to

co
m

pu
te
ẑ
d
.T

he
n

th
e

pr
ed

ic
tio

n
ru

le
is

ap
pl

ie
d

on
µ

an
d
ẑ
d
.

5.
3

O
nl

in
e

G
ib

bs
M

ed
L

D
A

In
th

is
se

ct
io

n,
w

e
ap

pl
y

th
e

th
eo

ry
of

B
ay

es
PA

to
G

ib
bs

M
ed

L
D

A
.A

s
sh

ow
n

in
Z

hu
et

al
.(

20
14

b)
,

us
in

g
G

ib
bs

cl
as

si
fie

rs
ad

m
its

ef
fic

ie
nt

in
fe

re
nc

e
al

go
ri

th
m

s
by

ex
pl

or
in

g
da

ta
au

gm
en

ta
tio

n
(D

A
)

te
ch

ni
qu

es
(T

an
ne

r
an

d
W

on
g,

19
87

;
Po

ls
on

an
d

Sc
ot

t,
20

11
).

B
as

ed
on

th
is

in
si

gh
t,

w
e

w
ill

de
ve

lo
p

ou
r

ef
fic

ie
nt

on
lin

e
in

fe
re

nc
e

al
go

ri
th

m
s

fo
r

G
ib

bs
M

ed
L

D
A

.
W

e
de

no
te

th
e

m
od

el
by

pa
M

ed
L

D
A

gi
bb

s
.

Sp
ec

ifi
ca

lly
,l

et
ζ d

=
ε
−
y d
f

(w
,z
d
)

an
d
ψ

(y
d
|z
d
,w

)
=
e−

2
c(
ζ d

) +
.

B
y

L
em

m
a

4,
th

e
op

tim
al

so
lu

tio
n

to
pr

ob
le

m
(1

3)
is

q t
+

1
(w
,M

,H
t)

=
q t

(w
,M

)p
0
(H

t)
p
(X

t|H
t,
M

)ψ
(Y

t|H
t,
w

)

Γ
(X

t,
Y
t)

,

w
he

re
ψ

(Y
t|H

t,
w

)
=
∏
d
∈B

t
ψ

(y
d
|h
d
,w

)
an

d
Γ

(X
t,
Y
t)

is
a

no
rm

al
iz

at
io

n
co

ns
ta

nt
.

T
he

ba
-

si
c

id
ea

of
D

A
is

to
co

ns
tr

uc
t

co
nj

ug
ac

y
be

tw
ee

n
pr

io
r

an
d

da
ta

du
ri

ng
in

fe
re

nc
e

by
in

tr
od

uc
in

g
au

gm
en

te
d

va
ri

ab
le

s.
Sp

ec
ifi

ca
lly

,w
e

w
ou

ld
us

e
th

e
fo

llo
w

in
g

eq
ua

lit
y

(Z
hu

et
al

.,
20

14
b)

:

ψ
(y
d
|z
d
,w

)
=

∫
∞

0
ψ

(y
d
,λ

d
|z
d
,w

)d
λ
d
,

(2
6)

w
he

re
ψ

(y
d
,λ

d
|z
d
,w

)
=

(2
π
λ
d
)−

1
/
2

ex
p
( −

(λ
d
+
cζ
d
)2

2
λ
d

) .E
qu

al
ity

(2
6)

es
se

nt
ia

lly
im

pl
ie

s
th

at
th

e
co

lla
ps

ed
po

st
er

io
rq

t+
1
(w
,Φ
,Z

t)
is

a
m

ar
gi

na
ld

is
tr

ib
ut

io
n

of

q t
+

1
(w
,Φ
,Z

t,
λ
t)

=
p

0
(Z

t)
q t

(w
,Φ

)p
(X

t|Z
t,

Φ
)ψ

(Y
t,
λ
t|Z

t,
w

)

Γ
(X

t,
Y
t)

,

w
he

re
ψ

(Y
t
,λ

t
|Z

t
,w

)
=
∏

d
∈B

t
ψ

(y
d
,λ

d
|z

d
,w

)
an

d
λ
t

=
{λ

d
} d
∈B

t
ar

e
au

gm
en

te
d

va
ri

ab
le

s
lo

ca
lly

as
so

ci
at

ed
w

ith
in

di
vi

du
al

do
cu

m
en

ts
.I

n
fa

ct
,t

he
au

gm
en

te
d

di
st

ri
bu

tio
n
q t

+
1
(w
,Φ
,Z

t,
λ
t)

is
th

e
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S
H

I
A

N
D

Z
H

U

so
lu

tio
n

to
th

e
pr

ob
le

m
: m
in

q
∈P
L(
q(
w
,Φ
,Z

t,
λ
t)
)
−

E q
[ lo

g
ψ

(Y
t,
λ
t|Z

t,
w

)] ,
(2

7)

w
he

re
L(
q(
w
,Φ
,Z

t,
λ
t)

)
=

K
L

[q
(w
,Φ
,Z

t,
λ
t)
‖q
t(
w
,Φ

)p
0
(Z

t)
]−

E q
[l
og
p
(X

t|Z
t,

Φ
)]

.I
n

fa
ct

,
th

is
ob

je
ct

iv
e

is
an

up
pe

rb
ou

nd
of

th
at

in
th

e
or

ig
in

al
pr

ob
le

m
(1

3)
(S

ee
A

pp
en

di
x

A
fo

rd
et

ai
ls

).
A

ga
in

,w
ith

th
e

m
ild

m
ea

n-
fie

ld
as

su
m

pt
io

n
th

at
q(
w
,Φ
,Z

t,
λ
t)

=
q(
w
,Φ

)q
(Z

t,
λ
t)

,w
e

ca
n

so
lv

e
pr

ob
le

m
(2

7)
vi

a
an

ite
ra

tiv
e

pr
oc

ed
ur

e
th

at
al

te
rn

at
el

y
up

da
te

se
ac

h
fa

ct
or

di
st

ri
bu

tio
n

(J
or

da
n

et
al

.,
19

98
),

as
de

ta
ile

d
be

lo
w

.

1.
G

lo
ba

lU
pd

at
e:

B
y

fix
in

g
th

e
di

st
ri

bu
tio

n
of

lo
ca

lv
ar

ia
bl

es
,q

(Z
t,
λ
t)

,a
nd

ig
no

ri
ng

ir
re

le
-

va
nt

te
rm

s,
th

e
op

tim
al

di
st

ri
bu

tio
n

of
w

an
d

Φ
ca

n
be

sh
ow

n
to

ha
ve

th
e

in
du

ce
d

fa
ct

or
iz

at
io

n
fo

rm
,q

(w
,Φ

)
=
q(
w

)q
(Φ

).
Fo

r
q(

Φ
),

th
e

up
da

te
ru

le
is

ex
ac

tly
(1

9)
.

Fo
r
q(
w

),
w

e
ha

ve
th

e
up

da
te

ru
le q t

+
1
(w

)
∝
q t

(w
)

ex
p
( E q

(Z
t
,λ
t
)[ lo

g
p

0
(Z

t)
ψ

(Y
t,
λ
t|Z

t,
w

)])
.

If
th

e
in

iti
al

pr
io

r
is

no
rm

al
q 0

(w
)

=
N

(w
;µ

0
,Σ

0
),

by
in

du
ct

io
n

w
e

ca
n

sh
ow

th
at

th
e

in
-

fe
rr

ed
di

st
ri

bu
tio

n
in

ea
ch

ro
un

d
is

al
so

a
no

rm
al

di
st

ri
bu

tio
n,

na
m

el
y,
q t

(w
)

=
N

(w
;µ

t ,
Σ
t )

.
In

de
ed

,t
he

op
tim

al
so

lu
tio

n
of
q(
w

)
to

pr
ob

le
m

(2
7)

is

q∗
(w

)
=
N

(w
;µ
∗ ,

Σ
∗ )
,

(2
8)

w
he

re
th

e
po

st
er

io
rp

ar
am

te
rs

ar
e

co
m

pu
te

d
as

Σ
∗

=

 
(Σ

t )
−

1
+
c2
∑ d
∈B

t

E q
(z
d
,λ
d
)

[ λ
−

1
d
z̄
d
z̄
> d
] 
−

1

,

µ
∗

=
Σ
∗

 
(Σ

t )
−

1
µ
t
+
c
∑ d
∈B

t

E q
(z
d
,λ
d
)

[ y
d

( 1
+
cε
λ
−

1
d

) z̄
d

] 
.

Fo
rt

he
se

qu
en

tia
lu

pd
at

e
ru

le
,w

e
si

m
pl

y
se

tµ
t+

1
=
µ
∗

an
d

Σ
t+

1
=

Σ
∗ .

2.
L

oc
al

U
pd

at
e:

G
iv

en
th

e
di

st
ri

bu
tio

n
of

gl
ob

al
va

ri
ab

le
s,
q(

Φ
,w

),
th

e
m

ea
n-

fie
ld

up
da

te
eq

ua
tio

n
fo

r(
Z
t,
λ
t)

is

q(
Z
t,
λ
t)
∝
p

0
(Z

t)
∏ d
∈B

t

1
√

2
π
λ
d

ex
p

 
∑ i∈

[n
d
]

Λ
z d
i
,x
d
i
−

E q
(Φ
,w

)

[ (λ
d

+
cζ
d
)2

2
λ
d

] 
,

w
he

re
Λ

ad
m

its
th

e
sa

m
e

de
fin

iti
on

as
in

(2
5)

.
B

ut
it

is
im

po
ss

ib
le

to
ev

al
ua

te
th

e
ex

pe
c-

ta
tio

n
in

th
e

gl
ob

al
up

da
te

us
in

g
q(
Z
t,
λ
t)

be
ca

us
e

of
th

e
hu

ge
nu

m
be

r
of

co
nfi

gu
ra

tio
ns

fo
r

(Z
t,
λ
t)

.
A

s
a

re
su

lt,
w

e
tu

rn
to

G
ib

bs
sa

m
pl

in
g

an
d

es
tim

at
e

th
e

re
qu

ir
ed

ex
pe

ct
at

io
ns

us
in

g
m

ul
tip

le
em

pi
ri

ca
l

sa
m

pl
es

.
T

hi
s

hy
br

id
st

ra
te

gy
ha

s
sh

ow
n

pr
om

is
in

g
pe

rf
or

m
an

ce
fo

r
L

D
A

(M
im

no
et

al
.,

20
12

).
Sp

ec
ifi

ca
lly

,t
he

co
nd

iti
on

al
di

st
ri

bu
tio

ns
us

ed
in

th
e

G
ib

bs
sa

m
pl

in
g

ar
e

as
fo

llo
w

s:
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O
N

L
IN

E
B

A
Y

E
S

IA
N

P
A

S
S

IV
E-A

G
G

R
E

S
S

IV
E

L
E

A
R

N
IN

G

A
lgorithm

2
O

nline
G

ibbs
M

edL
D

A

1:
L

et
q

0 (w
)

=
N

(0;σ
2I

),q
0 (φ

k )
=

D
ir(γ

),∀
k.

2:
for

t
=

0
→
∞

do
3:

Set
q(Φ

,w
)

=
q
t (Φ

)q
t (w

).Initialize
Z
t .

4:
for

i
=

1
→
I

do
5:

D
raw

sam
ples{Z

(j)
t
,λ

(j)
t
} Jj=

1
from

E
q.s

(29,30).
6:

D
iscard

the
first

β
burn-in

sam
ples

(β
<
J

).
7:

U
se

the
restJ

−
β

sam
ples

to
update

q(Φ
,w

)
follow

ing
E

q.s
(19,28).

8:
end

for
9:

Set
q
t+

1 (Φ
,w

)
=
q(Φ

,w
).

10:
end

for•
For

Z
t :

B
y

canceling
outcom

m
on

factors,the
conditionaldistribution

of
one

variable
z
d
i given

Z
¬
d
i

t
and

λ
t is

q(z
d
i =

k|Z
¬
d
i

t
,λ

t )∝
(α

+
C
¬
d
i

d
k

)ex
p (

cy
d
(cε+

λ
d
)µ
∗k

n
d
λ
d

+
Λ
k
,x
d
i −

c
2
(µ
∗
2
k

+
Σ
∗k
k
+

2
(µ
∗k
µ
∗
+

Σ
∗·,k

) >
C
¬
d
i

d
)

2
n
2d
λ
d

)
,

(29)

w
here

Σ
∗·,k

is
the

k-th
colum

n
of

Σ
∗.

•
For

λ
t :

L
et
ζ̄
d

=
ε−

y
d z̄
>d
µ
∗.

T
he

conditionaldistribution
of

each
variable

λ
d

given
Z
t is

q(λ
d |Z

t )∝
1

√
2
π
λ
d

ex
p (−

c
2z̄
>d

Σ
∗z̄
d

+
(λ
d

+
cζ̄
d )

2

2
λ
d

)

=
GIG

(
λ
d ;

12
,1
,c

2 (
ζ̄

2d
+
z̄
>d

Σ
∗z̄
d ) )

,
(30)

a
generalized

inverse
gaussian

distribution
(D

evroye,1986).T
herefore,

λ
−

1
d

follow
s

an
inverse

gaussian
distribution,thatis,

q(λ
−

1
d
|Z

t )
=
IG


λ
−

1
d

;
1

c √
ζ̄

2d
+
z̄
>d

Σ
∗z̄
d

,1 
,

from
w

hich
w

e
can

draw
a

sam
ple

in
constanttim

e
(M

ichaeletal.,1976).

For
training,

w
e

run
the

global
and

local
updates

alternately
until

convergence
at

each
round

of
PA

optim
ization,as

outlined
in

A
lg.2.

To
m

ake
predictions

on
testing

data,w
e

then
draw

one
sam

ple
of
ŵ

as
the

classification
w

eightand
apply

the
prediction

rule.T
he

inference
of
z̄

fortesting
docum

ents
is

the
sam

e
as

online
M

edL
D

A
.

6.E
xtensions

In
the

above
topic

m
odels,w

e
assum

e
thatthe

num
ber

of
topics

(i.e.,
K

)
is

pre-specified,w
hich

is
unfortunately

unknow
n

in
practice.

A
n

extra
procedure

is
often

applied
to

selecta
good

K
value.
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U

W
e

now
presentextensions

of
online

M
edL

D
A

to
autom

atically
determ

ine
the

unknow
n
K

values
by

leveraging
nonparam

etric
B

ayesian
techniques.

W
e

also
present

an
extension

of
these

m
odels

form
ulti-task

learning.

6.1
O

nline
N

onparam
etric

M
edL

D
A

W
e

firstpresentonline
nonparam

etric
M

edL
D

A
forresolving

the
unknow

n
num

beroftopics,based
on

the
theory

ofhierarchicalD
irichletprocess

(H
D

P)(Teh
etal.,2006a).

6.1.1
B

A
T

C
H

M
E

D
H

D
P

A
tw

o-level
H

D
P

provides
an

extension
to

L
D

A
that

allow
s

for
a

nonparam
etric

inference
of

the
unknow

n
topic

num
bers.T

he
generative

process
ofH

D
P

can
be

sum
m

arized
using

a
stick-breaking

construction
(W

ang
and

B
lei,2012b),w

here
the

stick
lengths

π
=
{π

k } ∞k
=

1
are

generated
as:

π
k

=
π̄
k
∏i<
k (1−

π̄
i ),

π̄
k ∼

B
eta(1,η

),
for

k
=

1,...,∞
,

and
the

topic
m

ixing
proportions

are
generated

as
θ
d ∼

D
ir(α

π
),

for
d

=
1,...,D

.
E

ach
topic

φ
k

is
a

sam
ple

from
a

D
irichlet

base
distribution,i.e.,

φ
k
∼

D
ir(γ

).
A

fter
w

e
get

the
topic

m
ixing

proportions
θ
d ,the

generation
ofw

ords
is

the
sam

e
as

in
the

standard
L

D
A

.
To

extend
the

H
D

P
topic

m
odelfor

predictive
tasks,w

e
introduce

a
classifier

w
thatis

draw
n

from
a

G
aussian

process,GP
(0,Σ

),w
here

the
covariance

function
is

Σ
(w
,w
′)

=
σ

2I[w
=
w
′].

W
e

stilldefine
the

linear
discrim

inantfunction
in

the
sam

e
form

as
E

q.(14).
Since

the
num

ber
of

w
ords

in
a

docum
entis

finite,the
average

topic
assignm

entvector
z̄
d

has
only

a
finite

num
ber

of
non-zero

elem
ents,and

the
dotproductin

E
q.(14)is

in
factfinite.T

herefore,given
the

latenttopic
assignm

ents,the
conditoinalposteriorof

w
is

in
facta

m
ultivariate

G
aussian

distribution.
L

etπ̄
=
{π̄

k } ∞k
=

1 .W
e

define
m

axim
um

entropy
discrim

ination
H

D
P

(M
edH

D
P)topic

m
odelas

solving
the

follow
ing

R
egB

ayes
problem

to
inferthe

jointpost-data
posterior

q(w
,π̄
,Φ
,Θ

,Z
): 5

m
in

q∈P
L (
q(w

,π̄
,Φ
,Θ

,Z
) )

+
2
c
D
∑d
=

1

`
ε (
q(w

,z
d );x

d ,y
d )
,

(31)

w
hereL

(q(w
,π̄
,Φ
,Θ

,Z
))

=
K

L
[q(w

,π̄
,Φ
,Θ

,Z
)||p

(w
,π̄
,Φ
,Θ

,Z
|X

)]is
the

objective
cor-

responding
to

the
standard

B
ayesian

inference
underthe

variationalform
ulation

ofB
ayes’rule.T

he
loss

function
could

be
either

(15)
or

(16).
W

e
callthe

resulting
m

odelw
ith

the
averaging

classifier
M

edH
D

P
ave

and
thatw

ith
the

G
ibbs

classifierM
edH

D
P

gibbs.
Since

M
edH

D
P

is
a

new
m

odel,w
e

w
ould

briefly
discuss

the
corresponding

inference
problem

.
Forthe

inference
ofM

edH
D

P
gibbs,w

e
can

use
G

ibbs
sam

pling
based

on
C

hinese
R

estaurantFran-
chise

(Teh
etal.,2006a;W

ang
and

B
lei,2012a)

w
ith

m
odifications

sim
ilar

to
the

techniques
intro-

duced
in

Z
hu

etal.(2014b).ForM
edH

D
P

ave
,the

currentstate-of-the-artforinferring
m

ax-m
argin

B
ayesian

m
odels

w
ith

averaging
loss

resorts
to

m
ean-field

assum
ptions

and
variationalinference.

N
otice

that
classical

m
ean-field

derivation
w

ould
fail

due
to

the
potentially

unbounded
space

of
variables.

H
ow

ever,itis
possible

to
incorporate

G
ibbs

sam
pling

into
m

ean-field
update

equations
to

explore
the

unbounded
space

(W
elling

etal.,2008;W
ang

and
B

lei,2012b)and
therefore

bypass
the

difficulty.
In

this
paper,w

e
w

ould
notfocus

on
developing

inference
algorithm

s
for

M
edH

D
P,

5.G
iven

π̄
,π

can
be

com
puted

via
the

stick
breaking

process.
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S
S
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E
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R
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IN

G

bu
ti

ns
te

ad
at

ta
in

ba
tc

h
M

ed
H

D
P

al
go

ri
th

m
s

fr
om

th
e

co
rr

es
po

nd
in

g
B

ay
es

PA
m

et
ho

ds
,a

s
w

ill
be

cl
ea

ra
tt

he
en

d
of

ea
ch

su
bs

ec
tio

n
be

lo
w

.

6.
1.

2
O

N
L

IN
E

M
E

D
H

D
P

To
ap

pl
y

th
e

id
ea

s
of

B
ay

es
PA

to
de

ve
lo

p
on

lin
e

M
ed

H
D

P
al

go
ri

th
m

s,
w

e
ha

ve
th

e
gl

ob
al

va
ri

ab
le

s
M

=
(π̄
,Φ

),
an

d
th

e
lo

ca
l

va
ri

ab
le

s
H
t

=
(Θ

t,
Z
t)

.
A

s
in

on
lin

e
M

ed
L

D
A

,w
e

m
ar

gi
na

liz
e

ou
tΘ

t
by

co
nj

ug
ac

y.
Fu

rt
he

rm
or

e,
to

si
m

pl
if

y
th

e
sa

m
pl

in
g

sc
he

m
e,

w
e

in
tr

od
uc

e
an

ot
he

r
se

to
f

au
xi

lia
ry

la
te

nt
va

ri
ab

le
s
S
t

=
{s

d
} d
∈B

t
,w

he
re
s
d

=
{s
d
k
}∞ k

=
1

an
d

ea
ch

el
em

en
ts

d
k

re
pr

es
en

ts
th

e
nu

m
be

r
of

oc
cu

pi
ed

ta
bl

es
se

rv
in

g
di

sh
k

in
a

C
hi

ne
se

re
st

au
ra

nt
pr

oc
es

s
(C

R
P)

(T
eh

et
al

.,
20

06
a;

W
an

g
an

d
B

le
i,

20
12

b)
.B

y
de

fin
iti

on
,w

e
ha

ve
p
(Z

t,
S
t|π̄

)
=
∏
d
∈B

t
p
(s
d
,z
d
|π̄

)
an

d

p
(s
d
,z
d
|π̄

)
∝
∞ ∏ k
=

1

S
(n
d
z̄ d
k
,s
d
k
)(
α
π
k
)s
d
k
,

(3
2)

w
he

re
S

(a
,b

)
ar

e
un

si
gn

ed
St

ir
lin

g
nu

m
be

rs
of

th
e

fir
st

ki
nd

(A
nt

on
ia

k,
19

74
).

It
is

no
t

ha
rd

to
ve

ri
fy

th
at
p
(z
d
|π̄

)
=
∑
s
d
p
(s
d
,z
d
|π̄

).
A

ft
er

th
is

“c
ol

la
ps

e-
an

d-
au

gm
en

t”
pr

oc
ed

ur
e,

w
e

no
w

ha
ve

th
e

lo
ca

l
va

ri
ab

le
s
H
t

=
(Z

t,
S
t)

.
T

he
gl

ob
al

va
ri

ab
le

s
re

m
ai

n
in

ta
ct

.
T

he
ne

w
B

ay
es

PA
pr

ob
le

m
is

no
w

:

m
in

q
∈F

t

L(
q(
w
,π̄
,Φ
,H

t)
)

+
2
c
∑ d
∈B

t

` ε

( w
;x

t,
y t

) ,
(3

3)

w
he

re
L(
q(
w
,π̄
,Φ
,H

t)
)

=
K

L
[q

(w
,π̄
,Φ
,H

t)
||q
t(
w
,π̄
,Φ

)p
(Z

t,
S
t|π̄

)p
(X

t|Z
t,

Φ
)]

.
A

s
in

on
lin

e
M

ed
L

D
A

,w
e

ad
op

tt
he

m
ild

m
ea

n
fie

ld
as

su
m

pt
io

n
q(
w
,π̄
,Φ
,H

t)
=
q(
w

)q
(π̄

)q
(Φ

)q
(H

t)
an

d
so

lv
e

pr
ob

le
m

(3
3)

vi
a

an
ite

ra
tiv

e
pr

oc
ed

ur
e

de
ta

ile
d

be
lo

w
.

1.
G

lo
ba

lU
pd

at
e:

B
y

fix
in

g
th

e
di

st
ri

bu
tio

n
of

lo
ca

lv
ar

ia
bl

es
,q

(H
t)

,a
nd

ig
no

ri
ng

th
e

ir
re

l-
ev

an
tt

er
m

s,
w

e
ha

ve
sa

m
e

m
ea

n-
fie

ld
up

da
te

eq
ua

tio
ns

(1
9)

fo
r
Φ

an
d

(2
1)

fo
r
w

w
ith

th
e

av
er

ag
in

g
lo

ss
.F

or
gl

ob
al

va
ri

ab
le
π̄

,w
e

ha
ve

q∗
(π̄
k
)
∝
q t

(π̄
k
)
∏ d
∈B

t

ex
p
( E q

(h
d
)[ lo

g
p
(s
d
,z
d
|π̄

)])
.

(3
4)

B
y

in
du

ct
io

n,
w

e
ca

n
sh

ow
th

at
q t

(π̄
k
)

=
B

et
a(
u
t k
,v
t k
)

is
a

B
et

a
di

st
ri

bu
tio

n
at

ea
ch

st
ep

,a
nd

th
e

up
da

te
eq

ua
tio

n
is

q∗
(π̄
k
)

=
B

et
a(
u
∗ k,
v
∗ k)
,

(3
5)

w
he

re
u
∗ k

=
u
t k

+
∑

d
∈B

t
E q

(s
d
)[
s d
k
]

an
d
v
∗ k

=
v
t k

+
∑

d
∈B

t
E q

(s
d
)[
∑

j>
k
s d
j
]

fo
r
k

=

{1
,2
,.
..
}a

nd
u

0 k
=

1,
v

0 k
=
η

.

Si
nc

e
Z
t

co
nt

ai
ns

on
ly

a
fin

ite
nu

m
be

r
of

di
sc

re
te

va
ri

ab
le

s,
w

e
on

ly
ne

ed
to

m
ai

nt
ai

n
an

d
up

da
te

th
e

ab
ov

e
gl

ob
al

di
st

ri
bu

tio
ns

fo
ra

fin
ite

nu
m

be
ro

ft
op

ic
s.

2.
L

oc
al

U
pd

at
e:

Fi
xi

ng
th

e
gl

ob
al

di
st

ri
bu

tio
n
q(
w
,π̄
,Φ

),
w

e
ge

tt
he

m
ea

n-
fie

ld
up

da
te

eq
ua

-
tio

n
fo

r(
Z
t,
S
t)

:
q∗

(Z
t,
S
t)
∝
q̃(
Z
t,
S
t)
q̂(
Z
t)

(3
6)
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L
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S
H

I
A

N
D

Z
H

U

w
he

re

q̃(
Z
t,
S
t)

=
ex

p
( E

q
∗ (

Φ
)q
∗ (
π̄

)[
lo

g
p
(X
|Φ
,Z

t)
+

lo
g
p
(Z

t,
S
t|π̄

)]
) ,

q̂(
Z
t)

=
ex

p

 
∑ d
∈B

t

τ d
y d
E[
w

]>
z̄
d

 
,

an
d
τ d

(d
∈
B
t)

ar
e

th
e

du
al

va
ri

ab
le

s
co

m
pu

te
d

in
th

e
gl

ob
al

up
da

te
.T

he
m

os
tc

um
be

rs
om

e
po

in
tt

o
ta

ck
le

is
th

e
po

te
nt

ia
lly

un
bo

un
de

d
sa

m
pl

e
sp

ac
e

of
Z
t

an
d
S
t.

W
e

ta
ke

th
e

id
ea

s
fr

om
(W

an
g

an
d

B
le

i,
20

12
b)

an
d

ad
op

ta
n

ap
pr

ox
im

at
io

n
fo

rq̃
(Z

t,
S
t)

:

q̃(
Z
t,
S
t)
≈

E q
∗ (

Φ
)q
∗ (
π̄

)
[p

(X
|Φ
,Z

t)
p
(Z

t,
S
t|π̄

)]
.

(3
7)

C
om

pu
tin

g
th

e
ex

pe
ct

at
io

n
re

ga
rd

in
g
π̄

in
(3

7)
tu

rn
s

ou
tt

o
be

di
ffi

cu
lt.

H
ow

ev
er

,i
m

ag
in

e
th

at
th

e
ex

pe
ct

at
io

n
op

er
at

or
is

es
se

nt
ia

lly
co

lla
ps

in
g
π̄

ou
tf

ro
m

th
e

jo
in

td
is

tr
ib

ut
io

n

q̃(
π̄
,Z

t,
S
t)
≈

E q
∗ (

Φ
))

[q
∗ (
π̄

)p
(X
|Φ
,Z

t)
p
(Z

t,
S
t|π̄

)]
.

(3
8)

N
ow

w
e

pr
op

os
e

to
un

co
lla

ps
e
π̄

an
d

sa
m

pl
e

th
e

lo
ca

lv
ar

ia
bl

es
fr

om

q∗
(π̄
,Z

t,
S
t)
∝
q̃(
π̄
,Z

t,
S
t)
q̂(
Z
t)
.

(3
9)

N
ot

ic
e

in
th

e
lo

ca
lu

pd
at

es
,π̄

is
on

ly
an

au
xi

la
ry

va
ri

ab
le

.P
ut

tin
g

al
lt

he
pi

ec
es

to
ge

th
er

,w
e

ha
ve

th
e

fo
llo

w
in

g
sa

m
pl

in
g

sc
he

m
e.

•
Fo

r
Z
t:

L
et
K

be
th

e
cu

rr
en

ti
nf

er
re

d
nu

m
be

r
of

to
pi

cs
.

T
he

co
nd

iti
on

al
di

st
ri

bu
tio

n
of

on
e

va
ri

ab
le
z d
i

gi
ve

n
al

l
ot

he
r

lo
ca

l
va

ri
ab

le
s

ca
n

be
de

riv
ed

fr
om

(3
6)

w
ith
s
d

m
ar

gi
na

liz
ed

ou
tf

or
co

nv
en

ie
nc

e.

q(
z d
i

=
k
|Z
¬d
i

t
,π̄

)
∝

(α
π
k

+
C
¬d
i

d
k

)(
C
¬d
i

k
x
d
i

+
∆
t k
x
d
i
)

∑
w

(C
¬d
i

k
w

+
∆
t k
w

)
ex

p

 
∑ d
∈B

t

n
−

1
d
y d
τ d
µ
∗ k 

.(
40

)

B
es

id
es

,
fo

r
k
>
K

an
d

sy
m

m
et

ri
c

D
ir

ic
hl

et
pr

io
r
γ

,
(4

0)
co

nv
er

ge
to

a
si

ng
le

ru
le

q(
z d
i

=
k
|Z
¬d
i

t
,π̄

)
∝
α
π
k
/W

,a
nd

th
er

ef
or

e
th

e
to

ta
lp

ro
ba

bi
lit

y
of

as
si

gn
in

g
a

ne
w

to
pi

c
is

q(
z d
i
>
K
|Z
¬d
i

t
,π̄

)
∝
α

(
1
−

K ∑ k
=

1

π
k

)
/W

.

•
Fo

r
S
t:

T
he

co
nd

iti
on

al
di

st
ri

bu
tio

n
of
s d
k

gi
ve

n
(Z

t,
π̄
,λ

t)
ca

n
be

de
riv

ed
fr

om
th

e
jo

in
td

is
tr

ib
ut

io
n

(3
2)

:

q(
s d
k
|Z

t,
π̄

)
∝
S

(n
d
z̄ d
k
,s
d
k
)(
α
π
k
)s
d
k
.

(4
1)

•
Fo

r
π̄

:
It

ca
n

be
de

riv
ed

fr
om

(3
6)

th
at

gi
ve

n
(Z

t,
S
t)

,e
ac

h
π̄
k

fo
llo

w
s

th
e

be
ta

di
st

ri
-

bu
tio

n,
π̄
k
∼

B
et

a(
a
k
,b
k
),

(4
2)

w
he

re
a
k

=
u
∗ k

+
∑

d
∈B

t
s d
k

an
d
b k

=
v
∗ k

+
∑

d
∈B

t

∑
j>
k
s d
j
.
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S
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S
S

IV
E

L
E

A
R

N
IN

G

Sim
ilar

to
online

M
edL

D
A

,w
e

iterate
the

above
steps

till
convergence

for
training.

For
testing,

the
learned

m
odel

is
essentially

a
finite

M
edL

D
A

,and
w

e
use

the
sam

e
schem

e
as

that
of

online
M

edL
D

A
.

N
otice

thatif
w

e
run

online
M

edH
D

P
for

only
one

round
(T

=
1)

and
use

the
entire

dataset
as

m
ini-batch

(|B
|

=
D

),iterating
the

above
steps

tillconverge
in

factsolves
the

batch
M

edH
D

P
problem

E
q.(31).W

e
callthis

batch
version

M
edH

D
P

ave
,and

w
illuse

itas
a

baseline
algorithm

.

6.1.3
O

N
L

IN
E

G
IB

B
S

M
E

D
H

D
P

ForG
ibbsM

edH
D

P,the
only

difference
isthe

lossfunctional`
ε ,w

hich
isreflected

in
the

sam
pling

of
localvariables.A

s
in

online
G

ibbs
M

edL
D

A
,w

e
can

facilitate
m

ore
efficientinference

by
adopting

the
sam

e
data

augm
entation

technique
w

ith
the

augm
ented

variables
λ
t .

T
hen

the
localvariables

are
(Z

t ,S
t ,λ

t )
and

the
global

variables
are

unchanged.
W

e
then

use
the

m
ean

field
assum

ption
q(w

,π̄
,Φ
,H

t )
=
q(w

)q(π̄
)q(Φ

)q(H
t )

and
com

pute
the

iterative
steps

as
follow

s.

1.
G

lobalU
pdate:

T
he

sam
e

as
online

M
edH

D
P,exceptthatthe

update
rule

for
w

is
now

(28)
forthe

G
ibbs

classifier.

2.
L

ocalU
pdate:

T
his

step
involves

draw
ing

sam
ples

of
the

local
variables.

W
e

develop
a

G
ibbs

sam
pler,w

hich
iteratively

draw
s
S
t

from
the

localconditionalin
(41),draw

s
π̄

from
the

conditionalin
(42),and

draw
s

the
augm

ented
variables

λ
t

from
the

conditionalin
(30).

For
Z
t ,w

e
explain

the
sam

pling
procedure

in
detail.Specifically,w

e
infer

Z
t through

q ∗(Z
t ,S

t ,λ
t ,π̄

)∝
q̃(π̄

,Z
t ,S

t )q̂(Z
t ,λ

t ),
(43)

w
here

q̂(Z
t ,λ

t )
=
∏d∈
B
t

1
√

2
π
λ
d

ex
p 

∑i∈
[n
d
] Λ

z
d
i ,x

d
i −

E
q
(Φ
,w

) [
(λ
d

+
cζ
d )

2

2
λ
d

] 
,

T
he

G
ibbs

sam
pling

foreach
variable

z
d
i is

q(z
d
i

=
k|Z

¬
d
i

t
,λ
t ,π̄

)∝
(α
π
k

+
C
¬
d
i

d
k

)(C
¬
d
i

k
x
d
i

+
∆
tk
x
d
i )

∑
w

(C
¬
d
i

k
w

+
∆
tk
w

)

ex
p (

cy
d (cε

+
λ
d )µ
∗k

n
d λ

d
−
c

2(µ
∗
2
k

+
Σ
∗k
k

+
2(µ
∗k µ
∗

+
Σ
∗·,k ) >

C
¬
d
i

d
)

2
n

2d λ
d

)
,

(44)

w
hile

the
probability

ofsam
pling

a
new

topic
is

q(z
d
i
>
K
|Z
¬
d
i

t
,π̄

)∝
α

(
1−

K
∑k

=
1

π
k )

/W
.

A
gain,

w
e

iterate
the

above
steps

till
convergence

for
training

and
the

testing
is

the
sam

e
as

online
M

edH
D

P.A
batch

version
algorithm

can
be

attained
by

setting
T

=
1

and|B
|

=
D

,w
hich

w
e

denote
as

M
edH

D
P

gibbs.
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S
H

I
A

N
D

Z
H

U

6.2
M

ulti-task
L

earning

T
he

above
m

odels
have

been
presented

for
classification.

T
he

basic
ideas

can
be

applied
to

solve
other

learning
tasks,

such
as

regression
and

m
ulti-task

learning
(M

T
L

).W
e

use
m

ulti-task
learn-

ing
an

one
exam

ple.
T

he
prim

ary
assum

ption
of

m
ulti-task

learning
is

that
by

sharing
statistical

strength
in

a
joint

learning
procedure,

m
ultiple

related
tasks

can
be

m
utually

enhanced
or

som
e

m
ain

tasks
can

be
im

proved.M
T

L
has

m
any

applications.W
e

considerone
scenario

form
ulti-label

classification.
In

this
task,a

setof
binary

classifiers
are

trained,each
ofw

hich
identifies

w
hethera

docum
ent
x
d

belongs
to

a
specific

category
y
qd ∈
{+

1,−
1}.T

hese
binary

classifiers
are

allow
ed

to
share

com
m

on
latentrepresentations

and
therefore

could
be

attained
via

a
m

odified
B

ayesPA
update

equation:

m
in

q∈F
t L (

q(w
,M

,H
t ) )

+
2
c

Q
∑q
=

1

`
ε (
q(w

,M
,H

t );X
t ,Y

τt )
,

w
here

Q
is

the
total

num
ber

of
tasks.

W
e

can
then

derive
the

m
ulti-task

version
of

Passive-
A

ggressive
topic

m
odels,

denoted
by

paM
edL

D
A

m
t ave

and
paM

edL
D

A
m

t gibbs
,

in
a

w
ay

sim
ilar

as
in

Section
5.

W
e

can
further

develop
the

nonparam
etric

m
ulti-task

M
edL

D
A

topic
m

odels
in

a
w

ay
sim

ilar
as

in
Section

6.1
and

the
online

PA
learning

algorithm
s.

W
e

denote
the

nonparam
et-

ric
online

m
odels

by
paM

edH
D

P
ave

and
paM

edH
D

P
gibbs

,
according

to
w

hether
the

task-specific
classifieris

averaging
orG

ibbs.

7.E
xperim

ents

W
e

dem
onstrate

the
efficiency

and
prediction

accuracy
ofonline

M
edL

D
A

,online
G

ibbs
M

edL
D

A
and

their
extensions

on
the

20N
ew

sgroup
(20N

G
)

and
a

large
W

ikipedia
dataset.

A
sensitivity

analysis
ofthe

key
param

eters
is

also
provided.Follow

ing
the

sam
e

setting
in

Z
hu

etal.(2012),w
e

rem
ove

a
standard

listof
stop

w
ords.

A
llof

the
experim

ents
are

done
on

a
norm

alcom
puter

w
ith

single-core
clock

rate
up

to
2.4

G
H

z.

7.1
C

lassification
on

20N
ew

sgroup

W
e

perform
m

ulti-class
classification

on
the

entire
20N

G
dataset

w
ith

all
the

20
categories.

T
he

training
setcontains

11,269
docum

ents,w
ith

the
sm

allestcategory
having

376
docum

ents
and

the
biggestcategory

having
599

docum
ents.T

he
testing

setcontains7,505
docum

ents,w
ith

the
sm

allest
and

biggest
categories

having
259

and
399

docum
ents

respectively.
W

e
adopt

the
“one-vs-all”

strategy
(R

ifkin
and

K
lautau,2004)to

com
bine

binary
classifiers

form
ulti-class

prediction
tasks.

W
e

use
shorthand

notations
paM

edL
D

A
ave

and
paM

edL
D

A
gibbs

for
online

M
edL

D
A

and
on-

line
G

ibbs
M

edL
D

A
respectively.T

he
corresponding

batch
learning

algorithm
s

are
M

edL
D

A
(Z

hu
etal.,2012)

and
G

ibbs
M

edL
D

A
(M

edL
D

A
gibbs

)
(Z

hu
etal.,2014b),w

hich
is

a
M

edL
D

A
m

odel
w

ith
G

ibbs
classifiers.

W
e

use
collapsed

G
ibbs

sam
pling

to
solve

M
edL

D
A

,w
hich

is
exactly

the
gM

edL
D

A
m

odelproposed
by

Jiang
etal.(2012).

W
e

also
choose

a
state-of-the-artonline

unsu-
pervised

topic
m

odelas
the

baseline,the
sparse

inference
for

L
D

A
(spL

D
A

)
(M

im
no

etal.,2012),
w

hich
has

been
dem

onstrated
to

be
superior

than
the

stochastic
variationalL

D
A

(H
offm

an
etal.,

2013)in
prediction

perform
ance.

To
perform

the
supervised

tasks,w
e

learn
a

linearSV
M

w
ith

the
topic

representations
using

L
IB

SV
M

(C
hang

and
L

in,2011).
W

e
refer

the
readers

to
(Z

hu
etal.,

2012)
for

the
perform

ance
of

other
batch-learning-based

supervised
topic

m
odels,

such
as

sL
D

A
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lassification
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and
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respectto
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num
berof

topics
on

the
20N

G
dataset.
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P
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the
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Figure
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variance
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m
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converge
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to
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.
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text
for

details.
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Figure
7:

Testerrors
of

paM
edH

D
P

ave
(left)

and
paM

edH
D

P
gibbs

(right)
w

ith
differentbatch

sizes
on

the
20N

G
dataset.

param
eters,butalso

on
a

localvariable
τ,so

m
ore

optim
ization

rounds
are

needed.
T

he
training

tim
e

ofallm
odels

scale
linearly

in
term

s
ofI

andJ
.

J
β

0
2

4

1
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3
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0.803
5
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0.805

0.803

J
β

0
2

4
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3
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0.799
5

0.808
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0.792
(a)

(b)

Table
3:

E
ffectof

the
num

ber
of

localsam
ples

and
burn-in

steps
for(a).

paM
edL

D
A

ave
;and

(b).
paM

edL
D

A
gibbs.

N
otice

thatthe
first

β
sam

ples
are

discarded
as

burn-in
steps.To

understand
how

large
β

is
suf-
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e

considerthe
settings

ofthe
pairs

(J
,β

)
and

check
the

prediction
accuracy

ofA
lgorithm

2
for

K
=

4
0.

B
ased

on
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sensitivity
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ofI
and
J
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e
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I

=
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paM

edL
D

A
gibbs
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paM

edH
D

P
gibbs
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for
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edL
D
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edH
D
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ave

.
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results
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3.
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the
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e.g.
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)
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num

ber
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a
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ofB

ayesPA
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m
odels

than
the

num
berofburn-in

steps.

N
um

ber
of

Topics.
Finally,
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e
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w
hen

running
one-pass
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w
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ber
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sm

all
datasets.
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see
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effect,

w
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lk
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in
the

20
new

sgroup
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Figure
8:

C
lassification

accuraciesand
training

tim
e

of(a):paM
edL

D
A

gibbs,(b):
paM

edH
D

P
gibbs,

(c):
paM

edL
D

A
ave

,and
(d):

paM
edH

D
P

ave
,w

ith
differentcom

binations
of

(I
,J

)
on

the
20N

G
dataset.

T
he

x-axis
includes

differentvalues
ofJ

,w
hile

differentvalues
ofI

are
show

n
as

separate
lines.

docum
ents

w
ith

a
splitof

795/802
over

the
tw

o
categories

and
the

testsetcontains
401

docum
ents

w
ith

a
split

of
204/197.

For
clarity,

w
e

report
the

results
of

the
online

B
ayesPA

w
ith

a
G

ibbs
M

edL
D

A
classifier,w

hose
hyper-param

eters
are

setas
in

the
m

ulti-class
setting.

A
s

show
n

in
Figure

9
(the

red
curve),w

hen
the

num
ber

of
topics

increases
to

relatively
large,

the
classification

accuracy
drops

significantly
forG

ibbs
M

edL
D

A
w

ith
a

single
pass

ofthe
dataset.

W
e

believe
this

phenom
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due

to
the
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ith

a
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num

berofdata
points

and
a

large
num
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eters,the

online
B

ayesPA
failsto

converge
in

justone
pass.Tw

o
possible

strategies
can

be
used

to
m

ake
this

algorithm
practically

useful:

•
M

ultiple
Scans:In

this
strategy,w

e
sim

ply
scan

the
datasetform

ultiple
passes.A

s
show

n
in

Figure
9,this

m
ethod

w
orks

w
ell—

w
ith

five
passes,B

ayesPA
can

learn
the

topic
m

odelw
ith

m
ore

than
100

topics
w

elland
lead

to
im

proved
accuracy

w
hen

K
is

in
the

range
of

[50,100].
H

ow
ever,

one
disadvantage

of
this

strategy
is

that
it

takes
m

ore
com

putational
resources,

linearto
the

num
berofscans.

•
G

hostSam
ples:In

thisstrategy,w
e

create
ghostcopiesofthe

data,thatis,forevery
data

point
(x

d ,y
d ),w

e
m

ake
L
−

1
exactclones.T

hen
in

ourglobalupdate
equation,each

aggregation
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h
re

sp
ec

t
to

th
e

la
b

el
s

of
th

e
re

m
ai

n
in

g
u
n
la

b
el

ed
sa

m
p
le

s.
T

h
is

fa
m

il
y

of
m

ea
su

re
s

is
p
ar

ti
cu

la
rl

y
h
el

p
fu

l
w

h
en

p
ro

b
ab

il
is

ti
c

ap
p
ro

ac
h
es

ar
e

u
se

d
fo

r
cl

a
ss

ifi
ca

ti
on

.
A

m
on

g
th

es
e

ob
je

ct
iv

es
,

F
is

h
er

in
fo

rm
at

io
n

cr
it

er
io

n
is

ve
ry

p
op

u
la

r
d
u
e

to
it

s
re

la
ti

ve
ea

se
of

co
m

p
u
ta

ti
o
n

co
m

p
a
re

d
to

ot
h
er

in
fo

rm
at

io
n

th
eo

re
ti

c
ob

je
ct

iv
es

,
d
es

ir
ab

le
st

at
is

ti
ca

l
p
ro

p
er

ti
es

a
n
d

ex
is

te
n
ce

o
f

ef
-

fe
ct

iv
e

op
ti

m
iz

at
io

n
te

ch
n
iq

u
es

.
H

ow
ev

er
,

as
w

e
d
is

cu
ss

in
th

is
m

an
u
sc

ri
p
t,

th
is

o
b

je
ct

iv
e

is
n
ot

w
el

l-
st

u
d
ie

d
in

th
e

cl
as

si
fi
ca

ti
on

co
n
te

x
t

an
d

th
er

e
se

em
s

to
b

e
a

ga
p

b
et

w
ee

n
th

e
u
n
d
er

ly
in

g
th

eo
ry

an
d

th
e

m
ot

iv
at

io
n

of
it

s
u
sa

ge
in

p
ra

ct
ic

e.
T

h
is

pa
pe

r
is

a
n

a
tt

em
p
t

to
fi

ll
th

is
ga

p
a
n

d
a
ls

o
p
ro

vi
d
e

a
ri

go
ro

u
s

fr
a
m

ew
o
rk

fo
r

a
n

a
ly

zi
n

g
th

e
ex

is
ti

n
g

qu
er

yi
n

g
m

et
h
od

s
ba

se
d

o
n

F
is

h
er

in
fo

rm
a
ti

o
n

.
F

ro
m

th
e

st
at

is
ti

ca
l
p

oi
n
t

of
v
ie

w
,

w
e

ch
ar

ac
te

ri
ze

th
e

p
ro

ce
ss

of
co

n
st

ru
ct

in
g

a
cl

a
ss

ifi
er

in
th

re
e

st
ep

s
as

fo
ll
ow

s:
(1

)
ch

o
os

in
g

th
e

lo
ss

an
d

ri
sk

fu
n
ct

io
n
s,

(2
)

b
u
il
d
in

g
a

d
ec

is
io

n
ru

le
th

at
m

in
im

iz
es

th
e

ri
sk

,
an

d
(3

)
m

o
d
el

in
g

th
e

d
is

cr
im

in
an

t
fu

n
ct

io
n
s

of
th

e
d
ec

is
io

n
ru

le
.

F
or

in
st

an
ce

,
ch

o
os

in
g

th
e

si
m

p
le

0/
1

lo
ss

an
d

it
s

a
p

os
te

ri
or

i
ex

p
ec

ta
ti

on
as

th
e

ri
sk

,
in

cu
rs

th
e

B
ay

es
ru

le
as

th
e

op
ti

m
al

d
ec

is
io

n
(D

u
d
a

et
al

.,
19

9
9)

,
w

h
er

e
th

e
d
is

cr
im

in
a
n
t

fu
n
ct

io
n

is
th

e
p

os
te

ri
or

d
is

tr
ib

u
ti

on
of

th
e

cl
as

s
la

b
el

s
gi

ve
n

th
e

co
va

ri
at

es
.

F
or

th
is

ty
p

e
o
f

ri
sk

,
d
is

cr
im

in
at

iv
e

m
o
d
el

s
th

at
d
ir

ec
tl

y
p
a
ra

m
et

ri
ze

th
e

p
o
st

er
io

rs
,

su
ch

as
lo

gi
st

ic
re

g
re

ss
io

n
,

ar
e

p
op

u
la

rl
y

u
se

d
to

le
ar

n
th

e
d
is

cr
im

in
a
n
t

fu
n
ct

io
n
s

(B
is

h
op

,
20

06
).

In
o
rd

er
to

b
et

te
r

ca
te

go
ri

ze
th

e
ex

is
ti

n
g

te
ch

n
iq

u
es

,
w

e
b
re

ak
an

ac
ti

ve
le

ar
n
in

g
a
lg

or
it

h
m

in
to

th
e

fo
ll
ow

in
g

su
b
-p

ro
b
le

m
s:

(i
)

(Q
u

er
y

S
el

ec
ti

o
n

)
S
am

p
li
n
g

a
se

t
o
f
co

va
ri

at
es
{x

1
,.
..
,x

n
}f

ro
m

th
e

tr
a
in

in
g

m
a
rg

in
a
l1

,
w

h
os

e
la

b
el

s
{y

1
,.
..
,y
n
}a

re
to

b
e

re
q
u
es

te
d

fr
om

an
ex

te
rn

al
so

u
rc

e
o
f

k
n
ow

le
d
g
e

(t
h
e

o
ra

cl
e
).

T
h
e

q
u
er

ie
d

co
va

ri
at

es
to

ge
th

er
w

it
h

th
ei

r
la

b
el

s
fo

rm
th

e
tr

a
in

in
g

d
a
ta

se
t.

(i
i)

(I
n

fe
re

n
ce

)
E

st
im

at
in

g
p
ar

am
et

er
s

of
th

e
p

os
te

ri
o
r

m
o
d
el

b
as

ed
on

th
e

tr
a
in

in
g

d
a
ta

se
t

fo
rm

ed
in

th
e

p
re

v
io

u
s

st
ep

.

(i
ii
)

(P
re

d
ic

ti
o
n

)
M

ak
in

g
d
ec

is
io

n
s

re
g
ar

d
in

g
cl

as
s

la
b

el
s

of
th

e
te

st
co

va
ri

a
te

s
sa

m
p
le

d
fr

om
th

e
te

st
m

ar
gi

n
al

.

T
h
es

e
th

re
e

st
ep

s
ca

n
b

e
ca

rr
ie

d
ou

t
it

er
at

iv
el

y.
N

ot
e

th
a
t

th
e

q
u
er

y
se

le
ct

io
n

su
b
-

p
ro

b
le

m
is

fo
rm

u
la

te
d

in
te

rm
s

of
th

e
d
is

tr
ib

u
ti

o
n

fr
om

w
h
ic

h
th

e
q
u
er

ie
s

w
il
l

b
e

d
ra

w
n
.

1
.

T
h

ro
u

g
h

o
u

t
th

is
p

a
p

er
,

m
a
rg

in
a
l

d
is

tr
ib

u
ti

o
n

o
r

si
m

p
ly

d
is

tr
ib

u
ti

o
n

re
fe

rs
to

th
e

d
is

tr
ib

u
ti

o
n

o
f

co
va

ri
-

a
te

s,
w

h
il

e
jo

in
t

d
is

tr
ib

u
ti

o
n

is
u

se
d

fo
r

p
a
ir

s
o
f

th
e

co
va

ri
a
te

s
a
n

d
th

ei
r

cl
a
ss

la
b

el
s.
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A
sy

m
p
t
o
t
ic

A
n
a
ly

sis
o
f
O
b
je
c
t
iv
e
s
B
a
se

d
o
n
F
ish

e
r
In

f
o
r
m
a
t
io
n
in

A
c
t
iv
e
L
e
a
r
n
in
g

Id
ea

lly,
q
u
eries

(or
th

e
q
u
ery

d
istrib

u
tion

)
are

ch
osen

su
ch

th
a
t

th
ey

in
crease

th
e

ex
p

ected
q
u
a
lity

of
th

e
classifi

cation
p

erform
an

ce
m

easu
red

b
y

a
p
a
rticu

lar
o
b

jective
fu

n
ction

.
T

h
is

o
b

jective
can

b
e

con
stru

cted
from

tw
o

d
iff

eren
t

p
ersp

ectives:
b
ased

on
th

e
accu

racy
of

th
e

p
a
ra

m
eter

in
feren

ce
or

th
e

accu
racy

of
lab

el
p
red

iction
.

In
th

e
rest

of
th

e
m

an
u
scrip

t,
a
cco

rd
in

g
ly,

w
e

refer
to

th
e

algorith
m

s
th

at
u
se

th
ese

tw
o

ty
p

es
of

ob
jectives

as
in

feren
ce-

ba
sed

o
r

p
red

ictio
n

-ba
sed

algorith
m

s,
resp

ectively.

M
o
st

of
th

e
in

feren
ce-b

ased
q
u
ery

in
g

algorith
m

s
in

classifi
cation

aim
to

ch
o
ose

q
u
eries

th
a
t

m
a
x
im

ize
th

e
ex

p
ected

ch
an

ge
in

th
e

ob
jective

of
th

e
in

feren
ce

step
(S

ettles
et

al.,
2
0
0
8
;

G
u
o

an
d

S
ch

u
u
rm

an
s,

2008)
or

F
ish

er
in

form
ation

criterion
(H

oi
et

al.,
2
006;

S
ettles

a
n
d

C
raven

,
2
0
08;

H
oi

et
al.,

2009;
C

h
au

d
h
u
ri

et
al.,

2015b
).

O
n

th
e

oth
er

h
a
n
d
,

th
e

w
id

e
ra

n
g
e

of
stu

d
ies

in
p
red

iction
-b

ased
activ

e
lea

rn
in

g
in

clu
d
es

a
m

ore
varied

set
o
f

ob
jectives:

fo
r

in
sta

n
ce,

th
e

p
red

iction
error

p
rob

ab
ility

2
(C

oh
n

et
al.,

1994;
F

reu
n
d

et
al.,

1
997;

Z
h
u

et
a
l.,

2
0
0
3
;

N
g
u
yen

an
d

S
m

eu
ld

ers,
2004;

D
asgu

p
ta,

2005;
D

asgu
p
ta

et
al.,

2
005;

B
alcan

et
a
l.,

2
0
0
6
;

D
a
sgu

p
ta

et
al.,

2007;
B

ey
gelzim

er
et

a
l.,

2010;
H

an
n
eke

et
al.,

2011
;

H
an

n
eke,

2
0
1
2
;

A
w

a
sth

i
et

al.,
2013;

Z
h
an

g
an

d
C

h
au

d
h
u
ri,

2014),
varian

ce
of

th
e

p
red

iction
s

(C
oh

n
et

a
l.,

1
9
9
6
;

S
ch

ein
an

d
U

n
gar,

2007;
J
i

an
d

H
an

,
2012),

u
n
certain

ty
of

th
e

learn
er

w
ith

resp
ect

to
th

e
u
n
k
n
ow

n
lab

els
as

eva
lu

ated
b
y

th
e

en
trop

y
fu

n
ction

(H
olu

b
et

al.,
2008),

m
u
tu

a
l

in
fo

rm
a
tion

(G
u
o

an
d

G
rein

er,
200

7;
K

rau
se

et
al.,

2008;
G

u
o,

2010;
S
o
u
rati

et
al.,

2
0
1
6
),

a
n
d

m
a
rgin

of
th

e
sam

p
les

w
ith

resp
ect

to
th

e
train

ed
h
y
p

erp
la

n
ar

d
iscrim

in
an

t
fu

n
ctio

n
(S

ch
o
h
n

an
d

C
oh

n
,

2000;
T

on
g

an
d

K
oller,

2002).

In
th

is
p
a
p

er,
w

e
fo

cu
s

on
th

e
F

ish
er

in
fo

rm
ation

criterion
u
sed

in
classifi

cation
ac-

tive
lea

rn
in

g
a
lgorith

m
s.

T
h
ese

algorith
m

s
u
se

a
scalar

fu
n
ction

of
th

e
F

ish
er

in
form

ation
m

atrices
co

m
p
u
ted

for
p
aram

etric
m

o
d
els

of
train

in
g

an
d

test
m

argin
als.

In
th

e
classifi

-
ca

tio
n

co
n
tex

t,
th

is
scalar

is
som

etim
es

called
F

ish
er

in
fo

rm
a
tio

n
ra

tio
(F

IR
)

(S
ettles

an
d

C
raven

,
2
0
0
8
)

an
d

its
u
sage

is
m

otivated
b
y

old
er

attem
p
ts

in
op

tim
al

ex
p

erim
en

t
d
esign

fo
r

sta
tistica

l
regression

m
eth

o
d
s

(F
ed

orov
,

1972;
M

acK
ay

,
1992;

C
oh

n
,

1
996;

F
u
k
u
m

izu
,

2
0
0
0
).

A
m

o
n
g

th
e

ex
istin

g
F

IR
-b

ased
classifi

ca
tion

q
u
ery

in
g

m
eth

o
d
s,

on
ly

th
e

v
ery

fi
rst

on
e

p
ro

p
o
sed

b
y

Z
h
an

g
an

d
O

les
(2000)

ap
p
roach

ed
th

e
F

IR
ob

jectiv
e

from
a

p
aram

eter
in

fer-
en

ce
p

oin
t

o
f

v
iew

.
U

sin
g

a
m

ax
im

u
m

likelih
o
o
d

estim
ator

(M
L

E
),

th
ey

claim
ed

(w
ith

th
e

p
ro

o
f
sk

ip
p

ed
)

th
at

F
IR

is
asy

m
p
totically

eq
u
al

to
th

e
ex

p
ectation

of
th

e
lo

g-likelih
o
o
d

ratio
w

ith
resp

ect
to

b
oth

test
an

d
train

in
g

sam
p
les

(see
su

b
-p

rob
lem

i
ab

ove).
L

ater
on

,
H

oi
et

al.
(2

0
0
6
)

a
n
d

H
o
i

et
al.

(2009),
in

sp
ired

b
y

Z
h
an

g
an

d
O

les
(2000),

u
sed

F
IR

in
con

n
ection

w
ith

a
log

istic
regression

classifi
er

w
ith

th
e

m
otivation

of
d
ecreasin

g
th

e
lab

els’
u
n
certain

ty
a
n
d

h
en

ce
th

e
p
red

iction
error.

S
ettles

an
d

C
rav

en
(2008)

em
p
loyed

th
is

o
b

jective
w

ith
th

e
sa

m
e

m
o
tiva

tio
n
,

b
u
t

u
sin

g
a

d
iff

eren
t

ap
p
rox

im
ation

a
n
d

op
tim

ization
tech

n
iq

u
e.

M
o
re

re-
cen

tly,
C

h
a
u
d
h
u
ri

et
al.

(2015b
)

sh
ow

ed
th

at
even

fi
n
ite-sam

p
le

F
IR

is
closely

related
to

th
e

ex
p

ected
lo

g
-likelih

o
o
d

ratio
of

an
M

L
E

-b
ased

classifi
er.

H
ow

ever,
th

eir
resu

lts
are

d
erived

u
n
d
er

a
d
iff

eren
t

an
d

rath
er

restrictin
g

set
of

con
d
ition

s
an

d
assu

m
p
tion

s:
th

ey
fo

cu
sed

on
th

e
fi
n
ite-sa

m
p
le

case
w

h
ere

th
e

test
m

argin
al

is
a

u
n
iform

P
M

F
an

d
th

e
p
rop

osal
m

a
rgin

al
is

a
gen

era
l

P
M

F
(to

b
e

d
eterm

in
ed

)
over

a
fi
n
ite

p
o
ol

of
u
n
lab

eled
sam

p
les.

M
oreover,

th
ey

a
ssu

m
ed

th
at

th
e

con
d
ition

al
F

ish
er

in
form

ation
m

atrix
is

assu
m

ed
to

b
e

in
d
ep

en
d
en

t
o
f

th
e

cla
ss

la
b

els.
H

ere,
in

a
fram

ew
ork

sim
ilar

to
Z

h
an

g
an

d
O

les
(2000)

b
u
t

w
ith

a
m

ore

2
.

P
red

ictio
n

erro
r

p
ro

b
a
b

ility
is

in
d
eed

th
e

freq
u

en
tist

risk
fu

n
ctio

n
o
f

0
/
1

lo
ss,

a
n

d
is

a
lso

k
n

ow
n

a
s

gen
era

liza
tio

n
erro

r.
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S
o
u
r
a
t
i,
A
k
c
a
k
a
y
a
,
L
e
e
n
,
E
r
d
o
g
m
u
s
a
n
d

D
y

ex
p
an

d
ed

an
d

d
iff

eren
t

d
erivation

,
w

e
d
iscu

ss
a

n
ov

el
th

eoretical
resu

lt
b
ased

on
w

h
ich

F
IR

is
related

to
an

M
L

E
-b

ased
in

feren
ce

step
for

a
large

n
u
m

b
er

of
train

in
g

d
ata.

M
ore

sp
ecifi

cally,
u
n
d
er

certain
regu

larity
con

d
ition

s
req

u
ired

for
con

sisten
cy

of
M

L
E

an
d

in
th

e
ab

sen
ce

of
m

o
d
el

m
is-sp

ecifi
cation

,
an

d
w

ith
n
o

restrictin
g

assu
m

p
tion

s
on

th
e

form
of

test
or

train
in

g
m

argin
als,

w
e

sh
ow

th
at

F
IR

can
b

e
v
iew

ed
as

an
u
p
p

er
b

ou
n
d

for
th

e
ex

p
ected

varian
ce

of
th

e
asy

m
p
totic

d
istrib

u
tion

of
th

e
log-likelih

o
o
d

ratio.
In

sp
ired

b
y

C
h
au

d
h
u
ri

et
al.

(2015b
),

w
e

also
sh

ow
th

at
u
n
d
er

certain
ex

tra
con

d
ition

s,
th

is
relation

sh
ip

h
old

s
even

in
fi
n
ite-sam

p
le

case.
T

h
ere

are
tw

o
p
ractical

issu
es

in
em

p
loy

in
g

F
IR

as
a

q
u
ery

selection
ob

jective:
its

com
-

p
u
tation

an
d

op
tim

ization
.

F
irst,

com
p
u
tin

g
th

e
F

ish
er

in
form

ation
m

atrices
is

u
su

ally
in

tractab
le,

ex
cep

t
for

very
sim

p
le

d
istrib

u
tion

s;
also

F
IR

d
ep

en
d
s

on
th

e
tru

e
m

argin
al,

w
h
ich

is
u
su

ally
u
n
k
n
ow

n
.

T
h
erefore,

even
if

th
e

com
p
u
tation

s
are

tractab
le,

ap
p
rox

im
a-

tion
s

h
ave

to
b

e
u
sed

for
evalu

atin
g

F
IR

.
S
econ

d
,

th
e

o
p
tim

ization
o
f

F
IR
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straigh
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ard

on
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if
a

sin
gle

q
u
ery

is
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b
e
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p

er
iteration

,
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w
h
en

th
e

op
tim

ization
h
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con
tin

u
ou

s
d
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ain
(e.g.,

op
tim

izin
g

to
get

th
e

real
p
aram

eters
of

th
e

q
u
ery

m
argin

al
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in
F

u
k
u
m

izu
,

2000).
H

ow
ever,

th
e
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ization
b
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N
P

-h
ard

w
h
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m
u
ltip

le
q
u
eries
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b
e
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a
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n
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u
n
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eled
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p
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(poo
l-ba
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tch
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lea
rn

in
g).

H
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ristics
h
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e
b
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u
sed
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p
rox
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b
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y

m
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o
d
s

(S
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an
d
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,
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)
an

d
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ation
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con
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d
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s
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o,
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b
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rau
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al.,
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A
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i
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al.,
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C
h
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d

K
rau
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R
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g

F
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,
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al.
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p
roved
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w
h
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a
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m
o
d
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u
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,
a

M
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te-C
arlo
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u
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e
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a

m
on
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e

an
d
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b
m

o
d
u
lar
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n
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s
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th
e

q
u
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ad

d
ition

to
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r
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con
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u
tion
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m
p
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relatin
g

F
IR

to
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e
log-
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o
o
d
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w

e
clarify
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e

d
iff

eren
ces

b
etw

een
som

e
of

th
e

ex
istin

g
F

IR
-b

a
sed

q
u
ery

in
g

m
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o
d
s
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in

g
to

th
e
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n
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u
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th
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u
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e
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F
u
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ore,

w
e
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m
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o
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icity
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d
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b
m

o
d
u
larity

of
M

on
te-C

arlo
ap

p
rox

im
ation
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F

IR
can

b
e

ex
ten

d
ed

from
logistic

regression
m

o
d
els
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a
n

y
d
iscrim

in
ative

classifi
er.

H
ere

is
a

su
m

m
ary

of
ou

r
con

trib
u
tion

s
in
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is

p
ap

er:

•
E
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lish

in
g

a
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ip

b
etw

een
th

e
F
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er
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form

ation
m
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e

q
u
ery

d
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u
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d

th
e
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p
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d
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u
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e
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o
o
d
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4
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•
S
h
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g
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F
IR

can
b

e
v
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ed
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an
u
p
p

er
b

ou
n
d
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e
ex

p
ected
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m

p
totic

varian
ce
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e
log-likelih

o
o
d

ratio,
im

p
ly

in
g

th
at

m
in
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izin

g
F

IR
,
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an

active
learn

-
in

g
ob

jectiv
e,
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asy

m
p
totically

eq
u
ivalen

t
to

u
p
p

er-b
ou

n
d

m
in

im
ization

of
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e
ex

-
p

ected
varian

ce
of

th
e

log-lik
elih

o
o
d
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a
m

easu
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in

feren
ce

p
erform

an
ce

(S
ection

4.2);

•
P

rov
in

g
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at
u
n
d
er

certain
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m
p
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s,
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e
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ove-m
en

tion
ed

asy
m

p
totic

relation
sh

ip
also

h
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s
for

fi
n
ite-sam

p
le

estim
ation
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F

IR
(S

ection
5.1.1);

•
D

iscu
ssin

g
d
iff

eren
t

ex
istin

g
m

eth
o
d
s

for
cop

in
g

w
ith

p
ractical

issu
es

in
u
sin

g
F

IR
in

q
u
ery

in
g

algorith
m

s
(S

ection
5.1),

an
d
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in

gly
p
rov

id
in

g
a

u
n
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in
g

fram
ew

ork
for

ex
istin

g
F

IR
-b

ased
active

learn
in

g
m

eth
o
d
s

(S
ection

5.2).
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u
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d
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p
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d
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d
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d
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at
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=
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Z
h
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t
d
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tr
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u
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h
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p
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d
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d
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p
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b
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p
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d
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m
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d
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m
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b
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d
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b
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d
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p
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d
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d
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d
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∈
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∈
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b
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d
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p
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d
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d
el

p
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ed
in

S
ec

ti
on

3
.2

)
o
f

th
e

jo
in

t
d
is

tr
ib

u
ti

on
is

p
os

it
iv

e
d
efi

n
it

e
an

d
th

er
ef

or
e

in
ve

rt
ib

le
fo

r
al

l
θ
∈

Ω
,

an
d

fo
r

a
n
y

ty
p

e
of

m
ar

gi
n
al

th
at

is
u
se

d
u
n
d
er

as
su

m
p
ti

on
(A

0)
.

R
eg

ar
d
in

g
as

su
m

p
ti

on
s

(A
4)

an
d

(A
5)

,
n
ot

e
th

at
th

e
tr

ai
n
in

g
an

d
te

st
m

a
rg

in
a
ls

a
re

n
ot

n
ec

es
sa

ri
ly

eq
u
al

.
T

h
e

te
st

m
ar

gi
n
al

is
u
su

a
ll
y

n
ot

k
n
ow

n
b

ef
or

eh
an

d
an

d
q

ca
n
n
o
t

b
e

se
t

eq
u
al

to
p

in
p
ra

ct
ic

e,
h
en

ce
q

ca
n

b
e

v
ie

w
ed

as
a

p
ro

p
os

al
d
is

tr
ib

u
ti

on
.

S
u
ch

in
co

n
si

st
en

cy
is

w
h
at

S
h
im

o
d
ai

ra
(2

00
0)

ca
ll
ed

co
va

ri
a
te

sh
if

t
in

d
is

tr
ib

u
ti

o
n

.
In

th
e

re
m

a
in

in
g

se
ct

io
n
s

of
th

e
re

p
or

t,
w

e
u
se

su
b
sc

ri
p
ts
p

an
d
q

fo
r

th
e

st
at

is
ti

ca
l

op
er

at
or

s
th

at
co

n
si

d
er
p
(x

)
a
n
d

q(
x

)
as

th
e

m
ar

gi
n
al

in
th

e
jo

in
t

d
is

tr
ib

u
ti

on
,

re
sp

ec
ti

ve
ly

.
W

e
ex

p
li
ci

tl
y

m
en

ti
o
n

x
a
s

th
e

in
p
u
t

ar
gu

m
en

t
in

or
d
er

to
re

fe
r

to
m

ar
gi

n
al

op
er

at
or

s.
F

or
in

st
an

ce
,
E q

d
en

o
te

s
th

e
jo

in
t

ex
p

ec
ta

ti
on

w
it

h
re

sp
ec

t
to
q(

x
)p

(y
|θ
,x

),
w

h
er

ea
s
E q

(x
)

d
en

o
te

s
th

e
m

ar
gi

n
a
l

ex
p

ec
ta

ti
o
n

w
it

h
re

sp
ec

t
to
q(

x
).

3
.
B
a
ck

g
ro

u
n
d

H
er

e,
w

e
p
ro

v
id

e
a

sh
or

t
re

v
ie

w
of

m
ax

im
u
m

li
ke

li
h
o
o
d

es
ti

m
at

io
n

(M
L

E
)

a
s

o
u
r

in
fe

re
n
ce

m
et

h
o
d
,

an
d

b
ri

efl
y

in
tr

o
d
u
ce

F
is

h
er

in
fo

rm
at

io
n

of
a

p
ar

a
m

et
ri

c
d
is

tr
ib

u
ti

o
n
.

T
h
es

e
tw

o
b
as

ic
co

n
ce

p
ts

en
ab

le
u
s

to
ex

p
la

in
so

m
e

of
th

e
ke

y
p
ro

p
er

ti
es

of
M

L
E

,
u
p

o
n

w
h
ic

h
o
u
r

fu
rt

h
er

an
al

y
si

s
of

F
IR

ob
je

ct
iv

e
re

li
es

.
N

ot
e

th
at

ou
r

fo
cu

s
in

th
is

se
ct

io
n

is
o
n

su
b
-

p
ro

b
le

m
(i

i)
w

it
h

th
e

as
su

m
p
ti

on
s

li
st

ed
ab

ov
e.

3
.1

M
a
x
im

u
m

L
ik

e
li
h

o
o
d

E
st

im
a
ti

o
n

H
er

e,
w

e
re

v
ie

w
m

ax
im

u
m

li
ke

li
h
o
o
d

es
ti

m
at

io
n

in
th

e
co

n
te

x
t

of
cl

as
si

fi
ca

ti
o
n

p
ro

b
le

m
.

G
iv

en
a

tr
ai

n
in

g
d
at

a
se

t
L n

=
{(

x
1
,y

1
),
..
.,

(x
n
,y
n
)}

,
a

m
ax

im
u
m

li
k
el

ih
o
o
d

es
ti

m
a
te

(M
L

E
)

is
ob

ta
in

ed
b
y

m
ax

im
iz

in
g

th
e

lo
g-

li
ke

li
h
o
o
d

fu
n
ct

io
n

ov
er

al
l

p
ai

rs
in

si
d
e
L n

,
w

it
h

re
sp

ec
t

to
th

e
p
ar

am
et

er
θ

:

θ̂
n

=
ar

g
m

ax
θ

lo
g
p

(L
n
|θ

)
.

(2
)

3
.

W
e

sa
y

th
a
t

a
fu

n
ct

io
n
f

:
X
→

Y
is

o
f
Cp

(X
),

fo
r

a
n

in
te

g
er
p
>

0
,

if
it

s
d

er
iv

a
ti

v
es

u
p

to
th

e
p
-t

h
o
rd

er
ex

is
t

a
n

d
a
re

co
n
ti

n
u

o
u

s
a
t

a
ll

p
o
in

ts
o
f
X
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A
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m
p
t
o
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A
n
a
ly

sis
o
f
O
b
je
c
t
iv
e
s
B
a
se

d
o
n
F
ish

e
r
In

f
o
r
m
a
t
io
n
in

A
c
t
iv
e
L
e
a
r
n
in
g

U
n
d
er

th
e

a
ssu

m
p
tion

s
(A

0)
an

d
(A

4),
th

e
op

tim
ization

in
(2)

can
b

e
w

ritten
as

θ̂
n

=
arg

m
ax

θ

n
∑i=

1

log
p
(y
i |x

i ,θ
).

(3)

E
q
u
a
tio

n
(3

)
sh

ow
s

th
at

M
L

E
d
o
es

n
ot

d
ep

en
d

on
th

e
m

argin
al

w
h
en

u
sin

g
ty

p
e-II

m
o
d
el.

H
en

ce,
in

o
u
r

a
n
aly

sis
w

e
fo

cu
s

on
th

e
con

d
ition

al
log-likelih

o
o
d

as
th

e
classifi

cation
ob

-
jective,

an
d

sim
p
ly

call
it

th
e

log-likelih
o
o
d

fu
n
ction

w
h
en

v
iew

ed
as

a
fu

n
ction

of
th

e
p
a
ra

m
eter

v
ector

θ
,

for
an

y
given

p
air

(x
,y

)∈
X
×
{
1
,...,c}:

`(θ
;x
,y

)
:=

log
p
(y|x

,θ
).

(4)

M
o
reover,

fo
r

a
n
y

set
of

p
airs

in
d
ep

en
d
en

tly
gen

erated
from

th
e

join
t

d
istrib

u
tion

of
th

e
tra

in
in

g
d
a
ta

,
su

ch
asL

n
m

en
tion

ed
in

(A
4),

th
e

log-lik
elih

o
o
d

fu
n
ctio

n
w

ill
b

e

`(θ
;L

n
)

=
n
∑i=

1

`(θ
;x

i ,y
i )

=
n
∑i=

1

log
p
(y
i |x

i ,θ
).

(5)

H
en

ce,
th

e
M

L
E

can
b

e
rew

ritten
as

θ̂
n

=
arg

m
ax

θ

n
∑i=

1

`(θ
;x

i ,y
i ).

(6)

D
o
in

g
th

is
m

a
x
im

ization
u
su

ally
in

volves
th

e
com

p
u
tation

of
th

e
station

a
ry

p
oin

ts
of

th
e

lo
g
-likelih

o
o
d
,

w
h
ich

req
u
ires

calcu
latin

g
∇

θ
`(θ

;L
n
)

=
∑

ni=
1 ∇

θ
`(θ

;x
i ,y

i ).
F

or
m

o
d
els

a
ssu

m
ed

in
(A

0
),

each
of

th
e

d
erivation

s
in

th
e

su
m

m
ation

is
eq

u
al

to
th

e
sco

re
fu

n
ctio

n
d
efi

n
ed

a
s

th
e

g
rad

ien
t

of
th

e
join

t
log-lik

elih
o
o
d
:

∇
θ
`(θ

;x
,y

)
=
∇

θ
log

p
(y|x

,θ
)

=
∇

θ
log

p
(x
,y|θ

).
(7)

E
q
u
a
tio

n
(7

)
im

p
lies

th
at

th
e

score
w

ill
b

e
th

e
sam

e
n
o

m
atter

w
h
eth

er
w

e
ch

o
ose

th
e

tra
in

in
g

o
r

test
d
istrib

u
tion

as
ou

r
m

argin
al.

F
u
rth

erm
ore,

u
n
d
er

regu
larity

con
d
ition

s
(A

6),
th

e
sco

re
is

a
lw

ay
s

a
zero-m

ean
ran

d
om

variab
le. 4

F
in

a
lly,

u
sin

g
M

L
E

to
estim

ate
θ̂
n
,

cla
ss

lab
el

of
a

test
sam

p
le

x
w

ill
b

e
p
red

icted
as

th
e

cla
ss

w
ith

th
e

h
igh

est
log-likelih

o
o
d

valu
e:

ŷ
(x

)
=

arg
m

ax
y

`(θ̂
n
;x
,y

).
(8)

3
.2

F
ish

e
r

In
fo

rm
a
tio

n

In
th

is
sectio

n
,

w
e

give
a

v
ery

sh
ort

in
tro

d
u
ction

to
F

ish
er

in
form

ation
.

M
ore

d
etailed

d
escrip

tio
n
s

a
b

ou
t

th
is

w
ell-k

n
ow

n
criterion

can
b

e
fou

n
d

in
variou

s
tex

tb
o
ok

s,
su

ch
a
s

L
eh

m
a
n
n

an
d

C
asella

(1998).
F

ish
er

in
fo

rm
ation

of
a

p
aram

etric
d
istrib

u
tion

is
a

m
easu

re
of

in
fo

rm
ation

th
at

th
e

sa
m

p
les

g
en

era
ted

from
th

at
d
istrib

u
tion

p
rov

id
e

regard
in

g
th

e
p
aram

eter.
It

ow
es

p
art

4
.

S
co

re
fu

n
ctio

n
is

a
ctu

a
lly

zero
-m

ea
n

ev
en

u
n

d
er

w
ea

k
er

reg
u

la
rity

co
n

d
itio

n
s.

7
JM

L
R

 18(34):1-41, 2017

S
o
u
r
a
t
i,
A
k
c
a
k
a
y
a
,
L
e
e
n
,
E
r
d
o
g
m
u
s
a
n
d

D
y

of
its

im
p

ortan
ce

to
th

e
C

ram
ér-R

ao
T

h
eorem

(see
A

p
p

en
d
ix

A
.2,

T
h
eorem

19),
w

h
ich

gu
aran

tees
a

low
er-b

ou
n
d

for
th

e
covarian

ce
of

th
e

p
aram

eter
estim

ato
rs.

F
ish

er
in

form
ation

,
d
en

oted
b
y

I(θ
),

is
d
efi

n
ed

as
th

e
ex

p
ected

valu
e

of
th

e
ou

ter-p
ro

d
u
ct

of
th

e
score

fu
n
ction

w
ith

itself,
evalu

ated
a
t

som
e
θ
∈

Ω
.

In
ou

r
classifi

cation
con

tex
t,

tak
in

g
th

e
ex

p
ectation

w
ith

resp
ect

to
th

e
train

in
g

or
test

d
istrib

u
tion

s
giv

es
u
s

th
e

train
in

g
or

test
F

ish
er

in
form

ation
criteria,

resp
ectively

:

I
q (θ

)
:=

E
q [∇

θ
log

p
(x
,y|θ

)·∇
>θ

log
p
(x
,y|θ

) ]
,

I
p (θ

)
:=

E
p [∇

θ
log

p
(x
,y|θ

)·∇
>θ

log
p
(x
,y|θ

) ]
.

(9)

H
ere,

w
e

fo
cu

s
on

I
q

to
fu

rth
er

ex
p
lain

F
ish

er
in

form
ation

criterion
.

O
u
r

d
escrip

tion
s

can
b

e
d
irectly

gen
eralized

to
I
p

as
w

ell.
F

irst,
n
ote

th
a
t

from
eq

u
ation

(7)
an

d
th

at
th

e
score

fu
n
ction

is
alw

ay
s

zero-m
ean

,
on

e
can

reform
u
late

th
e

d
efi

n
ition

as

I
q (θ

)
=

E
q [∇

θ
`(θ

;x
,y

)·∇
>θ
`(θ

;x
,y

) ]

=
C

ov
q

[∇
θ
`(θ

;x
,y

)].
(10)

U
n
d
er

th
e

d
iff

eren
tiab

ility
con

d
ition

s
(A

6),
it

is
easy

to
sh

ow
th

at
w

e
can

also
w

rite
th

e
F

ish
er

in
form

ation
in

term
s

of
th

e
H

essia
n

m
atrix

of
th

e
log-likelih

o
o
d
:

I
q (θ

)
=
−
E
q [∇

2θ
`(θ

;x
,y

) ]
.

(11)

R
ecall

th
at

th
e

su
b
scrip

t
q

in
eq

u
ation

s
(10)

an
d

(11
)

in
d
icates

th
at

th
e

ex
p

ecta
tion

s
are

taken
w

ith
resp

ect
to

th
e

join
t

d
istrib

u
tion

th
at

u
ses

q(x
)

as
th

e
m

argin
al,

th
a
t

is
p
(x
,y|θ

)
=

q(x
)p

(y|x
,θ

).
E

x
p
an

sion
of

th
e

ex
p

ectation
in

(11)
resu

lts

I
q (θ

)
=
−
E
q
(x

) [E
y|x

,θ [∇
2θ
`(θ

;x
,y

)|x
,θ ]]

=
−
∫

x∈
X
q(x

) 
c
∑y
=
1

p
(y|x

,θ
)·∇

2θ
`(θ

;x
,y

) 
d

x
.

(12)

3
.3

S
o
m

e
P

ro
p

e
rtie

s
o
f

M
L

E

In
th

is
section

,
w

e
form

alize
som

e
of

th
e

key
p
rop

erties
of

M
L

E
,

w
h
ich

m
a
k
e

th
is

estim
ator

p
op

u
lar

in
variou

s
fi
eld

s.
T

h
ey

are
also

very
u
sefu

l
in

th
e

th
eoretical

an
aly

sis
o
f

F
IR

,
p
rov

id
ed

in
th

e
n
ex

t
section

.
M

ore
d
etailed

d
escrip

tion
s

of
th

ese
p
rop

erties,
togeth

er
w

ith
th

e
p
ro

ofs
th

at
are

sk
ip

p
ed

h
ere,

can
b

e
fou

n
d

in
d
iff

eren
t

sou
rces,

su
ch

as
W

a
sserm

an
(2004)

an
d

L
eh

m
an

n
an

d
C

asella
(1998).

N
ote

th
at

a
fu

ll
u
n
d
erstan

d
in

g
of

th
e

p
rop

erties
d
escrib

ed
in

th
is

section
req

u
ires

th
e

k
n
ow

led
ge

of
d
iff

eren
t

m
o
d
es

of
statistical

con
v
ergen

ce,
sp

ecifi
cally,

con
vergen

ce
in

p
rob

a-

b
ility

(
P→

),
an

d
co

n
vergen

ce
in

law
(
L→

).
A

b
rief

overv
iew

of
th

ese
con

cep
ts

are
given

in
A

p
p

en
d
ix

A
.

T
h

e
o
re

m
1

(L
e
h

m
a
n

n
a
n

d
C

a
se

lla
(1

9
9
8
),

T
h

e
o
re

m
5
.1

)
If

th
e

a
ssu

m
p
tio

n
s

(A
0
)

to
(A

7
)

h
o
ld

,
th

en
th

ere
exists

a
sequ

en
ce

o
f

so
lu

tio
n

s
{
θ̂
∗n }
∞n
=
1

to
∇

θ
`(θ

;L
n
)

=
0

th
a
t

co
n

verges
to

th
e

tru
e

pa
ra

m
eter

θ
0

in
p
ro

ba
bility.
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∇
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h
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at
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h
er
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e,
w

h
il
e

co
n
si

st
en

cy
of

th
e

M
L

E
is

gu
ar

an
te

ed
fo

r
m

o
d
el

s
w

it
h

a
u
n
iq

u
e

ro
ot

of
th

e
sc

or
e

fu
n
ct

io
n

ev
al

u
at

ed
at
L n

,
it

is
n
o
t

tr
iv

ia
l

h
ow

to
b
u
il
d

a
co

n
si

st
en

t
se

q
u
en

ce
w

h
en

m
u
lt

ip
le

ro
ot

s
ex

is
t.

H
er

e,
in

or
d
er

to
re

m
ov

e
th

is
am

b
ig

u
it

y,
w

e
as

su
m

e
th

at
ei

th
er

th
e

ro
ot

s
ar

e
u
n
iq

u
e,

or
b

ec
om

e
as

y
m

p
to

ti
ca

ll
y

u
n
iq

u
e,

or
w

e
h
av

e

ac
ce

ss
to

an
ex

te
rn

al
p
ro

ce
d
u
re

gu
id

in
g

u
s

to
se

le
ct

th
e

p
ro

p
er

ro
ot

s
so

th
at
θ̂
n
P →
θ
0
.

W
e

w
il
l

d
en

ot
e

th
e

se
le

ct
ed

ro
ot

s
th

e
sa

m
e

as
θ̂
n

fr
om

n
ow

on
.

T
h

e
o
re

m
2

(L
e
h

m
a
n

n
a
n

d
C

a
se

ll
a

1
9
9
8
,

T
h

e
o
re

m
5
.1

)
L

et
θ̂
n

be
th

e
m

a
xi

m
u

m
li

ke
li

h
oo

d
es

ti
m

a
to

r
ba

se
d

o
n

th
e

tr
a
in

in
g

d
a
ta

se
t
L n

.
If

th
e

a
ss

u
m

p
ti

o
n

s
(A

0
)

to
(A

8
)

h
o
ld

,
th

en
th

e
M

L
E
θ̂
n

h
a
s

a
ze

ro
-m

ea
n

n
o
rm

a
l

a
sy

m
p
to

ti
c

d
is

tr
ib

u
ti

o
n

w
it

h
th

e
co

va
ri

a
n

ce
eq

u
a
l

to
th

e
in

ve
rs

e
F

is
h
er

in
fo

rm
a
ti

o
n

m
a
tr

ix
,

a
n

d
w

it
h

th
e

co
n

ve
rg

en
ce

ra
te

o
f

1
/2

:

√
n

(θ̂
n
−
θ
0
)

L →
N
( 0
,I
q
(θ

0
)−

1
) .

(1
3)

T
h
eo

re
m

s
2

an
d

C
ra

m
ér

-R
ao

b
ou

n
d

(s
ee

A
p
p

en
d
ix

A
),

to
ge

th
er

w
it

h
th

e
co

n
si

st
en

cy
as

-

su
m

p
ti

on
,

i.
e.

,
θ̂
n

P →
θ
0
,

im
p
ly

th
at

M
L

E
is

an
as

y
m

p
to

ti
ca

ll
y

effi
ci

en
t

es
ti

m
at

or
w

it
h

th
e

effi
ci

en
cy

eq
u
al

to
th

e
tr

ai
n
in

g
F

is
h
er

in
fo

rm
at

io
n
.

O
n
e

ca
n

re
w

ri
te

(1
3)

as

√
n
·I
q
(θ

0
)1
/
2
(θ̂
n
−
θ
0
)

L →
N

(0
,I
d
).

(1
4)

In
th

e
fo

ll
ow

in
g

co
ro

ll
ar

y,
w

e
se

e
th

at
if

w
e

su
b
st

it
u
te

I q
(θ

0
)

w
it

h
I q

(θ̂
n
),

th
e

n
ew

se
q
u
en

ce
st

il
l

co
n
ve

rg
es

to
a

n
or

m
al

d
is

tr
ib

u
ti

on
:

C
o
ro

ll
a
ry

3
(W

a
ss

e
rm

a
n

2
0
0
4
,

T
h

e
o
re

m
9
.1

8
)

U
n

d
er

th
e

a
ss

u
m

p
ti

o
n

s
gi

ve
n

in
T

h
e-

o
re

m
2
,

w
e

ge
t

√
n
·I
q
(θ̂
n
)1
/
2
(θ̂
n
−
θ
0
)

L →
N

(0
,I
d
)
.

(1
5)

4
.
F
is
h
e
r
In

fo
rm

a
ti
o
n
R
a
ti
o
a
s
a
n
U
p
p
e
r
B
o
u
n
d

In
th

is
se

ct
io

n
,

w
e

gi
v
e

ou
r

m
ai

n
th

eo
re

ti
ca

l
an

al
y
si

s
to

re
la

te
F

IR
to

th
e

as
y
m

p
to

ti
c

d
is

-
tr

ib
u
ti

on
of

th
e

p
ar

am
et

er
lo

g-
li
k
el

ih
o
o
d

ra
ti

o
.

U
si

n
g

th
e

es
ta

b
li
sh

ed
re

la
ti

on
sh

ip
,

w
e

th
en

sh
ow

th
at

F
IR

ca
n

b
e

v
ie

w
ed

as
an

as
y
m

p
to

ti
c

u
p
p

er
-b

ou
n
d

of
th

e
ex

p
ec

te
d

va
ri

an
ce

of
th

e
lo

ss
fu

n
ct

io
n
.

4
.1

A
sy

m
p

to
ti

c
D

is
tr

ib
u

ti
o
n

o
f

M
L

E
-B

a
se

d
C

la
ss

ifi
e
r

R
ec

al
l

th
at

th
e

es
ti

m
at

ed
p
ar

am
et

er
θ̂
n

is
ob

ta
in

ed
fr

om
a

g
iv

en
p
ro

p
os

al
d
is

tr
ib

u
ti

on
q(

x
).

T
h
e

lo
g-

li
k
el

ih
o
o
d

ra
ti

o
fu

n
ct

io
n
,

at
a

gi
v
en

p
ai

r
(x
,y

),
is

d
efi

n
ed

as

`(
θ̂
n
;x
,y

)
−

`(
θ
0
;x
,y

).
(1

6)

T
h
is

ra
ti

o
ca

n
b

e
v
ie

w
ed

as
an

ex
am

p
le

of
th

e
cl

as
si

fi
ca

ti
on

lo
ss

fu
n
ct

io
n

w
h
os

e
ex

p
ec

ta
ti

on
w

it
h

re
sp

ec
t

to
th

e
te

st
jo

in
t

d
is

tr
ib

u
ti

on
of

x
an

d
y
,

re
su

lt
s

in
th

e
d
is

cr
ep

a
n

cy
b

et
w

ee
n

th
e
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S
o
u
r
a
t
i,
A
k
c
a
k
a
y
a
,
L
e
e
n
,
E
r
d
o
g
m
u
s
a
n
d

D
y

tr
u
e

co
n
d
it

io
n
al
p
(y
|x
,θ

0
)

an
d

M
L

E
co

n
d
it

io
n
al
p
(y
|x
,θ̂

n
)

(M
u
ra

ta
et

al
.,

1
9
9
4
).

H
er

e,
w

e
an

al
y
ze

th
is

m
ea

su
re

as
y
m

p
to

ti
ca

ll
y

as
(n
→
∞

).
P

ri
m

ar
il
y,

n
ot

e
th

at
b
as

ed
o
n

co
n
ti

n
u
it

y
of

th
e

lo
g-

li
k
el

ih
o
o
d

fu
n
ct

io
n

(A
6)

an
d

co
n
si

st
en

cy
of

M
L

E
(T

h
eo

re
m

1)
,

eq
u
a
ti

o
n

(1
6
)

co
n
ve

rg
es

in
p
ro

b
ab

il
it

y
to

ze
ro

fo
r

an
y

(x
,y

).

F
u
rt

h
er

m
or

e,
eq

u
at

io
n

(1
6)

is
d
ep

en
d
en

t
on

b
ot

h
th

e
tr

u
e

m
a
rg

in
al
p
(x

)
(t

h
ro

u
g
h

th
e

te
st

p
ai

rs
,

w
h
er

e
it

sh
ou

ld
b

e
ev

al
u
at

ed
)

an
d

th
e

p
ro

p
os

al
m

ar
gi

n
al
q(

x
)

(t
h
ro

u
g
h

th
e

M
L

E
θ̂
n
).

In
th

e
cl

as
si

fi
ca

ti
on

co
n
te

x
t,

Z
h
an

g
an

d
O

le
s

(2
00

0)
cl

ai
m

ed
th

a
t

th
e

ex
p

ec
te

d
va

lu
e

of
th

is
ra

ti
o

w
it

h
re

sp
ec

t
to

b
ot

h
m

ar
gi

n
al

s
co

n
ve

rg
es

to
tr

[I
q
(θ

0
)−

1
I p

(θ
0
)]

w
it

h
th

e
co

n
ve

rg
en

ce
ra

te
eq

u
al

to
u
n
it

y.
In

th
e

sc
al

ar
ca

se
,

tr
[I
q
(θ

0
)−

1
I p

(θ
0
)]

is
eq

u
al

to
th

e
ra

ti
o

o
f

th
e

F
is

h
er

in
fo

rm
at

io
n

of
th

e
tr

u
e

an
d

p
ro

p
os

al
d
is

tr
ib

u
ti

on
s,

th
e

re
as

on
w

h
y

it
is

so
m

et
im

es
re

fe
rr

ed
to

as
th

e
F

is
h
er

in
fo

rm
a
ti

o
n

ra
ti

o
(S

et
tl

es
an

d
C

ra
ve

n
,

20
08

).
T

h
is

o
b

je
ct

iv
e

h
a
s

b
ee

n
w

id
el

y
st

u
d
ie

d
in

li
n
ea

r
an

d
n
on

-l
in

ea
r

re
gr

es
si

on
p
ro

b
le

m
s

(F
ed

or
ov

,
1
9
7
2
;

M
a
cK

ay
,

19
92

;
M

u
ra

ta
et

al
.,

19
94

;
C

oh
n
,
19

96
;
F

u
k
u
m

iz
u
,
20

00
).

H
ow

ev
er

,
it

is
n
ot

as
fu

ll
y

a
n
a
ly

ze
d

in
cl

as
si

fi
ca

ti
on

.

Z
h
an

g
an

d
O

le
s

(2
00

0)
an

d
m

an
y

p
ap

er
s

fo
ll
ow

in
g

th
em

(H
oi

et
al

.,
20

0
6
;

S
et

tl
es

a
n
d

C
ra

ve
n
,
20

08
;
H

oi
et

al
.,

20
09

),
u
se

d
th

is
fu

n
ct

io
n

a
s

an
a
sy

m
p
to

ti
c

ob
je

ct
iv

e
in

a
ct

iv
e

le
a
rn

-
in

g
to

b
e

op
ti

m
iz

ed
w

it
h

re
sp

ec
t

to
th

e
p
ro

p
os

al
q.

H
er

e,
w

e
sh

ow
th

at
th

is
o
b

je
ct

iv
e

ca
n

al
so

b
e

v
ie

w
ed

as
an

u
p
pe

r
bo

u
n

d
fo

r
th

e
ex

p
ec

te
d

va
ri

an
ce

of
th

e
as

y
m

p
to

ti
c

d
is

tr
ib

u
ti

o
n

of
(1

6)
.

F
ir

st
,

w
e

in
ve

st
ig

at
e

th
e

as
y
m

p
to

ti
c

d
is

tr
ib

u
ti

on
of

th
e

lo
g-

li
ke

li
h
o
o
d

ra
ti

o
in

tw
o

d
if

-
fe

re
n
t

ca
se

s:

T
h

e
o
re

m
4

If
th

e
a
ss

u
m

p
ti

o
n

s
(A

0
)

to
(A

8
)

h
o
ld

,
th

en
,

a
t

a
n

y
gi

ve
n

(x
,y

)
∈
X
×
{1
,.
..
,c
}:

(I
)

In
ca

se
∇

θ
`(
θ
0
;x
,y

)
6=

0
,

th
e

lo
g-

li
ke

li
h
oo

d
ra

ti
o

fo
ll

o
w

s
a
n

a
sy

m
p
to

ti
c

n
o
rm

a
li

ty
w

it
h

co
n

ve
rg

en
ce

ra
te

eq
u

a
l

to
1
/
2.

M
o
re

sp
ec

ifi
ca

ll
y,

√
n
·( `(

θ̂
n
;x
,y

)
−
`(
θ
0
;x
,y

))
L →
N
( 0,

tr
[ ∇

θ
`(
θ
0
;x
,y

)
·∇
> θ
`(
θ
0
;x
,y

)
·I
q
(θ

0
)−

1
])
.

(1
7
)

(I
I)

In
ca

se
∇

θ
`(
θ
0
;x
,y

)
=

0
a
n

d
∇

2 θ
`(
θ
0
;x
,y

)
is

n
o
n

-s
in

gu
la

r,
th

e
a
sy

m
p
to

ti
c

d
is

tr
ib

u
-

ti
o
n

o
f

th
e

lo
g-

li
ke

li
h
oo

d
ra

ti
o

is
a

m
ix

tu
re

o
f

C
h
i-

sq
u

a
re

d
is

tr
ib

u
ti

o
n

s
w

it
h

o
n

e
d
eg

re
e

o
f

fr
ee

d
o
m

,
a
n

d
th

e
co

n
ve

rg
en

ce
ra

te
is

o
n

e.
M

o
re

sp
ec

ifi
ca

ll
y,

n
·( `(

θ̂
n
;x
,y

)
−

`(
θ
0
;x
,y

))
L →

d ∑ i=
1

λ
i
·χ

2 1
,

(1
8
)

w
h
er

e
λ
i’

s
a
re

ei
ge

n
va

lu
es

o
f

I q
(θ

0
)−

1
/
2
∇

2 θ
`(
θ
0
;x
,y

)
I q

(θ
0
)−

1
/
2
.

P
ro

o
f

D
u
e

to
as

su
m

p
ti

on
s

(A
0)

to
(A

7)
,

T
h
eo

re
m

2
h
ol

d
s

an
d

th
er

ef
or

e
w

e
h
av

e
√
n
·

(θ̂
n
−
θ
0
)
L →
N

(0
,I
q
(θ

0
)−

1
).

T
h
e

re
st

of
th

e
p
ro

of
is

b
as

ed
on

th
e

D
el

ta
m

et
h
o
d

in
th

e
tw

o
m

o
d
es

d
es

cr
ib

ed
in

A
p
p

en
d
ix

A
(T

h
eo

re
m

s
16

an
d

17
):

(I
)
∇

θ
`(
θ
0
;x
,y

)
6=

0
:
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A
sy

m
p
t
o
t
ic

A
n
a
ly

sis
o
f
O
b
je
c
t
iv
e
s
B
a
se

d
o
n
F
ish

e
r
In

f
o
r
m
a
t
io
n
in

A
c
t
iv
e
L
e
a
r
n
in
g

S
in

ce
th

e
ex

p
ected

log-lik
elih

o
o
d

fu
n
ction

,
evalu

ated
at

a
giv

en
p
air

(x
,y

),
is

assu
m

ed
to

b
e

co
n
tin

u
ou

sly
d
iff

eren
tiab

le
(A

6)
a
n
d

th
at∇

θ
`(θ

0 ;x
,y

)6=
0

,
w

e
can

ap
p
ly

T
h
e-

o
rem

1
6

to
`(θ̂

n
;x
,y

)−
`(θ

0 ;x
,y

)
to

w
rite:

√
n· (

`(θ̂
n
;x
,y

)
−

`(θ
0 ;x

,y
) )

L→
N
(

0
,
∇
>θ
`(θ

0 ;x
,y

)·I
q (θ

0 ) −
1·∇

θ
`(θ

0 ;x
,y

) )
,

(19)
w

h
ere

th
e

scalar
varian

ce
can

also
b

e
w

ritten
in

a
trace

form
at.

(II)
∇

θ
`(θ

0 ;x
,y

)
=

0
an

d
∇

2θ
`(θ

0 ;x
,y

)
n
o
n
-sin

gu
lar

:

In
th

is
ca

se,
th

e
con

d
ition

s
in

T
h
eorem

17
are

satisfi
ed

(w
ith

Σ
=

I
q (θ

0 ) −
1

an
d

g
(θ

)
=
`(θ

;x
,y

)),
an

d
th

erefore
w

e
can

d
irectly

w
rite

(18)
from

eq
u
ation

s
(51).

T
h
eo

rem
4

reg
ard

s
th

e
log-lik

elih
o
o
d

ratio
(16)

evalu
ated

at
a
n
y

arb
itrary

p
air

(x
,y

).
N

ote
th

a
t

if
w

e
co

n
sid

er
th

e
train

in
g

p
airs

in
L
n
,

w
h
ich

are
u
sed

to
ob

tain
θ̂
n
,

it
is

k
n
ow

n
th

at
th

e
ratio

eva
lu

ated
at

th
e

train
in

g
set

con
verges

to
a

sin
gle

C
h
i-sq

u
are

d
istrib

u
tion

w
ith

d
eg

ree
o
n
e,

th
a
t

is,

`(θ̂
n
;L

n
)
−

`(θ
0 ;L

n
)

L→
12
χ
21 .

(20)

T
h
eo

rem
4

im
p
lies

th
at

varian
ce

o
f
th

e
asy

m
p
totic

d
istrib

u
tio

n
of

th
e

log-likelih
o
o
d

ratio
in

ca
se

(I)
is

tr [∇
θ
`(θ

0 ;x
,y

)·∇
>θ
`(θ

0 ;x
,y

)·I
q (θ

0 ) −
1 ],

w
h
ereas

in
case

(II),
from

T
h
eo

rem
17

(see
A

p
p

en
d
ix

A
),

th
e
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d
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e
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e
th
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e

tr
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n
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t
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h
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p
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e
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e
p
ar
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et

er
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m

at
e

to
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.
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of
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e
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in
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1

=
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0
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b
e
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e
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b
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d
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u
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d
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d
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3
an
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th

e
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th
e
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ep
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e
co

m
m

on
b

et
w

ee
n

th
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.
E

ac
h
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ve
le

ar
n
in

g
al

go
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th
m
A

ta
ke

s
th

e
cu

rr
en
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m

at
e
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th

e
p
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et
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os
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b
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ge
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er
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h
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e
u
n
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b
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t
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an
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at
e
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q
u
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X
q

to
b

e
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b
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ed
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r
th

e
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ex

t
it

er
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io
n
.
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ou

r
an

al
y
si

s
in

th
e

su
b
se

q
u
en

t
se

ct
io

n
s,

w
e

fo
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s
on

a
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ec
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c
qu

er
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n
g

it
er

a
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o
n

in
d
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ed
b
y
i
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s

a
p

os
it

iv
e

in
te

ge
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.
F
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si

m
p
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,

w
e

re
p
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n
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1
an

d
n
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e
of

th
e
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n
in

g
d
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se

t
b
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e
an
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te
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it
er

at
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n
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b
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an
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it
er

at
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i
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u
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n
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e
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b
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et
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ti
m

at
e,
θ̂
n
′ ,

ob
ta

in
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th
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u
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th
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en
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u
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as
si

fi
er
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p
ar

am
et

er
es

ti
m

at
e

ac
co

rd
in

gl
y

to
θ̂
n
.
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d
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d
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b
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.
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m

0
:

C
la

ss
ifi

ca
ti

on
w

it
h

A
ct

iv
e

L
ea

rn
in
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b
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i m
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*
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←
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m
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/
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p
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n
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b
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/
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u
e
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h
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u
e
r
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e
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l
a
b
e
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s
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r
o
m

t
h
e
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r
a
c
l
e

*
/
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X
q
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*

T
a
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i
n
g

c
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r
e
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i
n
d
e
x
i
n
g

*
/

5
n
i
←
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1
+
|X

q
|

/
*

U
p
d
a
t
e

t
h
e

t
r
a
i
n
i
n
g

s
e
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a
n
d

u
p
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e

M
L
E

*
/
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L n
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←
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1
∪
{ ⋃

x
∈X

q
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}

7
θ̂
n
i
←

ar
g

m
ax

θ
`(
θ

;L
n
i
)

8
re

tu
rn
θ̂
n
i m
a
x

5
.1

P
ra

c
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c
a
l

Is
su

e
s

T
h
e

m
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n
d
iffi

cu
lt
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s

co
n
si

st
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)

h
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g

u
n
k
n
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n
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ri
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e
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a
s

th
e

te
st

m
ar
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n
al

,
p
(x
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d
th

e
tr

u
e

p
ar

am
et

er
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θ
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an
d

(2
)

la
ck
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os
ed

fo
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r

F
is

h
er
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fo

rm
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io
n

m
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ri
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s
fo

r
m

os
t

ca
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s.
In

th
e

n
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t
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o
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n
s,

w
e

re
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ie

w
d
iff

er
en

t
h
a
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d
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s

th
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h
av

e
b
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n

p
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p
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e
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e
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R
e
p
l
a
c
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θ
0
b
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n
′

S
in

ce
θ
0

is
n
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k
n
ow

n
,

th
e

si
m

p
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st
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to
re

p
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b
y

th
e
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en
t

p
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et

er
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m
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,
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at
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u
k
u
m
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u
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d

C
ra
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n
,
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;
H
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et
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C
h
a
u
d
h
u
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20
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C
le

ar
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th
e
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m
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n
n
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th

e
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er
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n
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th
e
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p
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x
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at
e
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h
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h
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n
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θ
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′
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d
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θ
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)
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er
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e
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a
l
o
b
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iv
e.
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h
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d
u
e
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th
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an
d
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y
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n
d
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g
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F
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h
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ve
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.
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C

h
au

d
h
u
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et
a
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(2
0
1
5
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)

an
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y
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d
h
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ap
p
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x
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at
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n
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e

q
u
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y
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g
p
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n
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m
p
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.
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d
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n
U

(x
)
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e
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X
p
.
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th
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∂
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b
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s
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d

th
er

ef
or

e
ca

n
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=
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h
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p
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o
f
O
b
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B
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d
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n
F
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e
r
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f
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r
m
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t
io
n
in

A
c
t
iv
e
L
e
a
r
n
in
g

in
eq

u
a
lities

h
o
ld

for
all

x
∈
X
p ,
y
∈
{1,...,c}

an
d
θ
∈

Θ
:

∇
`(θ

0 ;x
,y

) >
I
p (θ

0 ) −
1∇
`(θ

0 ;x
,y

)
≤

L
1

(25)
∥∥∥
I
p (θ

0 ) −
1
/
2
I(θ

0 ,x
)
I
p (θ

0 ) −
1
/
2 ∥∥∥
≤

L
2

∥∥∥
I
p (θ

0 ) −
1
/
2(I(θ

′,x
)−

I(θ
′′,x

))
I
p (θ

0 ) −
1
/
2 ∥∥∥
≤

L
3 (θ
′−
θ
′′) >

I
p (θ

0 )(θ
′−
θ
′′)

−
L
4 ‖
θ−

θ
0 ‖

2
I(θ

0 ,x
)
�

I(θ
,x

)−
I(θ

0 ,x
)
�

L
4 ‖
θ−

θ
0 ‖

2
I(θ

0 ,x
),

w
h
ere

θ
′
an

d
θ
′′

are
an

y
tw

o
p
aram

eters
in

a
fi
x
ed

n
eig

h
b

orh
o
o
d

of
θ
0 .

T
h
en

,
p
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ed

th
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n
′

is
la
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e

en
o
u
gh

,
th

e
follow

in
g

rem
ark

can
b

e
sh

ow
n

regard
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g
th

e
rela

tion
sh

ip
b

etw
een

F
IR

s
co

m
p
u
ted

at
θ
0

an
d

an
estim

ate
θ̂
n
′:

R
e
m

a
rk

6
L

et
th

e
a
ssu

m
p
tio

n
s

(A
0
)

to
(A

8
)

a
n

d
th

o
se

in
(2

5
)

h
o
ld

.
M

o
reo

ver,
a
ssu

m
e

th
a
t

th
e

H
essia

n
is
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d
epen

d
en

t
o
f

th
e

cla
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la
bels.

If
n
′

is
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rge
en

o
u

gh
,

th
en

th
e

fo
llo

w
in

g
in

equ
a
lity

h
o
ld

s
fo

r
a
n

y
β
≥

10
w

ith
h
igh

p
ro

ba
bility:

tr [I
q (θ

0 ) −
1
I
p (θ

0 ) ]
≤

β
+

1

β
−

1
·
tr [I

q (θ̂
n
′) −

1
I
p (θ̂

n
′) ]

.
(26)

T
h
e

m
in

im
u

m
va

lu
e

fo
r
n
′

th
a
t

is
n

ecessa
ry

fo
r

h
a
vin

g
th

is
in

equ
a
lity

w
ith

p
ro

ba
bility

1−
δ,

in
crea

ses
qu

a
d
ra

tica
lly

w
ith

β
a
n

d
recip

roca
lly

w
ith

δ
(C

h
a
u

d
h
u

ri
et

a
l.,

2
0
1
5
b,

L
em

m
a

2
).

P
ro

o
f

It
is

sh
ow

n
in

th
e

p
ro

of
of

L
em

m
a

2
in

C
h
au

d
h
u
ri

et
al.

(2015a)
th

at
u
n
d
er

assu
m

p
-

tio
n
s

m
en

tio
n
ed

in
th

e
statem

en
t,

th
e

fo
llow

in
g

in
eq

u
alities

h
old

w
ith

p
rob

ab
ility

1
−
δ:

β
−

1

β
I(x

,θ
0 )
�

I(x
,θ̂

n
′)
�

β
+

1

β
I(x

,θ
0 ).

(27)

T
a
k
in

g
ex

p
ectation

w
ith

resp
ect

to
p
(x

)
an

d
q(x

)
resu

lts

β
−

1

β
I
p (θ

0 )
�

I
p (θ̂

n
′)
�

β
+

1

β
I
p (θ

0 ),
(28a)

β
−

1

β
I
q (θ

0 )
�

I
q (θ̂

n
′)
�

β
+

1

β
I
q (θ

0 ).
(28b

)

S
in

ce
I
q (θ

0 )
a
n
d

I
q (θ̂

n
′)

are
assu

m
ed

to
b

e
p

ositive
d
efi

n
ite,

w
e

can
w

rite
(28b

)
in

term
s

of
in

verted
m

a
trices: 5

β

β
+

1
I −

1
q

(θ
0 )
�

I −
1

q
(θ̂
n
′)
�

β

β
−

1
I −

1
q

(θ
0 ).

(29)

N
ow

co
n
sid

erin
g

th
e

fi
rst

in
eq

u
alities

of
(28a)

an
d

(29
),

m
u
ltip

ly
in

g
b

oth
sid

es
an

d
ta

k
in

g
th

e
tra

ce
resu

lt
(26).

In
eq

u
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(2
6
)

im
p
lies

th
at

m
in

im
izin

g
tr [I

q (θ̂
n
′) −

1
I
p (θ̂

n
′) ]

(or
an

ap
p
rox

im
ation

of
it)

w
ith

resp
ect

to
q

in
each

iteration
of

F
IR

-b
ased

q
u
ery

in
g

algorith
m

s,
n
am

ely
th

ro
u
gh

th
e

o
p

era
tio

n
A

(L
n
′,θ̂

n
′)

(lin
e

3
of

A
lgorith

m
0),

is
eq

u
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u
p
p

er
b
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n
d
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e
o
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a
l
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n
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,
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left-h
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(21).

5
.

F
o
r

a
n
y

tw
o

p
o
sitiv

e
d

efi
n

ite
m

a
trices

A
a
n

d
B

,
w

e
h

av
e

th
a
t
A
�

B
⇒

A
−
1�

B
−
1.

1
5

JM
L

R
 18(34):1-41, 2017

S
o
u
r
a
t
i,
A
k
c
a
k
a
y
a
,
L
e
e
n
,
E
r
d
o
g
m
u
s
a
n
d

D
y

5
.1
.2

M
o
n
t
e
-C

a
r
l
o

A
p
p
r
o
x
im

a
t
io
n

C
om

p
u
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m
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b
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p
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∈
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b
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∑x∈
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Î (
θ̂
n
′;x )

−
1
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re
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at
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b
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m
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b
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d
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at
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b
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re
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b
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at
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m
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b
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d
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≥
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∈
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∑
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p
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at
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h
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d
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∑
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d
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h
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m
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−
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.
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e
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o
obser-

vations
stand

out:(i)the
spectralm

ethod
gets

sim
ilarorbetterperform

ance
than

E
M

as
the

num
ber

of
sam

ples
increases,

and
(ii)

the
spectral

m
ethod

is
orders

of
m

agnitude
faster

than
E

M
for

the
datasets

w
e

consider.
Few

rem
arks

are
in

orderaboutthe
proposed

algorithm
.N

ote
thatourm

ethod
does

notestim
ate

m
odelparam

eters
explicitly

butratherlearns
alternative

representation
to

perform
inference

on
ob-

servable
variables.

T
he

idea
of

the
observable

representations
w

as
firstintroduced

w
ith

the
nam

e
‘observable

operators
m

odels’
by

(Jaeger,2000)
in

the
contextof

constructing
learning

algorithm
for

the
identification

of
linearly

dependentprocesses.
O

ur
form

ulation
cannotbe

directly
used

to
infer

hidden
states,although

m
ethods

such
as

in
(M

osseland
R

och,2005)
can

be
potentially

uti-
lized

to
recover

originalH
SM

M
param

eters
from

the
learned

representation.
Finally,w

e
note

that
the

sim
ilar

ideas
of

using
hom

ogeneity
of

H
M

M
s

to
im

prove
algorithm

’s
efficiency

has
also

been
utilized

in
otherrelated

w
orks,e.g.,(Siddiqietal.,2010;H

su
etal.,2012).

T
he

rest
of

the
paper

is
organized

as
follow

s:
W

e
introduce

notation
in

Section
2.

In
Sec-

tion
3,w

e
presentH

SM
M

inference
from

a
tensor

productperspective
and

in
Section

4
introduce

the
spectralalgorithm

forinference.In
Section

5,w
e

presenta
carefultechnicalanalysisto

establish
logarithm

ic
dependence

ofthe
num

berofm
odes

in
the

tensoron
m

axim
um

latentstate
persistence.

W
e

presentexperim
entalresults

in
Section

6
and

conclude
in

Section
7.

2.N
otation

and
Prelim

inaries

In
this

section,w
e

coverbasic
facts

abouttensoralgebra.D
etailed

tutorials
on

tensors
can

be
found

in
(K

iers,2000)
or

(K
olda

and
B

ader,2009).
A

tensor
is

defined
as

a
m

ultidim
ensional

array
of

data,w
hich

w
illbe

denoted
by

boldface
E

uler
scriptletters,e.g.,

X
m

1
,...,m

N

∈
R
I
m

1 ×
···×

I
m
N

,w
hich

is
N

-m
ode

tensor
of

dim
ensions

I
m

1 ×
···×

I
m
N

.
A

specific
m

ode
is

denoted
by

the
subscript

variable
m
i ,w

hose
dim

ension
is
I
m
i .

A
ny

tensorcan
be

m
atrisized

(orflattened)into
a

m
atrix.T

his
m

apping
can

be
done

in
m

ultiple
w

ays,
the

only
requirem

ent
is

that
the

num
ber

of
elem

ents
is

preserved
and

the
m

apping
is

one-
to-one.

If
w

e
split

the
m

odes
into

tw
o

disjoint
sets,

one
corresponding

to
row

s
and

the
other

to
colum

ns,e.g.,{m
1 ,...,m

N }
=
{
p

1 ,...,p
K }∪

{q
1 ,...,q

L },then
a

m
atrisization

of
X

is
denoted

by
a

corresponding
capitalboldface

letter,e.g.,
X

p
1
,...,p

K
q
1
,...,q

L

∈
R
I
p
1 ···I

p
K
×
I
q
1 ···I

q
L.

Tensor
M

ultiplication.
M

ultiplication
of

tw
o

tensors
is

perform
ed

along
specific

m
odes.

For
this,w

e
flatten

each
tensor

to
a

m
atrix,perform

the
usualm

atrix
m

ultiplication
and

transform
the

result
back

to
a

tensor.
T

he
m

ultiplication
is

denoted
by

a
sym

bol×
w

ith
an

optional
subscript

representing
the

m
odes

along
w

hich
the

operation
is

perform
ed,e.g.,:

Z
p
1
,...,p

K
,r

1
,...,r

M

=
X

p
1
,...,p

K
,q

1
,...,q

L ×
q
1
,...,q

L
Y

q
1
,...,q

L
,r

1
,...,r

M

,

w
here

Y
q
1
,...,q

L
,r

1
,...,r

M

∈
R
I
q
1 ×
···×

I
q
L ×

I
r
1 ×
···×

I
r
M

and
the

resulting
tensor

on
the

left
hand

side
is

of
the

form
Z

p
1
,...,p

K
,r

1
,...,r

M

∈
R
I
p
1 ×
···×

I
p
K
×
I
r
1 ×
···×

I
r
M

.
O

bserve
thatin

the
above,w

e
can

flatten

the
tensors

X
and

Y
in

m
ultiple

differentw
ays

as
long

as
the

m
atrix

m
ultiplication

rem
ains

valid.
For

exam
ple,

w
e

could
assign

the
m

ultiplication
m

odes
in

both
tensors

to
colum

ns,
in

this
case

the
m

atrix
productbecom

es
Z

=
X
Y
T

.
A

lternatively,the
tensor

Y
could

be
m

atrisized
w

ith
the

m
ultiplication

m
odes

corresponding
to

row
s,resulting

in
the

product
Z

=
X
Y

.
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M
E

L
N

Y
K

A
N

D
B

A
N

E
R

JE
E

Xp,q
,r ∈

R
I
p ×
I
q ×
I
r

N
-m

ode
tensorofdim

ensions
I
p ×

I
q ×

I
r

Xp,q
,r ∈

R
I
p
I
q ×
I
r

M
atricization

oftensor
Xp,q
,r

w
ith

I
p I
q

row
s

and
I
r

colum
ns

Xp,q
,r ×

r
Yr,s,t

M
ultiplication

oftensor
Xp,q
,r

and
tensor

Yr,s,t along
m

ode
r

Xp,q
,r ×

q
,r

Xp,q
,r −

1
=

Ip,p
=

Ip
Inversion

oftensor
Xp,q
,r

w
ith

respectto
m

odes
q

and
r

X
t

R
epresentation

ofa
clique

in
a

Junction
tree

o
t ∈
{1
,...,n

o }
O

bservation
variable

in
H

SM
M

x
t ∈
{1,...,n

x }
L

atentstate
variable

in
H

SM
M

d
t ∈
{1
,...,n

d }
L

atentduration
variable

in
H

SM
M

O
R
t

:=
{o
t+

1 ,o
t+

2 ,...}
Setofobservations

to
the

rightoftim
e

step
t

O
L
t

:=
{
...,o

t−
2 ,o

t−
1 }

Setofobservations
to

the
leftoftim

e
step

t

Table
1:Sum

m
ary

ofsom
e

ofthe
key

notations
used

throughoutthe
paper.

A
n

im
portant

fact
about

tensor
m

ultiplication
is

that
in

a
series

of
tensor

m
ultiplications

the
order

is
irrelevant

(i.e.,
it

is
an

associative
operation)

as
long

as
the

m
ultiplication

is
perform

ed
along

the
m

atching
m

odes,e.g,Xsp ×
s (

Ytr ×
r
Zr
s )

=

(
Xsp ×

s
Zr
s )
×
r
Ytr .

Ifw
e

letthe
m

atrisized
tensors

to
be

X
∈
R
I
p ×
I
s,Y

∈
R
I
t ×
I
r

and
Z
∈
R
I
r ×
I
s,then

the
above

can
be

verified
to

be
true

since

X
(Y

Z
)
T

=
(X

Z
T )

Y
T
.

To
reduce

clutter,in
m

any
places

w
e

w
illdrop

the
m

ultiplication
subscripts.T

he
im

plied
m

odes
of

m
ultiplication

can
then

be
inferred

from
the

subscripts
of

the
tensors.

Specifically,
w

hen
tw

o
tensors

are
m

ultiplied,
w

e
first

check
their

m
odes

and
then

m
ultiply

along
the

m
odes

w
hich

are
com

m
on

to
both

of
them

.
For

exam
ple,

in
the

product
Xpq
r ×

Yqsr ,
the

im
plied

m
ultiplication

is

perform
ed

along
the

com
m

on
m

odes,i.e.,q
and

r.
Tensor

Inversion.
W

e
also

discuss
the

operation
of

tensor
inversion.

Tensor
inverse

X
−

1
is

alw
ays

defined
w

ith
respectto

a
certain

subsetofm
odes

and
can

be
w

ritten
as

follow
s:

X
p
1
,...,p

K
,q

1
,...,q

L ×
q
1
,...,q

L
X
−

1

p
1
,...,p

K
,q

1
,...,q

L

=
I

p
1
,...,p

K
,p

1
,...,p

K

,

w
here

the
inversion

is
perform

ed
along

the
m

odes
q

1 ,...,q
L ,and

I
p
1
,...,p

K
,p

1
,...,p

K

denotes
an

iden-

tity
tensor,w

hose
elem

ents
are

everyw
here

zero,except
I

(i1 ,...,iK
,i1 ,...,iK

)
=

1.To
perform

inversion,
w

e
first

convert
tensor

to
a

m
atrix,

i.e.,
m

atrisized
tensor.

If
the

m
odes

to
be

inverted
along

are
associated

w
ith

colum
ns

ofthe
m

atrix,w
e

com
pute

the
rightm

atrix
inverse,so

thatthese
m

odes
getelim

inated
after

the
product.

O
therw

ise,if
those

m
odes

associated
w

ith
row

s,w
e

com
-

pute
leftm

atrix
inverse.

O
bviously,for

the
fullrank

square
m

atrices
both

choices
w

ould
produce

the
sam

e
result.

For
exam

ple,
in

the
above

equation
the

m
atrisized

tensor
m

ight
be

of
the

form
X

p
1
,...,p

K
q
1
,...,q

L

∈
R
I
p
1 ···I

p
K
×
I
q
1 ···I

q
L,therefore,w

e
w

ould
com

pute
the

rightm
atrix

inverse
so

that
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if
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pl
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e
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,
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e
co

rr
es
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nd
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te
ns

or
ca

n
be

in
te

rp
re

te
d

as
a
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ag
on
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Fo
r

ex
am

pl
e,

if
fo

r
a

te
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or
X pq

w
e

co
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tr
uc

t
a

te
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or
X
p
p
p
q
,

w
hi

ch
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s
its

m
od

e

p
du
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ed

th
re

e
tim

es
,

th
en
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r
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or
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X
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ra
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ed
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,Y p
r
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d
Z tp
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g
th

e
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od
e
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he

n
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si
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pr
od
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to

ft
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X sp
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Y pr
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Z tp
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ot
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do
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ns

or
s

al
on

g
th
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at
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ra
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y
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=
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=
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pr
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M
E

L
N

Y
K

A
N

D
B

A
N

E
R

JE
E x
t o td
t

d
t−

1

x
t−

1

o t
−

1
o t

−
2

x
t−

2

d
t−

2

Fi
gu

re
1:

H
id

de
n

Se
m

i-
M

ar
ko

v
M

od
el

(H
SM

M
)

de
pi

ct
ed

as
a

dy
na

m
ic

B
ay

es
ia

n
ne

tw
or

k.
H

er
e

o t
∈
{1
,.
..
,n

o
}d

en
ot

es
an

ob
se

rv
at

io
n

at
tim

e
st

ep
t,
x
t
∈
{1
,.
..
,n

x
}i

s
a

la
te

nt
st

at
e

an
d
d
t
∈
{1
,.
..
,n

d
}i

s
th

e
le

ng
th

of
st

at
e

pe
rs

is
te

nc
e

at
tim

e
st

ep
t.

is
sp

ec
ifi

ed
by

th
re

e
co

nd
iti

on
al

pr
ob

ab
ili

ty
ta

bl
es

(C
PT

s)
:

th
e

ob
se

rv
at

io
n/

em
is

si
on

pr
ob

ab
ili

ty
p
(o
t|x

t)
an

d
th

e
st

at
e

tr
an

si
tio

n
an

d
th

e
du

ra
tio

n
pr

ob
ab

ili
tie

s
gi

ve
n

by

p
(d
t|x

t,
d
t−

1
)

=

{
p
(d
t|x

t)
if
d
t−

1
=

1

δ(
d
t,
d
t−

1
−

1)
if
d
t−

1
>

1
,

(1
)

p
(x
t|x

t−
1
,d
t−

1
)

=

{
p
(x
t|x

t−
1
)

if
d
t−

1
=

1

δ(
x
t,
x
t−

1
)

if
d
t−

1
>

1
,

(2
)

w
he

re
δ(
a
,b

)
de

no
te

st
he

D
ir

ac
de

lta
fu

nc
tio

n:
δ(
a
,b

)
=

1
if
a

=
b

an
d

0
ot

he
rw

is
e.

In
ad

di
tio

n,
on

e
ca

n
co

ns
id

er
su

ita
bl

e
pr

io
r

pr
ob

ab
ili

tie
s
p
(x

0
)

an
d
p
(d

0
).

In
es

se
nc

e,
d
t

w
or

ks
as

a
do

w
n

co
un

te
r

fo
r

st
at

e
pe

rs
is

te
nc

e.
W

he
n
d
t−

1
>

1,
th

e
m

od
el

re
m

ai
ns

in
th

e
sa

m
e

st
at

e
x
t

=
x
t−

1
,w

hi
le

w
he

n
d
t−

1
=

1,
on

e
sa

m
pl

es
a

ne
w

st
at

e
x
t

an
d

th
e

ne
w

du
ra

tio
n

in
th

at
st

at
e
d
t|x

t.
Fo

r
ou

r
an

al
ys

is
,

w
e

as
su

m
e
p
(d
t|x

t,
d
t−

1
=

1)
to

be
a

di
sc

re
te

di
st

ri
bu

tio
n

ov
er
{1
,.
..
,n

d
}

w
he

re
n
d

de
no

te
s

th
e

la
rg

es
td

ur
at

io
n

of
st

at
e

pe
rs

is
te

nc
e.

T
he

co
ns

id
er

ed
in

fe
re

nc
e

pr
ob

le
m

ca
n

be
po

se
d

as
fo

llo
w

s:
gi

ve
n

a
se

to
f

di
sc

re
te

se
qu

en
ce

s
{S

1
,.
..
,S

N
}

dr
aw

n
in

de
pe

nd
en

tly
fr

om
th

e
H

SM
M

m
od

el
,

w
he

re
ea

ch
se

qu
en

ce
is

de
fin

ed
as

S
i

=
{o
i 1
,.
..
,o
i T
i
},
i

=
1,
..
.,
N

,o
ur

go
al

is
to

co
m

pu
te

th
e

pr
ob

ab
ili

ty
p
(S

te
st

)
of

an
y

gi
ve

n
te

st
se

qu
en

ce
S
te
st

=
(o
te
st

1
,.
..
,o
te
st

T
).

A
tr

ad
iti

on
al

ap
pr

oa
ch

w
ou

ld
be

to
es

tim
at

e
th

e
C

PT
s

us
in

g
th

e
E

M
al

go
ri

th
m

,a
nd

us
e

th
e

es
tim

at
es

to
co

m
pu

te
p
(S

te
st

).
H

ow
ev

er
,t

he
E

M
al

go
ri

th
m

is
no

t
gu

ar
an

te
ed

to
es

tim
at

e
th

e
pa

ra
m

et
er

s
op

tim
al

ly
,

an
d

he
nc

e
th

e
co

m
pu

ta
tio

n
of
p
(S

te
st

)
m

ay
be

in
co

rr
ec

t.
T

he
fo

cu
s

of
ou

rw
or

k
is

to
de

ve
lo

p
a

pr
ov

ab
ly

co
rr

ec
ts

pe
ct

ra
la

lg
or

ith
m

fo
rc

om
pu

tin
g

th
e

pr
ob

ab
ili

ty
p
(S

te
st

).

3.
1

H
SM

M
in

Te
ns

or
N

ot
at

io
ns

W
e

st
ar

tb
y

co
ns

id
er

in
g

th
e

m
at

ri
x

fo
rm

s
of

th
e

H
SM

M
pa

ra
m

et
er

s
an

d
w

ri
tin

g
th

e
co

m
pu

ta
tio

ns
in

te
ns

or
no

ta
tio

n,
as

in
tr

od
uc

ed
in

Se
ct

io
n

2.
Sp

ec
ifi

ca
lly

,
p
(d
t|x

t,
d
t−

1
=

1
)

is
de

no
te

d
as

D
∈

R
n
d
×
n
x
,
p
(x
t|x

t−
1
,d
t−

1
=

1)
is

de
no

te
d

as
X
∈

R
n
x
×
n
x
,

an
d
p
(o
t|x

t)
as
O
∈

R
n
o
×
n
x
.

W
e

m
ak

e
th

e
fo

llo
w

in
g

as
su

m
pt

io
ns

on
th

e
H

SM
M

pa
ra

m
et

er
s:
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IN
H
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o
t x

t

x
t

d
t x

t d
t−

1
x

t x
t−

1 d
t−

1
d

t−
1 x

t−
1 d

t−
2

x
t d

t−
1

x
t−

1 d
t−

2
x

t−
1 x

t−
2 d

t−
2

x
t−

1

o
t−

1 x
t−

1
O

t

X
t

D
t

O
t−

1

X
t−

1

x
t−

1 d
t−

1

D
t+

1

Figure
2:

Junction
Tree

for
H

idden
Sem

i-M
arkov

M
odel.

T
he

ovals
representcliques,w

hich
are

denoted
by

capitalblackboard
bold

variables;the
rectangles

denote
separators.

Sym
bols

w
ithin

the
shapes

representthe
variables

on
w

hich
the

corresponding
potentials

depend.

A
ssum

ptions
A

1.
X

is
fullrank

and
has

non-zero
probability

ofvisiting
any

state
from

any
otherstate.

A
2.
D

has
a

non-zero
probability

ofany
duration

in
any

state.
A

3.
O

is
fullcolum

n
rank

and,as
a

consequence,n
x ≤

n
o .

W
e

provide
som

e
com

m
ents

on
the

above
assum

ptions.W
e

note
thatthe

assum
ption

A
1

can
be

relaxed
to

allow
zero

entries
(w

hile
stillensuring

fullrank
structure)and

thus
preventcertain

states
to

be
directly

reachable
from

otherstates;how
ever,this

w
ould

require
m

ore
involved

analysis
based

on
the

m
ixing

tim
e

of
the

corresponding
M

arkov
chain

(L
evin

etal.,2009),and
is

notpursued
in

this
w

ork.
A

lso,observe
thatthe

assum
ption

of
n
x
≤
n
o

is
needed

in
order

to
ensure

thathidden
states

are
identifiable,although

recentw
ork

is
show

ing
thatsuch

an
assum

ption
can

be
relaxed

in
som

e
cases

(B
ailly

etal.,2009;A
nandkum

ar
etal.,2013b).

Intuitively,itm
eans

thatthe
num

ber
of

differentobservations
com

ing
from

each
state

is
large

enough,so
thatone

hidden
state

can
be

differentiated
from

the
other.

To
express

the
jointprobability

p
(o

1 ,...,o
T

)
for

any
possible

observation
sequence

in
tensor

form
,w

e
utilize

the
junction

tree
algorithm

(B
arber,2012).T

he
resulting

tree
is

show
n

in
Figure

2
and

itcorresponds
to

the
graphicalm

odelof
H

SM
M

in
Figure

1.
R

ecall,thatthe
junction

tree
is

a
tree-structured

representation
ofan

arbitrary
graph

enabling
efficientinference.Itcan

be
constructed

by
form

ing
a

m
axim

al
spanning

tree
from

the
cliques

of
the

graph.
T

he
cliques

then
represent

verticesin
the

junction
tree

and
the

edgesconnecting
the

verticesare
labeled

w
ith

variablescom
m

on
to

tw
o

cliques
it

connects.
T

he
set

of
variables

on
the

edges
are

referred
to

as
separators.

For
exam

ple,
in

Figure
2

the
cliques

X
t

and
D
t

have
tw

o
variables

in
com

m
on,

x
t−

1
and

d
t−

1 ,
and

w
hich

define
the

sepatatorbetw
een

X
t and

D
t .

W
e

proceed
by

representing
the

clique
C

PT
s

of
the

junction
tree

as
tensors.

For
exam

ple,the
clique

X
t ,containing

the
C

PT
of
p
(x
t |x

t−
1 ,d

t−
1 )

is
represented

as
tensor

X
x
t |x

t−
1
d
t−

1 .
For

ease
of

exposition,the
tensor’s

m
odes

are
nam

ed
based

on
the

variables
on

w
hich

the
tensor

depends.
W

e
also

keep
the

conditioning
sym

bol|for
clarity.

Sim
ilarly,w

e
representthe

clique
D
t

w
ith

its
C

PT
p
(d
t |x

t ,d
t−

1 )
as

tensor
D

d
t |x

t d
t−

1 ,and
O
t containing

p
(o
t |x

t )
as

tensor
Oot |x

t .

If
w

e
denote

the
joint

probability
of

the
observed

sequence
p
(o

1 ,...,o
T

)
as

P
o
1
,...,o

T

then
the

m
essage

passing
forthe

junction
tree

algorithm
in

Figure
2

can
be

represented
as

tensorm
ultiplica-

tions:
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M
E

L
N

Y
K

A
N

D
B

A
N

E
R

JE
E

P
o
1
,...,o

T

=
∏

t

D
d
t−

1 |x
t−

1
x
t−

1
d
t−

2 ×
x
t−

1
d
t−

1 (
X

x
t x
t |x

t−
1
d
t−

1
d
t−

1 ×
x
t
Oot |x

t )
,

(3)

w
here,forsim

plicity,w
e

denoted
by ∏

t the
tensorproductoverm

ultiple
tim

e
steps.

N
ote

thatin
(3)the

neighboring
tensors

are
m

ultiplied
along

the
m

odes
w

hich
are

the
separator

variablesbetw
een

tw
o

corresponding
neighboring

cliquesin
Figure

2.T
herefore,asw

e
discussed

in
Section

2,ifa
certain

m
ode

ofa
tensoris

to
participate

m
ultiple

tim
es

in
products

w
ith

othertensor,
the

m
ode

m
ustbe

duplicated
for

the
expression

to
rem

ain
correct.

Itcan
easily

be
seen

from
the

junction
tree

thatthe
num

beroftim
es

the
m

ode
is

duplicated
depends

on
the

num
beroftim

es
such

a
variable

appears
in

separators
adjacentto

the
clique.Forexam

ple,the
tensor

X
x
t x
t |x

t−
1
d
t−

1
d
t−

1

has

a
m

ode
x
t−

1
appearing

once
in

the
separator

connecting
X
t and

D
t in

Figure
2,w

hile
x
t appears

a
totaloftw

o
tim

es,once
in

the
separatorconnecting

X
t and

O
t ,and

once
in

the
separatorconnecting

X
t and

D
t+

1 .Finally,
d
t−

1
appears

in
the

separatorbetw
een

D
t and

X
t ,and

betw
een

D
t+

1
and

X
t .

A
pplying

the
sam

e
reasoning

to
tensors

D
and

O
results

in
the

expression
(3).

3.2
Sum

m
ary

ofTechnicalR
esults

In
this

w
ork,w

e
representexpression

(3),w
hich

is
defined

in
term

s
ofunknow

n
m

odelparam
eters,

in
a

differentobservable
form

,w
here

allthe
factorscan

be
estim

ated
directly

from
data

using
certain

sam
ple

m
om

ents
w

ithoutknow
ledge

of
m

odelparam
eters.

Such
an

observable
form

is
derived

in
Sections

4.1
and

4.2.
B

ased
on

the
observable

form
,in

Section
4.3

w
e

propose
a

sim
ple

spectral
algorithm

w
hich

requiresestim
ating

X
,D

and
O

forallthe
tim

e
stam

ps
t.T

hisestim
ation

processis
expensive

as
itinvolves

costly
tensoroperations

to
be

perform
ed

ateach
tim

e
index

t.M
oreover,the

accurate
estim

ation
ofthese

tensors
requires

large
num

beroftraining
sequences

w
hich

m
ightnotbe

available,leading
to

inaccurate
and

unstable
com

putations.
H

ow
ever,exploiting

the
hom

ogeneity
property

ofH
SM

M
s,i.e.,the

probability
distributions

represented
by

the
above

tensors
are

the
sam

e
across

alltim
e
t,w

e
derive

a
com

putationally
efficientand

accurate
spectralalgorithm

in
Section

4.4
w

hich
requires

the
estim

ation
of

only
three

tensors
for

all
the

tim
e

stam
ps
t.

A
lthough

the
com

putationalcom
plexity

of
the

inference,i.e.,the
evaluation

of
expression

(3),is
notaffected

by
the

introduced
m

odifications,the
overallalgorithm

becom
es

fasterand
m

ore
accurate.

In
Section

5
w

e
return

to
the

results
of

Sections
4.1

and
establish

the
conditions

under
w

hich
the

derived
observable

form
can

be
com

puted
from

data.
In

particular,
our

analysis
show

s
that

the
num

ber
of

dim
ensions

of
the

required
sam

ple
m

om
ents

(in
the

form
of

tensors,estim
ated

from
data

and
representing

the
co-occurrence

frequency
ofcertain

observable
variables),has

logarithm
ic

dependence
on

the
longest

state
persistence

n
d .

Such
conclusion

is
in

contrast
to

the
analysis,

w
hich

w
ould

follow
from

the
w

ork
of

(Parikh
et

al.,
2012),

in
w

hich
case

the
required

num
ber

of
dim

ensions
in

the
estim

ated
sam

ple
m

om
ents

w
ould

have
had

linear
dependence

on
n
d .

T
he

exponential
reduction

in
the

size
of

the
estim

ated
tensors

represents
significant

im
provem

ent
in

algorithm
’s

efficiency
and

accuracy
since

the
m

ultidim
ensional

m
atrices

are
of

sm
aller

size
and

consequently
m

ore
data

is
available

to
estim

ate
each

ofits
entry.
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4.
Sp

ec
tr

al
A

lg
or

ith
m

fo
r

In
fe

re
nc

e
in

H
SM

M

In
th

is
Se

ct
io

n
w

e
pr

es
en

tt
he

de
ta

ils
of

th
e

sp
ec

tr
al

in
fe

re
nc

e
ap

pr
oa

ch
.

In
pa

rt
ic

ul
ar

,i
n

Se
ct

io
ns

4.
1

an
d

4.
2

w
e

de
riv

e
ob

se
rv

ab
le

te
ns

or
re

pr
es

en
ta

tio
n

an
d

sh
ow

ho
w

to
es

tim
at

e
ea

ch
of

its
fa

ct
or

s
di

re
ct

ly
fr

om
da

ta
.

Pr
ac

tic
al

al
go

ri
th

m
s

im
pl

em
en

tin
g

th
es

e
id

ea
s

ar
e

th
en

de
riv

ed
in

Se
ct

io
ns

4.
3

an
d

4.
4.

4.
1

O
bs

er
va

bl
e

Te
ns

or
R

ep
re

se
nt

at
io

n

O
bs

er
ve

th
at

th
e

co
m

pu
ta

tio
n

of
th

e
jo

in
t

pr
ob

ab
ili

ty
in

(3
)

re
qu

ir
es

kn
ow

le
dg

e
of

th
e

un
kn

ow
n

m
od

el
pa

ra
m

et
er

s.
O

ur
go

al
is

to
ch

an
ge

th
e

te
ns

or
re

pr
es

en
ta

tio
n

su
ch

th
at

P
o
1
,.
..
,o
T

ca
n

be
w

ri
tte

n

in
te

rm
s

of
th

e
qu

an
tit

ie
s

di
re

ct
ly

co
m

pu
ta

bl
e

fr
om

da
ta

.T
o

th
at

en
d,

w
e

fo
llo

w
(P

ar
ik

h
et

al
.,

20
12

)
an

d
be

tw
ee

n
ev

er
y

tw
o

fa
ct

or
s

in
(3

)
in

tr
od

uc
e

an
id

en
tit

y
te

ns
or

w
ith

th
e

m
od

es
co

rr
es

po
nd

in
g

to
th

e
m

od
es

al
on

g
w

hi
ch

th
e

m
ul

tip
lic

at
io

n
is

pe
rf

or
m

ed
.

Fo
r

ex
am

pl
e,

co
ns

id
er

a
pa

rt
of

(3
)

af
te

r
in

tr
od

uc
in

g
id

en
tit

y
te

ns
or

s:

×
I

x
t−

1
d
t−

2

×
x
t−

1
d
t−

2
D

d
t−

1
|x
t−

1
x
t−

1
d
t−

2×
x
t−

1
d
t−

1
I

x
t−

1
d
t−

1

×
x
t−

1
d
t−

1

(
X

x
t
x
t
|x
t−

1
d
t−

1
d
t−

1

×
x
t
I x t
×
x
t
O o t
x
t

)
×
x
t
d
t−

1
I

x
t
d
t−

1

×
,

(4
)

w
he

re
al

lt
he

id
en

tit
y

te
ns

or
s

ha
ve

du
pl

ic
at

ed
m

od
es

w
hi

ch
ar

e
no

ts
ho

w
n.

N
ow

re
w

ri
te

ea
ch

of
th

e
id

en
tit

y
te

ns
or

s
in

(4
)

as
a

m
ul

tip
lic

at
io

n
of

so
m

e
fa

ct
or

tim
es

its
in

ve
rs

e.
Fo

re
xa

m
pl

e,

I x t
=

F
ω
x
t
x
t

×
ω
x
t
F
−

1

ω
x
t
x
t

,

fo
r

so
m

e
in

ve
rt

ib
le

fa
ct

or
F

ω
x
t
x
t

,w
ho

se
m

od
es

ar
e
x
t

an
d
ω
x
t
.

N
ot

e
th

at
th

e
ch

oi
ce

of
m

od
e
x
t

is

fix
ed

an
d

is
de

te
rm

in
ed

by
th

e
m

od
es

of
th

e
id

en
tit

y
te

ns
or

I x t
,w

hi
le

th
e

m
od

e
ω
x
t

is
no

tfi
xe

d
an

d

w
e

ha
ve

fr
ee

do
m

in
se

le
ct

in
g

it
as

co
nv

en
ie

nt
.

M
or

eo
ve

r,
ob

se
rv

e
th

at
si

nc
e

th
e

te
ns

or
in

ve
rs

io
n

is
do

ne
al

on
g

th
e

m
od

e
ω
x
t

an
d

th
e

m
at

ri
x
F

ha
s

its
ro

w
s

as
so

ci
at

ed
w

ith
m

od
e
ω
x
t
,w

e
ne

ed
to

en
su

re
su

ch
a

m
at

ri
x

ha
s

fu
ll

co
lu

m
n

ra
nk

fo
rt

he
in

ve
rs

e
to

ex
is

ta
nd

fo
rt

he
pr

od
uc

tF
−

1
F

to
be

th
e

id
en

tit
y

m
at

ri
x

(s
ee

Se
ct

io
n

2
fo

rm
or

e
de

ta
ils

on
te

ns
or

in
ve

rs
io

n)
.B

as
ed

on
th

e
ab

ov
e

di
sc

us
si

on
,

w
e

ch
oo

se
te

ns
or

F
su

ch
th

at
(i

)
ω
x
t

ar
e

th
e

ob
se

rv
ed

va
ri

ab
le

s,
(i

i)
F

ω
x
t
x
t

is
in

ve
rt

ib
le

,i
.e

.,
m

at
ri

x

F
,w

ho
se

co
lu

m
ns

co
rr

es
po

nd
to
x
t,

ha
s

fu
ll

co
lu

m
n

ra
nk

,a
nd

(i
ii)

w
e

in
te

rp
re

tt
he

fa
ct

or
F

ω
x
t
x
t

as

co
rr

es
po

nd
in

g
to

a
co

nd
iti

on
al

pr
ob

ab
ili

ty
di

st
ri

bu
tio

n,
i.e

.,
p
(ω
x
t
|x
t)

an
d

th
er

ef
or

e
w

ri
te

F
ω
x
t
|x
t

.

A
ft

er
ex

pa
nd

in
g

ea
ch

of
th

e
id

en
tit

y
te

ns
or

s,
re

gr
ou

pi
ng

th
e

fa
ct

or
s

an
d

re
ca

lli
ng

th
at

in
a

se
ri

es
of

te
ns

or
m

ul
tip

lic
at

io
n

th
e

or
de

ri
s

ir
re

le
va

nt
,w

e
ca

n
id

en
tif

y
th

re
e

m
od

ifi
ed

te
ns

or
s:

D̃
ω
x
t−

1
d
t−

2
ω
x
t−

1
d
t−

1

=
F
−

1

ω
x
t−

1
d
t−

2
|x
t−

1
d
t−

2

×
x
t−

1
d
t−

2
D

d
t−

1
|x
t−

1
x
t−

1
d
t−

2

×
x
t−

1
d
t−

1
F

ω
x
t−

1
d
t−

1
|x
t−

1
d
t−

1

X̃
ω
x
t−

1
d
t−

1
ω
x
t
ω
x
t
d
t−

1

=
F
−

1

ω
x
t−

1
d
t−

1
|x
t−

1
d
t−

1

×
x
t−

1
d
t−

1

(
X

x
t
x
t
|x
t−

1
d
t−

1
d
t−

1

×
x
t

F
ω
x
t
|x
t

)
×
x
t
d
t−

1
F

ω
x
t
d
t−

1
|x
t
d
t−

1

Õ
ω
x
t
o
t

=
F
−

1

ω
x
t
|x
t

×
x
t
O
o
t
|x
t

.

N
ot

e
th

at
al

th
ou

gh
ea

ch
of

th
e

ab
ov

e
te

ns
or

s
de

pe
nd

s
on

ly
on

ce
rt

ai
n

ob
se

rv
ed

va
ri

ab
le

s
ω

,f
or

a
co

nc
re

te
al

go
ri

th
m

on
e

ha
s

to
de

ci
de

w
ha

t
th

es
e
ω

ar
e,

an
d

al
so

ho
w

to
es

tim
at

e
th

e
as

so
ci

at
ed
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M
E

L
N

Y
K

A
N

D
B

A
N

E
R

JE
E

te
ns

or
s

fr
om

da
ta

.
T

he
ri

gh
t

ha
nd

si
de

in
th

e
ab

ov
e

ex
pr

es
si

on
s

de
pe

nd
on

th
e

un
kn

ow
n

m
od

el
pa

ra
m

et
er

s,
w

he
re

as
th

e
te

ns
or

s
on

th
e

le
ft

do
no

tc
or

re
sp

on
d

to
va

lid
pr

ob
ab

ili
ty

di
st

ri
bu

tio
ns

(d
ue

to
th

e
pr

es
en

ce
of

in
ve

rs
es

F
−

1
),

an
d

so
ca

nn
ot

be
es

tim
at

ed
fr

om
da

ta
us

in
g

sa
m

pl
e

m
om

en
ts

.F
or

ex
am

pl
e,

D̃
ω
x
t−

1
d
t−

2
ω
x
t−

1
d
t−

1

is
no

ta
te

ns
or

fo
rm

of
p
(ω
x
t−

1
d
t−

2
,ω

x
t−

1
d
t−

1
).

N
ex

t,
w

e
di

sc
us

s
th

e
ch

oi
ce

of
th

e
ob

se
rv

ab
le

se
t
ω

in
th

e
fa

ct
or

s
F

.
Fr

om
Fi

gu
re

2
w

e
ca

n
se

e
th

at
th

er
e

ar
e

th
re

e
ty

pe
s

of
se

pa
ra

to
rs

w
hi

ch
de

pe
nd

on
x
t−

1
d
t−

1
,x

td
t−

1
an

d
x
t,

co
ns

eq
ue

nt
ly

,
th

er
e

ar
e

th
re

e
ty

pe
s

of
id

en
tit

y
te

ns
or

s
w

hi
ch

w
e

in
tr

od
uc

ed
in

(4
),

i.e
.,

I
x
t−

1
d
t−

1

,
I

x
t
d
t−

1

an
d
I x t

.

T
he

re
fo

re
,w

e
ne

ed
to

de
fin

e
th

re
e

ty
pe

s
of

ob
se

rv
ab

le
se

ts
ω
x
t−

1
d
t−

1
,ω

x
t
d
t−

1
an

d
ω
x
t
.

T
he

re
ar

e
m

ul
tip

le
ch

oi
ce

s
fo

r
th

es
e

se
ts

,
on

e
of

th
em

is
ω
x
t−

1
d
t−

1
=
ω
x
t
d
t−

1
=
{o
t+

1
,o
t+

2
,.
..
}

fo
r

al
l

t
(s

ee
Fi

gu
re

3
fo

r
an

ill
us

tr
at

io
n)

.
Id

ea
lly

,
w

e
w

an
t

th
es

e
se

ts
to

be
of

m
in

im
al

si
ze

,
si

nc
e

th
ey

ne
ed

to
be

es
tim

at
ed

fr
om

ob
se

rv
at

io
ns

.
T

he
de

ta
ile

d
de

sc
ri

pt
io

n
of

ho
w

m
an

y
an

d
w

hi
ch

of
th

es
e

ob
se

rv
at

io
ns

to
se

le
ct

to
ge

ta
m

in
im

al
se

ti
s

de
fe

rr
ed

un
til

Se
ct

io
n

5,
w

he
re

w
e

al
so

sh
ow

th
at

w
e

ca
n

se
tω

x
t

=
o t

.
In

w
ha

tf
ol

lo
w

s,
w

e
de

fin
e
O
R
t

:=
{o
t+

1
,o
t+

2
,.
..
,o
t+
τ
}(

se
e

Fi
gu

re
3)

to
em

ph
as

iz
e

th
at

th
is

is
a

fix
ed

se
to

fo
bs

er
va

tio
ns

w
ho

se
le

ng
th
τ

is
ye

tt
o

be
de

te
rm

in
ed

,s
ta

rt
in

g
af

te
rt

im
e

st
am

p
t

an
d

go
in

g
to

th
e

ri
gh

t(
or

fo
rw

ar
d

in
tim

e)
in

th
e

gr
ap

hi
ca

lm
od

el
in

Fi
gu

re
1.

W
ith

th
es

e
de

fin
iti

on
s,

se
tti

ng
ω
x
t−

1
d
t−

1
=

O
R
t
,ω

x
t
d
t−

1
=

O
R
t
,ω

x
t−

1
d
t−

2
=

O
R
t−

1
an

d
ω
x
t

=
o t

,w
e

ca
n

no
w

re
w

ri
te

(3
)i

n
th

e
fo

rm
:

P
o
1
,.
..
,o
T

=
∏ t

D̃
O
R
t−

1
O
R
t

×
O
R
t

(
X̃

O
R
t
o
t
O
R
t

×
o
t
Õ o t
o
t

)
.

(5
)

C
om

pa
ri

ng
(3

)
an

d
(5

)
w

e
se

e
th

at
th

e
ab

ov
e

eq
ua

tio
n

ex
pr

es
se

s
th

e
jo

in
tp

ro
ba

bi
lit

y
di

st
ri

bu
tio

n
in

th
e

ob
se

rv
ab

le
fo

rm
.

A
s

no
te

d
ab

ov
e,

w
e

ca
nn

ot
ye

t
us

e
th

is
fo

rm
ul

a
in

pr
ac

tic
e

si
nc

e
w

e
do

no
tk

no
w

ho
w

to
co

m
pu

te
th

e
tr

an
sf

or
m

ed
te

ns
or

s.
In

w
ha

tf
ol

lo
w

s,
w

e
sh

ow
ho

w
to

es
tim

at
e

su
ch

te
ns

or
s

di
re

ct
ly

fr
om

da
ta

,w
ith

ou
tt

he
ne

ed
fo

rt
he

m
od

el
pa

ra
m

et
er

s.

4.
2

E
st

im
at

io
n

of
O

bs
er

va
bl

e
Te

ns
or

s

In
th

is
Se

ct
io

n
w

e
ex

pr
es

s
ea

ch
of

th
e

te
ns

or
s

in
(5

)i
n

fo
rm

s
w

hi
ch

ca
n

be
di

re
ct

ly
es

tim
at

ed
fr

om
th

e
ob

se
rv

ed
se

qu
en

ce
s.

4.
2.

1
C

O
M

P
U

TA
T

IO
N

O
F

T
E

N
S

O
R

D̃
O
R
t−

1
O
R
t

C
on

si
de

rt
he

te
ns

or
fr

om
Se

ct
io

n
4.

1

D̃
O
R
t−

1
O
R
t

=
F
−

1

O
R
t−

1
|x
t−

1
d
t−

2

×
x
t−

1
d
t−

2
D

d
t−

1
|x
t−

1
x
t−

1
d
t−

2

×
x
t−

1
d
t−

1
F

O
R
t
|x
t−

1
d
t−

1

,
(6

)

w
ho

se
m

od
es

ar
e

th
e

ob
se

rv
ab

le
va

ri
ab

le
s
O
R
t−

1
an

d
O
R
t
.

To
es

tim
at

e
th

is
te

ns
or

fr
om

da
ta

,c
on

-
si

de
rO

L
t−

1
,a

se
to

ft
he

ob
se

rv
ed

va
ri

ab
le

ss
uc

h
th

at
O
L
t−

1
an

d
O
R
t−

1
ar

e
in

de
pe

nd
en

t,
co

nd
iti

on
ed

on
x
t−

1
d
t−

2
(s

ee
Fi

gu
re

3)
:

p
(O

L
t−

1
,O

R
t−

1
)

=
∑

x
t−

1
d
t−

2

p
(O

L
t−

1
|x
t−

1
d
t−

2
)p

(O
R
t−

1
|x
t−

1
d
t−

2
)p

(x
t−

1
d
t−

2
).

(7
)
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A
S

P
E

C
T

R
A

L
A

L
G

O
R

IT
H

M
F

O
R

IN
F

E
R

E
N

C
E

IN
H

S
M

M

x
t

x
t−

1
x

t−
2

x
t+

1

d
t−

2
d

t−
1

d
t

d
t+

1

o
t−

2
o

t−
1

o
t

o
t+

1O
R

t

O
R

t−
1

O
L

t−
1

O
L

t

Figure
3:

C
onditionalindependence

in
H

SM
M

.T
he

figure
depicts

tw
o

sets
of

relationships:
O
L
t

and
O
R
t

are
independent

conditioned
on

x
t−

1 d
t−

1 ,
sim

ilarly,
O
L
t−

1
and

O
R
t−

1
are

conditionally
independent

given
x
t−

1 d
t−

2 .
W

e
defined

O
L
t

=
{...,o

t−
2 ,o

t−
1 }

and
O
R
t

=
{o
t+

1 ,o
t+

2 ,...}.

T
he

above
conditionalindependence

relationship
can

be
w

ritten
in

tensorform
:

M
O
L
t−

1
O
R
t−

1 =
F

O
L
t−

1 |x
t−

1
d
t−

2 ×
x
t−

1
d
t−

2
F

O
R
t−

1 |x
t−

1
d
t−

2 ×
x
t−

1
d
t−

2
K

x
t−

1
d
t−

2 ,
(8)

w
here

tensor
K

represents
the

m
arginal

p
(x
t−

1 ,d
t−

2 ).
N

ote
that,

though
not

show
n,

the
m

odes
x
t−

1
and

d
t−

2
need

to
appeartw

ice
in

K
,since

itinteracts
w

ith
both

otherterm
s

(see
the

discussion
on

m
ode

duplication
in

Section
2).

T
he

set
O
L
t−

1
is

defined
in

a
w

ay
sim

ilar
to

O
R
t

butw
ith

the
set

of
observations

starting
at

tim
e

stam
p
t−

2
and

going
to

the
left

(or
backw

ard
in

tim
e),

i.e.,
O
L
t−

1
:=
{
...,o

t−
3 ,o

t−
2 }

(see
Figure

3).
N

ext,w
e

express
the

inverse
ofthe

tensor
F

O
R
t−

1 |x
t−

1
d
t−

2 from
(8)and

substitute
back

to
(6).For

this,w
e

observe
thatin

(6)the
tensor

F
−
1

is
inverted

w
ith

respectto
m

ode
O
R
t−

1 ,therefore,w
e

do
the

follow
ing:

M
O
L
t−

1
O
R
t−

1 ×
O
R
t−

1
F
−

1

O
R
t−

1 |x
t−

1
d
t−

2

=
F

O
L
t−

1 |x
t−

1
d
t−

2 ×
x
t−

1
d
t−

2
I

x
t−

1
d
t−

2 ×
x
t−

1
d
t−

2
K

x
t−

1
d
t−

2

F
−

1

O
R
t−

1 |x
t−

1
d
t−

2

=
M
−

1

O
L
t−

1
O
R
t−

1 ×
O
L
t−

1
F

O
L
t−

1 |x
t−

1
d
t−

2 ×
x
t−

1
d
t−

2
K

x
t−

1
d
t−

2 ,
(9)

w
here

M
−

1

O
L
t−

1
O
R
t−

1

is
inverted

w
ith

respectto
m

ode
O
L
t−

1 .N
ext,substituting

(9)back
to

(6),w
e

get

D̃
O
R
t−

1
O
R
t =

M
−

1

O
L
t−

1
O
R
t−

1 ×
O
L
t−

1
F

O
L
t−

1 |x
t−

1
d
t−

2 ×
x
t−

1
d
t−

2
K

x
t−

1
d
t−

2 ×
x
t−

1
d
t−

2
D

d
t−

1 |x
t−

1
x
t−

1
d
t−

2 ×
x
t−

1
d
t−

1
F

O
R
t |x

t−
1
d
t−

1

=
M
−

1

O
L
t−

1
O
R
t−

1 ×
O
L
t−

1
M

O
L
t−

1
O
R
t ,

(10)

w
here

w
e

have
elim

inated
allthe

latentvariables
by

m
ultiplying

the
lastfourterm

s
on

the
firstline.

O
bserve

thatthe
tensors

M
O
L
t−

1
O
R
t−

1

and
M

O
L
t−

1
O
R
t

representvalid
jointprobability

distributions

overa
subsetofobservations

p
(O

L
t−

1 ,O
R
t−

1 )
and

p
(O

L
t−

1 ,O
R
t ),respectively,and

though
they

are
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M
E

L
N

Y
K

A
N

D
B

A
N

E
R

JE
E

Õo
t o

t
Õ

o
t−

1
o
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Figure
4:

G
raphicalrepresentation

of
the

H
SM

M
spectralalgorithm

for
inference

in
A

lgorithm
1.

A
s

com
pared

to
junction

tree
in

Figure
2,the

cliques
and

separators
are

now
defined

in
term

s
ofthe

tensors,w
hich

are
defined

w
ith

respectto
the

observed
data.T

he
expressions

in
the

parenthesis
show

the
observable

representation
ofthe

corresponding
tensors.

defined
w

ith
respectto

unknow
n

m
odelparam

eters
(as,forexam

ple,in
(7)),w

e
can

readily
estim

ate
them

from
data.Forexam

ple,
M

O
L
t−

1
O
R
t isa

tensor,w
here

each
entry

iscom
puted

from
the

frequency

of
co-occurrence

of
tuples

of
the

observations{...,o
t−

3 ,o
t−

2 ,o
t+

1 ,o
t+

2 ,...}.
Ideally,w

e
w

anta
sm

all
num

ber
of

observations
since

w
e

need
to

estim
ate

their
co-occurrence

frequency
from

the
training

data.
A

precise
characterization

of
how

m
any

and
w

hich
of

these
observations

suffices
for

the
analysis

w
illbe

done
in

Section
5.

4.2.2
C

O
M

P
U

TA
T

IO
N

O
F

T
E

N
S

O
R

X̃
O
R
t o
t O
R
t

T
he

form
ofthis

tensorw
as

established
atthe

beginning
ofSection

4.2
to

be:

X̃
O
R
t o
t O
R
t

=
F
−

1

O
R
t |x

t−
1
d
t−

1 ×
x
t−

1
d
t−

1 (
X

x
t x
t |x

t−
1
d
t−

1
d
t−

1 ×
x
t
Fot |x
t )
×
x
t d
t−

1
F

O
R
t |x

t d
t−

1 .
(11)

C
onsiderthe

follow
ing

conditionalindependence
relationship

(see
Figure

3):

M
O
L
t O

R
t =

F
O
L
t |x

t−
1
d
t−

1 ×
x
t−

1
d
t−

1
F

O
R
t |x

t−
1
d
t−

1 ×
x
t−

1
d
t−

1
K

x
t−

1
d
t−

1 ,
(12)

w
here

K
x
t−

1
d
t−

1

=
K

x
t−

1
d
t−

1
x
t−

1
d
t−

1

and
w

e
om

itted
the

duplicated
m

odes.

W
e

express
the

inverse
oftensor

F
O
R
t |x

t−
1
d
t−

1

from
the

above
equation

F
−

1

O
R
t |x

t−
1
d
t−

1

=
M
−

1

O
L
t O

R
t ×

O
L
t

F
O
L
t |x

t−
1
d
t−

1 ×
x
t−

1
d
t−

1
K

x
t−

1
d
t−

1 ,

w
here

tensor
F

O
R
t |x

t−
1
d
t−

1 is
inverted

w
ith

respectto
m

ode
O
R
t ,w

hile
M

O
L
t O

R
t is

inverted
w

ith
respect

to
m

ode
O
L
t .Substituting

back
to

(11),w
e

get

X̃
O
R
t o
t O
R
t =

M
−

1

O
L
t O

R
t ×

O
L
t

F
O
L
t |x

t−
1
d
t−

1 ×
x
t−

1
d
t−

1
K

x
t−

1
d
t−

1 ×
x
t−

1
d
t−

1 (
X

x
t x
t |x

t−
1
d
t−

1
d
t−

1 ×
x
t
Fot |x
t )
×
x
t d
t−

1
F

O
R
t |x

t d
t−

1 .
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re
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R
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L
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4.4
E

fficientVersion
ofSpectralA

lgorithm
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`
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ation
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M
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each

t
w
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large
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w
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entof

the
accuracy

and
efficiency

of
the

basic
A

lgorithm
1

by
exploiting

the
hom

ogeneity
property

of
H

SM
M

and
estim

ating
the

tensors
X̃

,
D̃

and
Õ

using
alltim

e
steps,i.e.,

by
pooling

sam
ples

across
different

t
and

averaging
the

estim
ates.

T
hus,w

e
com

pute
only

three
tensors

across
all
t,as

opposed
to

com
puting

these
tensors

separately
foreach

t.
W

e
show

the
details

for
com

puting
the

tensors
D̃

in
the

batch
form

.
T

he
derivations

for
other

tensors
X̃

and
Õ

can
be

com
puted

in
a

sim
ilarm

anner.R
ecallfrom

(10)the
form

of
D̃

O
R
t−

1
O
R
t ,and

considerthe
follow

ing
alternative

expression,based
on

the
sum

overall
t:

D̃
=

(
∑

t

M
O
L
t−

1
O
R
t−

1 )
−

1×
O
L

(
∑

t

M
O
L
t−

1
O
R
t )

,
(16)

w
here

O
L

denotes
a

generic
m

ode
ofthe

averaged
tensor

M
,corresponding

to
O
L
t−

1
forall

t.N
ote

thatin
practice,instead

ofsum
m

ation,w
e

use
averaging

to
avoid

num
ericaloverflow

problem
s,and

the
average

is
equivalentto

the
expression

in
(16)since

the
term

1T
cancels

out.Since

M
O
L
t−

1
O
R
t−

1 =
F

O
L
t−

1 |x
t−

1
d
t−

2 ×
x
t−

1
d
t−

2
F

O
R
t−

1 |x
t−

1
d
t−

2 ×
x
t−

1
d
t−

2
K

x
t−

1
d
t−

2 ,
(17)

the
firstterm

inside
brackets

can
be

rew
ritten

as:
∑

t

F
O

L
t−

1 |x
t−

1
d
t−

2 ×
x
t−

1
d
t−

2
F

O
R

t−
1 |x

t−
1
d
t−

2 ×
x
t−

1
d
t−

2
K

x
t−

1
d
t−

2

(a
)

=
∑

t

F
O

R
t−

1 |x
t−

1
d
t−

2 ×
x
t−

1
d
t−

2
F

O
L
t−

1
x
t−

1
d
t−

2

(b
)

=
F

O
R

2 |x
2
d
1 ×

(
∑

t

F
O

L
t−

1
x
t−

1
d
t−

2 )
,

(18)

w
here

in
(a

)w
e

com
bined

the
tw

o
factors,i.e.,

F
O
L
t−

1
x
t−

1
d
t−

2

=
F

O
L
t−

1 |x
t−

1
d
t−

2 ×
x
t−

1
d
t−

2
K

x
t−

1
d
t−

2
x
t−

1
d
t−

2

and
in

(b)
w

e
used

the
hom

ogeneity
property

of
H

SM
M

,i.e.,the
factthat

F
O
R
t−

1 |x
t−

1
d
t−

2

does
not

depend
on

tim
e

stam
p
t,

and
extracted

one
of

the
com

m
on

factors,
in

fact,
the

first
factor.

N
ote

that
the

term
F

O
L
t−

1
x
t−

1
d
t−

2 ,
on

the
other

hand,
does

depend
on

t
since

the
factor

K
x
t−

1
d
t−

2 ,
w

hich

represents
the

probability
p
(x
t−

1 ,d
t−

2 ),changes
as

the
tim

e
stam

p
t

changes.
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M
E

L
N

Y
K

A
N

D
B

A
N

E
R

JE
E

Sim
ilarly,since

M
O
L
t−

1
O
R
t

=
F

O
L
t−

1 |x
t−

1
d
t−

2 ×
x
t−

1
d
t−

2
K

x
t−

1
d
t−

2 ×
x
t−

1
d
t−

2
D

d
t−

1 |x
t−

1
x
t−

1
d
t−

2 ×
x
t−

1
d
t−

1
F

O
R
t |x

t−
1
d
t−

1 ,

(19)

rew
rite

the
second

term
in

(16)as

∑

t

F
O
L
t−

1 |x
t−

1
d
t−

2 ×
x
t−

1
d
t−

2
K

x
t−

1
d
t−

2 ×
x
t−

1
d
t−

2
D

d
t−

1 |x
t−

1
x
t−

1
d
t−

2 ×
x
t−

1
d
t−

1
F

O
R
t |x

t−
1
d
t−

1

=
∑

t

F
O
L
t−

1
x
t−

1
d
t−

2 ×
x
t−

1
d
t−

2
D

d
t−

1 |x
t−

1
x
t−

1
d
t−

2 ×
x
t−

1
d
t−

1
F

O
R
t |x

t−
1
d
t−

1

=

(
∑

t

F
O
L
t−

1
x
t−

1
d
t−

2 )
×

D
d
2 |x

2
x
2
d
1 ×

x
2
d
2

F
O
R
3 |x

2
d
2 ,

(20)

w
here

w
e

used
the

transform
ations

sim
ilar

as
in

(18),i.e.,the
factthatthe

factors
D

d
t−

1 |x
t−

1
x
t−

1
d
t−

2

and
F

O
R
t |x

t−
1
d
t−

1

are
hom

ogeneous,independentof
t.

N
ow

if
w

e
m

ultiply
the

inverse
of

(18)
w

ith

(20),w
e

get

F
−

1

O
R
2 |x

2
d
1 ×

(
∑

t

F
O
L
t−

1
x
t−

1
d
t−

2 )
−

1×
(
∑

t

F
O
L
t−

1
x
t−

1
d
t−

2 )
×

D
d
2 |x

2
x
2
d
1 ×

F
O
R
3 |x

2
d
2

(21)

=
F
−

1

O
R
2 |x

2
d
1 ×

x
2
d
1

D
d
2 |x

2
x
2
d
1 ×

x
2
d
2

F
O
R
3 |x

2
d
2

=
D̃

O
R
2
O
R
3

=
D̃

O
R
t−

1
O
R
t ,

(22)

w
here

in
(21)

w
e

used
the

factthatthe
order

in
w

hich
tensors

are
m

ultiplied
is

irrelevantand
also

the
factthatthe

term
s

in
parenthesis

are
invertible.T

his
is

due
to

the
factthatthe

setofobservations
O
L
t−

1
foralltis

selected
so

as
to

m
ake

each
ofthe

sum
m

and
invertible

(see
Section

5
forthe

details
aboutthe

choice
of

O
L
t−

1 ).M
oreover,in

(22)w
e

used
the

definition
of

D̃
O
R
t−

1
O
R
t

D̃
O
R
t−

1
O
R
t =

F
−

1

O
R
t−

1 |x
t−

1
d
t−

2 ×
D

d
t−

1 |x
t−

1
d
t−

2 ×
F

O
R
t |x

t−
1
d
t−

1 ,

togetherw
ith

the
hom

ogeneity
property

ofH
SM

M
.W

e
note

thatalthough
the

above
derivations

rely
on

the
assum

ption
ofthe

existence
ofthe

m
atrix

sum
m

ation
inverse

in
equation

(21),the
idea

ofag-
gregating

observations
from

m
ultiple

tim
e

steps
has

also
been

utilized
by

otherw
orks,e.g.,(Siddiqi

et
al.,

2010;
A

nandkum
ar

et
al.,

2014a)
and

show
n

to
be

very
effective

in
practice,

significantly
im

proving
the

accuracy
ofcorresponding

algorithm
s.

W
e

can
conclude

thatthe
batch

form
ofthe

tensortakes
the

form
:

D̃
=

(
∑

t

M
O
L
t−

1
O
R
t−

1 )
−

1×
O
L

(
∑

t

M
O
L
t−

1
O
R
t )

.
(23)
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ge

t
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O
R
t−
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R
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O
R
t−

1
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d
t−
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F
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1

O
L
t−

1
|x
t−

1
d
t−
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K
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x
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d
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×
K
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d
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×
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d
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2×
D

d
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id

er
th

e
se

co
nd

eq
ua

tio
n

in
(2

6)
an

d
re

ca
ll

fr
om

Se
ct

io
n

2
th

at
if

w
e

m
at

ri
si

ze
th

e

te
ns

or
as

F
O
L
t−

1
|x
t−

1
d
t−

2

∈
R
n
|O
L
t−

1
|

o
×
n
x
n
d

th
en

F
m

us
th

av
e

fu
ll

co
lu

m
n

ra
nk

n
x
n
d

fo
r

th
e

pr
op

er

in
ve

rs
e

to
ex

is
t,

im
pl

yi
ng
n
|O
L
t−

1
|

o
≥
n
x
n
d
.

Si
m

ila
rl

y,
F

O
R
t−

1
|x
t−

1
d
t−

2

in
(2

7)
m

us
th

av
e

ra
nk
n
x
n
d
.

A
s

a
co

ns
eq

ue
nc

e
of

th
e

ab
ov

e,
th

e
te

ns
or

M
O
L
t−

1
O
R
t−

1

=
F

O
L
t−

1
|x
t−

1
d
t−

2

×
F

O
R
t−

1
|x
t−

1
d
t−

2

×
K

x
t−

1
d
t−

2

(2
8)

w
ill

ha
ve

ra
nk
n
x
n
d

an
d,

in
ge

ne
ra

l,
is

ra
nk

-d
efi

ci
en

t.
T

he
ar

gu
m

en
t

ab
ov

e
ca

n
al

so
be

us
ed

to
sh

ow
th

at
M

O
L
t
O
R
t

ha
s

ra
nk

n
x
n
d

si
nc

e
in

(1
2)

th
e

te
ns

or
s

K
x
t−

1
d
t−

1

,
F

O
L
t
|x
t−

1
d
t−

1

an
d

F
O
R
t
|x
t−

1
d
t−

1

al
lh

av
e

ra
nk
n
x
n
d
.S

im
ila

rl
y,

M
o
t
o
t+

1

w
ill

ha
ve

ra
nk
n
x

be
ca

us
e

in
(1

5)
th

e
ra

nk
of

th
e

pa
rt

ic
ip

at
in

g
te

ns
or

s
K x
t

,
F

o
t+

1
|x
t

an
d

F
o
t
|x
t

is
n
x
.I

n
pa

rt
ic

ul
ar

,n
ot

e
th

at

th
e

te
ns

or
F
o
t
|x
t

is
th

e
ob

se
rv

at
io

n
m

at
ri

x
O
∈
R
n
o
×
n
x

of
th

e
m

od
el

an
d

it
ha

s
ra

nk
n
x

ac
co

rd
in

g
to

as
su

m
pt

io
n
A

3.
T

hi
s

co
nc

lu
si

on
al

so
ju

st
ifi

es
ou

rc
ho

ic
e

fo
rω

x
t

=
o t

at
th

e
en

d
of

Se
ct

io
n

4.
1.

T
he

ke
y

un
kn

ow
ns

no
w

ar
e

th
e

se
ts

of
th

e
ob

se
rv

ed
va

ri
ab

le
s
O
R

an
d
O
L

th
at

m
us

t
be

ap
-

pr
op

ri
at

el
y

se
le

ct
ed

fo
r

th
e

co
rr

es
po

nd
in

g
te

ns
or

s
to

ha
ve

ra
nk

n
x
n
d
.

R
ec

al
l

th
at

w
e

de
fin

ed
O
R
t−

1
=
{o
t,
o t

+
1
,.
..
}.

A
s

on
e

of
th

e
ne

w
ke

y
re

su
lts

of
ou

r
w

or
k,

w
e

es
ta

bl
is

he
d

th
at

if
w

e
se

le
ct

th
e

ob
se

rv
at

io
ns
o t

no
n-

se
qu

en
tia

lly
w

ith
ga

ps
th

at
gr

ow
ex

po
ne

nt
ia

lly
w

ith
th

e
st

at
e

si
ze
n
x

th
en

th
e

fo
llo

w
in

g
re

su
lt

ho
ld

s
fo

ra
ll
t:
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Figure
5:

O
bservations

required
to

estim
ate

M
O
L
t−

1
O
R
t−

1

from
data

for
H

SM
M

w
ith

n
x

=
3

and

n
d

=
20.

T
heorem

1
Letthe

num
ber

ofobservations
be|O

R
t−

1 |
=
`

and
define

the
setofindices

S
=
{

m
a
x {
t,
t+

(n
d −

1)−
(n
ix −

1) }
|
i

=
0,...,`−

1 },such
that

O
R
t−

1
=
{
o
k |k
∈

S}
then

the
rank

oftensor
F

O
R
t−

1 |x
t−

1
d
t−

2

is
m

in
[n
`x ,
n
x n

d ].

A
s

a
consequence

of
this

result,
to

achieve
the

rank
n
x n

d
w

e
w

ill
require

`
=
d1

+
lo

g
n
d

lo
g
n
x e

observations,since
w

e
need

to
ensure

n
`x
≥
n
x n

d
and

w
e

w
antthe

m
inim

al
`

w
hich

satisfies
this.

T
he

span
of

the
selected

observations
is
n
d ,

w
hile

their
num

ber
is

only
logarithm

ic
in
n
d .

For
exam

ple,consider
the

estim
ation

of
tensor

M
O
L
t−

1
O
R
t−

1

for
an

H
SM

M
w

ith
n
x

=
3

and
n
d

=
20.

In
this

case
`

=
4

and
O
R
t−

1
=
{o
t ,o

t+
1
1 ,o

t+
1
7 ,o

t+
1
9 }

and
O
L
t−

1
=
{o
t−

2
1 ,o

t−
1
9 ,o

t−
1
3 ,o

t−
2 },

w
here

the
set

O
L
t−

1
is

defined
sim

ilar
to

O
R
t−

1
in

T
heorem

1
but

for
the

indices
to

the
left

of
tim

e
stam

p
t−

1.
Figure

5
illustrates

this
exam

ple.
W

e
note

thatthe
requirem

entfor
the

span
of

the
selected

observations
to

be
n
d ,

w
hich

is
a

m
axim

um
state

persistence,
is

to
ensure

that
for

a
given

tim
e

stam
p
t,

w
e

select
the

observations
far

enough
to

the
right

and
left

of
it

so
that

those
observations

are
likely

to
be

sam
pled

from
differenthidden

states.
In

orderto
prove

the
above

T
heorem

,w
e

w
illfocus

ouranalysis
on

the
tensor

F
O
R
t+

1 |x
t d
t instead

of
F

O
R
t−

1 |x
t−

1
d
t−

2 .
T

his
specific

choice
w

as
only

done
to

ensure
the

com
pactness

in
our

notations,

how
ever

the
H

SM
M

hom
ogeneity

property
enables

us
to

transfer
this

resultfor
tensors

for
any

t.
N

ote
that

F
O
R
t+

1 |x
t d
t

=
F

O
R
t−

1 |x
t−

2
d
t−

2

=
F

O
R
t−

1 |x
t−

1
d
t−

2 ×
x
t−

1
d
t−

2
X

x
t−

1
d
t−

2 |x
t−

2
d
t−

2 ,

w
here

the
firstequality

is
due

to
the

hom
ogeneity

property
ofthe

m
odeland

in
the

second
equality

w
e

em
bedded

the
H

SM
M

transition
m

atrix
into

tensor
X

x
t−

1
d
t−

2 |x
t−

2
d
t−

2

w
ith

m
ode

d
t−

2
duplicated.

Itcan
be

show
n

thatthe
m

atricized
tensor

X
x
t−

1
d
t−

2 |x
t−

2
d
t−

2 ∈
R
n
x
n
d ×
n
x
n
d

has
rank

n
x n

d ,i.e.,itis

fullrank.T
herefore,the

rank
structure

of
F

O
R
t+

1 |x
t d
t determ

ines
the

rank
structure

of
F

O
R
t−

1 |x
t−

1
d
t−

2 .

T
he

restofSection
5

is
devoted

to
the

proofofT
heorem

1.W
e

firstestablish
the

rank
structure

oftensor
F

O
R
t+

1 |x
t d
t forsequentialsetofobservations

O
R
t+

1
and

then
analyze

the
rank

structure
for

the
observations

w
hich

w
ere

selected
non-sequentially.
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M
E

L
N

Y
K

A
N

D
B

A
N

E
R

JE
E

5.1
R

ank
Structure

ofTensor
F

O
R
t+

1 |x
t d
t

D
efine

by
X
R
t+

1
=
{
x
t+

2 ,x
t+

3 ,...},the
sequence

of
hidden

states
corresponding

to
observations

O
R
t+

1
=
{
o
t+

2 ,o
t+

3 ,...}.
T

hen
using

conditionalindependence
property

of
the

graphicalm
odel

in
Figure

1,nam
ely,thatthe

variables
O
R
t+

1
and

x
t d
t are

independentgiven
X
R
t+

1 ,w
e

can
w

rite:

F
O
R
t+

1 |x
t d
t

=
Q

O
R
t+

1 |X
R
t+

1 ×
T

X
R
t+

1 |x
t d
t ,

(29)

forsom
e

tensors
Q

and
T

,representing
the

appropriate
probability

distributions.
D

enoting
`

=
|O

R
t+

1 |
=
|X
R
t+

1 |,itcan
be

verified,thatthe
m

atrisized
form

of
Q

in
(29)can

be
w

ritten
as

Q
=
⊗
` O
∈
R
n
`o ×
n
`x,i.e.,a

K
roneckerproductofthe

observation
m

atrix
O

w
ith

itself
`

tim
es.A

ccording
to

the
assum

ption
A

3,
ra
n
k
(O

)
=
n
x

and
n
x
≤
n
o ,and

using
the

rank
property

ofthe
K

roneckerproduct,w
e

inferthat
ra
n
k
(Q

)
=
n
`x .

C
om

bining
the

above
conclusion

w
ith

the
factthatthe

m
atrisized

form
ofthe

othertw
o

tensors
in

(29)is
F
∈
R
n
`o ×
n
x
n
d

and
T
∈
R
n
`x ×

n
x
n
d,to

ensure
invertibility

of
F

,w
e

need
to

selecta
setof

variables
X
R
t+

1
so

that
ra
n
k (

T
X
R
t+

1 |x
t d
t )

=
n
x n

d
w

ith
the

condition
that

n
`x
≥
n
x n

d .
T

hus,the

problem
of

the
analysis

of
the

rank
structure

of
tensor

F
O
R
t+

1 |x
t d
t translates

to
the

problem
of

rank

structure
of

m
atrix

T
X
R
t+

1 |x
t d
t .

In
w

hatfollow
s,w

e
assum

e
that

X
R
t+

1
=
{x

t+
2 ,...,x

t+
`+

1 }
are

sequentialand
so

w
e

w
ould

be
interested

in
determ

ining
`

w
hich

m
akes

ra
n
k (

T
X
R
t+

1 |x
t d
t )

=
n
x n

d .

L
ater,

the
sequential

assum
ption

w
ill

be
rem

oved
and

w
e

show
how

to
select

such
variables

in
a

m
ore

efficientw
ay.

5.1.1
C

O
M

P
U

TA
T

IO
N

O
F

F
A

C
T

O
R

T

In
order

to
study

the
rank

structure
of

T
X
R
t+

1 |x
t d
t

w
e

w
ill

have
to

understand
the

m
echanism

how

this
m

atrix
is

constructed
and

how
the

rank
changes

as
the

size
of

X
R
t+

1
increases.

W
e

start
by

considering
the

follow
ing

conditionalindependence
relationships

from
the

m
odelin

Figure
1:

p
(x
t+

3 ,x
t+

2 |x
t+

1 ,d
t+

1 )
=
∑d
t+

2

p
(x
t+

3 |x
t+

2 ,d
t+

2 )
p
(d
t+

2 |x
t+

2 ,d
t+

1 )p
(x
t+

2 |x
t+

1 ,d
t+

1 )
(30)

p
(x
t+

3 ,x
t+

2 ,x
t+

1 |x
t ,d

t )
=
∑d
t+

1

p
(x
t+

3 ,x
t+

2 |x
t+

1 ,d
t+

1 )
p
(d
t+

1 |x
t+

1 ,d
t )p

(x
t+

1 |x
t ,d

t )
.

(31)

U
sing

the
m

odel’s
hom

ogeneity
property,

w
e

see
that

the
quantity

underlined
in

expression
(30)

is
the

sam
e

as
the

one
in

(31).
M

oreover,
equation

(30)
can

then
be

thought
of

as
transform

ing
p
(x
t+

1 |x
t ,d

t )
into

p
(x
t+

2 ,x
t+

1 |x
t ,d

t ),w
hile

the
expression

in
(31),in

effect,transform
s

proba-
bility

p
(x
t+

2 ,x
t+

1 |x
t ,d

t )
into

p
(x
t+

3 ,x
t+

2 ,x
t+

1 |x
t ,d

t ).T
hus

(30)and
(31)encode

the
follow

ing
chain

oftransform
ations:

p
(x
t+

1 |x
t ,d

t )→
p
(x
t+

2 ,x
t+

1 |x
t ,d

t )→
p
(x
t+

3 ,x
t+

2 ,x
t+

1 |x
t ,d

t ).
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B
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ed
on

th
e

ab
ov

e
co
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id

er
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io
ns

,w
e

ca
n

re
w

ri
te

(3
0)

an
d

(3
1)

in
th

e
te

ns
or

fo
rm

as
fo

llo
w
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T
x
t+

3
,x
t+
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|x
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1
,d
t+

1

=
T

x
t+

3
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t+
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2
,d
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2

×
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d
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2
V

x
t+

2
,d
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|x
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1
d
t+

1
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2)

T
x
t+

3
,x
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2
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=
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3
,x
t+
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1
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×
x
t+

1
d
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1

V
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1
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t
d
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,
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w
he

re
V

x
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2
,d
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2
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1
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1

=
V
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1
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1
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t
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t

=
D

x
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1
,d
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t+

1
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t

×
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t
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T

he
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og

en
ei
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us
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re
w

ri
te

th
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ab
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e
as

T
x
t+
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O
ur

ne
xt
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ep
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re
pr
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eq
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e
m
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ri

x
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so
r

V
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ts
m

at
ri

ci
ze

d
fo
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n
be

w
ri

tte
n
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V
=

D
x
t+

1
,d
t+

1
|x
t+

1
,d
t

X
x
t+

1
,d
t
|x
t
,d
t

(3
6)

w
he

re
D

x
t+

1
,d
t+

1
|x
t+

1
,d
t

∈
R
n
x
n
d
×
n
x
n
d

an
d

X
x
t+

1
,d
t
|x
t
,d
t

∈
R
n
x
n
d
×
n
x
n
d
.

N
ex

t,
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id

er
th

e
eq

ua
tio

ns

(3
4)

an
d
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5)

,i
ts

m
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x
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n

is
of
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rm
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T
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2
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1
|x
t
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T
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V
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3
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,x
t
|x
t
,d
t

V
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th
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si
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e
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1
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∈
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2
,x
t+

1
,x
t
|x
t
,d
t

∈
R
n
3 x
×
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∈
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at
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yz
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R
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d
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1
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cr
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W
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be
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n
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∈
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w
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fir

st
bl

oc
k
X
∈

R
n
x
×
n
x

co
rr

es
po

nd
s

to
d
t

=
1,

an
d

th
e

su
bs

eq
ue

nt
(n
d
−

1)
bl

oc
ks

of
I
∈

R
n
x
×
n
x

co
rr

es
po

nd
to
d
t
>

1
fo

r
w

hi
ch
x
t+

1
=
x
t.

W
e

th
en

us
e

(3
7)

to
ge

t
T

x
t+

2
,x
t+

1
|x
t
,d
t

.

H
ow

ev
er

,n
ot

ic
e

th
at

in
(3

7)
th

e
m

at
ri

x
T

x
t+

1
,x
t
|x
t
,d
t

ha
s

a
du

pl
ic

at
ed

m
od

e
x
t,

th
er

ef
or

e,
w

e
ne

ed
to

re
st

ru
ct

ur
e

T
x
t+

1
|x
t
,d
t

,w
hi

ch
ca

n
be

ac
co

m
pl

is
he

d
w

ith
:

T
′

x
t+

1
,x
t
|x
t
,d
t

=
T

x
t+

1
|x
t
,d
t

�
E
,

w
he

re
E

=
[I
··
·
I]
∈

R
n
x
×
n
x
n
d

an
d
�

de
no

te
s

a
K

ha
tr

i-
R

ao
pr

od
uc

t
(r

ow
-w

is
e

K
ro

ne
ck

er
pr

od
uc

t)
2 .

T
he

n,
w

e
us

e
(3

8)
to

tr
an

sf
or

m
T

x
t+

2
,x
t+

1
|x
t
,d
t

in
to

T
x
t+

3
,x
t+

2
,x
t+

1
|x
t
,d
t

w
he

re
,

ag
ai

n
a

2.
L

et
P

=

    p
1

p
2 . . . p
n

    
∈
R
m
×
n

an
d
Q
∈
R
k
×
n

th
en

P
�

Q
=

    p
1
⊗

Q
p
2
⊗

Q
. . .

p
n
⊗

Q

    
∈
R
m
k
×
n

,w
he

re
⊗

is
a

K
ro

ne
ck

er
pr

od
uc

t.
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M
E

L
N

Y
K

A
N

D
B

A
N

E
R

JE
E

A
lg

or
ith

m
3

C
om

pu
ta

tio
n

of
T

X
R
t+

1
|x
t
d
t

In
pu

t:
p
(d
t|x

t,
d
t−

1
)

an
d
p
(x
t|x

t−
1
,d
t−

1
)

-d
ur

at
io

n
an

d
tr

an
si

tio
n

di
st

ri
bu

tio
ns

,`
-t

he
nu

m
be

r
of

se
qu

en
tia

lh
id

de
n

st
at

es
re

pr
es

en
te

d
by

X
R
t+

1
.

In
iti

al
iz

at
io

n:

p
(x
t+

1
|x
t,
d
t)
→

T
x
t+

1
|x
t
,d
t

p
(d
t+

1
|x
t+

1
,d
t)
→

D
x
t+

1
,d
t+

1
|x
t+

1
,d
t

p
(x
t+

1
|x
t,
d
t)
→

X
x
t+

1
,d
t
|x
t
,d
t

V
=

D
x
t+

1
,d
t+

1
|x
t+

1
,d
t

X
x
t+

1
,d
t
|x
t
,d
t

,
E

=
[I
··
·I

]

fo
r
i

=
1

to
`
−

1
do

T
′

x
t+
i
,
..
.
,x
t+

1
,x
t
|x
t
,d
t

=
T

x
t+
i
,
..
.
,x
t+

1
|x
t
,d
t

�
E

(3
9)

T
x
t+
i+

1
,
..
.
,x
t+

2
,x
t+

1
|x
t
,d
t

=
T
′

x
t+
i
,
..
.
,x
t+

1
,x
t
|x
t
,d
t

V
(4

0)

en
d

fo
r

pr
el

im
in

ar
y

st
ep

is
to

re
st

ru
ct

ur
e

th
e

m
at

ri
x

as
fo

llo
w

s:

T
′

x
t+

2
,x
t+

1
,x
t
|x
t
,d
t

=
T

x
t+

2
,x
t+

1
|x
t
,d
t

�
E
.

A
lg

or
ith

m
3

su
m

m
ar

iz
es

th
e

ab
ov

e
co

ns
tr

uc
tio

ns
fo

ra
ge

ne
ra

lc
as

e.
T

he
fo

llo
w

in
g

T
he

or
em

ch
ar

ac
te

ri
ze

s
th

e
ra

nk
st

ru
ct

ur
e

of
m

at
ri

x
T

X
R
t+

1
|x
t
d
t

in
th

e
ou

tp
ut

of
th

e

A
lg

or
ith

m
3.

T
he

pr
oo

fc
an

be
fo

un
d

in
A

pp
en

di
x

A
.1

.

T
he

or
em

2
Th

e
ra

nk
of

th
e

ou
tp

ut
m

at
ri

x
T

X
R
t+

1
|x
t
d
t

in
A

lg
or

ith
m

3
is

m
in

(`
n
x
,n

x
n
d
).

A
pp

ly
in

g
no

w
T

he
or

em
2

to
eq

ua
tio

n
(2

9)
in

m
at

ri
x

fo
rm

F
O
R
t+

1
|x
t
d
t

=
Q

O
R
t+

1
|X
R
t+

1

×
T

X
R
t+

1
|x
t
d
t

,

w
he

re
ra
n
k
(Q

)
=
n
` x

w
e

ca
n

no
w

co
nc

lu
de

th
e

fo
llo

w
in

g
re

su
lt:

C
or

ol
la

ry
3

To
ac

hi
ev

e
th

e
fu

ll
co

lu
m

n
ra

nk
fo

r
F

O
R
t+

1
|x
t
d
t

∈
R
n
` o
×
n
x
n
d
,i

.e
.t

o
en

su
re

th
at

th
e

ra
nk

of
te

ns
or

F
O
R
t+

1
|x
t
d
t

is
n
x
n
d
,

th
e

nu
m

be
r

of
ob

se
rv

at
io

ns
`

in
O
R
t+

1
=
{o
t+

2
,o
t+

3
,.
..
,o
t+
`+

1
}

m
us

tb
e

eq
ua

lt
o

th
e

m
ax

im
um

st
at

e
pe

rs
is

te
nc

e
i.e

.,
`

=
n
d
.

22
JM

L
R

 1
8(

35
):

1-
39

, 2
01

7



A
S

P
E

C
T

R
A

L
A

L
G

O
R

IT
H

M
F

O
R

IN
F

E
R

E
N

C
E

IN
H
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M

M

A
lgorithm

4
E

fficientcom
putation

of
T

X
R
t+

1 |x
t d
t

Input:
p
(d
t |x

t ,d
t−

1 )
and

p
(x
t |x

t−
1 ,d

t−
1 )

-duration
and

transition
distributions,

`
-the

num
ber

ofsequentialhidden
states

represented
by

X
R
t+

1

Initialization:

p
(x
t+

1 |x
t ,d

t )→
T

x
t+

1 |x
t ,d

t

p
(d
t+

1 |x
t+

1 ,d
t )→

D
x
t+

1
,d
t+

1 |x
t+

1
,d
t

p
(x
t+

1 |x
t ,d

t )→
X

x
t+

1
,d
t |x

t ,d
t

V
=

D
x
t+

1
,d
t+

1 |x
t+

1
,d
t

X
x
t+

1
,d
t |x

t ,d
t ,

E
=

[I···I]

c
=

1
for

i
=

1
to
`−

1
do

T
=

T
V

(41)

if
i

=
=

(n
x )
c−

1
or
i

=
=
`−

1
doT

=
T
�

E
(42)

end
if

c
=
c

+
1

end
for

5.1.2
E

FFIC
IE

N
T

C
O

M
P

U
TA

T
IO

N
O

F
F

A
C

T
O

R
T

In
C

orollary
3

w
e

established
thatthe

num
berofobservations

in
O
R
t+

1
=
{
o
t+

2 ,o
t+

3 ,...,o
t+
`+

1 }
is
`

=
n
d .

T
herefore,the

sizes
of

the
estim

ated
quantities

D̃
∈

R
n
n
d
o
×
n
n
d
o

and
X̃
∈

R
n
n
d
o
×
n
n
d
o
×
n
o

in
A

lgorithm
3

w
illhave

exponentialdependency
on
n
d .W

hen
m

axim
um

state
persistence

is
large,

the
estim

ation
of

such
quantity

becom
es

im
practical.

Fortunately,w
e

can
m

odify
A

lgorithm
3

to
significantly

reduce
the

num
ber

of
observations.

T
he

idea
is

to
apply

the
step

(40)
m

ultiple
tim

es
in-betw

een
the

applications
ofstep

(39).R
ecallthatin

the
previous

construction
w

e
established

that
`

=
n
d

consecutive
observations

are
sufficient,e.g.,

O
R
t+

1
=
{o
t+

2 ,...,o
t+
`+

1 }.
In

contrast,in
the

proposed
approach,every

tim
e

w
e

add
an

observation,say
o
t+
τ ,w

e
skip

certain
num

ber
δ

of
tim

e
steps

before
adding

anotherobservation
o
t+
τ
+
δ ,so

thatthe
observations

are
non-consecutive.

A
s

w
e

illustrate
next,

the
span

of
these

non-consecutive
observations

is
still

n
d

but
the

num
ber

of
them

is
only

logarithm
ic

in
n
d .

T
he

proposed
approach

stillachieves
the

fullrank
structure

of
F

O
R
t+

1 |x
t d
t butw

ith
sm

aller
num

ber
of

data
points.

A
lgorithm

4,w
hich

is
a

sim
ple

m
odification

of

A
lgorithm

3,sum
m

arizes
the

above
procedure.
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M
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L
N
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A
N

D
B

A
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E
R
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E

T
he

follow
ing

result
establishes

the
rank

structure
of

the
m

atrix
T

X
R
t+

1 |x
t d
t

in
the

output
of

the

A
lgorithm

4.T
he

proofcan
be

found
in

A
ppendix

A
.2.

T
heorem

4
The

rank
ofthe

outputm
atrix

T
X
R
t+

1 |x
t d
t in

A
lgorithm

4
is

m
in

(n
`x ,n

x n
d ).

N
ote

thatbased
on

the
above

theorem
,A

lgorithm
4

increases
the

rank
atevery

step
exponentially

rather
than

linearly.
In

order
for

T
X
R
t+

1 |x
t d
t

to
achieve

the
rank

n
x n

d
w

e
w

ill
now

require
`

=

d1
+

lo
g
n
d

lo
g
n
x e

observations,
since

w
e

need
to

ensure
n
`x

=
n
x n

d .
O

bserve
that

the
span

of
the

selected
observations

is
stilln

d ,w
hile

the
num

berofthe
observations

is
only

logarithm
ic

in
n
d .T

he
follow

ing
C

orollary
sum

m
arizes

the
above

conclusions.

C
orollary

5
To

achieve
the

fullcolum
n

rank
for

F
O
R
t+

1 |x
t d
t ∈

R
n
`o ×
n
x
n
d,i.e.to

ensure
thatthe

rank

oftensor
F

O
R
t+

1 |x
t d
t is

n
x n

d ,the
num

berofobservations
`

in
O
R
t+

1
m

ustbe
equalto

`
=
d1

+
lo

g
n
d

lo
g
n
x e,

since
w

e
need

to
ensure

n
`x

=
n
x n

d .

T
heorem

4
togetherw

ith
C

orollary
5

now
proves

the
T

heorem
1

stated
earlier.

6.E
xperim

ents

In
this

section
w

e
evaluated

the
perform

ance
ofthe

proposed
algorithm

both
on

synthetic
as

w
ellas

realdata
sets

and
com

pared
its

perform
ance

to
a

standard
E

M
algorithm

.

6.1
Synthetic

D
ata

U
sing

synthetic
data,w

e
com

pared
the

estim
ation

accuracy
and

the
runtim

e
of

the
proposed

spec-
tral

algorithm
w

ith
E

M
.

For
this,

w
e

defined
tw

o
H

SM
M

s,
one

w
ith

n
o

=
3,n

x
=

2,n
d

=
2

and
another

w
ith

n
o

=
5
,n

x
=

4
,n

d
=

6.
For

each
m

odel,
w

e
generated

a
set

of
N
tr
a
in

=
{
500,1000,5000

,10
4,10

5}
training

and
N
test

=
=

1000
testing

sequences,each
oflength

T
=

100.
T

he
accuracy

of
estim

ating
likelihood

for
each

testing
sequence

w
as

m
easured

using
the

relative
deviation

from
the

true
likelihood,i.e.,ε

i
=
|p̂

(S
te
s
t

i
)−
p
(S
te
s
t

i
)|

p
(S
te
s
t

i
)

for
i

=
1,...,1000.G

iven
1000

such
values,w

e
then

com
puted

the
finalscore,w

hich
is

the
root-m

ean-square
error

(R
M

SE
)

across
all

the
testing

sequences,R
M

SE
=
√

1
N
te
s
t ∑

N
te
s
t

i=
1
ε
2i .

Figure
6

show
sresults,w

here
the

top
row

ofgraphscorrespondsto
the

m
odelw

ith
n
o

=
3,n

x
=

2
,n

d
=

2
and

the
bottom

row
is

form
odelw

ith
n
o

=
5,n

x
=

4,n
d

=
6.T

he
leftcolum

n
ofgraphs

show
s

the
progression

of
R

M
SE

across
E

M
iterations

for
both

m
odels;

the
m

iddle
colum

n
show

s
the

dependence
of

testing
error

on
the

num
ber

of
training

sam
ples

and
the

rightcolum
n

show
s

the
running

tim
es.Itcan

be
observed

from
plots

(b)and
(e)in

Figure
6

thatw
ith

the
sm

alltraining
set,

E
M

achieves
sm

allererrors,w
hile

as
the

num
beroftraining

sam
ples

increases,the
spectralm

ethod
becom

es
m

ore
accurate,

outperform
ing

E
M

.
A

lso,
com

paring
the

plots
(a),

(b)
w

ith
(d)

and
(e),

w
e

can
conclude

thatfor
larger

m
odels,i.e.,w

hose
n
o ,
n
x

and
n
d

are
larger,the

spectralm
ethod

requires
m

ore
data

in
orderto

achieve
sam

e
orbetteraccuracy

than
E

M
.T

his
is

expected
since

the
sizes

ofestim
ated

tensors
grow

w
ith

the
m

odelsize.M
oreover,the

plots
(c)and

(f)in
Figure

6
show

thatspectralm
ethod

is
severalorders

ofm
agnitude

fasterthan
E

M
.
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e

st
ru

ct
ur

e
of

m
at

ri
x

T
X
R
t+

1
|x
t
d
t

ev
ol

ve
s

ac
ro

ss
ite

ra
tio

ns
.F

or
th

is
,w

e
pr

es
en

ti
n

Fi
gu

re
9

a
sc

he
m

at
ic

de
sc

ri
pt

io
n

of
a

fe
w

st
ep

s
of

th
e

al
go

ri
th

m
.F

or
th

e
an

al
ys

is
w

e
w

ill
ne

ed
to

es
ta

bl
is

h
ce

rt
ai

n
au

xi
lia

ry
re

su
lts

.

L
em

m
a

6
Le

tA
∈

R
m
×
n

be
a

m
at

ri
x

w
hi

ch
ha

s
no

al
l-

ze
ro

co
lu

m
ns

,t
he

n
th

e
ra
n
k

(I
�

A
)

=
ra
n
k

(A
�

I)
=
n

,w
he

re
�

de
no

te
s

K
ha

tr
i-

R
ao

pr
od

uc
ta

nd
I
∈
R
n
×
n

.

Pr
oo

f
L

et
K

=
(I
�

A
)
∈
R
m
n
×
n

.
B

y
de

fin
iti

on
of

K
ha

tr
i-

R
ao

pr
od

uc
t,
K

(:
,j

)
=

e
j
⊗

A
(:
,j

),
fo

rj
=

1,
..
.,
n

,w
hi

ch
co

ns
is

ts
of

ze
ro

s,
ex

ce
pt

fo
rr

ow
s

(j
−

1)
m

+
1
,.
..
,(
j
−

1)
m

+
m

,c
on

ta
in

-
in

g
th

e
co

lu
m

n
A

(:
,j

).
H

er
e
⊗

de
no

te
s

K
ro

ne
ck

er
pr

od
uc

ta
nd

e
j

is
ev

er
yw

he
re

ze
ro

ex
ce

pt
fo

r

=	  
*	  

=	  
*	  

ite
ra
)o

n	  
1	  

ite
ra
)o

n	  
2	  

eq
.	  (
39
)	  

eq
.	  (
40
)	  

eq
.	  (
39
)	  

eq
.	  (
40
)	  

T
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+
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t
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+
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E
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T
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+
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+

3
,x

t
+

2
,x

t
+

1
|x

t
,d

t

V

E

T
�

x
t
+

1
,x

t
|x

t
,d

t

T
�

x
t
+

1
,x

t
|x

t
,d

t

T
�

x
t
+

2
,x

t
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1
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t
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t
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x
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Sc
he

m
at

ic
re

pr
es

en
ta

tio
n

of
A

lg
or

ith
m

3.
T

hi
s

ex
am

pl
e

ill
us

tr
at

es
th

e
H

SM
M

w
ith
n
x

=
5

an
d
n
d

=
10

.T
he

no
n-

ze
ro

m
at

ri
x

el
em

en
ts

ar
e

di
sp

la
ye

d
as

do
ts

.
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M
E

L
N

Y
K

A
N

D
B

A
N

E
R

JE
E

po
si

tio
n
j

w
hi

ch
is

1.
A

s
lo

ng
as

th
er

e
is

no
al

l-
ze

ro
co

lu
m

ns
in

A
,e

ac
h

co
lu

m
n

of
K

is
in

de
pe

n-
de

nt
of

ea
ch

ot
he

ra
nd

th
er

ef
or

e
th

e
ra

nk
is
n

.M
or

eo
ve

r,
si

nc
e

th
e

m
at

ri
x
A
�
I

is
a

ro
w

-p
er

m
ut

ed
ve

rs
io

n
of

A
�

I,
th

ei
rr

an
ks

ar
e

th
e

sa
m

e.

L
em

m
a

7
D

efi
ne

a
bl

oc
k-

ro
w

m
at

ri
x
M

=
[A

1
A

2
··
·A

k
]
∈

R
m
×
k
n

,w
he

re
ea

ch
A
i
∈

R
m
×
n

.
D

efi
ne

by
r j
,
j

=
1,
..
.,
n

th
e

ra
nk

of
m

at
ri

x
[A

1
(:
,j

)
··
·A

k
(:
,j

)]
co

m
po

se
d

of
jt

h
co

lu
m

ns
of

A
’s

,a
nd

le
tE

=
[I
I
··
·I

]
∈
R
n
×
k
n

,w
he

re
I
∈
R
n
×
n

.
Th

en
th

e
ra

nk
of

m
at

ri
x
W

=
M
�

E
∈

R
m
n
×
k
n

,o
bt

ai
ne

d
us

in
g

a
K

ha
tr

i-
R

ao
pr

od
uc

t,
is

m
in

(m
n
,∑

j
r j

).

Pr
oo

f
Fi

rs
tn

ot
e

th
at

M
�

E
an

d
E
�

M
ar

e
ro

w
pe

rm
ut

ed
ve

rs
io

n
of

ea
ch

ot
he

r,
so

th
ey

ha
ve

th
e

sa
m

e
ra

nk
.

T
he

re
fo

re
,

co
ns

id
er

W
′

=
E
�

M
=

[I
�

A
1
··
·I
�

A
k
].

A
ls

o,
no

te
th

at
e
j
⊗

[A
1
(:
,j

)
··
·A

k
(:
,j

)]
,
j

=
1
,.
..
,n

is
a

m
at

ri
x

w
hi

ch
co

ns
is

ts
of

ze
ro

s
ex

ce
pt

fo
r

ro
w

s
(j
−

1)
m

+
1,
..
.,

(j
−

1)
m

+
m

w
he

re
it

co
nt

ai
ns

th
e

co
lu

m
ns

[A
1
(:
,j

)
··
·A

k
(:
,j

)]
.

T
he

ra
nk

of
th

es
e

co
lu

m
ns

is
r j

an
d

al
lo

th
er

co
lu

m
ns

in
W

ar
e

in
de

pe
nd

en
to

f
th

em
du

e
to

th
e

st
ru

c-
tu

re
of

th
e

K
ha

tr
i-

R
ao

pr
od

uc
t.

T
he

re
fo

re
,

ea
ch

se
t

of
su

ch
co

lu
m

ns
ad

ds
r j

to
th

e
to

ta
l

ra
nk

.
Si

nc
e

th
e

ov
er

al
lr

an
k

of
W

ca
nn

ot
ex

ce
ed

ei
th

er
th

e
nu

m
be

ro
fr

ow
s

or
co

lu
m

ns
,w

e
co

nc
lu

de
th

at
ra
n
k
(W

)
=

m
in

(m
n
,∑

j
r j

).

L
em

m
a

8
Le

tV
=
{v

1
,.
..
,v

n
}b

e
a

se
to

fl
in

ea
rl

y
in

de
pe

nd
en

tv
ec

to
rs

.D
efi

ne
u

=
∑

n i=
1
c i
v
i,

w
he

re
co

ef
fic

ie
nt

s
c i
6=

0
,i

=
1
,.
..
,n

.
D

efi
ne
U

to
be

a
st

ri
ct

su
bs

et
of
V

,i
.e

.,
U
⊂
V

,t
he

n
a

se
t

of
ve

ct
or

s
u
∪
U

is
in

de
pe

nd
en

t.

Pr
oo

f
D

efi
ne
{1
,.
..
,n
}

=
α
∪
ᾱ

,w
he

re
α

de
no

te
s

a
su

bs
et

of
in

di
ce

s
fo

r
ve

ct
or

s
co

rr
es

po
nd

in
g

to
U

.T
he

n
w

e
ca

n
w

ri
te
u

=
∑

i:
i∈
α
c i
v
i
+
∑

j:
j∈
ᾱ
c j
v
j
.

A
ss

um
in

g
th

e
op

po
si

te
,i

.e
.,
u
∪
U

ar
e

de
pe

nd
en

t,
w

e
ca

n
w

ri
te
k

0
u

+
∑

i:
i∈
α
k
iv
i

=
0

w
he

re
k

0
6=

0
an

d
so

m
e

of
k
i,
i
∈
α

ar
e

al
so

m
us

t
be

no
n-

ze
ro

.
Su

bs
tit

ut
in

g
th

e
de

fin
iti

on
of

u
an

d
re

ar
ra

ng
in

g
th

e
te

rm
s,

w
e

ge
t: k

0

∑ i:
i∈
α

(c
i
+
k
i)
v
i
+
k

0

∑ j:
j∈
ᾱ

c j
v
j

=
0.

Si
nc

e
c j
6=

0
,j
∈
ᾱ

,t
he

ab
ov

e
eq

ua
tio

n
cl

ai
m

s
th

e
lin

ea
r

de
pe

nd
en

ce
of

ve
ct

or
s

in
V

,w
hi

ch
is

a
co

nt
ra

di
ct

io
n

of
ou

ra
ss

um
pt

io
n

an
d

so
u
∪
U

ar
e

in
de

pe
nd

en
t.

W
e

ar
e

no
w

re
ad

y
to

an
al

yz
e

A
lg

or
ith

m
3.

It
ca

n
be

ve
ri

fie
d

th
at

(3
6)

is
of

th
e

fo
rm

:

V
=

    Ψ

I
. .

.
I

0
··
·

0

    
∈
R
n
x
n
d
×
n
x
n
d

w
he

re
Ψ

=

    

di
ag

[D
(1
,:

)]
X

di
ag

[D
(2
,:

)]
X

. . .
di

ag
[D

(n
d
,:

)]
X

    
∈
R
n
x
n
d
×
n
x
,

(4
3)

w
he

re
di

ag
[D

(i
,:

)]
is

th
e

di
ag

on
al

m
at

ri
x

w
ith

it
h

ro
w

fr
om

D
on

th
e

di
ag

on
al

.
N

ot
e

th
at

w
e

ca
n

al
so

w
ri

te
Ψ

=
(D
�

I)
X

.O
bs

er
ve

th
at

th
e

ra
nk

of
V

is
n
x
n
d

be
ca

us
e

th
e
n
x
(n
d
−

1
)×

n
x
(n
d
−

1
)
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A
S

P
E

C
T

R
A

L
A

L
G

O
R

IT
H

M
F

O
R

IN
F

E
R

E
N

C
E

IN
H

S
M

M

block
diagonalm

atrix
delineated

in
(43)

and
the

last
n
x ×

n
x

block
m

atrix
diag

[D
(n
d ,:)]X

in
Ψ

together
com

prising
n
x n

d
independent

colum
ns

of
V

.
N

ote
that

diag
[D

(n
d ,:)]X

has
rank

n
x

becauseX
is

fullrank
and

D
(n
d ,:)

is
non-zero,w

hich
follow

s
from

assum
ptions

A
1

and
A

2.
A

s
a

side
note

observe
thatthe

requirem
entto

have
D

(n
d ,:)

non-zero
im

plies
thatthere

is
a

non-zero
probability

ofm
axim

um
state

persistence.
In

analyzing
the

A
lgorithm

3,itw
ould

be
usefulto

denote
the

m
atrices

atiteration
iin

(39)and
(40)as

T
x
t+
i ,
...
,x
t+

1 |x
t ,d

t

=
[A

(i)
1
···

A
(i)
n
d ]

T
′

x
t+
i ,
...
,x
t+

1
,x
t |x

t ,d
t

=
[B

(i)
1
···

B
(i)
n
d ]

T
x
t+
i+

1
,...,x

t+
2
,x
t+

1 |x
t ,d

t

=
[C

(i)
1
···

C
(i)
n
d ].

M
oreover,utilizing

the
structure

ofm
atrix

V
from

(43),the
operations

involved
in

step
(40)are

as
follow

s:
[C

(i)
1

C
(i)
2

C
(i)
3
···

C
(i)
n
d ]

=
[[B

(i)
1
···

B
(i)
n
d ]Ψ

B
(i)
1

B
(i)
2
···

B
(i)
n
d −

1 ].
(44)

W
ith

the
above

inform
ation

w
e

can
now

presentthe
proofofT

heorem
2:

ProofofT
heorem

2
A

tthe
startofthe

algorithm
T

x
t+

1 |x
t ,d

t

=
[X

I
···

I]
=

[A
(1

)
1
···A

(1
)

n
d

],w
hich

has
rank

n
x .

T
he

rank
of

m
atrix

[A
(1

)
1

(:,l)···A
(1

)
n
d

(:,l) ]
for

l
=

1
,...,n

x
is
r
l

=
2

since
am

ong
allthe

colum
ns

only
tw

o
of

them
are

independent.
T

herefore,according
to

L
em

m
a

7,the
resultof

operations
in

(39),has
rank

∑
l r
l

=
2n

x .
M

oreover,w
e

note
thatsince

[B
(1

)
1

B
(1

)
2
···

B
(1

)
n
d

]
=

[X
�
I
I�

I
···

I�
I],itcan

be
seen

thatits
2
n
x

independentvectors
can

be
form

ed
by

the
colum

ns
[B

(1
)

1
B

(1
)

2
],so

thatthe
rank

of [B
(1

)
1

(:,l)···B
(1

)
n
d

(:,l) ]
for

l
=

1,...,n
x

is
2.

N
ext,since

the
rank

of
V

is
n
x n

d ,the
operations

in
(40)

produce
m

atrix
[C

(1
)

1
C

(1
)

2
···

C
(1

)
n
d

]

w
ith

the
rank

stillbeing
2n

x .
M

oreover,the
colum

ns
of

C
(1

)
1

are
linearly

dependenton
the

restof

the
colum

ns,
[C

(1
)

2
···

C
(1

)
n
d

],due
to

(44).
H

ow
ever,the

rank
of [C

(1
)

1
(:,l)···C

(1
)

n
d

(:,l) ]
is

now
r
l

=
3

for
l

=
1,...,n

x .To
understand

this,note
that

[B
(1

)
1

B
(1

)
2
···

B
1n
d ]

=
[X
�
I
I�

I
···

I�
I]

[C
(1

)
1

C
(1

)
2

C
(1

)
3
···

C
(1

)
n
d

]
=

[C
(1

)
1
X
�
I
I�

I
···

I�
I],

w
here,

according
to

(44),
C

(1
)

1
=

[B
(1

)
1
···B

(1
)

n
d

]Ψ
.

A
s

w
e

established
before,

the
rank

of
the

m
atrix

[C
(1

)
2

(:,l)···C
(1

)
n
d

(:,l) ]
=
[B

(1
)

1
(:,l)···B

(1
)

n
d−

1 (:,l) ]
is
r
l

=
2.

M
oreover,itcan

also
be

checked
that

C
(1

)
1

(:,l)
is

independentof [C
(1

)
2

(:,l)···C
(1

)
n
d

(:,l) ]
due

to
L

em
m

a
8.

C
learly,then

the
cum

ulative
rank

of [C
(1

)
1

(:,l)···C
(1

)
n
d

(:,l) ]
is

3
for

l
=

1,...,n
x .

To
generalize

the
above,if

atthe
iteration

i
the

rank
of

m
atrix

[A
(i)
1
···A

(i)
n
d ]

is
in
x

w
hile

the

rank
of [A

(i)
1

(:,l)···A
(i)
n
d (:,l) ]

is
(i

+
1),then

the
operations

in
step

(39)
produce [B

(i)
1
···B

(i)
n
d ]

31
JM

L
R

 18(35):1-39, 2017

M
E

L
N

Y
K

A
N

D
B

A
N

E
R

JE
E

having
rank

(i
+

1)n
x

due
to

L
em

m
a

7.
T

he
step

in
(40)

keeps
the

rank
of [C

(i)
1
···C

(i)
n
d ]

at
(i

+
1)n

x
due

to
the

full
rank

structure
of

V
.

A
t

the
sam

e
tim

e,
this

step
increases

the
rank

of
m

atrix
[C

(i)
1

(:,l)···C
(i)
n
d (:,l) ]

to
(i

+
2)

due
to

L
em

m
a

8,
i.e.,

independence
of

C
(i)
1

(:,l)
from

[C
(i)
2

(:,l)···C
(i)
n
d (:,l) ]

w
ith

the
latter

having
the

rank
(i

+
1).

T
herefore,each

iteration
increases

the
rank

ofm
atrix

T
by
n
x

and
so

after
2
≤
`≤

n
d

steps
the

rank
ofthe

resulting
m

atrix
T

X
R
t+

1 |x
t d
t

is
`n

x .
N

ote
thatif

`
=

1
then

the
A

lgorithm
3

is
notexecuted

and
returns

the
trivial

T
x
t+

1 |x
t ,d

t w
ith

rank

n
x .

O
n

the
other

hand,if
`
>
n
d

then
the

rank
of

T
X
R
t+

1 |x
t d
t

is
n
x n

d
since

this
is

the
num

ber
of

colum
ns

in
thatm

atrix
and

so
is

the
m

axim
um

achievable
rank.

A
.2

A
nalysisofA

lgorithm
4

In
this

Section
w

e
analysis

of
the

A
lgorithm

4
in

order
to

prove
T

heorem
4.

Sim
ilarly

as
in

Sec-
tion

A
.1,

it
is

instructive
to

visualize
the

progress
of

A
lgorithm

4.
Figure

10
show

s
a

schem
atic

description
ofa

few
steps

ofthe
algorithm

.
W

e
are

now
ready

to
presentthe

proofofT
heorem

4.
Proof

of
T

heorem
4

For
the

proof,
w

e
refer

back
to

A
lgorithm

3
and

the
proof

of
T

heorem
2.

R
ecall,thatatiteration

i
=

1,the
resultofstep

(39)is
a

m
atrix

[B
(1

)
1
···B

(1
)

n
d

]∈
R
n
2x ×

n
x
n
d,w

hose

rank
is

2
n
x ,since [A

(1
)

1
(:,l)···A

(1
)

n
d

(:,l) ]
=

[X
I···I]∈

R
n
x ×

n
x
n
d

for
l

=
1
,...,n

x
had

tw
o

independentcolum
ns.T

hen,the
transform

ations
in

step
(40)produced [C

(1
)

1
(:,l)···C

(1
)

n
d

(:,l) ]
for

l
=

1,...,n
x

w
ith

rank
3
n
x .

N
ote

thatif
n
x
>

2
then [A

(1
)

1
(:,l)···A

(1
)

n
d

(:,l) ]
potentially

can
have

a
rank

up
to
n
x ,w

hile
in

A
lgorithm

3
w

e
only

have
itequalto

2.Itturns
outthatifw

e
apply

step
(40)m

ultiple
tim

es
and

use
L

em
m

a
8,w

e
can

increase
the

rank
of [C

(1
)

1
(:,l)···C

(1
)

n
d

(:,l) ]
for

l
=

1,...,n
x

to
n
x .

Specifically,considerstep
(41).A

titeration
i

=
1

w
e

have
[A

(1
)

1
···A

(1
)

n
d

]
=

[B
(1

)
1
···B

(1
)

n
d

]and

for
l

=
1,...,n

x
the

tw
o

independentcolum
ns

are [B
(1

)
1

(:,l)
B

(1
)

2
(:,l) ]

=
[X

(:,l)
I(:,l)].

T
he

resultofstep
(41)gives

us
then

three
independentcolum

ns
[C

(1
)

1
(:,l)

C
(1

)
2

(:,l)
C

(1
)

3
(:,l) ]

=
[C

(1
)

1
(:,l)

X
(:,l)

I(:,l) ]
,

w
here

C
(1

)
1

=
[X

I
···

I]Ψ
.

T
he

independence
follow

s
from

L
em

m
a

8.
T

he
repeated

application
ofstep

(41)one
m

ore
tim

e
gives

fourindependentcolum
ns

[C
(2

)
1

(:,l)
C

(2
)

2
(:,l)

C
(2

)
3

(:,l)
C

(2
)

4
(:,l) ]

=
[C

(2
)

1
(:,l)

C
(1

)
1

(:,l)
X

(:,l)
I(:,l) ]

,

w
here

C
(2

)
1

=
[C

(1
)

1
···C

(1
)

n
d

]Ψ
.

O
bserve

thatsince
the

num
ber

of
row

s
is
n
x ,w

e
can

increase
the

rank
atm

ostup
to
n
x .T

herefore,ifin
the

beginning
w

e
had

tw
o

independentcolum
ns

and
w

e
w

ant
to

get
n
x

independentcolum
ns,w

e
w

ould
need

to
apply

the
step

(41)
n
x −

2
tim

es,so
as

to
have

the
m

atrix
[C

(n
x −

2
)

1
(:,l)

···
C

(n
x −

2
)

n
d

(:,l)]w
ith

rank
n
x .
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re
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:
Sc

he
m

at
ic

re
pr

es
en

ta
tio

n
of

A
lg

or
ith

m
4.

T
hi

s
ex

am
pl

e
ill

us
tr

at
es

th
e

H
SM

M
w

ith
n
x

=
5

an
d
n
d

=
10

.T
he

no
n-

ze
ro

m
at

ri
x

el
em

en
ts

ar
e

di
sp

la
ye

d
as

do
ts

.
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M
E

L
N

Y
K

A
N

D
B

A
N

E
R

JE
E

If
w

e
no

w
ap

pl
y

st
ep

(4
2)

it
w

ill
gi

ve
us

[A
(1

)
1
··
·
A

(1
)

n
d

]
∈

R
n
2 x
×
n
x
n
d

w
ith

ra
nk

n
2 x

du
e

to
L

em
m

a
7.

C
on

tin
ui

ng
in

th
is

m
an

ne
r,

w
e

ca
n

ag
ai

n
re

pe
at

ed
ly

ap
pl

y
th

e
st

ep
(4

1)
to

cr
ea

te
a

m
at

ri
x

w
ith

a
ra

nk
at

m
os

tn
2 x
,s

in
ce

th
er

e
ar

e
n

2 x
ro

w
s

an
d

as
su

m
in

g
th

at
n
x
n
d
≥
n

2 x
.T

he
nu

m
be

ro
ft

im
es

w
e

ne
ed

to
ap

pl
y

(4
1)

is
no

w
n

2 x
−
n
x

si
nc

e
w

e
ne

ed
to

go
fr

om
n
x

to
n

2 x
in

de
pe

nd
en

tc
ol

um
ns

.
In

ge
ne

ra
l,

th
e

st
ep

(4
1)

ne
ed

s
to

be
ap

pl
ie

d
n
c x
−
n
c−

1
x

,
in

or
de

r
to

ob
ta

in
n
c x

in
de

pe
nd

en
t

co
lu

m
ns

.
T

he
ap

pl
ic

at
io

n
of

st
ep

(4
2)

th
en

cr
ea

te
s
T

w
ith

ra
nk
n
c+

1
x

.
N

ot
e,

th
at

si
nc

e
T

ha
s
n
x
n
d

co
lu

m
ns

,t
he

m
ax

im
um

ac
hi

ev
ab

le
ra

nk
is
n
x
n
d
.

O
bs

er
ve

th
at

th
e

ab
ov

e
pr

oo
fa

ls
o

pr
ov

id
ed

th
e

m
et

ho
d

fo
rs

el
ec

tin
g

th
e

no
n-

se
qu

en
tia

lo
bs

er
va

-
tio

ns
X
R
t+

1
.

Sp
ec

ifi
ca

lly
,s

in
ce

th
e

se
to

fo
bs

er
va

tio
ns

X
R
t+

1
=
{o
t+

2
,.
..
}m

us
ts

ta
rt

fr
om

ob
se

r-
va

tio
n
o t

+
2

an
d
|X
R
t+

1
|=

`,
w

e
de

no
te
s

=
t
+

2
.T

he
n,
it

h
ad

de
d

ob
se

rv
at

io
n

is
o s

+
(n
d
−

1
)−

(n
i x
−

1
)

fo
ri

=
0,
..
.,
`
−

2
an

d
th

e
`t

h
ob

se
rv

at
io

n
is
o s

=
o t

+
2
.F

or
te

ns
or

F
O
R
t+

1
|x
t
d
t

to
ac

hi
ev

e
ra

nk
n
x
n
d

w
e

ne
ed

to
ad

d
`

=
d1

+
lo

g
n
d

lo
g
n
x
eo

bs
er

va
tio

ns
.

A
pp

en
di

x
B

.I
ni

tia
la

nd
Fi

na
lP

ar
ts

of
H

SM
M

In
th

is
Se

ct
io

n
w

e
pr

es
en

t
th

e
de

riv
at

io
ns

fo
r

th
e

in
iti

al
an

d
fin

al
st

ep
s

of
H

SM
M

,
w

hi
ch

w
er

e
om

itt
ed

fr
om

th
e

m
ai

n
te

xt
.

Sp
ec

ifi
ca

lly
,t

hi
s

am
ou

nt
s

to
co

m
pu

tin
g

th
e

fa
ct

or
X

fo
r

tw
o

pa
rt

s
of

th
e

m
od

el
,c

or
re

sp
on

di
ng

to
X
r
o
o
t

an
d
X
T

in
Fi

gu
re

s
11

an
d

12
.

T
he

de
riv

at
io

ns
fo

ra
ll

ot
he

rp
ar

ts
of

H
SM

M
w

er
e

pr
es

en
te

d
in

th
e

m
ai

n
te

xt
an

d
th

is
su

pp
le

m
en

t.

o 1
o 2

x
1

d
1

d
2

x
2

o 3x
3

d
3

x
1
o 1

x
2
o 2

d
1
x

1
x

2

x
1

x
2

d
1
x

2
d
1
d
2
x

2
d
2
x

2
d
2
x

2
x

3

x
3

x
3
o 3

X
r
o
o
t

X
3

O
3

D
3

O
2

O
1

Fi
gu

re
11

:
Pa

rt
of

H
SM

M
co

rr
es

po
nd

in
g

to
th

e
in

iti
al

tim
e

st
am

ps
an

d
th

e
re

la
te

d
pa

rt
of

ju
nc

tio
n

tr
ee

.

o T
o T

−
1

o T
−

2

x
T

x
T
−

1
x

T
−

2

d
T
−

1
d

T
−

2

x
T
o T

d
T
−

1
x

T
−

1
x

T

x
T

d
T
−

2
d

T
−

1
x

T
−

1
d

T
−

2
x

T
−

2
x

T
−

1

x
T
−

1

x
T
−

1
o T

−
1

d
T
−

1
x

T
−

1
d

T
−

2
x

T
−

1

o T
o T

−
1

o T
−

2

x
T

x
T
−

1
x

T
−

2

d
T
−

1
d

T
−

2

x
T
o T

d
T
−

1
x

T
−

1
x

T

x
T

d
T
−

2
d

T
−

1
x

T
−

1
d

T
−

2
x

T
−

2
x

T
−

1

x
T
−

1

x
T
−

1
o T

−
1

d
T
−

1
x

T
−

1
d

T
−

2
x

T
−

1

X
T
−

1
X

T

O
T

O
T
−

1

D
T

Fi
gu
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:
Pa
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H
SM

M
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rr
es

po
nd
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al
tim
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am
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re
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To
begin,recallthe

expression
forthe

jointlikelihood
ofthe

observed
sequence:

P
o
1
,...,o

T

=
∏

t

D
d
t−

1 |x
t−

1
d
t−

2 ×
x
t−

1
d
t−

1 (
X

x
t |x

t−
1
d
t−

1 ×
x
t
Oot |x

t )

and
rew

rite
the

above
expression

by
keeping

only
the

initialand
finalfactors:

P
o
1
,...,o

T

=

(
O
o
1 |x

1 ×
x
1 (

X
x
2
x
2 |x

1
d
1 ×

x
2

O
o
2 |x

2 ))
×
x
2
d
1

D
d
2 |x

2
x
2
d
1 ×
···

···×
D

d
T
−
1 |x

T
−
1
x
T
−
1
d
T
−
2 ×

x
T
−
1
d
T
−
1 (

X
x
T |x

T
−
1
d
T
−
1 ×

x
T

O
o
T |x

T )
.

(45)

Introduce
the

identity
tensors

into
(45),regroup

the
term

s
and

extractthe
factors

X
:

X̃
ω
x
1
ω
x
2
ω
x
2
d
1

=
F

ω
x
1 |x

1 ×
x
1 (

X
x
2
x
2 |x

1
d
1 ×

x
2

F
ω
x
2 |x

2 )
×
x
2
d
1

F
ω
x
2
d
1 |x

2
d
1

(46)

X̃
ω
x
T
−
1
d
T
−
1
ω
x
T

=
F
−

1

ω
x
T
−
1
d
T
−
1 |x

T
−
1
d
T
−
1 ×

x
T
−
1
d
T
−
1 (

X
x
T |x

T
−
1
d
T
−
1 ×

x
T

F
ω
x
T
|x
T )

.
(47)

D
efining

the
observable

sets
ω
x
1

=
o

1 ,
ω
x
2

=
o

2
and

ω
x
2
d
1

=
O
R

3
w

e
can

rew
rite

(46)as
follow

s:

X̃
o
1
o
2
O
R
3

=
F

o
1 |x

1 ×
x
1 (

X
x
2
x
2 |x

1
d
1 ×

x
2

F
o
2 |x

2 )
×
x
2
d
1

F
O
R
3 |x

2
d
1 .

(48)

N
ote

thatsince
allthe

factors
participating

in
(48)are

valid
probability

distributions,the
result-

ing
factor,i.e.,

X̃
o
1
o
2
O
R
3

is
also

a
valid

probability
distribution,so

itcan
be

estim
ated

directly
from

data.
T

his
is

in
contrastto

the
derivations

w
e

m
ade

for
other

parts
of

the
m

odel,w
here

w
e

had
to

perform
additionaltransform

ations
such

as,forexam
ple

in
(10),in

orderto
bring

to
the

form
,w

hich
could

be
estim

ated
from

the
data

sam
ples.

In
orderto

estim
ate

(47),w
e

com
pare

itto
the

sim
ilarfactorw

e
considered

in
the

m
ain

paper:

X̃
ω
x
t−

1
d
t−

1
ω
x
t ω
x
t
d
t−

1

=
F
−

1

ω
x
t−

1
d
t−

1 |x
t−

1
d
t−

1 ×
x
t−

1
d
t−

1 (
X

x
t x
t |x

t−
1
x
t−

1
d
t−

1 ×
x
t

F
ω
x
t |x

t )
×
x
t d
t−

1
F

ω
x
t
d
t−

1 |x
t d
t−

1 ,(49)

and
observe

thatthe
lastfactor

F
ω
x
t
d
t−

1 |x
t d
t−

1

in
(49)

is
a

conditionalprobability
distribution,w

hich

has
the

follow
ing

m
arginalization

property

F
ω
x
t
d
t−

1 |x
t d
t−

1 ×
ω
x
t
d
t−

1
1

ω
x
t
d
t−

1

=
1

x
t d
t−

1 ,
(50)

w
here

1
is

the
tensor,w

hich
has

allelem
ents

equalto
1.T

he
above

can
also

be
w

ritten
in

the
scalar

notations, ∑
ω
x
t
d
t−

1
p
(ω
x
t d
t−

1 |x
t d
t−

1 )
=

1
foreach

value
of
x
t d
t−

1 .
T

herefore,ifw
e

apply
(50)to

(49),w
e

get
X̃

ω
x
t−

1
d
t−

1
ω
x
t ,w

hich
is

the
tim

e-shifted
version

of
X̃

ω
x
T
−
1
d
T
−
1
ω
x
T .T

herefore,to
com

pute

(47),w
e

estim
ate

the
tensorin

(13),i.e.,

X̃
O
R
t o
t O
R
t

=
M
−

1

O
L
t O

R
t ×

O
L
t

M
O
L
t O

R
t o
t ,

35
JM

L
R

 18(35):1-39, 2017

M
E

L
N

Y
K

A
N

D
B

A
N

E
R

JE
E

and
m

arginalize
out

the
right

set
of

m
odes,

corresponding
to

O
R
t .

A
lternatively,

w
e

can
use

the
batch

estim
ate

X̃
=

(
∑

t

M
O
L
t O

R
t )
−

1×
O
L

(
∑

t

M
O
L
t O

R
t o
t )
,

and
sim

ilarly
perform

the
m

arginalization.T
his

concludes
ourderivations.
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ic
at
ed

ex
pr
es
sio

ns
ar
e
of
te
n
en

co
un

te
re
d
in

m
an

y
fie

ld
s
wo

rk
in
g
w
ith

m
at
he

m
at
ic
al

no
ta
tio

n.
T
he

se
ex
pr
es
sio

ns
ca
n
be

de
riv

ed
m
an

ua
lly

or
th
ey

ca
n
be

ou
tp
ut
s
fr
om

a
co
m
pu

te
r
al
go
rit

hm
.
In

bo
th

ca
se
s,

th
e
ex
pr
es
sio

ns
m
ay

be
co
rr
ec
t
bu

t
un

ne
ce
ss
ar
ily

co
m
pl
ex

in
a
se
ns
e
th
at

so
m
e
un

re
co
gn

ize
d
id
en
tit

ies
or

pr
op

er
tie

s
wo

ul
d
le
ad

to
sim

pl
er

ex
pr
es
sio

ns
.

W
e
w
ill

co
ns
id
er

sim
pl
ifi
ca
tio

n
in

th
e
co
nt
ex
t
of

ca
us
al

in
fe
re
nc

e
in

gr
ap

hi
ca
lm

od
el
s

(P
ea
rl,

20
09
).

Ad
va
nc

es
in

ca
us
al

in
fe
re
nc

eh
av
e
led

to
al
go
rit

hm
ic

so
lu
tio

ns
to

pr
ob

lem
ss

uc
h

as
id
en
tifi

ab
ili
ty

of
ca
us
al

eff
ec
ts

an
d
co
nd

iti
on

al
ca
us
al

eff
ec
ts

(H
ua

ng
an

d
Va

lto
rt
a,

20
06

;
Sh

pi
ts
er

an
d
Pe

ar
l,
20
06
a,
b)
,z

-id
en
tifi

ab
ili
ty

(B
ar
ein

bo
im

an
d
Pe

ar
l,
20
12
),
tr
an

sp
or
ta
bi
lit
y

an
d
m
et
a-
tr
an

sp
or
ta
bi
lit
y
(B

ar
ei
nb

oi
m

an
d
Pe

ar
l,
20

13
b,
a)

am
on

g
ot
he

rs
.
T
he

af
or
em

en
-

tio
ne

d
al
go
rit

hm
ic

so
lu
tio

ns
op

er
at
e
sy
m
bo

lic
al
ly

on
th
e
jo
in
td

ist
rib

ut
io
n
of

th
e
va
ria

bl
es

of
in
te
re
st

an
d
re
tu
rn

ex
pr
es
sio

ns
fo
rt

he
de

sir
ed

qu
er
ies

.T
he

se
al
go
rit

hm
sh

av
eb

ee
n
pr
ev
io
us
ly

im
pl
em

en
te
d
in

th
e
R

pa
ck
ag
e
ca
us
al
eff

ec
t(

Ti
kk

a
an

d
K
ar
va
ne

n,
20
17
).

A
no

th
er

im
pl
em

en
-

ta
tio

n
of

an
id
en
tifi

ab
ili
ty

al
go
rit

hm
ca
n
be

fo
un

d
in

th
e
C
IB

N
so
ftw

ar
e
by

Ji
n
T
ia
n
an

d
Le

xi
n
Li
u
fre

ely
av
ai
la
bl
e
fro

m
ht

tp
:/

/w
eb

.c
s.

ia
st

at
e.

ed
u/

~j
ti

an
/S

of
tw

ar
e/

CI
BN

.h
tm

.
H
ow

ev
er
,
th
e
al
go
rit

hm
s
th
em

se
lv
es

ar
e
im

pe
rf
ec
t
in

a
se
ns
e
th
at

th
ey

of
te
n
ou

tp
ut

an
ex
pr
es
sio

n
th
at

is
co
m
pl
ic
at
ed

an
d
fa
r
fr
om

id
ea
l.

T
he

qu
es
tio

n
is

w
he

th
er

th
er
e
ex
ist

s
a

sim
pl
er

ex
pr
es
sio

n
th
at

is
st
ill

a
so
lu
tio

n
to

th
e
or
ig
in
al

pr
ob

le
m
.

c ©
20

17
Sa

nt
tu

T
ik

ka
an

d
Ju

ha
K

ar
va

ne
n.

Li
ce

ns
e:

C
C

-B
Y

4.
0,

se
e

ht
tp

s:
//

cr
ea

ti
ve

co
mm

on
s.

or
g/

li
ce

ns
es

/b
y/

4.
0/

.
A

tt
ri

bu
tio

n
re

qu
ir

em
en

ts
ar

e
pr

ov
id

ed
at

ht
tp

:/
/j

ml
r.

or
g/

pa
pe

rs
/v

18
/1
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6.
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.

JM
L

R
 1

8(
36

):
1-

30
, 2

01
7

T
ik

ka
an

d
K

ar
va

ne
n

Si
m
pl
ifi
ca
tio

n
of

ex
pr
es
sio

ns
m
ay

pr
ov
id
e
sig

ni
fic

an
t
be

ne
fit
s.

Fi
rs
t,

a
sim

pl
er

ex
pr
es
sio

n
ca
n
be

un
de

rs
to
od

an
d
re
po

rt
ed

m
or
e
ea
sil
y.

Se
co
nd

,e
va
lu
at
in
g
a
sim

pl
er

ex
pr
es
sio

n
w
ill

be
le
ss

of
a
co
m
pu

ta
tio

na
lb

ur
de

n
du

e
to

re
du

ce
d
di
m
en

sio
na

lit
y
of

th
e
pr
ob

le
m
.
T
hi
rd
,i
n

sit
ua

tio
ns

w
he

re
es
tim

at
io
n
of

ca
us
al

eff
ec
ts

is
of

in
te
re
st

an
d
m
iss

in
g
da

ta
is

a
co
nc

er
n,

eli
m
in
at
in
g
va
ria

bl
es

wi
th

m
iss

in
g
da

ta
fro

m
th
e
ex
pr
es
sio

n
ha

s
cle

ar
ad

va
nt
ag

es
.
Th

e
sa
m
e

ap
pl
ie
s
to

va
ria

bl
es

w
ith

m
ea
su
re
m
en
t
er
ro
r.

W
e
be

gi
n
wi
th

pr
es
en
tin

g
in

Se
ct
io
n
2
a
ge
ne

ra
lf
or
m

of
pr
ob

ab
ili
st
ic

ex
pr
es
sio

ns
th
at

ar
e

of
te
n
en

co
un

te
re
d
in

ca
us
al

in
fe
re
nc

e.
In

th
is

pa
pe

r
pr
ob

ab
ili
st
ic

ex
pr
es
sio

ns
ar
e
fo
rm

ed
by

pr
od

uc
ts

of
no

n-
pa

ra
m
et
ric

co
nd

iti
on

al
di
st
rib

ut
io
ns

of
so
m
e
va
ria

bl
es

an
d
su
m
m
at
io
ns

ov
er

th
e
po

ss
ib
le

va
lu
es

of
th
es
e
va
ria

bl
es
.
Si
m
pl
ifi
ca
tio

n
in

th
is
ca
se

is
th
e
pr
oc
es
so

fe
lim

in
at
in
g

te
rm

s
fro

m
th
es
e
ex
pr
es
sio

ns
by

ca
rr
yi
ng

ou
ts

um
m
at
io
ns
.
A
s
ou

re
xp

re
ss
io
ns

co
rr
es
po

nd
to

ca
us
al

eff
ec
ts
,t

he
ex
pr
es
sio

ns
th
em

se
lv
es

ta
ke

a
sp
ec
ifi
c
fo
rm

.
C
au

sa
l
m
od

el
s
ar
e
ty
pi
ca
lly

as
so
ci
at
ed

w
ith

a
di
re
ct
ed

ac
yc
lic

gr
ap

h
(D

A
G
)
w
hi
ch

re
pr
es
en
ts

th
e
fu
nc

tio
na

lr
el
at
io
ns
hi
ps

be
tw

ee
n
th
e
va
ria

bl
es

of
in
te
re
st
.
In

sit
ua

tio
ns

w
he

re
th
e
jo
in
t
di
st
rib

ut
io
n
is

fa
ith

fu
l,
m
ea
ni
ng

th
at

no
ad

di
tio

na
lc

on
di
tio

na
li
nd

ep
en

de
nc

es
ar
e
ge
ne

ra
te
d
by

th
e
jo
in
t
di
st
rib

ut
io
n
(S
pi
rt
es

et
al
.,
20
00
),
th
e
co
nd

iti
on

al
in
de

pe
nd

en
ce

pr
op

er
tie

s
of

th
e
va
ria

bl
es

ca
n
be

re
ad

fr
om

th
e
gr
ap

h
its

el
ft

hr
ou

gh
a
co
nc

ep
t
kn

ow
n
as

d-
se
pa

ra
tio

n
(G

eig
er

et
al
.,
19
90

).
W
e
wi

ll
us
e
d-
se
pa

ra
tio

n
as

ou
rp

rim
ar
y
to
ol

fo
ro

pe
ra
tin

g
on

th
e
pr
ob

ab
ili
st
ic

ex
pr
es
sio

ns
.
T
he

re
ad

er
is

as
su
m
ed

to
be

fa
m
ili
ar

w
ith

a
nu

m
be

r
of

gr
ap

h
th
eo
re
tic

co
nc

ep
ts

th
at

ar
e
ex
pl
ai
ne

d
fo
r
ex
am

pl
e
in

(K
ol
ler

an
d
Fr
ied

m
an

,2
00
9)

an
d

us
ed

th
ro
ug

ho
ut

th
e
pa

pe
r.

O
ur

sim
pl
ifi
ca
tio

n
pr
oc
ed

ur
e
is

bu
ilt

on
th
e
de

fin
iti
on

of
sim

pl
ifi
ca
tio

n
se
ts
,w

hi
ch

is
pr
es
en
te
d
in

Se
ct
io
n
3.

W
e
co
nt
in
ue

by
in
tr
od

uc
in
g
a
so
un

d
an

d
co
m
pl
et
e
sim

pl
ifi
ca
tio

n
al
go
rit

hm
fo
r
pr
ob

ab
ili
st
ic

ex
pr
es
sio

ns
de

fin
ed

in
Se

ct
io
n
2
fo
r
w
hi
ch

th
es
e
sim

pl
ifi
ca
tio

n
se
ts

ex
ist

.
T
he

al
go
rit

hm
ta
ke
s
as

an
in
pu

t
th
e
ex
pr
es
sio

n
to

be
sim

pl
ifi
ed

an
d
th
e
gr
ap

h
in
du

ce
d
by

th
e
un

de
rly

in
g
ca
us
al

m
od

el
,a

nd
pr
oc
ee
ds

to
co
ns
tr
uc

t
a
jo
in
t
di
st
rib

ut
io
n
of

th
e
va
ria

bl
es

co
nt
ai
ne

d
in

th
e
ex
pr
es
sio

n
by

us
in
g
th
e
d-
se
pa

ra
tio

n
cr
ite

ria
.
H
ig
he

r
le
ve
l

al
go
rit

hm
st

ha
tu

se
th
is
sim

pl
ifi
ca
tio

n
pr
oc
ed

ur
e
ar
e
pr
es
en
te
d
in

Se
ct
io
n
4.

Th
es
e
in
clu

de
an

al
go
rit

hm
fo
rt

he
sim

pl
ifi
ca
tio

n
of

a
ne

st
ed

ex
pr
es
sio

n
an

d
an

al
go
rit

hm
fo
rt

he
sim

pl
ifi
ca
tio

n
of

a
qu

ot
ie
nt

of
tw

o
ex
pr
es
sio

ns
.
Se

ct
io
n
5
co
nt
ai
ns

ex
am

pl
es

on
th
e
ap

pl
ic
at
io
n
of

th
es
e

al
go
rit

hm
s.

W
e
ha

ve
al
so

up
da

te
d
th
e
ca
us
al
eff

ec
t
R
-p
ac
ka

ge
to

au
to
m
at
ic
al
ly

ap
pl
y
th
es
e

sim
pl
ifi
ca
tio

n
pr
oc
ed

ur
es

to
ca
us
al

eff
ec
t
ex
pr
es
sio

ns
.

A
s
a
m
ot
iv
at
in
g
ex
am

pl
e
w
e
pr
es
en
t
an

ex
pr
es
sio

n
of

a
ca
us
al

eff
ec
t
gi
ve
n
by

th
e
ID

al
go
rit

hm
of

Sh
pi
ts
er

an
d
Pe

ar
l(

20
06
a)

th
at

ca
n
be

sim
pl
ifi
ed

.
T
he

co
m
pl
et
e
de

riv
at
io
n

of
th
is

eff
ec
t
ca
n
be

fo
un

d
in

A
pp

en
di
x
C
.T

he
ca
us
al

eff
ec
t
of
X

on
Z

1,
Z

2,
Z

3
an

d
Y

is
id
en
tifi

ab
le

in
th
e
gr
ap

h
of

Fi
gu

re
1
an

d
ap

pl
ic
at
io
n
of

th
e
ID

al
go

rit
hm

gi
ve
s

P
(Z

1|Z
2,
X

)P
(Z

3|Z
2)

∑
X
P

(Y
|Z

2,
X
,Z

3,
Z

1)
P

(Z
3|Z

2,
X

)P
(X
|Z

2)
P

(Z
2)

∑
X
,Y
P

(Y
|Z

2,
X
,Z

3,
Z

1)
P

(Z
3|Z

2,
X

)P
(X
|Z

2)
P

(Z
2)
×

∑

X
,Z

3,
Y

P
(Y
|Z

2,
X
,Z

3,
Z

1)
P

(Z
3|Z

2,
X

)P
(X
|Z

2)
P

(Z
2)
.

It
tu
rn
s
ou

t
th
at

th
er
e
ex
ist

s
a
sig

ni
fic

an
tly

sim
pl
er

ex
pr
es
sio

n,

P
(Z

1|Z
2,
X

)P
(Z

2)
∑ X

P
(Y
|Z

2,
X
,Z

3,
Z

1)
P

(Z
3|Z

2,
X

)P
(X
|Z

2)
,

(1
)
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Sim
plifying

P
robabilistic

E
xpressions

Figure
1:

A
graph

for
the

introductory
exam

ple
on

sim
plification.

for
the

sam
e
causaleffect.

T
his

expression
can

be
obtained

w
ithout

any
know

ledge
ofthe

underlying
m
odelby

using
standard

probability
m
anipulations.

H
owever,this

requires
that

a
favorable

choice
is

m
ade

for
the

ordering
ofthe

nodes
ofthe

graph
in

the
ID

algorithm
.

In
the

case
that

w
e
had

chosen
an

ordering
w
here

Z
1
precedes

Z
3 ,the

term
for

Z
3
w
ould

instead
be

P
(Z

3 |Z
2 ,Z

1 ,X
)and

sim
plification

would
require

knowledge
aboutthe

underlying
graph.

W
e
w
illtake

another
look

at
this

exam
ple

later
in

Section
5
w
here

w
e
describe

in
detailhow

our
procedure

can
be

used
to

find
expression

(1).
O
ur

sim
plification

procedure
is

different
from

the
well-know

n
exact

inference
m
ethod

of
m
inim

izing
the

am
ount

ofnum
ericalcom

putations
w
hen

evaluating
expressions

for
condi-

tionaland
m
arginaldistributions

by
changing

the
order

ofsum
m
ations

and
m
ultiplications

in
the

expression.
Variants

of
this

m
ethod

are
know

n
by

different
nam

es
depending

on
the

context,such
as

B
ayesian

variable
elim

ination
(K

oller
and

Friedm
an,2009)

and
the

sum
-product

algorithm
(Bishop,2006)

which
is

a
generalization

ofbeliefpropagation
(Pearl,

1988;Lauritzen
and

Spiegelhalter,1988).
Effi

cient
com

putationalm
ethods

exist
for

causal
effects

as
well,such

as
(Shpitser

et
al.,2011).

T
he

generalprinciple
is

the
sam

e
in

allofthe
variants,and

no
sym

bolic
sim

plification
is

perform
ed.

In
our

setting
sim

plification
can

be
defined

explicitly
but

in
generalit

is
diffi

cult
to

say
w
hat

m
akes

one
expression

sim
pler

than
another.

C
arette

(2004)
provides

a
form

al
definition

forsim
plification

in
the

contextofCom
puterA

lgebra
System

s(CA
S)thatoperate

on
algebraic

expressions.
M
odern

C
A
S
system

s
such

as
M
athem

atica
(W

olfram
R
esearch

Inc.,2015)
and

M
axim

a
(M

axim
a,2014)

im
plem

ent
techniques

for
sym

bolic
sim

plification.
Bailey

et
al.(2014)

and
references

therein
discuss

sim
plification

techniques
in

C
A
S
system

s
further.

H
owever

to
the

best
ofour

know
ledge,the

sym
bolic

sim
plification

procedures
for

probabilistic
expressions

described
in

this
paper

have
neither

been
given

previous
attention

nor
im

plem
ented

in
any

existing
system

.

2.
P
robabilistic

E
xpressions

Every
expression

that
w
e
consider

is
defined

in
term

s
ofa

set
ofvariables

W
.
A
s
w
e
are

interested
in

probabilistic
expressions,we

also
assum

e
a
joint

probability
distribution

P
for

the
variables

ofW
.
T
he

m
ost

basic
ofexpressions

are
called

atom
ic

expressions
w
hich

w
ill

be
the

m
ain

focus
ofthis

paper.

3
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L
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T
ikka

and
K

arvanen

D
efinition

1
(A

tom
ic

expression)
Let

W
be

a
set

of
p
discrete

random
variables

and
let

P
be

any
jointdistribution

ofW
.
An

atom
ic

expression
is

a
pair

A
=
A

[W
]=
〈T
,S〉,

where

1.
T

is
a
setofpairs{〈V

1 ,C
1 〉,...,〈V

n
,C

n 〉}
such

thatfor
each

V
i and

C
i itholds

that
V
i ∈

W
,C

i ⊆
W

,
V
i 6∈

C
i and

V
i 6=

V
j
for

i6=
j.

2.
S
is

a
set{

S
1 ,...,S

m }
⊆

W
such

thatfor
each

i=
1,...,m

itholds
that

S
i =

V
j
for

som
e
j∈
{1,...,n}.

T
he

value
ofan

atom
ic

expression
A

is

P
A

=
∑S

n∏i=
1
P

(V
i |C

i ).

T
he

probabilities
P

(V
i |C

i )
are

referred
to

as
the

term
s
ofthe

atom
ic

expression.
A

term
P

(V
i |C

i )is
said

to
contain

a
variable

V
if
V
i =

V
or
V
∈

C
i .

A
term

fora
variable

V
refers

to
a
term

P
(V
|·).

W
e
also

use
the

shorthand
notation

V
[A

]:=
{V

1 ,...V
n }.

A
s

S
is

a
set,

w
e
w
illonly

sum
over

a
certain

variable
once.

A
llvariables

are
assum

ed
to

be
univariate

and
discrete

forclarity,butwe
m
ay

also
considerm

ultivariatesand
situationswhere

som
e
of

the
variables

are
continuous

and
the

respective
sum

s
are

interpreted
as

integrals
instead.

A
s
an

exam
ple

we
w
illconstruct

an
atom

ic
expression

describing
the

follow
ing

form
ula

∑X

P
(Y
|Z

2 ,X
,Z

3 ,Z
1 )P

(Z
3 |Z

2 ,X
)P

(X
|Z

2 )P
(Z

2 ),

which
isa

partofthem
otivating

exam
plein

theintroduction.W
eletW

=
{X

,Y
,Z

1 ,Z
2 ,Z

3 },
w
hich

is
the

set
ofnodes

ofthe
graph

ofFigure
1.

T
he

sets
T

and
S
can

now
be

defined
as

{〈Y
,{
Z

2 ,X
,Z

3 ,Z
1 }〉,〈Z

3 ,{
Z

2 ,X
}〉,〈X

,{Z
2 }〉,〈Z

2 ,∅〉}
and

{
X
},

respectively.
N
ext

we
define

a
m
ore

generalprobabilistic
expression.

D
efinition

2
(E

xpression)
LetW

be
a
setof

p
variablesand

let
P

be
the

jointdistribution
ofW

.
An

expression
is

a
tripleB

=
B

[W
,n
,m

]=
〈B
,A

,S〉,

where

1.
S
is

a
subsetofW

.

2.
For

m
>

0,A
is

a
setofatom

ic
expressions

{〈T
1 ,S

1 〉,...,〈T
m
,S

m 〉}.

If
m

=
0
then

A
=
∅.
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Si
m

pl
if

yi
ng

P
ro

ba
bi

li
st

ic
E

xp
re

ss
io

ns

3.
Fo

r
n
>

0,
B

is
a
se
to

fe
xp
re
ss
io
ns

{B
1[

W
1,
n

1,
m

1]
,.
..
,B

n
[W

n
,n

n
,m

n
]}

su
ch

th
at

W
i
⊆

W
,n

i
<
n
,m

i
<
m

fo
r
al
li

=
1,
..
.,
n
.
If
n

=
0
th
en

B
=
∅.

T
he

va
lu
e
of

an
ex
pr
es
si
on

B
is

P
B

=
∑ S

n ∏ i=
1
P
B

i

m ∏ j=
1
P
A

j
,

wh
er
e
an

em
pt
y
pr
od
uc
ts

ho
ul
d
be

un
de
rs
to
od

as
be
in
g
eq
ua

lt
o
1.

T
he

re
cu

rs
iv
e
de

fin
iti
on

en
su
re
s
th
e
fin

ite
ne

ss
of

th
e
re
su
lti
ng

ex
pr
es
sio

n
by

re
qu

iri
ng

th
at

ea
ch

su
b-
ex
pr
es
sio

n
ha

sf
ew

er
su
b-
ex
pr
es
sio

ns
of

th
eir

ow
n
th
an

th
e
ex
pr
es
sio

n
ab

ov
e
it.

A
sin

gl
e
va
lu
e
m
ig
ht

be
sh
ar
ed

by
m
ul
tip

le
ex
pr
es
sio

ns
,a

s
th
e
te
rm

s
of

th
e
pr
od

uc
t
in

th
e

va
lu
e
of

th
e
ex
pr
es
sio

n
ar
e
ex
ch
an

ge
ab

le.
Ex

pr
es
sio

ns
B

1[
W
,n

1,
m

1]
an

d
B

2[
W
,n

2,
m

2]
ar
e

eq
ui
va
len

ti
ft
he

ir
va
lu
es
P
B

1
an

d
P
B

2
ar
e
eq
ua

lf
or

al
lP

.E
qu

iv
al
en

ce
is
de

fin
ed

sim
ila

rly
fo
r

at
om

ic
ex
pr
es
sio

ns
.
Ev

er
y
ex
pr
es
sio

n
is

fo
rm

ed
by

ne
st
ed

at
om

ic
ex
pr
es
sio

ns
by

de
fin

iti
on

.
Be

ca
us
e
of

th
is,

we
fo
cu

s
on

th
e
sim

pl
ifi
ca
tio

n
of

at
om

ic
ex
pr
es
sio

ns
.

A
s
an

ex
am

pl
e
we

co
ns
tr
uc

t
an

ex
pr
es
sio

n
fo
r
th
e
ca
us
al

eff
ec
t
fo
rm

ul
a
(1
).

W
e
de

fin
e

W
:=
{X

,Y
,Z

1,
Z

2,
Z

3}
an

d
le
t
th
e
se
ts

B
an

d
S
be

em
pt
y.

W
e
de

fin
e
th
e
se
t

A
to

co
ns
ist

of
th
re
e
at
om

ic
ex
pr
es
sio

ns
A

1,
A

2
an

d
A

3
de

fin
ed

as
fo
llo

w
s

A
1

=
〈{
〈Z

1,
{Z

2,
X
}〉
},
∅〉
,

A
2

=
〈{
〈Z

2,
∅}
〉}
,∅
〉,

A
2

=
〈{
〈Y
,{
Z

2,
X
,Z

3,
Z

1}
〉,
〈Z

3,
{Z

2,
X
}〉
,〈
X
,{
Z

2}
〉,
〈Z

2,
∅〉
},
{X
}〉
.

In
th
e
co
nt
ex
t
of

pr
ob

ab
ili
st
ic

gr
ap

hi
ca
lm

od
el
s,

we
ar
e
pr
ov
id
ed

ad
di
tio

na
li
nf
or
m
at
io
n

ab
ou

t
th
e
jo
in
t
di
st
rib

ut
io
n
of

th
e
va
ria

bl
es

of
in
te
re
st

in
th
e
fo
rm

of
a
D
A
G
.A

s
w
e
ar
e

co
nc

er
ne

d
on

th
e
sim

pl
ifi
ca
tio

n
of

th
e
re
su
lts

of
ca
us
al

eff
ec
t
de

riv
at
io
ns

in
su
ch

m
od

els
,t

he
ge
ne

ra
lf
or
m

of
th
e
at
om

ic
ex
pr
es
sio

ns
ca
n
be

fu
rt
he

r
na

rr
ow

ed
do

wn
by

us
in
g
th
e
st
ru
ct
ur
e

of
th
e
gr
ap

h
an

d
th
e
or
de

rin
g
of

ve
rt
ic
es

ca
lle

d
a
to
po

lo
gi
ca
lo

rd
er
in
g.

D
efi

ni
ti
on

3
(T

op
ol
og

ic
al

or
de

ri
ng

)
To

po
lo
gi
ca
lo

rd
er
in
g
π
of

a
D
AG

G
=
〈W

,E
〉i

s
an

or
de
ri
ng

of
its

ve
rt
ic
es
,s

uc
h
th
at

if
X

is
an

an
ce
st
or

of
Y

in
G

th
en

X
<
Y

in
π
.

T
he

sy
m
bo

lV
π j
is

us
ed

to
de

no
te

th
e
su
bs
et

of
ve
rt
ic
es

of
G

th
at

ar
e
le
ss

th
an

V
j
in
π
.

Fo
rs

et
sw

e
m
ay

de
fin

e
V
π
to

co
nt
ai
n
th
os
e
ve
rt
ice

so
fG

th
at

ar
e
les

st
ha

n
ev
er
y
ve
rt
ex

of
V

in
π
.
C
on

sid
er

a
D
A
G
G

=
〈W

,E
〉a

nd
a
to
po

lo
gi
ca
lo

rd
er
in
g
π
of

its
ve
rt
ic
es
.
W
e
us
e
th
e

no
ta
tio

n
π

(·)
to

de
no

te
in
de

xi
ng

ov
er

th
e
ve
rt
ex

se
tW

of
G

in
th
e
or
de

rin
g
gi
ve
n
by

π
,t
ha

t
is
V
π

(1
)
>
V
π

(2
)
>
··
·>

V
π

(m
)
w
he

re
m

=
|W
|.

Fo
r
an

y
at
om

ic
ex
pr
es
sio

n
A

[V
]=
〈T
,S
〉

su
ch

th
at

V
⊆

W
we

al
so

de
fin

e
th
e
in
du

ce
d
or
de

rin
g
ω
.
Th

is
or
de

rin
g
is

an
or
de

rin
g
of

th
e

va
ria

bl
es

in
V

su
ch

th
at

if
X
>
Y

in
ω
th
en

X
>
Y

al
so

in
π
.
Fr
om

no
w

on
in

th
is

pa
pe

r,
an

y
in
de

xi
ng

ov
er

th
e
va
ria

bl
es

of
an

at
om

ic
ex
pr
es
sio

n
w
ill

re
fe
r
to

th
e
in
du

ce
d
or
de

rin
g
of

th
e
se
t

V
w
he

n
π
is

gi
ve
n,

i.e
V

1
>
V

2
>
··
·>

V
n
in
ω
.
In

ot
he

r
wo

rd
s,
ω
is

ob
ta
in
ed

fro
m

π
by

le
av
in
g
ou

t
va
ria

bl
es

th
at

ar
e
no

t
co
nt
ai
ne

d
in
A
.
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T
ik

ka
an

d
K

ar
va

ne
n

T
he

ID
al
go

rit
hm

pe
rfo

rm
s
th
e
so
-c
al
le
d
C
-c
om

po
ne

nt
fa
ct
or
iz
at
io
n.

T
he

se
co
m
po

ne
nt
s

ar
e
su
bg

ra
ph

s
of

th
e
or
ig
in
al

gr
ap

h
w
he

re
ev
er
y
no

de
is

co
nn

ec
te
d
by

a
pa

th
co
ns
ist

in
g

en
tir

el
y
of

bi
di
re
ct
ed

ed
ge
s.

T
he

re
su
lti
ng

ex
pr
es
sio

ns
of

th
es
e
fa
ct
or
s
se
rv
e
as

th
e
ba

sis
fo
r

ou
r
sim

pl
ifi
ca
tio

n
pr
oc
ed

ur
e.

D
efi

ni
ti
on

4
(T

op
ol
og

ic
al

co
ns
is
te
nc

y)
Le

tG
′
be

a
D
AG

wi
th

a
su
bg
ra
ph

G
=
〈W

,E
〉

an
d
let

π
be

a
to
po
log

ica
lo

rd
er
in
g
of

th
e
ve
rt
ice

s
of
G
.
An

at
om

ic
ex
pr
es
sio

n
A

[W
]=
〈T
,S
〉

is
to
po
lo
gi
ca
lly

co
ns
is
te
nt

(o
r
π
-c
on

si
st
en

tf
or

sh
or
t)

if

A
n

(V
i) G
⊆

C
i
⊆
V
π i
fo
r
al
li

=
1,
..
.,
n
.

H
er
e
A
n

(V
i) G

de
no

te
s
th
e
an

ce
st
or
s
of
V
i
in
G
.
To

m
ot
iv
at
e
th
is

de
fin

iti
on

we
no

te
th
at

th
e
ou

tp
ut
s
of

th
e
al
go

rit
hm

s
of

Sh
pi
ts
er

an
d
Pe

ar
l(

20
06

a,
b)

ca
n
al
wa

ys
be

re
pr
es
en
te
d
by

us
in
g
pr
od

uc
ts

an
d
qu

ot
ie
nt
s
of

to
po

lo
gi
ca
lly

co
ns
ist

en
t
at
om

ic
ex
pr
es
sio

ns
.
A
n
ex
pr
es
sio

n
is

to
po

lo
gi
ca
lly

co
ns
ist

en
t
w
he

n
ev
er
y
at
om

ic
ex
pr
es
sio

n
co
nt
ai
ne

d
by

it
is

to
po

lo
gi
ca
lly

co
ns
ist

en
t
w
ith

re
sp
ec
t
to

a
to
po

lo
gi
ca
lo

rd
er
in
g
of

a
su
bg

ra
ph

.
W
e
pr
ov
id
e
a
pr
oo

ff
or

th
is

st
at
em

en
t
in

A
pp

en
di
x
A
.T

hi
s
al
so

sh
ow

s
th
at

an
y
m
an

ua
ld

er
iv
at
io
n
of

a
ca
us
al

eff
ec
t

ca
n
al
wa

ys
be

re
pr
es
en
te
d
by

a
to
po

lo
gi
ca
lly

co
ns
ist

en
t
ex
pr
es
sio

n.
T
he

as
su
m
pt
io
n
th
at

A
n

(V
i) G
⊆

C
i
is

no
t
ne

ce
ss
ar
y
fo
r
th
e
sim

pl
ifi
ca
tio

n
to

be
su
cc
es
sf
ul
.
T
hi
s
as
su
m
pt
io
n
is

us
ed

to
sp
ee
d
up

th
e
pe

rfo
rm

an
ce

of
ou

r
pr
oc
ed

ur
e
in

Se
ct
io
n
3.

3.
Si
m
pl
ifi
ca
ti
on

Si
m
pl
ifi
ca
tio

n
in

ou
rc

on
te
xt

is
th
ep

ro
ce
du

re
of

eli
m
in
at
in
g
va
ria

bl
es

fro
m

th
es

et
of

va
ria

bl
es

th
at

ar
e
to

be
su
m
m
ed

ov
er

in
ex
pr
es
sio

ns
.
In

at
om

ic
ex
pr
es
sio

ns
,a

su
cc
es
sfu

ls
im

pl
ifi
ca
tio

n
in

te
rm

s
of

a
sin

gl
e
va
ria

bl
e
sh
ou

ld
re
su
lt
in

an
ot
he

r
ex
pr
es
sio

n
th
at

ho
ld
s
th
e
sa
m
e
va
lu
e,

bu
t
w
ith

th
e
re
sp
ec
tiv

e
te
rm

el
im

in
at
ed

an
d
th
e
va
ria

bl
e
re
m
ov
ed

fro
m

th
e
su
m
m
at
io
n.

A
s

we
ar
e
in
te
re
st
ed

in
ca
us
al

eff
ec
ts
,w

e
co
ns
id
er

on
ly

sim
pl
ifi
ca
tio

n
of

to
po

lo
gi
ca
lly

co
ns
ist

en
t

at
om

ic
ex
pr
es
sio

ns
.

O
ur

ap
pr
oa
ch

to
sim

pl
ifi
ca
tio

n
is

th
at

th
e
at
om

ic
ex
pr
es
sio

n
ha

s
to

re
pr
es
en
t
a
jo
in
t

di
st
rib

ut
io
n
of

th
e
va
ria

bl
es

pr
es
en
t
in

th
e
ex
pr
es
sio

n
to

m
ak

e
th
e
pr
oc
ed

ur
e
fe
as
ib
le
.
T
he

qu
es
tio

n
is

w
he

th
er

th
e
ex
pr
es
sio

n
ca
n
be

m
od

ifi
ed

to
re
pr
es
en
t
a
jo
in
t
di
st
rib

ut
io
n.

Be
fo
re

we
ca
n
co
ns
id
er

sim
pl
ifi
ca
tio

n,
we

ha
ve

to
de

fin
e
th
is

pr
op

er
ty

ex
pl
ic
itl
y.

D
efi

ni
ti
on

5
(S
im

pl
ifi
ca
ti
on

se
ts
)
Le

t
G
′
be

a
D
AG

an
d
le
t
G

be
a
su
bg
ra
ph

of
G
′

ov
er

a
ve
rt
ex

se
t

W
wi
th

a
to
po
lo
gi
ca
l
or
de
ri
ng

π
.

Le
t
A

[W
]

=
〈T
,S
〉,

wh
er
e

T
=

{〈
V

1,
C

1,
〉,
..
.,
〈V
n
,C

n
〉}
,
be

a
π
-c
on

si
st
en

t
at
om

ic
ex
pr
es
si
on

an
d
le
t
V
j
∈

S.
Su

pp
os
e

th
at
V
π

(p
)

=
V
j
an

d
th
at
V
π

(q
)

=
V

1
an

d
le
tM

be
th
e
se
t

{U
∈

W
|U
6∈
V

[A
],
V
π

(q
)
>
U
>
V
π

(p
)}
.

If
th
er
e
ex
is
ts

a
se
tD
⊂
V
π j
an

d
th
e
se
ts

E
U
⊆

W
fo
r
al
lU
∈

M
su
ch

th
at

th
e
co
nd

iti
on

al
di
st
ri
bu
tio

n
of

th
e
va
ri
ab
le
s
V
π

(p
),
..
.,
V
π

(q
)
ca
n
be

fa
ct
or
iz
ed

as

P
(V
π

(p
),
..
.,
V
π

(q
)|D

)=
∏

U
∈M

P
(U
|E

U
)

∏

V
i
≥
V

j

P
(V
i|C

i),
(2
)
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Sim
plifying

P
robabilistic

E
xpressions

and
(U
⊥⊥
V
j |E

U
\{
V
j })

G
′for

all
U
∈

M
.

(3)

then
the

sets
D

and
E
U
,U
∈

M
are

the
sim

plification
sets

of
A

with
respectto

V
j .

This
definition

is
tailored

forthe
nextresultthatcan

be
used

to
determ

ine
the

existence
ofa

sim
pler

expression
w
hen

sim
plification

sets
exist.

A
fterw

ards
w
e
w
illshow

how
this

result
can

be
applied

in
practice

via
an

exam
ple.

T
he

definition
characterizes

π-consistent
atom

ic
expressions

that
represent

joint
distributions.

It
is

apparent
that

sim
plifications

sets
are

not
always

unique,w
hich

can
lead

to
different

but
stillsim

pler
expressions.

H
enceforth

the
next

result
considers

sim
plification

in
term

s
ofa

single
variable.

T
he

proofis
available

in
A
ppendix

B.

T
heorem

6
(Sim

plification)
Let

G
′be

a
D
AG

and
let

G
be

a
subgraph

of
G
′over

a
vertex

setW
with

a
topologicalordering

π.
Let

A
[W

]=
〈T
,S〉

be
a
π-consistentatom

ic
expression

and
letD

and
E
U
,U
∈

M
be

its
sim

plification
sets

with
respectto

a
variable

V
j ∈

S.
T
hen

there
existan

expression
A
′[W
\{
V
j }]=

〈T
′,S
′〉
such

that
V
j 6∈

S
′,
P
A

=
P
A
′and

no
term

in
A
′contains

V
j .

N
ote

that
even

ifM
=
∅
in

D
efinition

5,the
existence

ofsim
plification

sets
stillrequires

that
∏
V

i ≥
V

j
P

(V
i |C

i )
=
P

(V
j ,...,V

1 |D
).

In
m
any

cases
there

exists
variables

U
∈

M
such

that
the

expression
does

not
contain

a
term

for
U
.
C
ondition

(2)
ofD

efinition
5
guarantees

that
ifthese

term
s
were

contained
in

the
expression

it
would

represent
a
joint

distribution.
O
ur

goalis
thus

to
introduce

these
term

s
into

the
originalexpression

tem
porarily,carry

out
the

desired
sum

m
ation,and

finally
rem

ove
the

added
term

s.
T
his

can
only

be
achieved

ifthe
variables

in
the

set
M

are
conditionally

independent
ofthe

variable
currently

being
sum

m
ed

over,hence
the

assum
ption

(U
⊥⊥
V
j |E

U
\{
V
j })

G
′ofcondition

(3)
ofD

efinition
5.

W
e
show

how
sim

plification
sets

can
be

used
in

practice
to

derive
a
sim

pler
expression

via
an

exam
ple.

W
e
considerthe

causaleffectof{
X
,Z
,W
}
on

Y
in

the
graph

G
ofFigure

2.

Figure
2:

A
graph

G
for

the
exam

ple
on

the
use

ofsim
plification

sets.

T
he

effect
in

question
is

identifiable
and

the
ID

algorithm
readily

gives
atom

ic
expression

∑X
,W

P
(Y
|X
,W

,Z
)P

(X
|W

)P
(W

).
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T
ikka

and
K

arvanen

W
e
consider

sim
plification

sets
w
ith

respect
to
V
j =

W
.
T
he

topologicalorder
is
W

<
X
<

Z
<
Y
.
T
he

atom
ic

expression
does

not
contain

a
term

for
Z

so
w
e
have

M
=
{Z}.

B
y

noting
that

(Z
⊥⊥
W
|X

)
G
we

are
able

to
satisfy

condition
(3)

ofD
efinition

5.
W
e
can

w
rite

P
(Y
,Z
,X
,W

)=
P

(Z|X
,W

)P
(Y
|X
,W

,Z
)P

(X
|W

)P
(W

),

asrequired
by

condition
(2)ofD

efinition
5
by

setting
E
Z

=
{X

,W
}.Thus,thesim

plification
sets

D
and

E
Z
for

the
atom

ic
expression

w
ith

respect
to
W

are∅
and
{X

,W
},respectively.

Finally,we
obtain

the
sim

pler
atom

ic
expression

by
carrying

out
the

sum
m
ation

over
W

:
∑X

P
(Y
|X
,Z

)P
(X

).

N
either

D
efinition

5
nor

T
heorem

6
provide

a
m
ethod

to
obtain

sim
plification

sets
or

to
determ

ine
w
hether

they
exist

in
general.

To
solve

this
problem

we
present

a
sim

plification
algorithm

for
π-consistent

atom
ic

expressions
that

operates
by

constructing
sim

plification
sets

iteratively
for

each
variable

in
the

sum
m
ation

set.
A
lgorithm

1
always

attem
pts

to
perform

m
axim

alsim
plification,m

eaning
that

as
m
any

variables
ofthe

set
S
are

rem
oved

as
possible.

Ifthe
sim

plification
in

term
s
ofthe

entire
set

S
can

not
be

com
pleted,the

interm
ediate

result
w
ith

as
m
any

variables
sim

plified
as

possible
is

returned.
Ifsim

plification
in

term
s
ofspecific

variables
or

a
subset

is
preferred,

the
set

S
should

be
defined

accordingly.
T
he

function
sim

plify
takes

three
argum

ents:
an

atom
ic

expression
A

[W
]that

is
to

be
sim

plified,a
graph

G
and

a
topologicalordering

π
ofits

vertices.
A

is
assum

ed
to

be
π-consistent.

O
n
line10

thefunction
index.of

returnsthecorresponding
index

ioftheterm
containing

S
j .

Since
A

is
π-consistent,we

only
have

to
iterate

through
the

variables
V

1 ,...,V
j
as

the
term

s
outside

this
range

contain
no

relevant
inform

ation
about

the
sim

plification
of
V
j .

The
variables

w
ithout

a
corresponding

term
in

the
atom

ic
expression

A
are

retrieved
on

line
11

by
the

function
get.m

issing.
T
his

function
returns

the
set

M
ofD

efinition
5
w
ith

respect
to

the
current

variable
to

be
sum

m
ed

over.
In

order
to

show
that

the
term

of
A

represent
som

e
joint

distribution,w
e
proceed

in
the

order
dictated

by
the

topologicalordering
ofthe

vertices.
T
he

sets
J
and

D
keep

track
ofthe

variables
that

have
been

successfully
processed

and
ofthe

conditioning
set

ofthe
joint

term
that

was
constructed

on
the

previous
iteration.

Sim
ilarly,the

sets
R

and
I
keep

track
ofthe

variables
and

conditioning
sets

ofthe
corresponding

variables
that

the
atom

ic
expression

does
not

originally
contain

a
term

for.
Iteration

through
relevant

term
s
begins

on
line

13.
N
ext,we

take
a
closer

look
at

the
function

join
w
hich

is
called

next
on

line
14.

H
ereP

(·)denotesthepowerset,4
denotesthesym

m
etricdifferenceand

A
n
∗(·)

G
denotes

the
ancestors

with
the

argum
ent

included.
The

function
join

attem
pts

to
com

bine
the

joint
term

P
(J|D

),obtained
from

thepreviousiteration
steps,with

theterm
P

(V
|C

):=
P

(V
k |C

k )
ofthecurrentiteration

step.d-separation
statem

entsof
G

areevaluated
to

determ
inewhether

thiscan
bedone.In

practicethism
eansfinding

a
suitablesubsetP

i ofG
,whereG

∪
A
n(V

)
G

is
the

largest
possible

conditioning
set

ofthe
new

com
bined

term
.
T
he

set
G

is
com

puted
on

line
on

line
4
ofA

lgorithm
2.

A
valid

subset
P
i satisfies

P
(J|D

)=
P

(J|A
n
∗(V

)
G
,P

i )
and

P
(V
|C

)
=
P

(V
|A
n(V

)
G
,P

i )
w
hich

allow
us

to
w
rite

the
product

P
(J|D

)P
(V
|C

)
as

P
(J
,V
|A
n(V

)
G
,P

i ).

8
JM

L
R

 18(36):1-30, 2017



Si
m

pl
if

yi
ng

P
ro

ba
bi

li
st

ic
E

xp
re

ss
io

ns

A
lg
or
it
hm

1
Si
m
pl
ifi
ca
tio

n
of

an
at
om

ic
ex
pr
es
sio

n
A

=
〈T
,S
〉g

iv
en

gr
ap

h
G

an
d
to
po

-
lo
gi
ca
lo

rd
er
in
g
π
.

1:
fu
nc

ti
on

si
m

pl
if

y(
A
,G
,π

)
2:

j
←

0
3:

w
hi
le
j
<
|S
|d

o
4:

B
←
A

5:
J
←
∅

6:
D
←
∅

7:
R
←
∅

8:
I←
∅

9:
j
←
j

+
1

10
:

i
←

in
de

x.
of

(A
,j

)
11

:
M
←

ge
t.

m
is

si
ng

(A
,G
,j

)
12

:
k
←

1
13

:
w
hi
le
k
≤
i
do

14
:

〈J
ne

w
,D

ne
w
,R

ne
w
〉←

jo
in

(J
,D

,V
k
,C

k
,S

j
,M

,G
,π

)
15

:
if

J n
ew
⊆

J
th
en

16
:

br
ea
k

17
:

el
se

18
:

J
←

J n
ew

19
:

D
←

D
ne

w
20

:
if

R
ne

w
6=
∅
th
en

21
:

R
←

R
∪

R
ne

w
22

:
I←

I∪
{D
}

23
:

M
←

M
\R

ne
w

24
:

el
se

25
:

k
←
k

+
1

26
:

if
k

=
i

+
1
th
en

27
:

A
ne

w
←

fa
ct

or
iz

e(
J,

D
,R

,I
,A

)
28

:
if
A

ne
w

=
A
th
en

29
:

A
←
B

30
:

el
se

31
:

A
←
A

ne
w

32
:

S
←

S
\{
S
j
}

33
:

j
←

0
34

:
re
tu
rn

A

In
or
de

r
to

fin
d
th
is

va
lid

su
bs
et
,w

e
co
m
pu

te
th
e
se
ts

A
an

d
B

fo
r
ea
ch

ca
nd

id
at
e

on
lin

es
8
an

d
9.

T
he

se
se
ts

ch
ar
ac
te
riz

e
th
e
ne

ce
ss
ar
y
ch
an

ge
in

th
e
co
nd

iti
on

in
g
se
ts

of
th
e
te
rm

s
P

(J
|D

)
an

d
P

(V
|C

)
th
at

wo
ul
d
en

ab
le

a
jo
in
t
te
rm

to
be

fo
rm

ed
by

th
es
e
tw

o
te
rm

s.
Th

e
va
lid

ity
of

th
e
ca
nd

id
at
e
se
t
is

fin
al
ly

ch
ec
ke
d
on

lin
e
10

wh
ich

de
te
rm

in
es

if
th
e

ne
ce
ss
ar
y
ch
an

ge
is
al
lo
we

d
by

d-
se
pa

ra
tio

n
cr
ite

ria
in

th
e
gr
ap

h
G
.I

fn
o
va
lid

su
bs
et

P
i
ca
n

be
fo
un

d,
we

ca
n
st
ill

at
te
m
pt

to
in
se
rt

a
m
iss

in
g
va
ria

bl
e
of

M
by

ca
lli
ng

in
se

rt
.
If
th
is
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T
ik

ka
an

d
K

ar
va

ne
n

A
lg
or
it
hm

2
C
on

st
ru
ct
io
n
of

th
e
jo
in
t
di
st
rib

ut
io
n
of

th
e
se
t

J
an

d
a
va
ria

bl
e
V

gi
ve
n

th
eir

co
nd

iti
on

al
se
ts

D
an

d
C

us
in
g
d-
se
pa

ra
tio

n
cr
ite

ria
in
G
.
S

is
th
e
cu

rr
en
ts

um
m
at
io
n

va
ria

bl
e,

M
is

th
e
se
t
of

va
ria

bl
es

no
t
co
nt
ai
ne

d
in

th
e
ex
pr
es
sio

n
an

d
π
is

a
to
po

lo
gi
ca
l

or
de

rin
g.

1:
fu
nc

ti
on

jo
in
(J
,D

,V
,C
,S
,M

,G
,π

)
2:

if
J

=
∅
th
en

3:
re
tu
rn
〈{
V
},

C
,∅
〉

4:
G
←

Jπ
\A

n
∗ (
V

) G
5:

P
←
P

(G
)

6:
n
←
|P
|

7:
fo
r
i

=
1

:n
do

8:
A
←

(A
n
∗ (
V

) G
∪

P
i)
4

D
9:

B
←

(A
n

(V
) G
∪

P
i)
4

C
10

:
if

(J
⊥⊥

A
|D
\A

) G
an

d
(V
⊥⊥

B
|C
\B

) G
th
en

11
:

re
tu
rn
〈J
∪
{V
},

(A
n

(V
) G
∪

P
i),
∅〉

12
:

if
M
6=
∅
th
en

13
:

fo
r
M
′ ∈

M
do

14
:

if
M
′ ∈

D
,M
′ 6∈

C
th
en

15
:

〈J
ne

w
,D

ne
w
,R
〉←

in
se

rt
(J
,D

,M
′ ,
S
,G
,π

)
16

:
if

J
⊂

J n
ew

th
en

17
:

re
tu
rn
〈J

ne
w
,D

ne
w
,R
〉

18
:

re
tu
rn
〈J
,D

,∅
〉

do
es

no
ts

uc
ce
ed

eit
he

r,
th
e
or
ig
in
al

se
ts

J
an

d
D

ar
e
re
tu
rn
ed

,w
hi
ch

in
st
ru
ct
ss

im
pl

if
y
to

te
rm

in
at
e
sim

pl
ifi
ca
tio

n
in

te
rm

s
of
V
j
an

d
at
te
m
pt

sim
pl
ifi
ca
tio

n
in

th
e
ne

xt
va
ria

bl
e.

A
sp
ec
ia
lc

as
e
w
he

re
th
e
fir
st

va
ria

bl
e
of

th
e
jo
in
t
di
st
rib

ut
io
n
fo
rm

s
P

(J
,D

)
al
on

e
is

pr
oc
es
se
d
on

lin
e
2
of

A
lg
or
ith

m
2.

In
th
is
ca
se
,w

e
ha

ve
an

im
m
ed

ia
te

re
su
lt
wi
th
ou

th
av
in
g

to
ite

ra
te

th
ro
ug

h
th
e
su
bs
et
s
of

G
.
Th

e
fo
rm

ul
at
io
n
of

th
e
se
tG

en
su
re
s
th
at

th
e
re
su
lti
ng

fa
ct
or
iz
at
io
n
is
π
-c
on

sis
te
nt

if
it

ex
ist

s.
K
no

w
in
g
th
at

th
e
an

ce
st
ra
ls

et
A
n

(V
) G

ha
s
to

be
a

su
bs
et

of
th
e
ne

w
co
nd

iti
on

in
g
se
t
al
so

gr
ea
tly

re
du

ce
s
th
e
am

ou
nt

of
su
bs
et
s
w
e
ha

ve
to

ite
ra
te

th
ro
ug

h.
In

a
ty
pi
ca
ls
itu

at
io
n,

th
e
siz

e
of

P
is
no

t
ve
ry

la
rg
e.

Le
t
us

no
w

in
sp
ec
t

th
e
in
se
rt
io
n
pr
oc
ed

ur
e
in

gr
ea
te
r
de

ta
il.

In
es
se
nc

e,
th
e
fu
nc

tio
n

in
se

rt
is

a
sim

pl
er

ve
rs
io
n
of

jo
in
,b

ec
au

se
th
e
on

ly
re
st
ric

tio
n

on
th
e
co
nd

iti
on

in
g
se
t
of
M
′
is

im
po

se
d
by

th
e
co
nd

iti
on

in
g
se
t
of

J
an

d
th
e
fa
ct

th
at
M
′

ha
s
to

be
co
nd

iti
on

al
ly

in
de

pe
nd

en
to

ft
he

cu
rr
en
tv

ar
ia
bl
e
S

to
be

su
m
m
ed

ov
er
.
If

jo
in

or
in

se
rt

wa
s
un

su
cc
es
sfu

li
n
fo
rm

in
g
a
ne

w
jo
in
t
di
st
rib

ut
io
n,

we
ha

ve
th
at

J n
ew
⊂

J.
In

th
is

ca
se

sim
pl
ifi
ca
tio

n
in

te
rm

s
of

th
e
cu

rr
en
t
va
ria

bl
e
ca
nn

ot
be

co
m
pl
et
ed

.
If

w
e
ha

ve
th
at

J n
ew
6⊂

J
th
e
ite

ra
tio

n
co
nt
in
ue

s.
To

ge
th
er

th
e
fu
nc

tio
ns

jo
in

an
d

in
se

rt
ca
pt
ur
e
th
e
tw

o
co
nd

iti
on

so
fD

efi
ni
tio

n
5.

Th
ey

ar
e
es
se
nt
ia
lly

tw
o
va
ria

tio
ns

of
th
e
un

de
rly

in
g
pr
oc
ed

ur
e
of

de
te
rm

in
in
g
w
he

th
er

th
e
te
rm

s
of

th
e
at
om

ic
ex
pr
es
sio

n
ac
tu
al
ly

re
pr
es
en
t
a
jo
in
t
di
st
rib

ut
io
n.

T
he

on
ly

di
ffe

re
nc

e
is

th
at

jo
in

is
ca
lle

d
wh

en
we

ar
e
pr
oc
es
sin

g
te
rm

st
ha

ta
lre

ad
y
ex
ist

in
th
e
ex
pr
es
sio

n,
an

d
in

se
rt
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Sim
plifying

P
robabilistic

E
xpressions

A
lgorithm

3
Insertion

ofvariable
M
′into

the
jointterm

P
(J|D

)using
d-separation

criteria
in
G
.
S

is
the

current
sum

m
ation

variable
and

π
is

a
topologicalordering.

1:
function

insert(J
,D

,M
′,S

,G
,π)

2:
G
←

J
π\

A
n
∗(M

′)
G

3:
n
←
|G
|

4:
for

i=
1

:
n
do

5:
A
←

(A
n
∗(M

′)
G
∪

P
i )4

D
6:

B
←

(A
n(M

′)
G
∪

P
i )

7:
if

(J
⊥⊥

A
|D
\

A
)
G
and

(M
′⊥⊥

S|B
\

S)
G
then

8:
return

〈J
∪
{
M
′}
,(A

n
∗(M

′)
G
∪

P
i ),{

M
′}〉

9:
return

〈J
,D

,∅〉

is
called

when
there

are
variables

without
corresponding

term
s
in

the
expression,that

is
the

set
M

ofD
efinition

5
is

not
em

pty.
Ifthe

innerm
ost

w
hile-loop

ofA
lgorithm

1
succeeded

in
iterating

through
the

relevant
variables,we

are
ready

to
com

plete
the

sim
plification

process
in

term
s
of
S
j .

W
e
carry

out
the

sum
m
ation

over
S
j
w
hich

results
in
P

(J
\
{V

i }|D
).

T
his

is
done

on
line

27
by

calling
factorize(J

,D
,R

,I,A
)
which

checks
whether

the
joint

term
P

(J
\{
V
i }|D

)
can

be
factorized

back
into

a
productofterm

s.
In

practice
this

m
eans

thatifthe
function

succeeds,
it

w
illreturn

an
atom

ic
expression

obtained
by

rem
oving

each
inserted

term
P

(R|I
R )

such
that

R
∈

R
and

I
R
∈

I
from

atom
ic

expression
A
.
T
he

status
ofthe

atom
ic

expression
is

updated
on

lines
31

and
32

to
reflect

this.
Ifthe

function
fails,it

w
illreturn

A
unchanged.

Ifthe
innerm

ost
w
hile-loop

did
not

iterate
com

pletely
through

the
relevant

variables,
the

sim
plification

w
as

not
successfulin

term
s
of
S
j
at

this
point.

In
this

case
w
e
reset

A
to

its
originalstate

on
line

29
and

attem
pt

sim
plification

in
term

s
ofthe

next
variable.

If
there

are
no

further
variables

to
be

elim
inated,the

outerm
ost

while-loop
willalso

term
inate.

In
the

next
theorem

,w
e
show

that
A
lgorithm

1
is

both
sound

and
com

plete
in

term
s
of

sim
plification

sets.
T
he

prooffor
the

theorem
can

be
found

in
A
ppendix

D
.

T
heorem

7
Let

G
′be

a
D
AG

and
let

G
be

a
subgraph

of
G
′over

a
vertex

set
W

with
a

topologicalordering
π.

Let
A

[W
]=
〈T
,{
V
j }〉

be
a
π-consistentatom

ic
expression.

T
hen

if
sim

plify(A
,G
,π)

succeeds,ithas
constructed

a
collection

ofsim
plification

sets
of
A

with
respectto

V
j .

Conversely,ifthere
exists

a
collection

ofsim
plifications

sets
of
A

with
respect

to
V
j ,then

sim
plify(A

,G
,π)

willsucceed.

4.
H
igh

LevelA
lgorithm

s

In
this

section,we
present

an
algorithm

to
sim

plify
allatom

ic
expressions

in
the

recursive
stack

of
an

expression.
W
e
w
ill

also
provide

a
sim

ple
procedure

to
sim

plify
quotients

defined
by

two
expressions:

one
representing

the
num

erator
and

another
representing

the
denom

inator.
In

som
e
cases

it
is

also
possible

to
elim

inate
the

denom
inator

by
subtracting

com
m
on

term
s.

First,we
present

a
generalalgorithm

to
sim

plify
topologically

consistent
expressions.
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T
ikka

and
K

arvanen

A
lgorithm

4
R
ecursive

wrapperforthe
sim

plification
ofan

expression
B

=
〈B
,A

,S〉given
graph

G
and

topologicalordering
π.

1:
function

deconstruct(B
,G
,π)

2:
R
←
∅

3:
for

Y
∈

A
do

4:
〈{〈V

1 ,C
1 〉,...,〈V

n
,C

n 〉},S
Y 〉←

sim
plify(Y

,G
,π)

5:
if

S
Y

=
∅
then

6:
A
←

A
∪

( ⋃
ni=

1 {〈{〈V
i ,C

i 〉},∅〉})
7:

for
〈B

X
,A

X
,S

X 〉∈
B

do
8:

〈B
X
,A

X
,S

X 〉←
deconstruct(〈B

X
,A

X
,S

X 〉,G
)

9:
if

B
X

=
∅
and

S
X

=
∅
then

10:
R
←

R
∪
{〈B

X
,A

X
,S

X 〉}
11:

A
←

A
∪

A
X

12:
B
←

B
\

R
13:

return
〈B
,A

,S〉

A
lgorithm

4
begins

by
sim

plifying
allatom

ic
expressions

contained
in

the
expressions.

Ifan
atom

ic
expression

contains
no

sum
m
ations

after
the

sim
plification

but
does

contain
m
ultiple

term
s,each

individualterm
is

converted
into

an
atom

ic
expression

oftheir
ow

n.
A
fter

this,we
iterate

through
allsub-expressions

contained
in

the
expression.

T
he

purpose
ofthis

is
to

carry
out

the
sim

plification
ofevery

atom
ic

expression
in

the
stack

and
collect

the
resultsinto

asfew
atom

ic
expressionsaspossible.First,we

traverse
to

the
bottom

ofthe
stack

on
line

8
by

deconstructing
sub-expressions

untilthey
have

no
sub-expressions

oftheir
ow

n.
A
fterwards,it

m
ust

be
the

case
that〈B

X
,A

X
,S

X 〉
consists

ofatom
ic

sub-expressions
only.If〈B

X
,A

X
,S

X 〉containsno
sum

m
ationson

line
9
then

the
atom

ic
expressionscontained

in
this

expression
do

not
require

an
additionalexpression

to
contain

them
,but

can
instead

be
transferred

to
be

a
part

ofthe
expression

above
the

current
one

in
the

recursive
stack.

O
n
line

6
we

lift
the

atom
ic

expressions
contained

in
the

atom
ic

sub-expressions
up

to
the

current
recursion

stage.
T
here

is
no

guarantee,that
the

resulting
atom

ic
expression

is
still

π-consistent
after

this
procedure.

T
he

function
deconstruct

operates
on

the
principle

of
sim

plifying
as

m
any

atom
ic

expressions
as

possible,com
bining

the
results

into
new

atom
ic

expressions
and

sim
plifying

them
once

m
ore.

W
e
do

not
claim

that
this

procedure
is

com
plete

in
a

sense
that

A
lgorithm

4
would

always
find

the
sim

plest
representation

for
a
given

expression.
T
his

m
ethod

in
nonetheless

sound
and

finds
drastically

sim
pler

expressions
in

alm
ost

every
situation

w
here

such
an

expression
exists.

W
e
m
ay

also
consider

quotients
often

form
ed

by
deriving

conditionaldistributions.
For

this
purpose

w
e
need

a
subroutine

to
extract

term
s
from

atom
ic

sub-expression
that

are
independent

ofthe
sum

m
ation

index,that
is
V
i 6∈

S
and

C
i ∩

S
=
∅.

T
he

procedure
ofA

lgorithm
5
is

rather
straightforward.

First,we
attem

pt
to

sim
plify

B
by

using
deconstruct

on
line

2.
N
ext,we

sim
ply

recurse
as

deep
as

possible
w
ithout

encountering
a
sum

in
an

expression.
If

a
sum

is
encountered,

extraction
is

attem
pted.

O
n
any

stage
w
here

a
sum

was
not

encountered,we
m
ay

stillhave
atom

ic
sub-expression
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Si
m

pl
if

yi
ng

P
ro

ba
bi

li
st

ic
E

xp
re

ss
io

ns

A
lg
or
it
hm

5
Ex

tr
ac
tio

n
of

te
rm

s
in
de

pe
nd

en
t
of

th
e
su
m
m
at
io
n
in
di
ce
s
fro

m
a
ex
pr
es
sio

n
B

=
〈B
,A

,S
〉g

iv
en

gr
ap

h
G

an
d
to
po

lo
gi
ca
lo

rd
er
in
g
π
.

1:
fu
nc

ti
on

ex
tr

ac
t(
B
,G
,π

)
2:

B
←

de
co

ns
tr

uc
t(
B
,G
,π

)
3:

if
S

=
∅
th
en

4:
fo
r
X
∈

B
do

5:
X
←

ex
tr

ac
t(
X
,G
,π

)
6:

fo
r
〈T

A
,S

A
〉∈

A
do

7:
if

S A
6=
∅
th
en

8:
A
E
←
∅

9:
R
←
∅

10
:

fo
r
〈V
,C
〉∈

T
A
do

11
:

if
V
6∈

S A
an

d
C
∩

S A
=
∅
th
en

12
:

A
E
←

A
E
∪
{〈
{〈
V
,C
〉}
,∅
〉}

13
:

R
←

R
∪
{〈
V
,C
〉}

14
:

A
←

A
∪

A
E

15
:

T
A
←

T
A
\R

16
:

el
se

17
:

A
E
←
∅

18
:

R
←
∅

19
:

fo
r
〈T

A
,S

A
〉∈

A
do

20
:

if
S A

=
∅
th
en

21
:

T
(1

)
A
←
∅

22
:

T
(2

)
A
←
∅

23
:

fo
r
〈V
,C
〉∈

T
A
do

24
:

T
(1

)
A
←

T
(1

)
A
∪
{V
}

25
:

T
(2

)
A
←

T
(2

)
A
∪

C
26

:
if

T
(1

)
A
∩

S
=
∅
an

d
T

(2
)

A
∩

S
=
∅
th
en

27
:

A
E
←

A
E
∪
{〈

T
A
,S

A
〉}

28
:

R
←

R
∪
{〈

T
A
,S

A
〉}

29
:

A
←

A
\R

30
:

B
E
←
{B
}

31
:

re
tu
rn
〈B

E
,A

E
,∅
〉

th
at

co
nt
ai
n
su
m
s.

B
ec
au

se
th
e
re
cu

rs
io
n
ha

d
re
ac
he

d
th
is

fa
r,
we

kn
ow

th
at

th
er
e
ar
e
no

su
m
m
at
io
ns

ab
ov
e
th
em

in
th
e
st
ac
k,

so
we

ca
n
at
te
m
pt

ex
tr
ac
tio

n
on

th
em

as
we

ll.

A
lg
or
ith

m
6
ta
ke
s
tw

o
ex
pr
es
sio

ns
,B

1
an

d
B

2,
an

d
re
m
ov
es

an
y
su
b-
ex
pr
es
sio

ns
an

d
at
om

ic
su
b-
ex
pr
es
sio

ns
th
at

ar
e
sh
ar
ed

by
B

1
an

d
B

2.
T
hi
s
is

of
co
ur
se

on
ly

fe
as
ib
le

w
he

n
th
e
su
m
m
at
io
n
se
ts

ar
e
em

pt
y
fo
r
bo

th
B

1
an

d
B

2.
T
hi
s
co
nd

iti
on

is
ch
ec
ke
d
on

lin
e
4.
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T
ik

ka
an

d
K

ar
va

ne
n

A
lg
or
it
hm

6
Si
m
pl
ifi
ca
tio

n
of

a
qu

ot
ie
nt
P
B

1
/
P
B

2
gi
ve
n
by

th
e
va
lu
es

of
tw

o
ex
pr
es
sio

ns
B

1
=
〈B

1,
A

1,
S 1
〉a

nd
B

2
=
〈B

2,
A

2,
S 2
〉g

iv
en

gr
ap

h
G

an
d
to
po

lo
gi
ca
lo

rd
er
in
g
π
.

1:
fu
nc

ti
on

q-
si

m
pl

if
y(
B

1,
B

2,
G
,π

)
2:

B
1
←

ex
tr

ac
t(
B

1,
G
,π

)
3:

B
2
←

ex
tr

ac
t(
B

2,
G
,π

)
4:

if
S 1
6=
∅
or

S 2
6=
∅
th
en

5:
re
tu
rn
〈B

1,
B

2〉
6:

i
←

1
7:

w
hi
le
i
≤
|B

1|
an

d
|B

1|
>

0
an

d
|B

2|
>

0
do

8:
fo
r
j

=
1

:|
B

2|
do

9:
if
B

1i
=
B

2j
th
en

10
:

B
1
←

B
1
\{
B

1i
}

11
:

B
2
←

B
2
\{
B

2j
}

12
:

i
←

0
13

:
br
ea
k

14
:

i
←
i

+
1

15
:

i
←

1
16

:
w
hi
le
i
≤
|A

1|
an

d
|A

1|
>

0
an

d
|A

2|
>

0
do

17
:

fo
r
j

=
1

:|
A

2|
do

18
:

if
A

1i
=
A

2j
th
en

19
:

A
1
←

A
1
\{
A

1i
}

20
:

A
2
←

A
2
\{
A

2j
}

21
:

i
←

0
22

:
br
ea
k

23
:

i
←
i

+
1

24
:

re
tu
rn
〈B

1,
B

2〉

5.
E
xa

m
pl
es

In
th
is

se
ct
io
n
we

pr
es
en
t
ex
am

pl
es

of
ap

pl
yi
ng

th
e
al
go

rit
hm

s
of

th
e
pr
ev
io
us

se
ct
io
ns
.
W
e

de
no

te
lin

e
nu

m
be

r
y
of

al
go
rit

hm
x
w
ith

A
x
:y
.
W
e
be

gi
n
w
ith

a
sim

pl
e
ex
am

pl
e
on

th
e

ne
ce
ss
ity

of
th
e

in
se

rt
pr
oc
ed

ur
e
in

gr
ap

h
G

of
Fi
gu

re
3.

Fi
gu

re
3:

A
gr
ap

h
G

fo
r
th
e
ex
am

pl
e
on

th
e
ne

ce
ss
ity

of
th
e
in
se
rt
io
n
pr
oc
ed

ur
e.
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Sim
plifying

P
robabilistic

E
xpressions

T
he

causaleffect
of
W

on
X

is
identifiable

in
this

graph,and
expression

∑Z
,Y

P
(Y

)P
(Z|Y

)P
(X
|W
,Z
,Y

)

is
obtained

by
direct

application
of

the
ID

algorithm
or

by
the

truncated
factorization

form
ula

for
causaleffects

in
M
arkovian

m
odels

(Pearl,2009).
W
e
let

A
be

this
atom

ic
expression.

T
he

topologicalordering
π
is
X
>
W

>
Z
>
Y

and
M

=
{W
}.

T
he

callto
sim

plify(A
,G
,π)

w
illfirst

attem
pt

sim
plification

in
term

s
of
Z
,by

calling

join(∅
,∅
,X
,{
W
,Z
,Y
},Z

,{
W
}
,G
,π),

w
hich

results
in
〈X
,{
W
,Z
,Y
}
,∅〉.

A
t
the

second
call

join({X
}
,{
W
,Z
,Y
},Z

,Y
,Z
,{W

},G
,π)

we
already

run
into

trouble
since

we
cannotfind

a
conditioning

setthatwould
allow

Z
to

be
joined

w
ith
{
X
}.

H
ow

ever,since
M

is
non-em

pty
and

W
∈
{W

,Z
,Y
}
and

W
6∈
{Z}

this
m
eans

that
the

next
callis

insert({
X
},{W

,Z
,Y
}
,W

,Z
,G
,π).

Insertion
fails

in
this

case,as
one

can
see

from
the

fact
that

no
conditioning

set
exists

that
would

m
ake

W
conditionally

independent
of
Z
.
T
hus

we
recurse

back
to

join
and

back
to

sim
plify

and
end

up
on

line
A
1:15

w
hich

breaks
out

ofthe
w
hile-loop.

T
hus

A
cannot

be
sim

plified
in

term
s
of
Z
.
Sim

plification
is

attem
pted

next
in

term
s
of
Y
.
T
he

first
two

calls
are

in
this

case
join(∅

,∅
,X
,{
W
,Z
,Y
},Y

,{
W
}
,G
,π),

join({
X
}
,{
W
,Z
,Y
},Z

,{
Y
},Y

,{
W
}
,G
,π),

and
in

the
second

callwe
run

into
trouble

again
and

have
to

attem
pt

insertion

insert({
X
},{W

,Z
,Y
},W

,Y
,G
,π).

This
tim

e
we

find
thatwe

can
add

a
term

for
W

which
is
P

(W
|Z
,Y

)because
(W
⊥⊥
Y
|Z

)
G .

T
he

other
calls

to
join

also
succeed

and
we

can
w
rite

the
value

of
A

as
∑
Z
,Y
P

(Y
)P

(Z|Y
)P

(W
|Y
,Z

)P
(X
|W
,Z
,Y

)
P

(W
|Z

)
.

and
com

plete
the

sum
m
ation

in
term

s
of
Y
.
A
fter

the
callto

factorize
we

are
left

w
ith

the
finalexpression

∑

Z

P
(X
|W
,Z

)P
(Z

).

W
e
continue

by
considering

again
graph

G
depicted

in
Figure

1.The
topologicalordering

π
is
Y
>
Z

1
>
Z

3
>
X
>
Z

2 .
A
tom

ic
expression

A
1
given

by
∑X
,Y

P
(Y
|Z

2 ,X
,Z

3 ,Z
1 )P

(Z
3 |Z

2 ,X
)P

(X
|Z

2 )P
(Z

2 ),
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T
ikka

and
K

arvanen

is
a
part

ofthe
expression

to
be

sim
plified.

W
e
w
illfirst

sim
plify

A
1
and

take
a
closer

look
at

how
the

function
join

operates.
T
he

call
to

sim
plify(A

1 ,G
,π)

w
ill

attem
pt

sim
plification

in
term

s
of

the
set
{X

,Y
}
in

the
ordering

that
agrees

w
ith

the
topologicalordering

π,w
hich

is
(Y
,X

).
A
fter

initializing
the

required
sets,w

e
find

the
index

ofthe
term

w
ith

Y
as

a
variable

on
line

10.
T
here

is
one

m
issing

variable,
Z

1 ,so
M

=
{Z

1 }
as

returned
by

get.m
issing

on
line

A
1:11.

T
he

first
callto

join
results

in
〈Y
,{
Z

2 ,X
,Z

3 ,Z
1 },∅〉,because

line
A
2:3

is
triggered.

C
ondition

on
line

A
1:15

isnotsatisfied
since

J
new

=
{Y
}
6⊆
∅

=
J.

Thuswe
update

the
statusofJ

and
D

on
linesA

1:18
and

A
1:19.Since

R
new

=
∅
on

line
A
1:20

we
do

nothave
to

update
the

status
ofR

,I
and

M
on

lines
A
1:21,A

1:22
and

A
1:23.

T
he

innerm
ost

w
hile-loop

is
now

com
plete

and
wecallfactorize

on
lineA

1:27
which

succeedsin
rem

oving
theterm

P
(Y
|Z

2 ,X
,Z

3 ,Z
1 )

by
com

pleting
the

sum
.
N
ow

we
update

the
status

ofthe
atom

ic
expression

on
line

A
1:31

and
rem

ove
Y

from
the

set
ofvariables

to
be

sum
m
ed

over
on

line
A
1:32.

T
he

resulting
value

ofthe
expression

at
this

point
is

∑X

P
(Z

3 |Z
2 ,X

)P
(X
|Z

2 )P
(Z

2 ).

N
ext,the

sum
m
ation

in
term

s
of
X

is
attem

pted.
join

is
once

again
successful,because

Z
3
is

the
first

variable
to

be
joined

and
line

A
2:3

is
triggered.

N
ext

we
attem

pt
to

join
the

term
s
P

(Z
3 |Z

2 ,X
)
and

P
(X
|Z

2 ).
C
om

putation
ofthe

set
G

on
line

A
2:4

results
in

{Z
3 }
π\

A
n
∗(X

)
G

=
{X

,Z
2 }\{

X
,Z

2 }
=
∅
.

T
he

power
set

com
puted

on
line

A
2:5

contains
only

the
em

pty
set.

For
P

1
=
∅
we

have

A
=

(A
n(X

) ∗G
∪

P
1 )4

D
=

({
X
,Z

2 }∪
∅)4
{
X
,Z

2 }
=
∅

on
line

8,and
B

=
(A
n(X

)
G
∪

P
1 )4

C
=

({Z
2 }∪

∅)4
{
Z

2 }
=
∅

on
line9.Thecondition

on
lineA

2:10
evaluatesto

trueand
wereturn

with
〈{Z

3 ,X
},{Z

2 },∅〉.
T
he

innerm
ost

w
hile-loop

term
inates

allow
ing

the
sum

m
ation

over
X

to
be

perform
ed.

T
he

function
factorize

provides
us

w
ith

the
finalexpression

P
(Z

3 |Z
2 )P

(Z
2 ).

(4)

N
ext,we

willconsiderthe
fullexam

ple
and

see
how

q-sim
plify

isapplied.
U
sing

the
ID

algorithm
we

obtain
the

causaleffect
of
X

on
Z

1 ,Z
2 ,Z

3
and

Y
in

graph
G

ofFigure
1
and

it
is

P
(Z

1 |Z
2 ,X

)P
(Z

3 |Z
2 )

∑
X
P

(Y
|Z

2 ,X
,Z

3 ,Z
1 )P

(Z
3 |Z

2 ,X
)P

(X
|Z

2 )P
(Z

2 )
∑
X
,Y
P

(Y
|Z

2 ,X
,Z

3 ,Z
1 )P

(Z
3 |Z

2 ,X
)P

(X
|Z

2 )P
(Z

2 ) ×
∑X
,Z

3
,Y

P
(Y
|Z

2 ,X
,Z

3 ,Z
1 )P

(Z
3 |Z

2 ,X
)P

(X
|Z

2 )P
(Z

2 ).

W
e
w
illrepresent

this
as

a
quotient

ofexpression
using

D
efinition

2.
Let

A
1
be

the
atom

ic
expression

ofthe
previous

exam
ple

and
let

A
2
also

be
an

atom
ic

expression
given

by
∑X

P
(Y
|Z

2 ,X
,Z

3 ,Z
1 )P

(Z
3 |Z

2 ,X
)P

(X
|Z

2 )P
(Z

2 ),
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Si
m

pl
if

yi
ng

P
ro

ba
bi

li
st

ic
E

xp
re

ss
io

ns

w
hi
ch

is
es
se
nt
ia
lly

th
e
sa
m
e
as
A

1,
bu

t
w
ith

th
e
va
ria

bl
e
Y

re
m
ov
ed

fro
m

th
e
su
m
m
at
io
n

se
t

S.
Si
m
ila

rly
,w

e
le
t
A

3
be

an
at
om

ic
ex
pr
es
sio

n
gi
ve
n
by

∑

X
,Z

3,
Y

P
(Y
|Z

2,
X
,Z

3,
Z

1)
P

(Z
3|Z

2,
X

)P
(X
|Z

2)
P

(Z
2)
.

W
e
al
so

de
fin

e
th
e
at
om

ic
ex
pr
es
sio

ns
A

4
w
ith

th
e
va
lu
e
P

(Z
3|Z

2)
an

d
A

5
w
ith

th
e
va
lu
e

P
(Z

1|Z
2,
X

).
N
ow

,w
e
de

fin
e
tw

o
ex
pr
es
sio

ns
B

1
an

d
B

2
fo
rt

he
qu

ot
ien

tP
B

1
/P

B
2
as

fo
llo

ws
:

B
1

=
〈∅
,{
A

2,
A

3,
A

4,
A

5}
,∅
〉,

B
2

=
〈∅
,{
A

1}
,∅
〉.

W
e
no

w
ca
ll
q-

si
m

pl
if

y(
B

1,
B

2,
G
,π

).
Fi
rs
t,
we

m
us
t
tr
ac
e
th
e
ca
lls

to
ex

tr
ac

t
fo
r
bo

th
ex
pr
es
sio

ns
on

lin
es

A
6:
2
an

d
A
6:
3.

Fo
r
B

1
an

d
B

2
th
is

im
m
ed

ia
te
ly

re
su
lts

in
a
ca
ll
to

de
co

ns
tr

uc
t
on

lin
e
A
5:
2.

Fi
rs
t,

th
e
fu
nc

tio
n
ap

pl
ies

si
m

pl
if

y
to

ea
ch

at
om

ic
ex
pr
es
sio

n
co
nt
ai
ne

d
in

th
e
ex
pr
es
sio

ns
on

lin
e
A
4:
4.

Le
t
us

fir
st

co
ns
id
er

th
e
sim

pl
ifi
ca
tio

n
of
A

2.
A
s
be

fo
re

w
ith

A
1,

we
ha

ve
th
at

jo
in

fir
st

su
cc
ee
ds

in
fo
rm

in
g
〈Y
,{
Z

2,
X
,Z

3,
Z

1}
,∅
〉,

bu
t
th
is

tim
e
Y

is
no

t
in

th
e
su
m
m
at
io
n
se
t,
so

w
e
co
nt
in
ue

.
N
ex
t,

th
e
al
go
rit

hm
at
te
m
pt
s
to

jo
in
P

(Y
|Z

2,
X
,Z

3,
Z

1)
w
ith

P
(Z

3|Z
2,
X

).
T
he

se
t

G
is

de
fin

ed
as

{Y
}π
\A

n
∗ (
Z

3)
G

=
{Z

3,
Z

1,
X
,Z

2}
\{
Z

3,
Z

2}
=
{Z

1,
X
}

an
d
its

su
bs
et
s
ar
e
{Z

1,
X
},
{Z

1}
,{
X
}
an

d
∅.

Fo
r
th
e
fir
st

su
bs
et

P
1

=
∅
we

ha
ve

th
at

A
=

(A
n
∗ (
Z

3)
∪

P
1)
4

D
=
{Z

2,
Z

3}
4
{Z

2,
X
,Z

3,
Z

1}
=
{X

,Z
1}

an
d
sin

ce
(Y
6⊥⊥
X
,Z

1|Z
3,
Z

2)
G

th
e
co
nd

iti
on

on
lin

e
A
2:
10

is
no

t
sa
tis

fie
d.

W
e
co
nt
in
ue

w
ith

P
2

=
{X
}
an

d
ob

ta
in

A
=

(A
n
∗ (
Z

3)
∪

P
2)
4

D
=
{X

,Z
2,
Z

3}
4
{Z

2,
X
,Z

3,
Z

1}
=
{Z

1}

an
d
sin

ce
(Y
6⊥⊥
Z

1|X
,Z

3,
Z

2)
G
th
e
co
nd

iti
on

on
lin

e
A
2:
10

is
st
ill

no
t
sa
tis

fie
d.

N
ex
t,

fo
r

P
3

=
{Z

1}
we

ha
ve

A
=

(A
n
∗ (
Z

3)
∪

P
3)
4

D
=
{Z

2,
Z

3,
Z

1}
4
{Z

2,
X
,Z

3,
Z

1}
=
{X
}

an
d
sin

ce
(Y
6⊥⊥
X
|Z

1,
Z

3,
Z

2)
G
th
e
co
nd

iti
on

on
lin

e
A
2:
10

is
ag

ai
n,

no
t
sa
tis

fie
d.

Fi
na

lly
,

fo
r

P
4

=
{Z

1,
X
}
we

ha
ve

A
=

(A
n
∗ (
Z

3)
∪

P
4)
4

D
=
{Z

2,
X
,Z

3,
Z

1}
4
{Z

2,
X
,Z

3,
Z

1}
=
{X
}

an
d

B
=

(A
n

(Z
3)
∪

P
4)
4

C
=
{Z

2,
X
,Z

1}
4
{Z

2,
X
}

=
{Z

1}
.

Bo
th

co
nd

iti
on

so
n
lin

eA
2:
10

ar
en

ow
sa
tis

fie
d
ny

no
tin

g
th
at

(Z
3
⊥⊥
Z

1|X
,Z

2)
G
.A

fte
rw

ar
ds

we
ob

ta
in

P
(Y
|Z

2,
X
,Z

3,
Z

1)
P

(Z
3|Z

2,
X

)=
P

(Y
,Z

3|Z
1,
Z

2,
X

)
an

d
co
nt
in
ue

in
an

at
te
m
pt

to
jo
in

th
e
te
rm

P
(X
|Z

2)
w
ith

th
is

re
su
lt.

T
he

se
t

G
is

no
w

de
fin

ed
as

{Y
,Z

3}
π
\A

n
∗ (
X

) G
=
{Z

1,
X
,Z

2}
\{
X
,Z

2}
=
{Z

1}
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T
ik

ka
an

d
K

ar
va

ne
n

an
d
its

su
bs
et
s
ar
e
{Z

1}
an

d
∅.

St
ar
tin

g
w
ith

P
1

=
∅
we

ha
ve

th
at

A
=

(A
n
∗ (
X

)∪
P

1)
4

D
=
{X

,Z
2}
4
{Z

1,
Z

2,
X
}

=
{Z

1}

an
d
sin

ce
(Y
,Z

3
6⊥⊥
Z

1|X
,Z

2)
G
th
e
co
nd

iti
on

on
lin

e
A
2:
10

is
no

t
sa
tis

fie
d.

C
on

tin
ui
ng

w
ith

P
2

=
{Z

1}
we

ha
ve

B
=

(A
n

(X
)∪

P
2)
4

C
=
{Z

2,
Z

1}
4
{Z

2}
=
{Z

1}
.

A
ga
in
,t
he

co
nd

iti
on

on
lin

e
A
2:
10

is
no

t
sa
tis

fie
d
by

no
tin

g
th
at

(X
6⊥⊥
Z

1|Z
2)
G
.
W
e
ha

ve
ex
ha

us
te
d
th
e
po

ss
ib
le

su
bs
et
s,

w
hi
ch

m
ea
ns

th
at

we
en
te
r
th
e
lo
op

on
lin

e
A
2:
13

sin
ce

th
e

se
t

M
=
{Z

1}
is

no
t
em

pt
y
of

lin
e
A
2:
12

.
In

th
is
ca
se

in
se

rt
is
ca
lle

d
to

br
in
g
Z

1
in
to

th
ee

xp
re
ss
io
n
be

ca
us
eZ

1
∈

D
=
{Z

1,
Z

2,
X
}

an
d
Z

1
6∈

C
=
{Z

2}
.
T
he

se
t

G
is

co
ns
tr
uc

te
d
on

lin
e
A
3:
2
an

d
it
is

Jπ
\A

n
∗ (
Z

1)
G

=
{Y
,Z

3}
π
\{
X
,Z

1,
Z

2}
=
∅.

Fo
r
th
e
on

ly
su
bs
et

P
1

=
∅
we

ha
ve

B
=

(A
n

(Z
1)
G
∪

P
1)

=
{X

,Z
2}

on
lin

e
A
3:
6,

an
d
sin

ce
(Z

1
6⊥⊥
X
|Z

2)
G
th
e
co
nd

iti
on

on
lin

e
A
3:
7
is

no
t
sa
tis

fie
d
an

d
w
e

re
tu
rn

w
ith
〈J
,D

,∅
〉u

nc
ha

ng
ed

on
lin

e
9
of

A
lg
or
ith

m
3,

w
hi
ch

ca
us
es

jo
in

to
al
so

re
tu
rn

w
ith

th
e
sa
m
e
ou

tp
ut

on
lin

e
A
3:
18
.
T
he

co
nd

iti
on

on
lin

e
A
1:
15

is
no

w
sa
tis

fie
d
an

d
w
e

ca
nn

ot
sim

pl
ify

A
2.

T
he

at
om

ic
ex
pr
es
sio

n
A

3
ca
n
be

sim
pl
ifi
ed

.
Fi
rs
t,
Y

is
el
im

in
at
ed

ex
ac
tly

as
it

w
as

re
m
ov
ed

fro
m
A

1.
Fo

llo
w
in
g
th
e
sa
m
e
pr
in
ci
pl
e
we

ca
n
se
e
th
at

w
he

ne
ve
r
a
va
ria

bl
e
in

th
e

su
m
m
at
io
n
se
t
is

th
e
la
rg
es
t
on

e
in

th
e
to
po

lo
gi
ca
lo

rd
er

of
th
e
va
ria

bl
es

co
nt
ai
ne

d
in

th
e

at
om

ic
ex
pr
es
sio

n,
it

w
ill

be
re
m
ov
ed

su
cc
es
sf
ul
ly
.
Fr
om

th
is

w
e
ob

ta
in

th
at

th
e
va
lu
e
of

A
3
is

in
fa
ct

sim
pl
y
P

(Z
2)
.
Le

t
us

ca
ll
th
e
at
om

ic
ex
pr
es
sio

n
w
ith

th
is

va
lu
e
E
,t

ha
t
is

P
E

=
P

(Z
2)
.
T
he

at
om

ic
ex
pr
es
sio

n
A

1
ca
n
al
so

be
sim

pl
ifi
ed

,a
nd

its
va
lu
e
is

gi
ve
n
by

(4
).

Fu
rt
he

rm
or
e,

sin
ce

th
is

va
lu
e
is

m
ad

e
of

tw
o
pr
od

uc
t
te
rm

s,
it
is

sp
lit

in
to

tw
o
at
om

ic
ex
pr
es
sio

ns
re
sp
ec
tiv

el
y.

Le
t
th
es
e
be

ca
lle

d
D

1
an

d
D

2
su
ch

th
at
P
D

1
=
P

(Z
3|Z

2)
an

d
P
D

2
=
P

(Z
2)
.

A
pp

ly
in
g

si
m

pl
if

y
to
A

4
an

d
A

5
sim

pl
y
re
tu
rn
s
th
e
or
ig
in
al

ex
pr
es
sio

ns
,s

in
ce

th
ey

do
no

t
co
nt
ai
n
an

y
su
m
m
at
io
ns

an
d
th
e
lo
op

on
lin

e
A
1:
3
is

ne
ve
r
en
te
re
d.

T
he

se
t
of

at
om

ic
ex
pr
es
sio

ns
is
af
te
rw

ar
ds

up
da

te
d
on

lin
eA

4:
6.

N
eit

he
rB

1
no

rB
2
co
nt
ai
n
an

y
su
b-
ex
pr
es
sio

ns
or

su
m
m
at
io
ns

on
lin

e
A
4:
9,

so
de

co
ns

tr
uc

t(
B

1,
G
,π

)
re
tu
rn
s
〈∅
,{
A

2,
E
,A

4,
A

5}
,∅
〉a

nd
de

co
ns

tr
uc

t(
B

2,
G
,π

)
re
tu
rn
s
〈∅
,{
D

1,
D

2}
,∅
〉.

T
he

la
ck

of
su
m
m
at
io
ns

on
lin

e
A
5:
3
of

ca
us
es

ex
tr

ac
t
to

ite
ra
te

th
ro
ug

h
th
e
at
om

ic
ex
pr
es
sio

n
co
nt
ai
ne

d
in
B

1
an

d
B

2
di
re
ct
ly

on
lin

e
A
5:
6,

sin
ce

ne
ith

er
of

th
em

ha
ve

an
y
su
b-
ex
pr
es
sio

ns
of

th
ei
r
ow

n.
O
nl
y
A

2
co
nt
ai
ns

a
su
m

at
th
is

po
in
t.

T
he

ite
ra
tio

n
ov
er

th
e
te
rm

s
of
A

2
on

lin
e
A
5:
10

fin
ds

th
at

th
e
on

ly
te
rm

th
at

do
es

no
t
co
nt
ai
n
X

is
P

(Z
2)

on
lin

e
A
5:
11
.
Le

t
us

de
no

te
th
e

at
om

ic
ex
pr
es
sio

n
w
ith

th
e
va
lu
e
P

(Z
2)

as
C

1
an

d
th
e
at
om

ic
ex
pr
es
sio

n
re
su
lti
ng

fro
m

th
e

ex
tr
ac
tio

n
as
C

2
w
hi
ch

no
w

ha
s
th
e
va
lu
e

∑ X

P
(Y
|Z

2,
X
,Z

3,
Z

1)
P

(Z
3|Z

2,
X

)P
(X
|Z

2)
.
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Sim
plifying

P
robabilistic

E
xpressions

T
his

com
pletes

the
extraction

and
results

in
an

expression
B
′1
such

that

B
′1

=
〈∅,{

C
1 ,C

2 ,E
,A

4 ,A
5 }
,∅〉.

T
he

expression
B

2
rem

ains
unchanged.

q -sim
plify

isnow
able

to
proceed.N

either
B
′1
nor

B
2
contain

sub-expression
so

the
loop

on
line

A
6:7

isnotentered,and
we

are
only

subtracting
theircom

m
on

atom
ic

expressionsin
theloop

on
lineA

6:16.Itiseasy
to

seethat
A

4
=
D

1 and
C

1
=
D

2 ,so
they

arerem
oved

from
both

B
′1
and

B
2 .

Finally,the
expressions

corresponding
to

the
num

erator
and

denom
inator

are
returned.
To

sum
m
arize,we

began
w
ith

the
expression

P
(Z

1 |Z
2 ,X

)P
(Z

3 |Z
2 )

∑
X
P

(Y
|Z

2 ,X
,Z

3 ,Z
1 )P

(Z
3 |Z

2 ,X
)P

(X
|Z

2 )P
(Z

2 )
∑
X
,Y
P

(Y
|Z

2 ,X
,Z

3 ,Z
1 )P

(Z
3 |Z

2 ,X
)P

(X
|Z

2 )P
(Z

2 ) ×
∑X
,Z

3
,Y

P
(Y
|Z

2 ,X
,Z

3 ,Z
1 )P

(Z
3 |Z

2 ,X
)P

(X
|Z

2 )P
(Z

2 ).

and
successfully

sim
plified

it
into

P
(Z

1 |Z
2 ,X

)P
(Z

2 ) ∑X

P
(Y
|Z

2 ,X
,Z

3 ,Z
1 )P

(Z
3 |Z

2 ,X
)P

(X
|Z

2 ).

6.
D
iscussion

W
e
have

presented
a
form

aldefinition
oftopologically

consistent
atom

ic
expressions

and
sim

plification
sets

and
provided

a
sound

and
com

plete
algorithm

to
find

these
sets

for
a

given
expression.

W
e
also

discussed
som

e
generaltechniques

that
apply

to
a
m
ore

general
class

ofthese
expressions.

A
lgorithm

7
and

A
lgorithm

8,presented
in

A
ppendix

A
,have

been
previously

im
plem

ented
in

the
R

package
causaleffect(Tikka

and
K
arvanen,2017).W

e
have

updated
the

package
to

include
allofthe

sim
plification

procedures
presented

in
this

paper
and

they
can

be
applied

to
allcausaleffect

and
conditionalcausaleffect

expressions
derived

from
identification

procedures.
O
ur

definition
oftopologically

consistent
atom

ic
expressions

is
sim

ilar
to

g-functionals
that

can
be

used
to

characterize
identifiability

results
under

specialconditions
(Shpitser

and
Tchetgen

Tchetgen,2016).
It

is
plausible

that
these

procedures
could

also
be

extended
into

other
causalinference

results,
such

as
form

ulas
for

z-identifiability,
transportability

and
m
eta-transportability

ofcausaleffects.
T
he

extensions
are

non-trivialhowever,since
transportability

form
ulas

contain
term

s
w
ith

distributions
from

m
ultiple

dom
ains

and
z-identifiable

causaleffects
contain

do-operators
in

the
conditioning

sets
which

would
require

the
im

plem
entation

ofthe
rules

ofdo-calculus
into

A
lgorithm

1.
D
o-calculus

consists
ofthree

inference
rules

that
can

be
used

to
m
anipulate

probabilities
involving

the
do-operator

(Pearl,2009).
C
urrently,we

operate
only

on
expressions

that
do

not
involve

the
do-operator.

In
fact,in

our
procedure

it
is

not
required

to
know

the
originalcausalquery

that
produced

the
result.

Sim
pler

expressions
have

m
any

usefulproperties.
T
hey

can
help

in
understanding

and
com

m
unicating

results
and

evaluating
them

saves
com

putationalresources.
Estim

ation
accuracy

can
also

be
im

proved
in

som
e
cases

w
hen

variables
that

are
present

in
the

original
expression

suffer
from

m
issing

data
or

m
easurem

ent
error.

O
ne

exam
ple

w
here

the
benefits
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T
ikka

and
K

arvanen

Figure
4:

A
graph

G
for

a
situation

w
here

sim
plification

fails

ofsim
plification

are
realized

can
be

found
in

(H
yttinen

et
al.,2015),w

here
expressions

of
causaleffects

are
derived

and
repeatedly

evaluated
for

a
large

num
ber

ofcausalm
odels.

O
ur

approach
to

sim
plification

stem
s
from

the
nature

ofcausaleffect
expressions.

In
our

setting,a
question

stillrem
ains

w
hether

sim
plification

sets
com

pletely
characterize

all
situations

w
here

a
variable

can
be

elim
inated

from
an

atom
ic

expression.
O
ne

m
ight

also
consider

sim
plification

in
a
generalsetting,w

here
we

do
not

assum
e
topologicalconsistency

or
any

other
constraints

for
the

atom
ic

expressions.
In

this
case

a
’black

box’definition
for

sim
plification

could
be

considered,w
here

we
sim

ply
require

that
w
hen

the
sum

over
a

variable
ofinterest

is
com

pleted
we

are
again

left
w
ith

another
atom

ic
expression

w
ithout

this
variable

in
the

sum
m
ation

set.
T
his

fram
ework

is
theoretically

interesting
but

we
are

not
aware

ofany
potentialapplications.

T
he

w
orst

case
tim

e
com

plexity
of

A
lgorithm

1
is

diffi
cult

to
gauge

and
is

a
topic

for
further

research.
O
ne

can
observe

that
the

perform
ance

of
the

algorithm
is

highly
dependent

on
the

size
ofthe

differences
ofthe

conditioning
sets

betw
een

adjacent
term

s.
B
oth

A
lgorithm

2
and

A
lgorithm

3
iterate

through
the

subsets
of

these
differences

and
check

d-separation
criteria

for
each

subset.
T
hus

dynam
ic

program
m
ing

solutions
could

be
im

plem
ented

to
further

im
prove

perform
ance

by
collecting

the
results

ofthese
checks.

Previously
determ

ined
conditionalindependences

would
not

need
to

be
checked

again
and

could
be

retrieved
from

m
em

ory
instead.

In
som

e
cases,sim

plification
has

som
e
apparent

connections
to

identifiability.
C
onsider

the
graph

G
ofFigure

4.
In

this
graph

the
causaleffect

of
X

on
Y

is
identifiable,and

its
expression

is
∑

Z

P
(Y
|Z
,X

)P
(Z

).

Ifwe
let

Z
be

an
unobserved

variable
instead,then

G
depictsthe

well-known
bow-arc

graph,
w
here

the
sam

e
causaleffect

is
unidentifiable.

T
his

corresponds
to

an
unsuccessfulattem

pt
to

rem
ove

Z
from

the
expression

ofthe
causaleffect.

H
owever,we

cannot
know

beforehand
w
hether

an
expression

for
a
causaleffect

is
going

to
be

atom
ic

or
not,so

we
cannot

use
our

algorithm
to

derive
identifiability

in
general.

A
reviewersuggested

a
sim

plification
algorithm

where
the

ID
algorithm

would
be

applied
to

latent
projections

(Pearland
Verm

a,1991)
onto

the
variables

to
be

m
arginalized.

T
his

algorithm
would

be
able

to
solve

m
any,but

not
all,sim

plification
tasks.

Im
portantly,in

the
exam

ple
presented

in
Figure

1,we
cannot

m
ake

any
variables

latent,as
we

are
interested

in
the

causaleffectof
X

on
allofthe

othervariables.
A

revieweralso
suggested

thatsim
plified
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Sim
plifying

P
robabilistic

E
xpressions

A
ppendix

B
.
P
roof

of
T
heorem

6

P
roof

By
direct

calculation
we

obtain

P
A

=
∑V

j

n∏i=
1
P

(V
i |C

i )

=
∏V
i <
V

j

P
(V
i |C

i ) ∑V
j

∏V
i ≥
V

j

P
(V
i |C

i )

=
∏V
i <
V

j

P
(V
i |C

i ) ∑V
j

P
(V
π(p) ,...,V

π(q) |D
)

∏
U
∈M

P
(U
|E

U )

=
∏V
i <
V

j

P
(V
i |C

i ) P
(V
π(p+

1) ,...,V
π(q) |D

)
∏
U
∈M

P
(U
|E

U )

=
∏V
i <
V

j

P
(V
i |C

i )
∏V
i >
V

j

P
(V
i |D

i ):=
P
A
′,

w
here

the
sets

D
i are

obtained
from

the
factorization

ofthe
joint

term
such

that
A
′is

a
π
∗-consistent

w
here

π
∗
is

obtained
from

π
by

rem
oving

V
j
from

the
ordering.

To
justify

the
equalities,w

e
first

note
that

term
s
ofvariables

V
i
<
V
j
do

not
contain

V
j
and

can
be

brought
outside

the
sum

.
To

obtain
the

third
equality,we

m
ultiply

by
[ ∏

U
∈M

P
(U
|E

U )]/[ ∏
U
∈M

P
(U
|E

U )]and
apply

condition
(2)

ofD
efinition

5
on

the
right-hand

side
as

licensed
by

condition
(3)

ofthe
definition.

To
obtain

the
fourth

equality,we
sim

ply
carry

out
the

sum
m
ation

in
term

s
of

V
j .

C
onditions

(2)
and

(3)
ofD

efinition
5
m
ake

it
possible

to
refactorize

the
joint

term
into

product
term

s
so

that
the

term
s
corresponding

to
variables

U
∈

M
rem

ain
unchanged

and
can

be
divided

out
once

m
ore.

T
hus

we
obtain

the
last

equality,and
an

expression
that

no
longer

contains
V
j
and

has
the

sam
e
value

as
A
.

A
ppendix

C
.
D
erivation

of
the

C
ausalE

ffect
in

the
Introductory

E
xam

ple

W
e
presentthe

derivation
ofthe

causaleffectof
X

on
Y
,Z

3 ,Z
2 ,Z

1
in

the
graph

G
ofFigure

1
using

A
lgorithm

7.
W
e
fix

topologicalordering
of
G

as
Z

2
<
X

<
Z

1
<
Z

3
<
Y
.
T
he

originalcallID
({Y

,Z
1 ,Z

2 ,Z
3 },{X

}
,P

(V
),G

)fires
line

4
and

results
in

three
new

recursive
calls.

W
e
haveP

X
(Y
,Z

3 ,Z
1 ,Z

2 )=
P
Y
,Z

3
,X
,Z

2 (Z
1 )P

Y
,Z

1
,X
,Z

2 (Z
3 )P

Z
3
,Z

1
,X

(Y
,Z

2 ),
(5)

asthe
graph

G
[V
\{X

}]hasthree
C-com

ponentsform
ed

by
the

sets{Z
1 },{

Z
3 }

and
{
Y
,Z

2 },
respectively.

T
he

first
recursive

callID
({
Z

1 }
,{
Y
,Z

3 ,X
,Z

2 },P
(V

),G
)
fires

line
2
because

Z
3
and

Y
are

not
ancestors

of
Z

1 .
T
he

next
callID

({
Z

1 }
,{
X
,Z

2 }
,P

(Z
1 ,X

,Z
2 ),G

[{
Z

1 ,X
,Z

2 }])
fires

line
6
because

C
(G

[{Z
1 }])

contains
only

one
C
-com

ponent
and

it
is

not
part

ofa
larger
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T
ikka

and
K

arvanen

C
-com

ponent
in

the
graph

ofthe
current

recursion
stage.

W
e
have

P
Y
,Z

3
,X
,Z

2 (Z
1 )=

P
X
,Z

2 (Z
1 )=

P
(Z

1 |X
,Z

2 ).
(6)

To
obtain

P
Y
,Z

1
,X
,Z

2 (Z
3 )

w
e
callID

({Z
3 }
,{
Y
,Z

1 ,X
,Z

2 }
,P

(V
),G

)
w
hich

also
fires

line
2

because
X
,
Z

1 and
Y

and
notancestorsof

Z
3 .Calling

ID
({
Z

3 }
,{
Z

2 },P
(Z

3 ,Z
2 ),G

[{
Z

3 ,Z
2 }])

fires
line

6
C

(G
[{Z

3 }])
contains

only
one

C
-com

ponent
and

it
is

not
part

of
a
larger

C
-

com
ponent

in
the

graph
ofthe

current
recursion

stage.
W
e
have

P
Y
,Z

1
,X
,Z

2 (Z
3 )=

P
Z

2 (Z
3 )=

P
(Z

3 |Z
2 ).

(7)

To
obtain

the
last

term
w
e
callID

({
Y
,Z

2 },{Z
3 ,Z

1 ,X
},P

(V
),G

).
T
he

subgraph
G

[V
\

{
Z

3 ,Z
1 ,X
}]=

G
[{
Y
,Z

2 }]hasonly
one

C-com
ponent,butitispartofa

largerC-com
ponent

form
ed

by
the

set
S
′=
{
Y
,Z

3 ,X
,Z

2 }
in

the
current

graph
G
.
Line

7
is

fired
resulting

in

ID
({Y

,Z
2 }
,{
Z

3 ,X
}
,P

(Y
|Z

3 ,Z
1 ,X

,Z
2 )P

(Z
3 |Z

2 ,X
)P

(X
|Z

2 )P
(Z

2 ),G
[S
′]).

(8)

T
his

call
fires

line
2
since

X
is

not
an

ancestor
of
Y

in
the

graph
G

[S
′].

Letting
T

=
S
′\{

X
}

=
{
Y
,Z

3 ,Z
2 }

the
next

callis

ID
({
Y
,Z

2 }
,{
Z

3 }, ∑X

P
(Y
|Z

3 ,Z
1 ,X

,Z
2 )P

(Z
3 |Z

2 ,X
)P

(X
|Z

2 )P
(Z

2 ),G
[T

]).
(9)

T
his

tim
e
we

trigger
line

6
because

G
[T
\{
Z

3 }]has
only

one
C
-com

ponent
and

there
is

no
larger

C
-com

ponent
of
G

[T
]that

would
contain

it.
W
e
obtain

P
Z

3
,Z

1
,X

(Y
,Z

2 )=
P
Z

3
,Z

1
,X

(Y
,Z

2 )
=
P
Z

3
,X

(Y
,Z

2 )
=
P
Z

3 (Y
,Z

2 )
=
P
∗(Y
|Z

3 ,Z
2 )P

∗(Z
2 ),

(10)

w
here

P
∗
is

the
distribution

ofthe
current

recursion
stage,that

is

P
∗(Y

,Z
3 ,Z

2 )=
∑X

P
(Y
|Z

3 ,Z
1 ,X

,Z
2 )P

(Z
3 |Z

2 ,X
)P

(X
|Z

2 )P
(Z

2 ).

In
order

to
represent

the
conditionalprobability

on
the

last
line

of
(10),we

w
rite

P
∗(Y
|Z

3 ,Z
2 )P

∗(Z
2 )=

P
∗(Y

,Z
3 ,Z

2 )
P
∗(Z

3 ,Z
2 )

P
∗(Z

2 )

=
P
∗(Y

,Z
3 ,Z

2 )
∑
Y
P
∗(Y

,Z
3 ,Z

2 )
∑Y
,Z

3

P
∗(Y

,Z
3 ,Z

2 )

=
∑
X
P

(Y
|Z

2 ,X
,Z

3 ,Z
1 )P

(Z
3 |Z

2 ,X
)P

(X
|Z

2 )P
(Z

2 )
∑
X
,Y
P

(Y
|Z

2 ,X
,Z

3 ,Z
1 )P

(Z
3 |Z

2 ,X
)P

(X
|Z

2 )P
(Z

2 ) ×
∑X
,Z

3
,Y

P
(Y
|Z

2 ,X
,Z

3 ,Z
1 )P

(Z
3 |Z

2 ,X
)P

(X
|Z

2 )P
(Z

2 ).

(11)
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Si
m

pl
if

yi
ng

P
ro

ba
bi

li
st

ic
E

xp
re

ss
io

ns

Fi
na

lly
,w

e
ga
th
er

th
e
re
su
lts

of
ou

r
su
bp

ro
bl
em

s
in

(6
),
(7
)
an

d
(1
1)
,a

nd
in
se
rt

th
em

ba
ck

in
to

th
e
eq
ua

tio
n
in

(5
)
w
hi
ch

yi
el
ds

P
X

(Y
,Z

3,
Z

1,
Z

2)
=
P

(Z
1|Z

2,
X

)P
(Z

3|Z
2)
×

∑
X
P

(Y
|Z

2,
X
,Z

3,
Z

1)
P

(Z
3|Z

2,
X

)P
(X
|Z

2)
P

(Z
2)

∑
X
,Y
P

(Y
|Z

2,
X
,Z

3,
Z

1)
P

(Z
3|Z

2,
X

)P
(X
|Z

2)
P

(Z
2)
×

∑

X
,Z

3,
Y

P
(Y
|Z

2,
X
,Z

3,
Z

1)
P

(Z
3|Z

2,
X

)P
(X
|Z

2)
P

(Z
2)

as
th
e
fo
rm

ul
a
fo
r
th
e
ca
us
al

eff
ec
t.

A
pp

en
di
x
D
.
P
ro
of

of
T
he

or
em

7
P
ro
of

(i)
Su

pp
os
e
th
at

si
m

pl
if

y(
A
,G
,π

)
ha

s
re
tu
rn
ed

an
ex
pr
es
sio

n
w
ith

va
ria

bl
e
V
j

el
im

in
at
ed

.
Be

ca
us
e
th
e
co
m
pu

ta
tio

n
co
m
pl
et
ed

su
cc
es
sfu

lly
,w

e
ha

ve
th
at

ea
ch

ap
pl
ic
at
io
n

of
jo

in
an

d
in

se
rt

su
cc
ee
d.

W
e
ca
n
re
w
rit

e
th
e
va
lu
e
of
A

as
∏

V
i
<
V

j

P
(V
i|C

i)
∑ V

j

∏

V
i
≥
V

j

P
(V
i|C

i),

wh
er
e
th
e
te
rm

sP
(V
i|C

i)
su
ch

th
at
V
i
<
V
j
ca
n
be

br
ou

gh
to

ut
sid

e
th
e
su
m

ov
er
V
j
,b

ec
au

se
th
ey

ca
nn

ot
co
nt
ai
n
V
j
.T

he
fu
nc

tio
ns

jo
in

an
d

in
se

rt
us
eo

nl
y
st
an

da
rd

ru
les

of
pr
ob

ab
ili
ty

ca
lc
ul
us
,w

hi
ch

ca
n
be

se
en

on
lin

e
10

of
A
lg
or
ith

m
2
an

d
lin

e
7
of

A
lg
or
ith

m
3,

an
d
th
us

ev
er
y
ne

w
fo
rm

at
io
n
of

a
jo
in
t
di
st
rib

ut
io
n
P

(J
|D

)
ha

s
be

en
va
lid

.
O
nc

e
ag
ai
n
we

re
w
rit

e
th
e
va
lu
e
of
A

as
∏

V
i
<
V

j

P
(V
i|C

i)
∑ V

j

P
(J
|D

),

w
hi
ch

m
ea
ns

th
at

co
nd

iti
on

(2
)
of

D
efi

ni
tio

n
5
is

no
w

sa
tis

fie
d,

as
we

ha
ve

ob
ta
in
ed

a
jo
in
t

te
rm

fro
m

th
e
or
ig
in
al

pr
od

uc
tt

er
m
s.B

ec
au

se
V
j
∈

J
we

ca
n
ca
rr
y
ou

tt
he

su
m
m
at
io
n
wh

ich
yi
el
ds

∏

V
i
<
V

j

P
(V
i|C

i)
·P

(J
\{
V
j
}|

D
),

Be
ca
us
e
A
lg
or
ith

m
1
su
cc
ee
ds
,w

e
kn

ow
th
at

ev
er
y
in
se
rt
io
n
is

ca
nc

el
ed

ou
t
by

fa
ct

or
iz

e.
To

co
m
pl
et
e
th
e
pr
oc
ed

ur
e
we

ob
ta
in

a
ne

w
fa
ct
or
iz
at
io
n
w
ith

ou
t
V
j
re
su
lti
ng

in
an

at
om

ic
ex
pr
es
sio

n
A
′
th
at

no
lo
ng

er
co
nt
ai
ns

V
j
.
C
on

di
tio

n
(3
)
of

D
efi

ni
tio

n
5
is

sa
tis

fie
d
by

th
e

de
fin

iti
on

of
in

se
rt

,b
ec
au

se
th
e
fu
nc

tio
n
al
wa

ys
ch
ec
ks

th
e
co
nd

iti
on

al
in
de

pe
nd

en
ce

w
ith

th
e
cu

rr
en
t
su
m
m
at
io
n
va
ria

bl
e
on

lin
e
7.

Bo
th

co
nd

iti
on

s
fo
r
sim

pl
ifi
ca
tio

n
se
ts

ha
ve

be
en

sa
tis

fie
d
by

co
ns
tr
uc

tio
n.

(ii
)
Su

pp
os
e
th
at

th
er
e
ex
ist

s
a
co
lle

ct
io
n
of

sim
pl
ifi
ca
tio

n
se
ts

of
A

w
ith

re
sp
ec
t
to
V
j
.

Fo
r
th
e
sa
ke

of
cl
ar
ity

,a
ss
um

e
fu
rt
he

r
th
at
V
n

=
V
j
.
T
hi
s
as
su
m
pt
io
n
le
ts

us
on

ly
co
ns
id
er

th
os
e
te
rm

st
ha

ta
re

re
lev

an
tt

o
th
e
sim

pl
ifi
ca
tio

n
of
V
j
,a

sw
e
ca
n
al
wa

ys
m
ov
e
co
nd

iti
on

al
ly

in
de

pe
nd

en
tt

er
m
so

ut
sid

e
th
e
su
m
m
at
io
n
an

d
co
ns
id
er

on
ly

th
e
ex
pr
es
sio

n
re
m
ai
ni
ng

in
sid

e
th
e
su
m
.
Le

t
us

fir
st

as
su
m
e
th
at

M
=
∅.

In
th
is

ca
se

co
nd

iti
on

(2
)
sim

pl
y
re
ad

s
∏

V
i
≥
V

j

P
(V
i|C

i)
=
P

(V
j
,.
..
,V

1|D
),
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T
ik

ka
an

d
K

ar
va

ne
n

an
d
th
at

th
e
pr
od

uc
t
te
rm

s
ar
e
a
fa
ct
or
iz
at
io
n
of

th
e
jo
in
t
te
rm

.
H
ow

ev
er
,w

e
wa

nt
to

sh
ow

th
at

th
ey

al
so

pr
ov
id
e
a
fa
ct
or
iz
at
io
n
th
at

ag
re
es

w
ith

th
e
to
po

lo
gi
ca
lo

rd
er
in
g.

Be
ca
us
e
A

is
π
−
co
ns
ist

en
t,
fo
r
an

y
tw

o
va
ria

bl
es
V
>
W

we
ha

ve
th
at

C
W
⊆
V
π
w
hi
ch

en
ab

le
s
us

to
co
ns
id
er

th
e
su
m
m
at
io
ns

fro
m
V
k
up

to
V

1
fo
r
k

=
1,
..
.,
j
−

1,
w
hi
ch

re
su
lts

in
∑

V
k
,.
..
,V

1

∏

V
i
≥
V

j

P
(V
i|C

i)
=

∑

V
k
,.
..
,V

1

P
(V
j
,.
..
,V

1|D
)=

P
(V
j
,.
..
,V

k
+

1|D
).

W
e
ob

ta
in

fo
r
k

=
j
−

1,
..
.,

1

P
(V
j
|C

j
)=

P
(V
j
|D

)
P

(V
j
|C

j
)P

(V
j−

1|C
j−

1)
=
P

(V
j
,V

j−
1|D

)
. . .

P
(V
j
|C

j
)·
··
P

(V
2|C

2)
=
P

(V
j
,.
..
,V

2|D
)

P
(V
j
|C

j
)·
··
P

(V
2|C

2)
P

(V
1|C

1)
=
P

(V
j
,.
..
,V

1|D
).

(1
2)

Fr
om

th
e
la
st

an
d
se
co
nd

to
la
st

eq
ua

tio
n
we

ca
n
ob

ta
in

P
(V
j
,.
..
,V

2|D
)P

(V
1|C

1)
=
P

(V
j
,.
..
,V

1|D
),

an
d
by

di
vi
di
ng

w
ith

th
e
fir
st

te
rm

fro
m

th
e
le
ft

ha
nd

sid
e
we

ob
ta
in

P
(V

1|C
1)

=
P

(V
1|V

j
,.
..
,V

2,
D

).

In
fa
ct
,w

e
ca
n
do

th
is

fo
r
an

y
tw

o
su
bs
eq
ue

nt
eq
ua

tio
ns

in
(1
2)

to
ob

ta
in

P
(V
i|C

i)
=
P

(V
i|V

j
,.
..
,V

i+
1,

D
),

i
=

1,
..
.,
j
−

1

A
lg
or
ith

m
1
op

er
at
es

by
st
ar
tin

g
fr
om

V
1,

so
w
e
st
ill

ha
ve

to
sh
ow

it
su
cc
ee
ds

in
co
ns
tr
uc

tin
g
th
e
jo
in
t
te
rm

.
U
sin

g
th
e
pr
ev
io
us

re
su
lts

we
ca
n
re
w
rit

e
th
e
or
ig
in
al

eq
ua

tio
n

as
∏

V
i
≥
V

j

P
(V
i|C

i)
=

∏

V
i
≥
V

j

P
(V
i|C
∗ i)
,

w
he

re
C
∗ i

=
D
∪
{V

j
,.
..
,V

i+
1}

fo
r
i
<
j
an

d
C
∗ j

=
D
.
Fr
om

th
is

we
ob

ta
in

P
(V

1|C
1)

=
P

(V
1|C
∗ 1)

P
(V

1|C
∗ 1)
P

(V
2|C

2)
=
P

(V
1,
V

2|C
∗ 2)

. . .
P

(V
1,
..
.,
V
j−

1|C
∗ j−

1)
P

(V
j
|C

j
)=

P
(V
j
,.
..
,V

1|C
∗ j)
.

(1
3)

Th
e
fu
nc

tio
n

jo
in

wi
ll
su
cc
ee
d
ev
er
y
tim

e
sin

ce
th
e
fo
r-
lo
op

st
ar
tin

g
on

lin
e
7
of

A
lg
or
ith

m
2

w
ill

di
sc
ov
er

th
e
co
nd

iti
on

al
in
de

pe
nd

en
ce

pr
op

er
tie

s
al
lo
w
in
g
th
e
pr
ev
io
us

eq
ua

lit
ie
s
in

(1
3)

to
ta
ke

pl
ac
e.

T
hu

s
A
lg
or
ith

m
1
w
ill

re
tu
rn

an
at
om

ic
ex
pr
es
sio

n
w
ith

th
e
va
ria

bl
e
V
j

el
im

in
at
ed

fro
m

th
e
su
m
m
at
io
n
se
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Sim
plifying

P
robabilistic

E
xpressions

A
ssum

e
now

that
M
6=
∅
and

let
V

=
V

[A
]and.

In
this

case
condition

(2)
allow

s
us

to
w
rite

∏U
∈M

P
(U
|E

U )
∏V
i ≥
V

j

P
(V
i |C

i )=
P

(V
,M
|D

),

and
furtherm

ore,w
e
have

that
these

product
term

s
are

a
factorization

ofthe
joint

term
.

First,we
aim

to
reduce

the
num

berofvariablesin
M

to
be

considered.Thisisdone
because

A
lgorithm

1
always

starts
and

finishes
the

construction
ofthe

joint
term

w
ith

a
variable

in
V
.
W
e
categorize

each
U
∈

M
into

three
disjoint

sets.
W
e
define

M
−

:=
{
U
∈

M
|
U
6∈

j⋃k=
1 C

k }
,M

+
:=
{
U
∈

M
|
U
∈

j⋂k=
1 C

k }
and

M
∗

:=
M
\

(M
−
∪

M
+).

First,we
show

thatwe
can

ignore
variables

in
M
−
by

obtaining
a
new

factorization
without

them
.Itfollowsfrom

the
definition

ofM
−
and

(2)thatwe
can

com
pute

the
m
arginalization

as
follow

s

P
(V
,M
\

M
−|D

)=
∑U
∈M

−
P

(V
,M
|D

)

=
∑U
∈M

−

∏U
∈M

P
(U
|E

U )
∏V
i ≥
V

j

P
(V
i |C

i )

=
∏V
i ≥
V

j

P
(V
i |C

i )
∑U
∈M

−

∏U
∈M

P
(U
|E

U )

=
∏

U
∈M
\M
−
P

(U
|E

U )
∏V
i ≥
V

j

P
(V
i |C

i ).

W
e
have

a
new

factorization
w
ithout

any
variables

in
M
−.

Sim
ilarly,we

can
elim

inate
the

variables
in

M
+
from

our
factorization.

It
follow

s
from

the
definition

ofM
+
that

for
all

U
∈

M
+
we

have
that

E
U
⊆

D
.
From

this
we

obtain
∏U
∈M

+

P
(U
|E

U )=
P

(M
+|D

).

W
e
can

now
w
riteP

(V
,M
∗|D

,M
+)=

P
(V
,M
\

M
−)

P
(M

+|D
)

=
∏
U
∈M
\M
−
P

(U
|E

U ) ∏
V

i ≥
V

j
P

(V
i |C

i )
∏
U
∈M

+
P

(U
|E

U )

=
∏U
∈M

∗
P

(U
|E

U )
∏V
i ≥
V

j

P
(V
i |C

i ).

T
hus

it
suffi

ces
to

consider
the

factorization
given

by
∏U
∈M

∗
P

(U
|E

U )
∏V
i ≥
V

j

P
(V
i |C

i )=
P

(V
,M
∗|D

∗),
(14)
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T
ikka

and
K

arvanen

w
here

D
∗

=
D
∪

M
+.

N
ext,w

e
w
illorder

the
variables

in
M
∗.

For
each

U
∈

M
∗
w
e
find

the
largest

index
u
∈
{1,...,j−

1}
such

that
U
∈

C
u .

T
his

choice
is

welldefined,since
by

definition
at

least
one

such
index

exists.
Furtherm

ore,as
the

product
term

s
in

(14)
are

a
factorization

ofthe
joint

term
,the

conditioning
sets

are
increasing

and
we

have
that

U
6∈

C
i for

all
i≥

u
+

1.
In

the
case

that
m
ultiple

variables
U
i ∈

M
∗
for

som
e
set

ofindices
i∈

I
share

the
sam

e
index

u,w
e
m
ay

redefine
M
∗
such

that
U
i ,i∈

I
are

replaced
by

a
single

variable
U
I
such

that
∏
i∈
I
P

(U
i |E

U
i )=

P
(U

I |E
U

I ),where
E
U

I
=
∩
i∈I E

U
i .

Thus
we

can
assum

e
thatforany

two
variables

U
1 ,U

2 ∈
M
∗
we

have
that

u
1 6=

u
2 .

W
e
can

now
order

the
variables

in
M
∗
by

their
respective

indices
u
such

that
U

1
>
U

2
>
...

>
U
m

and
u

1
<
u

2
<
...

<
u
m
.

N
est

w
e
w
illextend

the
ordering

to
include

allofthe
variables

in
the

set
V
.
W
e
let

Q
:=

V
∪

M
∗
and

find
an

ordering
ofthis

set
such

that
it
agrees

w
ith

induced
ordering

ω
ofthe

variables
in

V
and

w
ith

the
ordering

ofthe
indices

u
1 ,...,u

m
.
A

new
factorization

given
by

this
ordering

can
be

defined
as

follow
s:

Q
k

=



V
k−

m
k
>
u
m
,

V
k−

l
u
l
<
k
<
u
l+

1 ,

V
k

k
<
u

1 ,

U
l

k
=
u
l .

D
k

=



C
k−

m
k
>
u
m
,

C
k−

l
u
l
<
k
<
u
l+

1 ,

C
k

k
<
u

1 ,

E
U

l
k

=
u
l .

W
e
can

now
rew

rite
the

factorization
of

(14)
as

n+
m

∏k=
1
P

(Q
k |D

k )=
P

(Q
|D
∗),

(15)

W
e
can

now
apply

the
sam

e
procedures

as
in

the
case

ofM
=
∅
w
ith

the
exception

that
insert

succeeds
where

join
fails

with
term

s
containing

Q
k
and

Q
k+

1
when

k
=
l−

1
for

all
l=

1,...,m
.
The

success
ofinsert

is
guaranteed

by
condition

(3),as
the

function
willfind

this
conditionalindependence

on
line

10
ofA

lgorithm
3.

A
lso,factorize

w
illrem

ove
all

additionalterm
sthatwere

introduced
in

the
process,which

ism
ade

possible
by

condition
(3)

and
the

definition
ofthe

factorization
of
P

(Q
|D
∗).

A
fter

the
sum

m
ation

over
V
j
is

carried
out,the

conditionalindependence
between

V
j
and

the
variables

U
∈

M
∗
ensures

that
their

respective
term

s
are

equalto
the

originalfactorization
before

the
sum

m
ation

was
carried

out
w
hen

the
new

factorization
is

constructed
so

that
it

agrees
w
ith

the
ordering

ofthe
set

Q
.
T
hus

an
atom

ic
expression

is
returned

w
ith

the
variable

V
j
elim

inated
w
ith

the
sam

e
value

as
the

originalatom
ic

expression.
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b
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p
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b
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n
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in
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im
et

ri
c

sp
ac

es
p
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.
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g

m
ac

h
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ti
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th
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w

el
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er
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at
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en
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ro

n
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e
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er
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e.
F

or
so

m
e

im
p
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ra
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b
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d
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e
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u
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en
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it
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d
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n
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ro

n
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y
d
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m

il
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ex
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p
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.
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b
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te
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te
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ve
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R
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E
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d
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b
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n
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b
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.
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st
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e

ea
rt

h
m

ov
er

d
is
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n
ce
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m
m

on
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u
se

d
in

v
is

io
n

ap
p
li
ca

ti
o
n
s
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u
b
n
er
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et

re
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re

se
n
ti

n
g

ea
rt

h
m

ov
er

d
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ta
n
ce
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n
g

an
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` p
n
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d
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rt
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p

ot
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u
p
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g
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b
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p
ro

ce
ss

h
as

ev
en

b
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u
n
.

N
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is
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is
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e
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ed
b
y
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el
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at
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n
,
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k
er

n
el

s
n
ec
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sa

ri
ly

em
b

ed
th

e
d
at

a
in

a
H

il
b

er
t
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ac

e,
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n
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rr
in

g
th

e
af

or
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en
ti

on
ed

d
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to
rt

io
n
.

A
si

m
il
a
r

is
su

e
ar
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r

st
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n
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:
T

h
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e
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n
b

e
n
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v
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y
tr
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d
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s

en
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w

it
h

d
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m
et

ri
cs
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b
u
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a
m
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e
n
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l
m

et
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c
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er
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is
th

e
ed

it
d
is

ta
n
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,
w

h
ic

h
is

si
m

il
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k
n
ow

n
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b
e

st
ro

n
gl

y
n
on

-E
u
cl

id
ea

n
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n
d
on

i
an

d
K

ra
u
th
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m

er
,
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1
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).

A
d
d
it

io
n
al
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m
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at
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n
s
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m
et

h
o
d
s
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e
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te
d
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n
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T
h
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e
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n
ce

rn
s

h
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e
le

d
re

se
ar

ch
er
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t

al
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ri
th
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an
d

st
at

is
ti

ca
l

a
p
p
ro
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ch
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th

at
ap

p
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in
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ea
te

r
ge

n
er

al
it
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A

p
ar

ti
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y
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u
it

fu
l
re

ce
n
t

d
ir

ec
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on
h
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se
d
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n
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et

ri
c

sp
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,

w
h
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h
ar

e
p
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n
t
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en
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ed
w

it
h

a
d
is

ta
n
ce

fu
n
ct

io
n

th
at

is
n
on
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eg

a
ti

ve
a
n
d
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m

m
et

ri
c,

an
d

al
so

sa
ti
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th
e
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n
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e
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u
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it
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W
h
il
e

m
et

ri
c

sp
ac

es
ar

e
si

g
n
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ca
n
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y
m

o
re

ge
n
er

al
th

an
H

il
b

er
ti

an
on

es
,

th
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st
il
l

d
o
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ca
p
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re
m

an
y

co
m
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on

d
is

ta
n
ce

fu
n
ct

io
n
s
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se

d
b
y

p
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n
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T
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e
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c

d
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u
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n
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w
h
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h
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p
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l
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p
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;
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o
d
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a
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,
2
0
1
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e
k
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n
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d
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d
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h
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w
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p
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b
u
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A
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J
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n
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;
J
ac
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et
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.,
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—
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a
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d
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b
u
is

so
n
,

A
.

J
ai

n
,

19
94

;
J
a
co

b
s

et
a
l.
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98

;
W

ei
n
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)
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n
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ec
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s
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ri
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d
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s
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v
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d
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g
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m
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p
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y
a
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C
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d
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H
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J
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d
Z

on
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J
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P
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J
.

B
u
h
m
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n
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Y
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R
u
b
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,
C

.
T
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,
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W
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e
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d
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d
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d
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h
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b
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b
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d
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d
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d
em

on
st

ra
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at
is

ti
ca

l
an

d
al

go
ri

th
m

ic
fe

as
ib

il
it

y
of

le
ar

n
in

g
in

th
is

se
tt

in
g

b
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b
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p
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e
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p
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p
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b
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p
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b
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a
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a
rd

tech
n
iq

u
e
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p
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b
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b
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p
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=
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d
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√
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d
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h
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h
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b
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b
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p
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d
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e
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p
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p

d
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d
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h
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d
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b
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argin

sep
aration

.
H
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b
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lts.

F
o
r

m
etric

sp
aces,

it
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b
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b
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n
d
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n
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u
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n
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p
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b
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b
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d
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N

P
-h

ard
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ach
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a
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tly
b
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com

p
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o
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et
a
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2014b
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A
s

w
e

sh
ow

in
th

e
A

p
p

en
d
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,
th

e
ab

ov
e
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lts

ch
a
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g
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g

in
m

etric
sp

ace
d
o

n
o
t
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over
to

sem
im
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M

ore
p
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th
e

d
ou

b
lin

g
d
im

en
sion
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a
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etric
d
o
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n
o
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n
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l
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p
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b
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m
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A
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o
u
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w
e
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cceed
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in

g
th

a
t

th
e

d
en

sity
con
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n
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d
o
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d
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n
trol

th
e

p
ack
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g

n
u
m

b
ers

even
in

sem
im

etrics,
th

is
d
o
es

n
ot

n
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im
p
ly

p
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ility
of

learn
in

g
algorith

m
s

for
m

etric
sp

a
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in
to

sem
im

etrics.
F

or
ex

am
p
le,

alth
ou

gh
th

e
n
earest-n

eigh
b

or
classifi

er
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still
w

ell-
d
efi

n
ed

in
sem

im
etric

sp
aces,

an
d

m
ay

n
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b
e
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u
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O
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)
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g
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p
p
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a
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n
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n
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b
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o
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p
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es

th
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tial
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u
p
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q
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e
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o
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m

etric
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em
m

a
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S
im

p
ly

p
u
t,

w
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ou
t

th
e
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gle

in
eq

u
ality,

th
e

h
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rch
y
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m

eth
o
d
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B
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er
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G
ottlieb

et
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n
d

rela
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p
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es,
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b
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.
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b
,
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o
v
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h
,
N
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e
v
it
c
h

P
a
p
e
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e
.
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b
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b
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algorith
m

s
in

S
ection

3.
In
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ection

4
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p
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e
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con
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e
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c
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b
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⇒
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d
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d
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∈
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∈
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r-b
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ra
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⊆
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′∈
A
ρ
(x
,x
′).

D
o
u
b
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b
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b
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b
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∃
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∪
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set
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⊆
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b
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m
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E
⊆
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=⇒
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h
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rau
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b
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∈
N

:
(x
∈
X

)∧
(r
>

0)
=⇒
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=
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b
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S
⊂
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th
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b
lin

g
d
im

en
sion

is
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ered
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an

d
K

rau
th

gam
er,

2013).

It
w

ill
b

e
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ven
ien

t
to

d
efi

n
e

L
og

(x
)
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2 dxe,
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d
w

e
w

ill
m
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e
id

en
tity

µ
(S

)
L
o
g
(α

)
=
dαe

d
en

s(S
)
.

(3)
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p
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p
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d
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b
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∑
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d
efi
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b
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S
u
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m
p
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a
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,
a
n
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d
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c
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N
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.
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se
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n
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w
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w
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b
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r
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e
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b
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⊂
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a

se
m

im
et

ri
c

sp
a
ce

an
d
S
∈
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a
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q
u
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ex
am

p
le
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T

h
u
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th
e

n
ot

io
n
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a

su
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sa
m

p
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⊂
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p
ar

ti
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ed

in
to
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s

p
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el
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d

n
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b
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b
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∪
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w
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d
efi

n
ed

.
T

h
e

m
a
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efi

n
ed

b
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m
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b
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b
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ca
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∞
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n
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n
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ra
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ra
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b
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re
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p
le
S̃

n
at

u
ra

ll
y

in
d
u
ce

s
th
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=
si

gn
(ρ

(x
,S̃
−
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.
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m
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⊂
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b
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m
ar

g
(S

).

T
h
e

p
ro

b
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b
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p
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e

ac
tu

al
r-

n
et

is
co

n
st

ru
ct

ed
in

a
gr

ee
d
y

fa
sh

io
n
.

In
it

ia
li
ze

se
t
C

=
∅,

a
n
d

fo
r

ev
er

y
p

oi
n
t

in
S

,
ad

d
it

to
C

if
it

s
cl

os
es

t
n
ei

gh
b

or
in
C

is
at

d
is

ta
n
ce
r

or
gr

ea
te

r.
S
in

ce
|C
|≤

k
,

th
e

to
ta

l
ru

n
ti

m
e

is
O

(k
|S
|).

S
ee

A
lg

or
it

h
m

1.

A
lg
o
ri
th

m
1

B
ru

te
-f

or
ce

n
et

co
n
st

ru
ct

io
n

R
e
q
u
ir
e
:

sa
m

p
le
S

,
m

ar
gi

n
r

E
n
su

re
:
C

is
an

r-
n
et

fo
r
S

fo
r
x
∈
S

d
o

if
ρ
(x
,C

)
≥
r
th

e
n

C
=
C
∪
{x
}

e
n
d
if

e
n
d
fo
r

H
av

in
g

d
em

on
st

ra
te

d
th

e
ex

is
te

n
ce

of
a

sm
al

l
r-

n
et

,
w

e
ca

n
n
ow

co
n
si

d
er

th
e

p
ro

b
le

m
s

of
p
ro

d
u
ci

n
g

b
ot

h
co

n
si

st
en

t
(l

os
sl

es
s)

an
d

in
co

n
si

st
en

t
(l

os
sy

)
1-

N
N

cl
as

si
fi
er

s
fo

r
th

e
sa

m
p
le

(s
ee

S
ec

ti
on

2)
.

C
o
n
si
st
e
n
t
c
a
se
.

F
or

a
la

b
el

ed
sa

m
p
le
S

,
re

ca
ll

th
at

th
e

m
a
rg

in
of
S

is
th

e
m

in
im

u
m

d
is

ta
n
ce

b
et

w
ee

n
op

p
os

it
el

y
la

b
el

ed
p

oi
n
ts

in
S

,
as

d
efi

n
ed

fo
rm

al
ly

in
S
ec

ti
on

2
.

T
h
e

m
a
rg

in
of

a
gi

ve
n

sa
m

p
le

ca
n

b
e

co
m

p
u
te

d
in

ti
m

e
Θ

(|S
|2 )

b
y

co
n
si

d
er

in
g

al
l

p
ai

rs
o
f

p
o
in

ts
.

W
e

b
eg

in
w

it
h

a
co

n
si

st
en

t
cl

as
si

fi
er

,
w

h
os

e
ge

n
er

al
iz

at
io

n
p

er
fo

rm
an

ce
w

it
h

ex
p
li
ci

t
co

n
st

a
n
ts

is
an

al
y
ze

d
in

T
h
eo

re
m

7(
i)

.
In

fo
rm

al
ly

,
th

e
la

tt
er

st
at

es
th

a
t

a
1-

n
ea

re
st

n
ei

g
h
b

o
r

cl
a
ss

ifi
er

in
d
u
ce

d
b
y

a
su

b
-s

am
p
le

of
si

ze
k

h
as

ge
n
er

al
iz

at
io

n
er

ro
r
O
( k

lo
g
n
+
lo
g

1 δ
n

) .

T
h
e
o
re

m
2

L
et
S

be
a

sa
m

p
le

se
t

eq
u

ip
pe

d
w

it
h

a
se

m
im

et
ri

c
d
is

ta
n

ce
fu

n
ct

io
n

,
a
n

d
le

t
th

e
m

a
rg

in
γ

=
m

ar
g
(S

)
be

gi
ve

n
.

In
ti

m
e
O

(k
|S
|)

w
e

ca
n

co
n

st
ru

ct
a

n
ea

re
st

-n
ei

gh
bo

r
cl

a
ss

ifi
er

th
a
t

a
ch

ie
ve

s
ze

ro
tr

a
in

in
g

er
ro

r
o
n
S

,
w

h
er

e
k

=
(r

ad
(S

)/
γ

)O
(d
en

s(
S
))
.

T
h
e

ev
a
lu

a
ti

o
n

o
n

a
te

st
po

in
t

re
qu

ir
es

Θ
(k

)
d
is

ta
n

ce
co

m
p
u

ta
ti

o
n

s,
a
n

d
w

it
h

p
ro

ba
bi

li
ty

1
−
δ,

th
e

re
su

lt
in

g

cl
a
ss

ifi
er

h
a
s

ge
n

er
a
li

za
ti

o
n

er
ro

r
O
( k

lo
g
n
+
lo
g

1 δ
n

) .

P
ro

o
f

W
e

b
u
il
d

a
γ

-n
et
C

fo
r
S

in
ti

m
e
O

(k
|S
|),

as
in

L
em

m
a

1.
S
in

ce
γ

is
th

e
m

a
rg

in
,

b
y

co
n
st

ru
ct

io
n

ev
er

y
p

oi
n
t

in
S

h
as

th
e

sa
m

e
la

b
el

as
it

s
n
ea

re
st

n
ei

gh
b

or
in
C

,
a
n
d

so
th

e
n
ea

re
st

n
ei

gh
b

or
cl

as
si

fi
er

w
it

h
re

sp
ec

t
to
C

h
as

ze
ro

sa
m

p
le

er
ro

r.
G

iv
en

a
te

st
p

oi
n
t
x

,
w

e
as

si
gn

it
th

e
sa

m
e

la
b

el
as

it
s

n
ea

re
st

n
ei

gh
b

o
r

in
C

.
T

h
en

th
e

ge
n
er

al
iz

at
io

n
b

ou
n
d
s

fo
ll
ow

fr
om

T
h
eo

re
m

7(
i)

.
F

or
th

e
ru

n
ti

m
e,
O

(k
)

o
p

er
a
ti

o
n
s

ar
e

cl
ea

rl
y

su
ffi

ci
en

t
to

fi
n
d

th
e

n
ea

re
st

n
ei

gh
b

or
(s

ee
al

so
L

em
m

as
16

an
d

17
).

R
e
m
a
rk

3
If

th
e

m
a
rg

in
is

n
o
t

kn
o
w

n
in

a
d
va

n
ce

,
th

en
it

m
u

st
be

co
m

p
u

te
d
,

a
n

d
th

e
ru

n
ti

m
e

in
T

h
eo

re
m

2
gr

o
w

s
to
O

(n
2
).

In
th

is
ca

se
w

e
ca

n
gi

ve
a
n

a
lt

er
n

a
te

co
n

st
ru

ct
io

n
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C
l
a
ssif

ic
a
t
io
n
f
o
r
se

m
im

e
t
r
ic
s

th
a
t

a
ch

ieves
th

e
ru

n
tim

e
o
f
O

(k|S|)
o
f

th
e

T
h
eo

rem
.

E
xtra

ct
sets

S
+
,S
−
∈
S

o
f

o
p
po

sitely
la

beled
po

in
ts

in
S

,
a
n

d
fo

r
ea

ch
set

bu
ild

a
su

bset
in

a
m

a
n

n
er

sim
ila

r
to

th
e

p
roo

f
o
f

L
em

m
a

1
:

L
et
R

be
th

e
m

a
xim

u
m

a
m

o
n

g
th

e
ra

d
ii

o
f
S
+
,S
−

.
P

a
rtitio

n
S
+

in
to

clu
sters

by
extra

ctin
g

fro
m
S
+

a
n

a
rbitra

ry
n

et
D

w
ith

m
in

im
u

m
in

terpo
in

t
d
ista

n
ce
R
/2

,
a
n

d
a
ssign

in
g

ea
ch

po
in

t
p
∈
S
+

to
a

clu
ster

cen
tered

a
t

th
e

n
ea

rest
n

eigh
bo

r
o
f
p

in
D

.
T

h
en

a
p
p
ly

th
e

p
roced

u
re

recu
rsively

to
ea

ch
clu

ster
in
D

,
h
a
lvin

g
th

e
p
revio

u
s

ra
d
iu

s.
T

h
is

co
n

stru
ctio

n
is

d
o
n

e
to
S
−

in
pa

ra
llel,

a
n

d
term

in
a
tes

w
h
en

th
e

u
n

io
n

o
f

th
e

su
bsets

fo
r
S
+

a
n

d
S
−

is
co

n
sisten

t
w

ith
S

.
T

h
is

m
u

st
occu

r
w

ith
in
O

(log
(rad

(S
)/

m
a
rg

(S
)))

itera
tio

n
s,

p
rod

u
cin

g
a

co
n

sisten
t

set
o
f

size
k

in
tim

e
O

(k
n

log
(rad

(S
)/

m
arg

(S
)))

=
O

(k
n

)
(w

h
ere

equ
a
lity

fo
llo

w
s

fro
m

th
e

lo
g
(ra

d
(S

)/
m

arg
(S

))
term

bein
g

su
bsu

m
ed

in
th

e
d

efi
n

itio
n

o
f
k

).

T
h
e

p
ro

ced
u
re

in
T

h
eorem

2
com

p
resses

S
,

p
ro

d
u
cin

g
a

con
sisten

t
su

b
-sam

p
le
C

.
Im

-
m

ed
ia

te
fro

m
th

e
th

eorem
is

th
at

th
e

sm
aller

th
e

com
p
ressed

set
C

,
th

e
b

etter
th

e
gen

eral-
iza

tio
n

b
o
u
n
d
s

of
th

e
classifi

er.
H

ow
ever,

as
G

ottlieb
et

al.
(2014b

)
recen

tly
d
em

on
strated

,
even

in
m

etric
sp

aces,
it

is
N

P
-h

ard
to

ap
p
rox

im
ate

th
e

size
of

th
e

m
in

im
u
m

con
sisten

t
su

b
set

to
w

ith
in

a
factor

2
O
(d
d
im

(S
)
lo
g
(ra

d
(S

)/
m
a
rg
(S

))
1−
o
(1

)
=

2
O
(d
en

s(S
)
lo
g
(ra

d
(S

)/
m
a
rg
(S

))
1−
o
(1

)

(w
h
ere

th
e

eq
u
a
lity

follow
s

from
L

em
m

a
15

).
T

h
is

m
ean

s
th

a
t

ch
o
osin

g
th

e
n
et

of
L

em
m

a
1

is
clo

se
to

th
e

o
p
tim

al
con

stru
ction

for
a

con
sisten

t
su

b
set

of
S

.

In
c
o
n
siste

n
t
c
a
se
.

It
is

n
atu

ral
to

ask
w

h
eth

er
allow

in
g

th
e

classifi
er

n
o
n
zero

sam
p
le

erro
r

resu
lts

in
im

p
roved

gen
eralization

b
ou

n
d
s.

T
h
is

is
in

d
eed

gen
erally

th
e

case,
as

th
e

b
o
u
n
d

in
T

h
eo

rem
8

in
d
icates.

In
form

ally,
th

e
latter

sh
ow

s
th

at
a

1-n
earest

n
eigh

b
or

cla
ssifi

er
in

d
u
ced

b
y

a
su

b
-sam

p
le

of
size

k
w

ith
sam

p
le

error
ε

h
as

gen
eralization

error

Q
(k
,ε)

=
O

(
ε

+
1n

log
n
kδ

+
√

εn
log

n
kδ )

.
O

p
tim

izin
g

th
is

b
ou

n
d

is
an

in
stan

ce
of

S
tru

c-

tu
ra

l
R

isk
M

in
im

ization
(S

R
M

).
U

n
fortu

n
ately,

w
e

can
sh

ow
S
R

M
to

b
e

in
feasib

le
for

th
is

p
ro

b
lem

,
a
n
d

th
at

th
e

gen
eralization

gu
aran

tees
of

T
h
eorem

2
are

n
early

th
e

b
est

th
at

can
b

e
o
b
ta

in
ed

b
y

w
ay

of
T

h
eorem

8:

T
h
e
o
re

m
4

G
iven

a
set

S
equ

ip
ped

w
ith

a
m

etric
o
r

sem
im

etric
d
ista

n
ce

fu
n

ctio
n

,
let

S
∗
⊂
S

be
a

su
b-sa

m
p
le

fo
r

w
h
ich

th
e

gen
era

liza
tio

n
bo

u
n

d
Q

(k
,ε)

in
T

h
eo

rem
8

(fo
r

a
fi

xed
co

n
sta

n
t
δ)

is
m

in
im

ized
.

T
h
en

it
is

N
P

-h
a
rd

to
co

m
p
u

te
a
n

y
su

bset
o
f
S

a
ch

ievin
g

a
gen

era
liza

tio
n

bo
u

n
d

w
ith

in
fa

cto
r

2
O
((d

en
s(S

)
lo
g
(ra

d
(S

)/
m
a
rg
(S

)))
1−
o
(1

)
o
f

th
e

gen
era

liza
tio

n
bo

u
n

d
in

d
u

ced
by

S
∗.

P
ro

o
f

T
h
e

p
ro

of
is

v
ia

red
u
ction

from
th

e
m

in
im

u
m

con
sisten

t
su

b
set

p
rob

lem
m

en
tion

ed
a
b

ove.
F

ix
th

e
con

fi
d
en

ce
level

δ
in

th
e

b
ou

n
d
,

let
T

b
e

an
in

stan
ce

of
th

e
m

in
im

u
m

co
n
sisten

t
su

b
set

p
rob

lem
,

an
d

p
u
t
m

=
|T|.

F
or

som
e

large
valu

e
p
,

rep
lace

each
p

oin
t

ti ∈
T

w
ith

a
(sim

ilarly
lab

eled
)

set
of
p

p
oin

ts
s
i,1 ,...,s

i,p
ob

ey
in

g
th

e
lin

e
m

etric,
w

ith
ρ
(s
i,a ,s

i,b )
=
φ|a−

b|
for

an
in

fi
n
itesim

ally
sm

all
φ

.
P

u
t
ρ
(s
i,a ,s

j,b )
=
ρ
(ti ,tj ).

T
h
e

n
ew

set
is
S

,
w

ith
n

=
|S|

=
p
m

.
C

o
n
sid

er
a

su
b
set

S
′⊂

S
.

If
th

e
1-N

N
ru

le
on

S
′

m
isclassifi

es
a

p
oin

t
of
S

,
say

s
i,a ,

th
en

in
fa

ct
it

m
u
st

m
isclassify

all
p

p
oin

ts
s
i,b ,

b
∈

[1,p
].

S
o

an
in

con
sisten

t
su

b
set

of
S

a
ch

ieves
a

va
lu

e
of
Q

(|S
′|,p

/n
)

=
Ω

(p
/n

)
in

th
e

gen
eralization

b
ou

n
d
.

N
ow

co
n
sid

er
th

e
con

sisten
t

su
b
set

of
S

con
sistin

g
of
m

=
n
/p

p
o
in

ts
s
i,1

for
i∈

[1,m
].

B
y

T
h
eorem

7
(i),

th
is

classifi
er

ach
ieves

a
gen

eralization
b

ou
n
d

of
O
(
m

lo
g
n

n

)
=
O
(
lo
g
n

p

)
.
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G
o
t
t
l
ie
b
,
K
o
n
t
o
r
o
v
ic
h
,
N
isn

e
v
it
c
h

S
o

w
h
en

p
=

Ω
( √
n

log
n

),
th

is
con

sisten
t

classifi
er

is
b

etter
th

an
an

y
in

con
sisten

t
classifi

er.

N
ow

a
con

sisten
t

su
b
set

of
size

d
≤
m

h
as

gen
eralization

b
ou

n
d
O
(
d
lo
g
n

n

)
.

A
s

it
is

N
P

-h
ard

to
fi
n
d

a
su

b
set

w
h
ose

size
is

w
ith

in
a

factor
2
O
(d
en

s(S
)
lo
g
(ra

d
(S

)/
m
a
rg
(S

))
1−
o
(1

)
of

th
e

sm
allest

con
sisten

t
su

b
set,

it
is

N
P

-h
ard

to
fi
n
d

a
con

sisten
t

su
b
set

w
ith

gen
eralization

b
ou

n
d

w
ith

in
a

factor
2
O
(d
en

s(S
)
lo
g
(ra

d
(S

)/
m
a
rg
(S

))
1−
o
(1

)
of

th
e

op
tim

al
con

sisten
t

su
b
set,

an
d

th
e

th
eorem

follow
s.

In
ligh

t
of

th
e

h
ard

n
ess

resu
lt

estab
lish

ed
in

T
h
eorem

4,
w

e
sp

ecialize
th

e
goal

from
on

e
of

seek
in

g
a

sm
all

n
early

con
sisten

t
su

b
-sam

p
le

to
on

e
w

h
ere

th
e

su
b
-sam

p
le

m
u
st

b
e

a
γ

-n
et.

In
th

is
case,

th
e

relevan
t

gen
eralization

b
ou

n
d

is
p
rov

id
ed

b
y

T
h
eorem

10.
A

s
b

efore,
w

e
w

ish
to

p
erform

S
R

M
for

th
is

b
ou

n
d
.

F
ortu

n
ately,

w
e

are
ab

le
to

com
p
u
te

th
e

latter
ex

actly
in

p
oly

n
om

ial
tim

e,
an

d
even

m
ore

effi
cien

tly
if

w
e

are
w

illin
g

to
settle

for
a

solu
tion

w
ith

in
a

con
stan

t
factor

of
th

e
op

tim
al.

T
h
e

p
ro

of
of

th
e

follow
in

g
th

eorem
follow

s
th

e
lin

es
of

G
ottlieb

et
al.

(2014a).

T
h
e
o
re

m
5

G
iven

a
sa

m
p
le

set
S

equ
ip

ped
w

ith
a

sem
im

etric:

(a
)

A
n

ea
rest-n

eigh
bo

r
cla

ssifi
er

m
in

im
izin

g
th

e
gen

era
liza

tio
n

bo
u

n
d

o
f

T
h
eo

rem
1
0

ca
n

be
co

m
p
u

ted
in

ra
n

d
o
m

ized
tim

e
O

(|S| 4
.3
7
3).

(b)
A

n
ea

rest-n
eigh

bo
r

cla
ssifi

er
w

h
o
se

gen
era

liza
tio

n
bo

u
n

d
is

w
ith

in
fa

cto
r

2
o
f

o
p
tim

a
l

ca
n

be
co

m
p
u

ted
in

d
eterm

in
istic

tim
e
O

(|S| 2
log|S|).

E
a
ch

o
f

th
ese

cla
ssifi

ers
ca

n
be

eva
lu

a
ted

o
n

test
po

in
ts

in
tim

e
(
ra
d
(S

)
γ

)
O
(d
en

s(S
)),

w
h
ere

γ

is
th

e
m

a
rgin

im
po

sed
by

th
e

S
R

M
p
roced

u
re.

P
ro

o
f

F
or

each
of

th
ese

solu
tion

s,
w

e
en

u
m

erate
an

d
sort

in
in

creasin
g

ord
er

th
e

d
istan

ces
b

etw
een

all
op

p
ositely

lab
eled

p
oin

t
p
airs

in
S

,
in

total
tim

e
O

(|S| 2
log|S|).

E
a
ch

d
istan

ce
con

stitu
tes

a
sep

arate
gu

ess
for

th
e

op
tim

al
m

argin
to

“im
p

ose”
on

S
.

T
h
at

is,
for

each
d
istan

ce
γ

,
w

e
w

ill
rem

ove
from

S
som

e
p

oin
ts

to
en

su
re

th
at

all
op

p
osite

la
b

eled
p
airs

are
m

ore
th

an
γ

far
ap

art.
T

o
accom

p
lish

th
is,

w
e

iteratively
b
u
ild

a
n
ew

grap
h
G

.
W

e
in

itialize
G

w
ith

vertices
rep

resen
tin

g
th

e
p

oin
ts

of
S

.
A

t
each

rou
n
d

w
e

ad
d

to
G

an
ed

ge
b

etw
een

th
e

n
ex

t
closest

p
air

of
op

p
osite

lab
eled

p
oin

ts,
as

given
b
y

th
e

sorted
en

u
m

eration
ab

ov
e.

T
h
is

d
istan

ce
is

th
e

m
argin

of
th

e
cu

rren
t

rou
n
d
:

P
oin

ts
con

n
ected

b
y

a
n

ed
ge

in
G

rep
resen

t
p
airs

th
at

are
to

o
close

togeth
er

for
th

e
cu

rren
t

m
argin

,
an

d
w

e
n
eed

to
com

p
u
te

h
ow

m
an

y
p

oin
ts

w
ou

ld
n
eed

to
b

e
rem

ov
ed

from
G

in
ord

er
for

n
o

ed
ge

to
rem

ain
in

th
e

g
rap

h
.

(H
ow

ever,
n
o

p
oin

ts
or

ed
ges

w
ill

actu
ally

rem
oved

from
G

.)
A

s
ob

served
b
y

G
ottlieb

et
al.

(2014a),
th

is
task

is
p
recisely

th
e

p
rob

lem
of

b
ip

artite
vertex

cover.
B

y
K

ön
ig’s

th
eorem

,
th

e
m

in
im

u
m

vertex
cover

p
rob

lem
in

b
ip

artite
grap

h
s

is
eq

u
ivalen

t
to

th
e

m
ax

im
u
m

m
atch

in
g

p
rob

lem
,

an
d

a
m

ax
im

u
m

m
atch

in
g

in
b
ip

artite
grap

h
s

can
b

e
co

m
p
u
ted

in
ran

d
om

ized
tim

e
O

(n
2
.3
7
3)

(M
u
ch

a
an

d
S
an

kow
sk

i,
2004;

W
illiam

s,
2012).

S
o

for
each

can
d
id

ate
m

argin
,

w
e

can
com

p
u
te

in
O

(n
2
.3
7
3)

tim
e

th
e

n
u
m

b
er

of
p

oin
ts

th
at

m
u
st

b
e

rem
oved

from
th

e
cu

rren
t

grap
h
G

in
ord

er
to

rem
ov

e
all

ed
ges.

F
or
O

(n
2)

p
ossib

le
m

argin
s,

th
is

am
ou

n
ts

to
O

(n
4
.3
7
3)

tim
e.

H
av

in
g

com
p
u
ted

for
each

in
terp

oin
t

d
istan

ce
th

e
n
u
m

b
er

of
p

oin
ts

req
u
ired

to
b

e
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C
l
a
ss
if
ic
a
t
io
n
f
o
r
se

m
im

e
t
r
ic
s

d
el

et
ed

to
ac

h
ie

ve
th

is
d
is

ta
n
ce

,
w

e
ch

o
os

e
th

e
d
is

ta
n
ce

-n
u
m

b
er

p
ai

r
w

h
ic

h
m

in
im

iz
es

th
e

b
ou

n
d

of
T

h
eo

re
m

10
.

W
e

th
en

re
m

ov
e

th
e

co
rr

es
p

on
d
in

g
p

oi
n
ts

fr
om

S
,

an
d

u
se

th
e

al
go

ri
th

m
of

L
em

m
a

1
to

co
n
st

ru
ct

a
n
et

sa
ti

sf
y
in

g
th

e
m

ar
gi

n
b

ou
n
d
.

T
h
e

ru
n
ti

m
e

im
p
ro

ve
m

en
t

in
(b

)
co

m
es

fr
om

a
fa

st
er

v
er

te
x
-c

ov
er

co
m

p
u
ta

ti
on

.
It

is
w

el
l

k
n
ow

n
th

at
a

2-
ap

p
ro

x
im

at
io

n
to

v
er

te
x

co
v
er

ca
n

b
e

co
m

p
u
te

d
(i

n
a
rb

it
ra

ry
gr

ap
h
s)

b
y

a
gr

ee
d
y

al
go

ri
th

m
in

ti
m

e
li
n
ea

r
in

th
e

gr
ap

h
si

ze
O

(|V
+
∪
V
−
|+
|E
|)

=
O

(n
2
),

se
e

e.
g.

B
ar

-Y
eh

u
d
a

an
d

E
ve

n
(1

98
1)

.
T

h
is

al
go

ri
th

m
si

m
p
ly

ch
o
os

es
an

y
ed

ge
an

d
re

m
ov

es
b

ot
h

en
d
p

oi
n
ts

,
u
n
ti

l
n
o

ed
ge

s
re

m
ai

n
.

W
e

ap
p
ly

th
is

al
go

ri
th

m
to

ou
r

se
tt

in
g:

A
n
ew

ed
ge

is
ad

d
ed

to
G

on
ly

if
b

ot
h

en
d
p

oi
n
ts

su
rv

iv
e

in
th

e
al

re
ad

y
co

m
p
u
te

d
co

ve
r,

an
d

th
en

b
ot

h
en

d
p

oi
n
ts

ar
e

m
ar

k
ed

as
re

m
ov

ed
in

th
e

so
lu

ti
on

to
th

e
n
ew

gr
ap

h
.

H
av

in
g

co
m

p
u
te

d
fo

r
ea

ch
in

te
rp

oi
n
t

d
is

ta
n
ce

th
e

n
u
m

b
er

of
p

oi
n
ts

re
q
u
ir

ed
to

b
e

d
el

et
ed

to
ac

h
ie

ve
th

is
d
is

ta
n
ce

,
w

e
ch

o
os

e
th

e
d
is

ta
n
ce

-n
u
m

b
er

p
ai

r
w

h
ic

h
m

in
im

iz
es

th
e

b
ou

n
d

of
T

h
eo

re
m

10
.

W
e

th
en

re
m

ov
e

th
e

co
rr

es
p

on
d
in

g
p

oi
n
ts

fr
om

S
,

an
d

u
se

th
e

al
go

ri
th

m
of

L
em

m
a

1
to

co
n
st

ru
ct

a
n
et

sa
ti

sf
y
in

g
th

e
m

ar
gi

n
b

ou
n
d
.

T
h
e

ru
n
ti

m
e

is
d
om

in
at

ed
b
y

th
e

ti
m

e
re

q
u
ir

ed
to

so
rt

th
e

d
is

ta
n
ce

s.

F
or

b
ot

h
al

go
ri

th
m

s,
a

n
ew

p
oi

n
t

is
cl

as
si

fi
ed

b
y

fi
n
d
in

g
it

s
n
ea

re
st

n
ei

gh
b

or
in

th
e

ex
tr

ac
te

d
n
et

.

R
e
m
a
rk

6
It

is
w

o
rt

h
a
sk

in
g

w
h
et

h
er

a
su

cc
es

fu
l

le
a
rn

er
in

(s
em

i)
m

et
ri

c
sp

a
ce

m
u

st
n

ec
-

es
sa

ri
ly

pe
rf

o
rm

so
m

e
ty

pe
o
f

co
m

p
re

ss
io

n
.

M
o
ra

n
a
n

d
Y

eh
u

d
a
yo

ff
(2

0
1
6
)

re
ce

n
tl

y
d
em

o
n

-
st

ra
te

d
th

a
t

fo
r

cl
a
ss

ifi
er

s
o

f
fi

n
it

e
V

C
-d

im
en

si
o
n

,
le

a
rn

in
g

a
n

d
co

m
p
re

ss
io

n
a
re

in
fa

ct
eq

u
iv

a
le

n
t.

H
o
w

ev
er

,
n

o
su

ch
re

su
lt

is
kn

o
w

n
—

o
r

ev
en

co
n

je
ct

u
re

d
—

fo
r

in
fi

n
it

e
V

C
-

d
im

en
si

o
n

cl
a
ss

ifi
er

s
su

ch
a
s

1
-N

N
a
n

d
it

s
va

ri
a
n

ts
.

If
a

(s
em

i)
m

et
ri

c
le

a
rn

er
d
oe

s
ch

oo
se

to
le

a
rn

by
co

m
p
re

ss
io

n
,

h
e

is
n

o
t

n
ec

es
sa

ri
ly

re
st

ri
ct

ed
to

le
a
rn

in
g

vi
a

1
-N

N
,

bu
t

ca
n

m
a
ke

u
se

o
f

a
n

y
p
ro

xi
m

it
y-

ba
se

d
fu

n
ct

io
n

.
B

u
t

ev
en

th
en

,
T

h
eo

re
m

s
1
0

a
n

d
1
1

be
lo

w
d
em

o
n

st
ra

te
th

a
t

fr
o
m

a
n

in
fo

rm
a
ti

o
n

-t
h
eo

re
ti

c
st

a
n

d
po

in
t,

ro
u

gh
ly

(r
ad

(S
)/

m
ar

g
(S

))
d
en

s(
X
)

ex
a
m

p
le

s
a
re

bo
th

n
ec

es
sa

ry
in

th
e

w
o
rs

t
ca

se
a
n

d
a
lw

a
ys

su
ffi

ci
en

t.
O

n
e

co
u

ld
st

il
l

h
o
pe

to
ex

h
ib

it
a

le
a
rn

in
g

p
ro

bl
em

in
a

(s
em

i)
m

et
ri

c
sp

a
ce

w
h
er

e
an

y
le

a
rn

er
a
ch

ie
vi

n
g

sm
a
ll

ge
n

er
a
li

za
ti

o
n

m
u

st
so

lv
e

so
m

e
h
a
rd

p
ro

bl
em

.
R

es
u

lt
s

o
f

th
is

ty
pe

a
re

kn
o
w

n
fo

r
fi

n
it

e
a
u

to
m

a
ta

u
n

d
er

cr
yp

to
gr

a
p
h
ic

a
ss

u
m

p
ti

o
n

s
(K

ea
rn

s
a
n

d
V

a
zi

ra
n

i,
1
9
9
7
,

S
ec

ti
o
n

1
.4

);
co

u
ld

so
m

et
h
in

g
si

m
il

a
r

be
sh

o
w

n
fo

r
p
ro

xi
m

it
y-

ba
se

d
le

a
rn

in
g?

4
.

G
e
n
e
ra

li
za

ti
o
n

g
u
a
ra

n
te

e
s

In
th

is
se

ct
io

n
,

w
e

p
ro

v
id

e
ge

n
er

al
sa

m
p
le

co
m

p
re

ss
io

n
b

ou
n
d
s,

w
h
ic

h
th

en
w

il
l

b
e

sp
e-

ci
al

iz
ed

to
th

e
n
ea

re
st

-n
ei

gh
b

or
cl

as
si

fi
er

p
ro

p
os

ed
ab

ov
e.

T
h
eo

re
m

8
p
re

se
n
ts

a
sm

o
ot

h
in

te
rp

ol
at

io
n

b
et

w
ee

n
tw

o
cl

as
si

c
b

o
u
n
d
s:

th
e

co
n
si

st
en

t
ca

se
w

it
h

ra
te
Õ

(1
/n

),
an

d
th

e
ag

n
os

ti
c

ca
se

w
it

h
ra

te
Õ

(1
/√

n
).

A
p
p
li
ed

to
m

ar
gi

n
-b

as
ed

se
m

im
et

ri
c

sa
m

p
le

-c
om

p
re

ss
io

n
sc

h
em

es
,

th
is

re
su

lt
y
ie

ld
s

th
e

effi
ci

en
tl

y
co

m
p
u
ta

b
le

an
d

op
ti

m
iz

ab
le

b
ou

n
d

in
T

h
eo

re
m

10
,

w
h
ic

h
is

n
ea

rl
y

op
ti

m
al

(a
s

sh
ow

n
in

T
h
eo

re
m

4)
.

F
in

al
ly

,
th

e
lo

w
er

b
ou

n
d

in
T

h
eo

re
m

11
sh

ow
s

th
at

ev
en

u
n
d
er

m
ar

gi
n

as
su

m
p
ti

on
s,

th
er

e
ex

is
t

ad
ve

rs
ar

ia
l

d
is

tr
ib

u
ti

on
s

fo
rc

in
g

th
e

sa
m

p
le

co
m

p
le

x
it

y
to

b
e

ex
p

on
en

ti
al

in
d
en
s.
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8(

37
):

1-
22

, 2
01

7

G
o
t
t
l
ie
b
,
K
o
n
t
o
r
o
v
ic
h
,
N
is
n
e
v
it
c
h

4
.1

S
a
m
p
le

c
o
m
p
re

ss
io
n

sc
h
e
m
e
s

W
e

u
se

th
e

n
ot

io
n

of
a

sa
m

p
le

co
m

p
re

ss
io

n
sc

h
em

e
in

th
e

se
n
se

of
G

ra
ep

el
et

a
l.

(2
0
0
5
),

w
h
er

e
it

is
tr

ea
te

d
in

fu
ll

ri
go

r.
In

fo
rm

al
ly

,
a

le
a
rn

in
g

al
go

ri
th

m
m

ap
s

a
sa

m
p
le
S

o
f

si
ze
n

to
a

h
y
p

ot
h
es

is
h
S

.
It

is
a
d
-s

am
p
le

co
m

p
re

ss
io

n
sc

h
em

e
if

a
su

b
-s

am
p
le

of
si

ze
d

su
ffi

ce
s

to
p
ro

d
u
ce

a
h
y
p

ot
h
es

is
th

at
ag

re
es

w
it

h
th

e
la

b
el

s
of

al
l

th
e
n

p
oi

n
ts

.
It

is
a
n
ε-

lo
ss

y
d
-s

am
p
le

co
m

p
re

ss
io

n
sc

h
em

e
if

a
su

b
-s

am
p
le

of
si

ze
d

su
ffi

ce
s

to
p
ro

d
u
ce

a
h
y
p

o
th

es
is

th
at

d
is

ag
re

es
w

it
h

th
e

la
b

el
s

of
at

m
os

t
εn

of
th

e
n

sa
m

p
le

p
oi

n
ts

.
A

t
th

is
st

a
g
e,

w
e

a
re

n
o
t

as
su

m
in

g
an

y
th

in
g

ab
ou

t
th

e
co

m
p
u
ta

ti
on

al
effi

ci
en

cy
of

a
co

m
p
re

ss
io

n
sc

h
em

e.

T
h
e

al
go

ri
th

m
n
ee

d
n
ot

k
n
ow

d
an

d
ε

in
ad

va
n
ce

.
W

e
sa

y
th

at
th

e
sa

m
p
le
S

is
(d
,ε

)-
co

m
p
re

ss
ib

le
if

th
e

al
go

ri
th

m
su

cc
ee

d
s

in
fi
n
d
in

g
an

ε-
lo

ss
y
d
-s

am
p
le

co
m

p
re

ss
io

n
sc

h
em

e
fo

r
th

is
p
ar

ti
cu

la
r

sa
m

p
le

.
In

th
is

ca
se

:

T
h
e
o
re

m
7
(G

ra
e
p
e
l
e
t
a
l.

(2
0
0
5
))

F
o
r

a
n

y
d
is

tr
ib

u
ti

o
n

o
ve

r
X
×
{−

1,
1}

,
a
n

y
n
∈
N

a
n

d
a
n

y
0
<
δ
<

1
,

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ

o
ve

r
th

e
ra

n
d
o
m

sa
m

p
le
S

o
f

si
ze
n

,
th

e
fo

ll
o
w

in
g

h
o
ld

s:

(i
)

If
S

is
(d
,0

)-
co

m
p
re

ss
ib

le
,

th
en

er
r(
h
S

)
≤

1

n
−
d

( (d
+

1
)

lo
g
n

+
lo

g
1 δ

)
.

(i
i)

If
S

is
(d
,ε

)-
co

m
p
re

ss
ib

le
,

th
en

er
r(
h
S

)
≤

εn

n
−
d

+

√
(d

+
1)

lo
g
n

+
lo

g
1 δ

2(
n
−
d
)

.

T
h
e

ge
n
er

al
iz

in
g

p
ow

er
of

sa
m

p
le

co
m

p
re

ss
io

n
w

as
in

d
ep

en
d
en

tl
y

d
is

co
ve

re
d

b
y

L
it

tl
es

to
n
e

an
d

W
ar

m
u
th

(1
98

6)
;

D
ev

ro
ye

et
al

.
(1

99
6)

,
an

d
la

te
r

el
ab

or
at

ed
u
p

on
b
y

G
ra

ep
el

et
al

.
(2

00
5)

.
T

h
e

b
ou

n
d
s

ab
ov

e
ar

e
al

re
ad

y
q
u
it

e
u
sa

b
le

,
b
u
t

th
ey

fe
at

u
re

an
ab

ru
p
t

tr
a
n
si

ti
o
n

fr
om

th
e

(l
og
n

)/
n

d
ec

ay
in

th
e

lo
ss

le
ss

(ε
=

0)
re

gi
m

e
to

th
e
√

(l
og
n

)/
n

d
ec

ay
in

th
e

lo
ss

y
re

gi
m

e.
W

e
n
ow

p
ro

v
id

e
a

sm
o
ot

h
in

te
rp

ol
at

io
n

b
et

w
ee

n
th

e
tw

o
(s

u
ch

re
su

lt
s

a
re

k
n
ow

n
in

th
e

li
te

ra
tu

re
as

“f
as

t
ra

te
s”

(B
ou

ch
er

on
et

al
.,

20
05

);
se

e
al

so
a

re
la

te
d

re
su

lt
in

S
h
al

ev
-S

h
w

ar
tz

an
d

B
en

-D
av

id
(2

01
4)

):

T
h
e
o
re

m
8

F
ix

a
d
is

tr
ib

u
ti

o
n

o
ve

r
X
×
{−

1,
1}

,
a
n
n
∈
N

a
n

d
0
<
δ
<

1
.

W
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ

o
ve

r
th

e
ra

n
d
o
m

sa
m

p
le
S

o
f

si
ze
n

,
th

e
fo

ll
o
w

in
g

h
o
ld

s
fo

r
a
ll

0
≤
ε
≤

1 2
:

If
S

is
(d
,ε

)-
co

m
p
re

ss
ib

le
,

th
en

,
p
u

tt
in

g
ε̃

=
εn
/
(n
−
d
),

w
e

h
a
ve

er
r(
h
S

)
≤

ε̃
+

2

3(
n
−
d
)

lo
g
n
d
+
1

δ
+

√
9ε̃

(1
−
ε̃)

2(
n
−
d
)

lo
g
n
d
+
1

δ

=
:
Q

(d
,ε

).
(4

)

P
ro

o
f

W
e

cl
os

el
y

fo
ll
ow

th
e

ar
gu

m
en

t
in

G
ra

ep
el

et
al

.
(2

00
5,

T
h
eo

re
m

2)
,

w
it

h
th

e
tw

is
t

th
at

in
st

ea
d

of
H

o
eff

d
in

g’
s

in
eq

u
al

it
y,

w
e

u
se

B
er

n
st

ei
n
’s

.
T

h
e

p
ar

ti
cu

la
r

fo
rm

o
f

th
e

la
tt

er
is

d
u
e

to
D

as
gu

p
ta

an
d

H
su

(2
00

8,
L

em
m

a
1)

:
if
p̂
∼

B
in

(n
,p

)/
n

an
d
δ
>

0
,

th
en

th
e

fo
ll
ow

in
g

h
ol

d
s

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t
1
−
δ:

p
≤
p̂

+
2 3
n

lo
g

1 δ
+

√
9p̂

(1
−
p̂
)

2n
lo

g
1 δ
.

(5
)
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io
n
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o
r
se

m
im

e
t
r
ic
s

N
ow

su
p
p

o
se

th
at
S

is
(d
,k
/n

)-com
p
ressib

le,
as

w
itn

essed
b
y

som
e

su
b
-sam

p
le
S̃
⊂
S

o
f

size
d
.

In
p
a
rticu

lar,
th

e
h
y
p

oth
esis

h
S̃

in
d
u
ced

b
y

th
e

su
b
-sam

p
le
S̃

m
akes

k
or

few
er

m
ista

kes
o
n

th
e
n
−
d

p
oin

ts
in
S
\
S̃

.
S
u
b
stitu

tin
g
p

=
err(h

S̃
)

an
d

p̂
=

êrr
S\
S̃

(h
S̃

)
:=

1

|S
\
S̃|

∑x∈
S\
S̃

1{
h
S̃

errs
o
n
x}
≤

k

n
−
d

=
ε̃

in
to

(5
)

y
ield

s
th

at
for

fi
x
ed

S̃
an

d
ran

d
om

S
\
S̃

,
w

ith
p
rob

ab
ility

at
least

1−
δ,

err(h
S̃

)
≤

êrr
S\
S̃

(h
S̃

)
+

2

3(n
−
d
)

log
1δ

+

√
9ε̃(1−

ε̃)

2
(n
−
d
)

log
1δ
,

(6)

w
h
ere

w
e

u
sed

th
e

m
on

oton
icity

of
t7→

t(1−
t)

on
[0
,
12 ].

T
o

see
th

at
(6)

follow
s

fro
m

(5),

n
o
te

th
a
t

w
h
en

S̃
of

size
d

is
fi
x
ed

an
d
S
\
S̃

is
d
raw

n
iid
∼

P
,

w
e

h
av

e
(n−

d
)êrr

S\
S̃

(h
S̃

)∼
B

in
(n
−
d
,err(h

S̃
)).

T
o

m
ake

(6)
h
old

sim
u
ltan

eou
sly

for
all

S̃
⊆
S

,
d
iv

id
e
δ

b
y
n
d

—
th

e

n
u
m

b
er

o
f

w
ay

s
to

ch
o
ose

a
(m

u
lti)set

S̃
of

size
d
.

T
o

m
ake

th
e

claim
h
old

for
all

d
∈

[n
]

a
n
d

a
ll

0
≤
ε
<

1,
stratify

(as
in

G
raep

el
et

al.
(2005,

L
em

m
a

1))
over

th
e
n

p
ossib

le
ch

oices
o
f
d
,

w
h
ich

a
m

ou
n
ts

to
d
iv

id
in

g
δ

b
y

a
n

ad
d
ition

al
factor

o
f
n

.
U

n
like

in
G

raep
el

et
al.

(2
0
0
5
),

th
ere

is
n
o

n
eed

to
stratify

over
th

e
p

ossib
le

valu
es

of
ε,

sin
ce

(5)
h
old

s
for

ran
d
om

(a
n
d

n
o
t

ju
st

fi
x
ed

)
p̂
.

4
.2

M
a
rg

in
-b

a
se
d

n
e
a
re

st
n
e
ig
h
b
o
r
c
o
m
p
re

ssio
n

W
e

n
ow

sp
ecia

lize
th

e
gen

eral
sam

p
le

com
p
ression

resu
lt

of
T

h
eorem

8
to

ou
r

settin
g,

w
h
ere

h
S
′

in
d
u
ced

b
y

a
su

b
-sam

p
le
S
′⊂

S
is

given
b
y

th
e

1-N
N

cla
ssifi

er
d
efi

n
ed

in
S
ection

2.
A

n
y

sa
m

p
le
S

o
f

size
n

is
triv

ially
(n
,0)-com

p
ressib

le
an

d
(0
,
12 )-com

p
ressib

le
—

th
e

form
er

is
a
ch

ieved
b
y

n
ot

com
p
ressin

g
at

all,
an

d
th

e
latter

b
y

a
con

stan
t

p
red

ictor.
N

ow
d

an
d

ε
ca

n
n
o
t

sim
u
ltan

eou
sly

b
e

m
ad

e
arb

itrarily
sm

all,
an

d
for

n
on

-d
egen

erate
sam

p
les

S
,

th
e

b
o
u
n
d
Q

in
T

h
eorem

8
w

ill
h
ave

a
n
o
n
triv

ial
m

in
im

al
valu

e
Q
∗.

T
h
eorem

4
sh

ow
s

th
at

co
m

p
u
tin

g
Q
∗

is
in

tractab
le

an
d

th
e

alg
orith

m
in

T
h
eorem

5
solves

a
tractab

le
m

o
d
ifi

cation
o
f

th
is

p
ro

b
lem

.
F

or
k
∈

N
an

d
γ
>

0,
let

u
s

say
th

at
th

e
sam

p
le
S

is
(k
,γ

)-sepa
ra

ble
if

it
a
d
m

its
a

su
b
-sam

p
le
S
′⊂

S
su

ch
th

at|S
\
S
′|≤

k
an

d
m

arg
(S
′)
>
γ

,
an

d
o
b
serv

e
th

at
sep

a
ra

b
ility

im
p
lies

com
p
ressib

ility
:

L
e
m
m
a
9

If
S

is
(k
,γ

)-sepa
ra

ble
th

en
it

is (drad
(S

)/γe
d
en

s(S
)
,k
/|S| )

-co
m

p
ressible.

P
ro

o
f

S
u
p
p

o
se
S
′⊂

S
is

a
w

itn
ess

of
(k
,γ

)-sep
arab

ility.
B

ein
g

p
essim

istic,
w

e
w

ill
a
llow

o
u
r

lossy
sa

m
p
le

com
p
ression

sch
em

e
to

m
islab

el
all

of
S
\
S
′,

b
u
t

n
ot

an
y

of
S
′,

giv
in

g
it

a
sa

m
p
le

error
ε
≤
k
/|S|.

N
ow

b
y

con
stru

ction
,
S
′

is
(0
,γ

)-sep
arab

le,
a
n
d

th
u
s

a
γ

-n
et

S̃
⊂
S
′

su
ffi

ces
to

recover
th

e
correct

lab
els

of
S
′

v
ia

1-n
earest

n
eigh

b
or.

L
em

m
a

1
p
rov

id
es

th
e

estim
a
te

|S̃|≤
µ

(S
)
L
o
g
(ra

d
(S

)/
γ
)

=
drad

(S
)/γe

d
en

s(S
)
,

w
h
en

ce
th

e
co

m
p
ression

b
ou

n
d
.
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G
o
t
t
l
ie
b
,
K
o
n
t
o
r
o
v
ic
h
,
N
isn

e
v
it
c
h

T
h
ese

ob
servation

s
cu

lm
in

ate
in

an
effi

cien
tly

op
tim

izab
le

m
argin

-b
ased

gen
eralization

b
ou

n
d
:

T
h
e
o
re

m
1
0

F
ix

a
d
istribu

tio
n

o
verX

,
a
n
n
∈
N

a
n

d
0
<
δ
<

1
.

W
ith

p
ro

ba
bility

a
t

lea
st

1−
δ

o
ver

th
e

ra
n

d
o
m

sa
m

p
le
S

o
f

size
n

,
th

e
fo

llo
w

in
g

h
o
ld

s
fo

r
a
ll

0
≤
k
≤
n
/
2
:

If
S

is
(k
,γ

)-sepa
ra

ble
w

ith
w

itn
ess

S
′,

th
en

err(h
S
′)≤

Q
(d
,k
/n

)
=

:
R

(k
,γ

),

w
h
ere

Q
is

d
efi

n
ed

in
(4

)
a
n

d

d
=
µ

(S
′)
L
o
g
(ra

d
(S
′)/
γ
)

=
⌈rad

(S
′)/γ ⌉

d
en

s(S
)
.

F
u

rth
erm

o
re,

th
e

m
in

im
izer

(k ∗,γ
∗)

o
f
R

(·,·)
is

effi
cien

tly
co

m
p
u

ta
ble.

4
.3

S
a
m
p
le

c
o
m
p
le
x
ity

lo
w
e
r
b
o
u
n
d

T
h
e

follow
in

g
resu

lt
sh

ow
s

th
at

even
u
n
d
er

m
argin

assu
m

p
tion

s,
a

sam
p
le

of
size

ex
p

on
en

tial
in

d
en
s

w
ill

b
e

req
u
ired

for
som

e
d
istrib

u
tion

s.
(S

ee
also

th
e

recen
t

agn
ostic

low
er

b
o
u
n
d

for
p
assive

1-N
N

,
K

on
torov

ich
et

al.
(2016,

T
h
eorem

5
),

b
ased

on
(B

eren
d

an
d

K
on

to
rov

ich
,

2015,
E

q
u
ation

(2
5))

an
ex

act
P

A
C

low
er

b
ou

n
d

(K
on

torov
ich

an
d

P
in

elis,
2016,

T
h
eorem

2.1).)

T
h
e
o
re

m
1
1

T
h
ere

a
re

u
n

iversa
l

co
n

sta
n

ts
c,δ

>
0

su
ch

th
a
t

fo
r

every
sem

im
etric

spa
ce

(X
,ρ

)
w

ith
d
en
s(X

)
>

6
a
n

d
a
n

y
lea

rn
in

g
a
lgo

rith
m

m
a
p
p
in

g
sa

m
p
les

S
o
f

size
n

to
h
ypo

th
e-

ses
h
n

:X
→
{−

1,1}
,

th
ere

is
a

d
istribu

tio
n
P

o
verX

a
n

d
a

ta
rget

co
n

cep
t
f

:X
→
{−

1
,1}

,
su

ch
th

a
t

err(f
)

=
0

yet

P

(
err(h

n
)≥

cdrad
(S

)/m
arg

(S
)e

d
en

s(X
)

n

)
≥
δ.

P
ro

o
f

T
h
e

d
efi

n
ition

of
th

e
d
en

sity
con

stan
t

im
p
lies

th
e

ex
isten

ce
of

an
r
>

0
an

d
an

M
⊆
X

satisfy
in

g

(a)
m

:=
|M
|
=
µ

(X
)

=
2
d
en

s(X
)

(b
)
M

is
con

tain
ed

in
a

b
all

of
rad

iu
s

2
r

(c)
ρ
(x
,x
′)≥

r
for

x
6=
x
′∈

M

T
h
e

assu
m

p
tion

d
en
s(X

)
>

6
im

p
lies

m
≥

65.
T

ak
in

g
0
<
ε
<

18 ,
recall

th
e

stan
d
ard

V
C

low
er

b
ou

n
d

argu
m

en
t

(B
lu

m
er

et
al.,

1989;
A

.
E

h
ren

feu
ch

t,
D

.
H

au
ssler,

M
.

K
earn

s,
L

.
V

alian
t,

1989),
w

h
ich

con
stru

cts
a

d
istrib

u
tion

D
over

M
b
y

p
u
ttin

g
a

m
ass

of
1−

8
ε

on
x
1 ∈

M
an

d
d
istrib

u
tin

g
th

e
rem

ain
in

g
m

ass
u
n
iform

ly
ov

er
th

e
oth

er
m
−

1
p

oin
ts.

S
u
p
p

ose
th

e
target

f
:
M
→
{−

1
,1}

is
d
raw

n
u
n
iform

ly
at

ran
d
om

from
F

=
{−

1
,1}

M
,

an
d

som
e

learn
in

g
algorith

m
is

given
a

sam
p
le
S

=
(X

1 ,...,X
n
)∼
D
n
,

w
h
ere

n
=

(m
−

1)/
(32ε).

1
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C
l
a
ss
if
ic
a
t
io
n
f
o
r
se

m
im

e
t
r
ic
s

F
ir

st
,

w
e

ar
gu

e
th

at
w

it
h

p
ro

b
ab

il
it

y
Ω

(1
),
S

w
il
l

co
n
ta

in
ex

ac
tl

y
2

d
is

ti
n
ct

p
oi

n
ts

.
L

et
E

1
b

e
th

e
ev

en
t

th
at
S

co
n
si

st
s

of
1

p
oi

n
t;

th
en

P(
E

1
)

=
(1
−

8ε
)n

+
(m
−

1)

(
8ε

m
−

1

) n
.

(7
)

S
in

ce
n

=
(m
−

1)
/(

32
ε)

an
d
m
≥

65
,

th
e

fi
rs

t
te

rm
in

th
e

ri
gh

t-
h
an

d
si

d
e

of
(7

)
is

a
t

m
os

t
e−

(m
−
1
)/
3
2
≤
e−

2
<

0
.1

35
33

54
.

T
h
e

se
co

n
d

te
rm

th
er

ei
n

is
(i

)
m

on
ot

on
ic

al
ly

d
ec

re
as

in
g

in
m

(f
or
m
≥

65
)

an
d

(i
i)

m
on

ot
on

ic
al

ly
in

cr
ea

si
n
g

in
ε;

at
m

=
65

an
d
ε

=
1/

8
,

w
e

h
av

e
th

e
u
p
p

er
b

ou
n
d

65
/
64

1
6
<

10
−
2
7
.

T
h
u
s
P(
E

1
)
<

0
.1

35
33

55
.

L
et
E

2
b

e
th

e
ev

en
t

th
at
S

h
as

m
or

e
th

an
2

p
oi

n
ts

.
W

e
d
ec

om
p

os
e
E

2
in

to
tw

o
ca

se
s:

E
′ 2,

w
h
er

e
x
1
∈
S

an
d
E
′′ 2,

w
h
er

e
x
1
/∈
S

.
C

le
ar

ly
,
P(
E
′′ 2)
≤

(8
ε/

(m
−

1)
)3
<

0.
00

00
04

.
T

o
an

al
y
ze
E
′ 2,

d
efi

n
e
ξ i

=
1
{X

i
6=
x
1
}

an
d

n
ot

e
th

at
u
n
d
er
E
′ 2,

th
e

ra
n
d
om

q
u
an

ti
ty

1
+
Z

:=
∑

m i=
1
ξ i

u
p
p

er
-b

ou
n
d
s

th
e

n
u
m

b
er

of
d
is

ti
n
ct

p
oi

n
ts

in
S

.
H

en
ce

,
P(
E
′ 2)
≤

P(
Z
≥

2)
.

N
ow

E[
Z

]
=
n

(8
ε/

(m
−

1)
)

=
1
/
4,

an
d

b
y

th
e

m
u
lt

ip
li
ca

ti
v
e

C
h
er

n
off

’s
b

ou
n
d
,

P(
Z
≥

2)
=

P(
Z
≥

4
EZ

)
≤
e−

EZ
=
e−

1
/
4
.

W
e

co
n
cl

u
d
e

th
at

P(
E

2
)
<

0
.0

00
3

+
e−

1
/
4
<

0.
7
78

9
a
n
d

h
en

ce
P(

E 1
∪
E

2
)
<

0.
91

41
5.

L
et
E

3
b

e
th

e
ev

en
t

th
at
S

w
il
l

co
n
si

st
ex

ac
ly

of
2

d
is

ti
n
ct

p
oi

n
ts
x
,x
′ ,

an
d

fu
rt

h
er

m
or

e,
th

at
th

e
ra

n
d
om

ly
d
ra

w
n
f

h
as

f
(x

)
6=
f

(x
′ )

;
th

en
P(
E

3
)
≥

1 2
(1
−

P(
E 1
∪
E

2
))
>

0.
04

.
C

on
d
it

io
n
ed

on
E

3
,

th
e

la
b

el
s

as
si

gn
ed

b
y
f

to
th

e
re

m
ai

n
in

g
m
−

2
p

oi
n
ts

in
M

ar
e

ii
d

B
er

n
ou

ll
i(

1/
2)

an
d

th
ei

r
to

ta
l

m
as

s
u
n
d
er
D

is
a
t

le
as

t
(m
−

2)
(8
ε/

(m
−

1)
)
>

7
.8

75
ε,

si
n
ce

m
≥

65
.

S
in

ce
th

e
la

b
el

s
ar

e
ra

n
d
om

,
n
o

le
ar

n
in

g
al

go
ri

th
m

ca
n

d
o

b
et

te
r

th
an

fl
ip

p
in

g
a

co
in

,
an

d
th

e
al

go
ri

th
m

w
il
l

b
e

co
rr

ec
t

on
1 2
(m
−

2)
of

th
e

u
n
se

en
p

o
in

ts
,

in
ex

p
ec

ta
ti

on
.

T
h
e

p
ro

b
ab

il
it

y
of

b
ei

n
g

co
rr

ec
t

on
m

or
e

th
an

3 4
(m
−

2)
of

th
e

p
oi

n
ts

is

b
ou

n
d
ed

b
y
e−

(m
−
2
)/
8
<

0
.0

00
38

1.
T

h
u
s,

w
it

h
p
ro

b
ab

il
it

y
a
t

le
as

t
δ

:=
0.

03
9,

an
y

le
ar

n
in

g
al

go
ri

th
m

th
at

ob
se

rv
es
n

la
b

el
ed

ex
am

p
le

s
sa

m
p
le

d
fr

om
D

w
il
l

ac
h
ie

ve
an

er
ro

r
of

at
le

as
t

(7
.8

75
/
4)
ε
>

1
.9

5ε
.

T
h
e

ab
ov

e
ar

gu
m

en
t

p
ro

ve
s

a
sa

m
p
le

co
m

p
le

x
it

y
lo

w
er

b
ou

n
d

of
Ω

(m
/
ε)

.
In

ve
rt

in
g

th
e

b
ou

n
d

fo
r
ε

=
er

r(
h
n
)

im
p
li
es

th
at

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t
δ,

th
e

fo
ll
ow

in
g

ev
en

ts
o
cc

u
r:

(i
)

er
r(
h
n
)
>

1.
95
·m
−
1

3
2
n
>

0
.0
5
m

n

(i
i)

th
e

sa
m

p
le
S

co
n
ta

in
s

ex
ac

tl
y

tw
o

d
is

ti
n
ct

p
oi

n
ts

,
x
,x
′

(i
ii
)

th
e

ra
n
d
om

ly
ch

os
en

f
h
as
f

(x
)
6=
f

(x
′ )

.

T
o

fi
n
is

h
th

e
p
ro

of
,

it
re

m
ai

n
s

to
es

ta
b
li
sh

th
e

re
q
u
is

it
e

re
la

ti
o
n
sh

ip
b

et
w

ee
n

th
e

d
et

er
m

in
-

is
ti

c
q
u
an

ti
ty
m

=
|M
|a

n
d

th
e

ra
n
d
om

q
u
an

ti
ty

µ
(X

)L
o
g
(r
a
d
(S

)/
m
a
rg
(S

))
=
dr

ad
(S

)/
m

ar
g
(S

)e
d
en

s(
X
)
,

w
h
er

e
S
∼
D
n
.

B
y

co
n
st

ru
ct

io
n
,

ra
d
(M

)
≤

2
r,

an
d

b
y

(i
i,
ii
i)

,
r
≤

m
ar

g
(S

)
≤

2r
,

w
h
en

ce
L

og
(r

ad
(S

)/
m

ar
g
(S

))
=

1
an

d m
=
µ

(X
)L

o
g
(r
a
d
(S

)/
m
a
rg
(S

))
.

an
d

th
e

cl
ai

m
ed

lo
w

er
b

ou
n
d

fo
ll
ow

s.

1
3

JM
L

R
 1

8(
37

):
1-

22
, 2

01
7

G
o
t
t
l
ie
b
,
K
o
n
t
o
r
o
v
ic
h
,
N
is
n
e
v
it
c
h

5
.

D
e
n
si

ty
d
im

e
n
si

o
n

o
f

so
m

e
co

m
m

o
n

se
m

im
e
tr

ic
s

In
th

is
se

ct
io

n
w

e
d
em

on
st

ra
te

th
e

u
ti

li
ty

of
th

e
d
en

si
ty

d
im

en
si

on
b
y

ca
lc

u
la

ti
n
g

it
s

va
lu

e
u
n
d
er

so
m

e
co

m
m

on
se

m
im

et
ri

c
d
is

ta
n
ce

fu
n
ct

io
n
s

on
d
-d

im
en

si
on

al
ve

ct
or

s.
T

h
e

fi
rs

t
of

th
es

e
fu

n
ct

io
n
s

is
th

e
J
en

se
n
-S

h
an

n
on

d
iv

er
ge

n
ce

,
eq

u
iv

al
en

t
(F

u
gl

ed
e

an
d

T
o
p
sø

e,
2
0
0
4
)

to
th

e
` 2

-s
q
u
ar

ed
d
is

ta
n
ce

fu
n
ct

io
n
`2 2

(x
,y

)
=
∑

d i=
1
|x
i
−
y i
|2 .

W
e

a
ls

o
co

n
si

d
er

th
e

n
o
n
-m

et
ri

c

` p
-s

p
ac

es
fo

r
0
<
p
<

1,
` p

(x
,y

)
=

(∑
d i=

1
|x
i
−
y i
|p )

1
/
p
.

F
in

al
ly

,
w

e
co

n
si

d
er

th
e
k
-m

ed
ia

n
H

au
sd

or
ff

d
is

ta
n
ce

.
R

ec
al

l
th

at
th

e
u
su

al
H

au
sd

or
ff

d
is

ta
n
ce

is
a

m
et

ri
c

d
efi

n
ed

on
an

y
tw

o
p

o
in

t
se

ts
A

an
d
B

,
an

d
w

e
sh

al
l

m
ak

e
th

e
si

m
p
li
fy

in
g

as
su

m
p
ti

on
th

at
|A
|=
|B
|=

m
.

L
et
l(
a
,b

)
fo

r
al

l
a
∈
A

an
d
b
∈
B

b
e

a
ve

ct
or

d
is

ta
n
ce

fu
n
ct

io
n

—
fo

r
si

m
p
li
ci

ty
w

e
sh

a
ll

a
ss

u
m

e
th

e
E

u
cl

id
ea

n
` 2

d
is

ta
n
ce

—
an

d
l(
a
,B

)
b

e
th

e
d
is

ta
n
ce

fr
om

a
∈
A

to
it

s
n
ea

re
st

n
ei

g
h
b

o
r

in
B

.
T

h
e

H
au

sd
or

ff
d
is

ta
n
ce

is
th

e
m

ax
im

u
m

d
is

ta
n
ce

b
et

w
ee

n
a

p
oi

n
t

in
A

(o
r
B

)
an

d
it

s
n
ea

re
st

n
ei

gh
b

or
in
B

(r
es

p
ec

ti
ve

ly
,

in
A

):
m

ax
{m

ax
a
∈A

l(
a
,B

),
m

a
x
b∈
B
l(
b,
A

)}
.

H
u
tt

en
lo

ch
er

et
al

.
(1

99
3)

d
efi

n
e

th
e
k
-m

ed
ia

n
H

au
sd

or
ff

d
is

ta
n
ce

(i
n

th
e

te
rm

in
o
lo

g
y

of
J
ac

ob
s

et
al

.
(2

00
0)

,
b
u
t

p
er

h
ap

s
m

or
e

ap
tl

y
te

rm
ed

th
e
k
-r

an
k

H
au

sd
or

ff
d
is

ta
n
ce

)
b
y

se
tt

in
g
h
k
(A
,B

)
to

b
e

th
e
k
-t

h
sm

al
le

st
va

lu
e

in
th

e
ve

ct
or

v
=

(l
(a

1
,B

),
..
.,
l(
a
d
,B

))
,

an
d

th
en

th
e
k
-r

an
k

H
au

sd
or

ff
d
is

ta
n
ce

is
H
k
(A
,B

)
=

m
ax
{h

k
(A
,B

),
h
k
(B
,A

)}
.

N
o
te

th
at
H
m

(A
,B

)
re

co
ve

rs
th

e
cl

as
si

c
m

et
ri

c
H

au
sd

or
ff

d
is

ta
n
ce

(a
n
d

w
e

re
q
u
ir

e
k
≤
m

).
O

n
th

e
ot

h
er

h
an

d
,

w
e

ca
n

sh
ow

th
at

H
1
(A
,B

)
is

su
ffi

ci
en

tl
y

ro
b
u
st

to
b

e
u

n
iv

er
sa

l
fo

r
a
ll

se
m

im
et

ri
cs

—
th

at
is

,
an

y
se

m
im

et
ri

c
ca

n
b

e
re

al
iz

ed
b
y

th
e

d
is

ta
n
ce

fu
n
ct

io
n
H

1
(A
,B

):

L
e
m
m
a
1
2

If
ρ

is
a

se
m

im
et

ri
c

o
n

a
po

in
t

se
t
X

o
f

si
ze
n

,
th

en
ρ

ca
n

be
re

a
li

ze
d

a
s

th
e

H
1

d
is

ta
n

ce
(i

n
d
u

ce
d

by
l

=
` 2

a
s

a
bo

ve
)

o
ve

r
su

bs
et

s
o
f
R

o
f

si
ze
n

.

P
ro

o
f

P
u
t
D

=
d
ia

m
(X

)
an

d
re

p
la

ce
ea

ch
p

oi
n
t
x
i
∈
X

w
it

h
a

se
t
A
i
⊂

R
o
f

si
ze

n
as

fo
ll
ow

s.
F

or
a
i,
j
∈
A
i,

if
j
≥
i,

th
en

se
t
a
i,
j

=
2D

((
i

+
1)
n

+
j)

,
an

d
o
th

er
w

is
e

se
t

a
i,
j

=
a
j,
i
+
ρ
(x
i,
x
j
).

C
on

si
d
er

an
y

p
ai

r
x
i,
x
j
∈
X

fo
r
i
<
j.

C
le

ar
ly
` 2

(a
i,
j
−
a
j,
i)

=
` 2

(a
i,
j
−
a
i,
j
−
ρ
(x
i,
x
j
))

=
ρ
(x
i,
x
j
),

so
H

1
(A

i,
A
j
)

is
at

m
os

t
th

is
va

lu
e.

O
n

th
e

ot
h
er

h
an

d
,

fo
r

an
y
k
,p

w
e

ca
n

sh
ow

th
at
` 2

(a
i,
k
−
a
j,
p
)
≥
D

w
h
en

ev
er
k
6=
j

or
p
6=
i)

:
If
i
≤
k
,

w
e

h
av

e
a
i,
k

=
2D

((
i
+

1
)n

+
k
),

an
d

ot
h
er

w
is

e
2D

((
k

+
1)
n

+
i)
≤
a
i,
k
≤

2
D

((
k

+
1)
n

+
i)

+
D

.
S
im

il
ar

ly
,

if
j
≤
p

w
e

h
av

e
a
j,
p

=
2D

((
j

+
1)
n

+
p
),

an
d

ot
h
er

w
is

e
2D

((
p

+
1)
n

+
j)
≤
a
j,
p
≤

2D
((
p

+
1
)n

+
j)

+
D

.
S
in

ce
b
y

as
su

m
p
ti

on
i
6=
j,

th
e

tw
o

te
rm

s
d
iff

er
b
y

at
le

as
t
D

u
n
le

ss
b

ot
h
j

=
k

a
n
d
i

=
p
.

W
e

b
ou

n
d

th
e

d
en

si
ty

d
im

en
si

on
u
n
d
er

th
es

e
th

re
e

d
is

ta
n
ce

fu
n
ct

io
n
s.

T
h
e
o
re

m
1
3

A
se

t
o
f
m

d
-d

im
en

si
o
n

a
l

ve
ct

o
rs

h
a
s

d
en

si
ty

d
im

en
si

o
n

:
O

(d
)

u
n

d
er

` 2
-

sq
u

a
re

d
,
O

(d
/p

2
)

u
n

d
er
` p

(0
<
p
<

1
),

a
n

d
O

(k
(d

+
lo

g
m

))
u

n
d
er
H
k
.

P
ro

o
f

W
e

b
eg

in
w

it
h

a
st

an
d
ar

d
p
ro

of
th

at
a

se
t

of
d
-d

im
en

si
on

E
u
cl

id
ea

n
ve

ct
o
rs

h
as

d
en

si
ty

d
im

en
si

on
O

(d
).

T
ak

e
an

y
ra

d
iu

s
4

b
al

l,
an

d
w

e
b

ou
n
d

th
e

si
ze

of
a

2
-n

et
o
f

p
o
in

ts
w

it
h
in

th
is

b
al

l.
B

y
th

e
tr

ia
n
gl

e
in

eq
u
al

it
y,

1-
ra

d
iu

s
b
al

ls
ce

n
te

re
d

at
th

e
2
-n

et
p

o
in

ts
d
o

n
ot

in
te

rs
ec

t,
an

d
so

th
e

d
en

si
ty

co
n
st

an
t

of
th

e
sp

ac
e

is
b

ou
n
d
ed

b
y

th
e

n
u
m

b
er

o
f

1
-r

a
d
iu

s
b
al

ls
w

h
os

e
ce

n
te

rs
ca

n
b

e
p
ac

ke
d

in
to

th
e

4-
ra

d
iu

s
b
al

l.
S
in

ce
a

p
ie

ce
o
f

a
1-

ra
d
iu

s
b
a
ll

m
ay

es
ca

p
e

th
e

4-
ra

d
iu

s
b
al

l,
b
y

th
e

tr
ia

n
gl

e
in

eq
u
al

it
y

th
is

te
rm

is
b

ou
n
d
ed

b
y

th
e

n
u
m

b
er

of

14
JM

L
R

 1
8(

37
):

1-
22

, 2
01

7



C
l
a
ssif

ic
a
t
io
n
f
o
r
se

m
im

e
t
r
ic
s

1
-ra

d
iu

s
b
a
lls

th
at

can
b

e
p
ack

ed
in

to
a

5-rad
iu

s
b
all.

T
h
e

ratio
of

th
e

volu
m

e
o
f

a
5-rad

iu
s

b
a
ll

to
th

a
t

of
a

1-rad
iu

s
b
all

is
5
d,

w
h
ich

b
ou

n
d
s

th
e

d
en

sity
con

stan
t

of
d
-d

im
en

sion
al

E
u
clid

ea
n

sp
a
ce.

F
o
r
`
22 ,

w
e

em
b

ed
th

is
sp

ace
in

to
`
2

b
y

sim
p
ly

retain
in

g
th

e
v
ectors

an
d

ch
an

gin
g

on
ly

th
e

d
ista

n
ce

fu
n
ction

.
In

oth
er

w
ord

s,
w

e
take

th
e

sq
u
are

ro
ot

of
all

th
e

d
istan

ces,
w

h
ich

is
k
n
ow

n
a
s

a
sn

o
w

fl
a
ke

op
erator.

T
o

b
ou

n
d

th
e

n
u
m

b
er

of
2-n

et
p

oin
ts

w
ith

in
a

b
all

of
ra

d
iu

s
4

in
`
22 ,

con
sid

er
in

stead
a

larger
1-n

et
in

th
e

4
-rad

iu
s

b
all.

A
fter

th
e

em
b

ed
d
in

g,
it

is
a

2
-ra

d
iu

s
E

u
clid

ean
b
all

con
tain

in
g

a
1-n

et,
an

d
so

th
e

d
en

sity
con

stan
t

of
`
22

is
2
O
(d
)

as
w

ell.F
o
r
`
p

(0
<
p
<

1),
let

u
s

con
sid

er
a

sn
ow

fl
ake

of
th

is
fu

n
ction

,
th

at
is
`
p
/
2

p
(x
,y

)
=

( ∑
di=

1 |x
i −

y
i | p)

1
/
2.

W
e

can
sh

ow
th

at
th

e
vectors

u
n
d
er

th
is

d
istan

ce
fu

n
ction

ca
n

b
e

em
b

ed
d
ed

in
to
O

(d
/p

2)-d
im

en
sion

al
E

u
clid

ean
sp

ace
w

ith
on

ly
con

stan
t

d
istortion

:
C

on
-

sid
erin

g
ea

ch
co

ord
in

ate
sep

arately,
th

e
d
istan

ce
op

erator|x
i −

y
i | p
/
2

on
a

sin
g
le

co
ord

in
ate

h
a
s

th
e

eff
ect

of
em

b
ed

d
in

g
all

p
oin

ts
on

a
lin

e
in

to
a

h
elix

.
It

is
k
n
ow

n
th

at
th

is
em

b
ed

d
in

g
ca

n
b

e
realized

in
O

(1/p
2)-d

im
en

sion
al

E
u
clid

ean
sp

ace
w

ith
arb

itrarily
sm

all
d
istortion

(see
T

a
la

g
ra

n
d

(1
9
9
2)

for
12
<
p
<

1,
an

d
G

ottlieb
an

d
K

rau
th

gam
er

(201
1);

B
artal

et
al.

(2011)
fo

r
0
<
p
≤

12 ).
W

e
create

su
ch

an
em

b
ed

d
in

g
for

each
co

ord
in

ate
an

d
th

en
con

caten
a
te

th
e

co
o
rd

in
a
te

em
b

ed
d
in

gs
in

to
a

sin
gle

vecto
r.

T
h
is

y
ield

s
an

em
b

ed
d
in

g
fro

m
d
-d

im
en

sion
al

`
p
/
2

p
in

to
O

(d
/
p
2)-d

im
en

sion
al

E
u
clid

ean
sp

a
ce

w
ith

arb
itrarily

sm
all

d
istortion

.
T

h
en

a
1-

n
et

in
sid

e
a

2
2
/
p-rad

iu
s

b
all

in
th

e
origin

al
`
p -sp

ace
is

a
1-n

et
in

sid
e

a
(2

+
ε)-rad

iu
s

b
all

in
th

e
ta

rg
et

E
u
clid

ean
sp

ace
(for

arb
itrarily

sm
all

ε),
an

d
so

its
d
en

sity
d
im

en
sion

is
O

(d
/p

2).

F
o
r

th
e
k
-ran

k
H

au
sd

orff
d
istan

ce,
fi
rst

n
ote

th
at

sin
ce

h
k

is
n
on

-d
ecreasin

g
u
n
d
er

d
eletio

n
s,

w
e

h
av

e
for

all
v
ector

sets
A
,B

an
d

su
b
sets

A
′⊂

A
an

d
B
′⊂

B
th

at
H
k (A

′,B
′)≥

H
k (A

,B
).

A
lso

,
w

e
can

sh
ow

th
ere

alw
ay

s
ex

ist
A
′,B
′

ea
ch

of
size

ex
actly

k
th

at
satisfy

H
k (A

′,B
′)

=
H
k (A

,B
):

T
o

see
th

is,
assu

m
e

w
ith

ou
t

loss
of

gen
erality

th
at

h
k (A

,B
)
≥

h
k (B

,A
).

L
et
h
k (A

,B
)

b
e

d
eterm

in
ed

b
y

a
set

A
1 ⊂

A
of

size
ex

actly
k
,

a
lon

g
w

ith
a

set
B

1 ⊂
B

o
f

size
k
1 ≤

k
,

w
h
ere

th
e

p
oin

ts
of
B

1
are

th
e

n
earest

n
eigh

b
ors

of
A

1 .
S
im

ilarly,
let

h
k (B

,A
)

b
e

d
eterm

in
ed

b
y

set
B

2
⊂
B

of
size

ex
actly

k
,

alon
g

w
ith

n
earest-n

eigh
b

or
set

A
2
⊂
A

o
f

size
k
2
≤
k
.

N
ow

ad
d

to
B
′

th
e
k
1

vectors
of
B

1 ,
an

d
for

each
b
∈
B

1 ,
a
d
d

to
A
′

a
d
istin

ct
vector

a
∈
A

1
for

w
h
ich

b
is

its
n
earest

n
eigh

b
or.

F
u
rth

er
ad

d
to
A
′

m
in{k

2 ,k
−
k
1 }

vectors
of
A

2 ,
an

d
ad

d
to
B
′

m
in{

k
2 ,k
−
k
1 }

d
istin

ct
vectors

of
B

2
th

at
a
re

th
e

n
ea

rest
n
eigh

b
ors

of
th

e
relevan

t
v
ectors

in
A

2 .
If

th
e

resu
ltin

g
sets

A
′,B
′

are
of

size
k

th
en

w
e

a
re

d
on

e,
an

d
h
ave

H
k (A

′,B
′)

=
H
k (A

,B
).

O
th

erw
ise,

w
e

ad
d

to
A
′

a
n
d
B
′

a
d
d
itio

n
a
l

p
oin

ts
of
A

1
an

d
B

2 ,
resp

ectively,
u
n
til

b
oth

sets
are

of
size

k
–

as
A
′,B
′

alread
y

co
n
ta

in
th

e
resp

ective
n
earest

n
eig

h
b

ors
of
B

2 ,A
1 ,

th
e

ad
d
ition

al
p

oin
ts

d
o

n
o
t

aff
ect

th
e

d
ista

n
ce.

N
ow

co
n
sid

er
a

setA
of

vector
sets

all
w

ith
in

d
istan

ce
2

of
som

e
cen

ter
set

A
c ∈
A

an
d

at
m

u
tu

a
l
in

ter-set
d
istan

ce
at

least
1.

W
e

w
ill

sh
ow

th
at|A

|
=

2
O
(k
d
)m

k,
from

w
h
ich

th
e

item
fo

llow
s.

T
o

p
rove

th
is,

take
in

tu
rn

each
su

b
set

A
′c ⊂

A
c

of
size

k
(th

ere
are (

mk )
<
m
k

su
ch

su
b
sets),

a
n
d

letA
′

con
tain

all
sets

A
′i ⊂

A
i

of
size

k
for

w
h
ich

H
k (A

′c ,A
′i )

=
H
k (A

c ,A
i ).

A
′

h
a
s

ra
d
iu

s
2

an
d

in
ter-set

d
istan

ce
at

least
1.

T
o

com
p
lete

th
e

p
ro

o
f,

w
e

w
ill

sh
ow

th
at

n
=
|A
′|≤

2
O
(k
d
),

from
w

h
ich

it
follow

s
th

at|A
|
<
|A
′|m

k
=

2
O
(k
d
)m

k:

S
in

ce
H
k (A

′c ,A
′i )≤

2
for

all
A
′i ∈
A
′,

w
e

h
ave

th
at
h
k (A

′i ,A
′c )≤

2,
an

d
so

ev
ery

vector
o
f
A
′i

is
w

ith
in

E
u
clid

ean
d
istan

ce
2

of
on

e
of

th
e
k

vectors
of
A
′c .

L
et

each
vector

of
A
′c

b
e

th
e

cen
ter

o
f

a
2-rad

iu
s

E
u
clid

ean
b
all.

C
learly,

th
e

vectors
of

each
A
′i

fall
in

to
at

m
ost

15
JM

L
R

 18(37):1-22, 2017

G
o
t
t
l
ie
b
,
K
o
n
t
o
r
o
v
ic
h
,
N
isn

e
v
it
c
h

k
d
iff

eren
t

E
u
clid

ean
b
alls,

an
d

so
th

ere
are

at
m

ost
2
k

d
iff

eren
t

sets
of
k

b
alls

(i.e.,
b
all

con
fi
gu

ration
s)

in
to

w
h
ich

A
′i

m
ay

fall.
L

et
C
⊂
A
′

(p
=
|C
|)

in
clu

d
e

all
vertex

sets
fallin

g
in

to
som

e
sp

ecifi
c

b
all

con
fi
gu

ration
.

F
or

each
p
air

of
vertex

sets
in
C

,
th

ere
m

u
st

b
e

a
p
air

of
vectors

at
d
istan

ce
at

least
2

fallin
g

in
to

th
e

sam
e

2-rad
iu

s
E

u
clid

ean
b
a
ll.

T
h
en

p
=

2
O
(k
d
)

an
d
n
≤

2
kp

=
2
O
(k
d
).

W
e

leave
it

as
an

op
en

p
rob

lem
to

im
p
rove

on
th

e
d
ep

en
d
en

ce
of
k

in
ou

r
b

ou
n
d

of
th

e
d
en

sity
d
im

en
sion

of
th

e
H

au
sd

orff
d
istan

ce.

W
e

con
clu

d
e

th
is

section
w

ith
an

illu
stration

of
h
ow

th
e

th
eory

d
evelop

ed
in

th
is

p
a-

p
er

ex
p
lain

s
th

e
su

ccess
of

th
e

greed
y

n
et-b

a
sed

com
p
ression

algorith
m

,
even

in
th

e
case

of
sem

im
etrics.

W
e

p
resen

t
resu

lts
for

th
e

H
au

sd
orff

sem
im

etric
ap

p
lied

to
th

e
C

overty
p

e
d
ataset,

fou
n
d

in
th

e
U

C
I

M
ach

in
e

L
ea

rn
in

g
R

ep
ository. 2

T
h
is

d
ataset

con
tain

s
7

d
iff

er-
en

t
lab

el
ty

p
es,

w
h
ich

w
e

treated
as

21
sep

arate
b
in

ary
classifi

cation
p
rob

lem
s;

w
e

rep
ort

rep
resen

tative
resu

lts
b

elow
.

d
a
ta

se
t

o
rig

in
a
l
siz

e
%

c
o
m
p
re

sse
d

d
o
w
n

to

C
overty

p
e

2
v
s.

5
20

00
97

C
overty

p
e

1
v
s.

4
20

00
25

C
overty

p
e

4
v
s.

7
20

00
2

F
igu

re
2:

S
u
m

m
ary

of
th

e
p

erform
an

ce
of

sem
im

etric
sam

p
le

com
p
ression

algorith
m

.

A
ck

n
o
w

le
d
g
m

e
n
ts

T
h
an

k
s

to
D

an
iel

H
su

for
b
rin

gin
g

E
q
u
ation

(5
)

to
ou

r
atten

tion
an

d
S
h
ay

M
oran

for
p

oin
tin

g
ou

t
th

e
an

alogou
s

resu
lt

of
S
h
alev

-S
h
w

artz
an

d
B

en
-D

av
id

(2014).
A

sp
ecial

th
an

k
s

to
Y

ev
gen

i
K

orsu
n
sk

y
for

carefu
lly

read
in

g
th

e
m

an
u
scrip

t
an

d
p
rov

id
in

g
very

h
elp

fu
l

com
m

en
ts.

R
e
fe

re
n
ce

s

A
.

E
h
ren

feu
ch

t,
D

.
H

au
ssler,

M
.

K
earn

s,
L

.
V

alian
t.

A
gen

eral
low

er
b

ou
n
d

on
th

e
n
u
m

b
er

of
ex

am
p
les

n
eed

ed
for

learn
in

g.
In

f.
C

o
m

p
.,

82(3):247
–

261,
1989.

IS
S
N

0890-5401.
d
oi:

h
ttp

://d
x
.d

oi.org/10.1016/0890-5401(89)90002-3.
U

R
L

h
t
t
p
:
/
/
w
w
w
.

s
c
i
e
n
c
e
d
i
r
e
c
t
.
c
o
m
/
s
c
i
e
n
c
e
/
a
r
t
i
c
l
e
/
p
i
i
/
0
8
9
0
5
4
0
1
8
9
9
0
0
0
2
3
.

N
oga

A
lon

,
S
h
ai

B
en

-D
av

id
,

N
icolò
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té

p
h
an

e
B

ou
ch

er
on

,
O

li
v
ie

r
B

ou
sq

u
et

,
an

d
G

áb
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le

in
te

rm
s

of
su

ch
co

re
n
o
ti

o
n
s;

w
h
il
e

n
ot

th
e

m
ai

n
fo

cu
s,

a
co

u
p
le

of
su

p
er

v
is

ed
le

ar
n
in

g
ex

am
p
le

s,
su

ch
as

d
ee

p
le

a
rn

in
g

(L
eC

u
n

et
al

.,
20

15
)

an
d

th
e

re
u
sa

b
le

h
ol

d
ou

t
(D

w
o
rk

et
al

.,
20

15
),

ar
e

m
en

ti
on

ed
in

se
ct

io
n
s

2
.3

.1
an

d
2.

3.
2.

T
h
e

m
ot

iv
at

io
n

b
eh

in
d

th
is

ty
p

e
of

p
re

se
n
ta

ti
on

is
to

en
ab

le
re

se
ar

ch
er

s
in

th
e

tw
o

fi
el

d
s

to
b

et
te

r
u
n
d
er

st
an

d
ea

ch
ot

h
er

an
d

p
ro

v
id

e
a

b
ri

d
ge

ov
er

w
h
ic

h
m

et
h
o
d
s,

id
ea

s
a
n
d

re
su

lt
s

ca
n

tr
av

el
b

ot
h

w
ay

s
an

d
co

n
tr

ib
u
te

to
th

e
ad

va
n
ce

m
en

t
of

b
ot

h
fi
el

d
s.

In
p
a
rt

ic
u
la

r,
fo

r
m

ac
h
in

e
le

ar
n
in

g
re

se
ar

ch
er

s,
th

e
co

-o
p
ti

m
iz

at
io

n
p
ar

ad
ig

m
sh

ou
ld

re
ve

al
th

e
fo

rm
a
li
za

ti
o
n

of
n
ew

an
d

n
on

-t
ri

v
ia

l
le

ar
n
in

g
ta

sk
s

an
d

of
m

et
h
o
d
s

fo
r

as
se

ss
in

g
p

er
fo

rm
a
n
ce

o
n

th
o
se

ta
sk

s
w

h
ic

h
off

er
in

te
re

st
in

g
fr

ee
lu

n
ch

es
.

T
o

il
lu

st
ra

te
th

e
p

ot
en

ti
al

,
in

S
ec

ti
o
n

3
w

e
d
er

iv
e

th
e

co
u
n
te

rp
ar

t
fo

r
b
in

ar
y

cl
as

si
fi
ca

ti
on

of
a

re
ce

n
t

li
n
e

of
w

or
k

in
co

-o
p
ti

m
iz

at
io

n
co

n
ce

rn
in

g
th

e
ex

p
lo

it
at

io
n

of
fr

ee
lu

n
ch

to
d
es

ig
n

al
go

ri
th

m
s

th
at

h
av

e
op

ti
m

al
p

er
fo

rm
a
n
ce

w
it

h
re

sp
ec

t
to

a
p
ar

ti
cu

la
r

ty
p

e
of

co
st

.
W

e
d
is

cu
ss

th
e

im
p
li
ca

ti
on

s
fo

r
th

e
ot

h
er

co
st

ty
p

es
d
es

cr
ib

ed
in

S
ec

ti
on

2.
3

an
d

al
so

p
oi

n
t

ou
t

h
ow

th
is

n
ew

p
ar

ad
ig

m
su

gg
es

ts
a
lt

er
n
a
ti

ve
ap

p
ro

ac
h
es

to
in

st
an

ce
se

le
ct

io
n

an
d

ac
ti

ve
le

ar
n
in

g.

2
.
P
a
ra

ll
e
l
B
e
tw

e
e
n
F
ie
ld
s

T
h
er

e
ar

e
th

re
e

m
ai

n
as

p
ec

ts
of

an
y

co
m

p
u
te

r
sc

ie
n
ce

fi
el

d
:

th
e

p
ro

b
le

m
s

to
b

e
so

lv
ed

,
th

e
al

go
ri

th
m

s
u
se

d
to

so
lv

e
th

em
a
n
d

th
e

p
ar

ad
ig

m
s

u
se

d
to

as
se

ss
an

d
co

m
p
a
re

d
iff

er
-

en
t

al
go

ri
th

m
s’

p
er

fo
rm

an
ce

w
it

h
re

sp
ec

t
to

th
e

p
ro

b
le

m
-s

ol
v
in

g
go

a
l.

F
or

ea
ch

o
f

th
es

e
as

p
ec

ts
,

w
e

ex
p
la

in
w

h
at

’s
co

m
m

on
an

d
w

h
at

’s
d
iff

er
en

t
b

et
w

ee
n

su
p

er
v
is

ed
le

a
rn

in
g

a
n
d

co
-o

p
ti

m
iz

at
io

n
.

In
th

e
p
ro

ce
ss

,
w

e
al

so
b
u
il
d

a
tw

o
-w

ay
d
ic

ti
on

ar
y

b
et

w
ee

n
th

e
te

rm
in

o
lo

-
gi

es
of

th
es

e
tw

o
fi
el

d
s,

su
m

m
ar

iz
ed

in
T

ab
le

3.

2
.1

P
ro

b
le
m
s

W
e

fi
rs

t
p
re

se
n
t

so
m

e
p
ro

b
le

m
ex

am
p
le

s
th

ro
u
gh

th
ei

r
re

al
-w

or
ld

fo
rm

u
la

ti
on

s,
b
u
t

ex
p
la

in
-

in
g

or
re

p
la

ci
n
g

d
om

ai
n

ja
rg

on
w

it
h

si
m

p
le

w
or

d
s.

T
h
is

sh
o
u
ld

m
ak

e
it

ea
si

er
to

sp
o
t

b
o
th

co
m

m
on

al
it

ie
s

an
d

d
iff

er
en

ce
s,

w
h
ic

h
ar

e
th

en
fo

rm
al

iz
ed

la
te

r
in

S
ec

ti
on

2.
1
.3

.

2
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L
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8(
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, 2
01
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B
r
id
g
in
g

S
u
p
e
r
v
ise

d
L
e
a
r
n
in
g

a
n
d

T
e
st

-B
a
se

d
C
o
-o

p
t
im

iz
a
t
io
n

2
.1
.1

E
x
a
m
p
l
e
s
o
f
C
o
-o

p
t
im

iz
a
t
io
n
P
r
o
b
l
e
m
s

R
esilien

t
P

ip
in

g
–

A
u

to
m

a
ted

d
esign

o
f

ro
bu

st
p
h
ysica

l
system

s
(C

o
-o

p
tim

iza
tio

n
).

C
on

sid
er

th
e

p
ro

b
lem

o
f

p
lacin

g
valv

es
in

a
n
etw

ork
of

w
ater-carry

in
g

p
ip

es
so

as
to

m
ax

im
ize

th
e

resilien
ce

o
f

th
e

n
etw

ork
in

case
of

d
am

age.
S
u
ch

p
ip

in
g

n
etw

ork
s

carry
w

ater
from

p
u
m

p
s

to
a

n
u
m

b
er

o
f

u
sage

sites;
th

is
cou

ld
b

e
for

h
u
m

an
con

su
m

p
tion

,
for

eq
u
ip

m
en

t
co

olin
g

o
r

fo
r

p
u
ttin

g
ou

t
fi
res

(P
op

ov
ici

et
al.,

2007).
S
h
ou

ld
d
am

age
o
ccu

r
som

ew
h
ere

in
th

e
n
etw

o
rk

,
su

ch
a
s

b
roken

p
ip

es
cau

sin
g

lo
cal

leak
s

an
d

glob
al

p
ressu

re
d
rop

,
th

e
d
am

ag
ed

a
rea

s
n
eed

to
b

e
isolated

b
y

au
tom

atically
closin

g
n
earb

y
“sm

art”
valves,

so
as

to
stop

th
e

lea
k

a
n
d

resto
re

p
ressu

re
to

as
m

u
ch

of
th

e
n
etw

ork
as

p
ossib

le.
S
m

a
rt

valves
are

ex
p

en
siv

e
a
n
d

ca
n

on
ly

b
e

p
laced

sp
arin

gly
th

rou
gh

ou
t

th
e

n
etw

ork
.

W
h
ere

th
ey

are
p
laced

h
as

a
b
ig

im
p
a
ct

o
n

h
ow

tigh
tly

w
e

can
isolate

a
given

d
am

age,
i.e.,

h
ow

resilien
t

th
e

n
etw

ork
is

to
th

a
t

d
a
m

a
g
e.

F
or

an
y

given
p
lacem

en
t

of
valves

an
d

an
y

given
d
am

age,
w

e
can

com
p
u
te

th
is

resilien
ce

va
lu

e
u
sin

g
grap

h
-trav

ersal
algorith

m
s

to
id

en
tify

th
e

valves
closest

to
d
am

aged
sp

o
ts

a
n
d

to
d
eterm

in
e,

on
ce

th
ese

valves
are

closed
,

h
ow

m
an

y
u
sage

sites
still

h
ave

an
u
n
o
b
stru

cted
p
ath

to
a

p
u
m

p
an

d
th

u
s

can
get

w
ater.

T
h
e

go
al

is
to

fi
n
d
,

for
a

giv
en

p
ip

in
g

n
etw

o
rk

an
d

n
u
m

b
er

of
sm

art
valves,

a
p
lacem

en
t

th
at

p
rov

id
es

as
go

o
d

as
p

ossib
le

resilien
ce

across
m

an
y
/all

d
am

age
scen

arios.
M

ore
b
road

ly,
th

e
p
rob

lem
d
escrib

ed
h
ere

is
th

a
t

o
f

a
u
to

m
atin

g
th

e
d
esign

of
p
h
y
sical

sy
stem

s
th

at
p

erform
w

ell
u
n
d
er

m
an

y
d
iff

eren
t

circu
m

sta
n
ces.

S
o
rtin

g
N

etw
o
rks

–
A

u
to

m
a
ted

a
lgo

rith
m

d
esign

(C
o
-sea

rch
).

C
on

sid
er

th
e

task
of

so
rt-

in
g

in
in

crea
sin

g
ord

er
a

seq
u
en

ce
of

n
u
m

b
ers

b
y

rep
eated

ly
com

p
arin

g
p
airs

of
n
u
m

b
ers

a
n
d
,

if
th

e
fi
rst

is
b
igger

th
an

th
e

secon
d
,

sw
ap

p
in

g
th

em
.

A
n

algorith
m

p
erform

in
g

su
ch

so
rtin

g
is

ca
lled

a
sortin

g
n
etw

ork
,

b
ecau

se
it

can
b

e
rep

resen
ted

as
a

n
etw

ork
of

com
p
are-

a
n
d
-sw

a
p

g
a
tes.

S
ortin

g
n
etw

ork
s

h
ave

b
oth

softw
are

an
d

h
ard

w
are

ap
p
lication

s.
E

ach
gate

in
cu

rs
a

co
st,

eith
er

com
p
u
tation

al
or

actu
al,

so
on

e
w

ou
ld

like
to

u
se

a
s

few
of

th
em

as
p

o
ssib

le.
F

o
r

a
given

n
u
m

b
er

of
availab

le
gates

an
d

a
given

len
gth

of
in

p
u
t

seq
u
en

ces,
th

e
g
o
a
l
is

to
fi
n
d

a
n
etw

ork
w

ith
th

at
n
u
m

b
er

of
g
ates

th
at

correctly
sorts

all
in

p
u
t

seq
u
en

ces
of

th
a
t

len
g
th

(H
illis,

1990).
M

ore
b
road

ly,
th

e
p
rob

lem
d
escrib

ed
h
ere

is
th

at
of

au
tom

a
tin

g
th

e
d
esig

n
o
f

com
p
u
ter

p
rogram

s
th

at
for

an
y

p
o
ssib

le
in

p
u
t

p
ro

d
u
ce

th
e

co
rrect

ou
tp

u
t,

w
h
ere

co
rrectn

ess
is

accord
in

g
to

th
e

com
p
u
tation

al
task

at
h
a
n
d

(e.g.,
so

rtin
g).

2
.1
.2

E
x
a
m
p
l
e
s
o
f
S
u
p
e
r
v
ise

d
L
e
a
r
n
in
g

P
r
o
b
l
e
m
s

P
h
o
to

L
a
belin

g
–

A
u

to
m

a
ted

item
cla

ssifi
ca

tio
n

(S
u

pervised
bin

a
ry

cla
ssifi

ca
tio

n
).

C
on

sid
er

th
e

p
ro

b
lem

o
f

au
tom

atin
g

th
e

lab
elin

g
of

p
h
otos

as
to

w
h
eth

er
or

n
o
t

th
ey

con
tain

a
p
a
rticu

la
r

th
in

g,
say

a
b
allo

on
.

W
e

are
p
rov

id
ed

w
ith

a
set

of
ex

am
p
les

of
p
h
otos

th
at

h
ave

b
een

m
a
n
u
a
lly

lab
eled

b
y

h
u
m

an
s

as
‘y

es’
if

th
ey

con
tain

a
b
allo

on
or

‘n
o’

if
th

ey
d
on

’t.
T

h
e

g
o
a
l

is
to

fi
n
d

a
com

p
u
ter

p
rogram

th
a
t

ou
tp

u
ts

th
e

correct
lab

el
for

an
y

p
ossib

le
p
h
oto

.

P
ro

tein
S

tru
ctu

re
–

O
u

tco
m

e
p
red

ictio
n

(D
iscrete

regressio
n

).
C

on
sid

er
th

e
p
rob

lem
of

p
red

ictin
g

h
ig

h
er-level

p
rotein

stru
ctu

re.
T

h
e

p
rim

ary
stru

ctu
re

of
a

p
rotein

is
sp

ecifi
ed

b
y

a
ch

a
in

o
f

a
m

in
o-acid

s
of

20
p

ossib
le

ty
p

es.
In

n
atu

re,
th

is
ch

ain
fold

s
in

to
a

con
volu

ted
sh

a
p

e,
su

ch
th

a
t

n
eigh

b
orin

g
am

in
o-acid

s
b

ecom
e

p
art

of
lo

cal
form

ation
s

of
th

ree
d
iff

eren
t

ty
p

es:
co

il,
h
elix

an
d

b
eta-stran

d
.

D
eterm

in
in

g
th

is
secon

d
ary

-stru
ctu

re
seq

u
en

ce
of

a
g
iven

p
ro

tein
(i.e.,

w
h
at

ty
p

e
of

form
atio

n
each

am
in

o-acid
b

ecom
es

p
art

o
f)

req
u
ires

lab
ex

p
erim

en
ts

a
n
d

it
is

k
n
ow

n
on

ly
for

a
sm

all
p

ercen
tage

of
all

k
n
ow

n
p
rotein

s.
T

h
e

g
oal

is

3
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P
o
p
o
v
ic
i

to
fi
n
d

a
com

p
u
ter

p
rogram

th
at

ou
tp

u
ts

th
e

correct
secon

d
ary

-stru
ctu

re
seq

u
en

ce
for

an
y

am
in

o-acid
seq

u
en

ce
(C

h
en

g
et

al.,
2008).

M
ore

b
road

ly,
th

ese
tw

o
p
rob

lem
s

are
ab

ou
t

learn
in

g
from

sam
p
les

in
ord

er
to

gen
eralize

to
n
ew

,
as

yet
u
n
seen

cases.

2
.1
.3

P
r
o
b
l
e
m

C
o
m
pa

r
iso

n
s
a
n
d

F
o
r
m
a
l
ism

s

W
h
ile

th
ese

p
rob

lem
s

sp
an

a
varied

set
of

d
om

ain
s

an
d

at
fi
rst

glan
ce

m
ay

n
ot

ap
p

ear
p
articu

larly
related

,
closer

in
sp

ection
reveals

com
m

on
asp

ects
as

w
ell

as
key

d
iff

eren
tiators.

A
ll

of
th

e
d
escrip

tion
s

ab
ove

state
th

at
th

e
p
rob

lem
-solv

in
g

g
oal

is
fi
n
d
in

g
som

eth
in

g
(a

p
lacem

en
t

of
va

lv
es,

a
n
etw

ork
of

com
p
are-an

d
-sw

ap
ga

tes,
a

com
p
u
ter

p
rogram

).
T

h
is

‘ob
ject’

of
in

terest
n
eed

s
to

‘p
erform

’
in

a
certain

w
ay

(or
h
av

e
som

e
d
esirab

le
p
rop

erties)
across

all/m
an

y
‘con

tex
ts’

(d
am

ages,
n
u
m

b
er

seq
u
en

ces,
p
h
otos,

p
rotein

s).
W

h
ile

n
ot

ex
-

p
licitly

stated
in

th
e

ab
ove

d
escrip

tion
s,

for
each

of
th

ese
p
rob

lem
s

th
e

n
u
m

b
er

of
con

tex
ts

of
in

terest
can

b
e

v
ery

large:
th

ere
are

m
illion

s
of

p
rotein

s
w

ith
k
n
ow

n
am

in
o-acid

seq
u
en

ce
b
u
t

u
n
k
n
ow

n
stru

ctu
re;

th
ere

is
an

in
fi
n
ite

n
u
m

b
er

of
p
h
otos,

or
at

least
a

co
m

b
in

atorial
n
u
m

b
er

of
th

em
if

w
e

restrict
th

e
size;

th
ere

is
an

ex
p

on
en

tial
n
u
m

b
er

of
sortin

g-relevan
t

seq
u
en

ces; 1
an

d
th

e
n
u
m

b
er

of
p

ossib
le

d
am

age
lo

cation
s

in
a

w
ater-d

eliv
ery

n
etw

ork
can

also
b

e
sign

ifi
can

t,
w

ith
th

e
n
u
m

b
er

of
d
am

age
scen

arios
in

creasin
g

in
com

b
in

atorial
fash

ion
if

w
e

accou
n
t

for
co-o

ccu
rren

ces
at

d
iff
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n
n
in

g
th

e
se

q
u
en

ce
th

ro
u
gh

th
e

n
et

w
o
rk

,
th

en
ch

ec
k
in

g
if

th
e

ou
tp

u
t

is
in

fa
ct

so
rt

ed
.

L
et

M
:
S
×
T
→
{0
,1
}
⊂

R
b

e
a

m
et

ri
c

su
ch

th
a
t

M
(s
,t

)
=

1
if
s

co
rr

ec
tl

y
so

rt
s
t

an
d

0
ot

h
er

w
is

e.
L

ik
e

fo
r

th
e

p
ip

in
g

n
et

w
or

k
d
es

ig
n

p
ro

b
le

m
,

M
is

n
ot

gi
ve

n
b
y

a
cl

os
ed

-f
or

m
m

at
h
em

at
ic

al
fo

rm
u
la

,
b
u
t

fo
r

an
y

in
p
u
t-

p
a
ir
〈s
,t
〉w

e
ca

n
co

m
p
u
te

M
(s
,t

)
v
ia

th
e

ab
ov

e
p
ro

ce
d
u
re

.
A

s
or

ig
in

al
ly

st
at

ed
,

th
e

g
oa

l
fo

r
so

rt
in

g
n
et

w
o
rk

d
es

ig
n

is
to

fi
n
d

a
n
et

w
or

k
s
∈
S

su
ch

th
at

M
(s
,t

)
=

1
fo

r
al

l
t
∈
T

.
T

h
is

is
a
n

ex
a
m

p
le

of
a

te
st

-b
as

ed
co

-s
ea

rc
h

p
ro

b
le

m
,

in
th

at
w

e
ar

e
se

ar
ch

in
g

fo
r

an
el

em
en

t
w

it
h

a
p
a
rt

ic
u
la

r
p
ro

p
er

ty
.

A
co

-o
p
ti

m
iz

at
io

n
p
ro

b
le

m
is

a
co

-s
ea

rc
h

p
ro

b
le

m
in

w
h
ic

h
th

e
p
ro

p
er

ty
o
f

th
e

el
em

en
t

w
e’

re
lo

ok
in

g
fo

r
is

th
at

th
e

el
em

en
t

op
ti

m
iz

es
so

m
e

fu
n
ct

io
n
.

T
h
e

so
rt

in
g

n
et

w
o
rk

p
ro

b
le

m
ca

n
b

e
re

-p
h
ra

se
d

as
a

te
st

-b
as

ed
co

-o
p
ti

m
iz

at
io

n
p
ro

b
le

m
,

si
n
ce

a
n
s

sa
ti

sf
y
in

g
th

e
ab

ov
e

p
ro

p
er

ty
al

so
m

ax
im

iz
es
g

:
S
→

R
,
g
(s

)
=
∑

t∈
T

M
(s
,t

).
A

ls
o

n
o
te

th
a
t

fo
r

th
is

p
ro

b
le

m
an

M
-e

va
lu

at
io

n
h
as

fa
ir

ly
m

o
d
es

t
co

st
(l

in
ea

r
in

th
e

n
u
m

b
er

of
co

m
p
a
re

-a
n
d
-s

w
ap

ga
te

s
an

d
li
ke

ly
m

ea
su

re
d

in
m

il
li
se

co
n
d
s)

,
b
u
t

th
e

si
ze

of
T

is
ex

p
on

en
ti

al
(2
n
,

w
h
er

e
n

is
th

e
le

n
gt

h
of

th
e

in
p
u
t

se
q
u
en

ce
).

A
su

b
tl

e
d
iff

er
en

ce
b

et
w

ee
n

th
e

re
si

li
en

t
p
ip

in
g

p
ro

b
le

m
an

d
th

e
re

-s
ta

te
d

so
rt

in
g

n
et

-
w

or
k
s

p
ro

b
le

m
is

th
at

fo
r

th
e

la
tt

er
it

is
re

al
ly

im
p

or
ta

n
t

th
at

w
e

fi
n
d

a
m

a
x
im

u
m

o
f

g
an

d
w

e
m

ig
h
t

b
e

a
b
le

to
te

ll
w

h
et

h
er

or
n
ot

w
e

h
av

e,
w

h
er

ea
s

fo
r

th
e

fo
rm

er
w

e
w

o
u
ld

n
o
t

re
co

gn
iz

e
a

m
ax

im
u
m

ev
en

if
w

e
fo

u
n
d

on
e,

so
w

e’
re

re
al

ly
lo

ok
in

g
fo

r
as

h
ig

h
a

va
lu

e
o
f
g

a
s

w
e

ca
n

fi
n
d
.

N
on

et
h
el

es
s,

an
y

m
et

h
o
d

w
e

ca
n

ap
p
ly

to
th

e
ge

n
er

ic
,

b
la

ck
-b

ox
fo

rm
u
la

ti
o
n

o
f

th
e

re
si

li
en

t
p
ip

in
g

p
ro

b
le

m
w

e
ca

n
al

so
ap

p
ly

to
th

e
so

rt
in

g
n
et

w
or

k
s

p
ro

b
le

m
.

P
ro

b
le

m
s

li
ke

th
es

e
ar

e
th

e
ob

je
ct

of
st

u
d
y

in
th

e
fi
el

d
of

co
-o

p
ti

m
iz

at
io

n
(S

er
v
ic

e
an

d
T

a
u
ri

tz
,

2
0
0
8
a;

P
op

ov
ic

i
et

al
.,

20
10

;
P

op
ov

ic
i

an
d

W
in

st
on

,
20

15
).

S
u
p
e
rv

is
ed

L
ea

rn
in

g
F
o
rm

a
li
sm

s
a
n
d

M
a
p
p
in

g
to

C
o
-o

p
ti
m
iz
a
ti
o
n
.

W
e

n
ow

tu
rn

ou
r

at
te

n
ti

on
to

th
e

la
tt

er
tw

o
p
ro

b
le

m
s,

w
h
ic

h
co

m
e

fr
om

th
e

fi
el

d
o
f

su
p

er
v
is

ed
m

ac
h
in

e
le

ar
n
in

g
(A

b
u
-M

os
ta

fa
et

a
l.
,

20
12

).
F

or
th

e
p
h
ot

o
la

b
el

in
g

p
ro

b
le

m
,

le
t
X

b
e

th
e

se
t

of
al

l
p

os
si

b
le

p
h
ot

os
(u

p
to

a
ce

rt
ai

n
si

ze
li
m

it
).

L
et
Y

=
{y
es
,n
o}

b
e

th
e

se
t

o
f

la
b

el
s,

d
en

ot
in

g
p
re

se
n
ce

or
ab

se
n
ce

of
b
al

lo
on

s.
L

et
f

:
X
→
Y

d
en

ot
e

th
e

co
rr

ec
t

a
ss

ig
n
m

en
t

o
f

la
b

el
s

to
p
h
ot

os
,

w
h
er

e
co

rr
ec

tn
es

s
ca

n
al

w
ay

s
b

e
ju

d
ge

d
b
y

h
u
m

a
n
s.

T
h
is

is
o
ft

en
re

fe
rr

ed
to

as
th

e
ta

rg
et

fu
n
ct

io
n

to
b

e
le

ar
n
ed

.
W

e
ar

e
p
ro

v
id

ed
w

it
h

a
se

t
of
n

la
b

el
ed

ex
a
m

p
le

s
D

=
(x
i,
y i

=
f

(x
i)

) i
=
1
..
n
⊂
X
×
Y

an
d

th
e

go
al

is
to

fi
n
d

th
e

fu
ll
f

,
or

,
m

o
re

p
re

ci
se

ly
,

to
fi
n
d

a
co

m
p
u
te

r
p
ro

gr
am

th
at

im
p
le

m
en

ts
f

.
S
u
ch

a
p
ro

g
ra

m
is

of
te

n
re

fe
rr

ed
to

a
s

a
cl

as
si

fi
er

or
p
re

d
ic

to
r,

th
e

ex
am

p
le

s
D

ar
e

al
so

re
fe

rr
ed

to
as

d
at

a
p

oi
n
ts

or
si

m
p
ly

a
s

d
at

a
or

a
d
at

a
se

t,
an

d
th

e
p
ro

b
le

m
so

lv
in

g
go

al
is

al
so

re
fe

rr
ed

to
as

(b
in

ar
y
)

cl
a
ss

ifi
ca

ti
o
n
.

W
e

ca
n

m
ap

th
is

p
ro

b
le

m
to

a
te

st
-b

as
ed

co
-o

p
ti

m
iz

at
io

n
p
ro

b
le

m
as

fo
ll
ow

s.
L

et
S

b
e

th
e

se
t

of
al

l
co

m
p
u
te

r
p
ro

gr
am

s
th

at
ta

ke
as

in
p
u
t

a
p
h
ot

o
x
∈
X

an
d

o
u
tp

u
t

a
la

b
el

y
∈
Y

.
F

or
an

y
s
∈
S

an
d

an
y
x
∈
X

w
e

d
en

ot
e

b
y
s(
x

)
th

e
ou

tp
u
t

of
p
ro

g
ra

m
s

fo
r

in
p
u
t

p
h
ot

o
x

.
N

ot
e
|S
|i

s
la

rg
er

th
an
|Y

X
|,

si
n
ce

m
u
lt

ip
le

p
ro

gr
am

s
ca

n
im

p
le

m
en

t
th

e
sa

m
e

fu
n
ct

io
n
al

it
y.

L
et
T

=
X

(i
.e

.,
p
h
ot

os
co

n
st

it
u
te

te
st

s)
an

d
d
efi

n
e

M
:
S
×
T
→

R
v
ia

M
(s
,t

)
=
δ(
s(
t)
,f

(t
))

,
w

h
er

e
δ

is
th

e
K

ro
n
ec

ke
r

d
el

ta
fu

n
ct

io
n

or
so

m
e

o
th

er
fu

n
ct

io
n

m
ea

su
ri

n
g

th
e

ag
re

em
en

t
b

et
w

ee
n
s(
t)

an
d
f

(t
).

T
h
en

th
e

p
h
ot

o
la

b
el

in
g

g
o
a
l

is
to

fi
n
d

a
p
ro

gr
am

s
∈
S

su
ch

th
at

M
(s
,t

)
=

1
fo

r
al

l
t
∈
T

.
T

h
is

is
es

se
n
ti

al
ly

th
e

sa
m

e
g
o
a
l

a
s

6
JM

L
R

 1
8(

38
):

1-
39

, 2
01
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B
r
id
g
in
g

S
u
p
e
r
v
ise

d
L
e
a
r
n
in
g

a
n
d

T
e
st

-B
a
se

d
C
o
-o

p
t
im

iz
a
t
io
n

fo
r

so
rtin

g
n
etw

ork
d
esign

an
d

can
b

e
restated

as
m

ax
isu

m
,

w
h
ich

is
u
sefu

l
sin

ce
for

th
is

p
a
rticu

la
r

a
p
p
lication

w
e

d
o

n
ot

actu
ally

ex
p

ect
to

fi
n
d

a
p

erfect
p
rogra

m
.

E
q
u
ivalen

tly
a
n
d

m
o
re

co
m

m
on

ly,
M

is
d
efi

n
ed

as
1−

δ(s(t),f
(t))

an
d

called
error ,

w
h
ich

is
th

en
to

b
e

m
in

im
ized

.

T
h
e

p
ro

b
lem

of
p
red

ictin
g

secon
d
ary

p
rotein

stru
ctu

re
is

sim
ilar:

X
is

th
e

set
o
f
all

p
ossi-

b
le

p
rim

a
ry

-stru
ctu

re
am

in
o-acid

seq
u
en

ces,
Y

is
th

e
set

of
all

p
ossib

le
secon

d
ary

-stru
ctu

re
seq

u
en

ces
a
n
d
f

rep
resen

ts
th

e
real-w

orld
m

ap
p
in

g
o
f

p
rim

ary
to

secon
d
ary

stru
ctu

re
se-

q
u
en

ces.
W

h
en

m
ap

p
in

g
to

co-op
tim

ization
,
S

is
th

e
set

of
all

com
p
u
ter

p
rog

ram
s

th
at

ta
ke

a
s

in
p
u
t

a
p
rim

ary
-stru

ctu
re

am
in

o-acid
seq

u
en

ce
an

d
ou

tp
u
t

a
secon

d
a
ry

-stru
ctu

re
seq

u
en

ce,
T

=
X

an
d

M
(s,t)

is
d
efi

n
ed

to
m

ea
su

re
agreem

en
t

b
etw

een
s(t),

th
e

secon
d
ary

-
stru

ctu
re

seq
u
en

ce
ou

tp
u
t

b
y

p
rogram

s
for

am
in

o-acid
seq

u
en

ce
t,

an
d

th
e

tru
e

secon
d
ary

-
stru

ctu
re

seq
u
en

ce
given

b
y
f

(t);
agreem

en
t

cou
ld

b
e

b
in

ary
(1

if
seq

u
en

ces
are

id
en

tical,
0

o
th

erw
ise)

or
it

cou
ld

give
p
artial

cred
it

for
th

ose
p

osition
s

th
at

d
o

m
atch

b
etw

een
th

e
tw

o
seq

u
en

ces.
T

h
e

p
rob

lem
-solv

in
g

goal,
esp

ecially
for

th
e

secon
d

ch
oice

of
M

,
is

on
ce

ag
ain

m
a
x
isu

m
.

C
o
m
p
a
riso

n
.

W
h
ile

th
ese

form
alism

s
sh

ow
u
s

h
ow

w
e

can
ex

p
ress

th
e

p
rob

lem
-solv

in
g

g
o
als

o
f

ty
p
ica

l
su

p
erv

ised
learn

in
g

task
s

in
a

sim
ilar

fash
ion

to
th

ose
of

co-op
tim

izatio
n
,

th
ey

a
lso

ex
p

o
se

su
b
tle

b
u
t

im
p

ortan
t

d
iff

eren
ces

in
th

e
in

form
ation

availab
le

to
an

y
algo-

rith
m

a
ttem

p
tin

g
to

solve
su

ch
p
ro

b
lem

s.
O

n
e

su
ch

d
iff

eren
ce

is
th

e
access

w
e

h
ave

to
th

e
fu

n
ctio

n
M

.
F

o
r

gen
eric

co-op
tim

ization
p
rob

lem
s

like
resilien

t
p
ip

in
g

an
d

sortin
g

n
etw

ork
d
esign

,
w

e
ca

n
evalu

ate
M

for
an

y
〈s,t〉,

th
u
s

th
e

m
ain

con
cern

is
w

ith
th

e
co

st
of

each
su

ch
eva

lu
a
tio

n
a
n
d
,

con
seq

u
en

tly,
w

ith
th

e
n
u
m

b
er

of
evalu

ation
s

th
at

can
b

e
aff

o
rd

ed
an

d
h
ow

g
o
o
d

a
p

o
ten

tial
solu

tion
(as

ju
d
ged

v
ia
g
)

w
e

can
fi
n
d

given
su

ch
an

eva
lu

ation
b
u
d
get .

F
o
r

su
p

erv
ised

learn
in

g
p
rob

lem
s

lik
e

p
h
oto

lab
ellin

g
an

d
p
rotein

stru
ctu

re
p
red

iction
,

w
e

ca
n

o
n
ly

g
et

a
t

th
e

valu
e

of
M

for
p
airs〈s,x

i 〉
i∈

1
..n

corresp
on

d
in

g
to

th
e

d
ata

set
D

(w
h
ich

is
p
rov

id
ed

a
s

in
p
u
t

to
th

e
algorith

m
for

free)
an

d
th

e
m

ain
con

cern
is

h
ow

go
o
d

a
p

o
ten

tial
so

lu
tio

n
w

e
ca

n
fi
n
d

given
on

ly
th

ose
n

sp
ecifi

c
lab

eled
ex

am
p
les.

N
ote

h
ow

n
d
o
es

n
ot

im
p

o
se

a
h
ard

lim
it

on
th

e
n
u
m

b
er

of〈s,x
i 〉

p
airs

for
w

h
ich

w
e

can
com

p
u
te

M
,

b
u
t

see
m

o
re

o
n

co
st

in
S
ection

2.3.1.

H
av

in
g

m
a
d
e

th
is

d
iff

eren
ce

ex
p
licit,

w
e

can
n
ow

see
th

at
th

e
related

fi
eld

of
su

p
erv

ised
a
ctive

lea
rn

in
g

(S
ettles,

2012)
con

cern
s

itself
w

ith
p
rob

lem
s

w
h
ose

in
form

ation
availab

ility
lies

o
n

a
sp

ectru
m

b
etw

een
th

e
ab

ove
tw

o
ex

trem
es.

2
.1
.4

A
c
t
iv
e
L
e
a
r
n
in
g

P
r
o
b
l
e
m
s

F
or

in
sta

n
ce,

co
n
sid

er
th

e
follow

in
g

sligh
t

va
riation

of
th

e
p
h
oto

lab
elin

g
p
rob

lem
.

T
h
e

g
oal

is
th

e
sa

m
e

a
s

b
efore,

b
u
t

in
stead

of
a

set
of

lab
eled

p
h
otos

w
e

h
ave

a
m

u
ch

larger
set

of
u
n
la

b
eled

p
h
o
tos

(ob
tain

ed
,

for
in

sta
n
ce,

v
ia

in
tern

et
craw

lin
g).

W
ith

th
e

ad
ven

t
of

th
e

A
m

a
zo

n
M

ech
a
n
ical

T
u
rk

(A
m

azon
,

2005)
ob

tain
in

g
a

la
b

el
for

a
p
h
oto

can
b

e
relatively

ch
ea

p
a
n
d

p
ro

m
p
t,

th
ou

gh
it

is
n
ot

com
p
letely

free,
an

d
th

e
tim

e
req

u
ired

to
get

it
is

n
ot

co
m

p
u
ta

tio
n
a
l

in
n
atu

re,
b
u
t

rath
er

d
ep

en
d
s

on
h
u
m

an
availab

ility
(M

a
ji,

2011).
B

oth
to

save
m

o
n
ey

a
n
d

to
sp

eed
u
p

th
e

p
ro

cess,
it

w
o
u
ld

b
e

b
en

efi
cial

if
w

e
cou

ld
ask

fo
r

a
lab

el
o
n
ly

fo
r

th
o
se

im
ages

m
ost

u
sefu

l
for

th
e

learn
in

g
task

.
T

h
is

is
referred

to
as

a
p

o
o
l-b

ased
a
ctive

lea
rn

in
g

p
rob

lem
.

F
orm

ally,
w

e
are

given
X

th
e

set
of

all
p

ossib
le

p
h
oto

s,
Y

th
e

set
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P
o
p
o
v
ic
i

S
y
m
b
o
l

D
e
sc
rip

tio
n

S
S
p
ace

of
p

oten
tial

solu
tion

s.

T
S
p
ace

of
tests.

V
⊆

R
S
p
ace

of
m

etric
valu

es.

M
:
S
×
T
→
V

In
teraction

m
etric;

M
(s,t)

is
th

e
resu

lt
of

evalu
atin

g
p

oten
tial

solu
tion

s
w

ith
test

t;
it

can
b

e
com

p
letely

b
lack

b
ox

or
b
ased

on
lab

els
in
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p

erv
ised

learn
in

g.

g
:
S
→

R
Q

u
ality

fu
n
ction
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a
t

is
th

e
target

of
op

tim
ization

;
g
(s)

gives
q
u
ality

of
p

o
ten

tial
solu

tion
s∈

S
;

ex
am

p
les

in
clu

d
e

tak
in

g
th

e
average,

su
m

or
m

in
im

u
m

of
M

over
T

.

X
S
p
ace

of
in

p
u
ts,

from
w

h
ich

d
ata

is
sam

p
led

.

Y
S
p
ace

of
ou

tp
u
ts

(lab
els

for
in

p
u
ts).

f
:
X
→
Y

T
arget

fu
n
ction

from
Y
X

,
lab

elin
g

in
p
u
ts;

it
d
efi

n
es

M
w

h
en

v
iew

in
g

su
p

erv
ised
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in
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co-op
tim

ization
.

D
⊂
X
×
Y

D
ata
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n
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w
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ich
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b
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.
D

=
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p
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2
.1

(P
rob
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s)
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S
ectio
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(A
lgorith
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s).
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=
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b
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p
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X
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ever,
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b
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u
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of
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w
e

p
erform

m
u
ltip
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(s,x
j )

evalu
ation

s
w
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d
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b
u
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e
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x
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d
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s.

T
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is
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d
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u
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it
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q
u
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w
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n
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w
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T
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p
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o
m
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L
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p
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e
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b
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p
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d
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e
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d
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e
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p
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ote
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for
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g
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b
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an
d

w
e
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n
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s
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w
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ex
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p
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x
∈
X

w
e
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ob

tain
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e
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f

(x
)—

ex
am

p
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b
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b
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ra
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b
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d
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b
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b
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p
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d
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b
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h
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v
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p
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f
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p
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d
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h
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e
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p
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b
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p
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d
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h
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h
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h
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at
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p
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n
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s.

B
oth

ex
p
loratory

an
d

con
stru

ctiv
e

ap
p
roach

es
n
eed

to
b

e
con

-
cern

ed
a
b

o
u
t

over-/u
n
d
er-fi

ttin
g.

O
n
e

h
eu

ristic
is

to
try

ou
t

setsH
of

d
iff

eren
t

com
p
lex

ities:
fo

r
ex

a
m

p
le,

p
u
t

a
h
ard

con
strain

t
on

th
e

d
egree

of
th

e
p

oly
n
om

ia
ls

o
r

th
e

d
ep

th
of

th
e

trees
co

n
sid

ered
,

th
en

in
v
estigate

w
h
at

h
ap

p
en

s
w

h
en

vary
in

g
th

e
valu

e
of

th
e

con
strain

t.
A

n
o
th

er
h
eu

ristic
is

to
u
se

“soft”
con

strain
ts,

i.e.,
allow

an
all-en

com
p
assin

g
H

,
b
u
t

in
clu

d
e

in
th

e
tra

in
in

g
error

g
tr

a
p

en
alty

term
for

th
e

com
p
lex

ity
of

in
d
iv

id
u
al

h
y
p

oth
eses

in
th

at
H

;
ex

a
m

p
les

in
clu

d
e:

allow
in

g
trees

of
h
igh

m
ax

im
u
m

d
ep

th
,

b
u
t

in
clu

d
in

g
a

p
en

a
lty

term
th

a
t

g
row

s
w

ith
th

e
d
ep

th
;

or
allow

in
g

p
oly

n
om

ials
of

h
igh

d
egree,

b
u
t

in
clu

d
in

g
a

p
en

alty

7
.

F
eed

in
g

ex
a
m

p
le
t

th
ro

u
g
h

n
etw

o
rk
s

co
m

p
u

tes
s(t)

a
n

d
d

eterm
in

in
g

d
isa

g
reem

en
t

b
etw

een
th

e
n

etw
o
rk

’s
o
u

tp
u

t
a
n

d
th

e
ex

a
m

p
le’s

la
b

el
co

m
p

u
tes

M
(s,t)

=
1−

δ(s(t),f
(t)).
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P
o
p
o
v
ic
i

term
th

at
is

low
w

h
en

m
ost

w
eigh

ts
are

close
to

0
an

d
h
igh

oth
erw

ise.
T

h
is

latter
h
eu

ristic
is

gen
erally

referred
to

as
regu

larization
;

in
gen

etic
p
rogram

m
in

g
,

p
en

alizin
g

tree
d
ep

th
is

called
p
arsim

on
y

p
ressu

re.
D

iff
eren

t
levels

m
u
st

b
e

tried
ou

t
for

th
e

relative
con

trib
u
tion

of
th

e
p

en
alty

term
versu

s
th

e
m

ain
error

term
.

In
th

e
ab

ove,
th

e
ex

p
ression

‘try
ou

t’
refers

to
th

e
fact

th
a
t

th
e

overall
algorith

m
ap

p
lies

m
u
ltip

le
b
asic

m
eth

o
d
s

(eith
er

ex
p
lo

ratory
o
r

con
stru

ctive),
or

ap
p
lies

a
p
aram

eterized
b
a-

sic
m

eth
o
d

m
u
ltip

le
tim

es
w

ith
d
iff

eren
t

p
aram

eter
valu

es,
th

en
selects

on
e

of
th

e
varian

ts
for

p
ro

d
u
cin

g
th

e
fi
n
al

ou
tp

u
t—

a
p
ro

cess
k
n
ow

n
as

m
o
d
el

selection
.

T
o

p
erform

th
e

selec-
tion

,
(sem

i)u
n
b
iased

em
p
irical

estim
ates

are
com

p
u
ted

for
th

e
ou

tp
u
t

of
each

va
rian

t
b
y

p
erform

in
g

ad
d
ition

al
M

(s,t)
evalu

ation
s

w
ith

tests
n
ot

u
sed

d
u
rin

g
th

e
train

in
g

of
th

at
varian

t—
a

p
ro

cess
k
n
ow

n
as

(cross-)valid
ation

(R
efaeilzad

eh
et

al.,
2009;

G
eisser,

1975;
S
ton

e,
1974).

T
h
u
s,

d
u
rin

g
th

is
p
ro

cess,
w

h
at

w
as

origin
ally

d
esign

ated
as

a
train

in
g

set
gets

fu
rth

er
sp

lit
(p

ossib
ly

m
u
ltip

le
tim

es
for

cross-valid
ation

)
in

to
a
n

a
ctu

a
l

train
in

g
set

an
d

a
valid

ation
set.

T
h
e

term
h
old

ou
t

set
h
as

also
b

een
u
sed

in
th

e
literatu

re,
b
u
t

w
ith

in
con

sisten
t

m
ean

in
g,

referrin
g

som
etim

es
to

a
valid

ation
set

an
d

som
etim

es
to

a
tru

e
test

set.
T

h
e

test
set

is
still

to
b

e
u
sed

on
ly

on
ce

to
get

an
u
n
b
iased

estim
ate

for
th

e
q
u
a
lity

of
th

e
fi
n
al

ou
tp

u
t.

S
u
ch

u
ses

of
estim

ates
for

ou
tp

u
t

selection
an

d
p

erform
an

ce
evalu

ation
are

relevan
t

for
co-op

tim
ization

algorith
m

s
as

w
ell,

as
d
iscu

ssed
in

section
s

2.2.3
an

d
2.3.2.

2
.2
.2

A
c
t
iv
e
L
e
a
r
n
in
g

A
l
g
o
r
it
h
m
s

T
y
p
ical

ap
p
roach

es
to

active
learn

in
g

treat
th

e
p
rob

lem
as

an
ex

ten
sion

of
su

p
erv

ised
learn

-
in

g.
A

s
su

ch
,

th
ey

u
se

a
q
u
ery

strategy
to

d
ecid

e
for

w
h
ich

p
oin

ts
x
∈
X

to
ob

tain
a

lab
el,

th
en

ap
p
ly

on
e

of
th

e
su

p
erv

ised
learn

in
g

m
eth

o
d
s

d
escrib

ed
ab

ove
on

th
e

lab
eled

d
ata

accu
m

u
lated

so
far,

th
en

re-iterate
th

ese
tw

o
step

s.
S
om

e
q
u
ery

strategies
are

gen
eric

an
d

cou
ld

b
e

u
sed

w
ith

an
y

su
p

erv
ised

learn
in

g
ap

p
roach

,
w

h
ereas

oth
ers

are
sp

ecifi
c

to
th

e
su

p
erv

ised
learn

in
g

algorith
m

u
sed

(S
ettles,

2012).
W

h
eth

er
th

e
core

su
p

erv
ised

learn
in

g
ap

p
roach

is
con

stru
ctive

or
ex

p
loratory,

th
e

qu
ery

stra
tegy

o
f

a
ctive

lea
rn

in
g

a
lgo

rith
m

s
ca

n
be

th
o
u

gh
t

o
f

a
s

exp
lo

rin
g

th
e

set
X

.
T

h
e

resem
b
lan

ce
of

activ
e

learn
in

g
to

co-op
tim

ization
su

ggests
th

ere
m

ay
b

e
ap

p
roach

es
th

at
are

m
ore

d
irect

th
an

th
e

stan
d
ard

iterativ
e

on
e.

W
e

w
ill

rev
isit

th
is

at
th

e
en

d
of

S
ection

3
.

2
.2
.3

C
o
-o

p
t
im

iz
a
t
io
n
A
l
g
o
r
it
h
m
s

B
ecau

se
in

co-op
tim

ization
it

is
th

e
m

etric
M

th
at

is
giv

en
in

b
lack

-b
ox

fash
ion

(as
op

p
osed

to
an

f
th

at
fu

rth
er

d
efi

n
es

M
),

it
is

n
ot

ob
v
iou

s
if

or
h
ow

on
e

cou
ld

fi
n
d

a
go

o
d

elem
en

t
of
S

th
rou

gh
a

con
stru

ctiv
e

ap
p
roach

.
T

h
erefore,

co-o
p
tim

ization
algorith

m
s

(S
erv

ice
an

d
T

au
ritz,

2008a)
are

ex
p
loratory

b
y

n
ecessity

an
d

in
volve

ad
ap

tation
s

of
sto

ch
astic

search
an

d
op

tim
ization

h
eu

ristics
(L

u
k
e,

2013)
lik

e
sim

u
lated

an
n
ealin

g
(S

A
),

h
ill-clim

b
in

g
(H

C
)

an
d

evolu
tion

ary
algorith

m
s

(E
A

s)—
th

e
gen

etic
p
rogram

m
in

g
d
escrib

ed
in

S
ection

2.2.1
b

ein
g

an
ex

am
p
le

of
th

e
latter.

N
ote

th
at

in
th

is
case

th
e

search
sp

ace
S

d
o
es

n
ot

n
ecessarily

con
tain

com
p
u
ter

p
ro-

gram
s,

b
u
t

p
ossib

ly
oth

er
k
in

d
s

of
ob

jects
or

stru
ctu

res
(e.g.,

su
b
sets

of
valves

in
th

e
ca

se
of

resilien
t

p
ip

in
g

d
esign

or,
often

,
sim

p
ly

vectors
of

p
a
ram

eter
valu

es
ch

aracterizin
g

a
stru

c-
tu

re
or

d
esign

).
R

ecall
th

at
su

p
erv

ised
learn

in
g

algorith
m

s
actu

ally
search

a
h
y
p

oth
esis

setH
th

at
d
o
es

n
ot

h
ave

a
on

e-to-on
e

m
ap

p
in

g
w

ith
Y
X

;
sim

ilarly,
in

co-op
tim

ization
,

th
e
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B
r
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g
in
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S
u
p
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v
is
e
d

L
e
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in
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a
n
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T
e
st

-B
a
se

d
C
o
-o

p
t
im

iz
a
t
io
n

w
ay

th
e

sp
ac

e
S

is
re

p
re

se
n
te

d
in

th
e

co
m

p
u
te

r
of

te
n

m
ea

n
s

th
a
t

w
h
at

’s
ac

tu
al

ly
b

ei
n
g

ex
p
lo

re
d

b
y

th
e

al
go

ri
th

m
is

a
se

t
ot

h
er

th
an

S
an

d
w

h
os

e
m

ap
p
in

g
to
S

is
n
ot

on
e-

to
-o

n
e.

T
o

li
m

it
n
ot

at
io

n
,

w
e’

ll
d
en

ot
e

th
is

se
t

b
y

th
e

sa
m

e
sy

m
b

ol
H

.
In

th
e

fi
el

d
of

ev
ol

u
ti

on
ar

y
co

m
p
u
ta

ti
on

(D
e

J
on

g,
20

06
),

th
e

ch
oi

ce
of
H

is
ca

ll
ed

a
re

p
re

se
n
ta

ti
on

an
d

th
e

m
ap

p
in

g
fr

om
H

to
S

is
ca

ll
ed

th
e

ge
n
ot

y
p

e-
to

-p
h
en

ot
y
p

e
m

ap
p
in

g
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O
n
e

st
il
l

n
ee

d
s

to
co

n
si

d
er

th
e

tr
ad

eo
ff

b
et

w
ee

n
th

e
ab

il
it

y
of
H

to
re

p
re

se
n
t

m
an

y
/a

ll
th

e
el

em
en

ts
of
S

an
d

th
e

ea
se

of
se

ar
ch

in
g
H

(w
h
ic

h
m

ay
d
ec

re
as

e
as

th
e

si
ze

of
H

in
cr

ea
se
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T
h
is

ca
n

b
e

co
n
si

d
er

ed
a

co
u
n
te

rp
ar

t
co

n
ce

p
t

to
su

p
er

v
is

ed
le

ar
n
in

g’
s

b
ia

s-
va

ri
an

ce
tr

ad
eo

ff
.

A
s

in
su

p
er

v
is

ed
le

ar
n
in

g,
an

im
p

or
ta

n
t

is
su

e
is

th
e

fa
ct

th
at

w
e

m
ig

h
t

n
ot

b
e

ab
le

to
co

m
p
u
te

th
e

ac
tu

al
va

lu
e

of
th

e
q
u
al

it
y

fu
n
ct

io
n
g

th
at

w
e

ar
e

to
op

ti
m

iz
e,

b
ec

au
se
g
(s

)
is

d
efi

n
ed

as
th

e
su

m
of

M
(s
,t

)
fo

r
a
ll
t
∈
T

an
d
T

is
ve

ry
la

rg
e

an
d
/o

r
M

is
ve

ry
ex

p
en

si
v
e.

In
co

n
tr

as
t

to
su

p
er

v
is

ed
le

ar
n
in

g,
th

er
e

ar
e

n
o

re
st

ri
ct

io
n
s

as
to

w
h
ic

h
el

em
en

ts
t
∈
T

w
e

ca
n

u
se

in
M

(s
,t

)
ev

al
u
at

io
n
s.

C
on

se
q
u
en

tl
y,

co
-o

p
ti

m
iz

a
ti

o
n

a
lg

o
ri

th
m

s
ex

p
lo

re
n

o
t

ju
st

th
e

sp
a
ce
S

bu
t

a
ls

o
th

e
sp

a
ce
T

,
a
s

w
el

l
a
s

th
e

cr
o
ss

-p
ro

d
u

ct
o
f

th
e

tw
o
.

T
h
u
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a
co
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p
ti

m
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at
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n
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b
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ra
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g
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a
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∈
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∈
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e
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n
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t
v
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M
,
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ra
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n
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p
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v
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u
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y
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d
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M
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u
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,
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h
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o
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m
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h
an

is
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b
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h
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T
h
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ra
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p
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v
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w
el

l;
an

d
m

os
t

m
et

a
ap

p
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h
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n
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e

co
m

p
on

en
ts

.

E
x
p
lo
ra
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h
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io
n

m
et

h
o
d
s

ca
n

b
e

u
se

d
to

d
et

er
m

in
e

w
h
o

is
p
ai

re
d

(i
n
te

ra
ct

s)
w

it
h

w
h
om

(P
op

ov
ic

i,
20

06
).

F
or

th
e

m
ax

ia
v
g/

m
ax

is
u
m

so
lu

ti
on

co
n
ce

p
ts

,
fi
tn

es
s

is
ty

p
ic

al
ly

as
si

gn
ed

to
ea

ch
el

em
en

t
s

in
th

e
S

-p
o
p
u
la

ti
on

b
y

av
er

ag
in

g
M

(s
,t

)
fo

r
al

l
th

e
in

te
ra

ct
io

n
s

th
at

p
ar

ti
cu

la
r
s

w
as

in
vo

lv
ed

in
;

su
ch

fi
tn

es
s

re
p
re

se
n
ts

a
su

b
je

ct
iv

e
q
u
a
li
ty

,
in

te
rn

al
to

th
e

al
go

ri
th

m
.

M
u
ch

re
se

ar
ch

h
as

go
n
e

in
to

h
ow

to
as

si
gn

fi
tn

es
s

to
th

e
el

em
en

ts
of
T

,
le

ad
in

g
to

tw
o

m
ai

n
p
ar

ad
ig

m
s:

1)
if

h
ig

h
va

lu
es

of
M

ar
e

go
o
d

fo
r

th
e

el
em

en
ts

of
S

,
th

en
re

w
ar

d
te

st
s

in
T

fo
r

lo
w

va
lu

es
of

M
(i

.e
.,

fo
r

b
ei

n
g

d
iffi

cu
lt

te
st

s)
—

a
p
ar

ad
ig

m
tr

ad
it

io
n
al

ly

8
.

T
h

is
h

a
s

a
ls

o
b

ee
n

ca
ll

ed
ju

st
a
n
a
lg
o
ri
th
m

(W
o
lp

er
t

a
n

d
M

a
cr

ea
d

y
,
2
0
0
5
;
S

er
v
ic

e
a
n

d
T

a
u

ri
tz

,
2
0
0
8
b

)
o
r

a
se
a
rc
h
h
eu

ri
st
ic

(S
er

v
ic

e
a
n

d
T

a
u

ri
tz

,
2
0
0
8
b

;
S

er
v
ic

e,
2
0
0
9
a
,b

;
P

o
p

ov
ic

i
a
n

d
D

e
J
o
n

g
,

2
0
0
9
;

P
o
p

ov
ic

i
et

a
l.

,
2
0
1
1
).

9
.

T
h

is
h

a
s

a
ls

o
b

ee
n

ca
ll

ed
a
sa
m
p
le

(W
o
lp

er
t

a
n

d
M

a
cr

ea
d

y
,

2
0
0
5
)

o
r

si
m

p
ly

a
se
qu

en
ce

(S
er

v
ic

e
a
n

d
T

a
u

ri
tz

,
2
0
0
8
b

).
1
0
.

T
h

is
h

a
s

a
ls

o
b

ee
n

ca
ll

ed
a
ch
a
m
p
io
n
-s
el
ec
ti
o
n
ru
le

(W
o
lp

er
t

a
n

d
M

a
cr

ea
d

y
,

2
0
0
5
),

a
ch
a
m
p
io
n
se
le
ct
io
n

fu
n
ct
io
n

(S
er

v
ic

e
a
n

d
T

a
u

ri
tz

,
2
0
0
8
b

),
a
ca
n
d
id
a
te

se
le
ct
io
n
fu
n
ct
io
n

(S
er

v
ic

e
a
n

d
T

a
u
ri

tz
,
2
0
0
8
b

;
S

er
v
ic

e,
2
0
0
9
a
,b

)
o
r
o
u
tp
u
t
se
le
ct
io
n

(P
o
p

ov
ic

i
a
n

d
D

e
J
o
n

g
,

2
0
0
9
;

P
o
p

ov
ic

i
et

a
l.

,
2
0
1
1
).
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P
o
p
o
v
ic
i

re
fe

rr
ed

to
as

co
m

pe
ti

ti
ve

co
ev

ol
u
ti

on
(A

n
ge

li
n
e

an
d

P
ol

la
ck

,
19

93
;

P
op

ov
ic

i
et

a
l.
,

2
0
1
0
);

an
d

2)
re

w
ar

d
el

em
en

ts
of
T

fo
r

th
ei

r
ab

il
it

y
to

d
iff

er
en

ti
at

e
b

et
w

ee
n

el
em

en
ts

o
f
S

,
th

a
t

is
fo

r
b

ei
n
g

in
fo

rm
a
ti

ve
te

st
s

(B
u
cc

i,
20

07
).

In
ad

d
it

io
n

to
th

e
te

st
s

in
th

e
cu

rr
en

t
p

o
p
u
la

ti
o
n
,

ar
ch

iv
es

of
h
ar

d
/i

n
fo

rm
at

iv
e

te
st

s
ca

n
b

e
ke

p
t

an
d

u
se

d
in

ev
al

u
at

io
n
s

(R
o
si

n
a
n
d

B
el

ew
,

19
97

;
d
e

J
on

g,
20

05
).

C
o-

op
ti

m
iz

at
io

n
p
ro

b
le

m
s

em
er

ge
d

as
a

fo
rm

al
iz

at
io

n
o
f

th
e

k
in

d
s

o
f

p
ro

b
le

m
s

co
ev

ol
u
ti

on
ar

y
al

go
ri

th
m

s
w

er
e

b
ei

n
g

ap
p
li
ed

to
.

B
ot

h
ap

p
ro

ac
h
es

(r
an

d
om

sa
m

p
li
n
g

of
te

st
s

ve
rs

u
s

co
ev

ol
u
ti

on
)

ty
p
ic

al
ly

u
se

th
e

sa
m

e
n

u
m

be
r

of
te

st
s

to
ev

al
u
at

e
al

l
p

ot
en

ti
a
l

so
lu

ti
on

s
co

n
si

d
er

ed
;

th
es

e
p

o
te

n
ti

a
l

so
lu

ti
o
n
s

a
re

ca
ll
ed

pa
rt

ia
ll

y
ev

a
lu

a
te

d
,

as
sa

id
n
u
m

b
er

of
te

st
s

is
u
su

al
ly

m
u
ch

sm
al

le
r

th
a
n
|T
|.

O
u
tp
u
t
m
ec

h
a
n
is
m
s.

A
ty

p
ic

al
ap

p
ro

ac
h

is
gr

ee
d
y,

w
h
ic

h
ou

tp
u
ts

th
e

p
a
rt

ia
ll
y
-

ev
al

u
at

ed
p

ot
en

ti
al

so
lu

ti
on

w
it

h
th

e
b

es
t

av
er

ag
e

of
M

-v
al

u
es

ov
er

th
e

te
st

s
it

w
a
s

ev
a
lu

a
te

d
w

it
h
.

It
is

al
so

co
m

m
on

to
m

ai
n
ta

in
ar

ch
iv

es
of

p
ro

m
is

in
g

p
ot

en
ti

al
so

lu
ti

on
s

(a
s

id
en

ti
fi
ed

b
y

th
e

gr
ee

d
y

m
et

h
o
d
)

an
d

th
en

d
o

an
ot

h
er

ro
u
n
d

of
M

-e
va

lu
at

io
n

fo
r

th
em

,
w

it
h

ei
th

er
fr

es
h
ly

sa
m

p
le

d
or

si
m

il
ar

ly
ar

ch
iv

ed
te

st
s,

an
d

p
ic

k
th

e
ou

tp
u
t

b
as

ed
on

th
e

re
su

lt
in

g
em

-
p
ir

ic
a
l
g
-e

st
im

at
es

(P
an

ai
t

an
d

L
u
ke

,
20

02
);

th
is

is
si

m
il
ar

to
th

e
p
ro

ce
ss

of
va

li
d
a
ti

o
n

fo
r

m
o
d
el

se
le

ct
io

n
u
se

d
in

su
p

er
v
is

ed
le

ar
n
in

g.
N

ew
er

w
or

k
(W

ol
p

er
t

an
d

M
ac

re
a
d
y
,
2
0
0
5
)

h
as

in
tr

o
d
u
ce

d
op

ti
m

al
ou

tp
u
t

m
ec

h
an

is
m

s
w

h
os

e
d
efi

n
it

io
n

m
ak

es
u
se

of
th

eo
re

ti
ca

l
(B

ay
es

)
es

ti
m

at
es

of
g

co
n
si

st
in

g
of

ag
gr

eg
at

io
n
s

(e
.g

.,
av

er
ag

es
)

ov
er

al
l

p
o
ss

ib
le

va
lu

es
th

a
t

y
et

-
u
n
p

er
fo

rm
ed

m
et

ri
c

ev
al

u
at

io
n
s

co
u
ld

re
su

lt
in

.
In

te
re

st
in

gl
y
—

an
d

u
n
li
ke

g
re

ed
y
—

su
ch

ou
tp

u
t

m
ec

h
an

is
m

s
ev

en
co

n
si

d
er

ou
tp

u
tt

in
g

co
m

p
le

te
ly

-u
n

ev
a
lu

a
te

d
p

ot
en

ti
a
l

so
lu

ti
o
n
s,

i.
e.

,
on

es
fo

r
w

h
ic

h
th

e
al

go
ri

th
m

h
as

n
’t

ye
t

p
er

fo
rm

ed
an

y
M

-e
va

lu
at

io
n
s,

if
th

ei
r

B
ay

es
es

ti
m

at
es

ar
e

b
et

te
r.

W
e

w
il
l

d
is

cu
ss

th
es

e
in

m
or

e
d
et

a
il

in
se

ct
io

n
s

2.
3.

2
a
n
d

3
.

E
st

im
at

es
of
g
,

w
h
et

h
er

em
p
ir

ic
al

or
th

eo
re

ti
ca

l,
ca

n
al

so
b

e
u
se

d
to

ju
d
g
e

th
e

q
u
a
li
ty

of
th

e
ou

tp
u
tt

ed
p

ot
en

ti
al

so
lu

ti
on

.
In

p
ar

ti
cu

la
r,

u
si

n
g

fr
es

h
ly

sa
m

p
le

d
te

st
s

to
o
b
ta

in
a
n

u
n
b
ia

se
d

em
p
ir

ic
al

es
ti

m
at

e
(C

h
on

g
et

al
.,

20
08

)
is

si
m

il
ar

to
th

e
w

ay
a

te
st

se
t

is
u
se

d
in

su
p

er
v
is

ed
le

ar
n
in

g;
su

ch
an

es
ti

m
at

e
re

p
re

se
n
ts

an
ob

je
ct

iv
e

q
u
al

it
y

an
d

is
ex

te
rn

a
l

to
th

e
al

go
ri

th
m

it
se

lf
.

A
s

w
it

h
ov

er
/u

n
d
er

-t
ra

in
in

g
in

su
p

er
v
is

ed
le

ar
n
in

g,
th

is
is

n
ec

es
sa

ry
b

e-
ca

u
se

a
d
is

co
n
n
ec

t
ca

n
o
cc

u
r

b
et

w
ee

n
in

te
rn

al
an

d
ex

te
rn

al
q
u
al

it
y

m
ea

su
re

m
en

ts
(P

o
p

ov
ic

i
an

d
D

e
J
on

g,
20

05
;

d
e

J
on

g,
20

07
).

2
.3

C
o
st

a
n
d

P
e
rf
o
rm

a
n
c
e

In
co

m
p
u
te

r
sc

ie
n
ce

th
e

te
rm

s
co

st
an

d
p

er
fo

rm
an

ce
ar

e
so

m
et

im
es

u
se

d
in

te
rc

h
a
n
g
ea

b
ly

,
es

p
ec

ia
ll
y

w
h
en

al
go

ri
th

m
s

ar
e

ac
ce

p
ta

b
le

on
ly

if
th

ey
p
ro

d
u
ce

co
rr

ec
t

ou
tp

u
t

a
n
d

d
iff

er
en

ti
-

at
in

g
b

et
w

ee
n

th
em

is
d
on

e
b
y

m
ea

su
ri

n
g

th
ei

r
ex

ec
u
ti

on
sp

ee
d
.

In
su

p
er

v
is

ed
le

a
rn

in
g

a
n
d

co
-o

p
ti

m
iz

at
io

n
th

e
n
ot

io
n

of
co

rr
ec

tn
es

s
is

re
p
la

ce
d

b
y

as
-g

o
o
d
-a

s-
p

os
si

b
le

,
th

u
s

w
e

h
av

e
to

d
iff

er
en

ti
at

e
b

et
w

ee
n

tw
o

te
rm

s.
W

e
u
se

th
e

w
or

d
‘p

er
fo

rm
an

ce
’

to
re

fe
r

to
q
u
a
n
ti

ti
es

h
av

in
g

to
d
o

w
it

h
th

e
q
u
al

it
y

of
p

ot
en

ti
al

so
lu

ti
on

s
ou

tp
u
tt

ed
b
y

th
e

al
go

ri
th

m
.

W
e

u
se

th
e

w
or

d
‘c

os
t’

to
re

fe
r

to
ti

m
e

or
m

on
ey

.
P

er
fo

rm
an

ce
an

d
co

st
ar

e
ty

p
ic

al
ly

in
te

r-
re

la
te

d
,

si
n
ce

th
e

p
er

fo
rm

an
ce

of
an

al
go

ri
th

m
m

ay
va

ry
w

it
h

th
e

co
st

ex
p

en
d
ed

.
W

e
st

a
rt

b
y

fo
r-

m
al

iz
in

g
th

e
va

ri
ou

s
ty

p
es

of
co

st
en

co
u
n
te

re
d

in
co

-o
p
ti

m
iz

at
io

n
an

d
su

p
er

v
is

ed
le

a
rn

in
g
,

an
d

h
in

t
at

p
os

si
b
le

tr
ad

eo
ff

s
b

et
w

ee
n

d
iff

er
en

t
ty

p
es

.
T

h
en

w
e

re
v
ie

w
w

ay
s

o
f

a
ss

es
si

n
g

p
er

fo
rm

an
ce

,
w

h
ic

h
m

ay
it

se
lf

in
cu

r
co

st
s.

T
h
e

st
u
d
y

in
S
ec

ti
on

3
re

li
es

u
p

on
an

d
p
ro

v
id

es
ex

am
p
le

s
fo

r
se

ve
ra

l
of

th
e

n
o
ti

o
n
s

of
co

st
an

d
p

er
fo

rm
an

ce
in

tr
o
d
u
ce

d
h
er

e.
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B
r
id
g
in
g

S
u
p
e
r
v
ise

d
L
e
a
r
n
in
g

a
n
d

T
e
st

-B
a
se

d
C
o
-o

p
t
im

iz
a
t
io
n

2
.3
.1

C
o
st

In
g
en

era
l,

co
sts

can
take

several
h
igh

-level
form

s:
1)

com
p
u
tation

al
tim

e,
th

at
is

th
e

tim
e

req
u
ired

b
y

a
co

m
p
u
ter

to
p

erform
a

calcu
latio

n
;

it
can

vary
from

on
e

h
ard

w
are

to
an

oth
er,

b
u
t

m
ay

b
e

ex
p
ressib

le
in

term
s

of
b
asic

op
eration

s
v
ia

th
e

b
ig-O

n
otation

of
trad

ition
al

co
m

p
u
ta

tio
n
a
l

com
p
lex

ity
—

th
is

ten
d
s

to
b

e
m

ore
d
iffi

cu
lt

to
ach

ieve
w

h
en

th
e

calcu
lation

is
in

fa
ct

a
co

m
p
lex

sim
u
lation

;
2)

real-w
orld

tim
e,

for
in

stan
ce

tim
e

req
u
ired

to
ru

n
a

p
h
y
sica

l
o
r

ch
em

ical
ex

p
erim

en
t,

or
tim

e
req

u
ired

to
get

a
h
u
m

an
to

p
rov

id
e

a
lab

el;
an

d
3
)

m
o
n
ey,

fo
r

in
stan

ce
to

p
ay

for
a

lab
,

m
aterials

an
d

p
eop

le.

A
lgo

rith
m

s
for

su
p

erv
ised

learn
in

g
an

d
co-op

tim
ization

p
rob

lem
s

can
in

cu
r

th
ese

k
in

d
s

o
f

co
sts

w
h
ile

carry
in

g
ou

t
variou

s
activ

ities.
S
om

e
are

d
irectly

d
riven

b
y

th
e

p
rob

lem
sp

ec-
ifi

ca
tion

:
o
b
ta

in
in

g
lab

els
for

active
learn

in
g

an
d

evalu
atin

g
M

(s,t)
for

co-op
tim

iza
tion

;
a
ll

a
lg

o
rith

m
s

a
ttack

in
g

th
ese

p
rob

lem
s

w
ill

n
ecessarily

in
cu

r
th

e
asso

ciated
costs.

O
th

er
co

st-in
cu

rrin
g

a
ctiv

ities
are

d
ep

en
d
en

t
on

th
e

sp
ecifi

c
ch

oice
of

algorith
m

an
d

in
clu

d
e:

ex
-

p
lo

ra
tio

n
d
ecision

s,
con

stru
ction

,
ou

tp
u
t

selection
.

L
ast

b
u
t

n
ot

least,
in

su
p

erv
ised

learn
in

g
a
n
d

co
-o

p
tim

ization
evalu

atin
g

th
e

p
erform

an
ce

of
an

y
algo

rith
m

often
in

cu
rs

ad
d
ition

al
co

sts.
T

a
b
le

2
p
rov

id
es

an
overv

iew
in

con
cise

form
.

L
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P
o
p
o
v
ic
i

Pool-basedStream-basedDe-novo

Free	("gift"	from	
someone	else)

How	many	…
Restricted	by	
problem	

specification

Restricted	mainly	
by	labeling	budget,	
then	by	pb.	spec.

…	and	which	examples	we	
can	get	labels	for:Unrestricted

Main	cost	of	interest,	all	algorithms	incur	it
Type:	usually	computational,	sometimes	real-world	time	

and/or	money
Magnitude:	varies	widely,	a	concern	even	if	small	due	to	

extremely	large	S	and	T

How	many	…
…	and	which	interactions	

<s,t>:
Restricted	to	t	in	
training	dataUnrestricted

…	to	decide	which	
interactions	to	evaluate	next:

Always	incurred,	as	all	approaches	are	exploratory
Magnitude:	negligible	compared	to	metric-evaluation	

costs	for	traditional	approaches	(EAs,	SA,	HCs),	not	so	for	
newer	ones	(CMA-ES,	EDAs,	Bayes-optimal)

…	to	decide	which	examples	
to	label	next:N/AN/A

Magnitude:	negligible	for	greedy	methods;	multiple	of	
metric-evaluation	costs	when	using	empirical	estimates;	
negligible	to	prohibitive	for	theoretical	Bayes	estimates

Magnitude:	multiple	of	metric-evaluation	costs	when	
using	empirical	estimates;	negligible	to	prohibitive	for	

theoretical	Bayes	estimates

Test-based	Co-optimization

Not	applicable	(N/A),	there	are	no	labels

Labeling	costs

Supervised	Learning

Pay	for	label
Type:	usually	money	or	time,	occasionally	computational.

Magnitude:	varies	widely	across	domains

Active Passive

Label	availability

M(s,t)	availability

Metric-evaluation	(M(s,t))	costs

May	also	be	incurred	as	part	of	ouput-selection	and	performance-assesment

Restricted	by	labeling	budget	

Restricted

Restricted	to	t	that	we	have	choosen	to	obtain	a	label	for
(see	label	availability)

Restricted	by	metric-evaluation	budget

Type:	always	computational,	two	components	s(t)	and	δ(s(t),	f(t));	exclusive	
of	cost	of	obtaining	label	f(t)

Incurred	during	training	by	exploratory	algorithms
Incurred	during	testing	and	validation	by	all	algorithms

Cost	of	s(t)	always	incurred	in	the	real	world	by	deployed	solution
Magnitude:	s(t)	varies	with	hypothesis	size,	δ	with	label	size

N/A Construction	costs

Type:	allw
ays	com

putational

Output-selection	costs

Type:	usually	com
putational,	

unless	w
e	collect	new

	data	
or	perform

	new
	experim

entsIncurred	to	determine	which	of	the	considered	potential	solutions	to	output	as	the	algorithm's	best	guess	for	a	solution

Magnitude:	negligible	when	picking	the	output	of	core	training	components;	
multiple	of	metric-evaluation	costs	when	performing	(cross-)validation	for	

model	selection

Magnitude:	metric-evaluation	costs	over	a	single-use	test	set
Performance-evaluation	costs

Incurred	to	estimate	the	actual,	"true"	quality	of	the	outputted	potential	solution

Incurred	by	constructive	approaches

Incurred	many	times	if	full	retraining	is	required
Magnitude:	big-O	complexity	as	function	of	data	size

Incurred	by	query	strategy

Incurred	by	exploratory	approaches	only
Magnitude:	for	backprop,	at	most	as	much	as	metric-evaluation	costs;	

for	others,	see	co-opt.	box	to	the	right Exploration-decision	costs

Table2:Summaryofthevarioustypesofcostsencounteredintest-basedco-optimizationandsupervisedlearning.
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m
en

t,
si

n
ce

th
e

p
er

fo
rm

an
ce

of
a
n

al
go

ri
th

m
al

w
ay

s
re

li
es

in
so

m
e

m
an

n
er

on
th

e
q
u
al

it
y

of
p

ot
en

ti
al

so
lu

ti
on

s
it

ou
tp

u
ts

.
A

s
d
is

cu
ss

ed
in

S
ec

ti
on

2.
2
,

on
e

d
is

ti
n
gu

is
h
-

in
g

fe
at

u
re

—
an

d
p

ot
en

ti
al

d
iffi

cu
lt

y
—

of
co

-o
p
ti

m
iz

at
io

n
an

d
su

p
er

v
is

ed
le

ar
n
in

g
p
ro

b
le

m
s

is
th

e
in

ab
il
it

y
to

co
m

p
u
te

th
e

ac
tu

al
q
u
al

it
y

of
an

y
p

ot
en

ti
a
l

so
lu

ti
on

fo
r

th
e

p
ro

b
le

m
in

st
an

ce
at

h
an

d
.

C
on

se
q
u
en

tl
y,

as
se

ss
in

g
q
u
al

it
y

of
p

ot
en

ti
al

so
lu

ti
on

s
m

u
st

b
e

d
o
n
e

b
y

m
ea

n
s

of
es

ti
m

at
io

n
,

w
h
ic

h
ca

rr
ie

s
a

co
st

.
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P
o
p
o
v
ic
i

In
co

-o
p
ti

m
iz

at
io

n
,

si
m

p
le

ou
tp

u
t

se
le

ct
io

n
m

et
h
o
d
s

ju
st

si
d
e-

st
ep

th
e

is
su

e,
b
y

u
si

n
g

th
e

gr
ee

d
y

h
eu

ri
st

ic
of

ou
tp

u
tt

in
g

th
e

p
ot

en
ti

al
so

lu
ti

on
w

it
h

th
e

b
es

t
av

er
ag

e
ov

er
o
n
ly

th
e

te
st

s
se

en
so

fa
r,

a
h
ig

h
ly

-b
ia

se
d

em
p
ir

ic
al

es
ti

m
at

e
of
g
.

K
ee

p
in

g
tr

ac
k

of
th

is
p

o
te

n
ti

al
so

lu
ti

on
is

tr
iv

ia
l,

so
ou

tp
u
t

se
le

ct
io

n
co

st
s

h
av

e
h
is

to
ri

ca
ll
y

b
ee

n
co

n
si

d
er

ed
n
eg

li
g
ib

le
co

m
p
ar

ed
to

m
et

ri
c-

ev
al

u
at

io
n

co
st

s.
A

s
d
es

cr
ib

ed
in

S
ec

ti
on

2.
2.

3
,
th

er
e

ar
e

a
ls

o
a
p
p
ro

a
ch

es
th

at
ac

k
n
ow

le
d
ge

th
e

is
su

e.
S
om

e
co

m
p
u
te

n
ew

em
p
ir

ic
al

es
ti

m
at

es
of
g

fo
r

a
h
a
n
d
fu

l
of

p
ot

en
ti

al
so

lu
ti

on
s

id
en

ti
fi
ed

v
ia

th
e

gr
ee

d
y

m
et

h
o
d
,

th
en

u
se

th
es

e
es

ti
m

a
te

s
(w

h
ic

h
co

u
ld

b
e

u
n
b
ia

se
d

or
at

le
as

t
le

ss
b
ia

se
d
)

to
se

le
ct

w
h
ic

h
on

e
to

ou
tp

u
t;

th
is

re
q
u
ir

es
p

er
fo

rm
in

g
ad

d
it

io
n
al

M
(s
,t

)
ev

al
u
at

io
n
s

an
d

in
cu

rr
in

g
th

e
re

sp
ec

ti
ve

m
et

ri
c-

ev
a
lu

a
ti

o
n

co
st

s.
O

th
er

s
u
se

th
eo

re
ti

ca
l
g
-e

st
im

at
es

w
h
os

e
co

m
p
u
ta

ti
on

d
o
es

n
ot

in
v
o
lv

e
p

er
fo

rm
in

g
ad

d
it

io
n
al

m
et

ri
c

ev
al

u
at

io
n
s,

b
u
t

ra
th

er
ag

gr
eg

at
in

g
(e

.g
.,

av
er

ag
in

g)
ov

er
a
ll

p
o
ss

ib
le

va
lu

es
th

at
su

ch
ev

al
u
at

io
n
s

co
u
ld

re
su

lt
in

.
T

h
es

e
ag

gr
eg

at
es

ca
n

b
e

co
m

p
u
ta

ti
o
n
a
ll
y
-

p
ro

h
ib

it
iv

e;
b
u
t

ou
tp

u
t

se
le

ct
io

n
on

ly
re

li
es

on
co

m
p
ar

is
on

s
b

et
w

ee
n

th
em

,
th

e
o
u
tc

o
m

e
o
f

w
h
ic

h
ca

n
so

m
et

im
es

b
e

d
et

er
m

in
ed

w
it

h
ou

t
ac

tu
al

ly
co

m
p
u
ti

n
g

th
e

ag
gr

eg
a
te

s
th

em
se

lv
es

(P
op

ov
ic

i
an

d
D

e
J
on

g,
20

09
;

P
op

ov
ic

i
et

al
.,

20
11

;
P

op
ov

ic
i,

20
17

),
in

w
h
ic

h
ca

se
th

e
co

st
s

ar
e

m
in

im
al

.

U
n
le

ss
w

e
co

ll
ec

t
n
ew

d
at

a
or

p
er

fo
rm

n
ew

ex
p

er
im

en
ts

fo
r

th
e

p
u
rp

os
e

o
f

a
d
d
it

io
n
a
l

M
(s
,t

)
ev

al
u
at

io
n
s,

ou
tp

u
t

se
le

ct
io

n
co

st
s

ar
e

on
ly

co
m

p
u
ta

ti
on

al
.

T
h
is

is
th

e
ca

se
fo

r
su

-
p

er
v
is

ed
le

ar
n
in

g
as

w
el

l.
H

er
e

to
o,

ou
tp

u
t

se
le

ct
io

n
co

st
s

ca
n

b
e

n
eg

li
gi

b
le

if
th

e
a
lg

o
ri

th
m

si
m

p
ly

ou
tp

u
ts

th
e

ou
tc

om
e

of
th

e
tr

ai
n
in

g
p
ro

ce
ss

fo
r

a
p
ar

ti
cu

la
r

m
et

h
o
d
,
fo

r
ex

a
m

p
le

,
th

e
d
ec

is
io

n
tr

ee
co

n
st

ru
ct

ed
,

or
th

e
fi
n
al

se
t

of
w

ei
gh

ts
fo

r
a

n
eu

ra
l

n
et

w
or

k
(w

h
ic

h
is

o
ft

en
th

e
gr

ee
d
y

b
es

t-
so

-f
ar

,
gi

ve
n

th
e

gr
ad

ie
n
t-

b
as

ed
n
at

u
re

of
ex

p
lo

ra
ti

on
v
ia

b
ac

k
-p

ro
p
a
g
a
ti

o
n
).

M
or

e
co

m
m

on
ly

th
ou

gh
,

a
m

o
d
el

is
se

le
ct

ed
fi
rs

t
v
ia

(c
ro

ss
-)

va
li
d
at

io
n
,

a
s

d
es

cr
ib

ed
in

S
ec

ti
on

2.
2.

1.
T

o
co

m
p
u
te

th
e

em
p
ir

ic
al

es
ti

m
at

es
in

vo
lv

ed
in

va
li
d
at

io
n
,

M
(s
,t

)
co

st
s

a
re

in
cu

rr
ed

b
y

p
er

fo
rm

in
g

ad
d
it

io
n
al

m
et

ri
c

ev
al

u
at

io
n
s

fo
r

th
e

ou
tp

u
ts

of
th

e
m

o
d
el

s
to

b
e

se
le

ct
ed

am
on

gs
t.

2
.3
.2

P
e
r
f
o
r
m
a
n
c
e

B
y

p
er

fo
rm

an
ce

of
an

al
go

ri
th

m
w

e
m

ea
n

th
e

q
u
a
li
ty

of
th

e
al

go
ri

th
m

’s
ou

tp
u
tt

ed
p

o
te

n
ti

a
l

so
lu

ti
on

s
w

it
h

re
sp

ec
t

to
th

e
p
ro

b
le

m
so

lv
in

g
g
oa

l.
B

u
t

b
ec

au
se

in
su

p
er

v
is

ed
le

a
rn

in
g

an
d

of
te

n
in

co
-o

p
ti

m
iz

at
io

n
as

w
el

l
ex

ac
t

q
u
al

it
y

is
n
ot

ac
tu

al
ly

co
m

p
u
ta

b
le

,
a
ss

es
si

n
g

al
go

ri
th

m
ic

p
er

fo
rm

an
ce

is
an

u
n
ce

rt
ai

n
ty

-l
ac

ed
,
m

or
e

d
iffi

cu
lt

ta
sk

in
th

es
e

fi
el

d
s

co
m

p
a
re

d
to

tr
ad

it
io

n
al

fu
n
ct

io
n

op
ti

m
iz

at
io

n
.

P
er

h
ap

s
th

e
si

m
p
le

st
p

er
fo

rm
an

ce
q
u
es

ti
on

on
e

ca
n

an
sw

er
—

an
d

on
e

th
a
t

is
q
u
it

e
im

-
p

or
ta

n
t

to
an

sw
er

in
p
ra

ct
ic

e—
is

:
on

th
e

p
ro

b
le

m
in

st
an

ce
at

h
an

d
,

w
h
at

is
th

e
q
u
a
li
ty

of
th

e
p

ot
en

ti
al

so
lu

ti
on

th
at

co
n
st

it
u
te

s
ou

r
al

go
ri

th
m

’s
fi
n
al

ch
oi

ce
as

th
e

so
lu

ti
o
n

to
b

e
d
ep

lo
ye

d
in

th
e

re
al

-w
or

ld
?

T
h
is

is
a

q
u
al

it
y
-e

st
im

at
io

n
q
u
es

ti
on

,
so

it
ca

n
b

e
an

sw
er

ed
th

e
sa

m
e

w
ay

a
s

w
h
en

p
ar

t
of

th
e

ou
tp

u
t

se
le

ct
io

n
p
ro

ce
ss

(s
ee

p
re

v
io

u
s

se
ct

io
n
).

B
u
t

su
b
tl

e
ca

re
m

u
st

b
e

ta
ke

n
.

C
om

p
u
ti

n
g

u
n
b
ia

se
d

em
p
ir

ic
al

es
ti

m
at

es
(b

y
p

er
fo

rm
in

g
ad

d
it

io
n
al

M
(s
,t

)
ev

a
lu

a
ti

o
n
s

a
n
d

in
cu

rr
in

g
th

e
as

so
ci

at
ed

co
st

s)
m

u
st

b
e

d
on

e
w

it
h

fr
es

h
te

st
s

in
co

-o
p
ti

m
iz

a
ti

o
n

(C
h
o
n
g

et
al

.,
20

08
)

or
,

in
su

p
er

v
is

ed
le

ar
n
in

g
,

w
it

h
la

b
el

ed
d
at

a
p

oi
n
ts

(a
te

st
se

t)
n
o
t

u
se

d
fo

r
an

y
ot

h
er

p
u
rp

os
e.
1
1

M
or

eo
ve

r,
th

e
re

su
lt

in
g

es
ti

m
at

e
sh

o
u

ld
n

o
t

b
e

u
se

d
fo

r
a
n
y

fu
rt

h
er

1
1
.

N
o
te

th
e

d
iff

er
en

t
u

sa
g
e

o
f

th
e

w
o
rd

‘t
es

t’
in

th
e

tw
o

p
a
rt

s
o
f

th
is

se
n
te

n
ce

.
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B
r
id
g
in
g

S
u
p
e
r
v
ise

d
L
e
a
r
n
in
g

a
n
d

T
e
st

-B
a
se

d
C
o
-o

p
t
im

iz
a
t
io
n

tw
ea

k
in

g
o
f

th
e

ch
osen

p
oten

tial
solu

tion
,

or
else

it
ceases

to
b

e
an

u
n
b
iased

estim
ate;

in
o
th

er
w

o
rd

s,
a

tru
e

test
set

is
alw

ay
s

sin
gle-u

se—
b
u
t

see
th

e
w

ork
of

D
w

ork
et

al.
(2015)

for
a

n
ovel

tech
n
iq

u
e

w
h
ere

th
e

b
ias

resu
ltin

g
from

reu
se

is
sm

all
an

d
q
u
an

tifi
ab

le
as

a
fu

n
ction

o
f

th
e

a
m

o
u
n
t

of
reu

se.

W
e

m
ay

a
lso

w
ish

to
k
n
ow

h
ow

p
erform

a
n
ce

o
f

an
algorith

m
varies

as
a

fu
n
ction

of
giv

en
reso

u
rces/

co
st

ex
p

en
d
ed

,
so

w
e

can
d
eterm

in
e

h
ow

w
e

m
ay

b
e

ab
le

to
b

o
ost

p
erform

an
ce.

Id
ea

lly,
su

ch
ch

aracterization
s

w
ou

ld
take

in
to

accou
n
t

a
ll

co
sts

listed
in

th
e

p
rev

iou
s

section
.

In
rea

lity,
d
iff

eren
t

ap
p
roach

es
h
av

e
fo

cu
sed

on
d
iff

eren
t

asp
ects

of
th

e
p

erfo
rm

an
ce-cost

d
ep

en
d
en

ce.

In
p
a
ssive

su
p

erv
ised

learn
in

g,
th

e
m

ain
con

cern
is

w
ith

p
erform

an
ce

as
a

fu
n
ction

o
f

reso
u
rces,

in
th

e
form

of
size

of
availab

le
d
ata.

H
ow

ev
er,

th
e

cost
of

acq
u
irin

g
d
ata

is
n
o
t

co
u
n
ted

as
a

cost
in

cu
rred

b
y

th
e

learn
in

g
algorith

m
.

In
d
irectly,

th
is

d
ep

en
d
en

cy
o
n

d
ata

size
d
o
es

d
escrib

e
a

relation
sh

ip
b

etw
een

p
erform

an
ce

a
n
d

algorith
m

ic
cost,

b
e-

ca
u
se

m
a
k
in

g
u
se

of
m

ore
d
ata

tak
es

m
ore

tim
e,

w
h
eth

er
it

is
d
on

e
in

con
stru

ctive
or

ex
p
lo

ra
tory

fa
sh

ion
.

B
ecau

se
of

th
is,

a
w

h
ole

su
b
fi
eld

o
f

su
p

erv
ised

learn
in

g
con

cern
s

itself
w

ith
in

sta
n
ce

selection
,

th
at

is
d
eterm

in
in

g
a

su
b
set

of
th

e
lab

eled
ex

am
p
les

th
at

is
sm

all,
yet

u
sin

g
it

w
o
u
ld

resu
lt

in
sim

ilar
ou

tp
u
t

q
u
ality

as
u
sin

g
th

e
w

h
ole

set
(R

ein
artz,

2002).
In

co
-o

p
tim

iza
tion

,
th

e
m

ain
con

cern
is

w
ith

p
erform

an
ce

as
a

fu
n
ction

of
m

etric-evalu
ation

co
sts.

In
a
ctiv

e
learn

in
g,

th
e

m
ain

con
cern

is
w

ith
p

erform
an

ce
as

a
fu

n
ctio

n
of

lab
elin

g
co

sts.
U

n
like

p
assive

su
p

erv
ised

learn
in

g,
th

e
latter

tw
o

fi
eld

s
d
o

con
cern

th
em

selves
w

ith
th

e
d
ep

en
d
en

cy
of

p
erform

an
ce

on
th

e
cost

of
acq

u
irin

g
d
ata,

w
h
eth

er
th

e
d
ata

con
sists

of
valu

es
o
f

M
or

valu
es

of
f

.

A
lg

o
rith

m
s

often
h
ave

on
e

or
m

ore
p
ara

m
eters

w
h
ose

valu
es

m
u
st

b
e

set.
T

h
u
s

an
-

o
th

er
im

p
o
rta

n
t

issu
e

is
h
ow

p
erform

an
ce

varies
w

ith
ch

an
ges

in
p
aram

eters.
In

su
p

erv
ised

lea
rn

in
g
,

a
co

m
m

on
ex

am
p
le

of
th

is
com

es
from

b
in

ary
classifi

ca
tion

in
th

e
fo

rm
of

receiver
o
p

era
tin

g
ch

a
ra

cteristic
(R

O
C

)
cu

rves
(S

p
a
ck

m
an

,
1989)

w
h
ich

p
lot

h
ow

th
e

error
fo

r
on

e
cla

ss
ch

a
n
g
es

a
s

a
fu

n
ction

of
th

e
error

for
th

e
oth

er
class

w
h
ile

vary
in

g
th

e
valu

e
of

th
e

a
lg

o
rith

m
p
a
ra

m
eter

in
vestigated

.

B
ein

g
a
b
le

to
com

p
are

th
e

p
erform

an
ce

o
b
tain

ed
for

tw
o

d
iff

eren
t

valu
es

of
o
n
e

p
aram

eter
o
f

a
n

a
lg

o
rith

m
is

ak
in

to
b

ein
g

ab
le

to
com

p
are

tw
o

d
iff

eren
t

algorith
m

s.
W

h
ile

em
p
irical

q
u
a
lity

estim
a
tes

allow
u
s

to
d
o

th
at

an
d

to
d
eterm

in
e

if
on

e
on

e
algorith

m
is

b
etter

th
an

a
n
o
th
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1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48 49 50 51 52 53 54 55 56 57 58

(a,t1) (a,t2) (b,t1) (b,t2) (c,t1) (c,t2) g(a) g(b) g(c) g(a) g(b) g(c) g(a) g(b) g(c) g(a) g(b) g(c) g(a) g(b) g(c) g(a) g(b) g(c) g(a) g(b) g(c) g(a) g(b) g(c) g(a) g(b) g(c) g(a) g(b) g(c) g(a) g(b) g(c) g(a) g(b) g(c) g(a) g(b) g(c) g(a) g(b) g(c) g(a) g(b) g(c) g(a) g(b) g(c) g(a) g(b) g(c)
0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 1 0 0 1
2 0 0 0 0 1 0 0 0 1 0 0 1
3 0 0 0 0 1 1 0 0 2 0 0 2 0 0 2
4 0 0 0 1 0 0 0 1 0 0 1 0
5 0 0 0 1 0 1 0 1 1 0 1 1 0 1 1
6 0 0 0 1 1 0 0 1 1 0 1 1 0 1 1
7 0 0 0 1 1 1 0 1 2 0 1 2 0 1 2 0 1 2
8 0 0 1 0 0 0 0 1 0 0 1 0
9 0 0 1 0 0 1 0 1 1 0 1 1 0 1 1
10 0 0 1 0 1 0 0 1 1 0 1 1 0 1 1
11 0 0 1 0 1 1 0 1 2 0 1 2 0 1 2 0 1 2
12 0 0 1 1 0 0 0 2 0 0 2 0 0 2 0
13 0 0 1 1 0 1 0 2 1 0 2 1 0 2 1 0 2 1
14 0 0 1 1 1 0 0 2 1 0 2 1 0 2 1 0 2 1
15 0 0 1 1 1 1 0 2 2 0 2 2 0 2 2 0 2 2 0 2 2
16 0 1 0 0 0 0 1 0 0 1 0 0
17 0 1 0 0 0 1 1 0 1 1 0 1 1 0 1
18 0 1 0 0 1 0 1 0 1 1 0 1 1 0 1
19 0 1 0 0 1 1 1 0 2 1 0 2 1 0 2 1 0 2
20 0 1 0 1 0 0 1 1 0 1 1 0 1 1 0
21 0 1 0 1 0 1 1 1 1 1 1 1 1 1 1 1 1 1
22 0 1 0 1 1 0 1 1 1 1 1 1 1 1 1 1 1 1
23 0 1 0 1 1 1 1 1 2 1 1 2 1 1 2 1 1 2 1 1 2
24 0 1 1 0 0 0 1 1 0 1 1 0 1 1 0
25 0 1 1 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1
26 0 1 1 0 1 0 1 1 1 1 1 1 1 1 1 1 1 1
27 0 1 1 0 1 1 1 1 2 1 1 2 1 1 2 1 1 2 1 1 2
28 0 1 1 1 0 0 1 2 0 1 2 0 1 2 0 1 2 0
29 0 1 1 1 0 1 1 2 1 1 2 1 1 2 1 1 2 1 1 2 1
30 0 1 1 1 1 0 1 2 1 1 2 1 1 2 1 1 2 1 1 2 1
31 0 1 1 1 1 1 1 2 2 1 2 2 1 2 2 1 2 2 1 2 2 1 2 2
32 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0
33 1 0 0 0 0 1 1 0 1 1 0 1 1 0 1 1 0 1 1 0 1 1 0 1 1 0 1 1 0 1
34 1 0 0 0 1 0 1 0 1 1 0 1 1 0 1 1 0 1 1 0 1 1 0 1 1 0 1 1 0 1
35 1 0 0 0 1 1 1 0 2 1 0 2 1 0 2 1 0 2 1 0 2 1 0 2 1 0 2 1 0 2 1 0 2
36 1 0 0 1 0 0 1 1 0 1 1 0 1 1 0 1 1 0 1 1 0 1 1 0 1 1 0 1 1 0
37 1 0 0 1 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
38 1 0 0 1 1 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
39 1 0 0 1 1 1 1 1 2 1 1 2 1 1 2 1 1 2 1 1 2 1 1 2 1 1 2 1 1 2 1 1 2 1 1 2
40 1 0 1 0 0 0 1 1 0 1 1 0 1 1 0 1 1 0 1 1 0 1 1 0 1 1 0 1 1 0
41 1 0 1 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
42 1 0 1 0 1 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
43 1 0 1 0 1 1 1 1 2 1 1 2 1 1 2 1 1 2 1 1 2 1 1 2 1 1 2 1 1 2 1 1 2 1 1 2
44 1 0 1 1 0 0 1 2 0 1 2 0 1 2 0 1 2 0 1 2 0 1 2 0 1 2 0 1 2 0 1 2 0
45 1 0 1 1 0 1 1 2 1 1 2 1 1 2 1 1 2 1 1 2 1 1 2 1 1 2 1 1 2 1 1 2 1 1 2 1
46 1 0 1 1 1 0 1 2 1 1 2 1 1 2 1 1 2 1 1 2 1 1 2 1 1 2 1 1 2 1 1 2 1 1 2 1
47 1 0 1 1 1 1 1 2 2 1 2 2 1 2 2 1 2 2 1 2 2 1 2 2 1 2 2 1 2 2 1 2 2 1 2 2 1 2 2
48 1 1 0 0 0 0 2 0 0 2 0 0 2 0 0 2 0 0 2 0 0 2 0 0 2 0 0 2 0 0
49 1 1 0 0 0 1 2 0 1 2 0 1 2 0 1 2 0 1 2 0 1 2 0 1 2 0 1 2 0 1 2 0 1
50 1 1 0 0 1 0 2 0 1 2 0 1 2 0 1 2 0 1 2 0 1 2 0 1 2 0 1 2 0 1 2 0 1
51 1 1 0 0 1 1 2 0 2 2 0 2 2 0 2 2 0 2 2 0 2 2 0 2 2 0 2 2 0 2 2 0 2 2 0 2
52 1 1 0 1 0 0 2 1 0 2 1 0 2 1 0 2 1 0 2 1 0 2 1 0 2 1 0 2 1 0 2 1 0
53 1 1 0 1 0 1 2 1 1 2 1 1 2 1 1 2 1 1 2 1 1 2 1 1 2 1 1 2 1 1 2 1 1 2 1 1
54 1 1 0 1 1 0 2 1 1 2 1 1 2 1 1 2 1 1 2 1 1 2 1 1 2 1 1 2 1 1 2 1 1 2 1 1
55 1 1 0 1 1 1 2 1 2 2 1 2 2 1 2 2 1 2 2 1 2 2 1 2 2 1 2 2 1 2 2 1 2 2 1 2 2 1 2
56 1 1 1 0 0 0 2 1 0 2 1 0 2 1 0 2 1 0 2 1 0 2 1 0 2 1 0 2 1 0 2 1 0
57 1 1 1 0 0 1 2 1 1 2 1 1 2 1 1 2 1 1 2 1 1 2 1 1 2 1 1 2 1 1 2 1 1 2 1 1
58 1 1 1 0 1 0 2 1 1 2 1 1 2 1 1 2 1 1 2 1 1 2 1 1 2 1 1 2 1 1 2 1 1 2 1 1
59 1 1 1 0 1 1 2 1 2 2 1 2 2 1 2 2 1 2 2 1 2 2 1 2 2 1 2 2 1 2 2 1 2 2 1 2 2 1 2
60 1 1 1 1 0 0 2 2 0 2 2 0 2 2 0 2 2 0 2 2 0 2 2 0 2 2 0 2 2 0 2 2 0 2 2 0
61 1 1 1 1 0 1 2 2 1 2 2 1 2 2 1 2 2 1 2 2 1 2 2 1 2 2 1 2 2 1 2 2 1 2 2 1 2 2 1
62 1 1 1 1 1 0 2 2 1 2 2 1 2 2 1 2 2 1 2 2 1 2 2 1 2 2 1 2 2 1 2 2 1 2 2 1 2 2 1
63 1 1 1 1 1 1 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2

1 1 1 1.5 1 1 1 1.5 1 1 1 1.5 1.5 1 1 1 1.5 1 1 1 1.5 1 1 1 2 1 1 1.5 0.5 1 1.5 1 0.5 1.5 1.5 1 1.5 1 1.5 1.5 0.5 1 1.5 1 0.5 1.5 1.5 1 1.5 1 1.5
s s
1 2

H=[((a,t1),1), H=[((a,t1),1),Interactions	and	their	evaluations	via	the	
metric	M

H=[] s'	=	b	or	c s'	=	a	or	c s'	=	a	or	b s'	=	b	or	c s'	=	a	or	c s'	=	a	or	b ((a,t2),0)]

Expected	g	for	given	exploration	decision,	averaged	over	possible	outcomes

Choice	1:	Test	s=a	with	t'=t2≠t=t1.
Let	s'≠s.	Possible	outcomes

Choice	2:	Pick	s'≠s=a	and	test	with	t=t1.	Let	s''≠s,s'
Possible	outcomes:

Expected	g	above,	averaged	over	cases

Expected	g	for	best	output	given	H	(minimum	error)

M(s,t')=0 M(s,t')=1 M(s',t)=0 M(s',t)=1
M
et
ric
	M Case	s=a,	t=t1, Case	s=b,	t=t1, Case	s=c,	t=t1, Case	s=a,	t=t2, Case	s=b,	t=t2, Case	s=c,	t=t2,

H=[((s,t),1)]

1

	Expected	g	for	given	potential	solution	and	H
s s'
1.5

Exploration	choices	for	history	H=[((s,t),1)],	case	s=a,	t=t1

M(s',t')=0 M(s',t')=1
Case	s'=b Case	s'=c Case	s'=b Case	s'=c Case	s'=b Case	s'=c

Choice	2:	Pick	s'≠s=a	and	test	with	t'=t2≠t=t1.	Let	s''≠s,s'
Possible	outcomes:

H=[((a,t1),1), H=[((a,t1),1), H=[((a,t1),1), H=[((a,t1),1), H=[((a,t1),1),
((c,t2),1)]

Case	s'=b Case	s'=c

ss s' s'' s

H=[((a,t1),1), H=[((a,t1),1), H=[((a,t1),1),
((a,t2),1)] ((b,t1),0)] ((c,t1),0)] ((b,t1),1)] ((c,t1),1)] ((b,t2),0)] ((c,t2),0)] ((b,t2),1)]

1 1.5 0.5
s' s'' s s' s''

1

1 0.75 0.75

s' s'
1 1 1 1.5 1.5 1

1 1 0.5 1 0.5 1

s' s''
1.5 0.5 1 1.5 1.5

Table 4: Examples of co-optimization free lunch in domain with S = {a, b, c}, T = {t1, t2}, V = {0, 1}. Output mechanism free lunch
(columns 11–28): for history H = [〈〈s, t〉, 1〉] with s ∈ {a, b, c} and t ∈ {t1, t2}, outputting a new potential solution s′ 6= s yields
strictly better expected performance (1) than outputting s (1.5). Exploration mechanism free lunch (right half of table): for history
H = [〈〈s, t〉, 1〉], instantiated with s = a and t = t1, testing a new potential solution s′ 6= s with either the same test t or a new test
t′ 6= t yields strictly better expected performance (0.75) than further testing s (1). Font style indicates which values were averaged
to compute an expectation, green cell shading indicates where the minimum value is coming from and orange cell shading highlights
the expected performance for each exploration choice.
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s4 s0 1.5 0.5 s4 1.50 1.50 s4 s0 1.5 0.5 1.67 s4 s0 1.5 0.5 1.67

s4 s1 1.5 0.5 s5 1.50 1.50 s4 s1 1.5 0.5 1.67 s4 s1 1.5 0.5 1.67

s4 s2 1.5 1.5 s6 2.50 1.36 s4 s2 1.5 1.5 1.50 s4 s5 1.5 1.5 1.50

s4 s3 1.5 1.5 s7 2.50 1.36 s4 s3 1.5 1.5 1.50 s5 s0 1.5 0.5 1.67

s4 s5 1.5 1.5 s5 s0 1.5 0.5 1.67 s5 s1 1.5 0.5 1.67

s4 s6 1.5 2.5 s5 s1 1.5 0.5 1.67 s5 s4 1.5 1.5 1.50

s4 s7 1.5 2.5 s5 s2 1.5 1.5 1.50 s6 s0 2.5 0.5 1.50

s5 s0 1.5 0.5 s5 s3 1.5 1.5 1.50 s6 s1 2.5 0.5 1.50

s5 s1 1.5 0.5 s6 s0 2.5 0.5 1.50 s6 s4 2.5 1.5 1.33

s5 s2 1.5 1.5 s6 s1 2.5 0.5 1.50 s6 s5 2.5 1.5 1.33

s5 s3 1.5 1.5 s6 s2 2.5 1.5 1.33 s7 s0 2.5 0.5 1.50

s5 s4 1.5 1.5 s6 s3 2.5 1.5 1.33 s7 s1 2.5 0.5 1.50

s5 s6 1.5 2.5 s7 s0 2.5 0.5 1.50 s7 s4 2.5 1.5 1.33

s5 s7 1.5 2.5 s7 s1 2.5 0.5 1.50 s7 s5 2.5 1.5 1.33

s6 s0 2.5 0.5 s7 s2 2.5 1.5 1.33 s4 s2 1.5 1.5 1.50

s6 s1 2.5 0.5 s7 s3 2.5 1.5 1.33 s4 s3 1.5 1.5 1.50

s6 s2 2.5 1.5 s4 s5 1.5 1.5 1.50 s4 s6 1.5 2.5 1.33

s6 s3 2.5 1.5 s4 s6 1.5 2.5 1.33 s4 s7 1.5 2.5 1.33

s6 s4 2.5 1.5 s4 s7 1.5 2.5 1.33 s5 s2 1.5 1.5 1.50

s6 s5 2.5 1.5 s5 s4 1.5 1.5 1.50 s5 s3 1.5 1.5 1.50

s6 s7 2.5 2.5 s5 s6 1.5 2.5 1.33 s5 s6 1.5 2.5 1.33

s7 s0 2.5 0.5 s5 s7 1.5 2.5 1.33 s5 s7 1.5 2.5 1.33

s7 s1 2.5 0.5 s6 s4 2.5 1.5 1.33 s6 s2 2.5 1.5 1.33

s7 s2 2.5 1.5 s6 s5 2.5 1.5 1.33 s6 s3 2.5 1.5 1.33

s7 s3 2.5 1.5 s6 s7 2.5 2.5 1.17 s6 s7 2.5 2.5 1.17

s7 s4 2.5 1.5 s7 s4 2.5 1.5 1.33 s7 s2 2.5 1.5 1.33

s7 s5 2.5 1.5 s7 s5 2.5 1.5 1.33 s7 s3 2.5 1.5 1.33

s7 s6 2.5 2.5 s7 s6 2.5 2.5 1.17 s7 s6 2.5 2.5 1.17

1.361.36

n

y

0.5

0.5

n

y

0.57

0.43

n

y

0.50

0.5

History	H=[((s,t),y)]	(i.e.	s(t)=y).		Case	t=t1

1

1.33

1.14

2

1.50

1.36

1.50

1.36

2 2 1.33

1.50

2.50

1.14

1.43

2 1.43 1.43

Output	choices	(s	or	s'≠s)

0.93
1 1.5

2.07 0.93 1.50

1.93 1.93

Choice	1:	pick	t'=t2≠t=t1	and	evaluate	s(t') Choice	2:	pick	s'≠s	and	evaluate	s'(t=t1) Choice	3:	pick	s'≠s	and	t'=t2≠t=t1	and	evaluate	s'(t')
Exploration	choices

Table 5: Examples of binary classification free lunch in domain with X = {t1, t2, t3}, Y = {y, n}. Font style indicates which values and
probabilities were aggregated, green cell shading indicates where the minimum value is coming from and orange cell shading
highlights the expected performance for each exploration choice.
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b
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at
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u
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p
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at
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d
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re
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p
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b
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p
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p
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p
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b
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h
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n
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p
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p
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d
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x
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d
in

g
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si
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l

B
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n
m

at
ri

x
fa

ct
or

iz
at

io
n

w
or

k
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o
u

p
fa

ct
o
r

a
n

a
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si
s
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F
A

)
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ir
ta

n
en

et
al

.,
20
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;

K
la

m
i

et
al
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15
)
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m
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at

d
at

a
m

at
ri

x
Y
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)
∈
R
N
×
D
m

ca
n

b
e

ap
p
ro

x
im

at
ed

w
it

h
X
W
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,
w

h
er

e
th

e
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te
n
t
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ri
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m
at

ri
x
X
∈
R
N
×
K

d
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es
th

e
ob

se
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d
at

a
in

a
lo

w
er

d
im

en
si

on
al
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ac

e,
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d
th

e
p
ro
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ct

io
n

m
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ri
x
W
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)
∈
R
D
m
×
K

gi
ve

s
a

m
ap

p
in

g
b

et
w

ee
n

th
e

la
te

n
t

sp
ac

e
an

d
th

e
d
at

a
sp

ac
e

of
th

e
m

th
so

u
rc

e.
A

ke
y

as
p

ec
t

of
th

e
m

o
d
el

d
efi

n
it

io
n

is
a

gr
ou

p
sp

ar
se

p
ri

or
fo

r
th

e
W

m
at

ri
ce

s:
th

e
as

so
ci

a
ti

on

1
.

A
va

il
a
b

le
a
t

h
t
t
p
s
:
/
/
c
r
a
n
.
r
-
p
r
o
j
e
c
t
.
o
r
g
/
p
a
c
k
a
g
e
=
C
C
A
G
F
A

a
n

d
h
t
t
p
s
:
/
/
c
r
a
n
.
r
-
p
r
o
j
e
c
t
.
o
r
g
/

p
a
c
k
a
g
e
=
C
M
F

.

c ©
2
0
1
7
E
em

el
i
L
ep

p
ä
a
h
o
,
M
u
h
a
m
m
a
d
A
m
m
a
d
-u
d
-d
in

a
n
d
S
a
m
u
el

K
a
sk
i.

L
ic
en

se
:
C
C
-B

Y
4
.0
,
se
e
h
t
t
p
s
:
/
/
c
r
e
a
t
i
v
e
c
o
m
m
o
n
s
.
o
r
g
/
l
i
c
e
n
s
e
s
/
b
y
/
4
.
0
/
.
A
tt
ri
b
u
ti
o
n
re
q
u
ir
em

en
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a
re

p
ro
v
id
ed

a
t
h
t
t
p
:
/
/
j
m
l
r
.
o
r
g
/
p
a
p
e
r
s
/
v
1
8
/
1
6
-
5
0
9
.
h
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L
e
p
p
ä
a
h
o
,
A
m
m
a
d
-u
d
-d

in
a
n
d

K
a
sk

i

of
a

d
at

a
m

at
ri

x
to

co
m

p
on

en
t
k

is
b
as

ed
on

ev
id

en
ce

in
th

e
d
at

a.
A

ll
ow

in
g

o
n
ly

a
su

b
se

t
of

th
e

co
m

p
on

en
ts

to
ex

p
la

in
a

d
at

a
m

at
ri

x
re

su
lt

s
in

th
e

p
os

te
ri

or
id

en
ti

fy
in

g
re

la
ti

o
n
sh

ip
s

b
et

w
ee

n
an

y
su

b
se

t
of

th
e

d
at

a
so

u
rc

es
.

T
h
e

sp
ik

e-
an

d
-s

la
b

sp
ar

si
ty

p
ri

or
s

u
se

d
to

a
ch

ie
ve

th
is

ar
e

d
es

cr
ib

ed
b
y

B
u
n
te

et
al

.
(2

01
6)

.
A

lt
er

n
at

iv
e

p
ri

or
s

ai
m

in
g

fo
r

si
m

il
a
r

g
o
a
ls

h
av

e
b

ee
n

p
re

se
n
te

d
b
y

Z
h
ao

et
al

.
(2

01
6)

2
,

th
ou

gh
n
ot

co
n
ta

in
in

g
an

y
to

ol
s

fo
r

p
re

p
ro

ce
ss

in
g

o
r

m
o
d
el

in
te

rp
re

ta
ti

on
.

2
.
T
h
e
G
F
A

P
a
ck

a
g
e

G
F
A

im
p
le

m
en

ts
a

G
ib

b
s

sa
m

p
li
n
g

sc
h
em

e
fo

r
in

fe
rr

in
g

th
e

p
os

te
ri

or
of

gr
o
u
p

fa
ct

o
r

a
n
a
l-

y
si

s,
an

d
it

is
av

ai
la

b
le

fo
r
R

at
h
t
t
p
s
:
/
/
c
r
a
n
.
r
-
p
r
o
j
e
c
t
.
o
r
g
/
p
a
c
k
a
g
e
=
G
F
A
.

It
h
a
s

b
ee

n
d
es

ig
n
ed

to
co

n
ta

in
th

e
ke

y
el

em
en

ts
n
ee

d
ed

fo
r

th
e

d
at

a
an

al
y
si

s
ta

sk
of

fa
ct

o
ri

za
ti

o
n

of
m

u
lt

ip
le

d
at

a
so

u
rc

es
.

2
.1

M
o
d
e
l
O
p
ti
o
n
s
a
n
d

In
it
ia
li
z
a
ti
o
n

T
h
e

p
ac

ka
ge

in
cl

u
d
es

a
va

ri
et

y
of

m
o
d
el

op
ti

on
s

fo
r

th
e

u
se

r
to

ch
o
os

e
fr

om
,

d
ep

en
d
in

g
o
n

th
e

ap
p
li
ca

ti
on

re
q
u
ir

em
en

t.
T

h
e

d
ef

au
lt

p
ri

o
rs

a
ss

u
m

e
la

te
n
t

fa
ct

or
s

th
at

a
re

d
en

se
a
lo

n
g

th
e

sa
m

p
le

sp
ac

e,
an

d
gr

ou
p

sp
ar

si
ty

al
on

g
th

e
fe

a
tu

re
sp

ac
e

(K
la

m
i

et
al

.,
2
0
1
5
).

U
si

n
g

th
em

,
th

e
p

os
te

ri
or

gi
ve

n
d
at

a
Y

ca
n

b
e

in
fe

rr
ed

b
y
:

o
p
t
s

<
-

g
e
t
D
e
f
a
u
l
t
O
p
t
s
(
)

r
e
s

<
-

g
f
a
(
Y
,
o
p
t
s
)

A
n
ot

h
er

m
ai

n
u
se

of
th

e
p
ac

ka
ge

is
b
ic

lu
st

er
in

g
o
f

m
u
lt

ip
le

d
a
ta

so
u
rc

es
,

w
h
ic

h
is

d
o
n
e

b
y

u
si

n
g

el
em

en
t-

w
is

e
sp

ar
se

p
ri

or
s

fo
r

th
e

m
at

ri
ce

s
X

an
d
W

.
T

h
is

ap
p
ro

a
ch

h
a
s

b
ee

n
p
re

se
n
te

d
in

B
u
n
te

et
al

.
(2

01
6)

,
an

d
is

u
sa

b
le

v
ia

g
e
t
D
e
f
a
u
l
t
O
p
t
s
(
b
i
c
l
u
s
t
e
r
=
T
R
U
E
)
.

T
h
e

in
p
u
t

d
at

a
Y

gi
ve

n
to

fu
n
ct

io
n
g
f
a
(
)

is
a

li
st

of
m

at
ri

ce
s

(t
h
at

is
,

d
at

a
so

u
rc

es
)

th
at

ea
ch

h
av

e
an

eq
u
al

n
u
m

b
er

of
ro

w
s.

A
lt

er
n
at

iv
el

y,
if

th
er

e
ar

e
se

ve
ra

l
d
at

a
so

u
rc

es
w

it
h

th
e

sa
m

e
co

lu
m

n
s,

it
is

p
os

si
b
le

to
in

p
u
t

a
li
st

w
it

h
tw

o
el

em
en

ts
:

th
e

so
u
rc

es
w

it
h

p
a
ir

ed
ro

w
s,

an
d

th
e

so
u
rc

es
w

it
h

p
ai

re
d

co
lu

m
n
s.

O
th

er
im

p
or

ta
n
t

op
ti

on
s

in
cl

u
d
e

w
h
ic

h
p
a
rt

s
o
f

th
e

d
at

a
co

ll
ec

ti
on

sh
ar

e
th

e
sc

al
e

of
ea

ch
co

m
p

on
en

t
or

th
e

st
re

n
gt

h
of

th
e

re
si

d
u
a
l

n
o
is

e
(b

y
d
ef

au
lt

ea
ch

d
at

a
so

u
rc

e
fo

r
b

ot
h
),

an
d

w
h
et

h
er

th
e

co
n
ve

rg
en

ce
of

th
e

sa
m

p
li
n
g

ch
a
in

sh
o
u
ld

b
e

es
ti

m
at

ed
(b

as
ed

on
th

e
G

ew
ek

e
d
ia

g
n
os

ti
c

of
it

s
re

co
n
st

ru
ct

io
n
).

A
fu

ll
d
es

cr
ip

ti
o
n

o
f

th
e

p
os

si
b
le

op
ti

on
s

is
gi

ve
n

in
th

e
d
o
cu

m
en

ta
ti

on
of

th
e

fu
n
ct

io
n
g
e
t
D
e
f
a
u
l
t
O
p
t
s
(
)
.

2
.2

M
is
si
n
g
V
a
lu
e
P
re

d
ic
ti
o
n

G
F
A

ca
n

b
e

u
se

d
fo

r
p
re

d
ic

ti
on

b
y

si
m

p
ly

in
cl

u
d
in

g
th

e
m

is
si

n
g

m
at

ri
x

el
em

en
ts

a
s
N
A
s.

T
h
e

m
o
d
el

p
ar

am
et

er
s

ar
e

sa
m

p
le

d
b
as

ed
on

th
e

ob
se

rv
ed

d
at

a
on

ly
,

an
d

th
e

m
is

si
n
g

va
lu

es
ar

e
p
re

d
ic

te
d

w
it

h
th

e
fu

n
ct

io
n
r
e
c
o
n
s
t
r
u
c
t
i
o
n
(
)
.

If
th

e
d
at

a
sa

m
p
le

s
ar

e
a
cq

u
ir

ed
in

a
se

q
u
en

ti
al

m
an

n
er

,
it

is
al

te
rn

at
iv

el
y

p
os

si
b
le

to
i)

in
fe

r
th

e
m

o
d
el

s
p
ar

am
et

er
s

o
n

th
e

fi
rs

t
b
at

ch
,

an
d

ii
)

u
si

n
g

fi
x
ed

p
ro

je
ct

io
n
s,

q
u
ic

k
ly

p
re

d
ic

t
m

is
si

n
g

d
at

a
so

u
rc

es
o
f

th
e

se
co

n
d

b
at

ch
b
as

ed
on

th
e

ob
se

rv
ed

d
at

a
so

u
rc

es
.

B
ot

h
th

e
ap

p
ro

ac
h
es

u
se

le
a
rn

ed
re

la
ti

o
n
sh

ip
s

b
et

w
ee

n
th

e
d
at

a
so

u
rc

es
(s

h
ar

ed
co

m
p

o
n
en

ts
)

to
p
re

d
ic

t
fr

om
o
n
e

to
ot

h
er

,
a
n
d

p
ro

v
id

e
p
re

d
ic

ti
ve

d
is

tr
ib

u
ti

on
s

al
on

g
w

it
h

p
oi

n
t

es
ti

m
at

es
.

2
.

A
va

il
a
b

le
a
t
h
t
t
p
s
:
/
/
g
i
t
h
u
b
.
c
o
m
/
j
u
d
y
b
o
o
n
/
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F
ig

u
re

1
:

Illu
stratin

g
m

o
d
el

com
p
lex

ity
selection

w
ith

G
F
A

on
sy

n
th

etic
d
ata

(left)
an

d
G

D
S
C

d
ata

set
(righ

t),
sh

ow
in

g
th

e
cross-valid

ated
p
red

ictive
p

erform
an

ce
(S

p
ea

rm
an

correlation
),

an
d

th
e

n
u
m

b
er

o
f

em
p
ty

com
p

on
en

ts
(red

n
u
m

b
ers)

as
a

fu
n
ction

of
in

itial
m

o
d
el

com
p
lex

ity
K

.
H

igh
in

itial
K

allow
s

th
e

com
p

on
en

ts
to

p
ro

d
u
ce

a
fl
ex

ib
le

n
oise

m
o
d
el,

as
op

p
osed

to
low

in
itial

K
.

3
.
U
sa
g
e

In
a
d
d
itio

n
to

in
ferrin

g
m

o
d
el

p
aram

eters
an

d
p
red

ictin
g

m
issin

g
valu

es,
th

e
d
ata

an
aly

sis
p
ip

elin
e

ty
p
ica

lly
n
eed

s
ad

d
ition

al
step

s
p
resen

ted
h
ere.

3
.1

P
re

p
ro

c
e
ssin

g

T
h
e

in
p
u
t

d
a
ta

can
b

e
n
orm

alized
in

d
iff

eren
t

w
ay

s
w

ith
n
o
r
m
a
l
i
z
e
D
a
t
a
(
Y
)
.

A
s

G
F
A

a
im

s
to

ex
p
la

in
m

ax
im

al
varian

ce
w

ith
a

com
p
act

set
of

p
aram

eters,
a
n
d

h
a
s

n
o

sep
arate

a
ssu

m
p
tio

n
s

fo
r

th
e

b
ias

(m
ean

)
of

featu
res,

cen
terin

g
th

e
d
ata

is
ad

v
ised

.
F

u
rth

erm
o
re,

th
e

h
ig

h
er

th
e

varian
ce

of
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ä
a
h
o
,
A
m
m
a
d
-u
d
-d

in
a
n
d

K
a
sk

i

3
.3

In
te
rp

re
tin

g
th

e
M

o
d
e
l

T
h
e

in
ferred

factorization
ex

p
lain

s
d
ep

en
d
en

cies
in

th
e

d
ata

collection
th

rou
gh

K
com

p
o-

n
en

ts.
T

h
e

factorization
can

b
e

v
isu

alized
u
sin

g
fu

n
ction

v
i
s
u
a
l
i
z
e
C
o
m
p
o
n
e
n
t
s
(
)
,

w
h
ich

sh
ow

s
th

e
com

p
on

en
t

activ
ities

in
th

e
d
ata

sou
rces.

S
h
ared

com
p

on
en

ts
im

p
ly

p
red

ictab
ility

from
a

d
ata

sou
rce

to
an

oth
er.

T
h
e

fu
n
ction

can
also

sh
ow

th
e

fu
ll

p
aram

eter
m

atrices
X

an
d
W

,
as

w
ell

as
th

eir
eff

ect,
an

d
th

e
eff

ect
of

in
d
iv

id
u
al

com
p

on
en

ts,
in

th
e

d
ata

sp
ace.

3
.4

R
o
b
u
stn

e
ss

A
n
a
ly
sis

A
s

in
factor

an
aly

sis
in

gen
eral,

th
e

factorizatio
n

G
F
A

a
im

s
to

in
fer

is
u
n
id

en
tifi

ab
le,

resu
lt-

in
g

in
an

ex
trem

ely
m

u
lti-m

o
d
al

p
osterior. 3

T
h
u
s

con
sid

eratio
n

is
n
eed

ed
if

a
u
ser

w
ish

es
to

an
aly

ze
m

u
ltip

le
factorization

s
(in

th
is

case
sam

p
lin

g
ch

ain
s)

join
tly,

as
th

ey
are

n
ot

lik
ely

to
b

e
id

en
tical.

T
o

th
e

b
est

of
ou

r
k
n
ow

led
ge,

th
ere

are
n
o

sam
p
lin

g
m

eth
o
d
s

th
at

w
ou

ld
in

p
ractice

con
verge

to
th

e
tru

e
m

u
lti-m

o
d
al

p
osterior

w
ith

h
igh

-d
im

en
sion

al
d
ata.

T
o

th
is

en
d
,

w
e

p
rov

id
e

fu
n
ction

r
o
b
u
s
t
C
o
m
p
o
n
e
n
t
s
(
)

w
h
ich

u
ses

a
correlation

-b
ased

p
ro

ced
u
re

to
an

aly
ze

w
h
ich

com
p

on
en

ts
o
ccu

r
freq

u
en

tly
in

d
iff

eren
t

G
F
A

sam
p
lin

g
ch

ain
s.

T
h
is

ap
-

p
roach

can
b

e
u
sed

to
ob

tain
rob

u
st

factorization
s

for
n
oisy

d
ata

collection
s,

w
h
ere

th
e

com
p

on
en

ts
ex

p
lain

on
ly

sm
all

p
arts

of
th

e
variation

,
resu

ltin
g

in
u
n
certain

estim
ates.

3
.5

E
x
a
m
p
le
s

T
h
e

p
ackage

m
an

u
al

con
tain

s
sim

p
lifi

ed
ex

am
p
les

d
em

on
stratin

g
fu

n
ction

u
sage.

B
esid

es
th

is,
w

e
p
rov

id
e

th
e

follow
in

g
th

ree
d
em

on
stration

s:

•
d
em

o(G
F
A

p
ip

elin
e):

S
im

p
le

illu
stration

of
th

e
G

F
A

p
ip

elin
e.

•
d
em

o(G
F
A

ex
am

p
le):

E
lab

orate
illu

stration
of

th
e

G
F
A

m
o
d
el

on
sim

u
lated

d
ata.

•
d
em

o(G
F
A

d
ream

):
R

ep
lication

of
B

u
n
te

et
al.

(2016)
resu

lts
(req

u
irin

g
d
ata

d
ow

n
-

load
,

w
h
ich

is
in

stru
cted

).

4
.
D
iscu

ssio
n

G
F
A

allow
s

in
ferrin

g
th

e
relation

sh
ip

s
b

etw
een

m
u
ltip

le
co-o

ccu
rrin

g
d
ata

m
atrices

b
y

recon
-

stru
ctin

g
th

em
w

ith
grou

p
sp

arse
p
riors

fo
r

th
e

p
ro

jection
m

atrices.
It

fi
n
d
s

a
d
ecom

p
osition

w
ith

com
p

on
en

ts
th

at
are

sp
ecifi

c
to

th
e

d
ata

sou
rces,

sh
ared

b
etw

een
th

em
all,

or
sh

ared
b

etw
een

an
y

su
b
set

of
th

em
.

T
h
is

k
in

d
of

sp
arsity

is
b

en
efi

cial
for

ex
p
loratory

d
ata

an
aly

sis
an

d
in

tegration
.

O
u
r

G
F
A

p
ackage

cov
ers

essen
tial

to
ols

ran
gin

g
from

p
rep

ro
cessin

g
to

m
o
d
ellin

g
assu

m
p
tion

s
an

d
from

rob
u
stn

ess
an

aly
sis

to
in

terp
retin

g
th

e
m

o
d
el.

A
ck

n
o
w
le
d
g
m
e
n
ts

T
h
is

w
ork

w
as

fi
n
an

cially
su

p
p

orted
b
y

th
e

A
cad

em
y

of
F

in
lan

d
(F

in
n
ish

C
en

ter
of

E
x
cel-

len
ce

in
C

om
p
u
tation

al
In

feren
ce

R
esearch

C
O

IN
;

gran
ts

295503
an

d
29233

7
to

M
A

an
d

S
K

).
W

e
ack

n
ow

led
ge

th
e

com
p
u
tation

al
resou

rces
p
rov

id
ed

b
y

A
alto

S
cien

ce-IT
p
ro

ject.

3
.

U
n

im
o
d

a
l

p
o
sterio

r
co

u
ld

b
e

a
ch

iev
ed

in
sp

ecia
l

ca
ses,

g
iv

en
lim

itin
g

id
en

tifi
a
b

ility
co

n
stra

in
ts.

4
JM

L
R

 18(39):1-5, 2017



G
F
A
:
G
r
o
u
p
F
a
c
t
o
r
A
n
a
ly

si
s

R
e
fe
re
n
ce

s

K
er

st
in

B
u
n
te

,
E

em
el

i
L

ep
p
äa
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h
is

to
ry
H

(t
)

b
e

th
e

li
st

of
ti

m
es

of
ev

en
ts
{t

1
,t

2
,.
..
,t
n
}

u
p

to
b
u
t

n
ot

in
cl

u
d
in

g
ti

m
e
t.

T
h
en

,
th

e
n
u
m

b
er

of
ob

se
rv

ed
ev

en
ts

in
a

sm
al

l
ti

m
e

w
in

d
ow

[t
,t

+
d
t)

of
le

n
gt

h
d
t

is

d
N

(t
)

=
∑

t i
∈H

(t
)

δ(
t
−
t i

)
d
t,

(1
)

an
d

h
en

ce
N

(t
)

=
∫ t 0
d
N

(s
),

w
h
er

e
δ(
t)

is
a

D
ir

ac
d
el

ta
fu

n
ct

io
n
.

M
or

e
ge

n
er

al
ly

,
gi

v
en

a
fu

n
ct

io
n
f

(t
),

w
e

ca
n

d
efi

n
e

th
e

co
n
vo

lu
ti

on
w

it
h

re
sp

ec
t

to
d
N

(t
)

as

f
(t

)
?
d
N

(t
)

:=

∫
t

0
f

(t
−
τ
)
d
N

(τ
)

=
∑

t i
∈H

(t
)
f

(t
−
t i

).
(2

)

T
h
e

p
oi

n
t

p
ro

ce
ss

re
p
re

se
n
ta

ti
on

of
te

m
p

or
al

d
at

a
is

fu
n
d
am

en
ta

ll
y

d
iff

er
en

t
fr

om
th

e
d
is

-
cr

et
e

ti
m

e
re

p
re

se
n
ta

ti
on

ty
p
ic

al
ly

u
se

d
in

so
ci

al
n
et

w
or

k
an

al
y
si

s.
It

d
ir

ec
tl

y
m

o
d
el

s
th

e
ti

m
e

in
te

rv
al

b
et

w
ee

n
ev

en
ts

as
ra

n
d
om

va
ri

ab
le

s,
av

oi
d
s

th
e

n
ee

d
to

p
ic

k
a

ti
m

e
w

in
d
ow

to
ag

gr
eg

at
e

ev
en

ts
,

an
d

al
lo

w
s

te
m

p
or

al
ev

en
ts

to
b

e
m

o
d
el

ed
in

a
fi
n
e

gr
ai

n
ed

fa
sh

io
n
.

M
or

eo
ve

r,
it

h
as

a
re

m
ar

ka
b
ly

ri
ch

th
eo

re
ti

ca
l

su
p
p

or
t

(A
al

en
et

al
.,

20
08

).

A
n

im
p

or
ta

n
t

w
ay

to
ch

ar
ac

te
ri

ze
te

m
p

or
al

p
o
in

t
p
ro

ce
ss

es
is

v
ia

th
e

co
n
d
it

io
n
al

in
-

te
n
si

ty
fu

n
ct

io
n
—

a
st

o
ch

as
ti

c
m

o
d
el

fo
r

th
e

ti
m

e
of

th
e

n
ex

t
ev

en
t

gi
ve

n
al

l
th

e
ti

m
es

of
p
re

v
io

u
s

ev
en

ts
.

F
or

m
al

ly
,

th
e

co
n
d
it

io
n
al

in
te

n
si

ty
fu

n
ct

io
n
λ
∗ (
t)

(i
n
te

n
si

ty
,

fo
r

sh
or

t)
is
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F
a
r
a
jt
a
b
a
r
,
W
a
n
g
,
G
o
m
e
z
-R

o
d
r
ig
u
e
z
,
L
i,
Z
h
a
a
n
d

S
o
n
g

a)
P

oi
ss

on
p
ro

ce
ss

𝜆∗
𝑡

=
𝜇

𝑡

b
)

H
aw

ke
s

p
ro

ce
ss

𝜆∗
𝑡
=
𝜇
+
𝛼
 𝑡 𝑖<
𝑡

ex
p
−
|𝑡
−
𝑡 𝑖
|
=
𝜇
+
𝛼
𝜅 𝜔
(𝑡
)⋆
𝑑𝑁
(𝑡
) 𝑡

c)
S
u
rv

iv
al

p
ro

ce
ss

𝜆∗
𝑡
=

1
−
𝑁

𝑡
𝑔(
𝑡)

𝑡

F
ig

u
re

4:
T

h
re

e
ty

p
es

of
p

oi
n
t

p
ro

ce
ss

es
w

it
h

a
ty

p
ic

al
re

al
iz

at
io

n

th
e

co
n
d
it

io
n
al

p
ro

b
ab

il
it

y
of

ob
se

rv
in

g
a
n

ev
en

t
in

a
sm

al
l

w
in

d
ow

[t
,t

+
d
t)

g
iv

en
th

e
h
is

to
ry
H

(t
),

i.
e.

, λ
∗ (
t)
d
t

:=
P
{e

ve
n
t

in
[t
,t

+
d
t)
|H

(t
)}

=
E[
d
N

(t
)|H

(t
)]
,

(3
)

w
h
er

e
on

e
ty

p
ic

al
ly

as
su

m
es

th
at

on
ly

on
e

ev
en

t
ca

n
h
ap

p
en

in
a

sm
al

l
w

in
d
ow

o
f

si
ze
d
t

an
d

th
u
s
d
N

(t
)
∈
{0
,1
}.

T
h
en

,
gi

ve
n

th
e

ob
se

rv
at

io
n

u
n
ti

l
ti

m
e
t

an
d

a
ti

m
e
t′
>
t,

w
e

ca
n

al
so

ch
ar

ac
te

ri
ze

th
e

co
n
d
it

io
n
al

p
ro

b
ab

il
it

y
th

at
n
o

ev
en

t
h
ap

p
en

s
u
n
ti

l
t′

a
s

S
∗ (
t′

)
=

ex
p

(
−
∫
t′

t
λ
∗ (
τ
)
d
τ

)
,

(4
)

th
e

(c
on

d
it

io
n
al

)
p
ro

b
ab

il
it

y
d
en

si
ty

fu
n
ct

io
n

th
at

an
ev

en
t

o
cc

u
rs

at
ti

m
e
t′

a
s

f
∗ (
t′

)
=
λ
∗ (
t′

)
S
∗ (
t′

),
(5

)

an
d

th
e

(c
on

d
it

io
n
al

)
cu

m
u
la

ti
v
e

d
en

si
ty

fu
n
ct

io
n
,

w
h
ic

h
ac

co
u
n
ts

fo
r

th
e

p
ro

b
a
b
il
it

y
th

at
an

ev
en

t
h
ap

p
en

s
b

ef
or

e
ti

m
e
t′

:

F
∗ (
t′

)
=

1
−
S
∗ (
t′

)
=

∫
t′

t
f
∗ (
τ
)
d
τ.

(6
)

F
ig

u
re

3
il
lu

st
ra

te
s

th
es

e
q
u
an

ti
ti

es
.

M
o
re

ov
er

,
w

e
ca

n
ex

p
re

ss
th

e
lo

g-
li
ke

li
h
o
o
d

o
f

a
li
st

of
ev

en
ts
{t

1
,t

2
,.
..
,t
n
}

in
an

ob
se

rv
at

io
n

w
in

d
ow

[0
,T

)
as

L
=

n ∑ i=
1

lo
g
λ
∗ (
t i

)
−
∫
T

0
λ
∗ (
τ
)
d
τ,

T
>
t n
.

(7
)

T
h
is

si
m

p
le

lo
g-

li
k
el

ih
o
o
d

w
il
l

la
te

r
en

ab
le

u
s

to
le

ar
n

th
e

p
ar

am
et

er
s

of
o
u
r

m
o
d
el

fr
o
m

ob
se

rv
ed

d
at

a.
F

in
al

ly
,
th

e
fu

n
ct

io
n
al

fo
rm

of
th

e
in

te
n
si

ty
λ
∗ (
t)

is
of

te
n

d
es

ig
n
ed

to
ca

p
tu

re
th

e
p
h
en

om
en

a
of

in
te

re
st

s.
S
om

e
u
se

fu
l
fu

n
ct

io
n
al

fo
rm

s
w

e
w

il
l
u
se

ar
e

(A
al

en
et

a
l.
,
2
0
0
8
):

(i
)

P
o
is

so
n

p
ro

c
e
ss

.
T

h
e

in
te

n
si

ty
is

as
su

m
ed

to
b

e
in

d
ep

en
d
en

t
of

th
e

h
is

to
ry
H

(t
),

b
u
t

it
ca

n
b

e
a

n
on

n
eg

at
iv

e
ti

m
e-

va
ry

in
g

fu
n
ct

io
n
,

i.
e.

,

λ
∗ (
t)

=
g
(t

)
>

0.
(8

)
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In
f
o
r
m
a
t
io
n
D
if
f
u
sio

n
a
n
d

N
e
t
w
o
r
k

E
v
o
l
u
t
io
n

(ii)
H

a
w

k
e
s

p
ro

c
e
ss.

T
h
e

in
ten

sity
is

h
istory

d
ep

en
d
en

t
an

d
m

o
d
els

a
m

u
tu

al
ex

citation
b

etw
een

even
ts,

i.e.,

λ
∗(t)

=
µ

+
α
κ
ω
(t)

?
d
N

(t)
=
µ

+
α
∑

t
i ∈H

(t)
κ
ω
(t−

ti ),
(9)

w
h
ere,

κ
ω
(t)

:=
ex

p
(−
ω
t)I[t>

0]
(10)

is
an

ex
p

on
en

tial
triggerin

g
kern

el
an

d
µ
>

0
is

a
b
aselin

e
in

ten
sity

in
d
ep

en
d
en

t
of

th
e

h
isto

ry.
H

ere,
th

e
o
ccu

rren
ce

of
each

h
istorical

even
t

in
creases

th
e

in
ten

sity
b
y

a
certa

in
am

ou
n
t

d
eterm

in
ed

b
y

th
e

kern
el

an
d

th
e

w
eigh

t
α
>

0
,

m
ak

in
g

th
e

in
ten

sity
h
isto

ry
d
ep

en
d
en

t
an

d
a

sto
ch

astic
p
ro

cess
b
y

itself.
In

ou
r

w
ork

,
w

e
fo

cu
s

on
th

e
ex

p
o
n
en

tial
k
ern

el,
h
ow

ever,
oth

er
fu

n
ction

al
form

s,
su

ch
a
s

log-logistic
fu

n
ction

,
are

p
o
ssib

le,
an

d
th

e
gen

eral
p
rop

erties
of

ou
r

m
o
d
el

d
o

n
ot

d
ep

en
d

o
n

th
is

p
articu

lar
ch

o
ice.

(iii)
S

u
rv

iv
a
l

p
ro

c
e
ss.

T
h
ere

is
on

ly
on

e
ev

en
t

for
an

in
stan

tiation
of

th
e

p
ro

cess,
i.e.,

λ
∗(t)

=
(1−

N
(t))g

(t),
(11)

w
h
ere

g
(t)
>

0
an

d
th

e
term

(1
−
N

(t))
m

akes
su

re
λ
∗(t)

is
0

if
an

even
t

alrea
d
y

h
a
p
p

en
ed

b
efore

t.

F
ig

u
re

4
illu

strates
th

ese
p
ro

cesses.
In

terested
read

er
sh

ou
ld

refer
to

A
alen

et
al.

(2008)
for

m
o
re

d
eta

ils
o
n

th
e

fram
ew

ork
of

tem
p

oral
p

oin
t

p
ro

cesses.

P
o
in

t
p
ro

cess
m

o
d
els

h
ave

b
een

ap
p
lied

to
m

an
y

ta
sk

s
in

n
etw

ork
s

su
ch

as
fake

n
ew

s
m

itig
a
tion

(F
a
ra

jtab
ar

et
al.,

2017),
recom

m
en

d
ation

sy
stem

s
(H

ossein
i
et

al.,
2017),

ou
tlier

d
etectio

n
(L

i
et

al.,
2017),

activ
ity

sh
ap

in
g

in
so

cial
n
etw

ork
s

(F
ara

jtab
a
r

et
al.,

2014),
veri-

fy
in

g
crow

d
-g

en
erated

d
ata

(T
ab

ib
ian

et
al.,

2017),
seq

u
en

ce
m

o
d
elin

g
u
sin

g
d
eep

recu
rren

t
n
eu

ra
l

n
etw

ork
s

(X
iao

et
al.,

2017),
an

d
cam

p
aign

in
g

in
n
etw

ork
s

(F
ara

jta
b
ar

et
al.,

2
016).

3
.

G
e
n
e
ra

tiv
e

M
o
d
e
l

o
f

In
fo

rm
a
tio

n
D

iff
u
sio

n
a
n
d

N
e
tw

o
rk

E
v
o
lu

tio
n

In
th

is
section

,
w

e
u
se

th
e

ab
ov

e
b
ack

grou
n
d

on
tem

p
oral

p
oin

t
p
ro

cesses
to

form
u
late

C
o
e
v
o
lv

e
,

o
u
r

p
rob

ab
ilistic

m
o
d
el

for
th

e
jo

in
t

d
y
n
am

ics
of

in
form

ation
d
iff

u
sion

an
d

n
etw

o
rk

evo
lu

tion
.

3
.1

E
v
e
n
t

R
e
p

re
se

n
ta

tio
n

W
e

m
o
d
el

th
e

gen
eration

of
tw

o
ty

p
es

o
f

even
ts:

tw
eet/retw

eet
ev

en
ts,

e
r,

an
d

lin
k

creation
even

ts,
e
l.

In
stead

of
ju

st
th

e
tim

e
t,

w
e

record
each

ev
en

t
as

a
trip

let,
as

illu
strated

in
F

ig
u
re

5
(a

):

e
r

or
e
l

:=
(
u↑

d
estin

a
tio

n

,
so

u
rce
↓s,

t↑
tim

e ).
(12)

F
o
r

re
tw

e
e
t

e
v
e
n
t,

th
e

trip
let

m
ean

s
th

at
th

e
d
estin

ation
n
o
d
e
u

retw
eets

at
tim

e
t

a
tw

eet
o
rig

in
ally

p
osted

b
y

sou
rce

n
o
d
e
s.

R
ecord

in
g

th
e

sou
rce

n
o
d
e
s

refl
ects

th
e

rea
l

w
o
rld

scen
ario

th
at

in
form

ation
sou

rces
are

ex
p
licitly

ack
n
ow

led
ged

.
N

ote
th

at
th

e
o
ccu

rren
ce

of
even

t
e
r

d
o
es

n
o
t

m
ean

th
at

u
is

d
irectly

retw
eetin

g
from

o
r

is
con

n
ected
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L
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F
a
r
a
jt
a
b
a
r
,
W
a
n
g
,
G
o
m
e
z
-R

o
d
r
ig
u
e
z
,
L
i,
Z
h
a
a
n
d

S
o
n
g

D 
S 

m
eans 

S follow
s D 

1pm
, D:  

Cool paper 
(D, D, 1:00) 

1:35pm
 @

B @
S @

D:  
Indeed brilliant 

(J, D, 1:35) 
4:10pm

, @
B:  

Beautiful 
(J, B, 4:10) 

4pm
, B:  

It snow
s 

(B, B, 4:00) 

(J, D, 1:45) 

5pm
, J:  

Going out (J, J, 5:00) 

(J, S, 5:25) 

1:45pm
 

C
h

ristin
e

 

So
p

h
ie

 

D
avid

 

Jaco
b

 

B
o

b
 

Link creation event 
𝑒
𝑙 =  

(destination,source,tim
e) 

Tw
eet/Retw

eet event 
𝑒
𝑟 =  

(destination,source,tim
e) 

“Identity Revealing” tw
eet/retw

eet processes 𝑁
𝑡

∈
0

∪
𝑍
+

“Inform
ation driven” link creation processes 𝐴

𝑡
∈
{0,1}

𝑡
(J, D)

(J, S)
…

…

𝑡
𝐴
𝐽𝐷 (𝑡)

𝐴
𝐽𝑆 (𝑡)

𝑡
(J, J)

(J, D)

(J, B)
…

𝑡
𝑁
𝐽𝐽 (𝑡)

𝑁
𝐽𝐷 (𝑡)

𝑁
𝐽𝐵 (𝑡)

…

(a)
E

ven
t

rep
resen

tation
(b

)
P

oin
t

an
d

cou
n
tin

g
p
ro

cesses

F
igu

re
5:

E
ven

ts
of

p
oin

t
p
ro

cesses
an

d
th

eir
asso

ciated
cou

n
tin

g
p
ro

cesses
fo

r
lin

k
creation

an
d

in
form

ation
d
iff

u
sion

;
(a)

T
race

of
even

ts
gen

erated
b
y

a
tw

eet
from

D
av

id
follow

ed
b
y

n
ew

lin
k
s

J
acob

creates
to

follow
D

av
id

an
d

S
op

h
ie;

(b
)

T
h
e

asso
ciated

p
oin

ts
in

tim
e

an
d

th
e

cou
n
tin

g
p
ro

cess
realization

s.

to
s.

T
h
is

ev
en

t
can

h
ap

p
en

w
h
en

u
is

retw
eetin

g
a

m
essag

e
b
y

an
oth

er
n
o
d
e
u
′

w
h
ere

th
e

origin
al

in
form

ation
sou

rce
s

is
ack

n
ow

led
ged

.
N

o
d
e
u

w
ill

p
ass

on
th

e
sam

e
sou

rce
ack

n
ow

led
gem

en
t

to
its

follow
ers

(e.g.,
“I

agree
@

a
@

b
@

c
@

s”).
O

rigin
al

tw
eets

p
osted

b
y

n
o
d
e
u

are
allow

ed
in

th
is

n
otation

.
In

th
is

case,
th

e
even

t
w

ill
sim

p
ly

b
e
e
r

=
(u
,u
,t).

G
iven

a
list

of
retw

eet
ev

en
ts

u
p

to
b
u
t

n
o
t

in
clu

d
in

g
tim

e
t,

th
e

h
istory

H
ru
s (t)

of
retw

eets
b
y
u

d
u
e

to
sou

rce
s

isH
ru
s (t)

=
{e
ri

=
(u
i ,s

i ,ti )|u
i

=
u

an
d
s
i

=
s}
.

(13)

T
h
e

en
tire

h
istory

of
retw

eet
ev

en
ts

is
d
en

oted
as

H
r(t)

:=
∪
u
,s∈

[m
] H

ru
s (t).

(14)

F
o
r

lin
k

c
re

a
tio

n
e
v
e
n
t,

th
e

trip
let

m
ean

s
th

at
d
estin

ation
n
o
d
e
u

creates
a
t

tim
e

t
a

lin
k

to
sou

rce
n
o
d
e
s,

i.e.,
from

tim
e
t

on
,

n
o
d
e
u

starts
follow

in
g

n
o
d
e
s.

T
o

ease
th

e
ex

p
osition

,
w

e
restrict

ou
rselv

es
to

th
e

case
w

h
ere

lin
k
s

can
n
ot

b
e

d
eleted

an
d

th
u
s

each
(d

irected
)

lin
k

is
created

on
ly

on
ce.

H
ow

ever,
ou

r
m

o
d
el

can
b

e
easily

au
gm

en
ted

to
con

sid
er

m
u
ltip

le
lin

k
creation

s
an

d
d
eletion

s
p

er
n
o
d
e

p
air,

as
d
iscu

ssed
in

S
ection

E
.

W
e

d
en

ote
th

e
lin

k
creation

h
istory

asH
l(t).

3
.2

J
o
in

t
M

o
d

e
l

w
ith

T
w

o
In

te
rw

o
v
e
n

C
o
m

p
o
n

e
n
ts

G
iven

m
u
sers,

w
e

u
se

tw
o

sets
of

cou
n
tin

g
p
ro

cesses
to

record
th

e
gen

erated
ev

en
ts,

on
e

for
in

form
ation

d
iff

u
sion

an
d

an
oth

er
for

n
etw

ork
evolu

tion
.

M
ore

sp
ecifi

cally,

I.
R

etw
eet

even
ts

are
record

ed
u
sin

g
a

m
atrix

N
(t)

of
size

m
×
m

for
each

fi
x
ed

tim
e

p
oin

t
t.

T
h
e

(u
,s)-th

en
try

in
th

e
m

atrix
,
N
u
s (t)∈

{
0}∪

Z
+

,
cou

n
ts

th
e

n
u
m

b
er

of
retw

eets
of
u

d
u
e

to
sou

rce
s

u
p

to
tim

e
t.

T
h
ese

cou
n
tin

g
p
ro

cesses
are

“id
en

tity
revealin

g”,
sin

ce
th

ey
keep

track
of

th
e

sou
rce

n
o
d
e

th
at

triggers
each

retw
eet.

T
h
e
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In
f
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r
m
a
t
io
n
D
if
f
u
si
o
n
a
n
d

N
e
t
w
o
r
k

E
v
o
l
u
t
io
n

m
at

ri
x
N

(t
)

is
ty

p
ic

al
ly

le
ss

sp
ar

se
th

an
A

(t
),

si
n
ce
N
u
s
(t

)
ca

n
b

e
n
on

ze
ro

ev
en

w
h
en

n
o
d
e
u

d
o
es

n
ot

d
ir

ec
tl

y
fo

ll
ow

s.
W

e
al

so
le

t
d
N

(t
)

:=
(
d
N
u
s
(t

)
) u
,s
∈[
m

].

II
.

L
in

k
ev

en
ts

ar
e

re
co

rd
ed

u
si

n
g

an
ad

ja
ce

n
cy

m
at

ri
x
A

(t
)

of
si

ze
m
×
m

fo
r

ea
ch

fi
x
ed

ti
m

e
p

oi
n
t
t.

T
h
e

(u
,s

)-
th

en
tr

y
in

th
e

m
at

ri
x
,
A
u
s
(t

)
∈
{0
,1
},

in
d
ic

at
es

w
h
et

h
er
u

is
d
ir

ec
tl

y
fo

ll
ow

in
g
s.

T
h
er

ef
or

e,
A
u
s
(t

)
=

1
m

ea
n
s

th
e

d
ir

ec
te

d
li
n
k

h
as

b
ee

n
cr

ea
te

d
b

ef
or

e
t.

F
or

si
m

p
li
ci

ty
of

ex
p

os
it

io
n
,

w
e

d
o

n
ot

al
lo

w
se

lf
-l

in
k
s.

T
h
e

m
at

ri
x
A

(t
)

is
ty

p
ic

al
ly

sp
ar

se
,

b
u
t

th
e

n
u
m

b
er

of
n
on

ze
ro

en
tr

ie
s

ca
n

ch
an

ge
ov

er
ti

m
e.

W
e

al
so

d
efi

n
e
d
A

(t
)

:=
(
d
A
u
s
(t

)
) u
,s
∈[
m

].

T
h
en

,
th

e
in

te
rw

ov
en

in
fo

rm
at

io
n

d
iff

u
si

o
n

an
d

n
et

w
or

k
ev

ol
u
ti

on
p
ro

ce
ss

es
ca

n
b

e
ch

ar
ac

-
te

ri
ze

d
u
si

n
g

th
ei

r
re

sp
ec

ti
ve

in
te

n
si

ti
es

E[
d
N

(t
)
|H

r
(t

)
∪
H
l (
t)

]
=

Γ
∗ (
t)
d
t

(1
5)

E[
d
A

(t
)
|H

r
(t

)
∪
H
l (
t)

]
=

Λ
∗ (
t)
d
t,

(1
6)

w
h
er

e,

Γ
∗ (
t)

=
(
γ
∗ us

(t
)

) u
,s
∈[
m

]
(1

7)

Λ
∗ (
t)

=
(
λ
∗ us

(t
)

) u
,s
∈[
m

].
(1

8)

T
h
e

si
gn
∗

m
ea

n
s

th
at

th
e

in
te

n
si

ty
m

at
ri

ce
s

w
il
l

d
ep

en
d

on
th

e
jo

in
t

h
is

to
ry

,
H
r
(t

)
∪
H
l (
t)

,
an

d
h
en

ce
th

ei
r

ev
ol

u
ti

on
w

il
l

b
e

co
u
p
le

d
.

B
y

th
is

co
u
p
li
n
g,

w
e

m
ak

e:
(i

)
th

e
co

u
n
ti

n
g

p
ro

ce
ss

es
fo

r
li
n
k

cr
ea

ti
on

to
b

e
“i

n
fo

rm
at

io
n

d
ri

ve
n
”

an
d

(i
i)

th
e

ev
ol

u
ti

on
of

th
e

li
n
k
in

g
st

ru
ct

u
re

to
ch

an
ge

th
e

in
fo

rm
at

io
n

d
iff

u
si

on
p
ro

ce
ss

.
In

th
e

n
ex

t
tw

o
se

ct
io

n
s,

w
e

w
il
l

sp
ec

if
y

th
e

d
et

ai
ls

of
th

es
e

tw
o

in
te

n
si

ty
m

at
ri

ce
s.

3
.3

In
fo

rm
a
ti

o
n

D
iff

u
si

o
n

P
ro

c
e
ss

W
e

m
o
d
el

th
e

in
te

n
si

ty
,
Γ
∗ (
t)

,
fo

r
re

tw
ee

ti
n
g

ev
en

ts
u
si

n
g

m
u
lt

iv
ar

ia
te

H
aw

ke
s

p
ro

ce
ss

:

γ
∗ us

(t
)

=
I[u

=
s]
η u

+
I[u
6=
s]
β
s

∑
v
∈F

u
(t

)
κ
ω
1
(t

)
?

(A
u
v
(t

)
d
N
v
s
(t

))
,

(1
9)

w
h
er

e
I[·

]
is

th
e

in
d
ic

at
or

fu
n
ct

io
n

an
d
F u

(t
)

:=
{v
∈

[m
]

:
A
u
v
(t

)
=

1}
is

th
e

cu
rr

en
t

se
t

of
fo

ll
ow

ee
s

of
u

.
T

h
e

te
rm

η u
>

0
is

th
e

in
te

n
si

ty
of

or
ig

in
al

tw
ee

ts
b
y

a
u
se

r
u

on
h
is

ow
n

in
it

ia
ti

ve
,

b
ec

om
in

g
th

e
so

u
rc

e
of

a
ca

sc
ad

e,
an

d
th

e
te

rm
β
s
∑

v
∈F

u
(t

)
κ
ω
1
(t

)
?

(A
u
v
(t

)
d
N
v
s
(t

))
m

o
d
el

s
th

e
p
ro

p
ag

at
io

n
of

p
ee

r
in

fl
u
en

ce
ov

er
th

e
n
et

w
or

k
,

w
h
er

e
th

e
tr

ig
ge

ri
n
g

ke
rn

el
κ
ω
1
(t

)
m

o
d
el

s
th

e
d
ec

ay
of

p
ee

r
in

fl
u
en

ce
ov

er
ti

m
e.

N
ot

e
th

at
th

e
re

tw
ee

ti
n
g

in
te

n
si

ty
m

at
ri

x
Γ
∗ (
t)

is
b
y

it
se

lf
a

st
o
ch

as
ti

c
p
ro

ce
ss

th
at

d
ep

en
d
s

on
th

e
ti

m
e-

va
ry

in
g

n
et

w
or

k
to

p
ol

og
y,

th
e

n
on

-z
er

o
en

tr
ie

s
in
A

(t
),

w
h
os

e
gr

ow
th

is
co

n
tr

ol
le

d
b
y

th
e

n
et

w
or

k
ev

ol
u
ti

on
p
ro

ce
ss

in
S
ec

ti
on

3.
4.

H
en

ce
th

e
m

o
d
el

d
es

ig
n

ca
p
tu

re
s

th
e

in
fl
u
en

ce
of

th
e

n
et

w
or

k
to

p
ol

og
y

an
d

ea
ch

so
u
rc

e’
s

in
fl
u
en

ce
,
β
s
,

on
th

e
in

fo
rm

at
io

n
d
iff

u
si

on
p
ro

ce
ss

.
M

or
e

sp
ec

ifi
ca

ll
y,

to
co

m
p
u
te
γ
∗ us

(t
),

on
e

fi
rs

t
fi
n
d
s

th
e

cu
rr

en
t

se
t
F u

(t
)

of
fo

ll
ow

ee
s

of
u

,
an

d
th

en
ag

gr
eg

at
es

th
e

re
tw

ee
ts

of
th

es
e

fo
ll
ow

ee
s

th
at

ar
e

d
u
e

to
so

u
rc

e
s.

N
ot

e
th

at
th

es
e

fo
ll
ow

ee
s

m
ay

or
m

ay
n
ot

d
ir

ec
tl

y
fo

ll
ow

so
u
rc

e
s.

T
h
en

,
th

e
m

or
e

fr
eq

u
en

tl
y

n
o
d
e
u

is
ex

p
os

ed
to

re
tw

ee
ts

of
tw

ee
ts

or
ig

in
at

ed
fr

om
so

u
rc

e
s

v
ia

h
er

fo
ll
ow

ee
s,

th
e

m
or

e
li
ke

ly
sh

e
w

il
l

al
so

re
tw

ee
t

a
tw

ee
t

or
ig

in
at

ed
fr

om
so

u
rc

e
s.

O
n
ce

n
o
d
e
u

re
tw

ee
ts

d
u
e

to
so

u
rc

e
s,

th
e

co
rr

es
p

on
d
in

g
N
u
s
(t

)
w

il
l

b
e

in
cr

em
en

te
d
,

an
d

th
is

in
tu

rn
w

il
l

in
cr

ea
se

th
e

li
ke

li
h
o
o
d

of
tr

ig
ge

ri
n
g

re
tw

ee
ts

d
u
e

to
so

u
rc

e
s

am
on

g
th

e
fo

ll
ow

er
s

of
u

.
T

h
u
s,

th
e

so
u
rc

e
d
o
es

n
o
t

si
m

p
ly

b
ro

ad
ca

st
th

e
m

es
sa

ge
to

n
o
d
es

d
ir

ec
tl

y
fo

ll
ow

in
g

h
er

b
u
t

h
er

in
fl
u
en

ce
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8(

41
):

1-
49

, 2
01

7

F
a
r
a
jt
a
b
a
r
,
W
a
n
g
,
G
o
m
e
z
-R

o
d
r
ig
u
e
z
,
L
i,
Z
h
a
a
n
d

S
o
n
g

1
−
𝐴 𝐽

𝐷
𝑡

⋅
𝜇 𝐽

+
𝛼 𝐽

ex
p
−
𝑡

⋆
𝑑𝑁

𝐽𝐶
𝑡
+
𝑑𝑁

𝐽𝐵
𝑡

𝜆 𝐽
𝐷∗
𝑡

=

Ch
ec

k 
w

he
th

er
th

e 
lin

k 
al

re
ad

y 
th

er
e

Re
tw

ee
t 

th
ro

ug
h 

B

Ha
w

ke
s p

ro
ce

ss
In

iti
at

iv
e 

co
m

in
g 

fr
om

 
ne

ig
hb

or
s

Su
rv

iv
al

 P
ro

ce
ss

Hi
gh

 in
te

ns
ity

 w
he

n 
no

 li
nk

 a
nd

 re
tw

ee
t o

fte
n

Po
iss

on
 

pr
oc

es
s

U
se

r 𝐽
’s 

ow
n 

in
iti

at
iv

e
Re

tw
ee

t 
th

ro
ug

h 
C

𝐸
[𝑑
𝐴 𝐽

𝐷
𝑡
]=

𝜆 𝐽
𝐷∗
𝜏
𝑑𝜏

D
S

m
ea

ns
S 

fo
llo

w
s D

C
h

ri
st

in
e

 

So
p

h
ie

 

D
av

id
 

Ja
co

b
 

B
o

b
 

1:
45

pm
 𝑁 𝐵
𝐷
𝑡

 

𝑁 𝐶
𝐷
𝑡

 

𝑁 𝐷
𝐷
𝑡

 

𝐸
[𝑑
𝑁 𝐷

𝐷
𝑡
]=

𝛾 𝐷
𝐷∗
𝜏
𝑑𝜏

𝛽 𝐷
ex
p
−
𝑡

⋆
𝐴 𝐽

𝐵
𝑡
𝑑𝑁

𝐵
𝐷
𝑡
+
𝐴 𝐽

𝐶
𝑡
𝑑𝑁

𝐶𝐷
𝑡

𝛾 𝐽
𝐷∗
𝑡
=

Ex
po

su
re

 
du

e 
to

 𝐶
Ex

po
su

re
 

du
e 

to
 𝐵

Ag
gr

eg
at

e 
ex

po
su

re
fr

om
 a

ll 
fo

llo
w

ee
s

Ha
w

ke
s p

ro
ce

ss
Hi

gh
 in

te
ns

ity
 w

ith
 m

or
e 

ex
po

su
re

 

𝐸[
𝑑𝑁

𝐽𝐷
𝑡
]=

𝛾 𝐽
𝐷∗
𝜏
𝑑𝜏

Po
iss

on
 p

ro
ce

ss
U

se
r 𝐷

’s 
ow

n 
in

iti
at

iv
e

𝛾 𝐷
𝐷∗
𝑡
=
𝜂 𝐷

(a
)

L
in

k
cr

ea
ti

on
p
ro

ce
ss

(b
)

S
o
ci

al
n
et

w
or

k
(c

)
In

fo
rm

at
io

n
d
iff

u
si

o
n

p
ro

ce
ss

F
ig

u
re

6:
O

u
r

h
y
p

ot
h
et

ic
al

so
ci

al
n
et

w
or

k
w

h
er

e
th

e
in

fo
rm

a
ti

on
d
iff

u
si

on
p
a
th

s
m

a
k
e

J
a
-

co
b

fo
ll
ow

D
av

id
:

(a
)

T
h
e

b
re

ak
d
ow

n
of

co
n
d
it

io
n
al

in
te

n
si

ty
fu

n
ct

io
n

fo
r

th
e

li
n
k

cr
ea

ti
on

p
ro

ce
ss

of
J
ac

ob
fo

ll
ow

in
g

D
av

id
A
J
D

(t
);

(b
)

T
h
e

in
fo

rm
a
ti

o
n

p
a
th

s
b

e-
tw

ee
n

J
ac

ob
an

d
D

av
id

;
(c

)
T

h
e

in
fo

rm
at

io
n

d
iff

u
si

on
p
ro

ce
ss

es
fo

r
D

av
id

tw
ee

ti
n
g

on
h
is

ow
n

in
it

ia
ti

v
e
N
D
D

(t
)

an
d

J
ac

ob
re

tw
ee

ti
n
g

p
os

ts
or

ig
in

at
ed

fr
o
m

D
av

id
N
J
D

(t
).

p
ro

p
ag

at
es

th
ro

u
gh

th
e

n
et

w
or

k
ev

en
to

th
o
se

n
o
d
es

th
at

d
o

n
ot

d
ir

ec
tl

y
fo

ll
ow

h
er

.
F

in
a
ll
y,

th
is

in
fo

rm
at

io
n

d
iff

u
si

on
m

o
d
el

al
lo

w
s

a
n
o
d
e

to
re

p
ea

te
d
ly

ge
n
er

at
e

ev
en

ts
in

a
ca

sc
a
d
e,

an
d

is
v
er

y
d
iff

er
en

t
fr

om
th

e
in

d
ep

en
d
en

t
ca

sc
ad

e
or

li
n
ea

r
th

re
sh

o
ld

m
o
d
el

s
(K

em
p

e
et

a
l.
,

20
03

)
w

h
ic

h
al

lo
w

at
m

os
t

on
e

ev
en

t
p

er
n
o
d
e

p
er

ca
sc

ad
e.

3
.4

N
e
tw

o
rk

E
v
o
lu

ti
o
n

P
ro

c
e
ss

In
ou

r
m

o
d
el

,
ea

ch
u
se

r
is

ex
p

os
ed

to
in

fo
rm

at
io

n
th

ro
u
gh

a
ti

m
e-

va
ry

in
g

se
t

o
f

n
ei

g
h
b

o
rs

.
B

y
d
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n
g

so
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in
fo

rm
at

io
n

d
iff

u
si

on
aff

ec
ts

n
et

w
or

k
ev

ol
u
ti

on
,

in
cr

ea
si

n
g

th
e

p
ra

ct
ic

a
l

a
p
p
li
-

ca
ti

on
of

ou
r

m
o
d
el

to
re

al
-w

or
ld

n
et

w
or

k
d
at

a
se

ts
.

T
h
e

p
ar

ti
cu

la
r

d
efi

n
it

io
n

o
f

ex
p

o
su

re
(e

.g
.,

a
re

tw
ee

t’
s

n
ei

gh
b

or
)

d
ep

en
d
s

on
th

e
ty

p
e

of
h
is

to
ri

ca
l

in
fo

rm
at

io
n

th
a
t

is
av

a
il
a
b
le

.
R

em
ar

ka
b
ly

,
th

e
fl
ex

ib
il
it

y
of

ou
r

m
o
d
el

al
lo

w
s

fo
r

d
iff

er
en

t
ty

p
es

o
f

d
iff

u
si

on
ev

en
ts

,
w

h
ic

h
w

e
ca

n
b
ro

ad
ly

cl
as

si
fy

in
to

tw
o

ca
te

go
ri

es
.

In
th

e
fi
rs

t
ca

te
go

ry
,

ev
en

ts
co

rr
es

p
on

d
s

to
th

e
ti

m
es

w
h
en

an
in

fo
rm

at
io

n
ca

sc
a
d
e

h
it

s
a

p
er

so
n
,
fo

r
ex

am
p
le

,
th

ro
u
gh

a
re

tw
ee

t
fr

om
on

e
of

h
er

n
ei

gh
b

or
s,

b
u
t

sh
e

d
o
es

n
o
t

ex
p
li
ci

tl
y

li
ke

or
fo

rw
ar

d
th

e
as

so
ci

at
ed

p
os

t.
H

er
e,

w
e

m
o
d
el

th
e

in
te

n
si

ty
,

Λ
∗ (
t)

,
fo

r
li
n
k

cr
ea

ti
o
n

u
si

n
g

a
co

m
b
in

at
io

n
of

su
rv

iv
al

an
d

H
aw

k
es

p
ro

ce
ss

:

λ
∗ us

(t
)

=
(1
−
A
u
s
(t

))

 
µ
u

+
α
u

∑

v
∈F

u
(t

)

κ
ω
2
(t

)
?
d
N
v
s
(t

) 
,

(2
0
)
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In
f
o
r
m
a
t
io
n
D
if
f
u
sio

n
a
n
d

N
e
t
w
o
r
k

E
v
o
l
u
t
io
n

w
h
ere

th
e

term
1−

A
u
s (t)

eff
ectively

en
su

res
a

lin
k

is
created

on
ly

on
ce,

a
n
d

after
th

at,
th

e
co

rresp
o
n
d
in

g
in

ten
sity

is
set

to
zero.

T
h
e

term
µ
u
>

0
d
en

otes
a

b
aselin

e
in

ten
sity,

w
h
ich

m
od

els
w

h
en

a
n
o
d
e
u

d
ecid

es
to

follow
a

sou
rce

s
sp

on
tan

eou
sly

at
h
er

ow
n

in
itiative.

T
h
e

term
α
u κ

ω
2 (t)

?
d
N
v
s (t)

corresp
on

d
s

to
th

e
retw

eets
b
y

n
o
d
e
v

(a
follow

ee
of

n
o
d
e
u

)
w

h
ich

a
re

o
rig

in
a
ted

from
sou

rce
s.

T
h
e

trig
gerin

g
k
ern

el
κ
ω
2 (t)

m
o
d
els

th
e

d
ecay

of
in

terests
over

tim
e.In

th
e

secon
d

category,
th

e
p

erson
d
ecid

es
to

ex
p
licitly

like
or

forw
a
rd

th
e

asso
ciated

p
o
st

a
n
d

in
fl
u
en

cin
g

even
ts

corresp
on

d
to

th
e

tim
es

w
h
en

sh
e

d
o
es

so.
In

th
is

ca
se,

w
e

m
o
d
el

th
e

in
ten

sity,
Λ
∗(t),

for
lin

k
creation

as:

λ
∗u
s (t)

=
(1−

A
u
s (t))(µ

u
+
α
u
κ
ω
2 (t)

?
d
N
u
s (t)),

(2
1)

w
h
ere

th
e

term
s

1
−
A
u
s (t),

µ
u
>

0,
an

d
th

e
d
ecay

in
g

kern
el
κ
ω
2 (t)

p
lay

th
e

sam
e

role
a
s

th
e

co
rresp

o
n
d
in

g
on

es
in

E
q
u
ation

(20).
T

h
e

term
α
u κ

ω
2 (t)

?
d
N
u
s (t)

corresp
on

d
s

to
th

e
retw

eets
o
f

n
o
d
e
u

d
u
e

to
tw

eets
origin

ally
p
u
b
lish

ed
b
y

sou
rce

s.
T

h
e

h
igh

er
th

e
co

rresp
o
n
d
in

g
retw

eet
in

ten
sity,

th
e

m
ore

likely
u

w
ill

fi
n
d

in
form

ation
b
y

sou
rce

s
u
sefu

l
a
n
d

w
ill

crea
te

a
d
irect

lin
k

to
s.

In
b

o
th

ca
ses,

th
e

lin
k

creation
in

ten
sity

Λ
∗(t)

is
also

a
sto

ch
astic

p
ro

cess
b
y

itself,
w

h
ich

d
ep

en
d
s

on
th

e
retw

eet
even

ts,
b

e
it

th
e

retw
eets

b
y

th
e

n
eigh

b
ors

of
n
o
d
e
u

or
th

e
retw

eets
b
y

n
o
d
e
u

h
erself,

resp
ectively.

T
h
erefore,

it
ca

p
tu

res
th

e
in

fl
u
en

ce
of

retw
eets

on
th

e
lin

k
crea

tio
n
,

an
d

closes
th

e
lo

o
p

o
f

m
u
tu

al
in

fl
u
en

ce
b

etw
een

in
form

ation
d
iff

u
sion

an
d

n
etw

o
rk

to
p

o
lo

gy.
F

igu
re

6
illu

strates
th

ese
tw

o
in

terd
ep

en
d
en

t
in

ten
sities.

In
tu

itively,
in

th
e

latter
category,

in
form

ation
d
iff

u
sion

even
ts

are
m

ore
p
ro

n
e

to
trigger

n
ew

co
n
n
ectio

n
s,

b
ecau

se,
th

ey
in

volv
e

th
e

target
an

d
sou

rce
n
o
d
es

in
an

ex
p
licit

in
teraction

,
h
ow

ev
er,

th
ey

a
re

also
less

freq
u
en

t.
T

h
erefore,

it
is

m
ostly

su
itab

le
to

large
ev

en
t

d
ata

sets,
a
s

th
e

o
n
es

w
e

gen
erate

in
ou

r
sy

n
th

etic
ex

p
erim

en
ts.

In
con

trast,
in

th
e

fo
rm

er
category,

in
fo

rm
a
tio

n
d
iff

u
sion

even
ts

are
less

likely
to

in
sp

ire
n
ew

lin
k
s

b
u
t

fou
n
d

in
ab

u
n
d
an

ce.
T

h
erefo

re,
it

is
m

ore
su

itab
le

for
sm

aller
d
ata

sets,
as

th
e

on
es

w
e

u
se

in
ou

r
real-w

orld
ex

p
erim

en
ts.

C
on

seq
u
en

tly,
in

ou
r

sy
n
th

etic
ex

p
erim

en
ts

w
e

u
sed

th
e

latter
a
n
d

in
ou

r
rea

l-w
o
rld

ex
p

erim
en

ts,
w

e
u
sed

th
e

form
er.

M
o
re

gen
erally,

th
e

ch
oice

of
ex

p
osu

re
even

t
sh

ou
ld

b
e

m
ad

e
b
ased

on
th

e
ty

p
e

an
d

a
m

o
u
n
t

o
f

ava
ilab

le
h
istorical

in
form

ation
.

N
ote

th
at,

th
ese

are
tw

o
realization

s,
a
m

o
n
g

th
e

m
a
n
y

o
th

ers,
of

th
e

lin
k

form
ation

p
ro

cess
in

th
e
C
o
e
v
o
lv

e
fram

ew
ork

.
M

a
n
y

oth
er

ex
ten

sio
n
s

ca
n

b
e

fou
n
d

in
ap

p
en

d
ix

E
.

In
p
ractice,

th
ese

d
iff

eren
t

form
s

can
b

e
u
tilized

d
ep

en
d
in

g
o
n

th
e

con
d
ition

s
an

d
con

strain
ts

of
th

e
n
etw

ork
s

an
d

th
e

d
ata

in
h
an

d
.

M
ore

im
p

o
rta

n
tly,

in
th

is
section

,
w

e
m

ake
on

e
ex

am
p
le

o
n

h
ow

to
tailor

th
e

m
o
d
el

to
fi
t

th
e

a
p
p
lica

tio
n

b
est.

F
in

a
lly,

n
o
te

th
at

creatin
g

a
lin

k
is

m
ore

th
an

ju
st

ad
d
in

g
a

p
ath

or
allow

in
g

in
form

a-
tio

n
so

u
rces

to
take

sh
ortcu

ts
d
u
rin

g
d
iff

u
sion

.
T

h
e

n
etw

ork
evolu

tion
m

ak
es

fu
n
d
am

en
tal

ch
a
n
g
es

to
th

e
d
iff

u
sion

d
y
n
am

ics
an

d
station

ary
d
istrib

u
tion

of
th

e
d
iff

u
sion

p
ro

cess
in

S
ectio

n
3
.3

.
A

s
sh

ow
n

in
F

ara
jtab

ar
et

al.
(2014),

given
a

fi
x
ed

n
etw

ork
stru

ctu
re
A

,
th

e
ex

p
ected

retw
eet

in
ten

sity
µ
s (t)

at
tim

e
t

d
u
e

to
sou

rce
s

w
ill

d
ep

en
d

of
th

e
n
etw

ork
stru

ctu
re

in
a

n
on

lin
ear

fash
ion

,
i.e.,

µ
s (t)

:=
E

[Γ
∗·s (t)]

=
(e

(A
−
ω
1
I

)t
+
ω

1 (A
−
ω

1 I
) −

1(e
(A
−
ω
1
I

)t−
I

))
η
s ,

(22)

w
h
ere

η
s ∈

R
m

h
as

a
sin

gle
n
on

zero
en

try
w

ith
valu

e
η
s

an
d
e

(A
−
ω
1
I

)t
is

th
e

m
atrix

ex
p

o-
n
en

tia
l.

W
h
en

t→
∞

,
th

e
station

ary
in

ten
sity

µ̄
s

=
(I
−
A
/ω

) −
1
η
s

is
also

n
on

lin
early

1
1

JM
L

R
 18(41):1-49, 2017

F
a
r
a
jt
a
b
a
r
,
W
a
n
g
,
G
o
m
e
z
-R

o
d
r
ig
u
e
z
,
L
i,
Z
h
a
a
n
d

S
o
n
g

t

λ
U *(t')

λ
2 *(t')

λ
1 *(t')

+ + + = 

t'

λ
2 *(τ)

λ
1 *(τ)

λ
U *(τ)

λ
sum
*
(τ)

ττττ
t

τ
m
in

τ
2

τ
1

τ
U

ττττ

λ
2 *(τ)

λ
1 *(τ)

λ
U *(τ)

(a)
O

gata’s
algorith

m
(b

)
P

rop
osed

algorith
m

F
igu

re
7:

O
gata’s

algorith
m

v
s

ou
r

sim
u
lation

algorith
m

in
sim

u
latin

g
U

in
terd

ep
en

d
en

t
p

oin
t

p
ro

cesses
ch

aracterized
b
y

in
ten

sity
fu

n
ction

s
λ

1 (t),...,λ
U

(t);
(a)

Illu
strat-

in
g

O
ga

ta’s
algorith

m
,

w
h
ich

fi
rst

takes
a

sam
p
le

from
th

e
p
ro

cess
w

ith
in

ten
sity

eq
u
al

to
su

m
of

in
d
iv

id
u
al

in
ten

sities
an

d
th

en
assign

s
it

to
th

e
p
rop

er
d
im

en
sion

p
rop

ortion
ally

to
its

con
trib

u
tion

to
th

e
su

m
of

in
ten

sities;
(b

)
Illu

stratin
g

ou
r

p
rop

osed
algorith

m
,

w
h
ich

fi
rst

d
raw

s
a

sam
p
le

from
each

d
im

en
sion

in
d
ep

en
-

d
en

tly
an

d
th

en
takes

th
e

m
in

im
u
m

tim
e

am
on

g
th

em
.

related
to

th
e

n
etw

ork
stru

ctu
re.

T
h
u
s,

given
tw

o
n
etw

ork
stru

ctu
res

A
(t)

an
d
A

(t ′)
at

tw
o

p
oin

ts
in

tim
e,

w
h
ich

are
d
iff

eren
t

b
y

a
few

ed
ges,

th
e

eff
ect

of
th

ese
ed

ges
on

th
e

in
-

form
ation

d
iff

u
sion

is
n
ot

ju
st

an
ad

d
itive

relation
.

D
ep

en
d
in

g
on

h
ow

th
ese

n
ew

ly
created

ed
ges

m
o
d
ify

th
e

eigen
-stru

ctu
re

of
th

e
sp

arse
m

atrix
A

(t),
th

eir
eff

ect
on

th
e

in
form

ation
d
iff

u
sion

d
y
n
am

ics
can

b
e

very
sign

ifi
can

t.

4
.

E
ffi

cie
n
t

S
im

u
la

tio
n

o
f

C
o
e
v
o
lu

tio
n
a
ry

D
y
n
a
m

ics

W
e

cou
ld

sim
u
late

sam
p
les

(lin
k

creation
s,

tw
eets

an
d

retw
eets)

from
ou

r
m

o
d
el

b
y

ad
ap

tin
g

O
gata’s

th
in

n
in

g
algorith

m
(O

gata,
1981),

origin
ally

d
esign

ed
for

m
u
ltid

im
en

sio
n
al

H
aw

kes
p
ro

cesses.
H

ow
ever,

a
n
aive

im
p
lem

en
tation

of
O

gata’s
alg

orith
m

w
ou

ld
scale

p
o
orly,

i.e.,
for

each
sam

p
le,

w
e

w
ou

ld
n
eed

to
re-evalu

ate
Γ
∗(t)

an
d

Λ
∗(t).

T
h
u
s,

to
d
raw

n
sam

p
le

even
ts,

w
e

w
ou

ld
n
eed

to
p

erform
O

(m
2n

2)
op

eratio
n
s,

w
h
ere

m
is

th
e

n
u
m

b
er

of
n
o
d
es.

F
igu

re
7(a)

sch
em

atically
d
em

on
strates

th
e

m
ain

step
s

of
O

gata’s
algorith

m
.

P
lease

refer
to

A
p
p

en
d
ix

B
for

fu
rth

er
d
etails.

H
ere,

w
e

d
esign

a
sam

p
lin

g
p
ro

ced
u
re

th
at

is
esp

ecially
w

ell-fi
tted

for
th

e
stru

ctu
re

of
ou

r
m

o
d
el.

T
h
e

a
lgorith

m
is

b
ased

on
th

e
follow

in
g

key
id

ea:
if

w
e

con
sid

er
each

in
ten

sity
fu

n
ction

in
Γ
∗(t)

an
d

Λ
∗(t)

as
a

sep
arate

p
oin

t
p
ro

cess
an

d
d
raw

a
sam

p
le

from
each

,
th

e
m

in
im

u
m

am
on

g
all

th
ese

sam
p
les

is
a

valid
sam

p
le

for
th

e
m

u
ltid

im
en

sion
al

p
oin

t
p
ro

cess.

1
2
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In
f
o
r
m
a
t
io
n
D
if
f
u
si
o
n
a
n
d

N
e
t
w
o
r
k

E
v
o
l
u
t
io
n

A
lg

o
ri

th
m

1
S
im

u
la

ti
on

A
lg

or
it

h
m

fo
r
C
o
e
v
o
lv

e

In
it

ia
li
z
a
ti

o
n

:
In

it
ia

li
ze

th
e

p
ri

or
it

y
q
u
eu

e
Q

fo
r
∀
u
,s
∈

[m
]
d

o
S
am

p
le

n
ex

t
li
n
k

ev
en

t
el u
s

fr
om

A
u
s

(A
lg

or
it

h
m

3)
Q
.i
n
se
rt

(e
l u
s
)

S
am

p
le

n
ex

t
re

tw
ee

t
ev

en
t
er u
s

fr
om

N
u
s

(A
lg

or
it

h
m

3)
Q
.i
n
se
rt

(e
r u
s
)

e
n

d
fo

r
G

e
n

e
ra

l
S

u
b

ro
u

ti
n

e
:

t
←

0
w

h
il
e
t
<
T

d
o

e
←

Q
.e
x
tr
a
ct
m
in

()
if
e

=
(u
,s
,t
′ )

is
a

re
tw

ee
t

ev
en

t
th

e
n

U
p

d
at

e
th

e
h
is

to
ry
H
r u
s
(t
′ )

=
H
r u
s
(t

)
∪
{e
}

fo
r
∀
v
s.
t.
u
 
v

d
o

U
p

d
at

e
ev

en
t

in
te

n
si

ty
:
γ
v
s
(t
′ )

=
γ
v
s
(t
′−

)
+
β

S
am

p
le

re
tw

ee
t

ev
en

t
er v
s

fr
om

γ
v
s

(A
lg

or
it

h
m

3)
Q
.u
p
d
a
te
k
ey

(e
r v
s
)

if
N

O
T
s
 
v

th
e
n

U
p

d
at

e
li
n
k

in
te

n
si

ty
:
λ
∗ vs

(t
′ )

=
λ
∗ vs

(t
′−

)
+
α

S
am

p
le

li
n
k

ev
en

t
el v
s

fr
om

λ
v
s

(A
lg

or
it

h
m

3)
Q
.u
p
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u
i ∑

v∈
F
u
i
(ti

) (
κ
ω
2
(t)?

d
N
v
s
(t) ) ∣∣∣t=

ti

e
n

d
fo

r
fo

r
u
←

1
to
m

d
o

µ
u

=

∑
e
li ∈
A
I[u

=
u
i ]ν

i1

∑
s∈

[m
] ∫
T0

(1−
A
u
s
(t))

d
t

α
u

=

∑
e
li ∈
A
I[u

=
u
i ]ν
i2

∑
s∈

[m
] ∫
T0

(1−
A
u
s
(t))(κ

ω
2
(t)?

d
N
u
s
(t))

d
t

e
n

d
fo

r
e
n

d
w

h
ile

in
terleav

in
g

fash
ion

,
sin

ce
every

n
ew

retw
eet

even
t

w
ill

m
o
d
ify

th
e

in
ten

sity
for

lin
k

creation
an

d
v
ice

versa.

5
.

E
ffi

cie
n
t

P
a
ra

m
e
te

r
E

stim
a
tio

n
fro

m
C

o
e
v
o
lu

tio
n
a
ry

E
v
e
n
ts

In
th

is
section

,
w

e
fi
rst

sh
ow

th
at

learn
in

g
th

e
p
aram

eters
of

ou
r

p
rop

osed
m

o
d
el

red
u
ces

to
solv

in
g

a
con

vex
op

tim
ization

p
rob

lem
an

d
th

en
d
ev

elop
an

effi
cien

t,
p
aram

eter-free
M

in
orization

-M
ax

im
ization

algorith
m

to
solve

su
ch

p
rob

lem
.

5
.1

C
o
n

c
a
v
e

P
a
ra

m
e
te

r
L

e
a
rn

in
g

P
ro

b
le

m

G
iven

a
collection

of
retw

eet
even

tsE
=
{e
ri }

an
d

lin
k

creation
even

tsA
=
{
e
li }

record
ed

w
ith

in
a

tim
e

w
in

d
ow

[0
,T

),
w

e
can

easily
estim

ate
th

e
p
aram

eters
n
eed

ed
in

ou
r

m
o
d
el

u
sin

g
m

ax
im

u
m

lik
elih

o
o
d

estim
ation

.
T

o
th

is
aim

,
w

e
com

p
u
te

th
e

join
t

lo
g-likelih

o
o
d
L
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In
f
o
r
m
a
t
io
n
D
if
f
u
si
o
n
a
n
d

N
e
t
w
o
r
k

E
v
o
l
u
t
io
n

of
th

es
e

ev
en

ts
u
si

n
g

E
q
u
at

io
n

(7
),

i.
e.

,

L
({
µ
u
},
{α

u
},
{η
u
},
{β

s
})

=
∑ er i
∈E

lo
g
( γ
∗ u i
s i

(t
i)
) −

∑

u
,s
∈[
m

]

∫
T

0
γ
∗ us

(τ
)
d
τ

︸
︷︷

︸
tw

ee
t

/
re

tw
ee

t

+
∑ el i
∈A

lo
g
( λ
∗ u i
s i

(t
i)
) −

∑

u
,s
∈[
m

]

∫
T

0
λ
∗ us

(τ
)
d
τ

︸
︷︷

︸
li

n
k
s

.

(2
4)

F
or

th
e

te
rm

s
co

rr
es

p
on

d
in

g
to

re
tw

ee
ts

,
th

e
lo

g
te

rm
su

m
s

on
ly

ov
er

th
e

ac
tu

al
ob

se
rv

ed
ev

en
ts

w
h
il
e

th
e

in
te

gr
al

te
rm

ac
tu

al
ly

su
m

s
ov

er
al

l
p

os
si

b
le

co
m

b
in

at
io

n
of

d
es

ti
n
at

io
n

an
d

so
u
rc

e
p
ai

rs
,
ev

en
if

th
er

e
is

n
o

ev
en

t
b

et
w

ee
n

a
p
ar

ti
cu

la
r

p
ai

r
of

d
es

ti
n
at

io
n

an
d

so
u
rc

e.
F

or
su

ch
p
ai

rs
w

it
h

n
o

ob
se

rv
ed

ev
en

ts
,

th
e

co
rr

es
p

on
d
in

g
co

u
n
ti

n
g

p
ro

ce
ss

es
h
av

e
es

se
n
ti

al
ly

su
rv

iv
ed

th
e

ob
se

rv
at

io
n

w
in

d
ow

[0
,T

),
an

d
th

e
te

rm
−
∫ T 0

γ
∗ us

(τ
)d
τ

si
m

p
ly

co
rr

es
p

on
d
s

to
th

e
lo

g
su

rv
iv

al
p
ro

b
ab

il
it

y.
T

h
e

te
rm

s
co

rr
es

p
on

d
in

g
to

li
n
k
s

h
av

e
a

si
m

il
ar

st
ru

ct
u
re

.

O
n
ce

w
e

h
av

e
an

ex
p
re

ss
io

n
fo

r
th

e
jo

in
t

lo
g-

li
ke

li
h
o
o
d

of
th

e
re

tw
ee

t
a
n
d

li
n
k

cr
ea

ti
on

ev
en

ts
,

th
e

p
ar

am
et

er
le

ar
n
in

g
p
ro

b
le

m
ca

n
b

e
th

en
fo

rm
u
la

te
d

as
fo

ll
ow

s:

m
in

im
iz

e {
µ
u
},
{α
u
},
{η
u
},
{β
s
}
−
L

({
µ
u
},
{α

u
},
{η
u
},
{β

s
})

su
b

je
ct

to
µ
u
≥

0,
α
u
≥

0,
η u
≥

0
,

β
s
≥

0
∀u
,s
∈

[m
].

(2
5)

T
h

e
o
re

m
3

T
h
e

o
p
ti

m
iz

a
ti

o
n

p
ro

bl
em

d
efi

n
ed

by
E

qu
a
ti

o
n

(2
5)

is
jo

in
tl

y
co

n
ve

x.

5
.2

E
ffi

c
ie

n
t

M
in

o
ri

z
a
ti

o
n

-M
a
x
im

iz
a
ti

o
n

A
lg

o
ri

th
m

S
in

ce
th

e
op

ti
m

iz
at

io
n

p
ro

b
le

m
is

jo
in

tl
y

co
n
ve

x
w

it
h

re
sp

ec
t

to
al

l
th

e
p
a
ra

m
et

er
s,

on
e

ca
n

si
m

p
ly

ta
ke

an
y

co
n
ve

x
op

ti
m

iz
at

io
n

m
et

h
o
d

to
le

ar
n

th
e

p
ar

am
et

er
s.

H
ow

ev
er

,
th

es
e

m
et

h
o
d
s

u
su

al
ly

re
q
u
ir

e
h
y
p

er
p
ar

am
et

er
s

li
ke

st
ep

si
ze

or
in

it
ia

li
za

ti
on

,
w

h
ic

h
m

ay
si

g-
n
ifi

ca
n
tl

y
in

fl
u
en

ce
th

e
co

n
ve

rg
en

ce
.

In
st

ea
d
,

th
e

st
ru

ct
u
re

of
ou

r
p
ro

b
le

m
al

lo
w

s
u
s

to
d
ev

el
op

an
effi

ci
en

t
al

go
ri

th
m

in
sp

ir
ed

b
y

p
re

v
io

u
s

w
or

k
(Z

h
ou

et
al

.,
20

13
a,

b
;

X
u

et
a
l.
,

20
16

),
w

h
ic

h
le

ve
ra

ge
s

M
in

or
iz

at
io

n
M

ax
im

iz
a
ti

on
(M

M
)

(H
u
n
te

r
an

d
L

an
ge

,
20

04
)

an
d

is
p
ar

am
et

er
fr

ee
an

d
in

se
n
si

ti
ve

to
in

it
ia

li
za

ti
on

.

O
u
r

al
go

ri
th

m
u
ti

li
ze

s
J
en

se
n
’s

in
eq

u
al

it
y

to
p
ro

v
id

e
a

lo
w

er
b

ou
n
d

fo
r

th
e

se
co

n
d

lo
g-

su
m

te
rm

in
th

e
lo

g-
li
ke

li
h
o
o
d

gi
ve

n
b
y

E
q
u
at

io
n

(2
4)

.
M

o
re

sp
ec

ifi
ca

ll
y,

co
n
si

d
er

a
se

t
of

ar
b
it

ra
ry

au
x
il
ia

ry
va

ri
ab

le
ν i
j
,

w
h
er

e
1
≤
i
≤
n
l,
j

=
1
,2

an
d
n
l

is
th

e
n
u
m

b
er

of
li
n
k

ev
en

ts
,

i.
e.

,
n
l

=
|A
|.

F
u
rt

h
er

,
as

su
m

e
th

es
e

va
ri

ab
le

s
sa

ti
sf

y

∀
1
≤
i
≤
n
l

:
ν i

1
,ν
i2
≥

0
,

ν i
1

+
ν i

2
=

1.
(2

6)

T
h
e

fo
ll
ow

in
g

le
m

m
a

is
p
re

li
m

in
ar

y
to

fi
n
d

a
cl

os
ed

fo
rm

u
p

d
at

e
fo

rm
u
la

fo
r

th
e

p
ar

am
et

er
s.
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F
a
r
a
jt
a
b
a
r
,
W
a
n
g
,
G
o
m
e
z
-R

o
d
r
ig
u
e
z
,
L
i,
Z
h
a
a
n
d

S
o
n
g

L
e
m

m
a

4
T

h
e

lo
g-

li
ke

li
h
oo

d
in

E
qu

a
ti

o
n

(2
4)

is
lo

w
er

-b
o
w

n
d
ed

a
s

fo
ll

o
w

s:

L
≥

L
′ =

∑ er i
∈E

I[u
i

=
s i

]
lo

g
(η
u
i
)

+
∑ er i
∈E

I[u
i
6=
s i

]
lo

g
(β
s i

)

+
∑ er i
∈E

I[u
i
6=
s i

]
lo

g
(∑

v
∈F

u
i
(t
i
)

( κ
ω
1
(t

)
?

(A
u
i
v
(t

)
d
N
v
s i

(t
))
)∣ ∣ ∣
t=
t i

)

−
∑

u
,s
∈[
m

]

η u
T

+
β
s

∑
v
∈F

u
(t

)

∫
T

0
κ
ω
1
(t

)
?

(A
u
v
(t

)
d
N
v
s
(t

))
d
t

+
∑ el i
∈A

ν i
1

lo
g
(µ
u
i
)

+
ν i

2
lo

g
(α

u
i
)

+
ν i

2
lo

g
(
∑

v
∈F

u
i
(t
i
)

( κ
ω
2
(t

)
?
d
N
v
s
(t

))
∣ ∣ t=

t i

)

−
∑ el i
∈A

ν i
1

lo
g
(ν
i1

)
+
ν i

2
lo

g
(ν
i2

)

−
∑

u
,s
∈[
m

]

µ
u

∫
T

0
(1
−
A
u
s
(t

))
d
t

+
α
u

∫
T

0
(1
−
A
u
s
(t

))
(κ
ω
2
(t

)
?
d
N
u
s
(t

))
d
t.

(2
7
)

G
iv

en
th

e
ab

ov
e

le
m

m
a,

b
y

ta
k
in

g
th

e
gr

ad
ie

n
t

of
th

e
lo

w
er

-b
ou

n
d

w
it

h
re

sp
ec

t
to

th
e

p
ar

am
et

er
s,

w
e

ca
n

fi
n
d

th
e

cl
os

ed
fo

rm
u
p

d
at

es
to

op
ti

m
iz

e
th

e
lo

w
er

-b
ou

n
d
:

η u
=

∑
er i
∈E

I[u
=
u
i

=
s i

]

T
(2

8
)

β
s

=

∑
er i
∈E

I[s
=
s i
6=
u
i]

∑
u
∈[
m

]
I[u
6=
s]
∑

v
∈F

u
(t

)

∫ T 0
κ
ω
1
(t

)
?

(A
u
v
(t

)
d
N
v
s
(t

))
d
t

(2
9
)

µ
u

=

∑
el i
∈A

I[u
=
u
i]
ν i

1

∑
s∈

[m
]

∫ T 0
(1
−
A
u
s
(t

))
d
t

(3
0
)

α
u

=

∑
el i
∈A

I[u
=
u
i]
ν i

2

∑
s∈

[m
]

∫ T 0
(1
−
A
u
s
(t

))
(κ
ω
2
(t

)
?
d
N
u
s
(t

))
d
t.

(3
1
)

F
in

al
ly

,
al

th
ou

gh
th

e
lo

w
er

b
ou

n
d

is
va

li
d

fo
r

ev
er

y
ch

oi
ce

of
ν i
j

sa
ti

sf
y
in

g
E

q
u
a
ti

o
n

(2
6
),

b
y

m
ax

im
iz

in
g

th
e

lo
w

er
b

ou
n
d

w
it

h
re

sp
ec

t
to

th
e

au
x
il
ia

ry
va

ri
ab

le
s

w
e

ca
n

m
a
ke

su
re

th
at

th
e

lo
w

er
b

ou
n
d

is
ti

gh
t:

m
ax

im
iz

e {
ν
ij
}
L′

({
µ
u
},
{α

u
},
{η
u
},
{β

s
},
{ν
ij
})

su
b

je
ct

to
ν i

1
+
ν i

2
=

1
∀i

:
1
≤
i
≤
n
l

ν i
0
,ν
i1
≥

0
∀i

:
1
≤
i
≤
n
l.

(3
2)

F
or

tu
n
at

el
y,

th
e

ab
ov

e
co

n
st

ra
in

ed
op

ti
m

iz
at

io
n

p
ro

b
le

m
ca

n
b

e
so

lv
ed

ea
si

ly
v
ia

L
a
g
ra

n
g
e

m
u
lt

ip
li
er

s,
w

h
ic

h
le

ad
s

to
cl

os
ed

fo
rm

u
p

d
at

es
:

ν i
1

=
µ
u
i

µ
u
i

+
α
u
i

∑
v
∈F

u
i
(t
i
)

( κ
ω
2
(t

)
?
d
N
v
s
(t

))
∣ ∣ t=

t i

(3
3
)

ν i
2

=
α
u
i

∑
v
∈F

u
i
(t
i
)

( κ
ω
2
(t

)
?
d
N
v
s
(t

))
∣ ∣ t=

t i

µ
u
i

+
α
u
i

∑
v
∈F

u
i
(t
i
)

( κ
ω
2
(t

)
?
d
N
v
s
(t

))
∣ ∣ t=

t i

.
(3

4
)

A
lg

or
it

h
m

4
su

m
m

ar
iz

es
ov

er
th

e
le

ar
n
in

g
p
ro

ce
d
u
re

,
w

h
ic

h
is

gu
ar

an
te

ed
to

co
n
ve

rg
e

to
a

gl
ob

al
op

ti
m

u
m

(H
u
n
te

r
an

d
L

an
ge

,
20

04
;

Z
h
ou

et
al

.,
20

13
a)
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In
f
o
r
m
a
t
io
n
D
if
f
u
sio

n
a
n
d

N
e
t
w
o
r
k

E
v
o
l
u
t
io
n

It’s
n
o
ta

b
le

th
at,

th
e

m
ax

im
u
m

likelih
o
o
d

is
p
ron

e
to

fall
in

to
overfi

ttin
g,

th
erefore,

th
ere

is
a

w
ea

lth
o
f

research
on

h
ow

to
ad

d
sp

arsity
con

strain
ts

like
low

ran
k

or
grou

p
sp

arsity
reg

u
la

rizers
(Z

h
ou

et
al.,

2013a)
or

v
ia

su
itab

le
con

ju
gate

p
rior

(L
in

d
erm

an
an

d
A

d
am

s,
2
0
1
4
).

T
h
e

id
eas

on
th

e
n
ex

t
section

are
ap

p
licab

le
w

ith
som

e
m

o
d
ifi

cation
to

th
e

case
th

a
t

th
e

aforem
en

tion
ed

id
eas

are
u
tilized

to
im

p
rove

th
e

n
aive

solu
tion

of
th

e
m

ax
im

u
m

likelih
o
o
d
.

6
.

P
ro

p
e
rtie

s
o
f

S
im

u
la

te
d

C
o
-e

v
o
lu

tio
n
,

N
e
tw

o
rk

s
a
n
d

C
a
sca

d
e
s

In
th

is
sectio

n
,

w
e

p
erform

an
em

p
irical

in
vestigation

of
th

e
p
rop

erties
o
f

th
e

n
etw

o
rk

s
a
n
d

in
fo

rm
a
tio

n
cascad

es
gen

erated
b
y

ou
r

m
o
d
el.

In
p
articu

lar,
w

e
sh

ow
th

at
o
u
r

m
o
d
el

ca
n

g
en

era
te

co
-evolu

tion
ary

retw
eet

an
d

lin
k

d
y
n
am

ics
an

d
a

w
id

e
sp

ectru
m

of
static

an
d

tem
p

o
ra

l
n
etw

o
rk

p
attern

s
an

d
in

form
ation

cascad
es.

6
.1

S
im

u
la

tio
n

S
e
ttin

g
s

T
h
ro

u
g
h
o
u
t

th
is

section
,

if
n
ot

said
oth

erw
ise,

w
e

sim
u
late

th
e

evolu
tion

of
a

8,000-n
o
d
e

n
etw

o
rk

a
s

w
ell

as
th

e
p
rop

agation
of

in
form

ation
over

th
e

n
etw

ork
b
y

sam
p
lin

g
from

o
u
r

m
o
d
el

u
sin

g
A

lgorith
m

1.
W

e
set

th
e

ex
ogen

ou
s

in
ten

sities
of

th
e

lin
k

an
d

d
iff

u
sion

even
ts

to
µ
u

=
µ

=
4×

10 −
6

an
d
η
u

=
η

=
1.5

resp
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←

0
2
0
:

d
∼
U
n
if
or
m

(0
,1

)
fo

r
u
←

1
to
U

d
o

2
2
:

S
←
S

+
λ
∗ u(
t′

)
if
S
≥
d

th
e
n

2
4
:

i
←
i

+
1

u
i
←
u

2
6
:

t i
←
t′

t
←
t′

2
8
:

G
ot

o
6

e
n

d
if

3
0
:

e
n

d
fo

r
G

iv
en

th
e

n
ew

ev
en

t
ju

st
sa

m
p
le

d
u
p

d
at

e
in

te
n
si

ty
fu

n
ct

io
n
s
λ
∗ u(
τ
)

3
2
:

e
n

d
w

h
il
e

S
am

p
li
n
g

n
ex

t
ev

en
t

ti
m

e

R
ej

ec
ti

on
te

st

A
tt

ri
b
u
ti

on
te

st
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In
f
o
r
m
a
t
io
n
D
if
f
u
sio

n
a
n
d

N
e
t
w
o
r
k

E
v
o
l
u
t
io
n

A
p
p

e
n
d
ix

C
.

P
ro

o
fs

L
e
m

m
a

1
A

ssu
m

e
w

e
h
a
ve
U

in
d
epen

d
en

t
n

o
n

-h
o
m

ogen
eo

u
s

P
o
isso

n
p
rocesses

w
ith

in
ten

-
sity

λ
∗1 (τ

),...,λ
∗U

(τ
).

T
a
ke

ra
n

d
o
m

va
ria

ble
τ
u

equ
a
l

to
th

e
tim

e
o
f

p
rocess

u
’s

fi
rst

even
t

a
fter

tim
e
t.

D
efi

n
e
τ
m
in

=
m

in
1≤
u≤

U
{
τ
u }

a
n

d
u
m
in

=
argm

in
1≤
u≤

U
{
τ
u }

.
T

h
en

,
(a

)
τ
m
in

is
th

e
fi

rst
even

t
a
fter

tim
e
t

o
f

th
e

P
o
isso

n
p
rocess

w
ith

in
ten

sity
λ
∗su
m

(τ
).

In
o
th

er
w

o
rd

s,
τ
m
in

h
a
s

th
e

sa
m

e
d
istribu

tio
n

a
s

th
e

n
ext

even
t

(t ′)
in

O
ga

ta
’s

a
lgo

rith
m

.

(b)
u
m
in

fo
llo

w
s

th
e

co
n

d
itio

n
a
l

d
istribu

tio
n
P

(u
m
in

=
u|τ

m
in

=
x

)
=

λ
∗U

(x
)

λ
∗s
u
m

(x
) .

I.e.
th

e
d
im

en
sio

n
fi

rin
g

th
e

even
t

co
m

es
fro

m
th

e
sa

m
e

d
istribu

tio
n

a
s

th
e

o
n

e
in

O
ga

ta
’s

a
lgo

rith
m

.

P
ro

o
f

(a
)

T
h
e

w
aitin

g
tim

e
of

th
e

fi
rst

ev
en

t
of

a
d
im

en
sion

u
is

ex
p

o
n
en

tially
d
istrib

u
ted

1

ra
n
d
o
m

va
ria

b
le

(R
oss,

2011);
i.e.,

τ
u −

t∼
E
x
p
on
en
tia
l (∫

t+
τ
u

t
λ
∗u (τ

)
d
τ )

.
W

e
h
ave:

P
(τ
m
in
≤
x|x

>
t)

=
1−

P
(τ
m
in
>
x|x

>
t)

=
1−

P
(m

in
(τ

1 ,...,τ
U

)
>
x|x

>
t)

=
1−

P
(τ

1
>
x
,...,τ

U
>
x|x

>
t)

=
1−

U∏u
=

1 P
(τ
u
>
x|x

>
t)

=
1−

U∏u
=

1

ex
p (−

∫
t+
x

t
λ
∗u (τ

)
d
τ )

=
1−

ex
p (−

∫
t+
x

t
λ
∗su
m

(τ
)
d
τ )

.(39)

T
h
erefo

re,
τ
m
in −

t
is

ex
p

on
en

tially
d
istrib

u
ted

w
ith

p
ara

m
eter ∫

τ
m
in

t
λ
∗su
m

(τ
)
d
τ

w
h
ich

can
b

e
seen

a
s

th
e

fi
rst

even
t

of
a

n
on

-h
om

ogen
ou

s
p

oisson
p
ro

cess
w

ith
in

ten
sity

λ
∗su
m

(τ
)

after
tim

e
t.

(b
)

T
o

fi
n
d

th
e

d
istrib

u
tion

of
u
m
in

w
e

h
ave

P
(u
m
in

=
u|τ

m
in

=
x

)
=
λ
∗u (x

)
ex

p (−
∫
t+
x

t
λ
∗u (τ

)
d
τ )
∏v6=
u

ex
p (−

∫
t+
x

t
λ
∗v (τ

)
d
τ )

=
λ
∗u (x

) ∏

v

ex
p (−

∫
t+
x

t
λ
∗v (τ

)
d
τ )

.

(40)

A
fter

n
o
rm

aliza
tion

w
e

get
P

(u
m
in

=
u|τ

m
in

=
x

)
=

λ
∗U

(x
)

λ
∗s
u
m

(x
) .

T
h

e
o
re

m
2

T
h
e

sequ
en

ce
o
f

sa
m

p
les

fro
m

O
ga

ta
’s

a
lgo

rith
m

a
n

d
o
u

r
p
ro

po
sed

a
lgo

rith
m

fo
llo

w
th

e
sa

m
e

d
istribu

tio
n

.

P
ro

o
f

U
sin

g
th

e
ch

ain
ru

le
th

e
p
rob

ab
ility

of
ob

serv
in

g
H
T

=
{
(t1 ,u

1 ),...,(tn
,u

n
)}

is
w

ritten
a
s:

P
{
(t1 ,u

1 ),...,(tn
,u

n
)}

=
n
∏i=

1 P
{(ti ,u

i )|(ti−
1 ,u

i−
1 ),...,(t1 ,u

1 )}
=

n
∏i=

1 P
{(ti ,u

i )|H
t
i }
.

B
y

fi
x
in

g
th

e
h
istory

u
p

to
som

e
tim

e,
say

ti ,
all

d
im

en
sion

s
of

m
u
ltivariate

H
aw

kes
p
ro

cess
b

eco
m

e
in

d
ep

en
d
en

t
of

each
oth

er
(u

n
til

n
ex

t
even

t
h
ap

p
en

s).
T

h
erefore,

th
e

ab
ove

lem
m

a

1
.

If
ra
n
d
o
m

va
ria

b
le
X

is
ex
p
o
n
en
tia

lly
d
istrib

u
ted

w
ith

p
a
ra
m
eter

r,
th
en

f
X
(x
)
=
r
ex
p
(−
rx

)
is

its
p
ro
b
a
b
ility

d
istrib

u
tio

n
fu
n
ctio

n
a
n
d
F
X
(x
)
=

1−
ex
p
(−
rx

)
is

th
e
cu

m
u
la
tiv

e
d
istrib

u
tio

n
fu
n
ctio

n
.
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F
a
r
a
jt
a
b
a
r
,
W
a
n
g
,
G
o
m
e
z
-R

o
d
r
ig
u
e
z
,
L
i,
Z
h
a
a
n
d

S
o
n
g

can
b

e
ap

p
lied

to
sh

ow
th

at
th

e
n
ex

t
sam

p
le

tim
e

from
O

gata’s
algorith

m
an

d
th

e
p
rop

o
sed

on
e

com
e

from
th

e
sam

e
d
istrib

u
tion

,
i.e.,

for
every

i,P
{
(ti ,u

i )|H
t
i }

is
th

e
sam

e
for

b
oth

algorith
m

s.
T

h
u
s,

th
e

m
u
ltip

lication
of

in
d
iv

id
u
al

term
s

is
also

eq
u
al

for
b

oth
.

T
h
is

w
ill

p
rove

th
e

th
eorem

.

T
h

e
o
re

m
3

T
h
e

o
p
tim

iza
tio

n
p
ro

blem
d
efi

n
ed

by
E

qu
a
tio

n
(25)

is
jo

in
tly

co
n

vex.

P
ro

o
f

W
e

ex
p
an

d
th

e
likelih

o
o
d

b
y

rep
lacin

g
th

e
in

ten
sity

fu
n
ction

s
in

to
E

q
u
ation

(24
):

L
=
∑e
ri ∈E

log (
I[u

i
=
s
i ]η

u
i

+
I[u

i 6=
s
i ]β

s
i ∑

v∈F
u
i
(ti

) (
κ
ω
1 (t)

?
(A

u
i v (t)

d
N
v
s
i (t)) ) ∣∣∣t=

t
i )

−
∑u
,s∈

[m
] I[u

=
s]η

u ∫
T

0
d
t

+
I[u
6=
s]β

s ∑
v∈F

u
(t) ∫

T

0
κ
ω
1 (t)

?
(A

u
v (t)

d
N
v
s (t))

d
t

+
∑e
li ∈A

log 
µ
u
i

+
α
u
i

∑

v∈F
u
i (t

i ) (κ
ω
2 (t)

?
d
N
v
s (t) ) ∣∣t=

t
i 

−
∑u
,s∈

[m
] µ
u ∫

T

0
(1−

A
u
s (t))

d
t

+
α
u ∫

T

0
(1−

A
u
s (t)) (

∑v∈F
u

(t) κ
ω
2 (t)

?
d
N
v
s (t) )

d
t.

(41)

If
w

e
stack

all
p
aram

eters
in

a
vector

x
=

({µ
u }
,{α

u }
,{
η
u }
,{β

s }),
on

e
can

easily
n
otice

th
at

th
e

log-likelih
o
o
d
L

can
b

e
w

ritten
as ∑

j
log

(a
>j
x

)−
∑

k
b >k
x

,
w

h
ich

is
clearly

a
con

-
cave

fu
n
ction

w
ith

resp
ect

to
x

(B
oy

d
an

d
V

an
d
en

b
ergh

e,
2004),

an
d

th
u
s
−
L

is
con

vex
.

M
oreover,

th
e

con
strain

ts
are

lin
ear

in
eq

u
alities

an
d

th
u
s

th
e

d
om

ain
is

a
con

vex
set.

T
h
is

com
p
letes

th
e

p
ro

of
for

con
vex

ity
of

th
e

op
tim

ization
p
rob

lem
.

L
e
m

m
a

4
T

h
e

log-likelih
ood

in
E

qu
a
tio

n
(24)

is
lo

w
er-bo

w
n

d
ed

a
s

fo
llo

w
s:

L
≥

L
′
=
∑e
ri ∈E I[u

i
=
s
i ]

log
(η
u
i )

+
∑e
ri ∈E I[u

i 6=
s
i ]

log
(β
s
i )

+
∑e
ri ∈E I[u

i 6=
s
i ]

log ( ∑
v∈F

u
i
(ti

) (
κ
ω
1 (t)

?
(A

u
i v (t)

d
N
v
s
i (t)) ) ∣∣∣t=

t
i )

−
∑u
,s∈

[m
] η
u T

+
β
s ∑

v∈F
u

(t) ∫
T

0
κ
ω
1 (t)

?
(A

u
v (t)

d
N
v
s (t))

d
t

+
∑e
li ∈A

ν
i1

log
(µ
u
i )

+
ν
i2

log
(α

u
i )

+
ν
i2

log (
∑

v∈F
u
i (t

i ) (κ
ω
2 (t)

?
d
N
v
s (t) ) ∣∣t=

t
i )

−
∑e
li ∈A

ν
i1

log
(ν
i1 )

+
ν
i2

log
(ν
i2 )

−
∑u
,s∈

[m
] µ
u ∫

T

0
(1−

A
u
s (t))

d
t

+
α
u ∫

T

0
(1−

A
u
s (t))(κ

ω
2 (t)

?
d
N
u
s (t))

d
t.

(42)
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f
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n
D
if
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o
n
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N
e
t
w
o
r
k

E
v
o
l
u
t
io
n

P
ro

o
f

W
e

ca
n

lo
w

er
-b

ou
n
d

th
e

lo
ga

ri
th

m
in

th
e

lo
g-

li
ke

li
h
o
o
d

(E
q
u
at

io
n

(4
1
))

u
si

n
g

J
en

se
n
’s

in
eq

u
al

it
y

as
fo

ll
ow

s:

lo
g

 
µ
u
i

+
α
u
i

∑

v
∈F

u
i
(t
i
)

( κ
ω
2
(t

)
?
d
N
v
s
(t

))
∣ ∣ t=

t i

 

=
lo

g

 
ν i

1
µ
u
i

ν i
1

+
ν i

2
α
u
i

ν i
2

∑

v
∈F

u
i
(t
i
)

( κ
ω
2
(t

)
?
d
N
v
s
(t

))
∣ ∣ t=

t i

 

≥
ν i

1
lo

g

(
µ
u
i

ν i
1

)
+
ν i

2
lo

g

 
α
u
i

ν i
2

∑

v
∈F

u
i
(t
i
)

( κ
ω
2
(t

)
?
d
N
v
s
(t

))
∣ ∣ t=

t i

 

≥
ν i

1
lo

g
(µ
u
i
)

+
ν i

2
lo

g
(α

u
i
)

+
ν i

2
lo

g

 
∑

v
∈F

u
i
(t
i
)

( κ
ω
2
(t

)
?
d
N
v
s
(t

))
∣ ∣ t=

t i

 

−
ν i

1
lo

g
(ν
i1

)
−
ν i

2
lo

g
(ν
i2

).

(4
3)

R
ep

la
ci

n
g

th
e

lo
ga

ri
th

m
w

it
h

th
e

lo
w

er
-b

ou
n
d

ge
ts

th
e

re
su

lt
.

A
p
p

e
n
d
ix

D
.

M
o
re

P
ro

p
e
rt

ie
s

o
f

th
e

C
o
e
v
o
lu

ti
o
n

M
o
d
e
l

In
th

is
se

ct
io

n
w

e
co

m
p
le

m
en

t
th

e
p
ro

p
er

ti
es

of
si

m
u
la

te
d

co
ev

ol
ve

d
n
et

w
o
rk

s
an

d
ca

sc
ad

es
b
y

v
is

u
al

iz
in

g
th

e
ou

tc
om

es
,

i.
e.

,
th

e
n
et

w
or

k
s

an
d

ca
sc

ad
es

.

D
.1

N
e
tw

o
rk

V
is

u
a
li
z
a
ti

o
n

F
ig

u
re

19
v
is

u
al

iz
es

se
ve

ra
l

sn
ap

sh
ot

s
of

th
e

la
rg

es
t

co
n
n
ec

te
d

co
m

p
on

en
t

(L
C

C
)

of
tw

o
30

0-
n
o
d
e

n
et

w
or

k
s

fo
r

tw
o

p
ar

ti
cu

la
r

re
al

iz
at

io
n
s

of
ou

r
m

o
d
el

,
u
n
d
er

tw
o

d
iff

er
en

t
va

lu
es

of
β

.
In

b
ot

h
ca

se
s,

w
e

u
se

d
µ

=
2
×

10
−

4
,
α

=
1,

an
d
η

=
1.

5.
T

h
e

to
p

tw
o

ro
w

s
co

rr
es

p
on

d
to

β
=

0
an

d
re

p
re

se
n
t

on
e

en
d

of
th

e
sp

ec
tr

u
m

,
i.

e.
,

E
rd

os
-R

en
y
i

ra
n
d
om

n
et

w
or

k
.

H
er

e,
th

e
n
et

w
or

k
ev

ol
ve

s
u
n
if

or
m

ly
.

T
h
e

b
ot

to
m

tw
o

ro
w

s
co

rr
es

p
on

d
to
β

=
0.

8
an

d
re

p
re

se
n
t

th
e

ot
h
er

en
d
,

i.
e.

,
sc

al
e-

fr
ee

n
et

w
or

k
s.

H
er

e,
th

e
n
et

w
or

k
ev

ol
ve

s
lo

ca
ll
y,

an
d

cl
u
st

er
s

em
er

ge
n
at

u
ra

ll
y

as
a

co
n
se

q
u
en

ce
of

th
e

lo
ca

l
gr

ow
th

.
T

h
ey

ar
e

d
ep

ic
te

d
u
si

n
g

a
co

m
b
in

at
io

n
of

fo
rc

ed
d
ir

ec
te

d
an

d
F

ru
ch

te
rm

an
R

ei
n
go

ld
la

yo
u
t

w
it

h
G

ep
h
i2

.
M

or
eo

ve
r,

th
e

fi
gu

re
al

so
sh

ow
s

th
e

re
tw

ee
t

ev
en

ts
(f

ro
m

ot
h
er

s
as

so
u
rc

e)
fo

r
tw

o
n
o
d
es

,
A

an
d
B

,
on

th
e

b
ot

to
m

ro
w

.
T

h
es

e
tw

o
n
o
d
es

a
rr

iv
e

al
m

os
t

at
th

e
sa

m
e

ti
m

e
an

d
es

ta
b
li
sh

li
n
k
s

to
tw

o
ot

h
er

n
o
d
es

.
H

ow
ev

er
,

n
o
d
e
A

’s
fo

ll
ow

ee
s

ar
e

m
or

e
ce

n
tr

al
,

th
er

ef
or

e,
A

is
b

ei
n
g

ex
p

os
ed

to
m

or
e

re
tw

ee
ts

.
T

h
u
s,

n
o
d
e
A

p
er

fo
rm

s
m

or
e

re
tw

ee
ts

th
an

B
d
o
es

.
It

ag
ai

n
sh

ow
s

h
ow

in
fo

rm
at

io
n

d
iff

u
si

on
is

aff
ec

te
d

b
y

n
et

w
or

k
st

ru
ct

u
re

.
O

v
er

al
l,

th
is

fi
gu

re
cl

ea
rl

y
il
lu

st
ra

te
s

th
at

b
y

ca
re

fu
l
ch

oi
ce

of
p
ar

am
et

er
s

w
e

ca
n

ge
n
er

at
e

n
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-n
or

m
of

Ω
.

Z
h
a
n
g

a
n
d

Z
o
u

(2
0
14

)
in

tr
o
d
u
ce

a
n
ew

co
n
v
ex

lo
ss

fu
n
ct

io
n

ca
ll
ed

th
e

D
-t

ra
ce

lo
ss

an
d

p
ro

p
os

e
a

p
o
si

ti
ve

d
efi

n
it

e
p
re

ci
si

on
m

at
ri

x
es

ti
m

at
or

b
y

m
in

im
iz

in
g

an
` 1

-p
en

al
iz

ed
ve

rs
io

n
of

th
is

lo
ss

.
T

h
e

se
co

n
d

ap
p
ro

ac
h

is
th

ro
u
gh

p
en

al
iz

ed
p
se

u
d
o-

li
k
el

ih
o
o
d
,

th
e

m
o
st

w
el

l-
k
n
ow

n
of

w
h
ic

h
is

ca
ll
ed

n
ei

gh
bo

rh
oo

d
se

le
ct

io
n

(M
ei

n
sh

au
se

n
an

d
B

ü
h
lm

an
n
,
20

06
).

E
st

im
at

or
s

in
th

is
ca

te
g
o
ry

a
re

u
su

al
ly

so
lv

ed
b
y

a
co

lu
m

n
-b

y
-c

ol
u
m

n
ap

p
ro

ac
h

an
d

th
u
s

ar
e

m
or

e
am

en
ab

le
to

th
eo

re
ti

ca
l

an
al

y
si

s
(Y

u
an

,
20

10
;

C
ai

et
al

.,
20

1
1;

L
iu

an
d

L
u
o,

2
01

2;
L

iu
an

d
W

an
g,

2
0
1
2
;

S
u
n

a
n
d

Z
h
an

g,
20

13
;

K
h
ar

e
et

al
.,

20
14

).
H

ow
ev

er
th

ey
ar

e
n
ot

gu
ar

an
te

ed
to

b
e

p
o
si

ti
ve

d
efi

n
it

e
an

d
d
o

n
ot

ex
p
lo

it
th

e
sy

m
m

et
ry

of
Ω

.
P

en
g

et
al

.
(2

00
9)

p
ro

p
o
se

a
p
ar

ti
a
l

co
rr

el
a
ti

o
n

m
at

ri
x

es
ti

m
at

or
th

at
d
ev

el
op

s
a

sy
m

m
et

ri
c

v
er

si
on

of
n
ei

gh
b

or
h
o
o
d

se
le

ct
io

n
;

h
ow

ev
er

,
p

os
it

iv
e

d
efi

n
it

en
es

s
is

st
il
l

n
ot

gu
ar

an
te

ed
.

In
th

e
co

n
te

x
t

of
va

ri
ab

le
s

w
it

h
a

n
at

u
ra

l
or

d
er

in
g,

b
y

co
n
tr

as
t,

al
m

os
t

n
o

w
o
rk

u
se

s
co

n
ve

x
op

ti
m

iz
at

io
n

to
fl
ex

ib
ly

es
ti

m
at

e
Ω

w
h
il
e

ex
p
lo

it
in

g
th

e
or

d
er

in
g

st
ru

ct
u
re

.
S
p
a
rs

it
y

is
u
su

al
ly

in
d
u
ce

d
v
ia

th
e

C
h
ol

es
k
y

d
ec

om
p

os
it

io
n

of
Σ

,
w

h
ic

h
le

ad
s

to
a

n
a
tu

ra
l

in
te

rp
re

-
ta

ti
on

of
sp

ar
si

ty
.

C
on

si
d
er

th
e

C
h
ol

es
k
y

d
ec

om
p

os
it

io
n

Σ
=
Q
Q
T

,
w

h
ic

h
im

p
li
es

Ω
=
L
T
L

fo
r
L

=
Q
−

1
fo

r
lo

w
er

tr
ia

n
gu

la
r

m
at

ri
ce

s
Q

an
d
L

w
it

h
p

os
it

iv
e

d
ia

go
n
al

s.
T

h
e

a
ss

u
m

p
ti

o
n

th
at
X
∼
N

(0
,Σ

)
is

th
en

eq
u
iv

al
en

t
to

a
se

t
of

li
n
ea

r
m

o
d
el

s
in

te
rm

s
of

ro
w

s
o
f
L

,
i.
e.

,
L

1
1
X

1
=
ε 1

an
d

L
r
r
X
r

=
−
r
−

1
∑ k

=
1

L
r
k
X
k

+
ε r

r
=

2,
..
.,
p
,

(1
)

w
h
er

e
ε
∼
N

(0
,I
p
).

T
h
u
s,
L
r
k

=
0

(f
or

k
<
r)

ca
n

b
e

in
te

rp
re

te
d

as
m

ea
n
in

g
th

a
t

in
p
re

d
ic

ti
n
g
X
r

fr
om

th
e

p
re

v
io

u
s

ra
n
d
om

va
ri

ab
le

s,
on

e
d
o
es

n
ot

n
ee

d
to

k
n
ow

X
k
.

T
h
is

o
b
-

se
rv

at
io

n
h
as

m
ot

iv
at

ed
p
re

v
io

u
s

w
or

k
,

in
cl

u
d
in

g
P

ou
ra

h
m

ad
i

(1
99

9)
;

W
u

an
d

P
o
u
ra

h
m

a
d
i

(2
00

3)
;

H
u
an

g
et

al
.

(2
00

6)
;

S
h
o

ja
ie

an
d

M
ic

h
ai

li
d
is

(2
01

0)
;

K
h
ar

e
et

al
.

(2
0
1
6
).

W
h
il
e

th
es

e
m

et
h
o
d
s

as
su

m
e

sp
ar

si
ty

in
L

,
th

ey
d
o

n
ot

re
q
u
ir

e
lo

ca
l

d
ep

en
d
en

ce
b

ec
a
u
se

ea
ch

va
ri

ab
le

is
al

lo
w

ed
to

b
e

d
ep

en
d
en

t
on

p
re

d
ec

es
so

rs
th

at
ar

e
d
is

ta
n
t

fr
om

it
(c

o
m

p
a
re

th
e

u
p
p

er
le

ft
to

th
e

u
p
p

er
ri

gh
t

p
an

el
of

F
ig

u
re

10
).
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L
e
a
r
n
in
g

L
o
c
a
l
D
e
p
e
n
d
e
n
c
e
In

O
r
d
e
r
e
d

D
a
t
a

T
h
e

a
ssu

m
p
tion

of
“lo

cal
d
ep

en
d
en

ce”
can

b
e

ex
p
ressed

as
say

in
g

th
at

each
varia

b
le
X
r

ca
n

b
e

b
est

ex
p
lain

ed
b
y

ex
actly

its
K
r

closest
p
red

ecessors:

L
r
r X

r
=
−

r−
1

∑

k
=
r−
K
r

L
r
k X

k
+
ε
r ,

for
L
r
k 6=

0,
r−

K
r ≤

k
≤
r−

1
,

r
=

2,...,p
.

(2)

N
o
te

th
a
t

th
is

d
o
es

n
ot

d
escrib

e
all

p
attern

s
of

a
variab

le
d
ep

en
d
in

g
on

its
n
earb

y
variab

les.
F

o
r

ex
a
m

p
le,

X
r

can
b

e
d
ep

en
d
en

t
on

X
r−

2
b
u
t

n
ot

on
X
r−

1 .
In

th
is

case,
th

e
d
ep

en
d
en

ce
is

still
lo

ca
l,

b
u
t

w
ou

ld
n
ot

b
e

cap
tu

red
b
y

(2).
W

e
fo

cu
s

o
n

th
e

restricted
class

(2)
sin

ce
it

g
rea

tly
sim

p
lifi

es
th

e
in

terp
retation

of
th

e
learn

ed
d
ep

en
d
en

ce
stru

ctu
re

b
y

cap
tu

rin
g

th
e

ex
ten

t
o
f

th
is

d
ep

en
d
en

ce
in

a
sin

gle
n
u
m

b
er
K
r ,

th
e

n
eigh

b
orh

o
o
d

size.

A
n
o
th

er
d
esirab

le
p
rop

erty
of

m
o
d
el

(2)
is

th
at

it
ad

m
its

a
sim

p
le

co
n
n
ection

b
etw

een
th

e
sp

a
rsity

p
a
ttern

of
L

an
d

th
e

sp
arsity

p
attern

of
th

e
p
recision

m
atrix

Ω
in

th
e

G
au

ssian
g
ra

p
h
ica

l
m

o
d
el.

In
p
articu

lar,
straigh

tforw
ard

algeb
ra

sh
ow

s
th

at
for

j
<
k
,

L
k
j

=
···

=
L
p
j

=
0

=⇒
Ω
jk

=
0.

(3)

S
ta

tistica
lly,

th
is

say
s

th
at

if
n
on

e
of

th
e

variab
les

X
k ,...,X

p
d
ep

en
d
s

on
X
j

in
th

e
sen

se
o
f

(1
),

th
en

X
j

an
d
X
k

are
con

d
ition

ally
in

d
ep

en
d
en

t
given

all
o
th

er
variab

les.

B
ickel

a
n
d

L
ev

in
a

(2008)
stu

d
y

th
eoretical

p
rop

erties
in

th
e

case
th

at
all

b
an

d
w

id
th

s,
K
r ,

a
re

eq
u
a
l,

in
w

h
ich

case
m

o
d
el

(2)
is

a
K
r -ord

ered
an

ted
ep

en
d
en

ce
m

o
d
el

(Z
im

m
erm

an
a
n
d

N
u
n
ez-A

n
ton

,
2009).

A
b
an

d
ed

estim
ate

of
L

th
en

in
d
u
ces

a
b
an

d
ed

estim
ate

o
f

Ω
.

T
h
e

n
ested

la
sso

a
p
p
roach

of
L

ev
in

a
et

al.
(2008)

p
rov

id
es

for
“ad

ap
tive

b
an

d
in

g”,
allow

in
g
K
r

to
va

ry
w

ith
r

(w
h
ich

corresp
on

d
s

to
variab

le-ord
er

an
ted

ep
en

d
en

ce
m

o
d
els

in
Z

im
m

erm
an

an
d

N
u
n
ez-A

n
to

n
,

2
009);

h
ow

ever,
th

e
n
ested

lasso
is

n
on

-con
v
ex

,
m

ean
in

g
th

at
th

e
p
ro

p
osed

a
lg

o
rith

m
d
o
es

n
ot

n
ecessarily

m
in

im
ize

th
e

stated
ob

jective
an

d
th

eoretical
p
rop

erties
of

th
is

estim
a
to

r
h
ave

n
ot

b
een

estab
lish

ed
.

In
th

is
p
ap

er,
w

e
p
rop

ose
a

p
en

alized
likelih

o
o
d

ap
p
roach

th
at

p
rov

id
es

th
e

fl
ex

ib
ility

o
f

th
e

n
ested

lasso
b
u
t

is
form

u
lated

as
a

con
v
ex

op
tim

ization
p
rob

lem
,

w
h
ich

allow
s

u
s

to
p
rove

stro
n
g

th
eoretical

p
rop

erties
an

d
to

p
rov

id
e

an
effi

cien
t,

scalab
le

algorith
m

fo
r

com
-

p
u
tin

g
th

e
estim

ator.
T

h
e

th
eoretical

d
evelop

m
en

t
of

ou
r

m
eth

o
d

allow
s

u
s

to
m

ake
clear

co
m

p
a
rison

s
w

ith
k
n
ow

n
resu

lts
for

th
e

grap
h
ical

lasso
(R

oth
m

an
et

al.,
2008;

R
av

ik
u
m

ar
et

a
l.,

20
1
1
)

in
th

e
n
on

-ord
ered

case.
B

oth
m

eth
o
d
s

are
co

n
vex

p
en

alized
likelih

o
o
d

a
p
-

p
ro

a
ch

es,
so

th
is

com
p
arison

h
igh

ligh
ts

th
e

sim
ilarities

a
n
d

d
iff

eren
ces

in
th

e
ord

ered
an

d
n
o
n
-o

rd
ered

p
rob

lem
s.

T
h
ere

a
re

tw
o

key
ch

oices
w

e
m

a
ke

th
at

lead
to

a
con

vex
form

u
latio

n
.

F
irst,

w
e

ex
-

p
ress

th
e

o
p
tim

ization
p
rob

lem
in

term
s

of
th

e
C

h
olesk

y
factor

L
.

T
h
e

n
ested

lasso
an

d
o
th

er
m

eth
o
d
s

(startin
g

w
ith

P
ou

rah
m

a
d
i

1999)
u
se

th
e

m
o
d
ifi

ed
C

h
olesk

y
d
ecom

p
osition

,
Ω

=
T
T
D
−

1T
,

w
h
ere

T
is

a
low

er-trian
gu

lar
m

atrix
w

ith
on

es
on

its
d
ia

gon
al

an
d
D

is
a

d
ia

g
o
n
a
l
m

atrix
w

ith
p

ositive
en

tries.
W

h
ileL

(Ω
)

is
con

vex
in

Ω
,
th

e
n
ega

tiv
e

log-likelih
o
o
d

L
(T

T
D
−

1T
)

is
n
ot

join
tly

con
vex

in
T

an
d
D

.
B

y
con

trast,

L
(L

T
L )

=
−

log
d
et (L

T
L )

+
1n

n
∑i=

1

x
Ti
L
T
L
x
i

=
−

2

p
∑r
=

1

log
L
r
r

+
1n

n
∑i=

1 ‖
L
x
i ‖

22
(4)
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Y
u
a
n
d

B
ie
n

is
con

vex
in
L

.
T

h
is

p
aram

etrization
is

con
sid

ered
in

A
ragam

an
d

Z
h
ou

(2015),
K

h
are

et
al.

(2014),
an

d
K

h
are

et
al.

(2016).
M

ax
im

u
m

likelih
o
o
d

estim
ation

of
L

p
reserves

th
e

regression
in

terp
retation

b
y

n
otin

g
th

at

L
(L

T
L )

=
−

2

p
∑r
=

1

log
L
r
r

+
1n

p
∑r
=

1

n
∑i=

1

L
2r
r (

x
ir

+
r−

1
∑k

=
1

L
r
k x

ik /L
r
r )

2

.

T
h
is

con
n
ection

h
as

m
otivated

p
rev

iou
s

w
ork

w
ith

th
e

m
o
d
ifi

ed
C

h
olesk

y
d
ecom

p
osition

,
in

w
h
ich

T
r
k

=
−
L
r
k /L

r
r

are
th

e
co

effi
cien

ts
of

a
lin

ear
m

o
d
el

in
w

h
ich

X
r

is
regressed

on
its

p
red

ecessors,
an

d
D
r
r

=
L
−

2
r
r

corresp
on

d
s

to
th

e
error

varian
ce.

T
h
e

secon
d

key
ch

oice
is

ou
r

u
se

of
a

h
ierarch

ical
grou

p
lasso

in
p
lace

of
th

e
n
ested

lasso’s
n
on

con
vex

p
en

alty.
W

e
in

tro
d
u
ce

h
ere

som
e

n
otation

u
sed

th
rou

gh
ou

t
th

e
p
ap

er.
F

or
tw

o
seq

u
en

ces
of

con
stan

ts
a
(n

)
an

d
b(n

),
th

e
n
otation

a
(n

)
=
o

(b(n
))

m
ean

s
th

at
for

every
ε
>

0,
th

ere
ex

ists
a

con
stan

t
N

>
0

su
ch

th
at
|a

(n
)/b(n

)|
≤
ε

for
all

n
≥
N

.
A

n
d

th
e

n
otation

a
(n

)
=
O

(b(n
))

m
ean

s
th

at
th

ere
ex

ists
a

con
stan

t
N
>

0
an

d
a

con
stan

t
M

>
0

su
ch

th
at

|a
(n

)/b(n
)|≤

M
for

all
n
≥
N

.
F

o
r

a
seq

u
en

ce
of

ran
d
om

variab
les

A
(n

),
th

e
n
otation

A
(n

)
=
O
P

(b(n
))

m
ean

s
th

at
for

ev
ery

ε
>

0,
th

ere
ex

ists
a

con
stan

t
M

>
0

su
ch

th
at

P
(|A

(n
)/b(n

)|
>
M

)≤
ε

for
all

n
.

F
or

a
vector

v
=

(v
1 ,...,v

p )∈
R
p,

w
e

d
efi

n
e‖v‖

1
=
∑

pj=
1 |v

j |,‖
v‖

2
=

( ∑
pj=

1
v

2j )
1
/
2

an
d

‖
v‖∞

=
m

ax
j |v

j |.
F

or
a

m
atrix

M
∈

R
n×

p,
w

e
d
efi

n
e

th
e

elem
en

t-w
ise

n
orm

s
b
y

tw
o

vertical
b
ars.

S
p

ecifi
cally,‖M

‖∞
=

m
ax

jk |M
jk |

an
d

F
rob

en
iu

s
n
orm

‖
M
‖
F

=
( ∑

j,k
M

2jk )
1
/
2.

F
or

q
≥

1,
w

e
d
efi

n
e

th
e

m
atrix

-in
d
u
ced

(op
erator)

q-n
orm

b
y

th
ree

vertical
b
ars:

|||M
|||q

=
m

ax‖
v‖
q
=

1 ‖
M
v‖

q .
Im

p
ortan

t
sp

ecial
cases

in
clu

d
e|||M

|||2 ,
also

k
n
ow

n
as

th
e

sp
ectral

n
orm

,

w
h
ich

is
th

e
largest

sin
gu

lar
valu

e
of
M

,
as

w
ell

as|||M
|||1

=
m

ax
k ∑

pj=
1 |M

jk |
an

d
|||M
|||∞

=
m

ax
j ∑

pk
=

1 |M
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b
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b
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secon
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b
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r-th

row
of
L

.

2
.
E
stim

a
to
r

F
or

a
given

tu
n
in

g
p
aram

eter
λ
≥
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b
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∈
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=
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d
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e
grou

p
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−
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−
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h
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h
ic

al
gr

ou
p

la
ss

o
p

en
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p
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p
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p
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b
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p
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is

ch
oi

ce
of

gr
ou

p
s

en
su

re
s

th
a
t

w
h
en

ev
er

th
e

el
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r
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d
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h
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p
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p
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b
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p
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ra
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b
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ra
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d
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b
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p
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b
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−
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p
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p
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h
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p
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b
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∑

r
lo

g
(L

r
r
)

is
n
ot

st
ri

ct
ly

co
n
ve

x
in
L

.
T

h
u
s,

th
e

ar
g

m
in

in
(5

)
m

ay
n
ot

b
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d
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p
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p
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p
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b
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∈
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b
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=
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p
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p
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=
∞

(r
es

u
lt

in
g

in
K̂
r

=
0)

.
T

h
e

la
tt

er
p
a
rt

of
th

e
th

eo
re

m
th

u
s

go
es

on
to

p
ro

v
id

e
a

ch
oi

ce
of
λ

th
at

is
su

ffi
ci

en
tl

y
sm

a
ll

to
g
u
a
ra

n
te

e
th

at
K̂
r

=
K
r

(a
n
d
,

fu
rt

h
er

m
or

e,
th

at
th

e
si

gn
s

of
al

l
n
on

-z
er

os
ar

e
co

rr
ec

tl
y

re
co

ve
re

d
).

T
h

e
o
re

m
1

C
o
n

si
d
er

th
e

fa
m

il
y

o
f

tu
n

in
g

pa
ra

m
et

er
s

λ
=

8 α

√
θ r

lo
g
r

n
(1

3
)

a
n

d
w

ei
gh

ts
gi

ve
n

by
(7

).
U

n
d
er

A
ss

u
m

p
ti

o
n

s
A
1

–
A
4

,
if

th
e

tu
p
le

(n
,J
r
,K

r
)

sa
ti

sfi
es

n
>
α
−

2
( 3π

2
K
r

+
8
) θ

r
κ

2
lo

g
J
r
,

(1
4
)

th
en

w
it

h
p
ro

ba
bi

li
ty

gr
ea

te
r

th
a
n

1
−
c 1

ex
p
{−
c 2

m
in

(K
r
,l

og
J
r
)}
−

7
ex

p
(−
c 3
n

)
fo

r
so

m
e

co
n

st
a
n

ts
c 1
,c

2
,c

3
in

d
ep

en
d
en

t
o
f
n

a
n

d
J
r
,

th
e

fo
ll

o
w

in
g

p
ro

pe
rt

ie
s

h
o
ld

:

1
.

T
h
e

ro
w

p
ro

bl
em

(8
)

h
a
s

a
u

n
iq

u
e

so
lu

ti
o
n
L̂
r
·

a
n

d
K̂
r
≤
K
r
.

2
.

T
h
e

es
ti

m
a
te
L̂
r
·

sa
ti

sfi
es

th
e

el
em

en
t-

w
is

e
` ∞

bo
u

n
d
,

∥ ∥ ∥L̂
r
·−

L
r
·∥ ∥ ∥ ∞
≤
λ
( 4∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣(Σ

I r
I r

)−
1
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣ ∞

+
5
κ

2
) .

(1
5
)

3
.

If
in

a
d
d
it

io
n

,

m
in

j≥
J
r
+

1
|L
r
j
|>

λ
( 4
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣(Σ

I r
I r

)−
1
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣ ∞

+
5
κ

2
) ,

(1
6
)

th
en

ex
a
ct

si
gn

ed
su

p
po

rt
re

co
ve

ry
h
o
ld

s:
F

o
r

a
ll
j
≤
r,

si
gn

(L̂
r
j
)

=
si

g
n
(L

r
j
).

P
ro

o
f

S
ee

A
p
p

en
d
ix

F
.

In
th

e
cl

as
si

ca
l

se
tt

in
g

w
h
er

e
th

e
am

b
ie

n
t

d
im

en
si

on
r

is
fi
x
ed

an
d

th
e

sa
m

p
le

si
ze

n
is

al
lo

w
ed

to
go

to
in

fi
n
it

y,
λ
→

0
an

d
th

e
ab

ov
e

sc
al

in
g

re
q
u
ir

em
en

t
is

sa
ti

sfi
ed

.
B

y
(1

5
)

th
e

ro
w

es
ti

m
at

or
L̂
r
·

is
co

n
si

st
en

t
as

is
th

e
cl

as
si

ca
l

m
ax

im
u
m

li
ke

li
h
o
o
d

es
ti

m
a
to

r.
M

o
re

ov
er

,
it

re
co

ve
rs

th
e

tr
u
e

su
p
p

or
t

si
n
ce

(1
6)

h
ol

d
s

au
to

m
at

ic
al

ly
.

In
h
ig

h
-d

im
en

si
o
n
a
l

sc
a
li
n
g,

h
ow

ev
er

,
b

ot
h
n

an
d
r

ar
e

al
lo

w
ed

to
ch

an
ge

,
an

d
w

e
a
re

in
te

re
st

ed
in

th
e

ca
se

w
h
er

e
r

ca
n

gr
ow

m
u
ch

fa
st

er
th

an
n

.
T

h
eo

re
m

1
sh

ow
s

th
a
t,

if
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣(Σ

I r
I r

)−
1
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣ ∞

=
O

(1
)

a
n
d

if
n

ca
n

gr
ow

as
fa

st
as
K
r

lo
g
J
r
,

th
en

th
e

ro
w

es
ti

m
at

or
L̂
r
·

st
il
l

re
co

v
er

s
th

e
ex

a
ct

su
p
p

o
rt

o
f

L
r
·

w
h
en

th
e

si
gn

al
is

at
le

as
t
O

(√
lo

g
r

n
)

in
si

ze
,

an
d

th
e

es
ti

m
at

io
n

er
ro

r
m

a
x
j
|L̂
r
j
−
L
r
j
|

is
O

(√
lo

g
r

n
).

In
tu

it
iv

el
y,

fo
r

th
e

ro
w

es
ti

m
a
to

r
to

d
et

ec
t

th
e

tr
u
e

su
p
p

or
t,

w
e

re
q
u
ir

e
th

a
t

th
e

tr
u
e

si
gn

al
b

e
su

ffi
ci

en
tl

y
la

rg
e.

T
h
e

co
n
d
it

io
n

(1
6)

im
p

os
es

li
m

it
at

io
n
s

o
n

h
ow

fa
st

th
e

si
gn

al
is

al
lo

w
ed

to
d
ec

ay
,

w
h
ic

h
is

th
e

an
al

og
u
e

to
th

e
co

m
m

on
ly

k
n
ow

n
“
β

m
in

co
n
d
it

io
n
”

th
at

is
as

su
m

ed
fo

r
es

ta
b
li
sh

in
g

su
p
p

or
t

re
co

ve
ry

of
th

e
la

ss
o.
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L
e
a
r
n
in
g

L
o
c
a
l
D
e
p
e
n
d
e
n
c
e
In

O
r
d
e
r
e
d

D
a
t
a

R
e
m

a
rk

2
B

o
th

th
e

ch
o
ice

o
f

tu
n

in
g

pa
ra

m
eter

(13)
a
n

d
th

e
erro

r
bo

u
n

d
(15)

d
epen

d
o
n

th
e

tru
e

co
va

ria
n

ce
m

a
trix

via
θ
r .

T
h
is

qu
a
n

tity
ca

n
be

bo
u

n
d
ed

by
κ

2
a
s

in
(12)

u
sin

g
th

e
fa

ct
th

a
t

(Σ
I
r I
r ) −

1
is

po
sitive

d
efi

n
ite:

θ
r

=
m

ax
`∈I

cr

θ
(`)
r

=
m

ax
`∈I

cr {
Σ
`` −

Σ
`I
r

(Σ
I
r I
r ) −

1
Σ
I
r
` }
≤

m
ax

`∈I
cr

Σ
`` ≤

κ
2.

T
h
e

p
roo

f
o
f

T
h
eo

rem
1

sh
o
w

s
th

a
t

th
e

resu
lts

in
th

is
th

eo
rem

still
h
o
ld

tru
e

if
w

e
rep

la
ce
θ
r

by
κ

2.
T

h
is

o
bserva

tio
n

lea
d
s

to
th

e
fa

ct
th

a
t

w
e

ca
n

select
a

tu
n

in
g

pa
ra

m
eter

h
a
vin

g
th

e
p
ro

perties
o
f

th
e

th
eo

rem
th

a
t

d
oes

n
o
t

d
epen

d
o
n

th
e

u
n

kn
o
w

n
spa

rsity
level

K
r .

T
h
erefo

re,
o
u

r
estim

a
to

r
is

a
d
a
p
tive

to
th

e
u

n
d
erlyin

g
u

n
kn

o
w

n
ba

n
d
w

id
th

s.

4
.1
.1

C
o
n
n
e
c
t
io
n
s
t
o

t
h
e
r
e
g
r
e
ssio

n
se

t
t
in
g

In
(1)

w
e

sh
ow

ed
th

at
estim

ation
of

th
e
r-th

row
of
L

can
b

e
in

terp
reted

as
a

regression
of

X
r

o
n

its
p
red

ecessors.
It

is
th

u
s

very
in

terestin
g

to
com

p
are

T
h
eorem

1
to

th
e

stan
d
ard

h
ig

h
-d

im
en

sio
n
al

regression
resu

lts.
C

on
sid

er
th

e
follow

in
g

lin
ear

m
o
d
el

of
a

vector
y
∈

R
n

o
f

th
e

fo
rm

y
=

Z
η

+
ω

ω
∼
N

(0
,σ

2I
n
)

(17)

w
h
ere

η
∈

R
p

is
th

e
u
n
k
n
ow

n
b
u
t

fi
x
ed

p
aram

eter
to

estim
ate,

Z
∈

R
n×

p
is

th
e

d
esign

m
a
trix

w
ith

ea
ch

row
an

ob
servatio

n
of
p

p
red

ictors,
σ

2
is

th
e

varian
ce

of
th

e
zero-m

ean
a
d
d
itive

n
o
ise

ω
.

A
stan

d
ard

ap
p
ro

ach
in

th
e

h
igh

-d
im

en
sion

al
settin

g
w

h
ere

p
�
n

is
th

e
la

sso
(T

ib
sh

ira
n
i,

1996),
w

h
ich

solv
es

th
e

con
vex

op
tim

ization
p
rob

lem
,

m
in

η∈
R
p

12n
‖y
−

Z
η‖

22
+
λ‖η‖

1
,

(18)

w
h
ere

λ
>

0
is

a
regu

larization
p
aram

eter.
In

th
e

settin
g

w
h
ere

η
is

assu
m

ed
to

b
e

sp
arse,

th
e

la
sso

so
lu

tion
is

k
n
ow

n
to

b
e

ab
le

to
su

ccessfu
lly

recover
th

e
sign

ed
su

p
p

ort
of

th
e

tru
e

η
w

ith
h
ig

h
p
ro

b
ab

ility
w

h
en

λ
is

of
th

e
scale

σ √
lo

g
p

n
a
n
d

certain
tech

n
ical

co
n
d
ition

s
are

sa
tisfi

ed
(W

a
in

w
righ

t,
2009).

D
esp

ite
th

e
ad

d
ed

com
p
lication

s
of

w
ork

in
g

w
ith

th
e

log
term

in
th

e
ob

jectiv
e

of
(8),

T
h
eo

rem
1

g
ives

a
clear

in
d
ication

th
at,

in
term

s
of

d
iffi

cu
lty

of
su

p
p

ort
recovery,

th
e

row
estim

a
te

p
ro

b
lem

(8)
is

essen
tially

th
e

sam
e

as
a

lasso
p
rob

lem
w

ith
ran

d
om

d
esign

,
i.e.,

w
ith

ea
ch

row
z
i ∼

N
(0
,Σ

)
(T

h
eorem

3,
W

ain
w

righ
t,

2009).
In

d
eed

,
a

com
p
arison

sh
ow

s
th

a
t

th
e

tw
o

irrep
resen

tab
le

con
d
ition

s
are

eq
u
ivalen

t.
M

oreov
er,

θ
r

p
lay

s
th

e
sam

e
role

a
s

W
a
in

w
rig

h
t

(2009)’s
m

ax
i (

Σ
S
cS
c−

Σ
S
cS

(Σ
S
S

) −
1

Σ
S
S
c )
ii ,

a
th

resh
old

con
stan

t
of

th
e

co
n
d
itio

n
a
l

covarian
ce,

w
h
ere

S
is

th
e

su
p
p

ort
of

th
e

tru
e
η
.

S
tä

d
ler

et
a
l.

(2010)
in

tro
d
u
ce

a
n

a
ltern

ative
ap

p
roach

to
th

e
lasso,

in
th

e
con

tex
t

of
p

en
a
lized

m
ix

tu
re

regression
m

o
d
els,

th
at

solves
th

e
op

tim
ization

p
ro

b
lem

,

(φ̂
,ρ̂

)
=

arg
m

in
φ
,ρ

{−
2

log
ρ

+
1n
‖ρ

y
+

Z
φ‖

22
+
λ‖φ‖

1 }
,

(19)

w
h
ere

σ̂
=
ρ̂ −

1
an

d
η̂

=
−
φ̂
/
ρ̂
.

N
ote

th
at

(19)
b
asically

coin
cid

es
w

ith
(8)

ex
cep

t
for

th
e

p
en

a
lty.
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Y
u
a
n
d

B
ie
n

In
S
täd

ler
et

al.
(2010),

th
e

au
th

o
rs

stu
d
y

th
e

asy
m

p
totic

an
d

n
on

-asy
m

p
totic

p
rop

er-
ties

of
th

e
`
1 -p

en
alized

estim
ator

for
th

e
gen

eral
m

ix
tu

re
regression

m
o
d
els

w
h
ere

th
e

loss
fu

n
ction

s
are

n
on

-con
vex

.
T

h
e

th
eoretical

p
rop

erties
of

(19)
are

stu
d
ied

in
S
u
n

an
d

Z
h
an

g
(2010),

w
h
ich

p
artly

m
otivates

th
e

scaled
lasso

(S
u
n

an
d

Z
h
an

g,
2012).

T
h
e

th
eoretical

w
ork

of
S
u
n

an
d

Z
h
an

g
(2010)

d
iff

ers
from

ou
rs

b
oth

in
th

at
th

ey
stu

d
y

th
e
`
1

p
en

alty
(in

stead
of

th
e

h
ierarch

ical
gro

u
p

lasso)
an

d
in

th
eir

assu
m

p
tion

s.
T

h
e

n
atu

re
of

ou
r

p
rob

lem
req

u
ires

th
e

sam
p
le

m
atrix

to
b

e
ran

d
om

(as
in

A
1

),
w

h
ile

S
u
n

an
d

Z
h
an

g
(2010)

con
sid

ers
th

e
fi
x
ed

d
esign

settin
g,

w
h
ich

d
o
es

n
ot

ap
p
ly

in
ou

r
co

n
tex

t.
M

oreover,
th

ey
p
rov

id
e

p
red

iction
con

sisten
cy

an
d

a
d
ev

iation
b

o
u
n
d

of
th

e
regressio

n
p
aram

eters
estim

ation
in
`
1

n
orm

.
W

e
give

ex
act

sign
ed

su
p
p

ort
recovery

resu
lts

for
th

e
regression

p
aram

eters
as

w
ell

as
estim

ation
d
ev

iation
b

ou
n
d
s

in
variou

s
n
o
rm

criteria
.

A
lso,

th
ey

take
an

asy
m

p
totic

p
oin

t
of

v
iew

w
h
ile

w
e

giv
e

fi
n
ite

sam
p
le

resu
lts.

4
.2

M
a
trix

B
a
n

d
w

id
th

R
e
c
o
v
e
ry

R
e
su

lt

W
ith

th
e

p
rop

erties
of

th
e

row
estim

ators
in

p
lace,

w
e

are
read

y
to

state
resu

lts
ab

ou
t

estim
ation

of
th

e
m

atrix
L

.
T

h
e

follow
in

g
th

eorem
gives

an
an

alogu
e

to
T

h
eorem

1
in

th
e

m
atrix

settin
g.

U
n
d
er

sim
ilar

con
d
ition

s,
w

ith
on

e
p
articu

lar
ch

oice
of

tu
n
in

g
p
aram

eter,
th

e
estim

ator
recovers

th
e

tru
e

b
an

d
w

id
th

for
all

row
s

ad
ap

tiv
ely

w
ith

h
igh

p
rob

ab
ility.

T
h

e
o
re

m
3

L
et
θ

=
m

ax
r
θ
r

a
n

d
K

=
m

ax
r
K
r ,

a
n

d
ta

ke

λ
=

8α √
2θ

log
p

n
(20)

a
n

d
w

eigh
ts

given
by

(7).
U

n
d
er

A
ssu

m
p
tio

n
s
A
1

–
A
4

,
if

(n
,p
,K

)
sa

tisfi
es

n
>
α
−

2θκ
2 (12π

2K
+

32 )
log

p
,

(21)

th
en

w
ith

p
ro

ba
bility

grea
ter

th
a
n

1−
cp −

1
fo

r
so

m
e

co
n

sta
n

t
c

in
d
epen

d
en

t
o
f
n

a
n

d
p
,

th
e

fo
llo

w
in

g
p
ro

perties
h
o
ld

:

1
.

T
h
e

estim
a
to

r
L̂

is
u

n
iqu

e,
a
n

d
it

is
a
t

lea
st

a
s

spa
rse

a
s
L

,
i.e.,

K̂
r ≤

K
r

fo
r

a
ll
r.

2
.

T
h
e

estim
a
to

r
L̂

sa
tisfi

es
th

e
elem

en
t-w

ise
`∞

bo
u

n
d
,

∥∥∥
L̂
−
L ∥∥∥∞

≤
λ (

4
m

ax
r

∣∣∣ ∣∣∣ ∣∣∣ (Σ
I
r I
r ) −

1 ∣∣∣ ∣∣∣ ∣∣∣∞
+

5
κ

2 )
.

(22)

3
.

If
in

a
d
d
itio

n
,

m
inr

m
in

j≥
J
r
+

1 |L
r
j |
>
λ (

4
m

ax
r

∣∣∣ ∣∣∣ ∣∣∣ (Σ
I
r I
r ) −

1 ∣∣∣ ∣∣∣ ∣∣∣∞
+

5
κ

2 )
,

(23)

th
en

exa
ct
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p
ro

ac
h

is
li
ke

li
h
o
o
d
-b

as
ed

.

C
om

p
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p
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.
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h
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p
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p
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at
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r
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h
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p
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d
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h
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a
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=
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√
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p
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p
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p
)

lo
g
p

n

)
.
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L
e
a
r
n
in
g

L
o
c
a
l
D
e
p
e
n
d
e
n
c
e
In

O
r
d
e
r
e
d

D
a
t
a

T
h
e

co
n
d
ition

s
for

th
ese

d
ev

iation
b

ou
n
d
s

to
h
old

are
th

ose
req

u
ired

for
su

p
p

ort
recovery

as
in

T
h
eo

rem
3
.

In
m

an
y

cases
w

h
ere

estim
ation

con
sisten

cy
is

m
o
re

of
in

terest
th

an
su

p
p

ort
recovery,

w
e

ca
n

still
d
eliv

er
th

e
d
esired

error
rate

in
F

rob
en

iu
s

n
orm

,
m

atch
in

g
th

e
rate

d
erived

in
R

oth
m

an
et

al.
(2008).

In
p
a
rticu

lar,
w

e
can

d
rop

th
e

stron
g

irrep
resen

tab
le

a
ssu

m
p
tio

n
(A

3
)

an
d

w
eaken

th
e

G
au

ssian
assu

m
p
tion

(A
1

)
to

th
e

follow
in

g
m

a
rgin

al
su

b
-G

a
u
ssian

a
ssu

m
p
tion

:

A
5

M
a
rgin

a
l

su
b-G

a
u

ssia
n

a
ssu

m
p
tio

n
:

T
h
e

sam
p
le

m
atrix

X
∈

R
n×

p
h
as
n

in
d
ep

en
d
en

t
row

s
w

ith
each

row
d
raw

n
from

th
e

d
istrib

u
tion

of
a

zero-m
ean

ran
d
om

vector
X

=
(X

1 ,···
,X

p )
T

w
ith

covarian
ce

Σ
an

d
su

b
-G

au
ssian

m
argin

als,
i.e.,

E
ex

p (
tX

j / √
Σ
jj )
≤

ex
p (C

t 2 )

fo
r

a
ll
j

=
1,...,p

,
t≥

0
an

d
for

som
e

con
stan

t
C
>

0
th

at
d
o
es

n
ot

d
ep

en
d

on
j.

T
h

e
o
re

m
6

U
n

d
er

A
ssu

m
p
tio

n
A
2

,
A
4

a
n

d
A
5

,
w

ith
tu

n
in

g
pa

ra
m

eter
λ

o
f

sca
le
√

lo
g
p

n

a
n

d
w

eigh
ts

a
s

in
(7),

th
e

sca
lin

g
(s

+
p
)

log
p

=
o(n

)
is

su
ffi

cien
t

fo
r

th
e

fo
llo

w
in

g
estim

a
-

tio
n

erro
r

bo
u

n
d
s

in
F

ro
ben

iu
s

n
o
rm

to
h
o
ld

:

∥∥∥
L̂
−
L ∥∥∥

F
=
O
P

(
√

(s
+
p
)

log
p

n

)
,

∥∥∥
Ω̂
−

Ω ∥∥∥
F

=
O
P

(
√

(s
+
p
)

log
p

n

)
.

P
ro

o
f

S
ee

A
p
p

en
d
ix

I.

T
h
e

ra
tes

in
C

orollary
5

(an
d

T
h
eorem

6)
essen

tially
m

atch
th

e
rates

o
b
tain

ed
in

m
eth

-
o
d
s

th
a
t

d
irectly

estim
ate

Ω
(e.g.,

th
e

grap
h
ical

lasso
estim

ator,
stu

d
ied

in
R

oth
m

an
et

al.
2
0
0
8
,

R
av

ik
u
m

ar
et

al.
2011,

an
d

th
e

colu
m

n
-b

y
-colu

m
n

m
eth

o
d
s

as
in

C
a
i

et
a
l.

2011,
L

iu
a
n
d

W
a
n
g

2012,
an

d
S
u
n

an
d

Z
h
an

g
2013).

H
ow

ever,
th

e
ex

act
com

p
arison

in
rates

w
ith

th
ese

m
eth

o
d
s

is
n
ot

straigh
tforw

ard
.

F
irst,

th
e

targets
of

in
terest

are
d
iff

eren
t.

In
th

e
settin

g
w

h
ere

th
e

variab
les

h
ave

a
k
n
ow

n
ord

erin
g,

w
e

are
m

ore
in

terested
in

th
e

stru
c-

tu
ra

l
in

fo
rm

a
tion

am
on

g
variab

les
th

a
t

is
ex

p
ressed

in
L

,
an

d
th

u
s

a
ccu

rate
estim

ation
of

L
is

m
o
re

im
p

o
rtan

t.
W

h
en

su
ch

ord
erin

g
is

n
ot

availab
le

as
con

sid
ered

in
R

oth
m

an
et

al.
(2

0
0
8
);

C
a
i

et
a
l.

(2011);
L

iu
an

d
W

an
g

(2012)
an

d
so

on
,

h
ow

ever,
th

e
co

n
d
ition

al
d
ep

en
-

d
en

ce
stru

ctu
re

en
co

d
ed

b
y

th
e

sp
arsity

p
attern

in
Ω

is
m

ore
of

in
terest,

a
n
d

th
e

accu
racy

o
f

d
irectly

estim
atin

g
Ω

is
th

e
fo

cu
s.

M
oreover,

d
ev

iation
b

ou
n
d
s

of
d
iff

eren
t

m
eth

o
d
s

are
b
u
ilt

u
p

o
n

a
ssu

m
p
tion

s
th

at
treat

d
iff

eren
t

q
u
an

tities
a
s

con
stan

ts.
Q

u
an

tities
th

at
are

as-
su

m
ed

to
rem

a
in

con
stan

t
in

th
e

an
aly

sis
of

on
e

m
eth

o
d

m
igh

t
actu

ally
b

e
allow

ed
to

scale
w

ith
a
m

b
ien

t
d
im

en
sion

in
a

n
on

triv
ial

m
an

n
er

in
an

oth
er

m
eth

o
d
,

w
h
ich

m
ak

es
d
irect

rate
co

m
p
a
riso

n
a
m

on
g

d
iff

eren
t

m
eth

o
d
s

com
p
licated

an
d

less
illu

m
in

atin
g.

O
u
r

an
aly

sis
can

b
e

ex
ten

d
ed

to
th

e
u
n
w

eigh
ted

v
ersion

of
ou

r
estim

ator,
i.e.,

w
ith

w
eig

h
t
w
`m

=
1
,

b
u
t

u
n
d
er

m
ore

restrictive
con

d
ition

s
an

d
w

ith
slow

er
rates

of
con

vergen
ce.

S
p

ecifi
ca

lly,
A

ssu
m

p
tion

A
3

b
ecom

es
m

ax
`∈I

cr ∥∥∥
Σ
`I
r

(Σ
I
r I
r ) −

1 ∥∥∥
1
≤

(1−
α

)
/K

r
for

each
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Y
u
a
n
d

B
ie
n

r
=

2
,...,p

.
W

ith
th

e
sam

e
tu

n
in

g
p
aram

eter
ch

oice
(13)

an
d

(20),
th

e
term

s
of
K
r

an
d

K
in

sam
p
le

size
req

u
irem

en
ts

(14)
an

d
(21)

are
rep

laced
w

ith
K

2r
an

d
K

2,
resp

ectiv
ely.

T
h
e

estim
ation

error
b

ou
n
d
s

in
all

n
o
rm

s
are

m
u
ltip

lied
b
y

an
ex

tra
factor

of
K

.
A

ll
of

th
e

ab
ove

in
d
icates

th
at

in
h
igh

ly
sp

arse
situ

ation
s

(in
w

h
ich

K
is

very
sm

all),
th

e
u
n
w

eigh
ted

estim
ator

h
as

very
sim

ilar
th

eoretical
p

erform
an

ce
to

th
e

w
eigh

ted
estim

ator.

5
.
S
im

u
la
tio

n
S
tu

d
y

In
th

is
section

w
e

stu
d
y

th
e

em
p
irical

p
erfo

rm
an

ce
of

ou
r

estim
ators

(b
oth

w
ith

w
eig

h
ts

as
in

(7)
an

d
w

ith
n
o

w
eigh

ts,
i.e.,

w
`m

=
1)

on
sim

u
lated

d
ata.

F
or

com
p
a
rison

,
w

e
in

clu
d
e

tw
o

oth
er

sp
arse

p
recision

m
atrix

estim
ators

d
esign

ed
for

th
e

ord
ered

-variab
le

case:

•
N

o
n

-A
d

a
p

tiv
e

B
a
n

d
in

g
(B

ickel
an

d
L

ev
in

a,
2008):

T
h
is

m
eth

o
d

estim
ates

L
as

a
low

er-trian
gu

lar
m

atrix
w

ith
a

fi
x
ed

b
an

d
w

id
th

K
a
p
p
ly

in
g

across
all

row
s.

T
h
e

regu
larization

p
aram

eter
u
sed

in
th

is
m

eth
o
d

is
th

e
fi
x
ed

b
an

d
w

id
th
K

.

•
N

e
ste

d
L

a
sso

(L
ev

in
a

et
al.,

20
08):

T
h
is

m
eth

o
d

y
ield

s
an

ad
ap

tive
b
an

d
ed

stru
c-

tu
re

b
y

solv
in

g
a

set
of

p
en

alized
least-sq

u
ares

p
rob

lem
s

(b
oth

th
e

loss
fu

n
ction

an
d

th
e

n
ested

-lasso
p

en
alty

are
n
on

-con
vex

).
T

h
e

regu
la

rization
p
aram

eter
con

trols
th

e
am

ou
n
t

of
p

en
alty

an
d

th
u
s

th
e

sp
arsity

level
of

th
e

resu
ltin

g
estim

ate.

A
ll

sim
u
lation

s
are

ru
n

at
a

sam
p
le

size
of
n

=
100,

w
h
ere

each
sam

p
le

is
d
raw

n
in

-
d
ep

en
d
en

tly
from

th
e
p
-d

im
en

sion
al

n
orm

al
d
istrib

u
tion

N
(0
,(L

T
L

) −
1).

W
e

com
p
are

th
e

p
erform

an
ce

of
ou

r
estim

ators
w

ith
th

e
m

eth
o
d
s

ab
ove

b
oth

in
term

s
of

su
p
p

ort
recovery

(in
S
ection

5.1)
an

d
in

term
s

of
h
ow

w
ell
L̂

estim
ates

L
(in

S
ection

5.2).
F

or
su

p
p

ort
recov

-
ery,

w
e

con
sid

er
p

=
200

an
d

for
estim

ation
accu

racy,
w

e
con

sid
er
p

=
50,100

,200,
w

h
ich

corresp
on

d
s

to
settin

gs
w

h
ere

p
<
n

,
p

=
n

,
an

d
p
>
n

,
resp

ectively.
W

e
sim

u
late

u
n
d
er

th
e

follow
in

g
m

o
d
els

for
L

.
W

e
ad

a
p
t

th
e

p
aram

eterization
L

=
D
−

1T
as

in
K

h
are

et
al.

(2016),
w

h
ere

D
is

a
d
iagon

al
m

atrix
w

ith
d
iagon

al
elem

en
ts

d
raw

n
ran

d
om

ly
from

a
u
n
iform

d
istrib

u
tion

on
th

e
in

terval
[2,5],

an
d
T

is
a

low
er-trian

g
u
lar

m
atrix

w
ith

on
es

on
its

d
iagon

al
an

d
off

-d
iagon

al
elem

en
ts

d
efi

n
ed

as
follow

s:

•
M

o
d

e
l
1

:
M

o
d
el

1
is

at
on

e
ex

trem
e

o
f

b
an

d
ed

n
ess

of
th

e
C

h
olesk

y
factor

L
,

in
w

h
ich

w
e

take
th

e
low

er
trian

gu
lar

m
atrix

L
∈

R
p×
p

to
h
ave

a
strictly

b
a
n
d
ed

stru
ctu

re,
w

ith
each

row
h
av

in
g

th
e

sam
e

b
an

d
w

id
th
K
r

=
K

=
1

for
all

r.
S
p

ecifi
cally,

w
e

take
T
r,r

=
1,
T
r,r−

1
=

0.8
an

d
T
r,j

=
0

for
j
<
r−

1.

•
M

o
d

e
l

2
:

M
o
d
el

2
is

at
th

e
o
th

er
ex

trem
e,

in
w

h
ich

w
e

allow
K
r

to
vary

w
ith

r.
W

e
take

T
to

b
e

a
b
lo

ck
d
iagon

al
m

atrix
w

ith
5

b
lo

ck
s,

each
of

size
p
/
5.

W
ith

in
each

b
lo

ck
,

w
ith

p
rob

ab
ility

0.5
each

row
r

is
assign

ed
w

ith
a

n
on

-zero
b
an

d
w

id
th

th
at

is
ran

d
om

ly
d
raw

n
from

a
u
n
iform

d
istrib

u
tion

on
{
1
,...,r−

1}
(for

r
>

1).
E

ach
n
on

-zero
elem

en
t

in
T

is
th

en
d
raw

n
in

d
ep

en
d
en

tly
from

a
u
n
iform

d
istrib

u
tion

on
th

e
in

terval
[0.1

,0
.4],

an
d

is
assign

ed
w

ith
a

p
o
sitive/n

egative
sign

w
ith

p
rob

ab
ility

0.5.

•
M

o
d

e
l

3
:

M
o
d
el

3
is

a
d
en

ser
an

d
th

u
s

m
ore

ch
allen

gin
g

version
of

M
o
d
el

2,
w

ith
T

a
b
lo

ck
d
iagon

al
m

atrix
w

ith
on

ly
2

b
lo

ck
s.

E
ach

of
th

e
b
lo

ck
s

is
of

size
p
/
2

b
u
t

is
oth

erw
ise

gen
erated

as
in

M
o
d
el

2.
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L
e
a
r
n
in
g

L
o
c
a
l
D
e
p
e
n
d
e
n
c
e
In

O
r
d
e
r
e
d

D
a
t
a

M
od

el
 1

M
od

el
 2

M
od

el
 3

M
od

el
 4

F
ig

u
re

3:
S
ch

em
at

ic
of

fo
u
r

si
m

u
la

ti
on

sc
en

ar
io

s
w

it
h
p

=
10

0
:

(f
ro

m
le

ft
to

ri
gh

t)
M

o
d
el

1
is

st
ri

ct
ly

b
an

d
ed

,
M

o
d
el

2
h
as

sm
al

l
va

ri
ab

le
b
an

d
w

id
th

,
M

o
d
el

3
h
as

la
rg

e
va

ri
ab

le
b
an

d
w

id
th

,
an

d
M

o
d
el

4
is

b
lo

ck
-d

ia
go

n
al

.
B

la
ck

,
gr

ay
,

an
d

w
h
it

e
st

a
n
d

fo
r

p
os

it
iv

e,
n
eg

at
iv

e,
an

d
ze

ro
en

tr
ie

s,
re

sp
ec

ti
ve

ly
.

T
h
e

p
ro

p
o
rt

io
n

of
el

em
en

ts
th

at
ar

e
n
on

-z
er

o
is

4%
,

6%
,

15
%

,
an

d
26

%
,

re
sp

ec
ti

ve
ly

.

•
M

o
d

e
l

4
:

M
o
d
el

4
is

a
d
en

se
b
lo

ck
d
ia

go
n
al

m
o
d
el

.
T

h
e

m
at

ri
x
T

h
as

a
co

m
p
le

te
ly

d
en

se
lo

w
er

-t
ri

an
gu

la
r

b
lo

ck
fr

om
th

e
p
/
4-

th
ro

w
to

th
e

3
p
/4

-t
h

ro
w

an
d

is
ze

ro
ev

er
y
w

h
er

e
el

se
.

W
it

h
in

th
is

b
lo

ck
,

al
l

off
-d

ia
go

n
al

el
em

en
ts

ar
e

d
ra

w
n

u
n
if

or
m

ly
fr

om
[0
.1
,0
.2

],
an

d
p

os
it

iv
e/

n
eg

at
iv

e
si

gn
s

ar
e

th
en

as
si

gn
ed

w
it

h
p
ro

b
ab

il
it

y
0.

5.

M
o
d
el

1
is

a
st

at
io

n
ar

y
au

to
re

gr
es

si
ve

m
o
d
el

of
or

d
er

1.
B

y
th

e
re

gr
es

si
on

in
te

rp
re

ta
ti

on
(1

),
fo

r
ea

ch
r,

it
ca

n
b

e
ve

ri
fi
ed

th
at

th
e

au
to

re
gr

es
si

ve
p

ol
y
n
om

ia
l
of

th
e
r-

th
ro

w
of

M
o
d
el

s
2,

3,
an

d
4

h
as

al
l
ro

ot
s

ou
ts

id
e

th
e

u
n
it

ci
rc

le
,
w

h
ic

h
ch

ar
ac

te
ri

ze
s

st
at

io
n
a
ry

a
u
to

re
gr

es
si

ve
m

o
d
el

s
of

or
d
er

s
eq

u
al

to
th

e
co

rr
es

p
on

d
in

g
ro

w
-w

is
e

b
an

d
w

id
th

s.
S
ee

F
ig

u
re

3
fo

r
ex

am
p
le

s
of

th
e

fo
u
r

sp
ar

si
ty

p
at

te
rn

s
fo

r
p

=
10

0.
T

h
e

n
on

-a
d
ap

ti
v
e

b
an

d
in

g
m

et
h
o
d

sh
ou

ld
b

en
efi

t
fr

om
M

o
d
el

1
w

h
il
e

th
e

n
es

te
d

la
ss

o
an

d
ou

r
es

ti
m

at
or

s
ar

e
ex

p
ec

te
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â

(`) }
as

a
solu

tion
to

(28)

8
:

re
tu

rn
γ

(t)
=
y

(t)−
λρ ∑

r−
1

`=
1
W

(`)∗
â
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tion

can
b

e
w

ritten
as
γ

(t)
=
y

(t)∗
t̂,

w
h
ere

t̂
is

som
e

d
ata-d

ep
en

d
en

t
vector

in
R
r.

T
h

e
o
re

m
8

A
so

lu
tio

n
to

(10)
ca

n
be

w
ritten

a
s
γ

(t)
=
y

(t)∗
ĝ

,
w

h
ere

th
e

d
a
ta

-d
epen

d
en

t
vecto

r
ĝ
∈

R
r

is
given

by

ĝ
m

=
r−

1
∏`=
m

[ν̂
` ]+

w
2`m

+
[ν̂
` ]+

a
n

d
ĝ
r

=
1,

w
h
ere

ν̂
`

sa
tisfi

es
τ

2
=
∑

`m
=

1
w

2`m

(
w

2`m
+
ν)

2 (
ẑ

(`)
m

)
2.

P
ro

o
f

B
y

J
en

atton
et

al.
(2011),

w
e

can
get

a
solu

tio
n

to
(1

0)
in

a
sin

gle
p
ass

as
d
escrib

ed
in

A
lgorith

m
3.

If
w

e
start

from
ẑ

(1
)

=
y

(t),
th

en
for

`
=

1,···
,r−

1
an

d
each

m
≤
`,

ẑ
(`+

1
)

m
=
ẑ

(`)
m
−
τ
w
`m
â

(`)
m

=
[ν̂
` ]+

w
2`m

+
[ν̂
` ]+

ẑ
(`)
m
.

B
y

(29),
γ

(t)
=
ẑ

(r−
1
),

an
d

th
e

resu
lt

follow
s.

A
k
ey

ob
servation

from
th

is
ch

aracterization
is

th
at

a
b
an

d
ed

sp
arsity

p
attern

is
in

d
u
ced

in
solv

in
g

(10),
w

h
ich

in
tu

rn
im

p
lies

th
e

sam
e

p
rop

erty
of

th
e

ou
tp

u
t

of
A

lgorith
m

1.

C
o
ro

lla
ry

9
A

so
lu

tio
n
γ

(t)
to

(10)
h
a
s

ba
n

d
ed

spa
rsity,

i.e.,
(γ

(t) )
1
:Ĵ

=
0

fo
r
Ĵ

=
m

ax{
`

:
ν̂
` ≤

0}
.
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.
U
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ss
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f
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S
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a
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R
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E
st
im

a
to
r

L
e
m

m
a

1
0

(O
p
ti

m
a
li

ty
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n
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it

io
n

)
F

o
r

a
n

y
λ
>

0
a
n

d
a
n

-b
y-
p

sa
m

p
le

m
a
tr

ix
X

,
β̂

is
a

so
lu

ti
o
n

to
th

e
p
ro

bl
em

m
in

β
∈R

r

  
−

2
lo

g
β
r

+
1 n
‖X

1
:r
β
‖2 2

+
λ
r
−

1
∑ `=

1

√ √ √ √
∑̀ m

=
1

w
2 `m
β

2 m

  

if
a
n

d
o
n

ly
if

th
er

e
ex

is
t
â

(`
)
∈

R
r

fo
r
`

=
1,
..
.,
r
−

1
su

ch
th

a
t

−
2 β̂
r

e
r

+
2 n

X
T 1
:r
X

1
:r
β̂

+
λ
r
−

1
∑ `=

1

W
(`

)
∗â

(`
)

=
0

(3
1)

w
it

h
( â

(`
))
g
c r
,`

=
0,
( â

(`
))
g
r
,`

=
(W

(`
)
∗β̂

) g
r
,`

∥ ∥ ∥ ∥(
W

(`
)
∗β̂

) g
r
,`

∥ ∥ ∥ ∥ 2

fo
r
β̂
g
r
,`
6=

0
a
n

d
∥ ∥ ∥(
â

(`
))
g
r
,`

∥ ∥ ∥ 2
≤

1
fo

r
β̂
g
r
,`

=
0.

L
e
m

m
a

1
1

T
a
ke
β̂

a
n

d
â

(`
)

a
s

in
th

e
p
re

vi
o
u

s
le

m
m

a
.

S
u

p
po

se
th

a
t

∥ ∥ ∥ ∥( â
(`

))
g
r
,`

∥ ∥ ∥ ∥ 2

<
1

fo
r

`
=

1,
..
.,
J

(β̂
)

th
en

fo
r

a
n

y
o
th

er
so

lu
ti

o
n
β̃

to
(8

),
it

is
a
s

sp
a
rs

e
a
s
β̂

if
n

o
t

m
o
re

.
In

o
th

er
w

o
rd

s,

K
(β̃

)
≤
K̂
r
.

L
e
m

m
a

1
2

(U
n

iq
u

en
es

s)
U

n
d
er

th
e

co
n

d
it

io
n

s
o
f

th
e

p
re

vi
o
u

s
le

m
m

a
,

le
t
Ŝ

=
{ i

:
β̂
i
6=

0} .

If
X
Ŝ

h
a
s

fu
ll

co
lu

m
n

ra
n

k
(i

.e
.,

ra
n
k
( X
Ŝ
) =
|Ŝ
|)

th
en

β̂
is

u
n

iq
u

e.

P
ro

o
f

S
ee

A
p
p

en
d
ic

es
J
,

K
,

an
d

L
.

A
p
p
e
n
d
ix

F
.
P
ro

o
f
o
f
T
h
e
o
re
m

1

W
e

st
ar

t
w

it
h

in
tr

o
d
u
ci

n
g

n
ot

at
io

n
.

F
ro

m
n

o
w

o
n

w
e

su
p

p
re

ss
th

e
d

e
p

e
n

d
e
n

c
e

o
n

r
in

n
o
ta

ti
o
n

fo
r

si
m

p
li
c
it

y
.

W
e

d
en

o
te

th
e

gr
ou

p
st

ru
ct

u
re
g `

=
{1
,·
··
,`
}

fo
r
`
≤
r

fo
r

ea
ch

r
=

1,
..
.,
p
.

F
or

an
y

ve
ct

o
r
β
∈

R
r
,

w
e

le
t
β
g
`
∈

R
`

b
e

th
e

ve
ct

or
w

it
h

el
em

en
ts

{β
m

:
m
≤
`}

.
W

e
al

so
in

tr
o
d
u
ce

th
e

w
ei

gh
t

v
ec

to
r
W

(`
)
∈

R
p

w
it

h
( W
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))
m

=
w
`m

w
h
er

e
w
`m

ca
n

b
e

d
efi

n
ed

as
in

(7
)

or
w
`m

=
1.

F
in

al
ly

re
ca

ll
in

g
fr

om
S
ec

ti
on

4
th

e
d
efi

n
it

io
n

of
I,

w
e

d
en

ot
e
S

=
I
∪
{r
}

=
{J

+
1
,.
..
,r
}

an
d
Sc

=
{1
,2
,.
..
,J
}.

T
h
e

ge
n
er

al
id

ea
of

th
e

p
ro

of
d
ep

en
d
s

on
th

e
p
ri

m
al

-d
u
al

w
it

n
es

s
p
ro

ce
d
u
re

in
W

ai
n
-

w
ri

gh
t

(2
00

9)
an

d
R

av
ik

u
m

ar
et

al
.

(2
01

1)
.

C
on

si
d
er

in
g

th
e

or
ig

in
al

p
ro

b
le

m
(8

)
fo

r
an

y

r
=

2
,.
..
,p

,
w

e
co

n
st

ru
ct

th
e

p
ri

m
al

-d
u
al

w
it

n
es

s
so

lu
ti

o
n

p
ai

rs
( β̃
,∑

r
−

1
`=

1
W

(`
)
∗ã

(`
))

as

fo
ll
ow

s:
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Y
u
a
n
d

B
ie
n

(a
)

S
ol

ve
th

e
re

st
ri

ct
ed

su
b
p
ro

b
le

m
w

it
h

th
e

tr
u
e

b
an

d
w

id
th
K

=
r
−

1
−
J

:

β̃
=

ar
g

m
in

β
r
>

0
β
S
c
=

0

{
−

2
lo

g
β
r

+
1 n
‖X

1
:r
β
‖2 2

+
λ
r
−

1
∑ `=
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∥ ∥ ∥ ∥( W
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)
∗β
) g
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T
h
e

so
lu
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e
ca

n
b

e
w

ri
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en
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β̃
=

( 0
J γ̃

)
,

w
h
er

e

γ̃
=

ar
g

m
in

γ
∈R

K
+
1

{
−

2
lo

g
γ
K

+
1

+
1 n
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S
γ
‖2 2
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λ
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∥ ∥ ∥ ∥ 2
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h W̃
(`

)
=
( W
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+
J
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⇒
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1
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`

∥ ∥ ∥ ∥ 2

=
r
−

1
∑
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J

+
1

√ √ √ √
r
−

1
∑

m
=
J

+
1

w
2 `m
γ

2 m
−
J
.

(b
)

B
y

L
em

m
a

10
,

th
er

e
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is
t
b̃(
`)
∈

R
K

+
1
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r
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=
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K

,
su
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c `
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0

a
n
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)

F
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1
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w

e
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t

ã
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)
=
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0
J
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J
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.

T
h
en

w
e

h
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e
( ã
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g
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=
0,
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ã
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))
g
`

∥ ∥ ∥ 2
≤

1
,
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))
g
`

=
(W
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)
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`
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W
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)
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) g
`

∥ ∥ ∥ ∥ 2
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r
β̃
g
`
6=

0
.

(d
)

F
or
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`
=

1,
..
.,
J

,
w

e
ch

o
os

e
ã

(`
)
∈

R
r

sa
ti

sf
y
in

g

( ã
(`

))
`′

=
0

fo
r

an
y
`′
6=
`

an
d

( ã
(`

))
`

=
−

2

λ
w
``

( S
β̃
) `

=
−

2 n
λ

X
T `
X
S
β̃
S
.

B
y
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n
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ru
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io
n

an
d

th
e
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ct
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w
``

=
1,

λ
( W
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)
∗ã
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`

=
λ
w
``

( ã
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=
−

2
( S
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.
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L
e
a
r
n
in
g

L
o
c
a
l
D
e
p
e
n
d
e
n
c
e
In

O
r
d
e
r
e
d

D
a
t
a

B
y

L
em

m
a

10, {
ã

(`) }
satisfi

es
th

e
op

tim
a
lity

con
d
ition

(31):

−
2β̃
r

e
r

+
2n

X
T1
:r X

1
:r β̃

+
λ
r−

1
∑`=

1

W
(`)∗

ã
(`)

=
0

(32)

(e)
V

erify
th

e
strict

d
u
al

feasib
ility

con
d
ition

for
`

=
1,...,J

∣∣∣∣
2n
λ

X
T`
X
S
β̃S ∣∣∣∣

=
∣∣∣ (
ã

(`) )
` ∣∣∣

=

∥∥∥∥ (
ã

(`) )
g
` ∥∥∥∥

2

<
1
.

(3
3)

A
t

a
h
igh

level,
step

s
(a)

th
rou

gh
(d

)
con

stru
ct

a
p
air

(
β̃
, {
ã

(`) } )
th

at
satisfi

es
th

e

o
p
tim

a
lity

co
n
d
ition

(31),
b
u
t

th
e
{
ã

(`) }
is

n
ot

n
ecessarily

gu
aran

teed
to

b
e

a
m

em
b

er
of

∂ (
P

(β̃
) )

.
S
tep

(e)
d
o
es

m
ore

th
an

verify
in

g
th

e
n
ecessary

con
d
ition

s
for

it
to

b
elon

g
to

∂ (
P

(β̃
) )

.
T

h
e

strict
d
u
al

feasib
ility

con
d
ition

,
on

ce
verifi

ed
,

en
su

res
th

e
u
n
iq

u
en

ess
o
f

th
e

so
lu

tion
.

N
ote

th
at

b
y

con
stru

ction
in

S
tep

(b
), {

ã
(`) }

satisfi
es

d
u
al

feasib
ility

con
d
ition

s

fo
r
`

=
J

+
1,...,r−

1
sin

ce {
b̃
(`) }

d
o
es,

so
it

rem
ain

s
to

verify
for

`
=

1,...,J
(see

S
tep

(c)).

F
o
r

each
`

=
1,...,J

,
b
y

th
e

con
stru

ction
in

S
tep

(d
), (ã

(`) )
g
c`

=
0.

N
o
te

th
at
β̃
g
J

=
0

im
p
lies

β̃
g
`

=
0
.

T
h
u
s,

for
ã

(`)
to

satisfy
co

n
d
ition

s
in

L
em

m
a

10,
it

su
ffi

ces
to

sh
ow

(33).
If

th
e

p
rim

al-d
u
al

w
itn

ess
p
ro

ced
u
re

su
cceed

s,
th

en
b
y

con
stru

ction
,

th
e

solu
tion

β̃
,

w
h
o
se

su
p
p

o
rt

is
con

tain
ed

in
th

e
su

p
p

ort
of

th
e

tru
e
L
r· ,

is
a

solu
tio

n
to

(8).
M

oreover,
b
y

strict
d
u
a
l

feasib
ility

an
d

L
em

m
a

12,
w

e
k
n
ow

th
at
β̃

is
th

e
u
n
iq

u
e

solu
tion

β̂
to

th
e

u
n
co

n
strain

ed
p
rob
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(8).

T
h
erefore,

th
e

su
p
p

ort
of
β̂

is
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tain
ed

in
th

e
su

p
p

ort
of
L
r· .

In
th

e
fo

llow
in

g
w

e
ad

ap
t

th
e

sam
e

p
ro

of
tech

n
iq

u
e

as
W

ain
w

righ
t

(2009)
to

sh
ow

th
at

th
e

p
rim

al-d
u
a
l

w
itn

ess
su

cceed
s

w
ith

h
igh

p
rob

ab
ility,

from
w

h
ich

w
e

fi
rst

con
clu

d
e

th
at

K
(β̂

)≤
K

.

F
.1

P
ro

o
f

o
f

P
ro

p
e
rty

1
in

T
h

e
o
re

m
1

P
ro

o
f

W
e

n
eed

to
verify

th
e

strict
d
u
al

feasib
ility

(33).
B

y
(32),

−
2β̃
r

+
2n

X
Tr
X
r β̃
r

+
2n

X
Tr
X
I
β̃I

=
0,

(34)

2n
X
TI
X
r β̃
r

+
2n

X
TI
X
I
β̃I

+
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r−
1

∑`=
1

W
(`)∗

ã
(`) )

I
=

0.
(35)

F
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(3
5),

β̃I
=
−
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TI
X
I )−
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X
TI
X
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r

+
λ
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1
∑`=

1

W
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ã
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I ]
.

(36)

P
lu

g
g
in

g
(36)

b
ack

in
to

(34)
an
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g

C
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X
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1
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I
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n
d

O
I

=
I−

X
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X
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1
X
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e
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jection
m
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e
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Y
u
a
n
d

B
ie
n

com
p
lem

en
t

of
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e
colu

m
n

sp
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of
X
I
,

w
e

h
ave

−
2β̃
r

+
2n

X
Tr
O
I
X
r β̃
r −

λ
X
Tr
C
I

=
0,

w
h
ich

im
p
lies

th
at

β̃
r

=

λ2
X
Tr
C
I

+
√

λ
24

(X
Tr
C
I
)
2

+
4n
X
Tr
O
I
X
r

2n
X
Tr
O
I
X
r

(37)

an
d

th
at

(
ã

(`) )
`

=
−

2n
λ
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T`
X
S
β̃S

=
−

2n
λ

X
T`
X
r β̃
r −

2n
λ

X
T`
X
I
β̃I

=
−
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X
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X
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+
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X
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X
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X
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−
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λ
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X
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X
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X
r β̃
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+
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W
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ã
(`) )

I

=
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C
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O
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λ

X
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C
on

d
ition

in
g

on
X
I
,

w
e

can
d
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ã
(`) )

I
:=

R
(`)

+
F

(`).
(40)

W
e

fi
rst

b
ou

n
d

m
ax

` ∣∣F
(`) ∣∣.

N
ote

th
at

∥∥∥∥∥ (
r−

1
∑`=

1

W
(`)∗

ã
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ã
(`) )

I

=
−
(X

TI
X
I )−

1
X
TI
X
r δ
r −

(
1n

X
TI
X
I )
−

1(S
L
T )I

,r

−
λ2

(
1n

X
TI
X
I )
−

1 (
r−

1
∑`=

1

W
(`)∗

ã
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(r
`)|
<

1.
N

ow
for

each
r

=
2,...,p

w
e

p
ro

ceed
w

ith
th

e
sa

m
e

p
rim

al-d
u
al

w
itn

ess
p
ro

ced
u
re

an
d

en
d

u
p

w
ith

th
e

sam
e

d
eco

m
p

o
sition

(40).
A

ssu
m

p
tio

n
A

3
en

su
res

th
at

m
ax

2≤
r≤
p

m
ax

1≤
`≤
J
r |F

(r
`)|≤

1−
α

.
F

ollow
in

g
th

e
sa

m
e

lin
e

o
f

p
ro

of
to

d
eal

w
ith

ran
d
om

term
R

(r
`),

w
e

h
av

e
th

at
R

(r
`)

is
zero-m

ean
G

au
ssian

w
ith

co
n
d
itio

n
a
l

va
rian

ce
b

ou
n
d
ed

ab
ove

b
y

th
e

scalin
g

θ
r M̄

(r
)

n
(ε)

=
3
κ

2π
2θ
r

2

K
∗rn

+
θ
r

θ
(r

)
r

1

(n
−
K
∗r )

(1−
ε)

+
16θ

r

n
λ

2

≤
3κ

2π
2θ
r

2

(
Kn

+
κ

2

n
θ

(r
)

r
(1−

ε)
2

+
16

n
λ

2 )
,

43
JM

L
R

 18(42):1-60, 2017

Y
u
a
n
d

B
ie
n

for
ε∈

(0
,

12 )
w

ith
h
igh

p
rob

ab
ility,

w
h
ere

w
e

u
se

th
e

fact
th

at
K

=
o(n

)
im

p
lies

th
at

Kn
≤
ε

for
n

large.
A

n
d

P
[ ∣∣∣ R

(r
`) ∣∣∣ ≥

α ]≤
2

ex
p (
−

α
2

2θ
r M̄

(r
)

n
(ε) )

+
7

ex
p

(−
c

3 n
)
.

T
h
u
s,

P

[
m

ax
2≤
r≤
p

m
ax

1≤
`≤
J
r ∣∣∣ R

(r
`) ∣∣∣ ≥

α ]
≤

2

p
∑r
=

2

J
r

ex
p (
−

α
2

2θ
r M̄

(r
)

n
(ε) )

+
7

p
∑r
=

2

J
r

ex
p

(−
c

3 n
)

≤
p

2
ex

p (
−

α
2

3
κ

2π
2θ

Kn
+

8
θ
κ
2

n
+

3
2
θ

n
λ
2 )

+
72
p

2
ex

p
(−
c

3 n
)
.

F
or

th
e

ex
p

on
en

tial
term

to
d
ecay

faster
th

an
p

2,
w

e
n
eed

n

log
p
>

m
ax {

2α
2 (

3
κ

2π
2θK

+
8
κ

2θ
+

32θ

λ
2

)
,

2c
3 }

.

A
p
p
e
n
d
ix

H
.
P
ro

o
f
o
f
T
h
e
o
re
m

4

L
e
m

m
a

1
7

U
sin

g
th

e
n

o
ta

tio
n

a
n

d
co

n
d
itio

n
s

in
T

h
eo

rem
4
,

th
e

fo
llo

w
in

g
d
evia

tio
n

bo
u

n
d
s

h
o
ld

w
ith

h
igh

p
ro

ba
bility:

∣∣∣ ∣∣∣ ∣∣∣ L̂
−
L ∣∣∣ ∣∣∣ ∣∣∣∞

≤
ζ

Γ
(K

+
1) √

log
p

n
,

∣∣∣ ∣∣∣ ∣∣∣ L̂
−
L ∣∣∣ ∣∣∣ ∣∣∣1 ≤

ζ
Γ

(K
+

1) √
log

p

n
,

∣∣∣ ∣∣∣ ∣∣∣ L̂
−
L ∣∣∣ ∣∣∣ ∣∣∣2 ≤

ζ
Γ

(K
+

1) √
log

p

n
,

∥∥∥
L̂
−
L ∥∥∥

F
≤
ζ

Γ √
(s

+
p
)

log
p

n
.

P
ro

o
f

B
y

T
h
eorem

3,
w

ith
h
igh

p
rob

ab
ility,

th
e

su
p
p

o
rt

of
L̂

is
con

ta
in

ed
in

th
e

tru
e

su
p
p

ort
an

d

∥∥∥
L̂
−
L ∥∥∥∞

≤
ζ

Γ √
log

p

n
.

N
ote

th
at

∣∣∣ ∣∣∣ ∣∣∣ L̂
−
L ∣∣∣ ∣∣∣ ∣∣∣∞

=
m

ax
2≤
r≤
p

r
∑c=

1 ∣∣∣ L̂
r
c −

L
r
c ∣∣∣ ≤

m
ax

2≤
r≤
p

(K
r

+
1) ∥∥∥

L̂
−
L ∥∥∥∞

≤
(K

+
1) ∥∥∥

L̂
−
L ∥∥∥∞

.

4
4

JM
L

R
 18(42):1-60, 2017



L
e
a
r
n
in
g

L
o
c
a
l
D
e
p
e
n
d
e
n
c
e
In

O
r
d
e
r
e
d

D
a
t
a

D
en

ot
e
D

=
m

ax
1
≤
c≤
p
−

1
D
c

w
h
er

e
D
c

=
|{
r

=
c,
..
.,
p

:
L
r
c
6=

0}
|.

O
b
se

rv
in

g
th

at
D
≤
K

,
w

e
h
av

e

∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣L̂
−
L
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣ 1

=
m

ax
1
≤
c≤
p
−

1

c ∑ r
=

1

∣ ∣ ∣L̂
r
c
−
L
r
c

∣ ∣ ∣≤
m

ax
1
≤
c≤
p
−

1
(D

c
+

1)
∥ ∥ ∥L̂
−
L
∥ ∥ ∥ ∞

≤
(D

+
1)
∥ ∥ ∥L̂
−
L
∥ ∥ ∥ ∞
≤

(K
+

1)
∥ ∥ ∥L̂
−
L
∥ ∥ ∥ ∞

.

B
y

H
öl

d
er

’s
in

eq
u
al

it
y

∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣L̂
−
L
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣ 2
≤
√
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣L̂
−
L
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣ 1

∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣L̂
−
L
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣ ∞

.

F
in

al
ly

fo
r

F
ro

b
en

iu
s

n
or

m
,

∥ ∥ ∥L̂
−
L
∥ ∥ ∥2 F

=

p ∑ r
=

2

r ∑

c=
J
r
+

1

( L̂
r
c
−
L
r
c

) 2
≤

p ∑ r
=

2

r ∑

c=
J
r
+

1

∥ ∥ ∥L̂
−
L
∥ ∥ ∥2 ∞
≤
ζ

2 Γ

(
∑ r

K
r

+
p

)
lo

g
p

n
.

P
ro

o
f

[o
f

T
h
eo

re
m

4]
F

ir
st

n
ot

e
th

at

L̂
T
L̂
−
L
T
L

=
( L̂
−
L
) T
( L̂
−
L
)

+
L̂
T
L

+
L
T
L̂
−

2L
T
L

=
( L̂
−
L
) T
( L̂
−
L
)

+
( L̂
−
L
) T

L
+
L
T
( L̂
−
L
) .

T
h
u
s,

∥ ∥ ∥L̂
T
L̂
−
L
T
L
∥ ∥ ∥ ∞
≤
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣L̂
−
L
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣ ∞

∥ ∥ ∥L̂
−
L
∥ ∥ ∥ ∞

+
2
|||L
||| ∞

∥ ∥ ∥L̂
−
L
∥ ∥ ∥ ∞

,
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣L̂

T
L̂
−
L
T
L
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣ 1

=
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣L̂

T
L̂
−
L
T
L
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣ ∞
≤

2||
|L
||| ∞
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣L̂
−
L
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣ ∞

+
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣L̂
−
L
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣2 ∞

.

B
y

H
öl

d
er

’s
in

eq
u
al

it
y

∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣L̂
T
L̂
−
L
T
L
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣ 2
≤
√
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣L̂

T
L̂
−
L
T
L
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣ 1

∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣L̂
T
L̂
−
L
T
L
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣ ∞

.

F
in

al
ly

,
fo

r
F

ro
b

en
iu

s
n
or

m
,

ob
se

rv
e

th
at

∥ ∥ ∥L
T
( L̂
−
L
)∥ ∥ ∥

F
=
∥ ∥ ∥v

ec
( L

T
( L̂
−
L
))
∥ ∥ ∥ 2

=
∥ ∥ ∥(
I p
⊗
L
T
) ve

c
( L̂
−
L
)∥ ∥ ∥

2

≤
∣ ∣∣ ∣∣ ∣
I p
⊗
L
T
∣ ∣∣ ∣∣ ∣

2

∥ ∥ ∥L̂
−
L
∥ ∥ ∥ F

=
|||L
||| 2
∥ ∥ ∥L̂
−
L
∥ ∥ ∥ F

.

A
p
p
ly

in
g

th
e

sa
m

e
st

ra
te

gy
to
∥ ∥ ∥(
L̂
−
L
)(

L̂
−
L
)∥ ∥ ∥

F
,

w
e

h
av

e

∥ ∥ ∥L̂
T
L̂
−
L
T
L
∥ ∥ ∥ F
≤
(∣ ∣ ∣
∣ ∣ ∣∣ ∣ ∣L̂
−
L
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣ 2

+
2
|||L
||| 2
)∥ ∥ ∥

L̂
−
L
∥ ∥ ∥ F

,

th
en

th
e

re
su

lt
s

fo
ll
ow

fr
om

C
or

ol
la

ry
1
7.

4
5

JM
L

R
 1

8(
42

):
1-

60
, 2

01
7

Y
u
a
n
d

B
ie
n

A
p
p
e
n
d
ix

I.
P
ro

o
f
o
f
T
h
e
o
re
m

6

P
ro

o
f

W
e

ad
ap

t
th

e
p
ro

of
te

ch
n
iq

u
e

of
R

ot
h
m

an
et

al
.

(2
00

8)
.

L
et

G
(∆

)
=
−

2
lo

g
d
et

(L
+

∆
)

+
tr
( S

(L
+

∆
)T

(L
+

∆
))

+
λ
‖(

∆
+
L

)‖
∗ 2
,1

+
2

lo
g

d
et
L
−

tr
( S
L
T
L
) −

λ
‖L
‖∗ 2
,1
,

(4
8
)

w
h
er

e
L

is
th

e
in

ve
rs

e
of

th
e

C
h
ol

es
k
y

fa
ct

o
r

of
th

e
tr

u
e

co
va

ri
a
n
ce

m
at

ri
x
,

a
n
d

th
e

p
en

a
lt

y
is

d
efi

n
ed

ab
ov

e
as

‖L
‖∗ 2
,1

=

p ∑ r
=

2

r
−

1
∑ `=

1

√ √ √ √
∑̀ m

=
1

w
2 `m
L

2 r
m
.

S
in

ce
th

e
es

ti
m

at
or
L̂

is
d
efi

n
ed

as

L̂
=

ar
g

m
in

L
j
k
=

0
:j
<
k

{ −
2

lo
g

d
et
L

+
tr
( S
L
T
L
) +

λ
‖L
‖∗ 2
,1

}
,

it
fo

ll
ow

s
th

at
G

(∆
)

is
m

in
im

iz
ed

at
∆̂

=
L̂
−
L

.
C

on
si

d
er

th
e

va
lu

e
of
G

(∆
)

o
n

th
e

se
t

d
efi

n
ed

as

Θ
n
(M

)
=
{ ∆

:
∆
jk

=
0

fo
r

al
l
k
>
j,

(∆
+
L

) j
j
>

0
fo

r
al

l
j
,‖

∆
‖ F

=
M
r n

}
,

w
h
er

e
M

>
0

an
d

r n
=

√
(∑

p r
=

2
K
r

+
p
)

lo
g
p

n
.

T
h
e

as
su

m
ed

sc
al

in
g

im
p
li
es

th
at
r n
→

0.
W

e
ai

m
at

sh
ow

in
g

th
at

in
f
{G

(∆
)

:
∆
∈

Θ
n
(M

)}
>

0.
If

it
h
ol

d
s,

th
en

th
e

co
n
ve

x
it

y
of
G

(∆
)

an
d

th
e

fa
ct

th
at
G

(∆̂
)
≤
G

(0
)

=
0

im
p
li
es

‖∆̂
‖ F

=
‖L̂
−
L
‖ F
≤
M
r n
.

W
e

st
ar

t
w

it
h

an
al

y
zi

n
g

th
e

lo
ga

ri
th

m
te

rm
s

in
(4

8)
.

F
ir

st
le

t
f

(t
)

=
lo

g
d
et

(L
+
t∆

).
U

si
n
g

a
T

ay
lo

r
ex

p
an

si
on

of
f

(t
)

at
t

=
0

w
it

h
f
′ (
t)

=
tr

[(
L

+
t∆

)−
1
∆

]
a
n
d
f
′′ (
t)

=
−

ve
c

∆
T

(L
+
t∆

)−
1
⊗

(L
+
t∆

)−
1

ve
c

∆
,

w
e

h
av

e

lo
g

d
et

(L
+

∆
)
−

lo
g

d
et

(L
)

=
tr

(L
−

1
∆

)
−

(v
ec

∆
)T
[ ∫

1

0
(1
−
ν

)(
L

+
ν

∆
)−

1
⊗

(L
+
ν

∆
)−

1
d
ν

] (v
ec

∆
).

T
h
e

tr
ac

e
te

rm
in

(4
8)

ca
n

b
e

w
ri

tt
en

as

tr
( S

(L
+

∆
)T

(L
+

∆
))
−

tr
( S
L
T
L
) =

tr
( S
L
T

∆
+
S

∆
T
L

+
S

∆
T

∆
)

=
2

tr
( S
L
T

∆
) +

tr
( S

∆
T

∆
)

≥
2

tr
( S
L
T

∆
) ,

4
6

JM
L

R
 1

8(
42

):
1-

60
, 2

01
7



L
e
a
r
n
in
g

L
o
c
a
l
D
e
p
e
n
d
e
n
c
e
In

O
r
d
e
r
e
d

D
a
t
a

w
h
ere

th
e

la
st

in
eq

u
ality

com
es

from
th

e
fact

th
at

th
e

sam
p
le

covaria
n
ce

m
atrix

S
is

p
o
sitive

sem
id

efi
n
ite.

C
om

b
in

in
g

th
ese

w
ith

(48)
gives

G
(∆

)≥
2(vec

∆
)
T

[∫
1

0
(1−

ν
)(L

+
ν

∆
) −

1⊗
(L

+
ν

∆
) −

1d
ν ]

(vec
∆

)

+
2

tr[(S
L
T
−
L
−

1)∆
]+

λ (‖L
+

∆
‖ ∗2
,1 −
‖
L‖ ∗2

,1 )

≡
(a

)
+

(b)
+

(c).
(49)

T
h
e

in
teg

ra
l

term
(a

)
ab

ov
e

h
as

a
p

ositive
low

er
b

ou
n
d
.

R
ecallin

g
th

at
σ

m
in (M

)
=

m
in‖

x‖
=

1
x
T
M
x

is
a

con
cave

fu
n
ction

of
M

(th
e

m
in

im
u
m

of
lin

ear
fu

n
ction

s
of

M
is

co
n
cave),

w
e

h
ave

(a
)

=
2‖

vec
∆
‖

2
vec

∆
T

‖
vec

∆
‖

[∫
1

0
(1−

ν
)(L

+
ν

∆
) −

1⊗
(L

+
ν

∆
) −

1d
ν ]

vec
∆

‖
vec

∆
‖

≥
2‖

∆
‖

2F
σ

m
in [∫

1

0
(1−

ν
)(L

+
ν

∆
) −

1⊗
(L

+
ν

∆
) −

1d
ν ]

≥
2‖

∆
‖

2F

[∫
1

0
(1−

ν
)σ

m
in ((L

+
ν

∆
) −

1⊗
(L

+
ν

∆
) −

1 )
d
ν ]

≥
2‖

∆
‖

2F

∫
1

0
(1−

ν
)σ

2m
in (L

+
ν

∆
) −

1d
ν

≥
‖∆
‖

2F
m

in
0≤
ν≤

1
σ

2m
in (L

+
ν

∆
) −

1

≥
‖∆
‖

2F
m

in {
σ

2m
in (L

+
∆̃

) −
1

:
‖
∆̃
‖
F
≤
M
r
n }

.
(50)

T
h
e

seco
n
d

in
eq

u
ality

u
ses

J
en

son
’s

in
eq

u
ality

of
th

e
con

cave
fu

n
ction

σ
m

in (·),
an

d
th

e
th

ird
in

eq
u
a
lity

u
ses

th
e

fact
th

at
σ

m
in

(A
⊗
A

)
=
σ

m
in

(A
)
2

for
an

y
p

ositive
(sem

i)d
efi

n
ite

m
atrix

A
.

U
sin

g
tria

n
g
le

in
eq

u
ality

on
th

e
m

atrix
op

erator
n
orm

,
w

e
h
av

e

σ
2m

in (L
+

∆̃
) −

1
=
σ
−

2
m

a
x (L

+
∆̃

)≥
(|||L|||2

+
∣∣∣ ∣∣∣ ∣∣∣ ∆̃

∣∣∣ ∣∣∣ ∣∣∣2 )
−

2≥
1

2|||L||| 22

≥
κ

22
,

w
h
ere

th
e

seco
n
d

in
eq

u
ality

h
old

s
w

ith
h
igh

p
rob

ab
ility

sin
ce
∣∣∣ ∣∣∣ ∣∣∣ ∆̃

∣∣∣ ∣∣∣ ∣∣∣2
≤
‖
∆̃
‖
F
≤
M
r
n
≤

|||L|||2
a
s
r
n
→

0
an

d
th

e
last

in
eq

u
ality

follow
s

fro
m

A
ssu

m
p
tion

A
4

.
T

h
is

gives
th

e
low

er
b

o
u
n
d

fo
r

th
e

fi
rst

term
in

(49):(a
)≥

12
κ

2‖
∆
‖

2F
=

12
κ

2M
2r

2n .
(51)

T
o

d
ea

l
w

ith
(b),

w
e

start
b
y

recallin
g

som
e

n
otation

.
W

e
letS

=
{
(r,j)

:
L
r
j 6=

0}
d
en

ote
th

e
su

p
p

o
rt

o
f
L

,
an

d
s

=
∑

pr
=

2
K
r

b
e

th
e

n
u
m

b
er

of
n
on

-zero
off

-d
iagon

al
elem

en
ts.

W
e

a
lso

d
efi

n
e

‖L‖
2
,1

=

p
∑r
=

2

r−
1

∑`=
1

w
`` |L

r
` |

=

p
∑r
=

2

r−
1

∑`=
1 |L

r
` |,

47
JM

L
R

 18(42):1-60, 2017

Y
u
a
n
d

B
ie
n

w
h
ere

th
e

last
eq

u
ality

h
old

s
sin

ce
w
``

=
1

b
y

(7).
T

h
en

,
b
y

th
e

C
au

ch
y
-S

ch
w

arz
in

eq
u
ality,

∣∣tr[(S
L
T
−
L
−

1)∆
] ∣∣

=

∣∣∣∣∣∣

p
∑r
=

1

r
∑j=

1 (S
L
T
−
L
−

1 )
r
j

∆
r
j ∣∣∣∣∣∣

≤

∣∣∣∣∣∣

p
∑r
=

1 ∑j∈I
r (S

L
T
−
L
−

1)
r
j ∆

r
j ∣∣∣∣∣∣

+

∣∣∣∣∣∣

p
∑r
=

1 ∑j
/∈I
r (S

L
T
−
L
−

1)
r
j ∆

r
j ∣∣∣∣∣∣

≤
√
s

+
p ∥∥
S
L
T
−
L
−

1 ∥∥∞
‖
∆
S ‖

F
+
∥∥
S
L
T
−
L
−

1 ∥∥∞
‖
∆
S
c‖

2
,1

≤
C

1 √
s

+
p √

log
p

n
‖
∆
S ‖

F
+
C

1 √
log

p

n
‖∆
S
c‖

2
,1
,

(52)

w
h
ere

th
e

last
in

eq
u
ality

com
es

from
L

em
m

a
15

w
ith

p
rob

ab
ility

ten
d
in

g
to

1.
T

o
b

ou
n
d

th
e

p
en

alty
term

s,
w

e
n
ote

th
at

‖
L

+
∆
‖ ∗2
,1 −
‖
L‖ ∗2

,1

=

p
∑r
=

2

r−
1

∑`=
1 √√√√

∑̀m
=

1

w
2`m

(L
r
m

+
∆
r
m

)
2−
‖
L
S ‖ ∗2

,1

=

p
∑r
=

2

r−
1

∑`=
1 √

∑

m
:(r,m

)∈S
w

2`m
(L

r
m

+
∆
r
m

)
2

+
∑

m
:(r,m

)
/∈S
w

2`m
(L

r
m

+
∆
r
m

)
2−
‖
L
S ‖ ∗2

,1

≥
p
∑r
=

2

r−
1

∑`=
1 √

∑

m
:(r,m

)∈S
w

2`m
(L

r
m

+
∆
r
m

)
2

+

p
∑r
=

2

∑

`:(r,`)
/∈S |L

r
`

+
∆
r
` |−
‖
L
S ‖ ∗2

,1

=
‖
L
S

+
∆
S ‖ ∗2

,1
+
‖
L
S
c

+
∆
S
c‖

2
,1 −
‖
L
S ‖ ∗2

,1

=
‖
L
S

+
∆
S ‖ ∗2

,1
+
‖
∆
S
c‖

2
,1 −
‖
L
S ‖ ∗2

,1

≥
‖∆
S
c‖

2
,1 −
‖
∆
S ‖ ∗2

,1
,

w
h
ere

th
e

last
in

eq
u
ality

com
es

from
trian

gle
in

eq
u
ality.

T
o

give
an

u
p
p

er
b

ou
n
d

on
‖
L
S ‖ ∗2

,1 ,

w
e

ob
serve

th
at

2
λ
b≤

a
λ

2
+
b
2/a

h
old

s
for

an
y
a
>

0,
an

d
ob

tain

2
λ‖∆

S ‖ ∗2
,1

=

p
∑r
=

2

2λ
r−

1
∑`=
J
r
+

1 √√√√
∑̀

m
=
J
r
+

1

w
2`m

∆
2r
m

≤
(

p
∑r
=

2

K
r )

λ
2a

+

p
∑r
=

2

r−
1

∑`=
J
r
+

1

∑̀

m
=
J
r
+

1

w
2`m

∆
2r
m
/a

=

(
p
∑r
=

2

K
r )

λ
2a

+

p
∑r
=

2

r−
1

∑

m
=
J
r
+

1 (
r−

1
∑`=
m

w
2`m )

∆
2r
m
/a
.

48
JM

L
R

 18(42):1-60, 2017



L
e
a
r
n
in
g

L
o
c
a
l
D
e
p
e
n
d
e
n
c
e
In

O
r
d
e
r
e
d

D
a
t
a

N
ow

le
t

a
=

4 κ
2

m
ax r

m
ax

J
r
+

1
≤
m
≤
r
−

1

r
−

1
∑ `=
m

w
2 `m

=
4 κ
2

m
ax r

m
ax

J
r
+

1
≤
m
≤
r
−

1

r
−

1
∑ `=
m

1

(`
−
m

+
1)

4
≤
∞ ∑ k
=

1

4

k
4
κ

2
≤
C

2

κ
2
,

fo
r

so
m

e
co

n
st

an
t
C

2
>

0,
it

fo
ll
ow

s
th

at

λ
‖∆
S
‖∗ 2
,1
≤
C

2

κ
2
sλ

2
+
‖∆
S
‖2 F

κ
2 4
≤
C

2

κ
2
sλ

2
+
‖∆
‖2 F

κ
2 4
.

T
h
er

ef
or

e,

λ
( ‖
L

+
∆
‖∗ 2
,1
−
‖L
‖∗ 2
,1

)
≥
λ
‖∆
Sc
‖ 2
,1
−
C

2

κ
2
sλ

2
−
κ

2 4
‖∆
‖2 F

.
(5

3)

F
in

al
ly

,
co

m
b
in

in
g

(5
1)

,
(5

2)
,

an
d

(5
3
),

w
e

h
av

e

G
(∆

)
≥
κ

2 4
‖∆
‖2 F
−
C

1

√
(s

+
p
)

lo
g
p

n
‖∆
‖ F

+

(
λ
−
C

1

√
lo

g
p

n

)
‖∆
Sc
‖ 2
,1
−
C

2

κ
2
sλ

2
.

F
or

an
y
ε
<

1,
ch

o
os

e

λ
=
C

1 ε

√
lo

g
p

n
.

S
in

ce
‖∆
‖ F

=
M
r n

,
w

e
h
av

e

G
(∆

)
≥
κ

2 4
M

2
r2 n
−
C

1
M
r2 n

+
C

1

√
lo

g
p

n

(
1 ε
−

1

)
‖∆
Sc
‖ 2
,1
−
C

2
C

2 1

κ
2
ε2

s
lo

g
p

n

≥
(
κ

2 4
M

2
−
C

1
M
−
C

2
C

2 1

κ
2
ε2

)
r2 n
>

0
,

fo
r
M

su
ffi

ci
en

tl
y

la
rg

e.

A
p
p
e
n
d
ix

J
.
P
ro

o
f
o
f
L
e
m
m
a
1
0

P
ro

o
f

D
en

ot
e

L
( τ,

z
,β

;ν
,φ
,a

(`
))

=
−

2
lo

g
τ

+
1 n
‖z
‖2 2

+
ν

(τ
−
β
r
)

+
1 n
〈φ
,z
−

X
1
:r
β
〉+

λ
r
−

1
∑ `=

1

〈 W
(`

)
∗a

(`
) ,
β
〉
.

49
JM

L
R

 1
8(

42
):

1-
60

, 2
01

7

Y
u
a
n
d

B
ie
n

T
h
en

th
e

p
ri

m
al

(8
)

ca
n

b
e

w
ri

tt
en

eq
u
iv

al
en

tl
y

as

m
in

τ
,z
,β

{
m

ax
ν
,φ
,a

(`
)

{ L
( τ,

z
,β

;ν
,φ
,a

(`
))

:

∥ ∥ ∥ ∥( a
(`

))
g
r
,`

∥ ∥ ∥ ∥ 2

≤
1,
( a

(`
))
g
c r
,`

=
0}}

.

T
h
e

d
u
al

fu
n
ct

io
n

ca
n

th
en

b
e

w
ri

tt
en

as

g
( ν
,φ
,a

(`
))

=
in

f
τ
,z
,β
L
( τ,

z
,β

;ν
,φ
,a

(`
))

=
in

f
τ
{−

2
lo

g
τ

+
ν
τ
}+

in
f
z

{
1 n
‖z
‖2 2

+
1 n
〈φ
,z
〉}

+
in

f
β

{
−
ν
β
r
−

1 n

〈 X
T 1
:r
φ
,β
〉 +

λ
r
−

1
∑ `=

1

〈 W
(`

)
∗a

(`
) ,
β
〉}

=
2

lo
g
ν
−

2
lo

g
2

+
2
−

1 ∞
{ν

>
0}
−

1 4n
‖φ
‖2 2

−
1 ∞

{
−
ν
e
r
−

1 n
X
T 1
:r
φ

+
λ
r
−

1
∑ `=

1

W
(`

)
∗a

(`
)

=
0}

,

w
h
er

e
e
r
∈

R
r

is
su

ch
th

at
(e
r
) r

=
1

an
d

(e
r
) j

=
0

fo
r

al
l
j
6=
r.

T
h
u
s

th
e

d
u
a
l

p
ro

b
le

m
(u

p
to

a
co

n
st

an
t)

is

m
ax

ν
,φ
,a

(`
)
g
( ν
,φ
,a

(`
))

=
m

in
ν
,φ
,a

(`
)

{ −
2

lo
g
ν

+
1 4n
‖φ
‖2 2

s.
t.

ν
>

0
,

∥ ∥ ∥ ∥( a
(`

))
g
r
,`

∥ ∥ ∥ ∥ 2

≤
1
,(
a

(`
))
g
c r
,`

=
0,

ν
e
r

+
1 n

X
T 1
:r
φ

=
λ
r
−

1
∑ `=

1

W
(`

)
∗a

(`
)}

.

T
h
e

p
ri

m
al

-d
u
al

re
la

ti
on

is

β̂
r

=
τ̂

=
2 ν̂

φ̂
=
−

2ẑ
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â

(`
))
g
r
,`

∥ ∥ ∥ 2
≤

1
,(
â
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â

(`),β̃ 〉
=

r−
1

∑`=
1 〈
W

(`)∗
â
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u
ltip

le
layers

(e.g.,
G

ollin
i

a
n
d

M
u
rp

h
y
,

2
016;

H
an

et
al.,

2015;
H

ean
ey

,
2014).

T
h
ese

con
trib

u
tion

s
h
ave

gen
eralized

ex
p

o
n
en

tial
ran

d
om

grap
h

m
o
d
els

(H
ollan

d
an

d
L

ein
h
ard

t,
1
981;

F
ran

k
an

d
S
trau

ss,
1986)

a
n
d

la
ten

t
va

riab
les

m
o
d
els

(N
ow

ick
i

an
d

S
n
ijd

ers,
2001;

H
off

et
al.,

200
2;

A
irold

i
et

al.,
2
0
0
8
)

fo
r

a
sin

gle
n
etw

ork
to

allow
in

feren
ce

in
m

u
ltid

im
en

sion
al

fram
ew

ork
s,

w
h
en

th
e

m
u
l-

tip
le

n
etw

o
rk

s
arise

eith
er

from
d
y
n
am

ic
or

m
u
ltilayer

stu
d
ies.

T
h
ese

m
eth

o
d
s

are
valu

ab
le

b
u
ild

in
g

b
lo

ck
s

for
m

ore
fl
ex

ib
le

m
o
d
els,

b
u
t

fall
far

sh
ort

of
th

e
goal

of
p
rov

id
in

g
effi

cien
t

p
ro

ced
u
res

in
m

ore
com

p
lex

settin
gs

w
h
en

th
e

n
etw

ork
s

are
b

oth
d
y
n
am

ic
an

d
m

u
ltilayer.

T
h
e

rou
tin

e
collection

of
d
y
n
am

ic
m

u
ltilayer

n
etw

ork
s

is
a

recen
t

d
ev

elop
m

en
t

an
d

sta
tistica

l
m

o
d
elin

g
of

su
ch

d
ata

is
still

in
its

in
fan

cy.
F

or
ex

am
p
le,

L
ee

a
n
d

M
on

ge
(2011)

co
n
sid

ered
a

g
en

eralization
of

ex
p

on
en

tial
ran

d
o
m

grap
h

m
o
d
els

for
m

u
ltilayer

n
etw

ork
s,

b
u
t

p
erfo

rm
ed

a
sep

arate
an

aly
sis

for
each

tim
e

p
oin

t.
O

selio
et

al.
(2014

)
fo

cu
sed

in
stead

o
n

a
d
y
n
a
m

ic
sto

ch
astic

b
lo

ck
m

o
d
el

w
h
ich

b
orrow

s
in

form
atio

n
across

tim
e

an
d

w
ith

in
each

n
etw

o
rk

,
b
u
t

fo
rces

th
e

u
n
d
erly

in
g

b
lo

ck
stru

ctu
res

to
b

e
sh

ared
b

etw
een

lay
ers.

D
y
n
am

ic
m

u
ltilay

er
n
etw

ork
s

are
com

p
lex

ob
jects

com
b
in

in
g

h
om

ogen
ou

s
stru

ctu
res

sh
ared

b
etw

een
a
cto

rs,
layers,

a
n
d

sm
o
oth

ly
evolv

in
g

across
tim

e,
w

ith
lay

er-sp
ecifi

c
p
attern

s
an

d
across-

a
cto

r
h
etero

gen
eity.

D
u
e

to
th

is,
an

y
p
ro

ced
u
re

th
at

fails
to

in
corp

orate
th

e
d
iff

eren
t

sou
rces

o
f
in

fo
rm

a
tio

n
in

th
e

ob
served

d
ata

(e.g.,
L

ee
an

d
M

on
ge,

2011)
is

ex
p

ected
to

lose
effi

cien
cy,

w
h
erea

s
m

o
d
els

fo
cu

sin
g

on
sh

ared
p
attern

s
(e.g.,

O
selio

et
al.,

2014)
m

ay
la

ck
fl
ex

ib
ility.

M
o
re

g
en

eral
form

u
lation

s
are

th
e

m
u
ltilayer

sto
ch

astic
actor-orien

ted
m

o
d
el

(S
n
ijd

ers
et

a
l.,

2
0
13

)
a
n
d

th
e

m
u
ltilin

ear
ten

sor
regression

(H
off

,
2015).

S
n
ijd

ers
et

al.
(2013)

allow
ed

fo
r

d
y
n
a
m

ic
in

feren
ce

on
n
etw

ork
p
rop

erties
w

ith
in

an
d

b
etw

een
layers,

b
u
t

failed
to

in
cor-

p
o
ra

te
a
cro

ss-a
ctor

h
eterogen

eity.
T

h
is

m
ay

lead
to

a
lack

of
fl
ex

ib
ility

in
p
red

iction
.

H
off

(2
0
1
5
)

co
n
sid

ered
au

toregressive
m

o
d
els

w
ith

th
e

vector
of

p
aram

eters
h
av

in
g

a
ten

so
r

fac-
to

riza
tio

n
rep

resen
tation

.
T

h
is

form
u
lation

allow
s

for
acro

ss-actor
h
eterogen

eity,
b
u
t

fo
rces

th
e

m
o
d
el

p
a
ra

m
eters

to
b

e
con

stan
t

across
tim

e.
In

ad
d
ition

,
th

e
p
aram

eteriza
tion

of
th

e
in

terd
ep

en
d
en

ce
b

etw
een

layers
relies

on
h
om

ogen
eity

assu
m

p
tion

s.
C

on
sisten

t
w

ith
th

ese
m

eth
o
d
s,

o
u
r

rep
resen

tation
in

corp
orates

th
e

d
iff

eren
t

ty
p

es
of

d
ep

en
d
en

cies
in

th
e

o
b
served

d
a
ta

,
b
u
t

cru
cially

p
reserves

fl
ex

ib
ility

to
av

oid
restrictive

h
om

ogen
eity

assu
m

p
tion

s.

1
.2

M
o
tiv

a
tin

g
A

p
p

lic
a
tio

n

O
u
r

m
o
tiva

tio
n

is
d
raw

n
from

ep
id

em
iologic

stu
d
ies

m
on

ito
rin

g
h
ou

rly
face-to-face

con
ta

cts
a
m

o
n
g

in
d
iv

id
u
als

in
a

ru
ral

area
of

K
en

ya,
d
u
rin

g
th

ree
con

secu
tive

d
ay

s.
D

ata
are

availab
le

fro
m

th
e

h
u
m

an
sen

sin
g

p
latform

S
o
cioP

attern
s

(h
t
t
p
:
/
/
w
w
w
.
s
o
c
i
o
p
a
t
t
e
r
n
s
.
o
r
g
)

an
d

h
ave

b
een

co
llected

u
sin

g
w

earab
le

d
ev

ices
th

at
ex

ch
an

ge
low

-p
ow

er
rad

io
p
ackets

w
h
en

tw
o

in
d
iv

id
u
a
ls

a
re

lo
cated

w
ith

in
a

su
ffi

cien
tly

close
d
istan

ce
to

gen
erate

a
p

oten
tial

o
ccasion

o
f

co
n
ta

g
io

n
.

L
everagin

g
th

is
tech

n
ology

it
is

p
ossib

le
to

m
easu

re
for

each
h
ou

r
in

th
e

th
ree

co
n
secu

tive
d
ay

s
w

h
ich

p
airs

of
actors

h
ad

a
face-to-face

p
rox

im
ity

con
tact.

T
h
ese

in
fo

rm
a
tio

n
a
re

fu
n
d
am

en
tal

to
m

on
itor

th
e

sp
read

of
d
iseases

an
d

learn
fu

tu
re

p
attern

s.
R

efer
a
lso

to
C

a
ttu

to
et

al.
(2010)

for
a

d
etailed

d
escrip

tion
of

th
e

d
ata

collection
tech

n
ology,

a
n
d

K
iti

et
a
l.

(2016)
for

a
m

ore
in

-d
ep

th
d
iscu

ssion
of

ou
r

m
otivatin

g
ap

p
lication

.

A
s

illu
stra

ted
in

F
igu

re
1,

th
e

ob
served

d
ata

can
b

e
stru

ctu
red

as
a

d
y
n
a
m

ic
m

u
ltilayer

n
etw

o
rk

ch
a
ra

cterized
b
y

a
seq

u
en

ce
of
V
×
V

sy
m

m
etric

ad
jacen

cy
m

atrices
Y

(k
)

t
i

collected
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D
u
r
a
n
t
e
,
M
u
k
h
e
r
je
e
a
n
d

S
t
e
o
r
t
s

15:00 to 16:00
16:00 to 17:00

17:00 to 18:00
18:00 to 19:00

19:00 to 20:00
day 1day 2day 3

F
igu

re
1:

F
or

fi
ve

con
secu

tiv
e

h
ou

rs
in

th
e

th
ree

d
ay

s,
ad

jacen
cy

m
atrices

Y
(k

)
t
i

rep
resen

tin
g

th
e

ob
served

con
tact

n
etw

ork
s.

B
lack

refers
to

an
ed

ge,
an

d
w

h
ite

to
a

n
on

-ed
ge.

on
a

com
m

on
tim

e
grid

t1 ,...,tn
in

d
iff

eren
t

d
ay

s
k

=
1,...,K

.
T

h
e

m
atrices

h
ave

en
tries

Y
(k

)
t
i [v
u

]
=
Y

(k
)

t
i [u
v
]

=
1

if
actors

v
an

d
u

in
teract

at
tim

e
ti

in
d
ay

k
,

an
d
Y

(k
)

t
i [v
u

]
=
Y

(k
)

t
i [u
v
]

=
0

oth
erw

ise,
for

every
v

=
2,...,V

an
d
u

=
1,...,v−

1.
D

y
n
am

ic
m

u
ltilayer

p
rox

im
ity

d
ata

p
rov

id
e

key
in

form
ation

on
in

fection
s

sp
read

(C
au

ch
em

ez
et

al.,
2011),

facilitatin
g

th
e

d
esign

of
ou

tb
reak

p
reven

tion
p

olicies
(V

an
h
em

s
et

al.,
2013).

T
h
e

im
p

ortan
ce

of
th

is
en

d
eavor

h
as

m
otivated

a
w

id
e

variety
of

d
escrip

tive
stu

d
ies

su
m

m
arizin

g
th

e
in

form
ation

p
rov

id
ed

b
y

face-to-face
p
rox

im
ity

d
ata

in
sev

eral
en

v
iron

m
en

ts,
in

clu
d
in

g
h
osp

itals
(V

an
h
em

s
et

al.,
2013),

sch
o
ols

(S
teh

lé
et

al.,
2011)

an
d

h
ou

seh
old

s
(K

iti
et

al.,
2016).

A
lth

ou
gh

th
e

a
b

ov
e

an
aly

ses
p
rov

id
e

key
in

sigh
ts

on
th

e
con

n
ectiv

ity
p
ro

cesses
u
n
d
erly

-
in

g
th

e
ob

served
p
rox

im
ity

d
ata,

ex
p
licitly

accou
n
tin

g
for

variab
ility

in
n
etw

ork
stru

ctu
res

v
ia

carefu
lly

tailored
statistical

m
o
d
els

can
lead

to
im

p
roved

learn
in

g
of

th
e

con
n
ectiv

ity
p
attern

s
an

d
p
rop

erties,
w

h
ile

p
rov

id
in

g
m

eth
o
d
ologies

for
form

al
in

feren
ce

in
th

e
n
etw

ork
fram

ew
ork

,
in

clu
d
in

g
estim

ation
tech

n
iq

u
es,

u
n
certain

ty
q
u
an

tifi
cation

an
d

p
red

iction
.

In
S
ection

6,
w

e
ap

p
ly

ou
r

m
eth

o
d
ology

to
th

is
m

otivatin
g

ap
p
lica

tion
,

sh
ow

in
g

h
ow

a
carefu

l
statistical

m
o
d
el

for
d
y
n
am

ic
m

u
ltilayer

n
etw

ork
d
ata

can
p
rov

id
e

su
b
stan

tial
p

erform
an

ce
gain

s
in

learn
in

g
u
n
d
erly

in
g

so
cial

p
ro

cesses
an

d
p
red

ictin
g

fu
tu

re
con

tact
p
attern

s.

2
.
D
y
n
a
m
ic

M
u
ltila

y
e
r
L
a
te
n
t
S
p
a
ce

M
o
d
e
l

L
et
Y

(k
)

t
i

d
en

ote
th

e
V
×
V

ad
jacen

cy
m

atrix
ch

aracterizin
g

th
e

u
n
d
irected

n
etw

ork
ob

served
at

tim
e
ti ∈
<

+
in

layer
k
,

for
an

y
ti

=
t1 ,...,tn

an
d
k

=
1,...,K

.
E

ach
m

atrix
h
a
s

b
in

ary

elem
en

ts
Y

(k
)

t
i [v
u

]
=
Y

(k
)

t
i [u
v
] ∈
{0
,1}

m
easu

rin
g

th
e

ab
sen

ce
or

p
resen

ce
of

an
ed

ge
am

on
g

actors
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B
a
y
e
si
a
n
L
e
a
r
n
in
g

o
f
D
y
n
a
m
ic

M
u
lt

il
a
y
e
r
N
e
t
w
o
r
k
s

T
y
p

e
o
f

in
fo

rm
a
ti

o
n

Il
lu

st
ra

ti
v
e

e
x
a
m

p
le

N
et

w
or

k
in

fo
rm

at
io

n
If

in
d
iv

id
u
a
l
v

h
ad

a
fa

ce
-t

o-
fa

ce
co

n
ta

ct
w

it
h

b
ot

h
ac

to
rs
u

an
d
w

at
ti

m
e
t i

in
d
ay

k
,

th
is

in
fo

rm
at

io
n

m
ay

b
e

re
le

va
n
t

to
le

ar
n

th
e

fa
ce

-t
o-

fa
ce

co
n
ta

ct
b

eh
av

io
r

b
et

w
ee

n
u

a
n
d
w

a
t

ti
m

e
t i

in
d
ay

k
.

L
ay

er
in

fo
rm

at
io

n
If

in
d
iv

id
u
al

s
v

a
n
d
u

h
ad

a
fa

ce
-t

o-
fa

ce
co

n
ta

ct
at

ti
m

e
t i

in
d
ay

k
,

th
is

in
fo

rm
at

io
n

m
ay

b
e

re
le

va
n
t

to
le

ar
n

th
e

co
n
ta

ct
b

eh
av

io
r

b
et

w
ee

n
v

a
n
d
u

at
th

e
sa

m
e

ti
m

e
t i

in
o
th

er
d
ay

s.

T
im

e
in

fo
rm

at
io

n
If

in
d
iv

id
u
al

s
v

a
n
d
u

h
ad

a
fa

ce
-t

o-
fa

ce
co

n
ta

ct
at

ti
m

e
t i

in
d
ay

k
,

th
is

in
fo

rm
at

io
n

m
ay

b
e

re
le

va
n
t

to
le

ar
n

th
e

co
n
ta

ct
b

eh
av

io
r

b
et

w
ee

n
v

a
n
d
u

at
th

e
n
ex

t
ti

m
e
t i
+
1

in
th

e
sa

m
e

d
ay

.

T
ab

le
1:

R
el

ev
an

t
so

u
rc

es
of

in
fo

rm
at

io
n

ch
ar

ac
te

ri
zi

n
g

a
d
y
n
a
m

ic
m

u
lt

il
ay

er
n
et

w
or

k
.

v
an

d
u

at
ti

m
e
t i

in
la

ye
r
k
,
fo

r
ev

er
y
v

=
2,
..
.,
V

an
d
u

=
1,
..
.,
v
−

1.
W

h
en

m
o
d
el

in
g

th
e

d
at

a
Y

=
{Y

(k
)

t i
:
t i

=
t 1
,.
..
,t
n
,
k

=
1,
..
.,
K
},

w
e

as
su

m
e

th
at
Y

is
a

re
al

iz
at

io
n
,
on

a
fi
n
it

e

ti
m

e
gr

id
,

of
th

e
st

o
ch

as
ti

c
p
ro

ce
ss
Y

=
{Y

(k
) (
t)

:
t
∈
T
⊂
<+

,
k

=
1
,.
..
,K
},

an
d

se
ek

a
p
ro

va
b
ly

fl
ex

ib
le

re
p
re

se
n
ta

ti
on

fo
r

th
e

p
ro

b
a
b
il
is

ti
c

ge
n
er

at
iv

e
m

ec
h
a
n
is

m
as

so
ci

at
ed

w
it

h
th

e
st

o
ch

as
ti

c
p
ro

ce
ss
Y.

N
ot

e
th

at
,

as
ea

ch
ra

n
d
om

ad
ja

ce
n
cy

m
at

ri
x
Y(

k
) (
t)

is
sy

m
m

et
ri

c
an

d
th

e
d
ia

go
n
al

el
em

en
ts

—
d
en

ot
in

g
se

lf
-r

el
at

io
n
s—

ar
e

n
ot

of
in

te
re

st
,

it
is

su
ffi

ci
en

t
to

m
o
d
el

it
s

lo
w

er
tr

ia
n
gu

la
r

el
em

en
ts
{Y

(k
)

v
u

(t
)

:
v

=
2,
..
.,
V
,
u

=
1,
..
.,
v
−

1}
.

O
n
e

m
a
jo

r
m

o
d
el

in
g

ob
je

ct
iv

e
is

to
ca

re
fu

ll
y

in
co

rp
or

at
e

d
ep

en
d
en

ce
am

on
g

ed
ge

s,
b

e-
tw

ee
n

la
ye

rs
an

d
ac

ro
ss

ti
m

e,
w

it
h
ou

t
aff

ec
ti

n
g

fl
ex

ib
il
it

y.
R

ec
al

li
n
g

th
e

m
ot

iv
at

in
g

a
p
p
li
ca

-
ti

on
in

S
ec

ti
on

1.
2

an
d

F
ig

u
re

1,
it

is
re

as
on

ab
le

to
ex

p
ec

t
th

re
e

m
a
in

so
u
rc

es
of

in
fo

rm
at

io
n

in
th

e
d
y
n
am

ic
m

u
lt

il
ay

er
fa

ce
-t

o-
fa

ce
co

n
ta

ct
d
at

a,
su

m
m

ar
iz

ed
in

T
ab

le
1.

In
co

rp
or

at
in

g
su

ch
in

fo
rm

at
io

n
ca

n
su

b
st

an
ti

al
ly

im
p
ro

v
e

th
e

q
u
al

it
y

of
in

fe
re

n
ce

an
d

p
re

d
ic

ti
on

,
w

h
il
e

fa
ci

li
ta

ti
n
g

d
im

en
si

on
al

it
y

re
d
u
ct

io
n
.

H
ow

ev
er

,
in

re
d
u
ci

n
g

d
im

en
si

o
n
al

it
y

an
d

b
o
rr

ow
in

g
of

in
fo

rm
at

io
n
,

it
is

im
p

or
ta

n
t

to
av

oi
d

re
st

ri
ct

iv
e

fo
rm

u
la

ti
on

s
th

at
le

ad
to

in
ad

eq
u
at

e
ch

ar
-

ac
te

ri
za

ti
on

s
of

d
y
n
am

ic
p
at

te
rn

s,
la

y
er

-s
p

ec
ifi

c
st

ru
ct

u
re

s,
an

d
ac

ro
ss

-a
ct

or
h
et

er
og

en
ei

ty
.

W
e

ac
co

m
p
li
sh

th
e

af
or

em
en

ti
on

ed
go

al
s

v
ia

a
fl
ex

ib
le

d
y
n
am

ic
la

te
n
t

b
il
in

ea
r

m
o
d
el

,
co

m
b
in

in
g

sh
ar

ed
an

d
la

ye
r-

sp
ec

ifi
c

ac
to

rs
co

or
d
in

at
es

w
h
ic

h
ar

e
al

lo
w

ed
to

ch
an

ge
in

ti
m

e
v
ia

G
au

ss
ia

n
p
ro

ce
ss

p
ri

or
s.

S
ec

ti
on

2
.1

d
es

cr
ib

es
ou

r
m

o
d
el

fo
rm

u
la

ti
on

w
it

h
a

fo
cu

s
on

sh
ar

in
g

n
et

w
or

k
an

d
la

ye
r

in
fo

rm
at

io
n
,

w
h
er

ea
s

S
ec

ti
on

2.
2

cl
ar

ifi
es

h
ow

ti
m

e
in

fo
rm

at
io

n
is

eff
ec

ti
v
el

y
in

co
rp

or
at

ed
v
ia

G
au

ss
ia

n
p
ro

ce
ss

es
.

2
.1

D
y
n

a
m

ic
B

il
in

e
a
r

M
o
d

e
l

w
it

h
S

h
a
re

d
a
n

d
L

a
y
e
r-

S
p

e
c
ifi

c
C

o
o
rd

in
a
te

s

In
or

d
er

to
in

co
rp

or
at

e
n
et

w
or

k
an

d
la

ye
r

in
fo

rm
at

io
n
,

w
h
il
e

p
re

se
rv

in
g

fl
ex

ib
il
it

y,
w

e
ad

ap
t

la
te

n
t

b
il
in

ea
r

m
o
d
el

s
fo

r
a

si
n
gl

e
n
et

w
or

k
(H

off
,
20

05
)

to
o
u
r

d
y
n
am

ic
m

u
lt

il
ay

er
fr

am
ew

or
k
.

In
p
ar

ti
cu

la
r,

w
e

ch
ar

ac
te

ri
ze

th
e

ed
ge

s
a
s

co
n
d
it

io
n
al

ly
in

d
ep

en
d
en

t
B

er
n
ou

ll
i

ra
n
d
om

va
ri

ab
le

s
gi

ve
n

th
ei

r
co

rr
es

p
on

d
in

g
ed

ge
p
ro

b
ab

il
it

ie
s,

an
d

b
or

ro
w

in
fo

rm
at

io
n

w
it

h
in

ea
ch

n
et

w
or

k
b
y

d
efi

n
in

g
th

es
e

p
ro

b
ab

il
it

ie
s

as
a

fu
n
ct

io
n

of
th

e
ac

to
rs

co
or

d
in

at
es

in
a

la
te

n
t

sp
ac

e.
In

or
d
er

to
in

co
rp

or
at

e
d
ep

en
d
en

ce
a
m

on
g

th
e

d
iff

er
en

t
la

y
er

s,
w

e
fo

rc
e

a
su

b
se

t
of

th
es

e
co

or
d
in

at
es

to
b

e
co

m
m

on
ac

ro
ss

la
ye

rs
,
an

d
al

lo
w

th
e

re
m

ai
n
in

g
co

or
d
in

at
es

to
ch

a
n
ge
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D
u
r
a
n
t
e
,
M
u
k
h
e
r
je
e
a
n
d

S
t
e
o
r
t
s

b
et

w
ee

n
la

ye
rs

.
T

h
is

la
st

ch
oi

ce
fa

ci
li
ta

te
s

a
fl
ex

ib
le

ch
ar

ac
te

ri
za

ti
on

of
m

or
e

ir
re

g
u
la

r
ev

en
ts

an
d

in
co

rp
or

at
es

d
iff

er
en

ce
s

b
et

w
ee

n
la

ye
rs

in
sp

ec
ifi

c
co

n
ta

ct
p
at

te
rn

s.

C
on

si
st

en
t

w
it

h
th

e
af

or
em

en
ti

on
ed

st
at

is
ti

ca
l

m
o
d
el

,
an

d
le

tt
in

g
π

(k
)

v
u

(t
)
∈

(0
,1

)
d
en

ot
e

th
e

p
ro

b
ab

il
it

y
of

an
ed

ge
b

et
w

ee
n

ac
to

rs
v

an
d
u

at
ti

m
e
t
∈
T

in
la

y
er
k
,

w
e

d
efi

n
e

Y(
k
)

v
u

(t
)
|π

(k
)

v
u

(t
)
∼

B
er

n
{π

(k
)

v
u

(t
)}
,

(1
)

in
d
ep

en
d
en

tl
y

fo
r

ev
er

y
ti

m
e
t
∈
T,

la
ye

r
k

=
1,
..
.,
K

an
d

p
ai

r
of

ac
to

rs
[v
u

],
v

=
2,
..
.,
V

,
u

=
1,
..
.,
v
−

1.
T

o
in

co
rp

or
at

e
ou

r
m

u
lt

il
ay

er
b
il
in

ea
r

re
p
re

se
n
ta

ti
on

h
av

in
g

sh
a
re

d
a
n
d

la
ye

r-
sp

ec
ifi

c
la

te
n
t

co
or

d
in

at
es

,
w

e
ex

p
re

ss
th

e
lo

g-
o
d
d
s

of
ea

ch
ed

ge
p
ro

b
a
b
il
it

y
a
s

lo
gi

t{
π

(k
)

v
u

(t
)}

=
µ

(t
)

+
R ∑ r
=

1

x̄
v
r
(t

)x̄
u
r
(t

)
+

H ∑ h
=

1

x
(k

)
v
h

(t
)x

(k
)

u
h

(t
),

(2
)

w
h
er

e
x̄
v
r
(t

)
∈
<

is
th

e
rt

h
co

or
d
in

at
e

o
f

ac
to

r
v

at
ti

m
e
t

sh
ar

ed
ac

ro
ss

th
e

d
iff

er
en

t
la

ye
rs

,

w
h
er

ea
s
x

(k
)

v
h

(t
)
∈
<

d
en

ot
es

th
e
h

th
co

o
rd

in
at

e
of

ac
to

r
v

at
ti

m
e
t

sp
ec

ifi
c

to
la

ye
r
k
,

fo
r

ev
er

y
t
∈
T,

k
=

1,
..
.,
K

,
v

=
1,
..
.,
V

,
r

=
1,
..
.,
R

an
d
h

=
1,
..
.,
H

.
F

in
a
ll
y,
µ

(t
)
∈
<

re
p
re

se
n
ts

a
ti

m
e-

va
ry

in
g

b
as

el
in

e
p
ar

am
et

er
ce

n
te

ri
n
g

th
e

lo
g-

o
d
d
s

p
ro

ce
ss

es
to

im
p
ro

ve
co

m
p
u
ta

ti
on

al
an

d
m

ix
in

g
p

er
fo

rm
an

ce
.

In
eq

u
at

io
n

(2
)

th
e

p
ro

b
ab

il
it

y
of

an
ed

ge
b

et
w

ee
n

ac
to

rs
v

an
d
u

at
ti

m
e
t
∈
T

in
la

ye
r
k
,

in
cr

ea
se

s
w

it
h
∑

R r
=

1
x̄
v
r
(t

)x̄
u
r
(t

)
an

d
∑

H h
=

1
x

(k
)

v
h

(t
)x

(k
)

u
h

(t
).

N
ot

e
th

at
∑

R r
=

1
x̄
v
r
(t

)x̄
u
r
(t

)
∈
<

ch
ar

ac
te

ri
ze

s
a

si
m

il
ar

it
y

m
ea

su
re

b
et

w
ee

n
ac

to
rs
v

an
d
u

at
ti

m
e
t

co
m

m
o
n

to
a
ll

th
e

la
ye

rs
,

w
h
er

ea
s
∑

H h
=

1
x

(k
)

v
h

(t
)x

(k
)

u
h

(t
)
∈
<

d
efi

n
es

a
la

ye
r-

sp
ec

ifi
c

d
ev

ia
ti

on
fr

o
m

th
is

sh
a
re

d
si

m
il
ar

it
y,

w
h
ic

h
en

h
an

ce
s

fl
ex

ib
il
it

y
in

m
o
d
el

in
g

n
et

w
or

k
st

ru
ct

u
re

s
sp

ec
ifi

c
to

la
ye

r
k
.

T
h
es

e
si

m
il
ar

it
y

m
ea

su
re

s
ar

e
d
efi

n
ed

as
th

e
d
ot

p
ro

d
u
ct

of
sh

a
re

d
an

d
la

ye
r-

sp
ec

ifi
c

a
ct

o
rs

co
or

d
in

at
es

in
a

la
te

n
t

sp
ac

e,
al

lo
w

in
g

ac
to

rs
w

it
h

co
or

d
in

at
es

in
th

e
sa

m
e

d
ir

ec
ti

o
n

to
h
av

e
an

h
ig

h
er

ch
an

ce
of

co
n
ta

ct
th

an
ac

to
rs

w
it

h
co

or
d
in

at
es

in
op

p
os

it
e

d
ir

ec
ti

o
n
s.

T
h
e

d
ot

p
ro

d
u
ct

ch
ar

ac
te

ri
za

ti
on

in
eq

u
at

io
n

(2
)

is
in

th
e

sa
m

e
sp

ir
it

as
th

e
fa

ct
o
ri

za
ti

o
n

in
H

off
(2

00
5)

fo
r

a
si

n
gl

e
n
et

w
or

k
,

an
d

al
lo

w
s

d
im

en
si

on
al

it
y

re
d
u
ct

io
n

fr
om

n
×
K
×
V
×

(V
−

1)
/
2

ti
m

e-
va

ry
in

g
lo

g-
o
d
d
s

to
n
×
{1

+
V
×

(R
+
H
×
K

)}
d
y
n
am

ic
la

te
n
t

co
o
rd

in
a
te

s,
w

h
er

e
ty

p
ic

al
ly
R
�

V
an

d
H
�

V
.

A
lt

h
ou

gh
it

is
p

os
si

b
le

to
co

n
si

d
er

o
th

er
co

n
ce

p
ts

of
si

m
il
ar

it
y

w
h
en

re
la

ti
n
g

th
e

la
te

n
t

co
or

d
in

at
es

to
th

e
lo

g-
o
d
d
s

(e
.g

.,
H

off
et

a
l.
,

2
0
0
2)

,
th

e
d
ot

p
ro

d
u
ct

re
p
re

se
n
ta

ti
on

fa
ci

li
ta

te
s

th
e

d
efi

n
it

io
n

of
si

m
p
le

al
go

ri
th

m
s

fo
r

p
o
st

er
io

r
in

fe
re

n
ce

an
d

h
as

b
ee

n
sh

ow
n

to
effi

ci
en

tl
y

b
or

ro
w

in
fo

rm
at

io
n

w
it

h
in

th
e

n
et

w
o
rk

,
w

h
il
e

ac
co

m
m

o
d
at

in
g

to
p

ol
og

ic
al

st
ru

ct
u
re

s
of

in
te

re
st

su
ch

as
h
om

op
h
il
y,

tr
an

si
ti

v
it

y,
a
n
d

o
th

er
s.

2
.1
.1

In
t
e
r
p
r
e
t
a
t
io
n
a
n
d

Id
e
n
t
if
ia
b
il
it
y

R
ec

al
l

th
e

m
ot

iv
at

in
g

ap
p
li
ca

ti
on

d
es

cr
ib

ed
in

S
ec

ti
on

1.
2,

ou
r

re
p
re

se
n
ta

ti
o
n

h
a
s

a
n

in
tu

-
it

iv
e

in
te

rp
re

ta
ti

on
.

In
fa

ct
,

th
e

la
te

n
t

co
or

d
in

at
es

of
ea

ch
ac

to
r

m
ay

re
p
re

se
n
t

h
is

p
ro

p
en

-
si

ty
to

w
ar

d
s
R

+
H

la
te

n
t

in
te

re
st

s
or

ta
sk

s.
A

cc
or

d
in

g
to

th
e

fa
ct

or
iz

at
io

n
in

eq
u
a
ti

o
n

(2
),

ac
to

rs
h
av

in
g

p
ro

p
en

si
ti

es
fo

r
th

e
d
iff

er
en

t
in

te
re

st
s

in
th

e
sa

m
e

d
ir

ec
ti

on
s

a
re

ex
p

ec
te

d
to

b
e

m
or

e
si

m
il
ar

th
an

ac
to

rs
w

it
h

in
te

re
st

s
in

op
p

os
it

e
d
ir

ec
ti

on
s.

T
h
er

ef
or

e,
th

es
e

a
ct

or
s

ar
e

m
or

e
li
ke

ly
to

in
te

ra
ct

ac
co

rd
in

g
to

eq
u
at

io
n

(1
).

P
a
rt

o
f

th
es

e
ac

to
rs

in
te

re
st

s
o
r

ta
sk

s
m

ay
b

e
as

so
ci

at
ed

w
it

h
a

co
m

m
on

ro
u
ti

n
e

or
co

n
st

ra
in

ed
b
y

d
ay

ti
m

e
sc

h
ed

u
le

s.
T

h
er

ef
o
re

,
th

e
ac

to
rs

p
ro

p
en

si
ti

es
to

w
ar

d
s

th
es

e
in

te
re

st
s

ar
e

ex
p

ec
te

d
to

re
m

ai
n

co
n
st

a
n
t

a
cr

o
ss

d
ay

s
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B
a
y
e
sia

n
L
e
a
r
n
in
g

o
f
D
y
n
a
m
ic

M
u
lt

il
a
y
e
r
N
e
t
w
o
r
k
s

p
rov

id
in

g
a

su
b
set

of
R

sh
ared

co
ord

in
ates.

F
in

ally,
th

ese
p
ro

p
en

sities
are

allow
ed

to
ch

an
ge

a
cro

ss
tim

e
in

d
u
cin

g
d
y
n
am

ic
variation

s
in

th
e

con
tacts

w
ith

in
each

d
ay.

A
lth

o
u
g
h

in
feren

ce
for

th
e

laten
t

co
ord

in
ates

is
p

oten
tially

of
in

terest,
th

e
factorization

in
eq

u
a
tio

n
(2

)
is

n
ot

u
n
iq

u
e.

In
fact,

it
is

easy
to

sh
ow

th
at

th
ere

ex
ist

m
an

y
d
iff

eren
t

la
ten

t
co

o
rd

in
a
tes

valu
es

lead
in

g
to

th
e

sam
e

collection
of

ed
ge

p
rob

ab
ilities

u
n
d
er

th
e

fac-
to

riza
tio

n
in

eq
u
ation

(2).
H

ow
ever,

su
ch

an
ov

ercom
p
lete

rep
resen

tation
d
o
es

n
ot

lead
to

id
en

tifi
a
b
ility

issu
es

if
in

feren
ce

fo
cu

ses
on

id
en

tifi
ed

fu
n
ction

als
of

th
e

la
ten

t
co

ord
in

ates,
a
n
d

h
a
s

b
en

efi
cial

eff
ects

in
term

s
of

p
osterior

com
p
u
ta

tion
an

d
b

orrow
in

g
of

in
form

a
tion

(B
h
a
tta

ch
a
rya

an
d

D
u
n
son

,
2011;

G
h
osh

an
d

D
u
n
son

,
2009).

O
u
r

fo
cu

s
is

n
ot

on
estim

atin
g

th
e

la
ten

t
co

o
rd

in
ates,

b
u
t

on
leveragin

g
th

e
factoriza

tion
in

eq
u
ation

(2)
to

en
h
an

ce
effi

-
cien

cy
in

lea
rn

in
g

of
id

en
tifi

ed
fu

n
ction

als
of

th
e

ed
ge

p
rob

ab
ilities

an
d

im
p
rove

p
red

iction
o
f

fu
tu

re
n
etw

o
rk

s.
T

h
erefore,

w
e

avoid
id

en
tifi

ab
ility

con
strain

ts
on

th
e

laten
t

co
ord

in
ates

in
eq

u
a
tion

(2
)

as
th

ey
are

n
ot

req
u
ired

to
en

su
re

id
en

tifi
ab

ility
of

th
e

ed
ge

p
rob

ab
ilities.

2
.2

G
a
u

ssia
n

P
ro

c
e
ss

P
rio

rs
fo

r
th

e
T

im
e
-V

a
ry

in
g

L
a
te

n
t

C
o
o
rd

in
a
te

s

E
q
u
a
tio

n
(2

)
facilitates

b
orrow

in
g

of
in

form
ation

am
on

g
ed

g
es

an
d

b
etw

een
layers.

T
h
is

is
o
b
ta

in
ed

b
y

leveragin
g

th
e

sh
ared

d
ep

en
d
en

ce
on

a
com

m
on

set
of

laten
t

co
ord

in
ates.

W
e

a
d
d
ition

ally
in

corp
orate

across-layer
h
eterogen

eity
v
ia

a
set

of
layer-sp

ecifi
c

laten
t

p
osition

s.
M

o
reover,

th
ese

co
ord

in
ates

are
allow

ed
to

vary
across

tim
e

in
ord

er
to

accom
m

o
d
ate

fl
ex

ib
le

d
y
n
a
m

ic
va

ria
tion

s
in

th
e

m
u
ltilayer

n
etw

ork
stru

ctu
re.

W
h
ile

it
is

p
ossib

le
to

estim
ate

th
e

ed
g
e

p
ro

b
a
b
ilities

sep
arately

for
every

tim
e

p
oin

t,
th

is
ap

p
roach

m
ay

b
e

su
b

op
tim

al
in

ru
lin

g
o
u
t

releva
n
t

tem
p

oral
d
ep

en
d
en

ce.
A

s
seen

in
F

igu
re

1,
it

is
reason

ab
le

to
ex

p
ect

a
d
egree

o
f

d
ep

en
d
en

ce
b

etw
een

th
e

con
tact

n
etw

o
rk

s
ob

served
at

close
tim

es,
w

ith
th

is
d
ep

en
d
en

ce
d
ecreasin

g
w

ith
th

e
tim

e
lag.

T
h
erefore,

a
form

u
lation

sh
arin

g
in

form
ation

across
tim

e
m

ay
p
rov

id
e

su
b
sta

n
tial

b
en

efi
ts

in
term

s
of

effi
cien

cy,
u
n
certain

ty
p
rop

a
gation

,
an

d
p
red

iction
.

M
o
tiva

ted
b
y

d
y
n
am

ic
m

o
d
elin

g
of

a
sin

gle
n
etw

ork
,

D
u
ran

te
an

d
D

u
n
son

(2014)
ad

-
d
ressed

a
rela

ted
goal

b
y

con
sid

erin
g

G
au

ssian
p
ro

cess
p
riors

for
th

e
actors

laten
t

co
o
rd

i-
n
a
tes,

w
ith

a
n

ad
d
ition

al
sh

rin
kage

eff
ect

to
facilitate

au
tom

atic
ad

ap
ta

tion
of

th
e

laten
t

sp
a
ce

d
im

en
sion

s
an

d
avoid

overfi
ttin

g.
In

th
e

sp
irit

of
th

eir
p
rop

osed
m

eth
o
d
s,

w
e

d
efi

n
e

x̄
v
r (·)∼

G
P

(0,τ −
1

r
c
x̄ ),

w
ith

c
x̄ (ti ,tj )

=
ex

p{−
κ
x̄ (ti −

tj )
2},κ

x̄
>

0,
(3)

in
d
ep

en
d
en

tly
for

v
=

1,...,V
,
r

=
1,...,R

an
d

x
(k

)
v
h

(·)∼
G

P
(0,τ

(k
)−

1
h

c
x ),

w
ith

c
x (ti ,tj )

=
ex

p{−
κ
x (ti −

tj )
2}
,κ

x
>

0
,

(4)

in
d
ep

en
d
en

tly
for

v
=

1,...,V
,
h

=
1,...,H

an
d
k

=
1,...,K

.
In

th
e

p
rior

sp
ecifi

ca-
tio

n
g
iv

en
in

eq
u
ation

s
(3)–(4),

th
e

q
u
an

tities
c
x̄ (ti ,tj )

an
d
c
x (ti ,tj )

d
en

ote
th

e
sq

u
ared

ex
p

o
n
en

tia
l

co
rrelation

fu
n
ction

s
of

th
e

G
au

ssian
p
ro

cesses
for

th
e

sh
ared

a
n
d

lay
er-sp

ecifi
c

la
ten

t
co

o
rd

in
a
tes,

resp
ectively.

T
h
e

q
u
an

tities
τ −

1
1
,...,τ −

1
R

an
d
τ

(k
)−

1
1

,...,τ
(k

)−
1

H
,

for
each

k
=

1,...,K
,

a
re

in
stead

p
ositive

sh
rin

ka
ge

p
aram

eters
con

trollin
g

th
e

con
cen

tration
of

th
e

la
ten

t
co

ord
in

a
tes

arou
n
d

th
e

zero
con

stan
t

m
ean

fu
n
ctio

n
.

F
o
cu

sin
g

on
th

e
p
rio

r
for

th
e

tra
jecto

ries
o
f

th
e
rth

sh
ared

co
ord

in
ates

x̄
v
r (·),

v
=

1
,...,V

,
a

valu
e

of
τ −

1
r

close
to

zero
fo

rces
th

ese
tra

jectories
to

b
e

con
cen

trated
aro

u
n
d

th
e

zero
con

stan
t

m
ean

fu
n
ction

,
red

u
c-

in
g

th
e

eff
ect

of
th

e
rth

sh
ared

d
im

en
sion

in
d
efi

n
in

g
th

e
ed

ge
p
rob

ab
ilities

in
eq

u
ation

(2).
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D
u
r
a
n
t
e
,
M
u
k
h
e
r
je
e
a
n
d

S
t
e
o
r
t
s

In
ord

er
to

p
en

alize
h
igh

ly
p
aram

eterized
rep

resen
tation

s
an

d
facilita

te
ad

ap
tive

d
eletion

of
u
n
n
ecessary

d
im

en
sion

s,
th

e
ab

ove
sh

rin
kage

eff
ects

are
d
esign

ed
to

b
e

in
creasin

gly
stro

n
g

as
th

e
laten

t
co

ord
in

ates
in

d
ices

r
=

1,...,R
a
n
d
h

=
1,...,H

in
crease.

T
h
is

goal
is

ac-
com

p
lish

ed
b
y

con
sid

erin
g

th
e

follow
in

g
m

u
ltip

licative
in

verse
gam

m
a

p
riors

(B
h
attach

arya
an

d
D

u
n
son

,
2011)

for
th

e
sh

rin
kage

p
aram

eters:

1τ
r

=
r
∏m

=
1

1δ
m
,
r

=
1,...,R

,
w

ith
δ

1 ∼
G

a(a
1 ,1),

δ
m
≥

2 ∼
G

a
(a

2 ,1),
(5)

1

τ
(k

)
h

=
h
∏l=

1

1

δ
(k

)
l

,
h

=
1,...,H

,
k

=
1,...,K

,
w

ith
δ

(k
)

1
∼

G
a(a

1 ,1),
δ

(k
)

l≥
2 ∼

G
a
(a

2 ,1).
(6)

A
ccord

in
g

to
B

h
attach

arya
an

d
D

u
n
son

(2011),
th

e
m

u
ltip

licative
in

verse
gam

m
a

p
rior

in
eq

u
ation

s
(5)–(6)

in
d
u
ces

p
rior

d
istrib

u
tion

s
for

th
e

sh
rin

kage
p
aram

eters
w

ith
a

cu
m

u
lative

sh
rin

kage
eff

ect.
In

p
articu

lar,
th

ese
p
riors

are
in

creasin
gly

con
cen

trated
close

to
zero

as
th

e
in

d
ices

r
=

1,...,R
an

d
h

=
1,...,H

in
crease,

for
ap

p
rop

riate
a

1 ∈
<

+
a
n
d
a

2 ∈
<

+
,

facilitatin
g

ad
ap

tive
d
im

en
sion

ality
red

u
ction

an
d

red
u
cin

g
ov

erfi
ttin

g
issu

es.
R

efer
also

to
D

u
ran

te
(2017)

for
an

ad
d
ition

al
d
iscu

ssion
on

th
e

m
u
ltip

licative
in

verse
gam

m
a

p
rior

an
d

its
sh

rin
kage

p
rop

erties.
T

o
con

clu
d
e

th
e

p
rior

sp
ecifi

cation
,

w
e

let
µ

(·)∼
G

P
(0,c

µ
),

w
ith

c
µ
(ti ,tj )

=
ex

p{−
κ
µ
(ti −

tj )
2}

,
κ
µ
>

0
.

T
h
e

G
au

ssian
p
ro

cess
p
rior

p
rov

id
es

an
accu

rate
ch

oice
in

ou
r

settin
g

w
h
ich

in
corp

orates
tim

e
d
ep

en
d
en

ce,
allow

in
g

th
e

am
ou

n
t

of
in

form
ation

sh
ared

b
etw

een
n
etw

ork
s

to
in

crease
as

th
e

tim
e

lag
d
ecreases.

B
esid

e
im

p
rov

in
g

effi
cien

cy,
th

e
G

au
ssian

p
ro

cess
p
rior

can
d
eal

w
ith

m
u
ltilayer

n
etw

ork
s

ob
served

at
p

oten
tially

u
n
eq

u
ally

sp
aced

tim
e

grid
s,

an
d

is
closely

related
to

th
e

m
u
ltivariate

G
au

ssian
d
istrib

u
tion

,
p
rov

id
in

g
su

b
stan

tial
b

en
efi

ts
in

term
s

of
com

p
u
tation

al
tractab

ility
an

d
in

terp
retab

ility.
In

fact,
follow

in
g

R
asm

u
ssen

an
d

W
illiam

s
(2006),

eq
u
ation

s
(3)–(4)

im
p
ly

th
e

follow
in

g
p
rior

for
th

e
sh

ared
an

d
layer-sp

ecifi
c

laten
t

co
ord

in
ates

at
th

e
fi
n
ite

tim
e

grid
t1 ,...,tn

on
w

h
ich

d
ata

are
ob

serv
ed

:

{x̄
v
r (t1 ),...,x̄

v
r (tn

)} ᵀ∼
N
n
(0,τ −

1
r

Σ
x̄ ),

(7)

in
d
ep

en
d
en

tly
for

v
=

1,...,V
,
r

=
1,...,R

an
d

{x
(k

)
v
h

(t1 ),...,x
(k

)
v
h

(tn
)} ᵀ∼

N
n
(0,τ

(k
)−

1
h

Σ
x ),

(8)

in
d
ep

en
d
en

tly
for

v
=

1,...,V
,
h

=
1,...,H

,
an

d
k

=
1,...,K

.
In

eq
u
ation

s
(7)–(8),

th
e

n×
n

varian
ce

an
d

covarian
ce

m
atrices

Σ
x̄

an
d

Σ
x

h
ave

elem
en

ts
Σ
x̄

[ij]
=

ex
p{−

κ
x̄ (ti −

tj )
2}

an
d

Σ
x

[ij]
=

ex
p{−

κ
x (ti −

tj )
2}

,
resp

ectively.
T

h
e

sam
e

h
old

s
for

th
e

b
aselin

e
p
ro

cess
ob

tain
in

g
{µ

(t1 ),...,µ
(tn

)} ᵀ∼
N
n
(0,Σ

µ
).

3
.
M

o
d
e
l
P
ro

p
e
rtie

s

In
ord

er
to

en
su

re
accu

rate
learn

in
g

an
d

p
red

iction
,

it
is

im
p

ortan
t

to
gu

aran
tee

th
at

ou
r

factorization
in

eq
u
ation

(2)
alon

g
w

ith
th

e
G

au
ssian

p
ro

cess
p
riors

for
its

com
p

on
en

ts
are

su
ffi

cien
tly

fl
ex

ib
le

to
ap

p
rox

im
ate

a
b
road

va
riety

of
d
y
n
am

ic
m

u
ltilayer

ed
ge

p
rob

ab
ility

p
ro

cesses.
T

h
ese

p
rop

erties
are

stated
in

P
rop

o
sition

s
1

an
d

2.
S
ee

A
p
p

en
d
ix

A
for

d
etailed

p
ro

ofs.
In

p
articu

lar,
P

rop
osition

1
gu

aran
tees

th
at

eq
u
ation

(2)
is

su
ffi

cien
tly

fl
ex

ib
le

to
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B
a
y
e
si
a
n
L
e
a
r
n
in
g

o
f
D
y
n
a
m
ic

M
u
lt

il
a
y
e
r
N
e
t
w
o
r
k
s

ch
ar

ac
te

ri
ze

an
y

co
ll
ec

ti
on

π
(t

)
=
{π

(k
)

v
u

(t
)
∈

(0
,1

)
:
k

=
1
,.
..
,K

,
v

=
2,
..
.,
V
,
u

=
1
,.
..
,v
−

1
}

fo
r

ev
er

y
ti

m
e
t
∈
T.

P
ro

p
o
si

ti
o
n

1
L

et
π

(t
)

=
{π

(k
)

v
u

(t
)
∈

(0
,1

)
:
k

=
1,
..
.,
K
,
v

=
2,
..
.,
V
,
u

=
1,
..
.,
v
−

1}
d
en

o
te

th
e

co
ll

ec
ti

o
n

o
f

ed
ge

p
ro

ba
bi

li
ti

es
be

tw
ee

n
th

e
a
ct

o
rs

in
ea

ch
la

ye
r

a
t

ti
m

e
t
∈

T.
T

h
en

ev
er

y
co

ll
ec

ti
o
n
π

(t
)

ca
n

be
re

p
re

se
n

te
d

a
s

in
eq

u
a
ti

o
n

(2
)

fo
r

so
m

e
R

a
n

d
H

.

A
lt

h
ou

gh
P

ro
p

os
it

io
n

1
gu

ar
an

te
es

th
at

fa
ct

or
iz

at
io

n
in

eq
u
at

io
n

(2
)

is
su

ffi
ci

en
tl

y
ge

n
-

er
al

,
it

is
im

p
or

ta
n
t

to
en

su
re

th
at

th
e

sa
m

e
fl
ex

ib
il
it

y
is

m
ai

n
ta

in
ed

w
h
en

d
efi

n
in

g
p
ri

or
s

on
th

e
p
ar

am
et

er
s

in
eq

u
at

io
n

(2
).

P
ro

p
os

it
io

n
2

gu
ar

an
te

es
th

at
ou

r
m

o
d
el

an
d

p
ri

or
ch

oi
ce

s
in

d
u
ce

a
p
ri

or
on

th
e

d
y
n
am

ic
m

u
lt

il
ay

er
ed

ge
p
ro

b
ab

il
it

y
p
ro

ce
ss

w
it

h
fu

ll
su

p
p

or
t.

P
ro

p
o
si

ti
o
n

2
If

T
is

co
m

pa
ct

,
th

en
fo

r
ev

er
y
π

0
=
{π

0
(k

)
v
u

(t
)
∈

(0
,1

)
:
t
∈

T,
k

=
1
,.
..
,K

,
v

=
2,
..
.,
V
,
u

=
1,
..
.,
v
−

1
}

a
n

d
ε
>

0
,

p
r

 
su

p
t∈

T

 
K ∑ k
=

1

√ √ √ √
V ∑ v
=

2

v
−

1
∑ u

=
1

{π
(k

)
v
u

(t
)
−
π

0
(k

)
v
u

(t
)}

2

 
<
ε 

>
0,

w
it

h
π

(k
)

v
u

(t
)

fa
ct

o
ri

ze
d

a
s

in
eq

u
a
ti

o
n

(2
)

w
it

h
G

a
u

ss
ia

n
p
ro

ce
ss

p
ri

o
rs

o
n

th
e

la
te

n
t

co
o
rd

i-
n

a
te

s.

F
u
ll

p
ri

or
su

p
p

or
t

is
a

ke
y

p
ro

p
er

ty
in

en
su

ri
n
g

th
at

ou
r

B
ay

es
ia

n
fo

rm
u
la

ti
on

as
si

gn
s

a
p

os
it

iv
e

p
ro

b
ab

il
it

y
to

a
n
ei

gh
b

or
h
o
o
d

of
ev

er
y

p
os

si
b
le

tr
u
e

d
y
n
am

ic
m

u
lt

il
ay

er
ed

ge
p
ro

b
ab

il
it

y
p
ro

ce
ss

,
av

oi
d
in

g
fl
ex

ib
il
it

y
is

su
es

th
at

m
ay

ar
is

e
if

ze
ro

m
as

s
is

a
ss

ig
n
ed

to
a

su
b
se

t
of

th
e

p
ar

am
et

er
s

sp
ac

e
w

h
er

e
th

e
tr

u
th

m
ay

b
e.

In
or

d
er

to
h
ig

h
li
gh

t
th

e
d
ep

en
d
en

ce
st

ru
ct

u
re

s
in

d
u
ce

d
b
y

ou
r

m
o
d
el

a
n
d

p
ri

or
s,

w
e

ad
d
it

io
n
al

ly
st

u
d
y

th
e

p
ri

or
va

ri
an

ce
s

an
d

co
va

ri
an

ce
s

as
so

ci
at

ed
w

it
h

th
e

lo
g-

o
d
d
s

p
ro

ce
ss

es

z
=
{z

(k
)

v
u

(t
)

=
lo

gi
t{
π

(k
)

v
u

(t
)}
∈
<

:
t
∈
T,

k
=

1,
..
.,
K
,
v

=
2,
..
.,
V
,
u

=
1,
..
.,
v
−

1}
.

B
y

co
n
d
it

io
n
in

g
on

th
e

sh
ri

n
ka

ge
p
ar

am
et

er
s,

an
d

le
ve

ra
gi

n
g

eq
u
at

io
n
s

(7
)

a
n
d

(8
),

w
e

ob
ta

in

va
r{
z

(k
)

v
u

(t
)
|τ
,τ

(k
) }

=
1

+
R ∑ r
=

1

τ
−

2
r

+
H ∑ h
=

1

τ
(k

)−
2

h
,

co
v
{z

(k
)

v
u

(t
),
z

(k
)

p
q

(t
)
|τ
,τ

(k
) }

=
1,

fo
r

ev
er

y
la

ye
r
k

=
1,
..
.,
K

,
ti

m
e
t
∈
T

an
d

p
ai

rs
of

ac
to

rs
[v
u

],
v
>
u

an
d

[p
q]

,
p
>
q

w
it

h
p
6=
v

or
q
6=
u

.
T

h
e

co
va

ri
an

ce
b

et
w

ee
n

d
iff

er
en

t
la

ye
rs

,
at

th
e

sa
m

e
ti

m
e
t
∈
T

is

co
v
{z

(k
)

v
u

(t
),
z

(g
)

v
u

(t
)
|τ
,τ

(k
) ,
τ

(g
) }

=
1

+
R ∑ r
=

1

τ
−

2
r
,

co
v
{z

(k
)

v
u

(t
),
z

(g
)

p
q

(t
)
|τ
,τ

(k
) ,
τ

(g
) }

=
1,

fo
r

ev
er

y
p
ai

r
of

la
ye

rs
k

an
d
g

w
it

h
k
6=
g
,

ti
m

e
t
∈
T

an
d

p
ai

rs
of

ac
to

rs
[v
u

],
v
>
u

an
d

[p
q]

,
p
>
q

w
it

h
p
6=
v

or
q
6=
u

.
F

in
al

ly
,

th
e

co
va

ri
an

ce
s

at
d
iff

er
en

t
ti

m
es

ar
e

co
v
{z

(k
)

v
u

(t
i)
,z

(k
)

v
u

(t
j
)
|τ
,τ

(k
) }

=
e−

κ
µ

(t
i
−
t j

)2
+

R ∑ r
=

1

τ
−

2
r
e−

2
κ
x̄
(t
i
−
t j

)2
+

H ∑ h
=

1

τ
(k

)−
2

h
e−

2
κ
x
(t
i
−
t j

)2
,

co
v
{z

(k
)

v
u

(t
i)
,z

(g
)

v
u

(t
j
)
|τ
,τ

(k
) ,
τ

(g
) }

=
e−

κ
µ

(t
i
−
t j

)2
+

R ∑ r
=

1

τ
−

2
r
e−

2
κ
x̄
(t
i
−
t j

)2
,

co
v
{z

(k
)

v
u

(t
i)
,z

(k
)

p
q

(t
j
)
|τ
,τ

(k
) }

=
co

v
{z

(k
)

v
u

(t
i)
,z

(g
)

p
q

(t
j
)
|τ
,τ

(k
) ,
τ

(g
) }

=
e−

κ
µ

(t
i
−
t j

)2
,
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D
u
r
a
n
t
e
,
M
u
k
h
e
r
je
e
a
n
d

S
t
e
o
r
t
s

fo
r

ev
er

y
p
ai

r
of

la
ye

rs
k

an
d
g

w
it

h
k
6=
g
,

ti
m

es
t i
∈

T,
t j
∈

T
an

d
p
a
ir

s
o
f

a
ct

o
rs

[v
u

],
v
>
u

an
d

[p
q]

,
p
>
q

w
it

h
p
6=
v

or
q
6=
u

.
It

is
ea

sy
to

sh
ow

th
at

a
p
ri

or
i

th
e

lo
g
-o

d
d
s

of
th

e
ed

ge
p
ro

b
ab

il
it

ie
s

h
av

e
m

ea
n

ze
ro

,
w

h
er

ea
s,

b
as

ed
on

th
e

ab
ov

e
re

su
lt

s,
th

ei
r

va
ri

an
ce

s
in

cr
ea

se
w

it
h

th
e

su
m

of
th

e
sh

a
re

d
a
n
d

la
ye

r-
sp

ec
ifi

c
sh

ri
n
ka

ge
p
ar

am
et

er
s.

A
ll
ow

in
g

a
su

b
se

t
of

th
e

co
or

d
in

at
es

to
b

e
co

m
m

o
n

to
al

l
la

ye
rs

,
h
as

th
e

eff
ec

t
of

in
tr

o
d
u
ci

n
g

d
ep

en
d
en

ce
b

et
w

ee
n

th
e

lo
g-

o
d
d
s

of
ed

g
e

p
ro

b
a
b
il
it

ie
s

in
d
iff

er
en

t
la

y
er

s.
T

h
e

G
au

ss
ia

n
p
ro

ce
ss

p
ri

o
rs

p
ro

v
id

e
an

effi
ci

en
t

ch
oi

ce
to

in
co

rp
o
ra

te
d
ep

en
d
en

ce
b

et
w

ee
n

ed
ge

p
ro

b
ab

il
it

ie
s

in
d
iff

er
en

t
ti

m
es

.
T

h
e

st
re

n
gt

h
o
f

th
is

d
ep

en
d
en

ce
is

re
gu

la
te

d
b
y

th
e

ti
m

e
la

g
an

d
th

e
p

os
it

iv
e

sm
o
ot

h
in

g
p
ar

am
et

er
s
κ
µ
,
κ
x̄

an
d
κ
x
.

T
h
e

lo
w

er
th

es
e

q
u
an

ti
ti

es
,

th
e

st
ro

n
ge

r
th

e
d
ep

en
d
en

ce
is

b
et

w
ee

n
co

or
d
in

at
es

in
d
iff

er
en

t
ti

m
es

.

4
.
P
o
st
e
ri
o
r
C
o
m
p
u
ta
ti
o
n
a
n
d
P
re
d
ic
ti
o
n

E
q
u
at

io
n
s

(1
)–

(2
)

al
on

g
w

it
h

th
e

G
a
u
ss

ia
n

p
ro

ce
ss

p
ri

or
s

fo
r

th
e

la
te

n
t

co
or

d
in

a
te

s
ca

n
b

e
se

en
as

a
n
on

li
n
ea

r
B

ay
es

ia
n

lo
gi

st
ic

re
gr

es
si

on
w

it
h

th
e

p
ar

am
et

er
s

en
te

ri
n
g

in
a

b
il
in

ea
r

fo
rm

.
A

lt
h
ou

gh
p

er
fo

rm
in

g
p

os
te

ri
or

co
m

p
u
ta

ti
on

in
th

is
se

tt
in

g
is

ap
p
ar

en
tl

y
a

cu
m

b
er

-
so

m
e

ta
sk

,
le

ve
ra

gi
n
g

th
e

P
ól

ya
-g

am
m

a
d
at

a
au

gm
en

ta
ti

on
fo

r
B

ay
es

ia
n

lo
g
is

ti
c

re
g
re

ss
io

n
(P

ol
so

n
et

al
.,

20
13

)
an

d
ad

ap
ti

n
g

d
er

iv
at

io
n
s

in
D

u
ra

n
te

an
d

D
u
n
so

n
(2

01
4
),

it
is

p
o
ss

ib
le

to
ob

ta
in

a
si

m
p
le

an
d

tr
ac

ta
b
le

G
ib

b
s

sa
m

p
le

r
h
av

in
g

co
n
ju

ga
te

fu
ll

co
n
d
it

io
n
a
ls

.
In

fa
ct

,
th

e
P

ól
ya

-g
am

m
a

d
at

a
au

gm
en

ta
ti

on
al

lo
w

s
re

ca
st

in
g

th
e

p
ro

b
le

m
fr

om
a

lo
g
is

ti
c

re
g
re

ss
io

n
to

a
m

u
lt

ip
le

li
n
ea

r
re

gr
es

si
on

h
av

in
g

tr
an

sf
or

m
ed

G
au

ss
ia

n
re

sp
on

se
d
at

a,
w

h
il
e

d
er

iv
a
ti

o
n
s

in
D

u
ra

n
te

an
d

D
u
n
so

n
(2

01
4)

p
ro

v
id

e
re

su
lt

s
to

li
n
ea

ri
ze

th
e

fa
ct

or
iz

at
io

n
in

eq
u
a
ti

o
n

(2
).

J
oi

n
in

g
th

e
ab

ov
e

p
ro

ce
d
u
re

s
an

d
ex

p
lo

it
in

g
eq

u
at

io
n
s

(7
)–

(8
),

th
e

u
p

d
a
ti

n
g

o
f

th
e

la
-

te
n
t

co
or

d
in

at
es

p
ro

ce
ss

es
at

ev
er

y
st

ep
si

m
p
ly

re
li
es

o
n

st
an

d
ar

d
B

ay
es

ia
n

li
n
ea

r
re

g
re

ss
io

n
.

A
lg

or
it

h
m

1
in

A
p
p

en
d
ix

B
p
ro

v
id

es
d
er

iv
at

io
n
s

an
d

gu
id

el
in

es
fo

r
st

ep
-b

y
-s

te
p

im
p
le

m
en

-
ta

ti
on

of
ou

r
G

ib
b
s

sa
m

p
le

r.
W

e
su

m
m

ar
iz

e
b

el
ow

th
e

m
ai

n
st

ep
s

of
th

e
M

C
M

C
ro

u
ti

n
e.

S
te

p
[1

]:
F

or
ea

ch
ti

m
e
t i

=
t 1
,.
..
,t
n
,

la
ye

r
k

=
1
,.
..
,K

an
d

p
ai

r
of

a
ct

o
rs

[v
u

],
v

=
2,
..
.,
V

,
u

=
1,
..
.,
v
−

1,
sa

m
p
le

th
e

co
rr

es
p

on
d
in

g
P

ól
ya

-g
am

m
a

au
g
m

en
te

d
d
a
ta

.

S
te

p
[2

]:
U

p
d
at

e
th

e
b
as

el
in

e
p
ro

ce
ss
µ

=
{µ

(t
1
),
..
.,
µ

(t
n
)}
ᵀ

fr
om

it
s

fu
ll

co
n
d
it

io
n
a
l
m

u
l-

ti
va

ri
at

e
G

a
u
ss

ia
n

d
is

tr
ib

u
ti

on
.

T
h
is

is
ob

ta
in

ed
b
y

re
ca

st
in

g
th

e
lo

g
is

ti
c

re
g
re

ss
io

n
fo

r
µ

in
te

rm
s

of
a

m
u
lt

ip
le

li
n
ea

r
re

gr
es

si
on

h
av

in
g

tr
an

sf
or

m
ed

G
au

ss
ia

n
re

sp
o
n
se

.

S
te

p
[3

]:
U

p
d
at

e
th

e
sh

ar
ed

co
or

d
in

at
es

.
In

p
er

fo
rm

in
g

th
is

st
ep

w
e

b
lo

ck
-s

a
m

p
le

in
tu

rn
th

e
co

or
d
in

at
es

tr
a

je
ct

or
ie

s
x̄

(v
)

=
{x̄

v
1
(t

1
),
..
.,
x̄
v
1
(t
n
),
..
.,
x̄
v
R

(t
1
),
..
.,
x̄
v
R

(t
n
)}
ᵀ

of
ea

ch
ac

to
r
v

=
1,
..
.,
V

co
n
d
it

io
n
al

ly
on

th
e

ot
h
er

s
{x̄

(u
)

:
u
6=
v
}.

T
h
is

ch
o
ic

e
a
ll
ow

s
u
s

to
li
n
ea

ri
ze

eq
u
at

io
n

(2
),

w
it

h
x̄

(v
)

ac
ti

n
g

as
a

co
effi

ci
en

ts
ve

ct
or

an
d
{x̄

(u
)

:
u
6=
v
}

re
p
re

se
n
ti

n
g

ap
p
ro

p
ri

at
el

y
se

le
ct

ed
re

gr
es

so
rs

.
L

ev
er

ag
in

g
th

e
P

ól
ya

-g
a
m

m
a

d
a
ta

a
u
g
-

m
en

ta
ti

on
al

so
th

is
st

ep
re

li
es

on
a

m
u
lt

ip
le

li
n
ea

r
re

gr
es

si
on

w
it

h
tr

an
sf

o
rm

ed
G

a
u
s-

si
an

re
sp

on
se

d
at

a,
p
ro

v
id

in
g

G
au

ss
ia

n
fu

ll
co

n
d
it

io
n
al

s
fo

r
ea

ch
x̄

(v
),
v

=
1,
..
.,
V

.

S
te

p
[4

]:
U

p
d
at

e
th

e
la

ye
r-

sp
ec

ifi
c

co
or

d
in

at
es

.
F

or
ea

ch
la

ye
r
k

=
1,
..
.,
K

,
th

is
st

ep
re

-
li
es

on
th

e
sa

m
e

st
ra

te
gy

co
n
si

d
er

ed
fo

r
th

e
sh

ar
ed

co
or

d
in

at
es

,
p
ro

v
id

in
g

a
g
a
in

G
a
u
s-

si
an

fu
ll

co
n
d
it

io
n
al

s
fo

r
ea

ch
x

(k
)

(v
)

=
{x

(k
)

v
1

(t
1
),
..
.,
x

(k
)

v
1

(t
n
),
..
.,
x

(k
)

v
H

(t
1
),
..
.,
x

(k
)

v
H

(t
n
)}
ᵀ ,

v
=

1
,.
..
,V

an
d
k

=
1
,.
..
,K

.
M

or
eo

ve
r

th
e

u
p

d
a
ti

n
g

ca
n

b
e

p
er

fo
rm

ed
se

p
a
ra

te
ly

fo
r

ea
ch

la
ye

r,
al

lo
w

in
g

th
is

st
ep

to
b

e
effi

ci
en

tl
y

im
p
le

m
en

te
d

in
p
ar

al
le

l.
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B
a
y
e
sia

n
L
e
a
r
n
in
g

o
f
D
y
n
a
m
ic

M
u
lt

il
a
y
e
r
N
e
t
w
o
r
k
s

S
te

p
[5

]
a
n

d
[6

]:
T

h
e

u
p

d
atin

g
of

th
e

gam
m

a
p
aram

eters
ch

aracterizin
g

th
e

p
riors

in
eq

u
a
tio

n
s

(5)–(6)
follow

s
con

ju
gate

an
aly

sis,
p
rov

in
g

gam
m

a
fu

ll
con

d
ition

als.

S
te

p
[7

]:
U

p
d
ate

th
e

d
y
n
am

ic
m

u
ltilayer

ed
ge

p
rob

ab
ilities

sim
p
ly

b
y

a
p
p
ly

in
g

eq
u
ation

(2
)

to
th

e
sam

p
les

of
th

e
b
aselin

e
p
ro

cess,
th

e
sh

ared
an

d
th

e
layer-sp

ecifi
c

co
ord

in
ates.

In
p

erfo
rm

in
g

p
osterior

com
p
u
tation

w
e

set
R

an
d
H

at
con

servative
u
p
p

er
b

ou
n
d
s,

a
llow

in
g

th
e

m
u
ltip

licative
in

verse
gam

m
a

p
riors

for
th

e
sh

rin
kage

p
aram

eters
to

d
elete

red
u
n
d
a
n
t

la
ten

t
sp

ace
d
im

en
sion

s
n
ot

req
u
ired

to
ch

aracterize
th

e
d
ata.

H
en

ce,
p

osterior
in

feren
ce

is
n
o
t

su
b
stan

tially
aff

ected
b
y

th
e

ch
oice

of
R

an
d
H

,
u
n
less

th
ese

b
ou

n
d
s

are
fi
x
ed

a
t

ex
cessively

low
valu

es
com

p
ared

to
th

e
com

p
lex

ity
of

th
e

d
ata

an
aly

zed
.

W
e

ad
d
ition

ally
a
ssess

th
e

g
o
o
d
n
ess

of
th

ese
b

ou
n
d
s

v
ia

in
-sam

p
le

an
d

ou
t-of-sam

p
le

p
red

ictive
p

erform
an

ce.

4
.1

E
d

g
e

P
re

d
ic

tio
n

E
d
g
e

p
red

ictio
n

is
an

im
p

ortan
t

top
ic

in
d
y
n
am

ic
m

o
d
elin

g
of

m
u
ltilay

er
n
etw

ork
s.

F
or

ex
a
m

p
le

som
e

n
etw

ork
s

m
ay

h
av

e
u
n
ob

served
ed

ges
d
u
e

to
in

ab
ility

to
m

on
itor

certain
ty

p
es

o
f

relatio
n
sh

ip
s

or
actors

at
sp

ecifi
c

tim
es.

L
ik

ew
ise,

som
e

layers
m

ay
b

e
availab

le
in

tim
e

ea
rlier

th
an

oth
ers,

facilitatin
g

p
red

iction
of

th
ose

y
et

m
issin

g.
T

h
e

availab
ility

of
effi

cien
t

p
ro

ced
u
res

th
at

are
ab

le
to

recon
stru

ct
p
artially

u
n
ob

served
con

n
ectiv

ity
stru

ctu
res

o
r

fo
reca

st
fu

tu
re

n
etw

ork
s

can
h
ave

im
p

ortan
t

con
seq

u
en

ces
in

m
an

y
ap

p
lication

s,
su

ch
as

d
esta

b
iliza

tion
of

terrorists
n
etw

ork
s

or
ep

id
em

ic
p
reven

tion
(e.g.,

T
an

et
al.,

201
6).

O
u
r

sta
tistical

m
o
d
el

for
d
y
n
am

ic
m

u
ltilayer

n
etw

ork
s

in
eq

u
ation

s
(1)–(2)

facilitates
th

e
d
efi

n
itio

n
of

sim
p
le

p
ro

ced
u
res

for
fo

rm
al

ed
ge

p
red

iction
rely

in
g

on
th

e
ex

p
ectation

E{Y
(k

)
v
u

(ti )|
Y

o
b

s }
of

th
e

p
osterior

p
red

ictive
d
istrib

u
tion

for
Y

(k
)

v
u

(ti ),
w

ith
Y

o
b

s
d
en

otin
g

th
e

o
b
serv

ed
d
a
ta.

In
fact,

u
n
d
er

eq
u
ation

s
(1)–(2),

th
is

fu
n
ction

al
is

easily
availab

le
a
s

E{Y
(k

)
v
u

(ti )|
Y

o
b

s }
=

E
π

(k
)

v
u

(t
i ) [E

Y
(k

)
v
u

(t
i ) {Y

(k
)

v
u

(ti )|
π

(k
)

v
u

(ti )}
|
Y

o
b

s ]
=

E{
π

(k
)

v
u

(ti )|
Y

o
b

s }
,

(9)

fo
r

ev
ery

tim
e
ti ∈

T
,

layer
k

=
1
,...,K

an
d

actors
v

=
2
,...,V

,
u

=
1
,...,v−

1,
w

h
ere

E{
π

(k
)

v
u

(ti )
|
Y

o
b
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et
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o
d
s.
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h
e
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C
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r
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ss
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g
ou
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of
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p
le
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re

d
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ti
v
e

p
er
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an
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e

d
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n
ed
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si
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il
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r
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b
u
t
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si
n
g
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th

e
h
el
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u
t

n
et

w
or
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at

ti
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e
t 1
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d
ay
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u
at

e
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n
si

ti
v
it

y
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th
e
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o
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e
of

th
e

u
p
p

er
b

ou
n
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th
e
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n
t
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e
d
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p
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d
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v
e

p
er
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a
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o
u
n
d
er

ot
h
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of
R

an
d
H
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u
d
in

g
R

=
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R

=
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E
d
ge

p
re
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on
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or
e
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ra
te
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p
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ou
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p
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.
T

h
is
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u
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p
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e
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m
p
u
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ti
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h
er
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th
e
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et
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or
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ti
m

e
t 1
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in

d
ay
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h
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th
e
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p
ar
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te
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s
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h
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ve
s
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m

p
ar
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le

re
su
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s
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o
u
r
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o
d
el

fo
r

in
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p
le
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ge

p
re

d
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ti
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ac
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m
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o
d
at
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c
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b
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p
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ti
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of
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u
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te
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d
ay

s.
T
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an
al
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d
b
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w
in
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et
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d
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b
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d
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d
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m
p
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p
er
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rm
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ce
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o
u
r
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o
d
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ou
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of
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le

ed
ge

p
re

d
ic

ti
on

,
b
u
t

h
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d
u
ce

d
in

-s
am

p
le

p
re

d
ic

ti
v
e

ab
il
it

y.
O

u
r

d
y
n
a
m

ic
m

u
lt

il
ay

er
re

p
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se
n
ta

ti
on
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en
tl

y
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o
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te
s

b
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ed
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u
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n
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p
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b
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p
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p
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b
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b
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R

an
d
H
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d
th
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ef
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w
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p
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te
ri
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re

n
ce
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r
R

=
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=
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e

si
m

u
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o
n
.
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p
e
r
t
ie
s
o
f
In

t
e
r
e
st

T
h
e

ab
ov

e
re

su
lt

s
m

ot
iv

at
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s
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e
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y
n
am
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m

u
lt
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ay

er
st

o
ch
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ti
c

p
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u
n
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o
d
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5
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d
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r
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e
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a
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d
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B
a
y
e
sia

n
L
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a
r
n
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g
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f
D
y
n
a
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u
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r
N
e
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o
r
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N
etw

ork D
ensity in day 1

N
etw

ork D
ensity in day 2

N
etw

ork D
ensity in day 3
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ig
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o
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d
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0.95
cred
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tervals

(grey
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for

th
e

tim
e-vary

in
g

ex
p

ected
n
etw

ork
d
en

sity
in

th
e

th
ree

d
ay

s.
T

h
e
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n
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for
th

e
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e

in
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e
th
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d
ay

d
en
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th

e
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-ou
t

con
tact

n
etw

o
rk
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o
f

p
rox

im
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co
n
tacts
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ilar

p
attern

s
d
u
rin
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th

e
th
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d
ay

s,
w

h
ile

sh
ow

in
g
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e

d
ay
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ecifi

c
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s
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h
ou

rs.
T

h
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lt
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rth

er
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s
th

e
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p
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of

a
n
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g
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d
a
ta

w
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b
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n

across
d
ay
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w

h
ile

m
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in
g
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cap
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g
d
ay
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C
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w
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1
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th
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n
etw

ork
d
en

sity
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gen
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on

low
lev

els
d
u
rin

g
th

e
m
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in

g
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n
d
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w
h
en

th
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in
d
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an
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ork
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n
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d
en
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an
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d
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n
er

tim
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en

th
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e

learn
a

sim
ilar

p
attern

w
h
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g
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e

d
y
n
am

ic
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freq
u
en

cies
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f
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n
tact

w
ith
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an

d
b

etw
een

grou
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s

of
actors

h
av

in
g

sim
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su
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gen
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er

an
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g
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T
h
ese
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p
rov
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e

k
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d
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in
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com
p
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to
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e
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p
ected

n
et-

w
o
rk

d
en
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h
igh

ligh
tin

g
h
ow
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s
d
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can
sp

read
w

ith
in

an
d

b
etw

een
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u
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alized
in

F
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6,

all
th
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w
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p
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u
rin

g
lu

n
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an
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d
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d
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con
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g
m
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b

etw
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b
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b
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th
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on
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con
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in
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d
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b
y

age
grou

p
s,

w
ith

a
su

b
stan

tially
h
ig

h
ch

a
n
ce

o
f

con
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b
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rem
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v
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m
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u
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erefore

h
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e
m
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n
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o
f
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,
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ecially
w
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e
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H
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sp
read

m
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a
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n
g

in
d
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u
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an
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u
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g
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w
h
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th
e

ch
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f
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n
ta
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e
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e
p

o
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r
m
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n

o
f

th
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b
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b
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o
n

d
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g
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p
a
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h
e
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p
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n
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b
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d
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p
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e
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e
in

fectiv
ity

of
each

actor,
an

d
h
ow

th
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re
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C
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re
7

p
rov

id
es

a
grap

h
ical

an
aly
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tact
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d
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d
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h
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ork
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w
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m
ay

lead
to

a
faster

d
isease

sp
read

.
A

s
sh

ow
n

in
F

igu
re

7,
th

e
con

tact
p
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e
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ay
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re
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b
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n
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ork
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d
ay.
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d
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m
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d
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sisten
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b
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b
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th
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s
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B
a
y
e
sia

n
L
e
a
r
n
in
g

o
f
D
y
n
a
m
ic

M
u
lt

il
a
y
e
r
N
e
t
w
o
r
k
s

A
p
p
e
n
d
ix

A
.
P
ro

o
fs

o
f
P
ro

p
o
sitio

n
s
1
a
n
d
2

P
ro

o
f

o
f

P
ro

p
o
sitio

n
1

.
A

s
th

e
lo

gistic
m

ap
p
in

g
is

on
e-to-on

e
con

tin
u
ou

s,
P

rop
osition

1
is

va
lid

if
an

d
on

ly
if—

for
each

tim
e
t∈

T
—

every
p

ossib
le

collection
o
f

log-o
d
d
s
z
(t)

=

{
z

(k
)

v
u

(t)∈
<

:
k

=
1,...,K

,
v

=
2,...,V

,
u

=
1,...,v−

1}
can

b
e

fa
ctorized

as

z
(k

)
v
u

(t)
=
µ

(t)
+
s̄
v
u (t)

+
s

(k
)

v
u

(t)
=
µ

(t)
+
x̄
v (t) ᵀx̄

u (t)
+
x

(k
)

v
(t) ᵀx

(k
)

u
(t),

fo
r

a
ll
k

=
1
,...,K

,
v

=
2
,...,V

,
u

=
1
,...,v−

1,
w

h
ere

x
(k

)
v

(t)
=
{
x

(k
)

v
1

(t),...,x
(k

)
v
H

(t)} ᵀ
a
n
d
x̄
v (t)

=
{
x̄
v
1 (t),...,x̄

v
R

(t)} ᵀ,
for

every
v

=
1,...,V

.
A

ssu
m

e
w

ith
ou

t
loss

of
gen

erality
µ

(t)
=

0
fo

r
every

t∈
T

an
d

let
X̄

(t)
an

d
X

(k
)(t)

for
k

=
1,...,K

,
d
en

ote
th

e
V
×
R

an
d
V
×
H

m
atrices

con
tain

in
g

th
e

sh
ared

a
n
d

layer-sp
ecifi

c
la

ten
t

co
o
rd

in
a
tes,

resp
ectively,

at
tim

e
t∈

T
.

S
in

ce
w

e
are

n
ot

in
terested

in
th

e
d
iago

n
al

elem
en

ts
o
f

th
e
V
×
V

ed
ge

p
rob

ab
ilities

an
d

log-o
d
d
s

m
atrices,

it
is

alw
ay

s
p

ossib
le

to
w

rite

Z
(k

)(t)
=
S̄

(t)
+
S

(k
)(t),

k
=

1,...,K
,

w
h
ere

Z
(k

)(t)
is

th
e
V
×
V

sy
m

m
etric

m
atrix

h
av

in
g

th
e

log-o
d
d
s

o
f

th
e

ed
ges

a
t

tim
e
t

in
layer

k
a
s

o
ff

-d
iagon

al
elem

en
ts,

w
h
ereas

S̄
(t)

a
n
d
S

(k
)(t)

are
V
×
V

p
ositive

sem
id

efi
n
ite

sy
m

m
etric

m
atrices

h
av

in
g

q
u
an

tities
s̄
v
u (t),

v
=

2,...,V
,
u

=
1,...,v

−
1

a
n
d
s

(k
)

v
u

(t),
v

=
2,...,V

,
u

=
1
,...,v−

1
as

off
-d

iag
on

al
elem

en
ts.

S
in

ce
w

e
are

n
ot

in
terested

in
self-

relatio
n
s,

th
ere

is
n
o

loss
of

gen
erality

in
a
ssu

m
in

g
S̄

(t)
an

d
S

(k
)(t)

are
p

ositive
sem

id
efi

n
ite,

sin
ce

fo
r

a
n
y

co
n
fi
gu

ration
of

sh
ared

an
d

lay
er-sp

ecifi
c

sim
ilarities

th
ere

ex
ist

in
fi
n
itely

m
an

y
p

o
sitive

sem
id

efi
n
ite

m
atrices

h
av

in
g

th
ese

q
u
an

tities
as

off
-d

iagon
al

elem
en

ts.
S
in

ce
S̄

(t)
an

d
S

(k
)(t)

are
p

ositive
sem

id
efi

n
ite,

th
ey

ad
m

it
th

e
eigen

d
ecom

p
osition

s
S̄

(t)
=
Ū

(t)Λ̄
(t)Ū

(t) ᵀ
an

d
S

(k
)(t)

=
U

(k
)(t)Λ

(k
)(t)U

(k
)(t) ᵀ,

w
h
ere

Ū
(t)

a
n
d
U

(k
)(t)

d
en

ote

th
e
V
×
R
t

a
n
d
V
×
H

(k
)

t
m

atrices
of

eig
en

vecto
rs,

w
h
ereas

Λ̄
(t)

a
n
d

Λ
(k

)(t)
are

th
e

cor-
resp

o
n
d
in

g
d
iag

on
al

m
atrices

w
ith

th
e

p
ositive

eigen
valu

es.
T

h
erefore,

lettin
g
R
≥
R
t

for

every
t∈

T
an

d
H
≥
H

(k
)

t
,

for
ev

ery
k

=
1,...,K

an
d
t
∈

T
,

P
rop

osition
1

follow
s

af-
ter

d
efi

n
in

g
X̄

(t)
an

d
X

(k
)(t)

as
th

e
b
lo

ck
m

atrices
X̄

(t)
=
{
Ū

(t)Λ̄
(t)

1
/
2,0

V
×

(R
−
R
t ) }

an
d

X
(k

)(t)
=
{U

(k
)(t)Λ

(k
)(t)

1
/
2,0

V
×

(H
−
H

(k
)

t
) }

for
ev

ery
k

=
1,...,K

.

P
ro

o
f

o
f

P
ro

p
o
sitio

n
2

.
L

everagin
g

p
ro

of
of

C
orollary

2
in

D
u
ran

te
an

d
D

u
n
son

(2
014),

to
p
rov

e
P

ro
p

o
sition

2
it

su
ffi

ces
to

sh
ow

th
at

p
r 

su
p
t∈

T 
K
∑k

=
1 √√√√

V
∑v
=

2

v−
1

∑u
=

1 {
z

(k
)

v
u

(t)−
z

0
(k

)
v
u

(t)}
2 

<
ε 

>
0
,

w
h
ere

z
(k

)
v
u

(t)
a
n
d
z

0
(k

)
v
u

(t)
are

th
e

log-o
d
d
s

of
π

(k
)

v
u

(t)
an

d
π

0
(k

)
v
u

(t),
resp

ectiv
ely.

R
ecallin

g
th

e
p
ro

o
f

of
P

rop
osition

1,
th

e
ab

ove
p
rob

ab
ility

can
b

e
factorized

as

p
r 

su
p
t∈

T 
K
∑k

=
1 √√√√

V
∑v
=

2

v−
1

∑u
=

1 {
µ

(t)
+
s̄
v
u (t)

+
s

(k
)

v
u

(t)−
µ

0(t)−
s̄

0v
u (t)−

s
0
(k

)
v
u

(t)}
2 

<
ε 

,

w
ith

s̄
v
u (t)

=
x̄
v (t) ᵀx̄

u (t),
s

(k
)

v
u

(t)
=
x

(k
)

v
(t) ᵀx

(k
)

u
(t),

s̄
0v
u (t)

=
x̄

0v (t) ᵀx̄
0u (t)

an
d
s

0
(k

)
v
u

(t)
=

x
0
(k

)
v

(t) ᵀx
0
(k

)
u

(t).
E

x
p
loitin

g
th

e
trian

gle
in

eq
u
ality

a
n
d

th
e

in
d
ep

en
d
en

ce
of

th
e

G
au

ssian
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D
u
r
a
n
t
e
,
M
u
k
h
e
r
je
e
a
n
d

S
t
e
o
r
t
s

p
ro

cess
p
riors

for
th

e
d
iff

eren
t

tra
jectories,

a
low

er
b

ou
n
d

for
th

e
ab

ove
p
rob

ab
ility

is

p
r 

su
p
t∈

T  √√√√
V
∑v
=

2

v−
1

∑u
=

1 {µ
(t)−

µ
0(t)

+
s̄
v
u (t)−

s̄
0v
u (t)}

2 
<

ε

2K


×

×
K∏k
=

1

p
r 

su
p
t∈

T  √√√√
V
∑v
=

2

v−
1

∑u
=

1 {s
(k

)
v
u

(t)−
s

0
(k

)
v
u

(t)}
2 

<
ε

2K


.

A
p
p
ly

in
g

T
h
eorem

2
in

D
u
ran

te
an

d
D

u
n
son

(2014)
to

each
term

in
th

is
factorization

,
it

is
easy

to
sh

ow
th

at
all

th
e

ab
ove

p
rob

ab
ilities

are
strictly

p
ositive,

p
rov

in
g

P
rop

osition
2.

A
p
p
e
n
d
ix

B
.
P
se
u
d
o
co

d
e
fo
r
P
o
ste

rio
r
C
o
m
p
u
ta
tio

n

A
lgorith

m
1

p
rov

id
es

gu
id

elin
es

for
step

-b
y
-step

im
p
lem

en
tation

of
ou

r
G

ib
b
s

sam
p
ler.

A
lg

o
rith

m
1

G
ib

b
s

sam
p
ler

for
th

e
d
y
n
am

ic
m

u
ltilayer

laten
t

sp
ace

m
o
d
el

[1
]

G
e
n

e
ra

te
th

e
P

ó
ly

a
-g

a
m

m
a

a
u

g
m

e
n
te

d
d

a
ta

fo
r

each
ti

=
t1 ,...,tn

,
k

=
1,...K

,
v

=
2,...,V

an
d
u

=
1,...,v−

1
d

o

S
am

p
le

th
e

au
gm

en
ted

d
ata

ω
(k

)
v
u

(ti )
from

th
e

fu
ll

con
d
ition

al
P

ólya-gam
m

a

ω
(k

)
v
u

(ti )|−
∼

P
G
{

1
,µ

(ti )
+
x̄
v (ti ) ᵀx̄

u (ti )
+
x

(k
)

v
(ti ) ᵀx

(k
)

u
(ti ) }

,

w
h
ere

P
G

(a
,b)

is
th

e
P

ólya-gam
m

a
ran

d
om

variab
le

w
ith

p
aram

eters
a
>

0
an

d
b∈
<

.
e
n

d
fo

r
—

—
—

—
—

—
—

—
—

—
—

—
—

—
—

—
—

—
—

—
—

—
—

—
—

—
—

—
—

—
—

—
—

—
—

—
—

—
—

[2
]

U
p

d
a
te

th
e

b
a
se

lin
e

tra
je

c
to

ry
µ

=
{
µ

(t1 ),...,µ
(tn

)} ᵀ
from

µ
|−
∼

N
n
(µ
µ
,Ψ

µ
)

w
h
ere

Ψ
µ

=
[d

iag {∑
Kk
=

1 ∑
Vv
=

2 ∑
v−

1
u

=
1
ω

(k
)

v
u

(t1 ),..., ∑
Kk
=

1 ∑
Vv
=

2 ∑
v−

1
u

=
1
ω

(k
)

v
u

(tn
) }

+
Σ
−

1
µ

]−
1

an
d
µ
µ

=
Ψ
µ
η
µ

w
ith

η
µ

=



∑
Kk
=

1 ∑
Vv
=

2 ∑
v−

1
u

=
1 {
Y

(k
)

t
1
[v
u

] −
1
/
2−

ω
(k

)
v
u

(t1 )[x̄
v (t1 ) ᵀx̄

u (t1 )
+
x

(k
)

v
(t1 ) ᵀx

(k
)

u
(t1 )]}

...
∑

Kk
=

1 ∑
Vv
=

2 ∑
v−

1
u

=
1 {
Y

(k
)

t
n

[v
u

] −
1
/2−

ω
(k

)
v
u

(tn
)[x̄

v (tn
) ᵀx̄

u (tn
)

+
x

(k
)

v
(tn

) ᵀx
(k

)
u

(tn
)]}


.

—
—

—
—

—
—

—
—

—
—

—
—

—
—

—
—

—
—

—
—

—
—

—
—

—
—

—
—

—
—

—
—

—
—

—
—

—
—

—

[3
]

S
a
m

p
le

th
e

v
e
c
to

rs
o
f

sh
a
re

d
c
o
o
rd

in
a
te

s
x̄
v (t1 ),...,x̄

v (tn
)

fo
r
v

=
1,...,V

fo
r

each
actor

v
=

1,...,V
d

o
B

lo
ck

-sam
p
le
{
x̄
v (t1 ),...,x̄

v (tn
)}

given
th

e
o
th

ers{x̄
u (ti )

:
u
6=
v
,ti

=
t1 ,...tn }

.

[a]
L

et
x̄

(v
)

=
{
x̄
v
1 (t1 ),...,x̄

v
1 (tn

),...,x̄
v
R

(t1 ),...,x̄
v
R

(tn
)} ᵀ

[b
]

D
efi

n
e

a
B

ayesian
logistic

regression
w

ith
x̄

(v
)

actin
g

as
co

effi
cien

t
vector

a
n
d

h
av

-

in
g

p
rior,

accord
in

g
to

eq
u
ation

(7),
x̄

(v
) ∼

N
n×

R

{
0,d

iag(τ −
1

1
,...,τ −

1
R

)⊗
Σ
x̄ }
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B
a
y
e
si
a
n
L
e
a
r
n
in
g

o
f
D
y
n
a
m
ic

M
u
lt

il
a
y
e
r
N
e
t
w
o
r
k
s

[c
]

F
or

ev
er

y
k

=
1,
..
.,
K

,
th

e
B

ay
es

ia
n

lo
gi

st
ic

re
gr

es
si

on
fo

r
th

e
u
p

d
at

in
g

of
x̄

(v
)

is

Y
(k

)
(v

)
∼

B
er

n
(π

(k
)

(v
)
),

lo
gi

t(
π

(k
)

(v
)
)

=
1 V
−

1
⊗
µ

+
X̄

(−
v
)x̄

(v
)

+
X

(k
)

(−
v
)x

(k
)

(v
)
,

w
it

h

•
Y

(k
)

(v
)

ob
ta

in
ed

b
y

st
ac

k
in

g
ve

ct
or

s
{Y

(k
)

t 1
[v
u

],
..
.,
Y

(k
)

t n
[v
u

]}ᵀ
fo

r
al

l
p
ai

rs
h
av

in
g

v
as

a
on

e
of

th
e

tw
o

ac
to

rs

•
π

(k
)

(v
)

th
e

co
rr

es
p

on
d
in

g
v
ec

to
r

of
ed

ge
p
ro

b
ab

il
it

ie
s

•
x

(k
)

(v
)

=
{x

(k
)

v
1

(t
1
),
..
.,
x

(k
)

v
1

(t
n
),
..
.,
x

(k
)

v
H

(t
1
),
..
.,
x

(k
)

v
H

(t
n
)}
ᵀ

•
X̄

(−
v
)

an
d
X

(k
)

(−
v
)t

h
e

m
at

ri
ce

s
of

re
gr

es
so

rs
w

h
os

e
en

tr
ie

s
ar

e
su

it
ab

ly
ch

os
en

fr
om
{x̄

u
(t
i)

:
u
6=
v
,t
i

=
t 1
,.
..
t n
}

an
d
{x

(k
)

u
(t
i)

:
u
6=
v
,t
i

=
t 1
,.
..
t n
}

A
cc

or
d
in

g
to

th
e

ab
ov

e
sp

ec
ifi

ca
ti

on
,

an
d

le
tt

in
g

Ω
(k

)
(v

)
d
en

ot
e

th
e

d
ia

go
n
al

m
at

ri
x

w
it

h
th

e
co

rr
es

p
on

d
in

g
P

ól
y
a-

ga
m

m
a

au
gm

en
te

d
d
at

a,
w

e
ob

ta
in

x̄
(v

)
|−
∼

N
n
×
R

( µ
x̄

(v
)
,Ψ

x̄
(v

)

) ,

w
it

h

Ψ
x̄

(v
)

=
{X̄
ᵀ (−
v
)(

Ω
(1

)
(v

)
+
..
.
+

Ω
(K

)
(v

)
)X̄

(−
v
)

+
d
ia

g(
τ 1
,.
..
,τ
R

)
⊗

Σ
−

1
x̄
}−

1
,

µ
x̄

(v
)

=
Ψ
x̄

(v
)
(X̄
ᵀ (−
v
)[
∑

K k
=

1
{Y

(k
)

(v
)
−

1 V
−

1
⊗

1 n
0.

5
−

Ω
(k

)
(v

)
(1
V
−

1
⊗
µ

+
X

(k
)

(−
v
)x

(k
)

(v
)
)}

])
.

e
n

d
fo

r
—

—
—

—
—

—
—

—
—

—
—

—
—

—
—

—
—

—
—

—
—

—
—

—
—

—
—

—
—

—
—

—
—

—
—

—
—

—
—

[4
]

S
a
m

p
le

th
e

la
y
e
r-

sp
e
c
ifi

c
c
o
o
rd

in
a
te

s
x

(k
)

v
(t

1
),
..
.,
x

(k
)

v
(t
n
)

fo
r
v

=
1,
..
.,
V

a
n

d
k

=
1,
..
.,
K

fo
r

ea
ch

la
ye

r
k

=
1,
..
.,
K

d
o

fo
r

ea
ch

ac
to

r
v

=
1,
..
.,
V

d
o

B
lo

ck
-s

am
p
le
{x

(k
)

v
(t

1
),
..
.,
x

(k
)

v
(t
n
)}

gi
ve

n
{x

(k
)

u
(t
i)

:
u
6=
v
,t
i

=
t 1
,.
..
t n
}.

In
p
ar

-

ti
cu

la
r,

le
tt

in
g
x

(k
)

(v
)

=
{x

(k
)

v
1

(t
1
),
..
.,
x

(k
)

v
1

(t
n
),
..
.,
x

(k
)

v
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n
r-

co
ve

r
a
n

d
a
n
r-

pa
ck

in
g.

N
ot

e
th

at
,

on
th

e
al

go
ri

th
m

ic
si

d
e,

w
e

w
il
l

b
e

in
te

re
st

ed
in

p
ac

k
in

gs
an

d
co

ve
rs

o
f

th
e

in
p
u
t

d
at

a
X

1
:n

(r
at

h
er

th
an

of
X

)
as

a
m

ea
n
s

to
at

ta
in

go
o
d

ti
m

e-
ac

cu
ra

cy
tr

a
d
eo

ff
s.

W
e

ca
n

n
ow

in
tr

o
d
u
ce

th
e

fo
ll
ow

in
g

(c
om

m
on

)
n
ot

io
n

of
m

et
ri

c
d
im

en
si

o
n
.

D
e
fi

n
it

io
n

4
T

h
e

d
ou

b
li
n
g

d
im

en
si

on
o
f

(X
,ρ

)
is

th
e

sm
a
ll

es
t
d

su
ch

th
a
t

a
n

y
ba

ll
B

(x
,r

)
ca

n
be

co
ve

re
d

by
2d

ba
ll

s
o
f

ra
d
iu

s
r/

2
.

T
h
e

d
o
u

bl
in

g
d
im

en
si

o
n

ca
p
tu

re
s

th
e

in
h
er

en
t

co
m

p
le

x
it

y
of

va
ri

ou
s

se
tt

in
g
s

o
f

co
n
te

m
p

o-
ra

ry
in

te
re

st
in

cl
u
d
in

g
sp

ar
se

d
at

as
et

s
an

d
lo

w
-d

im
en

si
on

al
m

an
if

ol
d
s

(D
as

g
u
p
ta

a
n
d

F
re

-
u
n
d
,
20

08
)

an
d

is
co

m
m

on
in

th
e

M
ac

h
in

e
L

ea
rn

in
g

li
te

ra
tu

re
(s

ee
fo

r
in

st
an

ce
K

ra
u
th

g
a
m

er
an

d
L

ee
,

20
04

;
C

la
rk

so
n
,

20
05

;
B

ey
ge

lz
im

er
et

al
.,

20
06

;
D

as
gu

p
ta

an
d

F
re

u
n
d
,

2
0
0
8
;

G
o
t-

tl
ie

b
et

al
.,

20
13

;
R

ed
d
i

an
d

P
o
cz

os
,

20
1
4)

.
W

e
h
av

e
th

e
fo

ll
ow

in
g

as
su

m
p
ti

on
s

on
X

:

A
ss

u
m

p
ti

o
n

1
T

h
e

m
et

ri
c

sp
a
ce

(X
,ρ

)
h
a
s

bo
u

n
d
ed

d
ia

m
et

er
m

ax
x
,x

′ ∈
X
ρ

(x
,x
′ )

=
∆
X

,
a
n

d
d
o
u

bl
in

g
d
im

en
si

o
n
d

.

3
.1
.2

O
u
t
p
u
t
S
pa

c
e
Y

B
ot

h
cl

as
si

fi
ca

ti
on

an
d

re
gr

es
si

on
ca

n
b

e
tr

ea
te

d
u
n
d
er

th
e

sa
m

e
as

su
m

p
ti

on
s

o
n

co
n
d
it

io
n
al

d
is

tr
ib

u
ti

on
s
P
Y
|x

.
In

p
ar

ti
cu

la
r

w
e

ar
e

in
te

re
st

ed
in

th
e

b
eh

av
io

r
o
f

th
e

u
n
k
n
ow

n
re

gr
es

si
o
n

fu
n

ct
io

n
f

:

D
e
fi

n
it

io
n

5
T

h
e

re
gr

es
si

on
fu

n
ct

io
n

is
d
efi

n
ed

fo
r

a
ll
x
∈
X

a
s
f

(x
)

=
E

[Y
|x

].
F

o
r

cl
a
ss

ifi
ca

ti
o
n

,
it

s
ra

n
ge

is
[0
,1

]
w

h
il

e
fo

r
re

gr
es

si
o
n

,
it

s
ra

n
ge

is
R
d
Y

.
In

a
sl

ig
h
t

a
bu

se
o
f

n
o
ta

ti
o
n

,
w

e
w

il
l

le
t

th
e

n
o
rm
‖f

(x
)
−
f

(x
′ )
‖

d
en

o
te

th
e

a
bs

o
lu

te
va

lu
e

o
n

[0
,1

]
(c

la
ss

ifi
ca

-
ti

o
n

)
o
r

th
e

E
u

cl
id

ea
n

n
o
rm

o
n
R
d
Y

(r
eg

re
ss

io
n

).

W
e

h
av

e
th

e
fo

ll
ow

in
g

as
su

m
p
ti

on
s:

A
ss

u
m

p
ti

o
n

2
T

h
e

re
gr

es
si

o
n

fu
n

ct
io

n
f

is
λ

-L
ip

sc
h
it

z
fo

r
so

m
e

u
n

kn
o
w

n
λ
>

0:

∀x
,x
′ ∈
X
,
∥ ∥ f

(x
)
−
f

(x
′ )
∥ ∥
≤
λ
ρ
( x
,x
′)
.

L
et
Y

(x
)
∼
P
Y
|x

,
it

s
va

ri
a
n

ce
,

n
a
m

el
y
E
Y
|X

=
x
‖Y
−
f

(x
)‖

2
,

is
u

n
if

o
rm

ly
bo

u
n

d
ed

by
σ

2 Y

o
ve

r
x
∈
X

.
F

u
rt

h
er

m
o
re

,
f

is
bo

u
n

d
ed

o
ve

r
X

,
i.

e.
su

p
x
,x

′ ∈
X
‖f

(x
)
−
f

(x
′ )
‖
≤

∆
f
.
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T
im

e
-A

c
c
u
r
a
c
y
T
r
a
d
e
o
f
f
s
in

K
e
r
n
e
l
P
r
e
d
ic
t
io
n

T
h
e

L
ip

sch
itz

con
d
ition

is
com

m
on

an
d

k
n
ow

n
to

b
e

m
ild

:
it

cap
tu

res
th

e
id

ea
th

a
t

w
h
en

ever
x

a
n
d
x
′

a
re

clo
se,

so
are

f
(x

)
an

d
f

(x
′),

u
n
iform

ly.
N

o
te

th
a
t

th
e

b
ou

n
d
ed

n
ess

con
d
ition

s
h
old

au
to

m
atically

in
th

e
case

of
classifi

cation
sin

ce
th

en
Y

is
itself

b
ou

n
d
ed

.
In

th
e

case
of

regression
,
Y

itself
is

allow
ed

to
b

e
u
n
b

ou
n
d
ed

;
th

e
b

o
u
n
d
ed

n
ess

assu
m

p
tion

on
f

is
im

m
ed

iate
from

th
e

con
tin

u
ity

of
f

(im
p
lied

b
y

th
e

L
ip

sch
itz

co
n
d
ition

)
w

h
en

ever
(X
,ρ

)
h
as

b
ou

n
d
ed

d
iam

eter
(see

A
ssu

m
p
tion

1).

3
.1
.3

R
isk

a
n
d

E
x
c
e
ss

R
isk

o
f
a
R
e
g
r
e
ssio

n
E
st

im
a
t
e

S
u
p
p

o
se
g

:X
→
Y

is
som

e
estim

a
te

of
f

.
W

e
d
efi

n
e

its
`
2

po
in

tw
ise

risk
a
t
x

to
b

e
R

(g
,x

)
.=
E
Y
|X

=
x
‖
Y
−
g
(x

)‖
2

an
d

its
in

tegra
ted

risk
to

b
e
R

(g
)
.=
E
X
R

(g
,X

).
S
tan

d
a
rd

m
a
n
ip

u
la

tion
s

sh
ow

th
at

R
(g
,x

)
=

R
(f
,x

)
+
‖f

(x
)−

g
(x

)‖
2
,

an
d

th
erefore

R
(g

)
=

R
(f

)
+
E
X
‖
g
(X

)−
f

(X
)‖

2
.

In
th

is
p
a
p

er
w

e
are

in
terested

in
th

e
in

tegra
ted

excess
risk

‖
g−

f‖
2
.=
R

(g
)−

R
(f

)
=
E
X
‖
g
(X

)−
f

(X
)‖

2
.

(1)

M
a
n
y

fa
cto

rs
con

trib
u
te

to
th

e
com

p
lex

ity
of

n
on

p
aram

etric
regressio

n
,

m
o
re

p
recisely,

to
th

e
ex

cess
risk

‖
f
n −

f‖
2

of
th

e
regression

estim
ate

f
n
.

Im
p

o
rtan

t
q
u
an

tities
id

en
ti-

fi
ed

in
th

e
literatu

re
are

th
e

sm
oo

th
n

ess
o
f

th
e

regression
fu

n
ction

f
(x

),
th

e
Y

-va
ria

n
ce

E
[‖Y
−
f

(x
)‖

2|X
=
x ]≤

σ
2Y

,
an

d
th

e
d
im

en
sio

n
of

th
e

in
p
u
t

sp
ace
X

.

C
u

rse
o
f

d
im

e
n

sio
n

.
S
u
p
p

ose
X
⊂

R
D

.
T

h
en

,
for

a
n

y
regression

estim
ate

f
n
,

th
ere

ex
ists

P
X
,Y

w
h
ere

f
is
λ

-L
ip

sch
itz,

su
ch

th
at

th
e

error
‖
f
n −

f‖
2

is
of

th
e

ord
er

(λ
D
σ

2Y
/
n )

2
/
(2

+
D

)
(S

ton
e,

1982).
C

learly,
th

e
d
im

en
sion

D
h
as

a
rad

ica
l

eff
ect

on
th

e
q
u
al-

ity
o
f

estim
a
tes.

W
ith

kern
el

regression
estim

ates
h
ow

ever,
D

in
th

e
a
b

ove
rate

can
b

e
rep

la
ced

b
y
d
�
D

,
w

h
ere

d
is

th
e

d
ou

b
lin

g
d
im

en
sion

as
w

e
w

ill
so

on
see.

S
u
ch

a
d
a
p
tiv

ity
in

k
ern

el
regression

w
as

fi
rst

sh
ow

n
in

B
ickel

an
d

L
i

(2006)
for

d
ata

o
n

a
m

a
n
ifo

ld
, 2

an
d

m
ore

recen
tly

in
K

p
o
tu

fe
an

d
G

a
rg

(2013)
for

a
d
iff

eren
t

m
easu

re
of

in
trin

sic
d
im

en
sion

related
to

d
o
u

blin
g

m
ea

su
res

(C
la

rk
son

,
2005)

an
d

d
ou

b
lin

g
d
im

en
sion

.
W

e
w

ill
sh

ow
h
ow

to
m

ain
tain

ad
ap

tive
rates

in
term

s
o
f

th
e

u
n
k
n
ow

n
d
ou

b
lin

g
d
im

en
-

sio
n

w
h
ile

red
u
cin

g
th

e
d
ata

to
sp

eed
u
p

p
red

iction
.

T
h
is

w
ill

also
b

e
tru

e
in

th
e

case
of

cla
ssifi

ca
tio

n
a
s

ex
p
lain

ed
b

elow
.

3
.1
.4

R
isk

a
n
d

E
x
c
e
ss

r
isk

o
f
a
C
l
a
ssif

ie
r

T
h
e

p
o
in

tw
ise

risk
of

a
classifi

er
l

:X
7→
{0
,1}

is
d
efi

n
ed

as
R

0
,1 (l,x

)
=
E
Y
|X

=
x
1

[l(x
)6=

Y
],

a
n
d

th
e

in
tegrated

risk
,

or
cla

ssifi
ca

tio
n

erro
r,

is
given

as
R

0
,1 (l)

=
E
X
R

(l,X
).

A
kern

el
cla

ssifi
er

is
a

so-called
p
lu

g-in
classifi

er.
T

h
ese

are
classifi

ers
of

th
e

form
lg (x

)
=

1
[g

(x
)≥

1/
2
]

w
h
ere

g
∈

[0,1]
is

an
estim

ate
of

th
e

regression
fu

n
ction

f
(x

)
=
E

[Y
|x

].
It

is
w

ell
k
n
ow

n
th

a
t

th
e

B
a
yes

classifi
er
lf

attain
s

th
e

sm
allest

p
oin

tw
ise

risk
a
t

every
x
∈
X

.
T

h
e

ex
cess

risk
of

a
p
lu

g-in
classifi

er
is

d
irectly

u
p
p

er-b
ou

n
d
ed

b
y

regressio
n

ex
cess

risk
(D

ev
roye

et
a
l.,

1996):

R
0
,1 (lg )−

R
0
,1 (lf )≤

2
E
|g

(X
)−

f
(X

)|≤
2‖f
−
g‖
.

(2)

2
.
T
h
e
p
a
p
er

co
n
cern

s
lo
ca
l
p
o
ly
n
o
m
ia
l
reg

ressio
n
b
u
t
th
e
resu

lts
a
re

ea
sily

ex
ten

d
ed

to
k
ern

el
reg

ressio
n
.
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K
p
o
t
u
f
e
a
n
d

V
e
r
m
a

W
e

can
th

erefore
p
ro

ceed
w

ith
a

sin
gle

an
aly

sis
for

b
oth

classifi
cation

a
n
d

regression
b
ased

solely
on

th
e

assu
m

p
tion

s
on

th
e

regression
fu

n
ctio

n
f

.
W

e
n
ote

th
at

th
e

ab
ove

d
iscu

ssion
on

cu
rse

o
f

d
im

en
sio

n
also

ap
p
ly

to
classifi

cation
,

u
n
less

m
ore

regu
larity

is
assu

m
ed

on
f

(see
e.g.

a
d
iscu

ssion
of

su
ch

ad
d
ition

al
n

o
ise

assu
m

p
tion

s
in

A
u
d
ib

ert
an

d
T

sy
b
akov

,
2007).

3
.2

R
e
su

lts
a
n

d
K

e
y

In
sig

h
ts

o
n

T
ra

d
e
o
ff

s

W
e

are
n
ow

read
y

to
d
iscu

ss
th

e
tw

o
m

a
in

goals
of

N
ettin

g,
n
am

ely
im

p
rov

ed
estim

ates
an

d
go

o
d

evalu
ation

tim
e.

M
an

y
in

stan
tiation

s
of

th
e

ap
p
roach

are
p

ossib
le,

com
b
in

in
g

a
ch

oice
of

k
ern

el
fu

n
ction

,
an

d
ch

oice
of

q
u
an

tization
Q

w
ith

fa
st-p

rox
im

ity
sea

rch
.

T
h
e

resu
lts

in
th

is
section

rem
ain

gen
eric,

an
d

on
ly

assu
m

e
th

at
Q

form
s

an
r-n

et
of

th
e

d
ata

for
som

e
r

p
rop

erly
tied

to
th

e
k
ern

el
b
an

d
w

id
th

.
In

S
ection

4
w

e
d
iscu

ss
h
ow

to
ex

actly
ob

tain
su

ch
q
u
an

tization
s,

an
d

d
iscu

ss
d
etails

of
th

e
p
red

iction
p
ro

ced
u
res.

In
con

trast
w

ith
u
su

al
an

aly
ses

of
kern

el
regression

,
th

e
ad

d
ed

tech
n
icality

in
estab

lish
in

g
th

ese
resu

lts
is

in
d
ealin

g
w

ith
n
on

-i.i.d
.

d
ata

:
th

e
q
u
an

tization
p

oin
ts
q∈

Q
on

w
h
ich

th
e

estim
ates

are
d
efi

n
ed

,
an

d
th

eir
assign

ed
Y
q

valu
es,

are
in

terd
epen

d
en

t,
an

d
also

d
ep

en
d

on
th

e
d
ata

in
n
on

triv
ial

m
an

n
ers

(sin
ce

w
e

on
ly

assu
m

e
a

gen
eric

Q
th

at
form

s
an

r-n
et).

T
h
ese

in
terd

ep
en

d
en

cies
are

h
an

d
led

b
y

p
rop

erly
d
ecom

p
osin

g
th

e
risk

,
an

d
con

d
ition

in
g

on
th

e
righ

t
seq

u
en

ce
of

even
ts

(see
con

d
ition

al
varian

ce
a
n
d

b
ias

b
ou

n
d
s

of
A

p
p

en
d
ix

A
).

3
.2
.1

M
a
in

R
e
su

lt
s

O
u
r

m
ain

resu
lts

on
trad

eoff
s

are
given

in
th

e
n
ex

t
th

eorem
.

T
h
e

th
eorem

relies
on

th
e

b
en

ign
A

ssu
m

p
tion

s
1

an
d

2
on
X

an
d
Y

,
an

d
con

sid
ers

N
ettin

g
w

ith
a

gen
eric

q
u
an

tization
Q

of
th

e
d
ata.

It
is

sh
ow

n
th

at
go

o
d

trad
eoff

s
can

b
e

gu
aran

teed
w

h
en

ever
Q

is
an

r-n
et

of
th

e
d
ata

(see
D

efi
n
ition

3).
T

h
e

trad
eoff

s
are

given
in

term
s

of
a

kn
o
b
α

=
r/h

w
h
ich

can
b

e
d
ialed

u
p

or
d
ow

n
to

favor
eith

er
accu

racy
or

tim
e.

T
h
e

regression
estim

ate,
u
n
d
er

a
gen

eric
q
u
an

tization
Q

is
giv

en
as

follow
s:

D
e
fi

n
itio

n
6

(R
e
g
re

ssio
n

e
stim

a
te

)
G

iven
a

ba
n

d
w

id
th
h
>

0,
a
n

d
0
<
α
<

3
/
4,

co
n

-
sid

er
a
n
α
h

-n
et
Q

o
f

th
e

sa
m

p
le
X
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th

er
ef

or
e

on
ly

n
ee

d
to

d
is

cu
ss

th
e

te
ch

n
ic

a
l

in
si

gh
ts

b
eh

in
d

th
e

re
gr

es
si

on
ac

cu
ra

cy
b

ou
n
d
s.

It
em

1
of

T
h
eo

re
m

7
is

ob
ta

in
ed

a
s

L
em

m
a

14
p
ro

v
ed

in
th

e
ap

p
en

d
ix

.
T

h
e

m
ai

n
in

si
gh

ts
ar

e
as

fo
ll
ow

s.

A
s

is
w

el
l

k
n
ow

n
,

th
e

ex
ce

ss
` 2

ri
sk

of
a

re
gr

es
si

on
es

ti
m

at
e
f Q

is
a

su
m

o
f

it
s

va
ri

a
n
ce

an
d

it
s

sq
u
ar

e
b
ia

s.
T

h
e

b
ia

s
of

a
k
er

n
el

re
gr

es
si

on
es

ti
m

at
e
f̂

(x
)

at
a

p
oi

n
t
x

is
a

fu
n
ct

io
n

h
ow

fa
r

th
e

d
at

a
p

oi
n
ts

co
n
tr

ib
u
ti

n
g

to
th

e
es

ti
m

a
te

ar
e

fr
om

x
,

an
d

is
or

d
er
O

(h
).

S
o
,

su
p
p

os
e
Q

is
an

α
h

-c
ov

er
of

th
e

d
at

a;
ev

er
y

ce
n
te

r
q

b
ei

n
g

cl
os

e
to

th
e

d
at

a
X

1
:n

,
th

e
d
at

a
p

oi
n
ts

co
n
tr

ib
u
ti

n
g

to
th

e
es

ti
m

at
e
f Q

(x
)

(t
h
e

p
oi

n
ts

as
si

gn
ed

to
th

e
ce

n
te

rs
q

co
n
tr

ib
u
ti

n
g

to
th

e
es

ti
m

at
e)

ar
e
O

(h
)

cl
os

e
to
x

,
so

th
e

b
ia

s
re

m
ai

n
s

of
or

d
er
O

(h
)

(L
em

m
a

1
3
).

T
h
e

va
ri

an
ce

of
a

q
u
an

ti
za

ti
on

-b
as

ed
es

ti
m

at
or

su
ch

as
f Q

is
m

or
e

p
ro

b
le

m
a
ti

c
a
n
d

re
q
u
ir

es
v
a
ri

a
n

c
e

c
o
rr

e
c
ti

o
n

,
co

n
si

st
in

g
h
er

e
of

w
ei

gh
ti

n
g

ev
er

y
ce

n
te

r
q

b
y

th
e

n
u
m

b
er

n
q

of
d
at

a
p

oi
n
ts

a
ss

ig
n
ed

to
it

.
T

o
se

e
th

is
,
re

m
em

b
er

th
at

th
e

va
ri

an
ce

of
a

k
er

n
el

es
ti

m
a
te

f̂
(x

)
(i

n
fa

ct
of

d
is

ta
n
ce

-b
as

ed
es

ti
m

at
es

in
ge

n
er

al
)

d
ep

en
d

on
th

e
n
u
m

b
er

o
f

p
o
in

ts
sa

y
n
x

co
n
tr

ib
u
ti

n
g

to
th

e
es

ti
m

at
e,

an
d

is
of

th
e

fo
rm

1/
n
x
.

W
it

h
ou

t
th

e
va

ri
an

ce
co

rr
ec

ti
o
n

(i
.e

.
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T
im

e
-A

c
c
u
r
a
c
y
T
r
a
d
e
o
f
f
s
in

K
e
r
n
e
l
P
r
e
d
ic
t
io
n

if
every

q
is

w
eigh

ted
on

ly
b
y

th
e

kern
el
K

)
th

e
in

form
ation

in
n
x

is
lost;

h
en

ce
eff

ectively
o
n
ly

th
e

n
et

cen
ters

in
B

(x
,h

)∩
Q

con
trib

u
te

to
th

e
estim

ate;
su

p
p

ose
th

ere
are

n
Q
,x
<
n
x

su
ch

cen
ters,

w
e

w
ill

th
en

get
a

w
orse

varian
ce

b
o
u
n
d

of
th

e
form

1
/n

Q
,x .

B
y

ad
ju

stin
g

th
e

kern
el

w
eig

h
ts

of
every

q
w

ith
n
q ,

w
e

p
rop

erly
accou

n
t

for
all

d
ata

con
trib

u
tin

g
th

eir
estim

a
tes,

a
n
d

can
sh

ow
th

at
th

e
varian

ce
of
f
Q

is
th

en
of

sim
ilar

ord
er

as
th

at
of

a
van

illa
kern

el
estim

a
te

(L
em

m
a

12).

A
n

a
ly

sis
o
u

tlin
e
.

T
h
e

b
ias

an
aly

sis
is

b
rok

en
in

to
th

e
b
ias

d
u
e

to
n
et

cen
ters

q
close

to
th

e
q
u
ery

x
,

an
d

th
e

b
ias

d
u
e

to
cen

ters
q

far
from

x
;

for
q’s

close
to
x

th
e

an
a
ly

sis
is

fa
irly

sta
n
d
a
rd

b
y

follow
in

g
th

e
ab

ove
in

sigh
ts;

th
e

n
ew

tech
n
icality

is
in

h
an

d
lin

g
th

e
b
ias

d
u
e

to
q’s

fa
r

from
x

,
w

h
ich

is
d
on

e
b
y

con
sid

erin
g

b
oth

situ
ation

s
w

h
ere

x
is

ap
p
ro

p
riately

clo
se

to
th

e
d
a
ta

an
d

far
from

th
e

d
ata.

F
o
r

th
e

va
rian

ce
an

aly
sis,

n
otice

th
at

ou
r

b
asic

varian
ce

correction
can

b
e

v
iew

ed
as

rep
la

cin
g

th
e

o
rigin

al
kern

el
K

w
ith

on
e

th
at

accou
n
ts

for
b

oth
d
istan

ces
ρ

(x
,q)

an
d

d
en

sity
a
t
q.

T
h
is

m
a
kes

th
e

varian
ce

an
aly

sis
relatively

n
on

-stan
d
ard

,
alon

g
w

ith
th

e
fact

th
at

w
e

h
ave

little
co

n
trol

over
th

e
d
ata-d

ep
en

d
en

t
ch

oice
of
Q

.
T

h
e

varian
ce

an
aly

sis
is

d
iv

id
ed

over
q
u
eries

x
th

at
are

pa
rticu

la
rly

close
to

cen
ters

in
Q

(an
d

th
erefo

re
resu

lt
in

h
igh

w
eig

h
ts
w
q

a
n
d

low
varian

ce)
an

d
th

ose
q
u
eries

x
th

at
a
re

far
fro

m
Q

(an
d

th
erefore

resu
lt

in
u
n
sta

b
le

estim
ates).

In
tegratin

g
p
rop

erly
over

th
e

d
ata

sp
ace
X

an
d

th
e

ch
oice

of
d
ata

X
1
:n
,Y

1
:n

h
elp

s
circu

m
ven

t
th

e
d
ep

en
d
en

ce
o
f
Q

on
X

1
:n

,
an

d
also

reveals
th

at
th

e
estim

ator
f
Q

rem
a
in

s
a
d
a
p
tive

to
th

e
u
n
k
n
ow

n
in

trin
sic

d
im

en
sio

n
d

ofX
(b

y
fu

rth
er

b
reak

in
g

th
e

in
teg

ra
tio

n
over

an
ap

p
rop

riately
refi

n
ed

O
(h

)-cov
er

ofX
d
ep

en
d
in

g
on

α
).

R
isk

d
e
p

e
n

d
e
n

c
e

o
n
α

.
T

h
e

risk
b

ou
n
d

of
T

h
eorem

7
d
ep

en
d
s

on
α

th
rou

gh
th

e
va

ria
n
ce

term
o
f

th
e

form
1/n
·
((3
/4−

α
)h

)
d,

assu
m

in
g

∆
X

=
1.

N
otin

g
th

at
th

e
ty

p
ical

vo
lu

m
e

o
f

a
b
a
ll

of
rad

iu
s
r

in
a
d
-d

im
en

sio
n
al

sp
ace

is
of

th
e

form
r
d,

if
P
X

is
n
early

u
n
iform

in
a

n
eig

h
b

o
rh

o
o
d

of
a

q
u
ery

x
(or

h
as

u
p
p

er
an

d
low

er
b

ou
n
d
ed

d
en

sity
)

th
en

th
e

term
n
·
((3/

4−
α

)h
)
d

corresp
on

d
s

to
th

e
ex

p
ected

n
u
m

b
er

of
p

oin
ts

in
a

b
all

B
(x
,(3/4−

α
)h

).
In

co
n
tra

st,
th

e
varian

ce
of

a
kern

el
estim

ate
w

ou
ld

d
ep

en
d

on
th

e
n
u
m

b
er

o
f

p
oin

ts
in

th
e

b
a
ll
B

(x
,h

).
T

h
e

d
iff

eren
ce

is
easily

ex
p
lain

ed
:

th
e

estim
ate

f
Q

(x
)

is
b
ased

on
th

e
d
a
ta

th
ro

u
g
h

a
ssign

ed
cen

ters
q∈

Q
fallin

g
in
B

(x
,h

);
h
ow

ever,
th

e
d
ata

assign
ed

to
th

ese
q’s—

th
is

is
th

e
actu

al
d
ata

d
riv

in
g

th
e

estim
ate

an
d

its
varian

ce—
a
re

on
ly

gu
aran

teed
to

b
e

in
B

(x
,(1−

α
)h

).
R

ath
er

th
an

u
sin

g
1,

i.e.,
con

sid
erin

g
q’s

as
far

a
s
h

fro
m
x

,
w

e
con

sid
er

o
n
ly
q’s

a
t

m
o
st

3h
/4

from
x

to
en

su
re

th
ey

con
trib

u
te

n
on

-n
egligib

le
w

eigh
ts
w
q

to
f
Q

(x
)

(in
fa

ct,
w

e
can

u
se

an
y

0
<
α

0
<

1
rath

er
th

an
3/4),

w
h
ich

resu
lts

in
a

varian
ce

b
ou

n
d

d
ep

en
d
in

g
o
n

th
e

m
ass

of
B

(x
,(3/

4−
α

)h
).

T
h
u
s

th
e

risk
b

ou
n
d

cap
tu

res
th

e
w

orst-case
d
ep

en
d
en

ce
o
n
α

an
d

can
n
ot

b
e

fu
rth

er
tigh

ten
ed

w
ith

ou
t

ad
d
ition

al
assu

m
p
tio

n
s

of
th

e
in

tera
ctio

n
b

etw
een

Q
an

d
P
X

.

C
h

o
ic

e
o
f
h

.
It

follow
s

from
T

h
eorem

7
ab

ov
e

th
at

th
e

b
an

d
w

id
th
h

can
b

e
ch

osen
b
y

cro
ss-va

lid
a
tio

n
to

ob
tain

a
n
early

m
in

im
ax

-op
tim

al
rate

in
term

s
of

th
e

u
n
k
n
ow

n
d
istrib

u
-

tio
n
a
l

p
a
ra

m
eters

d
an

d
λ

,
w

h
ere

α
is

v
iew

ed
a
s

a
con

stan
t.

T
h
is

is
stated

in
th

e
corollary

b
elow

w
h
ere

ĥ
is

assu
m

ed
to

b
e

p
icked

ou
t

of
a

ran
ge
H

.=
{∆
X
·2 −

i/
(3/

4−
α

)} dlo
g
ne

0
,

u
sin

g
a
n

in
d
ep

en
d
en

t
valid

ation
sam

p
le

of
size

n
.

C
o
ro

lla
ry

8
A

ssu
m

e
th

e
co

n
d
itio

n
s

o
f

T
h
eo

rem
7
.

A
ssu

m
e

fu
rth

er
th

a
t
Y

h
a
s

bo
u

n
d
ed

d
ia

m
eter,

a
n

d
w

.l.o
.g.

co
n

ta
in

s
th

e
0

vecto
r.

L
et

∆
Y

=
m

ax {
d
ia

m
(Y

),σ
2Y

+
∆

2f }
.
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K
p
o
t
u
f
e
a
n
d

V
e
r
m
a

n
≥
(

λ
∆

X
∆

Y
(3
/
4−
α

) )
1
/
(2

+
d
).

T
h
ere

exist
C

d
epen

d
in

g
o
n
X

a
n

d
th

e
kern

el
K

su
ch

th
a
t

th
e

fo
llo

w
in

g
h
o
ld

s.
D

efi
n

e

Φ
(n

)
=
C

(
λ

∆
X

3
/4−

α )
2
d
/
(2

+
d
) (

∆
2Yn

)
2
/
(2

+
d
)

,
a
n

d
C

1
=
K

(3/4)
+
ε

K
(0)

+
ε
,
C

2
=

1/C
1 .

A
ba

n
d
w

id
th
ĥ

ca
n

be
selected

by
cro

ss-va
lid

a
tio

n
o
ver

O
(log

n
)

ch
o
ices

to
gu

a
ra

n
tee

E

∥∥∥
f
Q
α
ĥ −

f ∥∥∥
2≤

Φ
(n

)
+

4∆
2Y √

ln
n

n
+

2(C
2 −

C
1 )

2∆
2Y
·
1 [
n
<

(
∆
Y

(3/
4−

α
)

λ
∆
X

)
2 ]
.

(4)

In
th

e
ca

se
o
f

cla
ssifi

ca
tio

n
,

by
equ

a
tio

n
(2),

th
e

excess
risk

fo
r
lf
Q
α
ĥ

is
bo

u
n

d
ed

by
tw

ice

th
e

squ
a
re-roo

t
o
f

th
e

r.h
.s.

a
bo

ve.

N
otice

th
at,

for
n

su
ffi

cien
tly

large,
th

e
th

ird
term

in
(4)

is
0,

so
th

e
rate

is
given

b
y

Φ
(n

).
T

h
is

rate
is

m
in

im
ax

-op
tim

al
for

α
fi
x
ed

,
w

ith
resp

ect
to

th
e

in
trin

sic
d
im

en
sion

d
an

d
L

ip
sch

itz
p
aram

eter
λ

(see
m

atch
in

g
low

er-b
ou

n
d

in
K

p
otu

fe,
2011

).

3
.2
.3

M
a
in
t
a
in
in
g

a
F
a
st

E
v
a
l
u
a
t
io
n
T
im

e

T
h
e

tim
e

com
p
lex

ity
of

T
h
eorem

7
(item

3)
on

ly
req

u
ires

th
at

th
e

q
u
an

tization
Q

b
e

an
α
h

-p
ack

in
g

of
th

e
d
ata

X
1
:n

.
T

ogeth
er

w
ith

th
e

req
u
irem

en
t

of
Q

b
ein

g
an

α
h

-cover
for

go
o
d

accu
racy,

w
e

get
th

e
th

eorem
’s

req
u
irem

en
t

of
Q

b
ein

g
an

α
h

-n
et.

T
h
e

tim
e

com
p
lex

ity
relies

on
n
oticin

g
th

at
th

e
tim

e
to

estim
ate

f
Q

(x
)

d
ep

en
d
s

on
th

e
n
u
m

b
er

of
cen

ters
q

in
th

e
ran

ge
B

(x
,h

)∩
Q

an
d

h
ow

fast
th

ese
p

oin
ts

can
b

e
id

en
tifi

ed
b
y

a
given

fast-ran
ge

search
p
ro

ced
u
re.

T
h
e

w
eigh

ts
n
q

can
b

e
p
recom

p
u
ted

d
u
rin

g
p
rep

ro
cessin

g
an

d
th

erefore
d
o

n
ot

con
trib

u
te

to
estim

ation
tim

e.
In

tu
itively,

th
e

farth
er

p
oin

ts
in
B

(x
,h

)∩
Q

a
re,

th
e

few
er

su
ch

p
oin

ts
th

ere
sh

ou
ld

b
e.

In
p
articu

lar,
if

th
ey

are
ov

er
h

far
ap

art,
th

ere
cou

ld
on

ly
b

e
on

e
p

oin
t

in
B

(x
,h

)∩
Q

.
T

h
is

in
tu

ition
carries

over
to
α
h

-n
ets

w
h
ere

all
p

oin
ts

in
B

(x
,h

)∩
Q

are
ov

er
α
h

ap
art.

T
h
is

is
stated

in
th

e
follow

in
g

lem
m

a
w

h
ich

relies
on

sim
p
le

argu
m

en
ts

th
at

are
stan

d
ard

in
an

aly
ses

of
fast

p
rox

im
ity

search
p
ro

ced
u
res.

Its
p
ro

of
is

giv
en

in
th

e
ap

p
en

d
ix

.

L
e
m

m
a

9
S

u
p
po

se
X

h
a
s

d
o
u

blin
g

d
im

en
sio

n
d

.
L

et
Q

be
a

set
o
f

cen
ters

fo
rm

in
g

a
n

α
h

-pa
ckin

g,
0
<
α
<

1
.

T
h
en

fo
r

a
n

y
fi

xed
c≥

1
,

m
ax

x∈X
|Q
∩
B

(x
,c·

h
)|≤

C
α
−
d,

w
h
ere

C
d
epen

d
s

o
n
d

a
n

d
c.

A
gain

,
th

e
ab

ove
b

ou
n
d

can
n
ot

b
e

tigh
ten

ed
,

sin
ce

follow
in

g
d
irectly

from
th

e
d
efi

n
ition

of
d
ou

b
lin

g-d
im

en
sion

,
it

is
easy

to
con

stru
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b
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d
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d
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p
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ra
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d
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b
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i.e.

rela
tive

accu
racy

go
es

d
ow

n
as
α
→

1,
w

h
ile

tim
e

gain
go

es
u
p
.

fro
m

7
4

d
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ca
tion

of
th

e
C

T
slice

o
n

th
e

ax
ial

ax
is

of
th

e
h
u
m

an
b

o
d
y.

T
h
is

is
a

regression
task

.

T
h
e

th
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p
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p
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d
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rep
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h
e

la
st

in
eq

u
al

it
y

fo
ll
ow

s
b
y

re
m

ar
k
in

g
th

at
,

si
n
ce

Q
is

an
α
h

-c
ov

er
of
X

1
:n

,
th

e
b
al

l
B

(x
,(

3/
4
−
α

)
·h

)
ca

n
on

ly
co

n
ta

in
p

oi
n
ts

fr
om
∪ q

:ρ
(x
,q

)≤
3
h
/
4
X

1
:n

(q
).

P
lu

g
th

is
la

st
in

eq
u
al

-
it

y
in

to
(7

)
an

d
co

n
cl

u
d
e.

L
e
m

m
a

1
3

(B
ia

s
a
t
x
)

F
ix
X

1
:n

,
le

t
0
<
α
<

3
/4

,
a
n

d
h
>

0.
S

u
p
po

se
Q

is
a
n
α
h

-c
o
ve

r
o
f
X

1
:n

.
L

et
x
∈
X

,
a
n

d
d
efi

n
e
E α

(x
)

a
s

th
e

ev
en

t
th

a
t
X

1
:n
∩

(B
(x
,(

3/
4
−
α

)
·h

))
6=
∅.

W
e

h
a
ve

∥ ∥ ∥f̃
Q

(x
)
−
f

(x
)∥ ∥ ∥2
≤
(

(1
+
α

)2
λ

2
h

2
+

∆
2 f n

)
·1

[E
α
(x

)]
+

∆
2 f
·1
[ Ē
α
(x

)]
.

P
ro

o
f

T
h
e

b
ia

s
te

rm
∥ ∥ ∥f̃

Q
(x

)
−
f

(x
)∥ ∥ ∥2

eq
u
al

s

∥ ∥ ∥ ∥ ∥ ∥∑ q
∈Q

w
q
(x

)

n
q

∑

i:
X
i
∈X

1
:n

(q
)

(f
(X

i)
−
f

(x
))

∥ ∥ ∥ ∥ ∥ ∥2

≤
∑ q
∈Q

w
q
(x

)

n
q

∑

i:
X
i
∈X

1
:n

(q
)

‖f
(X

i)
−
f

(x
)‖

2
(8

)

≤
∑ q
∈Q

w
q
(x

)

n
q

∑

i:
X
i
∈X

1
:n

(q
)

λ
2
ρ

(X
i,
x

)2
(9

)

w
h
er

e
in

(8
)

w
e

ap
p
li
ed

J
en

se
n
’s

in
eq

u
al

it
y

on
th

e
n
or

m
sq

u
ar

e.
It

im
m

ed
ia

te
ly

fo
ll
ow

s

fr
om

(8
)

th
at
∥ ∥ ∥f̃

Q
(x

)
−
f

(x
)∥ ∥ ∥2

is
at

m
os

t
∆

2 f
,

fo
r

an
y
x
∈
X

.

N
ow

as
su

m
e

th
e

ev
en

t
E α

(x
).

W
e

b
ou

n
d

th
e

r.
h
.s

of
(8

)
b
y

b
re

ak
in

g
th

e
su

m
m

at
io

n
ov

er
th

e
fo

ll
ow

in
g

tw
o

su
b
se

ts
of
Q

:
th

os
e

ce
n
te

rs
q

cl
os

e
to
x

an
d

th
os

e
fa

r
fr

om
x

.
S
ta

rt
in

g
w

it
h

cl
os

e
ce

n
te

rs
,

an
d

u
si

n
g

(9
)

w
e

h
av

e

∑

q
:ρ

(x
,q

)<
h

w
q
(x

)

n
q

∑

i:
X
i
∈X

1
:n

(q
)

λ
2
ρ

(X
i,
x

)2
≤

∑

q
:ρ

(x
,q

)<
h

w
q
(x

)

n
q

∑

i:
X
i
∈X

1
:n

(q
)

λ
2

(ρ
(x
,q

)
+
ρ

(q
,X

i)
)2

≤
∑

q
:ρ

(x
,q

)<
h

w
q
(x

)

n
q

∑

i:
X
i
∈X

1
:n

(q
)(1

+
α

)2
λ

2
h

2
.
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K
p
o
t
u
f
e
a
n
d

V
e
r
m
a

N
ex

t,
w

e
h
av

e

∑

q
:ρ

(x
,q

)≥
h

w
q
(x

)

n
q

∑

X
i
∈X

1
:n

(q
)

‖f
(X

i)
−
f

(x
)‖

2
≤

∑

q
:ρ

(x
,q

)≥
h

w
q
(x

)∆
2 f

=
∆

2 f

∑
q
:ρ

(x
,q

)≥
h
n
q
ε

∑

q
:ρ

(x
,q

)≥
h

n
q
ε

+
∑

q
:ρ

(x
,q

)<
h

n
q

(K
(x
,q
,h

)
+
ε)

=
∆

2 f

    
1

+

∑
q
:ρ

(x
,q

)<
h
n
q

(K
(x
,q
,h

)
+
ε)

∑

q
:ρ

(x
,q

)≥
h

n
q
ε

    

−
1

≤
∆

2 f

(
1

+
K

(3
/4

)
∑

q
:ρ

(x
,q

)≥
h
n
q
ε

)
−

1

≤
∆

2 f

( 1
+
K

(3
/
4)

n
ε

) −
1

≤
∆

2 f

1
+
n
,

w
h
er

e
th

e
fi
rs

t
in

eq
u
al

it
y

is
d
u
e

to
th

e
fa

ct
th

at
,

si
n
ce
µ
n
(B

(x
,(

3/
4
−
α

)
·h

))
>

0
,

th
e

se
t

B
(x
,3
h
/4

)
∩
Q

ca
n
n
ot

b
e

em
p
ty

(r
em

em
b

er
th

at
Q

is
an

α
h

-c
ov

er
of
X

1
:n

).
T

h
is

co
n
cl

u
d
es

th
e

ar
gu

m
en

t.

L
e
m

m
a

1
4

(I
n
te

g
ra

te
d

e
x
c
e
ss

ri
sk

)
G

iv
en

a
ba

n
d
w

id
th
h
>

0,
a
n

d
0
<
α
<

3/
4,

co
n

-
si

d
er

a
n
α
h

-c
o
ve

r
Q

o
f

th
e

sa
m

p
le
X

1
:n

.
A

ss
ig

n
ev

er
y

po
in

t
X
i
∈
X

1
:n

to
a

si
n

gl
e
q
∈
Q

su
ch

th
a
t
ρ

(X
i,
q)
≤
α
h

.
W

e
h
a
ve

:

E
(X

1
:n
,Y

1
:n

)
‖f
Q
−
f
‖2
≤

C
( σ

2 Y
+

∆
2 f

)

n
·(

(3
/
4
−
α

)h
/(

2
∆
X

))
d

+
(1

+
α

)2
λ

2
h

2
+

∆
2 f n

w
h
er

e
th

e
co

n
st

a
n

t
C

d
ep

en
d
s

o
n

ly
o
n
K

(·)
.

P
ro

o
f

T
o

ea
se

n
ot

at
io

n
,

le
t
τ
. =

(3
/
4
−
α

).
A

p
p
ly

in
g

F
u
b
in

i’
s

th
eo

re
m

,
th

e
ex

p
ec

te
d

ex
ce

ss
ri

sk
,
E

(X
1
:n
,Y

1
:n

)
‖f
Q
−
f
‖2

,
ca

n
b

e
w

ri
tt

en
as

E X
E

(X
1
:n
,Y

1
:n

)
‖f
Q

(X
)
−
f

(X
)‖

2
·(
1

[µ
n
(B

(X
,τ
h

))
>

0]
+
1

[µ
n
(B

(X
,τ
h

))
=

0
])
.

B
y

le
m

m
as

12
an

d
13

an
d

eq
u
at

io
n

(5
),

fo
r
X

=
x

fi
x
ed

,
E

(X
1
:n
,Y

1
:n

)
‖f
Q

(x
)
−
f

(x
)‖

2
·

1
[µ
n
(B

(x
,τ
h

))
>

0]
is

u
p
p

er
b

ou
n
d
ed

b
y

C
1
E
X

1
:n

[ σ
2 Y
1

[µ
n
(B

(x
,τ
h

))
>

0]

n
µ
n
(B

(x
,τ
h

))

] +
(1

+
α

)2
λ

2
h

2
+

∆
2 f n

≤
C

1

(
2σ

2 Y

n
µ

(B
(x
,τ
h

))

)
+

(1
+
α

)2
λ

2
h

2
+

∆
2 f n
,

(1
0
)

w
h
er

e
fo

r
th

e
la

st
in

eq
u
al

it
y

w
e

u
se

d
th

e
fa

ct
th

at
fo

r
a

b
in

om
ia

l
b(
n
,p

),
E
[ 1

[b
(n
,p

)>
0
]

b(
n
,p

)

] ≤
2 n
p

(s
ee

le
m

m
a

4.
1

of
G

yo
rfi

et
al

.
(2

00
2)

).
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T
im

e
-A

c
c
u
r
a
c
y
T
r
a
d
e
o
f
f
s
in

K
e
r
n
e
l
P
r
e
d
ic
t
io
n

O
n

th
e

o
th

er
h
an

d
,
E

(X
1
:n
,Y

1
:n

) ‖
f
Q

(x
)−

f
(x

)‖
2·
1

[µ
n
(B

(x
,τ
h

))
=

0]
is

u
p
p

er
b

ou
n
d
ed

b
y

(σ
2Y

+
∆

2f )
EX1
:n

1
[µ
n
(B

(x
,τ
h

))
=

0]
=
(σ

2Y
+

∆
2f )

(1−
µ

(B
(x
,τ
h

)))
n

≤
(σ

2Y
+

∆
2f )
e −

n
µ

(B
(x
,τ
h

))≤

(
σ

2Y
+

∆
2f )

n
µ

(B
(x
,τ
h

)) .
(11)

C
o
m

b
in

in
g

(1
0
)

an
d

(11)
w

e
can

th
en

b
ou

n
d

th
e

ex
p

ected
ex

cess
risk

as

E
(X

1
:n
,Y

1
:n

) ‖
f
Q
−
f‖

2≤
C

2 (
σ

2Y
+

∆
2f )

n
EX

[
1

µ
(B

(X
,τ
h

)) ]
+

(1
+
α

)
2λ

2h
2

+
∆

2f

n
.

(12)

T
h
e

ex
p

ecta
tio

n
on

th
e

r.h
.s.

can
n
ow

b
e

b
ou

n
d
ed

u
sin

g
a

stan
d
ard

coverin
g

a
rgu

m
en

t
(see

e.g
.

G
yo

rfi
et

al.
(2002)).

L
et
{
z
i }
N1

b
e

a
τ
h
/
2-cov

er
ofX

.
N

otice
th

at
for

an
y
z
i ,

x
∈
B

(z
i ,τ

h
/2

)
im

p
lies

B
(x
,τ
h

)⊃
B

(z
i ,τ

h
/2).

W
e

th
erefore

h
ave

EX

[
1

µ
(B

(X
,τ
h

)) ]
≤

N
∑i=

1

EX

[
1

[X
∈
B

(z
i ,τ

h
/2)]

µ
(B

(X
,τ
h

))

]
≤

N
∑i=

1

EX

[
1

[X
∈
B

(z
i ,τ

h
/2)]

µ
(B

(z
i ,τ

h
/2))

]

=
N
≤
C

3 (
2∆
X

τ
h

)
d

,
w

h
ere

C
3

d
ep

en
d
s

ju
st

on
X
.

W
e

co
n
clu

d
e

b
y

com
b
in

in
g

th
e

ab
ove

w
ith

(12)
to

ob
tain

E
(X

1
:n
,Y

1
:n

) ‖
f
Q
−
f‖

2≤
C
(
σ

2Y
+

∆
2f )

n
(τ
h
/
2∆
X

)
d

+
(1

+
α

)
2λ

2h
2

+
∆

2f

n
.

A
.2

C
h

o
o
sin

g
a

G
o
o
d
h

b
y

E
m

p
iric

a
l

R
isk

M
in

im
iz

a
tio

n

In
th

is
section

,
w

e
an

aly
ze

th
e

follow
in

g
sim

p
le

p
ro

ced
u
re

for
ch

o
osin

g
a

g
o
o
d
h

:

D
efi

n
e
H

.=
{∆
X
·

2 −
i/

(3/4
−
α

)} dlo
g
ne

0
.

F
or

every
h
∈
H

,
p
ick

th
e
α
h

-
n
et

Q
α
h

over
th

e
sam

p
le

(X
1
:n
,Y

1
:n

),
an

d
let

f
Q
α
h

b
e

as
p
rev

iou
sly

d
efi

n
ed

(eq
u
a
tio

n
5).

D
raw

a
n
ew

sam
p
le

(X
′1
:n
,Y
′1
:n

)
of

size
n

.
F

or
ev

ery
h
∈
H

,
test

f
Q
α
h

on
(X
′1
:n
,Y
′1
:n

);
let

th
e

em
p
irical

risk
b

e
m

in
im

ized
at

ĥ
,

i.e.
ĥ
.=

a
rgm

in
h∈
H

1n ∑
ni=

1 ‖
f
Q
α
h (X

′i )−
Y
′i ‖

2.
R

etu
rn
f
Q
α
ĥ

as
th

e
fi
n
al

regression
estim

ate.

P
ro

o
f

[C
orolla

ry
8]

T
h
e

sam
p
le

size
n

is
low

er-b
ou

n
d
ed

so
th

at
th

ere
ex

ists
a

u
n
iversal

co
n
sta

n
t
C

0
su

ch
th

at

h̃
.=
C

0 (
∆
X

3/
4−

α )
d
/
(2

+
d
) (

∆
2Y

λ
2n )

1
/
(2

+
d
)
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K
p
o
t
u
f
e
a
n
d

V
e
r
m
a

is
a

d
yad

ic
n
u
m

b
er

greater
th

an
∆
X
/n

.

F
irst,

let’s
con

sid
er

th
e

situ
ation

w
h
ere

h
∈
H

,
i.e.

h̃
≤

∆
X
/(3/

4
−
α

).
N

ote
th

at,

w
h
en

ever
n
≥
(

∆
Y

(3
/
4−
α

)
λ

∆
X

)
2,

w
e

can
ch

o
ose

a
u
n
iversal

C
0

ab
ove

so
th

at
h̃
∈
H

.

W
e

h
ave

b
y

L
em

m
a

14
th

at
for

som
e
C

,
regression

w
ith

h̃
satisfi

es

E
X

1
:n
,Y

1
:n ∥∥∥

f
Q
α
h̃ −

f ∥∥∥
2≤

C
′ (

λ
∆
X

3/
4−

α )
2
d
/
(2

+
d
) (

∆
2Yn

)
2
/
(2

+
d
)

.
(13)

A
p
p
ly

in
g

M
cD

iarm
id

’s
to

th
e

em
p
irical

risk
follow

ed
b
y

a
u
n
ion

b
ou

n
d

over
H

,
w

e
h
av

e
th

at,
w

ith
p
rob

ab
ility

at
least

1−
1
/ √

n
over

th
e

ch
oice

of
(X
′1
:n
,Y
′1
:n

),
for

all
h
∈
H

∣∣∣∣∣
EX,Y
‖f
Q
α
h (X

)−
Y
‖

2−
1n

n
∑i=

0 ∥∥
f
Q
α
h (X

′i )−
Y
′i ∥∥

2 ∣∣∣∣∣ ≤
∆

2Y √
ln

(|H
| √
n

)

n
.

It
follow

s
th

at
E
X
,Y

∥∥∥
f
Q
α
ĥ (X

)−
Y
∥∥∥

2
≤

in
f
h∈
H
E
X
,Y
‖
f
Q
α
h (X

)−
Y
‖

2
+

2∆
2Y √

ln
(|H
| √
n

)
n

,

w
h
ich

b
y

eq
u
ation

(1)
im

p
lies

∥∥∥
f
Q
α
ĥ −

f ∥∥∥
2≤

in
f

h∈
H
‖
f
Q
α
h −

f‖
2

+
2∆

2Y √
ln

(|H
| √
n

)

n
(14)

≤
∥∥∥
f
Q
α
h̃ −

f ∥∥∥
2

+
2∆

2Y √
ln

(|H
| √
n

)

n

T
ake

th
e

ex
p

ectation
(given

th
e

ran
d
om

n
ess

in
th

e
tw

o
sam

p
les)

over
th

is
last

in
eq

u
ality

an
d

ap
p
ly

(13)
to

ob
tain

th
e

fi
rst

tw
o

term
s

of
th

e
b

ou
n
d

on
E

∥∥∥
f
Q
α
ĥ −

f ∥∥∥
2.

N
ow

con
sid

er
th

e
case

w
h
ere

h̃
/∈
H

,
i.e.

h̃
>

∆
X
/
(3/

4
−
α

).
C

on
sid

er
an

y
h
≥

∆
X
/
(3/4

−
α

).
F

or
an

y
su

ch
h

,
an

d
an

y
q
u
ery

x
∈
X

,
0
≤
ρ

(x
,q)
≤

∆
X
≤

3h
/4

for
all

q
∈
Q
⊂
X

.
It

follow
s

th
at

for
an

y
q
∈
Q

,
C

1 /n
≤
w
q
≤
C

2 /n
w

h
ere

C
1 ,C

2
are

as
d
efi

n
ed

in
th

e
corollary

’s
statem

en
t.

In
p
articu

la
r,

th
e

estim
ates

(at
an

y
x

)
u
sin

g
h̃

or
u
sin

g
l0

=
∆
X
/(3/

4−
α

)
d
iff

er
b
y

at
m

ost
(C

2 −
C

1 ) ∥∥
Ȳ
∥∥
≤

(C
2 −

C
1 )∆

Y
,

w
h
ere

Ȳ
=
∑

i Y
i /n

.
It

follow
s

th
at

th
e

d
iff

eren
ce

in
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av
ior

of
th

e
S
V

M
estim

ato
rs

in
th

e
lim

it
N
,M
→
∞

at
fi
x
ed

M
/N

=
α

.

A
n

im
m

ed
ia

te
ap

p
lication

of
ou

r
an

aly
tical

fi
n
d
in

gs
is

for
tu

n
in

g
p
aram

eter
selection

.
S
V

M
is

req
u
ired

to
solve

p
rob

lem
of

d
eterm

in
in

g
th

e
tu

n
in

g
p
aram

eter
τ

th
at

ch
aracterizes

th
e

stren
g
th

o
f

th
e

p
en

alty
term

.
C

ross
valid

ation
(C

V
)

is
a

p
ractically

u
sefu

l
strategy

for
h
a
n
d
lin

g
th

is
task

;
its

b
asic

con
cep

t
is

to
evalu

ate
th

e
p
red

iction
error

b
y

ex
am

in
in

g
th

e
d
a
ta

u
n
d
er

co
n
trol.

S
m

aller
valu

es
of

th
e

C
V

error
are

ex
p

ected
to

b
e

b
etter

to
ex

p
ress

th
e

g
en

era
tive

m
o
d
el

of
th

e
d
ata.

T
h
e

m
in

im
u
m

,
if

it
ex

ists,
of

th
e

C
V

error
w

h
en

ch
an

gin
g

τ
is

th
u
s

co
n
sid

ered
to

ob
tain

an
op

tim
al

valu
e

of
τ
.

H
ow

ev
er,

con
d
u
ctin

g
C

V
th

rou
gh

g
rid

sea
rch

fo
r

fi
n
d
in

g
th

e
m

in
im

izer
of

th
e

C
V

error
is

rath
er

com
p
u
tation

ally
ex

p
en

sive
esp

ecially
fo

r
h
igh

d
im

en
sion

al
d
ata.

H
ere

w
e

p
rop

ose
a

n
ew

m
eth

o
d

of
selectin

g
op

tim
al
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H
a
n
w
e
n
H
u
a
n
g

valu
e

of
τ

b
ase

on
an

aly
tical

evalu
ation

for
th

e
an

gle
b

etw
een

th
e

estim
ated

S
V

M
d
irection

an
d

tru
e

d
irection

w
h
ich

con
sid

erab
ly

red
u
ces

th
e

com
p
u
tation

al
cost.

U
n
d
er

th
e

sp
iked

p
op

u
lation

assu
m

p
tion

,
sm

aller
an

gle
in

d
icates

sm
aller

test
error.

A
su

rp
risin

g
fi
n
d
in

g
is

th
at

S
V

M
ach

ieves
its

b
est

p
erform

an
ce

at
sm

all
valu

e
of

th
e

tu
n
in

g
p
aram

eter.
A

ll
an

aly
tical

resu
lts

are
con

fi
rm

ed
b
y

n
u
m

erical
ex

p
erim

en
ts

on
fi
n
ite-size

sy
stem

s
an

d
ou

r
form

u
la

is
clarifi

ed
to

w
ork

w
ell

for
m

o
d
erate-size

sy
stem

s.

T
h
e

rest
of

th
is

p
ap

er
is

organ
ized

as
follow

s:
In

S
ection

2,
w

e
state

S
V

M
in

th
e

con
tex

t
of

sp
ike

p
op

u
lation

m
o
d
el.

T
h
e

an
aly

tical
resu

lts
for

large
N

,
M

asy
m

p
totics

are
p
resen

ted
.

In
S
ection

3,
w

e
sh

ow
th

e
resu

lt
of

n
u
m

erical
ex

p
erim

en
ts

to
su

p
p

ort
o
u
r

an
aly

tical
resu

lts.
A

n
ap

p
lication

of
th

e
p
rop

osed
tu

n
in

g
p
aram

eter
selection

m
eth

o
d

to
th

e
b
reast

can
cer

d
ata

is
also

p
resen

ted
in

th
is

section
.

T
h
e

last
section

is
d
evoted

to
th

e
con

clu
sion

.

2
.
M

e
th

o
d

In
th

e
classifi

cation
p
rob

lem
,

w
e

are
given

a
train

in
g

d
ataset

con
sistin

g
of
M

ob
servation

s
(x
i ,y

i ),
for

i
=

1,···
,M

.
H

ere
x
i ∈

R
N

rep
resen

ts
an

in
p
u
t

v
ector

an
d
y
i ∈
{+

1
,−

1}
d
en

otes
th

e
corresp

on
d
in

g
ou

tp
u
t

class
lab

el.
E

ach
(x
i ,y

i )
is

an
in

d
ep

en
d
en

t
ran

d
om

vec-
tor

d
istrib

u
ted

accord
in

g
to

a
join

t
d
istrib

u
tion

fu
n
ction

p
(x
,y

).
W

e
assu

m
e

th
at

y
h
as

p
rob

ab
ility

p
+

to
b

e
+

1
an

d
p
rob

ab
ility

p−
to

b
e
−

1
w

ith
p
+

+
p−

=
1.

C
on

d
ition

al
on

y
=

+
1
,−

1,
x

follow
s

m
u
ltivariate

d
istrib

u
tion

s
p
(x|y

=
+

1),
p
(x|y

=
−

1)
w

ith
m

ean
µ
+
,µ
−

an
d

covarian
ce

m
atrices

Σ
+
,Σ
−

,
resp

ectively.
W

ith
ou

t
loss

of
gen

erality,
assu

m
e

µ
+

=
−
µ
−

=
µ

.
S
im

ilar
to

lin
ear

d
iscrim

in
an

t
a
n
aly

sis,
w

e
m

ake
an

ad
d
itio

n
al

sim
p
lify

in
g

h
om

osced
asticity

assu
m

p
tion

Σ
+

=
Σ
−

=
Σ

.
H

ere
µ
∈
R
N

an
d

Σ
d
en

otes
th

e
N
×
N

m
atrix

.
B

ased
on

th
is

settin
g,

th
e

d
ata

from
tw

o
classes

are
gen

erated
from

tw
o

m
u
lti-

variate
d
istrib

u
tion

s
w

ith
th

e
sam

e
covarian

ce
b
u
t

d
iff

eren
t

m
ean

s.
T

h
e

sign
al

size
can

b
e

ch
aracterized

b
y
µ

=
‖
µ‖

=
√
∑

Nj=
1
µ
2j .

W
e

con
sid

er
a

sp
iked

covarian
ce

m
o
d
el

h
ere.

F
or

h
igh

d
im

en
sion

al
d
ata,

ty
p
ically

on
ly

few
com

p
on

en
ts

are
b
iologically

im
p

ortan
t.

T
h
e

rem
ain

in
g

stru
ctu

res
can

b
e

con
sid

ered
as

i.i.d
.

b
ack

grou
n
d

n
oise.

T
h
erefore,

in
h
igh

-d
im

en
sion

al
settin

gs,
a

co
llection

of
d
ata

can
b

e
m

o
d
eled

b
y

a
low

-ran
k

sign
al

p
lu

s
n
oise

stru
ctu

re
(M

a,
2013

;
L

iu
et

al.,
2008).

W
e

u
se

a
factor

an
aly

sis
m

o
d
el

to
ex

p
lain

correlation
s

b
etw

een
a

set
of
N

variab
les

b
y

m
ea

n
s

of
a

sm
aller

set
of
K

cau
sal

factors.
S
p

ecifi
cally,

w
e

assu
m

e
th

e
follow

in
g:

A
ssu

m
p

tio
n

1
E

a
ch

o
bserva

tio
n

vecto
r

x
fro

m
C

la
ss

+
1

ca
n

be
view

ed
a
s

a
n

in
d
epen

d
en

t
in

sta
n

tia
tio

n
o
f

th
e

fo
llo

w
in

g
gen

era
tive

m
od

el

x
=
µ

+
K
∑m
=
1

σ √
λ
m

v
m
z
m

+
ε.

(1)

H
ere

µ
is

th
e

m
ea

n
vecto

r,
λ
m
>

0,
v
m
∈
R
N

a
re

o
rth

o
n

o
rm

a
l

vecto
rs,

i.e.
v
Tm

v
m

=
1

a
n

d

v
Tm

v
m
′

=
0

fo
r
m
6=
m
′,
µ̂

=
µ
/µ

=
v
1 .

T
h
e

ra
n

d
o

m
va

ria
bles

z
1 ,···

,z
K

i.i.d
∼

N
(0,1).

T
h
e

vecto
r
ε

=
{
ε
1 ,···

,ε
N }

w
h
o
se

elem
en

ts
ε
j s

a
re

i.i.d
ra

n
d
o
m

va
ria

bles
w

ith
E

(ε
j )

=
0
,

E
(ε

2j )
=
σ
2

a
n

d
E

(ε
3j )<
∞

.
T

h
e
ε
j s

a
re

in
d
epen

d
en

t
o
f
z
m

s.
T

h
e

x
fro

m
C

la
ss
−

1
ca

n
be

m
od

eled
in

a
sim

ila
r

w
a
y

w
ith
µ

rep
la

ced
by
−
µ

.
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A
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m
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ic

b
e
h
a
v
io
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o
f
S
u
p
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r
t
V
e
c
t
o
r
M
a
c
h
in
e
f
o
r
sp

ik
e
d

p
o
p
u
l
a
t
io
n
m
o
d
e
l

In
m

o
d
el

(1
),
λ
m

re
p
re

se
n
ts

th
e

st
re

n
gt

h
of

th
e
m

-t
h

b
io

lo
gi

ca
l

co
m

p
on

en
t,

an
d
σ
2

re
p
re

se
n
ts

th
e

le
ve

l
of

b
ac

k
gr

ou
n
d

n
o
is

e.
T

h
e

re
al

b
io

lo
gy

is
ty

p
ic

al
ly

lo
w

-d
im

en
si

on
al

,
i.
e.

K
�
N

.
C

on
si

d
er

in
g

si
gn

al
as

on
e

of
th

e
b
io

lo
gi

ca
l

co
m

p
on

en
ts

,
w

it
h
ou

t
lo

ss
of

g
en

er
al

it
y,

w
e

as
su

m
e

th
at
µ

is
in

th
e

sa
m

e
d
ir

ec
ti

on
as

v
1
,

i.
e.
µ̂

=
v
1
.

N
ot

e
th

at
th

e
ei

ge
n
va

lu
e
λ
m

is
n
ot

n
ec

es
sa

ri
ly

d
ec

re
as

in
g

in
m

an
d
λ
1

is
n
ot

n
ec

es
sa

ri
ly

th
e

la
rg

es
t

ei
ge

n
va

lu
e.

F
ro

m
(1

),
th

e
co

va
ri

an
ce

m
at

ri
x

is

Σ
=
σ
2
I N

+
K ∑ m
=
1

σ
2
λ
m

v
m

v
T m
,

(2
)

w
h
er

e
I N

is
N

-d
im

en
si

on
al

id
en

ti
ty

m
at

ri
x
.

A
lt

h
ou

gh
th

e
ε j

s
a
re

i.
i.
d
,

w
e

d
id

n
’t

im
p

os
e

an
y

p
ar

am
et

ri
c

fo
rm

fo
r

th
e

d
is

tr
ib

u
ti

on
of
ε j

w
h
ic

h
al

lo
w

s
fo

r
ve

ry
fl
ex

ib
le

co
va

ri
an

ce
st

ru
c-

tu
re

s
fo

r
x

,
an

d
th

u
s

th
e

re
su

lt
s

ar
e

q
u
it

e
ge

n
er

al
.

T
h
e

re
q
u
ir

em
en

t
fo

r
th

e
fi
n
it

e
th

ir
d

or
d
er

m
om

en
t

is
to

en
su

re
B

er
ry

-E
ss

ee
n

ce
n
tr

al
li
m

it
th

eo
re

m
ap

p
li
es

.
T

h
e

A
ss

u
m

p
ti

on
1

is
al

so
ca

ll
ed

sp
ik

ed
p

op
u
la

ti
on

m
o
d
el

an
d

h
as

b
ee

n
u
se

d
in

m
an

y
si

tu
at

io
n
s,

se
e

B
ai

k
an

d
S
il
ve

rs
te

in
(2

00
6)

;
M

ar
ce

n
ko

an
d

P
as

tu
r

(1
96

7)
;

J
oh

n
st

on
e

(2
00

1)
fo

r
ex

am
p
le

s.
S
u
ch

a
p

op
u
la

ti
on

co
va

ri
an

ce
is

a
fi
n
it

e
ra

n
k

p
er

tu
rb

at
io

n
of

m
u
lt

ip
le

of
th

e
id

en
ti

ty
m

at
ri

x
.

In
ot

h
er

w
or

d
s,

al
l

b
u
t

fi
n
it

el
y

m
an

y
ei

ge
n
va

lu
es

of
th

e
p

op
u
la

ti
on

co
va

ri
an

ce
m

at
ri

x
ar

e
th

e
sa

m
e.

E
x
am

p
le

s
of

sp
ik

ed
d
at

a
in

cl
u
d
e

sp
ee

ch
re

co
gn

it
io

n
(T

re
v
or

H
as

ti
e,

19
95

),
m

at
h
em

at
-

ic
al

fi
n
an

ce
(L

A
L

O
U

X
et

al
.,

20
00

),
w

ir
el

es
s

co
m

m
u
n
ic

at
io

n
s

(T
el

at
ar

,
19

9
9)

,
an

d
p
h
y
si

cs
of

m
ix

tu
re

(S
ea

r
an

d
C

u
es

ta
,

20
03

).
T

h
e

ta
sk

of
li
n
ea

r
cl

as
si

fi
ca

ti
on

is
to

co
n
st

ru
ct

a
h
y
p

er
p
la

n
e

x
T
w

=
0

(w
∈
R
N

)
so

th
at

th
e

n
ew

d
at

a
ve

ct
or

x
is

as
si

gn
ed

to
C

la
ss

+
1

w
h
en

x
T
w
>

0
an

d
C

la
ss
−

1
ot

h
er

w
is

e.
If

th
e

tr
ai

n
in

g
d
at

a
ar

e
li
n
ea

rl
y

se
p
ar

ab
le

,
S
V

M
se

ek
s

to
fi
n
d

th
is

h
y
p

er
p
la

n
e

su
ch

th
at

th
e

m
in

im
al

d
is

ta
n
ce

b
et

w
ee

n
th

e
h
y
p

er
p
la

n
e

an
d

th
e

d
at

a
p

o
in

t
fr

om
ea

ch
cl

as
s

is
m

ax
im

iz
ed

.
T

h
e

h
ar

d
-m

ar
gi

n
S
V

M
so

lu
ti

on
ca

n
b

e
fo

rm
u
la

te
d

in
te

rm
s

of
th

e
fo

ll
ow

in
g

op
ti

m
iz

at
io

n
p
ro

b
le

m

m
in w

[ w
T
w
]

s.
t.

y i
x
T i
w

√
N
≥

1
,
i

=
1,
··
·,
M
.

(3
)

T
o

ex
te

n
d

S
V

M
to

ca
se

s
in

w
h
ic

h
th

e
d
at

a
ar

e
n
ot

li
n
ea

rl
y

se
p
ar

ab
le

,
w

e
in

tr
o
d
u
ce

th
e

sl
a
ck

va
ri

ab
le

s
ξ i

fo
r
i

=
1,
··
·,
M

.
T

h
e

so
ft

-m
ar

gi
n

S
V

M
so

lu
ti

on
ca

n
b

e
fo

rm
u
la

te
d

in
te

rm
s

of
th

e
fo

ll
ow

in
g

op
ti

m
iz

at
io

n
p
ro

b
le

m

m
in w

[ w
T
w

+
τ

M ∑ i=
1

ξ i

]

s.
t.

y i
x
T i
w

√
N

+
ξ i
≥

1,
ξ i
≥

0
,
i

=
1,
··
·,
M
,

(4
)

w
h
er

e
th

e
tu

n
in

g
p
ar

am
et

er
τ

d
et

er
m

in
es

th
e

tr
ad

e-
off

b
et

w
ee

n
in

cr
ea

si
n
g

th
e

m
a
rg

in
-s

iz
e

an
d

en
su

ri
n
g

th
at

th
e

x
i

li
e

on
th

e
co

rr
ec

t
si

d
e

of
th

e
m

ar
gi

n
.

F
or

su
ffi

ci
en

tl
y

la
rg

e
va

lu
es

of
τ
,
th

e
so

ft
-m

ar
gi

n
S
V

M
w

il
l
b

eh
av

e
id

en
ti

ca
ll
y

to
th

e
h
ar

d
-m

ar
gi

n
S
V

M
.
W

e
w

il
l
sh

ow
b

el
ow

th
at

,
as
τ
→
∞

,
th

e
as

y
m

p
to

ti
c

re
su

lt
of

so
ft

-m
ar

gi
n

S
V

M
is

th
e

sa
m

e
a
s

th
e

as
y
m

p
to

ti
c

re
su

lt
of

h
ar

d
-m

ar
gi

n
S
V

M
.
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H
a
n
w
e
n
H
u
a
n
g

F
or

th
e

se
tt

in
g

d
es

cr
ib

ed
in

A
ss

u
m

p
ti

on
1,

th
e

n
or

m
a
l

d
ir

ec
ti

on
ve

ct
or

of
th

e
se

p
a
ra

ti
n
g

h
y
p

er
p
la

n
e

b
as

ed
on

B
ay

es
op

ti
m

al
ru

le
is

in
th

e
sa

m
e

d
ir

ec
ti

on
as
µ

.
T

h
er

ef
o
re

,
th

e
p

er
fo

rm
an

ce
of

an
y
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si
fi
ca

ti
on

m
et

h
o
d

ca
n

b
e

ev
al

u
at

ed
b
y

th
e
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gl

e
b

et
w

ee
n

th
e

n
o
rm

a
l

d
ir

ec
ti

on
v
ec

to
r

of
it

s
se

p
ar

at
in

g
h
y
p

er
p
la

n
e

an
d
µ

.
P

ro
p

os
it

io
n
s

1
an

d
2

p
ro

v
id

e
th

e
sh

a
rp

p
re

d
ic

ti
on

of
th

e
h
ig

h
-d

im
en

si
on

al
li
m

it
in

g
an

gl
es

fo
r

h
ar

d
-m

ar
gi

n
S
V

M
an

d
so

ft
-m

a
rg

in
S
V

M
re

sp
ec

ti
ve

ly
.

P
ro

p
o
si

ti
o
n

1
U

n
d
er

A
ss

u
m

p
ti

o
n

1
,

in
th

e
li

m
it
N
,M
→
∞

,
w

it
h

fi
xe

d
α

=
M
/N

,
d
en

o
te

θ
th

e
a
n

gl
e

be
tw

ee
n
µ

a
n

d
w

so
lv

ed
fr

o
m

th
e

h
a
rd

-m
a
rg

in
S

V
M

a
lg

o
ri

th
m

(3
),

th
en

co
s
θ

co
n

ve
rg

es
to
ρ

th
a
t

is
d
et

er
m

in
ed

by
th

e
fo

ll
o
w

in
g

tw
o

n
o
n

li
n

ea
r

eq
u

a
ti

o
n

s

1
−
ρ
2

1
+
λ
1
ρ
2

=
α

∫
z c −
∞
D
z
(z
c
−
z
)2
,

(5
)

ρ
√

1
+
λ
1
ρ
2

=
α

∫
z c −
∞
D
z
(z
c
−
z
)

(
µ σ

+
λ
1
ρ

√
1

+
λ
1
ρ
2
z

)
.

(6
)

w
h
er

e
z c

is
a
n

u
n

kn
o
w

n
pa

ra
m

et
er

n
ee

d
s

to
be

es
ti

m
a
te

d
,
µ
,σ
,λ

1
a
re

d
efi

n
ed

in
(2

),
a
n

d
th

e

st
a
n

d
a
rd

n
o
ta

ti
o
n
D
z

=
d
z
√
2
π

ex
p
( −

z
2 2

) .

A
ll

th
e

p
ro

of
s

ar
e

gi
ve

n
in

th
e

su
p
p
le

m
en

ta
ry

m
at

er
ia

ls
.

F
ro

m
eq

u
at

io
n
s

(5
)

a
n
d

(6
),

w
e

ca
n

so
lv

e
tw

o
u
n
k
n
ow

n
p
ar

am
et

er
s
ρ

an
d
z c

gi
ve

n
α
,µ
,σ

,
an

d
λ
1
.

It
is

in
te

re
st

in
g

to
n
ot

e
th

at
th

e
re

su
lt

s
d
o

n
ot

d
ep

en
d

on
λ
2
,·
··
,λ

K
w

h
ic

h
m

ea
n
s

th
at

on
ly

th
e

va
ri

a
n
ce

a
lo

n
g

th
e

si
gn

al
d
ir

ec
ti

on
h
as

in
fl
u
en

ce
on

S
V

M
p

er
fo

rm
an

ce
.

T
h
is

ob
se

rv
at

io
n

is
al

so
co

n
fi
rm

ed
b
y

ex
te

n
si

ve
si

m
u
la

ti
on

s
in

S
ec

ti
on

3.
1.

A
ll

th
e

b
io

lo
gi

ca
l

co
m

p
on

en
ts

in
or

th
og

o
n
a
l

d
ir

ec
ti

o
n
s

h
av

e
n
o

im
p
ac

t.
T

h
e

n
on

li
n
ea

r
eq

u
at

io
n
s

(5
)

an
d

(6
)

h
av

e
n
o

cl
os

ed
fo

rm
so

lu
ti

o
n
.

W
e

h
av

e
to

u
se

so
m

e
n
u
m

er
ic

al
al

go
ri

th
m

s
to

so
lv

e
th

em
.

A
s

ex
p

ec
te

d
,

it
ca

n
b

e
ea

si
ly

ch
ec

ke
d

fr
om

th
e

n
u
m

er
ic

al
st

u
d
ie

s
in

S
ec

ti
on

3
th

at
co

s(
θ)

in
cr

ea
se

s
w

it
h
α

as
w

el
l

a
s

th
e

si
g
n
a
l

to
n
oi

se
ra

ti
o
µ
/σ

,
b
u
t

d
ec

re
as

es
w

it
h
λ
1
.

P
ro

p
o
si

ti
o
n

2
U

n
d
er

A
ss

u
m

p
ti

o
n

1
,

in
th

e
li

m
it
N
,M
→
∞

,
w

it
h

fi
xe

d
α

=
M
/N

,
d
en

o
te

θ
th

e
a
n

gl
e

be
tw

ee
n
µ

a
n

d
w

so
lv

ed
fr

o
m

th
e

so
ft

-m
a
rg

in
S

V
M

a
lg

o
ri

th
m

(4
),

th
en

co
s
θ

co
n

ve
rg

es
to
ρ

th
a
t

is
d
et

er
m

in
ed

by
th

e
fo

ll
o
w

in
g

th
re

e
n

o
n

li
n

ea
r

eq
u

a
ti

o
n

s

1
−
ρ
2

1
+
λ
1
ρ
2
−
α
q2
τ̂
2

∫
z c
−
q
τ̂

−
∞

D
z
−
α

∫
z c

z c
−
q
τ̂
D
z
(z
c
−
z
)2

=
0,

(7
)

2q
−

1
−
α
qτ̂

∫
z c
−
q
τ̂

−
∞

D
z
z
−
α

∫
z c

z c
−
q
τ̂
D
z
(z
c
−
z
)z

=
0,

(8
)

ρ
F

√
1

+
λ
1
ρ
2
−
α
qτ̂
µ

σ

∫
z c
−
q
τ̂

−
∞

D
z
−
α
µ σ

∫
z c

z c
−
q
τ̂
D
z
(z
c
−
z
)

=
0,

(9
)

w
h
er

e

F
=

1
−
α
λ
1
qτ̂

∫
z c
−
q
τ̂

−
∞

D
z
z
−
α
λ
1

∫
z c

z c
−
q
τ̂
D
z
(z
c
−
z
)z
,

a
n

d

z c
=

1/
√
q 0
−
µ
ρ

σ
√

1
+
λ
1
ρ
,

τ̂
=

σ
τ

√
q 0
√

1
+
λ
1
ρ
.
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A
sy

m
p
t
o
t
ic

b
e
h
a
v
io
r
o
f
S
u
p
p
o
r
t
V
e
c
t
o
r
M
a
c
h
in
e
f
o
r
sp

ik
e
d

p
o
p
u
l
a
t
io
n
m
o
d
e
l

T
h
erefo

re,
g
iven

α
,λ

1 ,µ
,σ

,
an

d
τ
,
eq

u
ation

s
(7),

(8),
(9)

can
b

e
u
sed

to
solve

th
ree

u
n
k
n
ow

n
p
a
ra

m
eters

ρ
,q

0 ,
an

d
q.

T
h
e

n
on

lin
ear

eq
u
ation

s
(7),

(8),
an

d
(9

)
h
ave

n
o

closed
form

so
lu

tio
n
.

W
e

h
av

e
to

u
se

som
e

n
u
m

erical
algorith

m
s

to
solve

th
em

.
U

n
d
er

A
ssu

m
p
tion

1,
if

w
e

fu
rth

er
a
ssu

m
e

th
at
ε

in
(1)

follow
s

a
n
orm

a
l

d
istrib

u
tion

,
th

en
th

e
S
V

M
test

error
is

ε
=

Φ

(−
ρ

√
1
+
λ
1
ρ
2

µσ )
,

w
h
ere

Φ
(·)

is
th

e
cu

m
u
lative

d
istrib

u
tion

fu
n
ction

of
N

(0,1).

It
is

in
terestin

g
to

n
ote

th
at,

as
τ
→
∞

,
th

e
tw

o
eq

u
a
tion

s
(7)

an
d

(9)
are

eq
u
ivalen

t
to

(5)
a
n
d

(6
)

resp
ectively.

T
h
erefore,

for
large

τ
,

th
e

b
eh

av
ior

of
soft-m

argin
S
V

M
is

th
e

sa
m

e
a
s

h
a
rd

-m
argin

S
V

M
.

O
u
r

sim
u
lation

stu
d
ies

in
S
ection

3.2
w

ill
also

con
fi
rm

th
is.

F
o
r

a
g
iven

d
ataset,

α
,λ

1 ,µ
,

an
d
σ

can
b

e
estim

a
ted

,
th

erefore
P

rop
o
sition

2
allow

s
u
s

to
select

o
p
tim

al
tu

n
in

g
p
aram

eter
τ

b
y

stu
d
y
in

g
th

e
d
ep

en
d
en

ce
of
ρ

on
τ

for
fi
x
ed

α
,λ

1 ,µ
,σ

.

W
e

n
ow

d
iscu

ss
h
ow

to
estim

ate
λ
1 ,µ

,
an

d
σ

from
th

e
d
ata.

T
o

estim
ate

th
e

b
ack

grou
n
d

n
o
ise

level
σ
2,

w
e

u
se

a
rob

u
st

varian
ce

estim
ate

b
ased

on
th

e
fu

ll
m

atrix
o
f

d
a
ta

valu
es

(L
iu

et
a
l.,

2
0
0
8);

th
at

is,
for

th
e

fu
ll

set
of
M
×
N

en
tries

of
th

e
origin

al
M
×
N

d
ata

m
atrix

X
,

w
e

ca
lcu

la
te

th
e

rob
u
st

estim
ate

of
scale,

th
e

m
ed

ian
ab

solu
te

d
ev

iation
from

th
e

m
ed

ian
(M

A
D

),
to

estim
ate

σ
as

σ̂
=

M
A

D
X

M
A

D
N
(0
,1
) .

(10)

H
ere

M
A

D
X

=
m

ed
ian

(|x
ij −

m
ed

ian
(X

)|)
an

d
M

A
D
N
(0
,1
)

=
m

ed
ian

(|r
i −

m
ed

ian
(r)|),

w
h
ere

r
is

a
M
N

-d
im

en
sion

al
vector

w
h
ose

elem
en

ts
are

i.i.d
.

sa
m

p
les

from
N

(0,1)
d
istri-

b
u
tio

n
.

T
o

estim
a
te
λ
1 ,

w
e

u
se

th
e

resu
lts

from
B

aik
an

d
S
ilverstein

(2
006)

w
h
ich

sh
ow

s
th

at
in

th
e

lim
it

o
f
M
,N
→
∞

,
w

ith
fi
x
ed

α
=
M
/N

,
th

e
sam

p
le

eigen
valu

e
λ̃
1

satisfi
es

λ̃
1

a
.s.
−−→

{
(λ

1
+

1) (
1

+
1
α
λ
1 )
−

1,
for

λ
1 >
√

1/α
,

(1
+
√

1
/α

)
2−

1
,

for
λ
1 ≤

√
1/α

.
(11)

T
h
erefo

re,
for

a
n
y

fi
n
ite

α
,
λ̃
1

is
n
ot

a
con

sisten
t

estim
ator

of
λ
1 .

W
e

u
se

eq
u
ation

(1
1)

to
estim

a
te
λ
1

a
s

λ̂
1

=



12 (
λ̃
1 −

1α
+

√
(
λ̃
1 −

1α )
2−

4α )
,

for
λ̃
1 >

1/α
+

2 √
1/α

,

√
1/α

,
for

λ̃
1 ≤

1/α
+

2 √
1/α

.

(12)

T
o

estim
a
te
µ

,
let

M
+
,M

1
d
en

ote
th

e
sam

p
le

sizes
of

C
lass

+
1

an
d

C
lass−

1
resp

ectively.
D

efi
n
e
µ
c

=
x̄
+
−

x̄
−

,
w

h
ere

x̄
+

an
d

x̄
−

rep
resen

t
th

e
sa

m
p
le

m
ean

s
for

C
lass

+
1

an
d

C
lass

−
1

resp
ectively.

T
h
e

follow
in

g
P

rop
osition

d
escrib

es
th

e
relation

sh
ip

b
etw

een
µ
c

an
d
µ

.

P
ro

p
o
sitio

n
3

U
n

d
er

A
ssu

m
p
tio

n
1
,

in
th

e
lim

it
N
,M

→
∞

,
w

ith
fi

xed
α

=
M
/N

,
r
+

=
M

+
/M

,
a
n

d
r−

=
M
−
/M

,
th

en
‖µ

c ‖
2

co
n

verges
to

4
µ
2

+
σ
2

α
r
+
r−
.

(13)
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H
a
n
w
e
n
H
u
a
n
g

T
h
erefore,

w
e

estim
ate

µ
as

µ̂
=

12 √
‖
µ̂
c ‖

2−
σ̂
2

α
r
+
r−
,

w
h
ere

σ̂
is

giv
en

from
(10)

an
d
µ̂
c

=
1
M

+

∑
M

+

i=
1

x
i −

1
M
−

∑
M
−

i=
1

x
i

is
th

e
sam

p
le

estim
ation

of
µ
c

.

3
.
N
u
m
e
rica

l
R
e
su

lts

3
.1

H
a
rd

-m
a
rg

in
S

V
M

2
4

6
8

1
0

0.2 0.4 0.6 0.8

(
a
)

µ

cos(θ)

0
2

4
6

8
1
0

0.0 0.2 0.4 0.6 0.8 1.0

(
b

)

α

cos(θ)

0
1

2
3

4
5

0.0 0.2 0.4 0.6 0.8 1.0

(
c
)

λ
1

cos(θ)

F
igu

re
2:

(a)
D

ep
en

d
en

ce
of

cos(θ)
on

µ
for

fi
x
ed

σ
=

1,
λ
1

=
1

an
d
α

=
0
.1

(solid
),

0.5
(d

ash
ed

),
1.5

(d
otted

);
(b

)
D

ep
en

d
en

ce
of

co
s(θ)

on
α

for
fi
x
ed

λ
1

=
1

an
d
µ

=
3

(solid
),

5
(d

ash
ed

),
7

(d
otted

);
(c)

D
ep

en
d
en

ce
of

cos(θ)
on

λ
1

for
fi
x
ed

α
=

1
an

d
µ

=
3

(solid
),

5
(d

ash
ed

),
7

(d
otted

).

F
igu

re
2

sh
ow

s
th

e
d
ep

en
d
en

ce
of

cos(θ)
on

th
e

p
aram

eters
µ

,
α

,
an

d
λ
1

b
ased

on
n
u
m

erical
solu

tion
s

of
eq

u
ation

s
(5)

a
n
d

(6).
H

ere
θ

rep
resen

ts
th

e
an

gle
b

etw
een

th
e

d
irection

s
of

S
V

M
sep

aratin
g

h
y
p

erp
lan

e
an

d
B

ayes
op

tim
al

sep
aratin

g
h
y
p

erp
lan

e.
F

or
sp

iked
p

op
u
lation

m
o
d
el

(1),
th

e
n
orm

al
vector

of
B

ayes
op

tim
al

sep
aratin

g
h
y
p

erp
lan

e
lies

in
th

e
d
irection

of
µ

.
D

iscrim
in

ation
m

eth
o
d
s

w
h
ose

n
o
rm

al
v
ector

w
/‖

w
‖

lies
close

to
th

is
d
irection

sh
ou

ld
h
ave

go
o
d

“gen
eralization

”
p
rop

erties,
i.e.,

n
ew

d
ata

w
ill

b
e

d
iscrim

in
ated

as
w

ell
as

p
ossib

le.
F

igu
re

2(a)
sh

ow
s

th
at,

for
fi
x
ed
α

an
d
λ
1 ,

th
e

classifi
cation

p
erform

an
ce

is
im

p
roved

as
w

e
in

crease
th

e
sign

al
size

µ
.

F
igu

re
2(b

)
sh

ow
s

th
at,

for
fi
x
ed

µ
an

d
λ
1 ,

cos(θ)
in

creases
w

ith
α

,
in

d
icatin

g
th

at
th

e
classifi

cation
p

erform
an

ce
is

im
p
roved

b
y

ad
d
in

g
m

ore
sam

p
les

to
th

e
train

in
g

d
ata.

F
or
α
<

1/
2,

th
e

in
creasin

g
is

faster;
for

α
>

2,
th

e
in

creasin
g

b
ecom

es
slow

er
an

d
satu

rated
.

T
h
is

in
d
icates

th
a
t,

for
H

D
L

S
S

situ
ation

s,
in

creasin
g

train
in

g
d
ata

can
im

p
rove

th
e

p
red

iction
p

ow
er

d
ram

atically
;

w
h
ile

for
situ

ation
s
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A
sy

m
p
t
o
t
ic

b
e
h
a
v
io
r
o
f
S
u
p
p
o
r
t
V
e
c
t
o
r
M
a
c
h
in
e
f
o
r
sp

ik
e
d

p
o
p
u
l
a
t
io
n
m
o
d
e
l

w
h
en

sa
m

p
le

si
ze

is
tw

ic
e

as
b
ig

as
th

e
d
im

en
si

on
,

ad
d
in

g
m

or
e

sa
m

p
le

s
ca

n
n
ot

ga
in

to
o

m
u
ch

p
ow

er
.

F
ig

u
re

2(
c)

sh
ow

s
th

at
,
fo

r
fi
x
ed
µ

an
d
α

,
co

s(
θ)

d
ec

re
as

es
w

it
h
λ
1

as
ex

p
ec

te
d
.

1
.5

2
.5

3
.5

4
.5

0.40.50.60.70.8

µ

cos(θ)

(
a
)

0
.0

1
.0

2
.0

3
.0

0.740.760.780.80

α

cos(θ)

(
b

)

0
1

2
3

4
5

0.30.40.50.60.7

λ
1

cos(θ)

(
c
)

F
ig

u
re

3:
C

om
p
ar

is
on

of
an

al
y
ti

ca
l

ca
lc

u
la

ti
on

s
w

it
h

si
m

u
la

ti
on

ex
p

er
im

en
ts

.
T

h
e

so
li
d

cu
rv

es
re

p
re

se
n
t

th
e

th
eo

re
ti

ca
l

re
su

lt
s,

th
e

d
ot

s
an

d
b
ar

s
re

p
re

se
n
t

th
e

m
ea

n
an

d
st

an
d
ar

d
er

ro
r

of
th

e
es

ti
m

at
ed

co
s
θ

b
y

ap
p
ly

in
g

S
V

M
al

go
ri

th
m

(3
)

to
10

0
si

m
u
la

te
d

d
at

a
se

ts
fo

r
ea

ch
p
ar

am
et

er
se

tt
in

g.
In

si
m

u
la

ti
on

s,
th

e
d
im

en
si

on
N

=
10

0,
th

e
b
ac

k
gr

ou
n
d

n
oi

se
σ

=
1.

T
h
e

ot
h
er

p
ar

am
et

er
s

a
re

:
(a

)
α

=
1,
λ
1

=
2;

(b
)
µ

=
5,
λ
1

=
2;

(c
)
α

=
1,
µ

=
2.

T
o

ex
am

in
e

th
e

va
li
d
it

y
of

ou
r

an
al

y
si

s
an

d
to

d
et

er
m

in
e

th
e

fi
n
it

e-
si

ze
eff

ec
t,

F
ig

u
re

3
p
ro

v
id

es
th

e
co

m
p
ar

is
on

w
it

h
n
u
m

er
ic

al
si

m
u
la

ti
on

s
on

fi
n
it

e
si

ze
sy

st
em

s.
S
im

il
ar

to
F

ig
u
re

2,
w

e
co

n
si

d
er

th
e

d
ep

en
d
en

ce
o
f

co
s(
θ)

on
th

re
e

p
ar

am
et

er
s
µ

,
α

an
d
λ
1

in
th

e
p
lo

ts
in

F
ig

u
re

3
(a

),
(b

),
an

d
(c

)
re

sp
ec

ti
v
el

y.
H

er
e

th
e

d
im

en
si

on
of

th
e

si
m

u
la

te
d

d
at

a
N

=
10

0
an

d
th

e
d
at

a
ar

e
ge

n
er

at
ed

ac
co

rd
in

g
to

A
ss

u
m

p
ti

on
1

w
it

h
ε j

fo
ll
ow

s
i.
i.
d

st
a
n
d
ar

d
n
o
rm

al
d
is

tr
ib

u
ti

on
.

W
e

re
p

ea
t

si
m

u
la

ti
on

10
0

ti
m

es
fo

r
ea

ch
p
ar

am
et

er
se

tt
in

g
.

T
h
e

m
ea

n
an

d
st

an
d
ar

d
er

ro
rs

ov
er

10
0

re
p
li
ca

ti
on

s
ar

e
p
re

se
n
te

d
.

F
ro

m
F

ig
u
re

3,
w

e
ca

n
se

e
th

at
ou

r
an

al
y
ti

ca
l

cu
rv

es
sh

ow
fa

ir
ly

go
o
d

ag
re

em
en

t
w

it
h

th
e

si
m

u
la

ti
on

ex
p

er
im

en
t.

T
h
u
s

ou
r

an
al

y
ti

ca
l

fo
rm

u
la

s
(5

)
an

d
(6

)
p
ro

v
id

e
re

li
ab

le
es

ti
m

at
es

ev
en

fo
r

m
o
d
er

at
e

sy
st

em
si

ze
s.

T
h
e

b
en

efi
t

of
th

es
e

fo
rm

u
la

s
is

th
ei

r
co

m
p
u
ta

ti
on

al
ea

se
.

W
e

a
ls

o
fi
n
d

th
at

th
e

si
m

u
la

ti
on

re
su

lt
s

fo
r

S
V

M
es

ti
m

at
or

s
ar

e
in

d
ep

en
d
en

t
of

th
e

ch
oi

ce
s

of
or

th
og

on
al

co
m

p
on

en
ts
λ
m
≥
2

w
h
ic

h
fu

rt
h
er

co
n
fi
rm

s
th

at
th

e
an

al
y
ti

ca
l

re
su

lt
s

d
es

cr
ib

ed
b
y

P
ro

p
os

it
io

n
1

ar
e

co
rr

ec
t.

3
.2

S
o
ft

-m
a
rg

in
S

V
M

F
ig

u
re

4
sh

ow
s

th
e

d
ep

en
d
en

ce
of

co
s(
θ)

on
th

e
p
ar

am
et

er
s
µ

,
α

,
an

d
λ
1

b
as

ed
on

th
e

so
lu

ti
on

of
n
on

li
n
ea

r
eq

u
at

io
n
s

(7
),

(8
),

an
d

(9
)

fo
r

fi
x
ed

τ
=

1
an

d
σ

=
1.

S
im

il
ar

to
F

ig
u
re

2,
th

e
co

s
θ

in
cr

ea
se

s
w

it
h
µ

an
d
α

b
u
t

d
ec

re
as

es
w

it
h
λ
1
.

T
o

st
u
d
y

th
e

th
e

in
fl
u
en

ce
of

th
e

tu
n
in

g
p
ar

am
et

er
τ

on
th

e
p

er
fo

rm
an

ce
of

th
e

so
ft

-
m

ar
gi

n
S
V

M
cl

as
si

fi
ca

ti
on

m
et

h
o
d

(4
).

F
ig

u
re

5
sh

ow
s

th
e

d
ep

en
d
en

ce
of

co
s(
θ)

as
fu

n
ct

io
n
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H
a
n
w
e
n
H
u
a
n
g

1
2

3
4

5

0.20.30.40.50.60.70.8

(
a
)

µ

cos(θ)

1
2

3
4

5

0.650.700.750.80

(
b

)

α

cos(θ)

1
2

3
4

5

0.650.700.750.80

(
c
)

λ
1

cos(θ)

F
ig

u
re

4:
D

ep
en

d
en

ce
of

co
s(
θ)

on
µ

,
α

,
an

d
λ
1

fo
r
τ

=
1

an
d
σ

=
1.

(a
)

D
ep

en
d
en

ce
o
f

co
s(
θ)

on
µ

fo
r

fi
x
ed

λ
1

=
2

an
d
α

=
1;

(b
)

D
ep

en
d
en

ce
of

co
s(
θ)

o
n
α

fo
r

fi
x
ed

λ
1

=
2

an
d
µ

=
2;

(c
)

D
ep

en
d
en

ce
of

co
s(
θ)

on
λ
1

fo
r

fi
x
ed

α
=

1
a
n
d
µ

=
2
.

of
lo

g
τ

fo
r

fi
x
ed

α
,µ
,λ

1
,

an
d
σ

.
B

ot
h

th
e

an
al

y
ti

ca
l

so
lu

ti
on

b
as

ed
on

P
ro

p
o
si

ti
o
n

2
a
n
d

n
u
m

er
ic

al
ex

p
er

im
en

t
b
as

ed
on

si
m

u
la

te
d

fi
n
it

e
d
im

en
si

on
a
l

d
at

a
ar

e
p
ro

v
id

ed
a
n
d

th
ey

ex
ce

ll
en

tl
y

ag
re

e
w

it
h

ea
ch

ot
h
er

.
In

si
m

u
la

ti
on

,
w

e
ra

n
d
om

ly
ge

n
er

at
e

a
tr

a
in

in
g

se
t

a
n
d

a
te

st
se

t
fo

r
th

e
gi

ve
n

p
ar

am
et

er
se

tt
in

g,
th

e
te

st
er

ro
r

ca
n

b
e

ob
ta

in
ed

b
y

a
p
p
ly

in
g

th
e

cl
as

si
fi
er

b
u
il
t

fr
om

th
e

tr
ai

n
in

g
se

t
to

th
e

te
st

se
t.

T
h
e

re
su

lt
s

fr
om

th
e

su
m

m
a
ry

ov
er

1
0
0

re
p
li
ca

ti
on

s
ar

e
gi

ve
n

in
F

ig
u
re

5.
F

ro
m

th
e

u
p
p

er
p
an

el
,

it
is

in
te

re
st

in
g

to
n
o
te

th
a
t

co
s
θ

re
ac

h
es

a
m

ax
im

u
m

va
lu

e
as

on
e

d
ec

re
as

es
th

e
tu

n
in

g
p
ar

am
et

er
τ

to
a

th
re

sh
o
ld

va
lu

e.
A

ft
er

th
at

va
lu

e,
fu

rt
h
er

d
ec

re
as

in
g
τ

ca
n
n
ot

ch
an

ge
co

s
θ.

O
n

th
e

ot
h
er

h
an

d
,
if

w
e

in
cr

ea
se

τ
,

co
s
θ

w
il
l

ap
p
ro

ac
h

th
e

va
lu

e
d
et

er
m

in
ed

b
y

th
e

h
ar

d
-m

ar
gi

n
S
V

M
m

et
h
o
d

a
s

sh
ow

n
b
y

th
e

d
as

h
ed

li
n
e

in
th

e
u
p
p

er
p
an

el
of

F
ig

u
re

5.
T

h
es

e
o
b
se

rv
at

io
n
s

ar
e

fu
rt

h
er

co
n
fi
rm

ed
b
y

th
e

d
ep

en
d
en

ce
of

te
st

er
ro

r
ε

on
lo

g
τ

as
sh

ow
n

in
th

e
lo

w
er

p
an

el
.

T
h
e

te
st

er
ro

r
re

a
ch

es
a

m
in

im
u
m

va
lu

e
if

w
e

d
ec

re
as

e
τ

to
th

e
sa

m
e

th
re

sh
ol

d
va

lu
e

as
fo

r
co

s
θ.

F
ro

m
eq

u
a
ti

o
n
s

(7
),

(8
),

an
d

(9
),

it
ca

n
b

e
d
er

iv
ed

th
at

th
e

li
m

it
in

g
va

lu
e

of
co

s
θ

as
τ
→

0
is

ρ
c

=
co

s
θ c

=

√ √ √ √
α
( µ σ

) 2

1
+
α
( µ σ

) 2
(1

4
)

w
h
ic

h
is

in
d
ep

en
d
en

t
of
λ
1
.

T
h
is

fi
n
d
in

g
of
λ
1

in
d
ep

en
d
en

ce
is

al
so

co
n
fi
rm

ed
b
y

n
u
m

er
ic

a
l

si
m

u
la

ti
on

s
w

it
h

d
at

a
on

fi
n
it

e
si

ze
sy

st
em

s.
T

h
er

ef
or

e,
if
ε

in
(1

)
fo

ll
ow

s
a

n
o
rm

a
l

d
is

-
tr

ib
u
ti

on
,

th
en

th
e

b
es

t
te

st
er

ro
r

w
e

ca
n

ac
h
ie

ve
u
si

n
g

th
e

so
ft

-m
ar

gi
n

S
V

M
cl

a
ss

ifi
ca

ti
o
n

m
et

h
o
d

(4
)

is
Φ

( −
ρ
c

√
1
+
λ
1
ρ
2 c

µ σ

) .

K
o
o

et
al

.
(2

00
8)

st
u
d
ie

d
th

e
as

y
m

p
to

ti
c

b
eh

av
io

r
of

th
e

co
effi

ci
en

ts
of

th
e

li
n
ea

r
S
V

M
in

th
e

li
m

it
of
M
→
∞

w
it

h
N

fi
x
ed

.
T

h
ey

es
ta

b
li
sh

ed
a

B
ah

ad
u
r

ty
p

e
re

p
re

se
n
ta

ti
o
n

of
th

e
co

effi
ci

en
ts

an
d

d
er

iv
ed

th
ei

r
as

y
m

p
to

ti
c

n
or

m
al

it
y

an
d

st
at

is
ti

ca
l

va
ri

a
b
il
it

y.
D

en
o
te

w
?

th
e

m
in

im
iz

er
of

th
e

p
op

u
la

ti
on

ve
rs

io
n

of
th

e
S
V

M
lo

ss
fu

n
ct

io
n
.

It
w

as
sh

ow
n

in
K

o
o

et
al

.
(2

00
8)

th
at

th
e

S
V

M
so

lu
ti

on
ŵ

co
n
ve

rg
es

to
w
?

w
h
ic

h
is

in
th

e
sa

m
e

d
ir

ec
ti

o
n

a
s
µ
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A
sy

m
p
t
o
t
ic

b
e
h
a
v
io
r
o
f
S
u
p
p
o
r
t
V
e
c
t
o
r
M
a
c
h
in
e
f
o
r
sp

ik
e
d

p
o
p
u
l
a
t
io
n
m
o
d
e
l

−
6

−
4

−
2

0
2

4
6

8

0.5 0.6 0.7 0.8 0.9

cos(θ)

−
6

−
4

−
2

0
2

4
6

8

0.12 0.16 0.20

lo
g
(τ)

ε

F
ig

u
re

5
:

U
p
p

er
p
an

el:
com

p
are

th
eoretical

resu
lt

w
ith

sim
u
lation

ex
p

erim
en

t
for

th
e

d
e-

p
en

d
en

ce
of

cos(θ)
on

tu
n
in

g
p
aram

eter
log

(τ
)

for
fi
x
ed

α
=

1,
µ

=
2,
σ

=
2,

a
n
d
λ
1

=
2.

T
h
e

solid
lin

e
is

th
e

th
eoretical

cu
rve,

th
e

d
ots

an
d

b
ars

rep
resen

t
th

e
m

ean
an

d
stan

d
ard

error
b
ased

on
100

sim
u
lated

d
a
ta

sets
a
t

each
p
aram

eter
settin

g.
In

sim
u
lation

,
th

e
d
im

en
sion

N
=

100
.

T
h
e

d
ash

ed
lin

e
rep

resen
ts

th
e

valu
e

b
ased

on
th

e
h
ard

-m
argin

S
V

M
solu

tion
from

eq
u
ation

s
(5)

an
d

(6).
L

ow
er

p
a
n
el:

d
ep

en
d
en

ce
of

th
e

test
error

ε
on

log
(τ

)
b
ased

on
sim

u
lation

s.
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L
R

 18(45):1-21, 2017

H
a
n
w
e
n
H
u
a
n
g

u
n
d
er

th
e

sp
ik

ed
p

op
u
lation

settin
g

(1).
T

h
erefore

ρ
→

1
as
M
→
∞

w
ith

N
fi
x
ed

.
T

h
is

can
b

e
con

fi
rm

ed
in

(14)
b
y

lettin
g
α
→
∞

on
th

e
righ

t
h
an

d
sid

e.
O

n
th

e
oth

er
h
an

d
,

if
w

e
let

N
→
∞

w
ith

M
fi
x
ed

,
from

(14)
w

e
get

ρ
c
→

0
if
µ
/ √

N
→

0
an

d
ρ
c
→

1
if

µ
/ √

N
→
∞

.
T

h
is

con
fi
rm

s
th

e
resu

lts
of

H
all

et
al.

(2005)
for

H
D

L
S
S

settin
g.

T
h
erefore,

ou
r

asy
m

p
totic

resu
lts

are
m

ore
gen

eral
w

ith
b

oth
trad

itio
n
al

an
d

H
D

L
S
S

asy
m

p
totics

as
sp

ecial
cases.

T
h
e

an
aly

tical
resu

lts
in

F
igu

re
5

are
b
ased

on
th

e
tru

e
valu

es
for

α
,λ

1 ,µ
an

d
σ

w
h
ich

u
ltim

ately
n
eed

to
b

e
estim

ated
from

th
e

given
d
ata.

In
F

igu
re

6
w

e
p
rov

id
e

th
e

com
p
arison

b
etw

een
th

e
resu

lts
u
sin

g
th

e
tru

e
valu

es
an

d
th

e
resu

lts
u
sin

g
th

e
estim

ated
valu

es
for

µ
,α
,λ

1
an

d
σ

.
F

or
each

sim
u
lated

d
ata,

w
e

fi
rst

estim
ate

µ
,α
,λ

1
an

d
σ

a
n
d

th
en

u
se

th
em

to
d
erive

th
eoretical

resu
lts.

F
igu

re
6

in
d
icates

th
at

th
e

in
fl
u
en

ce
of

m
o
d
era

te
estim

ation
errors

in
th

e
p
aram

eters
is

sm
all.

−6
−4

−2
0

2
4

6
8

0.5 0.6 0.7 0.8 0.9

log(τ)

cos(θ)

F
igu

re
6:

C
om

p
arison

b
etw

een
th

e
resu

lts
u
sin

g
th

e
tru

e
valu

es
an

d
th

e
resu

lts
u
sin

g
th

e
estim

ated
valu

es
for

p
aram

eters.
H

ere
th

e
tru

e
p
a
ram

eter
valu

es
are

α
=

1,
µ

=
2,

σ
=

1,
an

d
λ
1

=
2.

T
h
e

solid
cu

rve
rep

resen
ts

th
e

resu
lts

d
eriv

ed
u
sin

g
th

e
tru

e
valu

es.
T

h
e

d
ots

an
d

b
ars

rep
resen

t
th

e
m

ean
s

a
n
d

stan
d
ard

errors
of

th
e

cos
θ

valu
es

d
erived

u
sin

g
th

e
estim

ated
p
aram

eters
for

100
sim

u
lated

d
ata

sets.

A
lth

ou
gh

F
igu

re
5

su
ggests

th
at,

for
sp

iked
p

op
u
lation

m
o
d
el,

th
e

b
est

p
erfo

rm
an

ce
of

S
V

M
is

ach
ieved

at
th

e
sm

allest
valu

e
τ
,

in
p
ractice,

u
sin

g
to

o
tin

y
τ

cou
ld

ca
u
se

d
iffi
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am
et

er
s

es
ti

m
at

ed
fr

om
th

e
b
re

a
st

ca
n
ce

r
d
at

a
.

L
ow

er
p
an

el
:

d
ep

en
d
en

ce
o
f

cr
os

s-
va

li
d
at

io
n

er
ro

r
ε

on
tu

n
in

g
p
ar

am
et

er
lo

g
(τ

).
T

h
e

d
ot

s
an

d
b
a
rs

re
p
re

se
n
t

th
e

m
ea

n
an

d
st

an
d
ar

d
er

ro
r

of
th

e
cr

os
s

va
li
d
at

io
n

er
ro

r
b
as

ed
o
n

1
0
0

ra
n
d
o
m

sp
li
tt
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gs

of
th

e
b
re

as
t

ca
n
ce

r
d
at
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b
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S
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t
V
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r
M
a
c
h
in
e
f
o
r
sp

ik
e
d

p
o
p
u
l
a
t
io
n
m
o
d
e
l

W
e

co
n
sid

er
L

u
m

A
as

C
lass

+
1

an
d

L
u
m

B
as

C
lass

-1.
A

ssu
m

e
th

e
d
ata

are
gen

erated
b
a
sed

o
n

m
o
d
el

(1),
u
sin

g
th

e
m

eth
o
d

d
iscu

ssed
in

S
ection

2,
w

e
ob

tain
th

e
follow

in
g

p
a
ra

m
eter

estim
ation

s:
µ̂

=
3.80,

σ̂
=

2.32,
λ̂
1

=
4.0

6,
α

=
4.20,

N
=

56,
M

=
2
35,

M
+

=
1
54

,
M
−

=
81.

T
h
e

u
p
p

er
p
an

el
of

F
igu

re
12

sh
ow

s
th

e
an

aly
tical
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rv

e
for

th
e

d
ep

en
d
en

ce
o
f

cos
θ

on
τ
.

It
sh

ow
s

th
at

if
w

e
ch

o
ose

τ
less

th
an

6
.19×

10 −
3,

w
e

can
g
et

th
e

sm
a
llest

a
n
g
le.

T
h
e

low
er

p
an

el
of

F
igu

re
12

sh
ow

s
th

e
d
ep

en
d
en

ce
of

th
e

cross
valid

ation
erro

rs
a
s

a
fu

n
ction

of
τ
.

T
h
e

cross
va

lid
ation

errors
are

com
p
u
ted

b
y

ran
d
om

ly
sp

littin
g

th
e

d
a
ta

in
to

tw
o

p
arts,

90%
for

train
in

g
an

d
10%

for
test.

T
h
e

m
ean

an
d

stan
d
ard

error
over

1
0
0

ra
n
d
o
m

sp
littin

g
are

rep
orted
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th

e
low

er
p
an

el
of

F
igu

re
12.

It
sh

ow
s

th
at

th
e

cro
ss

va
lid

a
tio

n
error

can
ach
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m
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im

u
m

valu
e

if
τ

is
less

th
an
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n
d

5×
10 −

3.
T

h
e
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o
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lts
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re
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sisten

t
w

ith
each
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er

an
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ilar
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th

e
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rev
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u
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d
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m
o
d
el
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)
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p
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d
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n
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e
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m

p
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V

M
in

th
e
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∞
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b
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d
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o
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p
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e
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evalu
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relation
b

etw
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V
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O
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b
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d
ev

elop
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p
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T

h
e

an
aly

tical
calcu

lation
s
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m
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t

b
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n
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m
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d

th
e
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d
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an
d

th
u
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form
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.
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th
e
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m

p
totic

resu
lts
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t
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e
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e
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d
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e
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p
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V
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th
e

p
ra
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V

M
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a
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ects.
F
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s

w
h
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th
e
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m
o
d
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n
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b
e
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p
lied

,
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e
p

ossib
le

so
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tio
n

is
to

u
se

th
e
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eralized

sp
iked

p
op

u
lation

m
o
d
el

p
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in

B
ai

an
d

Y
ao

(2012)
to

re-d
eriv

e
ou

r
resu

lts.
T

h
is

is
on

e
of

ou
r

fu
tu

re
research
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It
is

sh
ow

n
in

F
igu

re
1

th
at

a
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d
ata

p
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ts
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p
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g
u
p

on
th

e
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o
b

ou
n
d
aries.

T
h
is

is
a

p
h
en

o
m

en
on

called
d
ata

p
ilin

g
w

h
ich

h
as

b
een

stu
d
ied

in
M

arron
et

al.
(2007)

in
m

o
re

d
eta

ils.
T

h
e

reason
is

th
at

th
e

h
in

ge
loss

fu
n
ction

u
sed

in
S
V

M
is

n
ot

con
tin

u
ou

s
d
iff

eren
tia

b
le.

T
h
e
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u
en

ce
of

d
ata

p
ilin

g
is

th
at

th
e

g
en

eralization
p

erform
an

ce
is

a
d
versely

a
ff

ected
.

T
o

overcom
e

th
is

p
rob

lem
,

M
arron

et
al.

(2007)
p
rop

o
sed

a
n
ew

cla
ssi-

fi
ca

tio
n

m
eth

o
d

call
D

istan
ce

W
eigh

ted
D

iscrim
in

ation
(D

W
D

)
w

h
ich

d
o
es

n
ot

h
ave

d
ata

p
ilin

g
p
ro

b
lem

.
S
im

u
lation

stu
d
ies

h
ave

sh
ow

n
th

at
D

W
D

ty
p
ically

y
ield

s
b

etter
classifi

ca-
tio

n
p

erfo
rm

a
n
ce

th
an

S
V

M
in

h
igh

d
im

en
sion

s,
b
u
t

d
eep

er
th

eoretical
ev

id
en

ce
is

stron
gly

d
esired

.
It

w
ill

b
e

in
terestin

g
to

stu
d
y

th
e

asy
m

p
totic

p
rop

erty
of

D
W

D
an

d
com

p
are

it
w

ith
S
V

M
fro

m
a

an
aly

tical
p

oin
t

of
v
iew

.
T

h
is

is
an

oth
er

d
irection

th
at

w
e

w
ill

p
u
rsu

e
in

fu
tu

re.
T

h
e

sam
e

tech
n
iq

u
e

can
also

b
e

u
sed

in
oth

er
p

op
u
lar

classifi
er

th
at

cu
rren

tly
h
eav

ily
relies

o
n

cross
valid

ation
.

E
x
am

p
les

in
clu

d
e

th
e

h
y
b
rid

of
D

W
D

an
d

S
V

M
p
rop

osed
in

Q
ia

o
a
n
d

Z
h
an

g
(2015)

an
d

th
e

L
arge-M

a
rgin

U
n
ifi

ed
M

ach
in

es
p
rop

osed
in

L
iu

et
al.

(2
0
1
1
).
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H
a
n
w
e
n
H
u
a
n
g

A
ck

n
o
w
le
d
g
m
e
n
ts

T
h
e

au
th

or
w

ou
ld

like
to

th
an

k
th

e
A

ction
E

d
itor

P
rofessor

X
iaoto

n
g

S
h
en

an
d

th
ree

rev
iew

-
ers

for
th

eir
con

stru
ctive

com
m

en
ts

an
d

su
ggestion

s,
w

h
ich

led
to

su
b
stan

tial
im

p
rovem

en
ts

of
th

e
p
resen

tation
of

th
is

p
ap

er.

R
e
fe
re
n
ce

s

Z
.

D
.

B
ai.

M
eth

o
d
ologies

in
sp

ectral
an

aly
sis

of
large-d

im
en

sion
al

ran
d
om

m
atrices,

a
rev

iew
.

S
ta

tistica
S

in
ica

,
9:611–677,

1999.

Z
h
id

on
g

B
ai

an
d

J
ian

fen
g

Y
ao.

O
n

sam
p
le

eigen
valu

es
in

a
gen

eralized
sp

ik
ed

p
op

u
lation

m
o
d
el.

J
o
u

rn
a
l

o
f

M
u

ltiva
ria

te
A

n
a
lysis,

106:167
–

177,
2012.

J
in

h
o

B
aik

an
d

J
ack

W
.

S
ilverstein

.
E

igen
valu

es
of

large
sam

p
le

covarian
ce

m
atrices

of
sp

iked
p

op
u
lation

m
o
d
els.

J
o
u

rn
a
l

o
f

M
u

ltiva
ria

te
A

n
a
lysis,

97(6):1382
–

14
08,

2006.

P
eter

H
all,

J
.

M
arron

,
an

d
A

m
n
on

N
eem

an
.

G
eom

etric
rep

resen
tation

of
h
igh

d
im

en
-

sion
,

low
sam

p
le

size
d
ata.

J
o
u

rn
a
l

o
f

th
e

R
o
ya

l
S

ta
tistica

l
S

ociety:
S

eries
B

(S
ta

tistica
l

M
eth

od
o
logy),

6
7(3):427–444,

2005.

D
.

C
.

H
oy

le
an

d
M

.
R

attray.
P

rin
cip

al-com
p

on
en

t-an
aly

sis
eigen

valu
e

sp
ectra

from
d
ata

w
ith

sy
m

m
etry

-b
reak

in
g

stru
ctu

re.
P

h
ys.

R
ev.

E
,

69:026124,
2004.

D
.

C
.

H
oy

le
an

d
M

.
R

attray.
S
tatistical

m
ech

an
ics

of
learn

in
g

m
u
ltip

le
orth

ogon
a
l

sign
als:

A
sy

m
p
totic

th
eory

an
d

fl
u
ctu

ation
eff

ects.
P

h
ys.

R
ev.

E
,

75:016101,
2007.

D
av

id
C

H
oy

le.
S
tatistical

m
ech

an
ics

of
learn

in
g

orth
ogon

al
sign

als
for

gen
eral

covarian
ce

m
o
d
els.

J
o
u

rn
a
l

o
f

S
ta

tistica
l

M
ech

a
n

ics:
T

h
eo

ry
a
n

d
E

xperim
en

t,
2010(04):P

04009,
2010.

Iain
M

.
J
oh

n
ston

e.
O

n
th

e
D

istrib
u
tion

of
th

e
L

argest
E

igen
valu

e
in

P
rin

cip
al

C
om

p
on

en
ts

A
n
aly

sis.
T

h
e

A
n

n
a
ls

o
f

S
ta

tistics,
29(2):295–3

27,
2001.

S
.

K
.

J
u
n
g

an
d

J
.

S
.

M
arron

.
P

C
A

con
sisten

cy
in

h
igh

d
im

en
sion

,
low

sam
p
le

size
con

tex
t.

T
h
e

A
n

n
a
ls

o
f

S
ta

tistics,
37:4104–4130,

2009.

S
u
n
gk

y
u

J
u
n
g,

A
ru

sh
arka

S
en

,
an

d
J
.S

.
M

arron
.

B
ou

n
d
a
ry

b
eh

av
ior

in
h
igh

d
im

en
sion

,
low

sam
p
le

size
asy

m
p
totics

of
P

C
A

.
J

o
u

rn
a
l

o
f

M
u

ltiva
ria

te
A

n
a
lysis,

109:190
–

203,
2012.

J
a-Y

on
g

K
o
o,

Y
o
on

k
y
u
n
g

L
ee,

Y
u
w

on
K

im
,
an

d
C

h
an

gy
i
P

ark
.

A
b
ah

ad
u
r

rep
resen

tation
of

th
e

lin
ear

su
p
p

ort
v
ector

m
ach

in
e.

J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

esea
rch

,
9:1343–

1368,
J
u
n
e

2008.

L
A

U
R

E
N

T
L

A
L

O
U

X
,

P
IE

R
R

E
C

IZ
E

A
U

,
M

A
R

C
P

O
T

T
E

R
S
,

a
n
d

J
E

A
N

-P
H

IL
IP

P
E

B
O

U
C

H
A

U
D

.
R

an
d
om

m
atrix

th
eory

an
d

fi
n
an

cial
co

rrelation
s.

In
tern

a
tio

n
a
l

J
o
u

r-
n

a
l

o
f

T
h
eo

retica
l

a
n

d
A

p
p
lied

F
in

a
n

ce,
03(03):391–397,

2000
.
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S
M
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.

S
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st
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ca
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in

g
fo

r
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h
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p
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o
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f

th
e

A
m
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ic

a
n

S
ta

ti
st

ic
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A
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oc
ia

ti
o
n

,
10

3(
48

3)
:1

28
1–
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,
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.

Y
u
fe

n
g

L
iu
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H

ao
H

el
en

Z
h
an

g,
an

d
Y
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h
ao

W
u
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ti
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o
u

rn
a
l

o
f
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e

A
m

er
ic

a
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ti
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a
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ss
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Z
on
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S
p
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se
p
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n
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p
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en
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an
al

y
si
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er
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.
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.
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n
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an
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u
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ra
n
d
om

m
at

ri
ce

s.
M
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e

U
S

S
R

-S
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,
1(

4)
:4
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–4

83
,

A
p
ri

l
19

67
.

J
.

S
.

M
ar

ro
n
,

M
.

T
o
d
d
,

an
d

J
.
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n
.

D
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-w
ei
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d
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.
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r.
F

in
it

e
sa

m
p
le

ap
p
ro

x
im

at
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D
K

R
R

is
d
efi

n
ed

w
it

h
a

re
gu

la
ri

za
ti

on
p
ar

am
et

er
λ
>

0
b
y

f
D
,λ

=
m ∑ j=
1

|D
j
|

|D
|f

D
j
,λ
,

(1
)

w
h
er

e

f D
j
,λ

=
ar

g
m

in
f
∈H

K

  
1 |D
j
|
∑

(x
,y
)∈
D
j

(f
(x

)
−
y
)2

+
λ
‖f
‖2 K

  
,

j
=

1,
..
.,
m
.

(2
)
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D
ist

r
ib
u
t
e
d

S
e
m
i-su

p
e
r
v
ise

d
L
e
a
r
n
in
g

T
h
e

o
p
tim

a
l

learn
in

g
rate

for
D

K
R

R
w

as
p
resen

ted
in

(Z
h
an

g
et

al.,
2015)

u
n
d
er

so
m

e
eig

en
fu

n
ctio

n
a
ssu

m
p
tion

s
w

h
ich

w
ere

rem
oved

in
(L

in
et

al.,
2016)

b
y

u
sin

g
a

n
ovel

in
tegral

o
p

era
to

r
a
p
p
ro

ach
.

In
th

ese
ex

istin
g

resu
lts

on
rigorou

s
an

aly
sis

for
D

K
R

R
,

th
ere

are
still

tw
o

critica
l

p
ro

b
lem

s
w

h
ich

greatly
h
in

d
er

ap
p
lication

s
of

D
K

R
R

in
p
ractice.

O
n
e

is
th

at
th

e
o
p
tim

a
l

lea
rn

in
g

rate
is

b
u
ilt

u
p

on
a

strict
con

d
ition

b
ou

n
d
in

g
th

e
n
u
m

b
er

of
lo

cal
p
ro

cesso
rs,

m
a
k
in

g
D

K
R

R
in

feasib
le

for
large

m
.

T
h
e

oth
er

is
th

at
th

e
target

fu
n
ction

ca
lled

reg
ression

fu
n
ction

f
ρ

is
assu

m
ed

to
b

e
in
H
K

to
ach

ieve
th

e
op

tim
al

learn
in

g
rate,

w
h
ich

is
d
iffi

cu
lt

to
v
erify

in
p
ractice.

T
h
e

a
im

of
th

e
p
resen

t
p
ap

er
is

to
con

sid
er

d
istrib

u
ted

sem
i-su

p
erv

ised
learn

in
g

w
ith

kern
el

rid
g
e

reg
ression

(D
S
K

R
R

)
an

d
d
em

on
strate

th
at

u
sin

g
ad

d
ition

al
u
n
lab

eled
d
ata

in
a

sem
i-su

p
erv

ised
settin

g
can

overcom
e

th
e

aforem
en

tion
ed

h
u
rd

les
of

D
K

R
R

.
L

et
D
j ∪
D̃
j (x

)
b

e
th

e
su

b
set

of
th

e
d
ata

for
sem

i-su
p

erv
ised

learn
in

g
w

h
ich

is
stored

on
th

e
j-th

lo
cal

p
ro

cesso
r,

w
h
ere

D̃
j (x

)
=
{
x
j1 ,...,x

j|D̃
j | }

.
B

ased
on

D
j ∪

D̃
j (x

),j
=

1,...,m
,

w
e

con
stru

ct

a
tra

in
in

g
set

a
sso

ciated
w

ith
D
j ∪

D̃
j (x

)
a
s

D
∗j

=
{
(x
∗i ,y ∗i )} |D

∗j |
i=

1

w
ith

x
∗i

=

{
x
i ,

if
(x
i ,y

i )∈
D
j ,

x̃
i ,

if
x̃
i ∈

D̃
j (x

),
an

d
y ∗i

=

{
|D
∗j |

|D
j | y

i ,
if

(x
i ,y

i )∈
D
j ,

0
,

oth
erw

ise,
(3)

a
n
d

d
en

ote
D
∗

=
⋃
mj=

1
D
∗j .

D
efi

n
e

D
S
K

R
R

b
y

f
D
∗
,λ

=
m
∑j=

1 |D
∗j |

|D
∗| f

D
∗j
,λ .

(4)

W
e

rev
ise

th
e

stan
d
ard

in
tegral

op
erator

fram
ew

ork
(S

m
ale

an
d

Z
h
ou

,
2007;

C
ap

on
n
etto

a
n
d

D
e

V
ito

,
2
007;

L
in

et
al.,

2016)
to

an
aly

ze
th

e
learn

in
g

p
erform

an
ce

of
algorith

m
(4).

T
h
e

m
a
in

to
o
l

is
a

n
ovel

error
d
ecom

p
osition

th
at

d
ecom

p
oses

th
e

gen
eralization

error
of

a
lg

o
rith

m
(4

)
in

to
th

e
ap

p
rox

im
ation

error,
sam

p
le

error
an

d
a

n
ew

term
called

d
istrib

u
ted

error.
T

h
e

a
p
p
rox

im
ation

error,
w

h
ich

refl
ects

th
e

d
iff

eren
ce

b
etw

een
a

d
ata-free

lim
it

of
K

R
R

a
n
d
f
ρ ,

is
stan

d
ard

.
T

h
e

sam
p
le

error
refl

ects
th

e
ad

van
tage

of
w

eigh
ted

averagin
g

in
(4)

in
th

e
sen

se
of

scalin
g

th
e

gen
eralization

error
of

in
d
iv

id
u
al
f
D
∗j
,λ ,

j
=

1
,2,...,m

,

w
ith

a
n

ad
d
itio

n
al

factor
|D
∗j |

|D
∗| .

T
h
e

d
istrib

u
ted

error
d
escrib

es
th

e
d
iff

eren
ce

b
etw

een
th

e

d
istrib

u
ted

a
lg

o
rith

m
(4)

an
d

K
R

R
p
ro

cessin
g

th
e

w
h
ole

d
ata

in
on

e
sin

gle
p
ro

cessor
v
ia

p
resen

tin
g

a
restriction

to
th

e
n
u
m

b
er

of
lo

cal
p
ro

cessors.
W

e
fi
n
d

th
at

ad
d
ition

al
u
n
la

b
eled

d
a
ta

p
lay

cru
cial

roles
in

d
ed

u
cin

g
a

sm
all

d
istrib

u
ted

error
an

d
th

u
s

relax
in

g
h
eav

ily
th

e
restrictio

n
o
n
m

to
ach

iev
e

th
e

op
tim

al
learn

in
g

rate
for

D
K

R
R

.
W

e
also

p
rove

th
at

D
S
K

R
R

lea
d
s

to
sa

tisfa
ctory

estim
ates

for
th

e
sam

p
le

error
w

h
en

f
ρ
/∈
H
K

,
w

h
ich

is
b

eyon
d

th
e

sta
n
d
a
rd

settin
g

w
ith

f
ρ
∈
H
K

in
(Z

h
an

g
et

al.,
2015;

L
in

et
al.,

2016
).

E
x
p

erim
en

tal
stu

d
ies

a
re

ca
rried

ou
t

to
verify

ou
r

th
eoretical

an
aly

sis.

2
.

T
h
e
o
re

tica
l

A
sse

ssm
e
n
ts

T
h
e

g
en

eraliza
tion

ab
ility

of
D

S
K

R
R

w
ill

b
e

an
aly

zed
in

a
sta

n
d
ard

learn
in

g
th

eory
fram

e-
w

o
rk

,
in

w
h
ich

th
e

sam
p
le

in
D

is
assu

m
ed

to
b

e
in

d
ep

en
d
en

tly
d
raw

n
from

ρ
,

a
B

orel
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C
h
a
n
g
,
L
in

a
n
d

Z
h
o
u

p
rob

ab
ility

m
easu

re
on
Z

:=
X
×
Y

w
ith
Y

=
R

a
n
d
D̃

(x
)

=
∪
mj=

1 D̃
j (x

)
from

ρ
X

,
th

e

m
argin

al
d
istrib

u
tion

of
ρ
.

O
u
r

p
u
rp

ose
is

to
estim

ate
h
ow

th
e

estim
ator

f
D
∗
,λ

b
ased

on
D
∗

ap
p
rox

im
ates

th
e

regression
fu

n
ction

f
ρ (x

)
:=
∫Y
y
d
ρ
(y|x

)
w

ith
ρ
(·|x

)
b

ein
g

th
e

con
-

d
ition

al
d
istrib

u
tion

of
ρ

in
d
u
ced

at
x
∈
X

.
T

h
ro

u
gh

ou
t

th
is

p
ap

er,
w

e
assu

m
e
|y|≤

M
alm

ost
su

rely
for

som
e

con
stan

t
M

>
0

an
d
X

is
co

m
p
act,

w
h
ich

im
p
lies‖

f
ρ ‖∞

≤
M

alm
ost

su
rely

an
d
κ

:=
√

su
p
x∈X

K
(x
,x

)
<
∞

.
A

s
con

vergen
ce

m
ay

b
e

as
slow

as
on

e
w

an
ts

w
ith

ou
t

im
p

osin
g

an
y

restriction
on

th
e

d
istrib

u
tion

ρ
(G

y
örfy

et
al.,

2002),
w

e
in

tro
d
u
ce

th
e

follow
in

g
regu

larity
assu

m
p
tion

on
f
ρ .

L
et
L
K

b
e

th
e

in
tegral

op
erator

on
H
K

(or
L
2ρ
X

w
ith

n
orm

‖·‖
ρ ‖)

d
efi

n
ed

b
y

L
K
f

=

∫X
K
x f

(x
)d
ρ
X
,

w
h
ere

K
x

is
th

e
fu

n
ction

K
(·,x

)
in
H
K

.
T

h
e

regu
larity

con
d
itio

n
in

th
is

p
ap

er
is

f
ρ

=
L
rK
h
ρ ,

for
som

e
r
>

0
an

d
h
ρ ∈

L
2ρ
X
,

(5)

w
h
ere

L
rK

d
en

otes
th

e
r-th

p
ow

er
of
L
K

:
L
2ρ
X
→

L
2ρ
X

,
a

com
p
act

an
d

p
ositive

op
erator.

T
h
is

regu
larity

con
d
ition

is
stan

d
ard

in
learn

in
g

th
eory

an
d

h
as

b
een

u
sed

in
a

large
litera-

tu
re

(B
au

er
et

al.,
2007;

C
ap

on
n
etto

an
d

D
e

V
ito,

2
007;

S
m

ale
an

d
Z

h
ou

,
2007;

C
ap

on
n
etto

an
d

Y
ao,

2010;
S
h
i

et
al.,

2011;
G

u
o

et
al.,

2016;
H

u
et

al.,
2015;

L
in

an
d

Z
h
ou

,
2016).

T
o

d
erive

fast
learn

in
g

rates,
w

e
sh

ou
ld

also
p
resen

t
som

e
restriction

s
on

th
e

cap
acity

of
H
K

.
In

th
is

p
ap

er,
w

e
u
se

th
e

eff
ective

d
im

en
sion

N
(λ

)
to

m
easu

re
th

e
com

p
lex

ity
ofH

K

w
ith

resp
ect

to
ρ
X
,

w
h
ich

is
d
efi

n
ed

to
b

e
th

e
trace

of
th

e
op

erator
(L

K
+
λ
I
) −

1L
K
,

th
at

is

N
(λ

)
=

T
r((λ

I
+
L
K

) −
1L

K
),

λ
>

0
.

W
e

are
in

a
p

osition
to

p
resen

t
ou

r
m

ain
resu

lts,
to

b
e

p
roved

in
S
ection

5.
W

e
fi
rst

con
sid

er
th

e
trad

ition
al

case
of
f
ρ ∈
H
K

b
y

im
p

osin
g

co
n
d
ition

(5)
w

ith
r≥

1
/2.

T
h
e
o
re

m
1

A
ssu

m
e
|y|≤

M
a
lm

o
st

su
rely

a
n

d
th

a
t

(5
)

h
o
ld

s
w

ith
1/

2
≤
r≤

1
.

W
e

h
a
ve

m
ax {

E
[‖
f
D
∗
,λ −

f
ρ ‖

2ρ ]
,λ
E
[‖
f
D
∗
,λ −

f
ρ ‖

2K ]}

≤
C


λ
2
r

+
m
∑j=

1 |D
∗j |

|D
∗| (
A

2D
∗j
,λ

λ
+

1 )
2(

λ
2
r−

1A
2D
∗j
,λ

+
|D
∗j |

|D
∗| A

2D
j ,λ ) 

,
(6)

w
h
ere

C
is

a
co

n
sta

n
t

in
d
epen

d
en

t
o
f
m

,|D
j |,|D

∗j |,
o
r
λ

a
n

d

A
D
,λ

=
1

|D
| √
λ

+

√
N

(λ
)

√
|D
|
.

(7)

T
o

ob
tain

ex
p
licit

learn
in

g
rates,

w
e

q
u
an

tify
th

e
in

crem
en

t
ofN

(λ
)

w
ith

a
p
aram

eter
0
<
s≤

1
an

d
a

con
stan

t
C
0
>

0
as

N
(λ

)≤
C
0 λ
−
s,

∀
λ
>

0.
(8)

C
on

d
ition

(8)
w

ith
s

=
1

is
alw

ay
s

satisfi
ed

b
y

tak
in

g
C
0

=
T

r(L
K

)≤
κ
2.

W
h
en

0
<
s
<

1,
con

d
ition

(8)
is

m
ore

gen
eral

th
an

th
e

eigen
valu

e
d
ecay

in
g

assu
m

p
tion

in
th

e
literatu

re
(C

ap
on

n
etto

an
d

D
e

V
ito,

2007;
S
tein

w
art

et
al.,

2009).
B

ased
on

T
h
eorem

1
an

d
con

d
ition

(8),
w

e
d
erive

th
e

follow
in

g
op

tim
al

learn
in

g
ra

te
of

algorith
m

(4
).
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D
is
t
r
ib
u
t
e
d

S
e
m
i-
su

p
e
r
v
is
e
d

L
e
a
r
n
in
g

C
o
ro

ll
a
ry

2
A

ss
u

m
e
|y
|≤

M
a
lm

o
st

su
re

ly
,

(8
)

w
it

h
0
<
s
≤

1
a
n

d
(5

)
w

it
h

1/
2
≤
r
≤

1
.

If
λ

=
|D
|−

1
2
r
+
s
,
|D

1
|=
|D

2
|=
··
·=
|D

m
|,
|D
∗ 1|

=
|D
∗ 2|

=
··
·=
|D
∗ m
|,

a
n

d

m
≤

m
in
{ |
D
|2
r
+
2
s
−
1

2
r
+
s
,|D

∗ ||
D
|−

s
−
1

2
r
+
s

}
,

(9
)

th
en

E
[‖
f
D
∗ ,
λ
−
f ρ
‖2 ρ

]
=
O
( |
D
|−

2
r

2
r
+
s

) .

W
h
en
|D
∗ |

=
|D
|,

th
e

tr
ai

n
in

g
se

t
D
∗

d
efi

n
ed

b
y

(3
)

fo
r

D
S
K

R
R

is
th

e
sa

m
e

a
s
D

fo
r

D
K

R
R

.
In

su
ch

a
si

tu
at

io
n

(w
it

h
ou

t
u
si

n
g

an
y

u
n
la

b
el

ed
d
at

a)
,

th
e

ou
tp

u
t

fu
n
ct

io
n
f
D
∗ ,
λ

p
ro

d
u
ce

d
b
y

D
S
K

R
R

al
go

ri
th

m
(4

)
co

in
ci

d
es

w
it

h
f
D
,λ

ge
n
er

a
te

d
b
y

D
K

R
R

al
go

ri
th

m
(1

),
an

d
th

e
op

ti
m

al
le

ar
n
in

g
ra

te
s

st
at

ed
in

C
or

ol
la

ry
2

ar
e

th
e

sa
m

e
as

th
os

e
in

(L
in

et

al
.,

20
16

;
G

u
o

et
al

.,
20

16
)

ac
h
ie

v
ed

u
n
d
er

th
e

re
st

ri
ct

io
n
m
≤
|D
|2
r
−
1

2
r
+
s

gi
ve

n
b
y

(9
).

In
p
ar

ti
cu

la
r,

fo
r

th
e

sp
ec

ia
l

ca
se

of
r

=
1/

2
(t

h
at

is
,
f ρ
∈
H
K

),
th

e
n
u
m

b
er

of
lo

ca
l

p
ro

ce
ss

or
s

m
=
O

(1
)

d
o
es

n
ot

in
cr

ea
se

as
th

e
sa

m
p
le

si
ze
|D
|b

ec
om

es
la

rg
e,

w
h
ic

h
is

v
er

y
re

st
ri

ct
iv

e
an

d
li
m

it
s

th
e

u
se

of
d
is

tr
ib

u
te

d
le

ar
n
in

g.
C

or
ol

la
ry

2
te

ll
s

u
s

th
at

ad
d
it

io
n
al

u
n
la

b
el

ed
d
at

a
ca

n
b

e
u
se

d
to

re
la

x
th

e
ab

ov
e

re
st

ri
ct

io
n

on
m

.
F

or
th

e
sp

ec
ia

l
ca

se
w

it
h
r

=
1/

2
an

d
s
≥

1/
2,

w
h
en
|D
∗ |

=
|D
|1+

1
1
+
s

w
it

h

ad
d
it

io
n
al

u
n
la

b
el

d
at

a
of

si
ze
|D
|1+

1
1
+
s
−
|D
|,

C
or

ol
la

ry
2

as
se

rt
s

th
at

th
e

ou
tp

u
t

fu
n
ct

io
n

f
D
∗ ,
λ

p
ro

d
u
ce

d
b
y

D
S
K

R
R

al
go

ri
th

m
(4

)
ac

h
ie

ve
s

th
e

op
ti

m
al

le
ar

n
in

g
ra

te
s

u
n
d
er

th
e

re
st

ri
ct

io
n
m
≤
|D
|

1
1
+
s
.

T
h
is

al
lo

w
s

th
e

n
u
m

b
er

of
lo

ca
l

p
ro

ce
ss

or
s

to
in

cr
ea

se
as

th
e

sa
m

p
le

si
ze
|D
|d

o
es

.
T

h
u
s

ou
r

an
al

y
si

s
d
em

on
st

ra
te

s
th

e
u
sa

ge
of

ad
d
it

io
n
al

u
n
la

b
el

ed
d
at

a
in

d
is

tr
ib

u
te

d
le

ar
n
in

g,
w

h
ic

h
is

th
e

fi
rs

t
p
u
rp

os
e

of
th

is
p
ap

er
.

T
h
e

se
co

n
d

p
u
rp

os
e

of
th

is
p
ap

er
is

to
ex

te
n
d

th
e

ra
n
ge

of
r

in
(5

)
fr

om
r
≥

1
/2

fo
r

th
e

st
an

d
ar

d
se

tt
in

g
w

it
h
f ρ
∈
H
K

to
0
<
r
<

1
/2

fo
r

co
n
si

d
er

in
g

th
e

si
tu

at
io

n
f ρ

/∈
H
K

.

T
h
e
o
re

m
3

A
ss

u
m

e
|y
|≤

M
a
lm

o
st

su
re

ly
a
n

d
th

a
t

(5
)

h
o
ld

s
w

it
h

0
<
r
<

1
/
2.

L
et

0
<
λ
≤

1.
W

e
h
a
ve

E
[ ‖
f
D
∗ ,
λ
−
f ρ
‖2 ρ
] ≤

C

  λ
2
r

+
m ∑ j=
1

|D
∗ j|

|D
∗ |

(
A

2 D
∗ j,
λ

λ
+

1

)
2
( λ

2
r
−
1
A

2 D
∗ j,
λ

+
|D
∗ j|

|D
∗ |
A

2 D
j
,λ

) 
,

(1
0)

w
h
er

e
C

is
a

co
n

st
a
n

t
in

d
ep

en
d
en

t
o
f
m

,
|D

j
|,
|D
∗ j|

o
r
λ

.

T
h
eo

re
m

3
y
ie

ld
s

th
e

fo
ll
ow

in
g

op
ti

m
al

le
ar

n
in

g
ra

te
fo

r
al

go
ri

th
m

(4
)

w
h
en

f ρ
/∈
H
K

,
w

h
ic

h
h
as

n
ot

b
ee

n
gi

v
en

in
th

e
li
te

ra
tu

re
of

d
is

tr
ib

u
te

d
le

ar
n
in

g
(Z

h
an

g
et

al
.,

20
15

;
L

in
et

al
.,

20
16

;
G

u
o

et
al

.,
20

16
).

C
o
ro

ll
a
ry

4
A

ss
u

m
e
|y
|≤

M
a
lm

o
st

su
re

ly
,

(8
)

w
it

h
0
<
s
≤

1
a
n

d
(5

)
w

it
h

0
<
r
<

1
/2

.

If
r

+
s
≥

1
/2

,
|D

1
|=
|D

2
|=
··
·=
|D

m
|,
|D
∗ 1|

=
|D
∗ 2|

=
··
·=
|D
∗ m
|,
λ

=
|D
|−

1
2
r
+
s
,

|D
∗ |
≥
|D
|s

+
1

2
r
+
s

a
n

d
m

sa
ti

sfi
es

(9
),

th
en

E
[‖
f
D
∗ ,
λ
−
f ρ
‖2 ρ

]
=
O
( |
D
|−

2
r

2
r
+
s

) .
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3
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R
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d

D
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cu
ss
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n
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b
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d
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u
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p
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at
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u
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s
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et
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).

D
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u
te
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le

a
rn

in
g

w
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h
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d
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si
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(Z

h
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g
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.,
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ad
ie

n
t

d
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n
t

al
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ri
th
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s

(S
h
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ir
a
n
d

S
re

b
ro

,
20

14
),

on
li
n
e

le
ar

n
in

g
(Z

in
ke

v
ic

h
et

al
.,

20
10

)
an

d
sp

ec
tr

al
al

go
ri

th
m

s
(G

u
o

et
a
l.
,

2
0
1
6
)

w
er

e
p
ro

p
os

ed
an

d
th

ei
r

le
ar

n
in

g
p

er
fo

rm
an

ce
s

h
av

e
b

ee
n

ob
se

rv
ed

in
m

an
y

p
ra

ct
ic

a
l

a
p
p
li
-

ca
ti

on
s

to
b

e
as

go
o
d

as
th

at
of

a
b
ig

p
ro

ce
ss

or
w

h
ic

h
co

u
ld

h
an

d
le

th
e

w
h
ol

e
d
a
ta

,
p
ro

v
id

ed
th

e
n
u
m

b
er

of
se

rv
er

s
m

is
n
ot

ve
ry

la
rg

e.
S
om

e
th

eo
re

ti
ca

l
b

ou
n
d
s

fo
r
m

w
er

e
p
re

se
n
te

d
in

(Z
h
an

g
et

al
.,

20
15

;
L

in
et

al
.,

20
16

;
G

u
o

et
al

.,
20

16
;

B
la

n
ch

ar
d

an
d

M
ü
ck

e,
2
0
1
6
),

as
se

rt
in

g
th

at
th

e
ra

n
ge

of
m

d
ep

en
d
s

on
th

e
re

gu
la

ri
ty

of
f ρ

,
w

h
ic

h
is

d
iffi

cu
lt

to
ve

ri
fy

in
p
ra

ct
ic

e.
T

h
is

ke
y

p
ro

b
le

m
m

ak
es

u
se

rs
se

le
ct

on
ly

a
sm

al
l
m

or
ta

ke
m

as
a

p
a
ra

m
et

er
in

th
e

le
ar

n
in

g
p
ro

ce
ss

.

C
om

p
ar

ed
w

it
h

th
es

e
re

su
lt

s,
th

er
e

ar
e

tw
o

n
ov

el
ti

es
of

ou
r

re
su

lt
s

in
th

is
p
a
p

er
,

th
o
u
g
h

ad
d
in

g
u
n
la

b
el

ed
d
at

a
in

th
e

le
ar

n
in

g
p
ro

ce
ss

ca
u
se

s
ad

d
it

io
n
al

co
m

p
u
ta

ti
o
n
s.

O
n

o
n
e

h
an

d
,

if
on

e
ta

k
es
m

as
a

p
ar

am
et

er
in

th
e

le
a
rn

in
g

p
ro

ce
ss

,
th

e
d
at

a
sh

ou
ld

b
e

re
-d

iv
id

ed
ag

ai
n

an
d

ag
ai

n
an

d
th

u
s

it
re

q
u
ir

es
a

la
rg

e
am

ou
n
t

of
co

m
m

u
n
ic

at
io

n
s.

O
u
r

re
su

lt
av

o
id

s
th

es
e

re
-d

iv
is

io
n

an
d

co
m

m
u
n
ic

at
io

n
s

in
th

e
se

n
se

th
at

fo
r

a
la

rg
e

ra
n
ge

o
f
m

,
if

en
o
u
g
h

u
n
la

b
el

ed
d
at

a
ar

e
gi

v
en

,
op

ti
m

al
le

ar
n
in

g
ra

te
s

ca
n

b
e

ac
h
ie

v
ed

.
O

n
th

e
o
th

er
h
a
n
d
,

fo
r

so
m

e
ap

p
li
ca

ti
on

s,
d
at

a
of

sm
al

l
si

ze
(e

.g
.

d
at

a
in

h
os

p
it

al
s)

ar
e

st
or

ed
d
is

tr
ib

u
ti

ve
ly

a
cr

os
s

a
gr

ea
t

n
u
m

b
er

of
p
ro

ce
ss

or
s

an
d

ca
n
n
ot

b
e

sh
ar

ed
ea

ch
ot

h
er

fo
r

p
re

se
rv

in
g

p
ri

va
cy

.
T

h
e

ex
is

ti
n
g

re
su

lt
s

(Z
h
an

g
et

al
.,

20
15

;
L

in
et

al
.,

20
16

;
G

u
o

et
al

.,
20

16
;

B
la

n
ch

a
rd

a
n
d

M
ü
ck

e,
20

16
)

ca
n
n
ot

ta
ck

le
th

es
e

p
ro

b
le

m
s

in
th

e
se

n
se

th
at
m

is
ou

t
o
f

th
e

ra
n
ge

fo
r

th
e

q
u
a
n
ti

ty
to

gu
ar

an
te

e
th

e
op

ti
m

al
le

ar
n
in

g
ra

te
.

T
h
e

re
su

lt
in

th
is

p
ap

er
p
re

se
n
ts

a
p

o
ss

ib
il
it

y
to

co
n
q
u
er

th
is

p
ro

b
le

m
,

p
ro

v
id

ed
th

er
e

ar
e

ad
d
it

io
n
al

u
n
la

b
el

ed
d
at

a.

W
e

th
en

co
m

p
ar

e
ou

r
re

su
lt

s
w

it
h

th
os

e
in

tw
o

cl
os

el
y

re
la

te
d

p
ap

er
s

(Z
h
a
n
g

et
a
l.
,
2
0
1
5;

L
in

et
al

.,
20

16
).

T
h
e

se
m

in
al

w
or

k
(Z

h
an

g
et

al
.,

20
15

)
co

n
si

d
er

ed
th

e
le

ar
n
in

g
p

er
fo

rm
a
n
ce

of
al

go
ri

th
m

(1
)

w
h
en

r
=

1 2
,

i.
e.

,
(f
ρ
∈
H
K

).
U

si
n
g

a
m

at
ri

x
d
ec

om
p

os
it

io
n

a
p
p
ro

a
ch

,

(Z
h
an

g
et

al
.,

20
15

)
d
er

iv
ed

an
op

ti
m

al
le

a
rn

in
g

ra
te

of
or

d
er
O

(|D
|−

1
/
(s
+
1
) )

u
n
d
er

th
e

as
su

m
p
ti

on
th

at
fo

r
so

m
e

co
n
st

an
ts
k
>

2
an

d
A
<
∞

,
th

e
n
or

m
a
li
ze

d
ei

ge
n
fu

n
ct

io
n
s
{φ

`}
`

of
L
K

in
L
2 ρ
X

sa
ti

sf
y

‖ϕ
`‖

2
k
L
2
k
ρ
X

=
E
[ |φ

`(
x

)|2
k
] ≤

A
2
k
,

∀`
∈
N
.

(1
1
)

C
on

d
it

io
n

(1
1)

w
as

re
m

ov
ed

in
(L

in
et

al
.,

20
16

),
b
y

u
si

n
g

a
n
ov

el
in

te
gr

a
l

o
p

er
a
to

r
a
p
-

p
ro

ac
h

b
as

ed
on

a
se

co
n
d

or
d
er

d
ec

om
p

os
it

io
n

of
d
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er
en

ce
of

op
er

at
or

in
ve

rs
es

.
H

ow
ev

er
,

th
e

an
al

y
si

s
in

(L
in

et
al

.,
20

16
)

w
or

k
s

on
ly

fo
r
r
>

1
/2

.
In

ou
r

C
or

ol
la

ry
2
,

w
e

sh
ow

th
at

th
e

op
ti

m
al

le
ar

n
in

g
ra

te
fo

r
D

S
K

R
R

ca
n

b
e

ac
h
ie

ve
d

fo
r

al
l

1 2
≤
r
≤

1
w

it
h
o
u
t

a
ss

u
m

in
g

co
n
d
it

io
n

(1
1)

,
p
ro

v
id

ed
ad

d
it

io
n
al

u
n
la

b
el

ed
d
at

a
ar

e
u
se

d
.

A
t

th
e

fi
rs

t
g
la

n
ce

,
o
u
r

a
p
-

p
ro

ac
h

in
al

go
ri

th
m
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)
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cu
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d
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n
al
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m

p
u
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ti
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d
u
e
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th

e
u
n
la

b
el

ed
d
a
ta

.
H

ow
ev

er
,

it
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im
p

or
ta

n
t

fo
r

p
ri

va
cy

-p
re

se
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in
g

le
ar

n
in

g
w

h
en

th
e

d
at

a
ar

e
st

o
re

d
in
m

(fi
x
ed

)
se

rv
er

s

w
it

h
m

>
N

2
r
−
1

2
r
+
s

an
d
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n
n
ot

b
e

sh
ar

ed
.

O
u
r

re
su

lt
in

C
o
ro

ll
ar

y
4
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n
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n
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o
p
ti

m
al

le
ar

n
in

g
ra

te
s
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r

D
K

R
R

w
h
en

f ρ
/∈
H
K

h
av

e
n
o
t

b
ee

n
p
ro

v
id

ed
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th
e

ex
is

ti
n
g

li
te

ra
te

o
f

d
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tr
ib

u
te

d
le

ar
n
in

g
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h
an

g
et
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.,
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;
L
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et
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.,

20
16

;
G

u
o

et
al

.,
20

16
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D
ist

r
ib
u
t
e
d

S
e
m
i-su

p
e
r
v
ise

d
L
e
a
r
n
in
g

U
n
la

b
eled

d
ata

ex
ist

w
id

ely
d
u
e

to
th

e
ex

p
en

sive
cost

of
la

b
el

evalu
ation

.
O

rigin
ally,

u
n
lab

eled
d
a
ta

are
con

sid
ered

to
b

e
n
on

-in
form

ative
an

d
often

given
u
p
.

H
ow

ever,
w

ith
d
eep

er
u
n
d
ersta

n
d
in

g
of

sem
i-su

p
erv

ised
learn

in
g,

research
ers

recogn
ize

th
a
t

u
n
lab

eled
d
ata

ca
n

b
e

u
sefu

l
in

som
e

sp
ecial

ap
p
lication

s
(Z

h
u

an
d

G
old

b
erg,

2009)
su

ch
as

m
a
n
ifold

lea
rn

in
g

(B
elk

in
et

al.,
2006).

In
learn

in
g

th
eory,

it
w

as
fou

n
d

in
(C

ap
on

n
etto

an
d

Y
ao,

2
0
1
0
)

th
a
t

u
sin

g
u
n
lab

eled
d
ata

can
overcom

e
th

e
lim

itatio
n

th
at

th
e

o
p
tim

al
learn

in
g

ra
te

fo
r

K
R

R
is

on
ly

ach
ievab

le
for

f
ρ
∈
H
K

.
It

w
as

sh
ow

n
th

ere
th

at
op

tim
al

learn
in

g
ra

tes
fo

r
sp

ectral
algorith

m
s

m
igh

t
b

e
ach

iev
ed

ev
en

w
h
en

f
ρ
6∈
H
K

,
p
rov

id
ed

en
o
u
gh

u
n
la

b
eled

d
a
ta

w
ere

ad
d
ed

in
th

e
train

in
g

p
ro

cess.
S
im

ilar
resu

lts
h
ave

b
een

d
ed

u
ced

for
kern

el-b
a
sed

con
ju

gate
grad

ien
t

d
escen

t
in

(B
lan

ch
ard

an
d

K
räm

er,
2010;

B
lan

ch
ard

an
d

M
ü
cke,

20
1
6
).

R
esu

lts
in

th
e

p
resen

t
p
ap

er
sh

ow
th

at
u
n
lab

eled
d
ata

a
lso

b
en

efi
t

d
istrib

u
ted

lea
rn

in
g

alg
o
rith

m
s

b
y

allow
in

g
m

ore
lo

cal
p
ro

cessors
w

h
ile

ach
iev

in
g

o
p
tim

al
learn

in
g

rates.
F

u
rth

erm
o
re,

u
sin

g
som

e
id

eas
from

(C
ap

on
n
etto

an
d

Y
ao,

2010),
w

e
su

cceed
in

con
q
u
erin

g
th

e
b

o
ttlen

eck
th

at
op

tim
al

learn
in

g
rates

for
d
istrib

u
ted

learn
in

g
algorith

m
s

are
ach

ievab
le

o
n
ly

w
h
en
f
ρ ∈
H
K

.
T

h
e

n
u
m

erical
ex

p
erim

en
ts

to
b

e
rep

orted
in

th
e

last
section

m
otivated

th
e

la
st

tw
o

a
u
th

ors
(L

in
an

d
Z

h
ou

,
2016)

to
stu

d
y

th
e

u
se

of
u
n
lab

eled
d
ata

in
d
istrib

u
ted

kern
el-b

a
sed

g
rad

ien
t

d
escen

t
algorith

m
s.

O
u
r

resu
lts

in
th

e
p
resen

t
p
ap

er
also

m
o
tivated

a
recen

t
w

o
rk

(G
u
o

et
al.,

2017)
on

error
an

aly
sis

for
d
istrib

u
ted

m
an

ifo
ld

regu
larization

alg
o
rith

m
s.

4
.

E
rro

r
D

e
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m
p

o
sitio

n

T
h
e

m
a
in

to
o
l

in
ou

r
an

aly
sis

is
a

n
ovel

error
d
ecom

p
osition

for
D

S
K

R
R

.
F

o
r

th
is

p
u
rp

ose,
w

e
in

tro
d
u
ce

d
a
ta-free

lim
it

an
d

sem
i-su

p
erv

ised
learn

in
g

version
of
f
D
j ,λ

a
s

f
λ

=
arg

m
in

f∈H
K

{∫X
(f

(x
)−

f
ρ (x

))
2d
ρ
X

+
λ‖
f‖

2K }

a
n
d

f
�D
j ,λ

=
E
∗[f

D
j ,λ ]

:=
E

[f
D
j ,λ |D

j (x
)].

T
h
e

fo
llow

in
g

p
rop

osition
gives

th
e

error
d
ecom

p
osition

,
w

h
ose

p
ro

of
is

given
at

th
e

en
d

of
th

is
sectio

n
.

P
ro

p
o
sitio

n
5

L
et
f
D
,λ

be
d
efi

n
ed

by
(1

).
W

e
h
a
ve

12
E

[‖f
D
,λ −

f
ρ ‖

2ρ ]≤
‖f
λ −

f
ρ ‖

2ρ
+

m
∑j=

1 |D
j | 2
|D
| 2
E
[‖f

D
j ,λ −

f
λ ‖

2ρ ]
+

m
∑j=

1 |D
j |
|D
|
E

[∥∥∥
f
�D
j ,λ −

f
λ ∥∥∥

2ρ ]
,

(1
2)

a
n

d
if
f
ρ ∈
H
K
,

12
E

[‖f
D
,λ −

f
ρ ‖

2K
]≤
‖f
λ −

f
ρ ‖

2K
+

m
∑j=

1 |D
j | 2
|D
| 2
E
[‖f

D
j ,λ −

f
λ ‖

2K ]+
m
∑j=

1 |D
j |
|D
|
E

[∥∥∥
f
�D
j ,λ −

f
λ ∥∥∥

2K ]
.

(13)

T
h
e

th
ree

term
s

on
th

e
righ

t-h
an

d
sid

e
o
f

(12)
(or

(13))
are

th
e

ap
p
rox

im
ation

error,
sa

m
p
le

erro
r

a
n
d

d
istrib

u
ted

error.
T

h
e

ap
p
rox

im
ation

erro
r,

in
d
ep

en
d
en

t
of

th
e

sam
p
le,
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C
h
a
n
g
,
L
in

a
n
d

Z
h
o
u

d
escrib

es
th

e
ap

p
rox

im
ation

cap
ab

ility
of
f
λ .

T
h
e

sam
p
le

error
con

n
ects

th
e

sy
n
th

esized
estim

ator
(1)

w
ith

th
e

estim
ator

(2).
C

om
p
ared

w
ith

th
e

sam
p
le

error
of

th
e

estim
ator

(2),

E
[‖
f
D
j ,λ −

f
λ ‖

2ρ ],
th

ere
is

an
ad

d
ition

al
|D
j |
|D
|

in
ou

r
erro

r
d
ecom

p
osition

,
w

h
ich

refl
ects

th
e

p
ow

er
of

th
e

w
eigh

ted
averagin

g
in

(1)
an

d
sh

ow
s

th
e

reason
w

h
y

th
e

d
istrib

u
ted

algorith
m

(1)
p

ossesses
sim

ilar
learn

in
g

p
erform

an
ces

a
s

K
R

R
p
ro

cessin
g

th
e

w
h
ole

d
ata

D
.

S
in

ce
E
∗[y

i ]
=
f
ρ (x

i ),
it

is
easy

to
ch

eck
th

at
f
�D
j ,λ

is
th

e
estim

ator
d
erived

from
K

R
R

w
ith

th
e

n
oise-free

d
ata
{
(x
i ,f

ρ (x
i ))}

(x
i ,y
i )∈

D
j .

T
h
is

im
p
lies

f
�D
j ,λ

=
arg

m
in

f∈H
K


1

|D
j |

∑

(x
,y
)∈
D
j (f

(x
)−

f
ρ (x

))
2

+
λ‖f‖

2K 
.

(14)

T
h
e

d
istrib

u
ted

error
p
resen

ted
in

P
rop

osition
5

m
easu

res
th

e
lim

itation
of

th
e

d
istrib

u
ted

learn
in

g
algorith

m
(1).

C
om

p
ared

w
ith

th
e

sam
p
le

error
E
[‖
f
D
j ,λ −

f
λ ‖

2ρ ]
of

estim
ator

(2),
th

e
d
istrib

u
ted

error
E

[∥∥∥
f
�D
j ,λ −

f
λ ∥∥∥

2ρ ]
fo

cu
ses

on
th

e
n
oise-free

d
ata

an
d

th
erefore

is
sm

aller
th

an
E
[‖f

D
j ,λ −

f
λ ‖

2ρ ].
T

h
is

m
akes

algorith
m

(1)
p

ossess
sim

ilar
learn

in
g

rates
as

th
at

of
K

R
R

w
ith

th
e

w
h
ole

d
ata

D
.

H
ow

ever,
sin

ce
th

ere
are

on
ly
|D

j |
sam

p
les,

it

is
im

p
ossib

le
to

get
u
p
p

er
b

ou
n
d
s

asy
m

p
tom

atically
as|D

| −
2
r
/
(2
r
+
s)

for
E

[∥∥∥
f
�D
j ,λ −

f
λ ∥∥∥

2ρ ]

w
h
en
m

is
large.

T
h
u
s,

a
restriction

on
m

to
gu

aran
tee

th
e

op
tim

al
learn

in
g

rate
is

n
ecessary.

T
o

d
ed

u
ce

a
w

id
e

ran
ge

of
m

,
w

e
n
eed

a
tigh

t
b

ou
n
d

for
th

e
d
istrib

u
ted

error.
N

otin
g

th
at
f
�D
j ,λ

is
in

d
ep

en
d
en

t
of

th
e

sam
p
le

ou
tp

u
ts,

it
m

otivates
u
s

to
em

p
loy

th
e

u
n
lab

eled

p
art

D̃
j (x

),j
=

1,...,m
of

th
e

d
ata

set
D
∗j

in
d
esign

in
g

th
e

algorith
m

(4).
In

th
e

follow
in

g,
w

e
com

b
in

e
th

e
trad

ition
al

in
tegral

op
erato

r
ap

p
roach

(S
m

ale
an

d
Z

h
ou

,
2004,

2005,
2007)

w
ith

a
recen

tly
d
ev

elop
ed

secon
d

ord
er

d
eco

m
p

osition
of

op
erator

in
verses

(L
in

et
al.,

2016;
G

u
o

et
al.,

2016)
to

d
erive

a
tigh

t
estim

ate
for

th
e

d
istrib

u
ted

error
of

algorith
m

(4
).

D
en

ote
th

e
sam

p
lin

g
op

erator
S
D

:H
K
→

R
|D
|

(or
L
2ρ
X
→

R
|D
|)

b
y

S
D
f

:=
{
f

(x
i )}

(x
i ,y
i )∈

D
.

Its
ad

join
t
S
TD

:R
|D
|→
H
K

(or
R
|D
|→

L
2ρ
X

)
is

given
b
y

S
TD
c

:=
1|D
|
∑

(x
i ,y
i )∈

D

c
i K

x
i ,

c
∈
R
|D
|.

L
et
L
K
,D

b
e

th
e

d
ata-d

ep
en

d
en

t
ap

p
rox

im
ation

of
L
K

d
efi

n
ed

b
y

L
K
,D
f

=
S
TD
S
D
f

=
1|D
|
∑(x
,y
)∈
D

f
(x

)K
x .

T
h
en

it
is

easy
to

ch
eck

(S
m

ale
an

d
Z

h
ou

,
2007;

C
ap

on
n
etto

an
d

D
e

V
ito,

2007)
th

at

f
D
,λ

=
(L

K
,D

+
λ
I
) −

1
S
TD
y
D
,

f
λ

=
(L

K
+
λ
I
) −

1
L
K
f
ρ

(15)

an
d

f
�D
,λ

=
(L

K
,D

+
λ
I
) −

1
L
K
,D
f
ρ ,

(16)

w
h
ere

I
is

th
e

id
en

tity
op

erator
an

d
y
D

:=
(y

1 ,...,y|D
| )
T

.
T

h
e

follow
in

g
p
rop

osition
p
resen

ts
error

estim
ates

for
th

e
sam

p
le

an
d

d
istrib

u
ted

errors.
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D
is
t
r
ib
u
t
e
d

S
e
m
i-
su

p
e
r
v
is
e
d

L
e
a
r
n
in
g

P
ro

p
o
si
ti
o
n

6
L

et
f D

j
,λ

,
f λ

a
n

d
f
� D
j
,λ

be
d
efi

n
ed

by
(1

5
)

a
n

d
(1

6
).

W
e

h
a
ve

m
ax
{‖
f D

j
,λ
−
f λ
‖ ρ
,√
λ
‖f
D
j
,λ
−
f λ
‖ K
}
≤
Q

2 D
j
,λ

(P
D
j
,λ

+
S D

j
,λ
‖f
λ
‖ K

),
(1

7)

a
n

d
m

ax
{‖
f
� D
j
,λ
−
f λ
‖ ρ
,√
λ
‖f
� D
j
,λ
−
f λ
‖ K
}
≤
Q

2 D
j
,λ
R
D
j
,λ
,f
λ
−
f
ρ
,

(1
8)

w
h
er

e
P D

,λ
:=
∥ ∥ ∥(
L
K

+
λ
I
)−

1
/
2
(L

K
f ρ
−
S
T D
y D

)∥ ∥ ∥ K
,

Q
D
,λ

:=
‖(
L
K

+
λ
I
)1
/
2
(L

K
,D

+
λ
I
)−

1
/
2
‖,

S D
,λ

:=
∥ ∥ ∥(
L
K

+
λ
I
)−

1
/
2
(L

K
−
L
K
,D

)∥ ∥ ∥,
a
n

d
w

it
h

a
bo

u
n

d
ed

m
ea

su
ra

bl
e

fu
n

ct
io

n
g

o
n
X

,

R
D
,λ
,g

:=

∥ ∥ ∥ ∥ ∥ ∥(L
K

+
λ
I
)−

1
/
2

 
∫ X

g
(x

)K
x
d
ρ
X
−

1 |D
|
∑

(x
,y
)∈
D

g
(x

)K
x

 
∥ ∥ ∥ ∥ ∥ ∥ K

.

P
ro

o
f

S
in

ce f D
j
,λ
−
f λ

=
(L

K
,D
j

+
λ
I
)−

1
S
T D
j
y D

j
−

(L
K

+
λ
I
)−

1
L
K
f ρ

=
(L

K
,D
j

+
λ
I
)−

1
(S

T D
j
y D

j
−
L
K
f ρ

)
+

[(
L
K
,D
j

+
λ
I
)−

1
−

(L
K

+
λ
I
)−

1
]L
K
f ρ
,

an
d

‖f
‖ ρ

=
‖L

1
/
2

K
f
‖ K

=
‖L

1
/
2

K
(L

K
+
λ
I
)−

1
/
2
(L

K
+
λ
I
)1
/
2
f
‖ K
≤
‖(
L
K

+
λ
I
)1
/
2
f
‖ K

fo
r

an
y
f
∈
L
2 ρ
X

,
it

fo
ll
ow

s
fr

om
A
−
1
−
B
−
1

=
A
−
1
(B
−
A

)B
−
1

fo
r

p
os

it
iv

e
op

er
at

or
s
A
,B

th
at

m
ax
{ ‖
f D

j
,λ
−
f λ
‖ ρ
,√
λ
‖f
D
j
,λ
−
f λ
‖ K
}

≤
‖(
L
K

+
λ
I
)1
/
2
(L

K
,D
j

+
λ
I
)−

1
(S

T D
j
y D

j
−
L
K
f ρ

)‖
K

+
‖(
L
K

+
λ
I
)1
/
2
[L
K
,D
j

+
λ
I
)−

1
−

(L
K

+
λ
I
)−

1
]L
K
f ρ
‖ K

≤
Q
D
j
,λ
‖(
L
K
,D
j

+
λ
I
)−

1
/
2
(S

T D
j
y D

j
−
L
K
f ρ

)‖
K

+
‖(
L
K

+
λ
I
)1
/
2
(L

K
,D
j

+
λ
I
)−

1
(L

K
−
L
K
,D
j
)(
L
K

+
λ
I
)−

1
L
K
f ρ
‖ K

≤
Q

2 D
j
,λ
‖(
L
K

+
λ
I
)−

1
/
2
(S

T D
j
y D

j
−
L
K
f ρ

)‖
K

+
Q

2 D
j
,λ
‖(
L
K

+
λ
I
)−

1
/
2
(L

K
−
L
K
,D
j
)‖
‖(
L
K

+
λ
I
)−

1
L
K
f ρ
‖ K

≤
Q

2 D
j
,λ

(P
D
j
,λ

+
S D

j
,λ
‖f
λ
‖ K

).

T
h
is

co
m

p
le

te
s

th
e

p
ro

of
of

(1
7)

.
N

ow
w

e
tu

rn
to

p
ro

ve
(1

8)
.

D
u
e

to
(1

5)
an

d
(1

6)
,

w
e

h
av

e

f
� D
j
,λ
−
f λ

=
(L

K
,D
j

+
λ
I
)−

1
L
K
,D
j
f ρ
−

(L
K

+
λ
I
)−

1
L
K
f ρ

=
(L

K
,D
j

+
λ
I
)−

1
(L

K
,D
j
−
L
K

)f
ρ

+
[L
K
,D
j

+
λ
I
)−

1
−

(L
K

+
λ
I
)−

1
]L
K
f ρ

=
(L

K
,D
j

+
λ
I
)−

1
(L

K
,D
j
−
L
K

)f
ρ

+
(L

K
,D
j

+
λ
I
)−

1
[L
K
−
L
K
,D
j
](
L
K

+
λ
I
)−

1
L
K
f ρ

=
−

(L
K
,D
j

+
λ
I
)−

1
[L
K
−
L
K
,D
j
](
f ρ
−
f λ

).
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46
):

1-
22

, 2
01

7

C
h
a
n
g
,
L
in

a
n
d

Z
h
o
u

T
h
en

m
ax
{‖
f
� D
j
,λ
−
f λ
‖ ρ
,√
λ
‖f
� D
j
,λ
−
f λ
‖ K
}

≤
‖(
L
K

+
λ
I
)1
/
2
(L

K
,D
j

+
λ
I
)−

1
[L
K
−
L
K
,D
j
](
f λ
−
f ρ

)‖
K

≤
Q
D
j
,λ
‖(
L
K
,D
j

+
λ
I
)−

1
/
2
(L

K
,D
j
−
L
K

)(
f λ
−
f ρ

)‖
K
≤
Q

2 D
j
,λ
R
D
j
,λ
,f
λ
−
f
ρ
.

T
h
is

co
m

p
le

te
s

th
e

p
ro

of
of

P
ro

p
os

it
io

n
6.

If
f ρ
∈
H
K

,
w

e
h
av

e

R
D
j
,λ
,f
λ
−
f
ρ

=
‖(
L
K

+
λ
I
)−

1
/
2
(L

K
,D
j
−
L
K

)(
f λ
−
f ρ

)‖
K
≤
S D

j
,λ
‖f
λ
−
f ρ
‖ K
.

T
h
is

im
p
li
es

th
at

th
e

d
is

tr
ib

u
te

d
er

ro
r

ca
n

b
e

b
ou

n
d
ed

b
y
Q

2 D
j
,λ
S D

j
,λ
‖f
λ
−
f ρ
‖ K

.
C

o
m

p
a
ri

n
g

w
it

h
th

e
sa

m
p
le

er
ro

r
es

ti
m

at
e

(1
7)

fo
r

an
in

d
iv

id
u
al

lo
ca

l
p
ro

ce
ss

or
,

th
er

e
is

a
n

a
d
d
it

io
n
a
l

te
rm
‖f
λ
−
f ρ
‖ K

in
th

e
d
is

tr
ib

u
te

d
er

ro
r

es
ti

m
at

e,
si

n
ce
P D

j
,λ

,
an

d
S D

j
,λ

ar
e

a
sy

m
p
to

ti
ca

ll
y

eq
u
al

d
u
e

to
L

em
m

a
9

in
S
ec

ti
on

5.
T

h
is

to
ge

th
er

w
it

h
L

em
m

a
8

b
el

ow
sh

ow
s

th
a
t

th
e

d
is

tr
ib

u
te

d
er

ro
r

es
ti

m
at

e
is

es
se

n
ti

al
ly

sm
al

le
r

th
an

th
e

sa
m

p
le

er
ro

r
es

ti
m

a
te

fo
r

lo
ca

l
p
ro

ce
ss

or
s

u
n
d
er

(5
)

w
it

h
r
>

1
/2

,
an

d
p
re

se
n
ts

th
e

re
as

on
w

h
y

D
S
K

R
R

p
er

fo
rm

s
si

m
il
a
rl

y
as

K
R

R
on

th
e

w
h
ol

e
d
at

a
se

t
D

,
p
ro

v
id

ed
m

is
n
ot

so
la

rg
e.

R
ec

al
l

th
e

d
efi

n
it

io
n
s

of
Q
D
j
,λ

,
R
D
j
,λ
,f
λ
−
f
ρ

an
d
S D

j
,λ

.
T

h
es

e
th

re
e

q
u
a
n
ti

ti
es

a
re

in
-

d
ep

en
d
en

t
of

th
e

ou
tp

u
ts

.
T

h
u
s,

th
e

d
is

tr
ib

u
te

d
er

ro
r

es
ti

m
at

e
d
ec

re
as

es
w

h
en

a
d
d
it

io
n
a
l

u
n
la

b
el

ed
d
at

a
ar

e
gi

ve
n
.

T
h
is

ex
p
la

in
s

w
h
y

u
n
la

b
el

ed
d
at

a
ca

n
en

la
rg

e
th

e
ra

n
g
e

o
f
m

to
gu

ar
an

te
e

th
e

op
ti

m
al

le
ar

n
in

g
ra

te
s

fo
r

D
S
K

R
R

.
O

n
th

e
ot

h
er

h
an

d
,
it

fo
ll
ow

s
fr

o
m

th
e

d
ef

-
in

it
io

n
of
P D

,λ
th

at
th

e
sa

m
p
le

er
ro

r
es

ti
m

at
e

d
ep

en
d
s

h
ea

v
il
y

on
th

e
la

b
el

s
co

rr
es

p
o
n
d
in

g
to

u
n
la

b
el

ed
d
at

a.
B

u
t

(3
)

im
p
li
es

th
at

fo
r

ea
ch

fi
x
ed

1
≤
j
≤
m

,

S
T D
∗ j
y D
∗ j

=
1 |D
∗ j|

∑

(x
,y
)∈
D
∗ j

y
∗ K

x
=

1 |D
∗ j|
|D
∗ j|

|D
j
|
∑

(x
,y
)∈
D
j

y
K
x

=
S
T D
j
y D

j
.

T
h
en
P D

∗ j,
λ

=
P D

j
,λ

fo
r

ea
ch

1
≤
j
≤
m

,
w

h
ic

h
im

p
li
es

th
at

th
e

sa
m

p
le

er
ro

r
es

ti
m

a
te

d
o
es

n
ot

in
cr

ea
se

w
h
en

th
e

u
n
la

b
el

ed
d
at

a
ar

e
ad

d
ed

an
d

sh
ow

s
th

e
n
ec

es
si

ty
of

re
-w

ei
g
h
ti

n
g

of
y

in
ou

r
d
efi

n
it

io
n

in
(3

).
T

h
u
s,

th
e

u
n
la

b
el

ed
d
at

a
in

al
go

ri
th

m
(4

)
ca

n
re

d
u
ce

th
e

d
is

tr
ib

u
te

d
er

ro
r

es
ti

m
a
te

w
it

h
ou

t
in

cr
ea

si
n
g

th
e

sa
m

p
le

er
ro

r
es

ti
m

at
e.

T
h
e

fo
ll
ow

in
g

p
ro

p
os

it
io

n
w

h
ic

h
ca

n
b

e
d
ed

u
ce

d
d
ir

ec
tl

y
fr

om
P

ro
p

os
it

io
n
s

5
an

d
6,

sh
ow

s
th

e
d
et

ai
le

d
er

ro
r

d
ec

o
m

p
o
si

ti
o
n

fo
r

al
go

ri
th

m
(4

).

P
ro

p
o
si
ti
o
n

7
L

et
f
D
∗ ,
λ

be
d
efi

n
ed

by
a
lg

o
ri

th
m

(4
).

If
co

n
d
it

io
n

(5
)

h
o
ld

s
w

it
h

0
<
r
≤

1
,

th
en

fo
r

1
/
2
≤
r
≤

1,

1 2
m

ax
{ E

[‖
f
D
∗ ,
λ
−
f ρ
‖2 ρ

],
λ
E

[‖
f
D
∗ ,
λ
−
f ρ
‖2 K

]}

≤
m

ax
{‖
f λ
−
f ρ
‖2 ρ
,λ
‖f
λ
−
f ρ
‖2 K
}+

m ∑ j=
1

|D
∗ j|2

|D
∗ |2
E
[ Q

4 D
∗ j,
λ
(P

D
j
,λ

+
S D
∗ j,
λ
‖f
λ
‖ K

)2
]

+
m ∑ j=
1

|D
∗ j|

|D
∗ |
E
[ Q

4 D
∗ j,
λ
S2 D
∗ j,
λ
‖f
λ
−
f ρ
‖2 K
]

(1
9
)

1
0

JM
L

R
 1

8(
46

):
1-

22
, 2

01
7



D
ist

r
ib
u
t
e
d

S
e
m
i-su

p
e
r
v
ise

d
L
e
a
r
n
in
g

w
h
ile

fo
r

0
<
r
<

1/
2,

E
[‖ f

D
∗
,λ −

f
ρ ‖

2ρ ]
≤
‖
f
λ −

f
ρ ‖

2ρ
+

m
∑j=

1 |D
∗j | 2

|D
∗| 2
E
[Q

4D
∗j
,λ (P

D
j ,λ

+
S
D
∗j
,λ ‖
f
λ ‖
K

)
2 ]

+
m
∑j=

1 |D
∗j |

|D
∗| E

[Q
4D
∗j
,λ R

2D
∗j
,λ
,f
λ −

f
ρ ]
.

(20)

W
e

en
d

th
is

section
b
y

p
rov

in
g

P
rop

osition
5.

P
ro

o
f
o
f
P
ro

p
o
sitio

n
5

F
or

th
e

sake
of

b
rev

ity,
w

e
on

ly
p
rove

(12
),

sin
ce

(13)
can

b
e

d
erived

b
y

u
sin

g
th

e
sam

e
m

eth
o
d
.

D
u
e

to
th

e
trian

gle
in

eq
u
ality

an
d

th
e

elem
en

tary
in

eq
u
a
lity

(a
+
b)

2≤
2
a
2

+
2
b
2

for
a
,b
>

0,
w

e
h
ave

E
[‖
f
D
,λ −

f
ρ ‖

2ρ ]≤
2‖
f
λ −

f
ρ ‖

2ρ
+

2
E

[‖
f
D
,λ −

f
λ ‖

2ρ ].
(21)

It
fo

llow
s

fro
m
∑

mj=
1
|D
j |
|D
|

=
1

th
at

‖f
D
,λ −

f
λ ‖

2ρ
=

∥∥∥∥∥∥

m
∑j=

1 |D
j |
|D
|

(f
D
j ,λ −

f
λ ) ∥∥∥∥∥∥

2ρ

=
m
∑j=

1 |D
j | 2
|D
| 2 ‖

f
D
j ,λ −

f
λ ‖

2ρ
+

m
∑j=

1 |D
j |
|D
| 〈

f
D
j ,λ −

f
λ , ∑k6=

j |D
k |
|D
|

(f
D
k
,λ −

f
λ ) 〉

ρ

.

T
a
k
in

g
ex

p
ecta

tion
s

gives

E
[‖
f
D
,λ −

f
λ ‖

2ρ ]
=

m
∑j=

1 |D
j | 2
|D
| 2
E
[‖
f
D
j ,λ −

f
λ ‖

2ρ ]

+
m
∑j=

1 |D
j |
|D
| 〈

E
[f
D
j ,λ ]−

f
λ ,E

[f
D
,λ ]−

f
λ −
|D

j |
|D
| (E

[f
D
j ,λ ]−

f
λ ) 〉

ρ

.

B
u
t

m
∑j=

1 |D
j |
|D
| 〈E

D
j [f

D
j ,λ ]−

f
λ ,E

[f
D
,λ ]−

f
λ 〉
ρ

=
〈E

[f
D
,λ ]−

f
λ ,E

[f
D
,λ ]−

f
λ 〉
ρ

=
∥∥
E

[ f
D
,λ ]−

f
λ ∥∥

2ρ
.

W
e

see
th

a
t
E
[‖
f
D
,λ −

f
λ ‖

2ρ ]
eq

u
als

m
∑j=

1 |D
j | 2
|D
| 2
E
[‖f

D
j ,λ −

f
λ ‖

2ρ ]−
m
∑j=

1 |D
j | 2
|D
| 2
∥∥
E

[f
D
j ,λ ]−

f
λ ∥∥

2ρ
+
∥∥
E

[f
D
,λ ]−

f
λ ∥∥

2ρ
.

F
u
rth

erm
o
re,

b
y

th
e

S
ch

w
arz

in
eq

u
ality

an
d
∑

mj=
1
|D
j |
|D
|

=
1,

w
e

h
ave

‖E
[f
D
,λ ]−

f
λ ‖

2ρ
=

∥∥∥∥∥∥

m
∑j=

1 |D
j |
|D
| (E

[f
D
j ,λ ]−

f
λ ) ∥∥∥∥∥∥

2ρ ≤
m
∑j=

1 |D
j |
|D
| ∥∥
E

[f
D
j ,λ ]−

f
λ ∥∥

2ρ
.
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C
h
a
n
g
,
L
in

a
n
d

Z
h
o
u

T
h
en

E
[‖
f
D
,λ ]−

f
λ ‖

2ρ ]≤
m
∑j=

1 |D
j | 2
|D
| 2
E
[‖f

D
j ,λ −

f
λ ‖

2ρ ]
+

m
∑j=

1 |D
j |
|D
| ∥∥
E

[f
D
j ,λ ]−

f
λ ∥∥

2ρ
.

In
sertin

g
th

e
ab

ove
in

eq
u
alities

in
to

(21),
w

e
fi
n
d

12
E

[‖
f
D
,λ −

f
ρ ‖

2ρ ]≤
‖f
λ −

f
ρ ‖

2ρ
+

m
∑j=

1 |D
j | 2
|D
| 2
E
[‖
f
D
j ,λ −

f
λ ‖

2ρ ]
+

m
∑j=

1 |D
j |
|D
| ∥∥
E

[f
D
j ,λ ]−

f
λ ∥∥

2ρ
.

A
ccord

in
g

to
J
en

sen
’s

in
eq

u
ality,

w
e

ob
tain

∥∥
E

[f
D
j ,λ ]−

f
λ ∥∥

2ρ ≤
E

[∥∥∥
f
�D
j ,λ −

f
λ ∥∥∥

2ρ ]
,

w
h
ich

im
p
lies

12
E

[‖f
D
,λ −

f
ρ ‖

2ρ ]≤
‖f
λ −

f
ρ ‖

2ρ
+

m
∑j=

1 |D
j | 2
|D
| 2
E
[‖
f
D
j ,λ −

f
λ ‖

2ρ ]
+

m
∑j=

1 |D
j |
|D
|
E

[∥∥∥
f
�D
j ,λ −

f
λ ∥∥∥

2ρ ]
.

T
h
is

com
p
letes

th
e

p
ro

of
of

P
rop

osition
5.

5
.

P
ro

o
fs

A
ccord

in
g

to
P

rop
osition

7,
to

p
rove

T
h
eorem

s
1

an
d

3,
w

e
on

ly
n
eed

to
b

o
u
n
d
‖
f
λ −

f
ρ ‖
ρ ,

‖
f
λ −

f
ρ ‖
K

,Q
D
∗j
,λ ,P

D
j ,λ ,R

D
∗j
,λ
,g

an
d
S
D
∗j
,λ .

T
h
e

follow
in

g
tw

o
lem

m
as

p
resen

t
b

ou
n
d
s

for

th
ese

q
u
an

tities.
T

h
e

fi
rst

on
e

can
b

e
fou

n
d

in
(S

m
ale

an
d

Z
h
ou

,
2007),

w
h
ich

estim
ates

th
e

ap
p
rox

im
ation

error
of

algorith
m

(4).

L
e
m
m
a
8

A
ssu

m
e

(5
)

w
ith

0
<
r≤

1.
T

h
ere

h
o
ld

s

‖
f
λ −

f
ρ ‖
ρ ≤

λ
r‖h

ρ ‖
ρ .

(22)

F
u

rth
erm

o
re,

if
1
/2
≤
r≤

1
,

th
en

w
e

h
a
ve

‖f
λ −

f
ρ ‖
K
≤
λ
r−

1
/
2‖
h
ρ ‖
ρ .

(23)

T
h
e

secon
d

lem
m

a
p
resen

ts
b

ou
n
d
s

forQ
D
∗j
,λ ,P

D
j ,λ ,R

D
∗j
,λ
,g

an
d
S
D
∗j
,λ .

In
p
articu

lar,

(24)
w

as
p
roved

in
(G

u
o

et
al.,

2016),
(25)

an
d

(27)
w

ere
giv

en
in

(L
in

et
a
l.,

2016)
an

d
(26)

can
b

e
fou

n
d

in
(C

ap
on

n
etto

an
d

D
e

V
ito,

2007).
R

ecall
th

e
q
u
an

tity
A
D
,λ

d
efi

n
ed

b
y

(7).

L
e
m
m
a
9

L
et
D

be
a

sa
m

p
le

d
ra

w
n

in
d
epen

d
en

tly
a
cco

rd
in

g
to
ρ

a
n

d
0
<
δ
<

1
.

If|y|≤
M

a
lm

o
st

su
rely,

th
en

ea
ch

o
f

th
e

fo
llo

w
in

g
estim

a
tes

h
o
ld

s
w

ith
co

n
fi

d
en

ce
a
t

lea
st

1−
δ,

Q
2D
,λ
≤

2 (
2(κ

2
+
κ

)A
D
,λ

log
2δ

√
λ

)
2

+
2
,

(24)

S
D
,λ
≤

2(κ
2

+
κ

)A
D
,λ

log
(2/δ),

(25)

P
D
,λ
≤

2M
(κ

+
1)A

D
,λ

log
(2/δ),

(26)

R
D
,λ
,g
≤

2‖g‖∞
(κ

+
1)A

D
,λ

log
(2/δ).

(27)
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D
is
t
r
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u
t
e
d

S
e
m
i-
su

p
e
r
v
is
e
d

L
e
a
r
n
in
g

W
e

ca
n

n
ow

u
se

P
ro

p
os

it
io

n
7

an
d

th
e

ab
ov

e
le

m
m

as
to

p
ro

ve
ou

r
m

a
in

re
su

lt
s.

P
ro

o
f
o
f
T
h
e
o
re

m
1

A
s
r
≥

1/
2,

L
em

m
a

8
im

p
li
es

th
at

m
ax
{ ‖
f λ
−
f ρ
‖ ρ
,√
λ
‖f
λ
−
f ρ
‖ K
}
≤
λ
r
‖h

ρ
‖ ρ
.

(2
8)

F
or

an
ar

b
it

ra
ry

fi
x
ed

j
∈
{1
,.
..
,m
},

it
fo

ll
ow

s
fr

om
L

em
m

a
9

th
at

th
er

e
ex

is
t

th
re

e

su
b
se

ts
Z
|D
∗ j|

1
,δ

,
Z
|D
∗ j|

2
,δ

an
d
Z
|D
∗ j|

3
,δ

of
Z
|D
∗ j|

w
it

h
m

ea
su

re
s

at
le

a
st

1
−
δ/

3
su

ch
th

at
fo

r
D
∗ j
∈

Z
|D
∗ j|

1
,δ
∩
Z
|D
∗ j|

2
,δ
∩
Z
|D
∗ j|

3
,δ

th
er

e
h
ol

d
s

Q
2 D
∗ j,
λ
≤

2

(
2(
κ
2

+
κ

)A
D
∗ j,
λ

lo
g

6 δ
√
λ

)
2

+
2
,

S D
∗ j,
λ
≤

2(
κ
2

+
κ

)A
D
∗ j,
λ

lo
g

6 δ
,

P D
j
,λ
≤

2M
(κ

+
1)
A
D
j
,λ

lo
g

6 δ
.

T
h
is

to
ge

th
er

w
it

h

‖f
λ
‖ K

=
‖(
L
K

+
λ
I
)−

1
L
K
f ρ
‖ K
≤
‖f
ρ
‖ K
≤
‖L

r
−
1
/
2

K
‖‖
L
1
/
2

K
h
ρ
‖ K
≤
κ
2
r
−
1
‖h

ρ
‖ ρ

y
ie

ld
s

th
at

w
it

h
co

n
fi
d
en

ce
at

le
as

t
1
−
δ,

th
er

e
h
ol

d
s

Q
2 D
∗ j,
λ
(P

D
j
,λ

+
S D
∗ j,
λ
‖f
λ
‖ K

)

≤
16

(κ
+

1)
lo

g
3

6 δ

 (
(κ

2
+
κ

)A
D
∗ j,
λ

√
λ

)
2

+
1

 
[ M
A
D
j
,λ

+
κ
2
r
‖h

ρ
‖ ρ
A
D
∗ j,
λ

] .

U
si

n
g

th
e

p
ro

b
ab

il
it

y
to

ex
p

ec
ta

ti
on

fo
rm

u
la

E
[ξ

]
=

∫
∞

0
P

ro
b

[ξ
>
t]
d
t

(2
9)

fo
r

n
on

n
eg

at
iv

e
ra

n
d
om

va
ri

ab
le

s
to
ξ 1

=
Q

4 D
∗ j,
λ
(P

D
j
,λ

+
S D
∗ j,
λ
‖f
λ
‖ K

)2
an

d

P
ro

b
[ξ
1
>
u

]
=

P
ro

b

[ ξ
1 2 1
>
u

1 2

]
≤

6
ex

p
{ −

[1
6B

(D
∗ j,
λ

)]
−

1 3
u

1 6

}

fo
r
u
≥

25
6

lo
g
6

6
B(
D
∗ j,
λ

)2
,

w
e

h
av

e

E
[ Q

4 D
∗ j,
λ
(P

D
j
,λ

+
S D
∗ j,
λ
‖f
λ
‖ K

)2
] ≤

25
6

lo
g
6

6B
(D
∗ j,
λ

)2

+
6

∫
∞

0
ex

p
{ −

[1
6B

(D
∗ j,
λ

)]
−

1 3
u

1 6

}
d
u

=
25

6(
6

+
lo

g
6

6)
B2

(D
∗ j,
λ

)

∫
∞

0
u
6
−
1

ex
p
{−
u
}d
u
,

w
h
er

e B(
D
∗ j,
λ

)
:=

(κ
+

1)

 (
(κ

2
+
κ

)A
D
∗ j,
λ

√
λ

)
2

+
1

 
( M
A
D
j
,λ

+
κ
2
r
‖h

ρ
‖ ρ
A
D
∗ j,
λ

) .
(3

0)
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C
h
a
n
g
,
L
in

a
n
d

Z
h
o
u

D
u
e

to
th

e
ex

p
re

ss
io

n
∫ ∞ 0

u
d
−
1

ex
p
{−
u
}d
u

=
Γ

(d
)

fo
r

G
am

m
a

fu
n
ct

io
n
s

w
it

h
d
>

0
,

w
e

h
av

e

E
[ Q

4 D
∗ j,
λ
(P

D
j
,λ

+
S D
∗ j,
λ
‖f
λ
‖ K

)2
] ≤

25
6(

6
+

lo
g
6

6)
5!
B2

(D
∗ j,
λ

).
(3

1
)

A
cc

or
d
in

g
to

L
em

m
a

9,
th

er
e

ex
is

t
tw

o
su

b
se

ts
Z
|D
∗ j|

1
′ ,
δ

an
d
Z
|D
∗ j|

2
′ ,
δ

of
Z
|D
∗ j|

w
it

h
m

ea
su

re
s

at
le

as
t

1
−
δ/

2
su

ch
th

at
fo

r
D
∗ j
∈
Z
|D
∗ j|

1
′ ,
δ
∩
Z
|D
∗ j|

2
′ ,
δ

th
er

e
h
ol

d
s

Q
2 D
∗ j,
λ
S D
∗ j,
λ
‖f
λ
−
f ρ
‖ K

≤
4(
κ
2

+
κ

)
lo

g
4 δ

 (
2(
κ
2

+
κ

)A
D
∗ j,
λ

lo
g

4 δ
√
λ

)
2

+
1

 
A
D
∗ j,
λ
‖f
λ
−
f ρ
‖ K
.

(3
2
)

S
in

ce
r
≥

1
/2

,
p
lu

gg
in

g
(2

3)
in

to
(3

2)
,

w
it

h
co

n
fi
d
en

ce
at

le
as

t
1
−
δ,

th
er

e
h
o
ld

s

Q
2 D
∗ j,
λ
S D
∗ j,
λ
‖f
λ
−
f ρ
‖ K

≤
4
κ

(κ
+

1)
λ
r
−
1
/
2
‖h

ρ
‖ ρ

lo
g

4 δ

 (
2(
κ
2

+
κ

)A
D
∗ j,
λ

lo
g

4 δ
√
λ

)
2

+
1

 
A
D
∗ j,
λ
.

T
h
e

sa
m

e
m

et
h
o
d

as
th

at
in
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is
th

e
case

for
ex

am
p
le

for
ap

p
lication

s
from

ex
p

er-
im

en
ta

l
scien

ces,
su

ch
as

cosm
ology

(T
rotta,

2006)
or

gen
om

ics
(W

righ
t,

20
14),

w
ere

su
ch

b
ig

d
a
ta

p
ro

b
lem

s
ab

ou
n
d
.

C
on

seq
u
en

tly,
m

u
ch

eff
orts

h
ave

b
een

d
ev

oted
over

recen
t

years
to

d
evelop

sca
lab

le
M

C
M

C
algorith

m
s.

T
h
ese

ap
p
roach

es
ca

n
b

e
b
road

ly
classifi

ed
in

to
tw

o
gro

u
p
s:

d
iv

id
e-an

d
-con

q
u
er

ap
p
roach

es
an

d
su

b
sam

p
lin

g-b
ased

algo
rith

m
s.

D
iv

id
e-

a
n
d
-co

n
q
u
er

ap
p
roach

es
d
iv

id
e

th
e

in
itial

d
ata

set
in

to
b
atch

es,
ru

n
M

C
M

C
on

each
b
atch

sep
a
ra

tely,
a
n
d

th
en

com
b
in

e
th

ese
resu

lts
to

ob
tain

an
ap

p
rox

im
ation

of
th

e
p

osterior:
S
u
b
sam

p
lin

g
a
p
p
roach

es
aim

at
red

u
cin

g
th

e
n
u
m

b
er

of
in

d
iv

id
u
al

d
ata

p
oin

t
likelih

o
o
d

eva
lu

a
tio

n
s

n
ecessary

at
each

iteration
of

th
e

M
H

algorith
m

.

A
fter

b
riefl

y
rev

iew
in

g
th

e
lim

itation
s

of
M

C
M

C
for

tall
d
ata,

in
tro

d
u
cin

g
ou

r
n
o
tation

a
n
d

tw
o

ru
n
n
in

g
ex

am
p
les

in
S
ection

2,
w

e
fi
rst

rev
iew

th
e

d
iv

id
e-a

n
d
-con

q
u
er

literatu
re

in
S
ectio

n
3
.

T
h
e

rest
of

th
e

p
ap

er
is

d
evoted

to
su

b
sam

p
lin

g
ap

p
roach

es.
In

S
ection

4
,

w
e

d
iscu

ss
p
seu

d
o
-m

argin
al

M
H

algorith
m

s.
T

h
ese

ap
p
roach

es
are

ex
act

in
th

e
sen

se
th

at
th

ey
ta

rg
et

th
e

co
rrect

p
osterior

d
istrib

u
tion

.
In

S
ection

5,
w

e
rev

iew
oth

er
ex

act
a
p
p
roach

es,
b

efo
re

rela
x
in

g
ex

actn
ess

in
S
ection

6.
T

h
rou

gh
ou

t,
w

e
fo

cu
s

o
n

th
e

assu
m

p
tion

s
an

d
g
u
a
ra

n
tees

o
f

each
m

eth
o
d
.

W
e

also
illu

strate
key

m
eth

o
d
s

on
tw

o
ru

n
n
in

g
ex

am
p
les.

F
in

a
lly,

in
S
ection

7,
w

e
im

p
rove

over
ou

r
so

-called
con

fi
d
en

ce
sam

p
ler

in
(B

a
rd

en
et

et
al.,

2
0
1
4
),

w
h
ich

sa
m

p
les

from
a

con
trolled

ap
p
rox

im
ation

o
f

th
e

target.
W

e
d
em

on
strate

th
ese

im
p
rovem

en
ts

y
ield

sign
ifi

can
t

red
u
ction

s
in

com
p
u
tation

al
com

p
lex

ity
at

each
itera

tion
in

S
ectio

n
8
.

In
p
articu

lar,
ou

r
im

p
roved

con
fi
d
en

ce
sam

p
ler

can
b
reak

th
e
O

(n
)

b
arrier

of
n
u
m

b
er

o
f

in
d
iv

id
u
al

d
ata

p
oin

t
likelih

o
o
d

evalu
ation

s
p

er
iteration

in
fav

ou
ra

b
le

cases.
Its

m
a
in

lim
ita

tio
n

is
th

e
req

u
irem

en
t

for
ch

eap
-to-evalu

ate
p
rox

ies
for

th
e

log-lik
elih

o
o
d
,

w
ith

a
k
n
ow

n
erro

r.
W

e
p
rov

id
e

ex
am

p
les

of
su

ch
p
rox

ies
rely

in
g

on
T

ay
lor

ex
p
an

sion
s.

A
ll

ex
am

p
les

can
b

e
reru

n
or

m
o
d
ifi

ed
u
sin

g
th

e
com

p
an

ion
IP

y
th

on
n
oteb

o
ok

1
to

th
e

p
a
p

er.

2
.

B
a
y
e
sia

n
in

fe
re

n
ce

,
M

C
M

C
,

a
n
d

ta
ll

d
a
ta

In
th

is
sectio

n
,

w
e

d
escrib

e
th

e
in

feren
ce

p
rob

lem
of

in
terest

an
d

th
e

asso
ciated

M
H

a
lgo-

rith
m

.
W

e
a
lso

d
etail

th
e

tw
o

ru
n
n
in

g
ex

am
p
les

on
w

h
ich

w
e

b
en

ch
m

ark
key

m
eth

o
d
s

in
S
ectio

n
4
,

5
an

d
6.

2
.1

B
a
y
e
sia

n
in

fe
re

n
c
e

C
o
n
sid

er
a

d
a
ta

set

X
=
{
x

1 ,...,x
n }
⊂

X
⊂

R
d,

(1)

a
n
d

a
p
a
ra

m
eter

sp
ace

Θ
.

W
e

assu
m

e
th

e
d
ata

are
con

d
ition

ally
in

d
ep

en
d
en

t
w

ith
asso

ciated
likelih

o
o
d
∏
ni=

1
p
(x
i |θ)

given
a

p
aram

eter
valu

e
θ

an
d

w
e

d
en

ote
`(θ)

th
e

asso
ciated

average

1
.
h
t
t
p
s
:
/
/
g
i
t
h
u
b
.
c
o
m
/
r
b
a
r
d
e
n
e
t
/
2
0
1
7
-
J
M
L
R
-
M
C
M
C
F
o
r
T
a
l
l
D
a
t
a

3
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B
a
r
d
e
n
e
t
,
D
o
u
c
e
t
a
n
d

H
o
l
m
e
s

log-likelih
o
o
d

`(θ)
=

1n

n
∑i=

1

log
p
(x
i |θ)

=
1n

n
∑i=

1

`
i (θ).

(2)

W
e

follow
a

B
ayesian

ap
p
roach

w
h
ere

on
e

assign
s

a
p
rior

p
(θ)

to
th

e
u
n
k
n
ow

n
p
a
ram

eter,
so

th
at

in
feren

ce
relies

on
th

e
p

osterior
d
istrib

u
tion

π
(θ)

=
p
(θ|x

)∝
γ

(θ),
p
(θ)e

n
`(θ

),
(3)

w
h
ere

γ
d
en

otes
an

u
n
n
orm

alized
version

of
π

.
In

m
ost

ap
p
licatio

n
s,
π

is
in

tractab
le

an
d

w
e

w
ill

fo
cu

s
h
ere

on
M

arkov
ch

ain
M

on
te

C
arlo

m
eth

o
d
s

(M
C

M
C

;
R

ob
ert

an
d

C
asella,

2004)
an

d
,

in
p
articu

lar,
on

th
e

M
etrop

olis-H
astin

gs
(M

H
)

algorith
m

to
ap

p
rox

im
ate

it.

2
.2

T
h

e
M

e
tro

p
o
lis-H

a
stin

g
s

a
lg

o
rith

m

A
stan

d
ard

ap
p
roach

to
sam

p
le

ap
p
rox

im
ately

from
π

(θ)
is

to
u
se

M
C

M
C

algorith
m

s.
T

o
illu

strate
th

e
lim

itation
of

M
C

M
C

in
th

e
tall

d
ata

co
n
tex

t,
w

e
fo

cu
s

h
ere

on
th

e
M

H
algorith

m
(R

ob
ert

an
d

C
asella,

2004,
C

h
ap

ter
7.3).

T
h
e

M
H

algorith
m

sim
u
lates

a
M

arkov
ch

ain
(θ
k )
k≥

0
of

in
varian

t
d
istrib

u
tion

π
.

T
h
en

,
u
n
d
er

w
eak

assu
m

p
tion

s,
see

e.g.
(D

ou
c

et
al.,

2014,
T

h
eorem

7.32),
th

e
follow

in
g

cen
tral

lim
it

th
eorem

h
old

s
for

su
itab

le
test

fu
n
ction

s
h

√
N

iter [
1

N
iter

N
ite

r
∑k

=
0

h
(θ
k )−

∫
h

(θ)
π

(θ)d
θ ]
→
N

(0,σ
2lim

(h
)),

(4)

w
h
ere

con
vergen

ce
is

in
d
istrib

u
tion

.

M
H
(γ

(·),
q(·|·),

θ
0 ,
N

iter )

1
fo

r
k
←

1
to

N
iter

2
θ
←
θ
k−

1 ,

3
θ ′∼

q(.|θ),
4

u
∼
U

(0
,1

)

5
α

(θ,θ ′)←
γ

(θ ′)
γ

(θ
) ×

q
(θ|θ ′)
q
(θ ′|θ

)

6
if
u
<
α

(θ,θ ′)

7
θ
k ←

θ ′
.

A
ccep

t

8
e
lse

θ
k ←

θ
.

R
eject

9
re

tu
rn

(θ
k )
k
=

1
,...,N

ite
r

F
igu

re
1:

P
seu

d
o
co

d
e

of
th

e
M

H
algorith

m
targetin

g
th

e
d
istrib

u
tion

π
.

N
ote

th
at

π
is

on
ly

in
volved

in
ratios,

so
th

a
t

on
e

on
ly

n
eed

s
to

k
n
ow

an
u
n
n
orm

a
lized

v
ersion

γ
of
π

.

T
h
e

p
seu

d
o
co

d
e

of
M

H
targetin

g
a

gen
eric

d
istrib

u
tion

π
is

g
iv

en
in

F
igu

re
1.

In
th

e
case

of
B

ayesian
in

feren
ce

w
ith

in
d
ep

en
d
en

t
d
ata

(3
),

S
tep

5
is

eq
u
ivalen

t
to

settin
g

log
α

(θ,θ ′)
=

log [
p

(θ ′)
p

(θ)

q(θ|θ ′)
q(θ ′|θ) ]

+
n [`(θ ′)−

`(θ) ]
.

(5)
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O
n
M
C
M
C

f
o
r
t
a
l
l
d
a
t
a

W
h
en

th
e

d
at

as
et

is
ta

ll
(n
�

1)
,

ev
al

u
at

in
g

th
e

lo
g

li
ke

li
h
o
o
d

ra
ti

o
in

(5
)

is
to

o
co

st
ly

an
op

er
at

io
n

an
d

ru
le

s
ou

t
th

e
ap

p
li
ca

b
il
it

y
of

su
ch

a
m

et
h
o
d
.

A
s

w
e

sh
al

l
se

e,
tw

o
p

os
si

b
le

op
ti

on
s

ar
e

to
ei

th
er

d
iv

id
e

th
e

d
at

as
et

in
to

tr
ac

ta
b
le

b
at

ch
es

,
or

ap
p
ro

x
im

at
e

th
e

ac
ce

p
ta

n
ce

ra
ti

o
in

(5
)

u
si

n
g

on
ly

p
ar

t
of

th
e

d
at

as
et

.

2
.3

R
u

n
n

in
g

e
x
a
m

p
le

s

W
e

w
il
l

ev
al

u
at

e
so

m
e

of
th

e
d
es

cr
ib

ed
ap

p
ro

ac
h
es

on
tw

o
il
lu

st
ra

ti
ve

si
m

p
le

ru
n
n
in

g
ex

-
am

p
le

s.
W

e
fi
t

a
on

e-
d
im

en
si

on
al

n
o
rm

al
d
is

tr
ib

u
ti

on
p
(·|
µ
,σ

)
=
N

(·|
µ
,σ

2
)

to
1
0

5
i.
i.
d
.

p
oi

n
ts

d
ra

w
n

ac
co

rd
in

g
to
X
i
∼
N

(0
,1

)
an

d
lo

gn
or

m
al

ob
se

rv
at

io
n
s
X
i
∼

lo
g
N

(0
,1

),
re

-
sp

ec
ti

ve
ly

.
T

h
e

la
tt

er
ex

am
p
le

il
lu

st
ra

te
s

a
m

is
sp

ec
ifi

ca
ti

on
of

th
e

m
o
d
el

.
W

e
as

si
gn

a
fl
at

p
ri

or
p
(µ
,l

og
σ

)
∝

1.
F

or
al

l
al

go
ri

th
m

s,
w

e
st

ar
t

th
e

ch
ai

n
at

th
e

m
ax

im
u
m

a
p

o
st

er
io

ri
(M

A
P

)
es

ti
m

at
e.

T
h
e

M
H

p
ro

p
os

al
is

an
is

ot
ro

p
ic

G
au

ss
ia

n
ra

n
d
om

w
al

k
,

w
h
os

e
st

ep
si

ze
is

fi
rs

t
se

t
p
ro

p
or

ti
on

al
to

1
/
√
n

an
d

th
en

ad
ap

te
d

d
u
ri

n
g

th
e

fi
rs

t
1

00
0

it
er

at
io

n
s

so
as

to
re

ac
h

50
%

ac
ce

p
ta

n
ce

.
W

h
en

ap
p
li
ca

b
le

,
w

e
al

so
d
is

p
la

y
th

e
n
u
m

b
er

of
li
ke

li
h
o
o
d

ev
al

u
a-

ti
on

s
p

er
it

er
at

io
n
,

an
d

co
m

p
ar

e
it

to
th

e
n

ev
al

u
at

io
n
s

re
q
u
ir

ed
at

ea
ch

it
er

at
io

n
b
y

th
e

M
H

al
go

ri
th

m
.

In
F

ig
u
re

2,
w

e
il
lu

st
ra

te
th

e
re

su
lt

s
of

10
00

0
it

er
at

io
n
s

of
va

n
il
la

M
H

on
ea

ch
of

th
e

tw
o

d
at

as
et

s.
M

H
d
o
es

w
el

l,
as

th
e

p
os

te
ri

or
co

in
ci

d
es

w
it

h
th

at
of

a
lo

n
ge

r
re

fe
re

n
ce

ru
n

of
50

00
0

it
er

at
io

n
s

in
ea

ch
ca

se
,

an
d

th
e

a
u
to

co
rr

el
at

io
n
s

sh
ow

a
fa

st
ex

p
o
n
en

ti
al

d
ec

re
a
se

.
T

h
e

B
er

n
st

ei
n
-v

on
M

is
es

ap
p
ro

x
im

at
io

n
(v

an
d
er

V
aa

rt
,

20
00

,
C

h
ap

te
r

10
.2

),
a

G
au

ss
ia

n
ce

n
te

re
d

at
th

e
tr

u
e

va
lu

e,
w

it
h

co
va

ri
an

ce
m

in
u
s

th
e

sc
al

ed
in

ve
rs

e
F

is
h
er

in
fo

rm
at

io
n
,

is
a

v
er

y
go

o
d

ap
p
ro

x
im

at
io

n
to

th
e

p
os

te
ri

or
in

b
ot

h
ca

se
s.

W
e

ar
e

th
u
s

in
si

m
p
le

ca
se

s
of

h
ea

v
y

co
n
ce

n
tr

at
io

n
of

th
e

p
os

te
ri

or
,

w
h
er

e
su

b
sa

m
p
li
n
g

sh
ou

ld
h
el

p
a

lo
t

if
it

is
to

b
e

of
an

y
h
el

p
in

ta
ck

li
n
g

ta
ll

d
at

a
p
ro

b
le

m
s.

3
.

D
iv

id
e
-a

n
d
-c

o
n
q
u
e
r

a
p
p
ro

a
ch

e
s

A
n
at

u
ra

l
w

ay
to

ta
ck

le
ta

ll
d
at

a
p
ro

b
le

m
s

is
to

d
iv

id
e

th
e

d
at

a
in

to
b
at

ch
es

,
ru

n
M

H
on

ea
ch

b
at

ch
se

p
ar

at
el

y,
an

d
th

en
co

m
b
in

e
th

e
re

su
lt

s.

3
.1

R
e
p

re
se

n
ti

n
g

th
e

p
o
st

e
ri

o
r

a
s

a
c
o
m

b
in

a
ti

o
n

o
f

b
a
tc

h
p

o
st

e
ri

o
rs

A
ss

u
m

e
d
at

a
X

ar
e

d
iv

id
ed

in
B

b
at

ch
es

x
1
,.
..
,x

B
.

R
el

y
in

g
on

th
e

eq
u
a
li
ty

p
(θ
|X

)
∝

B ∏ i=
1

p
(θ

)1
/
B
p
(x
i|θ

),
(6

)

H
u
an

g
an

d
G

el
m

an
(2

00
5)

p
ro

p
os

e
to

co
m

b
in

e
th

e
b
at

ch
p

os
te

ri
o
r

ap
p
ro

x
im

at
io

n
s

u
si

n
g

G
au

ss
ia

n
ap

p
ro

x
im

at
io

n
s

or
im

p
or

ta
n
ce

sa
m

p
li
n
g.

S
co

tt
et

al
.

(2
01

3)
p
ro

p
os

e
to

av
er

-
ag

e
sa

m
p
le

s
ac

ro
ss

b
at

ch
es

,
n
ot

in
g

th
is

is
ex

ac
t

u
n
d
er

G
au

ss
ia

n
as

su
m

p
ti

o
n
s.

N
ei

sw
an

ge
r

et
al

.
(2

01
4)

p
ro

p
os

e
to

ru
n

an
M

C
M

C
ch

ai
n

on
ea

ch
b
at

ch
x
i

ta
rg

et
in

g
an

ar
ti

fi
ci

al
b
at

ch
p

os
te

ri
or

π
i(
θ)
∝
p
(θ

)1
/
B
p
(x
i|θ

),

fi
t

a
sm

o
ot

h
ap

p
ro

x
im

at
io

n
to

ea
ch

b
at

ch
p

os
te

ri
or

,
an

d
m

u
lt

ip
ly

th
em

.
T

h
es

e
m

et
h
o
d
s

ar
e

h
ow

ev
er

th
eo

re
ti

ca
ll
y

ju
st

ifi
ed

on
ly

w
h
en

b
at

ch
p

o
st

er
io

rs
ar

e
G

au
ss

ia
n
,

o
r

w
h
en

th
e

si
ze

o
f
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B
a
r
d
e
n
e
t
,
D
o
u
c
e
t
a
n
d

H
o
l
m
e
s

−
0.

00
5

0.
00

0
0.

00
5

0.
01

0
0.

01
5

µ

0.
99

0

0.
99

5

1.
00

0

1.
00

5

σ

R
ef

B
vM

(a
)
C
h
a
in

h
is
to
g
ra
m
s,
X
i
∼
N
(0
,1
)

1.
64

1.
65

1.
66

1.
67

1.
68

2.
15

0

2.
15

5

2.
16

0

2.
16

5

2.
17

0

2.
17

5

2.
18

0

R
ef

B
vM

(b
)
C
h
a
in

h
is
to
g
ra
m
s,
X
i
∼

lo
g
N
(0
,1
)

0
10

20
30

40
50

−
0.

2

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

R
ef

(c
)
A
u
to
co
rr
.
o
f
lo
g
σ
,
X
i
∼
N
(0
,1
)

0
10

20
30

40
50

−
0.

2

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

R
ef

(d
)
A
u
to
co
rr
.
o
f
lo
g
σ
,
X
i
∼

lo
g
N
(0
,1
)

F
ig

u
re

2:
R

es
u
lt

s
of

10
00

0
it

er
at

io
n
s

of
va

n
il
la

M
H

fi
tt

in
g

a
G

au
ss

ia
n

m
o
d
el

to
o
n
e-

d
im

en
si

on
al

G
au

ss
ia

n
an

d
lo

gn
or

m
al

sy
n
th

et
ic

d
at

a,
on

th
e

le
ft

an
d

ri
g
h
t

p
a
n
el

,
re

sp
ec

ti
ve

ly
.

F
ig

u
re

s
2(

a)
an

d
2(

b
)

sh
ow

th
e

ch
ai

n
h
is

to
gr

a
m

s,
jo

in
t

a
n
d

m
ar

gi
n
a
ls

;
th

e
x
-a

x
is

co
rr

es
p

on
d
s

to
th

e
m

ea
n

of
th

e
fi
tt

ed
G

a
u
ss

ia
n
,

th
e

y
-

ax
is

to
th

e
st

an
d
ar

d
d
ev

ia
ti

on
.

W
e

h
av

e
su

p
er

im
p

os
ed

a
k
er

n
el

d
en

si
ty

es
ti

m
a
to

r
of

a
lo

n
g

M
H

ch
ai

n
fo

r
re

fe
re

n
ce

in
gr

ee
n

an
d

th
e

B
er

n
st

ei
n
-v

on
M

is
es

G
a
u
ss

ia
n

ap
p
ro

x
im

at
io

n
in

re
d
.

F
ig

u
re

s
2(

c)
an

d
2(

d
)

sh
ow

th
e

m
ar

gi
n
al

a
u
to

co
rr

el
a
ti

o
n

of
lo

g
σ

in
b
lu

e.
T

h
e

gr
ee

n
cu

rv
es

ar
e

b
as

el
in

es
th

at
co

rr
es

p
on

d
to

th
e

lo
n
g

M
H

re
fe

re
n
ce

ru
n

d
ep

ic
te

d
in

gr
ee

n
in

th
e

to
p

p
an

el
;

al
th

ou
gh

th
e

gr
ee

n
a
u
to

co
rr

e-
la

ti
on

fu
n
ct

io
n
s

ar
e

of
li
m

it
ed

in
te

re
st

w
h
en

co
m

p
ar

in
g

th
em

to
va

n
il
la

M
H

,
w

e
u
se

th
em

as
re

fe
re

n
ce

in
al

l
si

m
il
ar

la
te

r
fi
gu

re
s.
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O
n
M
C
M
C

f
o
r
t
a
l
l
d
a
t
a

ea
ch

ba
tch

g
o
es

to
in

fi
n
ity,

to
gu

aran
tee

th
at

th
e

u
sed

sm
o
oth

a
p
p
rox

im
ation

of
each

b
atch

p
o
sterio

r
is

a
ccu

rate.

T
h
ere

a
re

few
resu

lts
availab

le
on

h
ow

th
e

p
rop

erties
of

com
b
in

ed
estim

ators
scale

w
ith

th
e

n
u
m

b
er

o
f

b
atch

es
B

.
N

eisw
an

ger
et

al.
(2014)

fi
t

a
kern

el
d
en

sity
estim

ator
to

th
e

sa
m

p
les

o
f

ea
ch

b
atch

w
ise

ch
ain

,
an

d
m

u
ltip

ly
th

e
resu

ltin
g

kern
el

d
en

sity
estim

ators.
A

sa
m

p
le

fro
m

th
is

m
ix

tu
re

ap
p
rox

im
ation

to
π

is
th

en
ob

tain
ed

th
rou

gh
an

ad
d
ition

al
M

C
M

C
step

.
U

n
d
er

sim
p
lify

in
g

assu
m

p
tion

s
(all

M
C

M
C

ch
ain

s
are

assu
m

ed
b

ein
g

in
d
ep

en
d
en

t
d
raw

s
fro

m
th

eir
targets,

for
ex

am
p
le),

a
b

ou
n
d

on
th

e
M

S
E

of
th

e
fi
n
al

estim
ator

is
o
b
ta

in
ed

.
H

ow
ever,

th
is

b
ou

n
d

ex
p
lo

d
es

as
th

e
kern

el
b
an

d
w

id
th

go
es

to
zero,

an
d

m
ore

im
p

o
rta

n
tly,

it
is

ex
p

on
en

tial
in

th
e

n
u
m

b
er

of
b
atch

es
B

.
In

a
ta

ll
d
ata

con
tex

t,
th

e
n
u
m

b
er

o
f

b
a
tch

es
is

ex
p

ected
to

grow
w

ith
n

to
en

su
re

th
at

th
e

size
of

each
b
atch

is
less

th
an
O

(n
).

T
h
u
s,

th
e

p
rop

osed
b

ou
n
d

is
cu

rren
tly

n
ot

in
form

ative
for

tall
d
ata.

A
s

p
o
in

ted
ou

t
b
y

W
an

g
an

d
D

u
n
son

(2013),
if

th
e

su
p
p

orts
o
f

th
e
π
i

are
alm

ost
d
isjoin

t,
th

en
th

e
p
ro

d
u
ct

of
th

eir
ap

p
rox

im
ation

s
w

ill
b

e
a

p
o
or

ap
p
rox

im
ation

to
π

.
T

o
im

p
rove

th
e

overlap
b

etw
een

th
e

ap
p
rox

im
ation

s
of

th
e
π
i ’s,

W
an

g
an

d
D

u
n
son

(2
013)

p
rop

ose
to

rep
la

ce
th

e
p

o
sterior

in
(6)

b
y

th
e

p
ro

d
u
ct

of
th

e
W

eierstrass
tran

sform
s

of
each

b
atch

p
o
sterio

r.
W

h
en

th
e

ap
p
rox

im
ation

of
π
i

is
an

em
p
irical

m
easu

re,
its

W
eierstrass

tran
sform

co
rresp

o
n
d
s

to
a

kern
el

d
en

sity
estim

ator.
T

h
e

p
ro

d
u
ct

of
th

e
W

eierstrass
tran

sform
s

can
b

e
in

terp
reted

a
s

th
e

m
argin

al
d
istrib

u
tion

of
an

ex
ten

d
ed

d
istrib

u
tion

on
Θ
B

+
1,

w
h
ere

th
e

fi
rst

B
co

p
ies

of
θ

are
asso

ciated
to

th
e
B

b
atch

es,
an

d
th

e
rem

ain
in

g
cop

y
is

con
d
ition

ally
G

a
u
ssia

n
a
ro

u
n
d

a
w

eigh
ted

m
ean

of
th

e
fi
rst

B
cop

ies.
U

n
fortu

n
ately,

sam
p
lin

g
from

th
e

p
o
sterio

r
o
f

th
is

artifi
cial

m
o
d
el

is
d
iffi

cu
lt

w
h
en

on
e

on
ly

h
as

access
to

ap
p
rox

im
ate

sam
p
les

o
f

each
π
i .

A
lth

o
u
g
h

it
is

n
ot

strictly
sp

eak
in

g
a

M
on

te
C

arlo
m

eth
o
d
,
w

e
n
ote

th
at

X
u

et
al.

(2014)
a
n
d

G
elm

a
n

et
al.

(2014)
p
rop

ose
an

ex
p

ectation
-p

rop
agation

-lik
e

algorith
m

th
at

sim
ilarly

ta
ck

les
th

e
issu

e
of

d
isjoin

t
ap

p
rox

im
ate

b
atch

p
osterior

su
p
p

orts.
E

ach
b
atch

of
d
ata

p
oin

ts
is

rep
resen

ted
b
y

its
in

d
iv

id
u
al

likelih
o
o
d

tim
es

a
ca

vity
d
istrib

u
tion

.
T

h
e

cav
ity

d
istrib

u
tion

is
itself

th
e

p
ro

d
u
ct

of
th

e
p
rior

an
d

a
n
u
m

b
er

of
term

s
th

at
rep

resen
t

th
e

con
trib

u
tion

s
o
f

o
th

er
b
a
tch

es
to

th
e

likelih
o
o
d
.

T
h
e

algorith
m

itera
tes

b
etw

een
1)

sim
u
latin

g
from

ea
ch

b
a
tch

w
ise

likelih
o
o
d

tim
es

a
b
atch

-sp
ecifi

c
cav

ity
d
istrib

u
tion

,
an

d
2)

fi
ttin

g
each

b
atch

-
sp

ecifi
c

cav
ity

com
p

on
en

t.
A

gain
,

w
h
ile

th
ese

ap
p
roach

es
are

com
p
u
tatio

n
ally

feasib
le

an
d

a
p
p

ear
to

p
erform

w
ell

ex
p

erim
en

tally,
it

is
d
iffi

cu
lt

to
assert

th
e

ch
aracteristics

of
th

e
p
ro

p
o
sed

a
p
p
rox

im
ation

of
th

e
p

osterior
an

d
th

ere
is

n
o

con
v
ergen

ce
gu

aran
tee

ava
ilab

le
fo

r
th

is
itera

tive
algorith

m
.

3
.2

R
e
p

la
c
in

g
th

e
p

o
ste

rio
r

b
y

a
g
e
o
m

e
tric

c
o
m

b
in

a
tio

n
o
f

b
a
tch

p
o
ste

rio
rs

A
n
o
th

er
aven

u
e

of
research

con
sists

in
avoid

in
g

m
u
ltip

ly
in

g
th

e
b
atch

p
osteriors

b
y

rep
lacin

g
th

e
ta

rg
et

b
y

a
d
iff

eren
t

com
b
in

ation
of

th
e

latter.

B
y

in
tro

d
u
cin

g
a

su
itab

le
m

etric
on

th
e

sp
ace

of
p
rob

ab
ility

m
easu

res
su

ch
as

th
e

W
asser-

stein
m

etric,
it

is
for

ex
am

p
le

p
ossib

le
to

d
efi

n
e

th
e

b
ary

cen
ter

or
th

e
m

ed
ian

of
a

set
of

p
ro

b
a
b
ility

m
easu

res.
M

in
sk

er
et

al.
(2

014)
p
rop

ose
to

ou
tp

u
t

th
e

m
ed

ian
of

th
e

b
atch

p
o
sterio

rs,
w

h
ile

S
rivastava

et
al.

(2015)
u
se

th
e

W
asserstein

b
ary

cen
ter,

w
h
ich

can
b

e
com

-
p
u
ted

effi
cien

tly
in

p
ractice

u
sin

g
th

e
tech

n
iq

u
es

d
evelop

ed
b
y

C
u
tu

ri
a
n
d

D
ou

cet
(2014).

W
h
ile

th
is

id
ea

h
as

som
e

ap
p

eal,
th

e
statistical

m
ean

in
g

of
th

ese
m

ed
ian

or
m

ean
m

easu
res
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B
a
r
d
e
n
e
t
,
D
o
u
c
e
t
a
n
d

H
o
l
m
e
s

is
u
n
clear,

an
d

th
e

rob
u
stn

ess
of

th
e

m
ed

ian
estim

ate
ad

vo
cated

in
(M

in
sker

et
al.,

2014)
m

ay
also

b
e

a
d
raw

b
ack

,
as

in
som

e
circu

m
stan

ces
valu

ab
le

in
form

ation
con

tain
ed

in
som

e
b
atch

es
m

ay
b

e
lost.

T
o

con
clu

d
e,

d
iv

id
e-an

d
-con

q
u
er

tech
n
iq

u
es

ap
p

ear
as

a
n
atu

ral
ap

p
roach

to
h
an

d
le

tall
d
ata.

H
ow

ever,
th

e
cru

x
is

h
ow

to
effi

cien
tly

com
b
in

e
th

e
b
atch

p
osterior

ap
p
rox

im
ation

s.
T

h
e

m
ain

issu
es

are
th

at
th

e
b
atch

p
osterior

ap
p
rox

im
a
tion

s
p

oten
tially

h
av

e
d
isjoin

t
su

p
-

p
orts,

th
at

th
e

m
u
ltip

licativ
e

stru
ctu

re
of

th
e

p
osterior

(3)
lea

d
s

to
p

o
or

scalin
g

w
ith

th
e

n
u
m

b
er

of
b
atch

es,
th

at
th

eoretical
gu

aran
tees

are
often

asy
m

p
totic

in
th

e
b
atch

size,
an

d
th

at
ch

eap
-to-sam

p
le

com
b
in

ation
s

of
b
atch

p
osteriors

are
d
iffi

cu
lt

to
in

terp
ret.

4
.

E
x
a
ct

su
b
sa

m
p
lin

g
a
p
p
ro

a
ch

e
s:

P
se

u
d
o
-m

a
rg

in
a
l

M
H

P
seu

d
o
-m

a
rgin

a
l

M
H

(L
in

et
al.,

2000;
B

eau
m

on
t,

2003;
A

n
d
rieu

an
d

R
ob

erts,
2009)

is
a

varian
t

of
M

H
,
w

h
ich

relies
on

u
n
b
iased

estim
ators

of
an

u
n
n
orm

alized
version

of
th

e
target.

P
seu

d
o-m

argin
al

M
H

is
u
sefu

l
to

h
elp

u
n
d
erstan

d
sev

eral
p

o
ten

tial
ap

p
roach

es
to

scale
u
p

M
C

M
C

.
W

e
start

b
y

d
escrib

in
g

p
seu

d
o-m

argin
al

M
H

in
S
ection

4.1.
T

h
en

,
w

e
p
resen

t
tw

o
p
seu

d
o-m

argin
al

ap
p
roach

es
to

tall
d
ata

in
S
ection

4.2
an

d
S
ection

4.3.

4
.1

P
se

u
d

o
-m

a
rg

in
a
l

M
e
tro

p
o
lis-H

a
stin

g
s

A
ssu

m
e

th
at

in
stead

of
b

ein
g

ab
le

to
evalu

ate
γ

(θ),
w

e
h
ave

access
to

an
u
n
b
iased

,
alm

ost-
su

rely
n

o
n

-n
ega

tive
estim

ator
γ̂

(θ)
of

th
e

u
n
n
orm

alized
targ

et
γ

(θ).
P

seu
d
o-m

argin
al

M
H

su
b
stitu

tes
a

realization
of
γ̂

(θ ′)
to
γ

(θ ′)
in

S
tep

5.
S
im

ilarly,
it

rep
laces

γ
(θ)

in
S
tep

5
b
y

th
e

realization
of
γ̂

(θ)
th

at
w

as
com

p
u
ted

w
h
en

th
e

p
a
ram

eter
valu

e
θ

w
as

accep
ted

.
P

seu
d
o-

m
argin

al
M

H
is

of
con

sid
erab

le
p
ractica

l
im

p
ortan

ce,
w

ith
ap

p
lication

s
su

ch
as

p
article

m
argin

al
M

H
(A

n
d
rieu

et
al.,

2010)
an

d
M

C
M

C
version

s
of

th
e

ap
p
rox

im
ate

B
ayesian

com
p
u
tation

p
ara

d
igm

(M
arin

et
al.,

2012).
It

is
th

u
s

w
orth

in
vestigatin

g
its

u
se

in
th

e
con

tex
t

of
tall

d
ata

p
rob

lem
s.

T
h
e

p
ossib

ility
to

u
se

an
u
n
b
iased

estim
ator

of
γ

com
es

at
a

p
rice:

fi
rst,

th
e

asy
m

p
totic

varian
ce
σ

2lim
in

(4)
of

an
M

C
M

C
estim

ator
b
ased

on
a

p
seu

d
o-m

argin
al

ch
ain

w
ill

alw
ay

s
b

e
larger

th
an

th
at

of
an

estim
ator

b
ased

on
th

e
u
n
d
erly

in
g

“m
argin

al”
M

H
(A

n
d
rieu

an
d

V
ih

ola,
2015).

S
econ

d
,

th
e

q
u
alitative

p
rop

erties
of

th
e

u
n
d
erly

in
g

M
H

m
ay

n
ot

b
e

p
reserved

,
m

ean
in

g
th

at
th

e
rate

of
con

vergen
ce

to
th

e
in

varian
t

d
istrib

u
tion

m
ay

go
from

geom
etric

to
su

b
geom

etric,
for

in
stan

ce;
see

A
n
d
rieu

an
d

R
ob

erts
(2009)

an
d

A
n
d
rieu

an
d

V
ih

ola
(2015)

for
a

d
etailed

d
iscu

ssion
.

In
p
ractice,

if
th

e
varian

ce
of
γ̂

(ϑ
)

is
large

for
som

e
valu

e
ϑ
∈

Θ
,

th
en

an
M

H
m

ove
to
ϑ

m
igh

t
b

e
accep

ted
w

h
ile

γ̂
(ϑ

)
largely

ov
erestim

ates
γ

(ϑ
).

In
th

at
case,

it
is

d
iffi

cu
lt

for
th

e
ch

ain
to

leave
ϑ

,
an

d
p
seu

d
o-m

argin
al

M
H

ch
ain

s
th

u
s

ten
d

to
get

stu
ck

if
th

e
varian

ce
of

th
e

in
volved

estim
ators

is
n
ot

con
trolled

.
W

h
en

som
e

tu
n
ab

le
p
aram

eter
allow

s
to

co
n
trol

th
is

varian
ce,

D
ou

cet
et

al.
(2015)

sh
ow

th
at,

in
ord

er
to

m
in

im
ize

th
e

varian
ce

of
M

C
M

C
estim

ates
for

a
fi
x
ed

com
p
u
tation

al
com

p
lex

ity,
th

e
varian

ce
of

th
e

log-likelih
o
o
d

estim
ator

sh
ou

ld
b

e
kep

t
arou

n
d

1
.0

w
h
en

th
e

id
eal

M
H

h
av

in
g

access
to

th
e

ex
act

lik
elih

o
o
d

gen
erates

q
u
asi-i.i.d

sa
m

p
les

fro
m
π

;
or

set
to

arou
n
d

3.0
w

h
en

it
ex

h
ib

its
v
ery

large
in

tegrated
au

to
correlation

tim
es.

In
p
ractice,

th
e

in
tegrated

au
to

correlation
tim

es
of

averages
u
n
d
er

th
e

id
eal

M
H

are
u
n
k
n
ow

n
as

th
is

algorith
m

can
n
ot

b
e

im
p
lem

en
ted

.
In

th
is

com
m

on
scen

ario,
D

ou
cet

et
al.

(2015)
recom

m
en

d
keep

in
g

th
e

varian
ce

arou
n
d

1.5
as

th
is

is
a

valu
e

w
h
ich

en
su

res
a

sm
all

p
en

alty
in

p
erform

an
ce

ev
en

in
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O
n
M
C
M
C

f
o
r
t
a
l
l
d
a
t
a

sc
en

ar
io

s
w

h
er

e
1.

0
or

3.
0

ar
e

ac
tu

al
ly

op
ti

m
al

.
T

h
ey

al
so

sh
ow

th
at

th
e

p
en

al
ty

in
cu

rr
ed

fo
r

h
av

in
g

a
va

ri
an

ce
to

o
sm

al
l

(i
.e

.
in

fe
ri

or
to

0.
2)

or
to

o
la

rg
e

(i
.e

.
su

p
er

io
r

to
1
0)

is
ve

ry
la

rg
e.

W
h
en

m
en

ti
on

in
g

p
se

u
d
o-

m
ar

gi
n
al

M
H

al
go

ri
th

m
s,

w
e

w
il
l

th
u
s

co
m

m
en

t
on

th
e

va
ri

an
ce

of
th

e
lo

ga
ri

th
m

of
th

e
in

vo
lv

ed
es

ti
m

at
or

s
γ̂

(θ
),

or
,

if
n
ot

av
ai

la
b
le

,
of

th
ei

r
re

la
ti

ve
va

ri
an

ce
.

4
.2

U
n
b

ia
se

d
e
st

im
a
ti

o
n

o
f

th
e

li
k
e
li
h

o
o
d

u
si

n
g

u
n
b

ia
se

d
e
st

im
a
te

s
o
f

th
e

lo
g
-l

ik
e
li
h

o
o
d

A
s

d
es

cr
ib

ed
in

S
ec

ti
on

4.
1,

p
se

u
d
o-

m
ar

gi
n
al

M
H

re
q
u
ir

es
an

al
m

os
t-

su
re

ly
n
on

n
eg

at
iv

e
u
n
b
ia

se
d

es
ti

m
at

or
γ̂

(θ
)

of
th

e
u
n
n
or

m
al

iz
ed

p
os

te
ri

or
at
θ,

fo
r

an
y
θ

in
Θ

.
It

is
ea

sy
to

ch
ec

k
th

at
,

b
y

sa
m

p
li
n
g
x
∗ 1
,.
..
,x
∗ t

fr
om

th
e

d
at

as
et
X

w
it

h
or

w
it

h
ou

t
re

p
la

ce
m

en
t,

w
e

ob
ta

in
th

e
fo

ll
ow

in
g

u
n
b
ia

se
d

es
ti

m
at

or
of

th
e

lo
g-

li
k
el

ih
o
o
d
n
`(
θ)

n
ˆ̀ (
θ)

=
n t

t ∑ i=
1

lo
g
p
(x
∗ i|θ

).
(7

)

W
e

d
en

ot
e

b
y

ˆ̀ (
θ)

th
e

su
b
sa

m
p
li
n
g

es
ti

m
at

e
of

th
e

av
er

ag
e

lo
g-

li
ke

li
h
o
o
d

an
d

d
en

ot
e

b
y

σ
t(
θ)

2
it

s
va

ri
an

ce
.

O
b
v
io

u
sl

y,
ex

p
on

en
ti

at
in

g
(7

)
d
o
es

n
ot

p
ro

v
id

e
an

u
n
b
ia

se
d

es
ti

m
at

e
of

th
e

li
ke

li
h
o
o
d
en
`(
θ
) .

H
ow

ev
er

,
an

in
te

re
st

in
g

q
u
es

ti
on

is
w

h
et

h
er

on
e

ca
n

d
es

ig
n

a
p
ro

ce
d
u
re

w
h
ic

h
ou

tp
u
ts

an
u
n
b
ia

se
d
,

al
m

os
t-

su
re

ly
n
on

n
eg

at
iv

e
es

ti
m

at
e

of
en
`(
θ
)

u
si

n
g

u
n
b
ia

se
d

es
ti

m
at

es
of
n
`(
θ)

su
ch

as
n

ˆ̀ (
θ)

.
W

it
h
ou

t
m

ak
in

g
an

y
fu

rt
h
er

as
su

m
p
ti

on
ab

ou
t
n

ˆ̀ (
θ)

,
it

w
as

re
ce

n
tl

y
sh

ow
n

b
y

J
ac

ob
an

d
T

h
ie

ry
(2

01
5)

th
at

it
is

n
ot

p
os

si
b
le

.
H

ow
ev

er
,

th
is

ca
n

b
e

d
on

e
if

on
e

fu
rt

h
er

as
su

m
es

,
fo

r
in

st
a
n
ce

,
th

at
th

er
e

ex
is

ts
a
(θ

)
su

ch
th

at
` i

(θ
)
>
a
(θ

)
fo

r
al

l
i,

se
e

(J
ac

ob
an

d
T

h
ie

ry
,

20
15

,
S
ec

ti
on

3.
1)

w
h
o

re
ly

on
a

te
ch

n
iq

u
e

b
y

R
h
ee

a
n
d

G
ly

n
n

(2
01

5)
ge

n
er

al
iz

in
g

(B
h
an

ot
an

d
K

en
n
ed

y
,

19
85

).
U

n
fo

rt
u
n
at

el
y,

as
w

e
sh

al
l

se
e,

th
e

re
su

lt
in

g
es

ti
m

at
or
γ̂

(θ
)

ty
p
ic

al
ly

h
as

a
ve

ry
la

rg
e

re
la

ti
ve

va
ri

an
ce

,
re

su
lt

in
g

in
ve

ry
p

o
or

p
er

fo
rm

an
ce

of
th

e
as

so
ci

at
ed

p
se

u
d
o-

m
ar

gi
n
al

ch
ai

n
.

W
e

ap
p
ly

(R
h
ee

an
d

G
ly

n
n
,

20
15

,
T

h
eo

re
m

1)
to

b
u
il
d

an
u
n
b
ia

se
d

n
on

-n
eg

at
iv

e
es

ti
-

m
at

or
of
γ

(θ
)/
p
(θ

),
w

h
ic

h
is

eq
u
iv

al
en

t
to

d
efi

n
in

g
γ̂

(θ
).

F
or
j
≥

1,
le

t

D
∗ j

=
n t

t ∑ i=
1

lo
g
p
(x
∗ i,j
|θ)
−
n
a
(θ

),
(8

)

b
e

an
u
n
b
ia

se
d

es
ti

m
at

or
of
n

(`
(θ

)
−
a
(θ

))
,

w
h
er

e
th

e
x
∗ i,j

’s
ar

e
d
ra

w
n

w
it

h
re

p
la

ce
m

en
t

fr
om
X

fo
r

ea
ch
i,

an
d

ar
e

fu
rt

h
er

in
d
ep

en
d
en

t
ac

ro
ss
j.

In
(J

a
co

b
an

d
T

h
ie

ry
,
20

15
,
S
ec

ti
on

3.
1)

,
N

is
an

in
te

ge
r-

va
lu

ed
ra

n
d
om

va
ri

ab
le

w
h
os

e
ta

il
s

d
o

n
ot

d
ec

re
as

e
to

o
fa

st
,

in
th

e
se

n
se

th
at

P(
N
≥
k
)
≥
C

(1
+
ε)
−
k
.

T
o

ea
se

co
m

p
u
ta

ti
on

s,
w

e
ta

k
e
N

to
b

e
ge

om
et

ri
c

w
it

h
p
ar

am
et

er
ε/

(1
+
ε)

.
T

h
is

co
rr

es
p

on
d
s

to
th

e
li
gh

te
st

ta
il
s

al
lo

w
ed

b
y

(J
ac

o
b

an
d

T
h
ie

ry
,

20
15

,
S
ec

ti
on

3.
1)

,
si

n
ce

P(
N
≥
k
)

=
(1

+
ε)
−
k
.

F
in

al
ly

,
le

t

Y
,
en
a
(θ

)

  1
+

N ∑ k
=

1

1

P(
N
≥
k
)

1 k
!

k ∏ j=
1

D
∗ j 
.

(9
)

B
y

(R
h
ee

an
d

G
ly

n
n
,

20
15

,
T

h
eo

re
m

1)
,
Y

is
a

n
on

-n
eg

a
ti

ve
u
n
b
ia

se
d

es
ti

m
at

or
of

th
e

li
ke

li
h
o
o
d
en
`(
θ
) .

A
s

m
en

ti
on

ed
in

S
ec

ti
on

4
.1

,
it

is
cr

u
ci

al
,
if

w
e

w
an

t
to

p
lu

g
γ̂

(θ
)

=
Y
×
p
(θ

)

9
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L
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 1
8(

47
):

1-
43

, 2
01

7

B
a
r
d
e
n
e
t
,
D
o
u
c
e
t
a
n
d

H
o
l
m
e
s

in
a

p
se

u
d
o-

m
ar

gi
n
al

al
go

ri
th

m
,

to
co

n
tr

ol
th

e
va

ri
an

ce
of

it
s

lo
ga

ri
th

m
.

T
h
e

va
ri

a
n
ce

of
lo

g
Y

is
d
iffi

cu
lt

to
co

m
p
u
te

,
so

w
e

u
se

h
er

e
th

e
re

la
ti

ve
va

ri
an

ce
of
Y

as
a

p
ro

x
y.

P
ro

p
o
si

ti
o
n

1
L

et
θ
∈

Θ
a
n

d
Y

be
th

e
a
lm

o
st

su
re

ly
n

o
n

-n
eg

a
ti

ve
es

ti
m

a
to

r
o
f
en
`(
θ
)

d
efi

n
ed

in
(9

).
T

h
en

it
s

re
la

ti
ve

va
ri

a
n

ce
sa

ti
sfi

es

V
ar
Y

e2
n
`(
θ
)
≥
e−

2
n

(`
(θ

)−
a
(θ

))
+

2
n
√

(1
+
ε)

[σ
t
(θ

)2
+

(`
(θ

)−
a
(θ

))
2
]

n
√

(1
+
ε)

[σ
t(
θ)

2
+

(`
(θ

)
−
a
(θ

))
2
]

+
O

(1
).

(1
0
)

T
h
e

p
ro

of
of

P
ro

p
os

it
io

n
1

ca
n

b
e

fo
u
n
d

in
A

p
p

en
d
ix

A
.

It
fo

ll
ow

s
fr

om
(1

0
)

th
a
t

in
or

d
er

fo
r

th
e

re
la

ti
ve

va
ri

an
ce

of
Y

n
ot

to
in

cr
ea

se
ex

p
on

en
ti

al
ly

w
it

h
n

,
it

is
n
ec

es
sa

ry
th

a
t

n
σ
t(
θ)

is
of

or
d
er

1.
B

u
t
σ
t(
θ)

is
of

or
d
er
t−

1
/
2
,

so
th

at
th

e
b
at

ch
si

ze
t

w
o
u
ld

h
av

e
to

b
e

of
or

d
er
n

2
,

w
h
ic

h
is

im
p
ra

ct
ic

al
.

It
is

al
so

n
ec

es
sa

ry
th

at
√

1
+
ε

is
of

or
d
er

1
+
n
−

1
to

co
n
tr

ol
th

e
te

rm
in

(`
(θ

)
−
a
(θ

))
.

T
h
is

m
ea

n
s

th
a
t
ε

sh
ou

ld
b

e
ta

ke
n

of
or

d
er
n
−

1
,

b
u
t

th
en

th
e

m
ea

n
(1

+
ε)
ε−

1
of

th
e

ge
om

et
ri

c
va

ri
ab

le
N

w
il
l

b
e

of
or

d
er
n

.
T

h
is

en
ta

il
s

th
a
t

th
e

n
u
m

b
er

of
te

rm
s

in
th

e
ra

n
d
om

ly
tr

u
n
ca

te
d

se
ri

es
(9

)
sh

ou
ld

b
e

of
or

d
er
n

,
w

h
ic

h
d
ef

ea
ts

th
e

p
u
rp

os
e

of
u
si

n
g

th
is

es
ti

m
at

or
.

H
en

ce
fo

r
th

e
re

as
on

s
ou

tl
in

ed
in

S
ec

ti
o
n

4.
1,

w
e

ex
p

ec
t

th
e

p
se

u
d
o-

m
ar

gi
n
a
l
M

H
re

ly
in

g
on

Y
to

b
e

h
ig

h
ly

in
effi

ci
en

t.
In

d
ee

d
,

w
e

h
av

e
n
ot

b
ee

n
ab

le
to

ob
ta

in
re

as
o
n
a
b
ly

m
ix

in
g

ch
ai

n
s

ev
en

on
ou

r
G

au
ss

ia
n

ru
n
n
in

g
ex

am
p
le

.
W

e
h
av

e
ex

p
er

im
en

te
d

w
it

h
va

ri
o
u
s

ch
o
ic

es
of
ε,

an
d

w
it

h
va

ri
ou

s
va

lu
es

of
t,

b
u
t

n
on

e
y
ie

ld
ed

sa
ti

sf
ac

to
ry

re
su

lt
s.

W
e

co
n
cl

u
d
e

th
a
t

th
is

ap
p
ro

ac
h

is
n
ot

a
v
ia

b
le

so
lu

ti
on

to
M

H
fo

r
ta

ll
d
at

a.

W
e

n
ot

e
th

at
S
tr

at
h
m

an
n

et
al

.
(2

01
5)

h
av

e
re

ce
n
tl

y
p
ro

p
os

ed
a

d
iff

er
en

t
w

ay
to

ex
p
lo

it
th

e
m

et
h
o
d
ol

og
y

of
R

h
ee

an
d

G
ly

n
n

(2
01

5)
in

th
e

co
n
te

x
t

of
ta

ll
d
at

a.
H

ow
ev

er
,

th
ei

r
m

et
h
o
d
ol

og
y

d
o
es

n
ot

p
ro

v
id

e
u
n
b
ia

se
d

es
ti

m
at

es
of

th
e

p
os

te
ri

or
ex

p
ec

ta
ti

o
n
s

o
f

in
te

re
st

.
It

on
ly

p
ro

v
id

es
u
n
b
ia

se
d

es
ti

m
at

es
of

so
m

e
b
ia

se
d

M
C

M
C

es
ti

m
at

es
of

th
es

e
ex

p
ec

ta
ti

o
n
s,

th
es

e
b
ia

se
d

M
C

M
C

es
ti

m
at

es
co

rr
es

p
on

d
in

g
to

ru
n
n
in

g
an

M
C

M
C

ke
rn

el
o
n

th
e

w
h
o
le

d
at

as
et

fo
r

a
fi
n
it

e
n
u
m

b
er

of
it

er
at

io
n
s.

S
tr

at
h
m

an
n

et
al

.
(2

01
5)

su
gg

es
t

th
a
t

it
m

ig
h
t

b
e

p
os

si
b
le

to
co

m
b
in

e
th

ei
r

al
go

ri
th

m
w

it
h

th
e

re
ce

n
t

sc
h
em

e
of

G
ly

n
n

an
d

R
h
ee

(2
0
1
4
)

to
ob

ta
in

u
n
b
ia

se
d

es
ti

m
at

es
of

th
e

p
os

te
ri

or
ex

p
ec

ta
ti

on
s.

It
is

u
n
cl

ea
r

w
h
et

h
er

th
is

co
u
ld

b
e

ac
h
ie

ve
d

u
n
d
er

re
al

is
ti

c
as

su
m

p
ti

on
s

on
th

e
M

C
M

C
ke

rn
el

.

4
.3

B
u

il
d

in
g
γ̂

(θ
)

w
it

h
a
u

x
il
ia

ry
v
a
ri

a
b

le
s

In
(M

ac
L

au
ri

n
an

d
A

d
am

s,
20

14
),

th
e

au
th

or
s

p
ro

p
os

e
an

al
te

rn
at

iv
e

M
C

M
C

to
sa

m
p
le

fr
om

π
w

h
ic

h
,

si
m

il
ar

ly
to

th
e

m
et

h
o
d

d
es

cr
ib

ed
p
re

v
io

u
sl

y,
on

ly
re

q
u
ir

es
ev

a
lu

a
ti

n
g

th
e

li
ke

li
h
o
o
d

of
a

su
b
se

t
of

th
e

d
at

a
at

ea
ch

it
er

at
io

n
.

A
ss

u
m

e
a

b
ou

n
d
` i

(θ
)
≥
b i

(θ
)

is
av

a
il
a
b
le

fo
r

ea
ch

i
an

d
θ.

F
or

si
m

p
li
ci

ty
,

w
e

fu
rt

h
er

as
su

m
e

th
at
b i

(θ
)

=
b(
θ,
x
i)

on
ly

d
ep

en
d
s

o
n
i

th
ro

u
gh

x
i.

T
h
is

is
th

e
ca

se
in

th
e

ex
p

er
im

en
ts

of
(M

ac
L

au
ri

n
an

d
A

d
am

s,
20

1
4
),

a
s

w
el

l
as

ou
rs

.
N

ot
e

al
so

th
at

in
S
ec

ti
on

4.
2,

w
e

u
se

d
a

b
ou

n
d

th
at

w
as

u
n
if

or
m

in
th

e
d
a
ta

in
d
ex
i;

w
e

co
u
ld

h
av

e
u
se

d
si

m
il
ar

ly
a

n
on

-u
n
if

or
m

b
ou

n
d
,

b
u
t

th
is

w
ou

ld
h
av

e
m

ad
e

th
e

d
er

iv
a
ti

on
of

P
ro

p
os

it
io

n
1

u
n
n
ec

es
sa

ri
ly

h
ea

v
y.
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O
n
M
C
M
C

f
o
r
t
a
l
l
d
a
t
a

A
s

n
o
ted

in
(M

acL
au

rin
an

d
A

d
am

s,
2014),

w
e

ca
n

th
en

d
efi

n
e

th
e

follow
in

g
ex

ten
d
ed

ta
rg

et
π̃

d
istrib

u
tion

on
Θ
×
{
0,1}

n

π̃
(θ,z

)
∝

p
(θ)

n
∏i=

1 [ex
p (`

i (θ) )−
ex

p (b
i (θ) )]

z
i
ex

p (b
i (θ) )

1−
z
i

=
p
(θ)

n
∏i=

1

ex
p (b

i (θ) )
n
∏i=

1 [ex
p (`

i (θ)−
b
i (θ) )−

1 ]
z
i
.

(11)

T
h
is

d
istrib

u
tio

n
satisfi

es
tw

o
im

p
ortan

t
featu

res:
it

ad
m

its
π

(θ)
as

a
m

arg
in

al
d
istrib

u
tion

,
a
n
d

its
p

o
in

tw
ise

evalu
ation

on
ly

req
u
ires

to
evalu

ate
`
i (θ)

for
th

ose
i’s

for
w

h
ich

z
i

=
1.

N
o
te

th
a
t

eva
lu

atin
g
π̃

(θ,z
)

h
ow

ev
er

req
u
ires

to
evalu

ate
∏
ni=

1
ex

p
(b
i (θ)),

a
n
d

th
e

b
ou

n
d
s

b
i (θ)

th
u
s

m
u
st

b
e

ch
osen

so
th

at
th

is
com

p
u
tation

is
ch

eap
.

T
h
is

is
th

e
case

for
th

e
low

er
b

o
u
n
d

o
f

th
e

lo
gistic

regression
log-likelih

o
o
d

m
o
d
el

d
iscu

ssed
in

(M
acL

a
u
rin

an
d

A
d
am

s,
2
0
1
4
),

w
h
ich

is
a

q
u
ad

ratic
form

in
ti θ

T
x
i ,

w
h
ere

ti
is

th
e
±

1
lab

el
of

d
atu

m
x
i .

T
h
e

id
ea

o
f

rep
la

cin
g

th
e

evalu
ation

of
th

e
target

b
y

a
B

ern
ou

lli
d
raw

an
d

th
e

evalu
ation

o
f

a
low

er
b

o
u
n
d

h
a
s

b
een

ex
p
loited

p
rev

iou
sly

in
th

e
p
h
y
sics

literatu
re;

see
e.g.

(M
ak

,
2005

).

A
n
y

M
C

M
C

sam
p
ler

cou
ld

b
e

u
sed

to
sam

p
le

from
π̃

.
M

acL
a
u
rin

an
d

A
d
am

s
(2014)

p
ro

p
o
se

an
M

H
-w

ith
in

-G
ib

b
s

sam
p
ler

th
at

lev
erages

th
e

k
n
ow

n
con

d
ition

al
π̃

(z|θ).
T

h
e

ex
p

ected
cost

of
on

e
con

d
ition

al
M

H
iteration

on
θ

at
eq

u
ilib

riu
m

,
th

at
is

th
e

av
erage

n
u
m

b
er

o
f

in
d
ices

i
su

ch
th

at
z
i

=
1,

isO
(n

),
an

d
th

e
con

stan
t

is
related

to
th

e
ex

p
ected

rela
tive

tig
h
tn

ess
of

th
e

b
ou

n
d
,
see

(M
acL

au
rin

an
d

A
d
am

s,
2014,

S
ection

3.1).
T

h
e

n
u
m

b
er

o
f

likelih
o
o
d

evalu
ation

s
for

an
u
p

d
ate

of
z

con
d
ition

al
on

θ
is

ex
p
licitly

con
trolled

in
(M

a
cL

a
u
rin

an
d

A
d
am

s,
2014)

b
y

eith
er

sp
ecify

in
g

a
m

ax
im

u
m

n
u
m

b
er

of
attem

p
ted

fl
ip

s,
o
r

im
p
licitly

sp
ecify

in
g

th
e

fraction
of

fl
ip

s
to

1.

T
h
e

a
u
th

o
rs

of
M

acL
au

rin
an

d
A

d
am

s
(201

4)
rem

ark
ed

th
at

th
eir

m
eth

o
d
ology

is
related

to
p
seu

d
o
-m

a
rg

in
al

tech
n
iq

u
es

b
u
t

d
id

n
ot

elab
orate.

W
e

sh
ow

h
ere

h
ow

it
is

in
d
eed

p
ossib

le
to

ex
p
lo

it
th

e
ex

ten
d
ed

target
d
istrib

u
tion

π̃
in

(11)
to

ob
tain

an
u
n
b
iased

estim
ate

of
an

u
n
n
o
rm

a
lized

version
of
π

.
M

ore
p
recisely,

w
e

h
ave

p
(x
i |θ)

=
∑z
i ∈{

0
,1}
p

(x
i ,z

i |θ)

w
h
ere

p
(z
i |θ,x

i )
=
{
1−

ex
p
(b
i (θ)−

`
i (θ))}

z
i
ex

p
(b
i (θ)−

`
i (θ))

1−
z
i.

H
en

ce,
th

e
m

a
rgin

al
d
istrib

u
tio

n
of
z
i

u
n
d
er

th
is

ex
ten

d
ed

m
o
d
el

is
given

b
y

p
(z
i

=
1|θ)

=

∫
p
(z
i

=
1,x

i |θ)d
x
i

=

∫
[ex

p
(`
i (θ))−

ex
p
(b
i (θ))]d

x
i

=
1−

I
θ ,

(12)

w
h
ere

I
θ ,

∫
ex

p
(b(θ,x

))d
x

.
U

sin
g

B
ayes’

th
eorem

,
w

e
ob

tain
acco

rd
in

gly

p
(x
i |θ,z

i
=

1)
=

ex
p
(`
i (θ))−

ex
p
(b
i (θ))

1−
I
θ

,
p
(x
i |θ,z

i
=

0)
=

ex
p
(b
i (θ))

I
θ

.

11
JM

L
R

 18(47):1-43, 2017

B
a
r
d
e
n
e
t
,
D
o
u
c
e
t
a
n
d

H
o
l
m
e
s

A
n

ob
v
iou

s
u
n
b
iased

estim
ator

of
th

e
u
n
n
orm

alized
p

osterior
is

th
u
s

giv
en

b
y

γ̂
(θ)

=
p
(θ)

n
∏i=

1

p
(x
i |θ,z

i )
(13)

w
h
ere

each
z
i

is
d
raw

n
in

d
ep

en
d
en

tly
given

θ
from

(12).
N

ote
th

at
in

th
e

ca
se

of
logistic

re-
gression

,
if
b
i (θ)

is
ch

osen
to

b
e

th
e

q
u
ad

ratic
low

er
b

ou
n
d

given
in

(M
acL

a
u
rin

an
d

A
d
am

s,
2014),

its
in

tegral
I
θ

is
a

G
au

ssian
in

teg
ral

an
d

can
th

u
s

b
e

com
p
u
ted

.
F

in
ally,

sim
ilarly

to
th

e
F

irefl
y

algorith
m

of
M

acL
au

rin
a
n
d

A
d
am

s
(2014),

th
e

n
u
m

b
er

of
evalu

ation
s

of
th

e
likelih

o
o
d

p
er

iteration
is
n
I
θ ,

lo
osely

sp
eak

in
g.

A
lth

ou
gh

th
e

p
seu

d
o-m

argin
al

varian
t

of
F

irefl
y

w
e

p
rop

ose
h
a
s

th
e

d
isad

van
tage

of
req

u
irin

g
th

e
in

teg
rals

I
θ

to
b

e
tractab

le,
it

com
es

w
ith

tw
o

ad
van

tages.
F

irst,
th

e
sam

p
lin

g
of
z

d
o
es

n
ot

req
u
ire

to
evalu

ate
th

e
lik

elih
o
o
d

at
all.

If
com

p
u
tin

g
all

b
ou

n
d
s

d
o
es

n
ot

b
ecom

e
a

b
ottlen

eck
,

th
is

av
oid

s
th

e
n
eed

to
ex

p
licitly

state
a

resam
p
lin

g
fraction

at
th

e
risk

of
au

gm
en

tin
g

th
e

varian
ce

of
th

e
likelih

o
o
d

estim
ator.

S
econ

d
,

th
e

p
rop

erties
of

th
is

varian
t

are
easier

to
u
n
d
erstan

d
,

as
it

is
a

‘stan
d
ard

’
p
seu

d
o-m

argin
al

M
H

an
d

h
en

ce
th

e
resu

lts
from

S
ection

4.1
ap

p
ly.

In
p
articu

lar,
alth

ou
gh

it
h
as

th
e

correct
target

d
istrib

u
tio

n
,

th
e

asy
m

p
totic

varian
ce

of
ergo

d
ic

averages
is

in
fl
ated

com
p
ared

to
th

e
id

eal
algorith

m
.

A
s

ex
p
lain

ed
in

S
ection

4.1,
w

e
con

sid
er

th
e

varian
ce

of
th

e
log

lik
elih

o
o
d

estim
ator.

P
ro

p
o
sitio

n
2

L
et
θ
∈

Θ
.

W
ith

th
e

n
o
ta

tio
n

s
in

trod
u

ced
in

S
ectio

n
4
.3

,

V
ar
z [

n
∑i=

1

log
p
(x
i |θ,z

i ) ]
=
I
θ (1−

I
θ )

n
∑i=

1

log
2 [

I
θ

1−
I
θ (

e
`
i (θ

)−
b
i (θ

)−
1 ) ]

(14)

T
h
e

p
ro

of
of

P
rop

osition
2

can
b

e
fou

n
d

in
A

p
p

en
d
ix

B
.
P

rop
osition

2
can

b
e

in
terp

reted
as

follow
s:

th
e

varian
ce

is
related

to
h
ow

tigh
t

th
e

b
ou

n
d

is.
In

gen
eral,

ob
tain

in
g

a
varian

ce
of

ord
er

1
w

ill
on

ly
b

e
p

ossib
le

if
m

o
st

b
ou

n
d
s
b
i (θ)

are
v
ery

tigh
t,

an
d

th
e

b
igg

er
n

,
th

e
tigh

ter
th

e
b

ou
n
d
s

h
ave

to
b

e.
T

h
ese

con
d
ition

s
w

ill
ty

p
ically

n
ot

b
e

m
et

w
h
en

a
fi
x
ed

fraction
of

“ou
tlier”

x
i ’s

corresp
on

d
to

u
n
tigh

t
b

ou
n
d
s.

W
e

give
th

e
resu

lts
of

th
e

origin
al

F
irefl

y
M

H
on

o
u
r

ru
n
n
in

g
G

au
ssian

an
d

log
n
orm

al
ex

am
p
les

in
F

igu
re

3.
W

e
b

ou
n
d

each
`
i (θ)

u
sin

g
a

2n
d

ord
er

T
ay

lor
ex

p
an

sio
n

at
th

e
M

L
E

an
d

th
e

T
ay

lor-L
agran

ge
in

eq
u
ality,

see
S
ection

7.2.1
for

fu
rth

er
d
etails.

T
h
is

b
ou

n
d

is
very

tigh
t

in
b

oth
cases,

so
th

at
w

e
are

in
th

e
favou

rab
le

case
w

h
ere

on
ly

a
few

com
p

on
en

ts
of

z
are

1
at

each
iteration

,
an

d
th

e
n
u
m

b
er

of
likelih

o
o
d

evalu
ation

s
p

er
fu

ll
join

t
iteratio

n
is

th
u
s

rou
gh

ly
th

e
fraction

of
p

oin
ts

for
w

h
ich

z
i

h
as

b
een

resam
p
led

.
W

e
ch

ose
th

e
fraction

of
resam

p
led

p
oin

ts
to

b
e

10%
h
ere,

an
d

in
itialized

z
to

h
ave

10%
of

on
es.

T
ry

in
g

sm
aller

fraction
s

led
to

very
slow

ly
m

ix
in

g
ch

ain
s

even
for

th
e

G
au

ssian
ex

am
p
le.

E
stim

a
tin

g
th

e
n
u
m

b
er

of
lik

elih
o
o
d

evalu
ation

s
p

er
fu

ll
join

t
iteration

as
th

e
su

m
of

th
e

n
u
m

b
er

of
resam

p
led

z
i ’s

an
d

th
e

n
u
m

b
er

of
“b

righ
t”

p
oin

ts,
w

e
ob

tain
ed

in
b

oth
th

e
G

au
ssian

an
d

logn
orm

al
case

an
alm

ost
con

stan
t

n
u
m

b
er

of
likelih

o
o
d

evalu
ation

s
close

to
10%

,
so

th
at

on
ly

a
few

p
oin

ts
are

b
righ

t.
T

h
is

can
b

e
ex

p
lain

ed
b
y

th
e

tigh
tn

ess
of

th
e

T
ay

lor
b

ou
n
d
,

w
h
ich

lead
s

F
irefl

y
M

H
to

alm
ost

ex
clu

sively
rep

lace
th

e
evalu

ation
of

th
e

likelih
o
o
d

b
y

th
at

of
th

e
T

ay
lor

b
ou

n
d
.

F
in

ally,
u
n
like

th
e

oth
er

algorith
m

s
w

e
ap

p
lied

,
w

e
ob

served
th

at
a

b
ad

ch
oice

of
th

e
in

itial
valu

e
of
z

can
easily

take
θ

ou
t

of
th

e
p

osterior
m

o
d
e.

T
o

b
e

fair,
w

e
th

u
s

d
iscard

ed
th

e
fi
rst

1
000

iteration
s

as
a

b
u
rn

-in
b

efore
p
lottin

g.
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M
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n
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d
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d
a
m

s,
2
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on

ou
r

G
au

ss
ia

n
an

d
lo

gn
or

m
al

ru
n
n
in

g
ex

am
p
le

s.
S
ee

S
ec

ti
on

4.
3

an
d

th
e

ca
p
ti

on
of

F
ig

u
re

2
fo

r
d
et

ai
ls

.

A
s

ex
p

ec
te

d
,

th
e

al
go

ri
th

m
b

eh
av

es
er

ra
ti

ca
ll
y

in
th

e
lo

gn
or

m
al

ca
se

,
as

fa
il
u
re

to
at

-
te

m
p
t

a
fl
ip

of
ea

ch
z i

d
ra

w
s

th
e
µ

-c
om

p
on

en
t

of
th

e
ch

ai
n

to
w

ar
d
s

th
e

fe
w

la
rg

e
va

lu
es

of
(x
i
−
µ

)2
w

h
ic

h
ar

e
b
ri

gh
t.

S
in

ce
th

e
b
ri

gh
t

p
oi

n
ts

ar
e

ra
re

ly
u
p

d
at

ed
,

th
e

ch
ai

n
m

ix
es

ve
ry

sl
ow

ly
.

5
.

O
th

e
r

e
x
a
ct

a
p
p
ro

a
ch

e
s

O
th

er
ex

ac
t

ap
p
ro

ac
h
es

h
av

e
b

ee
n

p
ro

p
os

ed
,

w
h
ic

h
d
o

n
ot

re
ly

on
p
se

u
d
o-

m
a
rg

in
al

M
H

.
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B
a
r
d
e
n
e
t
,
D
o
u
c
e
t
a
n
d

H
o
l
m
e
s

5
.1

F
o
rg

e
tt

in
g

a
b

o
u

t
a
c
c
e
p

ta
n

c
e

p
ro

b
a
b

il
it

y
:

st
o
ch

a
st

ic
a
p

p
ro

x
im

a
ti

o
n

a
p

p
ro

a
ch

e
s

W
el

li
n
g

an
d

T
eh

(2
01

1)
p
ro

p
os

ed
an

a
lg

or
it

h
m

b
as

ed
on

st
o
ch

as
ti

c
gr

ad
ie

n
t

L
a
n
g
ev

in
d
y
-

n
am

ic
s

(S
G

L
D

).
T

h
is

is
an

it
er

at
iv

e
al

go
ri

th
m

w
h
ic

h
at

it
er

at
io

n
k

+
1

u
se

s
th

e
fo

ll
ow

in
g

u
p

d
at

e
ru

le

θ k
+

1
=
θ k

+
ε k

+
1

2

[ ∇
lo

g
p
(θ

)
+
n t

t ∑ i=
1

∇
lo

g
p
(x
∗ i,k
|θ

)]
+
√
ε k

+
1
η k

+
1
,

(1
5
)

(ε
k
)

is
a

se
q
u
en

ce
of

ti
m

e
st

ep
s,

(η
k
)

ar
e

in
d
ep

en
d
en

t
N

(0
,I
d
)

ve
ct

o
rs

an
d

n t

t ∑ i=
1

∇
lo

g
p
(x
∗ i,k
|θ)

is
an

u
n
b
ia

se
d

es
ti

m
at

e
of

th
e

sc
or

e
co

m
p
u
te

d
at

ea
ch

it
er

at
io

n
u
si

n
g

a
ra

n
d
o
m

su
b
sa

m
-

p
le
{ x
∗ i,k
}

of
th

e
ob

se
rv

at
io

n
s.

T
h
is

ap
p
ro

ac
h

is
re

m
in

is
ce

n
t

of
th

e
M

et
ro

p
o
li
s-

a
d
ju

st
ed

L
an

ge
v
in

al
go

ri
th

m
(M

A
L

A
;

R
ob

er
t

an
d

C
as

el
la

20
04

,
S
ec

ti
on

7.
8
.5

),
w

h
er

e
th

e
p
ro

p
o
sa

l
gi

ve
n

b
y

θ′
=
θ

+
ε 2

[ ∇
lo

g
p
(θ

)
+

n ∑ i=
1

∇
lo

g
p
(x
i|θ

)]
+
√
εη
,

is
u
se

d
in

an
M

H
ac

ce
p
ta

n
ce

st
ep

,
w

h
er

e
ε
∼
N

(0
,I
d
).

T
h
e

p
oi

n
t

of
W

el
li
n
g

a
n
d

T
eh

(2
0
1
1
)

is
th

at
if

on
e

su
p
p
re

ss
es

th
e

M
H

ac
ce

p
ta

n
ce

st
ep

,
co

m
p
u
te

s
an

u
n
b
ia

se
d

es
ti

m
a
te

o
f

th
e

sc
or

e
b
u
t

in
tr

o
d
u
ce

s
a

se
q
u
en

ce
of

st
ep

si
ze

s
(ε
k
)

th
at

d
ec

re
as

es
to

ze
ro

at
th

e
ri

g
h
t

ra
te

,
th

en
(
N

it
e
r

∑ k
=

0

ε k

)
−

1
N

it
e
r

∑ k
=

0

ε k
δ θ
k

is
an

ap
p
ro

x
im

at
io

n
to
π

.
T

h
e

al
go

ri
th

m
h
as

b
ee

n
an

al
y
ze

d
re

ce
n
tl

y
in

(T
eh

et
a
l.
,

2
0
1
6)

,
w

h
er

e
it

h
as

b
ee

n
es

ta
b
li
sh

ed
th

at
it

p
ro

v
id

es
in

d
ee

d
a

co
n
si

st
en

t
es

ti
m

at
e

o
f

th
e

ta
rg

et
.

A
d
d
it

io
n
al

ly
,

a
ce

n
tr

al
li
m

it
th

eo
re

m
h
ol

d
s

w
it

h
co

n
ve

rg
en

ce
ra

te
N
−

1
/
3

it
er

,
w

h
ic

h
is

sl
ow

er

th
an

th
e

tr
ad

it
io

n
al

M
on

te
C

ar
lo

ra
te
N
−

1
/
2

it
er

.
It

is
ye

t
u
n
cl

ea
r

h
ow

S
G

L
D

co
m

p
a
re

s
to

ot
h
er

su
b
sa

m
p
li
n
g

sc
h
em

es
in

th
eo

ry
:

it
m

ay
re

q
u
ir

e
a

sm
al

le
r

fr
ac

ti
on

of
th

e
d
a
ta

se
t

p
er

it
er

at
io

n
,

b
u
t

m
or

e
it

er
at

io
n
s

ar
e

n
ee

d
ed

to
re

ac
h

th
e

sa
m

e
ac

cu
ra

cy
.

In
p
ra

ct
ic

e,
w

e
sh

ow
th

e
re

su
lt

s
of

S
G

L
D

on
ou

r
tw

o
ru

n
n
in

g
ex

am
p
le

s
in

F
ig

u
re

5
.1

.
T

h
e

st
ep

si
ze
ε k

is
ch

os
en

p
ro

p
or

ti
on

al
to
k
−

1
/
3
,

fo
ll
ow

in
g

th
e

re
co

m
m

en
d
at

io
n
s

o
f

T
eh

et
a
l.

(2
01

6)
.

W
e

sh
ow

th
e

re
su

lt
s

of
tw

o
ch

oi
ce

s
fo

r
th

e
su

b
sa

m
p
le

si
ze
t:

10
%

a
n
d

1
%

o
f

th
e

d
at

a,
w

it
h

re
sp

ec
ti

ve
ly

10
00

0
an

d
10

0
00

0
it

er
at

io
n
s,

so
th

at
b

ot
h

ru
n
s

a
m

o
u
n
t

to
th

e
sa

m
e

10
%

fr
ac

ti
o
n

of
th

e
b
u
d
ge

t
of

th
e

va
n
il
la

M
H

in
F

ig
u
re

2.
B

ot
h

ru
n
s

a
re

st
il
l

fa
r

fr
om

co
n
v
er

ge
n
ce

on
th

e
lo

gn
or

m
al

ex
am

p
le

:
su

b
sa

m
p
li
n
g

d
ra

w
s

th
e

ch
ai

n
aw

ay
fr

o
m

th
e

su
p
p

or
t

of
th

e
p

os
te

ri
or

,
an

d
on

e
h
as

to
w

ai
t

fo
r

sm
al

le
r

st
ep

si
ze

s
to

av
oi

d
ov

er
co

n
fi
d
en

t
m

ov
es

.
B

u
t

th
en

,
th

e
va

ri
an

ce
of

th
e

fi
n
al

es
ti

m
at

e
ge

ts
b
ig

ge
r.

C
on

st
an

t
st

ep
si

ze
s

le
a
d

to
co

m
p
ar

ab
le

re
su

lt
s

(n
ot

sh
ow

n
).

F
in

al
ly

,
w

e
n
ot

e
th

at
su

b
sa

m
p
li
n
g

fo
r

H
a
m

il
to

n
ia

n
M

on
te

C
ar

lo
(H

M
C

;
D

u
a
n
e

et
a
l.
,

19
87

)
h
as

al
so

b
ee

n
re

ce
n
tl

y
co

n
si

d
er

ed
.

C
h
en

et
al

.
(2

01
4)

p
ro

p
os

e
a

m
o
d
ifi

ca
ti

o
n

o
f
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O
n
M
C
M
C

f
o
r
t
a
l
l
d
a
t
a

−
0.005

0.000
0.005

0.010
0.015

0.990

0.995

1.000

1.005

1.010

R
ef

B
vM

(a
)
C
h
a
in

h
ist.,

1
0

4
iter.

a
t
1
0
%
,
X
i ∼
N
(0
,1
)

1.63
1.64

1.65
1.66

1.67
1.68

2.14

2.15

2.16

2.17

2.18

2.19

R
ef

B
vM

(b
)
C
h
a
in

h
ist.,

1
0

4
iter.

a
t
1
0
%
,
X
i ∼

lo
gN

(0
,1
)

−
0.015−

0.010−
0.005

0.000
0.005

0.010
0.015

0.020

0.96

0.97

0.98

0.99

1.00

1.01

1.02

R
ef

B
vM

(c)
C
h
a
in

h
ist.,

1
0

5k
iter.

a
t
1
%
,
X
i ∼
N
(0
,1
)

1.63
1.64

1.65
1.66

1.67
1.68

2.10

2.15

2.20

2.25

R
ef

B
vM

(d
)
C
h
a
in

h
ist.,

1
0

5k
iter.

a
t
1
%
,
X
i ∼

lo
gN

(0
,1
)

F
ig

u
re

4
:

R
esu

lts
of

S
G

L
D

(W
ellin

g
an

d
T

eh
,
2011)

on
ou

r
G

a
u
ssian

an
d

lo
gn

orm
al

ru
n
n
in

g
ex

am
p
les.

S
ee

S
ection

5.1
an

d
th

e
cap

tion
of

F
igu

re
2

for
d
etails.
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B
a
r
d
e
n
e
t
,
D
o
u
c
e
t
a
n
d

H
o
l
m
e
s

H
M

C
th

at
is

in
sp

ired
b
y

th
e

S
G

L
D

w
ith

d
ecreasin

g
step

size
of

W
ellin

g
an

d
T

eh
(2011),

w
h
ile

B
etan

cou
rt

(2015)
ex

p
lores

w
h
y

n
aive

ap
p
roach

es
su

ff
er

from
u
n
accep

tab
le

b
ia

ses.
T

h
e

algorith
m

of
C

h
en

et
al.

(2014)
is

h
ow

ev
er

a
h
eu

ristic,
w

h
ich

fu
rth

er
relies

on
th

e
su

b
sam

p
lin

g
n
oise

b
ein

g
G

au
ssian

.
A

s
d
em

on
strated

in
(B

ard
en

et
et

al.,
2014)

an
d

in
S
ection

6.2,
rely

in
g

on
a

G
au

ssian
n
oise

assu
m

p
tion

can
y
ield

arb
itrarily

p
o
or

p
erform

an
ce

w
h
en

th
is

assu
m

p
tion

is
v
iolated

.

5
.2

D
e
la

y
e
d

a
c
c
e
p

ta
n

c
e

B
an

terle
et

al.
(2015)

rem
ark

ed
th

at
if

w
e

d
ecom

p
ose

th
e

accep
tan

ce
ratio

in
a

p
ro

d
u
ct

of
p

ositive
fu

n
ction

s

α
(θ,θ ′)

=
B∏i=

1

ρ
i (θ,θ ′)

th
en

th
e

M
H

-like
algorith

m
th

at
accep

ts
th

e
m

ove
from

θ
to
θ ′

w
ith

p
rob

ab
ility

B∏i=
1

m
in [ρ

i (θ,θ ′),1 ]

still
ad

m
its

π
as

in
varian

t
d
istrib

u
tion

.
In

p
ractice,

in
th

e
case

of
tall

d
ata,

w
e

ca
n

d
iv

id
e

th
e

d
ataset

in
to
B

b
atch

es
an

d
u
se

for
ex

am
p
le

ρ
i (θ,θ ′ )

=
p
(θ ′)

1
/
B
p
(x
i |θ ′)q(θ|θ ′)

p
(θ)

1
/
B
p
(x
i |θ)q(θ ′|θ)

.

T
h
is

allow
s

u
s

to
reject

can
d
id

ate
θ ′

w
ith

ou
t

h
av

in
g

to
com

p
u
te

th
e

fu
ll

likelih
o
o
d
s

an
d

th
e

calcu
lation

s
of
ρ
i (θ,θ ′)

can
b

e
d
on

e
in

p
arallel.

H
ow

ever,
as

rem
arked

b
y

B
an

terle
et

al.
(2015),

th
e

resu
ltin

g
M

arkov
ch

ain
h
as

a
la

rger
asy

m
p
totic

varian
ce
σ

2lim
in

(4)
th

an
th

e
origin

al
M

H
,

an
d

it
d
o
es

n
ot

n
ecessarily

in
h
erit

th
e

ergo
d
icity

of
th

e
origin

al
M

H
.

F
u
rth

er-
m

ore,
b
y

con
stru

ction
,

every
accep

ted
p

oin
t

h
as

to
b

e
evalu

ated
on

th
e

w
h
ole

d
ataset,

an
d

th
e

average
p
rop

ortion
of

d
ata

p
oin

ts
u
sed

is
th

u
s

low
er

b
ou

n
d
ed

b
y

th
e

accep
tan

ce
rate

of
th

e
algorith

m
,

w
h
ich

in
p
ractice

is
often

arou
n
d

25%
.

O
verall,

it
is

an
easy

-to-im
p
lem

en
t

featu
re

th
at

d
o
es

n
ot

ad
d

an
y

b
ias,

b
u
t

its
b

en
efi

ts
are

in
h
eren

tly
lim

ited
,

an
d

sp
eed

of
con

vergen
ce

m
igh

t
b

e
aff

ected
.

5
.3

P
ie

c
e
w

ise
d

e
te

rm
in

istic
M

a
rk

o
v

ch
a
in

M
o
n
te

C
a
rlo

m
e
th

o
d

s

T
h
e

B
ou

n
cy

P
article

S
am

p
ler

(B
P

S
)

is
an

M
C

M
C

algorith
m

w
h
ere

th
e

target
d
istrib

u
tion

of
in

terest
is

ex
p
lored

u
sin

g
a

con
tin

u
ou

s-tim
e

p
iecew

ise-d
eterm

in
istic

p
ro

cess.
In

oth
er

w
ord

s,
th

e
state

of
th

e
M

arkov
p
ro

cess
m

oves
alon

g
straigh

t
lin

es
aro

u
n
d

th
e

sp
ace

an
d
,

w
h
en

facin
g

a
h
igh

en
ergy

b
arrier,

it
is

n
ot

rejected
b
u
t

its
p
ath

is
m

o
d
ifi

ed
b
y

b
ou

n
cin

g
again

st
th

is
b
arrier.

T
h
e

B
P

S
w

as
origin

ally
p
rop

osed
in

th
e

p
h
y
sics

literatu
re

b
y

P
eters

an
d

d
e

W
ith

(2012).
S
everal

gen
eralization

s
of

th
is

m
eth

o
d

h
av

e
th

en
b

een
p
rop

osed
b
y

B
ou

ch
ard

-C
ôté

et
al.

(2015).
In

th
e

con
tex

t
of

tall
d
a
ta,

in
p
articu

lar,
B

ou
ch

ard
-C

ôté
et

al.
(2015)

sh
ow

th
at

on
e

can
u
se

su
b
sam

p
lin

g
an

d
p
reserve

th
e

correct
target

d
istrib

u
tion

.
T

h
is

h
as

also
b

een
n
oticed

b
y

B
ierken

s
et

al.
(2016),

w
h
o

p
rop

ose
an

algorith
m

related
to

B
P

S
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O
n
M
C
M
C

f
o
r
t
a
l
l
d
a
t
a

b
u
t

u
si

n
g

an
al

te
rn

at
iv

e
b

ou
n
ci

n
g

m
ec

h
an

is
m

.
H

ow
ev

er
,

th
es

e
ap

p
ro

ac
h
es

al
so

su
ff

er
fr

om
se

ve
re

li
m

it
at

io
n
s.

F
ir

st
,

fo
r

su
b
sa

m
p
li
n
g

to
p
re

se
rv

e
th

e
in

va
ri

an
t

d
is

tr
ib

u
ti

on
,

th
e

st
at

is
ti

ca
l

m
o
d
el

u
n
d
er

co
n
si

d
er

at
io

n
n
ee

d
s

to
sa

ti
sf

y
st

ro
n
g

re
gu

la
ri

ty
co

n
d
it

io
n
s,

w
h
ic

h
h
av

e
on

ly
b

ee
n

es
ta

b
li
sh

ed
fo

r
lo

gi
st

ic
re

gr
es

si
on

;
se

e
(B

ou
ch

ar
d
-C

ôt
é

et
al

.,
20

15
)

an
d

(B
ie

rk
en

s
et

al
.,

20
16

).
T

h
es

e
co

n
d
it

io
n
s

ca
n

b
e

re
la

x
ed

,
b
u
t

at
th

e
p
ri

ce
of

in
tr

o
d
u
ci

n
g

a
b
ia

s
th

at
is

d
iffi

cu
lt

to
co

n
tr

ol
(P

ak
m

an
et

al
.,

20
16

).
S
ec

on
d
,

it
is

sh
ow

n
in

(B
ou

ch
ar

d
-C

ôt
é

et
al

.,
20

15
,

S
ec

ti
on

4.
6)

th
at

,
al

th
ou

gh
th

es
e

su
b
sa

m
p
li
n
g

B
P

S
a
lg

or
it

h
m

s
m

ig
h
t

h
av

e
a

co
st

of
O

(1
)

p
er

it
er

at
io

n
in

st
ea

d
of
O

(n
)

fo
r

st
an

d
ar

d
M

H
,

th
e

as
y
m

p
to

ti
c

va
ri

an
ce

of
th

e
co

rr
es

p
on

d
in

g
av

er
ag

es
is

em
p
ir

ic
al

ly
of

or
d
er
O

(n
)

in
st

ea
d

of
O

(1
)

fo
r

a
co

rr
ec

tl
y

sc
al

ed
ra

n
d
om

w
al

k
M

H
.
H

en
ce

th
e

ga
in

s
b
ro

u
gh

t
b
y

th
es

e
ap

p
ro

ac
h
es

ov
er

a
co

rr
ec

tl
y

sc
al

ed
ra

n
d
om

w
al

k
M

H
ar

e
d
eb

at
ab

le
.

6
.

A
p
p
ro

x
im

a
te

su
b
sa

m
p
li
n
g

a
p
p
ro

a
ch

e
s

In
th

is
S
ec

ti
on

,
w

e
co

n
si

d
er

ag
ai

n
su

b
sa

m
p
li
n
g

ap
p
ro

ac
h
es

w
h
er

e,
at

ea
ch

M
H

it
er

at
io

n
,

a
su

b
se

t
of

d
at

a
p

oi
n
ts

is
u
se

d
to

ap
p
ro

x
im

at
e

th
e

ac
ce

p
ta

n
ce

ra
ti

o
(5

).
A

s
m

en
ti

on
ed

in
S
ec

ti
on

4.
2,

it
is

ve
ry

si
m

p
le

to
ob

ta
in

an
u
n
b
ia

se
d

es
ti

m
at

or
of

th
e

lo
g-

li
ke

li
h
o
o
d
n
`(
θ)

b
as

ed
on

ra
n
d
om

sa
m

p
le

s
x
∗ 1
,.
..
,x
∗ t

fr
om

th
e

d
at

as
et
X

;
se

e
(7

).
S
im

il
a
rl

y,
on

e
ca

n
al

so
ea

si
ly

ob
ta

in
an

u
n
b
ia

se
d

es
ti

m
at

or
of

th
e

av
er

ag
e

lo
g

li
k
el

ih
o
o
d

ra
ti

o
[`

(θ
′ )
−
`(
θ)

]

Λ
∗ t(
θ,
θ′

)
,

1 t

t ∑ i=
1

lo
g
p
(x
∗ i|θ
′ )

p
(x
∗ i|θ

)
.

(1
6)

N
ot

e
th

at
u
n
li
ke

th
e

ex
ac

t
ap

p
ro

ac
h
es

of
S
ec

ti
on

s
4

an
d

5,
th

e
m

et
h
o
d
s

re
v
ie

w
ed

in
S
ec

ti
on

6
d
o

n
ot

at
te

m
p
t

to
sa

m
p
le

ex
ac

tl
y

fr
om

π
,

b
u
t

ju
st

fr
om

an
ap

p
ro

x
im

at
io

n
to
π

.

6
.1

N
a
iv

e
su

b
sa

m
p

li
n

g

T
h
e

fi
rs

t
ap

p
ro

ac
h

on
e

co
u
ld

tr
y

is
to

on
ly

u
se

a
ra

n
d
om

fi
x
ed

p
ro

p
or

ti
on

of
d
at

a
p

oi
n
ts

to
es

ti
m

at
e
π

at
an

y
n
ew

ly
d
ra

w
n
θ.

W
e

h
ig

h
li
gh

t
th

at
th

is
le

ad
s

to
a

n
o
n
tr

iv
ia

l
m

ix
tu

re
ta

rg
et

th
at

is
h
ar

d
to

in
te

rp
re

t,
w

h
er

e
al

l
su

b
sa

m
p
le

d
p

os
te

ri
or

s
ap

p
ea

r,
su

it
ab

ly
re

sc
al

ed
.

A
ss

u
m

e
th

at
at

ea
ch

n
ew

θ
d
ra

w
n

in
an

M
H

ru
n
,

w
e

d
ra

w
n

in
d
ep

en
d
en

t
B

er
n
ou

ll
i
va

ri
a
b
le

s
an

d
le

t

ˆ̀ (
θ)

=
1 n

n ∑ i=
1

z i λ
` i

(θ
)

(1
7)

b
e

an
u
n
b
ia

se
d

es
ti

m
at

or
of

th
e

av
er

ag
e

lo
g

li
ke

li
h
o
o
d
`(
θ)

,
w

h
er

e
z i
∼
B

(1
,λ

)
i.
i.
d
.

N
ow

on
e

co
u
ld

th
in

k
of

p
lu

gg
in

g
es

ti
m

at
es
γ̂

(θ
)

=
p
(θ

)e
n

ˆ̀ (
θ
)

in
S
te

p
s

2
an

d
3

o
f

M
H

in
F

ig
u
re

1.
H

ow
ev

er
,

as
γ̂

(θ
)

is
n
ot

an
u
n
b
ia

se
d

es
ti

m
at

or
of
γ

(θ
),

th
is

al
go

ri
th

m
sa

m
p
le

s
fr

om
a

ta
rg

et

d
is

tr
ib

u
ti

on
w

h
ic

h
is

p
ro

p
or

ti
on

al
to
p
(θ

)E
en

ˆ̀ (
θ
)
6=
γ

(θ
),

w
h
er

e
th

e
ex

p
ec

ta
ti

on
is

w
.r

.t
th

e
d
is

tr
ib

u
ti

on
s

of
th

e
B

er
n
ou

ll
i

ra
n
d
om

va
ri

ab
le

s
{z
i}

.
N

ow

Ee
n

ˆ̀ (
θ
)

=
n ∏ i=

1

[ λ
e`
i
(θ

)/
λ

+
(1
−
λ

)]

=
n ∑ r
=

0

∑

#
I r

=
r

λ
r
(1
−
λ

)n
−
r
p
(x
I r
|θ

)1
/
λ
,
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B
a
r
d
e
n
e
t
,
D
o
u
c
e
t
a
n
d

H
o
l
m
e
s

w
h
er

e
I r

d
en

ot
es

a
se

t
of
r

d
is

ti
n
ct

in
d
ic

es
in
{1
,.
..
,n
},
x
I r

=
{x

i;
i
∈
I r
},

a
n
d

w
it

h
th

e
co

n
ve

n
ti

on
p
(x
∅|θ

)
=

1.
E

ac
h

su
b
sa

m
p
le

d
li
ke

li
h
o
o
d

co
n
tr

ib
u
te

s
to

th
e

ta
rg

et
,

ex
p

o
n
en

ti
-

at
ed

to
th

e
p

ow
er

1/
λ

,
re

su
lt

in
g

in
a

n
on

tr
iv

ia
l

m
ix

tu
re

of
re

sc
al

ed
d
at

a
li
k
el

ih
o
o
d

te
rm

s.
T

o
fu

rt
h
er

si
m

p
li
fy

,
as

su
m

e
p
(x
I r
|θ

)
≈
p
r
(θ

)
fo

r
ea

ch
se

t
of

in
d
ic

es
I r

,
th

at
is

,
th

e
va

ri
a
n
ce

of
th

e
li
ke

li
h
o
o
d

u
n
d
er

su
b
sa

m
p
li
n
g

is
sm

al
l,

th
en

Ee
n

ˆ̀ (
θ
)
≈

n ∑ r
=

0

C
r n
λ
r
(1
−
λ

)n
−
r
p
r
(θ

)1
/
λ

=
E R
∼
B

(n
,λ

)p
1
/
λ

R
(θ

),
(1

8
)

w
h
er

e
B

(n
,λ

)
d
en

ot
es

th
e

b
in

om
ia

l
d
is

tr
ib

u
ti

on
w

it
h

p
ar

am
et

er
s
n

an
d
λ

.
N

o
ti

ci
n
g

th
a
t

p
r
(θ

)
is

ro
u
gh

ly
ex

p
on

en
ti

al
ly

d
ec

re
as

in
g

in
r,

th
e

va
lu

es
or
r

th
at

ar
e

la
rg

er
th

a
n

th
e

m
o
d
e

of
th

e
b
in

om
ia

l
p
ro

b
ab

il
it

y
m

as
s

fu
n
ct

io
n

ar
e

u
n
li
ke

ly
to

co
n
tr

ib
u
te

a
lo

t
to

(1
8
).

T
h
e

la
rg

es
t

su
b
sa

m
p
le

si
ze

co
n
tr

ib
u
ti

n
g

to
(1

8)
is

th
u
s

ro
u
gh

ly
n
λ

,
an

d
th

e
p

ow
er

1
/λ

m
a
ke

s
th

is
te

rm
of

th
e

sa
m

e
sc

al
e

as
p
(x

1
,.
..
,x

n
|θ

).
B

ro
ad

ly
sp

ea
k
in

g,
su

b
sa

m
p
li
n
g

h
as

a
“
b
ro

a
d
en

in
g
”

eff
ec

t
d
u
e

to
th

e
co

n
tr

ib
u
ti

on
of

th
e

li
k
el

ih
o
o
d
s

of
sm

al
l

su
b
sa

m
p
le

s.
A

lt
er

n
at

el
y,

if
on

e
st

ar
ts

w
it

h
th

e
b
ia

se
d

es
ti

m
a
to

r
of

th
e

av
er

ag
e

lo
g

li
ke

li
h
o
o
d

˜̀ (
θ)

=
1 n

n ∑ i=
0

z i
` i

(θ
),

(1
9
)

in
st

ea
d

of
(1

7)
on

e
en

d
s

u
p

w
it

h

Ee
n

˜̀ (
θ
)

=
n ∏ i=

1

[ λ
e`
i
(θ

)
+

(1
−
λ

)]

=
n ∑ r
=

0

∑

#
I r

=
r

λ
r
(1
−
λ

)n
−
r
p
(x
I r
|θ

)

≈
E R
∼
B

(n
,λ

)p
R

(θ
).

(2
0
)

A
ga

in
,
al

l
su

b
sa

m
p
le

d
li
ke

li
h
o
o
d
s

co
n
tr

ib
u
te

,
b
u
t

w
it

h
ou

t
b

ei
n
g

fu
rt

h
er

ex
p

on
en

ti
a
te

d
.

S
ti

ll
,

th
e

re
su

lt
is

a
m

u
ch

b
ro

ad
en

ed
ta

rg
et

,
as

va
lu

es
of
r

th
at

ar
e

la
rg

er
th

an
n
λ

a
re

u
n
li
ke

ly
to

co
n
tr

ib
u
te

a
lo

t.
In

th
is

ca
se

,
th

e
b
ro

ad
en

in
g

eff
ec

t
o
f

su
b
sa

m
p
li
n
g

is
n
ot

o
n
ly

d
u
e

to
th

e
co

n
tr

ib
u
ti

on
of

sm
al

l
su

b
sa

m
p
le

s,
b
u
t

al
so

to
th

e
ab

se
n
ce

of
b
ia

s
co

rr
ec

ti
on

in
(1

9
).

W
e

h
av

e
th

u
s

se
en

th
at

n
ai

ve
su

b
sa

m
p
li
n
g

is
n
on

tr
iv

ia
l

te
m

p
er

in
g,

so
th

a
t

th
e

ta
rg

et
is

n
ot

p
re

se
rv

ed
.

A
d
d
it

io
n
al

ly
,

as
m

en
ti

on
ed

in
S
ec

ti
on

4.
1
,

th
e

va
ri

an
ce

of
th

e
lo

g
li
k
el

ih
o
o
d

es
ti

m
at

or
n
ee

d
s

to
b

e
ke

p
t

ar
ou

n
d

a
co

n
st

an
t,

1
or

3
d
ep

en
d
in

g
on

h
y
p

ot
h
es

es
,

in
o
rd

er
fo

r
p
se

u
d
o-

m
ar

gi
n
al

M
H

to
b

e
effi

ci
en

t.
T

h
is

m
ea

n
s

th
at
λ

sh
ou

ld
b

e
su

ch
th

at

(1
−
λ

)

λ

n ∑ i=
1

` i
(θ

)2

is
of

or
d
er

1
in

th
e

ca
se

of
(1

7)
.

T
h
is

en
ta

il
s

th
at
λ

sh
ou

ld
b

e
cl

os
e

to
1,

so
th

a
t

th
er

e
is

n
o

su
b
st

an
ti

al
ga

in
in

te
rm

s
of

n
u
m

b
er

of
li
k
el

ih
o
o
d

ev
al

u
at

io
n
s.

In
th

e
ca

se
of

(1
9
),

λ
(1
−
λ

)
n ∑ i=

1

` i
(θ

)2
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O
n
M
C
M
C

f
o
r
t
a
l
l
d
a
t
a

ca
n

b
e

o
f

o
rd

er
1

if
λ
∼
n
−

1.
B

u
t

th
en

th
e

lead
in

g
term

s
in

th
e

m
ix

tu
re

target
(20)

w
ill

b
e

th
e

su
b
sam

p
led

lik
elih

o
o
d
s

corresp
on

d
in

g
to

sm
all

su
b
sam

p
les,

so
th

at
th

e
target

w
ill

b
e

very
d
iff

eren
t

from
th

e
actu

al
target

π
.

O
vera

ll,
n
a
ive

su
b
sam

p
lin

g
is

a
very

p
o
or

ap
p
roach

.
H

ow
ever,

it
allow

s
u
s

to
id

en
tify

th
e

m
a
in

issu
es

a
g
o
o
d

su
b
sam

p
lin

g
ap

p
roach

sh
o
u
ld

tack
le:

gu
aran

teein
g

its
targ

et,
n
ot

lo
osin

g
to

o
m

u
ch

co
n
vergen

ce
sp

eed
com

p
ared

to
th

e
M

H
algo

rith
m

b
ased

on
th

e
tru

e
lik

elih
o
o
d
,

a
n
d

cu
ttin

g
th

e
likelih

o
o
d

evalu
ation

b
u
d
get.

A
s

sh
ow

n
in

(B
ard

en
et

et
al.,

2014
),

th
e

fi
rst

p
o
in

t
is

a
n

a
lg

o
rith

m
ic

d
esign

issu
e,

w
h
ile

th
e

last
tw

o
p

oin
ts

are
related

to
con

trollin
g

th
e

va
ria

n
ce

o
f

th
e

log
likelih

o
o
d

ratios.

6
.2

R
e
ly

in
g

o
n

th
e

C
L
T

S
evera

l
a
u
th

o
rs

h
ave

ap
p

ealed
to

th
e

cen
tral

lim
it

th
eorem

to
ju

stify
th

eir
assu

m
p
tion

th
a
t

th
e

avera
ge

su
b
sam

p
led

log
likelih

o
o
d
s

an
d

log
likelih

o
o
d

ratios
in

(7)
an

d
(16)

are
G

a
u
ssia

n
ly

d
istrib

u
ted

.

If
th

e
d
istrib

u
tion

of
th

e
log

likelih
o
o
d

ratio
estim

ate
m

in
u
s

th
e

tru
e

log-likelih
o
o
d

ratio
w

a
s

n
o
rm

a
l

w
ith

k
n
ow

n
varian

ce
σ

2
an

d
m

ean
-σ

2/
2
,

C
ep

erley
an

d
D

ew
in

g
(1999)

h
av

e
p
ro

p
o
sed

an
M

H
w

ith
a

corrected
accep

tan
ce

ratio
th

at
is

ex
a
ct,

i.e.,
th

at
still

targets
π

.
H

ow
ever,

th
is

d
istrib

u
tion

is
n
ever

ex
actly

n
orm

al
an

d
th

e
varian

ce
of

th
e

n
oise

is
u
n
k
n
ow

n
.

In
N

ich
o
lls

et
a
l.

(2012),
it

is
p
rop

osed
to

estim
ate

th
e

n
oise

varian
ce

an
d

th
e

au
th

or
p
rop

o
se

a
h
eu

ristic
a
rg

u
m

en
t

to
ex

p
lain

w
h
y

th
is

in
ex

act
ch

ain
m

igh
t

give
reason

ab
le

ap
p
rox

im
ate

resu
lts,

b
u
t

th
e

G
au

ssian
assu

m
p
tion

rem
ain

s
cru

cial
th

ere.
A

s
sh

ow
n

in
(B

ard
en

et
et

al.,
2
01

4
)

a
n
d

in
F

igu
res

5
an

d
6

of
th

is
p
ap

er,
th

is
assu

m
p
tion

can
b

e
ea

sily
v
iolated

w
h
en

su
b
sa

m
p
lin

g
ta

ll
d
ata

if
th

e
log

lik
elih

o
o
d

ratios
`
i (θ ′)−

`
i (θ)

are
h
eav

y
-tailed

.
M

issin
g

log
likelih

o
o
d
s

in
th

e
tails

w
ill

lead
to

erron
eo

u
s

d
ecision

s,
an

d
u
n
con

trolled
resu

lts.

6
.2
.1

A
p
se

u
d
o
-m

a
r
g
in
a
l
a
p
p
r
o
a
c
h
w
it
h
v
a
r
ia
n
c
e
r
e
d
u
c
t
io
n
u
n
d
e
r
G
a
u
ssia

n
a
ssu

m
p
t
io
n

Q
u
iroz

et
a
l.

(2
014)

p
rop

ose
a

m
eth

o
d
ology

to
u
se

M
H

for
tall

d
ata

w
h
ich

also
relies

on
th

e
a
ssu

m
p
tio

n
th

at
th

e
log-likelih

o
o
d

estim
a
tor

is
G

au
ssian

w
ith

m
ean

`(θ),
for

every
θ.

B
y

in
tro

d
u
cin

g
a

b
ias

correction
p
rov

id
in

g
an

ap
p
rox

im
ately

u
n
b
iased

estim
ate

of
th

e
likelih

o
o
d
,

th
is

corresp
on

d
s

to
a

p
seu

d
o-m

argin
al

M
H

algorith
m

w
h
ose

target
d
istrib

u
tion

is
p
ro

p
o
rtio

n
a
l

to
p
(θ)E

e
n

ˆ̀(θ
)−
b̂(θ

),
w

h
ere

b̂(θ)
is

an
estim

ate
of

th
e

b
ias

b(θ)
satisfy

in
g

E
e
n

ˆ̀(θ
)

=
e
n
`(θ

)+
b(θ

).
T

h
ey

righ
tly

n
otice

th
at,

id
eally,

if
on

e
w

an
ts

to
keep

th
e

varia
n
ce

o
f

avera
g
e

su
b
sam

p
led

log
likelih

o
o
d
s

sm
all,

on
e

sh
ou

ld
n
ot

su
b
sam

p
le

d
a
ta

p
oin

ts
w

ith
or

w
ith

o
u
t

rep
la

cem
en

t,
b
u
t

on
e

sh
ou

ld
rath

er
p

erform
im

p
ortan

ce
sam

p
lin

g
w

ith
th

e
w

eigh
t

of
d
a
ta

p
o
in

t
i

b
ein

g
p
rop

ortion
al

to
|`
i (θ)|.

W
h
ile

th
is

varian
ce

red
u
ction

ap
p
roach

o
b
v
io

u
sly

d
efea

ts
th

e
p
u
rp

ose
of

su
b
sam

p
lin

g,
Q

u
iroz

et
al.

(2014)
p
rop

ose
to

u
se

as
w

eigh
ts

an
a
p
p
rox

im
a
tio

n
of

th
e

log-likelih
o
o
d
,

b
ased

e.g.
on

a
G

au
ssian

p
ro

cess
o
r

sp
lin

es
train

ed
o
n

a
sm

a
ll

su
b
set

of
com

p
u
ted

likelih
o
o
d
s
`
i (θ).

F
in

ally,
a

h
eu

ristic
to

ad
ap

tively
ch

o
ose

th
e

size
o
f

th
e

total
su

b
sam

p
le

so
as

to
keep

th
e

varian
ce

of
th

e
log

lik
elih

o
o
d

con
trolled

is
p
ro

p
o
sed

.
T

h
e

m
eth

o
d

is
d
em

on
strated

to
w

ork
on

a
b
ivariate

p
rob

it
m

o
d
el

u
sin

g
on

ly
10%

o
f

th
e

fu
ll

d
a
ta

set.
H

ow
ever,

as
a

gen
eral

p
u
rp

ose
m

eth
o
d
,

it
su

ff
ers

from
tw

o
lim

itation
s.

F
irst,

it
is

b
a
sed

on
G

au
ssian

assu
m

p
tion

s,
w

h
ich

can
b

e
u
n
reason

ab
le

as
n
oted

ab
ove

an
d

it
is

u
n
clea

r
w

h
eth

er
it

w
ill

b
e

rob
u
st

to
th

ese
C

L
T

ap
p
rox

im
ation

s
n
ot

b
ein

g
valid

.
S
econ

d
,
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B
a
r
d
e
n
e
t
,
D
o
u
c
e
t
a
n
d

H
o
l
m
e
s

th
e

p
rop

osed
im

p
ortan

ce
sam

p
lin

g
step

req
u
ires

to
learn

a
go

o
d

p
rox

y
for

x
7→

p
(x|θ)

for
each

θ
d
raw

n
d
u
rin

g
th

e
M

C
M

C
ru

n
.

T
h
e

fi
tted

p
rox

ies
sh

ou
ld

th
u
s

b
e

ch
eap

to
train

an
d

evalu
ate,

b
u
t

at
th

e
sam

e
tim

e
accu

rate
if

an
y

varian
ce

red
u
ction

is
to

b
e

ob
tain

ed
.

6
.2
.2

A
d
a
p
t
iv
e
su

b
sa

m
p
l
in
g

w
it
h
T
-t
e
st

s

S
till

assu
m

in
g

th
e

n
oise

of
th

e
log

likelih
o
o
d

is
G

au
ssian

,
given

a
d
raw

n
θ
∈

Θ
,

on
e

can
try

to
ad

ap
tiv

ely
ch

o
ose

th
e

size
of

th
e

su
b
sam

p
le{

x
∗1 ,...,x

∗t }
to

b
e

u
sed

in
th

e
u
n
b
iased

esti-
m

ators
(7)

or
(16),

so
as

to
take

th
e

correct
accep

tan
ce

d
ecision

w
ith

h
igh

p
rob

ab
ility.

U
p

on
n
otin

g
th

at
th

e
M

H
accep

tan
ce

d
ecision

is
eq

u
ivalen

t
to

d
ecid

in
g

w
h
eth

er
lo

g
α

(θ,θ ′)
>
u

,
or

eq
u
ivalen

tly

1n

n
∑i=

1

log
p
(x
i |θ ′)

p
(x
i |θ)

>
1n

log
u
−

1n
log [

p
(θ ′)q(θ|θ ′)
p
(θ)q(θ ′|θ) ]

(21)

w
ith

u
∼
U

[0
,1

]
d
raw

n
b

eforeh
an

d
,

statistical
tests

can
b

e
u
sed

to
assert

w
h
eth

er
(21)

h
old

s
w

ith
a

given
level

of
“con

fi
d
en

ce”.
A

s
far

as
w

e
are

aw
are,

B
u
lgak

an
d

S
an

d
ers

(1988)
w

ere
th

e
fi
rst

to
con

sid
er

su
ch

a
p
ro

ced
u
re.

T
h
ey

u
sed

it
in

a
sim

u
lated

an
n
ealin

g
algorith

m
m

ax
im

izin
g

a
fu

n
ction

d
efi

n
ed

as
an

ex
p

ectatio
n

w
.r.t

a
p
rob

ab
ility

d
istrib

u
tion

,
an

d
ap

p
rox

im
ated

u
sin

g
M

on
te

C
arlo.

S
im

u
lated

an
n
ealin

g
is

a
sim

p
le

n
on

-h
om

ogen
eou

s
varian

t
of

th
e

M
H

algorith
m

w
h
ere

th
e

th
e

target
d
istrib

u
tion

is
an

n
ealed

over
th

e
iteration

s.
T

h
e

sam
e

ap
p
lication

received
m

ore
atten

tion
later

(A
lk

h
am

is
et

al.,
1999;

W
an

g
an

d
Z

h
a
n
g,

2006).
A

p
p
lied

to
th

e
stan

d
ard

M
H

,
th

e
m

eth
o
d

h
as

b
een

con
sid

ered
b
y

S
in

gh
et

al.
(20

12),
an

d
m

ore
recen

tly
b
y

K
orattikara

et
a
l.

(2014)
sp

ecifi
cally

for
tall

d
ata.

K
orattikara

et
al.

(2014)
p
rop

ose
an

M
H

-like
algorith

m
called

A
u

sterity
M

H
th

a
t

in
co

rp
orates

a
seq

u
en

tial
T

-test
to

ch
eck

(2
1)

for
each

p
air

(θ,θ ′),
th

u
s

rely
in

g
on

severa
l

C
L
T

s.
T

h
ey

d
em

on
strate

d
ram

atic
red

u
ction

s
in

th
e

av
erage

n
u
m

b
er

of
su

b
sam

p
les

u
sed

p
er

M
C

M
C

iteration
on

p
articu

lar
ap

p
lication

s.
H

ow
ever,

as
n
oted

in
(K

orattikara
et

al.,
2014;

B
ard

en
et

et
al.,

2014),
th

e
resu

lts
can

b
e

arb
itrarily

far
from

th
e

origin
al

M
H

w
h
en

th
e

C
L
T

ap
p
rox

im
ation

s
are

n
ot

valid
.

W
e

sh
ow

th
e

resu
lts

of
10

000
iteration

s
of

A
u
sterity

M
H

on
ou

r
tw

o
ru

n
n
in

g
ex

am
p
les

in
F

igu
re

5.
T

h
e

p
aram

eters
are

ε
=

0.05,
corresp

on
d
in

g
to

th
e

p
-valu

e
th

resh
old

in
th

e
aforem

en
tion

ed
T

-test,
an

d
an

in
itial

su
b
sam

p
le

size
of

100
at

each
iteration

.
In

th
e

G
au

s-
sian

case,
th

e
p

osterior
is

righ
tly

cen
tered

,
b
u
t

is
sligh

tly
to

o
w

id
e.

T
h
is

is
a

tem
p

erin
g

eff
ect

d
u
e

to
to

o
sm

all
su

b
sam

p
les,

w
h
ile

th
e

C
L
T

-b
ased

S
tu

d
en

t
ap

p
rox

im
ation

seem
s

rea-
son

ab
le,

as
sh

ow
n

in
F

igu
re

6.
In

th
e

logn
orm

al
case,

th
e

d
ep

artu
re

of
th

e
ch

ain
from

th
e

actu
al

p
osterior

is
m

ore
rem

arkab
le,

an
d

related
ly

th
e

C
L
T

ap
p
rox

im
ation

s
of

A
u
sterity

M
H

are
in

accu
rate

for
th

e
ch

osen
in

itial
su

b
sam

p
le

size
of

100
,

as
w

e
d
em

on
strate

in
F

igu
re

6.
T

h
is

ex
p
lain

s
th

e
stron

g
m

ism
atch

of
th

e
ch

ain
an

d
th

e
p

osterior
in

F
igu

re
5(b

).
T

h
e

stan
-

d
ard

d
ev

iation
of

th
e

fi
tted

G
au

ssian
is

largely
u
n
d
erestim

ated
,

d
u
e

to
sm

all
su

b
sam

p
les

w
h
ich

d
o

n
ot

in
clu

d
e

en
ou

gh
of

th
e

tails
of

th
e

log
likelih

o
o
d

ratios,
w

h
ich

coin
cid

e
w

ith
th

e
tails

ofX
.

F
in

ally,
th

e
red

u
ction

s
in

th
e

n
u
m

b
er

o
f

sam
p
les

n
eed

ed
p

er
iteration

are
q
u
ite

in
terestin

g:
h
alf

of
th

e
iteration

s
req

u
ire

less
th

an
4%

of
th

e
d
ataset

for
th

e
logn

orm
al

case,
b
u
t

th
is

is
at

th
e

p
rice

of
a

large
error

in
th

e
p

osterior
ap

p
rox

im
ation

.
A

u
gm

en
tin

g
th

e
in

itial
size

of
th

e
su

b
sam

p
le

w
ill

likely
m

ake
th

e
C

L
T

ap
p
rox

im
ation

s
tigh

ter,
b
u
t

th
ere

is
n
o

gen
eric

an
sw

er
as

to
w

h
ich

size
to

ch
o
ose:

an
y

fi
x
ed

ch
oice

w
ill

fa
il

on
an

ex
am

p
le

w
h
ere

th
e

log
likelih

o
o
d

ratios
h
ave

h
eav

y
en

ou
gh

tails.
In

b
o
th

th
e

G
au

ssian
an

d
th

e
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O
n
M
C
M
C

f
o
r
t
a
l
l
d
a
t
a

lo
gn

or
m

al
ex

am
p
le

,
it

is
ac

tu
al

ly
sa

fe
r

to
go

w
it

h
th

e
B

er
n
st

ei
n
-v

o
n

M
is

es
ap

p
ro

x
im

at
io

n
,

w
h
ic

h
co

st
s

li
tt

le
m

or
e

th
an

a
ru

n
of

st
o
ch

as
ti

c
gr

ad
ie

n
t

d
es

ce
n
t,

an
d

on
ly

re
q
u
ir

es
on

e
C

L
T

ap
p
ro

x
im

at
io

n
,

fo
r

a
sa

m
p
le

of
si

ze
n
�

1.
T

h
is

il
lu

st
ra

te
s

th
e

d
an

ge
r

of
u
si

n
g

C
L
T

-b
as

ed
ap

p
ro

x
im

at
io

n
s

fo
r

sm
al

l
sa

m
p
le

si
ze

s,
w

h
ic

h
is

re
la

te
d

to
as

y
m

p
to

ti
c

ar
gu

m
en

ts
on

sm
al

l
b
at

ch
es

in
S
ec

ti
on

3.
O

ve
ra

ll
,

C
L
T

-b
as

ed
ap

p
ro

ac
h
es

to
M

H
w

it
h

ta
ll

d
at

a
le

ad
to

h
eu

ri
st

ic
s

w
it

h
in

te
re

st
in

g
re

d
u
ct

io
n
s

in
th

e
n
u
m

b
er

of
sa

m
p
le

s
u
se

d
,

b
u
t

th
ey

h
av

e
li
tt

le
th

eo
re

ti
ca

l
b
ac

k
in

g
so

fa
r

an
d

th
ey

ar
e

n
ot

ro
b
u
st

to
th

e
in

vo
lv

ed
C

L
T

ap
p
ro

x
im

at
io

n
s

b
ei

n
g

in
ac

cu
ra

te
.

W
e

n
ot

e
al

so
th

at
th

e
C

L
T

is
as

su
m

ed
to

p
ro

v
id

e
a

go
o
d

ap
p
ro

x
im

at
io

n
fo

r
th

e
lo

g
li
k
el

ih
o
o
d

or
lo

g
li
ke

li
h
o
o
d

ra
ti

o
fo

r
a
n

y
θ,
θ′
∈

Θ
,

w
h
ic

h
am

ou
n
ts

to
m

or
e

th
an

on
e

G
au

ss
ia

n
as

su
m

p
ti

on
.

T
h
e

ap
p
ro

ac
h
es

in
th

is
se

ct
io

n
sh

ou
ld

th
u
s

b
e

a
p
p
li
ed

w
it

h
ca

re
.

A
s

a
m

in
im

al
sa

n
it

y
-c

h
ec

k
,

w
e

re
co

m
m

en
d

u
si

n
g

te
st

s
of

G
au

ss
ia

n
it

y
ac

ro
ss

Θ
×

Θ
to

m
ak

e
su

re
th

e
C

L
T

a
ss

u
m

p
ti

on
s

ar
e

re
al

is
ti

c.
N

ot
e

th
at

ev
en

th
en

,
th

er
e

is
n
o

gu
ar

an
te

e
th

e
a
b

ov
e

al
go

ri
th

m
s

h
av

e
π

fo
r

ta
rg

et
,

if
an

y.

6
.3

E
x
ch

a
n

g
in

g
a
c
c
e
p

ta
n

c
e

n
o
is

e
fo

r
su

b
sa

m
p

li
n

g
n

o
is

e

T
h
is

se
ct

io
n

is
an

or
ig

in
al

co
n
tr

ib
u
ti

on
,

w
h
ic

h
il
lu

st
ra

te
s

a
w

ay
to

ob
ta

in
su

b
sa

m
p
li
n
g

al
go

ri
th

m
s

w
it

h
gu

ar
an

te
es

u
n
d
er

w
ea

k
er

as
su

m
p
ti

on
s

th
an

G
au

ss
ia

n
it

y.
T

h
is

ap
p
ro

ac
h

is
im

p
ra

ct
ic

al
,

b
u
t

it
is

of
m

et
h
o
d
ol

og
ic

al
an

d
il
lu

st
ra

ti
ve

in
te

re
st

.
F

ir
st

it
il
lu

st
ra

te
s

a
p

ot
en

ti
al

ly
u
se

fu
l

te
ch

n
iq

u
e

to
ta

ke
a
d
va

n
ta

ge
o
f

su
b
sa

m
p
li
n
g

n
oi

se
.

S
ec

on
d
,

it
is

ou
r

fi
rs

t
il
lu

st
ra

ti
on

of
th

e
se

em
in

gl
y

in
ev

it
ab

le
O

(n
)

av
er

ag
e

n
u
m

b
er

of
su

b
sa

m
p
le

s
re

q
u
ir

ed
p

er
M

C
M

C
it

er
at

io
n

as
so

on
as

w
e

d
o

n
ot

u
se

an
y

C
L
T

-b
as

ed
ap

p
ro

x
im

at
io

n
an

d
re

q
u
ir

e
th

eo
re

ti
ca

l
gu

ar
an

te
es

.
L

et
θ,
θ′
∈

Θ
,

an
d

le
t
x
∗ 1
,.
..
,x
∗ t

b
e

d
ra

w
n

in
d
ep

en
d
en

tl
y

w
it

h
re

p
la

ce
m

en
t

fr
om
X

.
L

et
Λ
∗ t(
θ,
θ′

)
b

e
th

e
av

er
ag

e
su

b
sa

m
p
le

d
lo

g
li
k
el

ih
o
o
d

ra
ti

o
d
efi

n
ed

in
(1

6)
.

N
ow

,
w

e
re

m
ar

k
th

at
M

H
h
as

so
m

e
in

h
er

en
t

n
oi

se
in

it
s

ac
ce

p
ta

n
ce

d
ec

is
io

n
(2

1)
,

en
ca

p
su

la
te

d
b
y

th
e

u
n
if

or
m

va
ri

ab
le
u
∼
U[

0,
1]

.
W

h
y,

th
en

,
n
ot

re
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at
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b
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p
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b
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ke

li
h
o
o
d

p
ro

x
ie

s,
w

h
ic

h
ac

t
as

co
n
tr

ol
va

ri
at

es
fo

r
th

e
in

d
iv

id
u
al

li
ke

li
h
o
o
d
s.

7
.1

In
tr

o
d

u
c
in

g
p

ro
x
ie

s
in

th
e

c
o
n
fi

d
e
n

c
e

sa
m

p
le

r

W
e

st
ar

t
b
y

re
ca

ll
in

g
th

e
p
se

u
d
o
co

d
e

of
th

e
co

n
fi
d
en

ce
sa

m
p
le

r
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p
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c
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,θ ′ √
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e

b
o
ot

st
ra

p
(B

re
im

a
n
,

1
9
9
6
).

T
h
e

st
at

is
ti

cs
co

m
m

u
n
it

y
w

as
es

p
ec

ia
ll
y

co
n
fo

u
n
d
ed

b
y

tw
o

p
ro

p
er

ti
es

o
f

A
d
a
B

o
o
st

:
1
)

in
te

rp
ol

at
io

n
(p

er
fe

ct
p
re

d
ic

ti
on

in
sa

m
p
le

)
w

as
ac

h
ie

ve
d

af
te

r
re

la
ti

ve
ly

fe
w

it
er

a
ti

o
n
s,

2
)

ge
n
er

al
iz

at
io

n
er

ro
r

co
n
ti

n
u
es

to
d
ro

p
ev

en
af

te
r

in
te

rp
ol

at
io

n
is

ac
h
ie

v
ed

an
d

m
a
in

ta
in

ed
.

T
h
e

m
ai

n
p

oi
n
t

of
th

is
p
ap

er
is

to
d
em

on
st

ra
te

th
at

A
d
aB

o
os

t
an

d
si

m
il
a
r

a
lg

o
ri

th
m

s
w

or
k

n
ot

in
sp

it
e,

b
u
t

b
ec

au
se

of
in

te
rp

ol
a
ti

on
.

T
o

b
ol

st
er

th
is

cl
ai

m
,
w

e
w

il
l
d
ra

w
a

co
n
st

a
n
t

an
al

og
y

w
it

h
ra

n
d
om

fo
re

st
s

(B
re

im
an

,
20

01
),

an
ot

h
er

in
te

rp
ol

at
in

g
cl

as
si

fi
er

.
T

h
e

ra
n
d
om

fo
re

st
s

al
go

ri
th

m
,

w
h
ic

h
is

al
so

an
en

se
m

b
le

-o
f-

tr
ee

s
m

et
h
o
d
,

is
ge

n
er

al
ly

re
g
a
rd

ed
to

b
e

am
on

g
th

e
ve

ry
b

es
t

co
m

m
on

ly
u
se

d
cl

a
ss

ifi
er

s
(M

an
u
el

F
er

n
án

d
ez

-D
el

ga
d
o

a
n
d

A
m

o
ri

m
,

20
14

).
U

n
li
k
e

A
d
aB

o
os

t,
fo

r
w

h
ic

h
th

er
e

ar
e

m
u
lt

ip
le

ac
ce

p
te

d
ex

p
la

n
at

io
n
s,

ra
n
d
o
m

fo
r-

es
t’

s
p

er
fo

rm
an

ce
is

m
u
ch

m
or

e
m

y
st

er
io

u
s

si
n
ce

tr
a
d
it

io
n
al

st
at

is
ti

ca
l

fr
am

ew
o
rk

s
d
o

n
o
t

n
ec

es
sa

ri
ly

ap
p
ly

.
T

h
e

st
at

is
ti

ca
l

v
ie

w
of

b
o
os

ti
n
g,

fo
r

ex
am

p
le

,
ca

n
n
ot

ap
p
ly

to
ra

n
d
o
m

fo
re

st
s

si
n
ce

th
e

a
lg

or
it

h
m

cr
ea

te
s

d
ec

is
io

n
tr

ee
s

at
ra

n
d
om

an
d

th
en

av
er

ag
es

th
e

re
su

lt
s—

th
er

e
is

n
o

st
ag

e-
w

is
e

op
ti

m
iz

at
io

n
.

In
th

is
p
ap

er
,

w
e

w
il
l

p
u
t

fo
rt

h
th

e
ar

gu
m

en
t

th
a
t

b
o
th

al
go

ri
th

m
s

ar
e

eff
ec

ti
v
e

fo
r

th
e

sa
m

e
re

as
on

.
W

e
co

n
si

d
er

A
d
aB

o
os

t
an

d
ra

n
d
o
m

fo
re

st
s

as
ca

n
on

ic
al

ex
am

p
le

s
of

“i
n
te

rp
ol

at
in

g
cl

a
ss

ifi
er

s,
”

w
h
ic

h
w

e
d
efi

n
e

to
b

e
a

cl
a
ss

ifi
er

’s
a
l-
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A
d
a
B
o
o
st

a
n
d

R
a
n
d
o
m

F
o
r
e
st

s:
t
h
e
P
o
w
e
r
o
f
In

t
e
r
p
o
l
a
t
io
n

g
o
rith

m
ic

p
ro

p
erty

of
fi
ttin

g
th

e
train

in
g

d
ata

com
p
letely

w
ith

ou
t

erro
r.

E
ach

of
th

ese
in

terp
o
la

tin
g

classifi
ers

also
ex

h
ib

its
a

self-averagin
g

p
rop

erty.
W

e
attem

p
t

to
sh

ow
th

at
th

ese
tw

o
p
ro

p
erties

togeth
er

m
ake

for
a

classifi
er

w
ith

low
gen

eralizatio
n

error.
W

h
ile

it
is

ea
sy

to
see

th
at

ran
d
om

forests
h
as

b
oth

of
th

ese
m

ech
a
n
ism

s
b
y

d
esig

n
,

it
is

less
clear

th
a
t

th
is

is
tru

e
for

A
d
aB

o
ost.

It
is

w
orth

n
otin

g
th

at
B

reim
an

n
oticed

th
e

con
n
ection

b
etw

een
ra

n
d
om

forests
an

d
A

d
a
B

o
o
st

a
s

w
ell,

alth
ou

gh
h
is

n
o
tion

of
a

ran
d
om

forest
w

as
m

ore
g
en

eral,
in

clu
d
in

g
o
th

er
ty

p
es

o
f

large
en

sem
b
les

of
ran

d
om

ly
grow

n
trees

(B
reim

an
,

2001).
In

h
is

2001
R

a
n

d
o
m

F
o
rests

p
ap

er,
h
e

con
jectu

red
th

at
th

e
w

eigh
ts

of
A

d
aB

o
o
st

m
igh

t
b

eh
ave

lik
e

a
n

erg
o
d
ic

d
y
n
am

ic
sy

stem
,

con
vergin

g
to

an
in

varian
t

d
istrib

u
tion

.
W

h
en

ru
n

for
a

lon
g

tim
e,

th
e

a
d
d
ition

al
rou

n
d
s

of
A

d
aB

o
ost

w
ere

eq
u
ivalen

t
to

d
raw

in
g

trees
ran

d
om

ly
grow

n
a
cco

rd
in

g
to

th
is

d
istrib

u
tion

,
m

u
ch

like
a

ran
d
om

forest.
R

ecen
t

w
ork

h
as

follow
ed

u
p

on
th

is
id

ea
,

p
rov

in
g

th
at

th
e

w
eigh

ts
assign

ed
b
y

A
d
aB

o
ost

d
o

in
d
eed

con
verge

to
a

in
varian

t
d
istrib

u
tion

1
(B

elan
ich

an
d

O
rtiz,

2
012).

In
th

is
w

ork
,
th

e
au

th
ors

also
sh

ow
th

at
fu

n
ction

s
o
f

th
ese

w
eig

h
ts,

su
ch

as
th

e
gen

eralization
error

an
d

m
argin

s,
also

con
verge.

T
h
is

w
ork

certa
in

ly
co

m
p
lem

en
ts

ou
rs,

b
u
t

w
e

fo
cu

s
on

th
e

sim
ilarity

b
etw

een
A

d
aB

o
o
st

an
d

ran
d
om

fo
rests

th
ro

u
g
h

th
e

len
s

of
th

e
ty

p
e

of
d
ecision

su
rfaces

b
oth

classifi
ers

p
ro

d
u
ce,

an
d

ab
ility

o
f

b
o
th

a
lg

o
rith

m
s

to
ach

ieve
zero

error
on

th
e

train
in

g
set.

O
n
e

o
f

ou
r

key
con

trib
u
tion

s
w

ill
b

e
to

p
resen

t
a

d
ecom

p
osition

of
A

d
a
B

o
ost

as
th

e
w

eig
h
ted

su
m

of
in

terp
olatin

g
classifi

ers.
A

n
oth

er
con

trib
u
tion

w
ill

b
e

to
d
em

on
strate

th
e

m
ech

a
n
ism

b
y

w
h
ich

in
terp

olation
com

b
in

ed
w

ith
averagin

g
creates

an
eff

ective
classifi

er.
It

tu
rn

s
o
u
t

th
at

in
terp

olation
p
rov

id
es

a
k
in

d
of

rob
u
stn

ess
to

n
oise:

if
a

classifi
er

fi
ts

th
e

d
a
ta

ex
trem

ely
lo

cally,
a

“n
oise”

p
oin

t
in

on
e

region
w

ill
n
ot

aff
ect

th
e

fi
t

of
th

e
classifi

er
a
t

a
n
ea

rb
y

lo
cation

.
W

h
en

cou
p
led

w
ith

averagin
g,

th
e

resu
lt

is
th

at
th

e
fi
t

stab
ilizes

a
t

reg
ion

s
o
f

th
e

d
ata

w
h
ere

th
ere

is
sign

al,
w

h
ile

th
e

in
fl
u
en

ce
of

n
oise

p
oin

ts
on

th
e

fi
t

b
eco

m
es

even
m

ore
lo

calized
.

It
w

ill
b

e
easy

to
see

th
is

p
oin

t
h
old

s
tru

e
for

ran
d
om

forests.
F

o
r

A
d
aB

o
o
st,

it
is

less
clear,

h
ow

ever,
an

d
a

d
ecom

p
osition

of
A

d
aB

o
ost

an
d

sim
u
latio

n
resu

lts
in

S
ection

4
w

ill
d
em

on
strate

th
is

cru
cial

p
oin

t.
W

e
w

ill
ob

serve
th

at
th

e
error

of
A

d
a
B

o
o
st

a
t

test
p

oin
ts

n
ear

n
oise

p
oin

ts
w

ill
con

tin
u
e

to
d
ecrease

as
A

d
aB

o
ost

is
ru

n
for

m
o
re

iteratio
n
s,

d
em

on
stratin

g
th

e
lo

calizin
g

eff
ect

of
averagin

g
in

terp
olatin

g
classifi

ers.

W
e

w
ill

b
eg

in
in

S
ection

2
b
y

critiq
u
in

g
som

e
of

th
e

ex
istin

g
ex

p
lan

ation
s

of
A

d
aB

o
o
st.

In
p
a
rticu

la
r,

w
e

w
ill

d
iscu

ss
at

len
gth

som
e

of
th

e
sh

ortcom
in

gs
of

th
e

sta
tistical

op
tim

iza-
tio

n
v
iew

o
f

A
d
aB

o
ost.

In
S
ection

3,
w

e
w

ill
d
iscu

ss
th

e
m

erits
of

classifi
cation

p
ro

ced
u
res

th
a
t

in
terp

o
la

te
th

e
train

in
g

d
ata,

th
at

is,
th

at
fi
t

th
e

train
in

g
d
ata

set
w

ith
n
o

error.
T

h
e

m
a
in

co
n
clu

sion
from

th
is

sectio
n

is
th

at
in

terp
olation

,
d
on

e
correctly,

ca
n

p
rov

id
e

ro
b
u
stn

ess
to

a
fi
t

in
th

e
p
resen

ce
of

n
oise.

T
h
is

d
iscu

ssion
w

ill
b

e
au

gm
en

ted
w

ith
sim

u
-

la
tio

n
s

d
iscu

ssin
g

th
e

p
erform

an
ce

o
f

ran
d
om

forests,
A

d
aB

o
ost,

an
d

oth
er

algorith
m

s
in

a
n
o
isy

en
v
iro

n
m

en
t.

W
e

w
ill

th
en

d
erive

o
u
r

cen
tral

ob
servation

in
S
ectio

n
4,

n
am

ely
th

at
A

d
a
B

o
o
st

ca
n

b
e

d
ecom

p
osed

as
a

su
m

of
classifi

ers,
each

o
f

w
h
ich

fi
ts

th
e

train
in

g
d
ata

p
erfectly.

T
h
e

im
p
lication

from
th

is
ob

servation
is

th
at

for
th

e
b

est
p

erform
an

ce,
w

e
sh

ou
ld

ru
n

A
d
a
B

o
o
st

for
m

an
y

iteration
s

w
ith

d
eep

trees.
T

h
e

d
eep

trees
w

ill
allow

th
e

com
p

on
en

t
cla

ssifi
ers

to
in

terp
olate

th
e

d
ata,

w
h
ile

a
large

n
u
m

b
er

of
iteration

s
w

ill
len

d
to

a
b
aggin

g

1
.

M
o
re

sp
ecifi

ca
lly,

th
ey

co
n

sid
er

th
e

so
ca

lled
“
O

p
tim

a
l

A
d

a
B

o
o
st”

a
lg

o
rith

m
,

w
h

ich
is

a
ssu

m
e

to
p

ick
th

e
b

a
se

cla
ssifi

er
w

ith
low

est
w

eig
h
ted

erro
r

a
t

ea
ch

ro
u

n
d

.
T

h
ey

sh
ow

th
a
t

th
e

p
er

ro
u

n
d

av
era

g
e

o
f

a
n
y

m
ea

su
ra

b
le

fu
n

ctio
n

o
f

th
e

tra
in

in
g

w
eig

h
ts

co
n
v
erg

es
u

n
d

er
m

ild
co

n
d

itio
n

s.
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W
y
n
e
r
,
B
l
e
ic
h
,
O
l
so

n
,
a
n
d

M
e
a
se

eff
ect.

W
e

w
ill

th
en

d
em

on
strate

th
is

in
tu

ition
in

a
rea

l
d
ata

ex
am

p
le

in
S
ection

5.
F

in
ally,

w
e

con
clu

d
e

w
ith

a
b
rief

d
iscu

ssion
in

S
ection

6.

2
.

C
o
m

p
e
tin

g
E

x
p
la

n
a
tio

n
s

fo
r

th
e

E
ff

e
ctiv

e
n
e
ss

o
f

B
o
o
stin

g

In
th

is
section

w
e

w
ill

p
resen

t
an

overv
iew

of
som

e
of

th
e

m
ost

p
op

u
lar

ex
p
lan

ation
s

for
th

e
su

ccess
of

b
o
ostin

g,
w

ith
an

aly
sis

of
b

oth
th

e
stren

gth
s

an
d

w
eak

n
esses

of
each

ap
p
roach

.
O

u
r

em
p
h
asis

w
ill

fo
cu

s
on

th
e

m
argin

s
v
iew

of
b

o
ostin

g
a
n
d

th
e

statistical
v
iew

of
b

o
ostin

g,
each

of
w

h
ich

h
as

a
large

literatu
re

an
d

h
as

led
to

th
e

d
ev

elop
m

en
t

of
varian

ts
of

b
o
ostin

g
algorith

m
s.

F
or

a
m

ore
ex

ten
sive

rev
iew

of
th

e
b

o
ostin

g
literatu

re,
on

e
is

w
ell-ad

v
ised

to
con

su
lt

S
ch

ap
ire

a
n
d

F
reu

n
d

(2012).
B

efore
w

e
b

egin
,

w
e

w
ill

b
riefl

y
rev

iew
th

e
A

d
aB

o
ost

algorith
m

n
ot

on
ly

to
refresh

th
e

read
er’s

m
in

d
,

b
u
t

also
to

estab
lish

th
e

ex
act

learn
in

g
algorith

m
th

is
p
ap

er
w

ill
con

sid
er,

as
th

ere
are

m
an

y
varian

ts
of

A
d
aB

o
ost.

T
o

th
is

en
d
,

th
e

read
er

is
in

v
ited

to
rev

iew
A

lgorith
m

1.
In

ou
r

settin
g,

w
e

are
given

N
train

in
g

p
oin

ts
(x
i ,y

i )
w

h
ere

x
i ∈
X

an
d

y
i ∈
{−

1,+
1}

.
O

n
rou

n
d
m

,
w

h
ere

m
=

1
,...,M

,
w

e
fi
t

a
w

eak
classifi

er
G
m

(x
)

to
a

version
of

th
e

d
ata

set
rew

eigh
ted

b
y

so
m

e
w

eigh
tin

g
vector

w
m

.
W

e
th

en
calcu

late
th

e
w

eigh
ted

m
isclassifi

cation
rate

of
ou

r
ch

osen
learn

er,
an

d
u
p

d
ate

th
e

w
eigh

tin
g

m
easu

re
u
sed

in
th

e
n
ex

t
rou

n
d
,

w
m
+
1 .

T
h
e

fi
n
al

classifi
er

is
ou

tp
u
t

as
th

e
sign

of
a

w
eigh

ted
lin

ear
com

b
in

ation
of

classifi
ers

p
ro

d
u
ced

from
each

stage
of

th
e

algorith
m

.
In

p
ractice,

on
e

som
etim

es
lim

its
th

e
n
u
m

b
er

of
rou

n
d
s

of
b

o
ostin

g
as

a
form

of
reg

u
larization

.
W

e
w

ill
d
iscu

ss
th

is
p

oin
t

m
ore

in
th

e
n
ex

t
section

,
a
n
d

ch
allen

ge
its

u
sefu

ln
ess

in
later

p
arts

of
th

e
p
ap

er.

A
lg

o
rith

m
1
:

A
d
aB

o
ost

H
astie

et
al.

(2009)

1.
In

itialize
th

e
ob

servation
w

eigh
ts
w
i

=
1N
,
i

=
1,2

,...,N
.

2.
F

or
m

=
1

to
M

:
(a)

F
it

a
classifi

er
G
m

(x
)

to
th

e
tra

in
in

g
d
ata

u
sin

g
w

eig
h
ts
w
i .

(b
)

C
om

p
u
te

err
m

=

∑
Ni=

1
w
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u
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p
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d
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p
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n
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m
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p
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.
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r

m
a
n
y

it
er

at
io

n
s

te
n
d
s

to
p
ro

d
u
ce

a
b

et
te

r
cl

as
si

fi
er

th
an

b
o
os

te
d

st
u
m

p
s

w
it

h
re

g
u
la

ri
za

ti
o
n

(M
ea

se
an

d
W

y
n
er

,
20

08
).

T
h
e

u
se

of
ea

rl
y
-s

to
p
p
in

g
as

a
fo

rm
of

re
gu

la
ri

za
ti

o
n

h
a
s

a
ls

o
b

ee
n

ca
ll
ed

in
to

q
u
es

ti
on

(M
ea

se
an

d
W

y
n
er

,
20

08
).

T
h
e

th
ru

st
of

ou
r

p
a
p

er
w

il
l

b
e

to
d
em

on
st

ra
te

w
h
y

w
e

sh
o
u

ld
ac

tu
al

ly
ex

p
ec

t
b

o
os

ti
n
g

w
it

h
d
ee

p
tr

ee
s

ru
n

fo
r

m
a
n
y

it
er

a
ti

o
n
s

to
h
av

e
b

et
te

r
ge

n
er

al
iz

at
io

n
er

ro
r.

R
ec

en
t

w
or

k
al

so
su

gg
es

ts
th

at
b

o
os

ti
n
g

lo
w

co
m

p
le

x
it

y
cl

as
si

fi
er

s
m

ay
n
ot

b
e

ab
le

to
ac

h
ie

ve
go

o
d

ac
cu

ra
cy

in
d
iffi

cu
lt

cl
as

si
fi
ca

ti
o
n

ta
sk

s
su

ch
as

sp
ee

ch
re

co
gn

it
io

n
or

im
ag

e
re

co
gn

it
io

n
(C

o
rt

es
et

a
l.
,

20
14

).
T

h
is

p
ap

er
p
ro

p
o
se

s
a
n

al
go

ri
th

m
ca

ll
ed

“D
ee

p
B

o
os

t”
w

h
ic

h
en

co
u
ra

ge
s

b
o
os

ti
n
g

h
ig

h
co

m
p
le

x
it

y
b
a
se

cl
a
ss

ifi
er

s—
su

ch
as

ve
ry

d
ee

p
d
ec

is
io

n
tr

ee
s—

b
u
t

in
a

“c
a
p
ac

it
y
-c

on
sc

io
u
s”

w
ay

.
O

n
e

la
st

p
ro

b
le

m
w

it
h

th
eo

ry
as

so
ci

at
ed

w
it

h
th

e
st

at
is

ti
ca

l
v
ie

w
of

b
o
o
st

in
g

is
th

at
b
y

it
s

ve
ry

n
a
tu

re
it

su
gg

es
ts

th
at

w
e

sh
ou

ld
b

e
ab

le
to

ex
tr

ac
t

co
n
d
it

io
n
al

cl
a
ss

p
ro

b
ab

il
it

y
es

ti
m

a
te

s
fr

o
m

th
e

b
o
os

te
d

fi
t,

as
th

e
p
ro

ce
d
u
re

is
ap

p
ar

en
tl

y
m

ax
im

iz
in

g
a

li
k
el

ih
o
o
d

fu
n
ct

io
n
.

M
ea

se
a
n
d

W
y
n
er

(2
00

8)
,

h
ow

ev
er

,
p

oi
n
t

ou
t

a
n
u
m

b
er

of
ex

am
p
le

s
w

h
er

e
th

e
im

p
li
ed

co
n
d
it

io
n
a
l
cl

a
ss

es
ti

m
at

es
fr

om
th

e
b

o
os

ti
n
g

fi
t

d
iv

er
ge

to
ze

ro
an

d
on

e.
W

h
il
e

b
o
os

ti
n
g

ap
p

ea
rs

to
d
o

a
n

ex
ce

ll
en

t
jo

b
as

a
cl

as
si

fi
er

,
it

ap
p
ar

en
tl

y
fa

il
s

to
es

ti
m

at
e

p
ro

b
ab

il
it

y
q
u
an

ti
le

s
co

rr
ec

tl
y.

W
e

ca
n

n
ow

su
m

m
ar

iz
e

th
e

m
ai

n
em

p
ir

ic
al

co
n
tr

ad
ic

ti
on

s
w

it
h

ex
is

ti
n
g

th
eo

re
ti

ca
l

ex
-

p
la

n
at

io
n
s

of
b

o
os

ti
n
g,

w
h
ic

h
m

ot
iv

at
es

th
e

v
ie

w
w

e
p
re

se
n
t

in
th

is
p
ap

er
:

1.
B

o
os

ti
n
g

w
or

k
s

w
el

l,
p

er
h
ap

s
b

es
t

in
te

rm
s

of
p

er
fo

rm
an

ce
if

n
ot

effi
ci

en
cy

,
w

it
h

“s
tr

on
g

le
ar

n
er

s”
li
ke

C
4.

5
an

d
C

A
R

T
(N

ic
u
le

sc
u
-M

iz
il

an
d

C
ar

u
an

a,
2
0
0
5
).

2.
T

h
e

va
lu

e
of

ex
p

on
en

ti
al

lo
ss

d
o
es

n
ot

al
w

ay
s

b
ea

r
a

cl
ea

r
re

la
ti

on
sh

ip
to

g
en

er
a
li
za

ti
o
n

er
ro

r
(M

ea
se

an
d

W
y
n
er

,
20

08
).

6
JM

L
R

 1
8(

48
):

1-
33

, 2
01

7



A
d
a
B
o
o
st

a
n
d

R
a
n
d
o
m

F
o
r
e
st

s:
t
h
e
P
o
w
e
r
o
f
In

t
e
r
p
o
l
a
t
io
n

3
.

T
h
e

o
p
tim

ization
th

eory
off

ers
n
o

ex
p
lan

ation
as

to
w

h
y

th
e

train
in

g
error

can
b

e
zero

,
y
et

th
e

test
error

con
tin

u
es

to
d
escen

d
(F

reu
n
d

an
d

S
h
ap

ire,
2
000)

T
h
is

p
a
p

er
w

ill
sq

u
arely

d
ep

art
from

th
e

statistical
op

tim
izatio

n
v
iew

b
y

assertin
g

th
at

A
d
a
B

o
o
st

m
ay

b
e

b
est

th
ou

gh
t

of
as

a
(self)

sm
o
oth

ed
,

in
terp

olatin
g

classifi
er.

W
e

w
ill

see
th

a
t

u
n
like

th
e

statistical
op

tim
ization

v
iew

,
th

is
p

ersp
ective

su
ggests

th
at

for
b

est
p

erfo
rm

a
n
ce

on
ce

sh
ou

ld
ru

n
m

an
y

iteration
s

of
A

d
aB

o
ost

w
ith

d
eep

trees.
T

h
is

w
ill

allow
u
s

to
d
raw

a
n
u
m

b
er

of
an

alogies
b

etw
een

A
d
aB

o
ost

an
d

ran
d
om

forests.
A

key
co

m
p

o
n
en

t
to

th
is

a
rgu

m
en

t
w

ill
con

sist
of

ex
p
lain

in
g

th
e

su
ccess

of
in

terp
olatin

g
classifi

ers
in

n
oisy

en
v
iro

n
m

en
ts.

W
e

w
ill

p
u
rsu

e
th

is
lin

e
of

th
o
u
gh

t
in

th
e

follow
in

g
section

.

3
.

In
te

rp
o
la

tin
g

C
la

ssifi
e
rs

A
lg

o
rith

m
2
:

R
an

d
om

F
orests

H
astie

et
al.

(2009)

1
.

F
o
r
b

=
1

to
B

:
(a

)
D

raw
a

b
o
otstrap

sam
p
le

X
∗

of
size

N
from

th
e

train
in

g
d
ata

(b
)

G
row

a
d
ecision

tree
T
b

to
th

e
d
ata

X
∗

b
y

d
oin

g
th

e
follow

in
g

recu
rsiv

ely
u
n
til

th
e

m
in

im
u
m

n
o
d
e

size
n
m
in

is
reach

ed
:

i.
S
elect

m
of

th
e
p

variab
les

ii.
P

ick
th

e
b

est
variab

le/sp
lit-p

oin
t

from
th

e
m

variab
les

an
d

p
artition

2
.

O
u
tp

u
t

th
e

en
sem

b
le
{
T
b }
Bb

L
et
Ĉ
b (x
∗)

b
e

p
red

icted
class

of
tree

T
b .

T
h
en

Ĉ
Brf (x

∗)
=

m
a
jority

v
ote{Ĉ

b (x
∗)}

B1
.

It
is

a
w

id
ely

h
eld

b
elief

b
y

statistician
s

th
at

if
a

classifi
er

in
terp

olates
all

th
e

d
ata

,
th

at
is,

it
fi
ts

a
ll

th
e

train
in

g
d
ata

w
ith

ou
t

error,
th

en
it

can
n
ot

b
e

con
sisten

t
an

d
sh

ou
ld

h
ave

a
p

o
o
r

g
en

era
lization

error
rate.

In
th

is
section

,
w

e
d
em

on
strate

th
at

th
ere

are
in

terp
olatin

g
cla

ssifi
ers

th
a
t

d
efy

th
is

in
tu

ition
:

in
p
articu

lar,
A

d
aB

o
ost

an
d

ran
d
om

forests
w

ill
serve

a
s

lea
d
in

g
ex

a
m

p
les

of
su

ch
classifi

ers.
W

e
argu

e
th

at
th

ese
classifi

ers
a
ch

ieve
g
o
o
d

ou
t

o
f

sa
m

p
le

p
erfo

rm
an

ce
b
y

m
ain

tain
in

g
a

carefu
l

b
ala

n
ce

b
etw

een
th

e
com

p
lex

ity
req

u
ired

to
p

erfectly
m

a
tch

th
e

train
in

g
d
ata

an
d

a
gen

eral
sem

i-sm
o
oth

n
ess

p
rop

erty.
W

e
b

egin
w

ith
a

q
u
ick

rev
iew

of
th

e
ran

d
om

forests
classifi

er,
w

h
ich

w
ill

b
e

in
con

stan
t

an
alogy

w
ith

A
d
a
B

o
o
st.

3
.1

R
a
n

d
o
m

F
o
re

sts

R
a
n
d
o
m

fo
rests

h
as

gain
ed

trem
en

d
ou

s
p

op
u
larity

d
u
e

to
rob

u
st

p
erform

an
ce

a
cross

a
w

id
e

ra
n
g
e

of
d
a
ta

sets.
T

h
e

algorith
m

is
often

cap
ab

le
of

ach
iev

in
g

b
est-in

-class
p

erform
an

ce
w

ith
resp

ect
to

low
gen

eralization
error

an
d

is
n
ot

h
igh

ly
sen

sitive
to

ch
oice

of
tu

n
in

g
p
a
ra

m
eters,

m
a
k
in

g
it

th
e

off
-th

e-sh
elf

to
ol

of
ch

oice
for

m
an

y
ap

p
lication

s.

A
lgo

rith
m

2
rev

iew
s

th
e

p
ro

ced
u
re

for
con

stru
ctin

g
a

ran
d
om

forests
m

o
d
el.

N
ote

th
at

in
m

an
y

p
o
p
u
la

r
im

p
lem

en
tation

s,
su

ch
as

R
im

p
lem

en
tation

r
a
n
d
o
m
F
o
r
e
s
t

L
iaw

a
n
d

W
ien

er
(2

0
0
2
)

b
u
ilt

fro
m

B
reim

an
’s

C
A

R
T

softw
are,

n
m
in

is
set

to
on

e
for

classifi
cation

.
T

h
is

im
p
lies

th
a
t

ea
ch

d
ecision

tree
is

d
esign

ed
to

b
e

grow
n

to
m

ax
im

al
d
ep

th
an

d
th

erefore

7
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W
y
n
e
r
,
B
l
e
ic
h
,
O
l
so

n
,
a
n
d

M
e
a
se

n
ecessarily

in
terp

olates
th

e
d
ata

in
its

b
o
otstrap

sam
p
le

(assu
m

in
g

as
lea

st
on

e
con

tin
u
ou

s
p
red

ictor).
T

h
is

resu
lts

in
each

tree
b

ein
g

a
low

b
ias

b
u
t

h
ig

h
varian

ce
estim

ator.
V

arian
ce

is
th

en
red

u
ced

b
y

averagin
g

across
trees,

resu
ltin

g
in

a
“sm

o
oth

in
g”

o
f

th
e

estim
ated

resp
on

se
su

rface.
T

h
e

ran
d
om

p
red

ictor
selection

w
ith

in
each

tree
fu

rth
er

red
u
ces

va
rian

ce
b
y

low
erin

g
th

e
correlation

across
th

e
trees.

T
h
e

fi
n
al

ran
d
om

forest
classifi

er
still

fi
ts

th
e

en
tire

train
in

g
d
ata

set
p

erfectly,
at

least
w

ith
very

h
igh

p
rob

ab
ility.

T
o

see
th

is
is

tru
e,

con
sid

er
an

y
given

train
in

g
p

oin
t.

A
s

th
e

n
u
m

b
er

of
trees

in
creases,

w
ith

p
rob

ab
ility

close
to

on
e,

th
at

p
oin

t
w

ill
b

e
p
resen

t
in

th
e

m
a

jority
of

th
e

b
o
otstrap

sam
p
les

u
sed

to
fi
t

th
e

trees
in

th
e

forest.
T

h
u
s

th
e

p
oin

t
w

ill
get

th
e

correct
train

in
g

set
lab

el
w

h
en

th
e

v
otes

are
tab

u
lated

to
d
eterm

in
e

th
e

fi
n
al

class
lab

el.

W
e

w
ish

to
em

p
h
asize

th
at

d
esp

ite
its

su
ccess,

ran
d
om

forests
is

n
o
t

d
irectly

op
tim

izin
g

an
y

loss
fu

n
ction

across
th

e
en

tire
en

sem
b
le;

each
tree

is
grow

n
in

d
ep

en
d
en

tly
of

th
e

oth
er

trees.
W

h
ile

each
tree

m
ay

op
tim

ize
a

criteria
su

ch
as

th
e

G
in

i
in

d
ex

,
th

e
fu

ll
en

sem
b
le

is
n
ot

con
stru

cted
in

an
y

op
tim

ization
-d

riven
fash

ion
su

ch
as

is
th

e
case

for
A

d
aB

o
ost.

W
h
ile

th
ere

h
as

b
een

recen
t

th
eoretical

w
ork

d
escrib

in
g

th
e

p
red

ictive
su

rface
of

ran
d
om

forests
(W

ager
an

d
W

alth
er,

2015),
th

e
an

aly
sis

req
u
ired

u
n
n
atu

ral
assu

m
p
tion

s
th

at
are

h
ard

to
ju

stify
in

p
ractice

(su
ch

as
th

e
grow

th
rate

of
m

in
im

u
m

leaf
size).

R
ath

er,
w

e
p

ostu
late

th
at

th
e

su
ccess

of
th

e
algorith

m
is

d
u
e

to
its

in
terp

olatin
g

n
atu

re
p
lu

s
th

e
self-averagin

g
m

ech
an

ism
.

W
e

n
ex

t
con

sid
er

th
e

im
p
lication

s
o
f

in
terp

ola
tin

g
classifi

ers
m

ore
b
road

ly.

3
.2

L
o
c
a
l

R
o
b

u
stn

e
ss

o
f

In
te

rp
o
la

tin
g

C
la

ssifi
e
rs

L
et

u
s

b
egin

w
ith

a
d
efi

n
ition

of
in

terp
olation

:

D
e
fi

n
itio

n
:

L
et
X
i

b
e

vector
ob

servation
s

of
p
red

ictor
variab

les
a

let
Y
i

b
e

th
e

ob
served

class
lab

el.
A

classifi
er
f

(X
)

is
said

to
b

e
an

in
terpo

la
tin

g
classifi

er
if

for
ev

ery
train

in
g

set
ex

am
p
le,

th
e

classifi
er

assign
s

th
e

correct
class

lab
el;

th
at

is
fo

r
every

i,
f

(X
i )

=
Y
i .

T
h
e

term
“in

terp
olation

”
is

likely
jarrin

g
for

som
e

read
ers.

In
m

an
y

con
tex

ts,
on

e
often

th
in

k
s

ab
ou

t
in

terp
olatin

g
a

set
of

p
oin

ts
w

ith
classically

sm
o
oth

fu
n
ction

s,
su

ch
as

p
oly

n
om

ial
sp

lin
es.

H
ow

ever,
strictly

sp
eak

in
g,

th
ere

a
re

m
an

y
oth

er
w

ay
s

th
at

on
e

m
igh

t
in

terp
olate

a
set

of
p

oin
ts—

th
rou

gh
th

e
fi
t

of
an

A
d
aB

o
ost

classifi
er,

for
in

stan
ce!

S
in

ce
th

e
n
otion

of
fi
ttin

g
a

set
of

p
oin

ts
w

ith
ou

t
error

is
cen

tral
to

th
is

p
ap

er,
an

d
sin

ce
th

e
com

m
on

d
efi

n
ition

of
in

terp
olation

d
o
es

n
ot

p
reclu

d
e

th
e

k
in

d
s

of
fi
ts

w
e

co
n
sid

er,
w

e
felt

it
ap

p
rop

riate
to

p
ro

ceed
w

ith
th

e
term

.

M
an

y
statistician

s
are

n
ot

com
fortab

le
w

ith
classifi

ers
th

at
in

terp
olate

th
e

train
in

g
d
ata:

com
m

on
w

isd
om

su
ggests

th
at

an
y

classifi
er

w
h
ich

fi
ts

th
e

train
in

g
d
ata

p
erfectly

m
u
st

h
ave

p
o
or

gen
eralizatio

n
error.

In
d
eed

,
on

e
of

th
e

fi
rst

in
terp
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b
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b
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b
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b
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e

B
ayes

error
rate.

H
ow

ever,
th
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d
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d
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p
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p
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h
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p
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p
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p
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b
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d
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d
is

tr
ib

u
ti

on
.
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b
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b
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b
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d
el

s
w

e
ty

p
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d

in
la

te
r

se
ct

io
n
s

of
th

e
p
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0.

4.
W

e
th

en
co

n
si

d
er

fi
tt

in
g

th
re

e
m

o
d
el

s
to

th
is

d
at

a:
tw

o
in

te
rp

ol
at

in
g

fu
n
ct

io
n
s,

gi
ve

n
b
y

th
e

b
lu

e
an

d
b
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b
y

th
e

re
d

li
n
e.

T
h
e

fi
rs

t
th

in
g

to
n
ot

ic
e

is
th

at
th

e
tw

o
in

te
rp

ol
at

in
g

fi
ts

d
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d
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ra
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p
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b
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b
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b
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b
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p
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b
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b
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p
ra
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d
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at
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re
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b
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th
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b
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d
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h
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s
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d
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p
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h
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p
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p
la

n
e,

m
ak

in
g

a
co

n
st

an
t

p
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d
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h
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h
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at
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b
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p
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ra
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u
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b
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b
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th

e
tr

ai
n
in

g
d
at

a,
ex

ce
p
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b
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h
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b
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b
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p
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b
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b
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p
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f
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p
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h
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=
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cla

ssifi
er

in
ea

ch
sm

all
sq

u
are

sh
ow

n
in

F
igu

re
3

w
ill

n
ecessarily

b
e

con
stan

t
th

rou
gh

ou
t;

th
is

is
th

e
fi
n
est

resolu
tion

of
th

e
classifi

er
resu

ltin
g

from
b

o
ostin

g
d
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p
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lots,

p
in

k
sq

u
ares

rep
resen

t
“-1”’s

an
d

ligh
t

b
lu

e
sq

u
ares

rep
resen

t
“+

1”’s.)
N

o
te

th
a
t

th
e

in
terp

olation
is

in
fact

q
u
ite

lo
cal;

th
e

estim
ated

fu
n
ction

varies
rap

id
ly

in
th

e
sm

a
ll

n
eig

h
b

orh
o
o
d
s

of
th

e
p
in

k
sq

u
ares.

F
or

su
ch

a
classifi

cation
ru

le
th

e
p

ercen
ta

ge
o
f

p
o
in

ts
in

a
h
old

-ou
t

sam
p
le

th
at

w
ou

ld
d
iff

er
from

th
e

B
ayes

ru
le

(in
ex

p
ectation

over
tra

in
in

g
sets)

w
ou

ld
b

e
(1−

p
)n
/n

d
w

h
ere

p
=

P
(y

=
1|x

)
an

d
d

is
th

e
d
im

en
sion

ality
of

th
e

p
red

icto
r

sp
ace

(for
ou

r
ex

am
p
le,

d
=

2).
W

e
w

ill
p
resen

t
ev

id
en

ce
later

th
at

in
n
oisy

en
v
iro

n
m

en
ts

b
o
ostin

g
su

ffi
cien

tly
large

trees
d
o
es

actu
ally

ten
d

to
fi
n
d

su
ch

ru
les

as
th

at
in

F
ig

u
re

4
a
.

In
terestin

gly,
sin

ce

lim
n→
∞

(1−
p
)n
/n

d
=

0

su
ch

ru
les

a
re

in
fact

con
sisten

t.
T

h
is

illu
m

in
ates

th
e

p
oin

t
th

at
in

terp
olation

d
o
es

n
ot

ru
le

o
u
t

co
n
sisten

cy.
B

y
allow

in
g

th
e

d
ecision

b
ou

n
d
ary

to
b

e
“m

ostly
”

sm
o
o
th

,
w

ith
sp

ik
es

of

11
JM

L
R

 18(48):1-33, 2017

W
y
n
e
r
,
B
l
e
ic
h
,
O
l
so

n
,
a
n
d

M
e
a
se

�

�

����
����

����
����

����
����

���� ���� ���� ���� ���� ����

F
igu

re
3:

T
rain

in
g

D
ata

van
ish

in
g

m
easu

re,
it

is
p

ossib
le

to
ob

tain
con

sisten
cy

in
th

e
lim

it
as
n
→
∞

,
ev

en
w

h
ile

classify
in

g
every

train
in

g
p

oin
t

correctly.
T

h
is

stan
d
s

in
d
irect

con
trast

to
th

e
con

clu
sion

of
oth

ers
su

ch
as

B
ick

el
et

al.
(2006)

w
h
o

h
ave

ob
served

th
at

th
e

“em
p
irical

op
tim

ization
p
rob

lem
n
ecessarily

led
to

ru
les

w
h
ich

w
ou

ld
classify

ev
ery

train
in

g
set

ob
servation

correctly
an

d
h
en

ce
n
ot

ap
p
roach

th
e

B
ayes

ru
le

w
h
atever

b
e
n

.”

W
h
ile

a
classifi

er
su

ch
as

th
at

in
F

igu
re

4a
w

ou
ld

p
reform

w
ell

a
n
d

is
ev

en
con

sisten
t,

m
an

y
p

ossib
le

in
terp

olators
ex

ist,
su

ch
as

th
e

oth
ers

d
isp

layed
in

F
igu

re
4.

F
ig

u
re

4b
sh

ow
s

th
e

(h
y
p

oth
etical)

resu
lt

of
allow

in
g

th
e

b
o
ostin

g
algorith

m
to

u
se

trees
in

volv
in

g
on

ly
x
1

an
d

n
ot
x
2 .

It
is

in
terestin

g
to

n
ote

th
at

th
is

classifi
er

h
as

sev
erely

overfi
t,

even
th

ou
gh

it
is

a
sim

p
ler

m
o
d
el,

d
ep

en
d
in

g
on

on
ly

on
e

of
th

e
tw

o
p
red

ictors.
T

h
e

classifi
er

in
F

ig
u
re

4
c

h
as

an
even

w
orse

error
rate,

w
h
ile

th
e

classifi
er

in
F

igu
re

4d
d
iff

ers
from

th
e

B
ayes

ru
le

w
ith

rate
((1−

p
)n

)
2/n

2.
T

h
is

fi
n
al

ex
am

p
le

illu
strates

th
e

ty
p

e
of

stru
ctu

re
an

d
error

rate
th

at
o
ccu

rs
w

h
en

stu
m

p
s

are
u
sed

as
th

e
w

eak
learn

er.
In

fa
ct,

M
ease

an
d

W
y
n
er

(2008)
sh

ow
th

at
th

e
ad

d
itiv

e
n
atu

re
of

stu
m

p
s

resu
lts

in
b

o
osted

classifi
ers

th
at

d
iff

er
from

th
e

B
ayes

ru
le

at
a

rate
of

at
least

(1−
p
)
d(1−

1/d
)
d

an
d

h
en

ce
is

n
ot

con
sisten

t.
T

h
e

reason
for

th
is

is
th

at
u
sin

g
lin

ear
com

b
in

ation
s

of
stu

m
p
s

d
o
es

n
ot

p
rov

id
e

en
ou

gh
fl
ex

ib
ility

to
in

terp
olate

lo
cally

arou
n
d

p
oin

ts
for

w
h
ich

th
e

o
b
served

class
d
iff

ers
from

th
e

B
ayes

ru
le.

In
con

trast,
b

o
ostin

g
larger

trees,
su

ch
as

th
ose

grow
n

in
ran

d
om

forests
in

terp
olatin

g
w

ith
sp

ik
es

of
in

creasin
gly

sm
aller

size.
S
om

e
sim

u
latio

n
s

d
em

on
stratin

g
th

e
su

p
erior

p
erform

a
n
ce

of
larger

trees
over

stu
m

p
s

are
given

in
M

ease
an

d
W

y
n
er

(2
008)

an
d

h
ere

in
S
ection

4.3.

T
h
e

d
iff

eren
t

classifi
cation

ru
les

rep
resen

ted
b
y

th
e

fo
u
r

p
lots

all
in

terp
olate

th
e

tra
in

in
g

d
ata;

h
ow

ever,
th

eir
p

erform
an

ces
o
n

th
e

p
op

u
lation

vary
con

sid
erab

ly
d
u
e

to
d
iff

eren
t

d
egrees

of
lo

cal
in

terp
olation

s
of

n
oise.

In
th

e
seq

u
el,

w
e

w
ill

sh
ow

h
ow

ran
d
om

forests
an

d
b

o
osted

en
sem

b
les

of
large

trees
resu

lts
in

classifi
ers

th
at

are
rob

u
st

to
n
oise.

T
h
e

classifi
ers

b
eh

ave
in

n
oisy

region
s

as
in

F
igu

re
4a.

A
d
aB

o
ost

an
d

ran
d
om

forests
average

12
JM

L
R

 18(48):1-33, 2017



A
d
a
B
o
o
st

a
n
d

R
a
n
d
o
m

F
o
r
e
st

s:
t
h
e
P
o
w
e
r
o
f
In

t
e
r
p
o
l
a
t
io
n

 

1
.0

 
0
.8

 
0
.6

 
0
.4

 
0
.2

 
0
.0

 

0.0 0.2 0.4 0.6 1.0 0.8 

(a
)

H
y
p

ot
h
et

ic
al

C
la

ss
ifi

er
1

 

1
.0

 
0
.8

 
0
.6

 
0
.4

 
0
.2

 
0
.0

 

0.0 0.2 0.4 0.6 0.8 1.0 

(b
)

H
y
p

ot
h
et

ic
al

C
la

ss
ifi

er
2

�

�

��
��

��
��

��
��

��
��

��
��

��
��

�������������������������

(c
)

H
y
p

ot
h
et

ic
al

C
la

ss
ifi

er
3

�

�

��
��

��
��

��
��

��
��

��
��

��
��

�������� ���� ���� ��������

(d
)

H
y
p

o
th

et
ic

al
C

la
ss

ifi
er

4

F
ig

u
re

4:
F

ou
r

d
iff

er
en

t
h
y
p

ot
h
et

ic
al

cl
as

si
fi
er

s
on

a
p
u
re

n
oi

se
re

sp
on

se
su

rf
ac

e
w

h
er

e
P

(y
=

1|
x

)
=

0
.7

5.

13
JM

L
R

 1
8(

48
):

1-
33

, 2
01

7

W
y
n
e
r
,
B
l
e
ic
h
,
O
l
so

n
,
a
n
d

M
e
a
se

m
an

y
in

d
iv

id
u
al

ly
ov

er
fi
t

cl
as

si
fi
er

s,
si

m
il
ar

to
th

e
o
n
e

in
F

ig
u
re

4b
.

T
h
e

fi
n
a
l

re
su

lt
is

a
ro

b
u
st

cl
as

si
fi
er

,
th

at
is

sp
ik

ed
-s

m
o
ot

h
;

it
fi
ts

th
e

n
oi

se
b
u
t

on
ly

ex
tr

em
el

y
lo

ca
ll
y.

3
.3

A
T

w
o
-D

im
e
n
si

o
n

a
l

E
x
a
m

p
le

w
it

h
P

u
re

N
o
is

e

W
e

w
il
l

b
eg

in
w

it
h

an
ea

sy
to

v
is

u
al

iz
e

ex
am

p
le

th
at

d
em

on
st

ra
te

s
h
ow

fi
n
e

in
te

rp
o
la

ti
o
n

ca
n

p
ro

v
id

e
ro

b
u
st

n
es

s
in

a
n
oi

sy
se

tt
in

g.
In

p
ar

ti
cu

la
r,

w
e

co
m

p
ar

e
th

e
p

er
fo

rm
a
n
ce

of
A

d
aB

o
os

t,
ra

n
d
om

fo
re

st
s

an
d

on
e-

n
ea

re
st

n
ei

gh
b

or
s,

w
h
ic

h
ar

e
al

l
in

te
rp

ol
a
ti

n
g

cl
a
ss

ifi
er

s.
W

e
w

il
l

se
e

se
e

gr
ap

h
ic

al
ly

th
at

A
d
aB

o
os

t
an

d
ra

n
d
om

fo
re

st
s

in
te

rp
ol

at
e

m
o
re

lo
ca

ll
y

ar
ou

n
d

er
ro

r
p

oi
n
ts

in
th

e
tr

ai
n
in

g
d
at

a
th

an
th

e
on

e-
N

N
cl

as
si

fi
er

.
C

on
se

q
u
en

tl
y,

A
d
a
B

o
o
st

an
d

ra
n
d
om

fo
re

st
s

ar
e

le
ss

aff
ec

te
d

b
y

n
oi

se
p

oi
n
ts

as
on

e-
N

N
an

d
h
av

e
lo

w
er

g
en

er
a
li
za

ti
o
n

er
ro

r.
W

e
w

il
l

sh
ow

th
at

th
e

se
lf

-a
v
er

ag
in

g
p
ro

p
er

ty
o
f

A
d
aB

o
os

t
an

d
ra

n
d
o
m

fo
re

st
s

is
cr

u
ci

al
.

T
h
is

p
ro

p
er

ty
w

il
l

b
e

d
is

cu
ss

ed
in

su
b
se

q
u
en

t
se

ct
io

n
s.

T
h
e

im
p
le

m
en

ta
ti

on
of

A
d
aB

o
os

t
is

ca
rr

ie
d

ou
t

ac
co

rd
in

g
to

th
e

al
go

ri
th

m
d
es

cr
ib

ed
ea

rl
ie

r.
T

h
e

b
as

e
le

ar
n
er

s
u
se

d
ar

e
tr

ee
s

fi
t

b
y

th
e
r
p
a
r
t

p
ac

ka
ge

(T
h
er

n
ea

u
a
n
d

A
tk

in
so

n
,

19
97

)
in

R
.

T
h
e

tr
ee

s
ar

e
gr

ow
n

to
a

m
ax

im
u
m

d
ep

th
of

8,
m

ea
n
in

g
th

ey
m

ay
h
av

e
a
t

m
o
st

2
8

=
25

6
te

rm
in

al
n
o
d
es

.
T

h
is

w
il
l

b
e

th
e

im
p
le

m
en

ta
ti

on
of

A
d
aB

o
os

t
w

e
w

il
l

co
n
si

d
er

th
ro

u
gh

ou
t

th
e

re
m

ai
n
d
er

of
th

is
p
ap

er
.

W
e

w
il
l

co
n
si

d
er

ag
ai

n
th

e
“p

u
re

n
oi

se
”

m
o
d
el

as
d
es

cr
ib

ed
in

th
e

p
re

v
io

u
s

se
ct

io
n
,

w
h
er

e
th

e
p
ro

b
ab

il
it

y
th

at
y

is
eq

u
al

to
+

1
fo

r
ev

er
y

x
is

so
m

e
co

n
st

an
t

va
lu

e
p
>
.5

.
F

or
th

e
tr

ai
n
in

g
d
at

a
w

e
w

il
l

ta
k
e
n

=
40

0
p

oi
n
ts

u
n
if

or
m

ly
sa

m
p
le

d
on

[0
,1

]2
a
cc

o
rd

in
g

to
a

L
at

in
H

y
p

er
cu

b
e

u
si

n
g

th
e

m
id

p
oi

n
ts

as
b

ef
or

e.
F

or
th

e
co

rr
es

p
on

d
in

g
y

va
lu

es
in

tr
a
in

in
g

d
at

a
w

e
w

il
l

ra
n
d
om

ly
ch

o
os

e
80

p
oi

n
ts

to
b

e
−

1’
s

so
th

at
P

(y
=

1|
x

)
=
.8

.

F
ig

u
re

5
d
is

p
la

y
s

th
e

re
su

lt
s

fo
r

th
e

fo
ll
ow

in
g:

(a
)

on
e-

N
N

,
(b

)
A

d
a
B

o
o
st

,
a
n
d

(c
)

ra
n
d
om

fo
re

st
s.

R
eg

io
n
s

cl
as

si
fi
ed

as
+

1
ar

e
co

lo
re

d
li
gh

t
b
lu

e
an

d
re

gi
on

s
cl

a
ss

ifi
ed

a
s

−
1

ar
e

co
lo

re
d

p
in

k
.

T
h
e

tr
ai

n
in

g
d
at

a
is

d
is

p
la

y
ed

w
it

h
b
lu

e
p

oi
n
ts

fo
r
y

=
+

1
a
n
d

re
d

p
oi

n
ts

fo
r
y

=
−

1.
S
in

ce
th

e
B

ay
es

’
ru

le
w

ou
ld

b
e

to
cl

as
si

fy
ev

er
y

p
o
in

t
a
s

+
1
,

w
e

ju
d
ge

th
e

p
er

fo
rm

an
ce

of
th

e
cl

as
si

fi
er

s
b
y

th
e

fr
ac

ti
on

of
th

e
u
n
it

sq
u
ar

e
th

a
t

m
a
tc

h
es

th
e

B
ay

es
’

ru
le

.
T

h
e

n
ea

re
st

n
ei

gh
b

or
ru

le
in

th
is

ex
am

p
le

cl
as

si
fi
es

79
%

of
th

e
re

g
io

n
a
s

+
1

(w
e

ex
p

ec
t
p

=
80

%
on

av
er

ag
e

fo
r

th
e

on
e-

N
N

)
w

h
il
e

A
d
aB

o
os

t
p

er
fo

rm
s

su
b
st

a
n
ti

a
ll
y

b
et

te
r

cl
as

si
fy

in
g

87
%

of
th

e
sq

u
ar

e
as

+
1

af
te

r
10

0
it

er
at

io
n
s

(w
h
ic

h
is

lo
n
g

a
ft

er
th

e
tr

ai
n
in

g
er

ro
r

eq
u
al

s
ze

ro
).

T
h
is

is
ev

id
en

ce
of

b
o
os

ti
n
g’

s
ro

b
u
st

n
es

s
to

n
oi

se
d
is

cu
ss

ed
in

th
e

p
re

v
io

u
s

se
ct

io
n
.

T
h
e

ra
n
d
om

fo
re

st
s

(w
it

h
50

0
tr

ee
s)

d
o
es

ev
en

b
et

te
r,

cl
a
ss

if
y
in

g
9
4
%

of
th

e
fi
gu

re
as

+
1.

V
is

u
al

ly
,

it
is

ob
v
io

u
s

th
at

th
e

ra
n
d
om

fo
re

st
s

an
d

A
d
aB

o
o
st

cl
a
ss

ifi
er

is
m

or
e

sp
ik

ed
-s

m
o
ot

h
th

an
on

e-
n
ea

re
st

n
ei

gh
b

or
s,

w
h
ic

h
al

lo
w

s
it

to
b

e
le

ss
se

n
si

ti
v
e

to
n
oi

se
p

oi
n
ts

.
A

d
a
B

o
os

t
an

d
ra

n
d
om

fo
re

st
s

d
o

in
fa

ct
ov

er
fi
t

th
e

n
oi

se
—

b
u
t

o
n
ly

th
e

n
o
is

e.
T

h
ey

d
o

n
ot

al
lo

w
th

e
ov

er
fi
t

to
m

et
a
st

as
iz

e
to

m
o
d
es

tl
y

la
rg

er
n
ei

gh
b

or
h
o
o
d
s

a
ro

u
n
d

th
e

er
ro

rs
.

It
is

in
te

re
st

in
g

to
n
ot

e
th

at
th

er
e

se
em

s
to

b
e

a
la

rg
e

d
eg

re
e

of
ov

er
la

p
b

et
w

ee
n

th
e

re
gi

on
s

cl
as

si
fi
ed

as
-1

b
y

b
ot

h
th

e
ra

n
d
om

fo
re

st
s

an
d

A
d
a
B

o
os

t;
on

e-
N

N
d
o
es

n
o
t

se
em

to
v
is

u
al

ly
fo

ll
ow

a
si

m
il
ar

p
at

te
rn

.

A
s

w
e

w
il
l
se

e
in

th
e

S
ec

ti
on

3.
6,

b
y

in
cr

ea
si

n
g

th
e

sa
m

p
le

si
ze

,
n
u
m

b
er

of
d
im

en
si

o
n
s

a
n
d

it
er

at
io

n
s

th
e

p
er

fo
rm

an
ce

is
ev

en
b

et
te

r.
T

h
e

ag
re

em
en

t
w

it
h

th
e

B
ay

es
ru

le
fo

r
A

d
a
B

o
o
st

an
d

ra
n
d
om

fo
re

st
s

co
n
ve

rg
e

to
p
ra

ct
ic

al
ly

10
0%

d
es

p
it

e
th

e
fa

ct
th

at
b

ot
h

a
lg

o
ri

th
m

s
st

il
l

in
te

rp
ol

at
e

th
e

tr
ai

n
in

g
d
at

a
w

it
h
ou

t
er

ro
r.

14
JM

L
R

 1
8(

48
):

1-
33

, 2
01

7



A
d
a
B
o
o
st

a
n
d

R
a
n
d
o
m

F
o
r
e
st

s:
t
h
e
P
o
w
e
r
o
f
In

t
e
r
p
o
l
a
t
io
n

(a)
on

e-N
N

(b
)

A
d
aB

o
o
st

(c)
R

a
n
d
o
m

F
orests

F
ig

u
re

5
:

P
erform

an
ce

of
on

e-N
N

,
A

d
aB

o
ost,

an
d

ran
d
om

forests
on

a
p
u
re

n
oise

resp
on

se
su

rfa
ce

w
ith

P
(y

=
1|x

)
=
.8

an
d
n

=
400

train
in

g
p

oin
ts.

15
JM

L
R

 18(48):1-33, 2017

W
y
n
e
r
,
B
l
e
ic
h
,
O
l
so

n
,
a
n
d

M
e
a
se

3
.4

A
V

isu
a
liz

a
tio

n
o
f

S
p

ik
e
d

-S
m

o
o
th

in
g

W
e

h
ave

argu
ed

th
at

lo
cal

in
terp

olation
su

ch
as

in
F

igu
re

4c
is

d
esirab

le,
an

d
w

e
h
ave

d
em

on
strated

th
at

A
d
aB

o
ost

an
d

ran
d
om

forest
classifi

ers
can

ach
ieve

su
ch

a
fi
t

in
th

e
p
rev

iou
s

sim
u
lation

.
N

ow
,

w
e

tu
rn

to
th

e
cru

cial
p

oin
t

of
h
ow

th
ese

classifi
ers

ach
ieve

su
ch

a
fi
t.

T
o

th
is

en
d
,

w
e

w
ill

grap
h
ically

d
isp

lay
th

e
p
ro

cess
of

sp
ik

ed
-sm

o
oth

in
g

in
th

e
case

of
th

e
ran

d
om

forest
classifi

er
from

th
e

p
rev

iou
s

sim
u
lation

.
E

ach
of

th
e

fi
rst

six
p
lots

in
F

igu
re

6
sh

ow
s

th
e

classifi
cation

ru
le

fi
t

b
y

d
iff

eren
t

d
ecision

trees
in

th
e

ran
d
om

forest.
W

e
h
ave

restricted
ea

ch
p
lot

to
a

su
b
set

of
th

e
u
n
it

sq
u
are

to
aid

e
in

v
isu

al
ease.

T
h
e

b
ottom

p
lot,

F
igu

re
6g

sh
ow

s
th

e
classifi

er
created

from
a

m
a
jority

vote
of

each
of

th
e

six
ran

d
om

forest
d
ecision

trees.
A

s
in

th
e

p
rev

iou
s

section
s,

th
e

ligh
t

b
lu

e
region

s
in

d
ica

te
w

h
ere

a
classifi

er
retu

rn
s
y

=
+

1,
an

d
th

e
p
in

k
region

s
in

d
icate

w
h
ere

a
classifi

er
retu

rn
s
y

=
−

1.

A
s

b
efore,

w
e

rem
ark

th
at

th
e

B
ay

es
ru

le
in

th
is

case
w

ou
ld

b
e

to
classify

ev
ery

p
o
in

t
as

y
=

+
1,

an
d

so
agreem

en
t

w
ith

th
e

B
ay

es
ru

le
in

th
e

p
lots

b
elow

can
b

e
v
isu

alized
a
s

th
e

p
rop

ortion
of

th
e

fi
gu

re
th

at
is

ligh
t

b
lu

e.
T

h
e

fi
rst

th
in

g
to

n
otice

is
th

at
each

d
ecision

tree
fails

to
rep

ro
d
u
ce

th
e

B
ayes

ru
le.

In
d
eed

,
sin

ce
each

tree
in

terp
olates

its
b

o
otstrap

sam
p
le,

each
fi
gu

re
is

b
ou

n
d

to
con

tain
region

s
of

p
in

k
,

sin
ce

m
ost

b
o
otstrap

sam
p
les

w
ill

con
tain

at
least

a
few

n
oise

p
oin

ts.
H

ow
ev

er,
on

e
w

ill
also

n
otice

th
at

th
ese

region
s

of
p
in

k
ten

d
to

b
e

lo
calized

in
to

th
in

strip
s

(th
is

is
esp

ecially
ap

p
aren

t
in

trees
on

e,
th

ree,
fi
ve,

an
d

six
).

In
oth

er
w

ord
s,

n
oise

p
oin

ts
ten

d
n
ot

to
ru

in
th

e
fi
t

of
th

e
d
ecision

tree
at

n
earb

y
p

oin
ts..

T
h
e

m
agic

of
sp

ik
ed

-sm
o
oth

in
g

is
revealed

in
th

e
classifi

er
6g

created
b
y

a
m

a
jority

vote
of

th
e

six
d
ecision

trees.
B

y
itself,

each
d
ecision

tree
is

a
p

o
or

classifi
er

(ev
in

ced
b
y

relatively
large

region
s

of
p
in

k
).

H
ow

ever,
w

h
en

v
oted

th
ese

region
s

of
p
in

k
get

sh
ru

n
k

d
ow

n
in

to
sm

aller
region

s,
in

d
icatin

g
b

etter
agreem

en
t

w
ith

th
e

B
ayes

ru
le.

O
n
e

can
easily

im
agin

e
th

at
if

th
ese

“th
in

strip
s”

w
ere

actu
ally

m
u
ch

w
id

er,
as

in
th

e
case

of
fi
ttin

g
stu

m
p
s,

av
eragin

g
w

ou
ld

n
ot

b
e

ab
le

to
red

u
ce

th
e

in
fl
u
en

ce
of

th
ese

n
oise

p
oin

ts
en

ou
gh

.
T

h
e

en
d

eff
ect

of
averagin

g
is

to
create

a
d
ecision

su
rface

w
h
ich

is
aff

ected
on

ly
very

m
in

im
ally

b
y

th
e

n
oise

p
oin

ts
in

th
e

train
in

g
set.

A
sim

u
la

tion
in

S
ection

4
w

ill
d
em

on
strate

th
at

th
e

ad
d
ition

al
iteration

s
of

A
d
aB

o
ost

serve
to

“sh
rin

k
”

th
e

fi
t

arou
n
d

n
oise

p
oin

ts,
m

u
ch

as
th

e
region

s
of

p
in

k
in

th
is

ex
am

p
le

b
ecam

e
m

ore
lo

calized
after

av
era

gin
g.

3
.5

A
T

w
o
-D

im
e
n
sio

n
a
l

E
x
a
m

p
le

w
ith

S
ig

n
a
l

In
ligh

t
of

th
e

ex
am

p
le

in
th

e
p
rev

iou
s

section
,
on

e
m

igh
t

n
ote

th
at

certain
n
on

-in
terp

olatin
g

algorith
m

s,
su

ch
as

a
p
ru

n
ed

C
A

R
T

tree,
w

o
u
ld

recover
th

e
B

ayes
error

rate
ex

actly.
In

th
is

section
,

w
e

con
sid

er
an

ex
am

p
le

w
h
ere

a
m

u
ch

m
ore

com
p
lex

classifi
er

is
req

u
ired

to
recover

th
e

sign
al,

yet
th

e
self-avera

gin
g

p
rop

erty
is

still
n
eed

ed
to

p
rev

en
t

ov
er-fi

ttin
g

to
n
oise.

W
e

con
sid

er
n

=
1000

train
in

g
p

oin
ts

sam
p
led

u
n
iform

ly
o
n

[0,1] 2
w

ith
th

e
L

atin
H

y
-

p
ercu

b
e

d
esign

.
In

th
is

sim
u
lation

,
th

ere
is

sign
al

p
resen

t.
In

sid
e

of
a

circle
of

rad
iu

s
0
.4

cen
tered

in
th

e
sq

u
are,

th
e

p
rob

ab
ility

th
at
y

=
+

1
is

set
to

0
.1,

w
h
ile

th
e

p
rob

ab
ility

th
at

y
=

+
1

ou
tsid

e
th

e
circle

is
set

to
0
.9.

T
h
is

sim
u
latio

n
settin

g
is

sim
ilar

to
th

e
p
rev

iou
s

o
n
e,

ex
cep

t
th

at
th

e
p
rob

ab
ility

th
at

y
=

+
1

varies
at

d
iff

eren
t

p
oin

ts
over

th
e

u
n
it

sq
u
are.

O
n
e

can
see

in
F

igu
re

7
th

at
th

e
B

ayes
ru

le
in

th
is

settin
g

is
ju

st
to

lab
el

ev
ery

p
oin

t
in

sid
e

th
e

circle
y

=
+

1
an

d
every

p
oin

t
ou

tsid
e

th
e

circle
y

=
−

1,
w

h
ich

gives
a

B
ay

es
error

rate
of

0.1.
W

e
can

th
en

com
p
are

1
6

JM
L

R
 18(48):1-33, 2017



A
d
a
B
o
o
st

a
n
d

R
a
n
d
o
m

F
o
r
e
st

s:
t
h
e
P
o
w
e
r
o
f
In

t
e
r
p
o
l
a
t
io
n

●

●
●

●

●
●

●

●

●

●

●

●

●

●

(a
)

T
re

e
1

●

●
●

●

●
●

●

●

●

●

●

●

●

●

(b
)

T
re

e
2

●

●
●

●

●
●

●

●

●

●

●

●

●

●

(c
)

T
re

e
3

●

●
●

●

●
●

●

●

●

●

●

●

●

●

(d
)

T
re

e
4

●

●
●

●

●
●

●

●

●

●

●

●

●

●

(e
)

T
re

e
5

●

●
●

●

●
●

●

●

●

●

●

●

●

●

(f
)

T
re

e
6

●

●
●

●

●
●

●

●

●

●

●

●

●

●

(g
)

M
a

jo
ri

ty
T

re
e

V
o
te

F
ig

u
re

6:
F

ir
st

si
x

tr
ee

s
fr

om
a

ra
n
d
om

fo
re

st
,
al

on
g

w
it

h
th

e
cl

as
si

fi
er

cr
ea

te
d

b
y

a
m

a
jo

ri
ty

vo
te

ov
er

th
e

tr
ee

s.

1
7

JM
L

R
 1

8(
48

):
1-

33
, 2

01
7

W
y
n
e
r
,
B
l
e
ic
h
,
O
l
so

n
,
a
n
d

M
e
a
se

th
e

p
er

fo
rm

an
ce

of
A

d
aB

o
os

t,
ra

n
d
om

fo
re

st
s,

an
d

C
A

R
T

as
in

th
e

p
re

v
io

u
s

se
ct

io
n

b
y

ex
am

in
in

g
h
ow

m
u
ch

of
th

e
ci

rc
le

ge
ts

cl
as

si
fi
ed

as
y

=
+

1
an

d
h
ow

m
u
ch

o
f

th
e

o
u
te

r
re

gi
on

is
cl

as
si

fi
ed

as
y

=
−

1.
W

e
ru

n
A

d
aB

o
os

t
fo

r
50

0
it

er
at

io
n
s,

fi
t

a
ra

n
d
o
m

fo
re

st
s

m
o
d
el

w
it

h
50

0
tr

ee
s,

an
d

b
u
il
d

a
C

A
R

T
tr

ee
th

at
is

p
ru

n
ed

u
si

n
g

cr
os

s-
va

li
d
a
ti

o
n
.

N
ot

e
th

at
w

e
p
ru

n
e

th
e

C
A

R
T

tr
ee

in
or

d
er

to
sh

ow
h
ow

a
“c

la
ss

ic
al

”
st

at
is

ti
ca

l
m

o
d
el

o
f

li
m

it
ed

co
m

p
le

x
it

y
p

er
fo

rm
s

on
th

e
cl

as
si

fi
ca

ti
on

ta
sk

.

W
e

fi
n
d

th
at

A
d
aB

o
os

t
an

d
ra

n
d
om

fo
re

st
s

h
av

e
an

ov
er

al
l

er
ro

r
ra

te
o
f

a
ro

u
n
d

0
.1

3
,

on
e-

n
ea

re
st

n
ei

gh
b

or
h
as

an
ov

er
al

l
er

ro
r

ra
te

of
0.

2
0,

an
d

C
A

R
T

h
as

an
er

ro
r

ra
te

o
f

0.
18

.
C

A
R

T
fa

il
s

to
p

er
fo

rm
w

el
l

in
th

is
ex

am
p
le

b
ec

au
se

it
is

n
ot

al
lo

w
ed

en
ou

gh
co

m
p
le

x
it

y
to

ca
p
tu

re
th

e
ci

rc
u
la

r
p
at

te
rn

.
T

o
d
o

so
v
ia

on
ly

th
e

sp
li
ts

p
ar

al
le

l
to

th
e

a
x
es

a
ll
ow

ed
b
y

th
e

al
go

ri
th

m
w

ou
ld

re
q
u
ir

e
a

ve
ry

d
ee

p
tr

ee
(a

s
al

lo
w

ed
in

ra
n
d
om

fo
re

st
s

a
n
d

A
d
a
B

o
o
st

),
w

h
ic

h
p
ru

n
in

g
d
o
es

n
ot

aff
or

d
.

R
at

h
er

,
a

sh
al

lo
w

tr
ee

ca
n

on
ly

re
co

ve
r

a
si

m
p
le

re
ct

a
n
g
u
la

r
p
at

te
rn

d
u
e

to
it

s
sh

al
lo

w
d
ep

th
.

O
n
e-

N
N

,
on

th
e

o
th

er
h
an

d
,
ag

ai
n

su
ff

er
s

fr
o
m

it
s

in
a
b
il
it

y
to

ke
ep

th
e

in
te

rp
ol

at
io

n
lo

ca
li
ze

d
.

O
u
ts

id
e

of
th

e
ci

rc
le

,
on

e
ca

n
ob

se
rv

e
sm

a
ll

“
is

la
n
d
s”

of
p
in

k
su

rr
ou

n
d
in

g
n
oi

se
p

oi
n
ts

:
b
y

fa
il
in

g
to

lo
ca

li
ze

th
e

fi
t,

te
st

p
oi

n
ts

n
ea

r
th

es
e

n
o
is

e
p

oi
n
ts

ge
t

cl
as

si
fi
ed

in
co

rr
ec

tl
y.

A
ga

in
,

on
e

fi
n
d
s

th
at

ra
n
d
om

fo
re

st
s

an
d

A
d
a
B

o
o
st

h
av

e
su

p
er

io
r

p
er

fo
rm

an
ce

b
ec

au
se

th
ey

te
n
d

to
fi
n
el

y
in

te
rp

ol
at

e
th

e
tr

ai
n
in

g
d
a
ta

,
a
n
d

th
e

p
ro

ce
ss

of
sp

ik
ed

-s
m

o
ot

h
in

g
sh

ri
n
k
s

d
ow

n
th

e
in

fl
u
en

ce
of

n
oi

se
p

oi
n
ts

.

3
.6

A
T

w
e
n
ty

-D
im

e
n

si
o
n

a
l

E
x
a
m

p
le

W
e

n
ow

re
p

ea
t

th
e

si
m

u
la

ti
on

in
S
ec

ti
on

3.
3

w
it

h
a

la
rg

er
sa

m
p
le

si
ze

an
d

in
2
0

d
im

en
si

o
n
s

in
st

ea
d

of
2.

S
p

ec
ifi

ca
ll
y,

th
e

tr
ai

n
in

g
d
a
ta

n
ow

h
as
n

=
50

00
ob

se
rv

at
io

n
s

sa
m

p
le

d
a
cc

o
rd

-
in

g
to

th
e

m
id

p
oi

n
ts

of
a

L
at

in
H

y
p

er
cu

b
e

d
es

ig
n

u
n
if

or
m

ly
on

[0
,1

]2
0
.

W
e

a
g
a
in

ra
n
d
o
m

ly
se

le
ct

20
%

or
10

00
of

th
es

e
p

oi
n
ts

to
b

e
−

1’
s

w
it

h
th

e
re

m
ai

n
in

g
40

00
to

b
e

+
1
’s

.

S
in

ce
in

20
d
im

en
si

on
s

it
is

d
iffi

cu
lt

to
d
is

p
la

y
th

e
re

su
lt

in
g

cl
as

si
fi
ca

ti
on

ru
le

s
g
ra

p
h
ic

a
ll
y

w
e

in
st

ea
d

ex
am

in
e

th
e

ru
le

s
on

a
h
ol

d
ou

t
sa

m
p
le

of
10

,0
00

p
oi

n
ts

sa
m

p
le

d
u
n
if

o
rm

ly
a
n
d

in
d
ep

en
d
en

tl
y

on
[0
,1

]2
0
.

F
ig

u
re

8
p
lo

ts
th

e
p
ro

p
or

ti
on

of
p

oi
n
ts

in
th

e
h
o
ld

o
u
t

sa
m

p
le

cl
as

si
fi
ed

b
y

A
d
aB

o
os

t
as

+
1

as
a

fu
n
ct

io
n

of
th

e
n
u
m

b
er

of
it

er
at

io
n
s.

T
h
is

p
ro

p
o
rt

io
n

p
ea

k
s

at
.1

43
3

at
n
in

e
it

er
at

io
n
s

b
u
t

th
en

gr
a
d
u
al

ly
d
ec

re
as

es
to
.0

17
5

b
y

10
0

it
er

a
ti

o
n
s

a
n
d

is
eq

u
al

to
.0

00
8

b
y

1,
00

0
it

er
at

io
n
s.

T
h
e

fa
ct

th
at

b
y

1,
00

0
it

er
at

io
n
s

on
ly

8
o
f

th
e

1
0
,0

00
p

oi
n
ts

in
th

e
h
ol

d
ou

t
sa

m
p
le

ar
e

cl
a
ss

ifi
ed

as
+

1
m

ea
n
s

th
er

e
is

ve
ry

li
tt

le
ov

er
fi
tt

in
g
.

T
h
e

la
rg

e
n
u
m

b
er

of
it

er
at

io
n
s

h
as

th
e

eff
ec

t
of

sm
o
ot

h
in

g
ou

t
th

e
cl

as
si

fi
er

re
su

lt
in

g
in

a
ru

le
th

at
ag

re
es

w
it

h
th

e
B

ay
es

ru
le

fo
r

99
.9

2%
of

th
e

p
oi

n
ts

.
R

ec
al

l
th

at
A

d
a
B

o
o
st

fi
ts

th
e

tr
ai

n
in

g
d
at

a
p

er
fe

ct
ly

,
an

d
th

u
s

d
iff

er
s

fr
om

th
e

B
ay

es
ru

le
on

20
%

of
th

is
sa

m
p
le

.
W

e
se

e
cl

ea
rl

y
h
er

e
th

at
A

d
aB

o
os

t
ov

er
fi
ts

w
it

h
re

sp
ec

t
to

th
e

tr
ai

n
in

g
d
at

a
b
u
t

n
o
t

w
it

h
re

sp
ec

t
to

th
e

p
op

u
la

ti
on

.
A

ga
in

,
th

is
is

a
re

su
lt

of
ex

tr
em

el
y

lo
ca

l
in

te
rp

ol
at

io
n

o
f

th
e

p
o
in

ts
in

th
e

tr
ai

n
in

g
d
at

a
fo

r
w

h
ic

h
th

e
ob

se
rv

ed
cl

as
s

d
iff

er
s

fr
om

th
e

B
ay

es
ru

le
.

A
ra

n
d
o
m

fo
re

st
s

m
o
d
el

fi
t

to
th

e
tr

ai
n
in

g
d
at

a
ag

re
es

w
it

h
th

e
B

ay
es

ru
le

at
ev

er
y

p
oi

n
t

ex
ce

p
t

fo
r

o
n
e,

a
n
d

h
en

ce
h
as

ex
ce

p
ti

on
al

ge
n
er

al
iz

at
io

n
er

ro
r.

18
JM

L
R

 1
8(

48
):

1-
33

, 2
01

7



A
d
a
B
o
o
st

a
n
d

R
a
n
d
o
m

F
o
r
e
st

s:
t
h
e
P
o
w
e
r
o
f
In

t
e
r
p
o
l
a
t
io
n

(a
)

O
n
e-N

N
(b

)
A

d
aB

o
o
st

(c)
R

an
d
om

F
o
rests

(d
)

C
A

R
T

F
ig

u
re

7
:

P
erform

an
ce

of
A

d
aB

o
ost,

ran
d
om

forests,
an

d
C

A
R

T
on

a
resp

on
se

su
rface

w
h
ere

P
(y

=
1|x

)
=

0.10
in

sid
e

th
e

circle
a
n
d
P

(y
=

1|x
))

=
0.90

ou
tsid

e
of

th
e

circle.
T

h
ere

a
re

n
=

1
0
00

tra
in

in
g

p
oin

ts
an

d
th

e
B

ay
es

error
is

0.10.

19
JM

L
R

 18(48):1-33, 2017

W
y
n
e
r
,
B
l
e
ic
h
,
O
l
so

n
,
a
n
d

M
e
a
se

0
200

400
600

800
1000

0.00 0.05 0.10 0.15 0.20

Iterations

% Different from Bayes

F
igu

re
8:

T
h
is

p
lot

sh
ow

s
th

e
p
rop

ortion
of

p
oin

ts
in

a
test

set
for

w
h
ich

th
e

p
red

iction
s

m
ad

e
b
y

A
d
aB

o
ost

an
d

th
e

B
ayes

ru
le

d
iff

er,
as

a
fu

n
ctio

n
of

th
e

n
u
m

b
er

of
b

o
ostin

g
rou

n
d
s

(b
lack

).
T

h
e

b
lu

e
lin

e
sh

ow
s

th
is

p
rop

ortion
for

th
e

on
e

n
earest

n
eigh

b
or

classifi
er.

N
ote

th
at

th
e

agreem
en

t
of

A
d
aB

o
ost

an
d

th
e

B
ayes

ru
le

in
creases

w
ith

th
e

n
u
m

b
er

of
b

o
ostin

g
rou

n
d
s.

4
.

S
e
lf-A

v
e
ra

g
in

g
P

ro
p

e
rty

o
f

B
o
o
stin

g

4
.1

B
o
o
stin

g
is

S
e
lf-S

m
o
o
th

in
g

In
th

e
p
rev

iou
s

section
s,

w
e

h
ave

d
em

on
strated

sim
p
le

ex
am

p
les

w
h
ere

ran
d
om

forests
an

d
A

d
aB

o
ost

y
ield

th
e

stron
gest

p
erform

an
ce

w
ith

resp
ect

to
th

e
B

ayes
ru

le.
W

e
h
ave

argu
ed

th
at

th
ese

algorith
m

s
are

su
ccessfu

l
classifi

ers
d
u
e

to
th

e
fact

th
at

th
ey

fi
t

in
itially

com
p
lex

m
o
d
els

b
y

in
terp

olatin
g

th
e

train
in

g
d
ata

b
u
t

also
ex

h
ib

it
sm

o
oth

in
g

p
rop

erties
v
ia

self-
averagin

g
th

at
stab

ilizes
th

e
fi
t

in
region

s
w

ith
sign

al,
w

h
ile

con
tin

u
in

g
to

keep
lo

calized
th

e
eff

ect
of

n
oise

p
oin

ts
on

th
e

overall
fi
t.

W
h
ile

th
is

sm
o
oth

in
g

m
ech

an
ism

is
ob

v
iou

s
for

ran
d
om

forests
v
ia

th
e

averagin
g

ov
er

d
ecision

trees,
it

is
less

ob
v
iou

s
for

A
d
aB

o
ost.

In
th

is
section

w
e

ex
p
lain

w
h
y

th
e

ad
d
ition

al
iteration

s
in

b
o
ostin

g
w

ay
b

eyon
d

th
e

p
oin

t
at

w
h
ich

p
erfect

classifi
cation

of
th

e
train

in
g

d
ata

(i.e
in

terp
o
lation

)
h
as

o
ccu

rred
actu

ally
h
as

th
e

eff
ect

of
sm

o
oth

in
g

ou
t

th
e

eff
ects

of
n
oise

rath
er

th
an

lea
d
in

g
to

m
ore

an
d

m
ore

overfi
ttin

g.
T

o
th

e
b

est
of

ou
r

k
n
ow

led
ge,

th
is

is
a

n
ovel

p
ersp

ective
on

th
e

algorith
m

.
T

o
ex

p
lain

ou
r

key
id

ea,
w

e
w

ill
recall

th
e

p
u
re

n
oise

ex
am

p
le

from
b

efore
w

ith
p

=
.8

,
d

=
20

an
d
n

=
5000.

R
ecall

th
at

th
e

classifi
er

p
ro

d
u
ced

b
y

A
d
aB

o
ost

corresp
on

d
s

to
I[f

M
(x

)
>

0]
w

h
ere

f
M

(x
)

=
M∑m
=
1

α
m
G
m

(x
)

as
d
efi

n
ed

earlier.
T

ak
in

g
M

=
1000

w
h
ich

w
as

su
ccessfu

l
in

ou
r

ex
am

p
le

let
u
s

rew
rite

th
is

as

20
JM

L
R

 18(48):1-33, 2017



A
d
a
B
o
o
st

a
n
d

R
a
n
d
o
m

F
o
r
e
st

s:
t
h
e
P
o
w
e
r
o
f
In

t
e
r
p
o
l
a
t
io
n

f 1
0
0
0
(x

)
=

1
0
0
0

∑ m
=
1

α
m
G
m

(x
)

=
1
0 ∑ j=
1

1
0
0

∑ k
=
1

α
1
0
0
(j
−
1
)+
k
G

1
0
0
(j
−
1
)+
k
(x

)
=

1
0 ∑ j=
1

1
0
0

∑ k
=
1

h
j k
(x

)

w
h
er

e
h
j k
(x

)
≡
α
1
0
0
(j
−
1
)+
k
G

1
0
0
(j
−
1
)+
k
(x

).

N
ow

d
efi

n
e

h
j K

(x
)
≡

K ∑ k
=
1

h
j k
(x

)

an
d

n
ot

e
th

at
fo

r
ev

er
y
j
∈
{1
,.
..
,1

0}
an

d
ev

er
y
K
∈
{1
,.
..
10

0}
th

at
I[
h
j K

(x
)
>

0]
is

it
se

lf
a

cl
as

si
fi
er

m
ad

e
b
y

li
n
ea

r
co

m
b
in

at
io

n
s

of
cl

as
si

fi
ca

ti
on

tr
ee

s.
T

h
e

te
n

p
lo

ts
in

F
ig

u
re

9
d
is

p
la

y
th

e
p

er
fo

rm
an

ce
on

th
e

h
ol

d
-o

u
t

sa
m

p
le

fo
r

th
es

e
te

n
cl

as
si

fi
er

s
co

rr
es

p
on

d
in

g
to

th
e

te
n

d
iff

er
en

t
va

lu
es

fo
r
j

as
a

fu
n
ct

io
n

of
K

.
In

te
re

st
in

gl
y,

ea
ch

of
th

es
e

10
cl

as
si

fi
er

s
b
y

it
se

lf
d
is

p
la

y
s

th
e

ch
ar

ac
te

ri
st

ic
of

b
o
os

ti
n
g
:

th
e

ag
re

em
en

t
w

it
h

th
e

B
ay

es
ru

le
in

cr
ea

se
s

as
m

or
e

te
rm

s
ar

e
ad

d
ed

(f
or

in
st

an
ce

,
as
K

is
in

cr
ea

se
d
).

A
se

co
n
d

in
te

re
st

in
g

fa
ct

ab
ou

t
th

es
e

10
in

d
iv

id
u
al

cl
as

si
fi
er

s
in

th
e

d
ec

om
p

os
it

io
n

is
th

at
ea

ch
on

e
ac

h
ie

ve
s

p
er

fe
ct

se
p
ar

at
io

n
of

th
e

tr
ai

n
in

g
d
a
ta

an
d

th
u
s

ea
ch

on
e

is
a
n

in
te

rp
ol

at
in

g
cl

as
si

fi
er

.
T

h
is

re
su

lt
ca

n
b

e
ex

p
ec

te
d

in
ge

n
er

al
,

p
ro

v
id

ed
th

e
to

ta
l

n
u
m

b
er

of
it

er
at

io
n
s

fo
r

ea
ch

cl
as

si
fi
er

in
th

e
d
ec

om
p

os
it

io
n

is
su

ffi
ci

en
tl

y
la

rg
e.

T
h
is

is
cl

ea
r

fo
r

th
e

fi
rs

t
cl

as
si

fi
er

,
si

n
ce

it
is

si
m

p
ly

A
d
a
B

o
os

t
it

se
lf

an
d

w
il
l

n
ec

es
sa

ri
ly

ac
h
ie

ve
ze

ro
tr

ai
n
in

g
er

ro
r

u
n
d
er

so
m

e
st

an
d
ar

d
co

n
d
it

io
n
s

as
d
is

cu
ss

ed
in

J
ia

n
g

(2
00

2)
.

T
h
e

se
co

n
d

cl
as

si
fi
er

in
th

e
d
ec

om
p

os
it

io
n

is
si

m
p
ly

A
d
aB

o
os

t
w

ei
gh

t
ca

rr
ie

d
ov

er
fr

o
m

th
e

fi
rs

t
cl

as
si

fi
er

.
S
in

ce
re

-
w

ei
gh

ti
n
g

th
e

tr
ai

n
in

g
d
at

a
d
o
es

n
ot

p
re

ve
n
t

A
d
aB

o
os

t
fr

om
ob

ta
in

in
g

ze
ro

tr
ai

n
in

g
er

ro
r,

th
e

se
co

n
d

cl
as

si
fi
er

al
so

in
te

rp
ol

at
es

ev
en

tu
al

ly
,

as
d
o
es

th
e

th
ir

d
,

an
d

so
on

.
D

ec
om

p
os

in
g

b
o
os

ti
n
g

in
th

is
w

ay
off

er
s

an
ex

p
la

n
at

io
n

of
w

h
y

th
e

ad
d
it

io
n
a
l

it
er

at
io

n
s

le
ad

to
ro

b
u
st

n
es

s
an

d
b

et
te

r
p

er
fo

rm
an

ce
in

n
oi

sy
en

v
ir

on
m

en
ts

ra
th

er
th

an
se

ve
re

ov
er

-
fi
tt

in
g.

In
th

is
ex

am
p
le

,
A

d
aB

o
os

t
fo

r
10

0
it

er
at

io
n
s

is
an

in
te

rp
ol

at
in

g
cl

as
si

fi
er

.
It

m
a
ke

s
so

m
e

er
ro

rs
,

m
os

tl
y

n
ea

r
th

e
p

oi
n
ts

in
th

e
tr

a
in

in
g

d
at

a
fo

r
w

h
ic

h
th

e
la

b
el

d
iff

er
s

fr
om

th
e

B
ay

es
ru

le
,

al
th

ou
gh

th
es

e
ar

e
lo

ca
li
ze

d
.

B
o
os

ti
n
g

fo
r

10
00

it
er

at
io

n
s

is
th

u
s

a
p

oi
n
t-

w
is

e
w

ei
gh

te
d

av
er

ag
e

of
10

in
te

rp
ol

at
in

g
cl

as
si

fi
er

s.
T

h
e

ra
n
d
om

er
ro

rs
n
ea

r
th
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p
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l
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p
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h
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b
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b
u
t

th
is

ti
m

e
w

e
fo

rm
th

e
h
ol

d
ou

t
sa

m
p
le

b
y

ta
k
in

g
a

p
oi

n
t

a
(E

u
cl

id
ea

n
)

d
is

ta
n
ce

of
.1

fr
om

ea
ch

of
th

e
10

00
p

o
in

ts
la

b
el

ed
as
−

1
in

th
e

tr
ai

n
in

g
d
at

a
in

a
ra

n
d
om

d
ir

ec
ti

on
.

D
u
e

to
th

e
fo

rc
ed

(a
n
d

u
n
n
a
tu

ra
l)

cl
os

e
p
ro

x
im

it
y

of
th

e
p

oi
n
ts

in
th

e
h
ol

d
ou

t

21
JM

L
R

 1
8(

48
):

1-
33

, 2
01

7

W
y
n
e
r
,
B
l
e
ic
h
,
O
l
so

n
,
a
n
d

M
e
a
se

0
40

80

0.00.20.40.6

K

% Different from Bayes

0
40

80

0.00.20.40.6

K
0

40
80

0.00.20.40.6

K
0

40
80

0.00.20.40.6

K
0

40
80

0.00.20.40.6

K

0
40

80

0.00.20.40.6

K
0

40
80

0.00.20.40.6

K
0

40
80

0.00.20.40.6

K
0

40
80

0.00.20.40.6

K
0

40
80

0.00.20.40.6

K

F
ig

u
re

9:
A

d
ec

om
p

os
it

io
n

of
b

o
os

ti
n
g

to
tr

ai
n
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b
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b
e

fo
r

a
ra

n
d
om

sa
m

p
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u
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b
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b
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p
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ra
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p
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p
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d
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b
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n
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p
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n
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p
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d
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p
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b
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b
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b
le

ov
er

re
p

ea
te

d
ru

n
s.

T
h
e

re
su

lt
se

rv
es

to
il
lu

st
ra

te
th

at
th

e

25
JM

L
R

 1
8(

48
):

1-
33

, 2
01

7

W
y
n
e
r
,
B
l
e
ic
h
,
O
l
so

n
,
a
n
d

M
e
a
se

0
50

10
0

15
0

20
0

25
0

0.100.150.200.250.30

Ite
ra

tio
ns

% Different from Bayes

(a
)

S
tu

m
p

0
50

10
0

15
0

20
0

25
0

0.100.150.200.250.30

Ite
ra

tio
ns

% Different from Bayes

(b
)

2
8

N
o
d
e

T
re

es

F
ig

u
re

12
:

C
om

p
ar

is
on

of
A

d
aB

o
os

t
w

it
h

st
u
m

p
s

(a
)

a
n
d

28
n
o
d
e

tr
ee

s
(b

)
fo

r
th

e
fi
v
e

d
im

en
si

on
al

si
m

u
la

ti
on

.
T

h
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at
io

n
of

n
oi

se
p

oi
n
ts

is
n
ot

sh
ar

ed
b
y

A
d
aB

o
os

t
u
si

n
g

st
u
m

p
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b
et

te
r

in
n
oi

sy
en

v
ir

on
m

en
ts

b
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b
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b
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p
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p
er

ty
an

d
n
ot

b
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R
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p
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h
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h
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d
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p
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d
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p
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ra
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h
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p
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re
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b
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d
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b
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d
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r
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w
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p
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d
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b
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=
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=
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a
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b
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h
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p
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con
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p
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d
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b
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d
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b
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ra
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p
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reality
th

at
it

is
im

p
o
ssib

le
to

id
en

tify
n
oise

p
oin

ts
w

ith
ou

t
k
n
ow

in
g

th
e

u
n
d
erly

in
g

p
rob

ab
ility

m
o
d
el.

A
s

a
su

b
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p
ed

th
e

sign
s

of
100

ran
d
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d
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d
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p
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p
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p
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b
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b
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d
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ca
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3
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gram
s
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d
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o
o
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a
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h
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d
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p
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b
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ro
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p
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ra
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e

fi
ttin

g
p

ro
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to

jo
in

tly
cl

us
te

rt
he

se
tw

o
se

ts
of

no
de

s
gi

ve
n

th
e

bi
pa

rt
ite

la
be

lo
bs

er
va

tio
ns

.A
ll

ou
ra

lg
or

ith
m

ic
an

d
st

at
is

tic
al

re
su

lts
ex

te
nd

to
th

is
bi

-c
lu

st
er

in
g

se
tti

ng
w

ith
on

ly
m

in
or

ch
an

ge
s.
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C
L

U
S

T
E

R
IN

G
F

R
O

M
G

E
N

E
R

A
L

P
A

IR
W

IS
E

O
B

S
E

R
V

A
T

IO
N

S

R
em

ark
1

P
relim

inary
versions

of
som

e
of

the
results

here
have

appeared
in

part
in

C
hen

et
al.

(2014b)
and

Lim
etal.(2014).

The
theory

w
as

previously
stated

w
ith

respectto
only

discrete
la-

belsets,butare
now

extended
to

generallabelsets,including
continuous

and
m

ixed-valued
labels,

w
hich

appear
frequently

in
applications

(see,
for

exam
ple,

Section
4).

W
e

also
include

a
m

ore
detailed

and
system

atic
discussion

on
the

bi-clustering
setting

and
various

special
cases.

Im
ple-

m
entation

details
of

efficient
first-order

solvers
are

now
included.

W
e

also
report

a
m

uch
m

ore
extensive

setofem
piricalresults

on
both

synthetic
and

realdata,including
com

parison
w

ith
other

m
ethods.

1.1
R

elated
W

ork

T
he

planted
partition

m
odel/stochastic

block
m

odel(C
ondon

and
K

arp,2001;H
olland

etal.,1983)
are

standard
m

odels
for

studying
graph

clustering.
V

ariants
of

the
m

odels
cover

partially
observed

graphs
(O

ym
ak

and
H

assibi,2011;C
hen

etal.,2014a),w
eighted

graphs
and

the
subm

atrix
local-

ization
and

bi-clustering
problem

s
(B

alakrishnan
etal.,2011;K

olaretal.,2011).
A

llthese
m

odels
are

specialcases
of

ours.
V

arious
algorithm

s
have

been
proposed

and
analyzed

under
these

m
od-

els,such
as

spectralclustering
(M

cSherry,2001;C
haudhurietal.,2012;R

ohe
etal.,2011),convex

optim
ization

approaches
(M

athieu
and

Schudy,2010;A
m

es
and

V
avasis,2011)and

tensordecom
-

position
m

ethods
(A

nandkum
ar

etal.,2014).
O

urs
is

based
on

convex
optim

ization,generalizing
the

convexified
m

axim
um

likelihood
approach

in
C

hen
etal.(2014c).

Tim
e-varying

graphs
arise

in
a

broad
range

of
applications,and

the
problem

of
clustering

such
graphs

has
been

studied
in

various
context

(see
Fortunato,

2010;
Sun

et
al.,

2007;
C

hakrabarti
etal.,2006;K

aw
adia

and
Sreenivasan,2012;N

guyen
etal.,2011,and

the
references

therein).T
he

stochastic
block

m
odelhas

also
been

extended
in

a
num

ber
of

w
ays

to
accom

m
odate

tim
e-varying

graphs.Forexam
ple,H

an
etal.(2015)considerm

ultiple,independentgraphs,w
here

edge
distribu-

tions
can

differin
each

graph
and

each
clusterm

em
bership

pair.In
the

w
ork

ofX
u

and
H

ero
(2014);

M
atias

and
M

iele
(2016),the

cluster
m

em
bership

of
an

individualnode
is

allow
ed

to
change

w
ith

tim
e.A

notherextension
isin

allow
ing

m
ixed

clusterm
em

bership
in

tim
e-varying

netw
orks,asdone

by
Fu

etal.(2009).
T

hese
extensions

allow
additionalflexibilities,butthe

existing
solutions

lack
the

kind
of

theoretical
perform

ance
guarantees

afforded
by

our
approach.

A
lso

note
that

dealing
w

ith
tim

e-varying
graph

is
only

one
ofthe

applications
ofourgeneraltheory

on
clustering

based
on

pairw
ise

labels.
M

ostrelated
to

oursetting
is

the
labelled

stochastic
block

m
odelproposed

by
H

eim
licheretal.

(2012)and
L

elarge
etal.(2013).A

m
ain

difference
in

theirm
odelis

thatthey
assum

e
each

pairw
ise

observation
is

from
a

tw
o-step

process:
firstan

edge/non-edge
is

observed;
if

itis
an

edge
then

a
labelis

associated
w

ith
it.In

ourm
odelallobservations

are
in

the
form

oflabels—
in

particular,an
edge

orno-edge
is

also
a

label—
w

hich
covers

theirsetting
as

a
specialcase.O

urm
odelis

therefore
m

ore
generaland

natural,and
as

a
resultour

theory
covers

a
broad

class
of

subproblem
s

including
tim

e-varying
graphs.

M
oreover,

their
analysis

is
m

ainly
restricted

to
the

tw
o-cluster

setting
w

ith
edge

probabilities
on

the
orderof

Θ
(1/n

),w
hile

w
e

allow
foran

arbitrary
num

berofclusters
and

a
w

ide
range

ofedge/labeldistributions.In
addition,w

e
considerthe

setting
w

here
the

distributionsof
the

labels
are

notprecisely
know

n.
A

lgorithm
ically,they

use
beliefpropagation

(H
eim

licheretal.,
2012)and

spectralm
ethods

(L
elarge

etal.,2013).
A

ppearing
after

the
conference

versions
of

this
paper,the

w
ork

by
Jog

and
L

oh
(2015)

stud-
ies

a
form

of
labelled

stochastic
block

m
odel

and
thus

is
also

related
to

ours.
R

estricting
to

the
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L
IM

,C
H

E
N

A
N

D
X

U

hom
ogeneous

case
w

ith
equal-size

clusters,they
derive

recovery
conditions

in
term

s
of

the
R

enyi
divergence.

T
heir

results
are

based
on

the
m

axim
um

likelihood
decoder,

w
hich

is
not

com
puta-

tionally
feasible.

A
nother

recent
w

ork
by

C
hen

et
al.(2015)

also
studies

the
statistical

lim
its

of
inform

ation
recovery

from
pairw

ise
observations.T

heirm
odelis

how
everquite

differentfrom
ours,

and
the

results
are

again
based

on
the

intractable
m

axim
um

likelihood
decoder.

2.Problem
Setup

and
A

lgorithm
s

W
e

assum
e
n

nodes
are

partitioned
into

r
disjointclusters

of
size

atleast
K

.
T

he
clusters

are
un-

know
n

and
considered

as
the

ground
truth.Foreach

pairofnodes
(i,j),a

labelL
ij ∈
L

is
observed,

w
hereL

isthe
setofallpossible

valuesofthe
label.T

hese
labelsare

generated
independently

across
node

pairs
according

to
som

e
distributions

µ
and

ν
on
L

. 1
In

particular,if
nodes

i
and

j
are

in
the

sam
e

cluster,the
observed

label
L
ij

follow
s

the
distribution

µ
,otherw

ise
L
ij

follow
s
ν.

T
he

goal
is

to
recover

the
ground

truth
clusters

given
the

pairw
ise

labels,w
hich

is
represented

as
a

m
atrix

L
=

(L
ij )∈

L
n×

n.
W

e
encode

the
true

clusters
as

an
n
×
n

cluster
m

atrix
Y
∗,w

here
Y
∗ij

=
1

if
nodes

i
and

j
belong

to
the

sam
e

cluster
and

Y
∗ij

=
0

otherw
ise,w

ith
the

convention
that

Y
∗ii

=
1

forall
i.T

he
problem

is
therefore

to
find

Y
∗

given
L

.
W

e
take

an
optim

ization
approach

to
this

problem
.To

m
otivate

ouralgorithm
,firstconsiderthe

case
of

clustering
a

w
eighted

graph,w
hereL

=
R

and
alllabels

are
realnum

bers.
Suppose

that
positive

w
eights

indicate
affinity

betw
een

node
pairs

w
hile

negative
w

eights
indicate

dissim
ilarity.

A
natural

approach
is

to
partition

the
nodes

in
a

w
ay

that
m

axim
izes

the
total

w
eight

inside
the

clusters
(this

is
equivalent

to
correlation

clustering
by

B
ansal

et
al.2004).

M
athem

atically,
this

form
ulation

is
to

find
a

clustering,represented
by

a
clusterm

atrix
Y
∈
{0
,1}

n×
n,such

thatthe
sum

∑
i,j
L
ij Y

ij
is

m
axim

ized.
In

the
setting

of
generallabels,w

e
pick

a
w

eightfunction
w

:L
→

R
,

w
hich

assigns
a

num
ber

W
ij

=
w

(L
ij )

to
the

label
L
ij

observed
ateach

pair
(i,j).

W
e

then
solve

the
follow

ing
m

ax-w
eightproblem

:

m
ax
Y

〈W
,Y
〉

s.t.
Y

is
an
n
×
n

clusterm
atrix,

(1)

w
here

〈W
,Y
〉

:=
∑

i,j
W
ij Y

ij
is

the
trace

inner
product.

N
ote

that
once

the
w

eight
function

is
specified,this

form
ulation

effectively
converts

the
problem

ofclustering
from

labels
into

a
w

eighted
clustering

problem
.

T
he

optim
ization

program
(1)is

non-convex
due

to
the

com
binatorialconstraint.O

uralgorithm
is

based
on

a
convex

relaxation
of(1),using

the
factthatany

clusterm
atrix

is
a

sym
m

etric
positive

sem
idefinite,block-diagonal0-1

m
atrix.R

elaxing
the

constraintin
(1)leadsto

the
follow

ing
convex

optim
ization

problem
:

m
ax
Y

〈W
,Y
〉

s.t.
Y
∈
S
n+
,

0
≤
Y
ij ≤

1
,∀

(i,j),

(2)

w
here

S
n+

denotes
the

set
of
n
×
n

sym
m

etric
positive

sem
idefinite

m
atrices.

W
e

say
that

the
program

(2)
recovers

the
true

clusters
if

it
has

a
unique

optim
al

solution
equal

to
the

true
cluster

m
atrix

Y
∗.

1.M
ore

precisely,w
e

assum
e

thatthere
is

a
σ

-algebraF
such

that
(L
,F

)
is

a
m

easurable
space,endow

ed
w

ith
proba-

bility
m

easures
µ

and
ν.
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R
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M
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E
R

A
L

PA
IR

W
IS

E
O

B
S

E
R

V
A

T
IO

N
S

O
ne

ha
s

th
e

fr
ee

do
m

of
ch

oo
si

ng
th

e
w

ei
gh

t
fu

nc
tio

n
w

.
H

er
e,

th
e

lik
el

ih
oo

d
ra

tio
be

tw
ee

n
la

be
ld

is
tr

ib
ut

io
ns
µ

an
d
ν

w
ill

pl
ay

an
im

po
rt

an
tr

ol
e.

W
e

as
su

m
e

th
at

th
e

m
ea

su
re

s
µ

an
d
ν

ar
e

ab
so

lu
te

ly
co

nt
in

uo
us

w
ith

ea
ch

ot
he

r,
as

w
el

la
s

w
ith

so
m

e
ba

se
m

ea
su

re
λ

on
L.

W
ith

a
sl

ig
ht

ab
us

e
of

no
ta

tio
n,

th
e

lik
el

ih
oo

ds
of

a
la

be
ll
∈
L

w
ith

re
sp

ec
tt

o
µ

an
d
ν

ar
e

gi
ve

n
by

µ
(l

)
=

d
µ

d
λ

(l
)

an
d

ν
(l

)
=

d
ν

d
λ

(l
),

w
he

re
d
µ

d
λ

an
d

d
ν

d
λ

ar
e

th
e

re
sp

ec
tiv

e
R

ad
on

-N
ik

od
ym

de
riv

at
iv

es
.

In
th

e
se

qu
el

,
un

le
ss

sp
ec

ifi
ed

ot
he

rw
is

e,
w

e
w

ill
al

w
ay

s
as

su
m

e
th

at
λ

is
th

e
co

un
tin

g
m

ea
su

re
if
L

is
a

di
sc

re
te

la
be

l
se

t,
in

w
hi

ch
ca

se
w

e
si

m
pl

y
ha

ve
µ

(l
)

=
P

r(
L
ij

=
l)

.F
or

a
co

nt
in

uo
us

se
tL

,w
e

us
e

th
e

L
eb

es
gu

e
ba

se
m

ea
su

re
an

d
he

nc
e
µ

(l
)

is
th

e
us

ua
ld

en
si

ty
fu

nc
tio

n
of
µ

.
L

at
er

w
e

w
ill

en
co

un
te

r
m

or
e

ge
ne

ra
l,

m
ix

ed
-v

al
ue

d
la

be
ls

et
s
L.

In
tu

iti
ve

ly
,a

w
ei

gh
tf

un
ct

io
n
w

sh
ou

ld
as

si
gn
w

(L
ij

)
>

0
to

a
la

be
lL

ij
w

ith
µ

(L
ij

)
>
ν

(L
ij

),
so

th
e

pr
og

ra
m

(2
)

is
en

co
ur

ag
ed

to
pl

ac
e

no
de

s
i

an
d
j

in
th

e
sa

m
e

cl
us

te
r,

th
e

m
or

e
lik

el
y

po
s-

si
bi

lit
y;

si
m

ila
rl

y
w

e
sh

ou
ld

ha
ve
w

(L
ij

)
<

0
if
µ

(L
ij

)
<
ν

(L
ij

).
In

ot
he

r
w

or
ds

,a
go

od
w

ei
gh

t
fu

nc
tio

n
sh

ou
ld

re
fle

ct
th

e
in

fo
rm

at
io

n
in
µ

an
d
ν

.
O

ur
th

eo
re

tic
al

re
su

lts
in

Se
ct

io
n

3
ch

ar
ac

te
r-

iz
e

th
e

pe
rf

or
m

an
ce

of
th

e
pr

og
ra

m
(2

)
fo

r
an

y
gi

ve
n

w
ei

gh
tf

un
ct

io
n
w

.
B

ui
ld

in
g

on
th

is
ge

ne
ra

l
re

su
lt,

w
e

fu
rt

he
r

de
riv

e
ro

bu
st

an
d

op
tim

al
ch

oi
ce

s
of
w

.
Si

nc
e
µ

an
d
ν

ar
e

of
te

n
un

kn
ow

n,
Se

c-
tio

n
3

al
so

in
cl

ud
es

re
su

lts
w

he
n
w

is
ch

os
en

ba
se

d
on

di
st

ri
bu

tio
ns

th
at

ar
e

di
ff

er
en

tf
ro

m
th

e
tr

ue
di

st
ri

bu
tio

ns
.

Fo
r

cl
us

te
r

re
co

ve
ry

to
be

po
ss

ib
le

,t
he

ob
se

rv
ed

la
be

ls
m

us
tc

on
ta

in
su

ffi
ci

en
ti

nf
or

m
at

io
n

to
di

st
in

gu
is

h
di

ff
er

en
t

cl
us

te
rs

.
If
µ

=
ν

,t
he

ob
se

rv
ed

la
be

ls
fo

r
in

tr
a-

an
d

in
te

r-
cl

us
te

r
pa

ir
s

w
ill

ha
ve

th
e

sa
m

e
di

st
ri

bu
tio

n,
in

w
hi

ch
ca

se
th

e
da

ta
L

is
di

st
ri

bu
te

d
in

de
pe

nd
en

tly
of

th
e

un
de

rl
yi

ng
cl

us
te

rs
an

d
re

co
ve

ry
is

im
po

ss
ib

le
.

In
ge

ne
ra

l,
th

e
pr

ob
le

m
be

co
m

es
ha

rd
er

if
µ

an
d
ν

ar
e

m
or

e
si

m
ila

rt
o

ea
ch

ot
he

r.
W

e
qu

an
tif

y
th

is
re

la
tio

n
pr

ec
is

el
y

in
Se

ct
io

n
3.

2.
1

A
lte

rn
at

iv
e

Fo
rm

ul
at

io
ns

an
d

th
e

B
i-c

lu
st

er
in

g
Pr

ob
le

m

Pr
og

ra
m

(2
)u

se
s

th
e

fa
ct

th
at
Y
∗

is
sy

m
m

et
ri

c
po

si
tiv

e
se

m
id

efi
ni

te
.T

he
fo

llo
w

in
g

pr
og

ra
m

,w
hi

ch
is

ba
se

d
on

a
m

or
e

re
la

xe
d

co
ns

tr
ai

nt
us

in
g

th
e

nu
cl

ea
rn

or
m
‖·
‖ ∗

,2
al

so
w

or
ks

an
d

ha
s

es
se

nt
ia

lly
th

e
sa

m
e

th
eo

re
tic

al
gu

ar
an

te
es

:

m
ax Y

〈W
,Y
〉,

s.
t.
‖Y
‖ ∗
≤
‖Y
∗ ‖
∗

0
≤
Y
ij
≤

1,
∀(
i,
j)
.

(3
)

In
tu

iti
ve

ly
,

th
is

re
la

xe
d

pr
ob

le
m

us
es

th
e

fa
ct

th
at

a
cl

us
te

r
m

at
ri

x
al

w
ay

s
sa

tis
fie

s
‖Y
∗ ‖
∗

=
n

,
w

hi
ch

is
m

uc
h

sm
al

le
rt

ha
n

a
ge

ne
ra

ln
×
n

bi
na

ry
m

at
ri

x.
T

he
fo

rm
ul

at
io

n
(3

)
ha

s
th

e
ad

va
nt

ag
e

th
at

it
ap

pl
ie

s
di

re
ct

ly
to

a
bi

-c
lu

st
er

in
g

se
tti

ng
.

In
th

is
se

tti
ng

,t
he

re
ar

e
tw

o
di

sj
oi

nt
se

ts
of

no
de

s
N

1
an

d
N

2
,w

he
re
|N

1
|=

n
1

an
d
|N

2
|=

n
2
.

E
ac

h
of

th
e

se
ts
N

1
an

d
N

2
ar

e
pa

rt
iti

on
ed

in
to
r

cl
us

te
rs
{C

k
,k
∈

[r
]}

an
d
{C
′ k,
k
∈

[r
]}

,r
es

pe
ct

iv
el

y,
w

he
re

th
e

cl
us

te
rs
C
k

an
d
C
′ k

ar
e

as
so

ci
at

ed
w

ith
ea

ch
ot

he
r

an
d

ca
lle

d
a

bi
-c

lu
st

er
.

Si
m

ila
rl

y
to

th
e

cl
us

te
ri

ng
ca

se
,t

he
tr

ue
cl

us
te

r
m

at
ri

x
Y
∗
∈
{0
,1
}n

1
×
n
2

is
de

fin
ed

as
Y
∗ ij

=
1

if
an

d
on

ly
if

2.
T

he
nu

cl
ea

rn
or

m
of

a
m

at
ri

x
is

de
fin

ed
as

th
e

su
m

of
its

si
ng

ul
ar

va
lu

es
.A

cl
us

te
rm

at
ri

x
is

po
si

tiv
e

se
m

id
efi

ni
te

,s
o

its
nu

cl
ea

rn
or

m
is

eq
ua

lt
o

its
tr

ac
e

an
d

al
so

ca
lle

d
th

e
tr

ac
e

no
rm

.
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L
IM

,C
H

E
N

A
N

D
X

U

(i
,j

)
∈
C
k
×
C
′ k

fo
rs

om
e
k
∈

[r
].

L
ab

el
s

ar
e

ge
ne

ra
te

d
fr

om
th

e
di

st
ri

bu
tio

n
µ

fo
re

ac
h

pa
ir

(i
,j

)
w

ith
Y
∗ ij

=
1

,a
nd

fr
om

ν
ot

he
rw

is
e.

H
er

e
Y
∗

is
no

tn
ec

es
sa

ri
ly

a
sq

ua
re

or
po

si
tiv

e
se

m
id

efi
ni

te
m

at
ri

x.
T

he
pr

og
ra

m
(3

)
st

ill
ap

pl
ie

s,
w

ith
th

e
un

de
rs

ta
nd

in
g

th
at

th
e

m
at

ri
ce

s
W

an
d
Y

ha
ve

si
ze

n
1
×
n

2
in

st
ea

d
of
n
×
n

.
W

hi
le

w
e

al
w

ay
s

ha
ve
‖Y
∗ ‖
∗

=
n

in
th

e
cl

us
te

ri
ng

ca
se

,
th

is
is

no
t

th
e

ca
se

in
ge

ne
ra

l
fo

r
bi

-c
lu

st
er

in
g.

T
he

va
lu

e
of
‖Y
∗ ‖

us
ed

in
th

e
co

ns
tr

ai
nt

of
(3

)
is

us
ua

lly
un

kn
ow

n
in

pr
ac

tic
e,

in
w

hi
ch

ca
se

w
e

ca
n

in
st

ea
d

so
lv

e
an

eq
ui

va
le

nt
fo

rm
ul

at
io

n
in

te
rm

s
of

a
L

ag
ra

ng
e

m
ul

tip
lie

r:

m
ax Y

〈W
,Y
〉−

η
‖Y
‖ ∗

s.
t.

0
≤
Y
ij
≤

1
,∀

(i
,j

).
(4

)

T
he

fo
rm

ul
at

io
ns

(2
)–

(4
)a

re
se

m
id

efi
ni

te
pr

og
ra

m
st

ha
tc

an
be

so
lv

ed
in

po
ly

no
m

ia
lt

im
e

by
va

ri
ou

s
m

et
ho

ds
.

In
Se

ct
io

n
5

w
e

de
sc

ri
be

ef
fic

ie
nt

fir
st

or
de

r
so

lv
er

s
an

d
di

sc
us

s
ot

he
r

im
pl

em
en

ta
tio

n
de

ta
ils

.
N

ot
e

th
at

by
co

nv
ex

du
al

ity
,i

f
th

e
co

ns
tr

ai
ne

d
fo

rm
ul

at
io

n
(3

)
su

cc
ee

ds
in

re
co

ve
ri

ng
th

e
tr

ue
cl

us
te

rm
at

ri
x
Y
∗ ,

th
en

th
er

e
ex

is
ts

a
m

ul
tip

lie
rη

fo
rw

hi
ch

th
e

L
ag

ra
ng

ia
n

fo
rm

ul
at

io
n

(4
)a

ls
o

su
cc

ee
ds

.3
T

he
re

fo
re

,a
ll

ou
r

th
eo

re
tic

al
re

su
lts

fo
r

th
e

fo
rm

ul
at

io
ns

(2
)

an
d

(3
)

in
Se

ct
io

n
3

al
so

ho
ld

fo
rt

he
fo

rm
ul

at
io

n
(4

)w
ith

a
su

ita
bl

e
η

.

3.
T

he
or

et
ic

al
R

es
ul

ts

In
th

is
se

ct
io

n,
w

e
pr

ov
id

e
th

eo
re

tic
al

an
al

ys
is

fo
r

th
e

pe
rf

or
m

an
ce

of
th

e
co

nv
ex

fo
rm

ul
at

io
ns

(2
)

an
d

(3
)

un
de

r
th

e
st

at
is

tic
al

m
od

el
de

sc
ri

be
d

in
Se

ct
io

n
2.

W
e

gi
ve

su
ffi

ci
en

ta
nd

ne
ce

ss
ar

y
co

n-
di

tio
ns

fo
r

cl
us

te
r

re
co

ve
ry

,
an

d
di

sc
us

s
ch

oi
ce

s
of

th
e

w
ei

gh
t

fu
nc

tio
n.

A
ll

ou
r

re
su

lts
ap

pl
y

to
bo

th
cl

us
te

ri
ng

an
d

bi
-c

lu
st

er
in

g
se

tti
ng

s.
In

th
e

bi
-c

lu
st

er
in

g
ca

se
,

w
e

le
t
n

=
m

a
x
{n

1
,n

2
},

an
d

re
ca

ll
th

at
(C

k
,C
′ k)

is
th

e
k

-t
h

bi
-c

lu
st

er
fo

r
k
∈

[r
].

T
he

m
in

im
um

cl
us

te
r

si
ze

is
K

=
m

in
k
∈[
r
]
m

in
{ |
C
k
|,|
C
′ k|}

.
T

he
se

no
ta

tio
ns

ar
e

co
ns

is
te

nt
w

ith
th

e
cl

us
te

ri
ng

se
tti

ng
,f

or
w

hi
ch
n

is
th

e
to

ta
ln

um
be

ro
fn

od
es

an
d
K

th
e

m
in

im
um

cl
us

te
rs

iz
e.

O
ur

m
ai

n
re

su
lt

is
a

ge
ne

ra
lt

he
or

em
th

at
gi

ve
s

su
ffi

ci
en

tc
on

di
tio

ns
fo

rt
he

pr
og

ra
m

s
(2

)a
nd

(3
)

to
re

co
ve

r
th

e
tr

ue
cl

us
te

r
m

at
ri

x
Y
∗ .

T
he

se
co

nd
iti

on
s

ar
e

st
at

ed
in

te
rm

s
of

th
e

m
in

im
um

cl
us

te
r

si
ze
K

,
th

e
la

be
l

di
st

ri
bu

tio
ns
µ

an
d
ν

,
as

w
el

l
as

an
y

gi
ve

n
w

ei
gh

t
fu

nc
tio

n
w

(·)
th

ro
ug

h
th

e
qu

an
tit

ie
s

E µ
w

:=

∫ L
w

(l
)

d
µ

an
d

V
ar
µ
w

:=

∫ L
[w

(l
)
−

E µ
w

]2
d
µ

;

E ν
w

an
d

V
ar
ν
w

ar
e

de
fin

ed
si

m
ila

rl
y.

W
e

as
su

m
e

in
th

e
se

qu
el

th
at

al
lt

he
re

le
va

nt
in

te
gr

al
s

an
d

ex
pe

ct
at

io
ns

ar
e

w
el

l-
de

fin
ed

.W
ith

th
es

e
no

ta
tio

ns
,w

e
no

w
st

at
e

ou
rg

en
er

al
th

eo
re

m
.

T
he

or
em

2
(M

ai
n)

Su
pp

os
e
b

is
an

y
nu

m
be

r
th

at
sa

tis
fie

s
|w

(l
)|
≤
b

al
m

os
t

ev
er

yw
he

re
(a

.e
.)

ov
er
L

w
ith

re
sp

ec
tt

o
µ

an
d
ν

.T
he

re
ex

is
ts

a
un

iv
er

sa
lc

on
st

an
tc
>

0
su

ch
th

at
if

−
E ν
w
≥
c
b

lo
g
n

+
√
K

lo
g
n
√

V
ar
ν
w

K
,

(5
)

E µ
w
≥
c
b

lo
g
n

+
√
n

lo
g
n
√

m
ax

(V
ar
µ
w
,V

ar
ν
w

)

K
,

(6
)

3.
B

ot
h

(3
)a

nd
(4

)a
re

st
ri

ct
ly

fe
as

ib
le

,s
o

st
ro

ng
du

al
ity

ho
ld

s
by

Sl
at

er
’s

co
nd

iti
on

.
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C
L

U
S

T
E

R
IN

G
F

R
O

M
G

E
N

E
R

A
L

P
A

IR
W

IS
E

O
B

S
E

R
V

A
T

IO
N

S

then
Y
∗

is
the

unique
solution

to
the

program
s

(2)and
(3)w

ith
probability

atleast
1−

n
−

1
0. 4

W
e

prove
this

claim
in

Section
7.T

heorem
2

is
in

facta
specialcase

ofthe
m

ore
generalT

heorem
9

(Section
3.5),w

hich
does

notrequire
the

boundedness
assum

ption
w

(l)≤
b.

T
heorem

2
is

valid
for

any
given

w
eightfunction

w
.

B
elow

w
e

discuss
how

to
choose

w
opti-

m
ally,and

then
address

the
case

w
here

w
deviates

from
the

optim
alchoice.

3.1
O

ptim
alW

eights

A
candidate

for
a

good
w

eight
function

w
can

be
derived

from
the

m
axim

um
likelihood

estim
a-

tor
(M

L
E

)
of
Y
∗.

G
iven

the
observed

labelm
atrix

L
,the

log-likelihood
of

the
true

cluster
m

atrix
taking

the
value

Y
islog

p (L
|Y
∗

=
Y
)

=
∑i,j

log [µ
(L

ij )
Y
ijν

(L
ij )

1−
Y
ij ]

=
∑i,j

Y
ij

log
µ

(L
ij )

ν
(L

ij )
︸

︷︷
︸

W
ij

+
∑i,j

log
ν

(L
ij )

︸
︷︷

︸
c

=
〈W

,Y
〉

+
c.

T
he

M
L

E
,w

hich
m

axim
izes

the
above

expression
over

Y
,therefore

corresponds
to

using
the

log
likelihood

ratio
as

the
w

eightfunction:

w
(l)←

w
M

L
E(l)

:=
log

µ
(l)

ν
(l)
.

Specializing
T

heorem
2

to
the

w
eight

function
w

M
L

E,
w

e
obtain

the
follow

ing
theorem

that
characterizes

the
perform

ance
of

using
the

M
L

E
w

eights
in

the
convex

relaxations.
H

ere
D

(·‖·)
denotes

the
K

L
divergence

betw
een

tw
o

distributions.

T
heorem

3
(M

L
E

)
Suppose

that
w

=
w

M
LE

is
used

as
the

w
eightfunction,and

b
and

ζ
are

any
num

bers
thatsatisfy

w
ith

D
(ν‖µ

)≤
ζ
D

(µ‖
ν

)
and ∣∣∣ log

µ
(l)
ν
(l) ∣∣∣ ≤

b,∀
l∈
L

.There
exists

a
universal

constant
c
>

0
such

thatif

D
(ν‖µ

)≥
c(b

+
2) log

n

K
,

(7)

D
(µ‖ν

)≥
c(ζ

+
1)(b

+
2) (

n
log

n

K
2

)
,

(8)

then
w

ith
probability

at
least

1
−
n
−

1
0,
Y
∗

is
the

unique
solution

to
the

program
s

(2)
and

(3).
M

oreover,italw
ays

holds
that

D
(ν‖µ

)≤
(2b

+
3)D

(µ‖
ν

),so
w

e
can

take
ζ

=
2b

+
3.

W
e

prove
this

claim
in

A
ppendix

A
.T

he
tw

o
conditions

(7)
and

(8)
are

notsym
m

etric
due

to
the

factthatthere
are

m
ore

cross-clusterpairs
than

in-clusterpairs
in

general.
T

he
quantity

ζ
accounts

forthe
asym

m
etry

betw
een

D
(ν‖

µ
)

and
D

(µ‖
ν

).

4.In
allsubsequentresults,w

e
use

an
arbitrary

choice
ofexponentin

the
failure

probability
n
−
1
0.Itis

easily
seen

from
T

heorem
9

thatthe
constant

c
scales

linearly
w

ith
the

exponent.

7
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T
heorem

3
has

the
intuitive

interpretation
that

the
in/cross-cluster

label
distributions

µ
and

ν
should

be
sufficiently

different,m
easured

by
theirK

L
divergence,forthe

underlying
clusters

to
be

recovered.
U

sing
a

classicalresultin
inform

ation
theory

(Topsoe,2000),w
e

m
ay

replace
the

K
L

divergences
w

ith
a

quantity
called

the
triangle

discrim
ination

thatis
often

easierto
w

ork
w

ith.T
his

is
sum

m
arized

in
the

follow
ing

corollary.

C
orollary

4
(M

L
E

2)
Suppose

w
M

LE
is

used,and
b,
ζ

are
defined

as
in

Theorem
3.

There
exists

a
universalconstant

c
such

that
Y
∗

is
the

unique
solution

to
the

program
s

(2)and
(3)w

ith
probability

atleast
1−

n
−

1
0

if
∫L

(µ
(l)−

ν
(l))

2

µ
(l)

+
ν

(l)
d
λ
≥
c(ζ

+
1)(b

+
2) (

n
log

n

K
2

)
.

(9)

O
ne

m
ay

take
ζ

=
2b

+
3.

W
e

prove
this

claim
in

A
ppendix

A
.N

ote
thatthe

lefthand
side

of(9)is
the

triangle
discrim

ination
betw

een
µ

and
ν,w

hich
low

erbounds
ofthe

K
L

-divergence
(cf.L

em
m

a
23.)

Itcan
be

seen
thatthe

constant
c

if
C

orollary
4

m
ay

be
trivially

chosen
such

thatitonly
differs

from
the

c
in

T
heorem

3
by

a
factorof2.In

general,w
e

do
notassum

e
any

specialrelationship
betw

een
universalconstants.

T
he

M
L

E
w

eightfunction
w

M
L

E
turns

outto
be

near-optim
al,atleastin

the
tw

o-clustercase,in
the

sense
thatno

otherw
eightfunction

(in
fact,no

otheralgorithm
)hassignificantly

betterstatistical
perform

ance.
T

his
is

show
n

by
establishing

a
necessary

condition
for

any
algorithm

to
recover

the
true

clustering
Y
∗.

H
ere,an

algorithm
is

a
m

easurable
function

Ŷ
that

m
aps

the
data

L
to

a
clustering

represented
by

a
clusterm

atrix.

T
heorem

5
(C

onverse)
The

follow
ing

holds
for

som
e

universalconstants
c,c ′

>
0.Suppose

K
=

n2 ,and
the

quantity
b

defined
in

Theorem
3

satisfies
b≤

c ′.If
∫L

(µ
(l)−

ν
(l))

2

µ
(l)

+
ν

(l)
d
λ
≤
c

log
n

n
,

(10)

then
in

f
Ŷ

su
p
Y
∗ P (Ŷ

(L
)6=

Y
∗ )≥

12 ,w
here

the
suprem

um
is

over
allpossible

cluster
m

atrices.

W
e

prove
this

claim
in

A
ppendix

B
.

U
nder

the
assum

ption
of

T
heorem

5,the
conditions

(9)
and

(10)
m

atch
up

to
a

constantfactor,
show

ing
thatprogram

(3)w
ith

the
M

L
E

w
eights

w
M

L
E

is
statistically

order-w
ise

optim
al.

3.2
M

onotonicity

W
e

som
etim

esdo
notknow

the
exactlabeldistributions

µ
and

ν
in

com
puting

the
M

L
E

w
eights

w
M

L
E.

Instead,w
e

m
ay

constructthe
w

eights
using

the
log

likelihood
ratios

of
som

e
“incorrect”

distribu-
tions

µ̄
and

ν̄.O
uralgorithm

s
have

a
nice

m
onotonicity

property:as
long

as
the

divergence
betw

een
the

true
µ

and
ν

is
largerthan

thatbetw
een

µ̄
and

ν̄
(hence

an
“easier”

problem
),then

the
algorithm

stillhas
the

sam
e

(ifnotbetter)probability
ofsuccess,even

though
the

w
rong

w
eights

are
used.

M
ore

precisely,w
e

say
thatthe

pair
(µ
,ν

)
is

m
ore

divergentthan
(µ̄
,ν̄

)
if,for

each
l∈
L

,w
e

have

either
µ

(l)

ν
(l)
≥
µ

(l)

ν̄
(l)
≥
µ̄

(l)

ν̄
(l)
≥

1
or

ν
(l)

µ
(l)
≥
ν

(l)

µ̄
(l)
≥
ν̄

(l)

µ̄
(l)
≥

1.
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W
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E
O

B
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E
R

V
A

T
IO

N
S

T
he

or
em

6
(M

on
ot

on
ic

ity
)

Su
pp

os
e

th
at

w
e

us
e

th
e

w
ei

gh
t

fu
nc

tio
n
w

(l
)

=
lo

g
µ̄

(l
)

ν̄
(l

)
,∀
l
∈
L,

w
hi

le
th

e
ac

tu
al

la
be

ld
is

tr
ib

ut
io

ns
ar

e
µ

an
d
ν

.I
ft

he
co

nd
iti

on
s

in
Th

eo
re

m
3

or
C

or
ol

la
ry

4
ho

ld
w

ith
µ
,ν

re
pl

ac
ed

by
µ̄
,ν̄

,a
nd

(µ
,ν

)
is

m
or

e
di

ve
rg

en
tt

ha
n

(µ̄
,ν̄

),
th

en
w

ith
pr

ob
ab

ili
ty

at
le

as
t

1
−
n
−

1
0
,Y
∗

is
th

e
un

iq
ue

so
lu

tio
n

to
pr

og
ra

m
s

(2
)a

nd
(3

).

W
e

pr
ov

e
th

is
cl

ai
m

in
A

pp
en

di
x

C
.

T
he

or
em

6
su

gg
es

ts
th

at
on

e
m

ay
ch

oo
se

th
e

w
ei

gh
tf

un
ct

io
n

by
us

in
g

th
e

lo
g

lik
el

ih
oo

d
ra

tio
s

of
a

co
ns

er
va

tiv
e

es
tim

at
e

(i
.e

.,
a

le
ss

di
ve

rg
en

to
ne

)o
ft

he
tr

ue
la

be
ld

is
tr

ib
ut

io
n

pa
ir.

3.
3

U
si

ng
In

ac
cu

ra
te

W
ei

gh
ts

W
e

no
w

co
ns

id
er

a
m

or
e

ge
ne

ra
lw

ay
of

ch
oo

si
ng

th
e

w
ei

gh
tf

un
ct

io
n
w

,w
hi

ch
ne

ed
no

tb
e

co
ns

er
-

va
tiv

e,
bu

ti
s

on
ly

re
qu

ir
ed

to
be

no
tt

oo
fa

rf
ro

m
th

e
tr

ue
lo

g-
lik

el
ih

oo
d

ra
tio

s
w

M
L

E
.L

et

ε(
l)

:=
w

(l
)
−
w

M
L

E
(l

)
=
w

(l
)
−

lo
g
µ

(l
)

ν
(l

)

be
th

e
w

ei
gh

tin
g

er
ro

r
fo

r
ea

ch
la

be
l
l
∈
L.

T
he

n
th

e
qu

an
tit

ie
s

∆
µ

:=
∫ L
ε(
l)

d
µ

an
d

∆
ν

:=
∫ L
ε(
l)

d
ν

re
pr

es
en

tt
he

av
er

ag
e

er
ro

rs
w

ith
re

sp
ec

tt
o
µ

an
d
ν

.N
ot

e
th

at
∆
µ

an
d

∆
ν

ca
n

be
po

si
tiv

e
or

ne
ga

tiv
e.

T
he

th
eo

re
m

be
lo

w
ch

ar
ac

te
ri

ze
s

th
e

pe
rf

or
m

an
ce

of
us

in
g

su
ch

an
in

ac
cu

ra
te

w
ei

gh
t

fu
nc

tio
n
w

.

T
he

or
em

7
(I

na
cc

ur
at

e
W

ei
gh

ts
)

Le
tb

an
d
ζ

be
de

fin
ed

as
in

Th
eo

re
m

3.
Su

pp
os

e
th

at
th

e
w

ei
gh

t
fu

nc
tio

n
w

sa
tis

fie
s

|w
(l

)|
≤
α

∣ ∣ ∣ ∣lo
g
µ

(l
)

ν
(l

)

∣ ∣ ∣ ∣,
∀l
∈
L,

|∆
µ
|≤

γ
D

(µ
‖ν

),
an

d
|∆

ν
|≤

γ
D

(ν
‖µ

)

fo
r

so
m

e
nu

m
be

rs
α
>

0
an

d
γ
<

1.
Th

en
Y
∗

is
un

iq
ue

so
lu

tio
n

to
th

e
pr

og
ra

m
s

(2
)

an
d

(3
)

w
ith

pr
ob

ab
ili

ty
at

le
as

t1
−
n
−

1
0

pr
ov

id
ed

th
at

D
(ν
‖µ

)
≥
c

α
2

(1
−
γ

)2
(b

+
2)

lo
g
n

K
an

d
D

(µ
‖ν

)
≥
c

α
2

(1
−
γ

)2
(ζ

+
1)

(b
+

2)

(
n

lo
g
n

K
2

)
.

W
e

pr
ov

e
th

is
cl

ai
m

in
A

pp
en

di
x

D
.

T
he

re
fo

re
,a

s
lo

ng
as

th
e

er
ro

rs
∆
µ

an
d

∆
ν

in
w

ar
e

no
tt

oo
la

rg
e,

th
e

co
nd

iti
on

fo
rr

ec
ov

er
y

is
or

de
r-

w
is

e
si

m
ila

r
to

th
at

of
th

e
M

L
E

w
ei

gh
tg

iv
en

in
T

he
or

em
3.

T
he

nu
m

be
rs
α

an
d
γ

m
ea

su
re

th
e

le
ve

lo
fi

na
cc

ur
ac

y
in

th
e

w
ei

gh
tf

un
ct

io
n
w

w
ith

re
sp

ec
tt

o
th

e
id

ea
lc

ho
ic

e
w

M
L

E
.T

he
la

st
tw

o
co

nd
iti

on
s

in
T

he
or

em
7

th
us

qu
an

tif
y

th
e

re
la

tio
n

be
tw

ee
n

th
e

in
ac

cu
ra

cy
in
w

an
d

th
e

st
at

is
tic

al
pr

ic
e

to
pa

y
fo

ru
si

ng
su

ch
a

w
ei

gh
t.

3.
4

L
in

ea
r

W
ei

gh
ts

W
e

ne
xt

co
ns

id
er

a
w

ei
gh

tf
un

ct
io

n
th

at
is

an
al

te
rn

at
iv

e
to

th
e

M
L

E
w

ei
gh

ts
,a

nd
m

ay
be

pr
ef

er
ab

le
in

ce
rt

ai
n

sc
en

ar
io

s.
It

is
ba

se
d

on
a

lin
ea

r
ap

pr
ox

im
at

io
n

to
th

e
M

L
E

w
ei

gh
t

fu
nc

tio
n,

he
nc

e
re

fe
rr

ed
to

as
th

e
lin

ea
r

w
ei

gh
ts

:

w
L

IN
(l

)
:=

µ
(l

)
−
ν

(l
)

µ
(l

)
+
ν

(l
).
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It
is

st
ra

ig
ht

fo
rw

ar
d

to
sh

ow
th

at

E µ
w

L
IN

=
−
E ν
w

L
IN

=
V

ar
µ
w

L
IN

+
V

ar
ν
w

L
IN

2
=

1 2

∫ L

(µ
(l

)
−
ν

(l
))

2

µ
(l

)
+
ν

(l
)

d
λ
.

U
si

ng
th

is
ob

se
rv

at
io

n,
w

e
im

m
ed

ia
te

ly
ob

ta
in

th
e

fo
llo

w
in

g
co

ro
lla

ry
fo

rw
L

IN
fr

om
T

he
or

em
2.

C
or

ol
la

ry
8

(L
in

ea
r)

Su
pp

os
e

th
e

w
ei

gh
tf

un
ct

io
n
w

LI
N

is
us

ed
.T

he
re

ex
is

ts
a

un
iv

er
sa

lc
on

st
an

tc
su

ch
th

at
Y
∗

is
th

e
un

iq
ue

so
lu

tio
n

to
th

e
pr

og
ra

m
(3

)w
ith

pr
ob

ab
ili

ty
at

le
as

t1
−
n
−

1
0

if
∫ l∈
L

(µ
(l

)
−
ν

(l
))

2

µ
(l

)
+
ν

(l
)

d
λ
≥
c
n

lo
g
n

K
2
.

(1
1)

N
ot

e
th

e
th

e
le

ft
ha

nd
si

de
of

(1
1)

co
in

ci
de

s
w

ith
th

e
tr

ia
ng

le
di

sc
ri

m
in

at
io

n
te

rm
th

at
ha

s
ap

pe
ar

ed
in

C
or

ol
la

ry
4

as
a

lo
w

er
bo

un
d

of
th

e
K

L
-d

iv
er

ge
nc

e.
C

om
pa

ri
ng

C
or

ol
la

ry
8

ab
ov

e
to

th
e

co
nv

er
se

re
su

lts
in

T
he

or
em

5,
w

e
se

e
th

at
,a

tl
ea

st
fo

r
th

e
ca

se
of

tw
o

eq
ua

l-
si

ze
cl

us
te

rs
,t

he
lin

ea
r

w
ei

gh
t

fu
nc

tio
n
w

L
IN

pr
ov

id
es

or
de

r-
w

is
e

op
tim

al
re

co
ve

ry
gu

ar
an

te
es

.
T

he
lin

ea
rw

ei
gh

ts
w

L
IN

(l
)

ar
e

al
w

ay
s

be
tw

ee
n
−

1
an

d
1

an
d

th
us

w
el

lb
ou

nd
ed

.E
m

pi
ri

ca
lly

,i
t

is
ob

se
rv

ed
th

at
w

L
IN

pe
rf

or
m

ss
lig

ht
ly

w
or

se
th

an
th

e
M

L
E

w
ei

gh
tf

un
ct

io
n
w

M
L

E
in

ge
ne

ra
l.

H
ow

-
ev

er
,i

n
ce

rt
ai

n
ca

se
s
w

L
IN

ca
n

ac
tu

al
ly

ou
tp

er
fo

rm
w

M
L

E
.

In
pa

rt
ic

ul
ar

,c
om

pa
ri

ng
C

or
ol

la
ri

es
4

an
d

8
su

gg
es

ts
th

at
th

is
m

os
tl

ik
el

y
ha

pp
en

s
w

he
n

th
e

qu
an

tit
y
ζ

is
la

rg
e,

i.e
.,
D

(ν
‖µ

)
�
D

(µ
‖ν

).
W

e
de

m
on

st
ra

te
th

is
ph

en
om

en
on

in
ou

re
m

pi
ri

ca
lr

es
ul

ts
in

Se
ct

io
n

6.
2,

w
he

re
ζ

is
la

rg
e

in
th

e
ca

se
of

de
ns

e
gr

ap
hs

.

3.
5

U
nb

ou
nd

ed
W

ei
gh

ts

T
he

ge
ne

ra
l

re
su

lt
in

T
he

or
em

2
is

va
lid

fo
r

an
y

w
ei

gh
t

fu
nc

tio
n

th
at

is
un

if
or

m
ly

bo
un

de
d,

i.e
.,

|w
(l

)|
≤
b

a.
e.

on
L.

(T
he

th
eo

re
m

be
co

m
es

va
cu

ou
s

if
b
→
∞

.)
W

e
no

w
gi

ve
a

m
or

e
ge

ne
ra

l
re

su
lt,

w
hi

ch
al

lo
w

s
so

m
e

of
th

e
w

ei
gh

ts
to

ha
ve

ar
bi

tr
ar

ily
la

rg
e

m
ag

ni
tu

de
s.

U
nb

ou
nd

ed
w

ei
gh

ts
ar

is
e

w
he

n
so

m
e

of
th

e
pa

ir
w

is
e

ob
se

rv
at

io
ns

ar
e

hi
gh

ly
ce

rt
ai

n,
or

gi
ve

n
as

ha
rd

co
ns

tr
ai

nt
s.

Fo
r

ex
am

pl
e,

th
e

la
be

lb
et

w
ee

n
no

de
si

an
d
j

m
ay

ha
ve

th
e

fo
rm

l s
am

e
=

“t
he

se
no

de
sa

re
kn

ow
n

to
be

in
th

e
sa

m
e

cl
us

te
r”

,i
n

w
hi

ch
ca

se
as

si
gn

in
g

an
un

bo
un

de
d

w
ei

gh
tw

(l
sa

m
e)
→
∞

in
th

e
pr

og
ra

m
(1

)
fo

rc
es

th
e

no
de

s
i

an
d
j

to
be

cl
us

te
re

d
to

ge
th

er
.

Si
m

ila
rl

y,
fo

r
tw

o
no

de
s

th
at

ar
e

kn
ow

n
to

be
in

di
ff

er
en

tc
lu

st
er

s,
a

la
rg

e
ne

ga
tiv

e
w

ei
gh

tw
ou

ld
be

de
si

ra
bl

e.
W

e
id

en
tif

y
th

e
se

to
fl

ab
el

s
as

so
ci

at
ed

w
ith

un
bo

un
de

d
w

ei
gh

ts
as

L ∞
:=
{l
∈
L

:
|w

(l
)|
>
b ∞
},

w
he

re
b ∞

sh
ou

ld
be

th
ou

gh
to

f
as

a
ve

ry
la

rg
e

po
si

tiv
e

nu
m

be
r.

Fo
r

al
ll

/∈
L ∞

,w
e

as
su

m
e

th
at

|w
(l

)|
≤
b

fo
rs

om
e
b
<
b ∞

.W
e

fu
rt

he
ra

ss
um

e
th

at
th

e
w

ei
gh

tf
un

ct
io

n
w

is
L ∞

-c
on

si
st

en
ti

n
th

e
se

ns
e

th
at

µ
(l

)
=

0
,
∀l
∈
L ∞

:
w

(l
)
<

0
an

d
ν

(l
)

=
0,
∀l
∈
L ∞

:
w

(l
)
>

0.

T
hi

s
co

nd
iti

on
en

su
re

s
th

at
w

he
ne

ve
r

a
no

de
pa

ir
is

as
si

gn
ed

w
ith

un
bo

un
de

d
w

ei
gh

t,
th

e
si

gn
of

th
e

w
ei

gh
ti

s
co

ns
is

te
nt

w
ith

th
e

tr
ue

cl
us

te
rr

el
at

io
n

be
tw

ee
n

th
e

pa
ir,

th
at

is
,w

ith
pr

ob
ab

ili
ty

on
e,

W
ij

(2
Y
∗ ij
−

1)
>

0,
∀(
i,
j)

:
L
ij
∈
L ∞

.
(1

2)
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C
L

U
S

T
E

R
IN

G
F

R
O

M
G

E
N

E
R

A
L

P
A

IR
W

IS
E

O
B

S
E

R
V

A
T

IO
N

S

D
enote

by
s
µ

:=
∫L
∞

d
µ

the
totalprobability

ofthe
labels

inL
∞

underthe
distribution

µ
,and

w̃
b (l)

:=

{
0

if
l∈
L
∞
,

w
(l)

otherw
ise,

the
w

eightfunction
restricted

to
labels

w
ith

bounded
w

eights.
Finally,in

the
bi-clustering

setting,
w

e
need

an
additionalparam

eter
ξ

thatm
easures

bi-clusterskew
ness:

ξ
:=

m
ax

k∈
[r

] {
√
|C
k |
|C
′k | , √

|C
′k |

|C
k | }

.

In
the

standard
clustering

case
w

e
sim

ply
have

ξ
=

1.
U

nder
the

above
setting,w

e
have

the
follow

ing
resultvalid

for
unbounded

w
eights

w
ith

arbi-
trarily

large
b∞

.

T
heorem

9
Suppose

thatthe
w

eightfunction
w

isL
∞

-consistent,and
β
>

0
is

any
fixed

num
ber.

There
exists

a
universalconstant

c
>

0
such

thatthe
follow

ing
is

true.If

E
µ
w̃
b ≥

0,
(13)

−
E
ν w̃

b
>
c
bβ

log
n

+
√
K
β

log
n √

V
ar
ν w̃

b

K
,

(14)

and
atleastone

ofthe
follow

ing
tw

o
inequalities

holds:

E
µ
w̃
b
>
c
bβ

log
n

+
√
n
β

log
n √

m
ax

(V
ar
µ
w̃
b ,V

ar
ν w̃

b )

K
,

(15)

s
µ

+
E
µ
w̃
b

b∞
>
c

m
ax {

m
ax {

1
,
bξ

b∞

}
β

log
n

K
,
n

m
ax

(V
ar
µ
w̃
b ,V

ar
ν w̃

b )

K
b
2∞

}
,

(16)

then
w

ith
probability

at
least

1
−
n
−
β

the
solution

to
the

program
s

(2)
and

(3)
is

unique
and

equals
Y
∗.

W
e

prove
this

claim
in

Section
7.

T
heorem

9
is

particularly
usefulw

hen
w

e
take

b∞
→
∞

w
hile

keeping
b,
n

and
K

finite.
In

this
case

the
condition

(16)sim
plifies

to

s
µ
>
c
β

log
n

K
,

(17)

a
low

er
bound

on
the

probability
of

observing
a

label
from

L
∞

betw
een

tw
o

nodes
in

the
sam

e
cluster.T

he
conditions

(17)togetherw
ith

(14)are
sufficientforsuccessfulrecovery

of
Y
∗.Signif-

icantly,these
conditions

only
depend

logarithm
ically

on
n,w

hich
is

in
contrastto

the
dependence

on √
n

in
T

heorem
2.

T
his

im
provem

entdem
onstrates

the
benefitofassigning

unbounded
w

eights
to

labels
inL

∞
(i.e.,labelw

ith
high

certainty).
A

lso
note

thatT
heorem

2
is

a
specialcase

ofT
heorem

9,as
w

e
show

in
Section

7.
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4.C
onsequencesand

A
pplications

W
e

now
apply

the
general

results
in

the
last

section
to

different
concrete

cases.
In

sections
4.1

and
4.2,w

e
considertw

o
clustering

settings
w

ith
sub-G

aussian
w

eights
ornon-uniform

edge
prob-

abilities,both
of

w
hich

generalize
the

standard
stochastic

block
m

odel.
In

these
settings

tw
o

im
-

m
ediate

corollaries
of

our
m

ain
theorem

s
recover,

and
in

fact
im

prove
upon,

existing
results.

In
sections

4.3
and

4.4,w
e

turn
to

the
m

ore
com

plicated
setting

ofclustering
tim

e-varying
graphs

and
derive

severalnew
results.

T
hroughoutthis

section
w

e
use

c,c
0

etc.to
denote

universalpositive
constants.

4.1
C

lustering
a

Sub-G
aussian

M
atrix

w
ith

PartialO
bservations

A
nalogous

to
the

planted
partition

and
stochastic

block
m

odels
for

unw
eighted

graphs,the
subm

a-
trix

localization
problem

concerns
clustering

a
w

eighted
graph

w
hose

adjacency
m

atrix
has

sub-
G

aussian
entries.

T
his

problem
is

often
used

as
an

idealized
m

odelfor
the

bi-clustering
of

drugs
and

proteins,speciesand
gene

sequences,custom
ersand

products,and
otherform

sofobject-feature
pairs

(see
K

olaretal.,2011,and
references

therein).
H

ere
w

e
consider

a
generalization

of
this

problem
,w

here
som

e
of

the
entries

are
unobserved.

T
his

setting
arises

w
hen

the
relations

betw
een

som
e

node
pairs

are
costly

to
determ

ine,
so

it
is

unknow
n

w
hether

or
not

they
are

connected
by

an
edge,

nor
is

the
w

eight
of

the
edge

(Sham
ir

and
Tishby,2011).

For
sim

plicity,w
e

state
our

results
assum

ing
thatthe

adjacency
m

atrix
and

its
subm

atrices
are

sym
m

etric,and
thatthe

entries
of

the
m

atrix
are

G
aussian.

O
ur

theoreticalresults
apply

to
the

generalsub-G
aussian

case
w

ithoutchange.
Specifically,

w
e

observe
a

m
atrix

L
∈

(R
∪
{
?}

)
n×

n,
w

here
L
ij

=
?

w
ith

probability
1
−
s,

and
otherw

ise
L
ij

follow
s

the
G

aussian
distribution

N
(u
ij ,1). 5

H
ere

L
ij

=
?

denotes
that

the
relation

betw
een

the
i-th

and
j-th

nodes
is

unobserved.
T

he
m

eans{u
ij }

of
the

G
aussians

satisfy
the

follow
ing:w

ithin
L

there
are

r
subm

atrices
ofsize

atleast
K
×
K

w
ith

disjointrow
and

colum
n

support;w
e

have
u
ij

=
ū

if
the

pair
(i,j)

is
inside

one
of

the
subm

atrices,and
u
ij

=
u

if
outside,

w
here

ū
>
u
≥

0.
T

he
goal

is
to

locate
these

subm
atrices

w
ith

elevated
m

eans
given

the
large

m
atrix

L
.

W
e

m
ay

think
of

this
problem

as
finding

clusters
in

a
w

eighted
graph

w
ith

the
partially

observed
adjacency

m
atrix

L
.

T
his

problem
is

a
special

case
of

our
general

fram
ew

ork
w

ith
a

m
ixed-valued

label
setL

=
R
∪
{?}.

T
he

base
m

easure
λ

is
chosen

to
be

such
thatitequals

the
L

ebesgue
m

easure
on

R
and

1
on{

?}.T
hen

the
density

functions
of
µ

and
ν

are

µ
(l)

=

{
1−

s,
if
l

=
?,

s·
1
√

2
π

ex
p (−

(l−
ū

)
2

2

)
,

if
l∈

R
,

and
ν

(l)
=

{
1−

s,
if
l

=
?,

s·
1
√

2
π

ex
p (−

(l−
u

)
2

2

)
,

if
l∈

R
.

T
he

M
L

E
w

eightfunction
therefore

has
the

form

w
M

L
E(l)∝

{
0
,

if
l

=
?,

l−
(ū

+
u

)/
2
,

if
l∈

R
.

5.E
quivalently,L

ij
is

generated
according

toN
(u
ij ,1

),and
then

is
replaced

by
?

w
ith

probability
1−

s.
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N

S

Specifically,suppose
thatthe

edge
probabilities

(P
ij ,Q

ij )
∼
ψ

is
distributed

as
(P

ij ,Q
ij )

=
(p
,q)

w
ith

som
e

probability
s,and

P
ij

=
Q
ij

=
12

w
ith

probability
1−

s,w
here

p
>
q

are
tw

o
fixed

num
bers.

T
his

setting
extends

the
standard

planted
partition

m
odel

to
partial

observation:
w

ith
probability

1−
s,the

connection
A
ij

betw
een

a
pair

(i,j)
is

know
n

to
be

purely
random

and
uninform

ative
about

the
cluster

m
em

bership
of
i

and
j—

having
such

a
purely

random
observa-

tion
is

equivalentto
saying

thatone
does

notobserve
w

hether
or

not
i

and
j

are
connected

by
an

edge. 8
T

his
setting

is
som

etim
es

called
the

planted
partition

m
odelw

ith
partialor

censored
edge

observation.
N

ote
that

the
conservative

M
L

E
w

eight
function

(20)
assigns

zero
w

eight
to

unob-
served/uninform

ative
pairs,as

should
be

expected.
B

y
calculating

the
lefthand

side
of

the
condition

in
C

orollary
12,w

e
im

m
ediately

obtain
the

follow
ing

guarantee.

C
orollary

13
U

nder
the

above
planted

partition
m

odelw
ith

partialobservation,if

s(p−
q)

2

p
(1−

q)
≥
c
n

log
n

K
2
,

then
w

ith
probability

atleast
1−

n
−

1
0,
Y
∗

is
the

unique
solution

to
the

program
s

(2)
and

(3)
w

ith
the

conservative
M

LE
w

eightfunction
w̄

M
LE

in
(20).

In
the

fullobservation
setting

s
=

1,the
above

resultm
atches

the
bestexisting

bounds
forstandard

planted
partition

(e.g.,
in

C
hen

et
al.,2014c;

A
nandkum

ar
et

al.,2014),
up

to
a

log
n

factor
that

can
be

rem
oved

(see
the

rem
ark

after
C

orollary
12).

In
the

partial
observation

setting
s
<

1,
the

w
ork

by
V

inayak
etal.(2014);C

hen
etal.(2014a)

gives
a

sim
ilar

bound
under

the
additional

assum
ption

p
>

0
.5
>
q,

w
hich

is
not

required
by

C
orollary

13.
For

general
p

and
q,

the
best

existing
bounds

can
be

found
in

O
ym

ak
and

H
assibi(2011);C

hen
etal.(2014c),w

here
unobserved

entries
in

the
adjacency

m
atrix

A
are

replaced
w

ith
0

and
recovery

is
guaranteed

underthe
condition

s(p−
q
)
2

p
(1−

sq
) &

n
lo

g
n

K
2
. 9

O
urresultis

tighterw
hen

p
and

q
are

close
to

1.Finally,w
e

note
thatourresult

is
non-asym

ptotic
and

valid
underany

scaling
ofthe

param
eters

n
,K

,r,p
,q,s.

4.2.2
P

L
A

N
T

E
D

P
A

R
T

IT
IO

N
W

IT
H

N
O

N
-U

N
IF

O
R

M
U

N
C

E
R

TA
IN

T
Y

W
e

nextconsideran
application

ofC
orollary

12
to

a
furthergeneralization

ofthe
partialobservation

setting
above.

In
the

above
setting,ifan

entry
A
ij

ofthe
adjacency

m
atrix

is
unobserved

orpurely
random

,the
clusterrelation

betw
een

the
nodes

iand
j

is
com

pletely
uncertain

(based
on

only
A
ij ).

H
ere

w
e

assum
e

thateach
A
ij

is
associated

w
ith

a
different,continuous

levelof
uncertainty.

For
som

e
node

pairs,the
observation

A
ij

ofthe
existence

ofan
edge

(orrespectively,the
absence

ofan
edge)m

ay
be

generated
by

accurate
m

easurem
ents,and

therefore
a

strong
indicatorthatthe

nodes
i

and
j

should
be

assigned
to

the
sam

e
(orrespectively,different)clusters.

For
exam

ple,in
crow

d-clustering
a

num
ber

of
users

are
asked

w
hether

or
notthey

think
a

pair
of

nodes
(e.g.,

m
ovies

or
im

ages)
are

sim
ilar,

and
the

final
graph

is
constructed

by
aggregating

the
users’

answ
ers

by
say

m
ajority

voting
(G

om
es

et
al.,2011;

Y
i

et
al.,2012).

T
he

uncertainty
levels

are
naturally

non-uniform
across

pairs:
a

pair
receiving

a
large

num
ber

of
unanim

ous
votes

8.T
his

m
odel

can
be

rephrased
in

the
follow

ing
equivalent

form
:

given
a

partially
observed

adjacency
m

atrix
A
∈

{
0
,1
,?}

n×
n,one

replaces
each

unobserved
entry

?
in
A

w
ith

an
independentB

ernoullirandom
variable.

9.W
e

use&
w

hen
the

inequality
is

up
to

a
constantfactor.15
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L
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is
associated

w
ith

high
confidence,

w
hereas

those
w

ith
a

few
votes

or
divergent

votes
have

low
confidence,and

a
pairreceiving

no
votes

is
com

pletely
uncertain.

In
such

a
setting,each

pairw
ise

observation
A
ij

should
be

treated
differently

according
to

its
levelof

uncertainty.
O

ften,one
has

prior
know

ledge
on

the
uncertainty

levels,for
exam

ple
w

hen
the

graph
is

builtfrom
a

know
n

process
as

in
the

crow
d-clustering

exam
ple.Intuitively,using

such
know

ledge
im

proves
clustering

perform
ance.

Itis,how
ever,less

clear
how

this
know

ledge
can

be
used

and
how

m
uch

im
provem

entitcan
provide.B

elow
w

e
use

C
orollary

12
to

obtain
a

quantitative
answ

er.
For

sim
plicity,w

e
focus

on
a

special
case

of
the

setting
in

C
orollary

12:
w

e
assum

e
that

the
distribution

ψ
of

edge
probabilities

is
sym

m
etric,in

the
sense

thatw
e

alw
ays

have
Q
ij ≡

1−
P
ij ,

w
here

Q
ij
∈

[0,
12 ]. 10

In
this

case,
the

quantity
Q
ij

can
be

interpreted
as

the
probability

of
an

erroneousobservation—
nam

ely,a
no-edge

betw
een

tw
o

nodesin
the

sam
e

cluster(a
false

negative),
or

an
edge

betw
een

tw
o

nodes
in

differentclusters
(a

false
positive).

T
herefore,

Q
ij

m
easures

the
level

of
uncertainty

in
the

observation
A
ij

at
(i,j).

In
particular,

Q
ij

=
0

m
eans

that
A
ij

is
a

noiseless
observation

of
the

cluster
relation

betw
een

i
and

j,
w

hereas
Q
ij

=
12

corresponds
to

a
com

pletely
uncertain

observation
w

ith
no

inform
ation.

Foreach
observation

A
ij ∈
{0,1}

w
ith

an
uncertainty

level
Q
ij ∈

[0,
12 ],the

conservative
M

L
E

w
eightfunction

(20)assigns
the

w
eight

W
ij

=
(2A

ij −
1)

log
3−

2
Q
ij

1
+

2
Q
ij
.

N
ote

thatthe
m

agnitude|W
ij |ofthe

w
eightis

sm
allfora

high
uncertainty

level
Q
ij ;in

particular,
one

has
W
ij

=
0

fora
com

pletely
uncertain

observation
w

ith
Q
ij

=
12 .

U
sing

these
w

eight,C
orollary

12
guarantees

thatthe
program

s
(2)

and
(3)

recover
the

clusters
w

ith
high

probability
provided

thatE
[(

12
−
Q
)

2 ]
&
n

log
n

K
2
,

w
here

the
expectation

is
w

ith
respectto

(P
,Q

)∼
ψ

.
W

e
can

com
pare

this
resultw

ith
the

presum
-

ably
sub-optim

alunw
eighted

approach,w
hich

ignores
the

non-uniform
ity

of
the

uncertainty
level

and
uses

uniform
w

eights
W
ij

=
2
A
ij −

1
∈
{−

1
,1}.

B
y

T
heorem

2
this

unw
eighted

approach
succeeds

if
(

12
−

E
Q
)

2&
n

log
n

K
2
.

T
he

difference
betw

een
the

lefthand
sides

of
the

lasttw
o

conditions
isE

[Q
2]−

(E
Q

)
2

=
V

ar[Q
],

the
variance

of
the

uncertainty
level. 11

T
his

is
therefore

evidence
that

the
w

eighted
approach

is
indeed

betterthan
the

unw
eighted

one,and
the

gain
is

large
precisely

w
hen

the
uncertainty

levelis
very

non-uniform
w

ith
a

high
variance.

W
e

refer
the

readers
to

C
hen

etal.(2014b)
for

em
pirical

verification
ofthis

gain
as

w
ellas

furtherdiscussion
and

applications.
O

f
course

our
results

are
notlim

ited
to

the
sym

m
etric

setting
Q
ij ≡

1−
P
ij .

C
orollary

12
is

applicable
undera

generaldistribution
ψ

of
P
ij

and
Q
ij ,in

w
hich

case
a

largervalue
of|P

ij −
Q
ij |

corresponds
to

a
low

erlevelofuncertainty.W
e

om
itdiscussion

ofthis
generalsetting

due
to

space
lim

it.
10.T

hatis,the
density

function
ψ

(p
,q)

is
supported

on
the

line
segm

ent{
(p
,q)∈

R
2

:
q

=
1−

p
,0
≤
q
≤

12 }
.

11.
A

sym
ptotically

the
difference

betw
een

the
righthand

sides
can

be
m

ade
arbitrarily

sm
all,regardless

ofthe
contants.

Furtherm
ore,em

pirically
the

constants
involved

are
very

sim
ilar,depending

on
how

the
w

eights
are

bounded.
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4.
3

C
lu

st
er

in
g

Ti
m

e-
va

ry
in

g
M

ul
tip

le
-s

na
ps

ho
tG

ra
ph

s

St
an

da
rd

gr
ap

h
cl

us
te

ri
ng

co
nc

er
ns

th
e

pa
rt

iti
on

of
a

si
ng

le
,s

ta
tic

gr
ap

h.
W

e
no

w
co

ns
id

er
a

se
tti

ng
w

he
re

th
e

gr
ap

h
is

tim
e-

va
ry

in
g.

Sp
ec

ifi
ca

lly
,f

or
ea

ch
tim

e
in

te
rv

al
t

=
1
,2
,.
..
,T

,o
ne

ob
se

rv
es

a
sn

ap
sh

ot
of

th
e

(l
ab

el
)

gr
ap

h
L

(t
)
∈
Ln
×
n

.
In

th
is

su
bs

ec
tio

n,
w

e
as

su
m

e
th

at
ea

ch
sn

ap
sh

ot
is

ge
ne

ra
te

d
by

th
e

di
st

ri
bu

tio
ns
µ

an
d
ν

in
de

pe
nd

en
tly

of
ot

he
rs

na
ps

ho
ts

.
In

th
e

ne
xt

su
bs

ec
tio

n
w

e
co

ns
id

er
th

e
m

or
e

ge
ne

ra
ls

et
tin

g
of

M
ar

ko
v

sn
ap

sh
ot

s.
W

e
ca

n
m

ap
th

is
pr

ob
le

m
in

to
ou

rl
ab

el
ed

fr
am

ew
or

k,
by

co
ns

id
er

in
g

th
e

w
ho

le
tim

e
se

qu
en

ce
of
L̄
ij

:=
(L

(1
)

ij
,.
..
,L

(T
)

ij
)

as
a

si
ng

le
la

be
lo

bs
er

ve
d

at
th

e
pa

ir
(i
,j

).
In

th
is

ca
se

th
e

la
be

ls
et

is
th

e
se

to
f

al
lp

os
si

bl
e

se
qu

en
ce

s,
i.e

.,
L̄

=
LT

,a
nd

th
e

la
be

ld
is

tr
ib

ut
io

ns
ar

e
(w

ith
a

sl
ig

ht
ab

us
e

of
no

ta
tio

n)
gi

ve
n

by
th

e
pr

od
uc

ts
µ

(L̄
ij

)
=
∏
T t=

1
µ

(L
(t

)
ij

)
an

d
ν

(L̄
ij

)
=
∏
T t=

1
ν

(L
(t

)
ij

).
T

he
M

L
E

w
ei

gh
t(

no
rm

al
iz

ed
by
T

)i
s

th
er

ef
or

e
th

e
av

er
ag

e
lo

g-
lik

el
ih

oo
d

ra
tio

:

w
M

L
E
(L̄

ij
)

=
1 T

lo
g
µ

(L̄
ij

)

ν
(L̄

ij
)

=
1 T

T ∑ t=
1

lo
g
µ

(L
(t

)
ij

)

ν
(L

(t
)

ij
)
.

Si
nc

e
th

e
w

ei
gh

tw
M

L
E
(L̄

ij
)

is
th

e
av

er
ag

e
of
T

in
de

pe
nd

en
tr

an
do

m
va

ri
ab

le
s,

its
va

ri
an

ce
sc

al
es

as
1 T

.A
pp

ly
in

g
T

he
or

em
2

an
d

fo
llo

w
in

g
al

m
os

ti
de

nt
ic

al
ar

gu
m

en
ts

as
in

th
e

pr
oo

fo
fT

he
or

em
3,

w
e

ob
ta

in
th

e
fo

llo
w

in
g

gu
ar

an
te

e
fo

rc
lu

st
er

in
g

a
tim

e-
va

ry
in

g
gr

ap
h

w
ith

in
de

pe
nd

en
ts

na
ps

ho
ts

.

C
or

ol
la

ry
14

(I
nd

ep
en

de
nt

Sn
ap

sh
ot

s)
Su

pp
os

e
th

at
|lo

g
µ

(l
)

ν
(l

)
|
≤

b,
∀l
∈
L

an
d
D

(ν
‖µ

)
≤

ζ
D

(µ
‖ν

).
If

D
(ν
‖µ

)
≥
c(
b

+
2
)lo

g
n

K
an

d
(2

1)

D
(µ
‖ν

)
≥
c(
b

+
2
)

m
ax
{

lo
g
n

K
,(
ζ

+
1)
n

lo
g
n

T
K

2

} ,
(2

2)

th
en

w
ith

pr
ob

ab
ili

ty
at

le
as

t1
−
n
−

1
0
,Y
∗

is
th

e
un

iq
ue

so
lu

tio
n

to
th

e
pr

og
ra

m
s

(2
)

an
d

(3
)

w
ith

th
e

M
LE

w
ei

gh
ts

gi
ve

n
ab

ov
e.

N
ot

e
th

at
se

tti
ng
T

=
1

ab
ov

e
re

co
ve

rs
th

e
re

su
lt

in
T

he
or

em
3

fo
rc

lu
st

er
in

g
a

si
ng

le
la

be
lg

ra
ph

.
T

he
se

co
nd

te
rm

on
th

e
ri

gh
th

an
d

si
de

of
(2

2)
us

ua
lly

do
m

in
at

es
.

In
th

is
ca

se
,C

or
ol

la
ry

14
sa

ys
th

at
th

e
cl

us
te

ri
ng

pr
ob

le
m

be
co

m
es

ea
si

er
if
T

is
la

rg
er

(i
.e

.,
m

or
e

sn
ap

sh
ot

s
of

th
e

gr
ap

h
ar

e
ob

se
rv

ed
),

an
d

th
e

re
la

tio
n

be
tw

ee
n
T

an
d

cl
us

te
r

re
co

ve
ry

is
qu

an
tifi

ed
pr

ec
is

el
y.

A
s

a
co

nc
re

te
ex

am
pl

e,
su

pp
os

e
th

at
ea

ch
sn

ap
sh

ot
is

ge
ne

ra
te

d
by

th
e

st
an

da
rd

pl
an

te
d

pa
rt

iti
on

m
od

el
w

ith
ed

ge
pr

ob
ab

ili
tie

s
p

an
d
q,

w
he

re
q

=
p
/
2

.
B

y
C

or
ol

la
ry

14
w

e
ne

ed
p
&

n
lo

g
n

T
K

2
to

gu
ar

an
te

e
cl

us
te

r
re

co
ve

ry
.T

he
re

fo
re

,i
ff

ou
rt

im
es

m
or

e
sn

ap
sh

ot
s

ar
e

av
ai

la
bl

e,
th

en
on

e
ca

n
re

co
ve

rc
lu

st
er

s
w

ho
se

si
ze

s
K

ar
e

50
%

sm
al

le
r.

Si
m

ila
rl

y,
w

e
se

e
a

tr
ad

eo
ff

be
tw

ee
n

th
e

nu
m

be
r

of
sn

ap
sh

ot
s
T

an
d

th
e

gr
ap

h
sp

ar
si

ty
p

.

4.
4

M
ar

ko
v

Se
qu

en
ce

of
Sn

ap
sh

ot
s

W
e

no
w

co
ns

id
er

a
m

or
e

ge
ne

ra
la

nd
us

ef
ul

se
tti

ng
fo

rt
im

e-
va

ry
in

g
gr

ap
hs

,w
he

re
th

e
gr

ap
h

sn
ap

-
sh

ot
s

ar
e

no
ta

ss
um

ed
to

be
in

de
pe

nd
en

tb
ut

in
st

ea
d

fo
rm

a
M

ar
ko

v
ch

ai
n.

Fo
r

si
m

pl
ic

ity
w

e
as

su
m

e
th

at
th

e
M

ar
ko

v
ch

ai
n

is
tim

e-
in

va
ri

an
t

an
d

ha
s

a
fin

ite
st

at
e

sp
ac

e
an

d
a

un
iq

ue
st

at
io

na
ry

di
st

ri
bu

tio
n

th
at

is
al

so
th

e
in

iti
al

di
st

ri
bu

tio
n.

T
he

re
fo

re
,t

he
ob

se
rv

at
io

ns
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1
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ar
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ra

te
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by
fir

st
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g
a
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be

lL
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)
ij

fr
om

th
e

st
at

io
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ry
di
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ri

bu
tio

n
µ

0
(o
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0
,a

cc
or

di
ng

to
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ij
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an
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∣ ∣ ∣P

r ν
( L
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)

ij
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( L
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ij
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κ
φ
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fo
r

so
m
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ns
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nt
s
κ
≥
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an
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<

1
th

at
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de

pe
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an
d
ν

.
L

et
D
l(
µ
‖ν

)
de

no
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th
e

K
L
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iv

er
ge

nc
e

be
tw

ee
n
µ

(·|
l)

an
d
ν

(·|
l)

;D
l(
ν
‖µ

)
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si
m

ila
rl

y
de

fin
ed

.L
et

E µ
0
D
l(
µ
‖ν

)
:=
∑

l∈
L
µ

0
(l

)D
l(
µ
‖ν

)

an
d

si
m

ila
rl
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fo

r
E ν
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D
l(
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th
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su
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ra
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m
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−
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w
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.
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.e

.,
th

e
m

ar
gi

na
ld

is
tr

ib
ut

io
ns

fo
r

in
di

vi
du

al
sn

ap
sh

ot
s

ar
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5.Im
plem

entation

T
he

convex
program

s
(2)

and
(4)

used
in

our
clustering

approach
are

sem
idefinite

program
s

and
can

be
solved

efficiently
by

the
A

lternating
D

irection
M

ethod
ofM

ultipliers
(A

D
M

M
)(B

oyd
etal.,

2011).
W

e
provide

the
pseudocode

for
a

com
plete

im
plem

entation
of

the
program

s
(2)

and
(4)

in
A

lgorithm
s

1
and

2
below

.

A
lgorithm

1
A

D
M

M
solverforProgram

(2)
Input:W

eightm
atrix

W
∈
R
n×

n
sym

m
etric,convergence

threshold
ε
>

0
O

utput:
Y

1.
ρ
←

1,
k
←

0

2.
Y
k←

0,
Q
k←

0,
(Y

k,Q
k∈

R
n×

n
)

3.
X
k
+

1←
U

m
ax{

Λ
,0}

U
>

,w
here

U
Λ
U
>

is
an

eigen-decom
position

of
(Y

k−
Q
k

+
1ρ
W

).

4.
Y
k
+

1←
m

in {
m

ax {
X
k
+

1
+
Q
k,0 }

,1 }

5.
Q
k
+

1←
Q
k

+
X
k
+

1−
Y
k
+

1

6.
If‖X

k
+

1−
Y
k
+

1‖
F
≤
ε

m
ax{‖X

k
+

1‖
F
,‖
Y
k
+

1‖
F }

and‖Y
k
+

1−
Y
k‖
F
≤
ε‖
Q
k
+

1‖
F

then
stop

and
output

Y
=
Y
k
+

1.

7.
(O

ptional)U
pdate

ρ
and

Q
k
+

1

8.
k
←
k

+
1,go

to
step

3.

T
he

inputs
and

outputs
of

A
lgorithm

s
1

and
2

are
the

sam
e

term
s

used
in

the
program

s
(2)

and
(4),respectively.

W
e

find
that

in
practice,using

the
tuning

param
eter

η
=
√

2n
for

the
pro-

gram
(4)

w
orks

w
ell.

T
he

criterion
for

convergence
is

specified
by

the
threshold

ε
>

0,and
using

ε
=

10 −
4

provides
a

good
tradeoff

betw
een

the
convergence

tim
e

and
the

quality
of

the
solution.

A
llourexperim

entresults
in

Section
6

are
based

on
these

choices
of
η

and
ε.

In
both

A
lgorithm

s
1

and
2,an

optional
Step

7
for

updating
ρ

can
be

used
to

potentially
im

-
prove

the
speed

of
convergence.

B
oyd

et
al.(2011)

suggest
one

such
updating

rule,w
hich

takes
an

additional
param

eter
τ

and
aim

s
to

balance
the

prim
al

and
dual

residuals.
In

particular,
if

‖
X
k
+

1−
Y
k
+

1‖
F
>
τ
ρ‖Y

k
+

1−
Y
k‖
F

,then
set

ρ
←

2
ρ

and
Q
k
+

1
←

Q
k
+

1/
2.

O
n

the
other

hand,if
τ‖X

k
+

1−
Y
k
+

1‖
F
<
ρ‖
Y
k
+

1−
Y
k‖
F

,then
set

ρ
←
ρ
/
2

and
Q
k
+

1←
2Q

k
+

1.Typically
τ

=
1
0

is
a

stable
choice,w

hich
w

e
use

in
allourexperim

ents.
Forfurtherdetails

of
this

updating
rule

w
e

referthe
readerto

B
oyd

etal.(2011).

In
practice,due

to
finite

precision
and

num
ericalerrors,the

outputm
atrix

Y
w

illnotin
general

have
entries

thatare
exactly

0
or

1,even
if

the
true

cluster
m

atrix
Y
∗

is
in

factthe
unique

optim
al

solution.
If

this
is

the
case,a

sim
ple

rounding
of
Y

w
illgive

the
correctsolution,from

w
hich

the
clusters

can
then

be
obtained

by
sorting

the
row

s.If
Y

can
notbe

rounded
into

a
clusterm

atrix,w
e

use
a

sim
ple

k-m
eans

algorithm
to

the
row

s
of
Y

to
extracta

desired
num

berofclusters.
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L
IM

,C
H

E
N

A
N

D
X

U

A
lgorithm

2
A

D
M

M
solverforProgram

(4)
Input:W

eightm
atrix

W
∈
R
n
1 ×
n
2,tuning

param
eter

η
>

0,convergence
threshold

ε
>

0
O

utput:
Y

1.
ρ
←

1,
k
←

0

2.
Y
k←

0,
Q
k←

0,
(Y

k,Q
k∈

R
n
1 ×
n
2)

3.
X
k
+

1←
U

m
ax{

Σ
−

ηρ
,0}V

>
,w

here
U

Σ
V
>

is
an

SV
D

of
(Y

k−
Q
k).

4.
Y
k
+

1←
m

in {
m

ax {
X
k
+

1
+
Q
k

+
1ρ
W
,0 }

,1 }

5.
Q
k
+

1←
Q
k

+
X
k
+

1−
Y
k
+

1

6.
If‖X

k
+

1−
Y
k
+

1‖
F
≤
ε

m
ax{‖X

k
+

1‖
F
,‖
Y
k
+

1‖
F }

and‖Y
k
+

1−
Y
k‖
F
≤
ε‖
Q
k
+

1‖
F

then
stop

and
output

Y
=
Y
k
+

1.

7.
(O

ptional)U
pdate

ρ
and

Q
k
+

1

8.
k
←
k

+
1,go

to
step

3.

6.E
m

piricalresults

In
this

section
w

e
reportem

piricalresults
by

applying
A

lgorithm
1

to
a

variety
of

both
synthetic

and
real

data
sets. 12

In
our

experim
ents,unless

specified
otherw

ise,w
e

report
the

“full
recovery

rate”
based

on
100

repeated
trials,i.e.,the

fraction
of

trials
w

here
the

outputof
A

lgorithm
1

(after
rounding

to
the

nearest
0

and
1)equals

Y
∗

exactly.E
rrorbars

show
9
5%

confidence
intervals.

6.1
C

lustering
w

ith
G

eneralL
abels

W
e

first
evaluate

graph
clustering

perform
ance

on
a

generic
graph

m
odel

w
ith

5
labels.

W
e

use
n

=
200

w
ith

4
equal-size

clusters.
In

each
experim

ent,tw
o

distributions
µ

and
ν

are
random

ly
chosen

from
a

uniform
prioroveralldistributions

as
the

in-clusterand
the

cross-clusterlabeldistri-
butions.T

hen,100
random

graphs
are

generated
using

this
(µ
,ν

)
pair,and

each
clustering

outcom
e

is
checked

against
the

corresponding
ground

truth.
T

his
is

repeated
500

tim
es

to
get

a
large

va-
riety

of
pairs.

In
other

w
ords,

500
random

(µ
,ν

)
pairs

are
generated,each

tested
on

100
random

graphs.
A

ccording
to

T
heorem

3,the
K

L
-divergence

betw
een

µ
and

ν
is

the
key

deciding
factor

for
the

successfulrecovery
of

the
underlying

true
clusters.

T
he

results
are

show
n

in
Figure

1.
In

the
leftpanelof

Figure
1,w

e
use

the
sum

D
(µ‖

ν
)

+
D

(ν‖
µ

)
as

the
predictor

(the
horizontalaxis

is
cutoff

at
2

since
beyond

this
range

allrecovery
rates

are
essentially

1).
In

the
rightpanel,w

e
use

m
in{

D
(µ‖

ν
),D

(ν‖µ
)}

as
the

predictor.
T

he
results

indeed
supportthe

theoreticalprediction
as

given
by

conditions
(7)and

(8)ofT
heorem

3.

12.A
lthough

w
e

only
reportresultsfrom

A
lgorithm

1
and

forstandard
clustering,w

e
note

thatsim
ilarresultsare

obtained
w

ith
A

lgorithm
2

and
in

the
bi-clustering

case
as

w
ell.20
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E
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w
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based
on

A
lgorithm

1,w
here

the
finalclustering

is
obtained

by
running

K
-m

eans
on

the
norm

alized
row

s
of

the
output

m
atrix.

“Spectral”
refers

to
results

based
on

the
proposed

spectral
m

ethod
by

L
elarge

etal.(2013).
W

e
can

observe
thatboth

approaches
produce

com
parable

results.
A

lthough
com

putationally
m

ore
costly, 13

ourapproach
can

handle
a

m
uch

w
iderrange

ofproblem
setups,and

as
show

n
in

Section
6.5.1,can

significantly
outperform

the
spectralm

ethod
in

m
any

cases.

13.W
e

note
that

com
putationally

the
cost

is
typically

dom
inated

by
the

SV
D

operations,
especially

for
large

n
.

For
spectralclustering,only

1
SV

D
needs

to
be

perform
ed,w

hereas
the

A
D

M
M

solver
perform

s
1

SV
D

per
iteration.

T
he

num
berofiterations

m
ay

range
from

justa
few

to
severalhundreds,depending

on
the

problem
.
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10:
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parison
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ith
spectralm

ethod.
p

and
q

are
w

ithin-clusterand
betw

een-cluster
edge

probabilities,respectively.
ε

denotes
the

difference
in

w
ithin/betw

een-cluster
labeldis-

tributions,w
here

0
is

the
sm

allestand
0
.5

is
the

largest.

6.3
G

aussian
G

raphsand
Inaccurate

W
eights

In
this

experim
ent,

w
e

evaluate
real-valued

labels
draw

n
from

G
aussian

distributions.
W

e
also

evaluate
the

effectofusing
w

eights
thatdeviate

from
the

M
L

E
w

eights.Figure
11

show
s

clustering
results

on
graphs

w
ith

n
=

200
and

8
equal-size

clusters.
T

he
cross-cluster

labeldistribution
has

m
ean

0
and

variance
1.

T
he

in-cluster
label

distribution
has

the
sam

e
variance

but
w

ith
elevated

m
ean

of
µ

=
2

(blue)
and

µ
=

1.5
(red).

O
bviously,the

case
of
µ

=
2

is
an

easier
problem

.
In

each
case,w

e
run

A
lgorithm

1
using

M
L

E
w

eights
thatcorrespond

to
an

in-clusterdistribution
w

ith
m

ean
µ

+
∆

instead
of
µ

.
Figure

11
show

s
thatclustering

perform
ance

drops
w

hen
the

deviation
gets

sufficiently
large.O

bserve
thatnegative

∆
(conservative

w
eights)perform

s
better—

consistent
w

ith
T

heorem
6.

Figure
12

show
s

results
based

on
the

sam
e

settings,exceptthatrandom
noise

is
added

to
the

(true)M
L

E
w

eight,w
here

the
noise

is
uniform

ly
distributed

w
ithin

the
range

[−
∆
,∆

].
W

e
observe

a
gradualdrop

ofperform
ance

w
ith

respectto
∆

,as
predicted

by
T

heorem
7.

6.4
C

lustering
w

ith
H

ighly
C

ertain
O

bservations

W
e

em
pirically

testthe
prediction

ofT
heorem

9
regarding

highly
certain

observations.Forpartially
observed

graphs
w

ith
uncertain

observations,the
sufficientcondition

for
recovery

given
by

C
orol-

lary
13

requires
thatthe

fraction
ofobserved

entries,s,grow
s

linearly
w

ith
n

(ignoring
logarithm

ic
term

)
if

the
other

param
eters

p,
q

and
K

are
held

fixed.
O

n
the

other
hand,if

allobserved
entries

are
highly

certain,T
heorem

9
predicts

that
s

needs
to

grow
only

logarithm
ically

w
ith

respectto
n.

W
e

run
tw

o
experim

ents,each
w

ith
n

=
600

,1200,1800,240
0.In

allcases,the
clustersize

K
is

fixed
at

150,and
the

labels
are

either“edge”,“no
edge”

or“unobserved”.In
the

firstexperim
ent

w
e

consideruncertain
observations,w

here
each

observed
entry

is
equalto

the
corresponding

entry
of
Y
∗

w
ith

probability
0.7,and

otherw
ise

itis
flipped.In

the
second

experim
entw

ith
highly

certain
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Figure
17

show
s

the
pairw

ise
error

rate,w
hich

is
the

fraction
of

all
node

pairs
thathave

been
w

rongly
classified

as
eitherbelonging

to
the

sam
e

ordifferentclusters.
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A
s

expected,
the

overall
perform

ance
im

proves
as

m
ore

snapshots
are

included.
A

m
ong

the
three

approaches,
ours

perform
s

the
best

in
term

s
of

clustering
error

rates,
but

at
the

expense
of

highercom
putationalcostrelative

to
the

othertw
o.

6.6
R

eal-w
orld

D
ata

Set

W
e

consider
three

real-w
orld

data
sets

for
w

hich
reliable

ground
truth

is
available.

A
llthree

sets
involve

interactions
am

ong
differentsocialgroups,w

ith
differentclustering

structures
and

different
tem

poralgranularity.
T

he
R

eality
M

ining
data

set
(E

agle
and

Pentland,
2006)

contains
individuals

from
tw

o
m

ain
groups,the

M
IT

M
edia

L
ab

and
the

Sloan
B

usiness
School,w

hich
w

e
use

as
the

ground-truth
clus-

ters.
T

he
data

set
records

w
hen

tw
o

individuals
interact,

i.e.,
becom

e
proxim

al
of

each
other

or
m

ake
a

phone
call,over

a
9-m

onth
period.

W
e

choose
a

w
indow

of
14

w
eeks

(the
Fallsem

ester)
during

w
hich

m
ostindividuals

have
non-em

pty
interaction

data.
T

his
sub-datasetconsists

of
n

=
8
5

individuals
w

ith
25

of
them

from
Sloan

and
60

from
the

M
edia

L
ab.

W
e

represent
the

data
as

a
tim

e-varying
graph

w
ith

14
snapshots

(one
per

w
eek),

each
w

ith
tw

o
observations

L
t

=
{“interact”,“no-interact”}:

“interact”
if

a
pair

of
individuals

interact
w

ithin
the

w
eek,

and
“no-

interact”
otherw

ise.
N

ote
thatw

ith
T

snapshorts,the
fulllabelsetL

=
L

1 ×
...×

L
T

consists
of

allpossible
binary

sequences
oflength

T
.
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W
e

com
pare

three
m

odels
on

this
data

set:
the

M
arkov

snapshot
m

odel
in

Section
4.4,

the
independent

snapshot
m

odel
in

Section
4.3,

and
a

single
snapshot

approach
(i.e.,

our
approach

w
ith

T
=

1)
applied

to
a

static
graph

generated
by

taking
the

union
of

all
snapshots

(i.e.,
tw

o
individuals

are
connected

if
they

interactduring
any

of
the

14
w

eeks).
In

each
trial,the

in/cross-
cluster

label
distributions

are
estim

ated
from

a
fraction

of
random

ly
selected

pairw
ise

interaction
data.

In
particular,

each
param

eter
(i.e.,

the
interaction

probability
and

the
transition

kernel)
is

estim
ated

using
the

corresponding
em

piricalfrequency
in

the
selected

data,regularized
by

adding
1

to
each

count.W
e

use
the

M
L

E
w

eights
in

allinstances.To
ensure

thata
valid

clustering
is

alw
ays

obtained,w
e

run
K

-m
eans

on
the

norm
alized

row
s

ofthe
outputm

atrix
ofA

lgorithm
1.

Figure
18

show
s

the
results

w
ith

respectto
varying

num
berofsnapshots

(leftpanel)and
varying

num
ber

of
training

pairs
used

for
param

eter
estim

ation
(right

panel).
For

com
parison,

w
e

also
added

resultbased
on

evolutionary
spectralclustering

(C
hietal.,2009).

T
he

verticalaxis
show

s
the

fraction
of

pairs
w

hose
cluster

relationships
are

correctly
identified.

T
he

accuracy
generally

im
proves

w
hen

m
ore

snapshots
are

used.H
ow

ever,the
im

provem
entw

ith
respectto

T
is

low
erthan

expected,m
ostlikely

due
to

the
factthatthe

snapshots
are

notindependent.
T

he
union

m
odelis

expected
to

im
prove

w
ith

T
for

sparse
graphs—

due
to

increase
in

the
K

L
-divergence

betw
een

the
in/cross-clusterdistributions.O

verall,the
M

arkov
m

odelm
anaged

to
achieve

higheraccuracy
than

both
the

union
and

independent
m

odel,
though

the
best

accuracy
is

achieved
by

the
evolutionary

spectral
clustering

approach.
Further

inspection
of

the
data

suggests
that

the
snapshots

are
non-

stationary
in

the
sense

that
the

earlier
snapshots

have
rather

different
label

distributions
than

the
latersnapshots.
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Figure
18:

R
eality

M
ining

data
set.

L
eft:

V
arying

num
ber

of
snapshots

(50
training

pairs).
R

ight:
V

arying
num

beroftraining
pairs

(14
snapshots).

T
he

nexttw
o

data
sets,W

orkplace
and

P
rim

ary-school,are
from

G
enois

etal.(2015)and
Stehl

etal.(2011),respectively.
T

he
W

orkplace
data

involves
hum

an
contacts

am
ong

92
em

ployees
in

an
office

building,w
here

the
ground

truth
clusters

correspond
to

5
differentdepartm

ents.
W

e
split

this
data

set(over
10

days)
into

10
daily

snapshots,each
w

ith
a

binary
{“interact”,“no-interact”}

observation
set.T

he
Prim

ary-schooldata
involves

contacts
am

ong
232

children
in

a
prim

ary
school
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cl

us
te

ri
ng

ac
cu

ra
cy

in
th

e
W

or
kp

la
ce

da
ta

se
t,

w
hi

le
th

e
un

io
n

m
od

el
pe

rf
or

m
s

si
gn

ifi
ca

nt
ly

w
or

se
in

th
e

Pr
im

ar
y-

sc
ho

ol
da

ta
se

t.
T

he
ev

ol
ut

io
na

ry
sp

ec
tr

al
cl

us
te

ri
ng

ap
pr

oa
ch

pe
rf

or
m

s
w

or
se

ov
er

al
l—

w
ith

la
rg

e
va

ri
at

io
ns

ac
ro

ss
va

ry
in

g
nu

m
be

r
of

sn
ap

sh
ot

s.
W

e
be

lie
ve

th
at

th
is

is
du

e
to

its
se

ns
iti

vi
ty

to
th

e
di

st
ri

bu
tio

n
of

th
e

to
p

ei
ge

nv
ec

to
rs

of
th

e
gr

ap
h

L
ap

la
ci

an
.

accuracy

nu
m

be
r 

of
 d

ai
ly

 s
na

ps
ho

ts

0.
9

0.
8
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7

0.
6

10
8

6

M
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ko
v

in
de

pe
nd

en
t
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io

n
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tr
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4
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nu
m

be
r 
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de
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nd
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t
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io

n
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:
W

or
kp

la
ce

da
ta

se
t.

L
ef

t:
V

ar
yi

ng
nu

m
be

r
of

sn
ap

sh
ot

s
(4

0
tr

ai
ni

ng
pa

ir
s)

.
R

ig
ht

:
V

ar
yi

ng
nu

m
be

ro
ft

ra
in

in
g

pa
ir

s
(1

0
sn

ap
sh

ot
s)

.

accuracy

nu
m

be
r 

of
 h

ou
rly

 s
na

ps
ho

ts

1

0.
95 0.

9

0.
85 0.

8
15

M
ar

ko
v

in
de

pe
nd

en
t

un
io

n
sp

ec
tr

al

10
5

0

accuracy

nu
m

be
r 

of
 tr

ai
ni

ng
 p

ai
rs

1

0.
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0.
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0.
97

0.
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0.
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50
40
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M
ar

ko
v

in
de

pe
nd

en
t

un
io

n

10
0

Fi
gu
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:
Pr

im
ar

y-
sc

ho
ol

da
ta

se
t.

L
ef

t:
V

ar
yi

ng
nu

m
be

r
of

sn
ap

sh
ot

s
(5

0
tr

ai
ni

ng
pa

ir
s)

.
R

ig
ht

:
V

ar
yi

ng
nu

m
be

ro
ft

ra
in

in
g

pa
ir

s
(1

8
sn

ap
sh

ot
s)

.
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Pr

oo
fo

fT
he

or
em

s2
an

d
9

In
th

is
se

ct
io

n,
w

e
pr

ov
e

th
e

ge
ne

ra
lr

es
ul

ts
in

th
e

tw
o

m
ai

n
th

eo
re

m
s.

O
bs

er
ve

th
at

T
he

or
em

2
is

a
sp

ec
ia

lc
as

e
of

T
he

or
em

9
w

ith
β

=
10

:
if

th
e

w
ei

gh
tf

un
ct

io
n
w

is
bo

un
de

d,
th

en
th

er
e

ex
is

ts
so

m
e
b ∞

su
ch

th
at

th
e

se
tL
∞

is
em

pt
y,

in
w

hi
ch

ca
se

w
e

ha
ve
w̃
b
≡
w

an
d

th
e

co
nd

iti
on

s
(1

4)
an

d
(1

5)
in

T
he

or
em

9
re

du
ce

to
(5

)a
nd

(6
)i

n
T

he
or

em
2.

T
he

re
fo

re
,i

ts
uf

fic
es

to
pr

ov
e

T
he

or
em

9.

7.
1

N
ot

at
io

ns

W
e

ne
ed

so
m

e
ad

di
tio

na
ln

ot
at

io
n

to
ac

co
un

tf
or

th
e

bi
-c

lu
st

er
in

g
se

tti
ng

.
R

ec
al

lt
ha

t|
N

1
|=

n
1

an
d
N

2
=
n

2
,a

nd
se

tn
=

m
ax
{n

1
,n

2
}.

Fo
r

a
no

de
i
∈
N

1
,l

et
C i

be
th

e
cl

us
te

r
th

at
co

nt
ai

ns
no

de
i

an
d
K
i

=
|C
i|.

Si
m

ila
rl

y,
C′ j

is
th

e
cl

us
te

r
th

at
co

nt
ai

ns
a

no
de
j

in
N

2
,

an
d
K
′ j

=
|C
′ j|.

E
ac

h
cl

us
te

rC
i

in
N

1
is

as
so

ci
at

ed
w

ith
ex

ac
tly

on
e

cl
us

te
rC
′ j

in
N

2
,w

hi
ch

is
de

no
te

d
by
C i
∼
C′ j

.
T

he
se

no
ta

tio
ns

ar
e

co
ns

is
te

nt
w

ith
th

os
e

fo
r

cl
us

te
ir

ng
,

w
ith

th
e

un
de

rs
ta

nd
in

g
th

at
N

1
=
N

2
,

n
1

=
n

2
=
n

,C
i

=
C′ i

an
d
K
i

=
K
′ i.

L
et

Ω
=
{(
i,
j)

:
L
ij
∈
L ∞
}a

nd
R

=
{(
i,
j)

:
Y
∗ ij

=
1}

.L
et
P Ω

be
th

e
pr

oj
ec

tio
n

op
er

at
or

on
m

at
ri

ce
s

su
ch

th
at

(P
Ω
Z

) i
j

=

{
Z
ij

if
(i
,j

)
∈

Ω
,

0
ot

he
rw

is
e.

T
he

pr
oj

ec
tio

ns
P R

,P
Ω
∩R

et
c

ar
e

de
fin

ed
si

m
ila

rl
y.

L
et
U

Σ
V
>

be
th

e
ra

nk
-r

SV
D

of
Y
∗ ,

w
he

re
r

is
th

e
nu

m
be

ro
fg

ro
ud

-t
ru

th
cl

us
te

rs
an

d
th

e
ra

nk
of
Y
∗ .

N
ot

e
th

at

(U
U
>

) i
j

=

{
1 K
i

if
C i

=
C j
,

0
ot

he
rw

is
e,

(2
6)

(V
V
>

) i
j

=

{
1 K
′ i

if
C′ i

=
C′ j
,

0
ot

he
rw

is
e,

(2
7)

an
d

(U
V
>

) i
j

=

{
1

√
K
i
K
′ j

if
C i
∼
C′ j
,

0
ot

he
rw

is
e.

(2
8)

D
efi

ne
th

e
pr

oj
ec

tio
n

op
er

at
or P T
Z

:=
U
U
>
Z

+
Z
V
V
>
−
U
U
>
Z
V
V
>

(2
9)

an
d

its
co

m
pl

em
en

ta
ry

pr
oj

ec
tio

n
P T
⊥
Z

:=
Z
−
P T
Z
.

D
en

ot
e

by
‖
·‖

th
e

sp
ec

tr
al

no
rm

(l
ar

ge
st

si
ng

ul
ar

va
lu

e)
of

a
m

at
ri

x.
Fo

r
an

y
m

at
ri

x
X

w
ith

‖X
‖
≤
η 0

,t
he

m
at

ri
x
U
V
>

+
η
−

1
0
P T
⊥
X

is
a

su
bg

ra
di

en
to

ft
he

nu
cl

ea
rn

or
m
‖·
‖ ∗

at
Y
∗

(R
ec

ht
et

al
.,

20
10

).
It

fo
llo

w
s

th
at

fo
ra

ny
fe

as
ib

le
so

lu
tio

n
Y

to
th

e
pr

og
ra

m
(3

),
w

e
ha

ve

0
≥
‖Y
‖ ∗
−
‖Y
∗ ‖
∗
≥
〈U
V
>

+
η
−

1
0
P T
⊥
X
,Y
−
Y
∗ 〉
,

w
hi

ch
im

pl
ie

s
〈X
,Y
∗
−
Y
〉≥
〈P

T
X
−
η 0
U
V
>
,Y
∗
−
Y
〉.

(3
0)
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7.2
Prelim

inary
L

em
m

as

T
he

proofofT
heorem

9
builds

on
the

follow
ing

fourlem
m

as.T
he

firstlem
m

a
gives

a
closed

form
expression

forthe
projected

m
atrixP

T
Z

.

L
em

m
a

16
For

any
m

atrix
Z

and
each

index
(i,j),w

e
have

(P
T
Z

)
ij

=
1K
i ∑k∈C

i Z
k
j

+
1K
′j ∑l∈C

′j Z
il −

1

K
i K
′j ∑k∈C

i ∑l∈C
′j Z

k
l .

(31)

Proof
T

he
lem

m
a

is
im

m
ediate

by
the

definition
(29)ofthe

projectionP
T

and
the

expressions
(26)

and
(27)forthe

m
atrices

U
U
>

and
V
V
>

.

R
ecallthat

W
is

the
w

eightm
atrix

used
in

program
(3).T

he
second

lem
m

a
controls

the
spectral

norm
and

the
elem

entm
agnitudes

ofthe
m

atrixP
Ω
U
V
>

.

L
em

m
a

17
D

efine

η
1

:=
c

1
β

log
n

+
√
K
s
µ
(1−

s
µ
)β

log
n

K
.

W
ith

probability
atleast

1−
n
−
β

the
follow

ings
hold:

‖P
Ω
U
V
>
−

E
[P

Ω
U
V
>

]‖
≤
η

1
(32)

and
for

all
i,j

|(P
T

(P
Ω
U
V
>
−

E
[P

Ω
U
V
>

]))
ij |≤

{
η
1

√
K
i K
′j

ifC
i ∼
C
′j

0
otherw

ise
(33)

Proof
For

the
first

inequality
(32),

considerP
Ω
U
V
>
−

E
[P

Ω
U
V
>

]
as

the
sum

of
independent,

zero-m
ean

random
m

atrices:P
Ω
U
V
>
−

E
[P

Ω
U
V
>

]
=

∑

(i,j),C
i ∼
C
′j X

i,j ,

w
here,noting

the
expression

(28),w
e

define

X
i,j

:=
P

Ω


1

√
K
i K
′j (e

i e >j
) 
−

EP
Ω


1

√
K
i K
′j (e

i e >j
) 

w
ith

e
i denoting

the
i-th

standard
basis

vector.N
ote

that

‖X
i,j ‖
≤

1K
,
∀
i,j,

and
∥∥∥∥∥∥

∑

(i,j),C
i ∼
C
′j E
X
i,j X

>i,j ∥∥∥∥∥∥
=

∥∥∥∥∥∥
∑

(i,j),C
i ∼
C
′j

s
µ
(1−

s
µ
)

K
i K
′j

(e
i e >i

) ∥∥∥∥∥∥
≤
s
µ
(1−

s
µ
)

K
.
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Sim
ilarly

w
e

have ∥∥∥ ∑
(i,j),C

i ∼
C
′j E
X
>i,j X

i,j ∥∥∥
≤

s
µ

(1−
s
µ

)
K

.B
y

applying
the

m
atrix

B
ernstein

inequal-
ity

(Tropp,2012),w
e

obtain
the

desired
inequality

(32).
Turning

to
the

inequality
(33),let

Z
:=
P

Ω
U
V
>
−

E
[P

Ω
U
V
>

].
N

ote
thateach

entry
of
Z

is
an

independentzero-m
ean

random
variable.

From
the

expression
(31),let

ẑ
be

the
firstterm

of
its

R
H

S,w
hich

is
an

average
of
K
i independentzero-m

ean
random

variables
w

ith|Z
k
j |≤

1
√
K
i K
′j

and

V
ar(Z

k
j )

=
s
µ
(1−

s
µ
)

K
i K
′j

.

B
y

the
standard

B
ernstein’s

inequality,
w

e
obtain

that|ẑ|
≤

η
1

√
K
i K
′j

w
ith

probability
at

least

1
−
n
−
β−

2.
T

he
sam

e
reasoning

can
be

used
to

arrive
at

the
sam

e
bound

for
the

second
and

the
third

R
H

S
term

of
expression

(31).
A

pplying
a

union
bound

over
all

(i,j)
w

e
obtain

the
desired

inequality
(33).

T
he

nextlem
m

a
is

an
analogue

ofL
em

m
a

17
and

controls
the

m
atrixP

Ω
c∩
R
W

.

L
em

m
a

18
D

efine

η
2

:=
c

2 (
bβ

log
n

+
√
n

V
ar
µ
(w̃

b )β
log

n )
,

η
3

:=
c

3 (
bξβ

log
n

+
√
n

V
ar
µ
(w̃

b )β
log

n )
.

W
ith

probability
atleast

1−
n
−
β

the
follow

ings
hold:

‖P
Ω
c∩
R
W
−

E
[P

Ω
c∩
R
W

]‖
≤
η

2
(34)

and
for

all
i,j

|(P
T

(P
Ω
c∩
R
W
−

E
[P

Ω
c∩
R
W

]))
ij |≤


m

in {
η
2

K
,

η
3

√
K
i K
′j }

ifC
i ∼
C
′j ,

0
otherw

ise.
(35)

Proof
T

his
claim

follow
s

the
sam

e
argum

ents
as

in
the

proofofL
em

m
a

17.

T
he

lastlem
m

a
is

again
analogous

to
L

em
m

a
17

and
controls

the
m

atrixP
Ω
c∩
R
cW

.

L
em

m
a

19
D

efine

η
4

:=
c

4 (
bβ

log
n

+
√
n

V
ar
ν (w̃

b )β
log

n )
,

η
5

:=
c

5
bβ

log
n

+
√
K

V
ar
ν (w̃

b )β
log

n

K
.

W
ith

probability
atleast

1−
n
−
β

the
follow

ings
hold:

‖P
Ω
c∩
R
cW
−

E
[P

Ω
c∩
R
cW

]‖
≤
η

4
(36)

and
for

all
i,j

|(P
T

(P
Ω
c∩
R
cW
−

E
[P

Ω
c∩
R
cW

]))
ij |≤

{
0

ifC
i ∼
C
′j ,

η
5

otherw
ise,

(37)
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Pr
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s
th
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m
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m
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as

in
th

e
pr

oo
fo

fL
em

m
a

17
.

R
em

ar
k

20
Th

e
√

lo
g
n

fa
ct

or
s

in
th

e
ex

pr
es

si
on

s
of
η 2

,
η 3

an
d
η 4

ca
n

be
re

m
ov

ed
vi

a
a

m
or

e
ca

re
fu

la
na

ly
si

s,
fo

r
ex

am
pl

e
by

us
in

g
th

e
re

su
lts

in
B

an
de

ir
a

an
d

va
n

H
an

de
l(

20
16

).
W

e
do

no
t

de
lv

e
in

to
th

e
de

ta
ils

he
re

.

7.
3

Pr
oo

fo
fT

he
or

em
9

W
e

ar
e

no
w

re
ad

y
to

co
m

pl
et

e
th

e
pr

oo
fo

f
T

he
or

em
9.

W
e

w
ill

sh
ow

th
at

w
ith

pr
ob

ab
ili

ty
at

le
as

t
1
−
n
−
β

th
e

fo
llo

w
in

g
in

eq
ua

lit
y

ho
ld

s
fo

ra
ll
Y
6=
Y
∗

fe
as

ib
le

to
th

e
pr

og
ra

m
(3

):

〈W
,Y
∗
−
Y
〉>

0
,

w
hi

ch
im

pl
ie

s
th

at
Y
∗

is
th

e
un

iq
ue

so
lu

tio
n

of
pr

og
ra

m
(3

).
N

ot
e

th
at

th
e

fe
as

ib
le

se
t

of
th

e
pr

og
ra

m
(2

)i
s

a
su

bs
et

of
th

e
fe

as
ib

le
se

to
ft

he
pr

og
ra

m
(3

)(
bu

ta
lw

ay
s

co
nt

ai
ns
Y
∗ )

.T
hi

s
m

ea
ns

th
at

w
he

ne
ve

r
Y
∗

is
th

e
un

iq
ue

so
lu

tio
n

of
th

e
pr

og
ra

m
(3

),
it

is
al

so
th

e
un

iq
ue

so
lu

tio
n

of
th

e
pr

og
ra

m
(2

).
To

pr
oc

ee
d,

w
e

de
co

m
po

se
〈W

,Y
∗
−
Y
〉a

s
fo

llo
w

s:

〈W
,Y
∗
−
Y
〉

=
〈P

Ω
∩R
W
,Y
∗
−
Y
〉+
〈P

Ω
∩R

c
W
,Y
∗
−
Y
〉+
〈P

Ω
c
∩R
W
,Y
∗
−
Y
〉

+
〈P

Ω
c
∩R

c
W
,Y
∗
−
Y
〉.

(3
8)

W
e

an
al

yz
e

se
pa

ra
te

ly
th

e
fo

ur
te

rm
s

on
th

e
R

H
S

ab
ov

e.
Fo

r
th

e
fir

st
R

H
S

te
rm

,n
ot

e
th

at
by

th
e

as
su

m
pt

io
n

(1
2)

,a
ll

en
tr

ie
s

of
th

e
m

at
ri

x
P Ω
∩R
W

ar
e

po
si

tiv
e

w
ith

pr
ob

ab
ili

ty
on

e.
W

e
th

er
ef

or
e

ha
ve

〈P
Ω
∩R
W
,Y
∗
−
Y
〉

≥
b ∞
K
〈P

Ω
U
V
>
,Y
∗
−
Y
〉

=
b ∞
K
( 〈
E[
P Ω
U
V
>

],
Y
∗
−
Y
〉+
〈P

Ω
U
V
>
−

E[
P Ω
U
V
>

],
Y
∗
−
Y
〉)

=
b ∞
K
( 〈
s µ
U
V
>
,Y
∗
−
Y
〉+
〈P

Ω
U
V
>
−

E[
P Ω
U
V
>

],
Y
∗
−
Y
〉)

(a
) ≥
b ∞
K
( 〈
s µ
U
V
>
,Y
∗
−
Y
〉+
〈P

T
(P

Ω
U
V
>
−

E[
P Ω
U
V
>

])
−
η 1
U
V
>
,Y
∗
−
Y
〉)

(b
) ≥
b ∞
K
( 〈
s µ
U
V
>
,Y
∗
−
Y
〉+
〈−

2
η 1
U
V
>
,Y
∗
−
Y
〉)

=
b ∞
K

(s
µ
−

2η
1
)〈
U
V
>
,Y
∗
−
Y
〉,

w
he

re
w

e
ap

pl
y

th
e

bo
un

ds
(3

0)
an

d
(3

2)
in

th
e

st
ep

(a
),

an
d

th
e

bo
un

d
(3

3)
in

th
e

st
ep

(b
).

A
ga

in
by

as
su

m
pt

io
n

(1
2)

w
e

ha
ve
〈P

Ω
∩R
W
,Y
∗
−
Y
〉≥

0.
W

e
co

nc
lu

de
th

at

〈P
Ω
∩R
W
,Y
∗
−
Y
〉≥

m
ax
{0
,b
∞
K

(s
µ
−

2
η 1

)}
·〈
U
V
>
,Y
∗
−
Y
〉.

(3
9)

Fo
rt

he
se

co
nd

R
H

S
te

rm
in

(3
8)

,i
tf

ol
lo

w
s

im
m

ed
ia

te
ly

fr
om

th
e

as
su

m
pt

io
n

(1
2)

th
at

〈P
Ω
∩R

c
W
,Y
∗
−
Y
〉≥

0.
(4

0)
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L
IM

,C
H

E
N

A
N

D
X

U

Tu
rn

in
g

to
th

e
th

ir
d

R
H

S
te

rm
in

(3
8)

,w
e

ha
ve

〈P
Ω
c
∩R
W
,Y
∗
−
Y
〉

=
〈E

[P
Ω
c
∩R
W

],
Y
∗
−
Y
〉+
〈P

Ω
c
∩R
W
−

E[
P Ω

c
∩R
W

],
Y
∗
−
Y
〉

=
〈(
E µ
w̃
b
)Y
∗ ,
Y
∗
−
Y
〉+
〈P

Ω
c
∩R
W
−

E[
P Ω

c
∩R
W

],
Y
∗
−
Y
〉

(a
) ≥
〈(
E µ
w̃
b
)Y
∗ ,
Y
∗
−
Y
〉+
〈P

T
(P

Ω
c
∩R
W
−

E[
P Ω

c
∩R
W

])
−
η 2
U
V
>
,Y
∗
−
Y
〉

(b
) ≥
m

ax

{(
E µ
w̃
b
−

2
η 2 K

)
〈Y
∗ ,
Y
∗
−
Y
〉,

(K
E µ
w̃
b
−

2η
3
)
〈U
V
>
,Y
∗
−
Y
〉}

,
(4

1)

w
he

re
w

e
us

e
th

e
bo

un
ds

(3
0)

an
d

(3
4)

in
th

e
st

ep
(a

),
an

d
th

e
bo

un
d

(3
5)

in
th

e
st

ep
(b

);
al

so
in

(b
)

w
e

us
e

th
e

in
eq

ua
lit

y
〈(
E µ
w̃
b
)Y
∗ ,
Y
∗
−
Y
〉≥
〈(
K
E µ
w̃
b
)U
V
>
,Y
∗
−
Y
〉,

w
hi

ch
fo

llo
w

s
fr

om
th

e
as

su
m

pt
io

n
(1

3)
.

Fi
na

lly
,l

et
tin

g
J

de
no

te
th

e
al

lo
ne

m
at

ri
x,

w
e

ca
n

bo
un

d
th

e
la

st
R

H
S

te
rm

in
(3

8)
as

〈P
Ω
c
∩R

c
W
,Y
∗
−
Y
〉

=
〈E

[P
Ω
c
∩R

c
W

],
Y
∗
−
Y
〉+
〈P

Ω
c
∩R

c
W
−

E[
P Ω

c
∩R

c
W

],
Y
∗
−
Y
〉

=
(−

E ν
w̃
b
)〈
J
−
Y
∗ ,
Y
〉+
〈P

Ω
c
∩R

c
W
−

E[
P Ω

c
∩R

c
W

],
Y
∗
−
Y
〉

(a
) ≥

(−
E ν
w̃
b
)〈
J
−
Y
∗ ,
Y
〉+
〈P

T
(P

Ω
c
∩R

c
W
−

E[
P Ω

c
∩R

c
W

])
−
η 4
U
V
>
,Y
∗
−
Y
〉

(b
) ≥

(−
E ν
w̃
b
−
η 5

)〈
J
−
Y
∗ ,
Y
〉−
〈η

4
U
V
>
,Y
∗
−
Y
〉,

(4
2)

w
he

re
w

e
us

e
th

e
bo

un
ds

(3
0)

an
d

(3
6)

in
th

e
st

ep
(a

),
an

d
th

e
bo

un
d

(3
7)

in
th

e
st

ep
(b

).
A

pp
ly

in
g

th
e

ab
ov

e
in

eq
ua

lit
ie

s
(3

9)
,(

40
),

(4
1)

an
d

(4
2)

to
th

e
eq

ua
tio

n
(3

8)
,w

e
ob

ta
in

th
at

〈W
,Y
∗
−
Y
〉≥

m
ax

{
( E µ

w̃
b
−

2
η 2

+
η 4

K

)
〈Y
∗ ,
Y
∗
−
Y
〉,

(b
∞
K

(s
µ
−

2
η 1

)
+
K
E µ
w̃
b
−

2
η 3
−
η 4

)
〈U
V
>
,Y
∗
−
Y
〉}

+
(−

E ν
w̃
b
−
η 5

)〈
J
−
Y
∗ ,
Y
〉

=
m

ax

{
( E µ

w̃
b
−

2η
2

+
η 4

K

)
〈Y
∗ ,
Y
∗
−
Y
〉,

b ∞
K

( s µ
+

E µ
w̃
b

b ∞
−
( 2
η 1

+
2η

3
+
η 4

b ∞
K

))
〈U
V
>
,Y
∗
−
Y
〉}

+
(−

E ν
w̃
b
−
η 5

)〈
J
−
Y
∗ ,
Y
〉.

(4
3)

W
e

se
e

th
at

th
e

co
nd

iti
on

(1
4)

in
th

e
th

eo
re

m
st

at
em

en
te

ns
ur

es
th

at
−
E ν
w̃
b
−
η 5
>

0
.O

n
th

e
ot

he
r

ha
nd

,t
he

co
nd

iti
on

(1
5)

en
su

re
s

th
at

E µ
w̃
b
−

2η
2

+
η 4

K
>

0
,

w
he

re
as

th
e

co
nd

iti
on

(1
6)

en
su

re
s

th
at

s µ
+

E µ
w̃
b

b ∞
−
( 2η

1
+

2
η 3

+
η 4

b ∞
K

)
>

0
.
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C
L

U
S

T
E

R
IN

G
F

R
O

M
G

E
N

E
R

A
L

P
A

IR
W

IS
E

O
B

S
E

R
V

A
T

IO
N

S

E
itheroflasttw

o
inequalities

is
sufficientto

guarantee
thatthe

righthand
side

ofthe
equation

(43)
is

strictly
positive.T

his
com

pletes
the

proofofT
heorem

9.

8.C
onclusion

In
this

paper
w

e
presented

a
generalfram

ew
ork

for
graph

clustering
by

assum
ing

thatallpairw
ise

observations
are

in
the

form
oflabels.T

he
algorithm

involves
solving

a
tractable

convex
optim

iza-
tion

problem
w

ith
an

appropriately
w

eighted
objection

function
based

on
the

observed
labels.

A
key

contribution
ofourtheoreticalresults

is
in

show
ing

thatthe
M

L
E

w
eights

are
order-w

ise
optim

alundera
generalized

version
ofthe

stochastic
block

m
odel,thus

providing
a

principled
w

ay
of

assigning
w

eights
to

the
observed

graph.
O

ur
m

ain
results

also
identify

the
relevantparam

eters
thatare

crucialto
the

successfulrecovery
of

the
underlying

clusters.
T

hese
include

the
m

inim
um

cluster
size,the

distance
betw

een
the

labeldistributions,as
w

ellas
properties

of
the

observations
such

as
the

num
berofsnapshots

in
a

tim
e-varying

graph.
T

his
fram

ew
ork

recovers
as

specialcases
a

broad
range

of
existing

results
in

graph
clustering,

and
in

factprovides
substantialim

provem
entfor

m
any

of
them

.
Im

portantfeatures
such

as
partial

observability
and

non-uniform
uncertainties

can
be

readily
analyzed

using
our

results,w
hich

pro-
vide

new
insights

in
m

any
applications.M

oreover,ourfram
ew

ork
is

pow
erfulenough

to
yield

new
results

on
novelsettings

such
as

the
clustering

oftim
e-varying

graphs.
A

n
interesting

future
direction

is
to

extend
the

proposed
approach

to
problem

s
w

ith
m

ore
com

-
plex

structures
such

as
overlapping

clusters.
A

nother
im

portant
direction

is
to

develop
scalable

solution
applicable

to
very

large
data

sets,both
in

term
s

ofstorage
and

com
putationalcom

plexity.
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A
ppendix

A
.ProofsofT

heorem
3

and
C

orollary
4

In
this

section,w
e

prove
T

heorem
3

and
C

orollary
4

forusing
M

L
E

w
eights.

A
.1

ProofofT
heorem

3

T
hroughoutthis

subsection,
w

alw
ays

m
eans

the
M

L
E

w
eightfunction

w
M

L
E.

T
he

proof
is

based
on

severallem
m

as.
T

he
firstlem

m
a,proved

in
Section

A
.1.1

to
follow

,bounds
the

log-likelihood
ratios.

L
em

m
a

21
Suppose

that ∣∣∣ log
µ

(l)
ν
(l) ∣∣∣ ≤

b,∀
l∈
L

.Then,for
any

l∈
L

,

∣∣∣∣ log
µ

(l)

ν
(l) ∣∣∣∣ ≤

(b
+

2) ∣∣∣∣ µ
(l)−

ν
(l)

µ
(l)

+
ν

(l) ∣∣∣∣
.
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T
he

second
lem

m
a,proved

in
Section

A
.1.2

to
follow

,controls
the

variance
term

s.

L
em

m
a

22
Suppose

that|log
µ

(l)
ν
(l) |≤

b,∀
l∈
L

and
D

(ν‖
µ

)≤
ζ
D

(µ‖
ν

),then

V
ar
ν w
≤

3(b
+

2)D
(ν‖

µ
)

(44)

and
m

ax
(V

ar
µ
w
,V

ar
ν w

)≤
(ζ

+
1)(b

+
2)D

(µ‖
ν

).
(45)

T
he

lastlem
m

a
is

a
classicalresultin

inform
ation

theory.
T

he
lem

m
a

bounds
the

K
L

divergence
D

(µ‖ν
)

and
D

(ν‖µ
)

in
term

s
ofthe

triangle
discrim

ination
betw

een
µ

and
ν.

L
em

m
a

23
(Topsoe

2000)
The

follow
ing

holds
for

any
distributions

µ
and

ν,assum
ing

that
µ

and
ν

are
absolutely

continuous
w

ith
each

other
and

w
ith

respectto
a

base
m

easure
λ:

m
in{

D
(µ‖

ν
),D

(ν‖µ
)}
≥

12

∫L

(µ
(l)−

ν
(l))

2

µ
(l)

+
ν

(l)
d
λ
.

W
e

are
now

ready
to

prove
T

heorem
3.To

this
end,w

e
verify

thatthe
conditions

(5)and
(6)in

T
heorem

2
are

satisfied
underthe

assum
ption

ofT
heorem

3.N
ote

that

−
E
ν w

=
−
∫L

log
µ

(l)

ν
(l)

d
ν

=
D

(ν‖µ
).

C
om

bining
the

assum
ption

(7)in
T

heorem
3

w
ith

the
previous

bound
(44),the

firstcondition
(5)in

T
heorem

2
is

satisfied
as

follow
s:

b
log

n

K
+

√
K

log
n √

V
ar
ν w

K
≤

(b
+

2)
log

n

K
+

√
log

n

K

√
3(b

+
2)D

(ν‖µ
)

≤
cD

(ν‖
µ

)
+
c ′ √

D
(ν‖µ

) √
D

(ν‖µ
)

≤
c ′′D

(ν‖
µ

)
=
−
c ′′E

ν w
.

Turning
to

the
condition

(6),
w

e
note

thatE
µ
w

=
D

(µ‖
ν

).
C

om
bining

the
assum

ption
(8)

in
T

heorem
3

w
ith

the
previous

bound
(45)in

a
sim

ilarm
annerestablishes

the
condition

(6).
Finally,the

lastsentence
in

the
statem

entof
T

heorem
3

is
a

specialcase
of

the
follow

ing
m

ore
generalresult,w

hich
is

usefullaterin
the

proofofT
heorem

5.

L
em

m
a

24
Suppose

that ∣∣∣ log
µ

(l)
ν
(l) ∣∣∣ ≤

b,∀
l∈
L

.Then
w

e
have

D
(ν‖µ

)
+
D

(µ‖
ν

)≤
(b

+
2) ∫L

(ν
(l)−

µ
(l))

2

ν
(l)

+
µ

(l)
d
λ

and
1

2
b

+
3
≤
D

(ν‖µ
)

D
(µ‖

ν
)
≤

2b
+

3
.
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W
IS

E
O

B
S

E
R

V
A

T
IO

N
S

Pr
oo

f
W

e
ha

ve

D
(ν
‖µ

)

D
(µ
‖ν

)
+

1
=
D

(ν
‖µ

)
+
D

(µ
‖ν

)

D
(µ
‖ν

)

=

∫ L
(ν

(l
)
−
µ

(l
))

lo
g
ν
(l

)
µ

(l
)

d
λ

D
(µ
‖ν

)

(a
) ≤

(b
+

2)
∫ L

(ν
(l

)−
µ

(l
))

2

ν
(l

)+
µ

(l
)

d
λ

D
(µ
‖ν

)
,

w
he

re
w

e
us

e
L

em
m

a
21

in
th

e
in

eq
ua

lit
y

(a
).

T
hi

s
pr

ov
es

th
e

fir
st

eq
ua

tio
n

in
th

e
le

m
m

a.
B

ou
nd

-
in

g
th

e
ri

gh
ts

id
e

of
(a

)
us

in
g

L
em

m
a

23
,w

e
pr

ov
e

th
e

up
pe

r
bo

un
d

in
th

e
se

co
nd

eq
ua

tio
n

of
th

e
le

m
m

a.
T

he
lo

w
er

bo
un

d
in

th
e

se
co

nd
eq

ua
tio

n
fo

llo
w

s
fr

om
sw

itc
hi

ng
th

e
ro

le
s

of
µ

an
d
ν

.

A
.1

.1
P

R
O

O
F

O
F

L
E

M
M

A
21

C
on

si
de

rt
he

fu
nc

tio
n
g
(p

)
=

lo
g

1
−
p
p

fo
rp
∈

[
1

eb
+

1
,0
.5

].
B

y
th

e
co

nv
ex

ity
of
g
(p

)
in

th
is

ra
ng

e
w

e

ca
n

lin
ea

rl
y

up
pe

r-
bo

un
d

it
an

d
sh

ow
th

at
lo

g
1
−
p
p
≤
b
( e

b
+

1
eb
−

1

) (1
−

2
p
).

Ta
ki

ng
p

=
ν

µ
+
ν

,w
e

th
en

ha
ve

∣ ∣ ∣lo
g
µ ν

∣ ∣ ∣=
∣ ∣ ∣ ∣lo

g
1
−
p

p

∣ ∣ ∣ ∣≤
b

(
eb

+
1

eb
−

1

)
|1
−

2p
|=

b

(
eb

+
1

eb
−

1

)
∣ ∣ ∣ ∣µ
−
ν

µ
+
ν

∣ ∣ ∣ ∣≤
(b

+
2)

∣ ∣ ∣ ∣µ
−
ν

µ
+
ν

∣ ∣ ∣ ∣.

A
.1

.2
P

R
O

O
F

O
F

L
E

M
M

A
22

W
e

ne
ed

a
ve

rs
io

n
of

th
e

Pa
dé

ap
pr

ox
im

at
io

n
fo

rl
og

ar
ith

m
s:

lo
g

1 x
≥

(1
−
x

)(
5

+
x

)

2
+

4
x

,
∀x

>
0
,

w
hi

ch
fo

llo
w

s
fr

om
th

at
fa

ct
th

at
th

e
fu

nc
tio

n
g
(x

)
=

lo
g

1 x
−

(1
−
x

)(
5
+
x

)
2
+

4
x

ha
s

a
un

iq
ue

m
in

im
um

g
(1

)
=

0
.U

si
ng

th
is

in
eq

ua
lit

y,
w

e
ob

ta
in

th
at

3

∫ L
lo

g
ν

(l
)

µ
(l

)
d
ν
−
∫ L

∣ ∣ ∣ ∣µ
(l

)
−
ν

(l
)

µ
(l

)
+
ν

(l
)∣ ∣ ∣ ∣∣ ∣ ∣ ∣lo

g
µ

(l
)

ν
(l

)

∣ ∣ ∣ ∣d
ν

=
2

∫ L

2µ
(l

)
+
ν

(l
)

µ
(l

)
+
ν

(l
)

lo
g
ν

(l
)

µ
(l

)
d
ν

≥
2

∫ L

2µ
(l

)
+
ν

(l
)

µ
(l

)
+
ν

(l
)

(1
−

µ
(l

)
ν
(l

)
)(

5
+

µ
(l

)
ν
(l

)
)

2
+

4
µ

(l
)

ν
(l

)

d
ν

=

∫ L

(ν
(l

)
−
µ

(l
))

(5
ν

(l
)

+
µ

(l
))

µ
(l

)
+
ν

(l
)

d
λ

=
−

4
+

8

∫ L

µ
(l

)2

µ
(l

)
+
ν

(l
)

d
λ

(a
) ≥

0,
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w
he

re
th

e
la

st
in

eq
ua

lit
y

(a
)

fo
llo

w
s

fr
om

th
e

fa
ct

th
at
∫ L

µ
(l

)2

µ
(l

)+
ν
(l

)
d
λ
≥

1 2
.T

he
fir

st
in

eq
ua

lit
y

(4
4)

in
th

e
le

m
m

a
th

en
fo

llo
w

s
fr

om

V
ar
ν
w
≤

E ν
w

2

=

∫ L

( lo
g
µ

(l
)

ν
(l

)

) 2
d
ν

(a
) ≤

(b
+

2)

∫ L

∣ ∣ ∣ ∣µ
(l

)
−
ν

(l
)

µ
(l

)
+
ν

(l
)∣ ∣ ∣ ∣∣ ∣ ∣ ∣lo

g
µ

(l
)

ν
(l

)

∣ ∣ ∣ ∣d
ν

(b
) ≤

3(
b

+
2)

∫ L
lo

g
ν

(l
)

µ
(l

)
d
ν

=
3(
b

+
2)
D

(ν
‖µ

),

w
he

re
th

e
st

ep
(a

)
fo

llo
w

s
fr

om
L

em
m

a
21

an
d

th
e

st
ep

(b
)

fo
llo

w
s

fr
om

th
e

in
eq

ua
lit

y
ab

ov
e.

Fo
rt

he
se

co
nd

in
eq

ua
lit

y
(4

5)
,a

ga
in

by
us

in
g

L
em

m
a

21
w

e
ob

ta
in

th
at

m
ax

(V
ar
µ
w
,V

ar
ν
w

)
≤

E µ
w

2
+

E ν
w

2

=

∫ L
(µ

(l
)

+
ν

(l
))

( lo
g
µ

(l
)

ν
(l

)

) 2
d
λ

≤
(b

+
2)

∫ L
(µ

(l
)

+
ν

(l
))

∣ ∣ ∣ ∣µ
(l

)
−
ν

(l
)

µ
(l

)
+
ν

(l
)∣ ∣ ∣ ∣∣ ∣ ∣ ∣lo

g
µ

(l
)

ν
(l

)

∣ ∣ ∣ ∣d
λ

=
(b

+
2)
( D

(µ
‖ν

)
+
D

(ν
‖µ

))

≤
(ζ

+
1)

(b
+

2)
D

(µ
‖ν

).

A
.2

Pr
oo

fo
fC

or
ol

la
ry

4

T
he

co
ro

lla
ry

fo
llo

w
s

im
m

ed
ia

te
ly

fr
om

T
he

or
em

3,
by

lo
w

er
bo

un
di

ng
th

e
le

ft
ha

nd
si

de
s

of
th

e
eq

ua
tio

ns
(7

)a
nd

(8
)u

si
ng

L
em

m
a

23
.

A
pp

en
di

x
B

.P
ro

of
of

T
he

or
em

5

In
th

is
se

ct
io

n,
w

e
pr

ov
e

th
e

co
nv

er
se

re
su

lt
in

T
he

or
em

5.
W

e
us

e
a

st
an

da
rd

te
ch

ni
qu

e
of

co
n-

ve
rt

in
g

a
st

at
is

tic
al

es
tim

at
io

n
pr

ob
le

m
to

m
ul

tip
le

hy
po

th
es

is
te

st
in

g—
in

pa
rt

ic
ul

ar
,w

e
sh

al
la

pp
ly

T
he

or
em

2.
5

of
T

sy
ba

ko
v

(2
00

9)
.

W
e

w
ill

co
ns

id
er

th
e

st
an

da
rd

cl
us

te
ri

ng
ca

se
w

he
re
Y
∗

is
sy

m
-

m
et

ri
c.

Se
tM

=
n

an
d

le
tθ

0
∈
{0
,1
}n
×
n

be
a

fix
ed

cl
us

te
r

m
at

ri
x

co
rr

es
po

nd
in

g
to

tw
o

eq
ua

l
si

ze
d

cl
us

te
rs

.
Fo

r
k

=
1
,.
..
,
M 2

,
le

t
θ k

be
th

e
cl

us
te

r
m

at
ri

x
of

a
ne

w
cl

us
te

ri
ng

by
sw

ap
pi

ng
th

e
1s

tm
em

be
r

of
cl

us
te

r
1

w
ith

th
e
k

-t
h

m
em

be
r

of
cl

us
te

r
2.

L
ik

ew
is

e,
fo

r
k

=
M 2

+
1,
..
.,
M

,
θ k

is
ob

ta
in

ed
by

sw
ap

pi
ng

th
e

2n
d

m
em

be
r

of
cl

us
te

r
1

w
ith

th
e
k

-t
h

m
em

be
r

of
cl

us
te

r
2.

L
et

L
0
,L

1
,.
..
,L

M
be

th
e

ra
nd

om
la

be
lm

at
ri

ce
s

ge
ne

ra
te

d
by

th
e

co
rr

es
po

nd
in

g
cl

us
te

ri
ng

.
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Since
the

labelofeach
pair

(i,j)
is

generated
independently,w

e
have:

D
(L

j‖
L

0)
=
∑i<
j

D
(L

kij ‖L
0ij )

(a
)

=
(n
−

2)D
(µ‖

ν
)

+
(n
−

2)D
(ν‖

µ
)

(b)

≤
(n
−

2)(b
+

2) ∫L

(ν
(l)−

µ
(l))

2

ν
(l)

+
µ

(l)
d
λ

(c)

≤
(c ′+

2)c
log

n
;

here
in

step
(a

)
w

e
use

the
factthatdue

to
the

m
em

bership
sw

ap,exactly
n
−

2
intra-cluster

pairs
in
θ

0
becom

e
inter-cluster

pairs
in
θ
j

and
vise-versa,

step
(b)

follow
s

from
the

first
equation

in
L

em
m

a
24,and

step
(c)

holds
due

to
the

assum
ption

(10)ofthe
theorem

and
that

b
is

bounded
by

a
universalconstant.

T
he

resultthen
follow

s
from

taking
c

sufficiently
sm

alland
applying

T
heorem

2.5
ofT

sybakov
(2009).

A
ppendix

C
.ProofofT

heorem
6

In
this

section
w

e
prove

the
m

onotonicity
property

in
T

heorem
6.

L
et
E

=
{l∈

L
:
µ̄

(l)≥
ν̄

(l)}
and

E
c

=
L
\
E

.
Since

(µ
,ν

)
is

strictly
m

ore
divergentthan

(µ̄
,ν̄

),w
e

have
thatfor

all
l∈

E
,

µ
(l)≥

µ̄
(l)≥

ν̄
(l)≥

ν
(l)

and
forall

l∈
E
c,ν

(l)≥
ν̄

(l)
>
µ̄

(l)≥
µ

(l).
Suppose

thatthe
labelm

atrix
L

is
generated

using
the

follow
ing

tw
o-stage

procedure:

1.
First,generate

a
m

atrix
L̄

from
(µ̄
,ν̄

).Set
L
←
L̄

.

2.
Second:

•
Foreach

(i,j)
w

here
Y
∗ij

=
0,if

L
ij ∈

E
,then

w
ith

probability
1−

ν
(L
ij )

ν̄
(L
ij ) ,set

L
ij ←

l

w
here

lis
draw

n
from

the
set

E
c

w
ith

distribution
ν
(l)−

ν̄
(l)

∫
l ′∈

E
c
ν
(l ′)−

ν̄
(l ′)

d
λ

(l ′) .L
et

Ω
−

be
the

setofallsuch
entries,i.e.w

here
L
ij

has
sw

itched
from

E
to
E
c.

•
Foreach

(i,j)
w

here
Y
∗ij

=
1,if

L
ij ∈

E
c,then

w
ith

probability
1−

µ
(L
ij )

µ̄
(L
ij ) ,set

L
ij ←

l

w
here

l
is

draw
n

from
the

set
E

w
ith

distribution
µ

(l)−
µ̄

(l)
∫
l ′∈

E
µ

(l ′)−
µ̄

(l ′)
d
λ

(l ′) .
L

et
Ω

+
be

the
setofallsuch

entries,i.e.w
here

L
ij

has
sw

itched
from

E
c

to
E

.

Itis
straightforw

ard
to

verify
thatthe

resulting
distribution

of
L

is
identicalto

thatgenerated
by

the
pair

(µ
,ν

).
C

onsiderthe
program

(3)w
ith
L̄

as
input,and

let
W̄

be
the

corresponding
M

L
E

w
eights.Since

the
pair

(µ̄
,ν̄

)
satisfies

the
condition

ofT
heorem

3,w
e

have
thatw

ith
probability

atleast
1−

n
−

1
0,

the
m

atrix
Y
∗

is
the

unique
optim

alsolution
and

hence
satisfies〈W̄

,Y
∗〉
>
〈W̄

,Y
〉

forany
feasible

solution
Y
6=
Y
∗.N

ow
,considerthe

program
(3)w

ith
L

as
the

input,using
the

corresponding
M

L
E
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w
eights

W
based

on
(µ̄
,ν̄

).W
e

have
thatforany

feasible
Y
6=
Y
∗,

〈W
,Y
∗〉−

〈W̄
,Y
∗〉

=
∑

(i,j)∈
Ω

+

(W
ij −

W̄
ij )Y

∗ij

≥
∑

(i,j)∈
Ω

+

(W
ij −

W̄
ij )Y

ij

≥
∑

(i,j)∈
Ω
−

(W
ij −

W̄
ij )Y

ij
+

∑

(i,j)∈
Ω

+

(W
ij −

W̄
ij )Y

ij

=
〈W

,Y
〉−
〈W̄

,Y
〉,

w
hich

im
plies

that

〈W
,Y
∗〉−

〈W
,Y
〉≥
〈W̄

,Y
∗〉−

〈W̄
,Y
〉
>

0
.

T
herefor,Y

∗
is

stillthe
unique

optim
alsolution.

A
ppendix

D
.ProofofT

heorem
7

In
this

section,w
e

prove
T

heorem
7

for
using

inaccurate
w

eights.
O

ur
strategy

is
to

apply
T

heo-
rem

2.To
avoid

confusion
w

e
use

b ′and
c ′to

denote
the

constants
b

and
c

in
T

heorem
2.

To
show

thatthe
condition

(5)
in

T
heorem

2
is

satisfied,w
e

upper
bound

its
righthand

side
as

follow
s:

c ′ b ′log
n

+
√
K

log
n √

V
ar
ν w

K

(a
)

≤
c ′b ′(1−

γ
)
2

cα
2(b

+
2)
D

(ν‖
µ

)
+

√
3
c ′2α

2(b
+

2)D
(ν‖

µ
) log

n

K

≤
c ′(1−

γ
)
2

cα
D

(ν‖µ
)

+

√
3
c ′2(1−

γ
)
2

c
D

(ν‖
µ

)
2

(b)

≤
(1−

γ
)D

(ν‖µ
)

(c)

≤
D

(ν‖
µ

)−
∆
ν

=
−
E
ν w
,

w
here

in
step

(a
)

w
e

use
V

ar
ν w
≤
α

2V
ar
ν w

M
L

E
due

to
the

condition
|w|≤

α|log
µν |and

apply
the

bound
(44),

step
(b)

holds
by

choosing
an

appropriately
large

c,
and

in
step

(c)
w

e
use

the
assum

ption|∆
ν |≤

γ
D

(ν‖µ
)

in
the

statem
entT

heorem
7.

W
e

can
use

sim
ilar

argum
ents,

using
the

bound
(45)

instead
of

(44),
to

prove
that

the
condi-

tion
(6)in

T
heorem

2
is

satisfied.T
heorem

7
then

follow
s

from
applying

T
heorem

2.

A
ppendix

E
.ProofofC

orollary
10

In
this

section,w
e

prove
C

orollary
10

for
clustering

G
aussian

graphs.
Ideally

w
e

w
ould

like
apply

T
heorem

3
as

w
e

are
using

the
M

L
E

w
eight.

A
m

inor
technicaldifficulty

is
thatthe

boundedness
condition|w

M
L

E(L
ij )|≤

b
isnotsatisfied

asthe
G

aussian
entriesof

L
are

unbounded.To
overcom

e
this

w
e

use
a

standard
truncation

argum
ent.

40
JM

L
R

 18(49):1-47, 2017



C
L

U
S

T
E

R
IN

G
F

R
O

M
G

E
N

E
R

A
L

PA
IR

W
IS

E
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V
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W
ith

ou
t

lo
ss

of
ge

ne
ra

lit
y

as
su

m
e

th
at
u

=
0.

D
efi

ne
a

tr
un

ca
te

d
ve

rs
io

n
w̃

fo
r

th
e

w
ei

gh
t

fu
nc

tio
n
w

M
L

E
by

w̃
(l

)
=

{
0,

if
|l|
>
c′
√

lo
g
n

or
l

=
?,

l
−

(ū
+
u

)/
2
,

if
|l|
<
c′
√

lo
g
n
,

w
he

re
c′
>

4
c 0

is
a

un
iv

er
sa

lc
on

st
an

tt
o

be
ch

os
en

la
te

r.
W

ith
th

e
go

al
of

ap
pl

yi
ng

T
he

or
em

2
to

th
is

w
ei

gh
tf

un
ct

io
n,

w
e

ve
ri

fy
th

at
th

e
co

nd
iti

on
s

of
th

e
th

eo
re

m
ar

e
sa

tis
fie

d.
B

y
th

e
as

su
m

pt
io

n
ū
≤

u
+
c 0
√

lo
g
n

=
c 0
√

lo
g
n

,t
he

w
ei

gh
tf

un
ct

io
n
w̃

sa
tis

fie
s
w̃

(l
)
≤
b

=
(c
′ +

c 0
)√

lo
g
n
,∀
l
∈
L,

so
th

e
bo

un
de

dn
es

s
co

nd
iti

on
ho

ld
s.

W
e

ne
xt

ve
ri

fy
th

e
co

nd
iti

on
(6

).
L

et
tin

g
φ

(x
)

=
(2
π

)−
1
/
2
e−

x
2
/
2

be
th

e
de

ns
ity

fu
nc

tio
n

of
th

e
st

an
da

rd
no

rm
al

,w
e

no
te

th
at

E µ
w̃

=

∫ l:
|l|
<
c′
√

lo
g
n
w

M
L

E
(l

)
d
µ

=

∫ L
w

M
L

E
(l

)
d
µ
−
∫ l:
|l|
>
c′
√

lo
g
n

or
l=

?
w

M
L

E
(l

)
d
µ

=
sū 2
−
s

∫ |l|
>
c′
√

lo
g
n
(l
−
ū
/2

)φ
(l
−
ū

)
d
l

≥
sū 2
−
s

∫ |l|
>
c′
√

lo
g
n
(|l
|+

ū
/2

)φ
(l
−
ū

)
d
l

≥
sū 2
−

4
s

∫
+
∞

c′
√

lo
g
n
/
2
lφ

(l
)

d
l

︸
︷︷

︸
T

,

w
he

re
th

e
la

st
in

eq
ua

lit
y

fo
llo

w
s

fr
om

th
e

fa
ct

th
at
ū
≤
c 0
√

lo
g
n
<

c′
√

lo
g
n

4
.W

e
co

nt
ro

lt
he

te
rm

T
as

T
=

(2
π

)−
1 2

∫
+
∞

c′
√

lo
g
n
/
2
x
e−

x
2
/
2

d
x

(a
) ≤

(2
π

)−
1 2

∫
+
∞

c′
√

lo
g
n
/
2
e−

(x
−

1
/
2
)2
/
2

d
x

(b
) ≤

1 n
2

(c
) ≤
ū 16
,

w
he

re
th

e
st

ep
(a

)
fo

llo
w

s
fr

om
x
≤
ex
−

1
/
2
,

(b
)

fo
llo

w
s

fr
om

th
e

st
an

da
rd

G
au

ss
ia

n
ta

il
bo

un
d

1
−

Φ
(t

)
≤
e−

t2
/
2

an
d

th
e

fa
ct

th
at
c′

is
su

ffi
ci

en
tly

la
rg

e,
an

d
(c

)
fo

llo
w

s
fr

om
th

e
as

su
m

pt
io

n
(1

8)
of

C
or

ol
la

ry
10

.
It

fo
llo

w
s

th
at

E µ
w̃
≥

sū 4
.

O
n

th
e

ot
he

r
ha

nd
,s

in
ce
w̃

is
a

tr
un

ca
te

d
ve

rs
io

n
of

w
M

L
E
,w

e
ha

ve

m
ax
{V

ar
µ
w̃
,V

ar
ν
w̃
}
≤

m
ax
{V

ar
µ
w

M
L

E
,V

ar
ν
w

M
L

E
}
≤
s(
ū

2
+

1)
≤

2c
2 0
s

lo
g
n
.

C
om

bi
ni

ng
th

e
ab

ov
e

bo
un

ds
,

it
is

ea
sy

to
ch

ec
k

th
at

th
e

co
nd

iti
on

(6
)

of
T

he
or

em
2

is
sa

tis
fie

d
un

de
rt

he
as

su
m

pt
io

n
(1

8)
of

C
or

ol
la

ry
10

.S
im

ila
rl

in
es

of
ar

gu
m

en
ts

es
ta

bl
is

h
th

e
co

nd
iti

on
(5

)o
f

T
he

or
em

2.
T

hi
s

th
eo

re
m

th
er

ef
or

e
gu

ar
an

te
es

th
at

th
e

pr
og

ra
m

(2
)w

ith
th

e
w

ei
gh

tf
un

ct
io

n
w

=
w̃

re
co

ve
rs

th
e

tr
ue

cl
us

te
rm

at
ri

x
Y
∗

w
ith

pr
ob

ab
ili

ty
at

le
as

t1
−
n
−

1
0
.

N
ow

,b
y

ch
oo

si
ng

th
e

co
ns

ta
nt
c′

to
be

su
ffi

ci
en

tly
la

rg
e

an
d

us
in

g
th

e
G

au
ss

ia
n

ta
il

bo
un

d
an

d
th

e
un

io
n

bo
un

d,
w

e
ar

e
gu

ar
an

te
ed

th
at

w
ith

pr
ob

ab
ili

ty
at

le
as

t1
−
n
−

1
0
,w̃

(L
ij

)
=
w

M
L

E
(L

ij
)

fo
r

al
l

(i
,j

).
In

th
e

in
te

rs
ec

tio
n

of
th

e
ab

ov
e

tw
o

ev
en

ts
(w

hi
ch

oc
cu

rs
w

ith
pr

ob
ab

ili
ty

at
le

as
t

1
−

2
n
−

1
0
),

th
e

pr
og

ra
m

(2
)w

ith
th

e
w

ei
gh

tf
un

ct
io

n
w̃

is
id

en
tic

al
to

th
at

w
ith

th
e

w
ei

gh
tf

un
ct

io
n

w
M

L
E
,b

ot
h

of
w

hi
ch

re
co

ve
rt

he
tr

ue
Y
∗ .

T
he

sa
m

e
ho

ld
s

fo
rt

he
pr

og
ra

m
(3

).
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L
IM
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A
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D
X

U

A
pp

en
di

x
F.

Pr
oo

fo
fC

or
ol

la
ry

15

In
th

is
se

ct
io

n
w

e
pr

ov
e

C
or

ol
la

ry
15

fo
r

cl
us

te
ri

ng
w

ith
M

ar
ko

v
sn

ap
sh

ot
s.

T
he

M
L

E
w

ei
gh

ti
n

th
is

ca
se

is
gi

ve
n

by w
M

L
E
(L̄

ij
)

=
1 T

lo
g
µ

0
(L

(1
)

ij
)µ

(L
(2

)
ij
|L

(1
)

ij
)
..
.µ

(L
(T

)
ij
|L

(T
−

1
)

ij
)

ν 0
(L

(1
)

ij
)ν

(L
(2

)
ij
|L

(1
)

ij
)
..
.ν

(L
(T

)
ij
|L

(T
−

1
)

ij
)

=
1 T

lo
g
µ

0
(L

(1
)

ij
)

ν 0
(L

(1
)

ij
)

+
1 T

T ∑ t=
2

lo
g
µ

(L
(t

)
ij
|L

(t
−

1
)

ij
)

ν
(L

(t
)

ij
|L

(t
−

1
)

ij
)
.

In
th

e
se

qu
el

,w
e

w
ill

fo
cu

so
n

an
in

-c
lu

st
er

pa
ir

(i
,j

)
w

ith
la

be
ld

is
tr

ib
ut

io
n
µ

an
d

dr
op

th
e

su
bs

cr
ip

t
ij

in
L
ij

.T
he

sa
m

e
an

al
ys

is
ho

ld
s

fo
rt

he
cr

os
s-

cl
us

te
rp

ai
r(
i,
j)

.
It

is
co

nv
en

ie
nt

to
co

ns
id

er
an

au
xi

lia
ry

M
ar

ko
v

ch
ai

n
X

1
,.
..
X
T

w
he

re
ea

ch
st

at
e

is
ch

ar
ac

te
r-

iz
ed

by
a

la
be

lp
ai

rX
t

=
(L

(t
−

1
) ,
L

(t
) )

fo
rt
>

1
,a

nd
X

1
=
L

(1
) .

W
e

de
fin

e
th

e
fu

nc
tio

n
f

on
th

e
do

m
ai

n
of
X
t

su
ch

th
at

f
(L

)
=

lo
g
µ

0
(L

)

ν 0
(L

)
an

d
f

(L
,L
′ )

=
lo

g
µ

(L
′ |L

)

ν
(L
′ |L

)
.

W
e

th
er

ef
or

e
ha

ve

w
M

L
E
(L̄

)
=

1 T

T ∑ t=
1

f
(X

t)
.

It
is

st
ra

ig
ht

fo
rw

ar
d

to
sh

ow
th

at

E µ
(f

(X
1
))

=
D

(µ
0
‖ν

0
)

an
d

E µ
(f

(X
t)

)
=

E µ
0
D
l(
µ
‖ν

)
fo

rt
>

1,

w
he

nc
e

E µ
(w

M
L

E
)

=
1 T
D

(µ
0
‖ν

0
)

+
( 1
−

1 T

) E µ
0
D
l(
µ
‖ν

).
(4

6)

T
he

re
st

of
th

e
pr

oo
f

co
nc

er
ns

bo
un

di
ng

V
ar
µ
(w

M
L

E
).

Fo
llo

w
in

g
th

e
pr

oo
f

of
L

em
m

a
22

,t
he

va
ri

an
ce

of
f

(X
t)

ca
n

be
bo

un
de

d
by

V
ar
µ
(f

(X
1
))
≤

3(
b

+
2)
D

(µ
0
‖ν

0
)

an
d

V
ar
µ
(f

(X
t)

)
≤

3(
b

+
2)
E µ

0
D
l(
µ
‖ν

)
(t
>

1
).

W
e

no
w

bo
un

d
th

e
co

va
ri

an
ce

C
ov
µ
(f

(X
t)
,f

(X
t+
τ
+

1
))

fo
rt
≥

2
an

d
τ
≥

0:

C
ov
µ
(f

(X
t)
,f

(X
t+
τ
+

1
))

=
E µ

[ lo
g
µ

(L
(t

) |L
(t
−

1
) )

ν
(L

(t
) |L

(t
−

1
) )

lo
g
µ

(L
(t

+
τ
+

1
) |L

(t
+
τ
) )

ν
(L

(t
+
τ
+

1
) |L

(t
+
τ
) )

]
−

E µ
0
D
l(
µ
‖ν

)2

=
∑

L
(t
−
1
)

µ
0
(L

(t
−

1
) )
∑ L

(t
)

µ
(L

(t
) |L

(t
−

1
) )

lo
g
µ

(L
(t

) |L
(t
−

1
) )

ν
(L

(t
) |L

(t
−

1
) )

∑

L
(t
+
τ
)

P
r µ

(L
(t

+
τ
) |L

(t
) )
D
L
(t
+
τ
)
(µ
‖ν

)

−
E µ

0
D
l(
µ
‖ν

)2

(a
) ≤
∑

L
(t
−
1
)

µ
0
(L

(t
−

1
) )
∑ L

(t
)

µ
(L

(t
) |L

(t
−

1
) )

∣ ∣ ∣ ∣ ∣lo
g
µ

(L
(t

) |L
(t
−

1
) )

ν
(L

(t
) |L

(t
−

1
) )

∣ ∣ ∣ ∣ ∣
∑

L
(t
+
τ
)

κ
φ
τ
D
L
(t
+
τ
)
(µ
‖ν

)

≤
κ
φ
τ

m
in
l
µ

0
(l

)b
E µ

0
D
l(
µ
‖ν

),
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A
L

P
A

IR
W

IS
E

O
B

S
E

R
V

A
T

IO
N

S

w
here

in
the

step
(a

)
w

e
use

the
geom

etric
ergodicity

assum
ption

of
µ

,i.e.,

|P
r
µ
(L

(t+
τ
)|L

(t))−
µ

0 (L
(t+

τ
))|≤

κ
φ
τ.

T
he

sam
e

bound
also

applies
to

the
case

t
=

1.
N

ote
thatthe

covariance
bound

is
independentof

t
and

only
dependenton

τ.
W

e
proceed

to
bound

V
ar
µ
(w

M
L

E)
as

follow
s:

V
a
r
µ
(w

M
L

E)
=

1T
2

T
∑t=

1

V
ar
µ
(f

(X
t ))

+
2T
2

T−
1

∑t=
1

T
∑t ′=
t+

1

C
ov
µ
(f

(X
t ),f

(X
t ′))

≤
1T
2

T
∑t=

1

V
ar
µ
(f

(X
t ))

+
2T

T−
2

∑τ
=

0

T
−

1−
τ

T

κ
φ
τ

m
in
l µ

0 (l) bE
µ
0 D

l (µ‖
ν

)

≤
3(b

+
2)

T

(
1T
D

(µ
0 ‖ν

0 )
+
T
−

1

T
E
µ
0 D

l (µ‖
ν

) )
+

2
κ

(1−
φ

)
m

in
l µ

0 (l) b E
µ
0 D

l (µ‖
ν

)

T

≤
c
(b

+
2)Φ

T

(
1T
D

(µ
0 ‖
ν

0 )
+
T
−

1

T
E
µ
0 D

l (µ‖ν
) )
.

(47)

W
ith

the
above

bounds
(46)

and
(47),w

e
com

plete
the

proof
ofC

orollary
15

by
applying

T
he-

orem
2.

A
ppendix

G
.E

xam
ple

ofM
arkov

C
hain

w
ith

E
xplicitB

ound
on

Φ

T
he

snapshots
in

the
M

arkov
m

odelare
notindependent.

T
herefore,given

T
snapshots

w
e

do
not

expecta
T

-fold
increase

in
the

inform
ation

as
in

the
independentsnapshotm

odel.In
the

conditions
given

in
C

orollary
15,this

penalty
is

characterized
by

the
param

eter
Φ

defined
in

Section
4.4.

To
provide

a
sense

of
w

hatvalues
itm

ay
take,w

e
now

derive
an

explicitbound
for

a
sim

ple
class

of
2-state

sequences
(i.e.,|L|

=
2).

A
s

in
Section

F,w
e

firstfocus
on

an
in-clusterpair

(i,j)
w

ith
labeldistribution

µ
,and

drop
the

subscript
ij

in
L
ij .Suppose

the
transition

m
atrix

forthe
distribution

µ
is

[
1−

p
0

p
0

p
1

1−
p

1 ]
,

w
here

0
<
p

0 ,p
1
<

1.Ifw
e

identify
the

labelsetL
w

ith{edge,non-edge},then
p

0
can

be
thought

of
as

the
probability

thatan
edge

“flips”
into

a
non-edge,and

p
1

as
the

probability
thata

non-edge
flips

into
an

edge.
L

et
ρ

:=
1−

p
0 −

p
1 .

B
y

eigen-decom
position

w
e

can
show

thatthe
transition

m
atrix

after
t

transitions
is
[

p
1

p
0
+
p
1 (

1
+

p
0

p
1 ρ
t )

p
0

p
0
+
p
1 (1−

ρ
t)

p
1

p
0
+
p
1 (1−

ρ
t )

p
0

p
0
+
p
1 (1

+
p
1

p
0 ρ
t) ]

,

and
the

stationary
distribution

on
the

tw
o

states,w
ritten

as
a

vector,is
given

by

µ
0

=

[
p

1

p
0

+
p

1

p
0

p
0

+
p

1 ]
.
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T
his

M
arkov

chain
ofthe

observed
sequence

ofan
in-clusterpairsatisfies

the
inequality

|P
r
µ
(L

(1
+
t)|L

(1
))−

µ
0 (L

(1
+
t))|≤

|ρ| t

forallinteger
t≥

1.
N

ow
suppose

thatthe
cross-clusterdistribution

ν
is

ofa
sim

ilarform
as
µ

,i.e.,has
the

transition
m

atrix
[
1−

p ′0
p ′0

p ′1
1−

p ′1 ]
,

for
som

e
p ′0

and
p ′1 .

B
y

sim
ilar

argum
ents,

ν
has

the
stationary

distribution
ν

0
=

[p ′1 /(p ′0
+

p ′1 ),p ′0 /(p ′0
+
p ′1 )],and

satisfies|P
r
ν (L

(1
+
t)|L

(1
))−

ν
0 (L

(1
+
t))|≤

|ρ ′| t,w
here

ρ ′
:=

1−
p ′0 −

p ′1 .
T

herefore,the
geom

etric
ergodicity

condition
in

(23)
of

Section
4.4

holds
w

ith
param

eters
κ

=
1

and
φ

=
m

ax{|ρ|,|ρ ′|}.T
he

param
eter

Φ
,having

the
value

Φ
=

1
(1−

m
ax{|ρ|,|ρ ′|} )

m
in {

p
0

p
0
+
p
1 ,

p
1

p
0
+
p
1 ,

p ′0
p ′0

+
p ′1 ,

p ′1
p ′0

+
p ′1 }

is
a

constantindependentofthe
param

eters
n
,K

,T
etc.

T
he

value
of

Φ
determ

ines
how

m
uch

new
inform

ation
is

contained
in

a
new

snapshot.
For

exam
ple,

suppose
that

p
1

=
p

0
∈

(0,
12 ]

and
p ′1

=
p ′0
∈

(0,
12 ],

in
w

hich
case

the
stationary

distributions
µ

0
=
ν

0
=

[
12

12 ]are
fixed,and

hence

Φ
=

1

m
in{

p
0 ,p ′0 }

.

T
he

value
of

Φ
is

large
w

hen
the

flipping
probabilities

p
0 ,

and
p ′0

are
close

to
zero.

In
this

case
the

next
snapshot

is
alm

ost
alw

ays
the

sam
e

as
the

current
snapshot,

hence
providing

little
extra

inform
ation.

O
n

the
other

hand,
if

these
probabilities

are
closer

to
12 ,

say
p

0
=

p
1

=
12

and
p ′0

=
p ′1

=
14 ,then

Φ
=

4
is

sm
all.In

this
case

the
snapshots

have
m

ore
independence

and
thus

the
nextsnapshotprovides

fresh
inform

ation.
A

lso
note

that
in

the
above

case,the
m

arginal
distributions

of
in-

and
cross-

cluster
pairs

are
the

sam
e:
µ

0
=
ν

0
=

[
12

12 ].
In

this
case,inform

ation
about

the
clustering

only
com

es
from

the
“flipping”

pattern
in

the
snapshots.

For
exam

ple,
if
p

0
=
p

1
=

12
and

p ′0
=
p ′1

=
14 ,

then
in

a
long

sequence
ofsnapshots,the

fractions
of“edge”

and
“non-edge”

labels
in

a
in-clusterpairand

a
cross-clusterpairare

both
close

to
50%

,butw
e

w
illsee

m
ore

flippings
on

pairs
in

the
sam

e
cluster.
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ro

b
le

m
u
si

n
g

a
si

m
p
le

,
sp

ec
tr

al
sc

h
em

e
th

at
w

as
co

n
si

st
en

t,
an

d
ac

h
ie

ve
d

b
et

te
r

er
ro

r
ra

te
s

co
m

p
a
re

d
to

ou
r

p
re

v
io

u
sl

y
st

u
d
ie

d
ap

p
ro

ac
h
.

A
n

ex
te

n
si

on
o
f

th
e

w
h
ol

e
se

tt
in

g
to

th
e

ca
se

o
f

sp
a
rs

e
n
on

-u
n
if

or
m

h
y
p

er
gr

ap
h
s

ca
m

e
n
ex

t
on

ou
r

ag
en

d
a

(G
h
os

h
d
as

ti
d
ar

an
d

D
u
k
k
ip

a
ti

,
2
0
1
7
),

an
d

w
e

p
ro

v
ed

co
n
si

st
en

cy
of

a
sp

ec
tr

al
ap

p
ro

a
ch

fo
r

n
on

-u
n
if

or
m

h
y
p

er
gr

ap
h

p
a
rt

it
io

n
in

g
.

2
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L
R
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8(
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1-
41

, 2
01

7



U
n
if
o
r
m

H
y
p
e
r
g
r
a
p
h
P
a
r
t
it
io
n
in
g

L
ike

g
ra

p
h
s,

sp
arsity

tu
rn

s
ou

t
to

b
e

an
im

p
ortan

t
ch

aracteristics
of

real-w
orld

h
y
-

p
erg

ra
p
h
s.

W
h
ile

th
is

fact
com

p
licates

a
n
aly

sis
of

th
e

algorith
m

s
(see

G
h
osh

d
astid

ar
an

d
D

u
k
k
ip

a
ti,

2
0
1
7;

F
lorescu

an
d

P
erk

in
s,

2016),
it

d
efi

n
itely

p
rov

id
es

sign
ifi

can
t

com
p
u
ta-

tio
n
a
l

relief.
F

o
r

in
stan

ce,
it

is
easy

to
realise

th
at

for
an

y
n
etw

ork
clu

sterin
g

sch
em

e,
th

e
co

m
p
u
ta

tio
n
a
l

com
p
lex

ity
is

at
least

lin
ear

in
th

e
n
u
m

b
er

of
ed

ges.
H

en
ce,

for
a
m

-u
n
iform

h
y
p

ergrap
h

o
n
n

vertices,
an

y
stan

d
ard

ap
p
roach

sh
ou

ld
h
ave

a
O

(n
m

)
ru

n
tim

e
u
n
less

th
e

h
y
p

ergrap
h

is
sp

arse.
T

h
is

is
p
recisely

th
e

p
rob

lem
th

at
on

e
en

cou
n
ters

in
v
ision

ap
p
lica-

tio
n
s,

w
h
ere

th
e

n
etw

ork
is

n
ot

given
a

p
riori,

b
u
t

on
e

con
stru

cts
a

w
eigh

ted
h
y
p

ergrap
h

u
sin

g
m

-w
ay

sim
ilarities

am
on

g
d
ata

in
stan

ces.
T

h
u
s,

on
e

n
eed

s
to

sp
en

d
O

(n
m

)
ru

n
tim

e
to

co
n
stru

ct
th

e
en

tire
ad

jacen
cy

ten
so

r
on

ly
to

realise
at

th
e

en
d

th
at

on
ly

few
ed

ges
h
ave

sig
n
ifi

ca
n
t

w
eig

h
ts,

an
d

w
ill

aid
th

e
p
artition

in
g

sch
em

e.
T

h
is

scen
ario

m
otivates

th
e

stu
d
y

in
o
u
r

p
resen

t
w

ork
,

w
h
ere

w
e

allow
th

e
p
lan

ted
h
y
p

ergrap
h

to
h
ave

w
eig

h
ted

ed
ges,

a
n
d

still
b

e
sp

a
rse

(in
th

e
sen

se
th

at
m

ost
w

eigh
ts

are
close

to
zero).

B
u
t,

a
t

th
e

sam
e

tim
e,

th
e

n
o
n
-zero

en
tries

are
n
ot

k
n
ow

n
a

p
riori,

an
d

h
en

ce,
effi

cien
t

sch
em

es
are

req
u
ired

to
p

erfo
rm

th
e

p
a
rtition

in
g

b
y

ob
serv

in
g

on
ly

a
sm

all
su

b
set

of
th

e
O

(n
m

)
ed

ge
w

eigh
ts.

1
.1

C
o
n
trib

u
tio

n
s
in

th
is

P
a
p
e
r

W
e

b
u
ild

o
n

o
u
r

earlier
w

ork
.

T
o

b
e

p
recise,

w
e

stu
d
y

th
e

ap
p
roach

p
resen

ted
in

G
h
osh

-
d
a
stid

a
r

a
n
d

D
u
k
k
ip

ati
(2015b

),
w

h
ich

solves
a

relax
ation

of
th

e
ten

so
r

trace
m

a
x
im

isation
(T

T
M

)
p
ro

b
lem

th
at

lies
at

th
e

h
eart

of
a

variety
of

h
igh

er
ord

er
learn

in
g

m
eth

o
d
s.

O
n

th
e

o
th

er
h
a
n
d
,

th
e

m
o
d
el

u
n
d
er

con
sid

eration
is

th
at

of
sp

a
rse

p
lan

ted
u
n
iform

h
y
p

ergrap
h

sim
ila

r
to

th
e

o
n
e

stu
d
ied

in
G

h
osh

d
astid

ar
an

d
D

u
k
k
ip

ati
(2017).

H
ow

ever,
u
n
like

p
rev

i-
o
u
s

w
o
rk

s,
w

e
d
o

n
ot

restrict
th

e
ed

ge
w

eigh
ts

to
b

e
b
in

ary,
b
u
t

arb
itrary

ran
d
om

variab
les

ly
in

g
in

th
e

in
terval

[0,1].
S
o,

th
e

sp
arsity

p
aram

eter
in

ou
r

m
o
d
el

red
u
ces

th
e

m
ean

ed
ge

w
eig

h
ts,

lead
in

g
to

a
large

am
ou

n
t

of
ed

ges
w

ith
n
egligib

ly
sm

all
w

eigh
ts,

a
n
d

h
en

ce,
creat-

in
g

co
m

p
u
ta

tio
n
al

ch
allen

ges
of

id
en

tify
in

g
sign

ifi
can

t
ed

ges.
T

h
e

p
lan

ted
m

o
d
el

is
fo

rm
ally

d
escrib

ed
in

S
ection

2,
w

h
ile

ou
r

sp
ectral

ap
p
roach

is
b
riefl

y
recap

p
ed

in
S
ectio

n
3.

It
m

ig
h
t

co
m

e
as

a
su

rp
rise

to
m

an
y

th
at

th
is

w
ork

d
o
es

n
ot

m
ake

u
se

th
e

w
id

e
ran

ge
o
f

ten
-

so
r

d
eco

m
p

o
sition

tech
n
iq

u
es

th
at

h
ave

n
ow

b
ecom

e
stan

d
ard

to
ols

in
m

a
ch

in
e

learn
in

g.
In

S
ectio

n
2
,

w
e

d
iscu

ss
in

d
etail

h
ow

ou
r

m
o
d
el

v
io

lates
th

e
com

m
on

stru
ctu

ral
assu

m
p
tio

n
s

u
sed

in
th

e
ten

sor
literatu

re.

O
u
r

fi
rst

co
n
trib

u
tion

is
p
resen

ted
in

S
ection

4,
w

h
ere

w
e

an
aly

se
th

e
b
asic

T
T

M
ap

-
p
ro

a
ch

u
n
d
er

th
e

ab
ove

m
en

tion
ed

p
lan

ted
m

o
d
el

for
w

eigh
ted

m
-u

n
iform

h
y
p

ergrap
h
s.

W
e

n
o
te

th
a
t

in
G

h
osh

d
astid

ar
an

d
D

u
k
k
ip

ati
(2015b

),
w

e
h
ad

stu
d
ied

th
e

p
rob

lem
on

ly
in

th
e

d
en

se
u
n
w

eig
h
ted

case,
w

h
ereas

sim
ilarity

h
y
p

ergrap
h
s

en
cou

n
tered

in
su

b
sp

ace
clu

sterin
g

etc.
a
re

w
eig

h
ted

an
d

ty
p
ically

h
ave

large
n
u
m

b
er

of
in

sign
ifi

can
t

ed
ges

(sp
arse).

F
u
rth

er-
m

o
re,

w
e

reca
ll

th
at

sp
ectral

p
artition

in
g

m
eth

o
d
s,

for
grap

h
s

or
h
y
p

ergrap
h
s,

ty
p
ically

req
u
ire

a
fi
n
a
l

step
of

d
istan

ce
b
ased

clu
sterin

g.
W

h
ile

k
-m

ean
s

is
th

e
p
ractical

ch
oice

a
t

th
is

sta
ge,

th
eoretical

stu
d
ies

even
in

th
e

b
lo

ck
m

o
d
el

literatu
re

often
u
se

altern
ative

sch
em

es
th

at
are

easy
to

an
aly

se.
A

d
h
erin

g
to

ou
r

goal
of

stu
d
y
in

g
p
ractical

m
eth

o
d
s,

ou
r

a
n
a
ly

sis
u
tilises

gu
aran

tees
of
k
-m

ean
s

algorith
m

(O
strov

sk
y

et
al.,

2012)
in

stead
of

reso
rt-

in
g

to
sta

n
d
a
rd

assu
m

p
tion

s
(L

ei
an

d
R

in
ald

o,
2015)

or
oth

er
sch

em
es

(G
a
o

et
al.,

2015).
In

th
is

g
en

era
l

settin
g,

T
h
eorem

2
p
resen

ts
th

e
error

rate
of

th
e

T
T

M
ap

p
roach

u
n
d
er

m
ild

restrictio
n
s

o
n

sp
arsity.

F
u
rth

erm
ore,

recen
t

resu
lts

of
F

lo
rescu

an
d

P
erk

in
s

(201
6)

for
th

e

3
JM

L
R

 18(50):1-41, 2017

G
h
o
sh

d
a
st

id
a
r
a
n
d

D
u
k
k
ipa

t
i

sp
ecial

case
of

b
i-p

artition
in

g
su

ggests
th

at
ou

r
an

aly
sis

is
n
early

op
tim

al.
W

e
also

sh
ow

th
at

th
e

p
erform

an
ce

of
th

is
m

eth
o
d

is
sim

ilar
to

th
e

n
orm

alised
h
y
p

ergrap
h

cu
t

ap
p
roach

stu
d
ied

in
G

h
osh

d
astid

ar
an

d
D

u
k
k
ip

ati
(20

17),
an

d
is

su
p

erior
th

a
n

ten
sor

d
ecom

p
osition

b
ased

p
artition

in
g

of
G

h
osh

d
astid

ar
an

d
D

u
k
k
ip

ati
(2014).

T
h
e

secon
d

an
d

k
ey

con
trib

u
tion

in
th

is
p
ap

er
is

th
e

an
aly

sis
of

a
sam

p
led

varian
t

of
th

e
T

T
M

ap
p
roach

given
in

S
ection

5.
A

s
n
oted

ab
ove,

an
y

b
asic

p
artition

in
g

sch
em

e
w

ou
ld

h
ave

a
Ω

(n
m

)
ru

n
tim

e
m

erely
d
u
e

to
th

e
con

stru
ction

of
th

e
en

tire
ad

jacen
cy

ten
sor.

W
e

con
sid

er
a

scen
ario

w
h
ere

on
ly
N

ed
ges

are
ran

d
om

ly
sam

p
led

(w
ith

rep
lacem

en
t)

accord
in

g
to

som
e

p
re-sp

ecifi
ed

d
istrib

u
tion

.
T

h
eorem

9
p
rov

id
es

a
low

er
b

ou
n
d

on
th

e
sam

p
le

size
N

so
th

at
th

e
sam

p
led

varian
t

ach
iev

es
d
esired

error
rate.

T
h
e

p
ro

of
of

th
is

resu
lt

b
orrow

s
id

eas
from

m
atrix

sam
p
lin

g
tech

n
iq

u
es

(D
rin

eas
et

al.,
2006),

b
u
t

m
ain

ly
relies

on
a

trick
of

rep
h
rasin

g
th

e
p
rob

lem
su

ch
th

at
m

atrix
B

ern
stein

in
eq

u
ality

can
b

e
ap

p
lied

.
T

h
e

an
aly

sis
p
rov

id
es

q
u
ite

strik
in

g
con

clu
sion

s.
F

or
in

stan
ce,

u
n
d
er

a
sim

p
lifi

ed
settin

g,
if

h
y
p

ergrap
h

is
d
en

se
an

d
con

sists
of

a
con

stan
t

n
u
m

b
er

of
p
artition

s,
th

en
it

is
su

ffi
cien

t
to

ob
serve

on
ly

Ω
(n

(ln
n

)
2)

u
n
iform

ly
sam

p
led

ed
ges.

F
or

sp
arse

h
y
p

ergrap
h
s,

u
n
iform

sam
p
lin

g
can

n
ot

im
p
rove

u
p

on
th

e
Ω

(n
m

)
ru

n
tim

e,
b
u
t

a
certain

ch
oice

of
sam

p
lin

g
d
istrib

u
tion

w
ork

s
w

ith
on

ly
N

=
Ω

(n
(ln

n
)
2).

T
o

th
e

b
est

of
ou

r
k
n
ow

led
ge,

th
is

is
th

e
fi
rst

w
ork

th
at

an
aly

ses
grap

h
/

h
y
p

ergrap
h

p
artition

in
g

w
ith

sam
p
lin

g,
an

d
su

ch
sam

p
lin

g
rates

h
av

e
n
ot

b
een

p
rev

iou
sly

ob
served

in
an

y
related

ten
sor

p
rob

lem
.

T
y
p
ically,

m
ost

m
eth

o
d
s

n
eed

to
ob

serve
ab

ou
t

Ω
(n
m
/
2)

en
tries

of
th

e
ten

sor
in

ord
er

to
estim

ate
its

d
ecom

p
osition

(see,
for

in
stan

ce,
B

h
o

jan
ap

alli
an

d
S
an

gh
av

i,
2015

;
J
ain

an
d

O
h
,

2014),
w

h
ereas

w
e

fi
n
d

th
at

m
u
ch

less
ob

servation
s

are
req

u
ired

for
th

e
p
u
rp

ose
of

clu
sterin

g.
O

u
r

an
aly

sis
also

ju
stifi

es
th

e
p

op
u
larity

of
th

e
iterativ

e
sam

p
lin

g
sch

em
es

(C
h
en

an
d

L
erm

an
,

2009;
J
ain

an
d

G
ov

in
d
u
,

2013)
in

th
e

h
igh

er
ord

er
clu

sterin
g

literatu
re.

O
u
r

fi
n
al

con
trib

u
tion

is
p
u
rely

algorith
m

ic.
W

e
p
resen

t
an

iteratively
sam

p
led

varian
t

of
th

e
T

T
M

algorith
m

,
an

d
con

d
u
ct

an
ex

ten
siv

e
n
u
m

erical
com

p
arison

of
variou

s
m

eth
o
d
s

in
th

e
con

tex
t

of
b

oth
h
y
p

ergrap
h

p
artition

in
g

an
d

su
b
sp

ace
clu

sterin
g.

S
ection

6
p
resen

ts
a

w
id

e
variety

of
em

p
irical

stu
d
ies

th
at

(i)
valid

ate
ou

r
th

eoretical
fi
n
d
in

gs
regard

in
g

relative
m

erits
of

T
T

M
over

p
rev

iou
sly

stu
d
ied

algorith
m

s,
(ii)

com
p
are

sp
ectral

m
eth

o
d
s

to
oth

er
h
y
p

ergrap
h

p
artition

in
g

algorith
m

s,
in

clu
d
in

g
p

op
u
lar

h
M

E
T

IS
to

ol
(K

ary
p
is

an
d

K
u
m

ar,
2000),

an
d

(iii)
w

eigh
th

e
m

erits
of

h
y
p

ergrap
h

p
artition

in
g

in
su

b
sp

ace
clu

sterin
g

ap
p
li-

cation
s,

in
clu

d
in

g
b

en
ch

m
ark

p
rob

lem
s.

S
u
ch

em
p
irica

l
stu

d
ies,

th
ou

gh
often

seen
in

th
e

su
b
sp

ace
clu

sterin
g

w
ork

s,
w

as
lon

g
overd

u
e

in
th

e
h
igh

er
ord

er
learn

in
g

literatu
re.

W
e

also
h
op

e
th

at
th

e
im

p
lem

en
tation

s
w

ill
h
elp

stan
d
ard

isin
g

su
b
seq

u
en

t
stu

d
ies

in
th

is
d
irection

. 1

W
e

also
n
ote

h
ere

th
at

to
ach

iev
e

cla
rity

of
p
resen

tation
,

th
e

section
s

on
ly

con
tain

th
e

ou
tlin

e
of

p
ro

ofs
of

th
e

m
ain

resu
lts.

T
h
e

p
ro

ofs
of

th
e

in
term

ed
iate

lem
m

as
an

d
corollaries

are
giv

en
in

th
e

ap
p

en
d
ix

th
at

follow
s

after
th

e
con

clu
d
in

g
section

(S
ection

7).

1
.2

N
o
ta

tio
n
s

W
e

con
clu

d
e

th
is

section
b
y

statin
g

th
e

sta
n
d
ard

term
in

ology
an

d
n
otation

s
th

at
w

e
follow

in
th

e
rest

of
th

e
p
ap

er.
W

e
d
en

ote
ten

sors
in

b
old

faces
(A
,B

etc.),
m

atrices
in

cap
itals

(A
,Z

etc.),
w

h
ile

vectors
an

d
scalars

w
ill

b
e

u
n
d
ersto

o
d

from
th

e
con

tex
t.

W
e

u
se

T
race(·)

1
.

C
o
d

es
a
re

ava
ila

b
le

a
t:

h
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[0
,1

]n
×
n
×
..
.×
n

b
e

th
e

sy
m

m
et

ri
c

ad
ja

ce
n
cy

te
n
so

r
of

or
d
er
m

.
L

et
Z
∈
{0
,1
}n
×
k

b
e

th
e

as
si

gn
m

en
t

m
at

ri
x

of
th

e
la

te
n
t

p
ar

ti
ti

on
ψ

,
i.

e.
,
Z
ij

=
1
{ψ

i
=
j}

.
T

h
en

w
e

h
av

e

A
i 1
i 2
..
.i
m

=

  

k ∑
j 1
,.
.,
j m

=
1
α
n
B
j 1
j 2
..
.j
m
Z
i 1
j 1
..
.Z

i m
j m

+
E
i 1
i 2
..
.i
m

fo
r

d
is

ti
n
ct
i 1
,.
..
,i
m

0
ot

h
er

w
is

e,

(3
)

w
h
er

e
E

is
a

sy
m

m
et

ri
c

ra
n
d
om

te
n
so

r
w

it
h

ze
ro

m
ea

n
en

tr
ie

s.
F

or
ea

se
of

u
n
d
er

st
a
n
d
in

g
,

on
e

m
ay

ig
n
or

e
th

e
O

(n
m
−

1
)

en
tr

ie
s

of
A

w
it

h
re

p
ea

te
d

in
d
ic

es
to

w
ri

te

A
≈
α
n
(B
×

1
Z
×

2
Z
×

3
..
.
×
m
Z

)
+

n
oi

se
te

rm
,

(4
)

w
h
er

e
×
l

d
en

ot
es

th
e

m
o
d
e-
l

p
ro

d
u
ct

b
et

w
ee

n
a

te
n
so

r
an

d
a

m
at

ri
x

(D
e

L
a
th

a
u
w

er
et

a
l.
,

20
00

).
2

T
h
e

b
as

ic
p
ro

b
le

m
is

to
d
et

ec
t
Z

fr
om

a
gi

ve
n
A

.

2
.

C
o
n

si
d

er
a

m
a
tr

ix
B
∈

R
p
×
n
l

a
n

d
a
m
th

-o
rd

er
te

n
so

r
A
∈

R
n
1
×
n
2
×
..
.×
n
m

.
T

h
e

m
o
d

e-
l

p
ro

d
u

ct
o
f
A

a
n

d
B

is
a
m
th

-o
rd

er
te

n
so

r,
re

p
re

se
n
te

d
a
s
A
×
l
B
∈
R
n
1
×
..
.n

l−
1
×
p
×
n
l+

1
×
..
.×
n
m

,
w

h
o
se

el
em

en
ts

a
re

(A
×
l
B

) i
1
..
i l

−
1
j
i l

+
1
..
i m

=
∑
i l
A
i 1
..
i l

−
1
i l
i l

+
1
..
i m
B
j
i l

.
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U
n
if
o
r
m

H
y
p
e
r
g
r
a
p
h
P
a
r
t
it
io
n
in
g

T
h
e

a
b

ove
form

is
q
u
ite

sim
ilar

to
th

e
rep

resen
tatio

n
of

a
ten

sor
in

term
s

of
its

h
igh

er
o
rd

er
sin

g
u
la

r
valu

e
d
ecom

p
osition

or
H

O
S
V

D
(D

e
L

ath
au

w
er

et
al.,

2000).
In

fact,
it

sh
ow

s
th

a
t

th
e

ran
d
om

ad
jacen

cy
ten

sor
h
as

a
m

u
ltilin

ear
ran

k
ap

p
rox

im
ately

k
�
n

,
an

d
clea

rly
su

g
g
ests

th
at

th
e

p
artition

in
g

p
rob

lem
sh

ou
ld

b
e

v
iew

ed
as

a
ten

sor
d
ecom

p
osition

p
ro

b
lem

.
T

h
is

h
in

t
w

as
q
u
ick

ly
p
ick

ed
u
p

b
y

G
ov

in
d
u

(2005),
w

h
o

p
rop

osed
a

sp
ectral

a
p
p
ro

a
ch

fo
r

h
igh

er
ord

er
clu

sterin
g

b
ased

on
H

O
S
V

D
.
L

on
g

after
th

is
w

o
rk

,
ten

sor
m

eth
o
d
s

h
ave

g
a
in

ed
sig

n
ifi

can
t

p
op

u
larity

in
m

ach
in

e
learn

in
g

in
recen

t
yea

rs.
H

ow
ever,

on
ly

few
w

o
rk

s
(B

h
a
ska

ra
et

al.,
2014;

A
n
an

d
k
u
m

ar
et

al.,
201

5)
con

sid
er

d
ecom

p
osition

of
ten

sor
in

to
a
sy

m
m

etric
ra

n
k
-on

e
term

s,
w

h
ile

m
ost

of
th

e
m

ach
in

e
learn

in
g

literatu
re

(A
n
an

d
k
u
m

ar
et

a
l.,

2
0
1
4
;

M
a

et
al.,

2016)
con

sid
er

d
ecom

p
osition

in
to

sy
m

m
etric

ra
n
k
-on

e
term

s.
T

o
b

e
m

ore
p
recise,

(3)
su

ggests
th

at

A
≈

k
∑

j
1
,...,j

m
=

1

α
n
B
j
1
j
2
...j

m
Z
·j
1 ⊗

Z
·j
2 ⊗

...⊗
Z
·j
m

+
n
oise,

w
h
ere
⊗

is
th

e
ten

sor
ou

ter
p
ro

d
u
ct.

C
learly

th
e
k
m

ran
k
-on

e
term

s
are

asy
m

m
etric.

It
is

w
ell

k
n
ow

n
th

at
su

ch
a

ten
sor

can
b

e
rep

resen
ted

b
y

a
sy

m
m

etric
ou

ter
p
ro

d
u
ct

d
eco

m
p

o
sition

on
ly

in
an

algeb
raically

closed
fi
eld

(C
om

on
et

al.,
2008),

i.e.,
on

e
can

w
rite

as
su

m
o
f

sy
m

m
etric

ran
k
-on

e
term

s,
b
u
t

th
e

vectors
in

th
e

d
ecom

p
osition

are
n
o
t

gu
ara

n
teed

to
b

e
rea

l,
a
n
d

h
en

ce,
w

ill
b

e
of

little
u
se.

W
e

n
ote

th
at

th
ou

gh
th

e
w

ork
s

of
B

h
askara

et
a
l.

(2
01

4
)

a
n
d

A
n
an

d
k
u
m

ar
et

al.
(20

15)
are

ap
p
licab

le,
th

eir
in

co
h
eren

ce
assu

m
p
tion

is
clea

rly
v
io

la
ted

in
th

e
p
resen

t
con

tex
t

w
h
ere

th
e

sam
e

vectors
ap

p
ear

in
all

m
m

o
d
es,

an
d

w
ith

m
u
ltip

licity
greater

th
an

on
e.

U
n
d
er

sim
p
ler

settin
gs

su
ch

as
th

e
on

e
d
escrib

ed
la

ter
in

S
ection

4.1
,

on
e

can
ex

p
ress

A
a
s

a
su

m
o
f

(k
+

1)
sy

m
m

etric
term

s
of

th
e

form

A
≈

k
∑j=

1

α
n
p
Z
⊗
m
·j

+
α
n
qv ⊗

m
+

n
oise,

(5)

w
h
ere

v
=
∑

j
Z
·j

an
d
p
,q

are
p
aram

eters
d
efi

n
in

g
B

.
S
u
ch

ten
sors,

w
h
ich

h
ave

a
fi
-

n
ite

sy
m

m
etric

C
P

-ran
k

(C
an

d
ecom

p
/P

arafac),
h
ave

b
een

ex
ten

sively
stu

d
ied

in
m

ach
in

e
lea

rn
in

g
.

F
o
r

a
sin

gle
ran

k
-on

e
term

,
op

tim
al

d
etection

rates
are

k
n
ow

n
u
n
d
er

G
au

ssian
n
o
ise

(R
ich

a
rd

an
d

M
on

tan
ari,

2014).
T

h
ou

gh
th

ere
is

n
o

d
istrib

u
tion

al
assu

m
p
tion

on
th

e
n
o
ise

term
in

o
u
r

case,
(1)

d
o
es

im
p
ly

th
at

th
e

varian
ce

o
f

th
e

n
oise

is
sm

aller
th

an
th

e
sig

n
a
l,

i.e.,
sp

ecialised
to

th
is

settin
g,

ou
r

m
o
d
el

lies
in

th
e

d
etection

region
.

U
n
fortu

n
ately,

sin
g
le

ra
n
k
-o

n
e

term
o
ccu

rs
for

k
=

1,
w

h
ich

d
o
es

n
o
t

corresp
on

d
to

an
y

m
ean

in
gfu

l
h
y
p

er-
g
ra

p
h

p
ro

b
lem

,
an

d
h
en

ce,
su

ch
resu

lts
are

of
little

u
se

in
ou

r
case.

It
m

ay
seem

th
at

th
e

ca
se

o
f
k
≥

2
can

still
b

e
tack

led
u
sin

g
ten

sor
p

ow
er

iteratio
n

b
ased

ap
p
ro

ach
es

(A
n
an

d
k
u
-

m
a
r

et
a
l.,

2
0
1
4
,

2015),
b
u
t

th
e

n
ecessary

in
co

h
eren

ce
criterion

is
v
iolated

even
h
ere

sin
ce

v
h
a
s

a
sig

n
ifi

can
t

overlap
w

ith
each

Z
·j .

T
o

su
m

m
arise,

it
su

ffi
ces

to
say

th
at

ex
istin

g
g
u
a
ra

n
tees

in
th

e
ten

sor
literatu

re
are

n
ot

d
irectly

ap
p
licab

le
for

solv
in

g
(5

),
b
u
t

it
d
o
es

n
ot

ru
le

o
u
t

th
e

p
o
ssib

ility
th

at
a

carefu
l
an

aly
sis

of
p

ow
er

iteration
s

(A
n
an

d
k
u
m

ar
et

al.,
2
014)

o
r

a
ltern

ative
a
p
p
roach

es
(M

a
et

al.,
2
016)

m
ay

lead
to

altern
ative

p
artition

in
g

tech
n
iq

u
es.

T
h
a
t

b
ein

g
sa

id
,

on
e

sh
ou

ld
n
ote

th
at

(5)
is

m
erely

a
sp

ecial
case

of
(3),

w
h
ere

H
O

S
V

D
still

a
p
p

ears
to

b
e

th
e

n
atu

ral
an

sw
er.
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G
h
o
sh

d
a
st

id
a
r
a
n
d

D
u
k
k
ipa

t
i

In
terestin

gly,
u
n
iform

h
y
p

ergrap
h
s

p
red

ate
th

e
ten

sor
literatu

re,
an

d
on

e
m

ay
refer

to
B

erge
(1984)

for
early

d
evelop

m
en

t.
E

ven
h
y
p

ergrap
h

p
artition

in
g

cam
e

in
to

p
rac-

tice
(S

ch
w

eikert
an

d
K

ern
igh

an
,

1979)
b

efore
ten

sor
d
ecom

p
osition

s
gain

ed
p

op
u
larity.

H
ow

ever,
in

itial
ap

p
roach

es
to

h
y
p

ergrap
h

p
artition

in
g

in
V

L
S
I

(K
ary

p
is

an
d

K
u
m

ar,
2000)

an
d

d
atab

ase
(G

ib
son

et
al.,

2000)
com

m
u
n
ities

relied
on

clever
com

b
in

ation
o
f

h
eu

ristics
w

ith
n
o

k
n
ow

n
p

erform
an

ce
gu

aran
tees.

S
u
b
seq

u
en

t
w

ork
s

in
com

p
u
ter

v
ision

(A
garw

al
et

al.,
2005)

an
d

m
ach

in
e

learn
in

g
(Z

h
ou

et
al.,

2007)
p
rop

osed
sp

ectral
solu

tion
s

for
th

e
p
rob

lem
.

S
u
ch

ap
p
roach

es
are

m
ore

a
m

en
ab

le
for

a
th

eoretical
an

aly
sis.

W
h
ile

th
e

an
aly

-
sis

in
G

h
osh

d
astid

ar
an

d
D

u
k
k
ip

ati
(2017)

an
d

F
lo

rescu
an

d
P

erk
in

s
(2016

)
are

som
ew

h
at

b
ased

on
th

e
h
y
p

ergrap
h

cu
t

ap
p
roach

of
Z

h
ou

et
al.

(20
07),

th
e

alg
orith

m
stu

d
ied

in
th

is
p
ap

er
is

closely
related

to
w

ork
of

A
garw

al
et

al.
(2005).

T
h
e

k
ey

id
ea

of
su

ch
sp

ectral
sch

em
es

is
to

red
u
ce

th
e

h
y
p

ergrap
h

in
to

a
grap

h
an

d
th

en
ap

p
ly

sp
ectral

clu
sterin

g.
Q

u
ite

su
rp

risin
gly,

w
e

sh
ow

in
th

is
p
ap

er
th

a
t

b
oth

sch
em

es
p

erform
b

etter
th

an
H

O
S
V

D
b
ased

p
artition

in
g

b
oth

th
eoretically

(R
em

ark
5)

an
d

n
u
m

erically
(S

ection
6.1).

T
h
is

is
cou

n
ter-

in
tu

itive
sin

ce
on

e
w

ou
ld

ex
p

ect
sign

ifi
can

t
in

form
ation

loss
d
u
rin

g
th

e
red

u
ction

to
a

grap
h
.

A
carefu

l
lo

ok
at

th
e

algorith
m

p
resen

ted
in

th
e

n
ex

t
section

w
ou

ld
reveal

th
at

th
is

is
n
ot

th
e

case.
W

h
ile

m
ost

in
form

ation
in

m
o
d
es

3
,...,m

are
lo

st,
on

e
can

still
estim

ate
Z

from
th

e
fi
rst

tw
o

m
o
d
es,

w
h
ich

su
ffi

ces
fo

r
th

e
p
u
rp

ose
of

d
etectin

g
p
lan

ted
p
artition

s.
T

h
is

ob
servation

is
rein

forced
b
y

th
e

recen
t

stu
d
y

of
F

lorescu
an

d
P

erk
in

s
(2016),

w
h
ere

th
e

au
th

ors
sh

ow
th

at
a

red
u
ction

b
ased

sp
ectral

ap
p
roach

can
op

tim
ally

d
etect

tw
o

p
a
rtition

s
all

th
e

w
ay

d
ow

n
to

th
e

lim
it

of
id

en
tifi

ab
ility

of
th

e
p
artition

s.

W
e

con
clu

d
e

th
is

section
w

ith
a

b
rief

m
en

tion
of

th
e

w
id

e
variety

of
oth

er
h
igh

er
ord

er
learn

in
g

m
eth

o
d
s,

w
h
ich

in
clu

d
e

ten
sor

b
ased

clu
sterin

g
algorith

m
s

(S
h
ash

u
a

et
al.,

2006;
C

h
en

an
d

L
erm

an
,
2009;

A
rias-C

astro
et

al.,
2011;

O
ch

s
an

d
B

rox
,
2012),

oth
er

u
n
su

p
erv

ised
ten

sorial
learn

in
g

sch
em

es
(D

u
ch

en
n
e

et
al.,

2011;
N

gu
yen

et
al.,

20
15),

as
w

ell
as

related
op

tim
isation

ap
p
roach

es
(L

eord
ean

u
a
n
d

S
m

in
ch

isescu
,

2012;
R

ota
B

u
lo

an
d

P
elillo,

2013;
J
ain

an
d

G
ov

in
d
u
,

2013),
an

d
can

easily
b

e
rep

resen
ted

as
in

stan
ces

of
th

e
u
n
iform

h
y
-

p
ergrap

h
p
artition

in
g

p
rob

lem
.

In
G

h
osh

d
astid

ar
an

d
D

u
k
k
ip

ati
(2015b

),
w

e
sh

ow
ed

th
at

m
ost

of
th

e
ab

ove
m

eth
o
d
s

can
b

e
u
n
ifi

ed
b
y

a
g
en

eral
ten

so
r

tra
ce

m
a
xim

isa
tio

n
(T

T
M

)
p
rob

lem
.

A
sp

ectral
solu

tion
to

th
is

p
rob

lem
is

an
aly

sed
in

th
e

p
resen

t
p
ap

er,
an

d
th

u
s,

w
e

b
elieve

th
at

som
e

of
ou

r
con

clu
sion

s
can

also
b

e
ex

ten
d
ed

to
th

ese
altern

a
tiv

e
ap

p
roach

es.
W

e
also

n
u
m

erically
com

p
are

w
ith

som
e

of
th

ese
m

eth
o
d
s

in
S
ection

6.

3
.
T
e
n
so

r
T
ra

ce
M

a
x
im

isa
tio

n
(T

T
M

)

In
th

is
section

,
w

e
b
riefl

y
recap

th
e

w
ork

in
G

h
osh

d
astid

ar
an

d
D

u
k
k
ip

ati
(2015b

)
an

d
th

en
p
resen

t
th

e
b
asic

ap
p
roach

th
at

w
ill

b
e

later
an

aly
sed

an
d

m
o
d
ifi

ed
in

th
e

rem
ain

d
er

of
th

e
p
ap

er.
L

et
(V
,E
,w

)
b

e
a

given
w

eigh
ted

u
n
iform

h
y
p

ergra
p
h
,

w
h
ere
E

is
th

e
collection

of
all

sets
of
m

vertices,
an

d
w

:E
→

[0,1]
asso

ciates
a

w
eigh

t
w

ith
every

ed
ge.

W
e

con
sid

er
th

e
p
rob

lem
of

p
artition

in
g
V

in
to
k

d
isjoin

t
sets,V

1 ,...,V
k ,

su
ch

th
at

th
e

total
w

eigh
t

of
ed

ges
w

ith
in

each
clu

ster
is

h
igh

,
an

d
th

e
p
artition

is
‘b

alan
ced

’.
In

th
e

case
o
f

grap
h
s,
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d
er

iv
e

a
n

u
p
p

er
b

ou
n
d

on
E
rr

(ψ
,ψ
′ )

,
w

h
er

e
ψ

an
d
ψ
′

d
en

ot
e

th
e

tr
u
e

a
n
d

th
e

es
ti

m
a
te

d
cl

u
st

er
s.

M
or

eo
ve

r,
fo

r
th

e
p
u
rp

os
e

of
an

al
y
si

s
w

e
as

su
m

e
th

a
t

th
e
k
-m

ea
n
s

st
ep

is
p

er
fo

rm
ed

u
si

n
g

L
lo

y
d
’s

ap
p
ro

ac
h

w
it

h
th

e
se

ed
in

g
d
es

cr
ib

ed
in

(O
st

ro
v
sk

y
et

al
.,

20
12

).
T

h
e

re
a
so

n
fo

r
th

is
co

n
si

d
er

at
io

n
is

th
e

k
n
ow

n
th

eo
re

ti
ca

l
gu

ar
an

te
e

fo
r

th
is

m
et

h
o
d
.
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U
n
if
o
r
m

H
y
p
e
r
g
r
a
p
h
P
a
r
t
it
io
n
in
g

W
e

b
riefl

y
recall

th
e

p
lan

ted
m

o
d
el

for
w

eigh
ted

m
-u

n
iform

h
y
p

ergra
p
h
s

d
escrib

ed
in

S
ectio

n
2.

A
n

u
n
d
erly

in
g

fu
n
ction

ψ
grou

p
s

th
e
n

n
o
d
es

in
to
k

clu
sters,

an
d
ψ
i

d
en

otes
th

e
tru

e
clu

ster
of

n
o
d
e
i.

F
or

an
y

ed
ge

e
=
{
i1 ,i2 ,...,im },

its
w

eigh
t
w
e

is
a

ran
d
om

va
ria

b
le

ta
k
in

g
valu

es
in

[0
,1]

w
ith

m
ean

given
b
y

(1),
w

h
ere

th
e

p
aram

eters
α
n
∈

[0,1]
an

d
sy

m
m

etric
m

-w
ay

ten
sor

B
∈

[0,1] k×
k×

...×
k,

resp
ectively,

govern
th

e
m

ean
ed

ge
w

eigh
t

an
d

th
e

rela
tive

w
eigh

ts
of

ed
ges

form
ed

am
o
n
g

n
o
d
es

from
d
iff

eren
t

classes. 4
F

or
in

stan
ce,

in
S
ectio

n
4
.1

,
w

e
con

sid
er

an
ex

am
p
le

w
h
ere

given
p
,q∈

[0,1],
th

e
ten

sor
B

is
con

stru
cted

su
ch

th
a
t
E

[w
e ]

=
α
n
(p

+
q)

if
all

n
o
d
es

in
th

e
ed

ge
b

elon
g

to
th

e
sam

e
clu

ster,
an

d
E

[w
e ]

=
α
n
q

if
th

e
p
a
rticip

a
tin

g
n
o
d
es

are
from

d
iff

eren
t

clu
sters.

T
h
u
s,

in
th

is
case,

th
e

m
ean

w
eigh

t
of

ed
g
es

resid
in

g
w

ith
in

in
each

clu
ster

is
larger

th
an

in
ter-clu

ster
ed

ge
w

eigh
ts.

In
ad

d
itio

n
to

a
b

ove,
w

e
also

assu
m

e
th

at
all

ed
ge

w
eigh

ts
(w

e )
e∈E

are
m

u
tu

ally
in

d
ep

en
d
en

t.
C

o
n
sid

er
a

ran
d
om

m
-u

n
iform

h
y
p

ergrap
h

(V
,E
,w

)
gen

erated
accord

in
g

to
th

e
ab

ov
e

m
o
d
el.

A
s

a
co

n
seq

u
en

ce
of

(1),
th

e
ex

p
ected

affi
n
ity

ten
sor

of
th

e
h
y
p

ergrap
h

E
H

[A
i1
i2
...im

]
=

{
α
n
B
ψ
i1
ψ
i2
...ψ

im
if
i1 ,i2 ,...,im

are
d
istin

ct,
an

d

0
oth

erw
ise,

(9)

h
a
s

a
b
lo

ck
stru

ctu
re,

ign
orin

g
en

tries
w

ith
rep

eated
in

d
ices.

O
b
v
iou

sly,
th

e
k
m

b
lo

ck
s

are
a
lig

n
ed

w
ith

th
e

u
n
d
erly

in
g

clu
sters,

w
h
ich

gives
rise

to
th

e
rep

resen
tation

m
en

tion
ed

in
(3).

A
lg

o
rith

m
T

T
M

fi
rst

sq
u
eezes

th
e

ad
jacen

cy
ten

sor
A

to
a
n
×
n

m
a
trix

A
.

T
o

an
aly

se
th

e
a
lg

o
rith

m
in

th
e

ex
p

ected
case,

let
A

=
E
H

[A
]

an
d
D

=
E
H

[D
],

w
h
ere

A
an

d
D

are
th

e
m

a
trices

co
m

p
u
ted

in
A

lgorith
m

T
T

M
.

O
b
serve

th
at

if
th

e
algorith

m
h
ad

a
ccess

to
th

e
ex

p
ected

a
ffi

n
ity

ten
sor

(9),
th

en
A

corresp
on

d
s

to
th

e
m

atrix
com

p
u
ted

in
th

e
fi
rst

step

o
f

th
e

a
lg

orith
m

,
an

d
D
ii

=
n∑j=

1 A
ij .

F
rom

th
e

d
efi

n
ition

of
th

e
m

o
d
el,

it
can

b
e

seen
th

at

A
ii

=
0

fo
r

all
i,

an
d

for
i6=

j,

A
ij

=
(m
−

2)!
∑

i3
<
i4
<
...<

im
,

i,j
/∈{
i3
,...,im

}

α
n
B
ψ
i ψ
j ψ
i3
...ψ

im
,

(1
0)

w
h
ere

th
e

fa
ctor

(m
−

2)!
takes

in
to

accou
n
t

all
p

erm
u
tation

s
of{i3 ,...,im }

.
T

h
e

key
o
b
serva

tio
n

h
ere

is
th

at
A
ij

=
A
i ′j ′

w
h
en

ever
ψ
i

=
ψ
i ′

an
d
ψ
j

=
ψ
j ′,

w
h
ich

h
old

s
sin

ce,
u
n
d
er

th
e

p
resen

t
m

o
d
el,

n
o
d
es

in
th

e
sam

e
clu

ster
are

statistically
id

en
tical.

T
h
u
s,

on
e

can
d
efi

n
e

a
m

a
trix

G
∈
R
k×

k
su

ch
th

atA
ij

=
G
ψ
i ψ
j

for
all

i6=
j.

T
h
is

im
p
lies

th
at,

ign
o
rin

g
th

e
d
ia

g
o
n
a
l

en
tries,A

is
essen

tially
of

ran
k
k
.

L
et
Z
∈
{0,1}

n×
k

b
e

th
e

assign
m

en
t

m
atrix

co
rresp

on
d
in

g
to

p
artition

ψ
,

i.e.,
Z
ij

=
1{i∈

ψ
(j)}

,
a
n
d

let
th

e
sizes

of
th

e
k

clu
sters

b
e
n

1 ≥
n

2 ≥
...≥

n
k .

W
e

d
efi

n
e

δ
=
λ
k (G

)
m

in
1≤
i≤
n

n
ψ
i

D
ii −

m
ax

1≤
i,j≤

n ∣∣∣∣ G
ψ
i ψ
i

D
ii
−
G
ψ
j ψ
j

D
jj

∣∣∣∣ ,
(11)

w
h
ere

λ
k (G

)
is

th
e

sm
allest

eigen
valu

e
of
G

.
T

h
e

follow
in

g
lem

m
a,

p
roved

in
th

e
ap

p
en

d
ix

,
sh

ow
s

th
a
t

if
δ
>

0,
th

en
A

lgorith
m

T
T

M
correctly

id
en

tifi
es

th
e

u
n
d
erly

in
g

clu
sters

in
th

e
ex

p
ected

ca
se.

4
.

N
o
te

th
a
t
α
n

p
lay

s
th

e
ro

le
o
f
a

sp
a
rsity

p
a
ra

m
eter

co
m

m
o
n

ly
in

tro
d

u
ced

to
d

efi
n

e
sp

a
rse

sto
ch

a
stic

b
lo

ck
m

o
d
els

(L
ei

a
n

d
R

in
a
ld

o
,

2
0
1
5
),

a
n

d
a

sm
a
ller

α
n

in
crea

ses
th

e
co

m
p

lex
ity

o
f

th
e

p
ro

b
lem

.
H

ow
ev

er,
u

n
lik

e
th

e
u

n
w

eig
h
ted

ca
se,

a
ll

ed
g
es

a
re

p
resen

t
in

o
u

r
settin

g
b

u
t

m
o
st

o
f

th
e

w
eig

h
ts

a
re

v
ery

sm
a
ll.
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G
h
o
sh

d
a
st

id
a
r
a
n
d

D
u
k
k
ipa

t
i

L
e
m
m
a
1

L
etL

=
D
−

1
/
2A
D
−

1
/
2.

If
δ

in
(11)

sa
tisfi

es
δ
>

0
,

th
en

th
ere

exists
a
n

o
r-

th
o
n

o
rm

a
l

m
a
trix

U
∈

R
k×

k
su

ch
th

a
t

th
e
k

lea
d
in

g
o
rth

o
n

o
rm

a
l

eigen
vecto

rs
o
fL

co
rre-

spo
n

d
to

th
e

co
lu

m
n

s
o
f

th
e

m
a
trix
X

=
Z

(Z
T
Z

) −
1
/
2U

.

It
is

easy
to

see
th

atX
h
as
k

d
istin

ct
row

s,
each

co
rresp

on
d
in

g
to

a
tru

e
clu

ster.
H

en
ce,

clu
sterin

g
th

e
row

s
ofX

(or
its

row
n
orm

alised
fo

rm
)

u
sin

g
k
-m

ean
s

gives
an

accu
rate

clu
sterin

g
of

th
e

n
o
d
es.

In
th

e
ran

d
om

case,
h
ow

ever,
th

e
d
om

in
an

t
eigen

v
ectors

of
L

com
p
u
ted

in
T

T
M

n
eed

n
ot

alw
ay

s
refl

ect
th

e
tru

e
assign

m
en

t
m

atrix
Z

.
T

h
e

follow
in

g
resu

lt
sh

ow
s

th
at

u
n
d
er

certain
con

d
ition

s
on

th
e

m
o
d
el

p
aram

eters,
th

e
eigen

vectors
are

still
close

to
X

,
an

d
h
en

ce,
th

e
n
u
m

b
er

of
m

is-clu
stered

n
o
d
es

(2)
grow

s
slow

ly.

T
h
e
o
re

m
2

L
et

(V
,E
,w

)
be

a
ra

n
d
o
m
m

-u
n

ifo
rm

h
ypergra

p
h

o
n
|V|

=
n

vertices
gen

era
ted

fro
m

th
e

m
od

el
d
escribed

a
bo

ve.
D

efi
n

e
d

=
m

in
1≤
i≤
n
E
H

[d
eg

(i)]
a
n

d
,

w
ith

o
u

t
lo

ss
o
f

gen
era

lity,

a
ssu

m
e

th
a
t

th
e

clu
ster

sizes
a
re
n

1 ≥
n

2 ≥
...≥

n
k .

L
et
δ

be
a
s

d
efi

n
ed

in
(11).

T
h
ere

exists
a
n

a
bso

lu
te

co
n

sta
n

t
C
>

0
,

su
ch

th
a
t,

if
δ
>

0
a
n

d

δ
2d
>
C
k
n

1 (ln
n

)
2

n
k

(12)

fo
r

a
ll

la
rge

n
,

th
en

w
ith

p
ro

ba
bility

(1−
o(1)),

th
e

pa
rtitio

n
in

g
erro

r
fo

r
T

T
M

is

E
rr(ψ

,ψ
′)

=
O

(
k
n

1
ln
n

δ
2d

)
.

(13)

T
h
e

b
ou

n
d

in
(13)

alon
g

w
ith

th
e

con
d
ition

in
(12)

im
m

ed
iately

su
ggests

th
at

T
T

M
is

w
eak

ly
con

sisten
t,

i.e.,
E
rr(ψ

,ψ
′)

=
o(n

)
or

th
e

fraction
al

of
m

is-clu
stered

vertices
va

n
ish

es
as
n
→
∞

.
H

ow
ever,

in
certain

(d
en

se)
cases,

even
E
rr(ψ

,ψ
′)→

0
as

w
e

w
ill

d
iscu

ss
later.

N
ote

th
at
d

grow
s

w
ith

n
th

ou
gh

th
is

d
ep

en
d
en

ce
is

n
o
t

m
a
d
e

ex
p
licit

in
th

e
n
otation

.
W

e
also

allow
k

to
va

ry
w

ith
n

.
T

h
e

con
d
ition

on
δ

2d
in

(12)
en

su
res

th
at

th
e

h
y
p

ergrap
h

is
su

ffi
cien

tly
d
en

se
so

th
at

th
e

follow
in

g
th

ree
con

d
ition

s
h
old

,
resp

ectively
:

(i)
th

e
m

atrix
A

com
p
u
ted

in
A

lgorith
m

T
T

M
con

cen
trates

n
ear

its
ex

p
ectation

,
(ii)

th
e
k

d
om

in
an

t
eigen

vectors
of
L

con
tain

in
form

ation
ab

ou
t

th
e

p
artition

,
an

d
(iii)

th
e
k
-m

ean
s

step
p
rov

id
es

a
n
ear

op
tim

al
solu

tion
.

W
h
ile

restrictin
g
d

from
b

elow
in

(12)
essen

tially
lim

its
th

e
sp

arsity
of

th
e

h
y
p

ergrap
h
,

th
e

q
u
an

tity
δ

on
th

e
oth

er
h
an

d
q
u
an

tifi
es

th
e

com
p
lex

ity
of

th
e

m
o
d
el.

T
h
e

th
resh

old
for

id
en

tify
in

g
tw

o
p
artition

s,
d
erived

in
F

lorescu
an

d
P

erk
in

s
(2

016),
sh

ow
s

th
at

th
e

con
d
ition

in
(12)

d
iff

ers
from

th
e

th
resh

old
for

id
en

tifi
ab

ility
on

ly
b
y

loga-
rith

m
ic

factors.
T

h
ese

ex
tra

ln
n

factors
arise

sin
ce

(i)
w

e
con

sid
er

w
eigh

ted
h
y
p

ergrap
h
s,

an
d

(ii)
w

e
d
o

n
ot

su
b
stitu

te
k
-m

ean
s

b
y

altern
ative

strategies.
N

o
te

th
at

even
w

ork
s

o
n

sto
ch

astic
b
lo

ck
m

o
d
el

(L
ei

an
d

R
in

ald
o
,

2015;
G

ao
et

al.,
201

5)
d
o

n
ot

con
sid

er
th

ese
tw

o
factors,

an
d

h
en

ce,
even

in
th

e
case

of
grap

h
s,

it
is

n
ot

k
n
ow

n
till

d
ate

w
h
eth

er
th

e
log-

arith
m

ic
term

s
can

b
e

avoid
ed

w
h
en

th
ese

p
ractical

asp
ects

are
in

clu
d
ed

in
th

e
an

aly
sis.

W
e

p
oin

t
ou

t
th

at
th

e
p
resen

t
an

aly
sis

in
corp

orates
th

e
gu

ara
n
tees

for
k
-m

ean
s

d
erived

in
O

strov
sk

y
et

al.
(2012),

w
h
ich

w
as

also
u
sed

in
ou

r
earlier

w
ork

(see
L

em
m

a
4.8

of
G

h
osh

d
astid

ar
an

d
D

u
k
k
ip

ati,
2017).

4
.1

A
S
p
e
c
ia
l
C
a
se

T
o

gain
in

sigh
ts

in
to

th
e

im
p
lication

s
of

T
h
eorem

2,
w

e
con

sid
er

th
e

follow
in

g
sp

ecial
case

of
th

e
p
lan

ted
p
artition

m
o
d
el.

T
h
e

p
artitio

n
ψ

is
d
efi

n
ed

su
ch

th
at

th
e
k

clu
sters

are
of

eq
u
al

1
2
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U
n
if
o
r
m

H
y
p
e
r
g
r
a
p
h
P
a
r
t
it
io
n
in
g

si
ze

.
M

or
eo

ve
r,

th
e

te
n
so

r
B

in
(1

)
is

gi
ve

n
b
y
B
j 1
j 2
..
.j
m

=
(p

+
q)

if
j 1

=
j 2

=
..
.

=
j m

,
an

d
q

ot
h
er

w
is

e,
w

h
er

e
p
,q
∈

[0
,1

]
w

it
h
q
≤

(1
−
p
).

T
h
u
s,

in
th

is
m

o
d
el

,
ed

ge
s

re
si

d
in

g
w

it
h
in

ea
ch

cl
u
st

er
h
av

e
a

h
ig

h
w

ei
gh

t
(i

n
th

e
ex

p
ec

te
d

se
n
se

)
as

co
m

p
ar

ed
to

ot
h
er

ed
ge

s.
5

T
h
is

m
o
d
el

co
rr

es
p

on
d
s

to
th

e
d
ec

om
p

os
it

io
n

of
A

m
en

ti
on

ed
in

(5
).

W
e

st
a
te

th
e

fo
ll
ow

in
g

co
n
si

st
en

cy
re

su
lt

fo
r

d
en

se
h
y
p

er
gr

ap
h
s.

C
o
ro

ll
a
ry

3
L

et
α
n

=
1

a
n

d
k

=
O
( n

1
/
4

ln
n

) .
T

h
en

w
it

h
p
ro

ba
bi

li
ty

(1
−
o(

1)
),

E
rr

(ψ
,ψ
′ )

=
O

(
n

(3
−
m

)/
2

(l
n
n

)2
m
−

3

)
.

(1
4)

A
cc

or
d
in

g
to

th
e

n
ot

io
n
s

of
co

n
si

st
en

cy
d
efi

n
ed

in
M

os
se

l
et

al
.

(2
01

3)
,

it
ca

n
b

e
se

en
th

at
fo

r
m

=
2,

A
lg

or
it

h
m

T
T

M
is

w
ea

k
ly

co
n
si

st
en

t,
i.

e.
,
E
rr

(ψ
,ψ
′ )

=
o(
n

).
W

e
n
ot

e
h
er

e
th

at
,

in
th

is
se

n
se

,
th

e
al

go
ri

th
m

is
n
o
t

w
or

se
th

an
sp

ec
tr

al
cl

u
st

er
in

g
th

at
is

al
so

k
n
ow

n
to

b
e

w
ea

k
ly

co
n
si

st
en

t
(R

oh
e

et
al

.,
20

11
).

H
ow

ev
er

,
fo

r
m
≥

3,
E
rr

(ψ
,ψ
′ )

=
o(

1)
fo

r
A

lg
or

it
h
m

T
T

M
,

w
h
ic

h
im

p
li
es

th
at

it
is

st
ro

n
gl

y
co

n
si

st
en

t
in

th
is

ca
se

.
In

ot
h
er

w
or

d
s,

th
e

al
go

ri
th

m
ca

n
ex

ac
tl

y
re

co
v
er

th
e

p
ar

ti
ti

on
s

fo
r

la
rg

e
n

.
T

h
is

co
n
cl

u
si

on
is

in
tu

it
iv

el
y

ac
ce

p
ta

b
le

si
n
ce

in
th

is
ca

se
,

u
n
if

or
m

h
y
p

er
gr

ap
h
s

fo
r

la
rg

e
m

h
av

e
a

la
rg

e
n
u
m

b
er

of
ed

ge
s

th
at

p
ro

v
id

es
‘m

or
e’

in
fo

rm
at

io
n

ab
ou

t
th

e
p
ar

ti
ti

on
,

p
ro

v
id

in
g

a
sm

al
le

r
er

ro
r

ra
te

.
In

th
e

sp
ar

se
re

gi
m

e,
th

e
q
u
es

ti
on

on
e

is
in

te
re

st
ed

in
is

th
e

m
in

im
u
m

le
ve

l
of

sp
a
rs

it
y

u
n
d
er

w
h
ic

h
w

ea
k

co
n
si

st
en

cy
of

an
al

go
ri

th
m

ca
n

b
e

p
ro

ve
d
.

T
h
e

fo
ll
ow

in
g

re
su

lt
an

sw
er

s
th

is
q
u
es

ti
on

.
F

or
th

e
ca

se
of

gr
ap

h
s

(m
=

2)
,

L
ei

an
d

R
in

al
d
o

(2
01

5
)

sh
ow

ed
th

at
w

ea
k

co
n
si

st
en

cy
is

ac
h
ie

ve
d

b
y

sp
ec

tr
al

cl
u
st

er
in

g
fo

r
α
n
≥

C
ln
n

n
,

w
h
ic

h
m

at
ch

es
ou

r
re

su
lt

u
p
to

a
fa

ct
or

of
(l

n
n

)2
.

In
fa

ct
,

ou
r

p
ro

of
al

so
al

lo
w

s
th

e
d
iff

er
en

ce
to

b
e

re
d
u
ce

d
to

a
fa

ct
or

of
ω

(l
n
n

),
b
u
t

th
is

d
iff

er
en

ce
h
as

n
eg

li
gi

b
le

eff
ec

t
in

p
ra

ct
ic

e.

C
o
ro

ll
a
ry

4
L

et
k

=
O

(l
n
n

).
T

h
er

e
ex

is
ts

a
n

a
bs

o
lu

te
co

n
st

a
n

t
C
>

0,
su

ch
th

a
t,

if

α
n
≥
C

(l
n
n

)2
m

+
1

n
m
−

1
,

(1
5)

th
en

E
rr

(ψ
,ψ
′ )

=
O
(

n
(l

n
n

)2

)
=
o(
n

)
w

it
h

p
ro

ba
bi

li
ty

(1
−
o(

1)
).

W
h
il
e

th
e

st
o
ch

as
ti

c
b
lo

ck
m

o
d
el

h
as

b
ee

n
ex

te
n
si

v
el

y
st

u
d
ie

d
fo

r
gr

ap
h
s,

th
e

ex
is

ti
n
g

h
y
p

er
gr

ap
h

li
te

ra
tu

re
p
ro

v
id

es
co

n
si

st
en

cy
re

su
lt

s
fo

r
on

ly
tw

o
ot

h
er

ap
p
ro

ac
h
es

:

•
a

u
n
if

or
m

h
y
p

er
gr

ap
h

p
ar

ti
ti

on
in

g
m

et
h
o
d

th
at

u
se

s
a

h
ig

h
er

or
d
er

si
n
gu

la
r

va
lu

e
d
ec

om
p

os
it

io
n

(H
O

S
V

D
)

of
th

e
ad

ja
ce

n
cy

te
n
so

r
(G

ov
in

d
u
,

20
05

;
G

h
os

h
d
a
st

id
ar

an
d

D
u
k
k
ip

at
i,

20
14

),
an

d

•
a

n
on

-u
n
if

or
m

h
y
p

er
gr

ap
h

p
ar

ti
ti

on
in

g
ap

p
ro

ac
h

th
at

so
lv

es
a

sp
ec

tr
al

re
la

x
at

io
n

of
th

e
n
or

m
al

is
ed

h
y
p

er
gr

ap
h

cu
t

(N
H

-C
u
t)

p
ro

b
le

m
(Z

h
ou

et
al

.,
20

07
;

G
h
os

h
d
as

ti
d
ar

an
d

D
u
k
k
ip

at
i,

20
17

).
F

lo
re

sc
u

an
d

P
er

k
in

s
(2

01
6)

al
so

u
se

a
si

m
il
ar

m
et

h
o
d
.

5
.

T
h

e
m

o
d

el
co

n
si

d
er

ed
h

er
e

m
ay

b
e

v
ie

w
ed

a
s

th
e

fo
u

r
p

a
ra

m
et

er
st

o
ch

a
st

ic
b

lo
ck

m
o
d

el
(R

o
h

e
et

a
l.

,
2
0
1
1
)

d
efi

n
ed

b
y

th
e

p
a
ra

m
et

er
s

(n
,k
,p
n
,q
n
),

w
h
er

e
n

n
o
d

es
a
re

d
iv

id
ed

in
to
k

p
a
rt

it
io

n
s

o
f

eq
u

a
l

si
ze

.
E

d
g
es

w
it

h
in

a
cl

u
st

er
o
cc

u
r

w
it

h
p

ro
b

a
b

il
it

y
(p
n

+
q n

),
w

h
il

e
in

te
r-

cl
u

st
er

ed
g
es

o
cc

u
r

w
it

h
p

ro
b

a
b

il
it

y
q n

.
H

er
e,

w
e

se
t
p
n

=
α
n
p

a
n

d
q n

=
α
n
q

fo
r

so
m

e
co

n
st

a
n
ts
p
,q
∈

[0
,1

]
w

it
h
q
≤

(1
−
p
).
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G
h
o
sh

d
a
st

id
a
r
a
n
d

D
u
k
k
ip
a
t
i

W
e

co
m

m
en

t
on

th
e

th
eo

re
ti

ca
l

p
er

fo
rm

an
ce

of
T

T
M

in
co

m
p
ar

is
on

w
it

h
th

es
e

tw
o

ap
-

p
ro

ac
h
es

.
In

p
ar

ti
cu

la
r,

w
e

fo
cu

s
on

th
e

se
tt

in
gs

of
C

or
ol

la
ri

es
3

an
d

4.
T

h
e

fo
ll
ow

in
g

re
m

ar
k

is
q
u
it

e
su

rp
ri

si
n
g

si
n
ce

b
ot

h
T

T
M

an
d

N
H

-C
u
t

re
d
u
ce

th
e

h
y
p

er
gr

a
p
h
s

to
g
ra

p
h
s,

an
d

h
en

ce
,

ap
p
ar

en
tl

y
in

cu
r

so
m

e
lo

ss
.

Y
et

b
ot

h
ou

tp
er

fo
rm

H
O

S
V

D
,

w
h
ic

h
a
p
p

ea
rs

to
b

e
th

e
m

os
t

n
at

u
ra

l
so

lu
ti

on
ac

co
rd

in
g

to
th

e
re

p
re

se
n
ta

ti
o
n

in
(3

).
T

h
is

fa
ct

is
a
ls

o
va

li
d
a
te

d
n
u
m

er
ic

al
ly

in
S
ec

ti
on

6.
1.

R
e
m
a
rk

5
U

n
d
er

th
e

se
tt

in
g

o
f

C
o
ro

ll
a
ry

3
,

th
e

er
ro

r
bo

u
n

d
fo

r
th

e
N

H
-C

u
t

a
lg

o
ri

th
m

is

E
rr

N
H

-C
u

t(
ψ
,ψ
′ )

=
O

(
n

(3
−
m

)/
2

(l
n
n

)2
m
−

3

)

w
it

h
p
ro

ba
bi

li
ty

(1
−
o(

1)
),

w
h
il

e
th

e
co

rr
es

po
n

d
in

g
bo

u
n

d
fo

r
H

O
S

V
D

a
lg

o
ri

th
m

is

E
rr

H
O

S
V

D
(ψ
,ψ
′ )

=
O

(
n

(4
−
m

)/
2

(l
n
n

)2
m
−

1

)
.

T
h
u

s
th

e
pe

rf
o
rm

a
n

ce
o
f

N
H

-C
u

t
is

si
m

il
a
r

to
T

T
M

,
a
n

d
bo

th
m

et
h
od

s
h
a
ve

a
sm

a
ll

er
er

ro
r

bo
u

n
d

th
a
n

H
O

S
V

D
.

S
im

il
a
rl

y,
in

th
e

ca
se

o
f

C
o
ro

ll
a
ry

4
,

th
e

lo
w

er
bo

u
n

d
o
n

sp
a
rs

it
y

fo
r

N
H

-C
u

t
is

sa
m

e
a
s

in
(1

5)
u

p
to

a
co

n
st

a
n

t
sc

a
li

n
g.

H
o
w

ev
er

,
H

O
S

V
D

a
ch

ie
ve

s
w

ea
k

co
n

si
st

en
cy

o
n

ly
fo

r

α
n
≥
C
′ (

ln
n

)m
+

1
.5

n
(m
−

1
)/

2

fo
r

so
m

e
C
′ >

0
.

T
h
is

is
la

rg
er

th
a
n

th
e

a
ll

o
w

a
bl

e
sp

a
rs

it
y

fo
r

T
T

M
o
r

N
H

-C
u

t.

4
.2

P
ro

o
f
o
f
T
h
e
o
re

m
2

H
er

e,
w

e
gi

v
e

an
ou

tl
in

e
of

th
e

p
ro

of
of

T
h
eo

re
m

2
u
si

n
g

a
se

ri
es

of
te

ch
n
ic

a
l

le
m

m
a
s.

T
h
e

p
ro

of
s

of
th

es
e

re
su

lt
s

ar
e

gi
ve

n
in

th
e

ap
p

en
d
ix

.
T

h
e

p
ro

o
f

h
as

a
m

o
d
u
la

r
st

ru
ct

u
re

w
h
ic

h
co

n
si

st
s

of
(i

)
d
er

iv
in

g
ce

rt
ai

n
co

n
d
it

io
n
s

on
th

e
m

o
d
el

p
ar

am
et

er
s

su
ch

th
a
t

A
lg

o
-

ri
th

m
T

T
M

in
cu

rs
n
o

er
ro

r
in

th
e

ex
p

ec
te

d
ca

se
,

(i
i)

su
b
se

q
u
en

t
u
se

of
m

at
ri

x
co

n
ce

n
tr

a
ti

o
n

in
eq

u
al

it
ie

s
an

d
sp

ec
tr

al
p

er
tu

rb
at

io
n

b
ou

n
d
s

to
cl

ai
m

th
at

(a
lm

os
t

su
re

ly
)

th
e

d
o
m

in
a
n
t

ei
ge

n
ve

ct
or

s
in

th
e

ra
n
d
om

ca
se

d
o

n
o
t

d
ev

ia
te

m
u
ch

fr
om

th
e

ex
p

ec
te

d
ca

se
,

a
n
d

(i
ii
)

fi
n
al

ly
,

th
e

p
ro

of
of

co
rr

ec
tn

es
s

of
th

e
k
-m

ea
n
s

st
ep

.
R

ec
al

l
th

at
th

e
fi
rs

t
st

ep
of

th
e

p
ro

of
is

ta
ke

n
ca

re
of

b
y

L
em

m
a

1.
F

o
r

co
n
ve

n
ie

n
ce

,
d
efi

n
e
D m

in
=

m
in

1
≤
i≤
n
D i

i.
O

n
e

ca
n

se
e

th
at
D m

in
=

(m
−

1)
!d

.
H

en
ce

,
fo

r
th

e
su

b
se

q
u
en

t

an
al

y
si

s
as

w
el

l
as

fo
r

al
l

th
e

p
ro

of
s,

it
is

m
or

e
co

n
ve

n
ie

n
t

to
ex

p
an

d
(1

2)
as

D m
in
>

m
ax

{ C
1

ln
n
,
C

2
ln
n

δ2
,
C

3
k
n

1
ln
n

n
k
ε2
δ2

}
,

(1
6
)

w
h
er

e
th

e
co

n
st

an
ts
C

1
,C

2
,C

3
>

0
ta

ke
in

to
ac

co
u
n
t

th
e

ad
d
it

io
n
al

fa
ct

or
of

(m
−

1
)!

.
N

o
te

th
at

th
e

la
st

te
rm

d
om

in
at

es
,

an
d

co
rr

es
p

on
d
s

to
(1

2)
w

h
en
ε

=
(l

n
n

)−
1
/
2
.

T
h
e

su
b
se

q
u
en

t
re

su
lt

s
sh

ow
th

at
th

e
ei

ge
n
ve

ct
or

m
at

ri
x
X

co
m

p
u
te

d
fr

om
a

ra
n
d
om

re
a
li
sa

ti
o
n

o
f

th
e

h
y
p

er
gr

ap
h

is
cl

os
e

to
X

al
m

os
t

su
re

ly
,

an
d

h
en

ce
,

on
e

ca
n

ex
p

ec
t

a
go

o
d

cl
u
st

er
in

g
in

th
e

ra
n
d
om

ca
se

.
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U
n
if
o
r
m

H
y
p
e
r
g
r
a
p
h
P
a
r
t
it
io
n
in
g

L
em

m
a

6
p
roves

a
con

cen
tration

b
ou

n
d

for
th

e
n
orm

alised
a
ffi

n
ity

m
atrix

L
com

p
u
ted

in
A

lg
o
rith

m
T

T
M

.
T

h
e

p
ro

of,
giv

en
in

th
e

ap
p

en
d
ix

,
relies

on
an

u
sefu

l
ch

aracterisation
o
f

th
e

m
a
trix

A
.

T
o

d
escrib

e
th

is
rep

resen
tation

,
w

e
d
efi

n
e

for
each

ed
ge

e
∈
E

,
a

m
atrix

R
e
∈
{0
,1}

n×
n

as
(R

e )
ij

=
1

if
i,j
∈
e,i6=

j,
an

d
zero

oth
erw

ise.
Q

u
ite

sim
ilar

to
th

e
rep

resen
tatio

n
of

(10),
on

e
can

n
ote

th
at

A
=

(m
−

2)! ∑e∈E
w
e R

e
.

(17)

T
h
is

ch
a
ra

cterisation
is

q
u
ite

u
sefu

l
sin

ce
th

e
in

d
ep

en
d
en

ce
of

(w
e )
e∈E

en
su

res
th

at
A

is
rep

resen
ted

a
s

a
su

m
of

in
d
ep

en
d
en

t
ran

d
om

m
atrices,

an
d

h
en

ce,
on

e
ca

n
u
se

m
atrix

co
n
cen

tra
tio

n
in

eq
u
alities

(T
rop

p
,

2012)
to

d
erive

a
tail

b
ou

n
d

for‖
A
−
A
‖

2 .

L
e
m
m
a
6

If
th

ere
exists

n
0

su
ch

th
a
t
D

m
in
>

9(m
−

1)!ln
n

fo
r

a
ll
n
≥
n

0 ,
th

en
w

ith
p
ro

ba
bility

(1−
O

(n
−

2) ),

‖
L
−
L‖

2 ≤
12 √

(m
−

1
)!ln

n

D
m

in
.

(18)

T
h
e

a
b

ov
e

resu
lt

d
irectly

lead
s

to
a

b
ou

n
d

on
th

e
p

ertu
rb

a
tion

of
th

e
eigen

vectors
as

sh
ow

n
in

L
em

m
a

4
.7

o
f

G
h
osh

d
astid

ar
an

d
D

u
k
k
ip

ati
(2017).

T
h
e

resu
lt

ad
ap

ted
to

o
u
r

settin
g

is
sta

ted
b

elow
.

L
e
m
m
a
7

A
ssu

m
e

th
ere

is
a
n
n

0
su

ch
th

a
tD

m
in
>

9
(m
−

1)!ln
n

a
n

d
δ
>

2
4 √

(m
−

1
)!ln

n
D

m
in

fo
r

a
ll
n
≥
n

0 .
T

h
en

th
e

fo
llo

w
in

g
sta

tem
en

ts
h
o
ld

w
ith

p
ro

ba
bility

(1−
O

(n
−

2) ).

1
.

T
h
e

m
a
trix

X
d
oes

n
o
t

h
a
ve

a
n

y
ro

w
w

ith
zero

n
o
rm

,
a
n

d
h
en

ce,
its

ro
w

n
o
rm

a
lised

fo
rm

,
d
en

o
ted

by
X

,
is

w
ell-d

efi
n

ed
.

2
.

T
h
ere

is
a
n

o
rth

o
n

o
rm

a
l

m
a
trix

Q
∈
R
k×

k
su

ch
th

a
t

∥∥
X
−
Z
Q
∥∥
F
≤

24δ

√
(m
−

1
)!2k

n
1

ln
n

D
m

in
.

(19)

F
in

a
lly,

w
e

an
aly

se
th

e
k
-m

ean
s

step
of

th
e

algorith
m

,
w

h
ere

th
e

row
s

of
X

are
assign

ed
to
k

cen
tres.

D
efi

n
e
S
∈

R
n×

k
su

ch
th

at
S
i·

d
en

otes
th

e
cen

tre
to

w
h
ich

X
i·

is
assign

ed
.

A
lso

d
efi

n
e

th
e

collection
of

n
o
d
esV

er
r ⊂
V

su
ch

th
at

V
er
r

=

{
i∈
V

:‖S
i· −

Z
i· Q
‖

2 ≥
1√2 }

.
(20)

T
h
e

fo
llow

in
g

resu
lt,

ad
ap

ted
from

G
h
osh

d
astid

ar
an

d
D

u
k
k
ip

ati
(2017),

sh
ow

s
th

at
o
n

o
n
e

h
a
n
d
V
er
r

co
n
tain

s
all

th
e

m
is-lab

elled
n
o
d
es,

w
h
ereas,

on
th

e
oth

er,
it

p
roves

th
at

u
n
d
er

th
e

co
n
d
itio

n
s

of
T

h
eorem

2,
th

e
k
-m

ean
s

algorith
m

of
O

strov
sk

y
et

a
l.

(2012)
fi
n
d
s

a
n
ear

o
p
tim

a
l

so
lu

tio
n

for
w

h
ich
|V
er
r |

can
b

e
b

ou
n
d
ed

from
ab

ove.

L
e
m
m
a
8

U
n

d
er

th
e

co
n

d
itio

n
s

sta
ted

in
(16),

fo
r

sm
a
ll

en
o
u

gh
ε,

E
rr(ψ

,ψ
′)≤
|V
er
r |≤

8(1
+
ε
2)

2‖ X
−
Z
Q
‖

2F
(21)

w
ith

p
ro

ba
bility

(1−
O

(n
−

2
+
√
ε) ).

T
h
eo

rem
2

fo
llow

s
b
y

settin
g
ε

=
(ln

n
) −

1
/
2,

an
d

u
sin

g
th

e
b

ou
n
d

on
‖
X
−
Z
Q
‖
F

in
(19).
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G
h
o
sh

d
a
st

id
a
r
a
n
d

D
u
k
k
ipa

t
i

5
.
S
a
m
p
lin

g
T
e
ch

n
iq
u
e
s
fo
r
A
lg
o
rith

m
T
T
M

W
e

n
ow

p
resen

t
th

e
secon

d
,

an
d

key,
con

trib
u
tion

in
th

is
w

ork
.

R
ecall

from
th

e
d
iscu

ssion
s

in
S
ection

3
th

at
th

e
overall

com
p
u
tation

al
com

p
lex

ity
of

T
T

M
is
O

(m
2n

m
+
k
n

2
ln

(k
n

)
+

k
2n

+
k

4),
w

h
ere

th
e

fi
rst

term
clearly

d
om

in
ates

for
m
≥

3.
A

p
ractical

solu
tion

to
th

is
p
rob

lem
is

to
sim

p
ly

com
p
u
te

th
e

w
eigh

ts
of

few
ed

ges,
or

eq
u
ivalen

tly,
sam

p
le

few
en

tries
of

th
e

ad
jacen

cy
ten

sor
A

.
T

h
is

strategy
h
as

often
b

een
u
sed

in
com

p
u
ter

v
isio

n
,

b
u
t

to
th

e
b

est
of

ou
r

k
n
ow

led
ge,

th
ere

is
n
o

k
n
ow

n
th

eoretical
stu

d
y

of
th

e
ap

p
roach

.
T

h
e

on
ly

relevan
t

th
eoretical

w
ork

s
(B

h
o
jan

ap
alli

an
d

S
an

gh
av

i,
2015;

J
ain

an
d

O
h
,

2014)
are

in
a

d
iff

eren
t

con
tex

t,
w

h
ere

th
e

au
th

ors
stu

d
y

factorisation
of

p
artially

ob
served

ten
sors.

W
h
ile

th
e

latter
w

ork
assu

m
es

an
u
n
iform

sam
p
lin

g,
th

e
form

er
p
resen

ts
d
istrib

u
tion

s
th

at
are

m
ore

ad
ap

ted
to

th
e

ten
sor.

W
e

later
com

p
are

th
ese

resu
lts

w
ith

ou
r

fi
n
d
in

gs.

In
con

trast,
p
ractical

h
igh

er
ord

er
lea

rn
in

g
m

eth
o
d
s

ex
h
ib

it
con

sid
erab

le
variety

in
sam

-
p
lin

g
tech

n
iq

u
es.

G
ov

in
d
u

(2005)
u
sed

a
sam

p
lin

g
th

at
u
n
iform

ly
selects

fi
b

ers
of

th
e

ten
sor,

w
h
ich

is
sim

ilar
in

sp
irit

to
th

e
w

ell
k
n
ow

n
colu

m
n

sam
p
lin

g
tech

n
iq

u
e

for
m

atrices.
Id

eas
alon

g
th

e
sam

e
lin

es,
an

d
also

a
N

y
ström

ap
p
rox

im
a
tion

,
for

th
e

H
O

S
V

D
b
ased

ap
p
ro

ach
w

ere
su

ggested
in

G
h
osh

d
astid

ar
an

d
D

u
k
k
ip

ati
(2015a).

A
m

ore
effi

cien
t

tech
n
iq

u
e

of
iter-

atin
g

b
etw

een
sam

p
lin

g
an

d
clu

sterin
g

w
as

u
sed

in
J
ain

an
d

G
ov

in
d
u

(2013)
an

d
C

h
en

an
d

L
erm

an
(2009),

w
h
ere

on
e

starts
w

ith
a

n
aive

sam
p
lin

g
to

get
ap

p
rox

im
ate

p
a
rtition

s
an

d
th

en
iteratively

im
p
roves

th
e

resu
lt

b
y

sam
p
lin

g
ed

ges
align

ed
w

ith
p
artition

s.
M

atch
in

g
al-

gorith
m

s
(D

u
ch

en
n
e

et
al.,

2011)
ex

p
loit

sid
e

in
form

atio
n

to
p
rioritise

ed
ges

w
ith

sign
ifi

can
t

w
eigh

ts.
O

th
er

h
eu

ristics
h
ave

also
b

een
su

ggested
in

som
e

w
ork

s.

W
e

form
ally

stu
d
y

th
e

follow
in

g
p
rob

lem
.

S
u
p
p

ose
w

e
are

given
a

certain
d
istrib

u
tion

(p
e )
e∈E

on
th

e
set

of
all

m
-w

ay
ed

gesE
.

L
et
N

ed
ges

b
e

sam
p
led

w
ith

rep
lacem

en
t

accord
in

g
to

th
e

given
d
istrib

u
tion

.
W

e
aim

to
fi
n
d

th
e

m
in

im
u
m

sam
p
le

size
req

u
ired

su
ch

th
at

corresp
on

d
in

g
p
artition

in
g

algorith
m

(w
ith

ed
ge

sam
p
lin

g)
is

still
w

eak
ly

con
sisten

t.
In

th
is

p
ap

er,
w

e
assu

m
e

th
at

th
e

core
p
artition

in
g

ap
p
roach

is
T

T
M

,
an

d
th

e
sa

m
p
lin

g
on

ly
aff

ects
S
tep

1
of

th
e

algorith
m

,
w

h
ere

w
e

rep
lace

A
b
y

its
sam

p
le

estim
ate,

d
en

oted
b
y
Â

.
A

req
u
irem

en
t

of
th

e
estim

ator
sh

ou
ld

b
e

its
u
n
b
ia

sed
n
ess,

i.e.,
E
S|H

[Â
]

=
A

,
w

h
ere

th
e

ex
p

ectation
is

w
ith

resp
ect

to
th

e
sam

p
lin

g
d
istrib

u
tion

given
an

in
stan

ce
of

th
e

ran
d
om

h
y
p

ergrap
h
.

B
ased

on
(17),

w
e

p
rop

ose
to

u
se

an
u
n
b
iased

estim
ator

of
th

e
form

Â
=

(m
−

2)!

N

∑e∈I

w
e

p
e
R
e
,

(22)

w
h
ere
I
⊂
E

w
ith
|I|

=
N

is
th

e
collection

of
sam

p
led

ed
ges

(w
ith

p
ossib

le
d
u
p
licates).

T
h
e

m
atrix

R
e
∈
{0,1}

n×
n

is
su

ch
th

at
(R

e )
ij

=
1

if
i,j
∈
e,i6=

j,
an

d
zero

oth
erw

ise.
T

h
e

overall
m

eth
o
d

is
listed

b
elow

,
an

d
on

e
can

easily
see

th
at

its
ru

n
tim

e
is
O

(m
2N

+
k
n

2
ln

(k
n

)
+
k

2n
+
k

4).

5
.1

C
o
n
siste

n
c
y
o
f
S
a
m
p
le
d

V
a
ria

n
ts

o
f
A
lg
o
rith

m
T
T
M

W
e

n
ow

an
aly

se
th

e
p

erform
an

ce
of

A
lgorith

m
S
am

p
led

T
T

M
for

an
y

given
ed

ge
sam

p
lin

g
d
istrib

u
tion

(p
e )
e∈E

.
T

h
e

m
ain

m
essage

of
th

e
follow

in
g

resu
lt

is
th

at
th

e
alg

orith
m

rem
ain

s
w

eak
ly

con
sisten

t
ev

en
if

w
e

u
se

v
ery

sm
all

n
u
m

b
er

of
sa

m
p
led

ed
ges,

i.e.,
N

=
o(n

m
).

H
ow

ever,
th

e
m

in
im

u
m

sam
p
le

size
req

u
ired

d
ep

en
d
s

on
th

e
sam

p
lin

g
d
istrib

u
tion

.
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U
n
if
o
r
m

H
y
p
e
r
g
r
a
p
h
P
a
r
t
it
io
n
in
g

A
lg
o
ri
th

m
S
a
m
p
le
d

T
T
M

:
T

T
M

w
h
er

e
a

sa
m

p
le

d
se

t
of

ed
ge

w
ei

gh
ts

ar
e

ob
se

rv
ed

In
p
u
t:

D
is

tr
ib

u
ti

on
(p
e
) e
∈E

on
th

e
se

t
of

al
l

ed
ge

s
E;

A
ffi

n
it

y
te

n
so

r
A

,
w

h
ic

h
is

n
ot

ob
se

rv
ed

,
b
u
t

re
q
u
es

te
d

en
tr

ie
s

ca
n

b
e

ob
se

rv
ed

.
1
:

S
am

p
le

a
co

ll
ec

ti
on

of
N

ed
ge

s
I
∈
E

w
it

h
re

p
la

ce
m

en
t.

2
:

O
b
se

rv
e

en
tr

ie
s

of
A

co
rr

es
p

on
d
in

g
to

ed
ge

s
in
I,

an
d

co
m

p
u
te
Â

u
si

n
g

(2
2)

.
3
:

R
u
n

S
te

p
s

2-
5

of
A

lg
or

it
h
m

T
T

M
u
si

n
g
Â

in
st

ea
d

of
A

.
O
u
tp

u
t:

P
ar

ti
ti

on
of
V

th
at

co
rr

es
p

on
d

to
th

e
cl

u
st

er
s

ob
ta

in
ed

fr
om

k
-m

ea
n
s.

T
h
e
o
re

m
9

L
et
N

ed
ge

s
be

sa
m

p
le

d
w

it
h

re
p
la

ce
m

en
t

a
cc

o
rd

in
g

to
p
ro

ba
bi

li
ty

d
is

tr
ib

u
ti

o
n

(p
e
) e
∈E

,
a
n

d
le

t
β
>

0
be

su
ch

th
a
t
P
H

( m
a
x

e∈
E
w
e
p
e
>
β

)
=
o(

1)
.

L
et
δ

be
a
s

d
efi

n
ed

in
(1

1)
.

T
h
er

e
ex

is
t

a
bs

o
lu

te
co

n
st

a
n

ts
C
,C
′ >

0,
su

ch
th

a
t,

if
δ
>

0,

δ2
d
>
C
k
n

1
(l

n
n

)2

n
k

a
n

d
N
>
C
′(

1
+

2β d

)
k
n

1
(l

n
n

)2

n
k
δ2

(2
3)

fo
r

a
ll

la
rg

e
n

,
th

en
w

it
h

p
ro

ba
bi

li
ty

(1
−
o(

1)
),

E
rr

(ψ
,ψ
′ )

=
O

(
k
n

1
ln
n

δ2

(
1 d

+
1 N

+
2β N
d

))
=
o(
n

).
(2

4)

N
ot

e
th

at
th

e
ab

ov
e

p
ro

b
ab

il
it

y
is

w
it

h
re

sp
ec

t
to

b
ot

h
th

e
ra

n
d
om

n
es

s
of

th
e

h
y
p

er
g
ra

p
h

an
d

ed
ge

sa
m

p
li
n
g.

T
h
e

ab
ov

e
re

su
lt

is
si

m
il
ar

to
T

h
eo

re
m

2
ex

ce
p
t

fo
r

th
e

ad
d
it

io
n
al

co
n
d
it

io
n

an
d

er
ro

r
te

rm
as

so
ci

at
ed

w
it

h
th

e
n
u
m

b
er

of
sa

m
p
le

d
ed

ge
s
N

.
W

e
m

en
ti

on
h
er

e
th

at
th

e
co

n
st

an
t
C

in
(2

3)
is

d
iff

er
en

t
fr

om
th

e
on

e
u
se

d
in

T
h
eo

re
m

2,
b
u
t

th
e

q
u
an

ti
ty
δ

re
m

ai
n
s

th
e

sa
m

e,
an

d
d
o
es

n
ot

d
ep

en
d

on
th

e
sa

m
p
li
n
g

d
is

tr
ib

u
ti

on
.

S
in

ce
,

th
e

ab
ov

e
er

ro
r

ra
te

is
o(
n

),
w

e
ca

n
im

m
ed

ia
te

ly
co

n
cl

u
d
e

th
a
t

th
e

lo
w

er
b

ou
n
d

on
N

in
(2

3)
is

su
ffi

ci
en

t
to

en
su

re
w

ea
k

co
n
si

st
en

cy
of

th
e

sa
m

p
le

d
va

ri
an

t.
T

h
e

re
su

lt
al

so
sh

ow
s

th
at

if
w

e
fi
x

a
p
ar

ti
cu

la
r

sa
m

p
li
n
g

st
ra

te
gy

,
th

en
sm

al
le

r
N

is
n
ee

d
ed

fo
r

d
en

se
r

an
d

ea
si

er
m

o
d
el

s
(l

ar
ge

δ2
d
).

T
h
is

ca
n

b
e

ex
p
la

in
ed

si
n
ce

fo
r

sp
ar

se
h
y
p

er
gr

ap
h
s,

m
os

t
ed

ge
s

h
av

e
ze

ro
or

n
eg

li
gi

b
ly

sm
al

l
w

ei
gh

ts
,

an
d

d
o

n
ot

p
ro

v
id

e
‘s

u
ffi

ci
en

t
in

fo
rm

at
io

n
’

ab
ou

t
th

e
tr

u
e

p
ar

ti
ti

o
n
.

O
n

th
e

ot
h
er

h
an

d
,

th
e

sa
m

p
li
n
g

st
ra

te
gy

p
la

y
s

a
cr

u
ci

al
ro

le
in

th
e

lo
w

er
b

ou
n
d

fo
r
N

,
b
u
t

th
e

d
ep

en
d
en

ce
is

on
ly

v
ia

th
e

ra
ti

o
of

th
e

ed
ge

w
ei

gh
t

to
th

e
sa

m
p
li
n
g

p
ro

b
a
b
il
it

y.
W

e
n
ot

e
th

at
β

is
a

h
ig

h
p
ro

b
ab

il
it

y
u
p
p

er
li
m

it
of

th
is

ra
ti

o,
6

an
d

(2
3)

su
gg

es
ts

th
a
t

a
b

et
te

r
sa

m
p
li
n
g

d
is

tr
ib

u
ti

on
is

on
e

fo
r

w
h
ic

h
β

is
sm

al
le

r.
T

o
cl

ar
if

y
th

is
ob

se
rv

at
io

n
,

w
e

st
at

e
th

e
re

su
lt

fo
r

tw
o

p
ar

ti
cu

la
r

sa
m

p
li
n
g

d
is

tr
ib

u
ti

on
s:

(i
)

u
n
if

or
m

sa
m

p
li
n
g,

an
d

(i
i)

sa
m

p
li
n
g

ea
ch

ed
ge
e

w
it

h
p
ro

b
ab

il
it

y
p
ro

p
or

ti
on

al
to

it
s

w
ei

gh
t,

i.
e.

,

p
e

=
w
e

∑ e′
∈E
w
e′

fo
r

al
l
e
∈
E.

(2
5)

O
n
e

ca
n

ea
si

ly
se

e
th

at
β

=
∑

e
w
e

in
th

e
la

tt
er

ca
se

,
w

h
er

ea
s
β

=
( n m

) m
ax

e
w
e

fo
r

u
n
if

or
m

sa
m

p
li
n
g.

F
or

ea
se

of
ex

p
os

it
io

n
,

w
e

re
st

ri
ct

ou
rs

el
ve

s
to

th
e

sp
ec

ia
l

ca
se

d
es

cr
ib

ed
in

S
ec

ti
on

4.
1,

an
d

d
em

on
st

ra
te

th
e

eff
ec

t
of

th
es

e
d
is

tr
ib

u
ti

on
s

on
sa

m
p
le

si
ze

.

6
.

T
h

e
p

ro
b

a
b

il
it

y
is

w
it

h
re

sp
ec

t
to

th
e

ra
n

d
o
m

n
es

s
o
f

th
e

p
la

n
te

d
m

o
d

el
,

a
n

d
a
ri

se
s

si
n

ce
th

e
ed

g
e

w
ei

g
h
ts

a
re

ra
n

d
o
m

.
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G
h
o
sh

d
a
st

id
a
r
a
n
d

D
u
k
k
ip
a
t
i

C
o
ro

ll
a
ry

1
0

C
o
n

si
d
er

th
e

se
tt

in
g

d
es

cr
ib

ed
in

S
ec

ti
o
n

4
.1

.
D

efi
n

e
qu

a
n

ti
ty
ξ

su
ch

th
a
t

ξ
=

1
fo

r
u

n
if

o
rm

sa
m

p
li

n
g,

a
n

d
ξ

=
α
n

fo
r

th
e

w
ei

gh
te

d
sa

m
p
li

n
g

o
f

(2
5
).

T
h
er

e
ex

is
t

co
n

st
a
n

ts
C
,C
′ >

0
,

su
ch

th
a

t,
if

α
n
>
C
k

2
m
−

1
(l

n
n

)2

n
m
−

1
a
n

d
N
>
C
′ξ
n
k

2
m
−

1
(l

n
n

)2

α
n

,
(2

6
)

th
en

E
rr

(ψ
,ψ
′ )

=
o(
n

)
w

it
h

p
ro

ba
bi

li
ty

(1
−
o(

1)
).

F
or

si
m

p
li
ci

ty
,

le
t

u
s

st
ar

t
w

it
h

th
e

ca
se

w
h
er

e
k

=
O

(1
).

T
h
en

on
e

h
as

th
e

lo
w

er
b

o
u
n
d

N
=

Ω
( n

(l
n
n

)2

α
n

)
fo

r
u
n
if

or
m

sa
m

p
li
n
g,

an
d
N

=
Ω

(n
(l

n
n

)2
).

T
h
u
s,

th
e

b
o
th

sa
m

p
li
n
g

te
ch

n
iq

u
es

h
av

e
si

m
il
ar

p
er

fo
rm

an
ce

in
th

e
d
en

se
ca

se
(α

n
=

1)
,

th
e

ga
p

b
et

w
ee

n
th

e
lo

w
er

b
ou

n
d
s

in
cr

ea
se

w
h
en
α
n

d
ec

ay
s

w
it

h
n

.
In

fa
ct

,
in

th
e

m
os

t
sp

ar
se

se
tt

in
g

p
o
ss

ib
le

in
(2

3
),

α
n

=
O

((l
n
n

)2

n
m
−
1

)
an

d
so

,
u
n
if

or
m

sa
m

p
li
n
g

w
or

k
s

on
ly

w
h
en

on
e

sa
m

p
le

s
Ω

(n
m

)
ed

g
es

.7
B

u
t

w
it

h
w

ei
gh

te
d

sa
m

p
li
n
g,

on
e

st
il
l

n
ee

d
s

on
ly

Ω
(n

(l
n
n

)2
)

ed
ge

s.

P
os

si
b
il
it

y
of

ac
h
ie

v
in

g
co

n
si

st
en

cy
w

it
h

su
ch

a
lo

w
sa

m
p
le

si
ze

is
q
u
it

e
re

m
a
rk

a
b
le

,
a
n
d

h
as

n
ot

b
ee

n
ye

t
ob

se
rv

ed
in

an
y

ot
h
er

te
n
so

r
p
ro

b
le

m
.

F
or

in
st

an
ce

,
it

m
ay

b
e

a
rg

u
ed

th
at

on
e

ca
n

d
ir

ec
tl

y
u
se

th
e

fa
ct

or
is

at
io

n
te

ch
n
iq

u
es

fo
r

p
ar

ti
al

ly
o
b
se

rv
ed

te
n
so

rs
st

u
d
ie

d
in

J
ai

n
an

d
O

h
(2

01
4)

an
d

B
h
o
ja

n
ap

al
li

an
d

S
an

g
h
av

i
(2

01
5
),

to
gu

a
ra

n
te

e
sa

m
p
li
n
g

ra
te

s
d
er

iv
ed

in
th

es
e

w
or

k
s.

W
e

sh
ow

h
er

e
th

a
t

th
is

m
ay

n
ot

b
e

a
go

o
d

st
ra

te
g
y

si
n
ce

su
ch

sa
m

p
li
n
g

ca
n

b
e

of
te

n
m

u
ch

la
rg

er
th

an
th

e
ra

te
d
er

iv
ed

in
C

or
ol

la
ry

1
0.

W
e

n
o
te

h
er

e
th

a
t

th
e

co
m

p
ar

is
on

is
n
ot

en
ti

re
ly

fa
ir

si
n
ce

,
on

on
e

h
an

d
,

w
e

re
q
u
ir

e
on

ly
th

e
cl

u
st

er
s

in
st

ea
d

o
f

th
e

co
m

p
le

te
fa

ct
o
ri

sa
ti

on
,
w

h
er

ea
s

on
th

e
ot

h
er

h
an

d
,
th

e
re

su
lt

s
in

re
la

te
d

te
n
so

r
sa

m
p
li
n
g

w
or

k
s

ar
e

u
su

al
ly

ti
ed

to
an

in
co

h
er

en
ce

as
su

m
p
ti

on
th

at
is

v
io

la
te

d
in

ou
r

se
tt

in
g
.

F
or

th
e

co
m

p
ar

is
on

,
w

e
re

ca
ll

th
at

in
th

e
se

tt
in

g
of

C
o
ro

ll
ar

y
10

,
A

h
as

a
n

a
p
p
ro

x
im

a
te

C
P

-d
ec

om
p

os
it

io
n

of
ra

n
k

(k
+

1)
as

sh
ow

n
in

(5
).

F
u
rt

h
er

m
o
re

,
m

os
t

w
or

k
s

o
n

te
n
so

rs
d
o

n
ot

co
n
si

d
er

th
e

ca
se

w
h
er

e
en

tr
ie

s
d
ec

ay
w

it
h

d
im

en
si

on
,

an
d

so
,

w
e

m
ay

a
ss

u
m

e
α
n

=
1
.

T
h
e

af
or

em
en

ti
on

ed
w

or
k
s

co
n
si

d
er

th
e

p
ro

b
le

m
of

te
n
so

r
fa

ct
or

is
at

io
n
,

w
h
er

e
th

e
te

n
so

r
is

p
ar

tl
y

ob
se

rv
ed

b
y

m
ea

n
s

of
so

m
e

sa
m

p
li
n
g.

J
ai

n
an

d
O

h
(2

01
4)

sh
ow

th
a
t

to
o
b
ta

in
a
n

ac
cu

ra
te

te
n
so

r
fa

ct
or

is
at

io
n
,

it
is

su
ffi

ce
to

ob
se

rv
e

Ω
(k

5
n
m
/
2
(l

n
n

)4
)

u
n
if

o
rm

ly
sa

m
p
le

d
en

tr
ie

s.
B

h
o

ja
n
ap

al
li

an
d

S
an

gh
av

i
(2

01
5)

u
se

a
d
iff

er
en

t
sa

m
p
li
n
g

d
is

tr
ib

u
ti

o
n
,

w
h
ic

h
es

se
n
ti

al
ly

as
si

gn
s

m
or

e
w

ei
gh

t
fo

r
la

rg
er

en
tr

ie
s

q
u
it

e
si

m
il
ar

to
(2

5)
,

an
d

th
en

p
ro

ve
a

si
m

il
ar

b
ou

n
d

on
th

e
sa

m
p
le

si
ze

(u
p
to

lo
ga

ri
th

m
ic

fa
ct

or
s)

.
T

h
e

ke
y

d
iff

er
en

ce
o
f

su
ch

b
ou

n
d
s

w
it

h
C

or
ol

la
ry

10
is

th
at

th
e
m

in
th

e
ex

p
on

en
ti

al
is

ti
ed

to
n

in
o
th

er
w

o
rk

s,
w

h
er

ea
s

it
is

ti
ed

to
k

in
ou

r
ca

se
—

th
is

im
p
ro

ve
s

effi
ci

en
cy

si
gn

ifi
ca

n
tl

y
w

h
en
k

g
ro

w
s

m
u
ch

sl
ow

er
th

an
n

,
w

h
ic

h
is

cl
ea

rl
y

th
e

ca
se

in
cl

u
st

er
in

g.

W
e

el
ab

or
at

e
on

th
is

fu
rt

h
er

b
y

co
n
si

d
er

in
g

th
e

ex
tr

em
e

va
lu

es
of
k

an
d
α
n

p
o
ss

ib
le

in
C

or
ol

la
ri

es
3

an
d

4,
re

sp
ec

ti
ve

ly
.

F
ir

st
,

le
t
α
n

=
1

an
d
k

=
O
( n

1
/
4

ln
n

) ,
a
s

in
C

o
ro

l-

la
ry

3.
T

h
en

b
ot

h
u
n
if

or
m

an
d

w
ei

gh
te

d
sa

m
p
li
n
g

ca
n

gu
ar

an
te

e
w

ea
k

co
n
si

st
en

cy
if

N
=

Ω
( n

0
.5
m

+
0
.7

5
(l

n
n

)3
−

2
m
) .

In
co

n
tr

as
t,

th
e

sa
m

p
le

si
ze

fr
om

(J
ai

n
an

d
O

h
,

2
0
1
4
)

is
N

=
Ω

(n
0
.5
m

+
1
.2

5
(l

n
n

)−
1
),

w
h
ic

h
is

w
or

se
b
y

a
fa

ct
or

of
ab

ou
t
√
n

.
T

u
rn

in
g

to
th

e
se

tt
in

g
of

C
or

ol
la

ry
4,

w
e

h
av

e
k

=
O

(l
n
n

)
an

d
le

t
α
n

b
e

at
it

s
lo

w
er

b
o
u
n
d

in
(1

5)
.

T
h
en

,
th

e
a
b

ov
e

7
.

N
o
te

th
a
t

th
is

o
b

se
rv

a
ti

o
n

is
o
n

ly
tr

u
e

fo
r

w
ei

g
h
te

d
h
y
p

er
g
ra

p
h

s,
w

h
er

e
a

sm
a
ll
α
n

im
p

li
es

th
a
t

m
o
st

ed
g
es

h
av

e
v
er

y
sm

a
ll

,
b

u
t

p
o
si

ti
v
e,

w
ei

g
h
ts

.
O

n
th

e
o
th

er
h

a
n

d
,

u
n
w

ei
g
h
te

d
h
y
p

er
g
ra

p
h

s
w

it
h

sm
a
ll
α
n

im
p

li
es

th
a
t

o
n

ly
fe

w
ed

g
es

a
re

p
re

se
n
t,

a
n

d
sa

m
p

li
n

g
is

n
o
t

re
q
u

ir
ed

if
th

es
e

ed
g
es

a
re

g
iv

en
a

p
ri

o
ri

.
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U
n
if
o
r
m

H
y
p
e
r
g
r
a
p
h
P
a
r
t
it
io
n
in
g

resu
lt

sh
ow

s
th

at
w

h
ile

u
n
iform

sam
p
lin

g
is

p
o
or,

b
y

sam
p
lin

g
sign

ifi
can

t
ed

ges
freq

u
en

tly,
o
n
e

n
eed

s
on

ly
N

=
Ω
(n

(ln
n

)
2
m

+
1 )

ed
ges

for
con

sisten
t

p
artition

in
g.

In
con

trast,
th

e
w

eig
h
ted

sam
p
lin

g
of

B
h
o

jan
ap

alli
an

d
S
an

gh
av

i
(2015

)
still

n
eed

s
Ω

(n
0
.5
m

(ln
n

)
7)

sam
p
les,

w
h
ich

is
m

u
ch

larger.

5
.2

P
ro

o
f
o
f
T
h
e
o
re

m
9

W
e

w
ill

fu
rth

er
d
iscu

ss
th

e
im

p
lication

s
an

d
lim

itation
s

of
w

eigh
ted

sam
p
lin

g,
b
u
t

fi
rst,

w
e

p
rov

id
e

a
n

o
u
tlin

e
for

th
e

p
ro

of
of

T
h
eorem

9.
R

ecall
th

at
th

e
sa

m
p
led

varian
t

d
iff

ers
from

co
re

T
T

M
a
lg

o
rith

m
on

ly
in

th
e

u
se

of
Â

(22)
in

stead
of
A

.
L

et
u
s

d
efi

n
e
D̂
,L̂

for
th

is
case

co
rresp

o
n
d
in

g
to
D
,L

.
T

h
at

is,
D̂
ii

=
∑

j
Â
ij

an
d
L̂

=
D̂
−

1
/
2Â
D̂
−

1
/
2.

N
ote

th
a
t
Â
,D̂

are
b

o
th

u
n
b
ia

sed
estim

ates
of
A
,D

.
T

h
e

p
ro

of
follow

s
th

e
lin

es
of

th
e

p
ro

of
of

T
h
eorem

2.
It

is
ea

sy
to

see
th

at
th

e
on

ly
d
iff

eren
ce

is
in

L
em

m
a

6,
w

h
ere

in
stead

of‖
L
−
L‖

2 ,
w

e
n
ow

n
eed

to
co

m
p
u
te

a
b

ou
n
d

on
‖
L̂
−
L‖

2 .
O

b
serv

e
th

at

‖L̂
−
L‖

2 ≤
‖L̂
−
L‖

2
+
‖L
−
L‖

2
,

w
h
ere

th
e

secon
d

term
is

b
ou

n
d
ed

d
u
e

to
L

em
m

a
6.

W
e

h
ave

th
e

follow
in

g
b

o
u
n
d

for
th

e
fi
rst

p
a
rt,

w
h
ich

can
b

e
d
eriv

ed
u
sin

g
m

atrix
B

ern
stein

in
eq

u
ality.

L
e
m
m
a
1
1

F
o
r

la
rge

n
a
n

d
u

n
d
er

th
e

co
n

d
itio

n
s

in
(23

),
w

ith
p
ro

ba
bility

1−
o(1),

‖
L̂
−
L‖

2 ≤
12 √

ln
n

N

(
1

+
2βd

)
.

(27)

T
h
is

b
o
u
n
d

com
b
in

ed
w

ith
L

em
m

a
6

im
p
lies

‖
L̂
−
L‖

2 ≤
12 √

ln
nd

+
12 √

ln
n

N

(
1

+
2βd

)
.

(28)

L
et

u
s

d
en

o
te

th
e

ab
ove

u
p
p

er
b

ou
n
d

b
y
γ
n
.

T
h
en

on
e

can
restate

L
em

m
as

7
an

d
8

as
fo

llow
s.

L
e
m
m
a

7 ∗.
If
δ
>

2γ
n

for
all

large
n

,
th

en
w

ith
p
ro

b
ab

ility
(1−

o(1)),

∥∥
X
−
Z
Q
∥∥
F
≤

2
γ
n √

2
k
n

1

δ
.

(29)

L
e
m
m
a

8 ∗.
If
δ≥

2
γ
n √

8
k
n
1

ln
n

n
k

,
th

en
w

ith
p
rob

ab
ility

1−
o(1),

E
rr(ψ

,ψ
′)

=
O

(
k
n

1 γ
2n

δ
2

)
.

(30)

H
ere,

th
e

stro
n
ger

con
d
ition

is
req

u
ired

for
th

e
k
-m

ean
s

error
b

ou
n
d
.

N
ow

,
ob

serve
th

at
w

e
ca

n
b

o
u
n
d
γ

2n
a
s

γ
2n ≤

288 (
ln
nd

+
ln
n

N

(
1

+
2βd

))
.

T
h
e

ab
ov

e
b

o
u
n
d

im
m

ed
iately

im
p
lies

th
e

error
b

ou
n
d

in
(24),

w
h
ereas

th
e

con
d
ition

in
L

em
m

a
8 ∗

is
sa

tisfi
ed

if
(23)

h
old

s.
T

h
u
s,

th
e

claim
of

T
h
eorem

9
follow

s.
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G
h
o
sh

d
a
st

id
a
r
a
n
d

D
u
k
k
ipa

t
i

5
.3

T
T
M

w
ith

Ite
ra

tiv
e
S
a
m
p
lin

g

In
th

is
section

,
w

e
d
iscu

ss
p
ractical

strategies
for

sam
p
lin

g.
T

h
e

p
u
rp

ose
of

th
e

section
is

tw
o-fold

.
W

e
fi
rst

relate
th

e
w

eigh
ted

sam
p
lin

g
strategy

(25)
to

h
eu

ristics
u
sed

in
p
ractice.

W
e

th
en

su
ggest

a
p
ractical

varian
t

of
A

lgorith
m

S
am

p
led

T
T

M
to
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h
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h
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er
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an
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O
S
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se
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C
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an
d
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d
u
,
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an
ot
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er
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ri

at
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n
of
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O

S
V

D
w

h
er
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e
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fo
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at
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n

ab
ou

t
th

e
ei

ge
n
ve
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or

s
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m
p
u
te

d
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re

v
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u
s

it
er

at
io

n
s

is
re

ta
in
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,

•
A

lg
or

it
h
m

T
et
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s,

an
d

•
A

lg
or

it
h
m

T
T

M
w

it
h

u
n
if
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m

sa
m

p
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n
g,

w
h
ic

h
is

d
er

iv
ed

b
y

p
er

fo
rm

in
g

a
si

n
gl

e
it

er
-

at
io

n
of

S
te

p
s
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A
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or
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m
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et
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s.
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W
e

fi
rs

t
fo

cu
s

on
th

e
p
ro

b
le

m
of
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u
st

er
in

g
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n
d
om

ly
ge

n
er

at
ed

su
b
sp

ac
es

.1
0

In
an

am
b
ie

n
t

sp
ac

e
of

d
im

en
si

on
r a

=
5,

w
e

ra
n
d
om

ly
ge

n
er

a
te
k

=
5

su
b
sp

ac
es

ea
ch

of
d
im

en
si

on
r

=
3.

F
ro

m
ea

ch
su

b
sp

ac
e,

w
e

ra
n
d
om

ly
sa

m
p
le
n
/k

p
oi

n
ts

an
d

p
er

tu
rb

ev
er

y
p

oi
n
t

w
it

h
a

5-
d
im

en
si

on
al

G
au

ss
ia

n
n
oi

se
ve

ct
or

w
it

h
m

ea
n

ze
ro

an
d

co
va

ri
an

ce
σ
a
I
.

In
F

ig
u
re

5,
w

e
re

p
or

t
th

e
fr

ac
ti

on
al

er
ro

r,
1 n
E
rr

(ψ
,ψ
′ )

,
in

cu
rr

ed
b
y

va
ri

ou
s

su
b
sp

ac
e

cl
u
st

er
in

g
al

go
ri

th
m

s
w

h
en

(n
/k

)
an

d
σ
a

ar
e

va
ri

ed
.

T
h
e

re
su

lt
s

ar
e

av
er

ag
ed

ov
er

50
in

d
ep

en
d
en

t
tr

ia
ls

.
W

e
n
ot

e
th

at
fo

r
ex

is
ti

n
g

m
et

h
o
d
s,

w
e

fi
x

th
e

p
ar

am
et

er
s

as
m

en
ti

on
ed

in
P

ar
k

et
al

.
(2

0
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).
F

or
T

et
ri

s
an

d
S
G

C
,

th
e

p
ar

am
et

er
s

ar
e

se
t

to
th

e
sa

m
e

va
lu

es
as

S
C

C
,

w
h
er

e
c

=
10

0k
an

d
σ

as
in

(3
1)

is
d
et

er
m

in
ed

b
y

th
e

al
go

ri
th

m
.

In
ca

se
of

u
n
if

or
m

ly
sa

m
p
le

d
T

T
M

,
w

e
fi
x
σ

to
b

e
sa

m
e

as
th

e
va

lu
e

d
et

er
m

in
ed

b
y

T
et

ri
s.

T
o

d
em

on
st

ra
te

th
at

sa
m

p
li
n
g

m
or

e
ed

ge
s

le
ad

to
er

ro
r

re
d
u
ct

io
n
,

w
e

co
n
si

d
er

u
n
if

or
m

sa
m

p
li
n
g

fo
r

tw
o

va
lu

es
c

=
10

0k
an

d
2
00
k
.

F
ig

u
re

5
sh

ow
s

th
at

T
et

ri
s

an
d

S
G

C
cl

ea
rl

y
ou

tp
er

fo
rm

ot
h
er

m
et

h
o
d
s

ov
er

a
w

id
e

ra
n
ge

of
se

tt
in

gs
.

In
p
ar

ti
cu

la
r,

it
ca

n
b

e
se

en
th

at
gr

ee
d
y

m
et

h
o
d
s

li
ke

N
S
N

is
ac

cu
ra

te

8
.

F
o
r

th
is

m
et

h
o
d

,
w

e
h

av
e

u
se

d
o
u

r
im

p
le

m
en

ta
ti

o
n

.
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.

H
er

e,
th

e
ed

g
e

sa
m

p
li

n
g

is
n

o
t

ex
a
ct

ly
u

n
if

o
rm

si
n

ce
w

e
o
n

ly
se

le
ct

th
e
c

su
b

se
ts

o
f

si
ze

(m
−

1
)

u
n

if
o
rm

ly
.

1
0
.

T
h

e
ex

p
er

im
en

ta
l

se
tu

p
h

a
s

b
ee

n
a
d

a
p

te
d

fr
o
m

P
a
rk

et
a
l.

(2
0
1
4
),

a
n
d

th
e

co
d

es
a
re

av
a
il

a
b

le
a
t:

h
t
t
p
:
/
/
s
m
l
.
c
s
a
.
i
i
s
c
.
e
r
n
e
t
.
i
n
/
S
M
L
/
c
o
d
e
/
F
e
b
1
6
T
e
n
s
o
r
T
r
a
c
e
M
a
x
.
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G
h
o
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d
a
st
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a
r
a
n
d

D
u
k
k
ip
a
t
i

Noiselevel,σa

N
u
m

b
er

of
p

oi
n
ts

in
ea

ch
su

b
sp

ac
e,
n
/k

F
ig

u
re

5:
F

ra
ct

io
n
al

er
ro

r
in

cu
rr

ed
b
y

su
b
sp

ac
e

cl
u
st

er
in

g
al

go
ri

th
m

s
fo

r
sy

n
th

et
ic

d
a
ta

.
T

h
e

n
u
m

b
er

of
p

oi
n
ts

in
ea

ch
su

b
sp

ac
e,

(n
/k

),
an

d
th

e
va

ri
an

ce
o
f

th
e

n
o
is

e
ve

ct
or

σ
a

is
va

ri
ed

.
T

h
e

co
lo

u
r

b
ar

in
d
ic

at
es

th
e

sh
ad

es
fo

r
d
iff

er
en

t
le

ve
ls

of
er

ro
r.

in
th

e
ab

se
n
ce

of
n
oi

se
,

b
u
t

a
d
ra

st
ic

in
cr

ea
se

in
er

ro
r

o
cc

u
rs

w
h
en

th
e

d
at

a
is

n
o
is

y.
T

h
e

eff
ec

t
of

n
oi

se
is

m
u
ch

le
ss

in
h
y
p

er
gr

ap
h

b
as

ed
m

et
h
o
d
s

li
ke

S
C

C
,

S
G

C
o
r

T
et

ri
s.

O
n
e

ca
n

al
so

ob
se

rv
e

th
at

th
e

h
y
p

er
gr

ap
h

b
as

ed
m

et
h
o
d
s

d
o

n
ot

w
or

k
w

el
l

w
h
en

th
er

e
a
re

ve
ry

fe
w

p
oi

n
ts

in
ea

ch
cl

u
st

er
(f

or
ex

am
p
le

,
6)

.
T

h
is

is
ex

p
ec

te
d

si
n
ce

,
b
y

d
efi

n
it

io
n
,

th
es

e
al

go
ri

th
m

s
co

n
st

ru
ct

5-
u
n
if

or
m

h
y
p

er
gr

ap
h
s

(m
=
r

+
2)

in
th

is
ca

se
,

an
d

h
en

ce
,

th
er

e
ar

e
ve

ry
fe

w
ed

ge
s

((
6 5

)
=

6)
w

it
h

la
rg

e
w

ei
gh

t
fo

r
ea

ch
cl

u
st

er
.

H
ow

ev
er

,
w

it
h

in
cr

ea
se

in
n
u
m

b
er

of
p

oi
n
ts

,
th

er
e

is
a

ra
p
id

d
ec

ay
in

th
e

cl
u
st

er
in

g
er

ro
r.

T
h
is

a
ls

o
sh

ow
s

th
e

co
n
si

st
en

cy
of

th
es

e
m

et
h
o
d
s

em
p
ir

ic
al

ly
.

T
o

th
is

en
d
,

it
se

em
s

th
at

N
S
N

o
r

S
S
C

sh
o
u
ld

b
e

re
co

m
m

en
d
ed

fo
r

sm
al

l
sc

al
e

p
ro

b
le

m
s

(s
m

al
le

r
n
/
k
),

w
h
er

ea
s

T
et

ri
s

or
S
G

C
sh

o
u
ld

b
e

th
e

al
go

ri
th

m
of

ch
oi

ce
fo

r
la

rg
er
n

an
d

p
os

si
b
le

p
re

se
n
ce

of
n
oi

se
.

F
in

al
ly

,
w

e
a
ls

o
o
b
se

rv
e

th
at

T
T

M
w

it
h

u
n
if

or
m

sa
m

p
li
n
g,

ev
en

w
it

h
tw

ic
e

th
e

n
u
m

b
er

of
sa

m
p
le

s,
p

er
fo

rm
s

q
u
it

e
p

o
or

ly
as

co
m

p
ar

ed
to

T
et

ri
s.

H
ow

ev
er

,
w

it
h

in
cr

ea
se

in
th

e
n
u
m

b
er

of
sa

m
p
le

d
ed

g
es

,
so

m
e

ex
te

n
t

of
er

ro
r

re
d
u
ct

io
n

is
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se
rv

ed
.
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C
o
m
p
a
ri
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n
o
f
S
u
b
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a
c
e
C
lu
st
e
ri
n
g
A
lg
o
ri
th

m
s:

M
o
ti
o
n

S
e
g
m
e
n
ta

ti
o
n

T
h
e

H
op

k
in

s
15

5
d
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ab
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e
(T

ro
n

an
d

V
id
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,

20
07

)
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n
ta

in
s
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n
u
m

b
er
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v
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eo
s
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p
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ri
n
g

m
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n
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m

u
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le
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s
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d

b
o
d
ie
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v
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w
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u
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e
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a
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ed
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n
g
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e
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v
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g
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a
m

ot
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n
tr

a
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y
th
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d
es
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a
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e
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d
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en
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o
n
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e
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e
n
u
m

b
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O

n
e
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n
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th
at

u
n
d
er

p
a
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u
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r
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m
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a
m

o
d
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a
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a
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o
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p
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d
in

g
to

a
p
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ti
cu

la
r

ri
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d
b

o
d
y

m
ot

io
n
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an

a
su

b
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e
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d
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en
si

o
n
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t

m
o
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u
r
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as
i

an
d

K
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e,
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T

h
u
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th
e

p
ro

b
le

m
o
f

se
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en
ti

n
g

d
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er
en

t
m

o
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n
s
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a

v
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eo
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n
b

e
p
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ed
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a

su
b
sp
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e
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u
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er
in

g
p
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b
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m
.

T
h
e

H
op

k
in

s
d
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n
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s
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q
u
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n
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g
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o
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n
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n
d

3
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ac
e
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U
n
if
o
r
m

H
y
p
e
r
g
r
a
p
h
P
a
r
t
it
io
n
in
g

A
lg

o
rith

m
2

m
otion

(120
seq

u
en

ces)
3

m
otio

n
(35

seq
u
en

ces)
M

ean
(%

)
M

ed
ian

(%
)

T
im

e
(s)

M
ean

(%
)

M
ed

ian
(%

)
T

im
e

(s)

k
-m

ean
s

19.58
17.92

0.03
26.13

20.4
8

0.05
k
-fl

a
ts

13.19
10.01

0.38
15.45

14.8
8

0.76
S
S
C

1.53
0.00

0.80
4.40

0.56
1.51

L
R

R
2.13

0.00
0.94

4.03
1.43

1.29
S
S
C

-O
M

P
16.93

13.28
0.72

27.61
23.7

9
1.23

T
S
C

18.44
16.92

0.19
28.58

29.6
7

0.51
N

S
N

+
S
p

ec
3.62

0.00
0.08

8.28
2.76

0.17
S
C

C
2.53

0.03
0.45

6.40
1.46

0.76
S
G

C
3.50

0.41
0.54

9.08
5.05

0.89
T

etris
1.31

0.02
0.50

5.71
1.19

0.90

T
a
b
le

1
:

M
ea

n
an

d
m

ed
ian

of
clu

sterin
g

error
an

d
com

p
u
tation

al
tim

e
for

d
iff

eren
t

su
b
sp

ace
clu

sterin
g

algorith
m

s
on

H
op

k
in

s
1
55

d
atab

ase.

m
otio

n
seg

m
en

tation
.

F
or

ex
istin

g
ap

p
roach

es,
th

e
p
aram

eters
sp

ecifi
ed

in
P

ark
et

al.
(2

0
1
4
)

h
ave

b
een

u
sed

,
an

d
for

T
etris

an
d

S
G

C
,

w
e

u
se

th
e

p
aram

eters
for

S
C

C
.

T
T

M
w

ith
u
n
ifo

rm
sa

m
p
lin

g
is

n
ot

con
sid

ered
d
u
e

to
its

h
igh

er
error

rate.
T

ab
le

1
rep

orts
th

e
m

ean
a
n
d

m
ed

ia
n

o
f

th
e

p
ercen

tage
errors

in
cu

rred
b
y

d
iff

eren
t

algorith
m

s,
w

h
ere

th
ese

statistics
a
re

co
m

p
u
ted

over
all

2-m
otion

an
d

3-m
otion

seq
u
en

ces.
In

ord
er

to
rem

ove
th

e
eff

ect
of

ra
n
d
o
m

isatio
n

d
u
e

to
sam

p
lin

g
(for

S
C

C
,
S
G

C
,
T

etris)
or

in
itia

lisation
(for

k
-m

ean
s,
k
-fl

ats,
N

S
N

),
w

e
avera

ge
th

e
resu

lts
over

20
in

d
ep

en
d
en

t
trials.

T
h
e

average
com

p
u
tation

al
tim

e
(in

seco
n
d
s)

o
f

each
algorith

m
for

each
v
id

eo
is

also
rep

orted
. 1

1

T
a
b
le

1
sh

ow
s

th
at

T
etris

p
erform

s
q
u
ite

w
ell

in
com

p
arison

w
ith

state
o
f

th
e

art
su

b
-

sp
a
ce

clu
sterin

g
algorith

m
s.

In
p
articu

la
r,

T
etris

ach
iev

es
least

m
ean

error
for

th
e

tw
o

m
otio

n
p
ro

b
lem

.
T

h
e

com
p
u
tation

al
tim

e
for

T
etris

is
also

m
u
ch

sm
aller

th
a
n

oth
er

accu
-

ra
te

m
eth

o
d
s

like
S
S
C

an
d

L
R

R
.

T
h
e

m
ean

error
ach

iev
ed

b
y

T
etris

is
also

sm
aller

th
an

S
C

C
in

eith
er

cases.
W

e
n
ote

h
ere

th
at

th
e

b
est

k
n
ow

n
resu

lts
for

H
op

k
in

s
15

5
d
ata

b
ase

is
a
ch

ieved
b
y

th
e

algorith
m

in
J
u
n
g

et
al.

(2014),
w

h
ich

u
ses

tech
n
iq

u
es

b
ased

on
ep

i-
p

o
la

r
g
eo

m
etry,

an
d

h
en

ce,
it

is
n
ot

a
su

b
sp

ace
clu

sterin
g

algorith
m

.
S
m

a
ller

errors
h
av

e
a
lso

b
een

rep
o
rted

in
th

e
literatu

re
w

h
en

on
e

con
stru

ct
larger

ten
sors,

m
=

8
(J

ain
an

d
G

ov
in

d
u
,
2
0
13

),
or

u
ses

m
an

u
al

tu
n
in

g
of

h
y
p

er-p
aram
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p
u
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con
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p
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atab

ases.
W

e
form
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p
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b
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p
artition

th
at

m
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m
ax

im
isation

p
rob

lem
.

W
e

p
rop

osed
a

ten
sor

sp
ectral
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p
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d
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b
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e

p
ossib

ility
of

w
eigh

ted
ed

ges.
A

ccou
n
tin

g
for

th
ese

factors
m

akes
th

e
m

o
d
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con
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p
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b
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d
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p
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b
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e
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p
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p
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ab
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p
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d
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p
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p
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d
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con
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p
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p
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rem
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p
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p
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b
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e
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con
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d
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p
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.
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h
d
as

ti
d
ar

an
d

D
u
k
k
ip

at
i

(2
01

7)
,

w
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b
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h
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h
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p
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p
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−
A

)D
−

1
/
2‖

2
h
old

s
w

ith
p
rob

ab
ility

(1
−
o(1))

even
w

ith
resp

ect
to

jo
in

t
p
ro

b
a
b
ility

m
easu

re.
S
im

ilar
resu

lt
also

h
old

s
for

(41).
S
u
b
seq

u
en

tly,
w

e
follow

th
e

a
rg

u
m

en
ts

lead
in

g
to

(37)
to

con
clu

d
e

th
at

‖L̂
−
L‖

2 ≤
m

ax
1≤
i≤
n ∣∣∣∣∣ D̂

ii

D
ii −

1 ∣∣∣∣∣ (
2

+
m

ax
1≤
i≤
n ∣∣∣∣∣ D̂

ii

D
ii −

1 ∣∣∣∣∣ )
+
‖
D
−

1
/
2(Â
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d
gr
ap

h
of

si
ze
N

fr
om

in
co
m
pl
et
e
in
fo
rm

at
io
n
on

it
s
se
t
of

ed
ge
s
(f
or

in
st
an

ce
,
on

e
kn

ow
s
th
at

th
e
ta
rg
et

gr
ap

h
ha

s
no

se
lf-
lo
op

s)
an

d
an

es
ti
m
at
io
n
of

th
e
ei
ge
ns
pa

ce
s
of

it
s
ad

ja
ce
nc
y
m
at
ri
x
W
.
T
hi
s
si
tu
at
io
n

de
pi
ct
s
an

y
m
od

el
w
he
re

on
e
kn

ow
s
in

ad
va
nc
e
a
lin

ea
r
op

er
at
or

K
th
at

co
m
m
ut
es

w
it
h
W
.

Fo
r
in
st
an

ce
,
se
ve
ra
l
au

th
or
s
(E

sp
in
as
se

et
al
.,

20
14
;
G
ir
au

lt
,
20
15
;
P
er
ra
ud

in
an

d
V
an

-
de
rg
he
yn

st
,
20
16
;
M
ar
qu

es
et

al
.,
20
16
)
ha

ve
in
tr
od

uc
ed

a
de
fin

it
io
n
of

st
at
io
na

ri
ty

fo
r
si
gn

al
pr
oc
es
si
ng

on
gr
ap

hs
.
In

th
e
G
au

ss
ia
n
fr
am

ew
or
k,

th
ey

ha
ve

sh
ow

n
th
at

th
is

de
fin

it
io
n
im

pl
ie
s

th
at

th
e
co
va
ri
an

ce
op

er
at
or

K
is
jo
in
tl
y
di
ag
on

al
iz
ab

le
w
it
h
th
e
La

pl
ac
ia
n
(P

er
ra
ud

in
an

d
V
an

-
de
rg
he
yn

st
,
20
16
)
or

so
m
e
w
ei
gh

te
d
sy
m
m
et
ri
c
ad

ja
ce
nc
y
m
at
ri
x
W

su
pp

or
te
d
on

th
e
gr
ap

h
(E

sp
in
as
se

et
al
.,
20
14
;M

ar
qu

es
et

al
.,
20
16
).

A
no

th
er

fr
am

ew
or
k
ad

ap
te
d
to

ou
r
m
et
ho

do
lo
gy

co
nc
er
ns

ti
m
e-
va
ry
in
g
M
ar
ko
v
pr
oc
es
se
s,

w
hi
ch

ar
e
us
ed

to
m
od

el
nu

m
er
ou

s
ph

en
om

en
a
su
ch

as
ch
em

ic
al

re
ac
ti
on

s
(A

nd
er
so
n
an

d
K
ur
tz
,

20
11
)
or

w
ai
ti
ng

lin
es

in
qu

eu
in
g
th
eo
ry

(G
av
er

Jr
,
19
59
),

se
e
al
so

P
it
te
ng

er
(1
98
2)
;
M
ac
R
ae

(1
97
7)
;B

ar
so
tt
ie

t
al
.(
20
14
).

In
so
m
e
ca
se
s,
on

e
m
ay

ob
se
rv
e
at

ra
nd

om
ti
m
es

a
M
ar
ko
v
ch
ai
n

w
it
h
tr
an

si
ti
on

m
at
ri
x
P
.
T
he

tr
an

si
ti
on

m
at
ri
x
Q

of
th
e
re
su
lt
in
g
M
ar
ko
v
ch
ai
n
ca
n
be

sh
ow

n

c ©
20

17
Y
oh

an
n

D
e

C
as

tr
o,

T
hi

ba
ul

t
E
sp

in
as

se
,
an

d
P
au

l
R

oc
he

t.

L
ic

en
se

:
C

C
-B

Y
4.

0,
se

e
ht

tp
s:

//
cr

ea
ti

ve
co

mm
on

s.
or

g/
li

ce
ns

es
/b

y/
4.

0/
.

A
tt

ri
bu

ti
on

re
qu

ir
em

en
ts

ar
e

pr
ov

id
ed

at
ht

tp
:/

/j
ml

r.
or

g/
pa

pe
rs

/v
18

/1
6-

14
6.

ht
ml

.
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Y
o
h
a
n
n

D
e

C
a
st

ro
,
T

h
ib

au
lt

E
sp

in
a
ss

e
a
n
d

P
au

l
R

o
c
h
et

to
be

a
fu
nc
ti
on

of
P
.
T
hu

s,
th
e
tr
an

si
ti
on

s
on

th
e
or
ig
in
al

pr
oc
es
s
ca
n
be

re
co
ve
re
d
fr
om

an
es
ti
m
at
io
n
of

Q
gi
ve
n
th
at

P
an

d
Q

co
m
m
ut
e.

Se
ve
ra
lm

od
el
s
ar
e
pr
es
en
te
d
in

Se
ct
io
n
3
w
hi
le

th
e
ge
ne
ra
lm

od
el

is
gi
ve
n
in

Se
ct
io
n
2.
1.

Se
ct
io
n
2.
2
is

co
nc

er
ne
d
w
it
h
id
en
ti
fia

bi
lit
y
is
su
es
,i
.e
.,
th
e
ca
pa

ci
ty

to
so
lv
e
su
ch

pr
ob

le
m
s.

W
e
ex
hi
bi
t
su
ffi
ci
en
t
an

d
ne
ce
ss
ar
y
co
nd

it
io
ns

on
th
e
ab

ili
ty

to
re
co
ns
tr
uc
t
an

un
di
re
ct
ed

gr
ap

h
w
it
h
no

se
lf-
lo
op

s
fr
om

th
e
kn

ow
le
dg

e
of

th
e
ei
ge
ns
pa

ce
s
of

W
.
T
he
se

co
nd

it
io
ns

al
lo
w

us
to

de
ri
ve

a
sh
ar
p
ph

as
e
tr
an

si
ti
on

on
id
en
ti
fia

bi
lit
y
in

th
e
E
rd
ős
-R

én
yi

m
od

el
.

In
Se
ct
io
n
4.
1,

w
e
in
tr
od

uc
e
an

d
th
eo
re
ti
ca
lly

as
se
rt

ne
w

es
ti
m
at
io
n
sc
he

m
es

ba
se
d
on

th
e

Fr
ob

en
iu
s
no

rm
of

th
e
co
m
m
ut
at
or

A
B
−

B
A

be
tw

ee
n

sy
m
m
et
ri
c
m
at
ri
ce
s
A

an
d

B
.

M
or
e

pr
ec
is
el
y,

w
e
as
su
m
e
th
at

w
e
ha

ve
ac
ce
ss

to
an

es
ti
m
at
io
n
K̂

of
K

an
d
w
e
co
ns
id
er

th
e
em

pi
ri
ca
l

co
nt
ra
st

gi
ve
n
by

th
e
co
m
m
ut
at
or
,n

am
el
y
A
7→
‖K̂

A
−

A
K̂
‖,

w
he
re
‖·
‖
de
no

te
s
th
e
Fr
ob

en
iu
s

no
rm

.
U
si
ng

ba
ck
w
ar
d-
ty
pe

pr
oc
ed
ur
es

ba
se
d
on

th
is

em
pi
ri
ca
lc

on
tr
as
t,

w
e
bu

ild
in

Se
ct
io
n
4

an
es
ti
m
at
or

of
th
e
gr
ap

h
st
ru
ct
ur
e,
i.e

.,
it
s
se
t
of

ed
ge
s
S
?
re
fe
rr
ed

to
as

th
e
su
pp

or
t.

N
um

er
ic
al

ex
pe

ri
m
en
ts

on
si
m
ul
at
ed

da
ta

(S
ec
ti
on

5)
an

d
ac
tu
al

da
ta

(S
ec
ti
on

6)
as
se
ss

th
e
pe

rf
or
m
an

ce
s

of
ou

r
ne
w

es
ti
m
at
io
n
m
et
ho

d.
A

di
sc
us
si
on

an
d
re
la
te
d
qu

es
ti
on

s
ar
e
pr
es
en
te
d
in

Se
ct
io
n
7.

R
el
at
ed

to
pi
cs

en
co
m
pa

ss
sp
ec
tr
al
,l
ea
st
-s
qu

ar
es

an
d
m
om

en
t
m
et
ho

ds
fo
r
gr
ap

h
re
co
ns
tr
uc
-

ti
on

(V
er
ze
le
n

et
al
.,

20
15
;
G
ué
do

n
an

d
V
er
sh
yn

in
,
20
15
;
K
lo
pp

et
al
.,

20
17
;
B
ub

ec
k
et

al
.,

20
16
),

G
ra
ph

ic
al

M
od

el
s
(V

er
ze
le
n,

20
08
;
G
ir
au

d
et

al
.,

20
12
),

or
V
ec
to
ri
al

A
ut
oR

eg
re
ss
iv
e

pr
oc
es
s
(H

yv
är
in
en

et
al
.,

20
10
).

In
th
e
sp
ec
ifi
c
ca
se
s
of

O
rn
st
ei
n-
U
hl
en
be

ck
pr
oc
es
se
s
an

d
no

n-
lin

ea
r
di
ffu

si
on

s,
th
e
in
te
re
st
in
g
pa

pe
rs

B
en
to

et
al
.(

20
10
)
an

d
B
en
to

an
d
Ib
ra
hi
m
i(

20
14
)

ta
ck
le

a
re
la
te
d
pr
ob

le
m

w
hi
ch

is
to

es
ti
m
at
e
W

al
on

g
a
tr
aj
ec
to
ry
,
se
e
Se
ct
io
n
3.
6
fo
r
fu
rt
he
r

de
ta
ils
.
N
ot
e
th
at

th
e
fr
am

ew
or
k
of

th
e
pr
es
en
t
pa

pe
r
ad

dr
es
se
s
pr
oc
es
se
s
ob

se
rv
ed

at
ra
nd

om
ti
m
es
—
w
it
h
po

ss
ib
ly

un
kn

ow
n
di
st
ri
bu

ti
on

—
w
hi
ch

ar
e
no

t
co
ve
re
d
by

B
en
to

et
al
.
(2
01
0)

an
d

B
en
to

an
d
Ib
ra
hi
m
i(
20
14
).

2.
M
od

el
an

d
Id
en
ti
fi
ab

il
it
y

2.
1

T
h
e
M
od

el

C
on

si
de
r
a
sy
m
m
et
ri
c
m
at
ri
x

W
∈

R
N
×
N
,
vi
ew

ed
as

th
e
w
ei
gh

te
d

ad
ja
ce
nc
y

m
at
ri
x

of
an

un
di
re
ct
ed

gr
ap

h
w
it
h
N

ve
rt
ic
es
.
W
e
in
ve
st
ig
at
e
th
e
ei
ge
ns
pa

ce
s
of

W
in

a
si
tu
at
io
n
w
he
re

w
e

ha
ve

no
di
re
ct

in
fo
rm

at
io
n
on

th
e
sp
ec
tr
um

of
th
e
gr
ap

h.
D
ep
ic
ti
ng

th
is

si
tu
at
io
n,

w
e
as
su
m
e

th
at

th
e
in
fo
rm

at
io
n
on

th
e
ta
rg
et

W
st
em

s
fr
om

an
un

kn
ow

n
tr
an

sf
or
m
at
io
n
K

=
f

(W
)
∈
R
N
×
N

or
,i
n
m
or
e
re
al
is
ti
c
sc
en
ar
io
s,
fr
om

a
pe

rt
ur
be

d
ve
rs
io
n
K̂
of

K
.
P
re
ci
se
ly
,l
et
f

:
x
7→
∑
∞ n=

0
a
n
x
n

be
an

in
je
ct
iv
e
fu
nc
ti
on

,a
na

ly
ti
ca
lo

n
th
e
sp
ec
tr
um

of
W
,t
he

m
at
ri
x
K

is
gi
ve
n
by

K
=
f

(W
)

:=

∞ ∑ n
=

0

a
n
W
n
.

(1
)

In
th
is
se
tt
in
g,

th
e
tr
an

sf
or
m
at
io
n
K

=
f

(W
)
pr
es
er
ve
s
th
e
ei
ge
ns
pa

ce
s.

In
pa

rt
ic
ul
ar
,W

an
d
K

co
m
m
ut
e,

i.e
.,
W
K

=
K
W
,s

in
ce

th
ey

sh
ar
e
th
e
sa
m
e
ei
ge
ns
pa

ce
s.

O
ur

go
al

is
to

re
co
ns
tr
uc
t
W

fr
om

a
pe

rt
ur
be

d
ob

se
rv
at
io
n
of

it
s
ei
ge
ns
pa

ce
s,
pr
ov

id
ed

by
an

es
ti
m
at
or

K̂
of

K
.
T
he

ke
y
po

in
t
is

th
en

to
us
e
ex
tr
a
in
fo
rm

at
io
n
gi
ve
n
by

th
e
lo
ca
ti
on

of
so
m
e

ze
ro

en
tr
ie
s
of

W
.
H
en
ce
,w

e
as
su
m
e
th
at

on
e
kn

ow
s
in

ad
va
nc
e
a
se
t
F
⊂

[1
,N

]2
of

“f
or
bi
dd

en
”

en
tr
ie
s
su
ch

th
at

∀(
i,
j)
∈
F
,

W
ij

=
0

(H
F
)

E
qu

iv
al
en
tl
y,

th
e
se
t
F

is
di
sj
oi
nt

fr
om

th
e
se
t
of

ed
ge
s
of

th
e
ta
rg
et

gr
ap

h.
T
hr
ou

gh
ou

t
th
is

pa
pe

r,
a
sp
ec
ia
l
in
te
re
st

is
gi
ve
n
to

th
e
ca
se
F

=
F

d
ia

g
:=
{(
i,
i)

:
1
≤
i
≤
N
}
co
nv

ey
in
g
th
at

th
er
e
ar
e
no

se
lf-
lo
op

s
in

W
.
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R
ec

o
n
st

ru
c
t
in

g
G

r
a
ph

s
fro

m
E
ig

en
spac

es

2.2
Id
entifi

ab
ility

For
S
⊆

[1
,N

] 2,denote
by
E

(S
)
the

set
ofsym

m
etric

m
atrices

A
w
hose

support
is
included

in
S
,

w
hich

w
e
w
rite

S
u
p
p
(A

)⊆
S
.
G
iven

the
set

F
offorbidden

entries
defined

via
(H

F ),the
m
atrix

of
interest

W
is

sought
in

the
setE

( F
)
w
ith

F
the

com
plem

ent
of
F
.
In

som
e
cases,

typically
for

F
suffi

ciently
large,m

ost
m
atrices

W
∈
E

(F
)
are

uniquely
determ

ined
by

their
eigenspaces.

For
those

W
∈
E

( F
),there

is
no

m
atrix

A
∈
E

(F
)
non

collinear
w
ith

W
that

com
m
utes

w
ith

W
.

T
his

property
is

encapsulated
by

the
notion

of
F
-identifiability

as
follow

s.

D
efi

n
ition

1
(F

-id
entifi

ab
ility)

W
e
say

that
a
sym

m
etric

m
atrix

W
is
F
-identifiable

if,
and

only
if,

the
only

solutions
A

w
ith

S
u
p
p
(A

)
⊆
F

to
A
W

=
W
A

are
of

the
form

A
=
tW

for
som

e
t∈

R
.
E
quivalently,

{
A
∈
R
N
×
N

:
A

=
A
>
,
A
W

=
W
A

an
d

S
u
p
p
(A

)⊆
F
}

=
{
tW

:
t∈

R }
(2)

A
m
atrix

W
is
F
-identifiable

if
the

set
of

sym
m
etric

m
atrices

w
ith

the
sam

e
eigenvectors

as
W

and
w
hose

support
is

included
in
F

is
the

line
spanned

by
W
.

R
em

ark
2

T
he

dim
ension

of
the

com
m
utant,

defined
by

C
o
m

(W
)

:=
{
A
∈
R
N
×
N

:
A

=
A
>
,
A
W

=
W
A }

,

is
entirely

determ
ined

by
the

m
ultiplicity

of
the

eigenvalues
of

W
.

Indeed,
letting

λ
1 ,...,λ

s

denote
the

different
eigenvalues

of
W

and
`
1 ,...,`

s
their

m
ultiplicities,

one
can

show
that

N
≤

d
im
(C

om
(W

) )
=

s
∑j
=

1

`
j (`

j
+

1
)

2
≤
N

(N
+

1
)

2
.

N
ow

,the
F
-identifiability

of
W

can
be

stated
equivalently

as
d
im
(C

om
(W

)∩E
(F

) )
=

1,observing
that

the
left

hand
side

of
(2)

is
exactly

C
o
m

(W
)∩
E

(F
).

U
sing

a
sim

ple
inclusion/exclusion

form
ula,

one
can

check
that

the
condition

|F
|≥

d
im
(C

om
(W

) )−
1

is
necessary

for
the

F
-identifiability,

w
here

|F
|
denotes

the
cardinality

of
F
.
In

particular,
a

m
atrix

W
w
ith

repeated
eigenvalues

requires
a
large

set
F

offorbidden
entries

to
be
F
-identifiable.

P
rop

osition
3
(L
em

m
a
2.1

in
B
arsotti

et
al.

(2014))
Let

S
⊆
F
,the

setof
F
-identifiable

m
atrices

in
E

(S
)
is

either
em

pty
or

a
dense

open
subset

ofE
(S

).

T
his

proposition
conveys

that
the

F
-identifiability

ofa
m
atrix

W
is
essentially

a
condition

on
its

support
S
.
T
he

proofuses
the

fact
that

non
F
-identifiable

m
atrices

in
E

(S
)
can

be
expressed

as
the

zeros
of

a
particular

analytic
function,w

e
refer

to
B
arsottiet

al.(2014)
for

further
details.

B
y
abuse

of
notation,

w
e
say

that
a
support

S
⊆
F

is
F
-identifiable

if
alm

ost
every

m
atrix

in
E

(S
)
is
F
-identifiable.

C
haracterizing

the
F
-identifiability

appears
to

be
a
challenging

issue
since

it
can

be
view

ed
as

understanding
the

eigen-structure
ofgraphs

through
their

com
m
on

support.
T
he

specialcase
of

the
diagonal

F
d
ia

g
as

the
set

offorbidden
entries

turns
out

to
be

particularly
interesting.

Indeed,
the

F
d
ia

g -identifiability,or
diagonalidentifiability,can

be
reasonably

assum
ed

in
m
any

practical
situations

since
it
entails

that
W

lives
on

a
sim

ple
graph,w

ith
no

self-loops.
In

T
heorem

16
(see

A
ppendix

A
.1),w

e
introduce

necessary
and

suffi
cient

conditions
on

the
target

support
S
u
p
p
(W

)
for

diagonal
identifiability.

D
efining

the
kite

graph
∇
N

of
size

N
≥

3
as

the
graph

(V
,E

)
w
ith

vertices
V

=
[1,N

]
and

edges
E

=
{(k

,k
+

1),
1
≤
k
≤
N
−

1}∪
{
(N
−

2
,N

)}
(see

F
igure

1),
one

sim
ple

suffi
cient

condition
on

diagonal
identifiability

reads
as

follow
s—

a
proof

in
given

in
Section

A
.2.
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Y
o
h
a
n
n

D
e

C
a
st

ro
,
T

h
ibau

lt
E
spin
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P
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P
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4

If
the

graph
G

=
([1
,N

],S
)
contains

the
kite

graph
∇
N

as
a
subgraph,

then
S

is
diagonally

identifiable.

1
2

3
N
-3

N
-2

N
-1

N

.....

F
igure

1:
T
he

kite
graph

∇
N

on
N

vertices.

D
enote

G
(N
,p

)
the

E
rdős-R

ényi
m
odel

on
graphs

of
size

N
w
here

the
edges

are
draw

n
inde-

pendently
w
ith

respect
to

the
B
ernoullilaw

of
param

eter
p.

U
sing

T
heorem

16,
one

can
prove

that
log

N
/N

is
a
sharp

threshold
for

diagonal
identifiability

in
the

E
rdős-R

ényi
m
odel

(see
Section

A
.4).

T
his

can
be

stated
as

follow
s.

T
h
eorem

5
D
iagonal

identifiability
in

the
E
rdős-R

ényi
m
odel

occurs
w
ith

a
sharp

phase
tran-

sition
w
ith

threshold
function

lo
g
N
/N

:
for

any
ε
>

0,
it
holds

•
If
p
N
≥

(1
+
ε)lo

g
N
/N

and
G
N
∼

G
(N
,p
N

)
then

the
probability

that
S
u
p
p
(G

N
)
is

diagonally
identifiable

tends
to

1
as
N

goes
to

infinity.

•
If
p
N
≤

(1
−
ε)log

N
/N

and
G
N
∼

G
(N
,p
N

)
then

the
probability

that
S
u
p
p
(G

N
)
is

diagonally
identifiable

tends
to

0
as
N

goes
to

infinity.

In
practice,

one
m
ay

expect
that

any
target

graph
of

size
N

w
ith

no
self-loops

and
degree

bounded
from

below
by

log
N

is
diagonally

identifiable.
In

this
case,it

m
ight

be
recovered

from
its

eigenspaces.
C
onversely,sm

alldegree
graphs

(i.e.,graphs
w
ith

som
e
vertices

ofdegree
m
uch

sm
aller

than
log

N
)
m
ay

not
be

identifiable.
In

this
case,there

is
no

hope
to

reconstruct
it
from

its
eigenspaces

since
there

exists
another

sm
alldegree

undirected
w
eighted

graph
w
ith

the
sam

e
eigenspaces.

3.
S
om

e
C
on

crete
M
od

els

3.1
M
arkov

ch
ain

s

W
e
begin

w
ith

an
exam

ple
treated

in
the

com
panion

papers
B
arsottiet

al.(2014,2016).
C
on-

sider
a
M
arkov

chain
(X

n
)
n∈

N
w
ith

finite
state

space
[1
,N

]
and

transition
m
atrix

P
∈

R
N
×
N
.

Let
(T
k )
k≥

1
be

a
sequence

of
random

tim
es

such
that

the
tim

e
gaps

τ
k

:=
T
k
+

1 −
T
k
are

i.i.d
random

variables
independent

of
(X

n
)
n∈

N .
O
ne

can
show

that
the

sequence
Y
k

=
X
T
k
is

also
a
M
arkov

chain
w
ith

transition
m
atrix

Q
=

E
[P
τ
1]

=
:
f

(P
)
w
here

f
is

the
generating

function
of
τ
k .

Indeed,this
follow

s
from

noticing
that

P
[Y
k
+

1
=
j|Y

k
=
i]

=
P

[X
T
k
+

1
=
j|X

T
k

=
i]

=
∑t≥

0 P
[X

T
k
+
t

=
j,τ

k
=
t|X

T
k

=
i]

=
∑t≥

0 P
[X

t
=
j|X

0
=
i]P

[τ
k

=
t]

=
∑t≥

0 P
[τ

1
=
t](P

t)
ij .

U
nder

regularity
conditions,

Q
=
f

(P
)
can

be
estim

ated
from

the
Y
k ’s

and
one

m
ay

recover
P

from
Q

w
ithout

any
inform

ation
on

the
distribution

of
the

tim
e
gaps

τ
k .

4
JM

L
R

 18(51):1-24, 2017



R
ec
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t
in

g
G

r
a
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s
fr

o
m

E
ig

en
sp

ac
es

3.
2

V
ec
to
ri
al

A
u
to
R
eg
re
ss
iv
e
p
ro
ce
ss

C
on

si
de
r
a
st
at
io
na

ry
V
ec
to
ri
al

A
ut
oR

eg
re
ss
iv
e
pr
oc
es
s
of

or
de
r
on

e
(X

n
) n
∈Z

ve
ri
fy
in
g

X
n

+
1

=
W
X
n

+
ε n
,

w
it
h
ε i

i.i
.d
.
ce
nt
er
ed

ra
nd

om
va
ri
ab

le
s.

D
efi
ne

as
ab

ov
e
Y
k

=
X
T
k
w
he
re

ag
ai
n
T
k
ar
e
ra
n-

do
m

ti
m
es

su
ch

th
at

th
e
ti
m
e
ga
ps

τ k
=
T
k
+

1
−
T
k
ar
e
i.i
.d
.
w
it
h
ge
ne
ra
ti
ng

fu
nc
ti
on

f
an

d
in
de
pe

nd
en
t
of

(X
n
) n
∈Z

.
T
he
n,

it
ho

ld
s

E[
Y
k
+

1
|Y
k
]

=
E[
E[
Y
k
+

1
|Y
k
,τ
k
]|Y

k
]

=

∞ ∑ j
=

0

W
j
Y
k
P(
τ k

=
j)

=
f

(W
)Y
k
,

w
hi
ch

al
lo
w
s
us

to
es
ti
m
at
e
K

=
f

(W
)
an

d
ul
ti
m
at
el
y
re
co
ve
r
W
.

3.
3

O
rn
st
ei
n
-U

h
le
nb

ec
k
p
ro
ce
ss

T
he

sa
m
e
pr
op

er
ty

ho
ld
s
fo
r
th
e
co
nt
in
uo

us
ti
m
e
ve
rs
io
n
of

th
is

pr
oc
es
s,

na
m
el
y
a
ve
ct
or
ia
l

O
rn
st
ei
n-
U
hl
en
be

ck
pr
oc
es
s
ob

se
rv
ed

at
ra
nd

om
ti
m
es

ve
ri
fy
in
g

d
X
t

=
W
X
t
d
t

+
d
B
t
.

In
th
is
ca
se
,o

ne
ca
n
ch
ec
k
th
at

th
e
ra
nd

om
pr
oc
es
s
Y
k

:=
X
T
k
w
he
re

th
e
T
k
’s
ar
e
ra
nd

om
ti
m
es

w
it
h
i.i
.d
.g

ap
s
τ k

=
T
k
+

1
−
T
k
sa
ti
sfi
es E[
Y
k
+

1
|Y
k
]

=
f

(W
)Y
k
,

fo
r
f
th
e
La

pl
ac
e
tr
an

sf
or
m

of
τ 1
,t
ha

t
is
,f

(W
)

=
E[

ex
p
(−
τ 1
W

)]
.
In
de
ed

,n
ot
e
th
at

∀t
,u
∈
R
,

E[
X
t+
u
|X

u
]

=
ex

p
(−
tW

)X
u

so
th
at E[
Y
k
+

1
|Y
k
]

=
E[
E[
X
T
k
+
τ
k
|X

T
k
,τ
k
]|X

T
k
]

=
E[

ex
p
(−
τ k
W

)X
T
k
|X

T
k
]

=
E[

ex
p
(−
τ k
W

)]
Y
k
,

by
in
de
pe

nd
en
ce

of
τ k

an
d
Y
k
−

1
.

3.
4

S
ea
so
n
al

V
A

R
st
ru
ct
u
re

C
on

si
de
r
a
se
as
on

al
V

A
R

st
ru
ct
ur
e:

le
t
T

be
a
po

si
ti
ve

in
te
ge
r,

(u
k
) k
∈Z
,(
v k

) k
∈Z

pe
ri
od

ic
se
-

qu
en
ce
s
of

pe
ri
od

T
an

d

∀k
∈
Z
,

Y
k
+

1
=
u
k
Y
k

+
v k
W
Y
k

+
ε k
,

w
he
re
ε k

ar
e
in
de

pe
nd

en
t
an

d
ce
nt
er
ed

ra
nd

om
va
ri
ab

le
s.

W
e
m
ay

ob
se
rv
e
th
e
m
od

el
on

ly
at

ti
m
e
ga
p
in
te
rv
al
s
T

w
it
h
so
m
e
er
ro
r,
i.e

.,
X
t

=
Y
tT

+
k
0

+
η t

w
it
h
η t

ce
nt
er
ed

an
d
in
de
pe

nd
en
t

ra
nd

om
va
ri
ab

le
s.

T
hi
s
fa
lls

in
to

th
e
ge
ne
ra
lf
ra
m
e

E[
X
t
|X

t−
1
]

=
f

(W
)X

t−
1

w
h
er

e
f

(x
)

:=
T ∏ k
=

1

(u
k
−
v k
x

)
.

In
th
is

ca
se
,K

=
f

(W
)
ca
n
be

es
ti
m
at
ed

fr
om

th
e
ob

se
rv
at
io
ns
.
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D
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C
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,
T

h
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au
lt

E
sp

in
a
ss

e
a
n
d

P
au

l
R

o
c
h
et

3.
5

G
au

ss
ia
n
G
ra
p
h
ic
al

m
od

el
s

O
ur

m
od

el
is

re
la
te
d

to
G
au

ss
ia
n

G
ra
ph

ic
al

m
od

el
s
fo
r
w
hi
ch

an
ov
er
vi
ew

ca
n

be
fo
un

d
in

th
e
th
es
is

V
er
ze
le
n
(2
00
8)
.
T
he

re
ad

er
m
ay

al
so

co
ns
ul
t
th
e
pi
on

ee
ri
ng

pa
pe

r
Fr
ie
dm

an
et

al
.

(2
00
8)
.
O
ne

m
ay

co
ns
id
er

th
e
ta
rg
et

W
as

th
e
pr
ec
is
io
n
m
at
ri
x,

i.e
.,
th
e
in
ve
rs
e
of

th
e
co
va
ri
an

ce
m
at
ri
x
K
,h

av
in
g
so
m
e
no

n
ze
ro

en
tr
ie
s
de
sc
ri
be

d
by

a
gr
ap

h
of

de
pe

nd
en
ci
es
.
U
si
ng

f
(x

)
=
x
−

1
,

th
is

fa
lls

in
to

ou
r
se
tt
in
g,

tr
yi
ng

to
re
co
ve
r
th
e
“d
ep

en
de
nc
y”

gr
ap

h
gi
ve
n

by
th
e
pr
ec
is
io
n

m
at
ri
x
W

fr
om

th
e
es
ti
m
at
io
n
of

th
e
co
va
ri
an

ce
m
at
ri
x
K
.
O
f
co
ur
se
,
in

th
is

ca
se
,
it

is
be

tt
er

to
us
e
th
e
kn

ow
le
dg

e
of
f
,
w
hi
ch

ce
rt
ai
nl
y
im

pr
ov
es

es
ti
m
at
io
n.

N
ev
er
th
el
es
s,

ou
r
pr
oc
ed
ur
e

al
lo
w
s
us

to
es
ti
m
at
e
th
e
fu
nc
ti
on

f
an

d
he
ur
is
ti
ca
lly

va
lid

at
e
th
e
hy

po
th
es
is
f

(x
)

=
x
−

1
.

3.
6

S
p
at
ia
l
A
u
to
R
eg
re
ss
iv
e
G
au

ss
ia
n
fi
el
d
s

N
ot
e
th
at

G
au

ss
ia
n
A
ut
oR

eg
re
ss
iv
e
pr
oc
es
se
s
on

Z
ve
ri
fy

th
at

th
e
pr
ec
is
io
n
op

er
at
or

m
ay

be
w
ri
tt
en

as
a
po

ly
no

m
ia
lo

ft
he

ad
ja
ce
nc
y
op

er
at
or

of
Z.

O
ne

na
tu
ra
lw

ay
to

ex
te
nd

th
is
pr
op

er
ty

(s
ee

fo
r
in
st
an

ce
E
sp
in
as
se

et
al
.
(2
01
4)
)
is

to
de

fin
e
ce
nt
er
ed

G
au

ss
ia
n
A
ut
oR

eg
re
ss
iv
e
fie
ld
s

on
a
gr
ap

h
th
ro
ug

h
th
e
sa
m
e
re
la
ti
on

be
tw

ee
n
th
e
co
va
ri
an

ce
op

er
at
or

K
an

d
th
e
ad

ja
ce
nc
y

op
er
at
or

W
(o
r
th
e
di
sc
re
te

La
pl
ac
ia
n,

de
pe

nd
in
g
on

th
e
fr
am

ew
or
k)

:
K
−

1
=
P

(W
),

w
it
h
P

a
po

ly
no

m
ia
l
of

de
gr
ee
p
.
In

th
is

fr
am

ew
or
k,

G
ra
ph

ic
al

m
od

el
s
m
et
ho

ds
w
ill

in
fe
r
th
e
gr
ap

h
of

pa
th

of
le
ng

th
p
,
w
he
re
as

ou
r
m
et
ho

d
ai
m
s
at

re
co
ve
ri
ng

W
.

N
ot
e
th
at

th
is

fr
am

ew
or
k

ex
te
nd

s
to

A
R
M
A

sp
at
ia
lfi

el
ds

w
he

re
K

w
ri
te
s
as

a
ra
ti
on

al
fr
ac
ti
on

of
W
,a

nd
th
e
pr
op

er
ty

of
co
m
m
ut
at
iv
it
y
be

tw
ee
n
W

an
d
K

st
ill

ho
ld
s.

In
th
e
pr
ev
io
us

ca
se
s,
w
e
as
su
m
ed

th
at

w
e
ca
n
no

t
es
ti
m
at
e
di
re
ct
ly

W
.
Fo

r
sp
at
io
-t
em

po
ra
l

pr
oc
es
se
s,

th
is

m
ea
ns

th
at

w
e
do

no
t
ha

ve
ac
ce
ss

to
a
fu
ll
tr
aj
ec
to
ry
.
It

m
ay

be
th
e
ca
se

w
he
n

th
e
sa
m
pl
e
is
dr
aw

n
at

ra
nd

om
ti
m
es
,o

r
w
he
n
w
e
sa
m
pl
e
w
it
h
re
sp
ec
t
to

th
e
st
at
io
na

ry
m
ea
su
re

of
th
e
pr
oc
es
s—

fo
r
in
st
an

ce
w
he
n
ob

se
rv
at
io
n
ti
m
es

ar
e
a
lo
t
la
rg
er

th
an

th
e
ty
pi
ca
l
ev
ol
ut
io
n

ti
m
e’
s
sc
al
e
of

th
e
pr
oc
es
s.

If
th
e
w
ho

le
tr
aj
ec
to
ry

is
av
ai
la
bl
e,

it
is

be
tt
er

to
us
e
th
is

ex
tr
a

in
fo
rm

at
io
n,

se
e
fo
r
in
st
an

ce
B
en
to

et
al
.(
20
10
)
fo
r
th
e
O
rn
st
ei
n-
U
hl
en
be

ck
ca
se

an
d
B
en
to

an
d

Ib
ra
hi
m
i(
20
14
)
fo
r
th
e
no

n-
lin

ea
r
di
ffu

si
on

ca
se
.

4.
E
st
im

at
in
g
th
e
S
u
p
p
or
t

4.
1

E
m
p
ir
ic
al

C
on

tr
as
t:

th
e
C
om

m
u
ta
to
r

T
he

m
et
ho

do
lo
gy

pr
es
en
te
d
in

th
e
pa

pe
r
re
lie
s
on

th
e
fa
ct

th
at

th
e
ta
rg
et

m
at
ri
x
W

co
m
m
ut
es

w
it
h
th
e
m
at
ri
x
K
,
in

vi
ew

of
K

:=
f

(W
),

as
de
fin

ed
in

E
q.

(1
).

B
ec
au

se
W

is
sy
m
m
et
ri
c,

it
ha

s
re
al

ei
ge
nv
al
ue
s
λ

1
,.
..
,λ
N

(h
er
e
lis
te
d
w
it
h
re
pe

ti
ti
on

s,
if
an

y)
an

d
is

di
ag
on

al
iz
ab

le
in

an
or
th
og
on

al
ba

si
s.

T
ha

t
is
,l
et
ti
ng

Λ
de
no

te
th
e
di
ag
on

al
m
at
ri
x
w
it
h
di
ag
on

al
en
tr
ie
s
λ
k
,t

he
re

ex
is
ts

an
or
th
og
on

al
m
at
ri
x
U

su
ch

th
at

W
=

U
Λ
U
>
.
W

it
h
th
is

no
ta
ti
on

,
on

e
ve
ri
fie
s
ea
si
ly

fr
om

E
q.

(1
)
th
at

K
=

U
D
U
>
,
w
he

re
D

:=
f

(Λ
)
is

th
e
di
ag
on

al
m
at
ri
x
w
it
h
di
ag
on

al
en
tr
ie
s

f
(λ
i)
,i

=
1,
..
.,
N
.
Si
nc
e
f
is
as
su
m
ed

on
e-
to
-o
ne

on
th
e
sp
ec
tr
um

of
W
,t
he

m
at
ri
ce
s
W

an
d
K

sh
ar
e
th
e
sa
m
e
ei
ge
ns
pa

ce
s
as
so
ci
at
ed

to
λ
k
an

d
f

(λ
k
)
re
sp
ec
ti
ve
ly

:

{v
∈
R
N

:
W
v

=
λ
k
v
}

=
{v
∈
R
N

:
K
v

=
f

(λ
k
)v
},

fo
r
al
l
λ
k
.
M
or
eo
ve
r,

th
e
di
m
en
si
on

of
ea
ch

ei
ge
ns
pa

ce
is

eq
ua

l
to

th
e
m
ul
ti
pl
ic
it
y
of

th
e
co
r-

re
sp
on

di
ng

ei
ge
nv

al
ue

λ
k
in

th
e
sp
ec
tr
um

of
W
.
A
dd

it
io
na

lly
,w

he
n
F
-id

en
ti
fia

bi
lit
y
ho

ld
s,

th
e

on
ly

so
lu
ti
on

s
A

w
it
h

S
u
p
p
(A

)
⊆
F

to
A
K

=
K
A

ar
e
of

th
e
fo
rm

A
=
tW

fo
r
so
m
e
t
∈
R
.

R
em

ar
k
6
(M

at
ri
x
p
er
tu
rb
at
io
n
th
eo
ry
)
In

pr
ac
ti
ce
,
w
e
do

no
t
ob
se
rv
e
K

bu
t
an

es
ti
m
a-

ti
on

K̂
(w

hi
ch

w
e
as
su
m
e
sy
m
m
et
ri
c)

w
it
h
pe
rt
ur
be
d
ei
ge
n-
de
co
m
po
si
ti
on

K̂
=

Û
D̂
Û
>
.

N
ev
-

er
th
el
es
s,

by
co
nt
in
ui
ty

of
th
e
ei
ge
n-
de
co
m
po
si
ti
on

,
w
e
kn

ow
th
at

K̂
be
in
g
cl
os
e
to

K
im

pl
ie
s
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sim
ultaneously

the
proxim

ity
of

their
eigenvalues

and
eigenspaces

(see
for

instance
M
irsky’s

in-
equality

(Stew
art

and
Sun,

1990,
C
orollary

4.12)
and

W
edin’s

sin
(θ)

theorem
(Stew

art
and

Sun,
1990,

P
.
260)

for
the

details).
T
hus,

if
w
e
consider

A
such

that
A
K̂

=
K̂
A
,
then

A
has

the
sam

e
eigenspaces

as
K̂

w
hich

in
turns,

are
expected

to
be

close
to

the
eigenspaces

of
W
.

G
iven

an
estim

ator
K̂

of
K
,rem

ark
that

W
verifies

‖W
K̂
−
K̂
W
‖

‖W
‖

=
‖W

(K̂
−

K
)−

(K̂
−
K

)W
‖

‖W
‖

≤
2‖K̂
−

K‖
.

(3)

H
ence,in

view
of(3)and

the
discussion

above,w
e
aim

to
estim

ate
W

by
m
inim

izing
the

follow
ing

cost
function

A
7→
‖A

K̂
−

K̂
A‖

‖A‖
,

A
∈
E

(F
)\{

0}.

T
his

em
pirical

criterion
w
as

first
used

in
B
arsotti

et
al.

(2014),
in

a
M
arkov

C
hain

context,
to

reflect
that

W
is

expected
to

nearly
com

m
ute

w
ith

K̂
.

4.2
T
h
e
`
0 -ap

p
roach

G
iven

an
estim

ator
K̂

of
K

build
from

a
sam

ple
of

size
n

and
a
set

of
forbidden

entries
F

reflecting
(H

F ),w
e
constructan

estim
ator

Ŝ
ofthe

targetsupport
S
?

:=
S
u
p
p
(W

)as
a
m
inim

izer
of

the
criterion

Q
given

by

∀
S
⊆
F
,

Q
(S

)
:=

m
in

A∈E
(S

)\{
0} ‖A

K̂
−

K̂
A‖

‖A‖
+
λ
n |S|,

for
som

e
tuning

param
eter

λ
n
>

0
and

defining
the

m
inim

um
of

an
em

pty
set

as
∞

.
R
ecall

thatE
(S

)
is
the

set
ofsym

m
etric

m
atrices

A
such

that
S
u
p
p
(A

)⊆
S
.
O
ur

estim
ator

ofthe
true

support
S
?
is

defined
as

Ŝ
∈

arg
m

in
S⊆

F
Q

(S
)

Furtherm
ore,w

e
assum

e
that

the
estim

ator
K̂

converges
tow

ard
K

in
probability

w
ith

∀
t
>

0
,

P {‖K̂
−

K‖
≥
t }
≤
R
n
(t),

(H
2 )

w
here

R
n
,n
∈
N

is
a
sequence

ofnon-increasing
functions

that
converge

pointw
ise

tow
ard

0
as
n

goes
to
∞

.

T
h
eorem

7
A
ssum

e
that

(H
2 )

and
(H

F )
hold.

If
W

is
F
-identifiable,

then

P {
Ŝ
6=
S
? }
≤
R
n (
c
0 (S

?)−
λ
n |S

?|
4

)
+
R
n (
λ
n2

)
,

w
here

c
0 (S

?)
:=

m
in

S6=
S

?

|S|≤
|S

?|

m
in

A∈E
(S

) ‖A
K
−

K
A‖

‖A‖
>

0
.

(4)

A
proof

of
T
heorem

7
is

given
in

Section
B
.1.

C
orollary

8
U
nder

the
assum

ptions
of

T
heorem

7,
if

λ
n
→

0
an

d
∑n∈

N
R
n (
λ
n2

)
<

+
∞
,

then
Ŝ
→
S
?
alm

ost
surely.
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Y
o
h
a
n
n

D
e

C
a
st

ro
,
T

h
ibau

lt
E
spin

a
sse

a
n
d

P
au

l
R

o
c
h
et

N
ote

that,based
on

the
upper

bound
in

T
heorem

7,a
good

scaling
m
ay

be
λ
?n

=
c
0
(S

?
)

|S
?|+

4
w
hich

interestingly
does

not
depend

on
n.

T
his

leads
to

the
upper

bound

P {
Ŝ
6=
S
? }
≤

2
R
n (

c
0 (S

?)

2|S
?|+

8 )
n→
∞

−−−−→
0

w
hich

is
optim

al
up

to
a
constant

less
than

2.
T
his

oracle
choice

λ
?n
is

of
course

irrelevant
in

practice
since

both
c
0 (S

?)
and
|S
?|

are
unknow

n.
A
lternatively,

w
e
m
ay

choose
a
sequence

λ
n

decreasing
slow

ly
to

0
to

ensure
both

conditions
of

C
orollary

8.

4.3
E
d
ge

sign
ifi
can

ce
b
ased

on
th
e
com

m
u
tator

criterion

T
he

exponentialcom
plexity

ofthe
`
0 -approach

m
aking

it
generally

infeasible
in

practice,a
back-

w
ard

m
ethodology

provides
a
com

putationally
feasible

alternative
to

the
support

reconstruction
problem

.
Starting

from
the

m
axim

alacceptable
support

F
,the

idea
ofthe

backw
ard

procedure
is

to
rem

ove
the

least
significant

entries
one

at
a
tim

e
and

stop
w
hen

every
entry

is
signifi-

cant.
U
sing

the
corresponding

sm
all

case
letter

to
denote

the
vectorization

of
a
m
atrix,

e.g.,
a

=
vec(A

)
=

(A
1
1 ,...,A

N
1 ,...,A

1
N
,...,A

N
N

) >
,significancy

can
be

leveraged
using

the
Frobenius

norm
of

the
com

m
utator

operator
a
7→

∆
(K

)a
=

vec(K
A
−

A
K

),w
here

∆
(K

)
=

I⊗
K
−
K
⊗

I
∈
R
N

2×
N

2

and
⊗

denotes
the

K
ronecker

product.
Indeed,searching

for
the

target
W

in
the

com
m
utant

of
K

reduces
to

searching
for

w
=

v
ec(W

)
in

ker(∆
(K

)),
the

kernel
of

∆
(K

).
B
ecause

the
Frobenius

norm
coincides

w
ith

the
E
uclidean

norm
of

the
vectorization,

the
functions

A
7→
‖K̂

A
−

A
K̂‖

2

and
a
7→
‖∆

(K̂
)a‖

2
can

be
used

indistinctly
as

cost
functions.

A
ssu

m
ptio

n
s

A
ssum

e
the

three
follow

ing
hypotheses

(H
Σ ),(H

1 )
and

(H
Id ).

◦
D
eriving

the
asym

ptotic
law

ofleast-squares
estim

ators,w
e
m
ay

assum
e
thatthe

estim
ate

K̂
is

such
that

√
n

(k̂−
k
)

d
−−−−→
n→
∞
N

(0
,Σ

),
(H

Σ )

w
here

Σ
is
a
N

2×
N

2
covariance

m
atrix

(either
know

n
or

that
can

be
estim

ated).
For

instance,
one

can
think

of
K̂
asthe

em
piricalcovariance

w
hen

observing
a
sam

ple
ofvectorsofcovariance

K
.

T
his

condition
is

verified
for

instance
in

the
fram

ew
ork

considered
in

B
arsotti

et
al.

(2014,
2016).

N
ote

that
asym

ptotic
norm

ality
is
a
standard

ground
base

investigating
any

least-squares
procedure.
◦
In

order
to

exclude
the

trivialsolution
a

=
0,the

target
W

is
assum

ed
norm

alized

1
>
w

=
1,

(H
1 )

w
here

1
has

all
its

entries
equal

to
one.

B
ecause

the
available

inform
ation

on
W

is
of

spectral
nature

and
as

such,is
scale-invariant,a

norm
alization

ofsom
e
kind

is
crucialfor

the
reconstruc-

tion.
H
ere,the

condition
1
>
w

=
1
achieves

tw
o
goals:

preventing
the

nullm
atrix

form
being

a
solution

and
m
aking

the
problem

identifiable.

R
em

ark
9

T
he

m
ain

draw
back

of
this

norm
alization

concerns
the

situation
w
here

the
entries

of
W

sum
up

to
zero,

in
w
hich

case
the

norm
alization

is
im

possible.
If

the
context

suggests
that

the
solution

m
ay

be
such

that
1
>
w

=
0,

a
different

affi
ne

norm
alization

v
>
w

=
1
(w

ith
any

fixed
vector

v)
m
ust

be
used,

w
ithout

m
ajor

changes
in

the
m
ethodology.

In
practice,

one
m
ay

consider
the

vector
v
at

random
(for

instance
w
ith

isotropic
law

),
so

that
(H

1 )
is

alm
ost

surely
fulfilled

for
any

fixed
target

w
.

F
inally,

observe
that

if
W

has
non-negative

entries,
then

the
norm

alization
(H

1 )
is

alw
ays

feasible.
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R
ec

o
n
st

ru
c
t
in

g
G

r
a
ph

s
fr

o
m

E
ig

en
sp

ac
es

◦
Fo

r
S

a
su
pp

or
t
in
cl
ud

ed
in
F
,w

e
ai
m

at
a
so
lu
ti
on

in
th
e
affi

ne
sp
ac
e

A
S

:=
{a

=
ve

c(
A

)
:

S
u
p
p
(A

)
⊆
S
,
A

=
A
>
,
1
>
a

=
1}
.

w
it
h
lin

ea
r
di
ffe

re
nc
e
sp
ac
e
gi
ve
n
by

L S
:=
{a

=
ve

c(
A

)
:

S
u
p
p
(A

)
⊆
S
,
A

=
A
>
,
1
>
a

=
0}
.

B
y
ab

us
e
of

no
ta
ti
on

,
A
S
m
ay

re
fe
r
bo

th
to

th
e
sp
ac
e
of

m
at
ri
ce
s
or

th
ei
r
ve
ct
or
iz
at
io
ns
.
T
o

fin
d
th
e
ta
rg
et

su
pp

or
t
S
? ,
on

e
m
us
t
ex
pl
oi
t
th
e
fa
ct

th
at

th
e
ve
ct
or
w

lie
s
in

th
e
in
te
rs
ec
ti
on

of
ke

r(
∆

(K
))

an
d
A
F
.
A
ct
ua

lly
,w

ca
n
be

re
co
ve
re
d
if
th
e
in
te
rs
ec
ti
on

is
re
du

ce
d
to

th
e
si
ng

le
to
n

{w
}.

In
th
is

ca
se
,t
he

m
at
ri
x
W

an
d
it
s
su
pp

or
t
S
?
ar
e
F
-id

en
ti
fia

bl
e.

H
en
ce
,w

e
as
su
m
e
th
at

ke
r(

∆
(K

))
∩
L F

=
{0
},

(H
Id
)

w
hi
ch

is
im

pl
ie
d
by

F
-id

en
ti
fia

bi
lit
y,

se
e
D
efi
ni
ti
on

1.

A
sy

m
pt

o
ti

c
n
o
r
m
a
li

ty
a
n
d

si
g
n
if

ic
a
n
ce

te
st

T
he

fr
am

ew
or
k
un

de
r
co
ns
id
er
at
io
n
ca
n
be

vi
ew

ed
as

a
he
te
ro
sc
ed
as
ti
c
lin

ea
r
re
gr
es
si
on

m
od

el
w
it
h
no

is
y
de
si
gn

fo
r
w
hi
ch

w
=

ve
c(
W

)
is

th
e
pa

ra
m
et
er

of
in
te
re
st
.
In
de
ed
,c

on
si
de
r
fo
r
ea
ch

su
pp

or
t
S
⊆
F

a
fu
ll-
ra
nk

ed
m
at
ri
x

Φ
S
∈
R
N

2
×

d
im

(A
S

)
w
ho

se
co
lu
m
n
ve
ct
or
s
fo
rm

a
ba

si
s
of
L S

.
A
ss
um

in
g
th
at

W
is
F
-id

en
ti
fia

bl
e
an

d
ta
ki
ng

S
⊆
F
,
th
e
op

er
at
or

∆
(K

)Φ
S
is

on
e-
to
-o
ne

.
In

th
is

ca
se
,e

va
lu
at
in
g
th
e
co
m
m
ut
at
or
a
7→

∆
(K

)a
ov
er
A
S
re
du

ce
s
to

co
ns
id
er
in
g
th
e
m
ap

b
7→

∆
(K

)(
a

0
−

Φ
S
b)
,

b
∈
R

d
im

(A
S

)
,

w
it
h
a

0
ch
os
en

ar
bi
tr
ar
ily

in
A
S
.
W

he
n
re
pl
ac
in
g
th
e
un

kn
ow

n
∆

(K
)
w
it
h
it
s
es
ti
m
at
e

∆
(K̂

),
th
e
m
in
im

iz
at
io
n
of

th
e
cr
it
er
io
n
a
7→
‖∆

(K̂
)a
‖2

ov
er
A
S
ca
n
be

w
ri
tt
en

si
m
ila

rl
y
as

a
lin

ea
r

re
gr
es
si
on

fr
am

ew
or
k
w
he
re

th
e
pa

ra
m
et
er

of
in
te
re
st

is
es
ti
m
at
ed

by

β̂
S
∈

ar
g

m
in

b
∈R

d
im

(
A

S
)
‖∆

(K̂
)(
a

0
−

Φ
S
b)
‖2
.

(5
)

W
e
re
co
gn

iz
e
a
lin

ea
r
m
od

el
w
it
h
re
sp
on

se
y

=
∆

(K̂
)a

0
an

d
no

is
y
de
si
gn

m
at
ri
x
X

=
∆

(K̂
)Φ

S
.

In
th
is

se
tt
in
g,

re
m
ar
k
th
at
w

=
a

0
−

Φ
S
β
w
it
h
β
th
e
un

iq
ue

so
lu
ti
on

to
∆

(K
)(
a

0
−

Φ
S
β

)
=

0
.

D
en
ot
in
g
by

M
†
th
e
ps
eu
do

-in
ve
rs
e
of

a
m
at
ri
x
M
,w

e
de
du

ce
th
e
fo
llo

w
in
g
re
su
lt
.

T
h
eo
re
m

10
If
S
?
⊆
S
,
th
e
es
ti
m
at
or
β̂
S
is

as
ym

pt
ot
ic
al
ly

G
au

ss
ia
n
w
it
h

√
n

(β̂
S
−
β

)
d

−−
−−
→

n
→
∞
N

(0
,Ω

S
),

w
he
re

Ω
S

:=
( Φ
> S

∆
(K

))
† ∆

(W
)Σ

∆
(W

)(
∆

(K
)Φ

S

) †
.

W
e
th
en

ha
ve

ŵ
S

=
ve

c(
Ŵ
S

)
=

a
rg

m
in

a
∈A

S

‖∆
(K̂

)a
‖2

=
a

0
−

Φ
S
β̂
S
.

(6
)

T
he

as
ym

pt
ot
ic

di
st
ri
bu

ti
on

of
ŵ
S
fo
llo

w
s
di
re
ct
ly

fr
om

T
he
or
em

10
,

√
n

(ŵ
s
−
w

)
d

−−
−−
→

n
→
∞
N
( 0,

Φ
S

Ω
S

Φ
> S
) .

(7
)

T
he

lim
it

co
va
ri
an

ce
m
at
ri
x
is

un
kn

ow
n,

bu
t
pl
ug

gi
ng

th
e
es
ti
m
at
es

Ŵ
S
,
K̂

an
d

Σ̂
yi
el
ds

an
es
ti
m
at
or

Φ
S

Ω̂
S

Φ
> S
,
w
hi
ch

is
co
ns
is
te
nt

un
de
r
th
e
F
-id

en
ti
fia

bi
lit
y
as
su
m
pt
io
n.

In
pa

rt
ic
ul
ar
,
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):
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01

7

Y
o
h
a
n
n

D
e

C
a
st

ro
,
T

h
ib

au
lt

E
sp

in
a
ss

e
a
n
d

P
au

l
R

o
c
h
et

th
e
di
ag
on

al
en
tr
y
of

Φ
S

Ω̂
S

Φ
> S
as
so
ci
at
ed

to
th
e

(i
,j

)-
en
tr
y
of

W
,w

hi
ch

w
e
de
no

te
σ̂

2 S
,i
j
,p

ro
vi
de

s
a
co
ns
is
te
nt

es
ti
m
at
or

fo
r
th
e
as
ym

pt
ot
ic

va
ri
an

ce
of

Ŵ
S
,i
j
.
A
s
a
re
su
lt
,t
he

st
at
is
ti
c

τ i
j
(S

)
:=
√
n
Ŵ
S
,i
j

σ̂
S
,i
j

(8
)

ca
n
be

us
ed

to
m
ea
su
re

th
e
re
la
ti
ve

si
gn

ifi
ca
nc
e
of

th
e
es
ti
m
at
ed

en
tr
y
Ŵ
S
,i
j
.
T
he

ba
ck
w
ar
d

su
pp

or
t
se
le
ct
io
n
pr
oc
ed
ur
e
is

th
en

im
pl
em

en
te
d
by

th
e
re
cu
rs
iv
e
al
go
ri
th
m

as
fo
llo

w
s.

A
lg
or
it
h
m

1:
B
ac
kw

ar
d
al
go
ri
th
m

fo
r
su
pp

or
t
se
le
ct
io
n

D
at
a:

A
se
t
of

fo
rb
id
de
n
en
tr
ie
s
F
,a

m
at
ri
x
K̂
.

R
es
u
lt
:
A

se
qu

en
ce

of
es
ti
m
at
or
s
Ŵ
S
1
,Ŵ

S
2
,.
..
w
it
h
ne
st
ed

su
pp

or
ts
S

1
⊃
S

2
⊃
..
..

1:
St
ar
t
w
it
h
th
e
m
ax

im
al

ac
ce
pt
ab

le
su
pp

or
t
S

1
=
F
,

2:
A
t
ea
ch

st
ep

k
,c

om
pu

te
th
e
st
at
is
ti
cs
τ i
j
(S
k
)
fo
r
al
l(
i,
j)
∈
S
k
,

3:
R
em

ov
e
th
e
le
as
t
si
gn

ifi
ca
nt

ed
ge

(i
,j

)
w
hi
ch

m
in
im

iz
es
|τ i
j
(S
k
)|

fo
r

(i
,j

)
∈
S
k
,a

nd
se
t

S
k
+

1
=
S
k
\{

(i
,j

),
(j
,i

)}
,

4:
St
op

w
he
n
al
le

dg
es

ha
ve

be
en

re
m
ov
ed
.

T
he

ba
ck
w
ar
d

al
go
ri
th
m

pr
od

uc
es

a
se
qu

en
ce

of
ne
st
ed

su
pp

or
ts

th
at

on
e
ca
n

ch
oo

se
to

st
op

on
ce

al
lt
he

ed
ge
s
ar
e
ju
dg

ed
si
gn

ifi
ca
nt
,t

ha
t
is
,w

he
n
al
lt

he
st
at
is
ti
cs
τ i
j
(S
k
),

(i
,j

)
∈
S
k

ex
ce
ed

in
ab

so
lu
te

va
lu
e
so
m
e
fix

ed
th
re
sh
ol
d
τ 0
.
O
w
in
g
to

th
e
as
ym

pt
ot
ic

no
rm

al
it
y
of

Ŵ
S
,i
j

sh
ow

n
in

E
q.

(7
),
th
e

(1
−

α 2
)-
qu

an
ti
le

of
th
e
st
an

da
rd

G
au

ss
ia
n
di
st
ri
bu

ti
on

w
ou

ld
ap

pe
ar

as
a

re
as
on

ab
le

ch
oi
ce

fo
r
th
e
th
re
sh
ol
d
τ 0
,a

s
it
bo

ils
do

w
n
to

pe
rf
or
m
in
g
an

as
ym

pt
ot
ic

si
gn

ifi
ca
nc
e

te
st

of
le
ve
lα

.
H
ow

ev
er
,d

ue
to

th
e
sl
ow

co
nv

er
ge
nc
e
to

th
e
lim

it
di
st
ri
bu

ti
on

an
d
th
e
te
nd

en
cy

to
ov
er
es
ti
m
at
e
th
e
va
ri
an

ce
fo
r
sm

al
l
sa
m
pl
e
si
ze
s
(s
ee

F
ig
ur
e
2)
,
a
th
re
sh
ol
d
ba

se
d
on

th
e

G
au

ss
ia
n
qu

an
ti
le

in
ev
it
ab

ly
le
ad

s
to

an
ov
er
ly

la
rg
e
es
ti
m
at
ed

su
pp

or
t.

N
ev
er
th
el
es
s,

w
e
sh
ow

th
at

an
ad

ap
ti
ve

ca
lib

ra
ti
on

of
th
e
th
re
sh
ol
d
ca
n
be

ac
hi
ev
ed

by
co
ns
id
er
in
g
th
e
ov
er
al
lb

eh
av
io
r

of
th
e
co
m
m
ut
at
or

∆
(K̂

)ŵ
S
m

co
m
pu

te
d
ov
er

th
e
ne
st
ed

se
qu

en
ce

of
ac
ti
ve

su
pp

or
ts
.

−
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−
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−
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.
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0
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0
.
4

0
.
6

0
.
8

1
.
0

1
0

0
0

 
o

b
s
e

r
v
a

t
io

n
s

S
in

g
if
ic

a
n

c
e

−
3

−
2

−
1

0
1

2
3

0
.
0

0
.
1

0
.
2

0
.
3

0
.
4

0
.
5

0
.
6

1
0

0
0

0
 
o

b
s
e

r
v
a

t
io

n
s

S
in

g
if
ic

a
n

c
e

−
3

−
2

−
1

0
1

2
3

0
.
0

0
.
1

0
.
2

0
.
3

0
.
4

1
0

0
0

0
0

 
o

b
s
e

r
v
a

t
io

n
s

S
in

g
if
ic

a
n

c
e

F
ig
ur
e
2:

E
st
im

at
ed

de
ns
it
y
of

th
e
st
at
is
ti
c
τ i
j
(S

)
fo
r
an

ed
ge

(i
,j

)
∈
S
\S

?
co
m
pa

re
d
to

it
s

th
eo
re
ti
ca
lG

au
ss
ia
n
lim

it
di
st
ri
bu

ti
on

,f
or

sa
m
pl
es

of
si
ze
n

=
10

0
0
(l
ef
t)
,n

=
1
0
00

0
(c
en
te
r)

an
d
n

=
10

0
00

0
(r
ig
ht
).
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R
ec

o
n
st

ru
c
t
in

g
G

r
a
ph

s
fro

m
E
ig

en
spac

es

C
a
libr

atio
n

o
f

th
e

th
r
esh

o
ld

by
cro

ss-va
lid

atio
n

B
y
rem

oving
the

least
significant

edge
at

each
step,the

backw
ard

algorithm
generates

a
sequence

ofnested
active

supports
S

1 ⊃
···⊃

S
` ,that

w
e
refer

to
as

a
“trajectory”.

A
long

this
trajectory,

w
e
com

pute
the

em
piricalcontrast

defined
by

∀
S
⊆
F
,

S
7→

C
rit(Ŵ

S
,K̂

)
:=
‖Ŵ

S
K̂
−

K̂
Ŵ
S ‖

‖Ŵ
S ‖

.
(9)

N
ote

that
com

puting
this

criterion
boils

dow
n

to
com

pute
Ŵ
S

w
hich

is
a
sim

ple
projection

onto
A
S
as

show
n
in

(6).
W

hen
the

true
support

S
?
lies

in
the

trajectory,
one

expects
to

observe
a
“gap”

in
the

sequence
j7→

C
rit(Ŵ

S
j ,K̂

)
w
hen

S
j
goes

from
S
?
to

a
sm

aller
support.

Indeed:

•
For

S
?
⊆
S
,
the

target
W

is
consistently

estim
ated

by
Ŵ
S
so

that
C

rit(Ŵ
S
,K̂

)
tends

to
zero

at
rate

√
n,

•
For

S
(
S
?,the

low
er

bound
‖A

K̂
−

K̂
A‖
≥
‖A

K
−

K
A‖−

2‖K̂
−

K‖‖A‖
yields

C
rit(Ŵ

S
,K̂

)
=
‖Ŵ

S
K̂
−
K̂
Ŵ
S ‖

‖Ŵ
S ‖

≥
c(S

)−
2‖K̂
−
K‖

(10)

w
ith

c(S
)

:=
m

in
A
∈A

S ‖A
K
−

K
A‖/‖A‖

a
positive

constant.
In

particular,one
has

m
in

S
(
S

?
c(S

)≥
m

in
S6=

S
?

|S|≤
|S

?| c(S
)

=
c
0 (S

?)
>

0

w
here

c
0 (S

?)
is

defined
in

(4).

In
som

e
w
ay,

c
0 (S

?)
m
easures

the
am

plitude
ofthe

signal:
one

expects
to

be
able

to
recover

the
target

W
w
hen

the
estim

ation
error

‖K̂
−

K‖
reaches

at
least

the
sam

e
order

as
c
0 (S

?).
T
he

true
support

S
?
then

corresponds
to

a
transitional

gap
in

the
contrast

curve
that

can
be

captured
by

a
suitably

chosen
threshold

t
>

0.
Since

K̂
converges

tow
ard

K
in

probability,
any

threshold
0
<
t
<
c
0 (S

?)
w
illw

ork
w
ith

probability
one

asym
ptotically.

R
em

ark
11

T
he

condition
that

S
?
lies

in
the

trajectory
ofnested

supports
is
crucialto

detectthe
com

m
utation

gap,
although

seldom
verified

in
practice

due
to

the
trem

endous
am

ount
of

testable
supports.

T
his

issue
is

specifically
targeted

by
the

bagging
version

of
the

backw
ard

algorithm
discussed

in
Section

4.4.

A
n
obstacle

to
the

detection
of

the
com

m
utation

gap
is

the
increasing

behavior
of

the
com

-
m
utator

over
the

nested
trajectory

S
1 ⊃
···⊃

S
` .

T
his

phenom
enon,

indirectly
caused

by
the

dependence
betw

een
the

trajectory
and

K̂
,
can

be
annihilated

w
hen

considering
the

em
pirical

contrast
over

a
trajectory

built
from

a
training

sam
ple.

In
fact,

the
m
onotonicity

can
even

be
“reversed”

before
reaching

the
true

support
ifthe

Ŵ
S
j
are

estim
ated

independently
from

K̂
.
T
his

can
be

explained
as

follow
s.

C
onsider

the
idealscenario

w
here

estim
ators

W̃
S
1 ,...,W̃

S
`
are

built
from

the
backw

ard
algorithm

using
an

estim
ator

K̃
independent

from
K̂
.
W
e
assum

e
m
oreover

that
the

true
support

S
?
lies

in
the

trajectory
S

1 ⊃
...⊃

S
` .

T
he

trick
is

to
w
rite

∆
(K̂

)w̃
s
j

=
∆

(K̃
)w

+
∆

(K
)w̃

S
j

+
∆

(K̂
−
K

)(w̃
S
j −

w
),

and
to

analyze
the

three
term

s
separately:

•
T
he

term
∆

(K̂
)w

has
no

influence
as

it
is

com
m
on

to
allsupports

in
the

trajectory.
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Y
o
h
a
n
n

D
e

C
a
st

ro
,
T

h
ibau

lt
E
spin

a
sse

a
n
d

P
au

l
R

o
c
h
et

•
T
he

term
∆

(K
)w̃

S
j
approaches

zero
as
w̃
S
j
gets

closer
to
w
.
H
euristically,

the
variance

of
w̃
S
j ,and

incidentally
that

of
∆

(K
)w̃

S
j ,is

larger
for

over-fitting
supports

S
⊇
S
?.

T
his

results
in

the
sequence

j7→
∆

(K
)w̃

S
j
being

stochastically
decreasing

as
S
j
approaches

S
?

from
above.

O
n

the
other

hand,
the

bias
of

order
O

(1)
is

expected
to

dom
inate

once
the

trajectory
passes

through
the

true
value

S
?,

m
aking

the
rem

aining
of

the
sequence

∆
(K

)w̃
S
j increase

stochastically.

•
T
he

term
∆

(K̂
−

K
)(w̃

S
j −

w
)
is

negligible
for

S
⊇
S
?,

as
both

K̂
−

K
and

w̃
S
j −

w
tend

to
zero

independently.
W
e
em

phasize
that

this
argum

ent
no

longer
holds

w
ithout

the
independence

of
w̃
S
j
and

K̂
.
T
his

is
precisely

w
hy

w
e
use

a
training

sam
ple.

T
hus,the

sequence
j7→

C
rit(W̃

S
j ,K̂

)
=
‖∆

(K̂
)w̃

S
j ‖
/‖w̃

S
j ‖

is
expected

to
achieve

its
m
inim

um
for

the
best

estim
ator

w̃
S
j
in

the
trajectory,that

is
for

S
j

=
S
?.

Furtherm
ore,beyond

the
true

support
(for

sm
allactive

supports),
w̃
S
j
is
not

a
consistent

estim
ator

of
w
so

that
the

criterion
no

longer
approaches

zero,resulting
in

the
so-called

com
m
utation

gap.
T
he

“reversed”
m
onotonicity

provides
an

easy
w
ay

to
calibrate

the
threshold

in
the

backw
ard

algorithm
.

Indeed,
since

S
j
7→

∆
(K̂

)w̃
S
j
is

expected
to

decrease
w
hen

approaching
the

true
support

(com
ing

from
larger

active
supports

along
a
trajectory),the

estim
ated

support
can

be
heuristically

chosen
as

the
last

tim
e
the

criterion
is

below
an

adaptive
threshold,

see
F
igure

3.
In

particular,
C

rit(W̃
S
1 ,K̂

)
can

be
used

as
an

adaptive
threshold

for
the

backw
ard

algorithm
w
hen

the
estim

ator
K̂

and
the

trajectory
S

1 ⊃
···⊃

S
`
are

obtained
from

independent
sam

ples.
O
f
course,

to
afford

splitting
the

sam
ple

to
build

the
W̃
S
j
independent

from
K̂

m
ay

be
unrealistic.

N
evertheless,the

num
ericalstudy

suggests
that

the
independence

is
w
ellm

im
icked

w
hen

K̂
is

built
from

the
w
hole

dataset
but

the
backw

ard
algorithm

sequence
W̃
S
1 ,...,W̃

S
`
is

obtained
from

a
learning

sub-sam
ple,

as
illustrated

in
F
igure

3.
E
m
pirically,

the
optim

al
size

of
training

sam
ples

could
be

calibrated
in

function
of

the
num

ber
of

observations
using

the
robustness

of
the

outputs
of

the
algorithm

.
In

this
paper,

w
e
alw

ays
draw

training
sam

ples
by

taking
each

observation
w
ith

probability
1/

2,
w
ith

no
consideration

regarding
the

size
of

the
w
hole

sam
ple.

0.000 0.004 0.008

W
hole sam

ple

S
upport size

Constrast

80
60

40
20

0.000 0.004 0.008

Training sam
ple

S
upport size

Constrast

80
60

40
20

F
igure

3:
T
he

contrast
sequence

j
7→

C
rit(W̃

S
j ,K̂

)
com

puted
in

the
exam

ple
of

Section
5.2.

T
he

nested
support

sequence
and

estim
ators

W̃
S
j
are

obtained
from

the
backw

ard
algorithm

im
plem

ented
on

the
w
hole

sam
ple

(left)
and

on
a
training

sam
ple

ofhalfsize
(right).

In
both

cases,
K̂
isconstructed

from
the

w
hole

sam
ple.

U
sing

a
training

sam
ple

m
anages

to
reverse

the
m
onotonicity

in
the

first
part

ofthe
sequence,thus

m
aking

the
com

m
utation

gap
easier

to
locate.

T
he

initialvalue
of

the
sequence

t
=

C
rit(W̃

S
1 ,K̂

)
then

provides
a
tractable

adaptive
choice

for
the

threshold.
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R
ec

o
n
st

ru
c
t
in

g
G

r
a
ph

s
fr

o
m

E
ig

en
sp

ac
es

4.
4

Im
p
ro
vi
n
g
th
e
b
ac
kw

ar
d
al
go
ri
th
m

by
b
ag
gi
n
g

T
he

m
ai
n
w
ea
kn

es
s
of

th
e
ba

ck
w
ar
d
pr
oc
ed
ur
e
re
m
ai
ns

th
at

it
re
qu

ir
es

th
e
tr
ue

su
pp

or
t
S
?
to

lie
in

th
e
tr
aj
ec
to
ry

S
1
⊃
··
·⊃

S
`
ob

ta
in
ed

fr
om

re
m
ov
in
g
th
e
le
as
t
si
gn

ifi
ca
nt

ed
ge

on
e
at

a
ti
m
e.

In
pr
ac
ti
ce
,
th
is

co
nd

it
io
n
is

ra
re
ly

ve
ri
fie
d,

es
pe

ci
al
ly

w
it
h
sm

al
l
da

ta
se
ts
.
A

w
ay

to
so
lv
e
th
is

is
su
e
is

to
re
pl
ic
at
e
th
e
ba

ck
w
ar
d
al
go
ri
th
m

ov
er

a
co
lle
ct
io
n
of

ra
nd

om
su
b-
sa
m
pl
es
,

a
pr
oc
es
s
co
m
m
on

ly
kn

ow
n
to

as
B
oo

ts
tr
ap

A
gg
re
ga
ti
ng

,
or

ba
gg
in
g.

T
he

de
sc
ri
pt
io
n
of

th
is

al
go
ri
th
m

is
gi
ve
n
in

A
lg
or
it
hm

2.

A
lg
or
it
h
m

2:
B
ag
gi
ng

ba
ck
w
ar
d
al
go
ri
th
m

D
at
a:

A
se
t
of

fo
rb
id
de
n
en
tr
ie
s
F
,a

sa
m
pl
e
X
.

R
es
u
lt
:
A

co
lle
ct
io
n
of

es
ti
m
at
ed

su
pp

or
ts
Ŝ
m
,m

=
1,
..
.,
M

.

1:
B
ui
ld
M

bo
ot
st
ra
pp

ed
sa
m
pl
es

w
it
ho

ut
re
pl
ac
em

en
t.

2:
Fo

r
ea
ch

su
b-
sa
m
pl
e
m

=
1,
..
.,
M

,b
ui
ld

an
es
ti
m
at
or

K̃
m

of
K
.

3:
Fo

r
al
lm

,r
un

A
lg
or
it
hm

1
w
it
ho

ut
st
op

pi
ng

co
nd

it
io
n
an

d
re
tu
rn
M

tr
aj
ec
to
ri
es

S
1
m
⊃
··
·⊃

S
`m

an
d
th
e
co
rr
es
po

nd
in
g
es
ti
m
at
or
s
W̃
S
k
m
.

4:
E
va
lu
at
e
th
e
em

pi
ri
ca
lc

on
tr
as
t

C
ri

t(
W̃
S
k
m
,K̂

)
ov
er

ea
ch

tr
aj
ec
to
ry

w
it
h
th
e
es
ti
m
at
or

K̂
ca
lc
ul
at
ed

fr
om

th
e
w
ho

le
sa
m
pl
e.

5:
Fo

r
ea
ch

tr
aj
ec
to
ry
,r

et
ur
n
th
e
es
ti
m
at
ed

su
pp

or
t
Ŝ
m

:=
S
k̂
m
m

as
th
e
la
st

su
pp

or
t
w
ho

se
co
nt
ra
st

lie
s
be

lo
w

th
e
in
it
ia
lv

al
ue
:

k̂
m

:=
m

ax
{ k

=
1,
..
.,
`

:
C

ri
t(
W̃
S
k
m
,K̂

)
≤

C
ri

t(
W̃
S
1
m
,K̂

)}
.

T
he

ba
gg
in
g
al
go
ri
th
m

pr
od

uc
es

a
co
lle
ct
io
n
of

es
ti
m
at
ed

su
pp

or
ts

in
a
w
ay

to
m
ak
e
th
e
fin

al
de
ci
si
on

m
or
e
ro
bu

st
.
A
t
th
is

po
in
t,

se
ve
ra
l
so
lu
ti
on

s
ar
e
po

ss
ib
le
:
se
le
ct

th
e
m
os
t
re
pr
es
en
te
d

su
pp

or
t
am

on
g
th
e
Ŝ
m
’s
,
ke
ep

th
e
ed
ge
s
pr
es
en
t
in

th
e
m
os
t
su
pp

or
ts

et
c.
..

A
pr
el
im

in
ar
y

de
te
ct
io
n
of

th
e
ou

tl
ie
rs

am
on

g
th
e
Ŝ
m
’s
,
e.
g.

by
re
m
ov
in
g
be

fo
re
ha

nd
th
e
su
pp

or
ts
Ŝ
m
’s

th
at

ar
e
ei
th
er

to
o
bi
g
or

to
o
sm

al
l,
m
ig
ht

al
so

co
ns
id
er
ab

ly
im

pr
ov
e
th
e
m
et
ho

d,
as

w
e
ill
us
tr
at
e
on

ac
tu
al

ex
am

pl
es

in
Se
ct
io
n
5.

5.
N
u
m
er
ic
al

st
u
d
y

5.
1

T
oy

ex
am

p
le

In
th
e
pr
ev
io
us

se
ct
io
n,

w
e
ha

ve
in
tr
od

uc
ed

di
ffe

re
nt

al
go
ri
th
m
s.

T
o
em

ph
as
iz
e
th
e
m
ot
iv
at
io
n

of
th
e
ba

gg
in
g
al
go
ri
th
m
,w

e
co
ns
id
er

a
si
m
pl
e
ex
am

pl
e,

an
d
im

pl
em

en
t
th
e
di
ffe

re
nt

al
go
ri
th
m
s

fo
r
su
pp

or
t
re
co
ve
ry
.

T
o
ch
ec
k
th
e
pe

rf
or
m
an

ce
s
of

th
e
` 0

pr
oc
ed
ur
e,

w
e
ne
ed

to
co
ns
id
er

a
gr
ap

h
w
it
h
a
sm

al
ln

um
be

r
of

ve
rt
ic
es

(s
in
ce

th
e
` 0

co
m
pl
ex
it
y
gr
ow

s
w
it
h

2N
(N
−

1
)/

2
w
he
re
N

de
no

te
s
th
e
nu

m
be

r
of

ve
rt
ic
es
).

H
er
e,

w
e
co
ns
id
er

th
e
gr
ap

h
G

1
re
pr
es
en
te
d
in

F
ig
ur
e
4,

th
e

ki
te

gr
ap

h
on

5
ve
rt
ic
es
.

F
ig
ur
e
4:

T
he

ki
te

gr
ap

h
G

1
=
∇

5
.

W
e
ch
oo

se
W

as
th
e
(n
or
m
al
iz
ed
)
ad

ja
ce
nc
y
m
at
ri
x
of
G

1
th
en

dr
aw

a
sa
m
pl
e
of

si
ze
n

=
50

0
of

ce
nt
er
ed

G
au

ss
ia
n
ve
ct
or
s
X

1
,·
··
X
n
of

R
5
w
it
h
co
va
ri
an

ce
m
at
ri
x
K

=
ex

p
(W

).
W
e
as
su
m
e
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Y
o
h
a
n
n

D
e

C
a
st

ro
,
T

h
ib

au
lt

E
sp

in
a
ss

e
a
n
d

P
au

l
R

o
c
h
et

kn
ow

n
th
at
G

1
co
nt
ai
ns

no
se
lf-
lo
op

so
th
at

w
e
ta
ke

F
=
F
d
ia
g
as

th
e
se
t
of

fo
rb
id
de
n
va
lu
es
.

In
th
is

si
m
pl
e
ex
am

pl
e,

th
e
co
ns
ta
nt
c 0

(S
?
)
(s
ee

E
q.

(4
))

ca
n
be

ca
lc
ul
at
ed

ex
pl
ic
it
ly
,
yi
el
di
ng

c 0
(S

?
)
≈

0.
12

.
In

co
m
pa

ri
so
n,

fo
r
n

=
5
00

,
E‖

K̂
−

K
‖
is

ev
al
ua

te
d
to

ap
pr
ox
im

at
el
y

0.
27

by
M
on

te
-C

ar
lo
.
W
e
ex
pe

ct
to

be
ab

le
to

re
co
ve
r
th
e
tr
ue

su
pp

or
t
w
he
n
th
e
no

is
e
le
ve
ld

ro
ps

be
lo
w

th
e
si
gn

al
am

pl
it
ud

e.
B
as
ed

on
th
e
bo

un
d
of

E
q.

(1
0)
,t
hi
s
oc
cu
rs

as
so
on

as
‖K̂
−
K
‖
≤
c 0

(S
?
)/

2
.

H
ow

ev
er
,b

ec
au

se
th
is

bo
un

d
is

no
t
sh
ar
p,

a
le
ss
er

le
ve
lo

f
pr
ec
is
io
n
is

re
qu

ir
ed

in
pr
ac
ti
ce
.

W
e
co
m
pa

re
th
e
fo
llo

w
in
g
al
go
ri
th
m
s:

1.
C
on

tr
as
t
pe
na

liz
ed
` 0

m
in
im

iz
at
io
n
w
it
h
op

ti
m
al

pe
na

liz
at
io
n
co
ns
ta
nt
.
W
e
co
m
pu

te

Ŝ
=

ar
g

m
in

S
⊆
F

d
i
a
g

{
m

in
A
∈E

(S
)\
{0
}
‖A

K̂
−

K̂
A
‖

‖A
‖

+
λ
|S
|} .

T
he

co
ns
ta
nt

λ
is

ch
os
en

as
th
e
be

st
po

ss
ib
le

va
lu
e,

m
in
im

iz
in
g
th
e
or
ac
le

er
ro
r
δ(
Ŝ

)

m
ea
su
re
d
by

th
e
sy
m
m
et
ri
c
di
ffe

re
nc
e
be

tw
ee
n
Ŝ

an
d
S
?
,n

am
el
y

δ(
Ŝ

)
:=
|Ŝ
∪
S
?
\Ŝ
∩
S
?
|.

N
ot
e
th
at

th
e
ca
lib

ra
ti
on

pa
ra
m
et
er
λ
is

ch
os
en

op
ti
m
al
ly
.
H
en
ce
,
th
e
nu

m
er
ic
al

pe
rf
or
-

m
an

ce
s
of

th
e
m
et
ho

d
ca
n
be

ex
pe

ct
ed

to
be

ov
er
es
ti
m
at
ed

co
m
pa

re
d
to

a
fu
lly

da
ta
-d
ri
ve
n

pr
oc
ed
ur
e.

2.
T
hr
es
ho

ld
in
g
co
nt
ra
st

m
in
im

iz
at
io
n
w
it
h
op

ti
m
al

th
re
sh
ol
d.

T
he

ta
rg
et

m
at
ri
x
W

is
es
ti
-

m
at
ed

ov
er

th
e
m
ax

im
al

ac
ce
pt
ab

le
su
pp

or
t
F
d
ia
g
.
W
e
th
en

co
m
pu

te

Ŝ
=
{(
i,
j)

:
|Ŵ

ij
|>

t}
,

w
he
re

th
e
th
re
sh
ol
d
t
is

ch
os
en

so
as

to
m
in
im

iz
e
th
e
or
ac
le

er
ro
r
δ(
Ŝ

).
H
er
e
ag
ai
n,

th
e

pe
rf
or
m
an

ce
s
ar
e
ex
pe

ct
ed

to
be

ov
er
es
ti
m
at
ed

co
m
pa

re
d
to

a
da

ta
-d
ri
ve
n
th
re
sh
ol
d.

3.
B
ac
kw

ar
d
al
go
ri
th
m
.

W
e
ge
ne
ra
te

a
tr
ai
ni
ng

sa
m
pl
e
by

ta
ki
ng

ea
ch

ob
se
rv
at
io
n

w
it
h

pr
ob

ab
ili
ty

1/
2
in
de
pe

nd
en
tl
y,

fr
om

th
e
w
ho

le
sa
m
pl
e.

T
he

es
ti
m
at
or

of
K

in
th
is

su
b-

sa
m
pl
e
is
de
no

te
d
K̃
.
W
e
im

pl
em

en
tA

lg
or
it
hm

1
on

K̃
,y

ie
ld
in
g
a
tr
aj
ec
to
ry
S

1
⊃
..
.
⊃
S
`
of

ne
st
ed

su
pp

or
ts

w
ho

se
si
ze
s
va
ry

fr
om
|S

1
|=

2
0
(t
he

fu
ll
off

-d
ia
go
na

ls
up

po
rt
)
to
|S
`
|=

12
(t
he

m
in
im

al
si
ze

re
qu

ir
ed

fo
rd

ia
go
na

li
de
nt
ifi
ab

ili
ty
),
al
on

g
w
it
h
th
e
as
so
ci
at
ed

es
ti
m
at
or
s

W̃
S
k
,k

=
1,
..
.,
`.

R
em

ar
k
th
at

th
e
su
pp

or
ts

ar
e
sy
m
m
et
ri
c,

he
nc
e
tw

o
en
tr
ie
s
ar
e
re
m
ov
ed

at
ea
ch

st
ep

so
th
at
`

=
5
in

th
is

ca
se
.
W
e
th
en

co
m
pu

te
th
e
th
re
sh
ol
d
t

=
C

ri
t(
W̃
S
1
,K̂

)

co
rr
es
po

nd
in
g
to

th
e
in
it
ia
l
va
lu
e
of

th
e
co
nt
ra
st
.
T
he

es
ti
m
at
ed

su
pp

or
t
Ŝ

is
de
fin

ed
as

th
e
sm

al
le
st

su
pp

or
t
S

in
th
e
tr
aj
ec
to
ry

su
ch

th
at

C
ri

t(
Ŵ
S
,K̂

)
≤
t.

H
er
e,

th
e
ch
oi
ce

of
t

is
ad

ap
ti
ve

in
a
fu
lly

da
ta

dr
iv
en

m
an

ne
r.

4.
B
ag
gi
ng

ba
ck
w
ar
d
al
go
ri
th
m
.
T
he

pr
ev
io
us

al
go
ri
th
m

is
im

pl
em

en
te
d
ov
er
M

=
10

0
tr
ai
n-

in
g
sa
m
pl
es

dr
aw

n
ke
ep
in
g
ob

se
rv
at
io
ns

w
it
h
pr
ob

ab
ili
ty

1
/2

.
Fo

r
ea
ch

m
=

1,
..
.,
M

,
w
e

re
ta
in -
th
e
th
re
sh
ol
d
t m

=
C

ri
t(
Ŵ
S
1
m
,K̂

)
co
rr
es
po

nd
in
g
to

th
e
in
it
ia
lv

al
ue

of
th
e
co
nt
ra
st
,

-
th
e
es
ti
m
at
ed

su
pp

or
t,

th
at

is
,
th
e
sm

al
le
st

su
pp

or
t
Ŝ
m

in
th
e
tr
aj
ec
to
ry

su
ch

th
at

C
ri

t(
Ŵ
Ŝ
m
,K̂

)
≤
t m

.

T
he

es
ti
m
at
ed

su
pp

or
t
Ŝ

is
ob

ta
in
ed

as
fo
llo

w
s.

O
nl
y

a
pr
op

or
ti
on

q
of

th
e
tr
ai
ni
ng

sa
m
pl
es
m

w
it
h
a
sm

al
l
in
it
ia
l
co
nt
ra
st
t m

ar
e
ke
pt
,
th
ey

ar
e
ex
pe

ct
ed

to
pr
ov
id
e
be

tt
er

re
su
lt
s—

in
th
e
w
ho

le
pa

pe
r,
w
e
ch
os
e
q

=
2/
√
M

em
pi
ri
ca
lly

.
T
he
n,

th
e
sm

al
le
st

su
pp

or
t

am
on

g
th
e
re
m
ai
ni
ng

ca
nd

id
at
es

is
re
ta
in
ed
,b

re
ak

in
g
ti
es

ar
bi
tr
ar
ily

.
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R
ec

o
n
st

ru
c
t
in

g
G

r
a
ph

s
fro

m
E
ig

en
spac

es

R
em

ark
12

U
sing

a
`
1 -penalized

contrast

A
7→
‖K̂

A
−
A
K̂‖

2
+
λ‖A‖

1

(subject
to

a
norm

alizing
condition

so
as

to
rule

out
the

trivial
solution

A
=

0)
tends

to
over-

estim
ate

the
support.

In
fact,

any
conservative

choice
of
λ

w
ill

lead
to

false
positives

in
the

estim
ated

support
(typically,

a
full

support
m
atrix

m
ay

com
m
ute

w
ith

K̂
w
hile

still
having

a
sm

all
`
1
norm

).
H
ence,

w
hen

aim
ing

for
support

recovery,
the

typical
solution

is
to

vanish
the

sm
all

entries
of

the
m
inim

izer,
m
aking

it
no

m
ore

effi
cient

than
the

thresholded
`
2
procedure

considered
in

A
lgorithm

2.
For

this
reason,

the
num

erical
perform

ances
of

the
Lasso

procedure
are

not
included

in
the

study.

T
he

next
table

com
pares

the
perform

ances
ofthe

four
algorithm

s.
W
e
calculated

the
M
onte-

C
arlo

estim
ated

m
ean

error
E

(δ(Ŝ
))

and
probability

of
exact

recovery
P{
Ŝ

=
S
?}

for
1000

repetitions
of

the
experim

ent.
T
he

average
com

putational
tim

e
(obtained

w
ith

the
function

timer
of

Scilab)
on

a
processor

Intel
X
eon

@
2.6

G
H
z
are

show
n,

using
the

oracle
values

of
λ

and
t
for

the
first

tw
o
algorithm

s
(the

calibration
of

these
param

eters
is
thus

not
accounted

for
in

the
com

putation
tim

e).

A
lgorithm

`
0

`
2 −

thresholding
B
ackw

ard
B
agging

B
ackw

ard
M
ean

E
rror

0.45
0.37

1.95
0.68

E
xact

recoverery
68%

75%
23%

61%
C
P
U

tim
e
(s)

0.32
0.002

0.009
0.59

In
this

exam
ple,the

first
tw

o
algorithm

s
are

the
m
ore

accurate.
T
he

percentage
ofsuccessful

recoveries
for

the
bagging

backw
ard

algorithm
is
nonetheless

com
petitive

given
that

the
first

tw
o

procedures
have

been
calibrated

optim
ally

for
each

experim
ent,w

hich
w
ould

be
highly

infeasible
in

practice.
F
inally,

w
e
observe

that
although

it
is

m
uch

m
ore

expensive
com

putationally,
the

bagging
version

of
the

backw
ard

algorithm
yields

an
undeniable

im
provem

ent.

U
pper

bounds
for

the
tim

e
and

space
com

plexity
of

the
algorithm

s
are

given
in

the
next

table.
T
he

tim
e
com

plexity
is

calculated
as

the
num

ber
of

different
supports

S
considered

to
lead

to
the

solution
in

function
of

the
size

N
of

the
graph

and
the

num
ber

M
of

training
sam

ples.
T
he

spatialcom
plexity

m
easures

the
m
em

ory
size

needed
to

com
pute

the
solution.

In
this

setting,it
is
the

m
ain

lim
itation

for
applying

the
procedures

to
large

graphs.
T
he
N

4
com

es
from

the
com

putation
of

∆
(K

)
=

K
⊗

I−
I⊗

K
in

the
solver.

A
dm

ittedly,
the

com
plexity

could
be

im
proved

by
using

sparse
m
atrix

encoding
although

this
w
as

not
im

plem
ented.

A
lgorithm

`
0

`
2 −

thresholding
B
ackw

ard
B
agging

B
ackw

ard
Space

C
om

plexity
O

(N
4)

O
(N

4)
O

(N
4)

O
(N

4)

T
im

e
C
om

plexity
O

(2
N

(N
−

1
)/

2)
O

(1
)

O
(N

2)
O

(N
2.M

)

O
n
the

current
version,

the
bagging

backw
ard

algorithm
contains

scalability
issues

for
big

graphs
due

to
its

space
com

plexity.
Leads

to
reduce

the
spatialcom

plexity
include

using
sparse

m
atrix

encoding
or

the
use

ofcheap
approxim

ations
ofthe

criterion.
T
hese

shallbe
investigated

in
future

w
orks.

5.2
A

d
iagon

ally
id
entifi

ab
le

m
atrix

T
he

advantages
ofthe

bagging
backw

ard
algorithm

are
highlighted

for
larger

graphs.
In

the
next

exam
ple,w

e
considerthe

graph
G

2
on
N

=
1
5
vertices

represented
in

F
igure

5.
T
he

experim
ental

conditions
are

sim
ilar

to
that

ofthe
previous

exam
ple,a

sam
ple

ofsize
n

=
1000

0
is
draw

n
from

15
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Y
o
h
a
n
n

D
e

C
a
st

ro
,
T

h
ibau

lt
E
spin

a
sse

a
n
d

P
au

l
R

o
c
h
et

a
centered

G
aussian

vector
ofvariance

K
=

ex
p
(W

)
w
here

W
is
the

norm
alized

adjacency
m
atrix

of
G

2 ,w
ith

norm
alizing

constant
chosen

such
that

1
>
w

=
1.

T
he

im
plem

entation
ofthe

different
algorithm

s
follow

the
description

of
the

previous
exam

ple.

F
igure

5:
T
he

graph
G

2
is

diagonally
identifiable.

In
this

case,
the

num
ber

of
possible

supports
is

too
large

for
the

`
0
m
ethod

to
be

im
-

plem
entable

w
hile

the
accuracy

of
the

thresholded
`
2
drops

considerably
com

pared
to

sm
aller

cases.
W
e
sum

m
arize

the
results

in
the

follow
ing

table.

A
lgorithm

`
2 −

thresholding
B
ackw

ard
B
agging

B
ackw

ard
M
ean

E
rror

10
25

1
E
xact

recoverery
22%

26%
69%

C
P
U

tim
e
(s)

0.04
2.5

256

A
draw

back
of

the
bagging

backw
ard

algorithm
is

the
larger

com
putational

tim
e:

it
takes

around
4
m
inutes

in
average

to
estim

ate
the

support.
B
eing

essentially
M

=
100

repetitions
of

the
backw

ard
algorithm

,
the

num
erical

com
plexity

of
the

bagging
version

is
roughly

M
tim

es
that

of
the

sim
ple

backw
ard

algorithm
,although

the
im

provem
ent

is,here
again,clear.

T
o
illustrate

the
influence

of
the

unknow
n
function

f,
w
e
consider

f
:
t7→

(1−
t) −

2
and

reproduce
the

num
ericalstudy

for
K

=
f

(W
).

T
he

results
for

various
sam

ple
sizes

are
gathered

in
the

next
table,for

M
=

10
0
bagging

runs.

n
1
00

00
5
00

0
2000

1
00

0
E
xact

recovery
97

%
87%

8
3%

13%
M
ean

error
0.0

5
0.33

0
.9

8
.5

T
he

probability
of

recovering
the

true
support

appears
to

be
greater

than
in

the
previous

exam
ple

(97%
against

69
%

previously
for

n
=

1000
0).

T
his

sheds
lights

on
another

im
portant

factor
in

the
effi

ciency
ofthe

m
ethods

w
hich

is
the

separability
ofthe

spectrum
of

K
.
Indeed,in

this
fram

ew
ork,the

inform
ation

needed
to

recover
W

lies
in

its
eigenspaces,w

hich
are

estim
ated

via
K̂
.
T
he

accuracy
ofthese

estim
ates

depends
on

the
distance

betw
een

the
different

eigenvalues
(see

e.g.
C
orollary

4.12
in

Stew
art

and
Sun

(1990)
and

W
edin’s

sin
(θ)

theorem
in

Stew
art

and
Sun

(1990)).
T
hus,

for
the

spectrum
λ

1 ,...,λ
N

of
W
,
the

ability
to

recover
W

from
K

=
f

(W
)

essentially
relies

on
how

far
the

f
(λ
i )’s

are
from

each
other.

For
the

sake
of

com
parison,

the
spectrum

of
W

w
hich

lies
in

the
interval

[−
0.5
,0.5]is

m
ore

“spread”
by

the
function

t7→
(1−

t) −
2

than
by

the
exponential,as

w
e
can

see
in

F
igure

6.

R
em

ark
13

W
e
also

im
plem

ented
the

procedure
in

a
random

setting
w
here

W
is

draw
n
from

an
E
rdös-R

ényi
graph

w
ith

binom
ial

entries.
T
he

conclusions
obtained

in
this

case
are

sim
ilar

to
those

already
discussed

and
shallnot

be
presented

to
avoid

redundancy.
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R
ec

o
n
st

ru
c
t
in

g
G

r
a
ph

s
fr

o
m

E
ig

en
sp

ac
es

−
0.

6
−

0.
4

−
0.

2
0.

0
0.

2
0.

4
0.

6

01234

f(
t)

=e
xp

(t
)

S
pe

ct
ru

m
 o

f W
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S
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F
ig
ur
e
6:

Se
pa

ra
bi
lit
y
of

th
e
sp
ec
tr
um

of
K

=
f

(W
)
fo
r
f

:
t
7→

ex
p
(t

)
(l
ef
t)

an
d
f

:
t
7→

(1
−
t)
−

2

(r
ig
ht
).

T
he

ei
ge
nv

al
ue
s
of

K
ar
e
m
or
e
se
pa

ra
te
d
in

th
e
se
co
nd

ca
se
,m

ak
in
g
it
ea
si
er

to
ap

pr
ox
im

at
e
it
s
ei
ge
ns
pa

ce
s
fr
om

th
e
es
ti
m
at
or

K̂
.

6.
R
ea
l
li
fe

ap
p
li
ca
ti
on

W
e
no

w
im

pl
em

en
t
th
e
ba

gg
in
g
ba

ck
w
ar
d
al
go
ri
th
m

on
re
al

lif
e
da

ta
pr
ov
id
ed

by
M
ét
éo
ra
ge

an
d
M
ét
éo

Fr
an

ce
.
T
he

da
ta

co
nt
ai
n
th
e
da

ily
nu

m
be

r
of

lig
ht
ni
ng

s
du

ri
ng

a
3
ye
ar

pe
ri
od

in
16

re
gi
on

s
of

Fr
an

ce
lo
ca
liz
ed

on
a

4
×

4
gr
id
.
W
e
ex
pe

ct
to

re
co
ve
r
th
e
sp
at
ia
l
st
ru
ct
ur
e
of

th
e

gr
ap

h
fr
om

th
e
de
pe

nd
en
ce

of
th
e
lig

ht
ni
ng

oc
cu
rr
en
ce
s
be

tw
ee
n
th
e
re
gi
on

s.

T
he

da
ta

ar
e
re
fin

ed
as

fo
llo

w
s.

W
e
fir
st

el
im

in
at
e
th
e
da

ys
w
it
ho

ut
an

y
lig

ht
in
g,

le
av
in
g

95
0

ve
ct
or
s
X
i
of

le
ng

th
16

th
at

co
nt
ai
n
th
e
nu

m
be

r
of

im
pa

ct
s
at

da
y
i
in

ea
ch

of
th
e

16
re
gi
on

s.
T
hi
s
nu

m
be

rs
ar
e
hi
gh

ly
no

n
G
au

ss
ia
n,

co
nt
ai
n
m
an

y
ze
ro
s,
an

d
sh
ow

a
cl
ea
r
so
ut
h-
ea
st
/n

or
th
-

w
es
t
te
nd

en
cy
,
w
it
h
m
uc
h
m
or
e
lig

ht
ni
ng

in
th
e
so
ut
h
ea
st
.
A
s
a
pr
e-
pr
oc
es
si
ng

,
w
e
ap

pl
y
th
e

tr
an

sf
or
m
at
io
n
x
7→

lo
g
(1

+
x

)
to

th
e
da

ta
an

d
su
bt
ra
ct

th
e
sp
at
ia
lt
en
de
nc
y
es
ti
m
at
ed

by
lin

ea
r

re
gr
es
si
on

.
T
he

pr
oc
es
s
is

th
en

no
rm

al
iz
ed

in
su
ch

m
an

ne
r
th
at

th
e
co
nd

it
io
na

l
va
ri
an

ce
at

ea
ch

ve
rt
ex

co
nd

it
io
na

lly
to

al
lt
he

ot
he
rs

is
1
.
T
hi
s
w
ay
,t
he

pr
ec
is
io
n
m
at
ri
x
K
−

1
,w

it
h
K

th
e

co
va
ri
an

ce
m
at
ri
x,

ha
s
di
ag
on

al
1.

W
e
m
od

el
th
e
re
su
lt
in
g
pr
oc
es
s
as

a
sp
at
ia
l
A
ut
oR

eg
re
ss
iv
e
pr
oc
es
s
of

or
de
r
p
>

1
on

a
4
×

4
gr
id
,a

s
de
sc
ri
be

d
in

Se
ct
io
n
3.
6.

In
th
is
se
tt
in
g,

K
−

1
w
ri
te
s
as

a
de
gr
ee
p
po

ly
no

m
ia
lo

fa
m
at
ri
x
W

su
pp

or
te
d
on

th
e

4
×

4
gr
id
.
U
si
ng

on
ly

th
e
in
fo
rm

at
io
n
th
at

W
ha

s
ze
ro

di
ag
on

al
,w

e
ai
m

to
re
co
ve
r
th
is

de
pe

nd
en
cy

fr
om

th
e
em

pi
ri
ca
le

st
im

at
or

K̂
of

th
e
co
va
ri
an

ce
,u

si
ng

th
at

K
an

d
W

co
m
m
ut
e.

R
em

ar
k
th
at
,b

ec
au

se
th
e
ta
rg
et

gr
ap

h
is
bi
pa

rt
it
e,
th
e
m
od

el
is
no

t
di
ag
on

al
ly

id
en
ti
fia

bl
e—

fo
r
in
st
an

ce
W

3
al
so

ha
s
ze
ro

di
ag
on

al
.
H
ow

ev
er
,
w
e
st
ill

m
an

ag
e
to

re
co
ve
r
th
e

su
pp

or
t
fr
om

th
e
fa
ct

th
at

W
is
th
e
sp
ar
se
st

m
at
ri
x
th
at

co
m
m
ut
e
w
it
h
K
.
W
e
ru
n
ou

r
al
go
ri
th
m

10
0
ti
m
es

an
d
w
e
sh
ow

in
F
ig
ur
e
7
th
e
m
os
t
fr
eq
ue
nt

ed
ge
s
ap

pe
ar
in
g
in

th
e
ou

tp
ut

gr
ap

h.

T
o
th
e
be

st
of

ou
r
kn

ow
le
dg

e,
th
is

ex
ac
t
fr
am

ew
or
k
ha

s
no

t
be

en
ta
ck
le
d
in

th
e
lit
er
at
ur
e.

Fo
r
th
is

re
as
on

,
it

is
di
ffi
cu
lt

to
co
m
pa

re
th
e
pe

rf
or
m
an

ce
s
of

ou
r
al
go
ri
th
m

to
ot
he
r
ex
is
ti
ng

m
et
ho

ds
.
Fo

r
in
st
an

ce
,
w
hi
le

be
in
g
a
re
fe
re
nc
e
in

G
ra
ph

ic
al

M
od

el
s,

th
e
pa

ck
ag
e
GG

Ms
el

ec
t

(s
ee

G
ir
au

d
et

al
.
(2
01
2)
)
fa
ils

to
un

co
ve
r
th
e
de

pe
nd

en
ce

st
ru
ct
ur
e
in

th
is

ca
se
,
as

w
e
se
e
in

F
ig
ur
e
8.

T
he

re
as
on

is
si
m
pl
e:

th
e
pa

ck
ag
e
GG

Ms
el

ec
t
ai
m
s
to

es
ti
m
at
e
th
e
pr
ec
is
io
n
m
at
ri
x,

w
hi
ch

is
a
po

ly
no

m
ia
l
of

W
.
T
hu

s,
w
hi
le

G
G
M

in
fe
re
nc
e
m
ay

be
m
or
e
st
ab

le
,
fa
st
er

(0
.3
s
fo
r

GG
Ms

el
ec

t
an

d
4
00
s
fo
r
ou

r
al
go
ri
th
m
)
an

d
ea
si
ly

in
te
rp
re
ta
bl
e,

it
is

on
ly

ad
ap

te
d
to

re
co
ve
r

th
e
de
pe

nd
en
ce

st
ru
ct
ur
e
if
p

=
1,

in
w
hi
ch

ca
se

K
−

1
is

an
affi

ne
fu
nc
ti
on

of
W
.
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c
h
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F
ig
ur
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7:

E
dg

es
th
at

ap
pe

ar
30

%
,5

0%
,a

nd
70

%
of

th
e
ti
m
e
w
he
n
ru
nn

in
g
th
e
ba

gg
in
g
ba

ck
w
ar
d

al
go
ri
th
m

10
0
ti
m
es
.
T
he

sp
at
ia
ld

ep
en
de
nc
y
be

co
m
es

ap
pa

re
nt

ar
ou

nd
th
e

5
0%

m
ar
k.

F
ig
ur
e
8:

E
dg

es
th
at

ap
pe

ar
30

%
,5

0
%
,a

nd
70

%
of

th
e
ti
m
e
us
in
g
th
e
GG

Ms
el

ec
t
pa

ck
ag
e
w
it
h

fa
m
ily

CO
1
an

d
m
ax

im
al

de
gr
ee

dm
ax

=
5.

7.
D
is
cu
ss
io
n

In
th
is

pa
pe

r,
w
e
de
ve
lo
p

a
ne
w

m
et
ho

d
to

re
co
ve
r
hi
dd

en
gr
ap

hi
ca
l
st
ru
ct
ur
es

in
di
ffe

re
nt

m
od

el
s.

W
e
co
ns
id
er

a
ge
ne
ra
l
fr
am

ew
or
k
in

w
hi
ch

w
e
ha

ve
ac
ce
ss

to
an

ap
pr
ox
im

at
io
n
of

th
e

ei
ge
n-
st
ru
ct
ur
e
of

an
un

kn
ow

n
gr
ap

h,
vi
a
an

op
er
at
or

th
at

co
m
m
ut
es

w
it
h
it
s
w
ei
gh

te
d
ad

ja
-

ce
nc
y
m
at
ri
x
W
.
W
e
ar
e
ab

le
to

re
co
ve
r
th
e
su
pp

or
t
of

W
fr
om

an
es
ti
m
at
e
of

K
=
f

(W
)
w
it
h
f

an
un

kn
ow

n
fu
nc
ti
on

,u
nd

er
th
e
so
le
as
su
m
pt
io
n
th
at

th
e
lo
ca
ti
on

of
so
m
e
ze
ro
s
of

W
ar
e
kn

ow
n.

W
e
ta
ck
le

tw
o
si
tu
at
io
ns

w
he
re

th
is
co
nd

it
io
n
m
ay

ar
is
e:

M
ar
ko
v
pr
oc
es
se
s
ob

se
rv
ed

at
ra
nd

om
ti
m
es

an
d
st
at
io
na

ry
si
gn

al
s
on

gr
ap

hs
.
W
e
fo
cu
s
on

th
e
pa

rt
ic
ul
ar

ca
se

of
a
w
ei
gh

te
d
ad

ja
ce
nc
y

m
at
ri
x
W

w
it
h
ze
ro

di
ag
on

al
,i
nd

ic
at
in
g
th
at

th
e
un

de
rl
yi
ng

gr
ap

h
ha

s
no

se
lf-
lo
op

.

A
m
ai
n
lim

it
at
io
n
of

ou
r
m
et
ho

d
lie
s
in

th
e
la
rg
e
am

ou
nt

of
da

ta
ne
ce
ss
ar
y
to

re
co
ve
r
th
e

tr
ue

su
pp

or
t
w
it
h
hi
gh

pr
ob

ab
ili
ty
.
A
rg
ua

bl
y,

th
is

lim
it
at
io
n
is

in
tr
in
si
c
to

ou
r
m
od

el
an

d
is

a
m
at
te
r
of

co
m
pa

ri
so
n
be

tw
ee
n
th
e
es
ti
m
at
io
n
er
ro
r
‖K̂
−

K
‖
an

d
th
e
si
gn

al
st
re
ng

th
,m

ea
su
re
d

by
th
e
co
ns
ta
nt
c 0

(S
?
)
in

(4
)
an

d
(1
0)
.
E
ve
n
un

de
r
th
e
as
su
m
pt
io
n
th
at

th
e
es
ti
m
at
io
n
er
ro
r

ha
s
or
de
r

1/
√
n
,
th
e
di
ffi
cu
lt
ie
s
st
em

fr
om

th
e
co
ns
ta
nt
c 0

(S
?
)
be

in
g
ex
tr
em

el
y
sm

al
l
in

so
m
e

ca
se
s. Fo
r
pr
ac
ti
ca
l
is
su
es
,
th
er
e
re
m
ai
n

th
re
e
m
ai
n

ch
al
le
ng

es
to

be
ad

dr
es
se
d.

T
he

fir
st

on
e

co
nc
er
ns

th
e
sy
m
m
et
ry

of
W
,t
ha

t
on

ce
re
la
xe
d,

w
ou

ld
off

er
a
w
id
er

ra
ng

e
of

ap
pl
ic
at
io
ns
.
T
he

se
co
nd

co
nc
er
ns

th
e
ge
ne
ra
liz
at
io
n
an

d
ap

pl
ic
at
io
ns

to
id
en
ti
fia

bi
lit
y
co
nd

it
io
ns

ot
he
r
th
an

W
ha

vi
ng

ze
ro

di
ag
on

al
.
F
in
al
ly
,o

ur
al
go
ri
th
m

is
gr
ee
dy

w
he
n
th
e
si
ze

of
th
e
gr
ap

h
in
cr
ea
se
s.

Fo
r

la
rg
e
gr
ap

hs
,i
t
re
m
ai
ns

to
fin

d
a
w
ay

to
co
m
pu

te
m
or
e
effi

ci
en
tl
y
th
e
cr
it
er
io
n
an

d
si
gn

ifi
ca
nc
e

of
th
e
va
ri
ab

le
s.
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R
ec

o
n
st

ru
c
t
in

g
G

r
a
ph

s
fro

m
E
ig

en
spac

es

A
ckn

ow
led

gem
ent

W
e
w
ould

like
to

w
arm

ly
thank

M
étéo

France
and

M
étéorage

for
providing

us
the

data
used

in
Section

6.
W
e
also

thank
D
ieter

M
itsche

for
fruitful

discussions,
as

w
ell

as
the

U
niversidad

de
la

H
abana

(C
uba)

and
the

C
entro

de
M
odelam

iento
M
atem

atico
(C

hile)
for

their
hospitality.

A
p
p
en

d
ix

A
.
A
ssertin

g
th
e
D
iagon

al
Id
entifi

ab
ility

A
.1

N
ecessary

an
d
su
ffi
cient

con
d
ition

s

In
this

section,
w
e
focus

on
the

F
-identifiability

in
the

special
case

w
here

the
set

of
forbidden

entries
is

the
diagonal

F
d
ia

g
:=
{
(i,i)

:
i∈

[1
,N

]}.
R
ecallthat

a
support

S
is
F

d
ia

g -identifiable,
or

sim
ply

diagonally
identifiable

(D
I),if

for
alm

ost
every

m
atrix

A
∈
E

(S
),

B
A

=
A
B
,

d
ia

g
(B

)
=

0
,
B

=
B
>

=⇒
B

=
λ
A

for
som

e
λ
∈
R
.
In

other
w
ords,a

support
S
is
diagonally

identifiable
ifalm

ost
every

sym
m
etric

m
atrix

A
w
ith

support
in
S

is
uniquely

determ
ined,

up
to

scaling,
by

its
eigenspaces

am
ong

sym
m
etric

m
atrices

w
ith

zero
diagonal.

In
this

section,w
e
provide

both
suffi

cient
and

necessary
conditions

on
a
support

S
to

ensure
the

F
d
ia

g -identifiability.
For

this,
w
e
consider

a
sim

ple
undirected

graph
G
S

=
([1,N

],S
)
on

N
vertices

w
ith

edge
set

S
.

D
efi

n
ition

14
(In

d
u
ced

su
b
grap

h
)
For

V
⊆

[1
,N

],the
induced

subgraph
G
S

(V
)

=
(V
,S

(V
))

is
the

graph
on

V
w
ith

edge
set

S
(V

)
=
S
∩
V

2.

P
rop

osition
15

For
all

support
S
⊆

[1
,N

] 2,
the

set
of

invertible
m
atrices

in
E

(S
)
is

either
em

pty
or

a
dense

open
subset

ofE
(S

).

T
he

proof
is

straightforw
ard

w
hen

w
riting

the
determ

inant
of

A
∈
E

(S
)
as

a
polynom

ial
in

its
entries.

O
bserve

that
by

this
property,finding

one
invertible

m
atrix

A
in
E

(S
)
guarantees

that
alm

ost
every

m
atrix

in
E

(S
)
is

invertible.
In

this
case,

w
e
say

that
the

graph
G
S
is

invertible.
Sim

ilarly,w
e
say

that
G
S
is

diagonally
identifiable

if
S

is
diagonally

identifiable.

T
h
eorem

16
(C

on
d
ition

s
for

F
d
ia

g -id
entifi

ab
ility)

Let
S
⊆
F

d
ia

g
and

G
S

=
([1,N

],S
).

1.
N
ecessary

con
dition

:
If
S

is
diagonally

identifiable
then

there
exists

a
sequence

of
subsets

V
3 ,...,V

N
−

1
⊂

[1
,N

]
such

that
|V
k |

=
k

and
G
S

(V
k )

is
invertible

for
all

k
=

3,...,N
−

1.

2.
S
uffi

cien
t
con

dition
:
If

there
exists

a
nested

sequence
V

3
⊂
...⊂

V
N
−

1
⊂

[1
,N

]
w
ith

|V
k |

=
k

such
that

G
S

(V
k )

is
invertible

for
all

k
=

3
,...,N

−
1,

then
S

is
diagonally

identifiable.

T
he

gap
betw

een
the

suffi
cient

and
necessary

conditions
lies

in
the

fact
that

the
sequence

V
3 ,...,V

N
−

1
need

to
be

nested
for

the
suffi

cient
condition.

P
roof

W
e
proceed

by
contradiction.

For
the

necessary
condition,let

k
≥

3
be

such
that

G
S

(V
k )

is
not

invertible,for
all

V
k
⊂

[1
,N

]of
size

k.
For

A
∈
E

(S
),denote

by
ψ

0 (A
),ψ

1 (A
),...,ψ

N
(A

)
the

coeffi
cients

of
the

characteristic
polynom

ial

d
et(z

I−
A

)
=

N
∑j
=

0

ψ
j (A

)
z
j,

z
∈
R
.

C
onsider

the
m
atrix

M
k (A

)
:=
∑
kj
=

0
ψ
j (A

)
A
j.

B
y
E
q.(14)

in
E
spinasse

and
R
ochet

(2016),w
e

see
that

the
(i,i)-entry

of
M
k (A

)
equals

the
sum

of
allm

inors
of

size
k
that

do
not

contain
the

19
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Y
o
h
a
n
n

D
e

C
a
st

ro
,
T

h
ibau

lt
E
spin

a
sse

a
n
d

P
au

l
R

o
c
h
et

vertex
i.

Since
for

allsubset
V
k
of

size
k,
G
S

(V
k )

is
not

invertible,this
im

plies
that

M
k (A

)
has

zero
diagonal.

O
n
the

other
hand,

the
non-zero

entries
of
M
k (A

)
are

degree
k
polynom

ials
in

the
variables

A
ij ,(i,j)∈

S
u
p
p
(A

).
T
herefore,

the
equality

M
k (A

)
=
λ
A

for
som

e
λ
∈
R

occurs
for

at
m
ost

a
countable

num
ber

of
A
∈
E

(S
).

Since
M
k (A

)
com

m
utes

w
ith

A
,w

e
deduce

that
S

is
not

diagonally
identifiable.

For
the

suffi
cient

condition,w
e
w
illneed

the
follow

ing
lem

m
a.

L
em

m
a
17

If
there

exists
a
subset

V
′⊂

[1,N
]
of

size
N
−

1
such

that
G
S

(V
′)

is
both

D
I
and

invertible,
then

G
S
is

D
I.

P
roof

W
e
m
ay

assum
e
that

V
′

=
[1,N

−
1]w

ithoutlossofgenerality.
Let

M
′denote

a
sym

m
etric

(N
−

1)×
(N
−

1)
m
atrix

indexed
on

V
′that

is
both

invertible
and

diagonally
identifiable,i.e.,for

allnon-zero
m
atrix

A
′6=

λ
M
′,

M
′A
′

=
A
′M
′

=⇒
d
ia

g
(A
′)6=

0.

T
o
prove

that
G
S
is
D
I,it

suffi
ces

to
find

a
sym

m
etric

m
atrix

M
w
ith

support
S
that

is
diagonally

identifiable.
C
onsider

M
defined

by

M
=

[
M
′

0
0

0 ]
.

Let
A

be
a
m
atrix

w
ith

zero
diagonalthat

com
m
utes

w
ith

M
and

w
rite

A
=

[
A
′

a
a >

0 ]

for
som

e
a
∈
R
N
−

1,w
ith

diag(A
′)

=
0.

T
he

condition
M
A

=
A
M

can
be

stated
equivalently

as
{

M
′A
′

=
A
′M
′

M
′a

=
0

Since
M
′
is

invertible
by

assum
ption,

a
=

0
and

the
only

m
atrix

A
w
ith

zero
diagonal

that
com

m
utes

w
ith

M
is

the
nullm

atrix.
T
hus,

M
is

diagonally
identifiable.

W
e
now

go
back

to
prove

the
suffi

cient
condition

in
T
heorem

16.
A
ssum

e
that

G
S
is

not
diagonally

identifiable,
then

by
Lem

m
a
17,

neither
is
G
S

(V
N
−

1 ).
B
y
iterating

the
argum

ent,
w
e
conclude

that
G
S

(V
3 )

is
not

diagonally
identifiable.

H
ow

ever,
the

only
invertible

graph
on

three
vertices

is
the

triangle
graph,w

hich
is
diagonally

identifiable,leading
to

a
contradiction.

R
em

ark
18

T
he

proof
of

T
heorem

16
com

bines
the

results
of

Lem
m
a
2.1

in
B
arsotti

et
al.

(2014)
and

E
q.(14)

in
E
spinasse

and
R
ochet(2016).

T
he

firstone
is
oftopologicalflavor

proving
that

the
set

ofidentifiable
m
atrices

is
either

dense
or

em
pty

in
the

set
ofm

atrices
w
ith

prescribed
support.

T
he

second
ingredient

is
E
q.(14)

in
E
spinasse

and
R
ochet

(2016)
w
hich

contains
a
key

com
binatorial

com
putation

on
the

adjugate
m
atrix

of
w
eighted

graphs.
A
dm

ittedly,
its

purpose
w
as

to
provide

the
first

step
to

prove
the

necessary
condition

for
identifiability

in
the

present
article

(precisely,
that

M
k (A

)
has

zero
diagonal).

T
he

proof
of

the
suffi

cient
condition

does
not,

how
ever,

involve
this

result.

A
.2

P
roof

of
P
rop

osition
4

From
C
laim

(ii)
in

T
heorem

16
and

considering
the

nested
sequence

V
N
−

1 ⊃
...⊃

V
3
obtained

by
rem

oving
the

last
vertex

on
the

tailofthe
kite

at
each

step,w
e
deduce

a
sim

ple
and

tractable
suffi

cient
condition

for
a
graph

G
S
to

be
diagonally

identifiable,
nam

ely
that

G
S
contains

the
kite

graph
as

a
vertex

covering
(possibly

not
induced)

subgraph.
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)(
lo
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lo

g
N

+
ω

(N
))

th
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2)
,

p
2

:=
ω

(n
)/

(2
n

)
.

Le
t
G

(1
)
an

d
G

(2
)
be

tw
o
in
de
pe

nd
en
t
E
rd
ős
-R

én
yi

gr
ap

hs
su
ch

th
at

G
(1

)
n
∼
G

(n
,p
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.
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A
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P
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C
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P
ro
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si
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on

19
an
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T
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or
em

16
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w
e
de

du
ce

th
e
fir
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po
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Fr
om

th
e
ne
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ss
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co
nd

it
io
n
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T
he
or
em

16
,
w
e
se
e
th
at

it
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su
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ci
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t
to

fin
d
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o
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ol
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ed

ve
rt
ic
es

to
pr
ov
e
no

n-
id
en
ti
fia

bi
lit
y.

In
de
ed
,i
n
th
is
ca
se
,t
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ke
rn
el

of
th
e
ad

ja
ce
nc
y
m
at
ri
x
ha

s
co
-d
im

en
si
on

at
le
as
t

2
sh
ow

in
g
th
at

al
l
su
b-
gr
ap

hs
of

si
ze

N
−

1
ar
e
no

t
in
ve
rt
ib
le
.
Fu

rt
he
rm

or
e,

on
e
kn

ow
s
(s
ee

T
he
or
em

3.
1
in

B
ol
lo
bá

s
(1
99
8)

fo
r
in
st
an

ce
)
th
at

th
e
ev
en
t
“t
he
re

is
at

le
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t
tw

o
is
ol
at
ed

po
in
ts
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ha
s
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p
th
re
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ol
d
fu
nc
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on

lo
g
n
/n

.
T
hi
s
pr
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es

th
e
se
co
nd

po
in
t.

A
p
p
en

d
ix

B
.
S
u
p
p
or
t
re
co
n
st
ru
ct
io
n

B
.1

P
ro
of

of
T
h
eo
re
m

7

D
efi
ne
S 1

:=
{S
∈
S

:
|S
|≤
|S
?
|,S
6=
S
?
}
an

d
S 2

:=
{S
∈
S

:
|S
|>
|S
?
|}
,
cl
ea
rl
y
it

ho
ld
s

S
=
{S

?
}∪
S 1
∪
S 2

.
W
e
w
an

t
to

co
nt
ro
l
th
e
te
rm

s
P{
Ŝ
∈
S 1
}
an

d
P{
Ŝ
∈
S 2
}
se
pa

ra
te
ly

an
d

co
nc
lu
de

in
vi
ew

of
P{
Ŝ
6=
S
?
}

=
P{
Ŝ
∈
S 1
}+

P{
Ŝ
∈
S 2
}.
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Y
o
h
a
n
n

D
e

C
a
st

ro
,
T

h
ib

au
lt

E
sp

in
a
ss

e
a
n
d

P
au

l
R

o
c
h
et

Si
nc
e
th
e
Fr
ob

en
iu
s
no

rm
is

su
b-
m
ul
ti
pl
ic
at
iv
e,

it
ho

ld
s,

fo
r
al
lA
∈
E(
F

),

‖A
(K̂
−
K

)
−

(K̂
−

K
)A
‖
≤
‖A

(K̂
−

K
)‖

2
+
‖(
K̂
−

K
)A
‖
≤

2‖
A
‖‖
K̂
−
K
‖.

T
hu

s,
th
e
qu

an
ti
ty
‖A

K̂
−

K̂
A
‖
fo
r
A
∈
E(
F

)
ca
n
be

bo
un

de
d
fr
om

be
lo
w

an
d
ab

ov
e
by

‖A
K
−
K
A
‖−

2
‖A
‖‖
K̂
−
K
‖
≤
‖A

K̂
−

K̂
A
‖
≤
‖A

K
−

K
A
‖+

2
‖A
‖‖
K̂
−
K
‖.

(1
1)

T
o
bo

un
d
th
e
te
rm

P{
Ŝ
∈
S 1
},

w
e
us
e
(1
1)

to
re
m
ar
k
th
at

fo
r
al
lS
∈
S 1

,

Q
(S

)
=

m
in

A
∈E

(S
)\
{0
}
‖A

K̂
−

K̂
A
‖

‖A
‖

+
λ
n
|S
|≥

m
in

A
∈E

(S
)\
{0
}
‖A

K
−

K
A
‖

‖A
‖

−
2
‖K̂
−
K
‖.

It
fo
llo

w
s

m
in

S
∈S

1

Q
(S

)
≥

m
in

S
∈S

1

m
in

A
∈E

(S
)\
{0
}
‖A

K
−
K
A
‖

‖A
‖

−
2‖

K̂
−

K
‖

=
c 0

(S
?
)
−

2
‖K̂
−

K
‖.

(1
2)

T
he

co
ns
ta
nt
c 0

(S
?
)
is

po
si
ti
ve

by
F
-id

en
ti
fia

bi
lit
y
of

W
.
M
or
eo
ve
r,

ob
se
rv
e
th
at

Q
(S

?
)

=
m

in
A
∈E

(S
?
)\
{0
}
‖A

K̂
−
K̂
A
‖

‖A
‖

+
λ
n
|S
?
|≤
‖W

K̂
−

K̂
W
‖

‖W
‖

+
λ
n
|S
?
|≤

2
‖K̂
−
K
‖+

λ
n
|S
?
|,

(1
3)

w
he
re

w
e
us
ed

bo
th

E
q.

(1
1)

an
d
th
e
fa
ct

th
at

W
K
−
K
W

=
0.

C
om

bi
ni
ng

(1
2)

an
d
(1
3)
,w

e
ge
t

P{
Ŝ
∈
S 1
}
≤

P{
m

in
S
∈S

1

Q
(S

)
≤
Q

(S
?
)}
≤

P{
‖K̂
−

K
‖
≥
c 0

(S
?
)
−
λ
n
|S
?
|

4

}
.

T
o
co
nt
ro
l
th
e
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rm

P(
Ŝ
∈
S 2
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w
e
us
e
th
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m
in

S
∈S

2

Q
(S

)
≥
λ
n

m
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S
∈S

2

|S
|≥

λ
n
(|S

?
|+

1
).

B
y
E
q.

(1
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,i
t
fo
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w
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P{
Ŝ
∈
S 2
}
≤

P{
m

in
S
∈S

2

Q
(S

)
≤
Q

(S
?
)}
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P{
λ
n
(|S

?
|+

1)
≤

2‖
K̂
−
K
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λ
n
|S
?
|}

=
P{
‖K̂
−
K
‖
≥
λ
n 2

}
.

T
he

pr
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f
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T
he
or
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7
fo
llo

w
s
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(H
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).

T
he

co
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ry
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di
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e
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g

B
or
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an
te
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Le
m
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B
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Si
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S
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e
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a
0
∈
A
S
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n
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a

0
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w
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S
?
⊆
S
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W
e
ob
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β̂
S

=
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S
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∆
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=
−
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)Φ

S
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∆
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)k̂
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T
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s
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(K̂

)Φ
S

)†
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w
ar
ds

(∆
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in
ed

b
y

G
h
ad

im
i

an
d

L
an

(2
01

3)
.

H
ow

ev
er

,
to

ta
ck

le
th

e
ge

n
er

al
ca

se
,

w
h
er

e
f

(·;
ξ)

m
ay

b
e

n
on

-s
m

o
ot

h
,

D
u
ch

i
et

al
.

(2
01

5
)

re
so

rt
ed

to
a

n
on

-t
ri

v
ia

l
sm

o
o
th

in
g

sc
h
em

e
an

d
a

si
gn

ifi
ca

n
tl

y
m

or
e

in
vo

lv
ed

an
al

y
si

s.
T

h
e

re
su

lt
in

g
b

ou
n
d
s

h
av

e
ad

d
it

io
n
al

fa
ct

or
s

(l
og

ar
it

h
m

ic
in

th
e

d
im

en
si

on
)

co
m

p
ar

ed
to

th
e

g
u
a
ra

n
te

es
in

th
e

sm
o
ot

h
ca

se
.

M
or

eo
v
er

,
an

an
al

y
si

s
is

on
ly

p
ro

v
id

ed
fo

r
E

u
cl

id
ea

n
p
ro

b
le

m
s

(w
h
er

e
th

e
d
om

ai
n
W

an
d

L
ip

sc
h
it

z
p
ar

am
et

er
o
f
f t

sc
al

e
w

it
h

th
e
L
2

n
or

m
).

In
th

is
n
ot

e,
w

e
p
re

se
n
t

an
d

an
al

y
ze

a
si

m
p
le

al
go

ri
th

m
w

it
h

th
e

fo
ll
ow

in
g

p
ro

p
er

ti
es

:

•
F

or
E

u
cl

id
ea

n
p
ro

b
le

m
s,

it
is

op
ti

m
al

u
p

to
co

n
st

an
ts

fo
r

b
ot

h
sm

o
o
th

a
n
d

n
o
n
-

sm
o
ot

h
fu

n
ct

io
n
s.

T
h
is

cl
os

es
th

e
g
ap

b
et

w
ee

n
th

e
sm

o
ot

h
an

d
n
on

-s
m

o
o
th

E
u
cl

id
ea

n
p
ro

b
le

m
s

in
th

is
se

tt
in

g.

•
T

h
e

al
go

ri
th

m
an

d
an

al
y
si

s
ar

e
re

ad
il
y

ap
p
li
ca

b
le

to
n
on

-E
u
cl

id
ea

n
p
ro

b
le

m
s.

W
e

gi
ve

an
ex

am
p
le

fo
r

th
e

1-
n
or

m
,

w
it

h
th

e
re

su
lt

in
g

b
ou

n
d

op
ti

m
al

u
p

to
lo

g
a
ri

th
m

ic
fa

ct
or

s.

•
T

h
e

al
go

ri
th

m
an

d
an

al
y
si

s
ar

e
si

m
p
le

r
th

an
th

os
e

p
ro

p
os

ed
in

D
u
ch

i
et

a
l.

(2
0
1
5
).

T
h
ey

ap
p
ly

eq
u
al

ly
to

th
e

b
an

d
it

an
d

ze
ro

-o
rd

er
op

ti
m

iz
at

io
n

se
tt

in
g
,

a
n
d

ca
n

b
e

re
ad

il
y

ex
te

n
d
ed

u
si

n
g

st
an

d
ar

d
te

ch
n
iq

u
es

,
e.

g.
im

p
ro

ve
d

b
ou

n
d
s

fo
r

st
ro

n
g
ly

-c
o
n
ve

x
fu

n
ct

io
n
s;

re
gr

et
/e

rr
or

b
ou

n
d
s

h
ol

d
in

g
w

it
h

h
ig

h
-p

ro
b
ab

il
it

y
ra

th
er

th
a
n

ju
st

in
ex

-
p

ec
ta

ti
on

;
an

d
im

p
ro

ve
d

b
ou

n
d
s

if
al

lo
w

ed
k
>

2
ob

se
rv

at
io

n
s

p
er

ro
u
n
d

in
st

ea
d

o
f

ju
st

tw
o

(H
az

an
et

al
.,

20
07

;
S
h
al

ev
-S

h
w

ar
tz

,
20

07
;

A
g
ar

w
al

et
al

.,
20

1
0
).

L
ik

e
p
re

v
io

u
s

al
go

ri
th

m
s,

ou
r

al
go

ri
th

m
is

b
as

ed
on

a
ra

n
d
om

gr
ad

ie
n
t

es
ti

m
a
to

r,
w

h
ic

h
gi

ve
n

a
fu

n
ct

io
n
f

an
d

p
oi

n
t
w

,
q
u
er

ie
s
f

at
tw

o
ra

n
d
o
m

lo
ca

ti
o
n
s

cl
os

e
to

w
,

a
n
d

co
m

p
u
te

s
a

ra
n
d
om

ve
ct

or
w

h
os

e
ex

p
ec

ta
ti

on
is

a
gr

ad
ie

n
t

of
a

sm
o
ot

h
ed

ve
rs

io
n

of
f

.
T

h
e

p
a
p

er
s

N
es

te
ro

v
(2

01
1)

;
D

u
ch

i
et

al
.

(2
01

5)
;

G
h
ad

im
i

an
d

L
an

(2
01

3)
es

se
n
ti

al
ly

u
se

th
e

es
ti

m
a
to

r
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B
a
n
d
it

a
n
d

Z
e
r
o
-O

r
d
e
r
C
o
n
v
e
x
O
p
t
im

iz
a
t
io
n
w
it
h
T
w
o
-P

o
in
t
F
e
e
d
b
a
c
k

w
h
ich

q
u
eries

a
t
w

an
d
w

+
δu

(w
h
ere

u
is

a
ran

d
om

u
n
it

vector
an

d
δ
>

0
is

a
sm

all
p
a
ra

m
eter),

a
n
d

retu
rn

s
dδ

(f
(w

+
δu

)−
f

(w
))
u
.

(1)

T
h
e

in
tu

itio
n

is
read

ily
seen

in
th

e
on

e-d
im

en
sion

al
(d

=
1)

case,
w

h
ere

th
e

ex
p

ecta
tion

of
th

is
ex

p
ressio

n
eq

u
als

12
δ

(f
(w

+
δ)−

f
(w
−
δ))

,
(2)

w
h
ich

in
d
eed

a
p
p
rox

im
ates

th
e

d
erivativ

e
of
f

(assu
m

in
g
f

is
d
iff

eren
tiab

le)
at
w

,
if
δ

is
sm

a
ll

en
o
u
g
h
.

In
co

n
tra

st,
ou

r
algorith

m
u
ses

a
sligh

tly
d
iff

eren
t

estim
ator

(also
u
sed

in
A

garw
al

et
al.,

2
0
1
0
),

w
h
ich

q
u
eries

at
w
−
δu
,w

+
δu

,
an

d
retu

rn
s

d2δ
(f

(w
+
δu

)−
f

(w
−
δu

))
u
.

(3)

A
g
a
in

,
th

e
in

tu
ition

is
read

ily
seen

in
th

e
case

d
=

1,
w

h
ere

th
e

ex
p

ectation
of

th
is

ex
p
ression

a
lso

eq
u
a
ls

E
q
.

(2).
W

h
en

δ
is

su
ffi

cien
tly

sm
all

an
d
f

is
d
iff

eren
tiab

le
at

w
,

b
oth

estim
a
tors

co
m

p
u
te

a
g
o
o
d

a
p
p
rox

im
ation

of
th

e
tru

e
grad

ien
t∇

f
(w

).
H

ow
ever,

w
h
en
f

is
n
ot

d
iff

eren
tiab

le,
th

e
va

ria
n
ce

of
th

e
estim

ator
in

E
q
.

(1)
can

b
e

q
u
ad

ratic
in

th
e

d
im

en
sion

d
,

as
p

oin
ted

o
u
t

b
y

D
u
ch

i
et

al.
(2

0
15):

F
or

ex
am

p
le,

fo
r
f

(w
)

=
‖w
‖
2

an
d
w

=
0,

th
e

secon
d

m
om

en
t

eq
u
als

E

[∥∥∥∥
dδ

(f
(δu

)−
f

(0
))
u ∥∥∥∥

22 ]
=

E
[d

2‖
u‖

42 ]
=

d
2.

S
in

ce
th

e
p

erfo
rm

an
ce

of
th

e
algorith

m
cru

cially
d
ep

en
d
s

on
th

e
secon

d
m

om
en

t
of

th
e

g
ra

d
ien

t
estim

a
te,

th
is

lead
s

to
a

h
igh

ly
su

b
-op

tim
al

gu
aran

tee.
In

D
u
ch

i
et

a
l.

(2015
),

th
is

w
a
s

h
an

d
led

b
y

ad
d
in

g
an

ad
d
ition

a
l

ran
d
om

p
ertu

rb
ation

an
d

u
sin

g
a

m
ore

in
volv

ed
a
n
a
ly

sis.
S
u
rp

risin
gly,

it
tu

rn
s

ou
t

th
at

th
e

sligh
tly

d
iff

eren
t

estim
ator

in
E

q
.

(3)
d
o
es

n
ot

su
ff

er
fro

m
th

is
p
rob

lem
,

an
d

its
secon

d
m

om
en

t
is

essen
tially

lin
ea

r
in

th
e

d
im

en
sion

d
.

W
e

n
o
te

th
a
t

in
th

is
w

ork
,

w
e

assu
m

e
th

at
u

is
a

ran
d
om

u
n
it

vector,
sim

ilar
to

p
rev

iou
s

w
o
rk

s.
H

ow
ever,

ou
r

resu
lts

can
b

e
read

ily
ex

ten
d
ed

to
o
th

er
d
istrib

u
tion

s,
su

ch
as

u
n
ifo

rm
in

th
e

E
u
clid

ea
n

u
n
it

b
all,

or
a

G
au

ssian
d
istrib

u
tion

.

2
.
A
lg
o
rith

m
a
n
d
M

a
in

R
e
su

lts

W
e

co
n
sid

er
th

e
algorith

m
d
escrib

ed
in

F
igu

re
1,

w
h
ich

p
erform

s
stan

d
ard

m
irror

d
escen

t
u
sin

g
a

ra
n
d
o
m

ized
grad

ien
t

estim
ator

g̃
t

of
a

(sm
o
oth

ed
)

version
of
f
t

at
p

oin
t
w
t .

F
ol-

low
in

g
D

u
ch

i
et

al.
(2015),

w
e

assu
m

e
th

a
t

on
e

can
in

d
eed

q
u
ery

f
t

at
an

y
p

oin
t
w
t
+
δ
t u
t

a
s

sp
ecifi

ed
in

th
e

algorith
m

2.
T

h
e

a
n
a
ly

sis
of

th
e

algorith
m

is
p
resen

ted
in

th
e

follow
in

g
th

eorem
:

2
.

T
h

is
m

ay
req

u
ire

u
s

to
q
u

ery
a
t

a
d

ista
n

ce
δ
t

o
u

tsid
e
W

.
If

w
e

m
u

st
q
u

ery
w

ith
in
W

,
th

en
a

sta
n

d
a
rd

tech
n

iq
u

e
(see

A
g
a
rw

a
l

et
a
l.,

2
0
1
0
)

is
to

sim
p

ly
ru

n
th

e
a
lg

o
rith

m
o
n

a
slig

h
tly

sm
a
ller

set
(1−

ε)W
,

w
h

ere
ε
>

0
is

su
ffi

cien
tly

la
rg

e
so

th
a
t
w
t

+
δ
t u
t

m
u

st
b

e
in
W

.
S

in
ce

th
e

fo
rm

a
l

g
u

a
ra

n
tee

in
T

h
m

.
1

h
o
ld

s
fo

r
a
rb

itra
rily

sm
a
ll
δ
t ,

a
n

d
ea

ch
f
t

is
L

ip
sch

itz,
w

e
ca

n
g
en

era
lly

ta
k
e
δ
t

(a
n

d
h

en
ce
ε)

su
ffi

cien
tly

sm
a
ll

so
th

a
t

th
e

a
d

d
itio

n
a
l

reg
ret/

erro
r

in
cu

rred
is

a
rb

itra
rily

sm
a
ll.

3
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S
h
a
m
ir

A
lg
o
rith

m
1

T
w

o-P
oin

t
B

an
d
it

C
on

v
ex

O
p
tim

ization
A

lgorith
m

In
p
u
t:

S
tep

size
η
,

fu
n
ction

r
:W
7→

R
,

ex
p
loration

p
aram

eters
δ
t
>

0
In

itialize
θ
1

=
0

.
fo
r
t

=
1,...,T

−
1
d
o

P
red

ict
w
t

=
arg

m
ax

w
∈W
〈θ
t ,w
〉−

r(w
)

S
am

p
le

u
t

u
n
iform

ly
from

th
e

E
u
clid

ean
u
n
it

sp
h
ere
{w

:‖w
‖
2

=
1}

Q
u
ery

f
t (w

t
+
δ
t u
t )

an
d
f
t (w

t −
δ
t u
t )

S
et

g̃
t

=
d2
δ
t

(f
t (w

t
+
δ
t u
t )−

f
t (w

t −
δ
t u
t ))

u
t

U
p

d
ate

θ
t+

1
=
θ
t −

η
g̃
t

e
n
d
fo
r

T
h
e
o
re

m
1

A
ssu

m
e

th
e

fo
llo

w
in

g
co

n
d
itio

n
s

h
o
ld

:

1
.
r

is
1
-stro

n
gly

co
n

vex
w

ith
respect

to
a

n
o
rm
‖·‖

,
a
n

d
su

p
w
∈W

r(w
)≤

R
2

fo
r

so
m

e
R
<
∞

.

2
.
f
t

is
co

n
vex

a
n

d
G

2 -L
ip

sch
itz

w
ith

respect
to

th
e

2-n
o
rm
‖·‖

2 .

3
.

T
h
e

d
u

a
l

n
o
rm
‖·‖∗

o
f‖·‖

is
su

ch
th

a
t

4 √
E
u
t ‖u

t ‖
4∗ ≤

p∗
fo

r
so

m
e
p∗
<
∞

.

If
η

=
R

p∗
G

2 √
d
T

,
a
n

d
δ
t

ch
o
sen

su
ch

th
a
t
δ
t
≤

p∗ R √
dT

,
th

en
th

e
sequ

en
ce

w
1 ,...,w

T

gen
era

ted
by

th
e

a
lgo

rith
m

sa
tisfi

es
th

e
fo

llo
w

in
g

fo
r

a
n

y
T

a
n

d
w
∗∈
W

:

E

[
1T

T
∑t=

1

f
t (w

t )−
1T

T
∑t=

1

f
t (w

∗) ]
≤
c
p∗ G

2 R √
dT
,

w
h
ere

c
is

so
m

e
n

u
m

erica
l

co
n

sta
n

t.

W
e

n
ote

th
at

con
d
ition

1
is

stan
d
ard

in
th

e
an

aly
sis

of
th

e
m

irro
r-d

escen
t

m
eth

o
d

(see
th

e
sp

ecifi
c

corollaries
b

elow
),

w
h
ereas

con
d
ition

s
2

an
d

3
a
re

n
eed

ed
to

en
su

re
th

at
th

e
varian

ce
of

ou
r

grad
ien

t
estim

ator
is

con
trolled

.
A

s
m

en
tion

ed
earlier,

th
e

b
ou

n
d

on
th

e
average

regret
w

h
ich

ap
p

ears
in

T
h
m

.
1

im
m

e-
d
iately

im
p
lies

a
sim

ilar
b

ou
n
d

on
th

e
error

in
a

sto
ch

astic
op

tim
ization

settin
g,

for
th

e
average

p
oin

t
w̄
T

=
1T

∑
Tt=

1
w
t .

W
e

n
ote

th
at

th
e

resu
lt

is
rob

u
st

to
th

e
ch

oice
of
η
,

an
d

is
th

e
sam

e
u
p

to
con

stan
ts

as
lon

g
as
η

=
Θ

(R
/
p∗ G

2 √
d
T

).
A

lso,
th

e
con

stan
t
c,

w
h
ile

alw
ay

s
strictly

p
ositive,

sh
rin

k
s

as
δ
t →

0
(see

th
e

p
ro

of
b

elow
for

d
etails).

A
s

a
fi
rst

ap
p
lication

of
th

e
th

eorem
,

let
u
s

con
sid

er
th

e
case

w
h
ere‖·‖

is
th

e
E

u
clid

ean
n
orm
‖·‖

2 .
In

th
is

case,
w

e
can

take
r(w

)
=

12 ‖
w
‖
22 ,

an
d

th
e

algorith
m

red
u
ces

to
a

stan
d
ard

varian
t

of
on

lin
e

grad
ien

t
d
escen

t,
d
efi

n
ed

as
θ
t+

1
=
θ
t −

g̃
t

an
d
w
t

=
arg

m
in

w
∈W
‖
w
−
θ
t ‖

2 .
In

th
is

case,
w

e
get

th
e

follow
in

g
corollary

:

C
o
ro

lla
ry

2
S

u
p
po

se
f
t

fo
r

a
ll
t

is
G

2 -L
ip

sch
itz

w
ith

respect
to

th
e

E
u

clid
ea

n
n

o
rm

,
a
n

d
W
⊆
{
w

:‖w
‖
2
≤
R}.

T
h
en

u
sin

g
‖·‖

=
‖·‖

2
a
n

d
r(w

)
=

12 ‖
w
‖
22 ,

it
h
o
ld

s
fo

r
so

m
e

co
n

sta
n

t
c

a
n

d
a
n

y
w
∗∈
W

th
a
t

E

[
1T

T
∑t=

1

f
t (w

t )−
1T

T
∑t=

1

f
t (w

∗) ]
≤
c
G

2 R √
dT
,
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p
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b
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p
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.
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n
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b
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b
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b
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d
iff

er
en

ti
at

ed
fr

om
ea

ch
ot

h
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p
ri

ce
th

e
p
ro

d
u
ct

s
in

a
d
y
n
am

ic
m

an
n
er

,
w

it
h

th
e

ob
je

ct
iv

e
of

m
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u
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p
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b
es

an
d

Z
ee

v
i,

20
09

;
F

ar
ia

s
an

d
V

an
R

oy
,

20
10

;
B

ro
d
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b
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d
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b
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b
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d
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b
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b
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d
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p
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p
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p
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b
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b
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b
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b
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b
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p
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b
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b
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d
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b
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p
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b
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b
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p
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p
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b
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b
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b
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b
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at
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p
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p
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p
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u
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p
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.
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d
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p
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p
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p
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d
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p
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th

e
b
u
y
er’s

b
eh

av
ior

an
d

th
e

p
rob

lem
tu

rn
s

in
to

a
ran

d
o
m

p
rice

ex
p

erim
en

ta
tio

n
.

O
n

th
e

oth
er

h
an

d
,

if
all

of
th

e
p
aram

eters
θ
t

are
th

e
sam

e,
th

en
th

is
feed

b
a
ck

in
fo

rm
ation

can
b

e
u
sed

to
learn

th
e

m
o
d
el

p
aram

eters,
w

h
ich

in
tu

rn
h
elp

s
in

settin
g

th
e

fu
tu

re
p
rices.

In
th

is
case,

an
algorith

m
th

at
p

erform
s

a
go

o
d

b
alan

ce
b

etw
een

p
rice

ex
p
lo

ra
tio

n
an

d
b

est-gu
ess

p
ricin

g
(ex

p
loita

tion
)

can
lead

to
a

sm
all

regret.
In

th
is

w
o
rk

,
w

e
stu

d
y

th
is

trad
e-off

th
rou

gh
a

p
ro

jected
sto

ch
astic

grad
ien

t
d
escen

t
algorith

m
an

d
in

vestig
a
te

th
e

eff
ect

of
variation

s
of

th
e

seq
u
en

ce
of
θ
t

on
th

e
regret

b
ou

n
d
s.

F
ea

tu
re-b

ased
m

o
d
els

h
ave

recen
tly

attracted
in

terest
in

d
y
n
am

ic
p
ricin

g.
(A

m
in

et
al.,

2
0
1
4
)

stu
d
ied

a
sim

ilar
m

o
d
el

to
(1)

(w
ith

ou
t

th
e

n
oise

term
s
z
t ),

w
h
ere

th
e

featu
res

x
t

a
re

d
raw

n
fro

m
an

u
n
k
n
ow

n
i.i.d

d
istrib

u
tion

.
A

p
ricin

g
strategy

w
as

p
rop

osed
b
a
sed

on
sto

ch
a
stic

g
ra

d
ien

t
d
escen

t,
w

h
ich

resu
lts

in
a

regret
of

th
e

form
O

(T
2
/
3 √

log
T

).
T

h
is

w
o
rk

a
lso

stu
d
ied

th
e

p
rob

lem
of

d
y
n
am

ic
in

cen
tiv

e
com

p
atib

ility
in

rep
eated

p
osted

-p
rice

a
u
ctio

n
s.

S
u
b
seq

u
en

tly,
(C

oh
en

et
al.,

2016)
stu

d
ied

m
o
d
el

(1),
w

h
erein

th
e

featu
re

vectors
x
t

a
re

ch
osen

a
n
tagon

istically
b
y

n
atu

re
an

d
n
ot

sam
p
led

i.i.d
.

T
h
is

w
ork

p
rop

oses
a

p
ricin

g
p

o
licy

b
a
sed

on
th

e
ellip

soid
m

eth
o
d

from
con

v
ex

op
tim

ization
(B

oy
d

an
d

V
an

d
en

b
ergh

e,
2
0
0
4
)

w
ith

a
reg

ret
b

ou
n
d

of
O

(d
2

log
(T
/d

)),
u
n
d
er

a
low

-n
oise

settin
g.

M
o
re

accu
rately,

th
e

reg
ret

sca
les

a
s
O

(d
2

log
(m

in{
T
/d
,1
/δ})

+
d
δT

),
w

h
ere

δ
m

easu
res

th
e

n
oise

m
agn

itu
d
e:

in
ca

se
o
f

b
o
u
n
d
ed

n
oise,

δ
rep

resen
ts

th
e

u
n
iform

b
ou

n
d

on
n
oise

a
n
d

in
case

of
gau

ssian
n
oise

w
ith

va
ria

n
ce
σ

2,
it

is
d
efi

n
ed

as
δ

=
2
σ √

log
(T

).
In

(L
ob

el
et

al.,
2016),

th
e

regret
b

ou
n
d

o
f

th
is

p
o
licy

w
as

im
p
rov

ed
to
O

(d
log

T
),

u
n
d
er

th
e

n
oiseless

settin
g.

In
(J

avan
m

a
rd

an
d

N
azerza

d
eh

,
20

16),
au

th
ors

stu
d
y

an
d

h
igh

ligh
t

th
e

role
of

th
e

stru
ctu

re
of

d
em

an
d

cu
rve

in
d
y
n
a
m

ic
p
ricin

g.
T

h
ey

in
tro

d
u
ce

m
o
d
el

(1),
an

d
assu

m
e

th
at

th
e

featu
re

vectors
x
t

a
re

d
raw

n
i.i.d

.
fro

m
an

u
n
k
n
ow

n
d
istrib

u
tion

.
F

u
rth

er,
m

otivated
b
y

real-w
orld

ap
p
lication

s,
it

is
a
ssu

m
ed

th
a
t

th
e

p
aram

eter
vector

θ
is

sp
arse

in
th

e
sen

se
th

at
on

ly
a

few
of

its
en

tries
are

n
o
n
zero

.
A

reg
u
larized

log-likelih
o
o
d

ap
p
roach

is
taken

to
get

an
im

p
roved

regret
b

ou
n
d

of
o
rd

er
s

0 (lo
g
(d

)
+

log
(T

)).
W

e
ad

d
to

th
is

b
o
d
y

of
w

ork
b
y

con
sid

erin
g

featu
re-b

ased
m

o
d
els

fo
r

va
lu

a
tio

n
o
f

p
ro

d
u
cts

w
h
ose

p
ara

m
eters

vary
over

tim
e.

T
im

e-va
ry

in
g

d
em

an
d

en
v
iron

m
en

ts
h
av

e
also

b
een

stu
d
ied

recen
tly

b
y

(K
esk

in
an

d
Z

eev
i,

2
0
1
6
).

E
x
p
licitly,

th
ey

con
sid

er
a

fi
rm

th
at

sells
on

e
ty

p
e

of
p
ro

d
u
ct

to
cu

stom
ers

th
at

a
rrive

over
a

tim
e

h
orizon

.
A

fter
settin

g
p
rice

p
t ,

th
e

fi
rm

ob
serves

d
em

an
d
D
t

given
b
y
D
t

=
α
t
+
β
t p
t
+
ε
t ,

w
h
ere

α
t ,β

t ∈
R

are
th

e
u
n
k
n
ow

n
p
aram

eters
of

th
e

d
em

an
d

m
o
d
el

a
n
d
ε
t

a
re

th
e

u
n
ob

served
d
em

an
d

sh
o
ck

s
(n

oise).
B

y
con

trast,
in

th
is

w
ork

w
e

con
sid

er
d
iff

eren
t

p
ro

d
u
cts,

each
ch

aracterized
b
y

a
h
igh

-d
im

en
sion

al
featu

re
vector.

F
u
rth

er,
th

e
seller

o
n
ly

receives
a

b
in

ary
feed

b
ack

(sale/n
o

sale)
of

th
e

cu
stom

er’s
b

eh
av

ior
at

each
step

,
ra

th
er

th
a
n

ob
serv

in
g

th
e

cu
stom

er’s
valu

ation
.

1
.1

O
rg

a
n

iz
a
tio

n
o
f

p
a
p

e
r

a
n

d
o
u

r
m

a
in

c
o
n
trib

u
tio

n
s

T
h
e

rem
a
in

d
er

of
th

is
p
ap

er
is

stru
ctu

red
as

follow
s.

In
S
ection

2,
w

e
fo

rm
ally

d
efi

n
e

th
e

m
o
d
el

a
n
d

fo
rm

u
late

th
e

p
rob

lem
.

T
ech

n
ical

assu
m

p
tion

s
a
n
d

th
e

n
otion

of
regret

w
ill

b
e

d
iscu

ssed
in

th
is

section
.

W
e

n
ex

t
p
rop

ose
a

p
ricin

g
p

olicy
b
ased

on
p
ro

jected
sto

ch
astic

g
ra

d
ien

t
d
escen

t
(P

S
G

D
)

ap
p
lied

to
th

e
log-likelih

o
o
d

fu
n
ction

.
A

t
each

tim
e

p
erio

d
t,

it
retu

rn
s

a
n

estim
ate

θ̂
t .

T
h
e

p
rice

p
t

is
th

en
set

to
th

e
op

tim
al

p
rice

as
if
θ̂
t

w
as

th
e

actu
al

p
a
ra

m
eter

θ
t .

W
e

n
ex

t
an

aly
ze

th
e

regret
of

ou
r

P
S
G

D
algorith

m
.

L
et
δ
t

=
‖
θ
t+

1 −
θ
t ‖

b
e

th
e

va
ria

tio
n

in
m

o
d
el

p
aram

eters
at

tim
e

p
erio

d
t.

In
S
ection

3.1,
w

e
con

sid
er

th
e

3
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A
d
e
l
J
a
v
a
n
m
a
r
d

settin
g

w
h
ere

th
e

p
ro

d
u
ct

featu
re

vectors
x
t

are
ch

osen
an

tagon
istically

b
y

n
atu

re
an

d
sh

ow
th

at
th

e
regret

of
P

S
G

D
algorith

m
is

of
ord

er
O

( √
T

+
∑

Tt=
1 √

tδ
t ).

In
terestin

gly,
th

is
b

ou
n
d

is
in

d
ep

en
d
en

t
of

th
e

d
im

en
sion

d
,

w
h
ich

is
a

d
esirab

le
p
rop

erty
of

ou
r

p
olicy

for
h
igh

-d
im

en
sion

al
ap

p
lication

s.
W

e
n
ex

t,
in

S
ection

4,
con

sid
er

a
sto

ch
astic

featu
res

m
o
d
el,

w
h
ere

th
e

featu
re

vectors
x
t

are
d
raw

n
in

d
ep

en
d
en

tly
from

an
u
n
k
n
ow

n
d
istrib

u
tion

(cf.
A

ssu
m

p
tion

6).
U

n
d
er

th
is

settin
g,

w
e

sh
ow

th
at

th
e

regret
of

P
S
G

D
is

of
ord

er
O

(d
2

log
T

+
∑

Tt=
1
tδ
t /d

).
N

ote
th

at
settin

g
δ
t

=
0

corresp
o
n
d
s

to
m

o
d
el

(1)
an

d
ou

r
P

S
G

D
p
ricin

g
ob

tain
s

a
logarith

m
ic

regret
in
T

.
S
ection

7
is

d
evoted

to
th

e
p
ro

of
of

m
ain

th
eorem

s
an

d
th

e
m

ain
lem

m
as

are
p
roved

in
S
ection

8.
F

in
ally,

p
ro

of
of

sev
eral

tech
n
ical

step
s

are
d
eferred

to
A

p
p

en
d
ices.

1
.2

R
e
la

te
d

lite
ra

tu
re

O
u
r

w
ork

s
is

at
th

e
in

tersection
of

d
y
n
am

ic
p
ricin

g,
on

lin
e

op
tim

ization
an

d
h
igh

-d
im

en
sion

al
statistics.

In
th

e
follow

in
g,

w
e

b
riefl

y
d
iscu

ss
th

e
w

ork
m

ost
related

to
ou

rs
from

th
ese

con
-

tex
ts.

F
e
a
tu

re
-b

a
se

d
d

y
n

a
m

ic
p

ric
in

g
.

R
ecen

t
p
ap

ers
on

d
y
n
am

ic
p
ricin

g
con

sid
er

m
o
d
els

w
ith

featu
res/covariates,

m
otivated

in
p
art

b
y

n
ew

ad
van

ces
in

b
ig

d
ata

tech
n
ology

th
at

allow
fi
rm

s
to

collect
large

am
ou

n
t

of
fi
n
e-grain

ed
in

fo
rm

ation
.

In
th

e
in

tro
d
u
ction

,
w

e
d
iscu

ssed
th

e
w

ork
(A

m
in

et
al.,

2014;
J
avan

m
ard

an
d

N
azerzad

eh
,
2016;

C
oh

en
et

al.,
2016)

w
h
ich

are
closely

related
to

ou
r

settin
g.

A
n
oth

er
recen

t
w

ork
on

featu
re-b

ased
d
y
n
am

ic
p
ricin

g
is

(Q
ian

g
an

d
B

ayati,
2016).

In
th

is
w

ork
,

au
th

ors
con

sid
er

a
m

o
d
el

w
h
ere

th
e

seller
ob

serves
th

e
d
em

an
d

en
tirely,

rath
er

th
a
n

a
b
in

ary
feed

b
ack

as
in

ou
r

settin
g.

A
greed

y
iterative

least
sq

u
ares

(G
IL

S
)

algorith
m

is
p
rop

osed
th

at
at

each
tim

e
p

erio
d

estim
ates

th
e

d
em

an
d

as
a

lin
ea

r
fu

n
ction

of
p
rice

b
y

ap
p
ly

in
g

least
sq

u
ares

to
th

e
set

of
p
rior

p
rices

an
d

realized
d
em

an
d
s.

T
h
e

w
ork

u
n
d
erscores

th
e

role
of

featu
re-b

ased
ap

p
roach

es
an

d
sh

ow
th

at
th

ey
create

en
ou

gh
p
rice

d
isp

ersion
to

ach
ieve

a
regret

of
O

(log
(T

)).
T

h
is

is
closely

related
to

th
e

w
ork

of
(d

en
B

o
er

an
d

Z
w

art,
2013)

an
d

(K
esk

in
an

d
Z

eev
i,

2014)
in

d
y
n
am

ic
p
ricin

g
(w

ith
ou

t
d
em

an
d

covariates)
th

at
d
em

on
strate

th
e

G
IL

S
is

su
b

op
tim

al
an

d
p
rop

o
se

m
eth

o
d
s

to
in

tegrate
forced

p
rice-d

isp
ersion

w
ith

G
IL

S
to

ach
ieve

o
p
tim

al
regret.

O
n

lin
e

o
p

tim
iz

a
tio

n
.

T
h
is

fi
eld

off
ers

a
variety

of
to

ols
for

seq
u
en

tial
p
red

iction
,

w
h
ere

an
agen

t
m

easu
res

its
p
red

ictiv
e

p
erform

an
ce

accord
in

g
to

a
series

of
con

v
ex

fu
n
ction

s.
S
p

ecifi
cally,

th
ere

is
a

seq
u
en

ce
of

a
p
riori

u
n
k
n
ow

n
rew

ard
fu

n
ction

s
f

1 ,f
2 ,f

3 ,...
an

d
an

agen
t

m
u
st

m
ake

a
seq

u
en

ce
of

d
ecision

s:
at

each
tim

e
p

erio
d
t,

h
e

selects
a

p
oin

t
z
t

an
d

a
loss

f
t (z

t )
is

in
cu

rred
.

N
ote

th
at

th
e

fu
n
ction

f
t

is
n
ot

k
n
ow

n
to

agen
t

at
step

t,
b
u
t

h
e

h
as

access
to

all
p
rev

iou
s

fu
n
ction

s
f

1 ,...,f
t−

1 .
F

irst
ord

er
m

eth
o
d
s,

lik
e

on
lin

e
grad

ien
t

d
escen

t
(O

G
D

)
or

on
lin

e
m

irror
d
escen

t
(O

M
D

)
on

ly
u
se

th
e

grad
ien

t
of

p
rev

iou
s

fu
n
ction

at
th

e
selected

p
oin

ts,
i.e.,

∂
f
t (z

t ).
T

h
e

n
otion

of
regret

h
ere

is
d
efi

n
ed

b
y

com
p
arin

g
th

e
agen

t
w

ith
th

e
b

est
fi
x
ed

com
p
arator

(S
h
alev

-S
h
w

artz,
2011).

(H
all

an
d

W
illett,

2015)
p
rop

osed
d
y
n
am

ic
m

irror
d
escen

t
th

at
is

cap
ab

le
of

ad
ap

tin
g

ad
ap

ts
to

a
p

ossib
ly

n
on

-station
ary

en
v
iron

m
en

t.
In

con
tra

st
to

O
M

D
(B

eck
an

d
T

eb
ou

lle,
2003;

S
h
alev

-S
h
w

artz,
2011),

th
e

n
otion

of
regret

is
d
efi

n
ed

m
ore

gen
erally

w
ith

resp
ect

to
th

e
b

est
com

p
arator

“seq
u
en

ce”.

It
is

w
orth

n
otin

g
th

at
th

e
gen

eral
fram

ew
ork

of
on

lin
e

learn
in

g
d
o
es

n
ot

d
irectly

ap
p
ly

to
ou

r
p
rob

lem
.

T
o

see
th

is,
w

e
d
efi

n
e

th
e

th
e

loss
f
t

to
b

e
th

e
n
egative

of
th

e
reven

u
e

ob
tain

ed
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P
e
r
is
h
a
b
il
it
y
o
f
D
a
t
a
:
D
y
n
a
m
ic

P
r
ic
in
g

u
n
d
e
r
V
a
r
y
in
g
-C

o
e
f
f
ic
ie
n
t
M
o
d
e
l
s

in
ti

m
e

p
er

io
d
t,

i.
e.

,
f t

=
−
p
tI

(p
t
≥
v t

).
T

h
en

(i
)

th
e

lo
ss

fu
n
ct

io
n
s

ar
e

n
o
t

co
n
ve

x
;

(i
i)

th
e

(fi
rs

t
or

d
er

in
fo

rm
at

io
n
)

of
p
re

v
io

u
s

lo
ss

fu
n
ct

io
n
s

d
ep

en
d

on
th

e
co

rr
es

p
on

d
in

g
va

lu
at

io
n
s

v 1
,.
..
,v
t−

1
w

h
ic

h
ar

e
n
ev

er
re

ve
al

ed
to

th
e

se
ll
er

.
T

h
at

sa
id

,
w

e
b

or
ro

w
so

m
e

of
th

e
te

ch
n
iq

u
es

fr
om

on
li
n
e

op
ti

m
iz

at
io

n
in

p
ro

v
in

g
ou

r
re

su
lt

s.
(S

ee
p
ro

of
of

L
em

m
a

3.
)

H
ig

h
-d

im
e
n

si
o
n

a
l
st

a
ti

st
ic

s.
A

m
on

g
th

e
w

or
k

in
th

is
ar

ea
,

p
er

h
ap

s
th

e
m

os
t

re
la

te
d

on
e

to
ou

r
se

tt
in

g
is

th
e

p
ro

b
le

m
of

1-
b
it

co
m

p
re

ss
ed

se
n
si

n
g

(P
la

n
an

d
V

er
sh

y
n
in

,
20

13
a,

b
;

A
i

et
al

.,
20

14
;

B
h
as

ka
r

an
d

J
av

an
m

ar
d
,

20
15

).
In

th
is

p
ro

b
le

m
,

a
se

t
of

li
n
ea

r
m

ea
su

re
m

en
ts

ar
e

ta
ke

n
fr

om
an

u
n
k
n
ow

n
ve

ct
or

an
d

th
e

go
al

is
to

re
co

ve
r

th
is

v
ec

to
r

h
av

in
g

ac
ce

ss
to

th
e

si
gn

of
th

es
e

m
ea

su
re

m
en

ts
(1

-b
it

in
fo

rm
at

io
n
).

T
h
is

is
re

la
te

d
to

th
e

d
y
n
am

ic
p
ri

ci
n
g

p
ro

b
le

m
on

m
o
d
el

(1
),

as
th

e
se

ll
er

ob
se

rv
es

1-
b
it

fe
ed

b
ac

k
(s

al
e/

n
o

sa
le

fr
om

p
re

v
io

u
s

ti
m

e
p

er
io

d
s)

.
H

ow
ev

er
,

th
er

e
ar

e
a

fe
w

im
p

or
ta

n
t

d
iff

er
en

ce
s

b
et

w
ee

n
th

es
e

tw
o

p
ro

b
le

m
th

at
ar

e
w

or
th

n
ot

in
g:

1)
In

d
y
n
am

ic
p
ri

ci
n
g,

th
e

cr
u
x

of
th

e
m

at
te

r
is

th
e

d
ec

is
io

n
s

(p
ri

ce
s)

m
ad

e
b
y

th
e

fi
rm

.
O

f
co

u
rs

e
th

is
ta

sk
en

ta
il
s

le
ar

n
in

g
th

e
m

o
d
el

p
ar

am
et

er
s

an
d

th
er

ef
or

e
th

e
fi
rm

ge
ts

in
to

th
e

re
al

m
of

ex
p
lo

ra
ti

on
(l

ea
rn

in
g)

an
d

ex
p
lo

it
at

io
n

(e
ar

n
in

g
re

ve
n
u
e)

.
B

y
co

n
tr

as
t,

1-
b
it

co
m

p
re

ss
ed

se
n
si

n
g

is
on

ly
a

le
ar

n
in

g
ta

sk
;

2)
In

d
y
n
a
m

ic
p
ri

ci
n
g,

th
e

p
ri

ce
s

ar
e

se
t

b
as

ed
on

th
e

p
re

v
io

u
s

(s
al

e/
n
o

sa
le

)
fe

ed
b
ac

k
s.

T
h
er

ef
o
re

,
th

e
fe

ed
b
ac

k
s

ar
e

in
h
er

en
tl

y
co

rr
el

at
ed

an
d

th
is

m
ak

es
th

e
le

ar
n
in

g
ta

sk
ch

al
le

n
gi

n
g
.

H
ow

ev
er

,
in

1-
b
it

co
m

p
re

ss
ed

se
n
si

n
g

it
is

as
su

m
ed

th
at

th
e

m
ea

su
re

m
en

ts
(a

n
d

th
er

ef
or

e
th

e
ob

se
rv

ed
si

gn
s

)
ar

e
in

d
ep

en
d
en

t;
3)

T
h
e

m
a
jo

ri
ty

of
w

or
k

on
1-

b
it

co
m

p
re

ss
ed

se
n
si

n
g

co
n
si

d
er

an
offl

in
e

se
tt

in
g,

w
h
il
e

in
th

e
d
y
n
am

ic
p
ri

ci
n
g,

d
ec

is
io

n
ar

e
m

a
d
e

in
an

on
li
n
e

m
an

n
er

.

2
.

M
o
d
e
l

W
e

co
n
si

d
er

a
p
ri

ci
n
g

p
ro

b
le

m
fa

ce
d

b
y

a
fi
rm

th
at

se
ll
s

p
ro

d
u
ct

s
in

a
se

q
u
en

ti
al

m
an

n
er

.
A

t
ea

ch
ti

m
e

p
er

io
d
t

=
1,

2,
··
·,
T

th
e

fi
rm

h
as

a
p
ro

d
u
ct

to
se

ll
an

d
th

e
p
ro

d
u
ct

is
re

p
re

se
n
te

d
b
y

an
o
bs

er
va

bl
e

ve
ct

or
o
f

fe
at

u
re

s
(c

ov
ar

ia
te

s)
x
t
∈
X
⊆

R
d
.

T
h
e

le
n
gt

h
of

th
e

ti
m

e
h
or

iz
on

,
d
en

ot
ed

b
y
T

,
is

u
n

kn
o
w

n
th

e
to

th
e

fi
rm

an
d

th
e

se
t
X

is
b

ou
n
d
ed

.
T

h
e

p
ro

d
u
ct

at
ti

m
e
t

h
as

a
m

ar
ke

t
va

lu
e
v t

=
v t

(x
t)

,
d
ep

en
d
in

g
on

b
ot

h
t

an
d
x
t,

w
h
ic

h
is

u
n

o
bs

er
va

bl
e.

A
t

ea
ch

p
er

io
d
t,

th
e

fi
rm

(s
el

le
r)

p
os

ts
a

p
ri

ce
p
t.

If
p
t
≤
v t

,
a

sa
le

o
cc

u
rs

,
an

d
th

e
fi
rm

co
ll
ec

ts
re

ve
n
u
e
p
t.

If
th

e
p
ri

ce
is

se
t

h
ig

h
er

th
an

th
e

m
ar

ke
t

va
lu

e,
p
t
>
v t

,
n
o

sa
le

o
cc

u
rs

an
d

n
o

re
v
en

u
e

is
ge

n
er

at
ed

.
T

h
e

go
al

of
th

e
fi
rm

is
to

d
es

ig
n

a
p
ri

ci
n
g

p
ol

ic
y

th
at

m
ax

im
iz

es
th

e
co

ll
ec

te
d

re
v
en

u
e.

W
e

as
su

m
e

th
at

th
e

m
ar

k
et

va
lu

e
of

a
p
ro

d
u
ct

is
a

li
n
ea

r
fu

n
ct

io
n

of
it

s
co

va
ri

at
es

,
n
am

el
y

v t
(x
t)

=
〈θ
t,
x
t〉

+
z t
.

(3
)

H
er

e,
θ t

an
d
x
t

ar
e
d
-d

im
en

si
on

al
an

d
{z
t}
t≥

1
ar

e
id

io
sy

n
cr

at
ic

sh
o
ck

s,
re

fe
rr

ed
to

as
n
o
is

e,
w

h
ic

h
ar

e
d
ra

w
n

in
d
ep

en
d
en

tl
y

an
d

id
en

ti
ca

ll
y

fr
om

a
ze

ro
-m

ea
n

d
is

tr
ib

u
ti

on
ov

er
R

.
W

e
d
en

ot
e

it
s

cu
m

u
la

ti
ve

d
is

tr
ib

u
ti

on
fu

n
ct

io
n

b
y
F

,
an

d
th

e
co

rr
es

p
on

d
in

g
d
en

si
ty

b
y
f

(x
)

=
F
′ (
x

).
N

ot
e

th
at

th
e

n
oi

se
ca

n
ac

co
u
n
t

fo
r

th
e

fe
at

u
re

s
th

at
ar

e
n
ot

m
ea

su
re

d
.

W
e

re
fe

r
to

(K
es

k
in

an
d

Z
ee

v
i,

20
14

;
d
en

B
o
er

an
d

Z
w

ar
t,

20
14

;
Q

ia
n
g

an
d

B
ay

at
i,

20
16

)
fo

r
a

si
m

il
ar

n
ot

io
n

of
d
em

an
d

sh
o
ck

s.
T

h
e

se
q
u
en

ce
of

p
ar

am
et

er
s
θ

=
(θ

1
,θ

2
,.
..

)
is

u
n

kn
o
w

n
to

th
e

fi
rm

an
d

it
m

ay
va

ry
ac

ro
ss

ti
m

e.
T

h
is

p
ap

er
fo

cu
se

s
on

ar
b
it

ra
ry

se
q
u
en

ce
s
θ

an
d

p
ro

p
os

e
an

effi
ci

en
t

a
lg

or
it

h
m

w
h
os

e
re

gr
et

sc
al

e
gr

ac
ef

u
ll
y

in
ti

m
e

an
d

th
e

te
m

p
o
ra

l
va

ri
ab

il
it

y
in

th
e

se
q
u
en

ce
s

of
θ t

.
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A
d
e
l
J
a
v
a
n
m
a
r
d

T
h
e

re
gr

et
is

m
ea

su
re

d
w

it
h

re
sp

ec
t

to
th

e
cl

ai
rv

oy
a
n
t

p
ol

ic
y

th
at

k
n
ow

s
th

e
se

q
u
en

ce
θ

in
ad

va
n
ce

.
W

e
w

il
l

fo
rm

al
ly

d
efi

n
e

th
e

re
gr

et
in

S
ec

ti
on

2.
2.

L
et
y t

b
e

th
e

re
sp

on
se

va
ri

ab
le

th
at

in
d
ic

at
es

w
h
et

h
er

a
sa

le
h
as

o
cc

u
rr

ed
a
t

p
er

io
d
t:

y t
=

{
+

1
if
v t
≥
p
t
,

−
1

if
v t
<
p
t
.

(4
)

N
ot

e
th

at
th

e
ab

ov
e

m
o
d
el

fo
r
y t

ca
n

b
e

re
p
re

se
n
te

d
as

th
e

fo
ll
ow

in
g

p
ro

b
ab

il
is

ti
c

m
o
d
el

:

y t
=

{
+

1
w

it
h

p
ro

b
ab

il
it

y
1
−
F

(p
t
−
〈θ
t,
x
t〉)

−
1

w
it

h
p
ro

b
ab

il
it

y
F

(p
t
−
〈θ
t,
x
t〉)

(5
)

2
.1

T
e
ch

n
ic

a
l

a
ss

u
m

p
ti

o
n

s
a
n

d
n

o
ta

ti
o
n

s

F
or

a
ve

ct
or
v
,
w

e
w

ri
te
‖v
‖ p

fo
r

th
e

st
an

d
ar

d
` p

n
or

m
of

a
ve

ct
or
v
,
i.
e.

,
‖v
‖ p

=
(∑

i
|v i
|p )

1
/
p
.

W
h
en

ev
er

th
e

su
b
sc

ri
p
t
p

is
n
ot

m
en

ti
on

ed
it

is
d
ee

m
ed

as
th

e
` 2

n
or

m
.

F
o
r

a
m

a
tr

ix
A

,
‖A
‖

d
en

ot
es

it
s
` 2

op
er

at
or

n
or

m
.

F
or

tw
o

ve
ct

or
s
a
,b

,
w

e
u
se

th
e

n
ot

at
io

n
〈a
,b
〉t

o
re

fe
r

to
th

ei
r

in
n
er

p
ro

d
u
ct

.
T

o
si

m
p
li
fy

th
e

p
re

se
n
ta

ti
on

,
w

e
as

su
m

e
th

at
‖x

t‖
≤

1,
fo

r
al

l
x
t
∈
X

,
a
n
d
‖θ
t‖
≤
W

fo
r

a
k
n
ow

n
co

n
st

an
t
W

.
W

e
d
en

ot
e

b
y

Θ
th

e
d
-d

im
en

si
on

al
` 2

b
al

l
of

ra
d
iu

s
W

(I
n

fa
ct

,
w

e
ca

n
ta

ke
Θ

to
b

e
an

y
co

n
ve

x
se

t
th

at
co

n
ta

in
s

p
ar

a
m

et
er

s
θ t

.
T

h
e

si
ze

o
f

Θ
eff

ec
ts

o
u
r

re
gr

et
b

ou
n
d
s

u
p

to
a

co
n
st

an
t

fa
ct

or
.)

W
e

al
so

m
ak

e
th

e
fo

ll
ow

in
g

as
su

m
p
ti

on
on

th
e

d
is

tr
ib

u
ti

on
of

n
oi

se
F

.

A
ss

u
m

p
ti

o
n

1
T

h
e

fu
n

ct
io

n
F

(v
)

is
st

ri
ct

ly
in

cr
ea

si
n

g.
F

u
rt

h
er

,
F

(v
)

a
n

d
1
−
F

(v
)

a
re

lo
g-

co
n

ca
ve

in
v

.

L
og

-c
on

ca
v
it

y
is

a
w

id
el

y
-u

se
d

as
su

m
p
ti

on
in

th
e

ec
on

o
m

ic
s

li
te

ra
tu

re
(B

a
g
n
o
li

a
n
d

B
er

gs
tr

om
,

20
05

).
N

ot
e

th
at

if
th

e
d
en

si
ty
f

is
sy

m
m

et
ri

c
an

d
th

e
d
is

tr
ib

u
ti

o
n
F

is
lo

g
-

co
n
ca

ve
,

th
en

1
−
F

is
al

so
lo

g-
co

n
ca

ve
.

A
ss

u
m

p
ti

on
1

is
sa

ti
sfi

ed
b
y

se
v
er

al
co

m
m

o
n

p
ro

b
a
-

b
il
it

y
d
is

tr
ib

u
ti

on
s

in
cl

u
d
in

g
n
or

m
al

,
u
n
if

or
m

,
L

ap
la

ce
,

ex
p

on
en

ti
al

,
an

d
lo

gi
st

ic
.

N
o
te

th
a
t

th
e

cu
m

u
la

ti
ve

d
is

tr
ib

u
ti

on
fu

n
ct

io
n

of
al

l
lo

g-
co

n
ca

ve
d
en

si
ti

es
is

al
so

lo
g-

co
n
ca

ve
(B

oy
d

an
d

V
an

d
en

b
er

gh
e,

20
04

).
W

e
u
se

th
e

st
an

d
ar

d
b
ig

-O
n
ot

at
io

n
.

In
p
a
rt

ic
u
la

r
f

(n
)

=
O

(g
(n

))
if

th
er

e
ex

is
ts

a
co

n
st

an
t
C
>

0
su

ch
th

at
|f

(n
)|
≤
C
g
(n

)
fo

r
al

l
n

la
rg

e
en

ou
gh

.
W

e
al

so
u
se

R
≥

0
to

re
fe

r
to

th
e

se
t

of
n
on

-n
eg

at
iv

e
re

al
-v

al
u
ed

n
u
m

b
er

s.

2
.2

B
e
n

ch
m

a
rk

p
o
li
c
y

a
n

d
re

g
re

t
m

in
im

iz
a
ti

o
n

F
or

a
p
ri

ci
n
g

p
ol

ic
y,

w
e

m
ea

su
re

s
it

s
p

er
fo

rm
an

ce
v
ia

th
e

n
ot

io
n

of
re

gr
et

,
w

h
ic

h
is

th
e

ex
p

ec
te

d
re

ve
n
u
e

lo
ss

co
m

p
ar

ed
to

an
or

ac
le

th
at

k
n
ow

s
th

e
se

q
u
en

ce
of

m
o
d
el

p
a
ra

m
et

er
s

in
ad

va
n
ce

(b
u
t

n
ot

th
e

re
al

iz
at

io
n
s

of
{z
t}
t≥

1
).

W
e

fi
rs

t
ch

ar
ac

te
ri

ze
th

is
b

en
ch

m
a
rk

p
o
li
cy

.
U

si
n
g

E
q
.

(3
),

th
e

ex
p

ec
te

d
re

ve
n
u
e

fr
om

a
p

os
te

d
p
ri

ce
p

is
eq

u
al

to
p
×

P(
v t
≥
p
)

=
p
(1
−
F

(p
−
θ t
·x

t)
).

F
ir

st
or

d
er

co
n
d
it

io
n

fo
r

th
e

op
ti

m
al

p
ri

ce
p
∗ (
x
t,
θ t

)
re

a
d
s

p
∗ (
x
t,
θ t

)
=

1
−
F

(p
∗ (
x
t,
θ t

)
−
〈θ
t,
x
t〉)

f
(p
∗ (
x
t,
θ t

)
−
〈θ
t,
x
t〉)

.
(6

)
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P
e
r
ish

a
b
il
it
y
o
f
D
a
t
a
:
D
y
n
a
m
ic

P
r
ic
in
g

u
n
d
e
r
V
a
r
y
in
g
-C

o
e
f
f
ic
ie
n
t
M
o
d
e
l
s

T
o

lig
h
ten

th
e

n
otation

,
w

e
d
rop

th
e

argu
m

en
ts
x
t ,
θ
t

an
d

d
en

ote
b
y
p ∗t

th
e

op
tim

al
p
rice

a
t

tim
e
t.

W
e

n
ex

t
recall

th
e

virtu
a
l

va
lu

a
tio

n
fu

n
ction

,
com

m
on

ly
u
sed

in
m

ech
a
n
ism

d
esign

(M
y
-

erso
n
,

1
98

1
):

ϕ
(v

)≡
v−

1−
F

(v
)

f
(v

)
.

W
ritin

g
E

q
.

(6
)

in
term

s
of

fu
n
ction

ϕ
,

w
e

get

〈θ
t ,x

t 〉
+
ϕ

(p ∗t −
〈θ
t ,x

t 〉)
=

0
.

In
o
rd

er
to

so
lve

for
p ∗t ,

w
e

d
efi

n
e

th
e

p
ricin

g
fu

n
ction

g
as

follow
s:

g
(v

)≡
v

+
ϕ
−

1(−
v
)
.

(7)

B
y

A
ssu

m
p
tio

n
1,
ϕ

is
in

jective
an

d
h
en

ce
g

is
w

ell-d
efi

n
ed

.
F

u
rth

er,
it

is
easy

to
verify

th
a
t
g

is
n
on

-n
egativ

e.
U

sin
g

th
e

d
efi

n
ition

of
g

an
d

rearran
gin

g
th

e
term

s
w

e
ob

tain

p ∗t
=
g
(〈θ

t ,x
t 〉)
.

(8)

T
h
e

p
erfo

rm
an

ce
m

etric
w

e
u
se

in
th

is
p
ap

er
is

th
e

w
orst-case

regret
w

ith
resp

ect
to

a
cla

irvoy
a
n
t

p
o
licy

th
at

k
n
ow

s
th

e
seq

u
en

ce
θ

in
ad

van
ce.

F
orm

ally,
for

a
p

olicy
π

to
b

e
th

e
seller’s

p
o
licy

th
at

sets
p
rice

p
t

at
p

erio
d
t,

th
e

w
orst-case

regret
is

d
efi

n
ed

over
T

p
erio

d
s

is
d
efi

n
ed

a
s:

R
egret π

(T
)≡

su
p
{

∆
πθ
,x

:
θ
t ∈

Θ
,
x
t ∈
X
}
,

(9)

w
h
ere

fo
r
T
≥

1,
θ

=
(θ

1 ,...,θ
T

)
an

d
x

=
(x

1 ,x
2 ,...,x

T
),

∆
πθ
,x

(T
)

=
E
θ
,x [

T
∑t=

1 (
p ∗t I(v

t ≥
p ∗t )−

p
t I(v

t ≥
p
t ) ) ]

.
(10)

H
ere

th
e

ex
p

ectation
E
θ
,x

is
w

ith
resp

ect
to

th
e

d
istrib

u
tion

s
of

id
iosy

n
cratic

n
oise,

z
t .

N
ote

th
a
t
v
t ,
p
t ,

a
n
d
p ∗t

d
ep

en
d

on
θ

an
d
x

.

3
.

P
ricin

g
p

o
licy

O
u
r

d
y
n
a
m

ic
p
ricin

g
p

olicy
con

sists
o
f

a
p
ro

jected
grad

ien
t

d
escen

t
alg

orith
m

to
p
red

ict
p
a
ra

m
eters

θ̂
t .

W
ith

each
n
ew

p
ro

d
u
ct,

it
com

p
u
tes

th
e

n
egativ

e
grad

ien
t

of
th

e
loss

an
d

sh
irts

its
p
red

iction
in

th
at

d
irection

.
T

h
e

resu
lt

is
p
ro

jected
on

to
set

Θ
to

p
ro

d
u
ce

th
e

n
ex

t
p
red

ictio
n
.

T
h
e

p
olicy

th
en

sets
th

e
p
rices

as
p
t

=
g
(〈x

t ,θ̂
t 〉).

N
ote

th
at

b
y

E
q
.

(7),
p
t

is
th

e
o
p
tim

al
p
rice

if
θ̂
t

w
as

th
e

tru
e

p
aram

eter
θ
t .

A
lso,

b
y

log-con
cav

ity
assu

m
p
tion

o
n
F

a
n
d

1−
F

,
th

e
fu

n
ction

`
t (θ)

is
con

vex
.

In
p
ro

jected
grad

ien
t

d
escen

t,
th

e
seq

u
en

ce
of

step
sizes{η

t }
t≥

1
is

an
a
rb

itrary
seq

u
en

ce
o
f

n
o
n
-in

crea
sin

g
valu

es.
In

S
ection

s
3.1

an
d

4,
w

e
an

aly
ze

th
e

regret
of

ou
r

p
ricin

g
p

olicy
a
n
d

p
rov

id
e

g
u
id

elin
es

for
ch

o
osin

g
step

sizes.7
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A
d
e
l
J
a
v
a
n
m
a
r
d

P
S

G
D

(P
ro

je
c
te

d
sto

ch
a
stic

g
ra

d
ie

n
t

d
e
sc

e
n
t)

p
ric

in
g

p
o
lic

y

In
p

u
t:

(a
t

tim
e

0
)

fu
n
ction

g
,

set
Θ

,
In

p
u

t:
(a

rriv
e
s

o
v
e
r

tim
e
)

covariate
vectors{x

t }
t∈

N
O

u
tp

u
t:

p
rices{

p
t }
t∈

N
1
:
p

1 ←
0

an
d

in
itialize

θ̂
1 ∈

Θ
2
:

fo
r
t

=
1,2

,3
,...

d
o

3
:

S
et
θ̂
t+

1
accord

in
g

to
th

e
follow

in
g

ru
le:

θ̂
t+

1
=

Π
Θ

(θ̂
t −

η
t ∇
`
t (θ̂

t ))
(11)

w
ith`

t (θ)
=
−
I(y

t
=

1)
log

(1−
F

(p
t −
〈x
t ,θ〉))−

I(y
t

=
−

1)
log

(F
(p
t −
〈x
t ,θ〉))

(12)

4
:

S
et

p
rice

p
t+

1
as

p
t+

1 ←
g
(〈x

t+
1 ,θ̂

t+
1 〉)

(13)

3
.1

R
e
g
re

t
a
n

a
ly

sis

W
e

fi
rst

d
efi

n
e

a
few

u
sefu

l
q
u
an

tities
th

at
ap

p
ear

in
ou

r
regret

b
ou

n
d
s.

D
efi

n
e

M
≡

W
+
ϕ
−

1(0)
,

(14)

u
M
≡

su
p

|x|≤
M

{
m

ax {
−

dd
x

log
F

(x
),−

dd
x

log
(1−

F
(x

)) } }
,

(15)

`
M
≡

in
f

|x|≤
M

{
m

in {
−

d
2

d
x

2
log

F
(x

),−
d

2

d
x

2
log

(1−
F

(x
)) } }

,
(16)

w
h
ere

th
e

d
erivatives

are
w

ith
resp

ect
to

x
.

W
e

n
ote

th
at

M
is

an
u
p
p

er-b
ou

n
d

o
n

th
e

m
ax

im
u
m

p
rice

off
ered

an
d

also,
b
y

th
e

log-con
cav

ity
p
rop

erty
of
F

an
d

1−
F

,
w

e
h
ave

u
M

=
m

ax {
−

dd
x

log
F

(−
M

),−
dd
x

log
(1−

F
(M

)) }
.

F
u
rth

er,
b
y

log-con
cav

ity
p
rop

erty
of
F

an
d

1−
F

,
w

e
h
ave

`
M
>

0.
W

e
also

let
B

=
m

ax
v
f

(v
)

an
d
B
′

=
m

ax
v
f
′(v

),
resp

ectively
d
en

ote
th

e
m

ax
im

u
m

valu
e

of
th

e
d
en

sity
fu

n
ction

f
an

d
th

e
its

d
erivative

f
′.

T
h
e

follow
in

g
th

eorem
b

ou
n
d
s

th
e

regret
of

ou
r

P
S
G

D
p

olicy.

T
h

e
o
re

m
2

C
o
n

sid
er

m
od

el
(3)

fo
r

th
e

p
rod

u
ct

m
a
rket

va
lu

es
a
n

d
let

A
ssu

m
p
tio

n
1

h
o
ld

.
S

et
M

=
2W

+
ϕ
−

1(0),
w

ith
ϕ

bein
g

th
e

virtu
a
l

va
lu

a
tio

n
fu

n
ctio

n
w

.r.t
d
istribu

tio
n
F

.
T

h
en

,
th

e
regret

o
f

P
S

G
D

p
ricin

g
po

licy
u

sin
g

a
n

o
n

-in
crea

sin
g

sequ
en

ce
o
f

step
sizes{

η
t }
t≥

1

is
bo

u
n

d
ed

a
s

fo
llo

w
s:

R
egret(T

)≤
2(2B

+
M
B
′)

`
M

m
ax {

16

`
M

log
T
,

2W
2

η
T

+
1

+
u

2M2

T
∑t=

1

η
t
+

2
W

T
∑t=

1

δ
t

η
t }

+
MT

,
(17)

w
h
ere

δ
t ≡
‖θ
t+

1 −
θ
t ‖

.
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P
e
r
is
h
a
b
il
it
y
o
f
D
a
t
a
:
D
y
n
a
m
ic

P
r
ic
in
g

u
n
d
e
r
V
a
r
y
in
g
-C

o
e
f
f
ic
ie
n
t
M
o
d
e
l
s

In
p
ar

ti
cu

la
r,

if
η t
∝

1 √
t
,

th
en

th
er

e
ex

is
ts

a
co

n
st

an
t
C

=
C

(B
,M

,W
,`
M
,u

M
)
>

0,

in
d
ep

en
d
en

t
of
T

,
su

ch
th

at

R
eg
re
t(
T

)
≤
C
( √

T
+

T ∑ t=
1

√
tδ
t) .

(1
8)

A
t

th
e

co
re

of
ou

r
re

gr
et

an
al

y
si

s
(p

ro
of

of
T

h
eo

re
m

2
)

is
th

e
fo

ll
ow

in
g

L
em

m
a

th
at

p
ro

v
id

es
a

p
re

d
ic

ti
on

er
ro

r
b

ou
n
d

fo
r

th
e

cu
st

om
er

’s
va

lu
at

io
n
s.

L
e
m

m
a

3
C

o
n

si
d
er

m
od

el
(3

)
fo

r
th

e
p
ro

d
u

ct
m

a
rk

et
va

lu
es

a
n

d
le

t
A

ss
u

m
p
ti

o
n

1
h
o
ld

.
S

et
M

=
2W

+
ϕ
−

1
(0

),
w

it
h
ϕ

be
in

g
th

e
vi

rt
u

a
l

va
lu

a
ti

o
n

fu
n

ct
io

n
w

.r
.t

d
is

tr
ib

u
ti

o
n
F

.
L

et
{θ̂
t}
t≥

1
be

ge
n

er
a
te

d
by

P
S

G
C

p
ri

ci
n

g
po

li
cy

,
u

si
n

g
a

n
o
n

-i
n

cr
ea

si
n

g
po

si
ti

ve
se

ri
es

η t
+

1
≤
η t

.
T

h
en

,
w

it
h

p
ro

ba
bi

li
ty

a
t

le
a
st

1
−

1 T
2

th
e

fo
ll

o
w

in
g

h
o
ld

s
tr

u
e:

T ∑ t=
1

〈x
t,
θ t
−
θ̂ t
〉2
≤

4 ` M
m

ax

{
16 ` M

lo
g
T
,

2
W

2

η 1
+

T ∑ t=
1

(
1

2η
t+

1
−

1 2
η t

) ‖
θ t

+
1
−
θ̂ t

+
1
‖2

+
u

2 M 2

T ∑ t=
1

η t
+

2
W

T ∑ t=
1

δ t η t

}
,

(1
9)

w
h
er

e
u
M
,`
M

a
re

gi
ve

n
by

E
qu

a
ti

o
n

s
(1

5)
,

(1
6)

,
re

sp
ec

ti
ve

ly
.

L
em

m
a

3
is

p
re

se
n
te

d
in

a
fo

rm
th

at
ca

n
al

so
b

e
u
se

d
in

p
ro

v
in

g
ou

r
n
ex

t
re

su
lt

s
u
n
d
er

th
e

st
o
ch

as
ti

c
fe

at
u
re

s
m

o
d
el

.
F

or
p
ro

v
in

g
T

h
eo

re
m

2,
w

e
si

m
p
li
fy

b
ou

n
d

(1
9)

as
fo

ll
ow

s.
G

iv
en

th
at
θ t

+
1
,θ̂
t+

1
∈

Θ
,

w
e

h
av

e
‖θ
t+

1
−
θ̂ t

+
1
‖
≤

2
W

.
U

si
n
g

th
e

n
on

-i
n
cr

ea
si

n
g

p
ro

p
er

ty
of

se
q
u
en

ce
η t

,
w

e
w

ri
te

2
W

2

η 1
+

T ∑ t=
1

(
1

2η
t+

1
−

1 2η
t

)
‖θ
t+

1
−
θ̂ t

+
1
‖2
≤

2W
2

η 1
+

T ∑ t=
1

(
2
W

2

η t
+

1
−

2W
2

η t

)
≤

2
W

2

η T
+

1
.

T
h
er

ef
or

e,
b

ou
n
d

(1
9)

si
m

p
li
fi
es

to
:

T ∑ t=
1

〈x
t,
θ t
−
θ̂ t
〉2
≤

4 ` M
m

ax

{
16 ` M

lo
g
T
,

2
W

2

η T
+

1
+
u

2 M 2

T ∑ t=
1

η t
+

2
W

T ∑ t=
1

δ t η t

}
,

(2
0)

T
h
e

re
gr

et
b

ou
n
d

(1
7)

is
d
er

iv
ed

b
y

re
la

ti
n
g

re
gr

et
at

ea
ch

ti
m

e
p

er
io

d
to

th
e

p
re

d
ic

ti
on

er
ro

r
at

th
at

ti
m

e.
W

e
re

fe
r

to
S
ec

ti
on

7
fo

r
th

e
p
ro

of
of

T
h
eo

re
m

2.

R
e
m

a
rk

4
T

h
e

re
gr

et
bo

u
n

d
(1

7)
d
oe

s
n

o
t

d
ep

en
d

o
n

th
e

d
im

en
si

o
n
d

,
w

h
ic

h
m

a
ke

s
o
u

r
p
ri

ci
n

g
po

li
cy

d
es

ir
a

bl
e

fo
r

h
ig

h
-d

im
en

si
o
n

a
l

a
p
p
li

ca
ti

o
n

s.
A

ls
o
,

n
o
te

th
a
t

th
e

te
m

po
ra

l
va

ri
a
ti

o
n
δ t

a
p
pe

a
rs

in
o
u

r
bo

u
n

d
w

it
h

co
effi

ci
en

t
√
t.

T
h
er

ef
o
re

,
va

ri
a
ti

o
n

s
a
t

la
te

r
ti

m
es

a
re

m
o
re

im
pa

ct
fu

l
o
n

th
e

re
gr

et
o
f

P
S

G
D

p
ri

ci
n

g
po

li
cy

.
T

h
is

is
ex

pe
ct

ed
be

ca
u

se
a
t

la
te

r
ti

m
es

,
th

e
p
ri

ci
n

g
po

li
cy

is
m

o
re

re
li

ed
o
n

th
e

a
cc

u
m

u
la

te
d

in
fo

rm
a
ti

o
n

a
bo

u
t

th
e

va
lu

a
ti

o
n

m
od

el
a
n

d
a
n

a
br

u
p
t

ch
a
n

ge
in

th
e

m
od

el
pa

ra
m

et
er

s
ca

n
m

a
ke

th
is

in
fo

rm
a
ti

o
n

w
o
rt

h
le

ss
.

O
n

th
e

o
th

er
si

d
e,

te
m

po
ra

l
ch

a
n

ge
s

a
t

th
e

be
gi

n
n

in
g

st
ep

s
a
re

n
o
t

th
a
t

eff
ec

ti
ve

si
n

ce
th

e
po

li
cy

is
st

il
l

ex
pe

ri
m

en
ti

n
g

d
iff

er
en

t
p
ri

ce
s

to
le

a
rn

th
e

cu
st

o
m

er
’s

be
h
a
vi

o
r.
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7

A
d
e
l
J
a
v
a
n
m
a
r
d

R
e
m

a
rk

5
W

h
il

e
th

e
re

gr
et

bo
u

n
d

is
d
im

en
si

o
n

-f
re

e,
th

e
co

m
p
u

ta
ti

o
n

a
l

co
m

p
le

xi
ty

o
f

P
S

G
D

p
ri

ci
n

g
po

li
cy

sc
a
le

s
w

it
h

d
im

en
si

o
n
d

.
S

pe
ci

fi
ca

ll
y,

th
e

co
m

p
le

xi
ty

o
f

ea
ch

st
ep

is
O

(d
).

T
o

se
e

th
is

,
w

e
n

o
te

th
a
t

th
e

gr
a
d
ie

n
t
∇
` t

(θ
)

ca
n

be
co

m
p
u

te
d

in
O

(d
)

by
E

qu
a
ti

o
n

s
(7

0
)

a
n

d
(7

1)
.

P
ro

je
ct

io
n

o
n

to
se

t
Θ

(`
2

p
ro

je
ct

io
n

)
is

a
ls

o
O

(d
).

4
.

S
to

ch
a
st

ic
fe

a
tu

re
s

m
o
d
e
l

In
T

h
eo

re
m

2,
w

e
sh

ow
ed

th
at

ou
r

P
S
G

D
p
ri

ci
n
g

p
ol

ic
y

ac
h
ie

ve
s

re
gr

et
of

o
rd

er
O

(√
T

+
∑

T t=
1

√
tδ
t)

.
L

et
u
s

p
oi

n
t

ou
t

th
at

in
T

h
eo

re
m

2
th

e
ar

ri
va

ls
(f

ea
tu

re
ve

ct
or

s
x
t)

a
re

m
o
d
el

ed
as

ad
ve

rs
ar

ia
l.

In
th

is
se

ct
io

n
,

w
e

as
su

m
e

th
at

fe
at

u
re

s
x
t

ar
e

in
d
ep

en
d
en

t
a
n
d

id
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d
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∑
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c
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d
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p
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d
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d
in

d
ep

en
-

d
en

tl
y

a
cc

o
rd

in
g

to
a

p
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d
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m
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m
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p
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p
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b
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ra
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ra
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p
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at
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c
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d
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b
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d
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∈

Θ
,
P x
∈
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d
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p
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p
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h
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≥
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∆
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p
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p
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d
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c
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e
d
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d
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d
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ra
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ar

P
S
G

D
p
ri

ci
n
g

p
ol

ic
y

fo
r

th
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w
e

w
an

t
to

se
t
η t

=
6/

(`
M
C
t)

,
w

h
er

e
C

is
an

ar
b
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ra
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b
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u
la

ti
on

co
va

ri
a
n
ce

Σ
.

O
f

co
u
rs

e,
Σ

is
u
n
k
n
ow

n
an

d
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∑
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b
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e

st
ep

si
ze
η t

as

η t
=
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u
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e
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=

Π
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t ∇
`
t (θ̂
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=
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+
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p
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p
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p
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b
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p
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p
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p
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p
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p
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t ‖
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m
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d
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p
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p
tio

n
1

h
o
ld

s
a
n

d
set

M
=
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p
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p
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d
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n
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∈
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t ∈

Θ
,
V
θ
(T

)≤
B
d
T
ν}
.

(30)

B
y

assu
m

in
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∈
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e
seq

u
en

ce
θ

an
d

is
reason

ab
le

for
ap

p
lication

s
w

h
ere

on
e

ex
p

ects
th

e
b
u
yer’s

p
referen

ces
(valu

ation
p
aram

eters)
b

ecom
e

stab
le

over
tim

e.
N

ote
th

at
d
esign

in
g

favorab
le

p
ricin

g
p

olicy
for

ap
p
lica

tion
s

w
ith

grad
u
al

ch
an

ges
in

b
u
yer’s

p
referen

ces
is

m
ore

ch
allen

gin
g

th
an

th
at

for
en

v
iron

m
en

ts
w

ith
b
u
rsty

ch
an

ges.
T

h
is

m
igh

t
lo

ok
cou

n
terin

tu
itive

at
fi
rst

glan
ce

b
ecau

se
at

an
y

tim
e,

th
e

accu
m

u
lated

in
form

ation
ab

ou
t

valu
ation

s
can

b
ecom

e
u
seless

b
y

an
ab

ru
p
t

ch
an

ge
in

th
e

valu
ation

m
o
d
el.

H
ow

ev
er,

as
n
oticed

an
d

an
aly

zed
in

(K
esk

in
an

d
Z

eev
i,

2
016),

th
is

is
n
ot

th
at

case
b

ecau
se,

in
tu

itively,
grad

u
al

ch
an

ges
can

b
e

u
n
d
etectab

le
an

d
lea

d
to

sign
ifi

can
t

reven
u
e

loss,
w

h
ile

for
b
u
rsty

12
JM

L
R

 18(53):1-31, 2017



P
e
r
is
h
a
b
il
it
y
o
f
D
a
t
a
:
D
y
n
a
m
ic

P
r
ic
in
g

u
n
d
e
r
V
a
r
y
in
g
-C

o
e
f
f
ic
ie
n
t
M
o
d
e
l
s

ch
an

ge
s,

th
e

p
ol

ic
y

ca
n

b
e

d
es

ig
n
ed

in
a

w
ay

to
d
et

ec
t

th
e

ch
an

ge
s

a
n
d

re
se

t
it

s
es

ti
m

at
e

of
th

e
va

lu
at

io
n

m
o
d
el

af
te

r
ea

ch
ch

an
ge

to
av

oi
d

la
rg

e
es

ti
m

at
io

n
er

ro
r

an
d

re
v
en

u
e

lo
ss

.
F

or
a

p
ri

ci
n
g

p
ol

ic
y
π

,
co

n
si

d
er

th
e
T

-p
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d
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m
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{ ∆
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∈
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∆
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p
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p
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e
ju

st
m

ak
e

th
e

va
ri

at
io

n
b
u
d
ge

t
co

n
st

ra
in

t
ex

p
li
ci

t
in

th
e

n
ot

at
io

n
.

R
ep

h
ra

si
n
g

th
e

st
at

em
en

t
of

T
h
eo

re
m

7,
fo

r
P

S
G

D
p
ri

ci
n
g

p
ol

ic
y

w
e

h
av

e
R
eg
re
tπ

(T
,B
,ν

)
≤

C
1
d

2
lo

g
T

+
C

2
B
T
ν
.

W
e

n
ex

t
p
ro

v
id

e
a

lo
w

er
b

ou
n
d

on
th

e
re

gr
et

of
an

y
p
ri

ci
n
g

p
ol

ic
y.

In
d
ee

d
th

is
lo

w
er

b
ou

n
d

ap
p
li
es

to
a

p
ow

er
fu

l
cl

ai
rv

oy
an

t
w

h
o

fu
ll
y

ob
se

rv
es

th
e

m
ar

ke
t

va
lu

es
af

te
r

th
e

p
ri

ce
is

ei
th

er
ac

ce
p
te

d
or

re
je

ct
ed

.

T
h

e
o
re

m
9

C
o
n

si
d
er

li
n

ea
r

m
od

el
(3

)
w

h
er

e
th

e
m

a
rk

et
va

lu
es

v t
(x
t)

,
1
≤
t
≤
T

,
a
re

fu
ll

y
o
bs

er
ve

d
.

W
e

fu
rt

h
er

a
ss

u
m

e
th

a
t

m
a
rk

et
va

lu
e

n
o
is

es
a
re

ge
n

er
a
te

d
a
s
z t
∼

N
(0
,σ

2
).

T
h
er

e
ex

is
ts

a
co

n
st

a
n

t
c,

d
ep

en
d
in

g
o
n
σ

,
C

m
a
x
,

su
ch

th
a
t

R
eg
re
tπ

(T
,B
,ν

)
≥
c

m
in
( (
B

2
d
T

2
ν
−

1
) 1
/
3
,T
/d
) ,

fo
r

a
n

y
p
ri

ci
n

g
po

li
cy

π
a
n

d
ti

m
e

h
o
ri

zo
n
T

.

T
h
e

h
ig

h
-l

ev
el

in
tu

it
io

n
b

eh
in

d
th

is
re

su
lt

is
th

at
th

e
n
at

u
re

ca
n

ch
an

ge
th

e
va

lu
a
ti

on
p
ar

am
et

er
s

in
a

gr
ad

u
al

m
an

n
er

su
ch

th
at

th
e

se
ll
er

sh
ou

ld
p
ay

a
re

ve
n
u
e

lo
ss

in
or

d
er

to
d
et

ec
t

th
e

ch
an

ge
s

an
d

le
ar

n
th

e
n
ew

va
lu

a
ti

on
p
ar

am
et

er
af

te
r

a
ch

an
ge

.
T

o
b

e
m

or
e

sp
ec

ifi
c,

w
e

d
iv

id
e

th
e

ti
m

e
h
or

iz
on

in
to

cy
cl

es
of

le
n
gt

h
N

p
er

io
d
s,

w
h
er

e
N

is
of

or
d
er

(T
4
−

2
ν
/d

)1
/
3

an
d

co
n
si

d
er

a
se

tt
in

g
w

h
er

e
th

e
va

lu
e

of
θ t

ca
n

ch
an

g
e

to
on

e
o
f

tw
o

op
ti

on
s

θ0
,
θ1

,
on

ly
in

th
e

fi
rs

t
p

er
io

d
of

a
cy

cl
e.

W
e

ch
o
os

e
th

e
p
ar

am
et

er
ch

an
ge

δ
=
‖θ

1
−
θ0
‖

of
or

d
er
√
d
/N

to
en

su
re

th
at

(i
)

n
o

p
ol

ic
y

ca
n

id
en

ti
fy

th
e

ch
an

ge
w

it
h
ou

t
in

cu
rr

in
g

a
re

ve
n
u
e

lo
ss

of
or

d
er
N
δ2
/d

(i
i)

T
h
e

va
ri

at
io

n
m

et
ri

c
V
θ
(T

)
re

m
ai

n
s

b
el

ow
th

e
al

lo
w

ab
le

li
m

it
of
B
d
T
ν
.

T
h
er

ef
or

e,
th

e
to

ta
l

re
g
re

t
ov

er
T

p
er

io
d
s

w
or

k
s

ou
t

at
T
δ2
/d

.
In

p
ar

ti
cu

la
r,

fo
r

p
ro

v
in

g
p

oi
n
t

(i
)

w
e

q
u
an

ti
fy

th
e

li
ke

li
h
o
o
d

of
va

lu
at

io
n
s

u
n
d
er

th
e

p
ro

b
ab

il
it

y
m

ea
su

re
s

co
rr

es
p

on
d
in

g
to
θ0

an
d
θ1

,
u
si

n
g

K
u
ll
b
ac

k
-L

ei
b
le

r
d
iv

er
g
en

ce
.

W
e

u
se

P
in

sk
er

in
eq

u
al

it
y

fo
rm

p
ro

b
ab

il
it

y
th

eo
ry

an
d

h
y
p

ot
h
es

is
te

st
in

g
re

su
lt

s
fr

om
in

fo
rm

at
io

n
th

eo
ry

to
sh

ow
th

at
th

er
e

is
a

si
gn

ifi
ca

n
t

p
ro

b
ab

il
it

y
of

n
ot

d
et

ec
ti

n
g

th
e

(p
ot

en
ti

al
)

ch
an

ge
,

w
h
ic

h
co

n
se

q
u
en

tl
y

y
ie

ld
s

a
re

ve
n
u
e

lo
ss

of
or

d
er
N
δ2
/d

,
ov

er
ea

ch
cy

cl
e.

W
e

re
fe

r
to

S
ec

ti
on

7.
3

fo
r

th
e

p
ro

of
of

T
h
eo

re
m

9.

5
.

N
u
m

e
ri

ca
l

e
x
p

e
ri

m
e
n
ts

W
e

n
u
m

er
ic

al
ly

st
u
d
y

th
e

p
er

fo
rm

an
ce

of
ou

r
P

S
G

D
p
ri

ci
n
g

p
ol

ic
y

on
sy

n
th

et
ic

d
at

a.
In

ou
r

ex
p

er
im

en
ts

,
w

e
se

t
W

=
5

an
d

se
t
θ 1

=
(W

/2
)(
Z
/
‖Z
‖)

,
w

it
h
Z
∼

N
(0
,I
d
)

a
m

u
lt

iv
ar

ia
te

n
or

m
al

va
ri

ab
le

.
W

e
th

en
ge

n
er

at
e

a
se

q
u
en

ce
of

p
ar

am
et

er
s
θ t

as
fo

ll
ow

s:

θ t
+

1
=
θ t

+
r t
,

1
3
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A
d
e
l
J
a
v
a
n
m
a
r
d

T

Regret

F
ig

u
re

1:
C

u
m

u
la

ti
ve

re
gr

et
of

P
S
G

D
p
ri

ci
n
g

p
ol

ic
y

fo
r

th
e

sy
n
th

et
ic

d
at

a
in

S
ec

ti
o
n

5.
T

em
p

or
al

va
ri

at
io

n
s

ar
e
δ t

=
t−
b

an
d

th
e

cu
rv

es
ar

e
ob

ta
in

ed
b
y

av
er

ag
in

g
a
cr

o
ss

8
0

tr
ia

ls
.

S
h
ad

ed
re

gi
on

ar
ou

n
d

ea
ch

cu
rv

e
is

th
e

95
%

co
n
fi
d
en

ce
in

te
rv

al
.

w
h
er

e
r t

=
t−
b
(Z̃
/‖
Z̃
‖)

,
w

it
h
Z̃
∼

N
(0
,I
d
).

N
ot

e
th

at
δ t

=
‖θ
t+

1
−
θ t
‖

=
‖r
t‖

=
t−
b
.

N
ex

t,
at

ea
ch

ti
m

e
t,

p
ro

d
u
ct

co
va

ri
at

es
x
t

ar
e

in
d
ep

en
d
en

tl
y

sa
m

p
le

d
fr

o
m

a
G

a
u
ss

ia
n

d
is

tr
ib

u
ti

on
N

(0
,I
d
)

an
d

n
or

m
al

iz
ed

so
th

at
‖x

t‖
=

1.
F

u
rt

h
er

,
th

e
m

ar
k
et

sh
o
ck

s
a
re

ge
n
er

at
ed

as
z t
∼

N
(0
,σ

2
),

w
it

h
σ

=
1.

W
e

ru
n

th
e

P
S
G

D
p
ri

ci
n
g

p
ol

ic
y

fo
r

st
o
ch

a
st

ic
fe

at
u
re

s
m

o
d
el

.

R
e
su

lt
s.

F
ig

u
re

1
co

m
p
ar

es
th

e
cu

m
u
la

ti
ve

re
gr

et
(a

ve
ra

g
ed

ov
er

80
tr

ia
ls

)
o
f

th
e

P
S
G

D
p

ol
ic

y,
fo

r
b

=
0
.5
,1
,2

,
on

th
e

af
or

em
en

ti
on

ed
sy

n
th

et
ic

d
at

a
fo

r
T

=
5
0
,0

0
0

st
ep

s.
T

h
e

sh
ad

ed
re

gi
on

ar
o
u
n
d

ea
ch

cu
rv

e
co

rr
es

p
o
n
d

to
th

e
95

%
co

n
fi
d
en

ce
in

te
rv

a
l

a
cr

o
ss

th
e

8
0

tr
ia

ls
.

A
s

ex
p

ec
te

d
,

in
cr

ea
se

in
b

re
su

lt
s

in
la

rg
er

te
m

p
or

al
va

ri
at

io
n
s

an
d

la
rg

er
re

g
re

t.

T
o

b
et

te
r

u
n
d
er

st
an

d
th

e
b

eh
av

io
r

of
re

gr
et

fo
r

d
iff

er
en

t
va

lu
es

of
b,

w
e

p
lo

tt
ed

th
e

re
g
re

t
b

ou
n
d
s

in
va

ri
ou

s
sc

al
es

in
F

ig
u
re

2.
F

or
b

=
0.

5,
w

e
h
av

e
R
eg
re
t(
T

)
∼
T

2
/
3
,
a
n
d

fo
r
b

=
1,

2
,

w
e

h
av

e
R
eg
re
t
∼

lo
g
(T

).
C

om
p
ar

in
g

w
it

h
T

h
eo

re
m

7,
w

e
se

e
th

at
th

e
em

p
ir

ic
a
l

re
g
re

t
in

ca
se

of
b

=
0
.5

,
1,

is
sm

al
le

r
th

an
th

e
u
p
p

er
b

ou
n
d

gi
ve

n
b
y

E
q
u
at

io
n

(2
8
),

o
rd

er
-w

is
e.

H
ow

ev
er

,
it

is
w

or
th

n
ot

in
g

th
at

b
ou

n
d

gi
ve

n
in

T
h
eo

re
m

7
ap

p
li
es

to
an

y
ad

v
er

sa
ri

a
l
ch

o
ic

e
of

te
m

p
or

al
va

ri
at

io
n
s
r t

,
w

h
il
e

in
ou

r
ex

p
er

im
en

ts
w

e
ge

n
er

at
ed

th
es

e
te

rm
s

in
d
ep

en
d
en

tl
y

at
ra

n
d
om

.

6
.

E
x
te

n
si

o
n

to
n
o
n
li
n
e
a
r

m
o
d
e
l

T
h
ro

u
gh

ou
t

th
e

p
ap

er
,

w
e

ex
cl

u
si

ve
ly

fo
cu

se
d

on
li
n
ea

r
m

o
d
el

s
fo

r
b
u
ye

r’
s

va
lu

a
ti

o
n

w
it

h
va

ry
in

g
co

effi
ci

en
ts

.
In

or
d
er

to
ge

n
er

al
iz

e
ou

r
re

su
lt

s
to

n
on

li
n
ea

r
m

o
d
el

s,
w

e
co

n
si

d
er

a
se

tt
in

g
w

h
er

e
th

e
m

ar
ke

t
va

lu
e

of
a

p
ro

d
u
ct

w
it

h
fe

at
u
re

ve
ct

or
x
t

is
gi

v
en

b
y

v t
(x
t)

=
ψ

(〈
x
t,
θ t
〉+

z t
)
.

(3
3
)

14
JM

L
R

 1
8(

53
):

1-
31

, 2
01

7



P
e
r
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a
b
il
it
y
o
f
D
a
t
a
:
D
y
n
a
m
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P
r
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in
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e
r
V
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r
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g
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o
e
f
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ie
n
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M
o
d
e
l
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8.5
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log
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)

log(Regret)

(a
)
b
=

0
.5

7.5
8

8.5
9

9.5
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10.5
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lo
g
(T

)

Regret

(b
)
b
=

1

7.5
8

8.5
9

9.5
10

10.5
11

4 6 8 10 12 14 16 18

lo
g
(T

)

Regret

(c)
b
=

2

F
ig

u
re

2
:

C
u
m

u
lative

regrets
of

P
S
G

D
for

d
iff

eren
t

valu
es

of
b.

F
or
b

=
0.5,

R
egret(T

)∼
T

2
/
3;

fo
r
b

=
1,2,

R
egret(T

)∼
log

(T
).
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A
d
e
l
J
a
v
a
n
m
a
r
d

T
h
is

m
o
d
el

is
often

referred
to

as
gen

eralized
lin

ea
r

m
o
d
el

an
d

cap
tu

res
n
on

lin
ear

d
ep

en
-

d
en

cies
on

featu
res

to
som

e
ex

ten
t.

W
e

assu
m

e
th

at
th

e
lin

k
fu

n
ction

ψ
:R
7→

R
is

a
gen

eral
log-con

cave
fu

n
ction

an
d

is
strictly

in
creasin

g.
W

e
n
ex

t
com

p
u
te

th
e

p
ricin

g
fu

n
ctio

n
.

S
in

ce
ψ

is
strictly

in
creasin

g
,

th
e

ex
p

ected
reven

u
e

at
a

p
rice

p
am

ou
n
ts

to
p (1−

F
(ψ
−

1(p
)−
〈x
t ,θ

t 〉 )).
F

irst
ord

er
con

d
ition

for
th

e
op

tim
al

p
rice

p ∗t (x
t )

read
s

as

ψ
′(ψ
−

1(p ∗t ))
=

p
f (ψ

−
1(p ∗t )−

〈x
t ,θ

t 〉 )

1−
F

(ψ
−

1(p ∗t )−
〈x
t ,θ

t 〉)
.

(34)

D
efi

n
e
λ

(v
)

=
f

(v
)/

(1
−
F

(v
))

th
e

h
azard

rate
fu

n
ction

for
d
istrib

u
tion

F
,

an
d

let
p̃

=
ψ
−

1(p
).

W
ritin

g
(34)

in
term

s
of
λ

fu
n
ction

,
w

e
get

〈x
t ,θ

t 〉
=
p̃ ∗t −

λ
−

1 (
ψ
′(p̃ ∗t )
ψ

(p̃ ∗t ) )
.

(35)

F
or

real-valu
ed

v
,

d
efi

n
e

g −
1

ψ
(v

)≡
v−

λ
−

1 (
ψ
′(v

)

ψ
(v

) )
.

(36)

N
ote

th
at

b
y

log-con
cav

ity
of

1
−
F

,
th

e
h
azard

fu
n
ction

λ
is

in
creasin

g.
A

lso,
b
y

log-
con

cav
ity

of
ψ

,
th

e
term

dd
v

log
ψ

(v
)

=
ψ
′(v

)/ψ
(v

)
is

d
ecreasin

g.
P

u
ttin

g
th

ese
togeth

er,
w

e
ob

tain
th

at
−
λ
−

1(ψ
′(v

)/ψ
(v

))
is

in
creasin

g.
T

h
erefore,

th
e

righ
t-h

an
d

sid
e

of
(36)

is
strictly

in
creasin

g
an

d
th

e
fu

n
ction

g
ψ

is
w

ell-d
efi

n
ed

.
In

vok
in

g
E

q
u
ation

(35),
w

e
d
erive

th
e

op
tim

al
p
rice

as

p ∗t
=
ψ

(g
ψ

(〈x
t ,θ

t 〉))
.

(37)

A
s

n
oted

b
efore,

sin
ce
ψ

is
in

creasin
g,

at
each

p
erio

d
t,

a
sale

h
ap

p
en

s
if
z
t ≥

ψ
−

1(p
t )−

〈x
t ,θ

t 〉.
H

en
ce,

th
e

log-likelih
o
o
d

fu
n
ction

read
s

as

`
t (θ)

=
−
I(y

t
=

1)
log (1−

F
(ψ
−

1(p
t )−
〈x
t ,θ〉 ))−

I(y
t

=
−

1
)

log (F
(ψ
−

1(p
t )−
〈x
t ,θ〉 ))

.
(38)

In
P

S
G

D
p
ricin

g
p

olicy,
w

e
ru

n
grad

ien
t

step
w

ith
th

is
log

-likelih
o
o
d

fu
n
ction

an
d

th
en

set
p
rice

p
t+

1
at

n
ex

t
step

as
p
t+

1
=
ψ

(g
ψ

(〈x
t+

1 ,θ
t+

1 〉)).
T

h
e

resu
lts

on
th

e
regret

of
P

S
G

D
p
ricin

g
p

olicy
carries

over
to

th
e

gen
eralized

lin
ear

m
o
d
el

as
w

ell.
T

h
e

an
aly

sis
go

es
alon

g
th

e
sam

e
lin
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d
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h
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m
2

L
e
m

m
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1
0

S
et
M

=
2
W

+
ϕ
−
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r
θ
∈

Θ
d
efi

n
e
u
t (θ)

=
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t −
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p
t

=
g
(〈x
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t
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en
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fo
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e
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h
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)
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≥
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≥
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;u
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=
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P
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e
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.
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e

le
t

R
t
≡
p
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(v
t
≥
p
∗ t)
−
p
tI
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t
≥
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t)

(3
9)

b
e

th
e
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rr

ed
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m

e
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d
efi
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p
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ge
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er
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ed

b
y
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ke
t
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{z
`}
t `=
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T
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p
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p
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−
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tP
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t
≥
p
t)
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h
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t,
θ t
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−
h
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〈x
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θ̂ t
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T
h
e

op
ti
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al

p
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p
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e
m
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h

(p
;〈
x
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p
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r
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n
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n
h

,
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a
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e
p

b
et
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n
p
t

an
d
p
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h
(p
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〈x
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h
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θ t
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1 2
h
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p
;〈
x
t,
θ t
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∗ t)

2
.
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W
e

n
ex

t
sh

ow
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p
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x
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θ t
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C
w
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M
B
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al
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B

=
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a
x
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an
d
B
′ =

m
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v
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e
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e
w
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p
;〈
x
t,
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∣ ∣ ∣2
f
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〈x
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θ t
〉)

+
p
f
′ (
p
−
〈x
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θ t
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∣ ∣ ∣≤

2B
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M
B
′ .

(4
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P
u
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g

E
q
u
at

io
n
s
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,
(4
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,
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an
d

u
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n
g
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e
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L
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it

z
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p
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of

p
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n
g
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w
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n
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u
d
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R
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1
]
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h
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〈x
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〉)
−
h
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〈x
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≤
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+
M
B
′

2
(p
t
−
p
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2

=
2B

+
M
B
′

2

( g
(〈
x
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〉)
−
g
(〈
x
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θ t
〉)
) 2
≤

2
B

+
M
B
′

2
〈x
t,
θ t
−
θ̂ t
〉2
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T
o

ea
se

th
e

p
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se
n
ta

ti
on

,
d
efi

n
e

th
e

sh
or

th
an

d

A
(T

)
≡

4 ` M
m

ax

{
16 ` M

lo
g
T
,

2
W

2

η T
+

1
+
u

2 M 2
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1

η t
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2
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1

δ t η t

}
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W
e
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h
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t
G

b
e
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p
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il
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c
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∑
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E
m

p
lo

y
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g

L
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m
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3
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d
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n
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e
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th
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‖θ
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−
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e
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n
u
e

b
y

b
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n
d
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g
E
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ll
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R
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E[
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R
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t−
1
]]

=
E[
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R
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1
]
·(
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′

2
E[
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θ t
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·I
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M
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)
.

C
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q
u
en
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R
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T
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≤
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1

E[
R
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B
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M
B
′

2
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1
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t,
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−
θ̂ t
〉2
·I
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M
T
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p
le

te
.
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P
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h
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b
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ra
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1
an

d
fe

at
u
re

ve
ct

or
s
{x

`}
t `=
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b
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∪
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⊇
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b
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=
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.
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p
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m

1
).

W
e

fi
rs

t
p
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at
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e
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e
ti

m
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h
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−
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3
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=
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σ
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C
m
a
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C
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e
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∼
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ca
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e,

ta
k
in

g
o
n
e

o
f

th
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∈
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b
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h
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√
d
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m
a
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N
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√
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N

ot
e
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at
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θ

,
w

e
h
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e

V
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N
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T
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N
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B
d
T
ν
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W
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.
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d
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t
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θ
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θ
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T
h
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K
L
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ce

b
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P
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P
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D
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∏
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∏
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1/( √
2
π

)e −
s
2
/
2

is
th

e
stan

d
a
rd

G
a
u
ssian

d
en

sity.
A

fter
sim

p
le

algeb
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∑t=

1

C
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a
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K
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d
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b
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P
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L
e
m

m
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1
1

L
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R
t
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e
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a
t
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e
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d
efi

n
ed

a
s
R
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p
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p
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T
h
en

,
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n
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c
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2

d
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d
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g
o
n
σ
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W
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n

d
C

m
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m
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t ‖
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m
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d

is
o
m

itted
.

B
y

ap
p
ly

in
g

L
em

m
a

11,
w

e
h
ave

∆
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t ‖
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b
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1 ∑
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=
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=
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i ∈
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.
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√
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δ √
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<
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m
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p
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con
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p
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−
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+
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colu

m
n
s

(say
i

an
d
j)

of
th

e
m

atrix
A

are
h
igh

ly
correlated

,
th

en
th

e
co

rresp
o
n
d
in

g
com

p
on

en
ts
x̂
i

an
d
x̂
j

of
th

e
E

N
solu

tion
are

n
early

eq
u
a
l.

T
h
is

is
k
n
ow

n
a
s

th
e

“
g
ro

u
p
in

g
eff

ect”,
an

d
th

e
p

oin
t

is
th

at
E

N
d
em

on
strates

th
e

grou
p
in

g
eff

ect
w

h
ereas

L
A

S
S
O

d
o
es

n
o
t.

1
.2

C
o
m

p
re

sse
d

S
e
n

sin
g

In
co

m
p
ressed

sen
sin

g,
th

e
ob

jectiv
e

is
to

ch
oo

se
th

e
m

easu
rem

en
t

m
atrix

A
(w

h
ich

is
p
art

o
f

th
e

d
a
ta

in
sp

arse
regression

),
su

ch
th

at
w

h
en

ever
th

e
vector

x
is

n
early

sp
arse,

it
is

p
o
ssib

le
to

n
ea

rly
recover

x
from

n
oise-corru

p
ted

m
easu

rem
en

ts
of

th
e

form
y

=
A
x

+
η
.

L
et

u
s

m
a
ke

th
e

p
rob

lem
form

u
lation

p
recise.

F
or

th
is

p
u
rp

ose
w

e
b

egin
b
y

in
tro

d
u
cin

g
so

m
e

n
o
ta

tio
n
.

T
h
ro

u
g
h
o
u
t,

th
e

sy
m

b
ol

[n
]

d
en

otes
th

e
in

d
ex

set{1
,...,n}

.
T

h
e

su
p

p
o
rt

of
a

vector
x
∈
R
n

is
d
en

oted
b
y

su
p
p
(x

)
an

d
is

d
efi

n
ed

as

su
p
p
(x

)
:=
{i∈

[n
]

:
x
i 6=

0}
.

A
v
ecto

r
x
∈
R
n

is
said

to
b

e
k
-sp

a
rse

if|su
p
p
(x

)|≤
k
.

T
h
e

set
of

all
k
-sp

arse
v
ectors

is
d
en

o
ted

b
y

Σ
k .

T
h
e
k
-sp

a
rsity

in
d

e
x

of
a

vector
x

w
ith

resp
ect

to
a

g
iv

en
n
orm

‖·‖
is

d
efi

n
ed

a
s

σ
k (x

,‖·‖
)

:=
m

in
z∈

Σ
k ‖
x
−
z‖
.

(5)

It
is

o
b
v
io

u
s

th
at
x
∈

Σ
K

if
an

d
on

ly
if
σ
k (x

,‖·‖
)

=
0

for
every

n
o
rm

.

T
h
e

g
en

era
l

form
u
lation

of
th

e
com

p
ressed

sen
sin

g
p
rob

lem
giv

en
b

elow
is

essen
tially

ta
ken

fro
m

(C
o
h
en

et
al.,

2009).
S
u
p
p

ose
th

at
A
∈
R
m
×
n

is
th

e
“m

easu
rem

en
t

m
atrix

”,
a
n
d

∆
:R

m
→

R
n

is
th

e
“d

eco
d
er

m
ap

”,
w

h
ere

m
�
n

.
S
u
p
p

ose
x
∈
R
n

is
an

u
n
k
n
ow

n
vector

th
a
t

is
to

b
e

recovered
.

T
h
e

in
p
u
t

to
th

e
d
eco

d
er

con
sists

of
y

=
A
x

+
η

w
h
ere

η
d
en

o
tes

th
e

m
ea

su
rem

en
t

n
oise,

an
d

a
p
rior

u
p
p

er
b

ou
n
d

in
th

e
form

‖η‖
2 ≤

ε
is

availab
le;

in
oth

er
w

o
rd

s,
ε

is
a

k
n
ow

n
n
u
m

b
er.

In
th

is
set-u

p
,

th
e

vector
x̂

=
∆

(y
)

is
th

e
ap

p
rox

im
ation

to
th

e
o
rigin

a
l

vector
x

.
W

ith
th

ese
con

ven
tion

s,
w

e
can

n
ow

state
th

e
follow

in
g.

D
e
fi

n
itio

n
1

S
u

p
po

se
p
∈

[1,2].
T

h
e

pa
ir

(A
,∆

)
is

sa
id

to
a
ch

ieve
ro

b
u
st

sp
a
rse

reco
v
-

e
ry

o
f

o
rd

er
k

w
ith

respect
to
‖·‖

p
if

th
ere

exist
co

n
sta

n
ts
C

a
n

d
D

th
a
t

m
igh

t
d
epen

d
o
n

A
a
n

d
∆

bu
t

n
o
t

o
n
x

o
r
η

,
su

ch
th

a
t

‖
x̂
−
x‖

p ≤
1

k
1−

1
/
p
[C
σ
k (x

,‖·‖
1 )

+
D
ε].

(6)

T
h
e

restriction
th

at
p
∈

[1,2]
is

tied
u
p

w
ith

th
e

fact
th

at
th

e
b

ou
n
d

on
th

e
n
oise

is
for

th
e

E
u
clid

ean
n
orm

‖η‖
2 .

T
h
e

u
su

al
ch

oices
for

p
in

(6)
are

p
=

1
an

d
p

=
2.

A
m

o
n
g

th
e

m
ost

p
op

u
lar

ap
p
roach

es
to

com
p
ressed

sen
sin

g
is
`
1 -n

o
rm

m
in

im
ization

,
w

h
ich

w
a
s

p
o
p
u
larized

in
a

series
of

p
ap

ers,
of

w
h
ich

w
e

cite
on

ly
(C

an
d
ès

an
d

T
ao,

2005;
C

a
n
d
ès

et
a
l.,

2006;
C

an
d
ès,

2008;
D

on
oh

o,
2006).

T
h
e

su
rvey

p
ap

er
(D

aven
p

ort
et

al.,
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A
h
se

n
,
C
h
a
l
l
a
pa

l
l
i
a
n
d

V
id
y
a
sa

g
a
r

2012)
h
as

an
ex

ten
siv

e
b
ib

liograp
h
y

on
th

e
top

ic,
as

d
o
es

th
e

recen
t

b
o
ok

(F
ou

cart
an

d
R

au
h
u
t,

2013).
In

th
is

ap
p
roach

,
th

e
estim

a
te
x̂

is
d
efi

n
ed

as

x̂
:=

argm
in

z
‖z‖

1
s.t.‖

A
z−

y‖
2 ≤

ε.
(7)

N
ote

th
at

th
e

ab
ove

d
efi

n
ition

d
o
es

in
d
eed

d
efi

n
e

a
d
eco

d
er

m
ap

∆
:R

m
→

R
n
.

In
ord

er
for

th
e

ab
ove

p
air

(A
,∆

)
to

ach
iev

e
rob

u
st

sp
arse

recovery,
th

e
m

atrix
A

is
ch

osen
so

as
to

satisfy
a

con
d
ition

d
efi

n
ed

n
ex

t.

D
e
fi

n
itio

n
2

A
m

a
trix

A
∈
R
m
×
n

is
sa

id
to

sa
tisfy

th
e
R
e
stric

ted
Iso

m
e
try

P
ro

p
e
rty

(R
IP

)
o
f

o
rd

er
k

w
ith

co
n

sta
n

t
δ
k

if

(1−
δ
k )‖

u‖
22 ≤
‖A
u‖

22 ≤
(1

+
δ
k )‖

u‖
22 ,∀

u
∈

Σ
k .

(8)

S
tartin

g
w

ith
(C

an
d
ès

an
d

T
ao,

2005),
sev

eral
p
ap

ers
h
ave

d
erived

su
ffi

cien
t

con
d
ition

s
th

at
th

e
R

IP
con

stan
t

of
th

e
m

atrix
A

m
u
st

satisfy
in

ord
er

for
`
1 -n

orm
m

in
im

ization
to

ach
ieve

rob
u
st

sp
arse

recovery.
R

ecen
tly,

th
e

“
b

est
p

ossib
le”

b
ou

n
d

h
as

b
een

p
roved

in
(C

ai
an

d
Z

h
an

g,
2014).

T
h
ese

resu
lts

are
stated

h
ere

for
th

e
con

ven
ien

ce
of

th
e

read
er.

T
h

e
o
re

m
3

(S
ee

(C
a
i

a
n

d
Z

h
a
n

g,
2
0
1
4
,

T
h
eo

rem
2
.1

))
S

u
p
po

se
A

sa
tisfi

es
th

e
R

IP
o
f

o
rd

er
tk

fo
r

so
m

e
n

u
m

ber
t≥

4
/3

su
ch

th
a
t
tk

is
a
n

in
teger,

w
ith

δ
tk
<
√

(t−
1)/t.

T
h
en

th
e

reco
very

p
roced

u
re

in
(7)

a
ch

ieves
ro

bu
st

spa
rse

reco
very

o
f

o
rd

er
k

.

T
h

e
o
re

m
4

(S
ee

(C
a
i

a
n

d
Z

h
a
n

g,
2
0
1
4
,

T
h
eo

rem
2
.2

))
L

et
t
≥

4/
3.

F
o
r

a
ll
γ
>

0
a
n

d
a
ll
k
≥

5/γ
,

th
ere

exists
a

m
a
trix

A
sa

tisfyin
g

th
e

R
IP

o
f

o
rd

er
tk

w
ith

co
n

sta
n

t
δ
tk ≤

√
(t−

1)/t
+
γ

su
ch

th
a
t

th
e

reco
very

p
roced

u
re

in
(7)

fa
ils

fo
r

so
m

e
k

-spa
rse

vecto
r.

O
b
serve

th
at

th
e

L
agran

gian
form

u
lation

of
th

e
L

A
S
S
O

ap
p
roach

is

x̂
:=

argm
in

z
[‖
A
z−

y‖
22

+
λ‖z‖

1 ],

w
h
ereas

th
e

L
agran

gian
form

u
lation

of
(7)

is

x̂
:=

argm
in

z
[‖
z‖

1
+
β‖
A
z−

y‖
2 ],

w
h
ich

is
essen

tially
th

e
sam

e
as

th
e

L
agran

gian
form

u
lation

of

x̂
=

argm
in

z
‖A
z−

y‖
2

s.t.‖
z‖

1 ≤
γ
.

T
h
is

last
form

u
lation

of
sp

arse
regressio

n
is

k
n
ow

n
as

“sq
u
are-ro

ot
L

A
S
S
O

”
(B

ellon
i

et
al.,

2014).
T

h
erefore

th
e

com
m

u
n
ity

refers
to

th
e

ap
p
roach

to
com

p
ressed

sen
sin

g
given

in
(7)

as
th

e
L

A
S
S
O

,
th

ou
gh

th
is

m
ay

n
ot

b
e

strictly
accu

rate.
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T
w
o

N
e
w

A
p
p
r
o
a
c
h
e
s
t
o

C
o
m
p
r
e
ss
e
d

S
e
n
si
n
g

1
.3

C
o
m

p
re

ss
e
d

S
e
n

si
n

g
w

it
h

G
ro

u
p

S
p

a
rs

it
y

O
ve

r
th

e
ye

ar
s

so
m

e
va

ri
an

ts
of

L
A

S
S
O

h
av

e
b

ee
n

p
ro

p
os

ed
fo

r
co

m
p
re

ss
ed

se
n
si

n
g,

su
ch

as
th

e
G

ro
u
p

L
A

S
S
O

(G
L

)
(Y

u
an

an
d

L
in

,
20

06
)

an
d

th
e

S
p
ar

se
G

ro
u
p

L
A

S
S
O

(S
G

L
)

(S
im

on
et

al
.,

20
13

).
In

th
e

G
L

fo
rm

u
la

ti
on

,
th

e
in

d
ex

se
t
{1
,.
..
,n
}

is
p
ar

ti
ti

on
ed

in
to
g

d
is

jo
in

t
se

ts
G

1
,.
..
,G

g
,

an
d

th
e

as
so

ci
at

ed
n
or

m
is

d
efi

n
ed

as

‖z
‖ G

L
:=

g ∑ i=
1

‖z
G
i
‖ 2
,

(9
)

w
h
er

e
z G

i
d
en

ot
es

th
e

p
ro

je
ct

io
n

of
th

e
ve

ct
or
z

on
to

th
e

co
m

p
on

en
ts

in
G
i.

T
h
e

n
ot

at
io

n
is

in
te

n
d
ed

to
re

m
in

d
u
s

th
at

th
e

n
or

m
d
ep

en
d
s

on
th

e
sp

ec
ifi

c
p
ar

ti
ti

on
in

g
G.

S
om

e
au

th
or

s
d
iv

id
e

th
e

te
rm
‖z
G
i
‖ 2

b
y
|G

i|,
b
u
t

w
e

d
o

n
ot

d
o

th
at

.
A

fu
rt

h
er

re
fi
n
em

en
t

of
G

L
is

th
e

sp
ar

se
gr

ou
p

L
A

S
S
O

(S
G

L
),

in
w

h
ic

h
th

e
gr

ou
p

st
ru

ct
u
re

is
as

b
ef

or
e,

b
u
t

th
e

n
or

m
is

n
ow

d
efi

n
ed

as

‖z
‖ S

G
L
,µ

:=

g ∑ i=
1

(1
−
µ

)‖
z G

i
‖ 1

+
µ
‖z
G
i
‖ 2
,

(1
0)

w
h
er

e
as

b
ef

or
e
µ
∈

[0
,1

].
If
x
∈
R
n

is
an

u
n
k
n
ow

n
ve

ct
or

,
th

en
re

co
ve

ry
of
x

is
at

te
m

p
te

d
v
ia

x̂
=

ar
gm

in
z
‖z
‖ G

L
s.

t.
‖A
z
−
y
‖ 2
≤
ε

(1
1)

in
G

ro
u
p

L
A

S
S
O

,
an

d
v
ia

x̂
=

ar
gm

in
z
‖z
‖ S

G
L
,µ

s.
t.
‖A
z
−
y
‖ 2
≤
ε

(1
2)

in
S
p
ar

se
G

ro
u
p

L
A

S
S
O

.

T
h
e

m
ai

n
id

ea
b

eh
in

d
G

L
is

th
at

on
e

is
le

ss
co

n
ce

rn
ed

ab
ou

t
th

e
n
u
m

b
er

of
n
on

ze
ro

co
m

p
on

en
ts

of
x̂

,
an

d
m

or
e

co
n
ce

rn
ed

ab
ou

t
th

e
n
u
m

b
er

of
d
is

ti
n
ct

gr
ou

p
s

co
n
ta

in
in

g
th

es
e

n
on

ze
ro

co
m

p
on

en
ts

.
T

h
er

ef
or

e
G

L
at

te
m

p
ts

to
ch

o
os

e
an

es
ti

m
at

e
x̂

th
at

h
as

n
on

ze
ro

en
tr

ie
s

in
as

fe
w

d
is

ti
n
ct

se
ts

as
p

os
si

b
le

.
In

p
ri

n
ci

p
le

,
S
G

L
tr

ie
s

to
ch

o
os

e
an

es
ti

m
at

e
x̂

th
at

n
ot

on
ly

h
as

n
on

ze
ro

co
m

p
on

en
ts

w
it

h
in

as
fe

w
gr

ou
p
s

a
s

p
os

si
b
le

,
b
u
t

w
it

h
in

th
os

e
gr

ou
p
s,

h
as

as
fe

w
n
on

ze
ro

co
m

p
on

en
ts

as
p

os
si

b
le

.
N

ot
e

th
at

if
µ

=
0,

th
en

S
G

L
re

d
u
ce

s
to

L
A

S
S
O

(b
ec

au
se

of
th

e
su

m
m

ab
il
it

y
of

th
e
` 1

-n
or

m
),

w
h
er

ea
s

if
µ

=
1,

th
en

S
G

L
re

d
u
ce

s
to

G
L

.
N

ot
e

to
o

th
at

if
g

=
n

an
d

ev
er

y
se

t
G
i

is
a

si
n
gl

et
on
{i
},

th
en

G
L

re
d
u
ce

s
to

L
A

S
S
O

.

1
.4

M
o
ti

v
a
ti

o
n

a
n

d
C

o
n
tr

ib
u

ti
o
n

s
o
f

th
e

P
a
p

e
r

N
ow

w
e

co
m

e
to

th
e

m
ot

iv
at

io
n

an
d

co
n
tr

ib
u
ti

on
s

of
th

e
p
re

se
n
t

p
ap

er
.

T
h
e

L
A

S
S
O

fo
rm

u
la

ti
on

is
w

el
l-

su
it

ed
fo

r
co

m
p
re

ss
ed

se
n
si

n
g

(s
ee

T
h
eo

re
m

3)
,

b
u
t

n
ot

so
w

el
l-

su
it

ed
fo

r
sp

ar
se

re
gr

es
si

on
,

b
ec

au
se

it
la

ck
s

th
e

gr
ou

p
in

g
eff

ec
t.

T
h
e

E
N

fo
rm

u
la

ti
on

is
w

el
l-

su
it

ed
fo

r
sp

ar
se

re
gr

es
si

on
as

it
ex

h
ib

it
s

th
e

gr
ou

p
in

g
eff

ec
t,

b
u
t

it
is

n
ot

k
n
ow

n
w

h
et

h
er

it
ca

n
ac

h
ie

ve
co

m
p
re

ss
ed

se
n
si

n
g.

T
h
e

fi
rs

t
re

su
lt

p
re

se
n
te

d
in

th
e

p
ap

er
is

th
at

if
th

e
E

N
re

gu
la

ri
ze

r
of

(4
)

is
u
se

d
in

st
ea

d
of

th
e
` 1

-n
or

m
in

(7
),

th
en

th
e

re
su

lt
in

g
ap

p
ro

ac
h

d
oe

s
n

o
t

a
ch

ie
ve

ro
b
u
st

sp
ar

se
re

co
ve

ry
u
n
le

ss
m
≥
n
/
4,

th
at

is
,

th
e

n
u
m

b
er

of
m

ea
su

re
m

en
ts

gr
ow

s
li
n
ea

rl
y

w
it

h
re

sp
ec

t
to

th
e

si
ze
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A
h
se

n
,
C
h
a
l
l
a
pa

l
l
i
a
n
d

V
id
y
a
sa

g
a
r

of
th

e
ve

ct
or

.
T

h
is

w
ou

ld
n
ot

b
e

co
n
si

d
er

ed
“c

om
p
re

ss
ed

”
se

n
si

n
g.

T
h
is

le
d

u
s

to
fo

rm
u
la

te
an

ot
h
er

re
gu

la
ri

ze
r,

n
am

el
y

‖z
‖ C

,µ
=

(1
−
µ

)‖
z
‖ 1

+
µ
‖z
‖ 2
.

(1
3
)

N
ot

e
th

at
,

w
h
il
e

th
e

E
N

re
gu

la
ri

ze
r

in
(4

)
is

a
co

n
v
ex

fu
n
ct

io
n
,

it
is

n
ot

a
n
or

m
.

In
co

n
tr

a
st

,
‖·
‖ C

,µ
is

n
ot

ju
st

co
n
ve

x
b
u
t

is
al

so
a

n
o
rm

.
A

ls
o
,

th
e

E
N

re
g
u
la

ri
ze

r
in

it
s

o
ri

g
in

a
l

fo
rm

in
(3

)
is

in
te

n
d
ed

to
h
av

e
tw

o
ad

ju
st

ab
le

p
ar

am
et

er
s.

O
u
r

in
te

n
t

is
th

a
t,

in
co

m
p
re

ss
ed

se
n
si

n
g

ap
p
li
ca

ti
on

s,
th

e
co

n
st

an
t
µ

in
(1

3)
is

a
fi

xe
d

co
n

st
a
n

t,
an

d
n
ot

in
te

n
d
ed

to
b

e
va

ri
ed

.
T

h
er

ef
or

e,
if

th
e
` 1

-n
or

m
in

(7
)

is
re

p
la

ce
d

b
y
‖
·‖

C
,µ

,
th

en
th

er
e

is
o
n
ly

o
n
e

ad
ju

st
ab

le
p
ar

am
et

er
,

n
am

el
y

th
e

L
ag

ra
n
ge

m
u
lt

ip
li
er

as
so

ci
at

ed
w

it
h

th
e

co
n
st

ra
in

t.
T

h
e

sa
m

e
re

m
ar

k
ap

p
li
es

al
so

to
G

L
an

d
S
G

L
,

th
at

is
,

(1
1)

an
d

(1
2)

re
sp

ec
ti

ve
ly

.
W

e
re

fe
r

to
‖·
‖ C

,µ
as

th
e

C
L

O
T

n
or

m
,

w
it

h
C

L
O

T
st

an
d
in

g
fo

r
C

om
b
in

ed
L

-O
n
e

an
d

T
w

o
.

It
is

sh
ow

n
th

at
th

e
C

L
O

T
n
or

m
co

m
b
in

es
th

e
b

es
t

fe
at

u
re

s
of

b
ot

h
L

A
S
S
O

an
d

E
N

,
in

th
a
t

•
W

h
en

th
e

C
L

O
T

n
or

m
is

u
se

d
as

th
e

re
gu

la
ri

ze
r

in
sp

ar
se

re
gr

es
si

on
,

th
e

re
su

lt
in

g
so

lu
ti

on
ex

h
ib

it
s

th
e

gr
ou

p
in

g
eff

ec
t.

•
W

h
en

th
e
` 1

-n
or

m
is

re
p
la

ce
d

b
y

th
e

C
L

O
T

n
or

m
in

(7
),

th
e

re
su

lt
in

g
so

lu
ti

o
n

a
ch

ie
v
es

ro
b
u
st

sp
ar

se
re

co
ve

ry
if

th
e

m
at

ri
x
A

sa
ti

sfi
es

th
e

R
IP

.

•
M

or
eo

ve
r,

if
µ

in
C

L
O

T
is

se
t

to
ze

ro
so

th
at

C
L

O
T

b
ec

om
es

L
A

S
S
O

,
th

e
b

o
u
n
d

o
n

th
e

R
IP

co
n
st

an
t

re
d
u
ce

s
to

th
e

“b
es

t
p

os
si

b
le

”
b

ou
n
d

in
T

h
eo

re
m

3.

C
le

ar
ly

th
e

C
L

O
T

n
or

m
is

a
sp

ec
ia

l
ca

se
of

th
e

S
G

L
n
or

m
w

it
h

th
e

en
ti

re
in

d
ex

se
t

[n
]

b
ei

n
g

ta
ke

n
as

a
si

n
gl

e
gr

ou
p

(t
h
ou

gh
th

e
a
d
je

ct
iv

e
“s

p
ar

se
”

is
n
o

lo
n
ge

r
ap

p
ro

p
ri

a
te

).
T

h
is

le
d

u
s

to
ex

p
lo

re
w

h
et

h
er

th
e

S
G

L
n
or

m
a
ch

ie
ve

s
ei

th
er

gr
ou

p
in

g
eff

ec
t

or
ro

b
u
st

sp
a
rs

e
re

co
ve

ry
.

W
e

ar
e

ab
le

to
sh

ow
th

at
S
G

L
d
o
es

in
d
ee

d
ac

h
ie

v
e

b
ot

h
.

N
ow

w
e

p
la

ce
th

es
e

co
n
tr

ib
u
ti

on
s

in
p

er
sp

ec
ti

ve
.

T
h
er

e
is

em
p
ir

ic
al

ev
id

en
ce

to
su

p
p

o
rt

th
e

b
el

ie
f

th
at

b
ot

h
th

e
G

L
an

d
th

e
S
G

L
fo

rm
u
la

ti
on

s
w

or
k

w
el

l
fo

r
co

m
p
re

ss
ed

se
n
si

n
g
.

H
ow

ev
er

,
u
n
ti

l
th

e
p
u
b
li
ca

ti
on

of
a

co
m

p
an

io
n

p
ap

er
b
y

a
su

b
se

t
of

th
e

p
re

se
n
t

a
u
th

o
rs

(A
h
-

se
n

an
d

V
id

ya
sa

ga
r,

20
16

),
th

er
e

w
er

e
n
o

p
ro

o
fs

th
at

ei
th

er
of

th
es

e
fo

rm
u
la

ti
o
n
s

a
ch

ie
ve

d
ro

b
u
st

sp
ar

se
re

co
ve

ry
.

In
(A

h
se

n
an

d
V

id
y
as

ag
ar

,
20

16
),

it
is

sh
ow

n
th

at
b

o
th

th
e

G
L

a
n
d

S
G

L
fo

rm
u
la

ti
on

s
ac

h
ie

ve
ro

b
u
st

sp
ar

se
re

co
ve

ry
p
ro

vi
d
ed

th
e

gr
o
u

p
si

ze
s

a
re

su
ffi

ci
en

tl
y

sm
a
ll

.
T

h
is

re
st

ri
ct

io
n

on
gr

ou
p

si
ze

s
is

re
m

ov
ed

in
th

e
p
re

se
n
t

p
ap

er
.

M
or

eo
ve

r,
so

fa
r

a
s

th
e

au
th

or
s

ar
e

aw
ar

e,
u
n
ti

l
n
ow

th
er

e
ar

e
n
o

re
su

lt
s

on
th

e
gr

ou
p
in

g
eff

ec
t

fo
r

ei
th

er
o
f

th
es

e
fo

rm
u
la

ti
on

s.
In

th
e

p
re

se
n
t

p
ap

er
,
it

is
sh

ow
n

th
at

if
tw

o
co

lu
m

n
s

of
th

e
m

ea
su

re
m

en
t

m
at

ri
x
A

th
a
t

be
lo

n
g

to
th

e
sa

m
e

gr
o
u

p
ar

e
h
ig

h
ly

co
rr

el
at

ed
,

th
en

th
e

co
rr

es
p

o
n
d
in

g
co

m
-

p
on

en
ts

of
th

e
es

ti
m

at
e
x̂

h
av

e
n
ea

rl
y

eq
u
al

va
lu

es
.

H
ow

ev
er

,
if

tw
o

co
lu

m
n
s

th
a
t

b
el

o
n
g

to
d
iff

er
en

t
gr

ou
p
s

ar
e

h
ig

h
ly

co
rr

el
at

ed
,

th
en

th
ei

r
co

effi
ci

en
ts

n
ee

d
n
ot

b
e

n
ea

rl
y

eq
u
a
l.

F
ro

m
th

e
st

an
d
p

oi
n
t

of
ap

p
li
ca

ti
on

s,
th

is
is

a
h
ig

h
ly

d
es

ir
ab

le
p
ro

p
er

ty
.

T
o

il
lu

st
ra

te
,

su
p
p

o
se

th
e

gr
ou

p
s

re
p
re

se
n
t

b
io

lo
gi

ca
l

p
at

h
w

ay
s.

T
h
en

on
e

w
ou

ld
w

is
h

to
as

si
gn

ro
u
g
h
ly

si
m

il
a
r

w
ei

gh
ts

to
ge

n
es

in
th

e
sa

m
e

p
at

h
w

ay
,

b
u
t

n
ot

n
ec

es
sa

ri
ly

to
th

os
e

in
d
is

jo
in

t
p
a
th

w
ay

s.
T

h
u
s

th
e

co
n
tr

ib
u
ti

on
s

of
th

e
p
re

se
n
t

p
ap

er
ar

e:

•
T

o
sh

ow
th

at
th

e
E

N
d
oe

s
n

o
t

a
ch

ie
ve

ro
b
u
st

sp
a
rs

e
re

co
ve

ry
.

•
T

o
sh

ow
th

at
b

ot
h

th
e

C
L

O
T

an
d

S
G

L
fo

rm
u
la

ti
on

s
ac

h
ie

v
e

b
ot

h
ro

b
u
st

sp
a
rs

e
re

-
co

ve
ry

as
w

el
l

as
th

e
gr

ou
p
in

g
eff

ec
t.
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T
w
o

N
e
w

A
p
p
r
o
a
c
h
e
s
t
o

C
o
m
p
r
e
sse

d
S
e
n
sin

g

•
T

o
d
erive

a
con

d
ition

u
n
d
er

w
h
ich

C
L

O
T

ach
ieves

rob
u
st

sp
arse

recovery,
w

h
ich

re-
d
u
ces

to
th

e
“b

est
p

ossib
le”

con
d
ition

in
T

h
eorem

3
w

h
en

µ
is

set
to

zero,
so

th
at

C
L

O
T

b
ecom

es
L

A
S
S
O

.

T
a
ken

to
g
eth

er,
th

ese
resu

lts
m

igh
t

in
d
icate

th
at

C
L

O
T

an
d

S
G

L
are

attra
ctive

altern
ativ

es
to

th
e

L
A

S
S
O

an
d

E
N

form
u
lation

s.

2
.

M
a
in

T
h
e
o
re

tica
l

R
e
su

lts

T
h
is

sectio
n

co
n
tain

s
th

e
m

ain
con

trib
u
tion

s
of

th
e

p
ap

er.
W

e
b

eg
in

b
y

sh
ow

in
g

in
S
ection

2
.1

th
a
t

th
e

so
lu

tion
p
ath

s
of

E
N

an
d

C
L

O
T

are
id

en
tica

l
if

b
oth

λ
1

an
d
λ

2
are

treated
a
s

a
d
ju

sta
b
le

p
aram

eters.
T

h
erefore

fu
rth

er
research

w
ou

ld
b

e
n
eed

ed
to

estab
lish

w
h
eth

er
C

L
O

T
o
ff

ers
a
n
y

ad
van

tages
ov

er
E

N
in

n
u
m

erical
p

erform
an

ce
in

sp
arse

regression
.

T
h
en

w
e

p
resen

t
several

th
eoretical

ad
van

tages
of

C
L

O
T

over
b

oth
E

N
an

d
L

A
S
S
O

.
F

irst
it

is
sh

ow
n

in
S
ection

2.2
th

at
th

e
E

N
ap

p
roach

d
o
es

n
ot

ach
ieve

rob
u
st

sp
a
rse

recovery,
an

d
is

th
erefo

re
n
o
t

su
itab

le
for

com
p
ressed

sen
sin

g
ap

p
lica

tion
s.

N
ex

t,
it

is
sh

ow
n

in
S
ection

2
.3

th
a
t

th
e

S
G

L
form

u
lation

assign
s

n
early

eq
u
al

w
eigh

ts
to

h
igh

ly
correlated

featu
res

w
ith

in
th

e
sa

m
e

gro
u

p
,

th
ou

gh
n
ot

n
ecessarily

to
h
igh

ly
correlated

featu
res

fro
m

d
iff

eren
t

g
rou

p
s.

It
follow

s
as

a
corollary

th
at

C
L

O
T

assign
s

n
early

eq
u
al

w
eigh

ts
to

h
igh

ly
correlated

fea
tu

res.
T

h
en

it
is

sh
ow

n
in

S
ection

2.4
th

at
th

e
S
G

L
form

u
latio

n
ach

ieves
rob

u
st

sp
arse

recovery.
T

h
e

con
ten

ts
of

a
com

p
an

ion
p
ap

er
b
y

a
su

b
set

of
th

e
p
resen

t
au

th
ors

A
h
sen

an
d

V
id

ya
sa

g
a
r

(2
0
16)

estab
lish

th
at

S
G

L
ach

iev
es

rob
u
st

sp
arse

recovery
of

o
rd

er
k

p
ro

vid
ed

th
a
t

ea
ch

gro
u

p
size

is
sm

a
ller

th
a
n
k
.

T
h
ere

is
n
o

su
ch

restriction
h
ere.

It
follow

s
as

a
co

ro
lla

ry
th

a
t

C
L

O
T

also
ach

iev
es

rob
u
st

sp
arse

recovery.

2
.1

R
e
la

tio
n

sh
ip

B
e
tw

e
e
n

S
o
lu

tio
n

P
a
th

s
o
f

E
N

a
n

d
C

L
O

T

In
th

is
su

b
section

,
it

is
sh

ow
n

th
at

if
b

oth
µ

an
d
λ

are
tu

n
ed

v
ia

cross-valid
ation

in
(3),

th
en

th
e

solu
tion

p
ath

s
of

C
L

O
T

are
id

en
tical

to
th

ose
of

E
N

w
h
en

b
o
th

λ
1

a
n
d
λ

2
are

tu
n
ed

.
H

ow
ever,

it
is

sh
ow

n
v
ia

an
ex

am
p
le

th
at

if
µ

is
kep

t
fi
x
ed

an
d

o
n

ly
λ

is
tu

n
ed

in
(3

),
th

en
C

L
O

T
an

d
E

N
h
ave

d
iff

eren
t

so
lu

tion
p
ath

s.

T
ow

a
rd

s
th

is
en

d
,

w
e

rew
rite

th
e

C
L

O
T

form
u
lation

w
ith

b
oth

µ
an

d
λ

b
ein

g
tu

n
ed

in
th

e
fo

rm

x̂
C

L
O

T
:=

argm
in

z
[‖
y−

A
x‖

22
+
λ

1 ‖z‖
1

+
λ

2 ‖
z‖

2 ].
(1

4)

It
is

ea
sy

to
see

th
at

th
e

tran
sform

ation

µ
=

λ
2

λ
1

+
λ

2
,λ

=
λ

1
+
λ

2

m
a
p
s

(1
4
)

in
to

(3).
In

th
e

oth
er

d
irection

,
w

e
w

ou
ld

d
efi

n
e

λ
1

=
(1−

µ
)λ
,λ

2
=
µ
λ
.

W
e

a
re

gratefu
l

to
on

e
of

th
e

rev
iew

ers
for

p
oin

tin
g

ou
t

th
e

resu
lt

as
d
escrib

ed
in

T
h
eorem

5
,

a
n
d

p
rov

id
in

g
a

p
ro

of.
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A
h
se

n
,
C
h
a
l
l
a
pa

l
l
i
a
n
d

V
id
y
a
sa

g
a
r

T
h

e
o
re

m
5

G
iven

y
∈
R
m

a
n

d
A
∈
R
m
×
n

,
d
efi

n
e

tw
o

vecto
rs:

x̂
C

L
O

T
(λ

1 ,λ̃
2 )

=
argm

in
z

[‖y−
A
z‖

22
+
λ

1 ‖
z‖

1
+
λ̃

2 ‖
z‖

2 ],

x̂
E

N
(λ

1 ,λ̂
2 )

=
argm

in
z

[‖
y−

A
z‖

22
+
λ

1 ‖z‖
1

+
λ̂

2 ‖
z‖

22 ].

T
h
en

fo
r

ea
ch

fi
xed

λ
1
>

0
a
n

d
ea

ch
λ̃

2
>

0,
th

ere
exists

a
λ̂

2
>

0
su

ch
th

a
t

x̂
C

L
O

T
(λ

1 ,λ̃
2 )

=
x̂

E
N

(λ
1 ,λ̂

2 ),

a
n

d
vice

versa
.

P
ro

o
f

W
e

b
egin

w
ith

th
e

follow
in

g
ra

th
er

ob
v
iou

s
ob

servation
.

S
u
p
p

ose
f

(·)
an

d
g
(·)

are
con

vex
fu

n
ction

s,
an

d
con

sid
er

tw
o

p
rob

lem
s:

(P
1)

x̂
1 (λ

)
=

arg
m

in
z

[f
(z

)
+
λ
g
(z

)],

(P
2)

x̂
2 (c)

=
argm

in
z

f
(z

)
s.t.

g
(z

)≤
c.

T
h
en

for
each

λ
th

ere
ex

ists
a
c

su
ch

th
at
x̂

1 (λ
)

=
x̂

2 (c),
an

d
v
ice

v
ersa

.
T

o
estab

lish
th

is,
w

rite
d
ow

n
th

e
op

tim
ality

con
d
ition

s
fo

r
th

e
tw

o
p
rob

lem
s,

w
ith

∂
f

(·),
∂
g
(·)

d
en

otin
g

th
e

su
b
grad

ien
t

sets
of
f

(·),
g
(·)

resp
ectively.

T
h
en

a
n
ecessary

an
d

su
ffi

cien
t

con
d
ition

for
x̂

1 (λ
)

to
b

e
th

e
so

lu
tion

of
(P

1)
is:

0
∈
∂
f

(x̂
1 (λ

))
+
λ
∂
g
(x̂

1 (λ
)),

(15)

w
h
ere

0
d
en

otes
th

e
zero

vector.
S
im

ilarly,
for

(P
2)

th
e

n
ecessary

an
d

su
ffi

cien
t

con
d
ition

s
are

th
e

ex
isten

ce
of

a
con

stan
t
λ
∗

su
ch

th
at

0
∈
∂
f

(x̂
1 (λ
∗))

+
λ
∂
g
(x̂

1 (λ
∗)),

an
d
λ
∗(g

(x̂
1 (λ
∗))−

c)
=

0.
(16)

S
u
p
p

ose
(15)

h
old

s;
th

en
(16)

h
old

s
w

ith
c

=
g
(x̂

1 (λ
)).

C
on

versely,
su

p
p

ose
(16)

h
old

s;
th

en
(15)

h
old

s
w

ith
λ

=
λ
∗.

N
ow

ap
p
ly

th
is

reason
in

g
w

ith
f

(z
)

=
‖
y−

A
z‖

22
+
λ

1 ‖
z‖

1 ,
g

1 (z
)

=
‖z‖

2 ,
g

2 (z
)

=
‖z‖

22 .
T

h
en

each
x̂

C
L

O
T

(λ
1 ,λ̃

2 )
eq

u
als

th
e

m
in

im
izer

of
f

(z
)

su
b

ject
to
‖z‖

2 ≤
c

for
som

e
c,

w
h
ile

each
x̂

E
N

(λ
1 ,λ̂

2 )
eq

u
als

th
e

m
in

im
izer

of
f

(z
)

su
b

ject
to
‖z‖

22 ≤
c ′

for
som

e
c ′.

H
ow

ever,
it

is
ob

v
iou

s
th

at

[‖z‖
2 ≤

c]
⇐
⇒

[‖
z‖

22 ≤
c

2].

T
h
erefore

th
e

th
eorem

is
p
rov

ed
.

�

2
.2

L
a
ck

o
f

R
o
b

u
st

S
p

a
rse

R
e
c
o
v
e
ry

o
f

th
e

E
la

stic
N

e
t

F
o
rm

u
la

tio
n

T
h
e

fi
rst

resu
lt

of
th

is
section

sh
ow

s
th

at
E

N
form

u
lation

d
o
es

n
o
t

ach
ieve

rob
u
st

sp
arse

recovery,
an

d
th

erefore
is

n
ot

su
itab

le
for

com
p
ressed

sen
sin

g
ap

p
lication

s.
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T
w
o

N
e
w

A
p
p
r
o
a
c
h
e
s
t
o

C
o
m
p
r
e
ss
e
d

S
e
n
si
n
g

T
h

e
o
re

m
6

S
u

p
po

se
a

m
a
tr

ix
A
∈
R
m
×
n

h
a
s

th
e

fo
ll

o
w

in
g

p
ro

pe
rt

y:
T

h
er

e
ex

is
t

co
n

st
a
n

ts
C

a
n

d
D

su
ch

th
a
t,

w
h
en

ev
er
y

=
A
x

+
η

fo
r

so
m

e
x
∈
R
n

a
n

d
η
∈
R
m

w
it

h
‖η
‖ 2
≤
ε,

th
e

so
lu

ti
o
n

x̂
E

N
:=

ar
gm

in
z
∈R

n
[(

1
−
µ

)‖
z
‖ 1

+
µ
‖z
‖2 2

]
s.

t.
‖y
−
A
z
‖ 2
≤
ε

sa
ti

sfi
es

‖x̂
E

N
−
x
‖ 2
≤
C
σ
k
(x
,‖
·‖

1
)

+
D
ε.

(1
7)

T
h
en

m
≥
n
/
4.

(1
8)

P
ro

o
f:

L
et
N

(A
)

d
en

ot
e

th
e

n
u
ll

sp
ac

e
of

th
e

m
at

ri
x
A

,
th

at
is

,
th

e
se

t
of

al
l
h
∈
R
n

su
ch

th
at
A
h

=
0.

L
et
h
∈
N

(A
)

b
e

ar
b
it

ra
ry

,
an

d
le

t
Λ
⊆
{1
,.
..
,n
}

d
en

ot
e

th
e

in
d
ex

se
t

of
th

e
k

la
rg

es
t

co
m

p
on

en
ts

of
h

b
y

m
ag

n
it

u
d
e.

T
h
er

ef
or

e

‖h
Λ
c
‖ 2

=
σ
k
(h
,‖
·‖

2
).

N
ex

t,
(1

7)
im

p
li
es

th
at

,
if
η

=
0,

th
en

x̂
E

N
=
x

fo
r

al
l
x
∈

Σ
k
.

In
ot

h
er

w
or

d
s,

x
=

ar
gm

in
z
∈R

n
[(

1
−
µ

)‖
z
‖ 1

+
µ
‖z
‖2 2

]
s.

t.
A
z

=
A
x
,

or
eq

u
iv

al
en

tl
y,

(1
−
µ

)‖
x
‖ 1

+
µ
‖x
‖2 2
≤

(1
−
µ

)‖
z
‖ 1

+
µ
‖z
‖2 2
,
∀z
∈
A
−

1
({
A
x
})
,
∀x
∈

Σ
k
.

(1
9)

N
ow

ob
se

rv
e

th
at

,
b

ec
au

se
h
∈
N

(A
),

w
e

h
av

e
th

at

A
h

Λ
=
−
A
h

Λ
c
,

an
d

m
or

e
ge

n
er

al
ly

,

A
(β
h

Λ
)

=
A

(−
β
h

Λ
c
),
∀β

>
0
.

A
p
p
ly

(1
9)

w
it

h
x

=
β
h

Λ
∈

Σ
k

an
d
z

=
−
A
β
h

Λ
c
∈
A
−

1
({
A
x
})

.
T

h
is

le
ad

s
to

(1
−
µ

)β
‖h

Λ
‖ 1

+
β

2
µ
‖h

Λ
‖2 2
≤

(1
−
µ

)β
‖h

Λ
c
‖ 1

+
β

2
µ
‖h

Λ
c
‖2 2
.

N
ow

d
iv

id
e

b
ot

h
si

d
es

b
y
β

2
µ

,
an

d
ob

se
rv

e
th

at
,

fo
r

ea
ch

fi
x
ed

µ
>

0,

1
−
µ

β
µ
→

0
as
β
→
∞
.

T
h
er

ef
or

e

‖h
Λ
‖2 2
≤
‖h

Λ
c
‖2 2
,

or
‖h

Λ
‖ 2
≤
‖h

Λ
c
‖ 2
,
∀h
∈
N

(A
).

N
ex

t

‖h
‖ 2
≤
‖h

Λ
‖ 2

+
‖h

Λ
c
‖ 2
≤

2
‖h

Λ
c
‖ 2
,
∀h
∈
N

(A
).

E
q
u
iv

al
en

tl
y

‖h
‖ 2
≤

2
σ
k
(h
,‖
·‖

2
),
∀h
∈
N

(A
).
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01

7

A
h
se

n
,
C
h
a
l
l
a
pa

l
l
i
a
n
d

V
id
y
a
sa

g
a
r

T
h
is

is
E

q
u
at

io
n

(5
.2

)
of

C
oh

en
-D

ah
m

en
-D

ev
or

e
(2

00
9)

w
it

h
C

0
=

2.
A

s
sh

ow
n

in
T

h
eo

re
m

5.
1

of
th

at
p
ap

er
,

th
is

im
p
li
es

th
at
m
≥
n
/C

2 0
=
n
/4

,
w

h
ic

h
is

th
e

d
es

ir
ed

co
n
cl

u
si

o
n
.
�

N
ot

e
th

at
th

e
p
ro

of
of

T
h
eo

re
m

6
re

m
ai

n
s

va
li
d

ev
en

if
w

e
w

er
e

to
al

lo
w

th
e

co
n
st

a
n
t
µ

to
b

e
“t

u
n
ed

”,
p
ro

v
id

ed
th

at
it

is
b

ou
n
d
ed

aw
ay

fr
om

ze
ro

.
In

ot
h
er

w
or

d
s,

th
e

p
ro

o
f

d
o
es

n
ot

m
ak

e
u
se

of
th

e
fa

ct
th

at
µ

is
a

fi
x
ed

co
n
st

an
t.

T
h
er

ef
o
re

ev
en

in
th

e
“n

a
iv

e”
ve

rs
io

n
o
f

E
N

,
in

w
h
ic

h
th

e
re

gu
la

ri
ze

r
is

d
efi

n
ed

as
in

(3
),

an
d

b
ot

h
co

n
st

an
ts
α

1
an

d
α

2
a
re

a
d
ju

st
ed

,
ro

b
u
st

sp
ar

se
re

co
ve

ry
re

q
u
ir

es
th

at
m
≥
n
/4

p
ro

v
id

ed
on

ly
th

at
th

e
ra

ti
o
α

1
/
α

2
re

m
a
in

s
b

ou
n
d
ed

aw
ay

fr
om

ze
ro

as
b

ot
h

p
ar

am
et

er
s

ar
e

tu
n
ed

.

2
.3

G
ro

u
p

in
g

P
ro

p
e
rt

y
o
f

th
e

S
G

L
a
n

d
C

L
O

T
F
o
rm

u
la

ti
o
n

s

O
n
e

ad
va

n
ta

ge
of

th
e

E
N

ov
er

L
A

S
S
O

is
th

at
th

e
fo

rm
er

as
si

gn
s

ro
u
gh

ly
eq

u
a
l

w
ei

g
h
ts

to
h
ig

h
ly

co
rr

el
at

ed
fe

at
u
re

s,
as

sh
ow

n
in

(Z
ou

an
d

H
as

ti
e,

20
05

,
T

h
eo

re
m

1)
a
n
d

re
fe

rr
ed

to
as

th
e

gr
ou

p
in

g
eff

ec
t.

In
co

n
tr

as
t,

if
L

A
S
S
O

ch
o
os

es
on

e
fe

at
u
re

am
on

g
a

se
t

o
f

h
ig

h
ly

co
rr

el
at

ed
fe

at
u
re

s,
th

en
ge

n
er

ic
al

ly
it

as
si

gn
s

a
ze

ro
w

ei
gh

t
to

al
l

th
e

re
st

.
T

o
il
lu

st
ra

te
,

if
tw

o
co

lu
m

n
s

of
A

ar
e

id
en

ti
ca

l,
th

en
in

p
ri

n
ci

p
le

L
A

S
S
O

co
u
ld

as
si

gn
n
o
n
ze

ro
w

ei
g
h
ts

to
b

ot
h

co
lu

m
n
s;

h
ow

ev
er

,
th

e
sl

ig
h
te

st
p

er
tu

rb
at

io
n

in
th

e
d
at

a
w

ou
ld

ca
u
se

o
n
e

o
r

th
e

ot
h
er

w
ei

gh
t

to
b

ec
om

e
ze

ro
.

T
h
e

d
ra

w
b
ac

k
of

th
is

is
th

at
th

e
fi
n
al

ly
se

le
ct

ed
fe

a
tu

re
se

t
is

ve
ry

se
n
si

ti
v
e

to
n
oi

se
in

th
e

m
ea

su
re

m
en

ts
.

In
th

is
se

ct
io

n
w

e
p
ro

ve
an

a
n
a
lo

g
o
f

(Z
o
u

an
d

H
as

ti
e,

20
05

,
T

h
eo

re
m

1)
fo

r
S
G

L
fo

rm
u
la

ti
on

.
O

u
r

re
su

lt
st

at
es

th
a
t

if
tw

o
h
ig

h
ly

co
rr

el
at

ed
fe

at
u
re

s
w

it
h
in

th
e

sa
m

e
gr

o
u

p
ar

e
ch

os
en

b
y

S
G

L
,

th
en

th
ey

w
il
l

h
av

e
ro

u
g
h
ly

si
m

il
ar

w
ei

gh
ts

.
S
in

ce
C

L
O

T
is

a
sp

ec
ia

l
ca

se
of

S
G

L
w

it
h

th
e

en
ti

re
fe

at
u
re

se
t

tr
ea

te
d

as
on

e
gr

ou
p
,

it
fo

ll
ow

s
th

at
C

L
O

T
as

si
gn

s
ro

u
gh

ly
si

m
il
ar

w
ei

gh
ts

to
h
ig

h
ly

co
rr

el
a
te

d
fe

at
u
re

s
in

th
e

en
ti

re
se

t
of

fe
at

u
re

s.
A

s
a

re
su

lt
,

th
e

fi
n
al

fe
at

u
re

se
ts

o
b
ta

in
ed

u
si

n
g

S
G

L
or

C
L

O
T

ar
e

le
ss

se
n
si

ti
ve

to
n
oi

se
in

m
ea

su
re

m
en

ts
th

an
th

e
on

es
ob

ta
in

ed
u
si

n
g

L
A

S
S
O

.

T
h

e
o
re

m
7

L
et
y
∈
R
m
,A
∈
R
m
×
n

be
so

m
e

ve
ct

o
r

a
n

d
m

a
tr

ix
re

sp
ec

ti
ve

ly
.

W
it

h
o
u

t
lo

ss
o
f

ge
n

er
a
li

ty
,

su
p
po

se
th

a
t
y

is
ce

n
te

re
d
,

i.
e.
y
t e
m

=
0,

w
h
er

e
e
m

d
en

o
te

s
a

co
lu

m
n

ve
ct

o
r

co
n

si
st

in
g

o
f
m

o
n

es
,

a
n

d
th

a
t
A

is
st

a
n

d
a
rd

iz
ed

,
i.

e.
‖a

j
‖ 2

=
1

w
h
er

e
a
j

d
en

o
te

s
th

e
j-

th
co

lu
m

n
o
f
A

.
S

u
p
po

se
µ
>

0,
a
n

d
le

t
G

d
en

o
te

a
pa

rt
it

io
n

o
f
{1
,.
..
,n
}

in
to
g

d
is

jo
in

t
su

bs
et

s.
D

efi
n

e

x̂
:=

ar
g
m

in
z

λ
‖y
−
A
z
‖2 2

+
‖z
‖ S

G
L
,µ
,

(2
0
)

w
h
er

e
λ
>

0
is

a
L

a
gr

a
n

ge
m

u
lt

ip
li

er
.

S
u

p
po

se
th

a
t,

fo
r

tw
o

in
d
ic

es
i,
j

be
lo

n
gi

n
g

to
th

e
sa

m
e

gr
o

u
p
G
s
,

w
e

h
a
ve

th
a
t
x̂
ix̂
j
6=

0
,

w
h
er

e
x̂
i,
x̂
j

d
en

o
te

th
e

co
m

po
n

en
ts

o
f

th
e

ve
ct

o
r

x̂
.

B
y

ch
a
n

gi
n

g
th

e
si

gn
o
f

o
n

e
o
f

th
e

co
lu

m
n

s
o
f
A

if
n

ec
es

sa
ry

,
it

ca
n

be
a
ss

u
m

ed
th

a
t

x̂
ix̂
j
>

0
.

D
efi

n
e

d
(i
,j

)
:=
|x̂
i
−
x̂
j
|

2
λ
‖y
‖ 2

,ρ
(i
,j

)
=
a
t ia
j
.

T
h
en

d
(i
,j

)
≤
√

2(
1
−
ρ
(i
,j

))
‖x̂

s
‖ 2

µ
,

(2
1
)

w
h
er

e
x̂
s

is
sh

o
rt

h
a
n

d
fo

r
x̂
G
s
.

1
0
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T
w
o

N
e
w

A
p
p
r
o
a
c
h
e
s
t
o

C
o
m
p
r
e
sse

d
S
e
n
sin

g

P
ro

o
f:

D
efi

n
e

L
(z
,µ

)
:=

λ‖y−
A
z‖

22
+
‖
z‖

S
G

L
,µ

=
λ‖y−

A
z‖

22
+

(1−
µ

)‖
z‖

1
+
µ

g
∑s=

1 ‖
z
s‖

2 ,

w
h
ere,

a
s

a
b

ove,
z
s

d
en

otes
Z
G
s .

T
h
en
L

is
d
iff

eren
tiab

le
w

ith
resp

ect
to
z
i

w
h
en

ever
z
i 6=

0.
In

p
a
rticu

la
r,

sin
ce

b
oth

x̂
i

an
d
x̂
j

are
n
on

zero
b
y

assu
m

p
tion

,
it

follow
s

th
at

∂
L

∂
z
i ∣∣∣∣z

=
x̂

=
∂
L

∂
z
j ∣∣∣∣z

=
x̂

=
0.

E
x
p
a
n
d
in

g
th

e
p
artial

d
erivatives

lead
s

to

−
2
λ
a
ti (y−

A
x̂

)
+

(1−
µ

)sign
(x̂
i )

+
µ

x̂
i

‖x̂
s‖

2
=

0,
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e
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h
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d
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e
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d
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p
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p
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p
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p
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h
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∈
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∑j=

1 ‖
x
j‖

2 ≥
(1−

µ
)‖x

+
h‖

1
+
µ

g
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b
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‖
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‖
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‖
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⊆
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‖
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‖
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S ‖
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S ‖
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‖
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‖
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S ‖
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‖
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b
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b
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‖
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S ‖
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‖
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b
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‖
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S ‖
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‖
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d
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‖h

S
c‖

1 )
+

(‖
h
S ‖
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[ ‖
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=
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>
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⇒
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d
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y
S

th
e

su
b
se

t
o
f
R
k
−
1

fo
r

w
h
ic

h
th

e
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O
n
t
h
e
C
o
n
sist

e
n
c
y
o
f
O
r
d
in
a
l
R
e
g
r
e
ssio

n
M
e
t
h
o
d
s

co
m

p
o
n
en

ts
are

n
on

-d
ecreasin

g,
th

at
is,

S
:=
{
α

:
α
∈
R
k−

1
an

d
α
i ≤

α
i+

1
for

1
≤
i≤

k−
2 }

.

∆
p

d
en

o
tes

th
e
p
-d

im
en

sion
al

sim
p
lex

,
d
efi

n
ed

a
s

∆
p

:=


x
∈
R
p

:
x
i ≥

0
an

d

p
∑i=

1

x
i

=
1 

.

F
o
llow

in
g

K
n
u
th

(1992)
w

e
u
se

th
e

Iverson
b
racketJ·K

as

JqK
:=

{
1

if
q

is
tru

e

0
oth

erw
ise

.

W
e

w
ill

a
lso

m
a
ke

referen
ce

to
loss

fu
n
ction

s
com

m
on

ly
u
sed

in
b
in

ary
cla

ssifi
cation

.
T

h
ese

a
re

th
e

h
in

g
e

loss
(ϕ

(t)
=

m
ax

(1−
t,0)),

th
e

sq
u
ared

h
in

ge
loss

(ϕ
(t)

=
m

ax
(1−

t,0)
2),

th
e

lo
g
istic

lo
ss

(ϕ
(t)

=
log

(1
+
e −

t)),
ex

p
on

en
tial

loss
(ϕ

(t)
=
e −

t)
an

d
th

e
sq

u
a
red

loss
(ϕ

(t)
=

(1−
t)

2).

1
.1

P
ro

b
le

m
se

ttin
g

H
ere

w
e

p
resen

t
th

e
form

alism
th

at
w

e
w

ill
b

e
u
sin

g
th

rou
gh

ou
t

th
e

p
ap

er.
L

et
(X
,A

)
b

e
a

m
ea

su
ra

b
le

sp
ace.

L
et

(X
,Y

)
b

e
tw

o
ran

d
om

variab
les

w
ith

join
t

p
rob

ab
ility

d
istrib

u
tion

P
,

w
h
ere

X
ta

kes
its

valu
es

in
X

an
d
Y

is
a

ran
d
om

lab
el

tak
in

g
valu

es
in

a
fi
n
ite

set
of

k
o
rd

ered
ca

tego
ries

th
at

w
e

w
ill

d
en

oteY
=
{1
,...,k}

.
In

th
e

ord
in

a
l

regression
p
rob

lem
,

w
e

a
re

g
iv

en
a

set
of
n

ob
servation

s{(X
1 ,Y

1 ),...,(X
n
,Y

n
)}

d
raw

n
i.i.d

.
fro

m
X
×
Y

an
d

th
e

g
o
al

is
to

learn
from

th
e

ob
servation

s
a

m
easu

rab
le

m
ap

p
in

g
called

a
d
ecisio

n
fu

n
ctio

n
f

:X
→
S
⊆

R
k−

1
so

th
at

th
e

risk
given

b
elow

is
as

sm
all

a
s

p
ossib

le:

L
(f

)
:=

E
(`(Y

,f
(X

)))
,

(1)

w
h
ere

`
:Y
×
S

is
a

lo
ss

fu
n

ctio
n

th
at

m
easu

res
th

e
d
isagreem

en
t

b
etw

een
th

e
tru

e
lab

el
an

d
th

e
p
red

ictio
n
.

F
or

ease
of

op
tim

ization
,

th
e

d
ecision

fu
n
ction

h
as

its
im

age
in

a
su

b
set

of
R
k−

1,
a
n
d

th
e

fu
n
ction

th
at

con
verts

an
elem

en
t

ofS
in

to
a

class
lab

el
is

called
a

p
red

ictio
n

fu
n

ctio
n

.
T

h
e

p
red

iction
fu

n
ction

th
at

w
e

w
ill

con
sid

er
th

rou
gh

th
e

p
ap

er
is

given
for

α
∈
S

b
y

th
e

n
u
m

b
er

of
co

ord
in

ates
b

elow
zero

p
lu

s
on

e,
th

at
is,

p
red

(α
)

:=
1

+
k−

1
∑i=

1 Jα
i
<

0K
.

(2)

N
o
te

th
a
t

fo
r

th
e

case
of

tw
o

classes
Y

=
{
1,2}

,
th

e
d
ecision

fu
n
ction

is
real-valu

ed
an

d
th

e
p
red

iction
d
efau

lts
th

e
com

m
on

b
in

ary
classifi

cation
ru

le
in

w
h
ich

p
red

iction
d
ep

en
d
s

o
n

th
e

sig
n

of
th

is
d
ecision

fu
n
ction

.
D

iff
eren

t
loss

fu
n
ction

s
can

b
e

u
sed

w
ith

in
th

e
con

tex
t

of
ord

in
al

regression
.

T
h
e

m
ost

co
m

m
o
n
ly

u
sed

on
e

is
th

e
ab

solu
te

error,
w

h
ich

m
easu

res
th

e
ab

solu
te

d
iff

eren
ce

b
etw

een
th

e
p
red

icted
a
n
d

tru
e

lab
els.

F
or
α
∈
S

,
th

is
is

d
efi

n
ed

as

`(y
,α

)
:=
∣∣y−

p
red

(α
) ∣∣

.
(3)
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P
e
d
r
e
g
o
sa

,
B
a
c
h
a
n
d

G
r
a
m
f
o
r
t

T
h
e

ab
solu

te
error

loss
is

so
u
b
iq

u
itou

s
in

ord
in

al
regression

th
at

som
e

au
th

ors
refer

to
it

sim
p
ly

as
th

e
ord

in
al

regression
loss

(A
garw

al,
2008;

R
am

asw
am

y
an

d
A

garw
al,

2012).
F

or
th

is
reason

w
e

giv
e

sp
ecial

em
p
h
asis

on
th

is
loss.

H
ow

ever,
w

e
w

ill
also

d
escrib

e
m

eth
o
d
s

th
at

m
in

im
ize

th
e

0-1
loss

(i.e.,
th

e
classifi

cation
error)

an
d

in
S
ection

3.4
w

e
w

ill
see

h
ow

som
e

resu
lts

can
b

e
gen

eralized
b

eyon
d

th
ese

an
d

to
gen

eral
loss

fu
n
ction

s
th

at
verify

a
certain

ad
m

issib
ility

criterion
.

In
ord

er
to

fi
n
d

th
e

d
ecision

fu
n
ction

w
ith

m
in

im
al

risk
it

m
igh

t
seem

ap
p
rop

riate
to

m
in

im
ize

E
q
.

(1).
H

ow
ev

er,
th

is
is

n
ot

feasib
le

in
p
ractice

for
tw

o
reason

s.
F

irst,
th

e
p
rob

ab
ility

d
istrib

u
tion

P
is

u
n
k
n
ow

n
an

d
th

e
risk

m
u
st

b
e

m
in

im
ized

ap
p
rox

im
ately

b
ased

on
th

e
ob

servation
s.

S
econ

d
,
`

is
ty

p
ically

d
iscon

tin
u
ou

s
in

its
secon

d
argu

m
en

t,
h
en

ce
th

e
em

p
irical

ap
p
rox

im
ation

to
th

e
risk

is
d
iffi

cu
lt

to
op

tim
ize

an
d

can
lead

to
an

N
P

-
h
ard

p
rob

lem
(F

eld
m

an
et

al.,
2012;

B
en

-D
av

id
et

al.,
2
003)

1.
It

is
th

erefo
re

com
m

on
to

ap
p
rox

im
ate

`
b
y

a
fu

n
ction

ψ
:Y
×
S
→

R
,

called
a

su
rroga

te
lo

ss
fu

n
ctio

n
,

w
h
ich

h
as

b
etter

com
p
u
tatio

n
al

p
rop

erties.
T

h
e

goal
b

ecom
es

th
en

to
fi
n
d

th
e

d
ecision

fu
n
ction

th
at

in
stead

m
in

im
izes

th
e

su
rroga

te
risk,

d
efi

n
ed

as

A
(f

)
:=

E
(ψ

(Y
,f

(X
)))

.
(4)

W
e

are
in

terested
b
y

th
e

statistical
im

p
lication

s
of

su
ch

ap
p
rox

im
ation

.
A

ssu
m

in
g

th
at

w
e

h
ave

fu
ll

k
n
ow

led
ge

of
th

e
p
rob

ab
ility

d
istrib

u
tion

th
at

g
en

erates
th

e
d
ata

P
,

w
h
at

are
th

e
con

seq
u
en

ces
of

op
tim

izin
g

a
con

vex
su

rrogate
of

th
e

risk
in

stead
of

th
e

tru
e

risk
?

T
h
e

m
ain

p
rop

erty
th

at
w

e
w

ill
stu

d
y

in
ord

er
to

an
sw

er
th

is
q
u
estion

is
th

at
of

F
ish

er
co

n
sisten

cy.
F

ish
er

con
sisten

cy
is

a
d
esirab

le
p
rop

erty
for

su
rrogate

loss
fu

n
ction

s
(L

in
,

2004)
an

d
im

p
lies

th
at

in
th

e
p

op
u
latio

n
settin

g,
i.e.,

if
th

e
p
rob

ab
ility

d
istrib

u
tion

P
w

ere
availab

le,
th

en
op

tim
ization

of
th

e
su

rrogate
w

ou
ld

y
ield

a
fu

n
ction

w
ith

m
in

im
al

risk
.

F
rom

a
com

p
u
tation

al
p

oin
t

of
v
iew

,
th

is
im

p
lies

th
at

th
e

m
in

im
ization

of
th

e
su

rrogate
risk

,
w

h
ich

is
u
su

ally
a

con
v
ex

op
tim

ization
p
rob

lem
a
n
d

h
en

ce
easier

to
solve

th
an

th
e

m
in

im
ization

of
th

e
risk

,
d
o
es

n
ot

p
en

alize
th

e
q
u
ality

(alw
ay

s
in

th
e

p
op

u
lation

settin
g)

of
th

e
ob

tain
ed

solu
tion

.

W
e

w
ill

u
se

th
e

follow
in

g
n
otation

for
th

e
op

tim
al

risk
an

d
op

tim
al

su
rrogate

risk
:

L
∗

:=
in

ff L
(f

)
an

d
A
∗

:=
in

ff A
(f

)
,

w
h
ere

th
e

m
in

im
ization

is
d
on

e
over

all
m

easu
rab

le
fu

n
ctio

n
s
X
→
S

.
L
∗

is
som

etim
es

referred
to

as
th

e
B

a
yes

risk,
an

d
a

d
ecision

fu
n
ction

(n
ot

n
ecessarily

u
n
iq

u
e)

th
a
t

m
in

im
izes

th
e

risk
is

called
a

B
a
yes

d
ecisio

n
fu

n
ctio

n
.

W
e

w
ill

n
ow

give
a

p
recise

d
efi

n
ition

of
F

ish
er

con
sisten

cy.
T

h
is

n
otion

origin
ates

from
a

classical
p
aram

eter
estim

ation
settin

g.
S
u
p
p

ose
th

at
an

estim
ator

T
of

som
e

p
aram

eter
θ

is
d
efi

n
ed

as
a

fu
n
ction

al
of

th
e

em
p
irical

d
istrib

u
tion

P
n
.

W
e

d
en

ote
it
T

(P
n
).

T
h
e

estim
ator

is
said

to
b

e
F

ish
er

con
sisten

t
if

its
p

op
u
lation

an
alog,

T
(P

),
coin

cid
es

w
ith

th
e

p
aram

eter
θ.

A
d
ap

tin
g

th
is

n
otion

to
th

e
con

tex
t

of
risk

m
in

im
ization

(in
w

h
ich

th
e

op
tim

al
risk

is
th

e
p
aram

eter
to

estim
ate)

y
ield

s
th

e
follow

in
g

d
efi

n
ition

,
ad

ap
ted

from
L

in
(2004

)
to

an
arb

itrary
loss

fu
n
ction

`:

1
.

N
o
te

th
a
t

b
in

a
ry

cla
ssifi

ca
tio

n
ca

n
b

e
seen

a
s

a
p

a
rticu

la
r

ca
se

o
f

o
rd

in
a
l

reg
ressio

n
.
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O
n
t
h
e
C
o
n
si
st

e
n
c
y
o
f
O
r
d
in
a
l
R
e
g
r
e
ss
io
n
M
e
t
h
o
d
s

D
e
fi

n
it

io
n

1
(F

is
h
e
r
co

n
si
st
e
n
c
y

)
G

iv
en

a
su

rr
og

a
te

lo
ss

fu
n

ct
io

n
ψ

:
Y
×
S
→

R
,

w
e

w
il

l
sa

y
th

a
t

th
e

su
rr

og
a
te

lo
ss

fu
n

ct
io

n
ψ

is
co

n
si

st
en

t
w

it
h

re
sp

ec
t

to
th

e
lo

ss
`

:
Y
×
S
→

R
if

fo
r

ev
er

y
p
ro

ba
bi

li
ty

d
is

tr
ib

u
ti

o
n

o
ve

r
X
×
Y

it
is

ve
ri

fi
ed

th
a
t

ev
er

y
m

in
im

iz
er
f

o
f

th
e

su
rr

og
a
te

ri
sk

re
a
ch

es
B

a
ye

s
o
p
ti

m
a
l

ri
sk

,
th

a
t

is
,

A
(f

)
=
A
∗

=
⇒
L(
f

)
=
L∗

.

F
or

so
m

e
su

rr
og

at
es

w
e

w
il
l
b

e
ab

le
to

d
er

iv
e

n
ot

on
ly

F
is

h
er

co
n
si

st
en

cy
,

b
u
t

al
so

ex
ce

ss
ri

sk
bo

u
n

d
s.

T
h
es

e
ar

e
b

ou
n
d
s

of
th

e
fo

rm

γ
(L

(f
)
−
L∗

)
≤
A

(f
)
−
A
∗

,

fo
r

so
m

e
re

al
-v

al
u
ed

fu
n
ct

io
n
γ

w
it

h
γ

(0
)

=
0.

T
h
es

e
in

eq
u
a
li
ti

es
n
ot

on
ly

im
p
ly

F
is

h
er

co
n
si

st
en

cy
,

b
u
t

al
so

al
lo

w
to

b
ou

n
d

th
e

ex
ce

ss
ri

sk
b
y

th
e

ex
ce

ss
in

su
rr

og
at

e
ri

sk
.

T
h
es

e
in

eq
u
al

it
ie

s
p
la

y
an

im
p

or
ta

n
t

ro
le

in
d
iff

er
en

t
ar

ea
s

of
le

ar
n
in

g
th

eo
ry

,
as

th
ey

ca
n

b
e

u
se

d
fo

r
ex

am
p
le

to
ob

ta
in

ra
te

s
of

co
n
ve

rg
en

ce
(B

ar
tl

et
t

et
al

.,
20

03
)

an
d

or
ac

le
in

eq
u
al

i-
ti

es
(B

ou
ch

er
on

et
al

.,
20

05
).

1
.2

F
u

ll
a
n

d
c
o
n

d
it

io
n

a
l

ri
sk

T
h
e

ab
ov

e
d
efi

n
it

io
n

of
F

is
h
er

co
n
si

st
en

cy
is

of
te

n
re

p
la

ce
d

b
y

a
p

oi
n
t-

w
is

e
ve

rs
io

n
th

at
is

ea
si

er
to

ve
ri

fy
in

p
ra

ct
ic

e.
T

w
o

ke
y

in
gr

ed
ie

n
ts

of
th

is
ch

ar
ac

te
ri

za
ti

on
a
re

th
e

n
ot

io
n
s

of
co

n
d
it

io
n

a
l

ri
sk

an
d

su
rr

og
a
te

co
n

d
it

io
n

a
l

ri
sk

th
at

w
e

w
il
l

n
ow

d
efi

n
e.

T
h
es

e
ar

e
d
en

ot
ed

b
y
L

an
d
A

re
sp

ec
ti

ve
ly

,
an

d
d
efi

n
ed

fo
r

an
y
α
∈
S,
p
∈

∆
k

b
y

L
(α
,p

)
: =

k ∑ i=
1

p
i`

(i
,α

)
an

d
A

(α
,p

)
: =

k ∑ i=
1

p
iψ

(i
,α

)
.

(5
)

T
h
e

fu
ll

an
d

co
n
d
it

io
n
al

ri
sk

ar
e

th
en

re
la

te
d

b
y

th
e

eq
u
at

io
n
s

L(
f

)
=

E X
×
Y

(`
(Y
,f

(X
))

)
=

E X
E Y
|X

(`
(Y
,f

(X
))

)
=

E X
(L

(f
(X

),
η
(X

))
)

A
(f

)
=

E X
×
Y

(ψ
(Y
,f

(X
))

)
=

E X
E Y
|X

(ψ
(Y
,f

(X
))

)
=

E X
(A

(f
(X

),
η
(X

))
)

,

w
h
er

e
η

:
X
→

∆
k

is
th

e
ve

ct
or

of
co

n
d
it

io
n
al

p
ro

b
ab

il
it

ie
s

gi
ve

n
b
y
η i

(x
)

=
P

(y
=
i|X

=
x

).
A

s
fo

r
th

e
fu

ll
ri

sk
,

w
e

w
il
l

d
en

ot
e

b
y
L
∗ ,
A
∗

th
e

in
fi
m

u
m

of
it

s
va

lu
e

fo
r

a
gi

ve
n
p
∈

∆
k
,

i.
e.

,
L
∗ (
p
)

=
in

f
α
∈S
L

(α
,p

)
an

d
A
∗ (
p
)

=
in

f
α
∈S
A

(α
,p

)
.

W
h
en

th
e

ri
sk

in
fi
m

u
m

ov
er

fu
n
ct

io
n
s

th
at

ca
n

b
e

d
efi

n
ed

in
d
ep

en
d
en

tl
y

at
ev

er
y
x
∈
X

,
it

is
p

os
si

b
le

to
re

la
te

th
e

m
in

im
iz

at
io

n
of

th
e

ri
sk

w
it

h
th

at
of

th
e

co
n
d
it

io
n
al

ri
sk

si
n
ce

in
f
f
L(
f

)
=

in
f
f

E X
×
Y

( `
(Y
,f

(X
))
) =

E X
[ in

f
f

E Y
|X

(`
(Y
,f

(X
))

)]

=
E X
[ in

f
α
L

(α
,η

(X
))

]
.

(6
)

T
h
is

eq
u
at

io
n

im
p
li
es

th
at

th
e

m
in

im
al

ri
sk

ca
n

b
e

ac
h
ie

ve
d

b
y

m
in

im
iz

in
g

p
oi

n
tw

is
e

th
e

co
n
d
it

io
n
al

ri
sk
L

(·)
,
w

h
ic

h
–i

n
ge

n
er

al
–w

il
l
b

e
ea

si
er

th
at

d
ir

ec
t

m
in

im
iz

at
io

n
o
f
th

e
fu

ll
ri

sk
.
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P
e
d
r
e
g
o
sa

,
B
a
c
h
a
n
d

G
r
a
m
f
o
r
t

T
h
e

co
n
d
it

io
n

fo
r

th
is

,
i.
e.

,
th

at
th

e
fu

n
ct

io
n
s

b
e

es
ti

m
at

ed
in

d
ep

en
d
en

tl
y

a
t

ev
er

y
sa

m
p
le

p
oi

n
t,

is
ve

ri
fi
ed

b
y

th
e

se
t

of
m

ea
su

ra
b
le

fu
n
ct

io
n
s

fr
om

th
e

sa
m

p
le

sp
ac

e
in

to
a

su
b
se

t
of

R
k

(i
n

th
is

ca
se
S)

,
w

h
ic

h
is

th
e

ty
p
ic

al
se

tt
in

g
in

st
u
d
ie

s
of

F
is

h
er

co
n
si

st
en

cy
.

H
ow

ev
er

,
th

is
is

n
o

lo
n
ge

r
tr

u
e

w
h
en

in
te

r-
ob

se
rv

at
io

n
co

n
st

ra
in

ts
ar

e
en

fo
rc

ed
(e

.g
.

sm
o
o
th

n
es

s)
.

A
s

is
co

m
m

on
in

st
u
d
ie

s
of

F
is

h
er

co
n
si

st
en

cy
,

w
e

w
il
l

su
p
p

os
e

th
at

th
e

fu
n
ct

io
n

cl
a
ss

ve
ri

fi
es

th
e

p
ro

p
er

ty
of

E
q
.

(6
)

an
d

w
e

w
il
l

d
is

cu
ss

in
S
ec

ti
on

4
an

im
p

or
ta

n
t

fa
m

il
y

o
f

fu
n
ct

io
n
s

in
w

h
ic

h
th

is
re

q
u
is

it
e

is
n
ot

m
et

.
W

e
w

il
l

n
ow

p
re

se
n
t

a
ch

ar
ac

te
ri

za
ti

on
of

F
is

h
er

co
n
si

st
en

cy
b
as

ed
on

th
e

p
o
in

tw
is

e
ri

sk
w

h
ic

h
w

e
w

il
l

u
se

th
ro

u
gh

ou
t

th
e

p
ap

er
.

E
q
u
iv

al
en

t
fo

rm
s

of
th

is
ch

ar
ac

te
ri

za
ti

o
n

h
av

e
a
p
-

p
ea

re
d

u
n
d
er

a
va

ri
et

y
of

n
am

es
in

th
e

li
te

ra
tu

re
,

su
ch

as
cl

as
si

fi
ca

ti
on

ca
li
b
ra

ti
o
n

(B
a
rt

le
tt

et
al

.,
20

03
;

R
am

as
w

am
y

an
d

A
ga

rw
al

,
20

12
),

in
fi
n
it

e
sa

m
p
le

co
n
si

st
en

cy
(Z

h
a
n
g
,

2
0
0
4
b
)

an
d

p
ro

p
er

su
rr

og
at

es
(B

u
ja

et
al

.,
20

05
;

G
n
ei

ti
n
g

an
d

R
af

te
ry

,
20

07
).

L
e
m

m
a

2
(P

o
in

tw
is

e
ch

a
ra

c
te

ri
z
a
ti

o
n

o
f

F
is

h
e
r

c
o
n

si
st

e
n
c
y
)

L
et
A

a
n

d
L

be
d
e-

fi
n

ed
a
s

in
E

q
(5

).
T

h
en

ψ
is

F
is

h
er

co
n

si
st

en
t

w
it

h
re

sp
ec

t
to
`

if
a
n

d
o
n

ly
if

fo
r

a
ll
p
∈

∆
k

it
is

ve
ri

fi
ed

th
a
t

A
(α
,p

)
=
A
∗ (
p
)

=
⇒

L
(α
,p

)
=
L
∗ (
p
)

.
(7

)

P
ro

o
f

L
et
L

an
d
A

d
en

ot
e

th
e

ex
p

ec
te

d
va

lu
e

of
`

an
d
ψ

,
as

d
efi

n
ed

in
E

q
u
a
ti

o
n
s

(1
)

an
d

(4
)

re
sp

ec
ti

v
el

y.
(
⇐

=
)

W
e

p
ro

ve
th

at
E

q
.
(7

)
im

p
li
es

F
is

h
er

co
n
si

st
en

cy
.

L
et
f

b
e

su
ch

th
a
t
A

(f
)

=
A
∗ .

T
h
en

it
is

ve
ri

fi
ed

th
at

A
(f

)
−
A
∗

=
E X

(A
(f

(X
),
η
(X

))
−
A
∗ (
η
(X

))
)

=
0

.

T
h
e

va
lu

e
in

si
d
e

th
e

ex
p

ec
ta

ti
on

is
n
on

-n
eg

at
iv

e
b
y

d
efi

n
it

io
n

of
A
∗ .

S
in

ce
th

is
is

v
er

ifi
ed

fo
r

al
l

p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
s

ov
er
X
×
Y

,
th

en
it

m
u
st

b
e

tr
u
e

th
at
A

(f
(x

),
η
(x

))
=
A
∗ (
η
(x

))
fo

r
al

l
x
∈
X

.
B

y
as

su
m

p
ti

on
L

(f
(X

),
η
(X

))
=
L
∗ (
η
(X

))
.

H
en

ce
th

e
ex

ce
ss

ri
sk

ve
ri

fi
es

L(
f

)
−
L∗

=
E X

(L
(f

(X
),
η
(X

))
−
L
∗ (
η
(X

))
)

=
E(

0)
=

0
.

an
d

so
ψ

is
F

is
h
er

co
n
si

st
en

t
w

it
h

re
sp

ec
t

to
`.

(
=
⇒

)
W

e
p
ro

ve
th

at
F

is
h
er

co
n
si

st
en

cy
im

p
li
es

E
q
.

(7
).

W
e

d
o

so
b
y

co
n
tr

a
d
ic

ti
o
n
:

fi
rs

t
su

p
p

os
e

th
at

th
er

e
ex

is
ts

a
su

rr
og

at
e

th
at

is
F

is
h
er

co
n
si

st
en

t
b
u
t

E
q
.
(7

)
is

n
o
t

ve
ri

fi
ed

an
d

ar
ri

ve
to

a
co

n
tr

ad
ic

ti
on

.
If

E
q
.

(7
)

is
n
ot

ve
ri

fi
ed

th
en

th
er

e
ex

is
ts
α̃
∈
S

a
n
d
p̃
∈

∆
k

su
ch

th
at

A
(α̃
,p̃

)
=
A
∗ (
p̃
)

an
d
L

(α̃
,p̃

)
>
L
∗ (
p̃
)

.

W
e

n
ow

co
n
st

ru
ct

a
p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
(X
,Y

)
su

ch
th

at
th

e
F

is
h
er

co
n
si

st
en

cy
ch

a
r-

ac
te

ri
za

ti
on

is
n
ot

ve
ri

fi
ed

in
or

d
er

to
ar

ri
ve

to
a

co
n
tr

ad
ic

ti
on

.
F

or
th

is
,

co
n
si

d
er

th
e

p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
P

su
ch

th
at
η
(x

)
=
p̃

fo
r

al
l
x
∈
X

.
C

on
si

d
er

al
so
f

:
X
→
S,

th
e

m
ap

p
in

g
th

at
is

co
n
st

an
tl

y
α̃

.
T

h
en

it
is

v
er

ifi
ed

th
at

A
(f

)
−
A
∗

=
E X

(A
(f

(X
),
η
(X

))
−
A
∗ (
η
(X

))
)

=
E X

(A
(α̃
,p̃

)
−
A
∗ (
p̃
))

=
0

,

an
d

so
A

(f
)

=
A
∗ .

L
ik

ew
is

e,
th

e
ex

ce
ss

ri
sk

ve
ri

fi
es

L(
f

)
−
L∗

=
E X

(L
(f

(X
),
η
(X

))
−
L
∗ (
η
(X

))
)

=
E X

(L
(α̃
,p̃

)
−
L
∗ (
p̃
))
>

0
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O
n
t
h
e
C
o
n
sist

e
n
c
y
o
f
O
r
d
in
a
l
R
e
g
r
e
ssio

n
M
e
t
h
o
d
s

a
n
d

so
ψ

ca
n
n
o
t

b
e

F
ish

er
con

sisten
t

w
ith

resp
ect

to
`.

T
h
is

is
a

con
trad

iction
,
a
n
d

con
clu

d
es

th
e

p
ro

o
f.

1
.3

S
u

m
m

a
ry

o
f

m
a
in

re
su

lts

T
h
e

m
a
in

co
n
trib

u
tion

of
th

is
p
ap

er
is

to
ch

aracterize
th

e
F

ish
er

con
sisten

cy
of

a
w

id
e

fam
ily

o
f

su
rro

g
a
te

lo
ss

fu
n
ction

s
u
sed

for
th

e
task

of
ord

in
al

regression
.

C
on

trary
to

k
n
ow

n
resu

lts
fo

r
m

u
lticla

ss
classifi

cation
an

d
ran

k
in

g,
w

h
ere

O
n
e-v

s-A
ll

an
d

R
an

k
S
V

M
h
ave

b
een

p
roven

to
b

e
in

co
n
sisten

t,
in

th
e

ord
in

al
regression

settin
g

co
m

m
on

su
rrogates

su
ch

as
O

R
S
V

M
a
n
d

p
ro

p
o
rtio

n
al

o
d
d
s

w
ill

b
e

p
roven

to
b

e
F

ish
er

con
sisten

t.
O

n
e

of
th

e
m

ost
su

rp
risin

g
resu

lts
of

th
is

p
ap

er
is

th
at

for
a

p
articu

lar
class

of
su

rrogates
th

at
verify

a
d
eco

m
po

sa
bility

p
ro

p
erty,

it
is

p
ossib

le
to

p
rov

id
e

a
ch

aracterization
of

F
ish

er
con

sisten
cy

an
d

ex
cess

risk
b

o
u
n
d
s

th
a
t

g
en

eralize
th

ose
k
n
ow

n
for

con
v
ex

m
argin

-b
ased

su
rrogates

(loss
fu

n
ction

s
of

th
e

fo
rm

ϕ
(Y
f

(X
)))

in
b
in

ary
classifi

cation
.

W
e

w
ill

in
tro

d
u
ce

th
e

su
rrogate

loss
fu

n
ction

s
th

at
w

e
con

sid
er

in
S
ection

2
.

T
h
ese

w
ill

b
e

d
iv

id
ed

b
etw

een
su

rrogates
of

th
e

ab
solu

te
error

an
d

su
rrogate

of
th

e
0-1

lo
ss.

W
e

o
rg

a
n
ize

th
eir

stu
d
y

as
follow

s:

•
In

S
ectio

n
s

3.1
an

d
3.2

w
e

ch
aracterize

th
e

F
ish

e
r

c
o
n

siste
n

c
y

fo
r

su
rro

g
a
te

s
o
f

th
e

a
b

so
lu

te
a
n

d
sq

u
a
re

d
e
rro

r.
T

h
e

su
rrogates

th
at

w
e

con
sid

er
in

th
is

section
a
re

th
e

all
th

resh
old

(A
T

),
th

e
cu

m
u
lativ

e
lin

k
(C

L
),

th
e

least
a
b
solu

te
d
ev

iation
(L

A
D

)
a
n
d

th
e

least
sq

u
ares

(L
S
).

B
esid

es
F

ish
er

con
sisten

cy,
a

d
ecom

p
osab

ility
of

th
e

A
T

loss
w

ill
allow

u
s

to
p
rov

id
e

ex
cess

risk
b

ou
n
d
s

for
th

is
su

rrogate.

•
In

S
ectio

n
3.3

w
e

ch
aracterize

th
e

F
ish

e
r

c
o
n

siste
n

c
y

o
f

th
e

su
rro

g
a
te

s
o
f

th
e

0
-1

lo
ss.

F
or

th
is

loss,
d
en

oted
im

m
ed

iate
th

resh
old

(IT
),

its
F

ish
er

con
sisten

cy
w

ill
d
ep

en
d

o
n

th
e

d
erivative

at
zero

of
a

rea
l-valu

ed
co

n
vex

fu
n
ction

.

•
In

S
ectio

n
3.4

w
e

c
o
n

stru
c
t

a
su

rro
g
a
te

fo
r

a
n

a
rb

itra
ry

lo
ss

fu
n

c
tio

n
th

at
verifi

es
an

ad
m

issib
ility

con
d
ition

.
W

e
n
am

e
th

is
su

rroga
te

gen
eralized

all
th

resh
old

(G
A

T
).

T
h
is

loss
fu

n
ction

gen
eralizes

th
e

A
T

an
d

IT
loss

fu
n
ctio

n
s

in
tro

d
u
ced

earlier.
W

e
w

ill
ch

aracterize
th

e
F

ish
er

con
sisten

cy
of

th
is

su
rrogate.

•
T

u
rn

in
g

b
ack

to
on

e
of

th
e

top
ics

m
en

tion
ed

in
th

e
in

tro
d
u
ction

,
w

e
d
iscu

ss
in

S
ec-

tio
n

4
th

e
im

p
lic

a
tio

n
s

o
f

in
te

r-o
b

se
rv

a
tio

n
a
l

c
o
n

stra
in

ts
in

F
ish

e
r

c
o
n
sis-

te
n

c
y

.
F

ollow
in

g
S
h
i

et
al.

(2015),
w

e
d
efi

n
e

a
restricted

n
otion

of
con

sisten
cy

k
n
ow

n
as
F

-con
sisten

cy
of

p
aram

etric
con

sisten
cy

an
d

giv
e

su
ffi

cien
t

con
d
ition

s
for

th
e
F

-co
n
sisten

cy
of

tw
o

su
rrogates.

•
In

S
ectio

n
5

w
e

e
x
a
m

in
e

th
e

e
m

p
iric

a
l

p
e
rfo

rm
a
n

c
e

o
f

a
n

o
v
e
l

su
rro

g
a
te

.
T

h
is

n
ovel

su
rrogate

is
a

p
articu

lar
in

stan
ce

o
f

th
e

G
A

T
loss

fu
n
ction

in
tro

d
u
ced

in
S
ectio

n
3
.4

w
h
en

con
sid

erin
g

th
e

sq
u
ared

error
as

evalu
ation

m
etric.

W
e

com
p
are

th
is

n
ovel

su
rrogate

again
st

a
least

sq
u
ares

m
o
d
el

on
9

d
iff

eren
t

d
atasets,

w
h
ere

th
e

n
ov

el
su

rro
g
a
te

ou
tp

erform
s

th
e

least
sq

u
ares

estim
ate

on
7

ou
t

of
th

e
9

d
ata

sets.
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P
e
d
r
e
g
o
sa

,
B
a
c
h
a
n
d

G
r
a
m
f
o
r
t

1
.4

R
e
la

te
d

w
o
rk

F
ish

er
con

sisten
cy

of
b
in

ary
an

d
m

u
lticlass

classifi
cation

for
th

e
zero-on

e
loss

h
as

b
een

stu
d
ied

for
a

variety
of

su
rrogate

loss
fu

n
ction

s,
see

e.g.
(B

artlett
et

al.,
2003;

Z
h
an

g,
2004a;

T
ew

ari
an

d
B

artlett,
2007;

R
eid

an
d

W
illiam

son
,

2010).
S
om

e
of

th
e

resu
lts

in
th

is
p
ap

er
gen

eralize
k
n
ow

n
resu

lts
for

b
in

ary
classifi

catio
n

to
th

e
ord

in
al

regression
settin

g.
In

p
articu

lar,
B

artlett
et

al.
(2003)

p
rov

id
e

a
ch

aracterization
of

th
e

F
ish

er
con

sisten
cy

for
con

vex
m

argin
-b

a
sed

su
rrogates

th
at

w
e

ex
ten

d
to

th
e

all
th

resh
old

(A
T

)
an

d
im

m
ed

iate
th

resh
old

(IT
)

fam
ily

of
su

rrogate
loss

fu
n
ction

s.
T

h
e

ex
cess

error
b

ou
n
d

th
at

w
e

p
rov

id
e

for
th

e
A

T
su

rrogate
also

gen
eralizes

th
e

ex
cess

error
b

ou
n
d

given
in

(B
artlett

et
al.,

2003,
S
ection

2.3).

F
ish

er
con

sisten
cy

of
arb

itrary
loss

fu
n
ction

s
(a

settin
g

th
at

su
b
su

m
es

ord
in

al
regression

)
h
as

b
een

stu
d
ied

for
som

e
su

rrogates.
L

ee
et

al.
(2004)

p
rop

osed
a

su
rrogate

th
at

can
take

in
to

accou
n
t

gen
eric

loss
fu

n
ction

s
a
n
d

for
w

h
ich

F
ish

er
con

sisten
cy

w
as

p
roven

b
y

Z
h
an

g
(2004b

).
In

a
m

ore
gen

eral
settin

g,
R

am
asw

am
y

an
d

A
garw

al
(2012,

2016)
p
rov

id
e

n
ecessary

an
d

su
ffi

cien
t

con
d
ition

s
for

a
su

rrogate
to

b
e

F
ish

er
con

sisten
t

w
ith

resp
ect

to
an

arb
itrary

loss
fu

n
ction

.
A

m
on

g
oth

er
resu

lts,
th

ey
p
rove

con
sisten

cy
of

least
ab

solu
te

d
ev

iation
(L

A
D

)
an

d
an

ε-in
sen

sitive
loss

w
ith

resp
ect

to
th

e
ab

solu
te

error
for

th
e

case
of

th
ree

classes
(k

=
3).

In
th

is
p
ap

er,
w

e
ex

ten
d

th
e

p
ro

of
of

con
sisten

cy
for

L
A

D
to

an
arb

itrary
n
u
m

b
er

of
classes.

U
n
like

p
rev

iou
s

w
ork

,
w

e
con

sid
er

th
e

so-called
th

resh
o
ld

-ba
sed

su
rroga

tes
(A

T
,

IT
an

d
C

L
),

w
h
ich

ran
k

am
on

g
th

e
m

ost
p

op
u
lar

ord
in

al
regression

loss
fu

n
ction

s
an

d
for

w
h
ich

its
F

ish
er

con
sisten

cy
h
as

n
ot

b
een

stu
d
ied

p
rev

iou
sly.

F
ish

er
con

sisten
cy

h
as

also
b

een
stu

d
ied

in
th

e
p
airw

ise
ran

k
in

g
settin

g,
w

h
ere

it
h
as

b
een

p
rov

en
(D

u
ch

i
et

al.,
2010;

C
alau

zen
es

et
al.,

2012)
th

at
som

e
m

o
d
els

(su
ch

as
R

an
k
S
V

M
)

are
n
ot

con
sisten

t.
D

esp
ite

sim
ilarities

b
etw

een
ran

k
in

g
an

d
ord

in
al

regression
,

w
e

w
ill

see
in

th
is

p
ap

er
th

at
m

ost
p

op
u
lar

ord
in

al
regression

m
o
d
els

are
F

ish
er

con
sisten

t
u
n
d
er

m
ild

con
d
ition

s.

T
h
ere

are
few

stu
d
ies

on
th

e
th

eoretical
p
rop

erties
of

ord
in

al
regression

m
eth

o
d
s.

A
n
o-

tab
le

ex
am

p
le

com
es

from
A

garw
al

(2008),
w

h
ere

th
e

au
th

ors
stu

d
y

gen
eralization

b
ou

n
d
s

for
som

e
ord

in
al

regression
algorith

m
s.

S
om

e
of

th
e

su
rrogate

loss
fu

n
ction

s
u
sed

b
y

th
ese

m
o
d
els

(su
ch

as
th

e
su

p
p

ort
v
ector

ord
in

al
regression

of
C

h
u

an
d

K
eerth

i
(20

05))
are

an
a-

ly
zed

in
th

is
p
ap

er.
In

th
at

w
ork

,
th

e
au

th
ors

ou
tlin

e
th

e
stu

d
y

of
con

sisten
cy

p
rop

erties
of

ord
in

al
regression

m
o
d
els

as
an

im
p

ortan
t

q
u
estion

to
b

e
ad

d
ressed

in
th

e
fu

tu
re.

A
related

,
yet

d
iff

eren
t,

n
otion

of
con

sisten
cy

is
a
sym

p
to

tic
co

n
sisten

cy.
A

su
rrogate

loss
is

said
to

b
e

asy
m

p
totically

con
sisten

t
if

th
e

m
in

im
ization

of
th

e
ψ

-risk
con

verges
to

th
e

op
tim

al
risk

as
th

e
n
u
m

b
er

of
sa

m
p
les

ten
d
s

to
in

fi
n
ity.

It
h
a
s

also
b

een
stu

d
ied

in
th

e
settin

g
of

su
p

erv
ised

learn
in

g
(S

ton
e,

1977;
S
tein

w
art,

2
002).

T
h
is

p
ap

er
fo

cu
ses

solely
on

F
ish

er
con

sisten
cy,

to
w

h
om

w
e

w
ill

refer
sim

p
ly

as
con

sisten
cy

from
n
ow

on
.

2
.
O
rd

in
a
l
re
g
re
ssio

n
m
o
d
e
ls

W
e

in
tro

d
u
ce

th
e

d
iff

eren
t

ord
in

al
regression

m
o
d
els

th
at

w
e

w
ill

con
sid

er
w

ith
in

th
is

p
ap

er.
C

on
sid

erin
g

fi
rst

th
e

ab
solu

te
error,

w
e

w
ill

w
rite

th
is

loss
as

a
su

m
of

b
in

ary
0-1

loss
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O
n
t
h
e
C
o
n
si
st

e
n
c
y
o
f
O
r
d
in
a
l
R
e
g
r
e
ss
io
n
M
e
t
h
o
d
s

fu
n
ct

io
n
s2

.
T

h
is

is
a

ke
y

re
fo

rm
u
la

ti
on

of
th

e
ab

so
lu

te
er

ro
r

th
at

w
e

w
il
l

u
se

th
ro

u
gh

ou
t

th
e

p
ap

er
.

F
or

an
y
y
∈
Y

an
d
α
∈
S

w
e

h
av

e
th

e
fo

ll
ow

in
g

se
q
u
en

ce
of

eq
u
iv

al
en

ce
s

`(
y
,α

)
=
∣ ∣ y
−

p
re

d
(α

)∣ ∣
=

∣ ∣ ∣ ∣ ∣ ∣y
−

1
−
k
−
1

∑ i=
1

Jα
i
<

0K

∣ ∣ ∣ ∣ ∣ ∣

=

∣ ∣ ∣ ∣ ∣ ∣y
−

1
−

y
−
1

∑ i=
1

Jα
i
<

0
K−

k
−
1

∑ i=
y

Jα
i
<

0
K∣ ∣ ∣ ∣ ∣ ∣

=

∣ ∣ ∣ ∣ ∣ ∣y
−
1

∑ i=
1

Jα
i
≥

0
K−

k
−
1

∑ i=
y

Jα
i
<

0
K∣ ∣ ∣ ∣ ∣ ∣

.

(8
)

If
α
y
≥

0
th

en
th

e
se

co
n
d

su
m

m
an

d
of

th
e

la
st

eq
u
at

io
n

eq
u
al

s
ze

ro
.

O
th

er
w

is
e,

if
α
y
<

0,
th

en
th

e
fi
rs

t
su

m
m

an
d

eq
u
al

s
ze

ro
.

In
ei

th
er

ca
se

,
w

e
h
av

e

`(
y
,α

)
=

y
−
1

∑ i=
1

Jα
i
≥

0K
+
k
−
1

∑ i=
y

Jα
i
<

0
K

.
(9

)

T
h
is

ex
p
re

ss
io

n
su

gg
es

ts
th

at
a

n
at

u
ra

l
su

rr
og

at
e

ca
n

b
e

co
n
st

ru
ct

ed
b
y

re
p
la

ci
n
g

th
e

b
in

ar
y

0-
1

lo
ss

in
th

e
ab

ov
e

ex
p
re

ss
io

n
fu

n
ct

io
n

b
y

a
co

n
v
ex

su
rr

og
a
te

su
ch

as
th

e
lo

gi
st

ic
or

h
in

ge
lo

ss
.

D
en

ot
in

g
b
y
ϕ

:
R
→

R
su

ch
su

rr
og

at
e,

w
e

ob
ta

in
th

e
fo

ll
ow

in
g

lo
ss

fu
n
ct

io
n

th
at

w
e

d
en

ot
e

a
ll

th
re

sh
o
ld

(A
T

):

ψ
A
T

(y
,α

)
: =

y
−
1

∑ i=
1

ϕ
(−
α
i)

+
k
−
1

∑ i=
y

ϕ
(α

i)
.

(1
0)

T
h
is

fu
n
ct

io
n

h
as

ap
p

ea
re

d
u
n
d
er

d
iff

er
en

t
n
am

es
in

th
e

li
te

ra
tu

re
.

W
h
en

ϕ
is

th
e

h
in

ge
lo

ss
,

th
is

m
o
d
el

is
k
n
ow

n
as

su
p
p

or
t

ve
ct

or
or

d
in

al
re

gr
es

si
on

w
it

h
im

p
li
ci

t
co

n
st

ra
in

ts
(C

h
u

an
d

K
ee

rt
h
i,

20
05

)
an

d
su

p
p

or
t

ve
ct

or
w

it
h

su
m

-o
f-

m
ar

g
in

s
st

ra
te

gy
(S

h
as

h
u
a

an
d

L
ev

in
,

20
03

).
W

h
en

ϕ
is

th
e

ex
p

on
en

ti
al

lo
ss

,
th

is
m

o
d
el

h
as

b
ee

n
d
es

cr
ib

ed
in

(L
in

an
d

L
i,

2
00

6)
as

or
d
in

al
re

gr
es

si
on

b
o
os

ti
n
g

w
it

h
al

l
m

ar
gi

n
s.

F
in

al
ly

,
R

en
n
ie

an
d

S
re

b
ro

(2
00

5)
p
ro

v
id

ed
a

u
n
if

y
in

g
fo

rm
u
la

ti
on

fo
r

th
is

ap
p
ro

ac
h

co
n
si

d
er

in
g

fo
r

th
e

h
in

ge
,

lo
gi

st
ic

an
d

ex
p

on
en

ti
al

lo
ss

u
n
d
er

th
e

n
am

e
of

A
ll
-T

h
re

sh
ol

d
lo

ss
,

a
n
am

e
th

at
w

e
w

il
l

ad
op

t
in

th
is

p
ap

er
.

T
h
e

n
am

e
th

re
sh

o
ld

s
co

m
es

fr
om

th
e

fa
ct

th
at

in
th

e
af

or
em

en
ti

on
ed

w
or

k
,

th
e

d
ec

is
io

n
fu

n
ct

io
n

is
of

th
e

fo
rm

α
i

=
θ i
−
f

(·)
,

w
h
er

e
(θ

1
,.
..
,θ
k
−
1
)

is
a

v
ec

to
r

es
ti

m
at

ed
fr

om
th

e
d
at

a
k
n
ow

n
as

th
e

ve
ct

or
of

th
re

sh
ol

d
s.

W
e

w
il
l

d
is

cu
ss

in
S
ec

ti
on

4
th

e
im

p
li
ca

ti
on

s
of

su
ch

d
ec

is
io

n
fu

n
ct

io
n
.

F
or

th
e

p
re

d
ic

ti
on

ru
le

to
gi

ve
m

ea
n
in

gf
u
l

re
su

lt
s

it
is

im
p

or
ta

n
t

to
en

su
re

th
at

th
e

th
re

sh
ol

d
s

ar
e

or
d
er

ed
,

i.
e.

,
θ 1
≤
θ 2
,≤
··
·,
≤
θ k
−
1

(C
h
u

an
d

K
ee

rt
h
i,

20
05

).
In

ou
r

se
tt

in
g,

w
e

en
fo

rc
e

th
is

th
ro

u
gh

th
e

co
n
st

ra
in

t
α
∈
S,

h
en

ce
th

e
im

p
or

ta
n
ce

of
re

st
ri

ct
in

g
th

e
p
ro

b
le

m
to

th
is

su
b
se

t
of

R
k
−
1
.

A
n
ot

h
er

fa
m

il
y

of
su

rr
og

at
e

lo
ss

fu
n
ct

io
n
s

ta
k
es

a
p
ro

b
ab

il
is

ti
c

ap
p
ro

ac
h

an
d

m
o
d
el

s
in

-
st

ea
d

th
e

p
os

te
ri

or
p
ro

b
ab

il
it

y.
T

h
is

is
th

e
ca

se
o
f

th
e

cu
m

u
la

ti
ve

li
n

k
m

o
d
el

s
of

M
cC

u
ll
a
gh

2
.

T
h

e
0
-1

lo
ss

,
d

efi
n

ed
a
s

th
e

fu
n

ct
io

n
th

a
t

is
1

fo
r

n
eg

a
ti

v
e

va
lu

es
a
n

d
0

o
th

er
w

is
e

ca
n

b
e

d
efi

n
ed

in
b

ra
ck

et
n

o
ta

ti
o
n

a
s
` 0

−
1
(t

)
=

Jα
i
≤

0
K.

9
JM

L
R

 1
8(

55
):

1-
35

, 2
01

7

P
e
d
r
e
g
o
sa

,
B
a
c
h
a
n
d

G
r
a
m
f
o
r
t

(1
98

0)
.

In
su

ch
m

o
d
el

s
th

e
d
ec

is
io

n
fu

n
ct

io
n
f

is
se

le
ct

ed
to

ap
p
ro

x
im

at
e
σ

(f
i(
x

))
=
P

(Y
≤

i|X
=
x

),
w

h
er

e
σ

:
R
→

[0
,1

]
is

a
fu

n
ct

io
n

re
fe

rr
ed

to
as

li
n

k
fu

n
ct

io
n

.
S
ev

er
a
l

fu
n
ct

io
n
s

ca
n

b
e

u
se

d
as

li
n
k

fu
n
ct

io
n
,

al
th

ou
gh

th
e

m
os

t
co

m
m

on
on

es
ar

e
th

e
si

gm
oi

d
fu

n
ct

io
n

a
n
d

th
e

G
au

ss
ia

n
cu

m
u
la

ti
ve

d
is

tr
ib

u
ti

on
.

T
h
e

si
gm

oi
d

fu
n
ct

io
n
,

i.
e.

,
σ

(t
)

=
1
/(

1
+

ex
p
(−
t)

),
le

ad
s

to
a

m
o
d
el

so
m

et
im

es
re

fe
rr

ed
as

p
ro

p
or

ti
on

al
o
d
d
s

(M
cC

u
ll
ag

h
,

19
8
0
)

a
n
d

cu
m

u
-

la
ti

ve
lo

gi
t

(A
gr

es
ti

,
20

10
),

al
th

ou
gh

fo
r

n
am

in
g

co
n
si

st
en

cy
w

e
w

il
l

re
fe

r
to

it
a
s

lo
gi

st
ic

cu
m

u
la

ti
ve

li
n

k.
A

n
ot

h
er

im
p

or
ta

n
t

li
n
k

fu
n
ct

io
n

is
gi

ve
n

b
y

th
e

G
au

ss
ia

n
cu

m
u
la

ti
ve

d
is

-
tr

ib
u
ti

on
,
σ

(t
)

=
1 √
2
π

∫ t −
∞
e−

x
2
/
2
,

u
se

d
in

th
e

G
au

ss
ia

n
p
ro

ce
ss

or
d
in

al
re

g
re

ss
io

n
m

o
d
el

of
C

h
u

an
d

G
h
ah

ra
m

an
i

(2
00

4)
.

T
h
e

cu
m

u
la

ti
ve

li
n
k

(C
L

)
lo

ss
fu

n
ct

io
n

is
g
iv

en
b
y

it
s

n
eg

at
iv

e
li
ke

li
h
o
o
d
,

th
at

is
,

ψ
C
L
(y
,α

)
: =

      

−
lo

g
(σ

(α
1
))

if
y

=
1

−
lo

g
(σ

(α
y
)
−
σ

(α
y
−
1
))

if
1
<
y
<
k

−
lo

g
(1
−
σ

(α
k
−
1
))

if
y

=
k

.

(1
1
)

W
e

w
il
l

n
ow

co
n
si

d
er

th
e

m
u
lt

ic
la

ss
0-

1
lo

ss
.

In
th

is
ca

se
,

th
e

lo
ss

w
il
l

b
e

1
if

th
e

p
re

d
ic

ti
on

is
b

el
ow

or
ab

ov
e
y

(i
.e

.,
if
α
y
−
1
≥

0
or
α
y
<

0)
an

d
0

ot
h
er

w
is

e.
H

en
ce

,
it

is
al

so
p

os
si

b
le

to
w

ri
te

th
e

m
u
lt

ic
la

ss
0-

1
lo

ss
as

a
su

m
of

b
in

ar
y

0-
1

lo
ss

fu
n
ct

io
n
s:

`(
y
,α

)
=

      

Jα
1
<

0
K

if
y

=
1

Jα
y
−
1
≥

0K
+

Jα
y
<

0
K

if
1
<
y
<
k

Jα
k
−
1
≥

0K
if
y

=
k

.

G
iv

en
th

is
ex

p
re

ss
io

n
,

a
n
at

u
ra

l
su

rr
og

at
e

is
gi

ve
n

b
y

re
p
la

ci
n
g

th
e

b
in

ar
y

0
-1

lo
ss

b
y

a
co

n
ve

x
su

rr
og

at
e

as
th

e
h
in

ge
or

lo
gi

st
ic

fu
n
ct

io
n
.

F
ol

lo
w

in
g

R
en

n
ie

an
d

S
re

b
ro

(2
0
0
5
),

w
e

w
il
l

re
fe

r
to

th
is

lo
ss

fu
n
ct

io
n

as
im

m
ed

ia
te

th
re

sh
o
ld

(I
T

):

ψ
IT

(y
,α

)
: =

      

ϕ
(α

1
)

if
y

=
1

ϕ
(−
α
y
−
1
)

+
ϕ

(α
y
)

if
1
<
y
<
k

ϕ
(−
α
k
−
1
)

if
y

=
k

.

(1
2)

A
s

w
it

h
th

e
A

T
su

rr
og

at
e,

th
is

lo
ss

h
as

ap
p

ea
re

d
u
n
d
er

a
va

ri
et

y
of

n
am

es
in

th
e

li
te

ra
-

tu
re

.
W

h
en

ϕ
is

th
e

h
in

ge
lo

ss
,

th
is

m
o
d
el

is
k
n
ow

n
as

su
p
p

or
t

ve
ct

or
or

d
in

a
l

re
g
re

ss
io

n
w

it
h

ex
p
li
ci

t
co

n
st

ra
in

ts
(C

h
u

an
d

K
ee

rt
h
i,

20
0
5)

an
d

su
p
p

o
rt

ve
ct

o
r

w
it

h
fi
x
ed

-m
a
rg

in
s

st
ra

te
gy

(S
h
as

h
u
a

an
d

L
ev

in
,

20
03

).
W

h
en

ϕ
is

th
e

ex
p

on
en

ti
al

lo
ss

,
th

is
m

o
d
el

h
a
s

b
ee

n
d
es

cr
ib

ed
b
y

L
in

an
d

L
i

(2
00

6)
as

or
d
in

al
re

gr
es

si
on

b
o
os

ti
n
g

w
it

h
le

ft
-r

ig
h
t

m
a
rg

in
s.

W
e

n
ot

e
th

at
th

e
co

n
st

ru
ct

io
n

of
th

e
A

T
a
n
d

IT
su

rr
og

at
es

ar
e

si
m

il
ar

,
an

d
in

fa
ct

,
w

e
w

il
l

se
e

in
S
ec

ti
on

3.
4

th
at

b
ot

h
ca

n
b

e
se

en
as

a
p
ar

ti
cu

la
r

in
st

an
ce

of
a

m
or

e
ge

n
er

a
l

fa
m

il
y

o
f

lo
ss

fu
n
ct

io
n
s.

T
h
e

af
or

em
en

ti
on

ed
ap

p
ro

ac
h
es

ca
n

b
e

se
en

as
m

et
h
o
d
s

th
at

ad
ap

t
k
n
ow

n
b
in

a
ry

cl
a
ss

i-
fi
ca

ti
on

m
et

h
o
d
s

to
th

e
or

d
in

al
re

gr
es

si
on

se
tt

in
g.

A
d
iff

er
en

t
ap

p
ro

ac
h

co
n
si

st
s

in
tr

ea
ti

n
g

th
e

la
b

el
s

as
re

al
va

lu
es

an
d

u
se

re
gr

es
si

on
al

go
ri

th
m

s
to

le
a
rn

a
re

al
-v

al
u
ed

m
a
p
p
in

g
b

e-
tw

ee
n

th
e

sa
m

p
le

s
an

d
th

e
la

b
el

s.
T

h
is

ig
n
or

es
th

e
d
is

cr
et

e
n
at

u
re

of
th

e
la

b
el

s,
th

u
s

it
is
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O
n
t
h
e
C
o
n
sist

e
n
c
y
o
f
O
r
d
in
a
l
R
e
g
r
e
ssio

n
M
e
t
h
o
d
s

n
ecessa

ry
to

in
tro

d
u
ce

a
p
red

iction
fu

n
ction

th
at

con
verts

th
is

rea
l

valu
e

in
to

a
lab

el
in
Y

.
T

h
is

p
red

ictio
n

fu
n
ction

is
given

b
y

rou
n
d
in

g
to

th
e

clo
sest

lab
el

(see,
e.g

.,
(K

ram
er

et
al.,

2
0
0
1
)

fo
r

a
d
iscu

ssion
of

th
is

m
eth

o
d

u
sin

g
regression

trees).
T

h
is

ap
p
ro

ach
is

co
m

m
o
n
ly

referred
to

a
s

th
e

regressio
n

-ba
sed

ap
p
roach

to
ord

in
al

regression
.

If
w

e
are

seek
in

g
to

m
in

-
im

ize
th

e
a
b
so

lu
te

error,
a

p
op

u
lar

loss
fu

n
ction

is
to

m
in

im
ize

th
e

least
a
b
solu

te
d
ev

iation
(L

A
D

).
F

o
r

a
n
y
β
∈
R

,
th

is
is

d
efi

n
ed

as

ψ
L
A
D

(y
,β

)
:=
|y−

β|
,

a
n
d

p
red

ictio
n

is
th

en
given

b
y

rou
n
d
in

g
β

to
th

e
closest

lab
el.

T
h
is

settin
g

d
ep

arts
from

th
e

a
p
p
ro

ach
es

in
tro

d
u
ced

earlier
b
y

u
sin

g
a

d
iff

eren
t

p
red

iction
fu

n
ction

.
H

ow
ev

er,
v
ia

a
sim

p
le

tra
n
sform

ation
it

is
p

ossib
le

to
con

vert
th

is
p
red

iction
fu

n
ction

(rou
n
d
in

g
to

th
e

clo
sest

la
b

el)
to

th
e

p
red

iction
fu

n
ction

th
at

cou
n
ts

th
e

n
u
m

b
er

of
n
on

-zero
com

p
on

en
ts

d
efi

n
ed

in
E

q
.

(2).
F

or
a

giv
en

β
∈
R

,
th

is
tran

sform
a
tion

is
given

b
y

α
1

=
32
−
β
,

α
2

=
52
−
β
,

...,
α
i

=
i

+
12
−
β

.
(13)

It
is

im
m

ed
ia

te
to

see
th

at
th

is
v
ector

α
b

elon
gs

to
S

an
d

p
red

(α
)

=
1

+
k−

1
∑i=

1 Ji
+

12
<
βK

=



1
if
β
≤

1
+

12

i
if
i−

12
≤
β
<
i

+
12 ,1

<
i
<
k

k
if
β
≥
k−

12

=
arg

m
in

1≤
i≤
k
|β
−
i|

(rou
n
d
in

g
to

th
e

low
er

lab
el

in
ca

se
of

ties)
,

h
en

ce
p
red

ictin
g

in
th

e
tran

sform
ed

vector
α

is
eq

u
ivalen

t
to

th
e

closest
lab

el
to
β

.
W

e
w

ill
a
d
o
p
t

th
is

tra
n
sform

ation
w

h
en

con
sid

erin
g

L
A

D
for

co
n
ven

ien
ce,

in
ord

er
to

an
a
ly

ze
it

w
ith

in
th

e
sa

m
e

fram
ew

ork
as

th
e

rest.
W

ith
th

e
aforem

en
tion

ed
tran

sform
ation

,
th

e
least

a
b
so

lu
te

d
ev

ia
tion

su
rrogate

is
given

b
y

ψ
L
A
D

(y
,α

)
=

∣∣∣∣ y
+
α
1 −

32 ∣∣∣∣
(14)

A
lth

o
u
gh

th
e

su
rrogate

loss
fu

n
ction

L
A

D
an

d
th

e
ab

so
lu

te
loss

of
E

q
.
(3)

lo
ok

very
sim

ilar,
th

ey
d
iff

er
in

th
at

th
e

L
A

D
su

rrogate
is

con
vex

on
α

,
w

h
ile

th
e

ab
solu

te
error

is
n
o
t,

d
u
e

to
th

e
p
resen

ce
of

th
e

d
iscon

tin
u
ou

s
fu

n
ction

p
red

(·).

In
th

is
section

w
e

h
ave

in
tro

d
u
ced

som
e

of
th

e
m

ost
com

m
on

ord
in

al
regression

m
eth

o
d
s

b
a
sed

o
n

th
e

op
tim

ization
of

a
con

vex
loss

fu
n
ction

.
T

h
ese

are
su

m
m

arized
in

T
ab

le
1.

3
.
C
o
n
siste

n
cy

re
su

lts

In
th

is
sectio

n
w

e
p
resen

t
con

sisten
cy

resu
lts

for
d
iff

eren
t

su
rrogate

loss
fu

n
ction

s.
W

e
h
av

e
o
rg

a
n
ized

th
is

section
b
y

th
e

d
iff

eren
t

loss
fu

n
ction

s
again

st
w

h
ich

w
e

test
for

co
n
sisten

cy.

1
1
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P
e
d
r
e
g
o
sa

,
B
a
c
h
a
n
d

G
r
a
m
f
o
r
t

T
ab

le
1:

S
u
rrogate

loss
fu

n
ction

s
con

sid
ered

in
th

is
p
ap

er.

M
o
d

e
l

L
o
ss

F
u

n
c
tio

n
A

lso
k
n

o
w

n
a
s

A
ll

th
resh

old
s

(A
T

)
∑

y−
1

i=
1
ϕ

(−
α
i )

+
∑

k−
1

i=
y
ϕ

(α
i )

Im
p
licit

con
strain

ts
(C

h
u

an
d

K
eerth

i,
2005),

all
m

ar-
gin

s
(L

in
an

d
L

i,
2006).

C
u
m

u
lative

lin
k

(C
L

)
−

log
(σ

(α
y )−

σ
(α

y−
1 ))

P
rop

ortion
al

o
d
d
s

(M
c-

C
u
llagh

,
1980),

cu
m

u
lative

log
it

(A
gresti,

2010).

Im
m

ed
iate

th
resh

old
(IT

)
ϕ

(−
α
y−

1 )
+
ϕ

(α
y )

E
x
p
licit

con
strain

ts
(C

h
u

an
d

K
eerth

i,
2005),

F
ix

ed
-

m
argin

s
(S

h
ash

u
a

an
d

L
ev

in
,

20
03)

L
east

ab
solu

te
d
ev

ia-
tion

(L
A

D
)

|y
+
α
1 −

32 |
L

east
ab

solu
te

error,
least

ab
solu

te
resid

u
al,

S
u
m

of
ab

-
solu

te
d
ev

iation
s,
`
1

regres-
sion

.

L
east

sq
u
ares

(L
S
)

(
y

+
α
1 −

32 )
2

S
q
u
ared

error,
su

m
of

sq
u
ares,

`
2

regression
.

T
h
e

fi
rst

su
b
section

p
resen

ts
resu

lts
for

th
e

ab
so

lu
te

error,
w

h
ich

is
th

e
m

ost
p

op
u
lar

loss
for

ord
in

al
regression

.
In

th
e

secon
d

su
b
section

w
e

p
rov

id
e

con
sisten

cy
resu

lts
fo

r
a

su
rrogate

of
th

e
sq

u
ared

loss.
F

in
ally,

in
th

e
th

ird
su

b
section

w
e

sh
ow

resu
lts

for
th

e
0-1

loss
as,

p
erh

a
p
s

su
rp

risin
gly,

sev
eral

com
m

on
ly

u
sed

su
rroga

tes
tu

rn
ou

t
to

b
e

con
sisten

t
w

ith
resp

ect
to

th
is

loss.

3
.1

A
b

so
lu

te
e
rro

r
su

rro
g
a
te

s

In
th

is
section

w
e

w
ill

assu
m

e
th

at
th

e
loss

fu
n
ction

is
th

e
ab

solu
te

error,
i.e.,

`(y
,α

)
=

∣∣y−
p
red

(α
) ∣∣

an
d

w
e

w
ill

fo
cu

s
on

su
rrogates

of
th

is
loss.

F
or

an
arb

itrary
α
∈
S

,
th

e
con

d
ition

al
risk

for
th

e
ab

solu
te

error
can

b
e

reform
u
lated

u
sin

g
th

e
d
evelop

m
en

t
of

th
e

ab
solu

te
error

from
E

q
.

(8):

L
(α
,p

)
=

k
∑i=

1

p
i 

i−
1

∑j=
1 Jα

j ≥
0K

+
k−

1
∑j=

i Jα
j
<

0K 

=
k
∑i=

1 Jα
j ≥

0K(1−
u
i (p

))
+

k
∑j=

1 Jα
j
<

0Ku
i (p

)
,
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O
n
t
h
e
C
o
n
si
st

e
n
c
y
o
f
O
r
d
in
a
l
R
e
g
r
e
ss
io
n
M
e
t
h
o
d
s

w
h
er

e
u

(p
)

is
th

e
ve

ct
or

of
cu

m
u
la

ti
ve

p
ro

b
ab

il
it

ie
s,

i.
e.

,
u
i(
p
)

: =
∑

i j=
1
p
j
.

L
et
r

=
p
re

d
(α

).
T

h
en

α
r
−
1
<

0
an

d
α
r
≥

0,
fr

om
w

h
er

e
th

e
ab

ov
e

ca
n

b
e

si
m

p
li
fi
ed

to

L
(α
,p

)
=

r
−
1

∑ i=
1

u
i(
p
)

+
k
−
1

∑ i=
r

(1
−
u
i(
p
))

.
(1

5)

U
si

n
g

th
is

ex
p
re

ss
io

n
,

w
e

w
il
l

n
ow

d
er

iv
e

an
ex

p
li
ci

t
m

in
im

iz
er

of
th

e
co

n
d
it

io
n
al

ri
sk

.
N

ot
e

th
at

b
ec

au
se

of
th

e
p
re

d
ic

ti
on

fu
n
ct

io
n

co
u
n
ts

th
e

n
u
m

b
er

of
n
on

ze
ro

co
effi

ci
en

ts
,

on
ly

th
e

si
gn

of
th

is
ve

ct
or

is
of

tr
u
e

in
te

re
st

.

L
e
m

m
a

3
F

o
r

a
n

y
p
∈

∆
k
,

le
t
α

(p
)

be
d
efi

n
ed

a
s

α
(p

)
=

(2
u
1
(p

)
−

1
,.
..
,2
u
k
−
1
(p

)
−

1)
.

T
h
en

,
L

(·,
p
)

a
ch

ie
ve

s
it

s
m

in
im

u
m

a
t
α

(p
),

th
a
t

is
,

α
(p

)
∈

ar
g

m
in
L

(α
,p

)
.

P
ro

o
f

W
e

w
il
l
p
ro

v
e

th
at

fo
r

an
y
α
∈
S

an
d

an
y
p
∈

∆
k
,
L

(α
,p

)
≥
L

(α
(p

),
p
).

W
e

co
n
si

d
er

p
an

d
α

fi
x
ed

an
d

w
e

d
en

ot
e
r∗

=
p
re

d
(α

(p
))

an
d
r

=
p
re

d
(α

).
W

e
d
is

ti
n
gu

is
h

th
re

e
ca

se
s,

r
<
r∗

,
r
>
r∗

an
d
r

=
r∗

.

•
r
<
r∗

.
In

th
is

ca
se

,
E

q
.

(1
5)

im
p
li
es

th
at

L
(α
,p

)
−
L

(α
(p

),
p
)

=
−
r
∗ −

1
∑ i=
r

u
i(
p
)

+
r
∗ −

1
∑ i=
r

(1
−
u
i(
p
))

=
−
r
∗ −

1
∑ i=
r

2
u
i(
p
)
−

1
.

N
ow

,
b
y

th
e

d
efi

n
it

io
n

of
p
re

d
ic

ti
on

fu
n
ct

io
n
,

2
u
i(
p
)
−

1
<

0
fo

r
i
<
r∗

,
so

w
e

h
av

e

L
(α
,p

)
−
L

(α
(p

),
p
)

=
r
∗ −

1
∑ i=
r

∣ ∣ 2
u
i(
p
)
−

1∣ ∣
.

•
r
>
r∗

.
S
im

il
ar

ly
,

in
th

is
ca

se
E

q
.

(1
5)

im
p
li
es

th
at

L
(α
,p

)
−
L

(α
(p

),
p
)

=
r
−
1

∑ i=
r
∗
u
i(
p
)
−

r
−
1

∑ i=
r
∗(1
−
u
i(
p
))

=
r
−
1

∑ i=
r
∗

2
u
i(
p
)
−

1
.

S
in

ce
b
y

d
efi

n
it

io
n

of
p
re

d
ic

ti
on

fu
n
ct

io
n

2u
i(
p
)
−

1
≥

0
fo

r
i
≥
r∗

,
it

is
ve

ri
fi
ed

th
at

L
(α
,p

)
−
L

(α
(p

),
p
)

=
r
−
1

∑ i=
r
∗∣ ∣ 2
u
i(
p
)
−

1
∣ ∣

.

•
r

=
r∗

.
In

th
is

ca
se

,
E

q
.

(1
5)

y
ie

ld
s

L
(α
,p

)
−
L

(α
(p

),
p
)

=
0

.
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P
e
d
r
e
g
o
sa

,
B
a
c
h
a
n
d

G
r
a
m
f
o
r
t

L
et

I
d
en

ot
e

th
e

se
t

of
in

d
ic

es
fo

r
w

h
ic

h
α

d
is

ag
re

es
in

si
gn

w
it

h
α

,
th

a
t

is
,
I

=
{i

:
α
i(

2u
i(
p
)
−

1)
<

0}
.

T
h
en

,
co

m
b
in

in
g

th
e

th
re

e
ca

se
s

w
e

h
av

e
th

e
fo

ll
ow

in
g

fo
rm

u
la

fo
r

th
e

ex
ce

ss
in

co
n
d
it

io
n
al

ri
sk

L
(α
,p

)
−
L

(α
(p

),
p
)

=
∑ i∈
I

∣ ∣ 2
u
i(
p
)
−

1∣ ∣
,

(1
6
)

w
h
ic

h
is

al
w

ay
s

n
on

-n
eg

at
iv

e
an

d
h
en

ce
L
∗ (
p
)

=
L

(α
(p

),
p
).

A
ll

th
re

sh
o
ld

(A
T

).
W

e
w

il
l

n
ow

co
n
si

d
er

th
e

A
T

su
rr

og
at

e.
W

e
w

il
l

p
ro

ve
th

a
t

so
m

e
p
ro

p
er

ti
es

k
n
ow

n
fo

r
b
in

ar
y

cl
as

si
fi
ca

ti
on

ar
e

in
h
er

it
ed

b
y

th
is

lo
ss

fu
n
ct

io
n
.

M
o
re

p
re

ci
se

ly
,

w
e

w
il
l

p
ro

v
id

e
a

ch
ar

ac
te

ri
za

ti
on

o
f

co
n
si

st
en

cy
fo

r
co

n
ve

x
ϕ

in
T

h
eo

re
m

5
a
n
d

ex
ce

ss
ri

sk
b

ou
n
d
s

in
T

h
eo

re
m

6
th

at
p
ar

al
le

l
th

os
e

of
B

ar
tl

et
t

et
al

.
(2

00
3
)

fo
r

b
in

ar
y

cl
a
ss

ifi
ca

ti
o
n
.

T
h
ro

u
gh

th
is

se
ct

io
n
A

w
il
l

re
p
re

se
n
t

th
e

co
n
d
it

io
n
al

ri
sk

of
th

e
A

T
su

rr
o
g
a
te

,
w

h
ic

h
ca

n
b

e
ex

p
re

ss
ed

as
:

A
(α
,p

)
=

k ∑ j=
1

p
j
ψ
A
T

(j
,α

)
=

k ∑ j=
1

p
j

 
j−

1
∑ i=

1

ϕ
(−
α
i)

+
k
−
1

∑ i=
j

ϕ
(α

i)

 

=
k
−
1

∑ i=
1

(1
−
u
i(
p
))
ϕ

(−
α
i)

+
u
i(
p
)ϕ

(α
i)

,

(1
7
)

w
h
er

e
as

in
th

e
p
re

v
io

u
s

se
ct

io
n
u
i(
p
)

=
∑

i j=
1
p
i,
α
∈
S

an
d
p
∈

∆
k
.

T
h
is

su
rr

o
g
a
te

ve
ri

fi
es

a
d
ec

om
p

os
ab

le
p
ro

p
er

ty
th

at
w

il
l

b
e

ke
y

to
fu

rt
h
er

an
al

y
si

s.
T

h
e

p
ro

p
er

ty
th

a
t

w
e

a
re

re
fe

rr
in

g
to

is
th

at
th

e
ab

ov
e

co
n
d
it

io
n
al

ri
sk

it
ca

n
b

e
ex

p
re

ss
ed

as
th

e
su

m
o
f
k
−

1
b
in

a
ry

cl
as

si
fi
ca

ti
on

co
n
d
it

io
n
al

ri
sk

s.
F

or
β
∈
R
,q
∈

[0
,1

],
w

e
d
efi

n
e
C

as
fo

ll
ow

s

C
(β
,q

)
=
qϕ

(β
)

+
(1
−
q)
ϕ

(−
β

)
,

w
h
er

e
C

ca
n

b
e

se
en

as
th

e
co

n
d
it

io
n
a
l

ri
sk

as
so

ci
at

ed
w

it
h

th
e

b
in

ar
y

cl
a
ss

ifi
ca

ti
o
n

lo
ss

fu
n
ct

io
n
ϕ

.
U

si
n
g

th
is

n
ot

at
io

n
,

th
e

co
n
d
it

io
n
al

ri
sk
A

ca
n

b
e

ex
p
re

ss
ed

in
te

rm
s

o
f
C

a
s:

A
(α
,p

)
=

k
−
1

∑ i=
1

C
(α

i,
u
i(
p
))

.

O
u
r

ai
m

is
to

co
m

p
u
te
A
∗

in
te

rm
s

of
th

e
in

fi
m

u
m

o
f
C

,
d
en

ot
ed

C
∗ (
q)

: =
in

f β
C

(q
,β

).
S
in

ce
C

is
th

e
co

n
d
it

io
n
al

ri
sk

of
a

b
in

ar
y

cl
as

si
fi
ca

ti
on

p
ro

b
le

m
,

th
is

w
ou

ld
y
ie

ld
a

li
n
k

b
et

w
ee

n
th

e
op

ti
m

al
ri

sk
fo

r
th

e
A

T
su

rr
og

at
e

an
d

th
e

op
ti

m
al

ri
sk

fo
r

a
b
in

ar
y

cl
a
ss

ifi
ca

ti
on

su
rr

og
at

e.
H

ow
ev

er
,

th
is

is
in

ge
n
er

al
n
ot

p
os

si
b
le

b
ec

au
se

of
th

e
m

on
ot

on
ic

it
y

co
n
st

ra
in

ts
in
S:

th
e

in
fi
m

u
m

ov
er
S

n
ee

d
n
ot

eq
u
al

th
e

in
fi
m

u
m

ov
er

th
e

su
p

er
se

t
R
k
−
1
.

W
e

w
il
l

n
ow

p
re

se
n
t

a
re

su
lt

th
at

st
at

es
su

ffi
ci

en
t

co
n
d
it

io
n
s

u
n
d
er

w
h
ic

h
th

e
in

fi
m

u
m

ov
er
S

a
n
d

ov
er

R
k
−
1

d
o

co
in

ci
d
e.

T
h
is

im
p
li
es

th
a
t
A
∗

ca
n

b
e

es
ti

m
at

ed
as

th
e

su
m

of
k
−

1
d
iff

er
en

t
su

rr
og

at
e

co
n
d
it

io
n
al

ri
sk

s,
ea

ch
on

e
co

rr
es

p
on

d
in

g
to

a
b
in

ar
y

cl
as

si
fi
ca

ti
on

su
rr

o
g
a
te

.
A

si
m

il
ar

re
su

lt
w

as
p
ro

ve
n

in
th

e
em

p
ir

ic
al

ap
p
ro

x
im

at
io

n
se

tt
in

g
b
y

C
h
u

an
d

K
ee

rt
h
i

(2
0
0
5,

L
em

m
a

1)
.

In
th

is
w

or
k
,

th
e

au
th

or
s

co
n
si

d
er

th
e

h
in

ge
lo

ss
an

d
sh

ow
th

at
a
n
y

m
in

im
iz

er
of

th
is

lo
ss

au
to

m
at

ic
al

ly
ve

ri
fi
es

th
e

m
on

ot
o
n
ic

it
y

co
n
st

ra
in

ts
in
S.
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O
n
t
h
e
C
o
n
sist

e
n
c
y
o
f
O
r
d
in
a
l
R
e
g
r
e
ssio

n
M
e
t
h
o
d
s

In
th

e
fo

llow
in

g
lem

m
a

w
e

give
su

ffi
cien

t
con

d
ition

s
on

ϕ
u
n
d
er

w
h
ich

th
e

m
on

oton
icity

co
n
stra

in
ts

ca
n

b
e

ign
ored

w
h
en

com
p
u
tin

g
A
∗.

T
h
is

is
a
n

im
p

ortan
t

step
tow

ard
s

ob
tain

in
g

a
n

ex
p
licit

ex
p
ression

for
A
∗:

L
e
m

m
a

4
L

et
ϕ

:R
→

R
be

a
fu

n
ctio

n
su

ch
th

a
t
ϕ

(β
)−
ϕ

(−
β

)
is

a
n

o
n

-in
crea

sin
g

fu
n

ctio
n

o
f
β
∈
R

.
T

h
en

fo
r

a
ll
p
∈

∆
k,

it
is

verifi
ed

th
a
t

A
∗(p

)
=

k−
1

∑i=
1

C
∗(u

i (p
))

.

P
ro

o
f

L
et
p
∈

∆
k

b
e

fi
x
ed

an
d

let
α
∗∈

arg
m

in
α∈

R
k−

1
A

(α
,p

).
If
α
∗∈
S

,
th

en
th

e
resu

lt
is

im
m

ed
ia

te
sin

ce

k−
1

∑i=
1

C
∗(u

i (p
))

=
A

(α
∗,p

)
=

in
f

α∈S
A

(α
,p

)
=
A
∗(p

)
.

S
u
p
p

o
se

n
ow

α
∗
/∈
S

.
W

e
w

ill
p
rove

th
at

in
th

is
case

it
is

p
ossib

le
to

fi
n
d

an
oth

er
v
ector

α̃
∈
S

sith
th

e
sam

e
su

rrogate
risk

.
B

y
assu

m
p
tion

th
ere

ex
ists

a
i

in
th

e
ran

ge
1
≤
i≤

k−
2

fo
r

w
h
ich

th
e

m
on

oton
icity

con
d
ition

s
in
S

are
n
ot

verifi
ed

.
In

th
is

case
it

is
verifi

ed
th

at
α
i+

1
<
α
i .

S
in

ce
(u

1 (p
),...,u

k−
1 (p

))
is

a
n
on

-d
ecreasin

g
seq

u
en

ce,
for

a
fi
x
ed
p

it
is

p
ossib

le
to

w
rite

u
i+

1 (p
)

=
u
i (p

)
+
ε,

w
ith

ε≥
0
.

T
h
en

it
is

tru
e

th
at

C
(α
∗i ,u

i+
1 (p

))
=

(1−
u
i (p

)−
ε)ϕ

(−
α
∗i )

+
(u
i (p

)
+
ε)ϕ

(α
∗i )

=
C

(α
∗i ,u

i (p
))

+
ε(ϕ

(α
∗i )−

ϕ
(−
α
∗i ))

.

B
y

a
ssu

m
p
tio

n
ε(ϕ

(α
∗i )−

ϕ
(−
α
∗i ))

is
a

n
on

-in
creasin

g
fu

n
ction

of
α
∗i

a
n
d

so
α
∗i+

1
<
α
∗i

=⇒
C

(α
i ,u

i+
1 (p

))≤
C

(α
i+

1 ,u
i+

1 (p
)).

B
y

th
e

op
tim

ality
of
α
∗i+

1 ,
it

m
u
st

b
e
C

(α
∗i ,u

i+
1 (p

))
=

C
(α
∗i+

1 ,u
i+

1 (p
)).

T
h
is

im
p
lies

th
at

th
e

vector
in

w
h
ich

α
∗i+

1
is

rep
laced

b
y
α
∗i

h
as

th
e

sa
m

e
co

n
d
itio

n
al

risk
an

d
h
en

ce
su

ggest
a

p
ro

ced
u
re

to
con

stru
ct

a
vector

th
at

satisfi
es

th
e

co
n
stra

in
ts

in
S

an
d

ach
ieves

th
e

m
in

im
al

risk
in

R
k−

1.
M

ore
fo

rm
ally,

w
e

d
efi

n
e
α̃
∈
S

as:

α̃
i

=



α
∗1

if
i

=
1

α
∗i

if
α
∗i−

1 ≤
α
∗i

α
∗i−

1
if
α
∗i−

1
>
α
∗i

.

T
h
en

b
y

th
e

a
b

ove
C

(α
∗i ,u

i (p
))

=
C

(α̃
i ,u

i (p
))

for
all

i
an

d
so
A

(α
∗,p

)
=
A

(α̃
,p

).
N

ow
,

sin
ce

α̃
is

a
n
o
n
-d

ecreasin
g

vector
b
y

co
n
stru

ction
,
α̃
∈
S

an
d

w
e

h
ave

th
e

seq
u
en

ce
of

eq
u
a
lities

A
(α
∗,p

)
=
A

(α̃
,p

)
=

k−
1

∑i=
1

C
∗(u

i (p
))

,

w
h
ich

co
m

p
letes

th
e

p
ro

of.

It
is

ea
sy

to
verify

th
at

th
e

con
d
ition

o
n
ϕ

of
th

is
th

eorem
is

satisfi
ed

b
y

a
ll

th
e

b
in

ary
lo

sses
th

a
t

w
e

con
sid

er:
h
in

ge
loss,

th
e

sq
u
ared

h
in

ge
loss,

th
e

logistic
loss,

ex
p

on
en

tial
loss
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P
e
d
r
e
g
o
sa

,
B
a
c
h
a
n
d

G
r
a
m
f
o
r
t

an
d

th
e

sq
u
ared

loss.
W

ith
th

is
resu

lt,
if
α
∗i

is
a

m
in

im
izer

of
C

(u
i (p

)),
th

en
(α
∗1 ,...,α

∗k−
1 )

w
ill

b
e

a
m

in
im

izer
of
A

(p
).

H
en

ce,
th

e
op

tim
al

d
ecision

fu
n
ction

for
th

e
aforem

en
tion

ed
valu

es
of
ϕ

is
sim

p
ly

th
e

con
caten

ation
of

k
n
ow

n
resu

lts
for

b
in

ary
cla

ssifi
cation

,
w

h
ich

h
av

e
b

een
d
erived

in
B

artlett
et

al.
(2003)

for
th

e
h
in

ge,
sq

u
ared

h
in

ge
an

d
E

x
p

on
en

tial
loss

an
d

in
(Z

h
an

g,
2004a)

for
th

e
logistic

loss.
U

sin
g

th
e

resu
lts

from
b
in

ary
classifi

cation
w

e
list

th
e

valu
es

of
α
∗

an
d
A
∗

in
th

e
case

of
A

T
for

d
iff

eren
t

valu
es

of
ϕ

:

•
H

in
ge

A
T

,
:
α
∗i (p

)
=

sign
(2u

i (p
)−

1),
A
∗(p

)
=
∑

k−
1

i=
1 {

1−
∣∣2u

i (p
)−

1 ∣∣}
.

•
S

qu
a
red

h
in

ge
A

T
,

:
α
∗i (p

)
=

(2u
i (p

)−
1),

A
∗(p

)
=
∑

k−
1

i=
1

4u
i (p

)(1−
u
i (p

)).

•
L

ogistic
A

T
:
α
∗i (p

)
=

log (
u
i (p

)
1−
u
i (p

) )
,
A
∗(p

)
=
∑

k−
1

i=
1 {−

E
(u
i (p

))−
E

(1−
u
i (p

))}
,
w

h
ere

E
(t)

=
t
log

(t).

•
E

xpo
n

en
tia

l
A

T
:
α
∗i (p

)
=

12
log (

u
i (p

)
1−
u
i (p

) )
,

A
∗(p

)
=
∑

k−
1

i=
1

2 √
u
i (p

)(1−
u
i (p

)).

•
S

qu
a
red

A
T

,
α
∗i (p

)
=

2
u
i (p

)−
1,

A
∗(p

)
=
∑

k−
1

i=
1

(2−
2
u
i (p

))
2.

It
is

im
m

ed
iate

to
ch

eck
th

at
th

e
m

o
d
els

m
en

tio
n
ed

ab
ove

are
con

sisten
t

sin
ce

th
e

d
ecision

fu
n
ction

s
coin

cid
es

in
sign

w
ith

th
e

m
in

im
izer

of
th

e
risk

d
efi

n
ed

in
L

em
m

a
3.

N
ote

th
at

th
e

sig
n

of
α
∗i (p

)
at
u
i (p

)
=

12
is

irrelevan
t,

sin
ce

b
y

E
q
.

(15)
b

oth
sign

s
h
ave

eq
u
al

risk
.

W
e

n
ow

p
rov

id
e

a
resu

lt
th

at
ch

aracterizes
con

sisten
cy

for
a

con
vex

ϕ
:

T
h

e
o
re

m
5

L
et
ϕ

:R
→

R
be

co
n

vex.
T

h
en

th
e

A
T

su
rroga

te
is

co
n

sisten
t

if
a
n

d
o
n

ly
if

ϕ
is

d
iff

eren
tia

ble
a
t

0
a
n

d
ϕ
′(0)

<
0
.

P
ro

o
f

W
e

p
ostp

on
e

th
e

p
ro

of
u
n
til

S
ection

3
.4,

w
h
ere

th
is

w
ill

follow
as

a
p
articu

lar
case

of
T

h
eorem

13.

W
e

w
ill

n
ow

d
erive

ex
cess

risk
b

ou
n
d
s

for
A

T
.

T
h
ese

are
in

eq
u
alities

th
at

relate
th

e
ex

cess
con

d
ition

al
risk

L
(α

)−
L
∗,

to
th

e
ex

cess
in

su
rro

gate
con

d
ition

al
risk

A
(α

)−
A
∗.

F
or

th
is,

w
e

w
ill

m
ake

u
se

of
th

e
γ

-tran
sform

3
of

a
b
in

ary
loss

fu
n
ction

(B
artlett

et
al.,

2003).
F

or
a

con
v
ex

fu
n
ction

ϕ
th

is
is

d
efi

n
ed

as

γ
(θ)

=
ϕ

(0)−
C
∗ (

1
+
θ

2

)
.

(18)

W
e

w
ill

n
ow

state
th

e
ex

cess
risk

b
ou

n
d

of
th

e
A

T
su

rrogate
in

term
s

of
th

e
γ

-tran
sform

:

T
h

e
o
re

m
6

(E
x
c
e
ss

risk
b

o
u

n
d

s)
L

et
ϕ

:R
→

R
be

a
fu

n
ctio

n
th

a
t

verifi
es

th
e

fo
llo

w
in

g
co

n
d
itio

n
s:

•
ϕ

is
co

n
vex.

•
ϕ

is
d
iff

eren
tia

ble
a
t

0
a
n

d
ϕ
′(0)

<
0
.

3
.

B
a
rtlett

et
a
l.

(2
0
0
3
)

d
efi

n
e

th
is

a
s

th
e
ψ

-tra
n

sfo
rm

.
H

ow
ev

er,
sin

ce
w

e
a
lrea

d
y

u
se
ψ

to
d

en
o
te

th
e

su
rro

g
a
te

lo
ss

fu
n

ctio
n

s
w

e
w

ill
u

se
letter

γ
in

th
is

ca
se.

1
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O
n
t
h
e
C
o
n
si
st

e
n
c
y
o
f
O
r
d
in
a
l
R
e
g
r
e
ss
io
n
M
e
t
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∆
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d
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−

1

)
≤
A

(α
,p

)
−
A
∗ (
p
)

k
−
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.
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at
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−
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<
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d
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p
)
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1

)
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y
E

q
.

(1
6)

)

≤
∑
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I
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i(
p
)
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1
(b

y
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n
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∑ i∈
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y
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).
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∈

[0
,1
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∈
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.
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)
≤
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p
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u
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p
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u
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p
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−
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u
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A
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A
∗ (
p
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h
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e
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−
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≤
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)
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S
u
p
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e
β
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q
−
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≤

0.
T
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n
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in
eq

u
al

it
y

C
(β
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=
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)
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−
q)
ϕ
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)
≥
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β
−
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−
q)
β

)
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ϕ
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q
−
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ow

,
b
y
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n
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ϕ

w
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h
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−
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−
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0)
≥
ϕ

(0
)

,

w
h
er

e
th

e
la

st
in

eq
u
al

it
y

fo
ll
ow

s
fr

om
th

e
fa
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d
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−
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≤
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d
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p
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b
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e
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d
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≤
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h
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b
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−
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≤

E X

[ γ

(
L

(f
(X

),
η
(X

))
−
L
∗ (
η
(X

))

k
−
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−
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p
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d
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d
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re
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at
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h
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d

to
(Z

h
an

g,
20

04
a)

fo
r

th
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w
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p
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.
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⇒
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⇒
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⇒
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√
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⇒

(k
−

1)
(1
−
√
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⇒
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k
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b
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b
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e
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b
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b
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b
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b
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b
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v
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w

e
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≤
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d
ecision

fu
n
ction

2ξ−
1.

B
y

E
q
.

(16)
th
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>
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b
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rro
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b
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con
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b
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b
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b
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b
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com

p
u
te

th
e

ex
cess

risk
an

d
ex

cess
su

rrogate
risk

as

L
(α
,p

)−
L
∗

=
2
∑i=

1 (2u
i (p

)−
1)

=
2−

6
ε

A
(α
,p

)−
A
∗

=

3
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u
als

are
in

creasin
g

as
ε

go
es

to
0.

A
lso,

in
th

e
region

ε
<

0.02
th

e
resid

u
als

b
ecom

e
p

ositive
an

d
h
en

ce
th

e
in

eq
u
ality

d
o
es

n
o
t

h
old

.

violation of 
excess risk bound

F
igu

re
1:

cou
n
terex

am
p
le

for
th

e
C

L
ex

-
cess

risk
b

ou
n
d
.

W
e

fi
n
ish

ou
r

treatm
en

t
of

th
e

C
L

su
rrogate

b
y

statin
g

th
e

con
vex

ity
of

th
e

logistic
C

L
loss,

w
h
ich

d
esp

ite
b

ein
g

a
fu

n
d
am

en
tal

p
rop

erty
of

th
e

loss,
h
as

n
ot

b
een

p
roven

b
efore

to
th

e
b

est
of

ou
r

k
n
ow

led
ge.

L
e
m

m
a

8
T

h
e

logistic
C

L
su

rroga
te,

α
7→

ψ
C
L
(y
,α

),
is

co
n

vex
o
n
S

fo
r

every
va

lu
e

o
f
y

.

P
ro

o
f
ψ
C
L
(1,α

)
an

d
ψ
C
L
(k
,α

)
are

con
vex

b
e-

cau
se

th
ey

are
log-su

m
-ex

p
fu

n
ction

s.
It

is
th

u
s

su
ffi

cien
t

to
p
rove

th
at
ψ
C
L
(i,·)

is
con

vex
for

1
<

i
<
k
.

F
or

con
ven

ien
ce

w
e

w
ill

w
rite

th
is

fu
n
c-

tion
as

f
(a
,b)

=
−

log (
1

1
+
ex

p
(a
) −

1
1
+
ex

p
(b) )

,

w
h
ere

a
>
b

is
th

e
d
om

ain
of

d
efi

n
ition

.
B

y
factorizin

g
th

e
fraction

in
sid

e
f

to
a

com
m

on
d
en

om
in

ato
r,
f

can
eq

u
ivalen

tly
b

e
w

ritten
as−

log
(ex

p
(a

)−
ex

p
(b))

+
log

(1
+

ex
p
(a

))
+

log
(1

+
ex

p
(b)).

T
h
e

last
tw

o
term

s
are

con
vex

b
ecau

se
th

ey
can

b
e

w
ritten

as
a

log-su
m

-ex
p
.

T
h
e

con
vex

ity
of

th
e

fi
rst

term
,

or
eq

u
ivalen

tly
th

e
log-con

cav
ity

of
th

e
fu

n
ction

f
(a
,b)

=
ex

p
(a

)−
ex

p
(b)

can
b

e
settled

b
y

p
rov

in
g

th
e

p
ositive-d

efi
n
iten

ess
of

th
e

m
atrix

Q
=
∇
f

(a
,b)∇

f
(a
,b)

T
−
f

(a
,b)∇

2f
(a
,b)

for
all

(a
,b)

in
th

e
d
om

ain
{
b
>
a}

(B
oy

d
an

d
V

an
d
en

b
ergh

e,
2004).

In
ou

r
case,

Q
=


ex

p
(a

+
b)

−
ex

p
(a

+
b)

−
ex

p
(a

+
b)

ex
p
(a

+
b)


=

ex
p
(a

+
b) 

1
−

1

−
1

1


,

w
h
ich

is
a

p
ositiv

e
sem

id
efi

n
ite

m
atrix

w
ith

eigen
valu

es
2

ex
p
(a

+
b)

an
d

0.
T

h
is

p
roves

th
at

Q
is

p
ositive

sem
id

efi
n
ite

an
d

th
u
s
ψ
C
L
(i,·)

is
a

con
vex

fu
n
ction

.

L
e
a
st

a
b

so
lu

te
d

e
v
ia

tio
n

.
W

e
w

ill
n
ow

p
rov

e
con

sisten
cy

of
th

e
least

ab
solu

te
d
ev

ia-
tion

(L
A

D
)

su
rrogate.

C
on

sisten
cy

of
th

is
su

rrogate
w

as
alread

y
p
roven

for
th

e
case

k
=

3

2
0
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O
n
t
h
e
C
o
n
si
st

e
n
c
y
o
f
O
r
d
in
a
l
R
e
g
r
e
ss
io
n
M
e
t
h
o
d
s

b
y

R
am

as
w

am
y

an
d

A
ga

rw
al

(2
01

2
).

F
or

co
m

p
le

te
n
es

s,
w

e
p
ro

v
id

e
h
er

e
an

al
te

rn
at

iv
e

p
ro

of
fo

r
an

ar
b
it

ra
ry

n
u
m

b
er

of
cl

as
se

s.

T
h

e
o
re

m
9

T
h
e

le
a
st

a
bs

o
lu

te
d
ev

ia
ti

o
n

su
rr

og
a
te

is
co

n
si

st
en

t.

P
ro

o
f

R
ec

al
l

th
at

fo
r
y
∈
Y,
α
∈
S,

th
e

L
A

D
su

rr
og

at
e

is
gi

ve
n

b
y

ψ
L
A
D

(y
,α

)
=

∣ ∣ ∣ ∣y
+
α
1
−

3 2

∣ ∣ ∣ ∣
.

T
h
e

p
oi

n
tw

is
e

su
rr

og
at

e
ri

sk
is

th
en

gi
ve

n
b
y

A
(α
,p

)
=

k ∑ i=
1

p
iψ

L
A
D

(y
,α

)
=

E Y
∼
p

[∣ ∣ ∣ ∣
Y

+
α
1
−

3 2

∣ ∣ ∣ ∣]
,

w
h
er

e
Y
∼
p

m
ea

n
s

th
at

Y
is

d
is

tr
ib

u
te

d
ac

co
rd

in
g

to
a

m
u
lt

in
om

ia
l

d
is

tr
ib

u
ti

on
w

it
h

p
ar

am
et

er
p
∈

∆
k
.

B
y

th
e

op
ti

m
al

it
y

co
n
d
it

io
n
s

of
th

e
m

ed
ia

n
,

a
va

lu
e

th
at

m
in

im
iz

es
th

is
co

n
d
it

io
n
al

ri
sk

is
gi

ve
n

b
y

α
∗ 1
(p

)
∈

M
ed

ia
n
Y
∼
p

(
3 2
−
Y

)
,

w
h
er

e
M

ed
is

th
e

m
ed

ia
n
,

th
at

is
,
α
∗ 1(
p
)

is
an

y
va

lu
e

th
at

ve
ri

fi
es

P

(
3 2
−
Y
≤
α
∗ 1
(p

))
≥

1 2
a
n
d
P

(
3 2
−
Y
≥
α
∗ 1
(p

))
≥

1 2
.

W
e

w
il
l

n
ow

p
ro

v
e

th
at

L
A

D
is

co
n
si

st
en

t
b
y

sh
ow

in
g

th
at
L

(α
∗ (
p
),
p
)

=
L

(α
(p

),
p
),

w
h
er

e
α

is
th

e
B

ay
es

d
ec

is
io

n
fu

n
ct

io
n

d
es

cr
ib

ed
in

L
em

m
a

3.
L

et
r∗

=
p
re

d
(α

(p
))

an
d
I

d
en

ot
e

th
e

se
t
I

=
{i

:
α
∗ i(
p
)(

2
u
i(
p
)
−

1)
<

0}
.

S
u
p
p

os
e

th
is

se
t

is
n
on

-e
m

p
ty

a
n
d

le
t
i
∈
I
.

W
e

d
is

ti
n
gu

is
h

th
e

ca
se

s
α
∗ i(
p
)
>

0
an

d
α
∗ i(
p
)
<

0:

•
α
∗ i(
p
)
<

0.
B

y
E

q
.

(1
3)

,
α
∗ i

an
d
α
∗ 1

ar
e

re
la

te
d

b
y
α
∗ i

=
i
−

1
+
α
∗ 1.

T
h
en

it
is

ve
ri

fi
ed

th
at

P

(
3 2
−
Y
≥
α
∗ 1
(p

))
=
P

(
3 2
−
Y
≥
α
∗ i
−
i

+
1

)
=
P

(
1 2

+
i
−
α
∗ i
≥
Y

)

≥
P

(
1 2

+
i
≥
Y

)
=
u
i(
p
)

.

B
y

as
su

m
p
ti

on
,
α
∗ i(
p
)(

2
u
i(
p
)
−

1)
<

0,
w

h
ic

h
im

p
li
es
u
i(
p
)
>

1
/
2
.

H
en

ce
,

b
y

th
e

ab
ov

e
w

e
h
av

e
th

at
P
( 3 2
−
Y
≥
α
∗ 1(
p
))
>

1/
2.

A
t

th
e

sa
m

e
ti

m
e,

b
y

th
e

d
efi

n
it

io
n

of

m
ed

ia
n
,
P
( 3 2
−
Y
≥
α
∗ 1(
p
))
≤

1
/2

,
co

n
tr

ad
ic

ti
on

.

•
α
∗ i(
p
)
>

0.
U

si
n
g

th
e

sa
m

e
re

as
on

in
g

as
b

ef
or

e,
it

is
ve

ri
fi
ed

th
at

P

(
3 2
−
Y
≤
α
∗ 1
(p

))
=
P

(
3 2
−
Y
≤
α
∗ i
−
i

+
1

)
=
P

(
1 2

+
i
−
α
∗ i
≤
Y

)

≥
P

(
1 2

+
i
≤
Y

)
=

1
−
u
i(
p
)

.
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P
e
d
r
e
g
o
sa

,
B
a
c
h
a
n
d

G
r
a
m
f
o
r
t

B
y

as
su

m
p
ti

on
u
i(
p
)
<

1/
2

=
⇒

P
( 3 2
−
Y
≤
α
∗ 1(
p
))

>
1
/
2.

A
t

th
e

sa
m

e
ti

m
e,

b
y

th
e

d
efi

n
it

io
n

of
m

ed
ia

n
,
P
( 3 2
−
Y
≥
α
∗ 1(
p
))
≤

1
/2

,
co

n
tr

ad
ic

ti
on

.

S
u
p
p

os
in

g
I

n
ot

em
p
ty

h
as

le
ad

to
co

n
tr

ad
ic

ti
on

s
in

b
ot

h
ca

se
s,

h
en

ce
I

=
∅.

B
y

E
q
.

(1
6)

,
L

(α
∗ (
p
),
p
)

=
L

(α
(p

),
p
),

w
h
ic

h
co

n
cl

u
d
es

th
e

p
ro

of
.

3
.2

S
q
u

a
re

d
e
rr

o
r

W
e

n
ow

co
n
si

d
er

th
e

sq
u
ar

ed
er

ro
r,

d
efi

n
ed

as

`(
y
,α

)
=

(y
−

p
re

d
(α

))
2

,

an
d

it
s

su
rr

og
at

e,
th

e
le

as
t

sq
u
ar

es
lo

ss
,

ψ
L
S
(y
,β

)
=

( y
+
α
1
−

3 2

) 2
.

A
s

fo
r

th
e

ca
se

of
th

e
le

as
t

ab
so

lu
te

d
ev

ia
ti

on
,

th
e

on
ly

d
iff

er
en

ce
b

et
w

ee
n

th
e

lo
ss

a
n
d

it
s

su
rr

og
at

e
is

th
e

p
re

se
n
ce

of
th

e
p
re

d
ic

ti
on

fu
n
ct

io
n

in
th

e
fi
rs

t.
W

e
w

il
l

n
ow

p
ro

v
e

th
at

th
e

le
as

t
sq

u
ar

es
su

rr
og

at
e

is
co

n
si

st
en

t
w

it
h

th
e

sq
u
a
re

d
er

ro
r:

w
e

w
il
l

fi
rs

t
d
er

iv
e

a
va

lu
e

of
α

,
d
en

ot
ed

α
th

at
re

ac
h
es

th
e

B
ay

es
op

ti
m

al
er

ro
r

a
n
d

th
en

sh
ow

th
at

th
e

so
lu

ti
on

to
th

e
le

as
t

sq
u
ar

es
su

rr
og

at
e

ag
re

es
in

si
gn

w
it

h
α

a
n
d

so
a
ls

o
re

ac
h
es

th
e

B
ay

es
op

ti
m

al
er

ro
r.

L
e
m

m
a

1
0

L
et
α
∈
R
k
−
1
,

be
d
efi

n
ed

co
m

po
n

en
t-

w
is

e
a
s

α
(p

) i
=
i
−

 
k ∑ j=
1

jp
j

 
+

1 2
.

T
h
en

,
α

is
a

B
a
ye

s
p
re

d
ic

to
r,

th
a
t

is
,
α
∈

ar
g

m
in
α
L

(α
,p

).

P
ro

o
f

F
ol

lo
w

in
g

ou
r

p
ro

of
fo

r
th

e
ab

so
lu

te
er

ro
r,

w
e

w
il
l

sh
ow

th
at
L

(α
)
−
L

(α
)

is
a
lw

ay
s

n
on

-n
eg

at
iv

e,
w

h
ic

h
im

p
li
es

th
at
α

re
ac

h
es

th
e

B
ay

es
op

ti
m

al
er

ro
r.

L
et
r

an
d
s

b
e

d
efi

n
ed

as
r

=
p
re

d
(α

),
s

=
p
re

d
(α

).
T

h
en

w
e

h
av

e
th

e
fo

ll
ow

in
g

se
q
u
en

ce
of

eq
u
al

it
ie

s:

L
(α

)
−
L

(α
)

=
k ∑ i=
1

p
i(

(i
−
r)

2
−

(i
−
s)

)2
)

=
k ∑ i=
1

p
i(
−

2
ir

+
r2

+
2
is
−
s2

)
(d

ev
el

op
in

g
th

e
sq

u
a
re

)

=
r2
−
s2
−

2(
r
−
s)

k ∑ i=
1

ip
i

(u
si

n
g

k ∑ i=
1

p
i

=
1)

(2
4
)

W
e

w
il
l

n
ow

d
is

ti
n
gu

is
h

th
re

e
ca

se
s:
r
>
s,
r
<
s

an
d
r

=
s.

F
or

ea
ch

of
th

es
e

ca
se

s
w

e
w

il
l

sh
ow

th
at
L

(α
)
−
L

(α
)
≥

0,
w

h
ic

h
im

p
li
es

th
at
α

h
as

a
sm

al
le

r
ri

sk
th

an
an

y
o
th

er
α

,
a
n
d

h
en

ce
is

a
B

ay
es

p
re

d
ic

to
r.

22
JM

L
R

 1
8(

55
):

1-
35

, 2
01

7



O
n
t
h
e
C
o
n
sist

e
n
c
y
o
f
O
r
d
in
a
l
R
e
g
r
e
ssio

n
M
e
t
h
o
d
s

•
s
>
r.

T
h
is

im
p
lies

th
at
s

is
greater

th
an

1
sin

ce
s
>
r
≥

1.
W

e
ca

n
co

n
clu

d
e

from
th

e
d
efi

n
ition

of
p
red

iction
fu

n
ction

in
E

q
.

(2)
th

at
th

e
(s−

1)-th
co

ord
in

ate
of
α

is
strictly

n
egative.

B
y

th
e

d
efi

n
ition

of
α

w
e

h
ave

th
at
s−

1−
∑

ki=
1
ip
i

+
(1/

2)
<

0

o
r

eq
u
iva

len
tly

∑
ki=

1
ip
i
>
s−

(1/2).
U

sin
g

th
is

in
E

q
.

(24)
w

e
h
ave

th
e

follow
in

g
seq

u
en

ce
of

in
eq

u
alities:

L
(α

)−
L

(α
)

=
r
2−

s
2−

2
(r−

s)
k
∑i=

1

ip
i

=
r
2−

s
2

+
(−

2)(r−
s)

︸
︷︷

︸
p
o
sitiv

e

k
∑i=

1

ip
i

≥
r
2−

s
2

+
(−

2)(r−
s)(s−

12
)

(sin
ce

k
∑i=

1

ip
i ≥

s−
(1/

2))

=
r
2

+
s
2−

2rs
︸

︷︷
︸

(r−
s)

2

+
r−

s
=

(r−
s)

︸
︷︷
︸

<
0

(r−
s

+
1)

︸
︷︷

︸
≤
0

≥
0

•
s
<
r.

W
e

follow
a

sim
ilar

arg
u
m

en
t

b
u
t

reversin
g

th
e

in
eq

u
alities.

T
h
e

assu
m

p
tion

in
th

is
ca

se
im

p
lies

th
at

s
is

sm
aller

th
an

k
sin

ce
s
<
r
≤
k
.

W
e

ca
n

con
clu

d
e

fro
m

th
e

d
efi

n
ition

of
p
red

iction
fu

n
ction

in
E

q
.

(2)
th

at
th

e
s-th

co
ord

in
ate

of
α

is
p

o
sitive.

B
y

th
e

d
efi

n
ition

of
α

w
e

h
ave

th
at
s−

∑
ki=

1
ip
i
+

(1/
2)≥

0
or

eq
u
ivalen

tly

−
∑

ki=
1
ip
i ≥
−
s−

(1/
2).

U
sin

g
th

is
in

E
q
.

(24)
w

e
h
ave

th
e

follow
in

g
seq

u
en

ce
of

in
eq

u
a
lities:

L
(α

)−
L

(α
)

=
r
2−

s
2−

2(r−
s)

k
∑i=

1

ip
i

=
r
2−

s
2

+
2(r−

s)
︸
︷︷

︸
p
o
sitiv

e

(−
k
∑i=

1

ip
i )

≥
r
2−

s
2

+
2(r−

s)(−
s−

12
)

(sin
ce
−

k
∑i=

1

ip
i ≥
−
s−

(1/
2))

=
r
2

+
s
2−

2
rs

︸
︷︷

︸
(s−

r
)
2

+
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︸
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︸
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e
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(24)),
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e
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cess
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e
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e
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h
e
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a
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n
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d
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ed
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b
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e
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e.
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e
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error
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(α
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)
=
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e
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b
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e
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d
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of
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e
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(
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∑
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1
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en

ce,
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e
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b
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.
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p
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con
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rro
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b
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b
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e
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d
ition
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con
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b
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at
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d
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h
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IT
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d
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b
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b
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b
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e
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w
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e
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n
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)
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.
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d
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b
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e
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e
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d
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eit
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d
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p
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e
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e
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b
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b
il
it

y
cr

it
er

io
n

a
d
d
s

a
sy

m
m

et
ri

c
co

n
d
it

io
n
,

i.
e.

,
`

ve
ri

fi
es

th
at

th
e

lo
ss

of
p
re

d
ic

ti
n
g
a

w
h
en

th
e

tr
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p
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p
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w
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fu
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ct
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th
e
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st
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th

is
se

ct
io

n
,

w
e

w
il
l
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n
si
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th
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`
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ss

fu
n
ct

io
n
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at

ve
ri

fi
es
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e
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si

b
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y
cr

it
er

io
n
.

W
e

d
efi

n
e
c i

b
y
c 0

=
g
(0

)
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d
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=
g
(i

)
−
g
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−

1)
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W
it

h
th

is
n
ot
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ti

on
it
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sy
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ve
ri
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b
y
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d
u
ct
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n
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b
e
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en
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∑
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b
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p
er

ty
.

F
ol

lo
w

in
g

th
e

sa
m

e
d
ev

el
op

m
en

t
as

in
E

q
.

(8
),

an
y

ad
m

is
si

b
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n
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n

b
e
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ri

tt
en
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=
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1
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−
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∑ i=
y

c i
−
y
+
1
Jα

i
<

0K
.

(2
5)

In
li
gh

t
of

th
is

,
it

se
em

s
n
at

u
ra

l
to

d
efi

n
e

a
su

rr
og

at
e

fo
r

th
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b
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p
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b
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d
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w
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e

ze
ro

-o
n
e

lo
ss

,
c i

w
il
l

b
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∈
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p
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p
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d
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<
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b
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b
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∆
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k ∑
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d
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d
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at
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P
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e
g
o
sa

,
B
a
c
h
a
n
d

G
r
a
m
f
o
r
t

an
d

w
e

h
av

e
th
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∆
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p
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d
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.
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b
e

ex
p
re

ss
ed

in
te

rm
s

of
u
i

an
d
v i

(w
h
er

e
th

e
d
ep

en
d
en

ce
o
f
p

is
im

p
li
ci

t)
as

L
(α

)
=
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∑ i=
r
∗
v i

 
=

r
∗ −

1
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o
f

[P
ro

of
of

T
h
eo

re
m

13
]

T
h
is

p
ro

of
lo

os
el

y
fo

ll
ow

s
th

e
st

ep
s

b
y

B
ar

tl
et

t
et

a
l.

(2
0
0
3,

T
h
eo

re
m

6)
,

w
it

h
th

e
d
iff

er
en

ce
th

at
w

e
m

u
st

en
su

re
th

at
th

e
o
p
ti

m
al

va
lu

e
o
f

th
e

su
rr

o
g
a
te

ri
sk

li
es

w
it

h
in
S

an
d

ad
ap

te
d

to
co

n
si

d
er

m
u
lt

ip
le

cl
as

se
s.

W
e

d
en

ot
e

b
y
α
∗

th
e

va
lu

e
in

S
th

at
m

in
im

iz
es
A

(·)
,

b
y
r

th
e

p
re

d
ic

ti
on

a
t
α
∗

an
d

b
y
r∗

th
e

p
re

d
ic

ti
on

o
f

a
n
y

B
ay

es
d
ec

is
io

n
fu

n
ct

io
n
,

w
h
er

e
th

e
d
ep

en
d
en

ce
on

p
is

im
p
li
ci

t.
(

=
⇒

)
W

e
fi
rs

t
p
ro

ve
th

at
co

n
si

st
en

cy
im

p
li
es
ϕ

is
d
iff

er
en

ti
ab

le
at

0
a
n
d
ϕ
′ (

0
)
<

0
.

W
e

d
o

so
b
y

p
ro

v
in

g
th

at
th

e
su

b
d
iff

er
en

ti
al

at
ze

ro
is

re
d
u
ce

d
to

a
si

n
gl

e
ve

ct
o
r.

S
in

ce
ϕ

is
co

n
ve

x
,

w
e

ca
n

fi
n
d

su
b
gr

ad
ie

n
ts
g 1
≥
g 2

of
ϕ

at
ze

ro
su

ch
th

at
,

fo
r

al
l
β
∈
R

ϕ
(β

)
≥
g 1
β

+
ϕ

(0
)

ϕ
(β

)
≥
g 2
β

+
ϕ

(0
)

.
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O
n
t
h
e
C
o
n
sist

e
n
c
y
o
f
O
r
d
in
a
l
R
e
g
r
e
ssio

n
M
e
t
h
o
d
s

T
h
en

w
e

h
ave

for
all

i

v
i ϕ

(−
β

)
+
u
i ϕ

(β
)≥

v
i (g

1 β
+
ϕ

(0))
+
u
i (−

g
2 β

+
ϕ

(0))

=
(v
i g

1 −
u
i g

2 )β
+

(v
i
+
u
i )ϕ

(0)

=
β

(
12

(v
i
+
u
i )(g

1 −
g
2 )

+
12

(v
i −

u
i )(g

1
+
g
2 ) )

+
(v
i
+
u
i )ϕ

(0
)

.(27)
F

o
r

0
<
ε
<

1
/2

,
w

e
w

ill
con

sid
er

th
e

follow
in

g
v
ector

of
con

d
ition

al
p
rob

ab
ilities

p
=

(
0,···

,0,
12
−
ε,

12
+
ε )

,

fro
m

w
h
ere

u
i

a
n
d
v
i

take
th

e
follow

in
g

sim
p
le

form

u
i

=

{
p
k−

1 c
1

if
i

=
k−

1

0
oth

erw
ise

,
v
i

=

{
p
k c

1
if
i

=
k−

1

p
k−

1 c
k−

i−
1

+
p
k c
k−

i
oth

erw
ise

h
en

ce
b
y

E
q
.

(2
6)

con
sisten

cy
im

p
lies

r
=
k

an
d

so
w

e
m

u
st

h
ave

α
∗k−

1
<

0.
L

et
n
ow

α̃
∈
S

b
e

a
vector

th
at

eq
u
als

α
∗

in
all

ex
cep

t
th

e
last

com
p

on
en

t,
w

h
ich

is
zero

(i.e.,
α̃
k−

1
=

0).
W

e
w

ill
n
ow

p
rov

e
th

at
if
g
1
>
g
2

th
en
A

(α̃
,p

)
<
A

(α
∗,p

)
lead

in
g

to
a

co
n
tra

d
ictio

n
.

F
or

th
e

p
articu

lar
ch

oice
of
u
k−

1 ,v
k−

1
ab

ove,
eq

u
ation

(27)
can

b
e

sim
p
lifi

ed
to

v
k−

1 ϕ
(−
β

)
+
u
k−

1 ϕ
(β

)≥
β

[
12

(g
1 −

g
2 )

+
ε(g

1
+
g
2 ) ]

+
(v
k−

1
+
u
k−

1 )ϕ
(0)

.

S
in

ce
b
y

a
ssu

m
p
tion

g
1
>
g
2 ,

it
is

alw
ay

s
p

ossib
le

to
ch

o
ose

ε
sm

a
ll

en
ou

gh
su

ch
th

at
th

e
q
u
a
n
tity

in
sid

e
th

e
sq

u
are

b
rackets

is
strictly

p
ositiv

e.
S
p

ecial
casin

g
at
β

=
α
∗k−

1
an

d
u
sin

g
α
∗k−

1
<

0
y
ield

s
th

e
follow

in
g

in
eq

u
ality

:

v
k−

1 ϕ
(−
α
∗k−

1 )
+
u
k−

1 ϕ
(α
∗k−

1 )≥
(v
k−

1
+
u
k−

1 )ϕ
(0)

.

W
e

th
en

h
av

e
th

e
follow

in
g

seq
u
en

ce
o
f

in
eq

u
alities:

A
(α
∗,p

)
=

k−
1

∑i=
1

v
i (p

)ϕ
(−
α
∗i )

+
u
i ϕ

(α
∗i )

≥
k−

2
∑i=

1 {
v
i (p

)ϕ
(−
α
∗i )

+
u
i ϕ

(α
∗i ) }

+
(v
k−

1 −
u
k−

1 )α
∗k−

1
+

(v
k−

1
+
u
k−

1 )ϕ
(0)

(b
y

last
in

eq
u
ality

)

>
k−

2
∑i=

1 {
v
i (p

)ϕ
(−
α
∗i )

+
u
i ϕ

(α
∗i ) }

+
v
k−

1 ϕ
(0)

+
u
k−

1 ϕ
(0)

=
A

(α̃
,p

)
,

w
h
ich

resu
lts

in
A

(α
∗,p

)
>
A

(α̃
,p

),
con

trad
ictio

n
sin

ce
α
∗

is
th

e
valu

e
w

ith
low

est
su

rro
gate

risk
.

T
h
is

im
p
lies

th
at

if
th

e
G

A
T

loss
is

con
sisten

t,
th

en
ϕ

is
d
iff

eren
tiab

le
at

0.
T

o
see

th
a
t

w
e

m
u
st

a
lso

h
ave

ϕ
′(0)

<
0,

n
otice

th
at

from
E

q
.

(27)
w

e
h
ave

A
i (β

)≥
(v
i −

u
i )ϕ
′(0)β

+
A
i (0)

.
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P
e
d
r
e
g
o
sa

,
B
a
c
h
a
n
d

G
r
a
m
f
o
r
t

B
u
t

for
an

y
v
i
>
u
i

an
d
β
<

0,
if
ϕ
′(0)
≥

0,
th

en
th

is
ex

p
ression

is
grea

ter
th

an
A
i (0).

H
en

ce,
if

G
A

T
is

con
sisten

t
th

en
ϕ
′(0)

<
0,

w
h
ich

con
clu

d
es

on
e

o
f

th
e

im
p
lication

s
of

th
e

p
ro

of.

(
⇐

=
)

W
e

n
ow

p
rove

th
at

if
ϕ

is
d
iff

eren
tiab

le
at

0
an

d
ϕ
′(0)

<
0,

th
en

G
A

T
is

con
sisten

t.
T

h
e

fi
rst

ord
er

op
tim

ality
con

d
ition

s
states

th
at

th
ere

ex
ists

λ
i ≥

0
su

ch
th

at
th

e
op

tim
al

valu
e

of
A

(α
,p

)
su

b
ject

to
α
∈
S

is
th

e
m

in
im

izer
o
f

th
e

follow
in

g
u
n
con

strain
ed

fu
n
ction

:

G
(α

)
=
A

(α
,p

)
+
k−

1
∑i=

1

λ
i (α

i −
α
i+

1 )
.

W
e

sh
ow

th
at

assu
m

in
g

G
A

T
is

n
ot

con
sisten

t
(i.e.,

L
(α
∗)
>
L
∗)

lead
s

to
a

con
tra

d
iction

an
d

h
en

ce
G

A
T

m
u
st

b
e

con
sisten

t.
W

e
start

b
y

com
p
u
tin

g
th

e
p
artial

d
erivative

of
G

at
zero:

∂
G

∂
α
i ∣∣∣α

i =
0

=
(u
i −

v
i )ϕ
′(0

)−
λ
i−

1
+
λ
i

,

w
ere

for
con

ven
ien

ce
λ
0

=
0.

N
ote

th
at

α
∗r−

1
<

0
≤
α
∗r

verifi
es

b
y

d
efi

n
ition

of
p
red

ic-
tion

fu
n
ction

.
H

en
ce,

th
e

in
eq

u
ality

con
strain

ts
are

verifi
ed

w
ith

strict
in

eq
u
ality

an
d

b
y

com
p
lem

en
tary

slack
n
ess

λ
r−

1
=

0.
S
u
p
p

ose
fi
rst

r
<
r ∗.

T
h
en

,
th

e
ad

d
ition

of
all

p
artial

d
erivativ

es
b

etw
een

r
an

d
r ∗

y
ield

s

r ∗
∑i=
r

∂
G

∂
α
i ∣∣∣α

i =
0

=


r ∗
∑i=
r

u
i −

v
i 

ϕ
′(0)

+
λ
r ∗

,

w
h
ich

b
y

L
em

m
a

14
is

strictly
p

ositive.
C

on
sid

er
th

e
con

vex
real-valu

ed
fu

n
ction

of
α
i →

G
(α
∗1 ,...,α

∗r−
1 ,...,α

i ,...),
th

at
is,

th
e

fu
n
ction

G
(α
∗)

restricted
to
α
i ,i≥

r.
S
in

ce
α
∗i ≥

0
for

all
i≥

r
b
y

th
e

d
efi

n
ition

of
p
red

iction
fu

n
ction

,
an

d
k
n
ow

in
g

th
e

su
b

d
iff

eren
tial

of
a

con
vex

fu
n
ction

is
a

m
on

oton
ou

s,
th

is
im

p
lies

th
at
∂
G
/∂
α
i≥
r ≤

0
at
α
i

=
0,

con
trad

iction
.

N
ow

w
e

su
p
p

ose
r
>
r ∗.

T
h
en

,
th

e
ad

d
ition

o
f

all
p
artial

d
erivatives

b
etw

een
r ∗

an
d
r

y
ield

s
r
∑i=
r ∗

∂
G

∂
α
i ∣∣∣α

i =
0

=


r
∑i=
r ∗
u
i −

v
i 

ϕ
′(0)−

λ
r ∗−

1
,

w
h
ich

b
y

L
em

m
a

14
is

strictly
n
eg

ative.
A

s
b

efore,
w

e
co

n
sid

er
th

e
fu

n
ction

th
e

fu
n
c-

tion
G

(α
∗)

restricted
to
α
i ,i≥

r.
B

y
th

e
d
efi

n
ition

of
p
red

iction
fu

n
ction

,
α
∗i<
r
<

0
an

d
so

th
e

fact
th

at
th

e
su

b
d
iff

eren
tial

of
a

real-valu
ed

fu
n
ction

is
m

on
oton

ou
s,

w
e

h
ave

th
at

∂
G
/∂
α
i≥
r ≥

0
at
α
i

=
0,

con
trad

iction
.

4
.
T
h
re
sh

o
ld
-b
a
se
d
d
e
cisio

n
fu
n
ctio

n
s
a
n
d
p
a
ra

m
e
tric

co
n
siste

n
cy

In
th

is
section

w
e

rev
isit

th
e

assu
m

p
tion

th
at

th
e

op
tim

al
d
ecision

fu
n
ction

can
b

e
estim

ated
in

d
ep

en
d
en

tly
at

each
p

oin
t
x
∈
X

.
T

h
is

is
im

p
licitly

assu
m

ed
on

m
ost

con
sisten

cy
stu

d
ies,
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O
n
t
h
e
C
o
n
si
st

e
n
c
y
o
f
O
r
d
in
a
l
R
e
g
r
e
ss
io
n
M
e
t
h
o
d
s

h
ow

ev
er

in
p
ra

ct
ic

e
m

o
d
el

s
of

te
n

en
fo

rc
e

in
te

r-
ob

se
rv

at
io

n
al

co
n
st

ra
in

ts
(e

.g
.

sm
o
ot

h
n
es

s)
.

In
th

e
ca

se
of

or
d
in

al
re

gr
es

si
on

it
is

of
te

n
th

e
ca

se
th

a
t

th
e

d
ec

is
io

n
fu

n
ct

io
n
s

ar
e

of
th

e
fo

rm

f
(x

)
=

(θ
1
−
g
(x

),
θ 2
−
g
(x

),
..
.,
θ k
−
1
−
g
(x

))
,

(2
8)

w
h
er

e
(θ

1
,.
..
,θ
k
−
1
)

is
a

n
on

-d
ec

re
as

in
g

ve
ct

o
r

(i
.e

.,
it

s
co

m
p

on
en

ts
fo

rm
a

n
on

-d
ec

re
as

in
g

se
q
u
en

ce
)

k
n
ow

n
as

th
e

ve
ct

o
r

o
f

th
re

sh
o
ld

s
(h

en
ce

th
e

ap
p

ea
ra

n
ce

of
th

e
n
am

e
th

re
sh

ol
d
s

in
m

an
y

m
o
d
el

s)
an

d
g

is
a

m
ea

su
ra

b
le

fu
n
ct

io
n
.

W
e

w
il
l

ca
ll

d
ec

is
io

n
fu

n
ct

io
n
s

of
th

is
fo

rm
th

re
sh

o
ld

-b
a
se

d
d
ec

is
io

n
fu

n
ct

io
n
s.

A
ll

th
e

ex
a
m

in
ed

m
o
d
el

s
ar

e
of

th
is

fo
rm

w
it

h
th

e
ex

ce
p
ti

on
of

th
e

le
as

t
ab

so
lu

te
d
ev

ia
ti

on
ar

e
co

m
m

on
ly

co
n
st

ra
in

ed
to

th
is

fa
m

il
y

o
f

d
ec

is
io

n
fu

n
ct

io
n
s

(C
h
u

an
d

K
ee

rt
h
i,

20
05

;
R

en
n
ie

an
d

S
re

b
ro

,
20

05
;

L
in

an
d

L
i,

20
06

;
S
h
as

h
u
a

an
d

L
ev

in
,

20
03

).

T
h
e

m
ai

n
is

su
e

w
it

h
su

ch
d
ec

is
io

n
fu

n
ct

io
n
s

is
th

at
si

n
ce

th
e

ve
ct

or
of

th
re

sh
ol

d
s

is
es

ti
m

at
ed

fr
om

th
e

d
at

a,
it

is
n
o

lo
n
ge

r
tr

u
e

th
a
t

th
e

op
ti

m
al

d
ec

is
io

n
fu

n
ct

io
n

ca
n

b
e

es
ti

m
at

ed
in

d
ep

en
d
en

tl
y

at
ea

ch
p

oi
n
t.

T
h
is

im
p
li
es

th
at

th
e

p
oi

n
tw

is
e

ch
ar

ac
te

ri
za

ti
on

of
F

is
h
er

co
n
si

st
en

cy
d
es

cr
ib

ed
in

L
em

m
a

2
d
o
es

n
o

lo
n
ge

r
h
ol

d
w

h
en

re
st

ri
ct

ed
to

th
is

fa
m

il
y

an
d

h
en

ce
th

e
co

n
si

st
en

cy
p
ro

of
s

in
p
re

v
io

u
s

se
ct

io
n
s

n
o

lo
n
ge

r
h
ol

d
.

L
et
F

b
e

th
e

se
t

of
fu

n
ct

io
n
s

of
th

e
fo

rm
of

E
q
.

(2
8)

.
W

e
w

il
l

n
ow

ap
p
ly

th
e

n
ot

io
n

of
F

-c
o
n

si
st

en
cy

or
pa

ra
m

et
ri

c
co

n
si

st
en

cy
of

(S
h
i

et
al

.,
20

15
)

to
th

e
th

re
sh

ol
d
-b

a
se

d
se

tt
in

g.
T

h
is

is
m

er
el

y
th

e
n
ot

io
n

of
F

is
h
er

co
n
si

st
en

cy
w

h
er

e
th

e
d
ec

is
io

n
fu

n
ct

io
n
s

ar
e

re
st

ri
ct

ed
to

a
fa

m
il
y

of
in

te
re

st
:

D
e
fi

n
it

io
n

1
5

(F
-C

o
n
si
st
e
n
c
y

)
G

iv
en

a
su

rr
og

a
te

lo
ss

fu
n

ct
io

n
ψ

:
Y
×
S
→

R
,

w
e

w
il

l
sa

y
th

a
t

th
e

su
rr

og
a
te

lo
ss

fu
n

ct
io

n
ψ

is
F

-c
o
n

si
st

en
t

w
it

h
re

sp
ec

t
to

th
e

lo
ss
`

:
Y
×
S
→
Y

if
fo

r
ev

er
y

p
ro

ba
bi

li
ty

d
is

tr
ib

u
ti

o
n

o
ve

r
X
×
Y

it
is

ve
ri

fi
ed

th
a
t

ev
er

y
m

in
im

iz
er

o
f

th
e

ψ
-r

is
k

re
a
ch

es
th

e
o
p
ti

m
a
l

ri
sk

in
F

,
th

a
t

is
,

f
∗
∈

ar
g

m
in

f
∈F

A
(f

)
=
⇒
L(
f
∗ )

=
in

f
f
∈F
L(
f

)
.

W
e

w
il
l

sh
ow

th
at

b
y

im
p

os
in

g
ad

d
it

io
n
al

co
n
st

ra
in

ts
on

th
e

p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
P

w
e

w
il
l

b
e

ab
le

to
d
er

iv
e
F

-c
on

si
st

en
cy

fo
r

p
ar

ti
cu

la
r

su
rr

og
at

es
.

In
th

e
fo

ll
ow

in
g

th
eo

re
m

w
e

gi
ve

on
e

su
ffi

ci
en

t
co

n
d
it

io
n

fo
r
F

-c
on

si
st

en
cy

of
th

e
lo

gi
st

ic
al

l
th

re
sh

ol
d

an
d

th
e

lo
gi

st
ic

C
L

.
T

h
is

co
n
d
it

io
n

in
vo

lv
es

th
e

o
d
d
s-

ra
ti

o,
d
efi

n
ed

as

R
i(
x

)
=

u
i(
η
(x

))

1
−
u
i(
η
(x

))
,

w
h
er

e
η
(x

)
is

th
e

ve
ct

or
of

co
n
d
it

io
n
al

p
ro

b
ab

il
it

ie
s

d
efi

n
ed

in
S
ec

ti
on

1.
2

an
d
u
i

is
th

e
ve

ct
or

of
co

n
d
it

io
n
al

p
ro

b
ab

il
it

ie
s.

T
h

e
o
re

m
1
6

If
th

e
qu

o
ti

en
t

o
f

su
cc

es
si

ve
R
i

is
in

d
ep

en
d
en

t
o
f
x

fo
r

a
ll

0
<
i
<
k
−

1,
th

a
t

is
,

if
R
i(
x

)

R
i+

1
(x

)
=
a
i
∀x
∈
X

,

fo
r

so
m

e
re

a
l

n
u

m
be

r
a
i,

th
en

th
e

lo
gi

st
ic

a
ll

th
re

sh
o
ld

a
n

d
th

e
lo

gi
st

ic
C

L
a
re
F

-c
o
n

si
st

en
t.
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P
e
d
r
e
g
o
sa

,
B
a
c
h
a
n
d

G
r
a
m
f
o
r
t

P
ro

o
f

It
w

il
l

b
e

su
ffi

ci
en

t
to

p
ro

v
e

th
at

u
n
d
er

th
e

co
n
st

ra
in

ts
o
n
P

,
th

e
op

ti
m

a
l

d
ec

is
io

n
fu

n
ct

io
n

fo
r

th
e

u
n
co

n
st

ra
in

ed
p
ro

b
le

m
b

el
on

gs
to
F

.
In

S
ec

ti
on

3.
1

w
e

d
er

iv
ed

th
e

o
p
ti

m
al

d
ec

is
io

n
fu

n
ct

io
n

fo
r

th
e

lo
gi

st
ic

al
l

th
re

sh
o
ld

an
d

th
e

lo
gi

st
ic

C
L

.
H

en
ce

,
w

e
ca

n
w

ri
te

α
∗ i(
η
(x

))
−
α
∗ i+

1
(η

(x
))

=
lo

g

(
u
i(
η
(x

))

1
−
u
i(
η
(x

))

)
−

lo
g

(
u
i+

1
(η

(x
))

1
−
u
i+

1
(η

(x
))

)
=

lo
g

(
R
i(
x

)

R
i+

1
(x

))
.

It
is

cl
ea

r
th

at
α

is
a

th
re

sh
ol

d
-b

as
ed

d
ec

is
io

n
fu

n
ct

io
n

of
th

e
fo

rm
E

q
.

(2
8
)

if
a
n
d

o
n
ly

if
α
i
−
α
i+

1
d
o
es

n
ot

d
ep

en
d

on
x
∈
X

.
G

iv
en

th
e

ab
ov

e,
w

e
ca

n
gu

ar
an

te
e

th
a
t

th
e

o
p
ti

m
a
l

α
b

el
on

gs
to
F

if
th

e
la

st
te

rm
is

in
d
ep

en
d
en

t
of
x

.
O

n
e

ca
n

th
en

ea
si

ly
re

co
g
n
iz

e
th

e
q
u
ot

ie
n
t

of
o
d
d
s-

ra
ti

o
of

th
e

th
eo

re
m

’s
co

n
d
it

io
n
s

an
d

co
n
cl

u
d
e

th
at
α
∗ i(
η
(x

))
−
α
∗ i+

1
(η

(x
))

is
in

d
ep

en
d
en

t
of
x

.
T

h
is

co
n
cl

u
d
es

th
e

p
ro

of
.

T
h
is

su
ffi

ci
en

t
co

n
d
it

io
n

is
ad

m
it

te
d
ly

a
ve

ry
st

ri
n
ge

n
t

on
e

on
th

e
p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

o
n

P
.

U
n
fo

rt
u
n
at

el
y,

a
d
ee

p
er

u
n
d
er

st
an

d
in

g
of
F

-c
on

si
st

en
cy

,
w

h
il
e

an
in

te
re

st
in

g
fu

tu
re

d
ir

ec
ti

on
,

is
ou

ts
id

e
th

e
sc

op
e

of
th

e
cu

rr
en

t
p
ap

er
.

5
.
E
x
p
e
ri
m
e
n
ts
:
A

n
o
v
e
l
su

rr
o
g
a
te

fo
r
th

e
sq

u
a
re
d
e
rr
o
r

W
h
il
e

th
e

fo
cu

s
of

th
is

w
or

k
is

a
th

eo
re

ti
ca

l
in

v
es

ti
ga

ti
on

of
co

n
si

st
en

cy
,

w
e

h
av

e
a
ls

o
co

n
d
u
ct

ed
ex

p
er

im
en

ts
to

st
u
d
y

a
n
ov

el
su

rr
og

at
e

su
gg

es
te

d
b
y

th
e

re
su

lt
s

of
th

e
la

st
se

ct
io

n
.

T
h
er

e,
w

e
co

n
st

ru
ct

ed
a

su
rr

og
at

e
th

at
is

co
n
si

st
en

t
w

it
h

an
y

lo
ss

fu
n
ct

io
n

th
a
t

ve
ri

fi
es

an
ad

m
is

si
b
le

cr
it

er
io

n
.

In
p
ar

ti
cu

la
r,

T
h
eo

re
m

13
ap

p
li
ed

to
th

e
sq

u
ar

ed
lo

ss
y
ie

ld
s

th
e

fo
ll
ow

in
g

co
n
si

st
en

t
su

rr
og

at
e:

ψ
(y
,α

)
=

y
−
1

∑ i=
1

ϕ
(−
α
i)

(2
(y
−
i)
−

1)
+
k
−
1

∑ i=
y

ϕ
(α

i)
(2

(i
−
y
)

+
1)

.

In
p
ri

n
ci

p
le

,
an

y
b
in

ar
y

lo
ss

fu
n
ct

io
n

ca
n

b
e

u
se

d
fo

r
ϕ

,
al

th
ou

gh
in

th
e

ex
p

er
im

en
ts

w
e

se
t

it
to

th
e

h
in

ge
lo

ss
fu

n
ct

io
n
.

T
o

th
e

b
es

t
of

ou
r

k
n
ow

le
d
ge

,
th

is
is

a
n
ov

el
su

rr
o
g
a
te

.
W

e
co

m
p
ar

e
th

e
cr

os
s-

va
li
d
at

io
n

er
ro

r
of

th
is

su
rr

og
at

e
on

d
iff

er
en

t
d
at

as
et

s
ag

a
in

st
th

e
le

a
st

sq
u
ar

es
su

rr
og

at
e

(f
or

w
h
ic

h
w

e
p
ro

v
ed

co
n
si

st
en

cy
in
§3

.2
)

w
h
er

e
β
∈
R

a
n
d

p
re

d
ic

ti
o
n

is
gi

ve
n

b
y

ro
u
n
d
in

g
to

th
e

cl
os

es
t

in
te

ge
r.

In
b

ot
h

ca
se

s,
w

e
co

n
si

d
er

li
n
ea

r
d
ec

is
io

n
fu

n
ct

io
n
s,

i.
e.

α
=

(θ
1
−
〈w
,x
〉,
..
.,
θ k
−
1
−
〈w
,x
〉)

an
d

β
=
〈w
,x
〉

.

In
ea

ch
ca

se
,

th
e

op
ti

m
al

va
lu

es
of
w
,θ

w
er

e
fo

u
n
d

b
y

m
in

im
iz

in
g

th
e

em
p
ir

ic
a
l

su
rr

o
g
a
te

ri
sk

.
F

or
th

e
tr

ai
n
in

g
sa

m
p
le
{(
x
1
,y

1
),
..
.,

(x
n
,y
n
)}

,
x
i
∈

R
p
,

it
y
ie

ld
in

g
th

e
fo

ll
ow

in
g

op
ti

m
iz

at
io

n
p
ro

b
le

m
s

fo
r

G
A

T
an

d
le

as
t

sq
u
ar

es
,

re
sp

ec
ti

ve
ly

:

ar
g

m
in

θ
∈S

,w
∈R

p

n ∑ i=
1

  

y
i
−
1

∑ j=
1

ϕ
(〈
w
,x

i〉
−
θ j

)(
2(
y
−
j)
−

1)
+

k
−
1

∑ j=
y
i

ϕ
(θ
j
−
〈w
,x

i〉)
(2

(j
−
y
)

+
1
)  

ar
g

m
in

w
∈R

p

n ∑ i=
1

(y
i
−
〈w
,x

i〉)
2

3
0
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O
n
t
h
e
C
o
n
sist

e
n
c
y
o
f
O
r
d
in
a
l
R
e
g
r
e
ssio

n
M
e
t
h
o
d
s

T
h
e

d
iff

eren
t

d
atasets

th
at

w
e

w
ill

con
sid

er
are

d
escrib

ed
in

(C
h
u

an
d

K
eerth

i,
2005

)
an

d
ca

n
b

e
d
ow

n
lo

a
d

from
th

e
au

th
ors

w
eb

site
4.

W
e

d
isp

lay
resu

lts
for

th
e

9
d
atasets

of
S
E

T
I

u
sin

g
th

e
version

of
th

e
d
atasets

w
ith

5
b
in

s,
alth

o
u
gh

sim
ilar

resu
lts

w
ere

ob
served

w
h
en

u
sin

g
th

e
d
a
ta

sets
w

ith
10

b
in

s.
G

iven
th

e
sm

all
d
im

en
sion

ality
of

th
e

d
atasets

(b
etw

een
6

a
n
d

6
0
)

an
d

th
e

com
p
aratively

h
igh

n
u
m

b
er

of
sam

p
les

(b
etw

een
185

an
d

4000),
w

e
d
id

n
o
t

co
n
sid

er
th

e
u
se

of
regu

larization
.

P
erfo

rm
a
n
ce

is
com

p
u
ted

as
th

e
sq

u
ared

error
on

left
ou

t
d
ata,

averaged
over

20
fold

s.
W

e
rep

o
rt

th
is

p
erform

an
ce

in
F

igu
re

2,
w

h
ere

it
can

b
e

seen
th

at
th

e
G

A
T

su
rrogate

o
u
tp

erform
s

L
S

on
7

ou
t

of
9

d
atasets,

alth
ou

gh
ad

m
itted

ly
th

e
d
iff

eren
ce

is
sm

all
an

d
on

ly
sta

tistica
lly

sig
n
ifi

can
t

on
3

d
atasets.

H
ow

ever,
th

is
sh

ow
s

th
at

p
rev

iou
s

th
eoretical

resu
lts

ca
n

b
e

u
sed

to
gen

erate
con

sisten
t

su
rrogates

th
at

are
com

p
etitive

in
a

p
ractical

scen
ario.

*
*

*

F
ig

u
re

2:
S
co

res
of

th
e

gen
eralized

all
th

resh
old

(G
A

T
)

an
d

least
sq

u
ares

(L
S
)

su
rro

gate
on

6
d
iff

eren
t

d
atasets.

T
h
e

scores
are

com
p
u
ted

as
th

e
sq

u
ared

error
b

etw
een

th
e

p
re-

d
ictio

n
an

d
th

e
tru

e
lab

els
on

left
ou

t
d
ata,

av
eraged

over
20

cro
ss-valid

ation
fold

s.
O

n
7

ou
t

of
9

d
atasets

all
th

e
G

A
T

su
rrogate

ou
tp

erform
s

th
e

least
sq

u
ares

esti-
m

ato
r,

sh
ow

in
g

th
at

th
is

su
rrogate

y
ield

s
a

h
igh

ly
com

p
etitive

m
o
d
el.

D
atasets

fo
r

w
h
ich

a
W

ilcox
on

sign
ed

-ran
k

test
rejected

th
e

n
u
ll

h
y
p

o
th

esis
th

at
th

e
m

ean
s

a
re

eq
u
al

w
ith

p
-valu

e
<

0
.01

are
h
igh

ligh
ted

b
y

a
∗

sy
m

b
ol

over
th

e
b
ars.

4
.
h
t
t
p
:
/
/
w
w
w
.
g
a
t
s
b
y
.
u
c
l
.
a
c
.
u
k
/
~
c
h
u
w
e
i
/
o
r
d
i
n
a
l
r
e
g
r
e
s
s
i
o
n
.
h
t
m
l
.

3
1
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P
e
d
r
e
g
o
sa

,
B
a
c
h
a
n
d

G
r
a
m
f
o
r
t

6
.
C
o
n
clu

sio
n
s

In
th

is
p
ap

er
w

e
h
ave

ch
aracterized

th
e

con
sisten

cy
for

a
rich

fa
m

ily
of

su
rrogate

loss
fu

n
ction

s
u
sed

for
ord

in
al

regression
.

O
u
r

aim
is

to
b
rid

ge
th

e
gap

b
etw

een
th

e
con

sisten
cy

p
rop

erties
k
n
ow

n
for

classifi
cation

an
d

ran
k
in

g
an

d
th

ose
k
n
ow

n
for

ord
in

al
regression

.

W
e

h
ave

fi
rst

d
escrib

ed
a

w
id

e
fam

ily
of

ord
in

al
regression

m
eth

o
d
s

u
n
d
er

th
e

sam
e

fram
ew

ork
.

T
h
e

su
rrogates

of
th

e
ab

solu
te

error
th

at
w

e
h
ave

con
sid

ered
are

th
e

all
th

resh
-

old
(A

T
),

cu
m

u
lative

lin
k

(C
L

),
an

d
least

ab
solu

te
d
ev

iation
(L

A
D

),
w

h
ile

th
e

su
rrogate

for
th

e
0-1

loss
is

th
e

im
m

ed
iate

th
resh

old
(IT

).

F
or

all
th

e
su

rrogates
con

sid
ered

,
w

e
h
ave

ch
aracterized

its
con

sisten
cy.

F
or

A
T

an
d

IT
,

con
sisten

cy
w

as
ch

aracterized
b
y

th
e

d
erivativ

e
of

a
real-valu

ed
con

vex
fu

n
ction

at
zero

(T
h
eorem

s
5

an
d

12
resp

ectively
).

F
or

C
L

,
con

sisten
cy

w
as

ch
aracterized

b
y

a
sim

-
p
le

con
d
ition

on
its

lin
k

fu
n
ction

(T
h
eorem

7)
a
n
d

fo
r

L
A

D
w

e
h
ave

ex
ten

d
ed

th
e

p
ro

of
of

R
am

asw
am

y
an

d
A

garw
al

(2012)
to

an
arb

itrary
n
u
m

b
er

of
classes

(T
h
eorem

5).
F

u
rth

er-
m

ore,
w

e
h
ave

p
roven

th
at

A
T

verifi
es

a
d
ecom

p
osab

ility
p
rop

erty
an

d
u
sin

g
th

is
p
rop

erty
w

e
h
av

e
p
rov

id
ed

ex
cess

risk
b

ou
n
d
s

th
at

gen
eralize

th
o
se

of
B

artlett
et

al.
(2003)

for
b
in

ary
classifi

cation
(T

h
eorem

6).

T
h
e

d
erivation

w
e

h
av

e
given

w
h
en

in
tro

d
u
cin

g
IT

an
d

A
T

are
id

en
tical

ex
cep

t
for

th
e

u
n
d
erly

in
g

loss
fu

n
ction

.
T

h
is

su
ggest

th
at

b
oth

can
b

e
seen

as
sp

ecial
cases

o
f

a
m

ore
gen

eral
fam

ily
of

su
rrogates.

In
S
ectio

n
3.4

w
e

h
ave

con
stru

cted
su

ch
su

rroga
te

an
d

ch
ara

c-
terized

its
con

sisten
cy

w
ith

resp
ect

to
a

gen
eral

loss
fu

n
ction

th
at

verifi
es

an
ad

m
issib

ility
con

d
ition

.
A

gain
,

th
e

ch
aracterization

on
ly

relies
on

th
e

d
erivative

at
zero

of
a

con
vex

real-valu
ed

fu
n
ctio

n
.

W
e

n
am

ed
th

is
su

rroga
te

gen
eralized

all
th

resh
o
ld

(G
A

T
).

In
S
ection

4
w

e
h
ave

tu
rn

ed
b
ack

to
ex

am
in

e
on

e
of

th
e

assu
m

p
tion

s
d
escrib

ed
in

th
e

in
tro

d
u
ction

an
d

th
at

is
com

m
on

to
th

e
vast

m
a
jority

of
con

sisten
cy

stu
d
ies,

i.e.,
th

at
th

e
op

tim
al

d
ecision

fu
n
ction

can
b

e
estim

ated
in

d
ep

en
d
en

tly
a
t

every
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p
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p
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d
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b
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p
ro

x
im

at
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p
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h
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p
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p
ro

x
im

at
es

th
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b
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d
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d
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d
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at
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d
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h
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p
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b
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p
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b
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d
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h
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p
ar

am
et

er
s.

T
h
is

ap
p
ro

a
ch

m
a
ke

s
it

p
os

si
b
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p
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b
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d
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b
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b
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b
il
it

y
w

it
h

th
at

of
a

fl
ip

p
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n
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at
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b
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p
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d
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d
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p
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at
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d
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d
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d
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.
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p
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p
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at
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b
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b
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b
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b
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p
ro

p
os

ed
es

ti
m

at
or

is
d
er

iv
ed

fr
o
m

m
in

im
iz

at
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b
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b
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p
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h
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e

d
iv

er
ge

n
ce

is
ze

ro
if

an
d

on
ly

if
tw

o
p

os
it

iv
e

m
ea

su
re

s
ar

e
eq

u
al

.
O

n
th
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h
er

h
an

d
,

th
e

h
om

og
en

eo
u
s

d
iv

er
ge

n
ce

fo
ll
ow

s
a

w
ea

k
co

in
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d
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p
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p
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p
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m
al

iz
at

io
n

co
n
st

an
t,

an
d

th
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p
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e
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m
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p
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d
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d
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b
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p
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b
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c
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m
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d
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p
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d
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p
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c
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c
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p
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u
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d
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p
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p
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b
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p
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p
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b
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u
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b
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b
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d
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e
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m
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p
rob

ab
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∞
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∈
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b
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p
rob

ab
ilistic

m
o
d
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)
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X
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a
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w
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=
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w
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n
m
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q
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)
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u
n
n
orm
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m

o
d
el

in
M

a
n
d
Z
θ

=
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θ 〉
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e
n
orm

alization
con

stan
t.

T
h
e
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=
∑
x∈X

q
θ
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)
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1
d
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n
o
t
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h
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u
n
n
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m

o
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d
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e
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t
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θ
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u
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u
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u
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f
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w
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a
ssu
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m

o
d
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)
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b
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q
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)
=

ex
p
(ψ
θ
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w
h
ere

ψ
θ
(x

)
is

a
fu

n
ction

on
X

w
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th
e

p
aram
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.

R
e
m
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rk

1
B
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settin

g
ψ
θ
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s
ψ
θ
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Z
θ
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e

n
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a
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el
(1)
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n
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s

(2
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K
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n
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E
x
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p
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1
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sim
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p
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∈
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E
x
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p
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2
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r
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e
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∈
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fu
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n
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x
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!
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d
s
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a
n

u
n

n
o
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a
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el
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r
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e
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n
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istribu
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n
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n
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w
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m
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n
e
θ.

E
x
a
m

p
le

3
U
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g

a
fu

n
ctio

n
ψ
θ
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=

(x
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1 x

2 ,...,x
d−

1 x
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1 x
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3 ,...)θ
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w
h
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m
o
n

o
m
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o
f

d
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u
p
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k

a
p
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w

e
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n
d
efi

n
e

a
k
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o
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er
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d
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=
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∑
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c
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p
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d
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-
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.
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d
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∂
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∂
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at
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re
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at
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d
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p
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e
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d
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d
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n
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v
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p
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p
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p
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〉
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<
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d
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∈
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=
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h
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<
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→
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d
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p
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d
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p
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.
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p
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at
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p
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d
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b
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p
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p
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p
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e
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p
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f

α
is

n
eg

at
iv

e
an

d
th

e
em

p
ir

ic
al

d
is

tr
ib

u
ti

on
p̃
(x

)
is

ze
ro

at
so

m
e

p
oi

n
ts

.
H

ow
ev

er
,

w
e

ca
n

fo
rm

al
ly

em
p
lo

y
th

e
tr

ic
k

of
em

p
ir

ic
al

lo
ca

li
za

ti
on

(8
)

in
su

ch
ca

se
s

b
y

ig
n
o
ri

n
g

a
d
o
m

a
in

of
u
n
ob

se
rv

ed
p

oi
n
ts

.
T

h
u
s,

in
th

e
fo

ll
ow

in
g,

w
e

as
su

m
e

th
at
α

is
a

n
on

-z
er

o
re

a
l

n
u
m

b
er

.

R
e
m

a
rk

2
T

h
e

su
m

m
a
ti

o
n

in
(8

)
is

d
efi

n
ed

o
n
Z

a
n

d
is

th
en

co
m

p
u

ta
bl

e
ev

en
w

h
en

α
<

0
.

A
ls

o
th

e
su

m
m

a
ti

o
n

in
cl

u
d
es

o
n

ly
Z

(≤
n

)
te

rm
s,

a
n

d
it

s
co

m
p
u

ta
ti

o
n

a
l

co
st

is
O

(n
).

In
ad

d
it

io
n
,

fo
r

co
n
ve

n
ie

n
ce

of
n
ot

at
io

n
s,

w
e

d
efi

n
e

an
e-

m
ix

tu
re

m
o
d
el
r α
,θ

(r̃
α
,θ

)
of

th
e

u
n
n
or

m
al

iz
ed

m
o
d
el

(2
)

an
d
p

(p̃
)

w
it

h
ra

ti
o
α
∈

R
,

as
fo

ll
ow

s
(A

m
ar

i
a
n
d

N
a
g
a
o
ka

,
20

00
).

r α
,θ

(x
)

=
p
(x

)α
q θ

(x
)1
−
α

〈 p
α
q1
−
α

θ

〉
,
r̃ α
,θ

(x
)

=
p̃
(x

)α
q θ

(x
)1
−
α

〈 p̃
α
q1
−
α

θ

〉
.

N
ot

e
th

at
r̃ α
,θ

is
a

n
or

m
al

iz
ed

v
er

si
on

of
th

e
em

p
ir

ic
al

lo
ca

li
za

ti
on

(7
).

If
p

o
r
q

ta
ke

s
ze

ro
,

th
e

p
ar

am
et

er
α

is
p
ro

p
er

ly
re

st
ri

ct
ed

.
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S
t
a
t
ist

ic
a
l
In

f
e
r
e
n
c
e
w
it
h
H
o
m
o
g
e
n
e
o
u
s
D
iv
e
r
g
e
n
c
e

R
e
m

a
rk

3
W

e
o
bserve

th
a
t
r

0
,θ

(x
)

=
r̃

0
,θ

(x
)

=
q̄
θ
(x

),
r

1
,θ

(x
)

=
p
(x

),
r̃

1
,θ

(x
)

=
p̃
(x

).
A

lso
,

if
p
(x

)
=
q̄
θ

0 (x
),
r
α
,θ

0 (x
)

=
q̄
θ

0 (x
)

h
o
ld

s
fo

r
a
n

a
rbitra

ry
α

.

T
o

u
se

th
e

trick
of

em
p
iricallo

calization
,
w

e
d
efi

n
e

th
e

loca
lized

P
S

-d
ivergen

ce
S
α
,α
′,γ (p

,q)
fo

r
th

e
p
ro

b
a
b
ility

d
istrib

u
tion

p
∈
P

an
d

th
e

u
n
n
orm

alized
m

o
d
el
q
∈
M

b
y

con
sid

erin
g

th
e

h
o
m

o
g
en

eo
u
s

d
ivergen

ce
b

etw
een

f
=

(p
α
q

1−
α
)

1
1
+
γ

an
d
g

=
(p
α
′q

1−
α
′)

1
1
+
γ

w
h
ere

α
,α
′

a
re

tw
o

d
istin

ct
real

n
u
m

b
ers:

S
α
,α
′,γ (p

,q)
=
D
γ ((p

α
q

1−
α
)
1
/
(1

+
γ

),(p
α
′q

1−
α
′)

1
/
(1

+
γ

))

=
sgn

(γ
) {

1

1
+
γ

log 〈p
α
q

1−
α 〉

+
γ

1
+
γ

log〈p
α
′q

1−
α
′〉−

log 〈p
ᾱ
q

1−
ᾱ 〉 }

,
(9)

w
h
ere

ᾱ
=

(α
+
γ
α
′)/

(1
+
γ

).
N

ote
th

at
th

e
lo

calized
P

S
-d

ivergen
ce

van
ish

es
if

an
d

on
ly

if
p
α
q

1−
α
∝
p
α
′q

1−
α
′,

i.e.,
q∝

p
.

S
u
b
stitu

tin
g

th
e

em
p
irical

d
istrib

u
tion

p̃
in

to
p
,

th
e

total
su

m
overX

is
rep

laced
w

ith
a

varian
t

of
th

e
em

p
irical

m
ean

(8)
on
Z

.
S
in

ce
S
α
,α
′,γ (p

,q)
=
S
α
′,α
,1
/
γ (p

,q)
h
old

s,
w

e
can

assu
m

e
α
>
α
′.

A
lso

w
e

ob
serve

th
at

fo
r
γ
<
−

1

S
α
,α
′,γ (p

,q)
=

γ

1
+
γ
S
α
,
α

+
γ
α
′

1
+
γ
,−

1−
γ (p

,q),

a
n
d

fo
r−

1
<
γ
<

0

S
α
,α
′,γ (p

,q)
=

1

1
+
γ
S
α
′,
α

+
γ
α
′

1
+
γ
,−
γ (p

,q),

resp
ectively.

H
en

ce,
w

e
can

assu
m

e
γ
>

0
w

ith
ou

t
loss

o
f

g
en

erality.
In

su
m

m
ary,

th
e

co
n
d
itio

n
s

o
f

th
e

real
p
aram

eters
α
,α
′,γ

in
S
α
,α
′,γ

are
giv

en
b
y

0
<
γ
,
α
>
α
′,
α
6=

0,
α
′6=

0,
α

+
γ
α
′6=

0,

w
h
ere

th
e

la
st

con
d
ition

im
p
lies

ᾱ
6=

0.
L

et
u
s

co
n
sid

er
an

oth
er

asp
ect

of
th

e
com

p
u
tation

al
issu

e
of

th
e

lo
calized

P
S
-d

ivergen
ce

(9
).

F
o
r

th
e

p
ro

b
ab

ility
d
istrib

u
tion

p
an

d
th

e
u
n
n
orm

alized
ex

p
on

en
tial

m
o
d
el
q
θ
,

w
e

sh
ow

th
at

th
e

lo
ca

lized
P

S
-d

iv
ergen

ce
S
α
,α
′,γ (p

,q
θ
)

is
con

v
ex

in
θ

w
h
en

th
e

p
ara

m
eters

α
,α
′

an
d

γ
a
re

p
ro

p
erly

ch
osen

.

T
h

e
o
re

m
4

L
et
p
∈
P

be
a
n

y
p
ro

ba
bility

d
istribu

tio
n

a
n

d
q
θ

be
th

e
u

n
n

o
rm

a
lized

expo
-

n
en

tia
l

m
od

el
q
θ
(x

)
=

ex
p (θ

T
φ

(x
) ),

w
h
ere

φ
(x

)
is

a
vecto

r-va
lu

ed
fu

n
ctio

n
co

rrespo
n

d
in

g
to

th
e

su
ffi

cien
t

sta
tistic

in
th

e
(n

o
rm

a
lized

)
expo

n
en

tia
l

m
od

el
q̄
θ
.

W
h
en

α
,α
′

a
n

d
γ

sa
t-

isfy
ᾱ

=
(α

+
γ
α
′)/(1

+
γ

)
=

1,
th

e
loca

lized
P

S
-d

ivergen
ce
S
α
,α
′,γ (p

,q
θ
)

is
co

n
vex

in
θ

.
O

th
erw

ise,
th

ere
exist

p
a
n

d
φ

(x
)

su
ch

th
a
t
S
α
,α
′,γ (p

,q
θ
)

is
n

o
t

co
n

vex
in
θ

.

T
h
e

p
ro

of
o
f

T
h
eorem

4
is

fou
n
d

in
A

p
p

en
d
ix

A
.

W
h
en

th
e

valu
e

of
α

is
n
egative

an
d

th
e

p
rob

ab
ility

p
van

ish
es

at
som

e
p

oin
ts,

th
e

total
su

m
〈p
α
q

1−
α 〉

is
n
ot

form
ally

d
efi

n
ed

.
W

e
can

avo
id

su
ch

a
situ

ation
b
y

settin
g

b
oth

α
a
n
d
α′

to
p

ositive
valu

es
an

d
ob

serv
e

th
e

follow
in

g
p
rop

osition
in

d
icatin

g
th

at
th

e
resu

lt
in

T
h
eo

rem
4

h
o
ld

s
even

if
b

oth
α

an
d
α
′

are
assu

m
ed

to
b

e
p

ositive.

P
ro

p
o
sitio

n
5

E
ven

th
o
u

gh
α

a
n

d
α
′

in
T

h
eo

rem
4

a
re

bo
th

restricted
to

po
sitive

n
u

m
bers,

w
e

n
eed

ᾱ
=

1
to

gu
a
ra

n
tee

th
e

co
n

vexity
o
f

th
e

loca
lized

P
S

-d
ivergen

ce
S
α
,α
′,γ (p

,q
θ
)

in
θ

fo
r

a
n

y
p

a
n

d
a
n

y
φ

(x
).
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T
a
k
e
n
o
u
c
h
i
a
n
d

K
a
n
a
m
o
r
i

T
h
e

p
ro

of
is

fou
n
d

in
A

p
p

en
d
ix

B
.

T
h
e

lo
calized

P
S
-d

ivergen
ce

w
ith

ᾱ
=

1
ch

aracterized
b
y

T
h
eorem

4
is

d
en

oted
as

S
α
,α
′(p
,q)

w
h
ere

S
α
,α
′(p
,q)

=
1−

α
′

α
−
α
′
log 〈p

α
q

1−
α 〉

+
α
−

1

α
−
α
′
lo

g〈p
α
′q

1−
α
′〉.

(10)

for
α
>

1
>
α
′6=

0.
T

h
e

p
aram

eter
α
′

can
b

e
n
egative

if
th

e
p
rob

ab
ility

fu
n
ction

p
d
o
es

n
ot

tak
e

zero
on
X

.
C

learly,
S
α
,α
′(p
,q)

satisfi
es

th
e

h
om

ogen
eity

an
d

th
e

w
eak

coin
cid

en
ce

ax
iom

as
w

ell
as
S
α
,α
′,γ (p

,q).

T
h
e

gen
eralized

H
öld

er’s
in

eq
u
ality

ad
m

its
an

ex
ten

sion
of

th
e

lo
calized

P
S
-d

ivergen
ce.

F
or
f

1 ,...,f
L
∈
M

,
th

e
gen

eralized
H

öld
er’s

in
eq

u
ality

〈
L
∏`=

1

f
δ
`
`

〉
≤

L
∏`=

1 〈f
` 〉
δ
`

(11)

h
old

s,
w

h
ere

δ
1 ,...,δ

L
satisfy

0
<
δ
`

an
d
∑

`
δ
`

=
1.

T
h
e

in
eq

u
ality

b
ecom

es
an

eq
u
ality

if
an

d
on

ly
if

all
f

1 ,...,f
L

are
p
rop

ortion
al

to
a

n
on

-n
eg

ative
fu

n
ction

g
∈
M

.
F

o
r

th
e

sake
of

com
p
leten

ess,
th

e
p
ro

of
of

th
e

gen
eralized

H
öld

er’s
in

eq
u
ality

is
sh

ow
n

in
A

p
p

en
d
ix

C
.

S
u
b
stitu

tin
g
p
α
`q

1−
α
`

in
to
f
`

of
th

e
gen

eralized
H

öld
er’s

in
eq

u
ality,

w
e

ob
tain

an
ex

ten
-

sion
of

th
e

lo
calized

P
S
-d

ivergen
ce

d
efi

n
ed

as

S
α
,δ (p

,q)
=

L
∑`=

1

δ
`
log 〈p

α
`q

1−
α
` 〉−

log 〈p
ᾱ
q

1−
ᾱ 〉

(12)

w
ith

ᾱ
=
∑

`
α
` δ
` .

T
h
eorem

4
can

b
e

ex
ten

d
ed

for
S
α
,δ (p

,q).
W

e
om

it
th

e
p
ro

of
sin

ce
it

is
straigh

tforw
ard

.

4
.
E
stim

a
tio

n
w
ith

L
o
ca

lize
d
P
se
u
d
o
-S
p
h
e
rica

l
D
iv
e
rg

e
n
ce

s

G
iven

th
e

em
p
irical

d
istrib

u
tion

p̃
an

d
th

e
u
n
n
orm

alized
m

o
d
el
q
θ
,

w
e

d
efi

n
e

a
n
ovel

esti-
m

ator
θ̂

w
ith

th
e

lo
calized

P
S
-d

ivergen
ce
S
α
,α
′,γ

or
S
α
,α
′:

θ̂
=

argm
in

θ
S
α
,α
′,γ (p̃

,q
θ
)

(13)

=
argm

in
θ

{
1

1
+
γ

log
∑x∈Z

(
n
xn

)
α
q
θ
(x

)
1−
α

+
γ

1
+
γ

log
∑x∈Z

(
n
xn

)
α
′q
θ
(x

)
1−
α
′

−
log
∑x∈Z

(
n
xn

)
ᾱ
q
θ
(x

)
1−
ᾱ }
.

T
h
ou

gh
th

e
lo

calized
P

S
-d

ivergen
ce

p
lu

gged
-in

th
e

em
p
irical

d
istrib

u
tion

is
n
o
t

w
ell-d

efi
n
ed

w
h
en

α
′
<

0
an

d
p̃
(x

)
=

0,
w

e
can

form
ally

d
efi

n
e

th
e

estim
ator

b
y

restrictin
g

th
e

d
om

ain
X

to
th

e
ob

served
set

of
ex

am
p
lesZ

,
ev

en
for

su
ch

th
e

case,
as

sh
ow

n
in

R
em

ark
2.

P
ro

p
o
sitio

n
6

F
o
r

th
e

u
n

n
o
rm

a
lized

m
od

el
(2),

th
e

estim
a

to
r

(13)
is

F
ish

er
co

n
sisten

t.
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S
t
a
t
is
t
ic
a
l
In

f
e
r
e
n
c
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w
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h
H
o
m
o
g
e
n
e
o
u
s
D
iv
e
r
g
e
n
c
e

P
ro

o
f

W
e

ob
se

rv
e ∂ ∂
θ
S
α
,α
′ ,
γ
(q̄
θ

0
,q
θ
)∣ ∣ ∣ ∣ θ

=
θ

0

=

( ᾱ
−
α

+
γ
α
′

1
+
γ

)
〈 q̄
θ

0
ψ
′ θ 0
〉 =

0

im
p
ly

in
g

th
e

F
is

h
er

co
n
si

st
en

cy
of
θ̂

.

E
x
a
m

p
le

6
F

o
r

th
e

B
er

n
o
u

ll
i

d
is

tr
ib

u
ti

o
n

o
n
X

=
{+

1,
−

1
},

th
e

es
ti

m
a
to

r
(1

3)
is

eq
u

iv
-

a
le

n
t

to
th

e
M

L
E

,
i.

e.
,

1 2
lo

g
n

+
1

n
−

1
.

T
h

e
o
re

m
7

L
et
q θ

(x
)

be
th

e
u

n
n

o
rm

a
li

ze
d

m
od

el
(2

),
a
n

d
θ

0
be

th
e

tr
u

e
pa

ra
m

et
er

o
f

th
e

u
n

d
er

ly
in

g
d
is

tr
ib

u
ti

o
n
p
(x

)
=
q̄ θ

0
(x

).
T

h
en

,
th

e
a
sy

m
p
to

ti
c

d
is

tr
ib

u
ti

o
n

o
f

th
e

es
ti

m
a
to

r
(1

3)
is

th
e

n
o
rm

a
l

d
is

tr
ib

u
ti

o
n

gi
ve

n
a
s

√
n

(θ̂
−
θ

0
)
∼
N

(0
,I

(θ
0
)−

1
),

w
h
er

e
I
(θ

0
)

is
th

e
F

is
h
er

in
fo

rm
a
ti

o
n

m
a
tr

ix
o
f

th
e

n
o
rm

a
li

ze
d

m
od

el
q̄ θ

0
(x

).

T
h
e

p
ro

of
is

sh
ow

n
in

A
p
p

en
d
ix

D
.

T
h
e

es
ti

m
at

or
d
efi

n
ed

fr
om

th
e

ge
n
er

al
lo

ca
li
ze

d
P

S
-

d
iv

er
ge

n
ce
S
α
,δ

(p̃
,q
θ
)

d
efi

n
ed

b
y

(1
2)

h
as

th
e

sa
m

e
as

y
m

p
to

ti
c

p
ro

p
er

ty
.

R
e
m

a
rk

8
T

h
e

a
sy

m
p
to

ti
c

d
is

tr
ib

u
ti

o
n

o
f

(1
3)

is
eq

u
a
l

to
th

a
t

o
f

th
e

M
L

E
,

a
n

d
it

s
va

ri
a
n

ce
d
oe

s
n

o
t

d
ep

en
d

o
n
α
,α
′ ,
γ

.

R
e
m

a
rk

9
A

s
sh

o
w

n
in

R
em

a
rk

1
,

th
e

n
o
rm

a
li

ze
d

m
od

el
(1

)
is

a
sp

ec
ia

l
ca

se
o
f

th
e

u
n

-
n

o
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re
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p
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∂
L

(θ
)

∂
θ

∣ ∣ ∣ ∣ θ
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d
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−
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−
α
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.
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b
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∂
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an
aly

sis
w

ou
ld

n
ot

b
e

relevan
t

in
th
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(c)
sh

ow
s

m
ed

ian
of

com
p
u
tation

al
tim

e
of

each
m

eth
o
d

again
st
n

.
B

o
th
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e

p
rop

osed
estim

a
to

r
a
n
d

th
e

ratio
m

atch
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m

eth
o
d
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e
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L

E
.
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th
e

ra
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m
a
tch
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g

m
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o
d
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faster
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e

p
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estim
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e
R
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S
E
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e
p
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of
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e
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m

atch
in
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o
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m
e
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e

d
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e
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e
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p
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estim
ator
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S
α
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,q
θ
)

+
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.
(20)
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t
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e
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p
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e
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rizer.
R
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et
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con
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s
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e
B
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n
m
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e
u
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e
l1 -regu
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e
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p
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e
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s
an

d
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1
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′
=

0
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λ
=

0
,10 −
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e
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p
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.
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u
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R
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w
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a
p
aram
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θ
∗
∼
N

(0
,I

).
(a)

M
ed

ian
of

R
M

S
E

s
of

each
m

eth
o
d

again
st
n

,
in

log
scale.

(b
)
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ox

-w
h
isker

p
lot
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n
u
m

b
er

|Z
|
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u
n
iq

u
e

p
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s
in

th
e
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.
(c)

M
ed

ian
of

com
p
u
tation

al
tim

e
of

each
m

eth
o
d
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in
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n
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log
scale.

F
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5:
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e
M

L
E

,
th
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=
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d
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0 −

4
a
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n
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)

M
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p
u
tation
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tim

e
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m

eth
o
d
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st
n

,
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log
scale.
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p
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w
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ou
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.
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h
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b
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u
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th
e
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fu
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a
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d
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e
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n
u
m
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e
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roved
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e
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w
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fl
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n
u
m

b
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th
e

q
u
asi-N

ew
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d
.
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w
e

in
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p
erform

an
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e
estim

ator
(1

8)
for

th
e
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orm
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stan
t
Z
θ

an
d
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lts
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ove
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o
situ

ation
s
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ow
n

in
F

igu
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6.
In

th
e

F
igu

re
6,

th
e

averaged
rela-
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errors|ẑ−

Z
θ

0 |/Z
θ

0
of

th
e

p
rop

osed
estim

ator
((α

,α
′)

=
(1.01

,0
.01),(1.01,−

0.01),(2,−
1))
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ow
n
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W
e

ob
serve

th
at

th
e

p
rop

osed
estim

ator
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p
rop

riately
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c
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c
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re
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p
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p
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p
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p
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p
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.0

1,
w

it
h
ou

t
th

e
re

gu
la

ri
za

ti
on

te
rm

),
i.
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b
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d
δ

ar
e
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b
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ra
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p
os
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.
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,

w
e
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at
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n
ta
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×

2
k
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1
,.
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,9
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ex
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p
le
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om
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e
fu

ll
y

v
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ib
le
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ol
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m

an
n
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h
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e
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L
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iv

er
ge

n
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s
K

L
(q̄
θ

0
,q̄
θ̂
).

F
or
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et
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)
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w
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te
d
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p
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d
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s
50
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50
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L
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er
ge
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E
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h

p
a
n
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F
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u
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7
sh

ow
s
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ed
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n
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e
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L
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ge
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=

0.
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fo
r
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g
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e
p
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et
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,
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ti

ve
ly

.
B

ot
h
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e

p
ro

p
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ed
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ti
m

at
or

re
q
u
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es
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p
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3
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m
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p
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p
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e
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at
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b
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p
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h
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d
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h
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p
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m
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or

w
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h
p
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tt
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=
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.0

1,
0
.0

1)
,(

1.
01
,−

0.
01

),
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,−

1)
w
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m
p
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ed
w

it
h
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e

M
L

E
.

T
h
e

d
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d

1
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s
w
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x
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d
d

2
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h
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d
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s
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d
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e
p
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w
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n
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)
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u
d
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g
p
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er
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d
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h
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d
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s.
N

ot
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e

B
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m
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h
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e
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it
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h
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d
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n
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en
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fi
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d
d
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p
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n
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n
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d
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b
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w
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θ
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l
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d
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n
d
,

a
n
d

ve
r-

ti
ca

l
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L
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in

lo
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e.
N
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b
er
k

(k
=

1,
..
.,

9
)
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a
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b
er
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p
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/
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∼
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b
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∑
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ra
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p
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p
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b
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b
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p
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(ᾱ
;θ

)
h
ol

d
.

T
h
e

p
ro

p
er

ty
(c

)
in

th
e

A
p
p

en
d
ix

A
en

su
re

s
th

at
th

er
e

ex
is

ts
a

su
ffi

ci
en

tl
y

la
rg

e
α
>

1
sa

ti
sf

y
in

g
f

(α
;θ

)
<
f

(ᾱ
;θ

).
A

ga
in

,
∆
<

0
h
ol

d
s

fo
r
δ

su
ch

th
at
ᾱ
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ᾱ
) (〈r̃

ᾱ
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ᾱ

)ᾱ )
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(ẑ

)]−→
(log

Z
θ

0 ) ′T
I −

1
θ

0
(log

Z
θ

0 ) ′.

W
e

sh
ow

th
e

correlation
b

etw
een

θ̂
an

d
log

ẑ
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fo
r

m
or

e
d
et

ai
ls

).

In
th

is
p
ap

er
,

w
e

co
n
si

d
er

an
in

fi
n
it

e
d
im

en
si

on
al

ge
n
er

al
iz

at
io

n
(C

an
u

an
d

S
m

o
la

,
2
0
05

;
F

u
k
u
m

iz
u
,

20
09

)
of

(1
), P

=
{ p

f
(x

)
=
ef

(x
)−
A

(f
) q

0
(x

),
x
∈

Ω
:
f
∈
F
}
,

w
h
er

e
th

e
fu

n
ct

io
n

sp
ac

e
F

is
d
efi

n
ed

a
s

F
=
{ f
∈
H

:
eA

(f
)
<
∞
}
,

w
it

h
A

(f
)

:=
lo

g

∫ Ω
ef

(x
) q

0
(x

)
d
x

b
ei

n
g

th
e

cu
m

u
la

n
t

ge
n
er

at
in

g
fu

n
ct

io
n
,

an
d

(H
,〈
·,·
〉 H

)
a

re
p
ro

d
u
ci

n
g

ke
rn

el
H

il
b

er
t

sp
a
ce

(R
K

H
S
)

(A
ro

n
sz

a
jn

,
19

50
)

w
it

h
k

as
it

s
re

p
ro

d
u
ci

n
g

ke
rn

el
.

W
h
il
e

va
ri

ou
s

g
en

er
a
li
za

ti
o
n
s

ar
e

p
os

si
b
le

fo
r

d
iff

er
en

t
ch

oi
ce

s
of
F

(e
.g

.,
an

O
rl

ic
z

sp
ac

e
as

in
P

is
to

n
e

an
d

S
em

p
i,

1
9
9
5
),

th
e

co
n
n
ec

ti
on

of
P

to
th

e
n
at

u
ra

l
ex

p
on

en
ti

al
fa

m
il
y

in
(1

)
is

p
ar

ti
cu

la
rl

y
en

li
g
h
te

n
in

g
w

h
en

H
is

an
R

K
H

S
.

T
h
is

is
d
u
e

to
th

e
re

p
ro

d
u
ci

n
g

p
ro

p
er

ty
of

th
e

k
er

n
el

,
f

(x
)

=
〈f
,k

(x
,·)
〉 H

,
th

ro
u
gh

w
h
ic

h
k
(x
,·)

ta
ke

s
th

e
ro

le
of

th
e

su
ffi

ci
en

t
st

at
is

ti
c.

In
fa

ct
,

it
ca

n
b

e
sh

ow
n

(s
ee

S
ec

ti
on

3
an

d
E

x
am

p
le

1
fo

r
m

or
e

d
et

ai
ls

)
th

at
ev

er
y

P
fi

n
is

ge
n
er

a
te

d
b
y
P

in
d
u
ce

d
b
y

a
fi
n
it

e
d
im

en
si

on
al

R
K

H
S

H
,

an
d

th
er

ef
or

e
th

e
fa

m
il
y
P

w
it

h
H

b
ei

n
g

a
n

in
fi
n
it

e
d
im

en
si

on
al

R
K

H
S

is
a

n
at

u
ra

l
in

fi
n
it

e
d
im

en
si

o
n
al

ge
n
er

al
iz

at
io

n
of

P
fi

n
.

F
u
rt

h
er

m
o
re

,
th

is
ge

n
er

al
iz

at
io

n
is

p
ar

ti
cu

la
rl

y
in

te
re

st
in

g
as

in
co

n
tr

as
t

to
P

fi
n
,

it
ca

n
b

e
sh

ow
n

th
a
t

P
is

a
ri

ch
cl

as
s

of
d
en

si
ti

es
(d

ep
en

d
in

g
on

th
e

ch
oi

ce
of
k

an
d

th
er

ef
or

e
H

)
th

a
t

ca
n

ap
p
ro

x
im

at
e

a
b
ro

ad
cl

as
s

of
p
ro

b
ab

il
it

y
d
en

si
ti

es
ar

b
it

ra
ri

ly
w

el
l
(s

ee
P

ro
p

os
it

io
n
s

1
,
1
3

a
n
d

C
or

ol
la

ry
2)

.
T

h
is

ge
n
er

al
iz

at
io

n
is

n
ot

on
ly

of
th

eo
re

ti
ca

l
in

te
re

st
,
b
u
t

al
so

h
a
s

im
p
li
ca

ti
o
n
s

fo
r

st
at

is
ti

ca
l

an
d

m
ac

h
in

e
le

ar
n
in

g
a
p
p
li
ca

ti
on

s.
F

or
ex

am
p
le

,
in

B
ay

es
ia

n
n
o
n
-p

a
ra

m
et

ri
c

d
en

si
ty

es
ti

m
at

io
n
,

th
e

d
en

si
ti

es
in
P

ar
e

ch
os

en
as

p
ri

or
d
is

tr
ib

u
ti

on
s

on
a

co
ll
ec

ti
o
n

o
f

p
ro

b
ab

il
it

y
d
en

si
ti

es
(e

.g
.,

se
e

va
n

d
er

V
aa

rt
an

d
va

n
Z

a
n
te

n
,

20
08

).
P

h
a
s

a
ls

o
fo

u
n
d

ap
p
li
ca

ti
on

s
in

n
o
n
p
ar

am
et

ri
c

h
y
p

ot
h
es

is
te

st
in

g
(G

re
tt

on
et

al
.,

20
12

;
F

u
k
u
m

iz
u

et
a
l.
,

20
08

)
an

d
d
im

en
si

on
al

it
y

re
d
u
ct

io
n

(F
u
k
u
m

iz
u

et
al

.,
20

04
,

20
09

)
th

ro
u
gh

th
e

m
ea

n
a
n
d

2
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D
e
n
sit

y
E
st

im
a
t
io
n
in

In
f
in
it
e
D
im

e
n
sio

n
a
l
E
x
p
o
n
e
n
t
ia
l
F
a
m
il
ie
s

cova
ria

n
ce

o
p

erators,
w

h
ich

are
ob

tain
ed

as
th

e
fi
rst

an
d

secon
d

F
réch

et
d
erivatives

of
A

(f
)

(see
F

u
k
u
m

izu
,
2009,

S
ection

1.2.3).
R

ecen
tly,

th
e

in
fi
n
ite

d
im

en
sion

al
ex

p
on

en
tial

fam
ily,P

h
a
s

b
een

u
sed

to
d
evelop

a
grad

ien
t-free

ad
ap

tiv
e

M
C

M
C

algorith
m

b
ased

on
H

am
ilton

ian
M

o
n
te

C
a
rlo

(S
trath

m
an

n
et

al.,
2015)

an
d

also
h
as

b
een

u
sed

in
th

e
con

tex
t

o
f

learn
in

g
th

e
stru

ctu
re

of
grap

h
ical

m
o
d
els

(S
u
n

et
al.,

2015).

M
o
tiva

ted
b
y

th
e

rich
n
ess

of
th

e
in

fi
n
ite

d
im

en
sion

al
gen

eralization
a
n
d

its
statistical

a
p
p
lica

tio
n
s,

it
is

of
in

terest
to

m
o
d
el

d
en

sities
b
y
P

,
an

d
th

erefore
th

e
goa

l
o
f

th
is

p
ap

er
is

to
estim

a
te

u
n
k
n
ow

n
d
en

sities
b
y

elem
en

ts
in
P

w
h
en

H
is

an
in

fi
n
ite

d
im

en
sion

al
R

K
H

S
.

F
o
rm

a
lly,

g
iven

i.i.d
.

ran
d
om

sam
p
les

(X
a )
na
=

1
d
raw

n
from

an
u
n
k
n
ow

n
d
en

sity
p

0 ,
th

e
goal

is
to

estim
a
te
p

0
th

rou
gh
P

.
T

h
rou

gh
ou

t
th

e
p
ap

er,
w

e
refer

to
ca

se
of
p

0
∈
P

as
w

ell-
specifi

ed
,

in
co

n
trast

to
th

e
m

isspecifi
ed

case
w

h
ere

p
0
/∈
P

.
T

h
e

settin
g

is
u
sefu

l
b

ecau
se

P
is

a
rich

cla
ss

of
d
en

sities
th

at
can

ap
p
rox

im
ate

a
b
road

class
of

p
rob

ab
ility

d
en

sities
a
rb

itra
rily

w
ell,

h
en

ce
it

m
ay

b
e

w
id

ely
u
sed

in
p
lace

of
n
on

-p
aram

etric
d
en

sity
estim

ation
m

eth
o
d
s

(e.g.,
kern

el
d
en

sity
estim

ation
(K

D
E

)).
In

fact,
th

rou
gh

n
u
m

erical
sim

u
lation

s,
w

e
sh

ow
in

S
ection

6
th

at
estim

atin
g
p

0
th

rou
gh
P

p
erform

s
b

etter
th

an
K

D
E

,
an

d
th

at
th

e
a
d
va

n
ta

g
e

o
f

th
e

p
rop

osed
estim

ator
grow

s
w

ith
in

creasin
g

d
im

en
sion

ality.

In
th

e
fi
n
ite-d

im
en

sion
al

case
w

h
ere

θ
∈

Θ
⊂

R
m

,
estim

a
tin

g
p
θ

th
rou

gh
m

ax
im

u
m

likelih
o
o
d

(M
L

)
lead

s
to

solv
in

g
elegan

t
likelih

o
o
d

eq
u
ation

s
(B

row
n
,

198
6,

C
h
ap

ter
5).

H
ow

ever,
in

th
e

in
fi
n
ite

d
im

en
sion

al
case

(assu
m

in
g
p

0
∈
P

),
as

in
m

an
y

n
on

-p
aram

etric
estim

a
tio

n
m

eth
o
d
s,

a
straigh

tforw
ard

ex
ten

sion
of

m
ax

im
u
m

likelih
o
o
d

estim
ation

(M
L

E
)

su
ff

ers
fro

m
th

e
p
rob

lem
of

ill-p
osed

n
ess

(F
u
k
u
m

izu
,

2009,
S
ection

1.3.1).
T

o
ad

d
ress

th
is

p
ro

b
lem

,
F

u
k
u
m

izu
(2009)

p
rop

osed
a

m
eth

o
d

of
siev

es
in

volv
in

g
p
seu

d
o-M

L
E

b
y

restrictin
g

th
e

in
fi
n
ite

d
im

en
sion

al
m

an
ifold

P
to

a
series

of
fi
n
ite-d

im
en

sion
al

su
b
m

an
ifold

s,
w

h
ich

en
la

rg
e

a
s

th
e

sam
p
le

size
in

creases,
i.e.,

p
f̂

(l)
is

th
e

d
en

sity
estim

ator
w

ith

f̂
(l)

=
arg

m
ax

f∈F
(l)

1n

n
∑a

=
1

f
(X

a )−
A

(f
),

(2)

w
h
ere
F

(l)
=
{f
∈

H
(l)

:
e
A

(f
)
<
∞
}

an
d

(H
(l)) ∞l=

1
is

a
seq

u
en

ce
of

fi
n
ite-d

im
en

sio
n
al

su
b
sp

a
ces

o
f
H

su
ch

th
at

H
(l)⊂

H
(l+

1
)

fo
r

all
l∈

N
.

W
h
ile

th
e

con
sisten

cy
of
p
f̂

(l)
is

p
roved

in
K

u
llb

ack
-L

eib
ler

(K
L

)
d
ivergen

ce
(F

u
k
u
m

izu
,
2009,

T
h
eorem

6),
th

e
m

eth
o
d

su
ff

ers
fro

m
m

a
n
y

d
raw

b
a
ck

s
th

at
are

b
oth

th
eoretical

an
d

com
p
u
tation

al
in

n
atu

re.
O

n
th

e
th

eoretical
fro

n
t,

th
e

co
n
sisten

cy
in

F
u
k
u
m

izu
(2009,

T
h
eorem

6)
is

estab
lish

ed
b
y

assu
m

in
g

a
d
ecay

ra
te

o
n

th
e

eig
en

valu
es

of
th

e
covarian

ce
op

erator
(see

(A
-2)

an
d

th
e

d
iscu

ssion
in

S
ection

1.4
o
f
F

u
k
u
m

izu
(2

009)
for

d
etails),

w
h
ich

is
u
su

ally
d
iffi

cu
lt

to
ch

eck
in

p
ractice.

M
oreover,

it
is

n
o
t

clea
r

w
h
ich

classes
of

R
K

H
S

sh
ou

ld
b

e
u
sed

to
o
b
tain

a
con

sisten
t

estim
ator

(F
u
k
u
m

izu
,

2
0
0
9
,

(A
-1

))
a
n
d

th
e

p
ap

er
d
o
es

n
ot

p
rov

id
e

a
n
y

d
iscu

ssion
ab

ou
t

th
e

con
vergen

ce
rates.

O
n

th
e

p
ra

ctica
l

sid
e,

th
e

estim
ator

is
n
ot

attractive
as

it
can

b
e

q
u
ite

d
iffi

cu
lt

to
con

stru
ct

th
e

seq
u
en

ce
(H

(l)) ∞l=
1

th
at

satisfi
es

th
e

assu
m

p
tion

s
in

F
u
k
u
m

izu
(2009,

T
h
eorem

6).
In

fa
ct,

th
e

im
p
ra

cticality
of

th
e

estim
ator,

f̂
(l)

is
accen

tu
ated

b
y

th
e

d
iffi

cu
lty

in
effi

cien
tly

h
a
n
d
lin

g
A

(f
)

(th
ou

gh
it

can
b

e
ap

p
rox

im
ated

b
y

n
u
m

erical
in

tegration
).

A
rela

ted
w

ork
w

as
carried

ou
t

b
y

B
arron

an
d

S
h
eu

(1991)—
also

see
referen

ces
th

erein
—

w
h
ere

th
e

g
o
a
l

is
to

estim
ate

a
d
en

sity,
p

0
b
y

ap
p
rox

im
atin

g
its

logarith
m

as
an

ex
p
an

sion
in

term
s

o
f

b
a
sis

fu
n
ction

s,
su

ch
as

p
oly

n
om

ials,
sp

lin
es

or
trigon

om
etric

series.
S
im

ilar
to
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S
r
ip
e
r
u
m
b
u
d
u
r
e
t
a
l
.

F
u
k
u
m

izu
(2009),

B
arron

an
d

S
h
eu

p
rop

osed
th

e
M

L
estim

ator
p
f̂
m

,
w

h
ere

f̂
m

=
arg

m
ax

f∈F
m

1n

n
∑a

=
1

f
(X

a )−
A

(f
)

an
d
F
m

is
th

e
lin

ear
sp

ace
of

d
im

en
sion

m
sp

an
n
ed

b
y

th
e

ch
osen

b
asis

fu
n
ction

s.
U

n
d
er

th
e

assu
m

p
tion

th
at

log
p

0
h
as

sq
u
are-in

tegrab
le

d
erivativ

es
u
p

to
ord

er
r,

th
ey

sh
ow

ed
th

at
K
L

(p
0 ‖
p
f̂
m

)
=
O
p

0 (n
−

2
r
/
(2
r
+

1
))

w
ith

m
=
n

1
/
(2
r
+

1
)

for
each

of
th

e
ap

p
rox

im
atin

g
fam

ilies,

w
h
ere

K
L

(p‖q)
=
∫
p
(x

)
log

(p
(x

)/q(x
))
d
x

is
th

e
K

L
d
ivergen

ce
b

etw
een

p
an

d
q.

S
im

ilar
w

ork
w

as
carried

ou
t

b
y

G
u

an
d

Q
iu

(1993),
w

h
o

assu
m

ed
th

at
log

p
0

lies
in

an
R

K
H

S
,

an
d

p
rop

osed
an

estim
ator

b
ased

on
p

en
alized

M
L

E
,

w
ith

con
sisten

cy
an

d
rates

estab
lish

ed
in

J
en

sen
-S

h
an

n
on

d
ivergen

ce.
T

h
ou

gh
th

ese
resu

lts
are

th
eoretically

in
terestin

g,
th

ese
estim

ators
are

ob
tain

ed
v
ia

a
p
ro

ced
u
re

sim
ilar

to
th

at
in

F
u
k
u
m

izu
(2009),

an
d

th
erefore

su
ff

ers
from

th
e

p
ractical

d
raw

b
ack

s
d
iscu

ssed
ab

ov
e.

T
h
e

d
iscu

ssion
so

far
sh

ow
s

th
at

th
e

M
L

E
ap

p
roach

to
learn

in
g
p

0
∈
P

resu
lts

in
estim

ators
th

at
are

of
lim

ited
p
ractical

in
terest.

T
o

allev
iate

th
is,

on
e

can
treat

th
e

p
rob

lem
of

estim
atin

g
p

0
∈
P

in
a

com
p
letely

n
o
n
-p

aram
etric

fash
ion

b
y

u
sin

g
K

D
E

,
w

h
ich

is
w

ell-stu
d
ied

(T
sy

b
akov

,
2009,

C
h
ap

ter
1)

an
d

easy
to

im
p
lem

en
t.

T
h
is

ap
p
roach

ign
ores

th
e

stru
ctu

re
of
P

,
h
ow

ever,
an

d
is

k
n
ow

n
to

p
erform

p
o
orly

for
m

o
d
erate

to
large

d
(W

asserm
an

,
2006,

S
ection

6.5)
(see

also
S
ection

6
of

th
is

p
ap

er).

1
.1

S
c
o
re

M
a
tch

in
g

a
n

d
F

ish
e
r

D
iv

e
rg

e
n

c
e

T
o

cou
n
ter

th
e

d
isad

van
tages

of
K

D
E

an
d

p
seu

d
o/p

en
alized

-M
L

E
,
in

th
is

p
ap

er,
w

e
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u
ci

n
g

ke
rn

el
an

d
⊗

d
en

o
ti

n
g

th
e

te
n
so

r
p
ro

d
u
ct

.
W

h
en

H
is

a
fi
n
it

e-
d
im

en
si

on
al

R
K

H
S
,

w
e

sh
ow

th
at

th
e

es
ti

m
a
to

r
en

jo
y
s

p
ar

am
et

ri
c

ra
te

s
of

co
n
ve

rg
en

ce
,

i.
e.

,

‖f
0
−
f̂ n
‖ H

=
O
p

0
(n
−

1
/
2
),
K
L

(p
0
‖p
f̂
n
)

=
O
p

0
(n
−

1
)

an
d
J

(p
0
‖p
f̂
n
)

=
O
p

0
(n
−

1
).

N
ot

e
th

at
th

e
co

n
ve

rg
en

ce
ra

te
s

ar
e

ob
ta

in
ed

u
n
d
er

a
n
on

-c
la

ss
ic

al
sm

o
ot

h
n
es

s
a
ss

u
m

p
ti

o
n

on
f 0

,
n
am

el
y

th
at

it
li
es

in
th

e
im

ag
e

of
ce

rt
ai

n
fr

ac
ti

on
al

p
ow

er
of
C

,
w

h
ic

h
re

d
u
ce

s
to

a
m

or
e

cl
as

si
ca

l
as

su
m

p
ti

on
if

w
e

ch
o
os

e
k

to
b

e
a

M
at

ér
n

ke
rn

el
(s

ee
S
ec

ti
o
n

2
fo

r
it

s
d
efi

n
it

io
n
),

as
it

in
d
u
ce

s
a

S
ob

ol
ev

sp
ac

e.
In

S
ec

ti
on

4.
2,

w
e

d
is

cu
ss

in
d
et

ai
l
th

e
sm

o
o
th

n
es

s
as

su
m

p
ti

on
on

f 0
fo

r
th

e
G

au
ss

ia
n

(E
x
am

p
le

2)
an

d
M

at
ér

n
(E

x
am

p
le

3)
ke

rn
el

s.
A

n
o
th

er
in

te
re

st
in

g
p

oi
n
t

to
ob

se
rv

e
is

th
at

u
n
li
k
e

in
th

e
cl

as
si

ca
l

fu
n
ct

io
n

es
ti

m
a
ti

o
n

m
et

h
o
d
s

(e
.g

.,
ke

rn
el

d
en

si
ty

es
ti

m
at

io
n

an
d

re
gr

es
si

on
),

th
e

ra
te

s
p
re

se
n
te

d
ab

ov
e

fo
r

th
e

p
ro

p
o
se

d
es

ti
m

at
or

te
n
d

to
sa

tu
ra

te
fo

r
β
>

1
(β
>

1 2
w

.r
.t

.
J

),
w

it
h

th
e

b
es

t
ra

te
at

ta
in

ed
a
t
β

=
1

(β
=

1 2
w

.r
.t

.
J

),
w

h
ic

h
m

ea
n
s

th
e

sm
o
ot

h
n
es

s
of
f 0

is
n
ot

fu
ll
y

ca
p
tu

re
d

b
y

th
e

es
ti

m
a
to

r.
S
u
ch

a
sa

tu
ra

ti
on

b
eh

av
io

r
is

w
el

l-
st

u
d
ie

d
in

th
e

in
ve

rs
e

p
ro

b
le

m
li
te

ra
tu

re
(E

n
g
l

et
a
l.
,

19
96

)
w

h
er

e
it

h
as

b
ee

n
at

tr
ib

u
te

d
to

th
e

ch
oi

ce
of

re
gu

la
ri

ze
r.

In
S
ec

ti
on

4
.3

,
w

e
d
is

cu
ss

al
te

rn
at

iv
e

re
gu

la
ri

za
ti

on
st

ra
te

gi
es

u
si

n
g

id
ea

s
fr

om
B

au
er

et
al

.
(2

00
7)

,
w

h
ic

h
co

ve
rs

n
o
n
-

p
ar

am
et

ri
c

le
as

t
sq

u
ar

es
re

gr
es

si
on

:
w

e
sh

ow
th

at
fo

r
ap

p
ro

p
ri

at
el

y
ch

os
en

re
g
u
la

ri
ze

rs
,

th
e

ab
ov

e
m

en
ti

on
ed

ra
te

s
h
ol

d
fo

r
an

y
β
>

0,
an

d
d
o

n
ot

sa
tu

ra
te

fo
r

th
e

a
fo

re
m

en
ti

o
n
ed

ra
n
ge

s
of
β

(s
ee

T
h
eo

re
m

9)
.

(i
ii

)
In

S
ec

ti
on

5,
w

e
st

u
d
y

th
e

p
ro

b
le

m
of

d
en

si
ty

es
ti

m
at

io
n

in
th

e
m

is
sp

ec
ifi

ed
se

tt
in

g
,

i.
e.

,
p

0
/∈
P

,
w

h
ic

h
is

n
ot

ad
d
re

ss
ed

in
H

y
v
är

in
en

(2
00

7)
an

d
F

u
k
u
m

iz
u

(2
0
0
9
).

U
si

n
g

a
m

or
e

so
p
h
is

ti
ca

te
d

an
al

y
si

s
th

an
in

th
e

w
el

l-
sp

ec
ifi

ed
ca

se
,

w
e

sh
ow

in
T

h
eo

re
m

1
2

th
a
t

J
(p

0
‖p
f̂
n
)
→

in
f p
∈P

J
(p

0
‖p

)
as

n
→
∞

.
U

n
d
er

an
ap

p
ro

p
ri

at
e

sm
o
ot

h
n
es

s
a
ss

u
m

p
ti

o
n
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D
e
n
sit

y
E
st

im
a
t
io
n
in

In
f
in
it
e
D
im

e
n
sio

n
a
l
E
x
p
o
n
e
n
t
ia
l
F
a
m
il
ie
s

o
n

log
p

0

q
0

(see
th

e
statem

en
t

of
T

h
eorem

12
for

d
etails),

w
e

sh
ow

th
at
J

(p
0 ‖
p
f̂
n
)
→

0
as

n
→
∞

a
lo

n
g

w
ith

a
rate

for
th

is
con

vergen
ce,

ev
en

th
ou

gh
p

0
/∈
P

.
H

ow
ever,

u
n
like

in
th

e
w

ell-sp
ecifi

ed
case,

w
h
ere

th
e

con
sisten

cy
is

ob
tain

ed
n
ot

on
ly

in
J

b
u
t

also
in

o
th

er
d
ista

n
ces,

w
e

o
b
tain

con
vergen

ce
on

ly
in
J

for
th

e
m

issp
ecifi

ed
case.

N
ote

th
at

w
h
ile

B
arron

a
n
d

S
h
eu

(1
9
91

)
con

sid
ered

th
e

estim
ation

of
p

0
in

th
e

m
issp

ecifi
ed

settin
g,

th
e

resu
lts

are
restricted

to
th

e
ap

p
rox

im
atin

g
fam

ilies
con

sistin
g

of
p

oly
n
om

ials,
sp

lin
es,

or
trigon

om
etric

series.
O

u
r

resu
lts

are
m

ore
gen

eral,
as

th
ey

h
old

for
ab

stract
R

K
H

S
s.

(iv)
In

S
ectio

n
6
,
w

e
p
resen

t
p
relim

in
ary

n
u
m

erical
resu

lts
co

m
p
arin

g
th

e
p
rop

osed
estim

a
tor

w
ith

K
D

E
in

estim
atin

g
a

G
au

ssian
an

d
m

ix
tu

re
of

G
au

ssian
s,

w
ith

th
e

goal
of

em
p
irically

eva
lu

a
tin

g
p

erform
an

ce
as

d
gets

large
for

a
fi
x
ed

sam
p
le

size.
In

th
ese

tw
o

estim
atio

n
p
ro

b
lem

s,
w

e
sh

ow
th

at
th

e
p
rop

osed
estim

ator
ou

tp
erform

s
K

D
E

,
an

d
th

e
ad

van
tage

grow
s

a
s
d

in
creases.

In
sp

ired
b
y

th
is

p
relim

in
ary

em
p
irical

in
vestiga

tion
,

ou
r

p
rop

o
sed

estim
ator

(o
r

co
m

p
u
ta

tio
n
ally

effi
cien

t
ap

p
rox

im
ation

s)
h
as

b
een

u
sed

b
y

S
trath

m
an

n
et

al.
(2015)

in
a

g
ra

d
ien

t-free
ad

ap
tive

M
C

M
C

sam
p
ler,

an
d

b
y

S
u
n

et
al.

(2015)
for

grap
h
ical

m
o
d
el

stru
ctu

re
lea

rn
in

g.
T

h
ese

ap
p
lication

s
d
em

o
n
strate

th
e

p
racticality

an
d

p
erform

an
ce

of
th

e
p
ro

p
o
sed

estim
ator.

F
in

a
lly,

w
e

w
ou

ld
lik

e
to

m
ake

clear
th

at
ou

r
p
rin

cip
al

g
oal

is
n
ot

to
con

stru
ct

d
en

sity
estim

a
to

rs
th

a
t

im
p
rove

u
n
iform

ly
u
p

on
K

D
E

,
b
u
t

to
p
rov

id
e

a
n
ov

el
fl
ex

ib
le

m
o
d
elin

g
tech

n
iq

u
e

for
a
p
p
rox

im
atin

g
an

u
n
k
n
ow

n
d
en

sity
b
y

a
rich

p
aram

etric
fam

ily
of

d
en

sities,
w

ith
th

e
p
a
ram

eter
b

ein
g

in
fi
n
ite

d
im

en
sion

al,
in

con
trast

to
th

e
classical

ap
p
ro

ach
of

fi
n
ite

d
im

en
sio

n
a
l

a
p
p
rox

im
ation

.

V
a
rio

u
s

n
o
tation

s
an

d
d
efi

n
ition

s
th

at
are

u
sed

th
rou

gh
ou

t
th

e
p
ap

er
are

collected
in

S
ectio

n
2
.

T
h
e

p
ro

ofs
of

th
e

resu
lts

are
p
rov

id
ed

in
S
ection

8,
alon

g
w

ith
som

e
su

p
p
lem

en
-

ta
ry

resu
lts

in
an

ap
p

en
d
ix

.

2
.

D
e
fi
n
itio

n
s

&
N

o
ta

tio
n

W
e

in
tro

d
u
ce

th
e

n
otation

u
sed

th
rou

gh
o
u
t

th
e

p
ap

er.
D

efi
n
e

[d
]

:=
{
1
,...,d}.

F
or
a

:=

(a
1 ,...,a

d )∈
R
d

an
d
b

:=
(b

1 ,...,b
d )∈

R
d,‖a‖

2
:=
√
∑

di=
1
a

2i
an

d
〈a
,b〉

:=
∑

di=
1
a
i b
i .

F
or

a
,b
>

0
,

w
e

w
rite

a
.
b

if
a
≤
γ
b

for
som

e
p

ositive
u
n
iv

ersal
con

stan
t
γ

.
F

o
r

a
top

olo
gical

sp
a
ceX

,
C

(X
)

(resp
.
C
b (X

))
d
en

otes
th

e
sp

ace
of

all
con

tin
u
ou

s
(resp

.
b

ou
n
d
ed

con
tin

u
ou

s)
fu

n
ctio

n
s

o
n
X

.
F

or
a

lo
cally

com
p
act

H
au

sd
orff

sp
ace
X

,
f
∈
C

(X
)

is
said

to
va

n
ish

a
t

in
fi

n
ity

if
for

every
ε
>

0
th

e
set{x

:|f
(x

)|≥
ε}

is
com

p
act.

T
h
e

class
of

all
con

tin
u
ou

s
f

o
n
X

w
h
ich

va
n
ish

at
in

fi
n
ity

is
d
en

oted
as
C

0 (X
).

F
or

op
en
X
⊂

R
d,
C

1(X
)

d
en

otes
th

e
sp

a
ce

o
f

co
n
tin

u
ou

sly
d
iff

eren
tiab

le
fu

n
ction

s
on
X

.
F

or
f
∈
C
b (X

),‖f‖∞
:=

su
p
x∈X
|f

(x
)|

d
en

o
tes

th
e

su
p
rem

u
m

n
orm

of
f

.
M
b (X

)
d
en

otes
th

e
set

of
all

fi
n
ite

B
orel

m
easu

res
o
n

X
.

F
o
r
µ
∈
M
b (X

),
L
r(X

,µ
)

d
en

o
tes

th
e

B
an

ach
sp

ace
of
r-p

ow
er

(r
≥

1)
µ

-in
tegrab

le
fu

n
ctio

n
s.

F
o
rX
⊂

R
d,

w
e

w
ill

u
se
L
r(X

)
for

L
r(X

,µ
)

if
µ

is
a

L
eb

esgu
e

m
easu

re
on
X

.

F
o
r
f
∈
L
p(X

,µ
),‖

f‖
L
r
(X
,µ

)
:=
(∫X
|f| r

d
µ )

1
/
r

d
en

otes
th

e
L
r-n

orm
of
f

for
1
≤
r
<
∞

a
n
d

w
e

d
en

o
te

it
as‖·‖

L
r
(X

)
ifX

⊂
R
d

an
d
µ

is
th

e
L

eb
esgu

e
m

easu
re.

T
h
e

con
volu

tion

f
∗
g

o
f

tw
o

m
easu

rab
le

fu
n
ction

s
f

an
d
g

on
R
d

is
d
efi

n
ed

as

(f
∗
g
)(x

)
:=

∫

R
d

f
(y

)g
(x
−
y
)
d
y
,
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S
r
ip
e
r
u
m
b
u
d
u
r
e
t
a
l
.

p
rov

id
ed

th
e

in
tegral

ex
ists

for
all

x
∈
R
d.

T
h
e

F
ou

rier
tran

sform
of
f
∈
L

1(R
d)

is
d
efi

n
ed

as

f
∧

(y
)

=
(2
π

) −
d
/
2 ∫

R
d

f
(x

)
e −

i〈y
,x〉
d
x

w
h
ere

i
d
en

otes
th

e
im

agin
ary

u
n
it √
−

1.

In
th

e
follow

in
g,

for
th

e
sake

of
com

p
leten

ess
an

d
sim

p
licity,

w
e

p
resen

t
d
efi

n
ition

s
restricted

to
H

ilb
ert

sp
aces.

L
et
H

1
an

d
H

2
b

e
ab

stract
H

ilb
ert

sp
aces.

A
m

ap
S

:
H

1 →
H

2

is
called

a
lin

ea
r

o
pera

to
r

if
it

satisfi
es
S

(α
x

)
=
α
S
x

an
d
S

(x
+
x
′)

=
S
x

+
S
x
′
for

all
α
∈
R

an
d
x
,x
′∈

H
1 ,

w
h
ere

S
x

:=
S

(x
).

A
lin

ear
op

erator
S

is
said

to
b

e
bo

u
n

d
ed

,
i.e.,

th
e

im
age

S
B
H

1
of
B
H

1
u
n
d
er
S

is
b

ou
n
d
ed

if
an

d
on

ly
if

th
ere

ex
ists

a
con

stan
t
c∈

[0,∞
)

su
ch

th
at

for
all

x
∈
H

1
w

e
h
av

e‖
S
x‖

H
2 ≤

c‖
x‖

H
1 ,

w
h
ere

B
H

1
:=
{x
∈
H

1
:‖x‖

H
1 ≤

1}
.

In
th

is
case,

th
e

o
pera

to
r

n
o
rm

of
S

is
d
efi

n
ed

as‖
S‖

:=
su

p{‖S
x‖

H
2

:
x
∈
B
H

1 }.
D

efi
n
e
L

(H
1 ,H

2 )
b

e
th

e
sp

ace
of

b
ou

n
d
ed

lin
ear

op
erators

from
H

1
to
H

2 .
S
∈
L

(H
1 ,H

2 )
is

said
to

b
e

co
m

pa
ct

if
S
B
H

1
is

a
com

p
act

su
b
set

in
H

2 .
T

h
e

a
d
jo

in
t

o
pera

to
r
S
∗

:
H

2 →
H

1
of
S
∈
L

(H
1 ,H

2 )
is

d
efi

n
ed

b
y
〈x
,S
∗y〉

H
1

=
〈S
x
,y〉

H
2 ,
x
∈
H

1 ,
y
∈
H

2 .
S
∈
L

(H
)

:=
L

(H
,H

)
is

called
self-a

d
jo

in
t

if
S
∗

=
S

an
d

is
called

po
sitive

if〈S
x
,x〉

H
≥

0
for

all
x
∈
H

.
α
∈
R

is
called

an
eigen

va
lu

e
of
S
∈
L

(H
)

if
th

ere
ex

ists
an
x
6=

0
su

ch
th

at
S
x

=
α
x

an
d

su
ch

an
x

is
called

th
e

eigen
vecto

r
of
S

an
d
α

.
F

or
com

p
act,

p
ositive,

self-ad
join

t
S
∈
L

(H
),
S
r

:
H
→
H

,
r≥

0
is

called
a

fra
ctio

n
a
l

po
w

er
of
S

an
d
S

1
/
2

is
th

e
squ

a
re

roo
t

of
S

,
w

h
ich

w
e

w
rite

as √
S

:=
S

1
/
2.

A
n

op
erator

S
∈
L

(H
1 ,H

2 )
is

H
ilbert-S

ch
m

id
t

if‖S‖
H
S

:=
( ∑

j∈
J ‖
S
e
j ‖

2H
2 )

1
/
2
<
∞

w
h
ere

(e
j )
j∈
J

is
an

arb
itrary

orth
on

orm
al

b
asis

of
sep

arab
le

H
ilb

ert
sp

ace
H

1 .
S
∈
L

(H
1 ,H

2 )
is

said
to

b
e

of
tra

ce
cla

ss
if ∑

j∈
J 〈(S

∗S
)
1
/
2e
j ,e

j 〉
H

1
<
∞

.
F

or
x
∈
H

1
an

d
y
∈
H

2 ,
x
⊗
y

is
an

elem
en

t
of

th
e

ten
sor

p
ro

d
u
ct

sp
ace

H
1 ⊗

H
2

w
h
ich

can
also

b
e

seen
as

an
op

erator
from

H
2

to
H

1
as

(x⊗
y
)z

=
x〈y

,z〉
H

2
for

an
y
z
∈
H

2 .R
(S

)
d
en

otes
th

e
ra

n
ge

spa
ce

(o
r

im
a
ge)

of
S

.A
real-valu

ed
sy

m
m

etric
fu

n
ctio

n
k

:X
×
X
→

R
is

called
a

p
ositive

d
efi

n
ite

(p
d
)

k
ern

el
if,

for
all

n
∈
N

,
α

1 ,...,α
n
∈
R

an
d

all
x

1 ,...,x
n
∈
X

,
w

e
h
ave

∑
ni,j=

1
α
i α
j k

(x
i ,x

j )≥
0.

A
fu

n
ction

k
:X
×
X
→

R
,

(x
,y

)
7→

k
(x
,y

)
is

a
rep

rod
u

cin
g

kern
el

o
f

th
e

H
ilb

ert
sp

ace
(H

k ,〈·,·〉H
k )

of
fu

n
ction

s
if

an
d

on
ly

if
(i)
∀
y
∈
X

,
k
(y
,·)
∈
H
k

an
d

(ii)
∀
y
∈
X

,∀
f
∈

H
k ,〈f

,k
(y
,·)〉H

k
=
f

(y
)

h
old

.
If

su
ch

a
k

ex
ists,

th
en
H
k

is
called

a
rep

rod
u

cin
g

kern
el

H
ilbert

spa
ce.

S
in

ce
〈k

(x
,·),k

(y
,·)〉H

k
=
k
(x
,y

),∀
x
,y
∈
X

,
it

is
easy

to
sh

ow
th

at
every

rep
ro

d
u
cin

g
kern

el
(r.k

.)
k

is
sy

m
m

etric
a
n
d

p
ositive

d
efi

n
ite.

S
om

e
ex

am
p
les

of
kern

els
th

at
ap

p
ear

th
rou

gh
ou

t
th

e
p
ap

er
are:

G
a
u

ssia
n

kern
el,

k
(x
,y

)
=

ex
p
(−
σ‖
x
−
y‖

22 ),
x
,y
∈

R
d,
σ
>

0
th

at
in

d
u
ces

th
e

follow
in

g
G

a
u

ssia
n

R
K

H
S

,

H
k

=
H
σ

:=
{
f
∈
L

2(R
d)∩

C
(R

d)
: ∫
|f
∧

(ω
)| 2e ‖

ω‖
22
/
4
σ
d
ω
<
∞
}
,

th
e

in
verse

m
u

ltiqu
a
d
ric

kern
el,

k
(x
,y

)
=

(1
+
‖
x−

y
c
‖

22 ) −
β
,
x
,y
∈
R
d,
β
>

0
,
c∈

(0,∞
)

an
d

th
e

M
a
térn

kern
el,

k
(x
,y

)
=

2
1−
β

Γ
(β

) ‖x
−
y‖

β−
d
/
2

2
K
d
/
2−
β
(‖x
−
y‖

2 ),
x
,y
∈

R
d,
β
>
d
/
2

th
at

in
d
u
ces

th
e

S
ob

olev
sp

ace,
H
β2
,

H
k

=
H
β2

:=
{
f
∈
L

2(R
d)∩

C
(R

d)
: ∫

(1
+
‖ω‖

22 )
β|f
∧

(ω
)| 2
d
ω
<
∞
}
,

w
h
ere

Γ
is

th
e

G
am

m
a

fu
n
ction

,
an

d
K
v

is
th

e
m

o
d
ifi

ed
B

essel
fu

n
ction

of
th

e
th

ird
k
in

d
of

ord
er
v

(v
con

trols
th

e
sm

o
oth

n
ess

of
k
).

8
JM

L
R

 18(57):1-59, 2017



D
e
n
si
t
y
E
st

im
a
t
io
n
in

In
f
in
it
e
D
im

e
n
si
o
n
a
l
E
x
p
o
n
e
n
t
ia
l
F
a
m
il
ie
s

F
or

an
y

re
al

-v
al

u
ed

fu
n
ct

io
n
f

d
efi

n
ed

on
op

en
X
⊂

R
d
,
f

is
sa

id
to

b
e
m

-t
im

es
co

n
-

ti
n
u
ou

sl
y

d
iff

er
en

ti
ab

le
if

fo
r
α
∈
N
d 0

w
it

h
|α
|:

=
∑

d i=
1
α
i
≤
m

,
∂
α
f

(x
)

=
∂
α

1
1
..
.∂

α
d

d
f

(x
)

=
∂
|α
|

∂
x
α

1
1
..
.∂
x
α
d
d

f
(x

)
ex

is
ts

.
A

ke
rn

el
k

is
sa

id
to

b
e
m

-t
im

es
co

n
ti

n
u
ou

sl
y

d
iff

er
en

ti
ab

le
if

∂
α
,α
k

:
X
×
X
→

R
ex

is
ts

an
d

is
co

n
ti

n
u
ou

s
fo

r
al

l
α
∈

N
d 0

w
it

h
|α
|≤

m
w

h
er

e
∂
α
,α

:=
∂
α

1
1
..
.∂

α
d

d
∂
α

1
1
+
d
..
.∂

α
d

2
d

.
C

or
ol

la
ry

4.
36

in
S
te

in
w

ar
t

an
d

C
h
ri

st
m

an
n

(2
00

8)
an

d
T

h
eo

re
m

1
in

Z
h
ou

(2
00

8)
st

at
e

th
at

if
∂
α
,α
k

ex
is

ts
an

d
is

co
n
ti

n
u
ou

s,
th

en
∂
α
k
(x
,·)

=
∂
α

1
1
..
.∂

α
d

d
k
(x
,·)

=
∂
|α
|

∂
x
α

1
1
..
.∂
x
α
d
d

k
((
x

1
,.
..
,x

d
),
·)
∈
H
k

w
it

h
x

=
(x

1
,.
..
,x

d
)

an
d

fo
r

ev
er

y
f
∈
H
k
,

w
e

h
av

e

∂
α
f

(x
)

=
〈∂
α
k
(x
,·)
,f
〉 H

k
an

d
∂
α
,α
k
(x
,x
′ )

=
〈∂
α
k
(x
,·)
,∂

α
k
(x
′ ,
·)〉
H
k
.

G
iv

en
tw

o
p
ro

b
ab

il
it

y
d
en

si
ti

es
,
p

an
d
q

on
Ω
⊂

R
d
,

th
e

K
u
ll
b
ac

k
-L

ei
b
le

r
d
iv

er
ge

n
ce

(K
L

)
an

d
H

el
li
n
ge

r
d
is

ta
n
ce

(h
)

ar
e

d
efi

n
ed

as
K
L

(p
‖q

)
=
∫
p
(x

)
lo

g
p
(x

)
q
(x

)
d
x

an
d
h

(p
,q

)
=

‖√
p
−
√
q‖
L

2
(Ω

)
re

sp
ec

ti
ve

ly
.

W
e

re
fe

r
to
‖p
−
q‖
L

1
(Ω

)
as

th
e

to
ta

l
va

ri
at

io
n

(T
V

)
d
is

ta
n
ce

b
et

w
ee

n
p

an
d
q.

3
.

A
p
p
ro

x
im

a
ti

o
n

o
f

D
e
n
si

ti
e
s

b
y
P

In
th

is
se

ct
io

n
,

w
e

fi
rs

t
sh

ow
th

at
ev

er
y

fi
n
it

e
d
im

en
si

on
al

ex
p

on
en

ti
al

fa
m

il
y,

P
fi

n
is

ge
n
-

er
at

ed
b
y

th
e

fa
m

il
y
P

in
d
u
ce

d
b
y

a
fi
n
it

e
d
im

en
si

on
al

R
K

H
S
,

w
h
ic

h
n
at

u
ra

ll
y

le
ad

s
to

th
e

in
fi
n
it

e
d
im

en
si

on
al

ge
n
er

al
iz

at
io

n
of

P
fi

n
w

h
en

H
is

an
in

fi
n
it

e
d
im

en
si

on
al

R
K

H
S
.

N
ex

t,
w

e
in

ve
st

ig
at

e
th

e
ap

p
ro

x
im

at
io

n
p
ro

p
er

ti
es

of
P

in
P

ro
p

os
it

io
n

1
an

d
C

or
ol

la
ry

2
w

h
en

H

is
an

in
fi
n
it

e
d
im

en
si

on
al

R
K

H
S
.

L
et

u
s

co
n
si

d
er

a
r-

p
ar

am
et

er
ex

p
on

en
ti

al
fa

m
il
y,

P
fi

n
w

it
h

su
ffi

ci
en

t
st

a
ti

st
ic
T

(x
)

:=
(T

1
(x

),
..
.,
T
r
(x

))
an

d
co

n
st

ru
ct

a
H

il
b

er
t

sp
ac

e,
H

=
sp

an
{T

1
(x

),
..
.,
T
r
(x

)}
.

It
is

ea
sy

to
ve

ri
fy

th
at
P

in
d
u
ce

d
b
y
H

is
ex

ac
tl

y
th

e
sa

m
e

as
P

fi
n

si
n
ce

an
y
f
∈
H

ca
n

b
e

w
ri

tt
en

as
f

(x
)

=
∑

r i=
1
θ i
T
i(
x

)
fo

r
so

m
e

(θ
i)
r i=

1
⊂

R
.

In
fa

ct
,

b
y

d
efi

n
in

g
th

e
in

n
er

p
ro

d
u
ct

b
et

w
ee

n
f

=
∑

r i=
1
θ i
T
i

an
d
g

=
∑

r i=
1
γ
iT
i

as
〈f
,g
〉 H

:=
∑

r i=
1
θ i
γ
i,

it
fo

ll
ow

s
th

at
H

is
an

R
K

H
S

w
it

h
th

e
r.

k
.
k
(x
,y

)
=
〈T

(x
),
T

(y
)〉

R
r

si
n
ce
〈f
,k

(x
,·)
〉 H

=
∑

r i=
1
θ i
T
i(
x

)
=
f

(x
).

B
as

ed
on

th
is

eq
u
iv

al
en

ce
b

et
w

ee
n

P
fi

n
an

d
P

in
d
u
ce

d
b
y

a
fi
n
it

e
d
im

en
si

on
al

R
K

H
S
,

it
is

th
er

ef
or

e
cl

ea
r

th
at
P

in
d
u
ce

d
b
y

a
in

fi
n
it

e
d
im

en
si

on
al

R
K

H
S

is
a

st
ri

ct
ge

n
er

al
iz

a
ti

on
to

P
fi

n
w

it
h

k
(·,
x

)
p
la

y
in

g
th

e
ro

le
of

a
su

ffi
ci

en
t

st
at

is
ti

c.

E
x
a
m

p
le

1
T

h
e

fo
ll

o
w

in
g

a
re

so
m

e
po

p
u

la
r

ex
a
m

p
le

s
o
f

p
ro

ba
bi

li
ty

d
is

tr
ib

u
ti

o
n

s
th

a
t

be
-

lo
n

g
to

P
fi

n
.

H
er

e
w

e
sh

o
w

th
e

co
rr

es
po

n
d
in

g
R

K
H

S
s

(H
,k

)
th

a
t

ge
n

er
a
te

th
es

e
d
is

tr
ib

u
-

ti
o
n

s.
In

so
m

e
o
f

th
es

e
ex

a
m

p
le

s,
w

e
ch

oo
se

q 0
(x

)
=

1
a
n

d
ig

n
o
re

th
e

fa
ct

th
a
t
q 0

is
a

p
ro

ba
bi

li
ty

d
is

tr
ib

u
ti

o
n

a
s

a
ss

u
m

ed
in

th
e

d
efi

n
it

io
n

o
f
P

.

E
xp

o
n

en
ti

a
l:

Ω
=

R
+

+
:=

R
+
\{

0}
,
k
(x
,y

)
=
x
y

.

N
o
rm

a
l:

Ω
=

R
,
k
(x
,y

)
=
x
y

+
x

2
y

2
.

B
et

a
:

Ω
=

(0
,1

),
k
(x
,y

)
=

lo
g
x

lo
g
y

+
lo

g
(1
−
x

)
lo

g
(1
−
y
).

G
a
m

m
a
:

Ω
=

R
+

+
,
k
(x
,y

)
=

lo
g
x

lo
g
y

+
x
y

.

In
ve

rs
e

G
a
u

ss
ia

n
:

Ω
=

R
+

+
,
k
(x
,y

)
=
x
y

+
1 x
y

.

P
o
is

so
n

:
Ω

=
N
∪
{0
},
k
(x
,y

)
=
x
y

,
q 0

(x
)

=
(x

!e
)−

1
.
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7

S
r
ip
e
r
u
m
b
u
d
u
r
e
t
a
l
.

B
in

o
m

ia
l:

Ω
=
{0
,.
..
,m
},
k
(x
,y

)
=
x
y

,
q 0

(x
)

=
2−

m
( m c

) .

W
h
il
e

E
x
am

p
le

1
sh

ow
s

th
at

al
l

p
op

u
la

r
p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
s

ar
e

co
n
ta

in
ed

in
P

fo
r

an
ap

p
ro

p
ri

at
e

ch
oi

ce
of

fi
n
it

e-
d
im

en
si

on
al

H
,

it
is

of
in

te
re

st
to

u
n
d
er

st
a
n
d

th
e

ri
ch

n
es

s
o
f

P
(i

.e
.,

w
h
at

cl
as

s
of

d
is

tr
ib

u
ti

on
s

ca
n

b
e

ap
p
ro

x
im

at
ed

ar
b
it

ra
ri

ly
w

el
l

b
y
P

?)
w

h
en

H
is

an
in

fi
n
it

e
d
im

en
si

on
al

R
K

H
S
.

T
h
is

is
ad

d
re

ss
ed

b
y

th
e

fo
ll
ow

in
g

re
su

lt
,

w
h
ic

h
is

p
ro

ve
d

in
S
ec

ti
on

8.
1.

P
ro

p
o
si

ti
o
n

1
D

efi
n

e

P 0
:=
{ π

f
(x

)
=
ef

(x
)−
A

(f
) q

0
(x

),
x
∈

Ω
:
f
∈
C

0
(Ω

)}

w
h
er

e
Ω
⊆

R
d

is
lo

ca
ll

y
co

m
pa

ct
H

a
u

sd
o
rff

.
S

u
p
po

se
k
(x
,·)
∈
C

0
(Ω

),
∀x
∈

Ω
a
n

d

∫
∫
k
(x
,y

)
d
µ

(x
)
d
µ

(y
)
>

0,
∀µ
∈
M
b
(Ω

)\
{0
}.

(5
)

T
h
en
P

is
d
en

se
in
P 0

w
.r

.t
.

K
u

ll
ba

ck
-L

ei
bl

er
d
iv

er
ge

n
ce

,
to

ta
l

va
ri

a
ti

o
n

(L
1

n
o
rm

)
a
n

d
H

el
li

n
ge

r
d
is

ta
n

ce
s.

In
a
d
d
it

io
n

,
if
q 0
∈
L

1
(Ω

)
∩
L
r
(Ω

)
fo

r
so

m
e

1
<
r
≤
∞

,
th

en
P

is
a
ls

o
d
en

se
in
P 0

w
.r

.t
.
L
r

n
o
rm

.

A
su

ffi
ci

en
t

co
n
d
it

io
n

fo
r

Ω
⊆

R
d

to
b

e
lo

ca
ll
y

co
m

p
ac

t
H

au
sd

or
ff

is
th

at
it

is
ei

th
er

o
p

en
or

cl
os

ed
.

C
on

d
it

io
n

(5
)

is
eq

u
iv

al
en

t
to
k

b
ei

n
g
c 0

-u
n
iv

er
sa

l
(S

ri
p

er
u
m

b
u
d
u
r

et
a
l.
,

2
0
1
1
,

p
.

23
96

).
If
k
(x
,y

)
=
ψ

(x
−
y
),
x
,y
∈

Ω
=

R
d

w
h
er

e
ψ
∈
C
b
(R

d
)
∩
L

1
(R

d
),

th
en

(5
)

ca
n

b
e

sh
ow

n
to

b
e

eq
u
iv

al
en

t
to

su
p
p
(ψ
∧ )

=
R
d

(S
ri

p
er

u
m

b
u
d
u
r

et
al

.,
20

1
1
,

P
ro

p
o
si

ti
o
n

5)
.

E
x
am

p
le

s
of

k
er

n
el

s
th

at
sa

ti
sf

y
th

e
co

n
d
it

io
n
s

in
P

ro
p

os
it

io
n

1
in

cl
u
d
e

th
e

G
a
u
ss

ia
n
,

M
at

ér
n

an
d

in
ve

rs
e

m
u
lt

iq
u
ad

ri
cs

.
In

fa
ct

,
an

y
co

m
p
ac

tl
y

su
p
p

or
te

d
n
on

-z
er

o
ψ
∈
C
b
(R

d
)

sa
ti

sfi
es

th
e

as
su

m
p
ti

on
s

in
P

ro
p

os
it

io
n

1
as

su
p
p
(ψ
∧ )

=
R
d

(S
ri

p
er

u
m

b
u
d
u
r

et
a
l.
,

2
0
1
0,

C
or

ol
la

ry
10

).
T

h
ou

gh
P 0

is
st

il
l
a

p
ar

am
et

ri
c

fa
m

il
y

of
d
en

si
ti

es
in

d
ex

ed
b
y

a
B

a
n
a
ch

sp
ac

e
(h

er
e
C

0
(Ω

))
,

th
e

fo
ll
ow

in
g

co
ro

ll
ar

y
(p

ro
ve

d
in

S
ec

ti
on

8.
2)

to
P

ro
p

os
it

io
n

1
sh

ow
s

th
a
t

a
b
ro

ad
cl

as
s

of
co

n
ti

n
u
ou

s
d
en

si
ti

es
ar

e
co

n
ta

in
ed

in
P 0

an
d

th
er

ef
or

e
ca

n
b

e
a
p
p
ro

x
im

a
te

d
ar

b
it

ra
ri

ly
w

el
l

in
L
r

n
or

m
(1
≤
r
≤
∞

),
H

el
li
n
ge

r
d
is

ta
n
ce

,
an

d
K

L
d
iv

er
ge

n
ce

b
y
P

.

C
o
ro

ll
a
ry

2
L

et
q 0
∈
C

(Ω
)

be
a

p
ro

ba
bi

li
ty

d
en

si
ty

su
ch

th
a
t
q 0

(x
)
>

0
fo

r
a
ll
x
∈

Ω
,

w
h
er

e
Ω
⊆

R
d

is
lo

ca
ll

y
co

m
pa

ct
H

a
u

sd
o
rff

.
S

u
p
po

se
th

er
e

ex
is

ts
a

co
n

st
a
n

t
`

su
ch

th
a
t

fo
r

a
n

y
ε
>

0
,
∃R

>
0

th
a
t

sa
ti

sfi
es
|p

(x
)

q 0
(x

)
−
`|
≤
ε

fo
r

a
n

y
x

w
it

h
‖x
‖ 2
>
R

.
D

efi
n

e

P c
:=

{ p
∈
C

(Ω
)

:

∫ Ω
p
(x

)
d
x

=
1,
p
(x

)
≥

0,
∀x
∈

Ω
an

d
p q 0
−
`
∈
C

0
(Ω

)}
.

S
u

p
po

se
k
(x
,·)
∈
C

0
(Ω

),
∀x
∈

Ω
a
n

d
(5

)
h
o
ld

s.
T

h
en
P

is
d
en

se
in
P c

w
.r

.t
.

K
L

d
iv

er
ge

n
ce

,
T

V
a
n

d
H

el
li

n
ge

r
d
is

ta
n

ce
s.

M
o
re

o
ve

r,
if
q 0
∈
L

1
(Ω

)
∩
L
r
(Ω

)
fo

r
so

m
e

1
<
r
≤
∞

,
th

en
P

is
a
ls

o
d
en

se
in
P c

w
.r

.t
.
L
r

n
o
rm

.

B
y

ch
o
os

in
g

Ω
to

b
e

co
m

p
ac

t
an

d
q 0

to
b

e
a

u
n
if

or
m

d
is

tr
ib

u
ti

on
on

Ω
,

C
or

o
ll
a
ry

2
re

d
u
ce

s
to

an
ea

si
ly

in
te

rp
re

ta
b
le

re
su

lt
th

at
an

y
co

n
ti

n
u
ou

s
d
en

si
ty
p

0
on

Ω
ca

n
b

e
a
p
p
ro

x
im

a
te

d
ar

b
it

ra
ri

ly
w

el
l

b
y

d
en

si
ti

es
in
P

in
K

L
,

H
el

li
n
ge

r
an

d
L
r

(1
≤
r
≤
∞

)
d
is

ta
n
ce

s.
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D
e
n
sit

y
E
st

im
a
t
io
n
in

In
f
in
it
e
D
im

e
n
sio

n
a
l
E
x
p
o
n
e
n
t
ia
l
F
a
m
il
ie
s

S
im

ila
r

to
th

e
resu

lts
so

far,
an

ap
p
rox

im
a
tion

resu
lt

for
P

can
also

b
e

ob
ta

in
ed

w
.r.t.

F
ish

er
d
ivergen

ce
(see

P
rop

osition
13).

S
in

ce
th

is
resu

lt
is

h
eav

ily
b
ased

on
th

e
n
o
tio

n
s

an
d

resu
lts

d
evelop

ed
in

S
ection

5,
w

e
d
efer

its
p
resen

tation
u
n
til

th
at

section
.

B
riefl

y,
th

is
resu

lt
states

th
at

if
H

is
su

ffi
cien

tly
rich

(i.e.,
d
en

se
in

an
ap

p
rop

riate
class

of
fu

n
ctio

n
s),

th
en

an
y
p
∈
C

1(Ω
)

w
ith

J
(p‖

q
0 )
<
∞

can
b

e
ap

p
rox

im
ated

a
rb

itrarily
w

ell
b
y

elem
en

ts
in
P

w
.r.t.

F
ish

er
d
iv

ergen
ce,

w
h
ere

q
0 ∈

C
1(Ω

).

4
.

D
e
n
sity

E
stim

a
tio

n
in
P

:
W

e
ll-sp

e
cifi

e
d

C
a
se

In
th

is
section

,
w

e
p
resen

t
ou

r
score

m
atch

in
g

estim
ator

for
an

u
n
k
n
ow

n
d
en

sity
p

0
:=

p
f
0 ∈

P
(w

ell-sp
ecifi

ed
case)

from
i.i.d

.
ran

d
om

sam
p
les

(X
a )
na
=

1
d
raw

n
from

it.
T

h
is

in
volves

ch
o
o
sin

g
th

e
m

in
im

izer
of

th
e

(em
p
irical)

F
ish

er
d
ivergen

ce
b

etw
een

p
0

an
d
p
f
∈
P

as

th
e

estim
a
to

r,
f̂

w
h
ich

w
e

sh
ow

in
T

h
eorem

5
to

b
e

ob
tain

ed
b
y

solv
in

g
a

sim
p
le

fi
n
ite-

d
im

en
sio

n
a
l

lin
ear

sy
stem

.
In

con
trast,

w
e

w
ou

ld
like

to
rem

in
d

th
e

read
er

th
at

th
e

M
L

E
is

in
fea

sib
le

in
p
ra

ctice
d
u
e

to
th

e
d
iffi

cu
lty

in
h
an

d
lin

g
A

(f
).

T
h
e

con
sisten

cy
an

d
con

vergen
ce

ra
tes

o
f
f̂
∈
F

an
d

th
e

p
lu

g-in
estim

ator
p
f̂

are
p
rov

id
ed

in
S
ection

4.1
(see

T
h
eorem

s
6

a
n
d

7
).

B
efo

re
w

e
p
ro

ceed
,

w
e

list
th

e
assu

m
p
tion

s
on

p
0 ,
q

0
an

d
H

th
a
t

w
e

n
eed

in
ou

r
a
n
a
ly

sis.

(A
)

Ω
is

a
n
o
n
-em

p
ty

op
en

su
b
set

ofR
d

w
ith

a
p
iecew

ise
sm

o
oth

b
ou

n
d
ary

∂
Ω

:=
Ω\

Ω
,

w
h
ere

Ω
d
en

otes
th

e
closu

re
of

Ω
.

(B
)
p

0
is

co
n
tin

u
ou

sly
ex

ten
d
ib

le
to

Ω
.
k

is
tw

ice
con

tin
u
ou

sly
d
iff

eren
tiab

le
on

Ω
×

Ω
w

ith
con

tin
u
ou

s
ex

ten
sion

of
∂
α
,α
k

to
Ω
×

Ω
for|α|≤

2.

(C
)
∂
i ∂
i+
d k

(x
,x

)p
0 (x

)
=

0
for

x
∈
∂

Ω
an

d
√
∂
i ∂
i+
d k

(x
,x

)p
0 (x

)
=
o(‖x‖

1−
d

2
)

as
x
∈

Ω
,

‖x‖
2 →
∞

for
all

i∈
[d

].

(D
)

(ε-In
tegra

bility)
F

or
som

e
ε
≥

1
an

d
∀
i
∈

[d
],
∂
i ∂
i+
d k

(x
,x

), √
∂

2i ∂
2i+
d k

(x
,x

)
an

d
√
∂
i ∂
i+
d k

(x
,x

)∂
i log

q
0 (x

)∈
L
ε(Ω

,p
0 ),

w
h
ere

q
0 ∈

C
1(Ω

).

R
e
m

a
rk

3
(i)

Ω
bein

g
a

su
bset

o
f
R
d

a
lo

n
g

w
ith

k
bein

g
co

n
tin

u
o
u

s
en

su
res

th
a
t
H

is
sepa

ra
ble

(S
tein

w
a
rt

a
n

d
C

h
ristm

a
n

n
,

2
0
0
8
,

L
em

m
a

4
.3

3
).

T
h
e

tw
ice

d
iff

eren
tia

bility
o
f
k

en
su

res
th

a
t

every
f
∈

H
is

tw
ice

co
n

tin
u

o
u

sly
d
iff

eren
tia

ble
(S

tein
w

a
rt

a
n

d
C

h
ristm

a
n

n
,

2
0
0
8
,

C
o
ro

lla
ry

4
.3

6
).

(C
)

en
su

res
th

a
t
J

in
(3

)
is

equ
iva

len
t

to
th

e
o
n

e
in

(4
)

th
ro

u
gh

in
tegra

tio
n

by
pa

rts
o
n

Ω
(see

C
o
ro

lla
ry

7
.6

.2
in

D
u

isterm
a
a
t

a
n

d
K

o
lk,

2
0
0
4

fo
r

in
te-

gra
tio

n
by

pa
rts

o
n

bo
u

n
d
ed

su
bsets

o
f
R
d

w
h
ich

ca
n

be
exten

d
ed

to
u

n
bo

u
n

d
ed

Ω
th

ro
u

gh
a

tru
n

ca
tio

n
a
n

d
lim

itin
g

a
rgu

m
en

t)
fo

r
d
en

sities
in
P

.
In

pa
rticu

la
r,

(C
)

en
su

res
th

a
t

∫
Ω
∂
i f

(x
)∂
i p

0 (x
)
d
x

=
−
∫

Ω
∂

2i f
(x

)p
0 (x

)
d
x

fo
r

a
ll
f
∈
H

a
n

d
i∈

[d
],

w
h
ich

w
ill

be
critica

l
to

p
ro

ve
th

e
rep

resen
ta

tio
n

in
T

h
eo

rem
4
(ii),

u
po

n
w

h
ich

rest
o
f

th
e

resu
lts

d
epen

d
.

T
h
e

d
eca

y

co
n

d
itio

n
in

(C
)

ca
n

be
w

ea
ken

ed
to
√
∂
i ∂
i+
d k

(x
,x

)p
0 (x

)
=
o(‖x‖

1−
d

2
)

a
s
x
∈

Ω
,‖
x‖

2 →
∞

fo
r

a
ll
i∈

[d
]

if
Ω

is
a

(po
ssibly

u
n

bo
u

n
d
ed

)
bo

x
w

h
ere

d
=

#
{i∈

[d
]|(a

i ,b
i )

is
u

n
bo

u
n

d
ed}

.

(ii)
W

h
en

ε
=

1
,

th
e

fi
rst

co
n

d
itio

n
in

(D
)

en
su

res
th

a
t
J

(p
0 ‖p

f )
<
∞

fo
r

a
n

y
p
f
∈
P

.
T

h
e

o
th

er
tw

o
co

n
d
itio

n
s

en
su

re
th

e
va

lid
ity

o
f

th
e

a
ltern

a
te

rep
resen

ta
tio

n
fo

r
J

(p
0 ‖
p
f )

in
(4

)
w

h
ich

w
ill

be
u

sefu
l

in
co

n
stru

ctin
g

estim
a
to

rs
o
f
p

0
(see

T
h
eo

rem
4
).

E
xa

m
p
les

o
f
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S
r
ip
e
r
u
m
b
u
d
u
r
e
t
a
l
.

kern
els

th
a
t

sa
tisfy

(D
)

a
re

th
e

G
a
u

ssia
n

,
M

a
térn

(w
ith

β
>

m
ax{

2,d
/2}),

a
n

d
in

verse
m

u
ltiqu

a
d
ric

kern
els,

fo
r

w
h
ich

it
is

ea
sy

to
sh

o
w

th
a
t

th
ere

exists
q

0
th

a
t

sa
tisfi

es
(D

).

(iii)
(Id

en
tifi

ab
ility

)
T

h
e

a
bo

ve
list

o
f

a
ssu

m
p
tio

n
s

d
o

n
o
t

in
clu

d
e

th
e

id
en

tifi
a
bility

co
n

d
i-

tio
n

th
a
t

en
su

res
p
f
1

=
p
f
2

if
a
n

d
o
n

ly
if
f

1
=
f

2 .
It

is
clea

r
th

a
t

if
co

n
sta

n
t

fu
n

ctio
n

s
a
re

in
clu

d
ed

in
H

,
i.e.,

1
∈

H
,

th
en

p
f

=
p
f

+
c

fo
r

a
n

y
c
∈

R
.

O
n

th
e

o
th

er
h
a
n

d
,

it
ca

n
be

sh
o
w

n
th

a
t

if
1
/∈
H

a
n

d
su

p
p
(q

0 )
=

Ω
,

th
en

p
f
1

=
p
f
2 ⇔

f
1

=
f

2 .
A

su
ffi

cien
t

co
n

d
itio

n
fo

r
1
/∈
H

is
k
∈
C

0 (Ω
×

Ω
).

W
e

d
o

n
o
t

exp
licitly

im
po

se
th

e
id

en
tifi

a
bility

co
n

d
itio

n
a
s

a
pa

rt
o
f

o
u

r
bla

n
ket

a
ssu

m
p
tio

n
s

beca
u

se
th

e
a
ssu

m
p
tio

n
s

u
n

d
er

w
h
ich

co
n

sisten
cy

a
n

d
ra

tes
a
re

o
bta

in
ed

in
T

h
eo

rem
7

a
u

to
m

a
tica

lly
en

su
re

id
en

tifi
a
bility.

U
n
d
er

th
ese

assu
m

p
tion

s,
th

e
follow

in
g

resu
lt—

p
rov

ed
in

S
ection

8.3—
sh

ow
s

th
a
t

th
e

p
rob

-
lem

of
estim

atin
g
p

0
th

rou
gh

th
e

m
in

im
ization

of
F

ish
er

d
ivergen

ce
red

u
ces

to
th

e
p
rob

lem
of

estim
atin

g
f

0
th

rou
gh

a
w

eigh
ted

least
sq

u
ares

m
in

im
ization

in
H

(see
p
arts

(i)
an

d
(ii)).

T
h
is

m
otivates

th
e

m
in

im
ization

of
th

e
regu

larized
em

p
irica

l
w

eigh
ted

least
sq

u
ares

(see
p
art

(iv
))

to
ob

tain
an

estim
ator

f
λ
,n

of
f

0 ,
w

h
ich

is
th

en
u
sed

to
con

stru
ct

th
e

p
lu

g-in
estim

ate
p
f
λ
,n

of
p

0 .

T
h

e
o
re

m
4

S
u

p
po

se
(A

)–
(D

)
h
o
ld

w
ith

ε
=

1
.

T
h
en

J
(p

0 ‖
p
f )
<
∞

fo
r

a
ll
f
∈
F

.
In

a
d
d
itio

n
,

th
e

fo
llo

w
in

g
h
o
ld

.

(i)
F

o
r

a
ll
f
∈
F

,

J
(f

)
:=

J
(p

0 ‖p
f )

=
12
〈f
−
f

0 ,C
(f
−
f

0 )〉
H
,

(6)

w
h
ere

C
:
H
→

H
,
C

:=
∫

Ω
p

0 (x
) ∑

di=
1
∂
i k

(x
,·)⊗

∂
i k

(x
,·)
d
x

is
a

tra
ce-cla

ss
po

sitive
o
pera

to
r

w
ith

C
f

=

∫

Ω
p

0 (x
)

d
∑i=

1

∂
i k

(x
,·)∂

i f
(x

)
d
x
.

(ii)
A

ltern
a
tively,

J
(f

)
=

12 〈f
,C
f〉

H
+
〈f
,ξ〉

H
+
J

(p
0 ‖q

0 )

w
h
ere

ξ
:=

∫

Ω
p

0 (x
)

d
∑i=

1 (∂
i k

(x
,·)∂

i log
q

0 (x
)

+
∂

2i k
(x
,·) )

d
x
∈
H

a
n

d
f

0
sa

tisfi
es
C
f

0
=
−
ξ.

(iii)
F

o
r

a
n

y
λ
>

0
,

a
u

n
iqu

e
m

in
im

izer
f
λ

o
f
J
λ (f

)
:=

J
(f

)
+

λ2 ‖
f‖

2H
o
ver

H
exists

a
n

d
is

given
by

f
λ

=
−

(C
+
λ
I
) −

1ξ
=

(C
+
λ
I
) −

1C
f

0 .

(iv)
(E

stim
a
to
r
o
f
f

0 )
G

iven
sa

m
p
les

(X
a )
na
=

1
d
ra

w
n

i.i.d
.

fro
m
p

0 ,
fo

r
a
n

y
λ
>

0,
th

e
u

n
iqu

e
m

in
im

izer
f
λ
,n

o
f
Ĵ
λ (f

)
:=

Ĵ
(f

)
+

λ2 ‖f‖
2H

o
ver

H
exists

a
n

d
is

given
by

f
λ
,n

=
−

(Ĉ
+
λ
I
) −

1ξ̂,

1
2
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D
e
n
si
t
y
E
st

im
a
t
io
n
in

In
f
in
it
e
D
im

e
n
si
o
n
a
l
E
x
p
o
n
e
n
t
ia
l
F
a
m
il
ie
s

w
h
er

e
Ĵ

(f
)

:=
1 2
〈f
,Ĉ
f
〉 H

+
〈f
,ξ̂
〉 H

+
J

(p
0
‖q

0
),
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Ĵ
λ

ov
er

H
in

st
ea

d
of

ov
er
F

,
as

th
e

la
tt

er
d
o
es

n
ot

y
ie

ld
a

n
ic

e
ex

p
re

ss
io

n
(u

n
li
ke

f λ
an

d
f λ
,n

,
re

sp
ec

ti
ve

ly
).

H
ow

ev
er

,
th

er
e

is
n
o

gu
a
ra

n
te

e
th

at
f λ
,n
∈
F

,
an

d
so

th
e

d
en

si
ty

es
ti

m
at

or
p
f
λ
,n

m
ay

n
ot

b
e

va
li
d
.

W
h
il
e

th
is

is
n
ot

an
is

su
e

w
h
en

st
u
d
y
in

g
th

e
co

n
v
er

ge
n
ce

of
‖f
λ
,n
−
f 0
‖ H

(s
ee

T
h
eo

re
m

6)
,

th
e

co
n
ve

rg
en

ce
of
p
f
λ
,n

to
p

0
(i

n
va

ri
ou

s
d
is

ta
n
ce

s)
n
ee

d
s

to
b

e
h
an

d
le

d
sl

ig
h
tl

y
d
iff

er
en

tl
y

d
ep

en
d
in

g
on

w
h
et

h
er

th
e

ke
rn

el
is

b
ou

n
d
ed

or
n
ot

(s
ee

T
h
eo

re
m

s
7

an
d

B
.2

).
N

ot
e

th
at

w
h
en

th
e

ke
rn

el
is

b
ou

n
d
ed

,
w

e
ob

ta
in
F

=
H

,
w

h
ic

h
im

p
li
es
p
f
λ
,n

is
va

li
d
.

T
h

e
o
re

m
5

(C
o
m

p
u

ta
ti

o
n

o
f
f λ
,n

)
L

et
f λ
,n

=
ar

g
in

f f
∈H

Ĵ
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sp
ace

of
C

is
ju

st
con

stan
t

fu
n
ction

s
if

th
e

kern
el

is
b

o
u
n
d
ed

an
d

su
p
p
(q

0 )
=

Ω
(see

L
em

m
a

14
in

S
ection

8.6
for

d
etails),

assu
m

in
g

1
/∈
H

y
ield

s
th

atR
(C

)
=

H
an

d
th

erefore
con

sisten
cy

can
b

e
attain

ed
u
n
d
er

con
d
ition

s
th

a
t

a
re

ea
sy

to
im

p
ose

in
p
ractice.

A
s

m
en

tion
ed

in
R

em
ark

3(iii),
th

e
con

d
ition

1
/∈
H

en
su

res
id

en
tifi

ab
ility

an
d

a
su

ffi
cien

t
con

d
ition

for
it

to
h
old

is
k
∈
C

0 (Ω
×

Ω
),

w
h
ich

is
sa

tisfi
ed

b
y

G
au

ssian
,

M
atérn

an
d

in
verse

m
u
ltiq

u
ad

ric
kern

els.

(iv)
It

is
w

ell
k
n
ow

n
th

at
con

v
ergen

ce
rates

are
p

o
ssib

le
on

ly
if

th
e

q
u
an

tity
of

in
terest

(h
ere

f
0 )

sa
tisfi

es
so

m
e

ad
d
ition

al
con

d
ition

s.
In

fu
n
ction

estim
ation

,
th

is
ad

d
ition

al
con

d
ition

is
cla

ssica
lly

im
p

o
sed

b
y

assu
m

in
g
f

0
to

b
e

su
ffi

cien
tly

sm
o
oth

,
e.g.,

f
0

lies
in

a
S
o
b

o
lev

sp
a
ce

o
f

certa
in

sm
o
o
th

n
ess.

B
y

con
trast,

th
e

sm
o
oth

n
ess

con
d
ition

in
T

h
eorem

6(ii)
is

im
p

osed
in

an
in

d
irect

m
an

n
er

b
y

assu
m

in
g
f

0
∈
R

(C
β
)

for
som

e
β
>

0—
so

th
at

th
e

resu
lts

h
old

fo
r

a
b
stra

ct
R

K
H

S
s

an
d

n
ot

ju
st

S
ob

olev
sp

aces—
w

h
ich

th
en

p
rov

id
es

a
rate,

w
ith

th
e

b
est

ra
te

b
ein

g
n
−

1
/
4

th
at

is
attain

ed
w

h
en

β
≥

1.
W

h
ile

su
ch

a
con

d
itio

n
h
as

alread
y

b
een

u
sed

in
va

riou
s

w
ork

s
(C

ap
on

n
etto

an
d

V
ito,

2007
;

S
m

a
le

an
d

Z
h
ou

,
20

07;
F

u
k
u
m

izu
et

a
l.,

20
1
3
)

in
th

e
con

tex
t

of
n
on

-p
aram

etric
least

sq
u
ares

regression
,

w
e

ex
p
lore

it
in

m
ore

d
eta

il
in

P
ro

p
o
sition

8,
an

d
E

x
am

p
les

2
an

d
3.

N
o
te

th
at

th
is

con
d
ition

is
com

m
on

in
th

e
in

verse
p
ro

b
lem

th
eory

(see
E

n
gl,

H
an

k
e,

an
d

N
eu

b
au

er,
1996),

an
d

it
n
atu

rally
arises

h
ere

th
ro

u
g
h

th
e

co
n
n
ection

of
f
λ
,n

b
ein

g
a

T
ik

h
on

ov
regu

larized
solu

tion
to

th
e

ill-p
osed

lin
ear

sy
stem

Ĉ
f

=
−
ξ̂.

A
n

in
terestin

g
ob

servatio
n

ab
ou

t
th

e
rate

is
th

at
it

d
o
es

n
ot

im
p
rove

w
ith

in
crea

sin
g
β

(for
β
>

1),
in

con
trast

to
th

e
classical

resu
lts

in
fu

n
ction

estim
ation

(e.g.,
kern

el
d
en

sity
estim

ation
an

d
kern

el
regression

)
w

h
ere

th
e

rate
im

p
roves

w
ith

in
creasin

g
sm

o
o
th

n
ess.

T
h
is

issu
e

is
d
iscu

ssed
in

d
etail

in
S
ectio

n
4.3.

(v)
S
in

ce‖C
−

1‖
<
∞

on
ly

if
H

is
fi
n
ite-d

im
en

sion
al,

w
e

recover
th

e
p
aram

etric
rate

of
n
−

1
/
2

in
a

fi
n
ite-d

im
en

sion
al

situ
ation

w
ith

an
au

tom
atic

ch
oice

for
λ

as
n
−

1
/
2.W

h
ile

T
h
eorem

6
p
rov

id
es

sta
tistical

gu
aran

tees
for

p
ara

m
eter

con
vergen

ce,
th

e
q
u
estion

of
p
rim

ary
in

terest
is

th
e

co
n
verg

en
ce

of
p
f
λ
,n

to
p

0 .
T

h
is

is
gu

aran
teed

b
y

th
e

follow
in

g
resu

lt,
w

h
ich

is
p
roved

in
S
ectio

n
8
.6

.

T
h

e
o
re

m
7

(C
o
n

siste
n

c
y

a
n

d
ra

te
s

fo
r
p
f
λ
,n

)
S

u
p
po

se
(A

)–
(D

)
w

ith
ε

=
2

h
o
ld

a
n

d
‖
k‖∞

:=
su

p
x∈

Ω
k
(x
,x

)
<
∞

.
A

ssu
m

e
su

p
p
(q

0 )
=

Ω
.

T
h
en

th
e

fo
llo

w
in

g
h
o
ld

:

(i)
F

o
r

a
n

y
1
<
r≤
∞

w
ith

q
0 ∈

L
1(Ω

)∩
L
r(Ω

),

‖
p
f
λ
,n −

p
0 ‖
L
r
(Ω

) →
0
,
h

(p
f
λ
,n
,p

0 )→
0
,
K
L

(p
0 ‖
p
f
λ
,n

)→
0

a
s
λ √

n
→
∞
,
λ
→

0
a
n

d
n
→
∞
.

In
a
d
d
itio

n
,

if
f

0 ∈
R

(C
β
)

fo
r

so
m

e
β
>

0,
th

en
fo

r
λ

=
n
−

m
a
x {

14
,

1
2
(β

+
1
) }

,

‖p
f
λ
,n −

p
0 ‖
L
r
(Ω

)
=
O
p

0 (θ
n
),
h

(p
0 ,p

f
λ
,n

)
=
O
p

0 (θ
n
),
K
L

(p
0 ‖
p
f
λ
,n

)
=
O
p

0 (θ
2n )

a
s
n
→
∞

w
h
ere

θ
n

:=
n
−

m
in {

14
,

β
2
(β

+
1
) }

.

(ii)
J

(p
0 ‖
p
f
λ
,n

)→
0

a
s
λ
n
→
∞
,
λ
→

0
a
n

d
n
→
∞
.

In
a
d
d
itio

n
,

if
f

0 ∈
R

(C
β
)

fo
r

so
m

e

1
5
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S
r
ip
e
r
u
m
b
u
d
u
r
e
t
a
l
.

β
≥

0,
th

en
fo

r
λ

=
n
−

m
a
x {

13
,

1
2
(β

+
1
) }

,

J
(p

0 ‖p
f
λ
,n

)
=
O
p

0 (
n
−

m
in {

23
,

2
β

+
1

2
(β

+
1
) } )

a
s
n
→
∞
.

(iii)
If‖C

−
1‖
<
∞

,
th

en
θ
n

=
n
−

12
a
n

d
J

(p
0 ‖
p
f
λ
,n

)
=
O
p

0 (n
−

1)
w

ith
λ

=
n
−

12.

R
e
m

a
rk

(i)
C

om
p
arin

g
th

e
resu

lts
of

T
h
eorem

6(i)
an

d
T

h
eorem

7(i)
(for

L
r,

H
ellin

ger
an

d
K

L
d
ivergen

ce),
w

e
w

ou
ld

like
to

h
igh

ligh
t

th
at

w
h
ile

th
e

con
d
ition

s
on

λ
an

d
n

m
atch

in
b

oth
th

e
cases,

th
e

latter
d
o
es

n
ot

req
u
ire

f
0
∈
R

(C
)

to
en

su
re

con
sisten

cy.
W

h
ile

f
0 ∈
R

(C
)

can
b

e
im

p
osed

in
T

h
eorem

7
to

attain
con

sisten
cy,

w
e

rep
laced

th
is

con
d
ition

w
ith

su
p
p
(q

0 )
=

Ω
—

a
sim

p
le

an
d

easy
con

d
itio

n
to

w
ork

w
ith

—
w

h
ich

alon
g

w
ith

th
e

b
ou

n
d
ed

n
ess

of
th

e
kern

el
en

su
res

th
at

for
an

y
f

0
∈

H
,

th
ere

ex
ists

f̃
0
∈
R

(C
)

su
ch

th
at

p
f̃
0

=
p

0
(see

L
em

m
a

14).

(ii)
In

con
trast

to
th

e
resu

lts
in
L
r,

H
ellin

ger
a
n
d

K
L

d
ivergen

ce,
con

sisten
cy

in
J

can
b

e
ob

tain
ed

w
ith

λ
con

vergin
g

to
zero

at
a

rate
faster

th
an

in
th

ese
resu

lts.
In

ad
d
ition

,
on

e
can

ob
tain

rates
in
J

w
ith

β
=

0,
i.e.,

n
o

sm
o
oth

n
ess

assu
m

p
tion

on
f

0 ,
w

h
ile

n
o

rates
are

p
ossib

le
in

oth
er

d
istan

ces
(th

e
latter

m
igh

t
also

b
e

an
artifact

of
th

e
p
ro

of
tech

n
iq

u
e,

as
th

ese
resu

lts
are

ob
tain

ed
th

rou
gh

an
ap

p
licatio

n
of

T
h
eo

rem
6(ii)

in
L

em
m

a
A

.1)
w

h
ich

is
d
u
e

to
th

e
fact

th
at

th
e

con
vergen

ce
in

th
ese

oth
er

d
istan

ces
is

b
ased

on
th

e
con

vergen
ce

of
‖
f
λ
,n −

f
0 ‖

H
,

w
h
ich

in
tu

rn
in

volves
con

verg
en

ce
ofA

0 (λ
)

:=
‖
f
λ −

f
0 ‖

H
to

zero
w

h
ile

th
e

con
vergen

ce
in
J

is
con

trolled
b
y
A

12 (λ
)

:=
‖ √

C
(f
λ −

f
0 )‖

H
w

h
ich

can
b

e
sh

ow
n

to
b

eh
ave

as
O

( √
λ

)
as
λ
→

0,
w

ith
ou

t
req

u
irin

g
an

y
assu

m
p
tion

s
on

f
0

(see
P

rop
osition

A
.3).

In
d
eed

,
as

a
fu

rth
er

con
seq

u
en

ce,
th

e
rate

of
con

v
ergen

ce
in
J

is
faster

th
an

in
oth

er
d
istan

ces.

(iii)
A

n
in

terestin
g

asp
ect

in
T

h
eorem

7
is

th
at
p
f
λ
,n

is
con

sisten
t

in
variou

s
d
istan

ces
su

ch
as

L
r,

H
ellin

ger
an

d
K

L
,

d
esp

ite
b

ein
g

ob
tain

ed
b
y

m
in

im
izin

g
a

d
iff

eren
t

loss
fu

n
ction

,
i.e.,

J
.

H
ow

ev
er,

w
e

w
ill

see
in

S
ection

5
th

at
su

ch
n
ice

resu
lts

are
d
iffi

cu
lt

to
ob

tain
in

th
e

m
issp

ecifi
ed

case,
w

h
ere

con
sisten

cy
an

d
rates

are
p
rov

id
ed

on
ly

in
J

.

W
h
ile

T
h
eorem

7
ad

d
resses

th
e

case
of

b
ou

n
d
ed

kern
els,

th
e

case
of

u
n
b

ou
n
d
ed

k
ern

els
req

u
ires

a
tech

n
ical

m
o
d
ifi

cation
.

T
h
e

reason
for

th
is

m
o
d
ifi

cation
,

as
allu

d
ed

to
in

th
e

d
iscu

ssion
follow

in
g

T
h
eorem

4,
is

d
u
e

to
th

e
fact

th
at

f
λ
,n

m
ay

n
ot

b
e

in
F

w
h
en

k
is

u
n
b

ou
n
d
ed

,
an

d
th

erefore
th

e
corresp

on
d
in

g
d
en

sity
estim

ator,
p
f
λ
,n

m
ay

n
ot

b
e

w
ell-

d
efi

n
ed

.
In

ord
er

to
k
eep

th
e

m
ain

id
eas

in
tact,

w
e

d
iscu

ss
th

e
u
n
b

ou
n
d
ed

case
in

d
etail

in
S
ection

B
.2

in
A

p
p

en
d
ix

B
.

4
.2

R
a
n

g
e

S
p

a
c
e

A
ssu

m
p

tio
n

W
h
ile

T
h
eorem

s
6

an
d

7
are

satisfactory
from

th
e

p
oin

t
of

v
iew

of
con

sisten
cy,

w
e

b
elieve

th
e

p
resen

ted
rates

are
p

ossib
ly

n
ot

m
in

im
ax

op
tim

al
sin

ce
th

ese
rates

are
valid

for
an

y
R

K
H

S
th

at
satisfi

es
th

e
con

d
ition

s
(A

)–
(D

)
an

d
d
o
es

n
ot

cap
tu

re
th

e
sm

o
oth

n
ess

of
k

(an
d

th
erefore

th
e

corresp
on

d
in

g
H

).
In

oth
er

w
ord

s,
th

e
rates

p
resen

ted
in

T
h
eorem

s
6

an
d

7
sh

ou
ld

d
ep

en
d

on
th

e
d
ecay

rate
of

th
e

eigen
valu

es
of
C

w
h
ich

in
tu

rn
eff

ectively
cap

tu
res

th
e

sm
o
oth

n
ess

of
H

.
H

ow
ever,

w
e

are
n
ot

ab
le

to
ob

tain
su

ch
a

resu
lt—

see
th

e
rem

ark
follow

in
g

th
e

p
ro

of
of

T
h
eorem

6
for

a
d
iscu

ssion
.

W
h
ile

th
ese

rates
d
o

n
ot

refl
ect

16
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D
e
n
si
t
y
E
st

im
a
t
io
n
in

In
f
in
it
e
D
im

e
n
si
o
n
a
l
E
x
p
o
n
e
n
t
ia
l
F
a
m
il
ie
s

th
e

in
tr

in
si

c
sm

o
ot

h
n
es

s
of

H
,

th
ey

ar
e

ob
ta

in
ed

u
n
d
er

th
e

sm
o
ot

h
n
es

s
as

su
m

p
ti

on
,

i.
e.

,
ra

n
ge

sp
a
ce

co
n

d
it

io
n

th
at
f 0
∈
R

(C
β
)

fo
r

so
m

e
β
>

0.
T

h
is

co
n
d
it

io
n

is
q
u
it

e
d
iff

er
en

t
fr

om
th

e
cl

as
si

ca
l
sm

o
ot

h
n
es

s
co

n
d
it

io
n
s

th
at

ap
p

ea
r

in
n
on

-p
ar

am
et

ri
c

fu
n
ct

io
n

es
ti

m
a
ti

on
.

W
h
il
e

th
e

ra
n
ge

sp
ac

e
as

su
m

p
ti

on
h
as

b
ee

n
m

ad
e

in
va

ri
ou

s
ea

rl
ie

r
w

or
k
s

(e
.g

.,
C

ap
on

n
et

to
an

d
V

it
o

(2
00

7)
;

S
m

al
e

an
d

Z
h
ou

(2
00

7)
;

F
u
k
u
m

iz
u

et
al

.
(2

01
3)

in
th

e
co

n
te

x
t

of
n
on

-
p
ar

am
et

ri
c

le
as

t
sq

u
ar

e
re

gr
es

si
on

),
in

th
e

fo
ll
ow

in
g,

w
e

in
ve

st
ig

at
e

th
e

im
p
li
ci

t
sm

o
ot

h
n
es

s
as

su
m

p
ti

on
s

th
at

it
m

ak
es

on
f 0

in
ou

r
co

n
te

x
t.

T
o

th
is

en
d
,

fi
rs

t
it

is
ea

sy
to

sh
ow

(s
ee

th
e

p
ro

of
of

P
ro

p
os

it
io

n
B

.3
in

S
ec

ti
on

B
.3

)
th

at

R
(C

β
)

=

{
∑ i∈
I

c i
φ
i

:
∑ i∈
I

c2 i
α
−

2
β

i
<
∞
}
,

(9
)

w
h
er

e
(α

i)
i∈
I

ar
e

th
e

p
os

it
iv

e
ei

ge
n
va

lu
es

o
f
C

,
(φ
i)
i∈
I

ar
e

th
e

co
rr

es
p

on
d
in

g
ei

ge
n
ve

ct
or

s
th

at
fo

rm
an

or
th

on
or

m
al

b
as

is
fo

r
R

(C
),

an
d
I

is
an

in
d
ex

se
t

w
h
ic

h
is

ei
th

er
fi
n
it

e
(i

f
H

is
fi
n
it

e-
d
im

en
si

on
al

)
or
I

=
N

w
it

h
li
m
i→
∞
α
i

=
0

(i
f
H

is
in

fi
n
it

e
d
im

en
si

on
al

).
F

ro
m

(9
)

it
is

cl
ea

r
th

at
la

rg
er

th
e

va
lu

e
of
β

,
th

e
fa

st
er

is
th

e
d
ec

ay
of

th
e

F
ou

ri
er

co
effi

ci
en

ts
(c
i)
i∈
I
,

w
h
ic

h
in

tu
rn

im
p
li
es

th
at

th
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∈
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∩
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∧
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w
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∈
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≤
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∞
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∧
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∧
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∈
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∈
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⊂
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p
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p
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ra
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p
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p
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n
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⊂
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>
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p
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−
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w
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≥
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‖f̂
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e
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>
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p
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p
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p
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b
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n
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ra
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b
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h
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h
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−

(Ĉ
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b
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h
is

h
eu

ri
st

ic
,

w
h
ic

h
en

su
re

s
th

at
th

e
fi
n
it

e
sa

m
p
le

in
ve

rs
e

p
ro

b
le

m
is

w
el

l-
p

os
ed

,
is

p
op

u
la

r
in

in
ve

rs
e

p
ro

b
le

m
li
te

ra
tu

re
u
n
d
er

th
e

n
am

e
o
f

T
ik

h
o
n
ov

re
gu

la
ri

za
ti

on
(E

n
gl

et
al

.,
19

96
,

C
h
ap

te
r

5)
.

N
ot

e
th

at
T

ik
h
on

ov
re

gu
la

ri
za

ti
o
n

h
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>
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h
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p
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∑
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∑i∈
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b
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→
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.
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con
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p
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>
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∀
η
∈

(0,η
0 ]

w
h
ere
D

:=
[0,χ

]
an

d
χ

:=
d

su
p
x∈

Ω
,i∈

[d
] ∂
i ∂
i+
d k

(x
,x

)
<
∞

.

T
h
e

co
n
stan

t
η

0
is

called
th

e
qu

a
lifi

ca
tio

n
of
g
λ

w
h
ich

is
w

h
at

d
eterm

in
es

th
e

p
oin

t
of

sa
tu

ra
tio

n
o
f
g
λ .

W
e

sh
ow

in
T

h
eorem

9
th

at
if
g
λ

h
as

a
fi
n
ite

q
u
alifi

ca
tion

,
th

en
th

e
resu

lta
n
t

estim
ator

can
n
ot

fu
lly

ex
p
loit

th
e

sm
o
oth

n
ess

of
f

0
an

d
th

erefore
th

e
rate

of
co

n
verg

en
ce

w
ill

su
ff

er
for

β
>
η

0 .
G

iven
g
λ

th
at

satisfi
es

(E
),

w
e

con
stru

ct
ou

r
estim

ator
o
f
f

0
a
s

f
g
,λ
,n

=
−
g
λ (Ĉ
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Ĉ
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p
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h
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p
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c
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ra
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=
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−
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+
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−
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∞
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+
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+
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∞
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=
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p
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=
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=
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=
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p
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p
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‖ ∞
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d
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∈
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√
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=
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−
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√
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∂
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th
e

q
u
ot

ie
n
t

sp
ac

e
W
∼ 2

(Ω
,p

0
)

:=
{[
f

] ∼
:
f
∈
W

2
(Ω
,p

0
)}

w
h
er

e
[f

] ∼
:=
{f
′
∈

W
2
(Ω
,p

0
)

:
f
∼
f
′ }

d
en

ot
es

th
e

eq
u
iv

al
en

ce
cl

a
ss

of
f

.
D

efi
n
in

g
‖[
f

] ∼
‖ W
∼ 2

:=
‖f
‖ W

2
,

it
is

ea
sy

to
ve

ri
fy

th
at
‖·
‖ W
∼ 2

d
efi

n
es

a
n
or

m
o
n
W
∼ 2

(p
0
).

In
ad

d
it

io
n
,

en
d
ow

in
g

th
e

fo
ll
ow

in
g

b
il
in

ea
r

fo
rm

on
W
∼ 2

(Ω
,p

0
)

〈[f
] ∼
,[
g
] ∼
〉 W
∼ 2

:=

∫ Ω
p

0
(x

)
∑ |α
|=

1

(∂
α
f

)(
x

)(
∂
α
g
)(
x

)
d
x

m
ak

es
it

a
p
re

-H
il
b

er
t

sp
ac

e.
L

et
W

2
(Ω
,p

0
)

b
e

th
e

H
il
b

er
t

sp
ac

e
ob

ta
in

ed
b
y

co
m

p
le

ti
o
n

of
W
∼ 2

(Ω
,p

0
).

A
s

sh
ow

n
in

P
ro

p
os

it
io

n
11

b
el

ow
,

u
n
d
er

so
m

e
as

su
m

p
ti

on
s,

a
co

n
ti

n
u
o
u
s

m
ap

p
in

g
I k

:
H
→
W

2
(Ω
,p

0
),
f
7→

[f
] ∼

ca
n

b
e

d
efi

n
ed

,
w

h
ic

h
is

in
je

ct
iv

e
m

o
d
u
lo

co
n
st

a
n
t

fu
n
ct

io
n
s.

S
in

ce
ad

d
it

io
n

of
a

co
n
st

an
t

d
o
es

n
ot

co
n
tr

ib
u
te

to
p
f
,
th

e
sp

ac
e
W

2
(Ω
,p

0
)

ca
n

b
e

re
ga

rd
ed

as
a

p
ar

am
et

er
sp

ac
e

ex
te

n
d
ed

fr
om

H
.

In
ad

d
it

io
n

to
I k

,
P

ro
p

os
it

io
n

1
1

(p
ro

ve
d

in
S
ec

ti
on

8.
10

)
d
es

cr
ib

es
th

e
ad

jo
in

t
of
I k

an
d

re
le

va
n
t

se
lf

-a
d
jo

in
t

op
er

at
o
rs

,
w

h
ic

h
w

il
l

b
e

u
se

fu
l

in
an

al
y
zi

n
g
p
f
λ
,n

in
T

h
eo

re
m

12
.

P
ro

p
o
si

ti
o
n

1
1

L
et

su
p
p
(q

0
)

=
Ω

w
h
er

e
Ω
⊂

R
d

is
n

o
n

-e
m

p
ty

a
n

d
o
pe

n
.

S
u

p
po

se
k

sa
ti

sfi
es

(B
)

a
n

d
∂
i∂
i+
d
k
(x
,x

)
∈
L

1
(Ω
,p

0
)

fo
r

a
ll
i
∈

[d
].

T
h
en

I k
:
H
→

W
2
(Ω
,p

0
),

f
7→

[f
] ∼

d
efi

n
es

a
co

n
ti

n
u

o
u

s
m

a
p
p
in

g
w

it
h

th
e

n
u

ll
sp

a
ce

H
∩
R

.
T

h
e

a
d
jo

in
t

o
f
I k

is
S
k

:
W

2
(Ω
,p

0
)
→

H
w

h
o
se

re
st

ri
ct

io
n

to
W
∼ 2

(Ω
,p

0
)

is
gi

ve
n

by

S
k
[h

] ∼
(y

)
=

∫ Ω

d ∑ i=
1

∂
ik

(x
,y

)∂
ih

(x
)
p

0
(x

)
d
x
,

[h
] ∼
∈
W
∼ 2

(Ω
,p

0
),
y
∈

Ω
.

In
a
d
d
it

io
n

,
I k

a
n

d
S
k

a
re

H
il

be
rt

-S
ch

m
id

t
a
n

d
th

er
ef

o
re

co
m

pa
ct

.
A

ls
o
,
E
k

:=
S
k
I k

a
n

d
T
k

:=
I k
S
k

a
re

co
m

pa
ct

,
po

si
ti

ve
a
n

d
se

lf
-a

d
jo

in
t

o
pe

ra
to

rs
o
n
H

a
n

d
W

2
(Ω
,p

0
)

re
sp

ec
ti

ve
ly

w
h
er

e

E
k
g
(y

)
=

∫ Ω

d ∑ i=
1

∂
ik

(x
,y

)∂
ig

(x
)p

0
(x

)
d
x
,

g
∈
H
,
y
∈

Ω

a
n

d
th

e
re

st
ri

ct
io

n
o
f
T
k

to
W
∼ 2

(Ω
,p

0
)

is
gi

ve
n

by

T
k
[h

] ∼
=

[ ∫

Ω

d ∑ i=
1

∂
ik

(x
,·)
∂
ih

(x
)
p

0
(x

)
d
x

] ∼
,

[h
] ∼
∈
W
∼ 2

(Ω
,p

0
).

N
ot

e
th

at
fo

r
[h

] ∼
∈
W
∼ 2

(Ω
,p

0
),

th
e

d
er

iv
at

iv
es
∂
ih

d
o

n
ot

d
ep

en
d

on
th

e
ch

o
ic

e
o
f

a
re

p
-

re
se

n
ta

ti
ve

el
em

en
t

al
m

os
t

su
re

ly
w

.r
.t

.
p

0
,

an
d

th
u
s

th
e

ab
ov

e
in

te
g
ra

ls
ar

e
w

el
l

d
efi

n
ed

.
H

av
in

g
co

n
st

ru
ct

ed
W

2
(Ω
,p

0
),

it
is

cl
ea

r
th

at
J

(p
0
‖p
f
)

=
1 2
‖[
f ?

] ∼
−
I k
f
‖2 W

2
,

w
h
ic

h
m

ea
n
s

es
ti

m
at

in
g
p

0
is

eq
u
iv

al
en

t
to

es
ti

m
at

in
g
f ?
∈
W

2
(Ω
,p

0
)

b
y
f
∈
F

.
W

it
h

a
ll

th
es

e
p
re

p
a
-

ra
ti

on
s,

w
e

ar
e

n
ow

re
ad

y
to

p
re

se
n
t

a
re

su
lt

(p
ro

v
ed

in
S
ec

ti
on

8.
11

)
on

co
n
si

st
en

cy
a
n
d

co
n
ve

rg
en

ce
ra

te
fo

r
p
f
λ
,n

w
it

h
ou

t
as

su
m

in
g

th
e

ex
is

te
n
ce

of
f
∗ .

T
h

e
o
re

m
1
2

L
et
p

0
,
q 0
∈
C

1
(Ω

)
be

p
ro

ba
bi

li
ty

d
en

si
ti

es
su

ch
th

a
t
J

(p
0
‖q

0
)
<
∞

.
A

ss
u

m
e

th
a
t

(A
)–

(D
)

h
o
ld

w
it

h
ε

=
2

a
n

d
χ

:=
d

su
p
x
∈Ω

,i
∈[
d
]
∂
i∂
i+
d
k
(x
,x

)
<
∞

.
T

h
en

th
e

fo
ll

o
w

in
g
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D
e
n
sit

y
E
st

im
a
t
io
n
in

In
f
in
it
e
D
im

e
n
sio

n
a
l
E
x
p
o
n
e
n
t
ia
l
F
a
m
il
ie
s

h
o
ld

.

(i)
A

s
λ
→

0
,
λ
n
→
∞

a
n

d
n
→
∞
,
J

(p
0 ‖
p
f
λ
,n

)→
in

f
p∈P

J
(p

0 ‖p
).

(ii)
D

efi
n

e
f
?

:=
log

p
0

q
0

.
If

[f
? ]∼
∈
R

(T
k ),

th
en

J
(p

0 ‖p
f
λ
,n

)→
0

a
s
λ
→

0
,
λ
n
→
∞

a
n

d
n
→
∞
.

In
a
d
d
itio

n
,

if
[f
? ]∼
∈
R

(T
βk
)

fo
r

so
m

e
β
>

0,
th

en
fo

r
λ

=
n
−

m
a
x {

13
,

1
2
β

+
1 }

J
(p

0 ‖
p
f
λ
,n

)
=
O
p

0 (
n
−

m
in {

23
,

2
β

2
β

+
1 })

.
(iii)

If‖
E
−

1
k
‖
<
∞

a
n

d
‖
T
−

1
k
‖
<
∞

,
th

en
J

(p
0 ‖p

f
λ
,n

)
=
O
p

0 (n
−

1 )
w

ith
λ

=
n
−

12.

R
e
m

a
rk

(i)
T

h
e

resu
lt

in
T

h
eorem

12(ii)
is

p
articu

larly
in

terestin
g

as
it

sh
ow

s
th

at
[f
? ]∼
∈

W
2 (Ω

,p
0 )\

I
k (H

)
can

b
e

con
sisten

tly
estim

ated
b
y
f
λ
,n
∈

H
,

w
h
ich

in
tu

rn
im

p
lies

th
at

certa
in
p

0
/∈
P

can
b

e
con

sisten
tly

estim
ated

b
y
p
f
λ
,n
∈
P

.
In

p
articu

lar,
if
S
k

is
in

jective,
th

en
I
k (H

)
is

d
en

se
in
W

2 (Ω
,p

0 )
w

.r.t.‖·‖
W

2 ,
w

h
ich

im
p
lies

in
f
p∈P

J
(p

0 ||p
)

=
0

th
ou

gh
th

ere
d
o
es

n
o
t

ex
ist

f
∗
∈

H
for

w
h
ich

J
(p

0 ||p
f
∗)

=
0.

W
h
ile

T
h
eorem

10
can

n
ot

h
an

d
le

th
is

situ
atio

n
,

(i)
an

d
(ii)

in
T

h
eorem

12
coin

cid
e

sh
ow

in
g

th
at
p

0
/∈
P

can
b

e
con

sisten
tly

estim
a
ted

b
y
p
f
λ
,n
∈
P

.
W

h
ile

th
e

q
u
estion

of
w

h
en

I
k (H

)
is

d
en

se
in
W

2 (Ω
,p

0 )
is

op
en

,
w

e
refer

th
e

rea
d
er

to
S
ection

B
.4

for
a

related
d
iscu

ssion
.

(ii)
R

ep
lica

tin
g

th
e

p
ro

of
of

T
h
eorem

4.6
in

S
tein

w
art

an
d

S
covel

(2012),
it

is
easy

to
sh

ow

th
at

fo
r

a
ll

0
<
γ
<

1,R
(T

γ
/
2

k
)

=
[W

2 (Ω
,p

0 ),I
k (H

)]γ
,2 ,

w
h
ere

th
e

r.h
.s.

is
an

in
terp

olation
sp

a
ce

o
b
ta

in
ed

th
rou

gh
th

e
real

in
terp

olation
o
f
W

2 (Ω
,p

0 )
an

d
I
k (H

)
(see

S
ection

A
.5

fo
r

th
e

n
ota

tio
n

an
d

d
efi

n
ition

).
H

ere
I
k (H

)
is

en
d
ow

ed
w

ith
th

e
H

ilb
ert

sp
ace

stru
ctu

re
b
y
I
k (H

)
∼=

H
/
H
∩
R

.
T

h
is

in
terp

olation
sp

ace
in

terp
retation

m
ean

s
th

at,
for

β
≥

12 ,

R
(T

βk
)⊂

H
m

o
d
u
lo

con
stan

t
fu

n
ction

s.
It

is
n
ice

to
n
ote

th
at

th
e

rates
in

T
h
eorem

12(ii)
fo

r
β
≥

12
m

a
tch

w
ith

th
e

rates
in

T
h
eorem

7
(i.e.,

th
e

w
ell-sp

ecifi
ed

case)
w

.r.t.
J

for
0
≤
β
≤

12 .
W

e
h
igh

ligh
t

th
e

fact
th

at
β

=
0

corresp
on

d
s

to
H

in
T

h
eorem

7
w

h
ereas

β
=

12
co

rresp
o
n
d
s

to
H

in
T

h
eorem

12(ii)
an

d
th

erefore
th

e
ran

ge
of

com
p
arison

is
for

β
≥

12
in

T
h
eo

rem
1
2
(ii)

v
ersu

s
0
≤
β
≤

12
in

T
h
eorem

7.
In

con
trast,

T
h
eorem

10
is

very
lim

ited
as

it
o
n
ly

p
rov

id
es

a
rate

for
th

e
con

v
erg

en
ce

of
J

(p
0 ||p

f
λ
,n

)
to

in
f
p∈P

J
(p

0 ||p
)

assu
m

in
g

th
at

f
∗

is
su

ffi
cien

tly
sm

o
oth

.

B
a
sed

o
n

th
e

o
b
servation

(i)
in

th
e

ab
ove

rem
a
rk

th
at

in
f
p∈P

J
(p

0 ‖
p
)

=
0

if
I
k (H

)
is

d
en

se
in
W

2 (Ω
,p

0 )
w

.r.t.‖·‖
W

2 ,
it

is
p

ossib
le

to
ob

tain
an

ap
p
rox

im
ation

resu
lt

forP
(sim

ilar
to

th
o
se

d
iscu

ssed
in

S
ection

3)
w

.r.t.
F

ish
er

d
ivergen

ce
as

sh
ow

n
b

elow
,

w
h
ose

p
ro

of
is

p
rov

id
ed

in
S
ection

8.12.

P
ro

p
o
sitio

n
1
3

S
u

p
po

se
Ω
⊂

R
d

is
n

o
n

-em
p

ty
a
n

d
o
pen

.
L

et
q

0 ∈
C

1(Ω
)

be
a

p
ro

ba
bility

d
en

sity
a
n

d

P
F

D
:=
{
p
∈
C

1(Ω
)

: ∫

Ω
p
(x

)
d
x

=
1,p

(x
)≥

0,∀
x
∈

Ω
an

d
J

(p‖q
0 )
<
∞
}
.

F
o
r

a
n

y
p
∈
P

F
D

,
if
I
k (H

)
is

d
en

se
in
W

2 (Ω
,p

)
w

.r.t.‖·‖
W

2 ,
th

en
fo

r
every

ε
>

0
,

th
ere

exists
p̃
∈
P

su
ch

th
a
t
J

(p‖p̃
)≤

ε.

23
JM

L
R

 18(57):1-59, 2017

S
r
ip
e
r
u
m
b
u
d
u
r
e
t
a
l
.

6
.

N
u
m

e
rica

l
S
im

u
la

tio
n
s

W
e

h
av

e
p
rop

osed
an

estim
ator

of
p

0
th

at
is

ob
tain

ed
b
y

m
in

im
izin

g
th

e
regu

larized
em

-
p
irical

F
ish

er
d
ivergen

ce
an

d
p
resen

ted
its

con
sisten

cy
alon

g
w

ith
con

vergen
ce

rates.
A

s
d
iscu

ssed
in

S
ection

1,
h
ow

ever
on

e
ca

n
sim

p
ly

ign
ore

th
e

stru
ctu

re
ofP

an
d

estim
ate

p
0

in
a

com
p
letely

n
on

-p
aram

etric
fash

ion
,
for

ex
am

p
le

u
sin

g
th

e
k
ern

el
d
en

sity
estim

ator
(K

D
E

).
In

fact,
con

sisten
cy

an
d

con
vergen

ce
rates

of
K

D
E

are
also

w
ell-stu

d
ied

(T
sy

b
akov

,
2009,

C
h
ap

ter
1)

an
d

th
e

kern
el

d
en

sity
estim

ator
is

very
sim

p
le

to
com

p
u
te—

req
u
irin

g
on

ly
O

(n
)

com
p
u
tation

s—
co

m
p
ared

to
th

e
p
rop

osed
estim

ator,
w

h
ich

is
ob

tain
ed

b
y

solv
in

g
a

lin
ear

sy
stem

of
size

n
d×

n
d
.

T
h
is

raises
q
u
estion

s
ab

ou
t

th
e

ap
p
licab

ility
of

th
e

p
rop

osed
esti-

m
ator

in
p
ractice,

th
ou

gh
it

is
very

w
ell

k
n
ow

n
th

at
K

D
E

p
erform

s
p

o
orly

for
m

o
d
erate

to
large

d
(W

asserm
an

,
2006,

S
ection

6.5).
In

th
is

section
,

w
e

n
u
m

erically
d
em

on
strate

th
at

th
e

p
rop

osed
score

m
atch

in
g

estim
ator

p
erform

s
sign

ifi
can

tly
b

etter
th

an
th

e
K

D
E

,
an

d
in

p
articu

lar,
th

at
th

e
ad

van
tage

w
ith

th
e

p
rop

osed
estim

ator
grow

s
as
d

gets
la

rge.
N

ote
fu

rth
er

th
at

th
e

m
ax

im
u
m

likelih
o
o
d

ap
p
roach

of
B

arron
an

d
S
h
eu

(1991)
an

d
F

u
k
u
m

izu
(2009)

d
o
es

n
ot

y
ield

estim
ators

th
at

are
p
ra

ctically
fea

sib
le,

an
d

th
erefore

to
th

e
b

est
of

ou
r

k
n
ow

led
ge,

th
e

p
rop

osed
estim

ator
is

th
e

on
ly

v
ia

b
le

estim
ator

for
estim

atin
g

d
en

sities
th

rou
gh
P

.

In
th

e
follow

in
g,

w
e

con
sid

er
tw

o
sim

p
le

scen
arios

of
estim

atin
g

a
m

u
ltivariate

n
or-

m
al

an
d

m
ix

tu
re

of
n
orm

als
u
sin

g
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for

0
<
β
≤

1
(for

β
>

1,
w

e
sh

ow
ed

th
at

th
e

ab
ov

e
m

en
tio

n
ed

ra
tes

can
b

e
im

p
roved

b
y

an
ap

p
rop

riate
ch

oice
of

th
e

regu
larizer)

b
y

ob
tain

in
g

m
in

im
a
x

low
er

b
ou

n
d
s

u
n
d
er

th
e

sou
rce

con
d
ition

log
p

0 ∈
R

(C
β
)

an
d

th
e

eigen
valu

e
d
ecay

ra
te

o
f
C

,
u
sin

g
th

e
id

eas
in

D
eV

ore
et

al.
(2004).

S
econ

d
,

th
e

p
rop

osed
estim

ator
d
ep

en
d
s

o
n

th
e

reg
u
la

rization
p
aram

eter,
w

h
ich

in
tu

rn
d
ep

en
d
s

on
th

e
sm

o
oth

n
ess

scale
β

.
S
in

ce
β

is
n
o
t

k
n
ow

n
in

p
ractice,

it
is

th
erefore

of
in

terest
to

con
stru

ct
estim

ators
th

a
t

are
a
d
ap

tive
to

u
n
k
n
ow

n
β

.
T

h
ird

,
sin

ce
th

e
p
rop

osed
estim

ator
is

com
p
u
tation

ally
ex

p
en

sive
a
s

it
in

v
olves

so
lv

in
g

a
lin

ea
r

sy
stem

of
size

n
d×

n
d
,

it
is

im
p

ortan
t

to
stu

d
y

eith
er

altern
ate

estim
ators

o
r

effi
cien

t
im

p
lem

en
tation

s
of

th
e

p
rop

osed
estim

ator
to

im
p
rov

e
th

e
ap

p
licab

ility
o
f

th
e

m
eth

o
d
.

8
.

P
ro

o
fs

W
e

p
rov

id
e

p
ro

ofs
of

th
e

resu
lts

p
resen

ted
in

S
ection

s
3–5

.

8
.1

P
ro

o
f

o
f

P
ro

p
o
sitio

n
1

S
rip

eru
m

b
u
d
u
r

et
al.

(2011,
P

rop
osition

5)
sh

ow
ed

th
at

H
is

d
en

se
in
C

0 (Ω
)

w
.r.t.

u
n
iform

n
o
rm

if
a
n
d

o
n
ly

if
k

satisfi
es

(5).
T

h
erefore,

th
e

d
en

sen
ess

in
L

1,
K

L
an

d
H

ellin
ger

d
istan

ces
fo

llow
triv

ia
lly

from
L

em
m

a
A

.1.
F

or
L
r

n
orm

(r
>

1),
th

e
d
en

sen
ess

fo
llow

s
b
y

u
sin

g
th

e
b

o
u
n
d
‖p
f −

p
g ‖
L
r
(Ω

) ≤
2
e

2‖
f−

g‖∞
e

2‖
f‖∞‖

f
−
g‖∞
‖
q

0 ‖
L
r
(Ω

)
ob

tain
ed

fro
m

L
em

m
a

A
.1

(i)
w

ith
f
∈
C

0 (Ω
)

an
d
g
∈
H

.
�

8
.2

P
ro

o
f

o
f

C
o
ro

lla
ry

2

F
o
r

a
n
y
p
∈
P
c ,

d
efi

n
e
p
δ

:=
p
+
δ
q
0

1
+
δ

.
N

ote
th

at
p
δ (x

)
>

0
for

all
x
∈

Ω
an

d
‖
p−

p
δ ‖
L
r
(Ω

)
=

δ‖
p−
q
0 ‖
L
r
(Ω

)

1
+
δ

,
im

p
ly

in
g

th
at

lim
δ→

0 ‖p−
p
δ ‖
L
r
(Ω

)
=

0
for

an
y

1
≤
r
≤
∞

.
T

h
is

m
ean

s,
for

a
n
y
ε
>

0
,∃
δ
ε
>

0
su

ch
th

at
for

an
y

0
<
θ
<
δ
ε ,

w
e

h
ave‖

p−
p
θ ‖
L
r
(Ω

) ≤
ε,

w
h
ere

p
θ (x

)
>

0
fo

r
a
ll
x
∈

Ω
.
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S
r
ip
e
r
u
m
b
u
d
u
r
e
t
a
l
.

D
efi

n
e
f

:=
log

p
θ
q
0 −

c
θ

w
h
ere

c
θ

:=
log

`+
θ

1
+
θ .

It
is

clear
th

at
f
∈
C

(Ω
)

sin
ce
p
,q∈

C
(Ω

).
F

ix
an

y
η
>

0
an

d
d
efi

n
e

A
:=
{
x

:
f

(x
)≥

η}
=

{
x

:
p
(x

)

q
0 (x

) −
`≥

(`
+
θ)

(e
η−

1) }
.

S
in

ce
pq
0 −

`∈
C

0 (Ω
),

it
is

clear
th

at
A

is
co

m
p
act

an
d

so
f
∈
C

0 (Ω
).

A
lso,

it
is

easy
to

verify
th

at
p
θ

=
e
f−

A
(f

)q
0

w
h
ich

im
p
lies

p
θ ∈
P

0 ,
w

h
ereP

0
is

d
efi

n
ed

in
P

rop
osition

1.
T

h
is

m
ean

s,
for

an
y
ε
>

0,
th

ere
ex

ists
p
g ∈
P

su
ch

th
at‖p

θ −
p
g ‖
L
r
(Ω

) ≤
ε

u
n
d
er

th
e

assu
m

p
tion

th
at
q

0
∈
L

1(Ω
)∩

L
r(Ω

).
T

h
erefore

‖
p−

p
g ‖
L
r
(Ω

) ≤
2
ε

for
an

y
1
≤
r
≤
∞

,
w

h
ich

p
roves

th
e

d
en

sen
ess

ofP
in
P
c

w
.r.t.

L
r

n
orm

for
an

y
1
≤
r≤
∞

.
S
in

ce
h

(p
,q)≤

√
‖p−

q‖
L

1
(Ω

)

for
an

y
p
rob

ab
ility

d
en

sities
p
,q,

th
e

d
en

sen
ess

in
H

ellin
ger

d
istan

ce
follow

s.

W
e

n
ow

p
rove

th
e

d
en

sen
ess

in
K

L
d
ivergen

ce
b
y

n
otin

g
th

at

K
L

(p‖p
δ )

=

∫{
p
>

0}
p

log
p

+
p
δ

p
+
q

0 δ
d
x
≤
∫{
p
>

0}
p (

p
+
p
δ

p
+
q

0 δ
−

1 )
d
x

=
δ ∫

p
>

0 (p−
q

0 )
p

p
+
q

0 δ
d
x
≤
δ‖
p−

q
0 ‖
L

1
(Ω

) ≤
2δ,

w
h
ich

im
p
lies

lim
δ→

0
K
L

(p‖
p
δ )

=
0.

T
h
is

im
p
lies,

for
a
n
y
ε
>

0,∃
δ
ε
>

0
su

ch
th

at
for

an
y

0
<
θ
<
δ
ε ,
K
L

(p‖
p
θ )≤

ε.
A

rgu
in

g
as

ab
ov

e,
w

e
h
ave

p
θ ∈
P

0 ,
i.e.,

th
ere

ex
ists

f
∈
C

0 (Ω
)

su
ch

th
at

p
θ

=
e
f
q
0

∫
e
f
q
0
d
x
.

S
in

ce
H

is
d
en

se
in
C

0 (Ω
),

for
an

y
f
∈
C

0 (Ω
)

an
d

an
y
ε
>

0,

th
ere

ex
ists

g
∈
H

su
ch

th
at‖

f
−
g‖∞

≤
ε.

F
or
p
g ∈
P

,
sin

ce
∫
p

log
p
θ
p
g
d
x
≤
∥∥∥
log

p
θ
p
g ∥∥∥∞

≤
2‖f
−
g‖∞

≤
2ε,

w
e

h
ave

K
L

(p‖p
g )

=

∫

Ω
p

log
pp
g
d
x

=

∫

Ω
p

log
pp
θ
d
x

+

∫

Ω
p

log
p
θ

p
g
d
x
≤

3ε

an
d

th
e

resu
lt

follow
s.

�

8
.3

P
ro

o
f

o
f

T
h

e
o
re

m
4

(i)
B

y
th

e
rep

ro
d
u
cin

g
p
rop

erty
of

H
,

sin
ce
∂
i f

(x
)

=
〈f
,∂
i k

(x
,·)〉

H
for

all
i∈

[d
],

it
is

easy
to

v
erify

th
atJ

(f
)

=
12

∫

Ω
p

0 (x
)

d
∑i=

1 〈f
−
f

0 ,∂
i k

(x
,·)〉

2H
d
x

=
12

∫

Ω
p

0 (x
)

d
∑i=

1 〈f
−
f

0 ,(∂
i k

(x
,·)⊗

∂
i k

(x
,·))

(f
−
f

0 )〉
H
d
x

=
12

∫

Ω
p

0 (x
)〈f
−
f

0 ,C
x (f
−
f

0 )〉
H
d
x
,

(11)

w
h
ere

in
th

e
secon

d
lin

e,
w

e
u
sed
〈a
,b〉

2H
=
〈a
,b〉

H 〈a
,b〉

H
=
〈a
,(b⊗

b)a〉
H

for
a
,b∈

H
w

ith
H

b
ein

g
a

H
ilb

ert
sp

ace
an

d

C
x

:=
d
∑i=

1

∂
i k

(x
,·)⊗

∂
i k

(x
,·).

(12)
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D
e
n
si
t
y
E
st

im
a
t
io
n
in

In
f
in
it
e
D
im

e
n
si
o
n
a
l
E
x
p
o
n
e
n
t
ia
l
F
a
m
il
ie
s

O
b
se

rv
e

th
at

fo
r

al
l
x
∈

Ω
,
C
x

is
a

H
il
b

er
t-

S
ch

m
id

t
op

er
at

or
as
‖C

x
‖ H

S
≤
∑

d i=
1
‖∂

ik
(x
,·)
‖2 H

=
∑

d i=
1
∂
i∂
i+
d
k
(x
,x

)
<
∞

an
d

(f
−
f 0

)
⊗

(f
−
f 0

)
is

al
so

H
il
b

er
t-

S
ch

m
id

t
as
‖(
f
−
f 0

)
⊗

(f
−
f 0

)‖
H
S

=
‖f
−
f 0
‖2 H

<
∞

.
T

h
er

ef
or

e,
(1

1)
is

eq
u
iv

al
en

t
to

J
(f

)
=

1 2

∫ Ω
p

0
(x

)
〈(
f
−
f 0

)
⊗

(f
−
f 0

),
C
x
〉 H

S
d
x
.

S
in

ce
th

e
fi
rs

t
co

n
d
it

io
n

in
(D

)
im

p
li
es
∫ Ω
‖C

x
‖ H

S
p

0
(x

)
d
x
<
∞

,
C
x

is
p

0
-i

n
te

gr
ab

le
in

th
e

B
o
ch

n
er

se
n
se

(s
ee

D
ie

st
el

an
d

U
h
l,

19
77

,
D

efi
n
it

io
n

1
an

d
T

h
eo

re
m

2)
,

an
d

th
er

ef
or

e
it

fo
ll
ow

s
fr

om
D

ie
st

el
an

d
U

h
l

(1
97

7,
T

h
eo

re
m

6)
th

at

J
(f

)
=

1 2

〈 (f
−
f 0

)
⊗

(f
−
f 0

),

∫ Ω
C
x
p

0
(x

)
d
x

〉 H
S

,

w
h
er

e
C

:=
∫ Ω
C
x
p

0
(x

)
d
x

is
th

e
B

o
ch

n
er

in
te

gr
al

of
C
x
,

th
er

eb
y

y
ie

ld
in

g
(6

).

W
e

n
ow

sh
ow

th
at
C

is
tr

ac
e-

cl
as

s.
L

et
(e
l)
l∈

N
b

e
an

or
th

on
or

m
al

b
as

is
in

H
(a

co
u
n
ta

b
le

O
N

B
ex

is
ts

as
H

is
se

p
ar

ab
le

—
se

e
R

em
ar

k
3(

i)
).

D
efi

n
e
B

:=
∑

l〈C
e l
,e
l〉 H

so
th

at

B
=
∑ l

∫ Ω
〈e
l,
C
x
e l
〉 H
p

0
(x

)
d
x

=
∑ l

∫ Ω

d ∑ i=
1

〈e
l,
∂
ik

(x
,·)
〉2 H
p

0
(x

)
d
x

(∗
)

=

∫ Ω

∑ i∈
[d

],
l

〈e
l,
∂
ik

(x
,·)
〉2 H
p

0
(x

)
d
x

(∗
∗) =

∫ Ω

d ∑ i=
1

‖∂
ik

(x
,·)
‖2 H

p
0
(x

)
d
x
<
∞
,

w
h
ic

h
m

ea
n
s
C

is
tr

ac
e-

cl
as

s
an

d
th

er
ef

or
e

co
m

p
ac

t.
H

er
e,

w
e

u
se

d
m

on
ot

on
e

co
n
v
er

ge
n
ce

th
eo

re
m

in
(∗

)
an

d
P

ar
se

va
l’
s

id
en

ti
ty

in
(∗
∗)

.
N

ot
e

th
at
C

is
p

os
it

iv
e

si
n
ce
〈f
,C
f
〉 H

=
∫ Ω
p

0
(x

)
‖∇

f
‖2 2
d
x
≥

0
,
∀f
∈
H
.

(i
i)

F
ro

m
(6

),
w

e
h
av

e
J

(f
)

=
1 2
〈f
,C
f
〉 H
−
〈f
,C
f 0
〉 H

+
1 2
〈f

0
,C
f 0
〉 H

.
U

si
n
g
∂
if

0
(x

)
=

∂
i
lo

g
p

0
(x

)
−
∂
i
lo

g
q 0

(x
)

fo
r

al
l
i
∈

[d
],

w
e

ob
ta

in
th

at
fo

r
an

y
f
∈
H

,

〈f
,C
f 0
〉 H

=

∫ Ω
p

0
(x

)
d ∑ i=

1

∂
if

(x
)∂
if

0
(x

)
d
x

=

∫ Ω

d ∑ i=
1

∂
if

(x
)∂
ip

0
(x

)
d
x
−
∫ Ω

p
0
(x

)
d ∑ i=

1

∂
if

(x
)∂
i
lo

g
q 0

(x
)
d
x

(b
)

=
−
∫ Ω

p
0
(x

)
d ∑ i=

1

∂
2 i
f

(x
)
d
x
−
∫ Ω

p
0
(x

)
d ∑ i=

1

∂
if

(x
)∂
i
lo

g
q 0

(x
)
d
x

=
−
∫ Ω

p
0
(x

)

〈
f
,

ξ x
︷

︸︸
︷

d ∑ i=
1

∂
2 i
k
(x
,·)

+
∂
ik

(x
,·)
∂
i
lo

g
q 0

(x
)〉

H

d
x

(c
)

=
〈f
,−
ξ〉

H
,

(1
3)

w
h
er

e
(b

)
fo

ll
ow

s
fr

om
in

te
gr

at
io

n
b
y

p
ar

ts
u
n
d
er

(C
)

an
d

th
e

eq
u
al

it
y

in
(c

)
is

va
li
d

as
ξ x

is
B

o
ch

n
er
p

0
-i

n
te

gr
ab

le
u
n
d
er

(D
)

w
it

h
ε

=
1.

T
h
er

ef
or

e
C
f 0

=
−
ξ.

F
or

th
e

th
ir

d
te

rm
,

〈f
0
,C
f 0
〉 H

=
∫ Ω
p

0
(x

)
∑

d i=
1

(∂
if

0
(x

))
2
d
x

an
d

th
e

re
su

lt
fo

ll
ow

s.
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S
r
ip
e
r
u
m
b
u
d
u
r
e
t
a
l
.

(i
ii
)

D
efi

n
e
c 0

:=
J

(p
0
‖q

0
).

F
or

an
y
λ
>

0,
it

is
ea

sy
to

ve
ri

fy
th

at

J
λ
(f

)
=

1 2
‖(
C

+
λ
I
)1
/
2
f

+
(C

+
λ
I
)−

1
/
2
ξ‖

2 H
−

1 2
〈ξ
,(
C

+
λ
I
)−

1
ξ〉

H
+
c 0
.

C
le

ar
ly

,
J
λ
(f

)
is

m
in

im
iz

ed
if

an
d

on
ly

if
(C

+
λ
I
)1
/
2
f

=
−

(C
+
λ
I
)−

1
/
2
ξ

a
n
d

th
er

ef
or

e
f λ

=
−

(C
+
λ
I
)−

1
ξ

is
th

e
u
n
iq

u
e

m
in

im
iz

er
of
J
λ
(f

).

(i
v
)

S
in

ce
(i
v
)

is
si

m
il
ar

to
(i
ii

)
w

it
h
C

re
p
la

ce
d

b
y
Ĉ

an
d
ξ

re
p
la

ce
d

b
y
ξ̂,

w
e

o
b
ta

in
f λ
,n

=
(Ĉ

+
λ
I
)−

1
ξ̂.

�

8
.4

P
ro

o
f

o
f

T
h

e
o
re

m
5

W
e

p
ro

ve
th

e
re

su
lt

b
as

ed
on

th
e

ge
n
er

al
re

p
re

se
n
te

r
th

eo
re

m
(T

h
eo

re
m

A
.2

).
F

ro
m

T
h
eo

-
re

m
4(

iv
),

w
e

h
av

e

f λ
,n

=
ar

g
in

f
f
∈H

1 2
〈f
,Ĉ
f
〉 H

+
〈f
,ξ̂
〉 H

+
λ 2
‖f
‖2 H

=
ar

g
in

f
f
∈H

1 2n

n ∑ a
=

1

d ∑ i=
1

〈f
,∂
ik

(X
a
,·)
〉2 H

+
〈f
,ξ̂
〉 H

+
λ 2
‖f
‖2 H

=
ar

g
in

f
f
∈H

V
(〈
f
,φ

1
〉 H
,.
..
,〈
f
,φ

n
d
〉 H
,〈
f
,φ

n
d
+

1
〉 H

)
+
λ 2
‖f
‖2 H
,

w
h
er

e
V

(θ
1
,.
..
,θ
n
d
,θ
n
d
+

1
)

:=
1 2
n

∑
n a
=

1

∑
d i=

1
θ2 (a
−

1
)d

+
i
+
θ n
d
+

1
,
φ

(a
−

1
)d

+
i

:=
∂
ik

(X
a
,·)
,
a
∈

[n
],
i
∈

[d
]

an
d
φ
n
d
+

1
:=

ξ̂.
T

h
er

ef
or

e,
it

fo
ll
ow

s
fr

om
T

h
eo

re
m

A
.2

th
at

f λ
,n

=
δξ̂

+
n ∑ a
=

1

d ∑ i=
1

β
(a
−

1
)d

+
iφ

(a
−

1
)d

+
i

(1
4
)

w
h
er

e
δ

an
d
β

sa
ti

sf
y

λ

( β
δ

)
+
∇
V

( K

( β
δ

))
=

0
(1

5)

w
it

h
K

=

(
G

h

h
T
‖ξ̂
‖2 H

)
.

S
in

ce
∇
V

( z
t)

=

(
1 n
z 1

) ,
(1

5)
re

d
u
ce

s
to
λ
δ

+
1

=
0

a
n
d
λ
β

+

1 n
G
β

+
δ n
h

=
0

y
ie

ld
in

g
δ

=
−

1 λ
an

d
(

1 n
G

+
λ
I
)β

=
1 n
λ
h

.
�

R
e
m

a
rk

In
st

ea
d

of
u
si

n
g

th
e

ge
n
er

al
re

p
re

se
n
te

r
th

eo
re

m
(T

h
eo

re
m

A
.2

),
it

is
p

o
ss

ib
le

to
se

e
th

at
th

e
st

an
d
ar

d
re

p
re

se
n
te

r
th

eo
re

m
(K

im
el

d
or

f
an

d
W

ah
b
a,

19
71

;
S
ch

ö
lk

o
p
f

et
a
l.
,

20
01

)
gi

ve
s

a
si

m
il
ar

,
b
u
t

sl
ig

h
tl

y
d
iff

er
en

t
li
n
ea

r
sy

st
em

,
an

d
th

e
so

lu
ti

on
s

a
re

th
e

sa
m

e
if
K

is
n
on

-s
in

gu
la

r.
T

h
e

ge
n
er

al
re

p
re

se
n
te

r
th

eo
re

m
y
ie

ld
s

th
at
β

an
d
δ

a
re

so
lu

ti
o
n

to

F

( β
δ

)
=

( 0 1

) ,
w

h
er

e
F

=

(
1 n
G

+
λ
I

1 n
h

0
T

λ

) .
O

n
th

e
ot

h
er

h
an

d
,

b
y

u
si

n
g

th
e

st
a
n
d
a
rd

re
p
re

se
n
te

r
th

eo
re

m
,

it
is

ea
sy

to
sh

ow
th

at
f λ
,n

h
as

th
e

fo
rm

in
(1

4)
w

it
h
δ

a
n
d
β

b
ei

n
g

so
lu

ti
on

to
K
F

( β
δ

)
=
K

( 0 1

) .
C

le
ar

ly
,

b
ot

h
th

e
so

lu
ti

on
s

m
at

ch
if
K

is
in

ve
rt

ib
le

w
h
il
e

th
e

la
tt

er
h
as

m
an

y
so

lu
ti

on
s

if
K

is
n
ot

in
ve

rt
ib

le
.

3
0

JM
L

R
 1

8(
57

):
1-

59
, 2

01
7



D
e
n
sit

y
E
st

im
a
t
io
n
in

In
f
in
it
e
D
im

e
n
sio

n
a
l
E
x
p
o
n
e
n
t
ia
l
F
a
m
il
ie
s

8
.5

P
ro

o
f

o
f

T
h

e
o
re

m
6

C
o
n
sid

er

f
λ
,n −

f
λ

=
−

(Ĉ
+
λ
I
) −

1 (
ξ̂

+
(Ĉ

+
λ
I
)f
λ )

(∗
)

=
−

(Ĉ
+
λ
I
) −

1 (
ξ̂

+
Ĉ
f
λ

+
C

(f
0 −

f
λ ) )

=
(Ĉ

+
λ
I
) −

1(C
−
Ĉ

)(f
λ −

f
0 )−

(Ĉ
+
λ
I
) −

1(ξ̂
+
Ĉ
f

0 )

=
(Ĉ

+
λ
I
) −

1(C
−
Ĉ

)(f
λ −

f
0 )−

(Ĉ
+
λ
I
) −

1(ξ̂−
ξ)

+
(Ĉ

+
λ
I
) −

1(C
−
Ĉ

)f
0 ,

w
h
ere

w
e

u
sed

λ
f
λ

=
C

(f
0 −

f
λ )

in
(∗

).
D

efi
n
e
S

1
:=
‖(Ĉ

+
λ
I
) −

1(C
−
Ĉ

)(f
λ −

f
0 )‖

H
,

S
2

:=
‖
(Ĉ

+
λ
I
) −

1(ξ̂−
ξ)‖

H
an

d
S

3
:=
‖
(Ĉ

+
λ
I
) −

1(C
−
Ĉ

)f
0 ‖

H
so

th
at

‖
f
λ
,n −

f
0 ‖

H
≤
‖f
λ
,n −

f
λ ‖

H
+
‖
f
λ −

f
0 ‖

H
≤
S

1
+
S

2
+
S

3
+
A

0 (λ
),

(16)

w
h
ere
A

0 (λ
)

:=
‖f
λ −

f
0 ‖

H
.

W
e

n
ow

b
ou

n
d
S

1 ,
S

2
an

d
S

3
u
sin

g
P

rop
ositio

n
A

.4.
N

ote
th

a
t
C

=
∫

Ω
C
x
p

0 (x
)
d
x

w
h
ere

C
x

is
d
efi

n
ed

in
(12)

is
a

p
ositive,

self-ad
join

t,
trace-class

o
p

era
to

r
a
n
d

(D
)

(w
ith

ε
=

2)
im

p
lies

th
at

∫

Ω ‖
C
x ‖

2H
S
p

0 (x
)
d
x
≤
∫

Ω

(
d
∑i=

1 ‖∂
i k

(x
,·)‖

2H )
2

p
0 (x

)
d
x
≤
d

d
∑i=

1 ∫

Ω ‖
∂
i k

(x
,·)‖

4H
p

0 (x
)
d
x
<
∞
.

T
h
erefo

re,
b
y

P
rop

osition
A

.4(i,iii),

S
1 ≤
‖(Ĉ

+
λ
I
) −

1‖‖(C
−
Ĉ

)(f
λ −

f
0 )‖

H
=
O
p

0 (
A

0 (λ
)

λ √
n

)
(17)

a
n
d

S
2 ≤
‖(Ĉ

+
λ
I
) −

1‖‖ξ̂−
ξ‖

H
=
O
p

0 (
1

λ √
n )

,
(18)

w
h
ere

b
y

u
sin

g
th

e
tech

n
iq

u
e

in
th

e
p
ro

of
of

P
rop

osition
A

.4(i),
w

e
sh

ow
b

elow
th

at‖
ξ̂−

ξ‖
H

=
O
p

0 (n
−

1
/
2).

N
ote

th
at

E
p

0 ‖ξ̂−
ξ‖

2H
=
∫
Ω
‖
ξ
x ‖

2H
p

0
(x

)
d
x−
‖
ξ‖

2H

n
≤
∫
Ω
‖
ξ
x ‖

2H
p

0
(x

)
d
x

n
,

w
h
ere

ξ
x
∈

H
is

d
efi

n
ed

in
(13)

an
d

(D
)

(w
ith

ε
=

2)
im

p
lies

th
a
t
∫

Ω ‖
ξ
x ‖

2H
p

0 (x
)
d
x
<
∞

.

T
h
erefo

re
‖ξ̂−

ξ‖
H

=
O
p

0 (n
−

1
/
2)

follow
s

from
an

ap
p
lica

tion
of

C
h
eb

y
sh

ev
’s

in
eq

u
ality.

A
g
a
in

u
sin

g
P

rop
osition

A
.4(i,iii),

w
e

ob
tain

th
at

S
3 ≤
‖(Ĉ

+
λ
I
) −

1‖‖(C
−
Ĉ

)f
0 ‖

H
=
O
p

0 (
1

λ √
n )

.
(19)

U
sin

g
th

e
b

o
u
n
d
s

in
S

1 ,
S

2
an

d
S

3
in

(16),
w

e
ob

tain

‖f
λ
,n −

f
0 ‖

H
=
O
p

0 (
1

λ √
n

+
A

0 (λ
)

λ √
n

)
+
A

0 (λ
).

(20)

(i)
B

y
P

ro
p

o
sition

A
.3(i),

w
e

h
ave

th
atA

0 (λ
)→

0
as
λ
→

0
if
f

0
∈
R

(C
).

T
h
erefore,

it
fo

llow
s

fro
m

(2
0)

th
at‖f

λ
,n −

f
0 ‖

H
→

0
as
λ
→

0,
λ √

n
→
∞

an
d
n
→
∞

.

(ii)
If
f

0 ∈
R

(C
β
)

for
β
>

0,
it

follow
s

from
P

rop
osition

A
.3(ii)

th
at

A
0 (λ

)≤
m

ax{
1,‖C

‖
β−

1}‖C
−
β
f

0 ‖
H
λ

m
in{

1
,β}
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S
r
ip
e
r
u
m
b
u
d
u
r
e
t
a
l
.

an
d

th
erefore

th
e

resu
lt

follow
s

b
y

ch
o
osin

g
λ

=
n
−

m
a
x {

14
,

1
2
(β

+
1
) }

.

(iii)
N

ote
th

at

S
1

=
‖
(Ĉ

+
λ
I
) −

1(C
−
Ĉ

)(f
λ −

f
0 )‖

H
≤
‖C

(Ĉ
+
λ
I
) −

1‖‖C
−

1‖‖(C
−
Ĉ

)(f
λ −

f
0 )‖

H
,

S
2

=
‖
(Ĉ

+
λ
I
) −

1(ξ̂−
ξ)‖

H
≤
‖C

(Ĉ
+
λ
I
) −

1‖‖C
−

1‖‖ξ̂−
ξ‖

H
,

S
3

=
‖
(Ĉ

+
λ
I
) −

1(C
−
Ĉ

)f
0 ‖

H
≤
‖C

(Ĉ
+
λ
I
) −

1‖‖
C
−

1‖‖(C
−
Ĉ

)f
0 ‖

H

an
d

A
0 (λ

)
=
‖f
λ −

f
0 ‖

H
≤
‖C
−

1‖‖C
(f
λ −

f
0 )‖

H
.

It
follow

s
from

P
rop

osition
A

.4(v
)

th
at‖C

(Ĉ
+
λ
I
) −

1‖
.

1
for

n
≥

cλ
2

w
h
ere

c
is

a
su

ffi
cien

tly

large
con

stan
t

th
at

d
ep

en
d
s

on
∑

di=
1 ∫

Ω
(∂
i ∂
i+
d k

(x
,x

))
2p

0 (x
)
d
x

b
u
t

n
ot

on
n

an
d
λ

.
U

sin
g

th
e

b
ou

n
d
s

on
‖
(C
−
Ĉ

)(f
λ −

f
0 )‖

H
,‖
ξ̂−

ξ‖
H

an
d
‖(C
−
Ĉ

)f
0 ‖

H
from

p
art

(i)
an

d
th

e
b

ou
n
d

on
‖C

(f
λ −

f
0 )‖

H
from

P
rop

osition
A

.3(ii),
w

e
th

erefo
re

o
b
tain

‖
f
λ
,n −

f
0 ‖

H
.
O
p

0 (
1√n )

+
λ

(21)

as
n
→
∞

an
d

th
e

resu
lt

follow
s.

�

R
e
m

a
rk

U
n
d
er

sligh
tly

stron
g

assu
m

p
tion

s
on

th
e

k
ern

el,
th

e
b

ou
n
d

on
S

1
in

(17)
can

b
e

im
p
roved

to
ob

tain
S

1
=
O
p

0 (n
−

1
/
2)

w
h
ile

th
e

on
e

on
S

3
in

(19)
can

b
e

refi
n
ed

to
ob

tain

S
3

=
O
p

0 (√
N

(λ
)

λ
n

)
w

h
ere

N
(λ

)
:=

T
r((C

+
λ
I
) −

1C
)

is
th

e
in

trin
sic

d
im

en
sion

of
H

.
U

sin
g

th
e

fact
th

at
N

(λ
)≤

1λ
,

it
is

easy
to

verify
th

at
th

e
latter

is
an

im
p
roved

b
ou

n
d

th
an

th
e

on
e

in
(19).

In
ad

d
ition

S
3

d
om

in
ates

S
1 .

H
ow

ev
er,

if
S

2
in

(18)
is

n
ot

im
p
roved

,
th

en
S

2

d
om

in
ates

S
3 ,

th
ereb

y
resu

ltin
g

in
a

b
ou

n
d

th
at

d
o
es

n
ot

cap
tu

re
th

e
sm

o
o
th

n
ess

of
k

(or
th

e
corresp

on
d
in

g
H

).
U

n
fortu

n
ately,

even
w

ith
a

refi
n
ed

an
aly

sis
(n

ot
rep

orted
h
ere),

w
e

are
n
ot

ab
le

to
im

p
rov

e
th

e
b

ou
n
d

on
S

2
w

h
erein

th
e

d
iffi

cu
lty

lies
w

ith
h
an

d
lin

g
ξ.

8
.6

P
ro

o
f

o
f

T
h

e
o
re

m
7

B
efore

w
e

p
rove

th
e

resu
lt,

w
e

p
resen

t
a

lem
m

a.

L
e
m

m
a

1
4

S
u

p
po

se
su

p
x∈

Ω
k
(x
,x

)
<
∞

a
n

d
su

p
p
(q

0 )
=

Ω
.

T
h
en
F

=
H

a
n

d
fo

r
a
n

y
f

0 ∈
H

th
ere

exists
f̃

0 ∈
R

(C
)

su
ch

th
a
t
p
f̃
0

=
p

0 .

P
ro

o
f

S
in

ce
su

p
x∈

Ω
k
(x
,x

)
<
∞

,
it

im
p
lies

th
at,

for
ev

ery
f
∈

H
, ∫

Ω
e
f

(x
)q

0 (x
)
d
x
<
∞

an
d

h
en

ce
F

=
H

.
A

lso,
u
n
d
er

th
e

assu
m

p
tion

s
on

k
an

d
q

0 ,
it

is
easy

to
verify

th
at

su
p
p
(p

0 )
=

Ω
,

w
h
ich

im
p
lies

N
(C

)
=

{
f
∈
H

: ∫

Ω ‖∇
f‖

22
p

0 (x
)
d
x

=
0 }

is
eith

er
R

or
{0},

w
h
ere
N

(C
)

d
en

otes
th

e
n
u
ll

sp
ace

of
C

.
L

et
f̃

0
b

e
th

e
orth

ogon
al

p
ro

jection
of
f

0
on

to
R

(C
)

=
N

(C
) ⊥

.
T

h
en

f̃
0 −

f
0 ∈

R
an

d
th

erefore
p
f̃
0

=
p
f
0 .

32
JM

L
R

 18(57):1-59, 2017



D
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l
E
x
p
o
n
e
n
t
ia
l
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m
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P
ro

o
f

o
f

T
h
eo

re
m

7
.

F
ro

m
T

h
eo

re
m

4(
ii
i)

,
f λ

=
(C

+
λ
I
)−

1
C
f 0

=
(C

+
λ
I
)−

1
C
f̃ 0

w
h
er

e
th

e
se

co
n
d

eq
u
al

it
y

fo
ll
ow

s
fr

om
th

e
p
ro

of
of

L
em

m
a

14
.

N
ow

,
ca

rr
y
in

g
ou

t
th

e
d
ec

om
p

os
it

io
n

as
in

th
e

p
ro

of
of

T
h
eo

re
m

6(
i)

,
w

e
ob

ta
in
f λ
,n
−
f λ

=
(Ĉ

+
λ
I
)−

1
(C
−
Ĉ

)(
f λ
−
f̃ 0

)
−

(Ĉ
+

λ
I
)−

1
(ξ̂
−
ξ)

+
(Ĉ

+
λ
I
)−

1
(C
−
Ĉ

)f̃
0

an
d

th
er

ef
or

e,

‖f
λ
,n
−
f̃ 0
‖ H
≤
‖(
Ĉ

+
λ
I
)−

1
‖(
‖(
C
−
Ĉ

)(
f λ
−
f̃ 0

)‖
H

+
‖ξ
−
ξ̂‖

H
+
‖(
C
−
Ĉ

)f̃
0
‖ H
) +
Ã

0
(λ

),

w
h
er

e
Ã

0
(λ

)
=
‖f
λ
−
f̃ 0
‖ H

.
T

h
e

b
ou

n
d
s

on
th

es
e

q
u
an

ti
ti

es
fo

ll
ow

th
o
se

in
th

e
p
ro

of
of

T
h
eo

re
m

6(
i)

ve
rb

at
im

an
d

so
th

e
co

n
si

st
en

cy
re

su
lt

in
T

h
eo

re
m

6(
i)

h
ol

d
s

fo
r
‖f
λ
,n
−
f̃ 0
‖ H

.
B

y
L

em
m

a
14

,
si

n
ce
p
f
0

=
p
f̃
0
,

it
is

su
ffi

ci
en

t
to

co
n
si

d
er

th
e

co
n
ve

rg
en

ce
o
f
p
f
λ
,n

to
p
f̃
0
.

T
h
er

ef
or

e,
th

e
co

n
ve

rg
en

ce
(a

lo
n
g

w
it

h
ra

te
s)

in
L
r

(f
or

an
y

1
≤
r
≤
∞

),
H

el
li
n
ge

r
an

d
K

L
d
is

ta
n
ce

s
fo

ll
ow

fr
om

u
si

n
g

th
e

b
ou

n
d
‖f
λ
,n
−
f̃ 0
‖ ∞
≤
√
‖k
‖ ∞
‖f
λ
,n
−
f̃ 0
‖ H

(o
b
ta

in
ed

th
ro

u
gh

th
e

re
p
ro

d
u
ci

n
g

p
ro

p
er

ty
of
k
)

in
L

em
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d
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‖√

C
(f
λ
,n
−
f 0

)‖
2 H

.
W
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e
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‖√
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‖√
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λ
,n
−
f 0
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‖√
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−
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‖√
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+
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Ĉ
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Ĉ
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d
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‖√
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‖√
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(Ĉ

+
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‖
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e
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a
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e
en
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g
h
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o
es
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b
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re
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‖√
C
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λ
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O
p
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1 √
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n

)
+
Ã

1 2
(λ
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h
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A
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b
y
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Ã
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→

0
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→
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∈
R
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)
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β
≥
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s
Ã
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≤

m
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C
‖β
−
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}λ
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,β

+
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} ‖
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β
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‖ H

w
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p
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ra
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=
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−
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1
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1
‖
<
∞
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e
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y
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‖√
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b
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n
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:
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∈
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h
er

e
f
∧
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d
efi

n
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in
L

2
se

n
se

.
S
in
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∫ R
d

|f
∧ (
ω

)|
d
ω
≤
( ∫

R
d

|f
∧ (
ω

)|2
ψ
∧ (
ω

)
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ω

)
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R
d
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)
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∞
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∧
∈
L

1
(R

d
)

(s
ee

W
en

d
la

n
d
,

20
05

,
C

or
ol

la
ry

6.
12

),
w

e
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∧
∈
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n
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∧
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w
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r

an
y
f
∈
H

p
oi

n
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is
e

fr
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it
s

F
ou

ri
er
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an

sf
or

m
a
s

f
(x

)
=

1
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π

)d
/
2

∫ R
d
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x
T
ω
f
∧ (
ω

)
d
ω
,
x
∈
R
d
.
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3
)

O
bs

er
va

ti
o
n

2
:

S
in

ce
ψ
∧
∈
L

1
(R

d
)

an
d
ψ
∧
≥

0,
w

e
h
av

e
fo

r
al

l
j

=
1,
..
.,
d
,

( ∫

R
d

|ω
j
|ψ
∧ (
ω

)
d
ω

) 2
=

( ∫

R
d

ψ
∧ (
ω

)
d
ω

) 2
( ∫

R
d

|ω
j
|

ψ
∧ (
ω

)
∫ R

d
ψ
∧ (
ω

)
d
ω
d
ω

) 2

(∗
) ≤
( ∫

R
d

ψ
∧ (
ω

)
d
ω

)
( ∫

R
d

|ω
j
|2 ψ
∧ (
ω

)
d
ω
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( ∫

R
d

ψ
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ω

)
d
ω
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R
d

‖ω
‖2
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ω

)
d
ω

)
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<
∞
,

w
h
er

e
w

e
u
se

d
J
en

se
n
’s

in
eq

u
al

it
y
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(∗

).
T

h
is

m
ea

n
s
ω
j
ψ
∧ (
ω

)
∈
L

1
(R

d
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∀j
∈
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]

w
h
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h
en

su
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s
th

e
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te

n
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it

s
F

ou
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er
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m
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d
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∂
j
ψ
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)d
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2
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d
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ω
j
)ψ
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ω
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T
ω
d
ω
,
x
∈
R
d
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∀j
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O
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F
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g
∈
H

,
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e
h
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e
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r
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l
j
∈
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d
ω
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R
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ω
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R
d
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ω
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∞
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ω
j
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∂
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⊂
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∈
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∈
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=
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∂
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∂
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∧
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∧
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∧
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‖·‖
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d
∑j=

1

(i(·)
j g ∧
∗
p ∧0

)
(−
ω

)(iω
j ) ∣∣∣∣∣∣ 2
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∫
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∞
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p ∧0 ‖
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0 ‖
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w
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h
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P
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n
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.
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(‡).
T

h
is

sh
ow

s
th

at
f

0 ∈
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w
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S
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r
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a
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th
e

eigen
va

lu
es

o
f
A

a
n

d
B

,
respectively.

G
iven

a
fu

n
ctio

n
r

:
[a
,b]→

R
,

if
th

ere
exists

a
fi

n
ite

co
n

sta
n

t
L

su
ch

th
a
t|r(σ

i )−
r(τ

j )|≤
L|σ

i −
τ
j |,
∀
i∈

I
,
j∈

J
,

th
en
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H
S
≤

L‖
A
−
B
‖
H
S
.

P
roo

f
o
f

T
h
eo

rem
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.

(i)
T

h
e

p
ro
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follow

s
th

e
id

eas
in

th
e

p
ro
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T
h
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in

B
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w
h
ich
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a

m
ore
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lt

d
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g
w

ith
th

e
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o
oth

n
ess

con
d
ition
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f

0 ∈
R

(Θ
(C

))
w

h
ere

Θ
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op
erator

m
on
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e.

R
ecall

th
at

Θ
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op
erator

m
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oton
e
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an
y

p
air
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U
,
V

w
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[0,b]
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U
≤
V

,
w

e
h
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Θ
(U
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Θ
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w
h
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”
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g
for

self-ad
join

t
op
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e

H
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H

,
w

h
ich

m
ean

s
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y
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∈
H
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≤
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.
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w

e
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t
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e

p
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fo
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Θ

(C
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=
C
β
.

D
efi

n
e
r
λ (α
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g
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S
in
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f

0
∈
R
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β
),

th
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h
∈

H
su

ch
th

at
f

0
=
C
β
h

,
w

h
ich

y
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s

f
g
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f
0

=
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g
λ (Ĉ
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f

0
=
−
g
λ (Ĉ

)(ξ̂
+
Ĉ
f
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r
λ (Ĉ

)C
β
h
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g
λ (Ĉ
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g
λ (Ĉ
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β
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so
th

at

‖f
g
,λ
,n −

f
0 ‖

H
≤
‖g
λ (Ĉ

)(ξ̂−
ξ)‖

H
︸

︷︷
︸

(A
)

+
‖
g
λ (Ĉ

)(Ĉ
−
C

)f
0 ‖

H
︸

︷︷
︸

(B
)

+
‖
r
λ (Ĉ

)C
β
h‖

H
︸

︷︷
︸

(C
)

+
‖
r
λ (Ĉ

)(C
β−

Ĉ
β
)h‖

H
︸

︷︷
︸

(D
)

.

W
e

n
ow

b
ou

n
d

(A
)–(D

).
S
in

ce
(A

)≤
‖g
λ (Ĉ

)‖‖ξ̂−
ξ‖

H
,
w

e
h
ave

(A
)

=
O
p

0 (
1

λ √
n )

w
h
ere

w
e

u
sed

(b)
in

(E
)

an
d

th
e

b
ou

n
d

on
‖ξ̂−

ξ‖
H

from
th

e
p
ro

of
of

T
h
eorem

6(i).
S
im

ilarly,
(B

)≤
‖
g
λ (Ĉ

)‖‖(Ĉ
−
C

)f
0 ‖

H
im

p
lies

(B
)

=
O
p

0 (
1

λ √
n )

w
h
ere

(b)
in

(E
)

an
d

P
rop

osition
A

.4(i)

are
in

voked
.

A
lso,

(d
)

in
(E

)
im

p
lies

th
at

(C
)≤
‖r
λ (Ĉ

)Ĉ
β‖‖

h‖
H
≤

m
ax{

γ
β
,γ
η

0 }
λ

m
in{

β
,η

0 }‖C
−
β
f

0 ‖
H
.

(D
)

can
b

e
b

ou
n
d
ed

as

(D
)≤
‖r
λ (Ĉ

)‖‖C
β−

Ĉ
β‖‖C

−
β
f

0 ‖
H
.

W
e

n
ow

con
sid

er
tw

o
cases:

β
≤

1:
S
in

ce
α
7→
α
θ

is
op

erator
m

on
oton

e
on

[0,χ
]

for
0
≤
θ
≤

1,
b
y

T
h
eorem

1
in

B
au

er

et
al.

(2007),
th

ere
ex

ists
a

con
stan

t
c
θ

su
ch

th
at‖

Ĉ
θ−

C
θ‖
≤
c
θ ‖Ĉ
−
C
‖
θ≤

c
θ ‖
Ĉ
−
C
‖
θH
S

.

W
e

n
ow

ob
tain

a
b

ou
n
d

on
‖
Ĉ
−
C
‖
H
S

.
T

o
th

is
en

d
,

con
sid

er

E‖Ĉ
−
C
‖

2H
S

=
E‖
Ĉ
‖

2H
S
−
‖
C
‖

2H
S

≤
1n

∫
∥∥∥∥∥

d
∑i=

1

∂
i k

(x
,·)⊗

∂
i k

(x
,·) ∥∥∥∥∥

2H
S

p
0 (x

)
d
x
≤
dn

d
∑i=

1 ∫
‖
∂
i k

(x
,·)‖

4
p

0 (x
)
d
x
,

w
h
ich

b
y

C
h
eb

y
sh

ev
’s

in
eq

u
ality

im
p
lies

th
at

‖
Ĉ
−
C
‖
H
S

=
O
p

0 (n
−

1
/
2)
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D
e
n
si
t
y
E
st

im
a
t
io
n
in

In
f
in
it
e
D
im

e
n
si
o
n
a
l
E
x
p
o
n
e
n
t
ia
l
F
a
m
il
ie
s

an
d

th
er

ef
or

e
(D

)
=
O
p

0
(n
−
β
/
2
).

S
in

ce
λ
≥
n
−

1
/
2
,

w
e

h
av

e
(D

)
=
O
p

0
(λ
β
).

β
>

1:
S
in

ce
α
7→

α
θ

is
L

ip
sc

h
it

z
on

[0
,χ

]
fo

r
θ
≥

1,
b
y

L
em

m
a

15
,
‖C

β
−
Ĉ
β
‖
≤
‖C

β
−

Ĉ
β
‖ H

S
≤
β
χ
β
−

1
‖C
−
Ĉ
‖ H

S
an

d
th

er
ef

or
e

(C
)

=
O
p

0
(n
−

1
/
2
).

C
ol

le
ct

in
g

al
l

th
e

ab
ov

e
b

ou
n
d
s,

w
e

ob
ta

in

‖f
g
,λ
,n
−
f 0
‖ H
≤
O
p

0

(
1

λ
√
n

)
+
O
p

0

( λ
m

in
{β
,η

0
})

an
d

th
e

re
su

lt
fo

ll
ow

s.
T

h
e

p
ro

of
s

of
th

e
cl

ai
m

s
in

vo
lv

in
g
L
r
,
h

an
d
K
L

fo
ll
ow

ex
ac

tl
y

th
e

sa
m

e
id

ea
s

as
in

th
e

p
ro

of
of

T
h
eo

re
m

7
b
y

u
si

n
g

th
e

ab
ov

e
b

ou
n
d

on
‖f
g
,λ
,n
−
f 0
‖ H

in
L

em
m

a
A

.1
.

(i
i)

W
e

n
ow

b
ou

n
d
J

(p
0
‖p
f
g
,λ
,n

)
=
‖√

C
(f
g
,λ
,n
−
f 0

)‖
2 H

as
fo

ll
ow

s.
N

ot
e

th
a
t

√
C

(f
g
,λ
,n
−
f 0

)
=

(√
C
−
√
Ĉ

)(
f g
,λ
,n
−
f 0

)
︸

︷︷
︸

(I
′ )

+
√
Ĉ

(f
g
,λ
,n
−
f 0

)
︸

︷︷
︸

(I
I
′ )

.

W
e

b
ou

n
d
‖(
I
′ )
‖ H

as

‖(
I
′ )
‖ H
≤
‖√

C
−
√
Ĉ
‖‖
f g
,λ
,n
−
f 0
‖ H
≤
c

1 2

√
‖C
−
Ĉ
‖ H

S
‖f
g
,λ
,n
−
f 0
‖ H

=
O
p

0

(
1 √
λ
n

)
+
O
p

0

( λ
m

in
{β
,η

0
}+

1 2

) ,

w
h
er

e
w

e
u
se

d
th

e
fa

ct
th

at
α
7→
√
α

is
op

er
at

or
m

on
ot

on
e

al
on

g
w

it
h
λ
≥
n
−

1
/
2
.

U
si

n
g

(2
6)

,
‖(
I
I
′ )
‖ H

ca
n

b
e

b
ou

n
d
ed

as

‖(
I
I
′ )
‖ H
≤
‖√

Ĉ
g λ

(Ĉ
)‖
‖ξ̂

+
Ĉ
f 0
‖ H

+
‖√

Ĉ
r λ

(Ĉ
)Ĉ

β
‖‖
C
−
β
f 0
‖ H

+
‖√

Ĉ
r λ

(Ĉ
)‖
‖C

β
−
Ĉ
β
‖‖
C
−
β
f 0
‖ H

w
h
er

e

‖√
Ĉ
g λ

(Ĉ
)‖
≤
√
A
g
B
g

λ
,
‖√

Ĉ
r λ

(Ĉ
)Ĉ

β
‖
≤

(γ
β

+
1 2
∨
γ
η

0
)λ

m
in
{β

+
1 2
,η

0
}

an
d

‖√
Ĉ
r λ

(Ĉ
)‖
≤

(γ
1 2
∨
γ
η

0
)λ

m
in
{1 2
,η

0
}

w
it

h
‖Ĉ
f 0

+
ξ̂‖

an
d
‖C

β
−
Ĉ
β
‖

b
ou

n
d
ed

a
s

in
p
ar

t
(i

)
ab

ov
e.

H
er

e
(a
∨
b)

:=
m

ax
{a
,b
}.

C
om

b
in

in
g
‖(
I
′ )
‖ H

an
d
‖(
I
I
′ )
‖ H

,
w

e
ob

ta
in

th
e

re
q
u
ir

ed
re

su
lt

.

(i
ii
)

T
h
e

p
ro

of
fo

ll
ow

s
th

e
id

ea
s

in
th

e
p
ro

of
of

T
h
eo

re
m

s
6

an
d

7.
C

on
si

d
er
f g
,λ
,n
−
f 0

=

−
g λ

(Ĉ
)(
Ĉ
f 0

+
ξ̂)

+
r λ

(Ĉ
)f

0
so

th
at

‖f
g
,λ
,n
−
f 0
‖ H
≤
‖C
−

1
‖‖
C
g λ

(Ĉ
)(
Ĉ
f 0

+
ξ̂)
‖ H

+
‖C
−

1
‖‖
C
r λ

(Ĉ
)f

0
‖ H

≤
‖C
−

1
‖‖
Ĉ
f 0

+
ξ̂‖

H

( ‖
Ĉ
g λ

(Ĉ
)‖

+
‖Ĉ
−
C
‖‖
g λ

(Ĉ
)‖
)

+
‖C
−

1
‖‖
f 0
‖ H
( ‖
Ĉ
r λ

(Ĉ
)‖

+
‖Ĉ
−
C
‖‖
r λ

(Ĉ
)‖
) .

T
h
er

ef
or

e
‖f
g
,λ
,n
−
f 0
‖ H

=
O
p

0
(n
−

1
/
2
)+
O
( λ

m
in
{1
,η

0
})

w
h
er

e
w

e
u
se

d
th

e
fa

ct
th

at
λ
≥
n
−

1
/
2

an
d

th
e

re
su

lt
fo

ll
ow

s.
�
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S
r
ip
e
r
u
m
b
u
d
u
r
e
t
a
l
.

8
.9

P
ro

o
f

o
f

T
h

e
o
re

m
1
0

B
ef

or
e

w
e

an
al

y
ze
J

(p
0
‖p
f
λ
,n

),
w

e
n
ee

d
a

sm
al

l
ca

lc
u
la

ti
on

fo
r

n
ot

at
io

n
al

co
n
v
en

ie
n
ce

.
F

or

an
y

p
ro

b
ab

il
it

y
d
en

si
ti

es
p
,q
∈
C

1
,

it
is

cl
ea

r
th

at
√

2
J

(p
‖q

)
=
‖‖
∇

lo
g
p
−
∇

lo
g
q‖

2
‖ L

2
(p

).
W

e
ge

n
er

al
iz

e
th

is
b
y

d
efi

n
in

g

√
2J

(p
‖q
‖µ

)
:=
‖‖
∇

lo
g
p
−
∇

lo
g
q‖

2
‖ L

2
(µ

)
.

C
le

ar
ly

,
if
µ

=
p
,

th
en

J
(p
‖q
‖µ

)
m

at
ch

es
w

it
h
J

(p
‖q

).
T

h
er

ef
or

e,
fo

r
p
ro

b
a
b
il
it

y
d
en

si
ti

es
p
,q
,r
∈
C

1
,

√
J

(p
‖r
‖p

)
≤
√
J

(p
‖q
‖p

)
+
√
J

(q
‖r
‖p

).
(2

7
)

B
as

ed
on

(2
7)

,
w

e
h
av

e

√
in

f
p
∈P
J

(p
0
‖p

)
≤
√
J

(p
0
‖p
f
λ
,n
‖p

0
)
≤
√
J

(p
0
‖p
f
∗
‖p

0
)

+
√
J

(p
f
∗
‖p
f
λ
,n
‖p

0
)

=
√

in
f

p
∈P
J

(p
0
‖p
‖p

0
)

+
√
J

(p
f
∗
‖p
f
λ
,n
‖p

0
)

=
√

in
f

p
∈P
J

(p
0
‖p

)
+

1 √
2

√
〈f
λ
,n
−
f
∗ ,
C

(f
λ
,n
−
f
∗ )
〉 H

=
√

in
f

p
∈P
J

(p
0
‖p

)
+

1 √
2
‖√

C
(f
λ
,n
−
f
∗ )
‖ H

(2
8
)

=
√

in
f

p
∈P
J

(p
0
‖p

)
+

1 √
2
‖√

C
(f
λ
,n
−
f λ

)‖
H

+
1 √
2
A
∗ (
λ

),

w
h
er

e
A
∗ (
λ

)
=
‖√

C
(f
λ
−
f
∗ )
‖ H

.
T

h
e

re
su

lt
si

m
p
ly

fo
ll
ow

s
fr

om
th

e
p
ro

of
o
f

T
h
eo

re
m

7
,

w
h
er

e
w

e
sh

ow
ed

th
at
‖√

C
(f
λ
,n
−
f λ

)‖
H

=
O
p

0

(
1
√
λ
n

)
an

d
A
∗ (
λ

)
=
O

(λ
m

in
{1
,β

+
1 2
} )

if

f
∗
∈
R

(C
β
)

fo
r
β
≥

0
as
λ
→

0,
n
→
∞

.
W

h
en
‖C
−

1
‖
<
∞

,
w

e
b

ou
n
d
‖√

C
(f
λ
,n
−
f
∗ )
‖ H

in
(2

8)
as
‖√

C
‖‖
f λ
,n
−
f
∗ ‖

H
w

h
er

e
‖f
λ
,n
−
f
∗ ‖

H
is

in
tu

rn
b

ou
n
d
ed

as
in

(2
1
).

�

8
.1

0
P

ro
o
f

o
f

P
ro

p
o
si

ti
o
n

1
1

F
or
f
∈
H

,
w

e
h
av

e

‖f
‖2 W

2
=

∫ Ω

d ∑ i=
1

(∂
if

)2
p

0
(x

)
d
x
≤
‖f
‖2 H

∫ Ω

d ∑ i=
1

‖∂
ik

(x
,·)
‖2 H

p
0
(x

)
d
x
<
∞
,

w
h
ic

h
m

ea
n
s
f
∈
W

2
(Ω
,p

0
)

an
d

th
er

ef
or

e
[f

] ∼
∈
W

2
(Ω
,p

0
).

S
in

ce
‖I
k
f
‖ W

2
=
‖[
f

] ∼
‖ W
∼ 2

=
‖f
‖ W

2
≤
c‖
f
‖ H

<
∞

w
h
er

e
c

is
so

m
e

co
n
st

an
t,

it
is

cl
ea

r
th

at
I k

is
a

co
n
ti

n
u
o
u
s

m
a
p

fr
o
m

H
to
W

2
(Ω
,p

0
).

T
h
e

ad
jo

in
t
S
k

:
W

2
(Ω
,p

0
)
→

H
of
I k

:
H
→

W
2
(Ω
,p

0
)

is
d
efi

n
ed

b
y

th
e

re
la

ti
on
〈S
k
f
,g
〉 H

=
〈f
,I
k
g
〉 W

2
,
f
∈
W

2
(Ω
,p

0
),
g
∈
H

.
If
f

:=
[h

] ∼
∈
W
∼ 2

(Ω
,p

0
),

th
en

〈[h
] ∼
,I
k
g
〉 W

2
=
〈[h

] ∼
,[
g
] ∼
〉 W
∼ 2

=
∑ |α
|=

1

∫ Ω
(∂
α
h

)(
x

)(
∂
α
g
)(
x

)
p

0
(x

)
d
x
.
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D
e
n
sit

y
E
st

im
a
t
io
n
in

In
f
in
it
e
D
im

e
n
sio

n
a
l
E
x
p
o
n
e
n
t
ia
l
F
a
m
il
ie
s

F
o
r
y
∈

Ω
an

d
g

=
k
(·,y

),
th

is
y
ield

s

S
k [h

]∼
(y

)
=
〈S
k [h

]∼
,k

(·,y
)〉

H
=
〈[h

]∼
,I
k k

(·,y
)〉
W

2
=

∫

Ω

d
∑i=

1

∂
i k

(x
,y

)∂
i h

(x
)p

0 (x
)
d
x
.

W
e

n
ow

sh
ow

th
at
I
k

is
H

ilb
ert-S

ch
m

id
t.

S
in

ce
H

is
sep

arab
le,

let
(e
l )
l≥

1
b

e
an

O
N

B
of

H
.

T
h
en

w
e

h
ave

∑

l

‖
I
k e
l ‖

2W
2

=
∑

l

∫

Ω

d
∑i=

1

(∂
i e
l (x

))
2
p

0 (x
)
d
x

=

∫

Ω

d
∑i=

1 ∑

l

〈e
l ,∂

i k
(x
,·)〉

2H
p

0 (x
)
d
x

=

∫

Ω

d
∑i=

1 ‖
∂
i k

(x
,·)‖

2H
p

0 (x
)
d
x
<
∞
,

w
h
ich

p
rov

es
th

at
I
k

is
H

ilb
ert-S

ch
m

id
t

(h
en

ce
com

p
act)

an
d

th
erefore

S
k

is
also

H
ilb

ert-
S
ch

m
id

t
a
n
d

co
m

p
act.

T
h
e

oth
er

assertion
s

ab
ou

t
S
k I
k

an
d
I
k S

k
are

stra
igh

tforw
ard

.
�

8
.1

1
P

ro
o
f

o
f

T
h

e
o
re

m
1
2

B
y

slig
h
t

a
b
u
se

of
n
otation

,
f
?

is
u
sed

to
d
en

ote
[f
? ]∼

in
th

e
p
ro

of
for

sim
p
licity.

F
or
f
∈
F

,
w

e
h
ave

J
(p

0 ‖
p
f )

=
12 ‖I

k f
−
f
? ‖

2W
2

=
12 〈E

k f
,f〉

H
−
〈S
k f
? ,f〉

H
+

12 ‖
f
? ‖

2W
2 .

S
in

ce
k

sa
tisfi

es
(C

)
it

is
easy

to
v
erify

th
at〈S

k f
? ,f〉

H
=
〈f
,−
ξ〉

H
,∀

f
∈
H

(see
p
ro

of
of

T
h
eo

rem
4
(ii)).

T
h
is

im
p
lies

S
k f
?

=
−
ξ

an
d

J
(p

0 ‖
p
f )

=
12 〈E

k f
,f〉

H
+
〈f
,ξ〉

H
+

12 ‖
f
? ‖

2W
2 ,

(29)

w
h
ere

ξ
is

d
efi

n
ed

in
T

h
eorem

4(ii),
an

d
E
k

is
p
recisely

th
e

op
erator

C
d
efi

n
ed

in
T

h
eo-

rem
4
(ii).

F
ollow

in
g

th
e

p
ro

of
of

T
h
eorem

4(ii),
for

λ
>

0,
it

is
easy

to
sh
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d
`∞

(Ω
)

is
th

e
sp

a
ce

o
f

bo
u

n
d
ed

m
ea

su
ra

bl
e

fu
n

ct
io

n
s

o
n

Ω
.

T
h
en

fo
r

a
n

y
p
f
,p
g
∈
P ∞

,
w

e
h
a
ve

(i
)
‖p
f
−
p
g
‖ L

r
(Ω

)
≤

2
e2
‖f
−
g
‖ ∞
e2

m
in
{‖
f
‖ ∞

,‖
g
‖ ∞
} ‖
f
−
g
‖ ∞
‖q

0
‖ L

r
(Ω

)
fo

r
a
n

y
1
≤
r
≤
∞

;

(i
i)
‖p
f
−
p
g
‖ L

1
(Ω

)
≤

2
e‖
f
−
g
‖ ∞
‖f
−
g
‖ ∞

;
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D
e
n
sit

y
E
st

im
a
t
io
n
in

In
f
in
it
e
D
im

e
n
sio

n
a
l
E
x
p
o
n
e
n
t
ia
l
F
a
m
il
ie
s

(iii)
K
L

(p
f ‖
p
g )≤

c‖f
−
g‖

2∞
e ‖
f−

g‖∞
(1

+
‖f
−
g‖∞

)
w

h
ere

c
is

a
u

n
iversa

l
co

n
sta

n
t;

(iv)
h

(p
f ,p

g )≤
e ‖
f−

g‖∞
/
2‖f
−
g‖∞

.

P
ro

o
f

(i)
D

efi
n
e
B

(f
)

:=
∫
e
fq

0
d
x

.
C

on
sid

er

‖
p
f −

p
g ‖
L
r
(Ω

)
=

∥∥∥∥
e
fq

0

B
(f

) −
e
gq

0

B
(g

) ∥∥∥∥
L
r
(Ω

)

=

∥∥
e
fq

0 B
(g

)−
e
gq

0 B
(f

) ∥∥
L
r
(Ω

)

B
(f

)B
(g

)

=

∥∥
e
fq

0
(B

(g
)−

B
(f

))
+
(e
f−

e
g )
q

0 B
(f

) ∥∥
L
r
(Ω

)

B
(f

)B
(g

)

≤
∥∥
e
fq

0
(B

(g
)−

B
(f

)) ∥∥
L
r
(Ω

)

B
(f

)B
(g

)
+

∥∥ (e
f−

e
g )
q

0 B
(f

) ∥∥
L
r
(Ω

)

B
(f

)B
(g

)

≤
|B

(g
)−

B
(f

)|‖e
fq

0 ‖
L
r
(Ω

)

B
(g

)B
(f

)
+

∥∥
(e
f−

e
g)q

0 ∥∥
L
r
(Ω

)

B
(g

)
.

(A
.1)

O
b
serve

th
a
t

|B
(f

)−
B

(g
)|≤

∫

Ω |e
f−

e
g|q

0
d
x

=

∫

Ω
e
g|e

f−
g−

1|q
0
d
x
≤
e ‖
f−

g‖∞‖f
−
g‖∞

B
(g

)

sin
ce
|e
u−

v−
1|≤

|u
−
v|e |u−

v|
for

an
y
u
,v
∈
R

.
S
im

ilarly,

∥∥∥
(e
f−

e
g)q

0 ∥∥∥
L
r
(Ω

) ≤
e ‖
f−

g‖∞‖
f
−
g‖∞
‖e
gq

0 ‖
L
r
(Ω

) .

U
sin

g
th

ese
a
b

ove,
w

e
ob

tain

‖p
f −

p
g ‖
L
r
(Ω

) ≤
e ‖
f−

g‖∞‖f
−
g‖∞

(
‖
e
fq

0 ‖
L
r
(Ω

)

B
(f

)
+
‖
e
gq

0 ‖
L
r
(Ω

)

B
(g

)

)
.

(A
.2)

S
in

ce
‖e
fq

0 ‖
L
r
(Ω

) ≤
e ‖
f‖∞‖q

0 ‖
L
r
(Ω

)
an

d
B

(f
)≥

e −
‖
f‖∞

,
from

(A
.2)

w
e

ob
tain

‖
p
f −

p
g ‖
L
r
(Ω

) ≤
e ‖
f−

g‖∞‖f
−
g‖∞
‖q

0 ‖
L
r
(Ω

) (
e

2‖
f‖∞

+
e

2‖
g‖∞ )

.

≤
2e ‖

f−
g‖∞‖

f
−
g‖∞
‖
q

0 ‖
L
r
(Ω

) e
2

m
a
x{‖

f‖∞
,‖
g‖∞
}

≤
2e

2‖
f−

g‖∞‖f
−
g‖∞
‖
q

0 ‖
L
r
(Ω

) e
2

m
in{‖

f‖∞
,‖
g‖∞
}

w
h
ere

w
e

u
sed

m
ax{

a
,b}
≤

m
in{

a
,b}

+
|a−

b|
for

a
,b≥

0
in

th
e

last
lin

e
ab

ove.

(ii)
T

h
is

sim
p
ly

follow
s

from
(A

.2)
b
y

u
sin

g
r

=
1.

A
.2

G
e
n

e
ra

l
R

e
p

re
se

n
te

r
T

h
e
o
re

m

T
h
e

fo
llow

in
g

is
th

e
gen

eral
rep

resen
ter

th
eorem

for
ab

stract
H

ilb
ert

sp
aces.
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S
r
ip
e
r
u
m
b
u
d
u
r
e
t
a
l
.

T
h

e
o
re

m
A

.2
(G

e
n

e
ra

l
re

p
re

se
n
te

r
th

e
o
re

m
)

L
et
H

be
a

rea
l

H
ilbert

spa
ce

a
n

d
let

(φ
i )
mi=

1 ∈
H
m

.
S

u
p
po

se
J

:
H
→

R
be

su
ch

th
a
t
J

(f
)

=
V

(〈f
,φ

1 〉
H
,...,〈f

,φ
m 〉

H
)
,
f
∈
H

w
h
ere

V
:R

n
→

R
is

a
co

n
vex

d
iff

eren
tia

ble
fu

n
ctio

n
.

D
efi

n
e

f
λ

=
a
rg

in
f

f∈
H
J

(f
)

+
λ2 ‖
f‖

2H
,

w
h
ere

λ
>

0.
T

h
en

th
ere

exists
(α

i )
mi=

1
∈

R
m

su
ch

th
a
t
f
λ

=
∑

mi=
1
α
i φ
i

w
h
ere

α
:=

(α
1 ,...,α

m
)

sa
tisfi

es
th

e
fo

llo
w

in
g

(po
ssibly

n
o
n

lin
ea

r)
equ

a
tio

n

λ
α

+
∇
V

(K
α

)
=

0
,

w
ith
K

bein
g

a
lin

ea
r

m
a
p

o
n
R
m

a
n

d
(K

)
i,j

=
〈φ
i ,φ

j 〉
H
,
i∈

[m
],
j∈

[m
].

P
ro

o
f

D
efi

n
e
A

:
H
→

R
m

,
f
7→

(〈f
,φ

i 〉
H

)
mi=

1 .
T

h
en

f
λ

=
arg

in
f
f∈
H
V

(A
f

)
+

λ2 ‖
f‖

2H
.

T
h
erefore,

F
erm

at’s
ru

le
y
ield

s

0
=
A
∗∇
V

(A
f
λ )

+
λ
f
λ
⇔
f
λ

=
A
∗ (−

1λ ∇
V

(A
f
λ ) )

⇔
(∃
α
∈
R
m

)
f
λ

=
A
∗α
,
α

=
−

1λ ∇
V

(A
f
λ )

⇔
(∃
α
∈
R
m

)
f
λ

=
A
∗α
,
α

=
−

1λ ∇
V

(A
A
∗α

),

w
h
ere

A
∗

:R
m
→
H

is
th

e
ad

join
t

of
A

w
h
ich

can
b

e
ob

tain
ed

as
follow

s.
N

ote
th

at

〈A
f
,α〉

=
m
∑i=

1

α
i 〈f
,φ

i 〉
H

=

〈
f
,
m
∑i=

1

α
i φ
i 〉

H

(∀
f
∈
H

)
(∀
α
∈
R
m

)

an
d

th
u
s
A
∗α

=
∑

mi=
1
α
i φ
i .

T
h
erefore

A
A
∗α

=
∑

mj=
1
α
j A
φ
j

=
∑

mj=
1
α
j (〈φ

j ,φ
i 〉
H

)
mi=

1 ,
an

d
so

for
every

i∈
[m

],
(A
A
∗α

)
i

=
∑

mj=
1 〈φ

j ,φ
i 〉
H
α
j

an
d

h
en

ce
A
A
∗

=
K

.

A
.3

B
o
u

n
d

s
o
n

A
p

p
ro

x
im

a
tio

n
E

rro
rs,A

0 (λ
)

a
n

d
A

12 (λ
)

T
h
e

follow
in

g
resu

lt
is

q
u
ite

w
ell-k

n
ow

n
in

th
e

lin
ear

in
verse

p
rob

lem
th

eory
(E

n
gl

et
al.,

1996).

P
ro

p
o
sitio

n
A

.3
L

et
C

be
a

bo
u

n
d
ed

,
self-a

d
jo

in
t

co
m

pa
ct

o
pera

to
r

o
n

a
sepa

ra
ble

H
ilbert

spa
ce
H

.
F

o
r
λ
>

0
a
n

d
f
∈
H

,
d
efi

n
e
f
λ

:=
(C

+
λ
I
) −

1C
f

a
n

d
A
θ (λ

)
:=
‖
C
θ(f

λ −
f

)‖
H

fo
r
θ
≥

0.
T

h
en

th
e

fo
llo

w
in

g
h
o
ld

.

(i)
F

o
r

a
n

y
θ
>

0,A
θ (λ

)→
0

a
s
λ
→

0
a
n

d
if
f
∈
R

(C
),

th
en
A

0 (λ
)→

0
a
s
λ
→

0.

(ii)
If
f
∈
R

(C
β
)

fo
r
β
≥

0
a
n

d
β

+
θ
>

0,
th

en

A
θ (λ

)≤
m

ax{1
,‖
C
‖
β

+
θ−

1}λ
m

in{
1
,β

+
θ}‖

C
−
β
f‖

H
.
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D
e
n
si
t
y
E
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im
a
t
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n
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f
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e
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e
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o
n
a
l
E
x
p
o
n
e
n
t
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l
F
a
m
il
ie
s

P
ro

o
f

(i
)

S
in

ce
C

is
b

ou
n
d
ed

,
co

m
p
ac

t,
a
n
d

se
lf

-a
d
jo

in
t,

th
e

H
il
b

er
t-

S
ch

m
id

t
th

eo
re

m
(R

ee
d

an
d

S
im

on
,

19
72

,
T

h
eo

re
m

s
V

I.
16

,
V

I.
1
7)

en
su

re
s

th
at
C

=
∑

l
α
lφ
l〈φ

l,
·〉 H

,
w

h
er

e
(α

l)
l∈

N
ar

e
th

e
p

os
it

iv
e

ei
ge

n
va

lu
es

an
d

(φ
l)
l∈

N
ar

e
th

e
co

rr
es

p
on

d
in

g
u
n
it

ei
ge

n
v
ec

to
rs

th
at

fo
rm

an
O

N
B

fo
r
R

(C
).

L
et
θ

=
0.

S
in

ce
f
∈
R

(C
),

A
2 0
(λ

)
=
∥ ∥ (
C

+
λ
I
)−

1
C
f
−
f
∥ ∥2 H

=

∥ ∥ ∥ ∥ ∥∑ i

α
i

α
i
+
λ
〈f
,φ

i〉 H
φ
i
−
∑ i

〈f
,φ

i〉 H
φ
i∥ ∥ ∥ ∥ ∥2 H

=

∥ ∥ ∥ ∥ ∥∑ i

λ

α
i
+
λ
〈f
,φ

i〉 H
φ
i∥ ∥ ∥ ∥ ∥2 H

=
∑ i

(
λ

α
i
+
λ

) 2
〈f
,φ

i〉2 H
→

0
a
s
λ
→

0

b
y

th
e

d
om

in
at

ed
co

n
ve

rg
en

ce
th

eo
re

m
.

F
or

an
y
θ
>

0,
w

e
h
av

e

A
2 θ
(λ

)
=
∥ ∥ ∥C

θ
(C

+
λ
I
)−

1
C
f
−
C
θ
f
∥ ∥ ∥2 H

.

L
et
f

=
f R

+
f N

w
h
er

e
f R
∈
R

(C
θ
),
f N
∈
R

(C
θ
)⊥

if
0
<
θ
≤

1
a
n
d
f R
∈
R

(C
),
f N
∈
R

(C
)⊥

if
θ
≥

1.
T

h
en

A
2 θ
(λ

)
=
∥ ∥ ∥C

θ
(C

+
λ
I
)−

1
C
f
−
C
θ
f
∥ ∥ ∥2 H

=
∥ ∥ ∥C

θ
(C

+
λ
I
)−

1
C
f R
−
C
θ
f R

∥ ∥ ∥2 H

=

∥ ∥ ∥ ∥ ∥∑ i

α
1
+
θ

i

α
i
+
λ
〈f
R
,φ

i〉 H
φ
i
−
∑ i

α
θ i
〈f
R
,φ

i〉 H
φ
i∥ ∥ ∥ ∥ ∥2 H

=

∥ ∥ ∥ ∥ ∥∑ i

λ
α
θ i

α
i
+
λ
〈f
R
,φ

i〉 H
φ
i∥ ∥ ∥ ∥ ∥2 H

=
∑ i

(
λ
α
θ i

α
i
+
λ

) 2
〈f
R
,φ

i〉2 H
→

0

as
λ
→

0.

(i
i)

If
f
∈
R

(C
β
),

th
en

th
er

e
ex

is
ts
g
∈
H

su
ch

th
at
f

=
C
β
g
.

T
h
is

y
ie

ld
s

A
2 θ
(λ

)
=
∥ ∥ ∥C

θ
(C

+
λ
I
)−

1
C
f
−
C
θ
f
∥ ∥ ∥2 H

=
∥ ∥ ∥C

θ
(C

+
λ
I
)−

1
C
β

+
1
g
−
C
θ
+
β
g
∥ ∥ ∥2 H

=

∥ ∥ ∥ ∥ ∥∑ i

λ
α
θ
+
β

i

α
i
+
λ
〈g
,φ

i〉 H
φ
i∥ ∥ ∥ ∥ ∥2 H

=
∑ i

(
λ
α
θ
+
β

i

α
i
+
λ

)
2

〈g
,φ

i〉2 H
.

(A
.3

)

S
u
p
p

os
e

0
<
β

+
θ
<

1.
T

h
en

α
β

+
θ

i
λ

α
i
+
λ

=

(
α
i

α
i
+
λ

) β
+
θ
(

λ

α
i
+
λ

) 1
−
θ
−
β

λ
β

+
θ
≤
λ
β

+
θ
.

O
n

th
e

ot
h
er

h
an

d
,

fo
r
β

+
θ
≥

1,
w

e
h
av

e

α
β

+
θ

i
λ

α
i
+
λ

=

(
α
i

α
i
+
λ

)
α
β

+
θ
−

1
i

λ
≤
‖C
‖β

+
θ
−

1
λ
.

U
si

n
g

th
e

ab
ov

e
in

(A
.3

)
y
ie

ld
s

th
e

re
su

lt
.
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S
r
ip
e
r
u
m
b
u
d
u
r
e
t
a
l
.

A
.4

B
o
u

n
d

o
n

th
e

N
o
rm

o
f

C
e
rt

a
in

O
p

e
ra

to
rs

a
n

d
F
u

n
c
ti

o
n

s

T
h
e

fo
ll
ow

in
g

re
su

lt
is

u
se

d
in

m
an

y
p
la

ce
s

th
ro

u
gh

ou
t

th
e

p
ap

er
.

W
e

w
ou

ld
li
k
e

to
h
ig

h
-

li
gh

t
th

at
sp

ec
ia

l
ca

se
s

of
th

is
re

su
lt

ar
e

k
n
ow

n
,

e.
g
.,

se
e

th
e

p
ro

of
of

T
h
eo

re
m

4
in

C
a
p

o
n
-

n
et

to
an

d
V

it
o

(2
00

7)
w

h
er

e
co

n
ce

n
tr

at
io

n
in

eq
u
al

it
ie

s
ar

e
ob

ta
in

ed
fo

r
th

e
q
u
a
n
ti

ti
es

in
P

ro
p

os
it

io
n

A
.4

u
si

n
g

B
er

n
st

ei
n
’s

in
eq

u
al

it
y.

H
er

e,
w

e
p
ro

v
id

e
as

y
m

p
to

ti
c

st
a
te

m
en

ts
u
si

n
g

C
h
eb

y
sh

ev
’s

in
eq

u
al

it
y.

P
ro

p
o
si

ti
o
n

A
.4

L
et
X

be
a

to
po

lo
gi

ca
l

sp
a
ce

,
H

be
a

se
pa

ra
bl

e
H

il
be

rt
sp

a
ce

a
n

d
L+ 2

(H
)

be
th

e
sp

a
ce

o
f

po
si

ti
ve

,
se

lf
-a

d
jo

in
t

H
il

be
rt

-S
ch

m
id

t
o
pe

ra
to

rs
o
n
H

.
D

efi
n

e
R

:=
∫ X

r(
x

)
d
P(
x

)

a
n

d
R̂

:=
1 n

∑
m a
=

1
r(
X
a
)

w
h
er

e
P
∈
M

1 +
(X

),
(X

a
)m a

=
1
i.
i.
d
.
∼

P
a
n

d
r

is
a
L+ 2

(H
)-

va
lu

ed
m

ea
su

ra
bl

e
fu

n
ct

io
n

o
n
X

sa
ti

sf
yi

n
g
∫ X
‖r

(x
)‖

2 H
S
d
P(
x

)
<
∞

.
D

efi
n

e
g λ

:=
(R

+
λ
I
)−

1
R
g

fo
r
g
∈
H

,
λ
>

0,
a
n

d
A

0
(λ

)
:=
‖g
λ
−
g
‖ H

.
L

et
α
≥

0
a
n

d
θ
>

0
.

T
h
en

th
e

fo
ll

o
w

in
g

h
o
ld

:

(i
)
‖(
R̂
−
R

)(
g λ
−
g
)‖
H

=
O

P

( A
0
(λ

)
√
m

) .

(i
i)
‖R

α
(R

+
λ
I
)−
θ
‖
≤
λ
α
−
θ
.

(i
ii

)
‖R̂

α
(R̂

+
λ
I
)−
θ
‖
≤
λ
α
−
θ
.

(i
v)
‖(
R

+
λ
I
)−
θ
(R̂
−
R

)‖
=
O

P

(√
1

m
λ

2
θ

) .

(v
)
‖R

α
(R̂

+
λ
I
)−

1
‖
.
λ
α
−

1
fo

r
m
≥

c λ
2

w
h
er

e
is
c

is
a

su
ffi

ci
en

tl
y

la
rg

e
co

n
st

a
n

t
th

a
t

d
ep

en
d
s

o
n
∫
‖r

(x
)‖

2 H
S
d
P(
x

)
bu

t
n

o
t

o
n
m

a
n

d
λ

.

P
ro

o
f

(i
)

N
ot

e
th

at
fo

r
an

y
f
∈
H

,

E P
‖(
R̂
−
R

)f
‖2 H

=
E P
‖R̂
f
‖2 H

+
‖R
f
‖2 H
−

2E
P
〈R̂
f
,R
f
〉 H
,

w
h
er

e
E P
〈R̂
f
,R
f
〉 H

=
1 n

∑
n a
=

1
E P
〈r

(X
a
)f
,R
f
〉 H

=
1 n

∑
n a
=

1
E P
〈r

(X
a
),
f
⊗
R
f
〉 H

S
.

S
in

ce
∫ X
‖r

(x
)‖

2 H
S
d
P(
x

)
<
∞

,
r(
x

)
is

P-
in

te
gr

ab
le

in
th

e
B

o
ch

n
er

se
n
se

(s
ee

D
ie

st
el

a
n
d

U
h
l,

19
77

,
D

efi
n
it

io
n

1
an

d
T

h
eo

re
m

2)
,

an
d

th
er

ef
or

e
it

fo
ll
ow

s
fr

om
D

ie
st

el
a
n
d

U
h
l

(1
9
7
7
,

T
h
eo

re
m

6)
th

at
E P
〈r

(X
a
),
f
⊗
R
f
〉 H

S
=
〈∫
X
r(
x

)
d
P(
x

),
f
⊗
R
f
〉 H

S
=
‖R
f
‖2 H

.
T

h
er

ef
o
re

,

E P
‖(
R̂
−
R

)f
‖2 H

=
E P
‖R̂
f
‖2 H
−
‖R
f
‖2 H
,

w
h
er

e

E P
‖R̂
f
‖2 H

=
E P

∥ ∥ ∥ ∥ ∥
1 m

m ∑ a
=

1

r(
X
a
)f

∥ ∥ ∥ ∥ ∥2 H

=
1 m

2

m ∑ a
,b

=
1

E P
〈r

(X
a
)f
,r

(X
b
)f
〉 H
.

S
p
li
tt

in
g

th
e

su
m

in
to

tw
o

p
ar

ts
(o

n
e

w
it

h
a

=
b

an
d

th
e

ot
h
er

w
it

h
a
6=
b)

,
it

is
ea

sy
to

ve
ri

fy
th

at
E P
‖R̂
f
‖2 H

=
1 m

∫ X
‖r

(x
)f
‖2 H

d
P(
x

)
+

m
−

1
m
‖R
f
‖2 H

,
th

er
eb

y
y
ie

ld
in

g

E P
‖(
R̂
−
R

)f
‖2 H

=
1 m

( ∫

X
‖r

(x
)f
‖2 H

d
P(
x

)
−
‖R
f
‖2 H
)
≤

1 m

∫ X
‖r

(x
)f
‖2 H

d
P(
x

)

≤
‖f
‖2 H m

∫ X
‖r

(x
)‖

2 H
d
P(
x

).
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D
e
n
sit

y
E
st

im
a
t
io
n
in

In
f
in
it
e
D
im

e
n
sio

n
a
l
E
x
p
o
n
e
n
t
ia
l
F
a
m
il
ie
s

U
sin

g
f

=
g
λ −

g
,

an
ap

p
lication

of
C

h
eb

y
sh

ev
’s

in
eq

u
ality

y
ield

s
th

e
resu

lt.

(ii,
iii)‖R

α
(R

+
λ
I
) −
θ‖

=
su

p
i

γ
αi

(γ
i +
λ

)
θ

=
su

p
i [(

γ
i

γ
i +
λ )

α
1

(γ
i +
λ

)
θ−
α ]≤

su
p
i

1
(γ
i +
λ

)
θ−
α
≤
λ
α−

θ,

w
h
ere

(γ
i )
i∈

N
a
re

th
e

eigen
valu

es
of
R

.
(iii)

follow
s

b
y

rep
la

cin
g

(γ
i )
i∈

N
w

ith
th

e
eig

en
valu

es
o
f
R̂

.

(iv
)

S
in

ce‖(R
+
λ
I
) −
θ(R̂−

R
)‖
≤
‖
(R

+
λ
I
) −
θ(R̂−

R
)‖
H
S

,
co

n
sid

erE
P ‖(R

+
λ
I
) −
θ(R̂−

R
)‖

2H
S

,
w

h
ich

u
sin

g
th

e
tech

n
iq

u
e

in
th

e
p
ro

of
of

(i),
can

b
e

sh
ow

n
to

b
e

b
ou

n
d
ed

as

E
P ‖(R

+
λ
I
) −
θ(R̂
−
R

)‖
2H
S
≤

1m

∫X
‖
(R

+
λ
I
) −
θr(x

)‖
2H
S
dP

(x
).

(A
.4)

N
o
te

th
a
t

‖(R
+
λ
I
) −
θr(x

)‖
2H
S

=
〈(R

+
λ
I
) −
θr(x

),(R
+
λ
I
) −
θr(x

)〉
H
S

=
‖
(R

+
λ
I
) −

2
θ‖T

r
(r(x

)r(x
))

=
‖
(R

+
λ
I
) −

2
θ‖‖r(x

)‖
2H
S

≤
λ
−

2
θ‖
r(x

)‖
2H
S
,

(A
.5)

w
h
ere

th
e

la
st

in
eq

u
ality

follow
s

from
(iii).

U
sin

g
(A

.5)
in

(A
.4),

w
e

ob
tain

E
P ‖

(R
+
λ
I
) −
θ(R̂
−
R

)‖
2H
S
≤

1

m
λ

2
θ ∫X

‖r(x
)‖

2H
S
dP

(x
).

T
h
e

resu
lt

th
erefore

follow
s

b
y

an
ap

p
lication

of
C

h
eb

y
sh

ev
’s

in
eq

u
ality.

(v
)

W
e

u
se

th
e

id
ea

in
S
tep

2.1
of

th
e

p
ro

of
o
f

T
h
eorem

4
in

C
ap

on
n
etto

a
n
d

V
ito

(2
007),

w
h
ere

R
α
(R̂

+
λ
I
) −

1
is

w
ritten

eq
u
ivalen

tly
as

follow
s:

N
ote

th
at
R̂

+
λ
I

=
(R̂
−
R

)+
(R

+
λ
I
),

w
h
ich

im
p
lies

(R̂
+
λ
I
) −

1
=
(

(R̂
−
R

)
+

(R
+
λ
I
) )
−

1
=

(R
+
λ
I
) −

1 (
I−

(R
−
R̂

)(R
+
λ
I
) −

1 )
−

1

a
n
d

so
R
α
(R̂

+
λ
I
) −

1
=
R
α
(R

+
λ
I
) −

1 (
I−

(R
−
R̂

)(R
+
λ
I
) −

1 )
−

1.
U

sin
g

th
e

V
on

N
eu

m
an

n

series
rep

resen
tation

,
w

e
h
ave

R
α
(R̂

+
λ
I
) −

1
=
R
α
(R

+
λ
I
) −

1
∞∑j=

0 (
(R
−
R̂

)(R
+
λ
I
) −

1 )
j

so
th

a
t

‖
R
α
(R̂

+
λ
I
) −

1‖
≤
‖R

α
(R

+
λ
I
) −

1‖
∞∑j=

0 ‖(R
−
R̂

)(R
+
λ
I
) −

1‖
jH
S

≤
λ
α−

1
∞∑j=

0 ‖
(R
−
R̂

)(R
+
λ
I
) −

1‖
jH
S
.

F
ro

m
th

e
p
ro

o
f

of
(iv

),
w

e
h
ave

th
at

for
an

y
δ
>

0,
w

ith
p
rob

ab
ility

at
least

1
−
δ,

‖
(R
−
R̂

)(R
+
λ
I
) −

1‖
H
S
≤
√
∫X
‖
r
(x

)‖
2H
S
dP

(x
)

m
λ

2
δ

.
S
u
p
p

o
se
m
≥

∫X
‖
r
(x

)‖
2H
S
dP

(x
)

s
2
λ

2
δ

w
h
ere

s
<

1.

T
h
en
∑
∞j=

0 ‖(R
−
R̂

)(R
+
λ
I
) −

1‖
jH
S
≤
∑
∞j=

0
s
j

=
1

1−
s .

T
h
is

m
ean

s
for

m
≥

cλ
2

w
h
ere

c
is

su
ffi

cien
tly

la
rg

e,
w

e
ob

tain
‖
R
α
(R̂

+
λ
I
) −

1‖
.
λ
α−

1.

47
JM

L
R

 18(57):1-59, 2017

S
r
ip
e
r
u
m
b
u
d
u
r
e
t
a
l
.

A
.5

In
te

rp
o
la

tio
n

S
p

a
c
e

In
th

is
section

,
w

e
b
riefl

y
recall

th
e

d
efi

n
ition

of
in

terp
ola

tion
sp

aces
of

th
e

real
m

eth
o
d
.

T
o

th
is

en
d
,

let
E

0
an

d
E

1
b

e
tw

o
arb

itrary
B

an
ach

sp
aces

th
at

are
con

tin
u
ou

sly
em

b
ed

d
ed

in
som

e
top

ological
(H

au
sd

orff
)

vector
sp

ace
E

.
T

h
en

,
for

x
∈
E

0
+
E

1
:=
{x

0
+
x

1
:
x

0 ∈
E

0 ,
x

1
∈
E

1 }
an

d
t
>

0,
th

e
K

-fu
n

ctio
n

a
l

of
th

e
real

in
terp

olation
m

eth
o
d

(see
B

en
n
ett

an
d

S
h
arp

ley
,

198
8,

D
efi

n
ition

1.1,
p
.

293)
is

d
efi

n
ed

b
y

K
(x
,t,E

0 ,E
1 )

:=
in

f{‖x
0 ‖
E

0
+
t‖x

1 ‖
E

1
:
x

0 ∈
E

0 ,
x

1 ∈
E

1 ,
x

=
x

0
+
x

1 }.

S
u
p
p

ose
E

an
d
F

are
tw

o
B

an
ach

sp
aces

th
at

satisfy
F
↪→

E
(i.e.,

F
⊂
E

an
d

th
e

in
clu

sion
op

erator
id

:
F
→
E

is
con

tin
u
ou

s),
th

en
th

e
K

-fu
n
ction

al
red

u
ces

to

K
(x
,t,E

,F
)

=
in

f
y∈
F ‖
x
−
y‖

E
+
t‖y‖

F
.

(A
.6)

T
h
e
K

-fu
n
ction

al
can

b
e

u
sed

to
d
efi

n
e

in
terp

olation
n
orm

s,
for

0
<
θ
<

1,
1
≤
s≤
∞

an
d

x
∈
E

0
+
E

1 ,
as

‖
x‖

θ
,s

:=

{
(∫
(t −

θK
(x
,t) )

s
t −

1
d
t )

1
/
s
,

1
≤
s
<
∞

su
p
t>

0
t −
θK

(x
,t),

s
=
∞
.

M
oreover,

th
e

corresp
on

d
in

g
in

terp
olation

sp
aces

(B
en

n
ett

an
d

S
h
arp

ley
,

1988,
D

efi
n
ition

1.7,
p
.

299)
are

d
efi

n
ed

as

[E
0 ,E

1 ]θ
,s

:=
{
x
∈
E

0
+
E

1
:‖x‖

θ
,s
<
∞
}
.

B
.

A
p
p

e
n
d
ix

:
M

isce
lla

n
e
o
u
s

R
e
su

lts

In
th

is
ap

p
en

d
ix

,
w

e
p
resen

t
th

e
p
ro

ofs
of

so
m

e
claim

s
th

at
w

e
m

ad
e

in
S
ection

s
1,

4
an

d
5.

B
.1

R
e
la

tio
n

b
e
tw

e
e
n

F
ish

e
r

a
n

d
K

u
llb

a
ck

-L
e
ib

le
r

D
iv

e
rg

e
n

c
e
s

T
h
e

follow
in

g
resu

lt
p
rov

id
es

a
relation

sh
ip

b
etw

een
F

ish
er

an
d

K
u
llb

ack
-L

eib
ler

d
iver-

gen
ces.

P
ro

p
o
sitio

n
B

.1
L

et
p

a
n

d
q

be
p
ro

ba
bility

d
en

sities
d
efi

n
ed

o
n

R
d.

D
efi

n
e
p
t

:=
p
∗

N
(0,tI

d )
a
n

d
q
t

:=
q∗

N
(0,tI

d )
w

h
ere

N
(0,tI

d )
d
en

o
tes

a
n

o
rm

a
l

d
istribu

tio
n

o
n
R
d

w
ith

m
ea

n
zero

a
n

d
d
ia

go
n

a
l

co
va

ria
n

ce
w

ith
t
>

0.
S

u
p
po

se
p
t

a
n

d
q
t

sa
tisfy

∂
i p
t (x

)
log

p
t (x

)
=
o

(‖x‖
α2
)
,
∂
i p
t (x

)
log

q
t (x

)
=
o

(‖
x‖

α2
)

a
n

d
∂
i log

q
t (x

)p
t (x

)
=
o

(‖x‖
α2
)

a
s‖
x‖

2 →
∞

fo
r

a
ll
i∈

[d
]

w
h
ere

α
=

1−
d

.
T

h
en

K
L

(p‖
q)

=

∫
∞0
J

(p
t ‖
q
t )
d
t,

(B
.1)

w
h
ere

J
is

d
efi

n
ed

in
(3

).
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D
e
n
si
t
y
E
st

im
a
t
io
n
in

In
f
in
it
e
D
im

e
n
si
o
n
a
l
E
x
p
o
n
e
n
t
ia
l
F
a
m
il
ie
s

P
ro

o
f

U
n
d
er

th
e

co
n
d
it

io
n
s

m
en

ti
on

ed
on

p
t

a
n
d
q t

,
it

ca
n

b
e

sh
ow

n
th

a
t

d d
tK

L
(p
t‖
q t

)
=
−
J

(p
t‖
q t

).
(B

.2
)

S
ee

T
h
eo

re
m

1
in

L
y
u

(2
00

9)
fo

r
a

p
ro

of
.

T
h
e

ab
ov

e
id

en
ti

ty
is

a
si

m
p
le

g
en

er
al

iz
at

io
n

of
d
e

B
ru

ij
n
’s

id
en

ti
ty

th
at

re
la

te
s

th
e

F
is

h
er

in
fo

rm
at

io
n

to
th

e
d
er

iv
at

iv
e

of
th

e
S
h
an

n
on

en
tr

op
y

(s
ee

C
ov

er
an

d
T

h
om

as
,

19
91

,
T

h
eo

re
m

16
.6

.2
).

In
te

gr
at

in
g

w
.r

.t
.
t

on
b

ot
h

si
d
es

of
(B

.2
),

w
e

ob
ta

in
K
L

(p
t‖
q t

)∣ ∣ ∣∞ t=
0

=
−
∫ ∞ 0

J
(p
t‖
q t

)
d
t

w
h
ic

h
y
ie

ld
s

th
e

eq
u
al

it
y

in
(B

.1
)

as

K
L

(p
t‖
q t

)
→

0
as
t
→
∞

an
d
K
L

(p
t‖
q t

)
→
K
L

(p
‖q

)
as
t
→

0.

B
.2

E
st

im
a
ti

o
n

o
f
p

0
:

U
n
b

o
u

n
d

e
d
k

T
o

h
an

d
le

th
e

ca
se

of
u
n
b

ou
n
d
ed

k
,

in
th

e
fo

ll
ow

in
g,

w
e

as
su

m
e

th
at

th
er

e
ex

is
ts

a
p

os
it

iv
e

co
n
st

an
t
M

su
ch

th
at
‖f

0
‖ H
≤
M

,
so

th
at

an
es

ti
m

at
or

of
f 0

ca
n

b
e

co
n
st

ru
ct

ed
as

f̆ λ
,n

=
ar

g
in

f
f
∈H

Ĵ
λ
(f

)
su

b
je

ct
to
‖f
‖ H
≤
M
,

(B
.3

)

w
h
er

e
Ĵ
λ

is
d
efi

n
ed

in
T

h
eo

re
m

4(
iv

).
T

h
is

m
o
d
ifi

ca
ti

on
y
ie

ld
s

a
va

li
d

es
ti

m
at

or
p
f̆
λ
,n

as

lo
n
g

as
k

sa
ti

sfi
es
∫ Ω
eM
√
k
(x
,x

) q
0
(x

)
d
x
<
∞
,

si
n
ce

th
is

im
p
li
es
f̆ λ
,n
∈
F

.
T

h
e

co
n
st

ru
ct

io
n

of
f̆ λ
,n

re
q
u
ir

es
th

e
k
n
ow

le
d
ge

of
M

,
h
ow

ev
er

,
w

h
ic

h
w

e
as

su
m

e
is

k
n
ow

n
a

p
ri

o
ri

.
U

si
n
g

th
e

re
p
re

se
n
te

r
th

eo
re

m
in

R
K

H
S
,

it
ca

n
b

e
sh

ow
n

(s
ee

S
ec

ti
on

B
.2

.1
)

th
a
t

f̆ λ
,n

=
δ̆ξ̂

+
n ∑ b=

1

d ∑ j=
1

β̆
(b
−

1
)d

+
j
∂
j
k
(X

b
,·)

w
h
er

e
δ̆

an
d
β̆

ar
e

ob
ta

in
ed

b
y

so
lv

in
g

th
e

fo
ll
ow

in
g

q
u
ad

ra
ti

ca
ll
y

co
n
st

ra
in

ed
q
u
ad

ra
ti

c
p
ro

gr
am

(Q
C

Q
P

),

(β̆
,δ̆

)
=

:
Θ̆

=
ar

g
m

in
Θ
∈R

n
d
+

1

1 2
Θ
T
H

Θ
+

Θ
T

∆
su

b
je

ct
to

Θ
T
K

Θ
≤
M

2
,

w
it

h
∆

:=
(h
,‖
ξ̂‖

2 H
),

Θ
:=

(β
,δ

)
an

d
K

,
H

b
ei

n
g

d
efi

n
ed

in
th

e
p
ro

of
of

T
h
eo

re
m

5
an

d
th

e
re

m
ar

k
fo

ll
ow

in
g

it
.

T
h
e

fo
ll
ow

in
g

re
su

lt
in

ve
st

ig
at

es
th

e
co

n
si

st
en

cy
an

d
co

n
ve

rg
en

ce
ra

te
s

fo
r
p
f̆
λ
,n

.

T
h

e
o
re

m
B

.2
(C

o
n

si
st

e
n

c
y

a
n

d
ra

te
s

fo
r
p
f̆
λ
,n

)
L

et
M
≥
‖f

0
‖ H

be
a

fi
xe

d
co

n
st

a
n

t,

a
n

d
f̆ n
,λ

be
a

cl
ip

pe
d

es
ti

m
a
to

r
gi

ve
n

by
(B

.3
).

S
u

p
po

se
(A

)–
(D

)
w

it
h
ε

=
2

h
o
ld

.
L

et

su
p
p
(q

0
)

=
Ω

a
n

d
∫ Ω
eM
√
k
(x
,x

) q
0
(x

)
d
x
<
∞

.
D

efi
n

e
η
(x

)
=
√
k
(x
,x

)e
M
√
k
(x
,x

) .
T

h
en

,
a
s

λ
√
n
→
∞
,
λ
→

0
a
n

d
n
→
∞

,

(i
)
‖p
f̆
λ
,n
−
p

0
‖ L

1
(Ω

)
→

0,
K
L

(p
0
‖p
f̆
λ
,n

)
→

0
if
η
∈
L

1
(Ω
,q

0
);

(i
i)

fo
r

1
<
r
≤
∞

,
‖p
f̆
λ
,n
−
p

0
‖ L

r
(Ω

)
→

0
if
η
q 0
∈
L

1
(Ω

)
∩
L
r
(Ω

)
a
n

d
eM
√
k
(·,
·) q

0
∈
L
r
(Ω

);
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S
r
ip
e
r
u
m
b
u
d
u
r
e
t
a
l
.

(i
ii

)
h

(p
f̆
λ
,n
,p

0
)
→

0
if
√
k
(·,
·)η
∈
L

1
(Ω
,q

0
);

(i
v)

J
(p

0
‖p
f̆
λ
,n

)
→

0
.

In
a
d
d
it

io
n

,
if
f 0
∈
R

(C
β
)

fo
r

so
m

e
β
>

0,
th

en
‖p
f̆
λ
,n
−
p

0
‖ L

r
(Ω

)
=
O
p

0
(θ
n
),
h

(p
0
,p
f̆
λ
,n

)
=

O
p

0
(θ
n
),
K
L

(p
0
‖p
f̆
λ
,n

)
=
O
p

0
(θ
n
)

a
n

d
J

(p
0
‖p
f̆
λ
,n

)
=
O
p

0
(θ

2 n
)

w
h
er

e
θ n

:=
n
−

m
in
{

1 4
,

β
2
(β

+
1
)

}

w
it

h
λ

=
n
−

m
a
x
{

1 4
,

1
2
(β

+
1
)

}
a
ss

u
m

in
g

th
e

re
sp

ec
ti

ve
co

n
d
it

io
n

s
in

(i
)-

(i
ii

)
a
bo

ve
h
o
ld

.

P
ro

o
f

F
or

an
y
x
∈

Ω
,

si
n
ce
|f 0

(x
)|
≤
‖f

0
‖ H
√
k
(x
,x

)
≤
M
√
k
(x
,x

)
a
n
d
|f̆ λ

,n
(x

)|
≤

M
√
k
(x
,x

),
w

e
h
av

e

∣ ∣ e
f̆
λ
,n

(x
)
−
ef

0
(x

)∣ ∣
≤
eM
√
k
(x
,x

)∣ ∣ f̆
λ
,n

(x
)
−
f 0

(x
)∣ ∣
≤
η
(x

)∥ ∥
f̆ λ
,n
−
f 0
∥ ∥ H
,

(B
.4

)

w
h
er

e
w

e
u
se

d
th

e
fa

ct
th

at
|ex
−
ey
|≤

ea
|x
−
y
|f

or
x
,y
∈

[−
a
,a

]a
n
d
η
(x

)
:=
√
k
(x
,x

)e
M
√
k
(x
,x

) .
In

th
e

fo
ll
ow

in
g,

w
e

ob
ta

in
b

ou
n
d
s

fo
r
∥ ∥ p

f̆
λ
,n
−
p

0

∥ ∥ L
r
(Ω

)
fo

r
an

y
1
≤
r
≤
∞

,
h

(p
f̆
λ
,n
,p

0
)

an
d
K
L

(p
0
‖p
f̆
λ
,n

)
in

te
rm

s
of
‖f̆
λ
,n
−
f 0
∥ ∥ H

.
D

efi
n
e
B

(f
)

:=
∫ Ω
ef
q 0
d
x

.
S
in

ce
k

sa
ti

sfi
es

∫ Ω
eM
√
k
(x
,x

) q
0
(x

)
d
x
<
∞

,
th

en
it

is
cl

ea
r

th
at
f̆ λ
,n
∈
F

as
B

(f̆
λ
,n

)
<
∞

si
n
ce

∫ Ω
ef̆
λ
,n

(x
) q

0
(x

)
d
x
≤
∫ Ω

e‖
f̆
λ
,n
‖ H
√
k
(x
,x

) q
0
(x

)
d
x
≤
∫ Ω

eM
√
k
(x
,x

) q
0
(x

)
d
x
<
∞
.

S
im

il
ar

ly
,

it
is

ea
sy

to
ve

ri
fy

th
at
B

(f
0
)
<
∞

.

(i
)

R
ec

al
li
n
g

(A
.1

),
w

e
h
av

e

∥ ∥ p
f̆
λ
,n
−
p

0

∥ ∥ L
r
(Ω

)
≤
|B

(f̆
λ
,n

)
−
B

(f
0
)|‖
ef

0
q 0
‖ L

r
(Ω

)

B
(f̆
λ
,n

)B
(f

0
)

+
‖(
ef

0
−
ef̆
λ
,n

)q
0
‖ L

r
(Ω

)

B
(f̆
λ
,n

)
.

If
r

=
1,

w
e

ob
ta

in

∥ ∥ p
f̆
λ
,n
−
p

0

∥ ∥ L
1
(Ω

)
≤
|B

(f̆
λ
,n

)
−
B

(f
0
)|

B
(f̆
λ
,n

)
+
‖(
ef

0
−
ef̆
λ
,n

)q
0
‖ L

1
(Ω

)

B
(f̆
λ
,n

)
.

U
si

n
g

(B
.4

),
w

e
b

ou
n
d
|B

(f̆
λ
,n

)
−
B

(f
0
)|

as

|B
(f̆
λ
,n

)
−
B

(f
0
)|
≤
∫ Ω

∣ ∣ e
f̆
λ
,n

(x
)
−
ef

0
(x

)∣ ∣ q
0
(x

)
d
x
≤
‖η
‖ L

1
(Ω
,q

0
)∥ ∥ f̆

λ
,n
−
f 0
∥ ∥ H
.

A
ls

o
fo

r
an

y
f
∈

H
w

it
h
‖f
‖ H
≤
M

,
w

e
h
av

e
B

(f
)
≥
∫ Ω
e−

M
√
k
(x
,x

) q
0
(x

)
d
x

=
:
θ,

w
h
er

e
θ
>

0.
A

ga
in

u
si

n
g

(B
.4

),
w

e
h
av

e

‖(
ef

0
−
ef̆
λ
,n

)q
0
‖ L

r
(Ω

)
≤
‖η
q 0
‖ L

r
(Ω

)‖
f̆ λ
,n
−
f 0
‖ H

an
d
‖e
f
0
q 0
‖ L

r
(Ω

)
≤
‖e
M
√
k
(x
,x

) q
0
‖ L

r
(Ω

).
T

h
er

ef
or

e,

∥ ∥ p
f̆
λ
,n
−
p

0

∥ ∥ L
r
(Ω

)
≤
‖η
‖ L

1
(Ω
,q

0
)‖
eM
√
k
(x
,x

) q
0
‖ L

r
(Ω

)∥ ∥ f̆
λ
,n
−
f 0
∥ ∥ H

θ2

5
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D
e
n
sit

y
E
st

im
a
t
io
n
in

In
f
in
it
e
D
im

e
n
sio

n
a
l
E
x
p
o
n
e
n
t
ia
l
F
a
m
il
ie
s

+
‖
η
q

0 ‖
L
r
(Ω

) ‖
f̆
λ
,n −

f
0 ‖

H

θ

a
n
d

fo
r
r

=
1
,

∥∥
p
f̆
λ
,n −

p
0 ∥∥
L

1
(Ω

) ≤
2‖
η‖

L
1
(Ω
,q

0
) ∥∥
f̆
λ
,n −

f
0 ∥∥

H

θ
.

(ii)
A

lso

K
L

(p
0 ‖
p
f̆
λ
,n

)
=

∫

Ω
p

0
log

p
0

p
f̆
λ
,n

d
x

=

∫

Ω
log (

e
f
0 −
f̆
λ
,n
B

(f̆
λ
,n

)

B
(f

0 )

)
p

0 (x
)
d
x

=

∫

Ω

(
f

0 −
f̆
λ
,n

+
log

B
(f̆
λ
,n

)

B
(f

0 )

)
p

0 (x
)
d
x

≤
|B

(f̆
λ
,n

)−
B

(f
0 )|

B
(f

0 )
+
‖
f̆
λ
,n −

f
0 ‖
L

1
(Ω
,p

0
) ≤

2‖
η
q

0 ‖
L

1
(Ω

)

θ
‖f̆
λ
,n −

f
0 ‖

H
.

(iii)
It

is
ea

sy
to

verify
th

at

h
(p
f̆
λ
,n
,p

0 )
=

∥∥∥∥∥
e
f̆
λ
,n
/
2

‖
e
f̆
λ
,n
/
2‖
L

2
(Ω
,q

0
) −

e
f
0
/
2

∥∥
e
f
0
/
2 ∥∥
L

2
(Ω
,q

0
) ∥∥∥∥∥
L

2
(Ω
,q

0
)

≤
2‖
e
f̆
λ
,n
/
2−

e
f
0
/
2‖
L

2
(Ω
,q

0
)

∥∥
e
f
0
/
2 ∥∥
L

2
(Ω
,q

0
)

w
h
ere

th
e

a
b

ove
in

eq
u
ality

is
ob

tain
ed

b
y

carry
in

g
ou

t
an

d
sim

p
lify

in
g

th
e

d
ecom

p
ositio

n
a
s

in
(A

.1
).

U
sin

g
(B

.4),
w

e
th

erefore
h
ave

h
(p
f̆
λ
,n
,p

0 )≤

√
∫

Ω
k
(x
,x

)e
M
√
k
(x
,x

)q
0
d
x

θ
‖
f̆
λ
,n −

f
0 ‖

H
.

(iv
)

A
s
f

0 ,
f̆
λ
,n
∈
F

,
b
y

T
h
eorem

4
,

w
e

ob
tain

J
(p

0 ‖p
f̆
λ
,n

)
=

12 ‖ √
C

(f̆
λ
,n
−
f

0 )‖
2H
≤

12 ‖ √
C
‖

2‖f̆
λ
,n −

f
0 ‖

2H
.

N
o
te

th
a
t

w
e

h
ave

b
ou

n
d
ed

th
e

variou
s

d
istan

ces
b

etw
een

p
f̆
λ
,n

an
d
p

0
in

term
s

o
f‖f̆

λ
,n −

f
0 ‖

H
.

S
in

ce
f̆
λ
,n

=
f
λ
,n

w
ith

p
rob

ab
ility

con
vergin

g
to

1,
th

e
assertion

s
o
n

co
n
sisten

cy
are

p
roved

b
y

T
h
eo

rem
6(i)

in
com

b
in

ation
w

ith
L

em
m

a
14—

as
w

e
d
id

n
ot

ex
p
licitly

assu
m

e
f

0 ∈
R

(C
)—

a
n
d

th
e

rates
follow

from
T

h
eorem

6(iii).

R
e
m

a
rk

T
h
e

follow
in

g
ob

servation
s

can
b

e
m

ad
e

w
h
ile

com
p
arin

g
th

e
scen

arios
of

u
sin

g
b

o
u
n
d
ed

v
s.

u
n
b

ou
n
d
ed

k
ern

els
in

th
e

p
rob

lem
of

estim
atin

g
p

0
th

rou
gh

T
h
eorem

s
7

an
d

B
.2

.
F

irst,
th

e
con

sisten
cy

resu
lts

in
L
r,

H
ellin

ger
an

d
K

L
d
istan

ces
are

th
e

sam
e

b
u
t

fo
r

a
d
d
itio

n
a
l

in
tegrab

ility
con

d
ition

s
on

k
an

d
q

0 .
T

h
e

ad
d
ition

a
l

in
tegrab

ility
con

d
ition

s
a
re

n
o
t

to
o

d
iffi

cu
lt

to
h
old

in
p
ractice

as
th

ey
in

volv
e
k

an
d
q

0
w

h
ich

can
b

e
ch

o
sen

ap
-

p
ro

p
ria

tely.
H

ow
ever,

th
e

u
n
b

ou
n
d
ed

situ
ation

in
T

h
eorem

B
.2

req
u
ires

th
e

k
n
ow

led
ge

of
M

w
h
ich

is
u
su

ally
n
ot

k
n
ow

n
.

O
n

th
e

oth
er

h
an

d
,

th
e

co
n
sisten

cy
resu

lt
in
J

in
T

h
eo-

rem
B

.2
is

slig
h
tly

w
eak

er
th

an
in

T
h
eorem

7.
T

h
is

m
ay

b
e

an
artifact

o
f

ou
r

an
aly

sis
as
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S
r
ip
e
r
u
m
b
u
d
u
r
e
t
a
l
.

w
e

are
n
ot

ab
le

to
ad

ap
t

th
e

b
ou

n
d
in

g
tech

n
iq

u
e

u
sed

in
th

e
p
ro

of
of

T
h
eorem

7
to

b
o
u
n
d

J
(p

0 ‖p
f̆
λ
,n

)
=

12 ‖ √
C

(f̆
λ
,n −

f
0 )‖

2H
as

it
critically

d
ep

en
d
s

on
th

e
b

ou
n
d
ed

n
ess

of
k
.

T
h
ere-

fore,
w

e
u
sed

a
triv

ial
b

ou
n
d

of
J

(p
0 ‖p

f̆
λ
,n

)
=

12 ‖ √
C

(f̆
λ
,n −

f
0 )‖

2H
≤

12 ‖ √
C
‖

2‖f̆
λ
,n −

f
0 ‖

2H
,

w
h
ich

y
ield

s
th

e
resu

lt
th

rou
gh

T
h
eorem

6(i).
D

u
e

to
th

e
sam

e
reason

,
w

e
also

o
b
tain

a
slow

er
rate

of
con

v
ergen

ce
in
J

.
S
econ

d
,

th
e

rate
of

con
vergen

ce
in

K
L

is
slow

er
th

an
in

T
h
eorem

B
.2,

w
h
ich

again
m

ay
b

e
an

artifact
of

ou
r

an
aly

sis.
T

h
e

con
vergen

ce
rate

for
K

L
in

T
h
eorem

7
is

b
ased

on
th

e
ap

p
lication

of
T

h
eorem

6(ii)
in

L
em

m
a

A
.1,

w
h
ere

th
e

b
ou

n
d

on
K

L
in

L
em

m
a

A
.1

critically
u
ses

th
e

b
ou

n
d
ed

n
ess

to
u
p
p

er
b

ou
n
d

K
L

in
term

s
of

sq
u
ared

H
ellin

ger
d
istan

ce.

B
.2
.1

D
e
r
iv
a
t
io
n
o
f
f̆
λ
,n

A
n
y
f
∈
H

can
b

e
d
ecom

p
osed

as
f

=
f‖

+
f⊥

w
h
ere

f‖ ∈
sp

an {
ξ̂,(∂

j k
(X

b ,·))
b,j }

=
:
H
‖ ,

w
h
ich

is
a

closed
su

b
set

of
H

an
d
f⊥
∈

H
⊥‖

:=
{
g
∈
H

:〈g
,h〉

H
=

0,∀
h
∈
H
‖ }

so
th

at

H
=

H
‖ ⊕

H
⊥‖

.
S
in

ce
th

e
ob

jective
fu

n
ction

in
(B

.3)
m

atch
es

w
ith

th
e

on
e

in
T

h
eorem

5,

u
sin

g
th

e
ab

ov
e

d
ecom

p
osition

in
(B

.3),
it

is
easy

to
verify

th
at
Ĵ

d
ep

en
d
s

on
ly

on
f‖ ∈

H
‖

so
th

at
(B

.3)
red

u
ces

to

(f̆
‖λ
,n
,f̆
⊥λ,n

)
=

arg
in

f
f‖ ∈

H
‖
,f⊥
∈
H
⊥

‖
f‖ ‖

2H
+
‖
f⊥
‖

2H
≤
M

2

Ĵ
λ (f‖ )

+
λ2 ‖f‖ ‖

2H
+
λ2 ‖f⊥ ‖

2H
(B

.5)

an
d
f̆
λ
,n

=
f̆
‖λ
,n

+
f̆
⊥λ,n

.
S
in

ce
f‖

is
of

th
e

form
in

(14),
u
sin

g
it

in
(B

.5),
it

is
easy

to
sh

ow

th
at
Ĵ
λ (f‖ )

+
λ2 ‖
f‖ ‖

2H
=
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ch

as
es

ti
m

a
ti

n
g

th
e

va
lu

e
of

a
ca

r
sh

ow
n

in
an

im
ag

e
or

cl
u
st

er
in

g
b
io

gr
ap

h
ie

s
of

ce
le

b
ri

ti
es

,
it

ca
n

b
e

h
a
rd

to
co

m
e

u
p

w
it

h
a

m
ea

n
in

gf
u
l

d
is

si
m

il
ar

it
y

fu
n
ct

io
n

th
at

ca
n

b
e

ev
al

u
at

ed
a
u
to

m
a
ti

ca
ll
y,

w
h
il
e

h
u
m

an
s

of
te

n
h
av

e
a

go
o
d

se
n
se

of
w

h
ic

h
ob

je
ct

s
sh

ou
ld

b
e

co
n
si

d
er

ed
(d

is
-)

si
m

il
a
r.

It
is

th
en

n
at

u
ra

l
to

in
co

rp
or

at
e

th
e

h
u
m

an
ex

p
er

ti
se

in
to

th
e

m
a
ch

in
e

le
a
rn

in
g

p
ro

ce
ss

.
A

s
it

is
a

ge
n
er

al
p
h
en

om
en

on
th

at
h
u
m

an
s

ar
e

si
gn

ifi
ca

n
tl

y
b

et
te

r
at

co
m

p
a
ri

n
g

st
im

u
li

th
an

at
id

en
ti

fy
in

g
a

si
n
gl

e
on

e
(S

te
w

ar
t

et
al

.,
20

05
),

it
is

w
id

el
y

b
el

ie
ve

d
a
n
d

a
cc

ep
te

d
th

at
h
u
m

an
s

ar
e

al
so

b
et

te
r

an
d

m
or

e
re

li
ab

le
in

as
se

ss
in

g
d
is

si
m

il
ar

it
y

on
a

re
la

ti
ve

sc
al

e
(“

M
ov

ie
A

is
m

or
e

si
m

il
ar

to
m

ov
ie
B

th
an

m
ov

ie
C

is
to

m
ov

ie
D

”)
th

an
o
n

a
n

a
b
so

lu
te

on
e

(“
T

h
e

d
is

si
m

il
ar

it
y

b
et

w
ee

n
A

an
d
B

is
0.

3
an

d
th

e
d
is

si
m

il
ar

it
y

b
et

w
ee

n
C

a
n
d
D

is
0.

8”
).

F
or

th
is

re
as

on
,

or
d
in

al
q
u
es

ti
on

s
ar

e
of

te
n

u
se

d
w

h
en

ev
er

h
u
m

an
s

a
re

in
vo

lv
ed

in
ga

th
er

in
g

d
is

ta
n
ce

in
fo

rm
at

io
n
.

In
ad

d
it

io
n

to
ob

ta
in

in
g

m
or

e
ro

b
u
st

re
su

lt
s,

th
is

a
ls

o
h
as

th
e

ad
va

n
ta

ge
th

at
on

e
d
o
es

n
ot

n
ee

d
to

al
ig

n
p

eo
p
le

’s
d
iff

er
en

t
as

se
ss

m
en

t
sc

a
le

s.

•
T

h
er

e
ar

e
si

tu
at

io
n
s

w
h
er

e
or

d
in

al
d
is

ta
n
ce

in
fo

rm
at

io
n

is
re

ad
il
y

av
ai

la
b
le

,
b
u
t

th
e

u
n
-

d
er

ly
in

g
d
is

si
m

il
ar

it
y

fu
n
ct

io
n

is
co

m
p
le

te
ly

in
th

e
d
ar

k
.

S
ch

u
lt

z
a
n
d

J
o
a
ch

im
s

(2
0
0
3)

p
ro

v
id

e
th

e
ex

a
m

p
le

of
se

ar
ch

-e
n
gi

n
e

q
u
er

y
lo

gs
:

if
a

u
se

r
cl

ic
k
s

on
tw

o
se

a
rc

h
re

su
lt

s,
sa

y
A

an
d
B

,
b
u
t

n
ot

on
a

th
ir

d
re

su
lt
C

,
th

en
A

an
d
B

ca
n

b
e

as
su

m
ed

to
b

e
se

m
a
n
ti

ca
ll
y

m
or

e
si

m
il
ar

th
an

A
an

d
C

,
or
B

an
d
C

,
ar

e.

•
T

h
er

e
ar

e
se

ve
ra

l
ap

p
li
ca

ti
on

s
w

h
er

e
ac

tu
a
l

d
is

si
m

il
ar

it
y

va
lu

es
b

et
w

ee
n

o
b

je
ct

s
ca

n
b

e
co

ll
ec

te
d
,

b
u
t

it
is

cl
ea

r
to

th
e

p
ra

ct
it

io
n
er

th
at

th
es

e
va

lu
es

on
ly

re
fl
ec

t
a

ro
u
g
h

p
ic

tu
re

an
d

sh
ou

ld
b

e
co

n
si

d
er

ed
in

fo
rm

at
iv

e
on

ly
on

an
or

d
in

al
sc

al
e

le
ve

l.
In

th
is

ca
se

,
fe

ed
in

g
th

e
n
u
m

er
ic

al
sc

or
es

to
a

m
ac

h
in

e
le

ar
n
in

g
al

go
ri

th
m

ca
n

off
er

th
e

p
ro

b
le

m
th

a
t

th
e

al
go

ri
th

m
in

te
rp

re
ts

th
em

st
ro

n
ge

r
th

an
th

ey
ar

e
m

ea
n
t

to
b

e.
F

or
ex

am
p
le

,
d
is

ca
rd

in
g

th
e

ac
tu

al
va

lu
es

of
si

gn
al

st
re

n
gt

h
m

ea
su

re
m

en
ts

b
u
t

on
ly

ke
ep

in
g

th
ei

r
o
rd

er
ca

n
h
el

p
to

re
d
u
ce

th
e

in
fl
u
en

ce
of

m
ea

su
re

m
en

t
er

ro
rs

an
d

th
u
s

b
ri

n
g

so
m

e
b

en
efi

t
in

se
n
so

r
lo

ca
li
za

ti
on

(L
iu

et
al

.,
20

04
;

X
ia

o
et

al
.,

20
06

).

A
b
ig

p
ar

t
of

th
e

li
te

ra
tu

re
on

or
d
in

al
d
at

a
d
ea

ls
w

it
h

th
e

p
ro

b
le

m
of

or
d
in

a
l

em
b

ed
d
in

g.
G

iv
en

a
d
at

a
se

t
D

to
ge

th
er

w
it

h
or

d
in

al
re

la
ti

on
sh

ip
s,

th
e

go
al

is
to

m
ap

th
e

o
b

je
ct

s
in
D

to
p

oi
n
ts

in
a

E
u
cl

id
ea

n
sp

ac
e

R
m

su
ch

th
at

th
e

or
d
in

al
re

la
ti

on
sh

ip
s

ar
e

p
re

se
rv

ed
,

w
it

h
re

-
sp

ec
t

to
th

e
E

u
cl

id
ea

n
in

te
rp

oi
n
t

d
is

ta
n
ce

s,
as

w
el

l
as

p
os

si
b
le

.
C

le
ar

ly
,

or
d
in

a
l

em
b

ed
d
in

g
is

a
w

ay
of

tr
an

sf
or

m
in

g
or

d
in

al
d
at

a
b
ac

k
to

a
st

an
d
ar

d
se

tt
in

g:
on

ce
D

is
re

p
re

se
n
te

d
b
y

p
oi

n
ts

in
R
m

,
w

e
ca

n
ap

p
ly

an
y

m
ac

h
in

e
le

ar
n
in

g
al

go
ri

th
m

fo
r

ve
ct

or
-v

al
u
ed

d
a
ta

.
H

ow
ev

er
,

su
ch

a
tw

o-
st

ep
ap

p
ro

ac
h

co
m

es
w

it
h

a
n
u
m

b
er

of
p
ro

b
le

m
s,

am
on

g
th

em
th

e
h
ig

h
ru

n
n
in

g
ti

m
e

of
or

d
in

al
em

b
ed

d
in

g
al

go
ri

th
m

s
a
n
d

th
e

n
ec

es
si

ty
to

ch
o
os

e
a

d
im

en
si

o
n
m

fo
r

th
e

sp
ac

e
of

th
e

em
b

ed
d
in

g
(t

o
n
am

e
ju

st
tw

o—
se

e
S
ec

ti
on

5.
1.

2
fo

r
a

co
m

p
le

te
d
is

cu
ss

io
n
).

O
u
r

ai
m

is
to

so
lv

e
m

ac
h
in

e
le

ar
n
in

g
p
ro

b
le

m
s

in
a

se
tt

in
g

of
or

d
in

al
d
is

ta
n
ce

in
fo

rm
a
ti

o
n

d
ir

ec
tl

y,
w

it
h
ou

t
co

n
st

ru
ct

in
g

an
or

d
in

al
em

b
ed

d
in

g
as

an
in

te
rm

ed
ia

te
st

ep
.

T
h
er

e
ex

is
t

se
ve

ra
l

d
iff

er
en

t
ap

p
ro

ac
h
es

in
w

h
ic

h
or

d
in

al
re

la
ti

on
sh

ip
s

ca
n

b
e

ev
a
lu

a
te

d
(s

ee
S
ec

ti
on

5.
1.

1
fo

r
m

or
e

d
is

cu
ss

io
n

an
d

re
fe

re
n
ce

s)
.

W
h
il
e

co
m

p
ar

is
on

s
o
f

th
e

fo
rm

2
JM

L
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L
e
n
s
D
e
p
t
h
F
u
n
c
t
io
n
a
n
d
k
-R

N
G
:
V
e
r
sa

t
il
e
T
o
o
l
s
f
o
r
O
r
d
in
a
l
D
a
t
a
A
n
a
ly

sis

d
(A
,B

)
?<
d
(C
,D

)
as

in
(1)

are
th

e
m

ost
gen

eral
form

,
th

ere
are

oth
er

form
s

th
at,

d
ep

en
d
in

g
o
n

th
e

a
p
p
lica

tion
,

are
of

h
igh

er
relevan

ce.
In

p
articu

lar
in

scen
arios

o
f

h
u
m

an
-b

ased
co

m
p
u
ta

tio
n

a
n
d

crow
d
sou

rcin
g

it
is

p
op

u
lar

to
sh

ow
th

ree
ob

jects
A

,
B

,
an

d
C

at
a

tim
e

a
n
d

to
a
sk

fo
r

in
form

ation
on

d
(A
,B

)
?<
d
(A
,C

),
th

at
is,

com
p
ared

to
(1),

ob
ject

D
eq

u
als

o
b

ject
A

(“
W

h
ich

of
th

e
b

ottom
tw

o
im

ages
is

m
ore

sim
ilar

to
th

e
top

on
e?”).

R
ecen

tly,
H

eik
in

h
eim

o
a
n
d

U
k
k
on

en
(2013)

p
rop

osed
an

algorith
m

for
estim

a
tin

g
a

m
ed

oid
of

a
d
ata

setD
b
ased

o
n

statem
en

ts
of

th
e

form

O
bject

A
is

th
e

o
u

tlier
w

ith
in

th
e

trip
le

o
f

o
bjects

(A
,B
,C

),
(�

)

w
h
ere

A
,B
,C

a
re

p
airw

ise
d
istin

ct
ob

jects
in
D

an
d

su
ch

a
statem

en
t

form
ally

m
ean

s
th

at

(d
(A
,B

)
>
d
(B
,C

) )
∧
(d

(A
,C

)
>
d
(B
,C

) ).

S
ta

tem
en

ts
o
f

th
e

k
in

d
(�

)
can

easily
b

e
collected

v
ia

crow
d
sou

rcin
g

to
o

(“W
h
ich

am
on

g
th

e
fo

llow
in

g
th

ree
im

ages
is

th
e

o
d
d

on
e

ou
t?”).

In
th

is
p
ap

er,
w

e
su

ggest
an

d
stu

d
y

a
sim

ila
r

b
u
t

su
b
tly

d
iff

eren
t

k
in

d
of

q
u
estion

.
G

iven
th

ree
ob

jects,
w

e
ask

w
h
ich

of
th

e
o
b

jects
is

“
th

e
m

ost
cen

tral”
ob

ject
in

th
e

sen
se

th
at

it
is

th
e

b
est

rep
resen

tative
for

th
e

th
ree

o
b

jects.
T

h
e

an
sw

ers
th

en
h
ave

th
e

form

O
bject

A
is

th
e

m
o
st

cen
tra

l
o
bject

w
ith

in
th

e
trip

le
o
f

o
bjects

(A
,B
,C

)
(?

)

w
ith

th
e

form
a
l

in
terp

retation
th

at

(d
(A
,B

)
<
d
(B
,C

) )
∧
(d

(A
,C

)
<
d
(B
,C

) ).

A
n

illu
stra

tio
n

of
th

e
m

ean
in

g
of

a
statem

en
t

of
th

e
k
in

d
(?

)
is

p
rov

id
ed

in
F

igu
re

1
(left)

b
y

a
n

ex
a
m

p
le

of
a

trip
le

of
cars

con
sistin

g
of

a
sp

orts
car,

a
fi
re

tru
ck

,
an

d
an

off
-road

veh
icle:

th
e

sp
o
rts

car
an

d
th

e
fi
re

tru
ck

are
rath

er
d
iff

eren
t,

b
u
t

th
e

off
-ro

ad
v
eh

icle
is

n
ot

so
d
iff

eren
t

fro
m

eith
er

of
th

em
an

d
can

m
ost

lik
ely

b
e

taken
for

a
rep

resen
tative

of
th

e
th

ree
ca

rs—
th

e
off

-road
veh

icle
is

th
e

m
ost

cen
tral

ob
ject

w
ith

in
th

e
trip

le.

C
o
n
sid

erin
g

m
a
ch

in
e

learn
in

g
p
rob

lem
s

w
h
en

giv
en

on
ly

ord
in

al
d
ata,

in
m

an
y

cases
it

is
p
retty

u
n
clea

r
h
ow

to
solv

e
th

em
oth

er
th

an
b
y

co
n
stru

ctin
g

an
ord

in
al

em
b

ed
d
in

g.
F

or
ex

a
m

p
le,

h
ow

can
w

e
con

stru
ct

a
classifi

er
b
ased

solely
on

a
collection

o
f

an
sw

ers
to

d
is-

ta
n
ce

com
p
a
rison

s
of

th
e

form
(1)?

T
h

e
m

o
st

im
p

o
rta

n
t

in
sig

h
t

o
f

th
is

p
a
p

e
r

is
th

a
t

o
rd

in
a
l

d
ista

n
c
e

in
fo

rm
a
tio

n
in

th
e

fo
rm

(?
)

(b
u

t
n

o
t

in
o
th

e
r

fo
rm

s—
in

p
a
rtic

u
la

r,
n

o
t

in
th

e
fo

rm
(�

))
c
a
n

im
m

e
d

ia
te

ly
b

e
re

la
te

d
to

tw
o

v
e
ry

h
e
lp

fu
l

to
o
ls:

d
e
p

th
fu

n
c
tio

n
s

a
n

d
re

la
tiv

e
n

e
ig

h
b

o
rh

o
o
d

g
ra

p
h

s.
In

a
n
u
tsh

ell,
d
ep

th
fu

n
ctio

n
s

(see,
e.g.,

M
osler,

2013)
com

e
from

m
u
ltivaria

te
statistics

an
d

are
a

m
ea

n
s

to
g
en

era
lize

th
e

con
cep

t
of

a
u
n
ivariate

m
ed

ian
to

m
u
ltivaria

te
d
istrib

u
tion

s
an

d
to

q
u
an

-
tify

“
cen

tra
lity

”
of

p
oin

ts
w

ith
resp

ect
to

su
ch

a
d
istrib

u
tion

.
T

h
e

rela
tive

n
eig

b
orh

o
o
d

g
ra

p
h

(R
N

G
;

T
ou

ssain
t,

1980)
an

d
its

gen
eralization

,
th

e
k
-R

N
G

,
are

ex
am

p
les

of
p
rox

-
im

ity
g
ra

p
h
s,

w
h
ich

p
lay

a
p
rom

in
en

t
role

in
com

p
u
ter

v
ision

.
In

a
p
rox

im
ity

grap
h

tw
o

vertices
a
re

co
n
n
ected

b
y

an
ed

ge
if

an
d

on
ly

if
th

e
tw

o
vertices

are
in

som
e

sen
se

close
to

ea
ch

o
th

er.
It

is
k
n
ow

n
from

th
e

literatu
re

th
at

b
oth

d
ep

th
fu

n
ction

s
an

d
relative

n
eigb

or-
h
o
o
d

g
ra

p
h
s

ca
n

b
e

u
sed

to
solve

variou
s

m
ach

in
e

learn
in

g
p
rob

lem
s.

O
u
r

con
trib

u
tion

is

3
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K
l
e
in
d
e
ssn

e
r
a
n
d

v
o
n
L
u
x
b
u
r
gA

B
C

F
igu

re
1:

Illu
stration

of
th

e
m

ean
in

g
of

statem
en

t
of

th
e

k
in

d
(?).

L
eft:

W
ith

in
th

e
th

ree
cars

sh
ow

n
at

th
e

top
,

th
e

off
-road

veh
icle

sh
ow

n
at

th
e

b
ottom

a
secon

d
tim

e
is

th
e

m
ost

cen
tral/b

est
rep

resen
tativ

e
on

e.
R

igh
t:

A
m

ore
form

al
ap

p
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e
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d
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w
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,B
,C

).

to
estab
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e
p
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fu
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th
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s
d
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n
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an
d

M
o
d
arres,

2011),
as
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e
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en
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in
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b
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ep
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b
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b
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r
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ely
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e
p
rob

lem
s
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m
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estim
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ou
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id
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tifi

cation
,
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d
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sterin
g.

O
u
r

algorith
m

s
are
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p
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d

can
easily

an
d

h
igh

ly
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cien
tly

b
e
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.
W
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ran

several
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p
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en
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to
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p
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r
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m

s
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p
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p
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th
e
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p
roach
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fi
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g
th

e
ord
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al

em
b

ed
d
in

g
p
rob

lem
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d
th

en
ap

p
ly
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vector-b
ased

algorith
m
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W

e
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n
d

th
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ation
s

w
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all
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p
le

size
an

d
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all
d
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en
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s,
th

e
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b
ed

d
in

g
ap

p
roach
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d
s
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b

e
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p
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ou

r
algo

rith
m

s
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w

h
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ou
r
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m

s
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h
igh
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p
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s
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p
u
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g
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e
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w
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ou
t

p
arallelization
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T

h
e

stren
gth
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ou

r
algo

rith
m

s
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in
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e
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e
w

h
ere

th
e

ord
in

al
em

b
ed

d
in

g
algorith

m
s

b
reak

d
ow

n
d
u
e

to
com

p
u
tation
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com

p
lex

ity,
b
u
t

ou
r

algo-
rith

m
s
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y
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u
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l
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lts.
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r
m
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o
d
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e
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th
e

d
raw

b
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b
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d
in
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h
e

p
ap
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w
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p
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d
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p
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d
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d
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3
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e
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th
fu
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th
e
k
-R

N
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d
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ata
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e
form
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u
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w

e
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h
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w
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u
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s
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to
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e

m
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e
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g
p
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s
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,
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en
tifi
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,
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n
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g
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itrary
collection

of
state-

m
en

ts
of

th
e

k
in

d
(?

).
W

e
form

ally
state

ou
r

p
ro

p
osed
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d
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b
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n
d
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5.
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6
w
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p
resen
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p
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b
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d
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h
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.

S
e
tu

p

L
et
X

b
e

an
ar

b
it

ra
ry
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t

an
d
d

:
X
×
X
→

R
b

e
a

d
is

si
m

il
ar

it
y

fu
n
ct

io
n

on
X

:
a

h
ig

h
er

va
lu

e
of
d

m
ea

n
s
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o
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en
ts
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X
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e
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or

e
d
is

si
m

il
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h
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.
T
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e
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d
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d

d
is
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y
m
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W

e
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m

e
d

to
sa

ti
sf

y
th

e
fo

ll
ow

in
g

p
ro

p
er

ti
es

fo
r

al
l
x
,y
∈
X

:

•
d
(x
,y

)
≥

0

•
d
(x
,y

)
=

0
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an
d

on
ly

if
x

=
y

•
d
(x
,y

)
=
d
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,x

),
th

at
is
d

is
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m
m

et
ri

c.

W
it

h
th

es
e

p
ro

p
er
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,
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m
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et
ri

c
sp
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e.
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ot

e
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w

e
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o
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ot
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q
u
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e
d

to
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a
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ri
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e.

In
th

e
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ll
ow
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e

co
n
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er
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e
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b
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D
⊆
X
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n
d
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D
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a

d
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t
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e

el
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D
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s
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d
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n
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e

d
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n
ot
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e
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d
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r
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in
g

d
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si
m
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n
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ea
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e

ar
e

on
ly

gi
ve

n
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ar
b
it

ra
ry

co
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ti
o
n
S

of
st

a
te

m
en

ts

O
bj

ec
t
A

is
th

e
m

o
st

ce
n

tr
a
l

o
bj

ec
t

w
it

h
in

th
e

tr
ip

le
o
f

o
bj

ec
ts
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)
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h
er

e
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,B
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)
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ld

b
e

an
y

tr
ip

le
of

p
ai
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is

e
d
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ti
n
ct
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je

ct
s

in
D

.
A

t
th

is
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oi
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t

w
e
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an
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p
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at
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at
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)
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ra
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e
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m
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p
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p
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re
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l
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p
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p
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h

S
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on

3.
1

an
d

S
ec

ti
on

3.
2.

1)
.

S
ta

te
m

en
t

(?
)

is
eq

u
iv

al
en

t
to

( d
(A
,B

)
<
d
(B
,C

))
∧
( d

(A
,C

)
<
d
(B
,C

))
.

(2
)

H
en

ce
,

th
e

m
os

t
ce

n
tr

al
d
at

a
p

oi
n
t

w
it

h
in

a
tr

ip
le

of
d
at

a
p

oi
n
ts

is
th

e
d
at

a
p

o
in

t
op

p
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it
e
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th

e
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n
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st
si

d
e

in
th

e
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ia
n
gl

e
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n
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b
y

th
e

th
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e
d
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a
p

oi
n
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.
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n
il
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ca

n
b
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h
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A
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o

n
ot

e
th

at
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)
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u
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al
en

t
to

( d
(A
,B

)
+
d
(A
,C

))
<
( d

(B
,A

)
+
d
(B
,C

))
∧
( d

(A
,B

)
+
d
(A
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<
( d
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u
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d
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u
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re
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d
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m
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b
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p
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b
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h
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p
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p
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t
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al
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je
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w
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h
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e
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n
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st
en

t
m

ea
n
s

th
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w
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h
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n
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t
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ai
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s
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je
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is
th

e
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t

ce
n
tr

al
ob
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w
it

h
in

(A
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b
u
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h
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e
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m
s
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d
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n
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t
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d
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b
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n
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b
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d
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K
l
e
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d
e
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n
e
r
a
n
d

v
o
n
L
u
x
b
u
r
g

x
i

x
j

F
ig

u
re

2:
L

ef
t:

Il
lu

st
ra

ti
on

of
L
en
s(
x
i,
x
j
)

in
ca

se
of

th
e

E
u
cl

id
ea

n
p
la

n
e.

T
h
e

le
n
s

is
sh

ow
n

in
gr

ey
.

M
id

d
le

:
T

h
e

p
in

k
p

oi
n
t

at
th

e
ce

n
te

r
is

co
n
ta

in
ed

in
a
lm

o
st

ev
er

y
le

n
s

sp
an

n
ed

b
y

an
y

of
tw

o
d
at

a
p

oi
n
ts

,
w

h
il
e

th
e

or
an

ge
on

e
lo

ca
te

d
a
t

th
e

b
o
tt

o
m

ri
gh

t
ed

ge
of

th
e

p
oi

n
t

se
t

is
n
ot

co
n
ta

in
ed

in
a

si
n
gl

e
le

n
s.

R
ig

h
t:

H
ea

t
m

a
p

o
f

th
e

le
n
s

d
ep

th
fu

n
ct

io
n

fo
r

a
d
at

a
se

t
of

18
p

oi
n
ts

(i
n

re
d
)

in
th

e
u
n
it

sq
u
a
re

of
th

e
E

u
cl

id
ea

n
p
la

n
e.

3
.

L
e
n
s

D
e
p
th

F
u
n
ct

io
n

a
n
d
k
-R

e
la

ti
v
e

N
e
ig

h
b

o
rh

o
o
d

G
ra

p
h

a
n
d

M
o
ti

v
a
ti

o
n

fo
r

o
u
r

A
lg

o
ri

th
m

s

T
h
e

m
os

t
im

p
or

ta
n
t

ge
om

et
ri

c
ob

je
ct

in
th

e
fo

ll
ow

in
g

is
th

e
le

n
s

sp
an

n
ed

b
y

tw
o

p
o
in

ts
x
i,
x
j
∈
X

.
C

on
si

d
er

a
b
al

l
of

ra
d
iu

s
d
(x
i,
x
j
)

ce
n
te

re
d

at
x
i,

an
d

si
m

il
ar

ly
a

b
a
ll

o
f

th
e

sa
m

e
ra

d
iu

s
ce

n
te

re
d

at
x
j
.

T
h
e

le
n
s

sp
an

n
ed

b
y
x
i

an
d
x
j

co
n
si

st
s

of
al

l
th

o
se

p
o
in

ts
o
f
X

th
at

ar
e

lo
ca

te
d

in
th

e
in

te
rs

ec
ti

on
of

th
es

e
tw

o
b
al

ls
.

F
or

m
al

ly
,

L
en
s(
x
i,
x
j
)

=
{x
∈
X

:
d
(x
,x

i)
<
d
(x
i,
x
j
)}
∩
{x
∈
X

:
d
(x
,x

j
)
<
d
(x
i,
x
j
)}

=
{ x
∈
X

:
m

ax
{d

(x
,x

i)
,d

(x
,x

j
)}
<
d
(x
i,
x
j
)}
.

A
n

il
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st
ra

ti
on

of
L
en
s(
x
i,
x
j
)

in
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se
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th
e

E
u
cl

id
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n
p
la

n
e
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n

b
e
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en

on
th

e
le
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si

d
e

o
f

F
ig

u
re

2.
T

h
e

ke
y

in
si

gh
t

fo
r

u
s

ar
e

th
e

fo
ll
ow

in
g

eq
u
iv

al
en

ce
s:

x
∈
L
en
s(
x
i,
x
j
)
⇔

d
(x
,x

i)
<
d
(x
i,
x
j
)

an
d
d
(x
,x

j
)
<
d
(x
i,
x
j
)
⇔

x
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th
e

m
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t
ce

n
tr

al
p

oi
n
t

w
it

h
in

(x
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i,
x
j
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p
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p
e

(?
)

fo
r

a
d
a
ta

se
t

D
⊆
X

,
w

e
co

u
ld

ch
ec

k
fo

r
an

y
d
at

a
p

oi
n
t
x
k

an
d

an
y

tw
o

d
at

a
p

oi
n
ts
x
i,
x
j

w
h
et

h
er
x
k

is
co

n
ta

in
ed

in
L
en
s(
x
i,
x
j
)

or
n
ot

.

3
.1

L
e
n

s
D

e
p

th
F
u

n
c
ti

o
n

T
h
e

le
n
s

d
ep

th
fu

n
ct

io
n

(L
iu

an
d

M
o
d
ar

re
s,

20
11

)
is

an
in

st
an

ce
of

a
st

a
ti

st
ic

a
l

d
ep

th
fu

n
ct

io
n
.

T
h
es

e
fu

n
ct

io
n
s

ar
e

a
w

id
el

y
k
n
ow

n
to

ol
in

m
u
lt

iv
ar

ia
te

st
at

is
ti

cs
.

T
h
ey

h
av

e
b

ee
n

d
es

ig
n
ed

to
m

ea
su

re
ce

n
tr

al
it

y
w

it
h

re
sp

ec
t

to
p

oi
n
t

cl
ou

d
s

or
p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

o
n
s.

W
e

w
il
l

p
ro

v
id

e
m

or
e

in
fo

rm
at

io
n

ab
ou

t
st

at
is

ti
ca

l
d
ep

th
fu

n
ct

io
n
s

in
ge

n
er

a
l,

in
cl

u
d
in

g
re

fe
re

n
ce

s,
in

S
ec

ti
on

5.
2.

W
h
at

m
ak

es
th

e
le

n
s

d
ep

th
fu

n
ct

io
n

sp
ec

ia
l

fo
r

u
s

is
th

a
t

it
d
o
es

n
ot

re
ly

on
E

u
cl

id
ea

n
st

ru
ct

u
re

s
or

n
u
m

er
ic

d
is

ta
n
ce

va
lu

es
.

T
h
is

is
in

co
n
tr

a
st

to
a
ll

o
th

er
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L
e
n
s
D
e
p
t
h
F
u
n
c
t
io
n
a
n
d
k
-R

N
G
:
V
e
r
sa

t
il
e
T
o
o
l
s
f
o
r
O
r
d
in
a
l
D
a
t
a
A
n
a
ly

sis

d
ep

th
fu

n
ctio

n
s

from
th

e
literatu

re.
G

iven
a

d
ata

setD
=
{x

1 ,...,x
n }
⊆
X

,
th

e
len

s
d
ep

th
fu

n
ctio

n
L
D

(·
;D

)
:X
→

N
0

is
d
efi

n
ed

as

L
D

(x
;D

)
=
∣∣{(x

i ,x
j )

:
x
i ,x

j ∈
D
,i
<
j,x
∈
L
en
s(x

i ,x
j )} ∣∣,

x
∈
X
.

T
o

u
n
d
ersta

n
d

its
m

ean
in

g,
con

sid
er

a
set

of
d
ata

p
oin

ts
in

th
e

E
u
clid

ean
p
lan

e.
A

p
oin

t
lo

ca
ted

a
t

th
e

“h
eart

of
th

e
set”

w
ill

lie
in

th
e

len
ses

of
m

an
y

p
airs

of
d
ata

p
o
in

ts.
T

h
u
s

th
e

len
s

d
ep

th
fu

n
ction

w
ill

attain
a

h
igh

valu
e

at
th

is
p

oin
t,

in
d
icatin

g
its

h
igh

cen
trality.

In
co

n
tra

st,
p

oin
ts

at
th

e
b

ou
n
d
ary

of
th

e
p

oin
t

clou
d

w
ill

lie
in

on
ly

a
few

len
ses

an
d

w
ill

h
ave

a
low

len
s

d
ep

th
valu

e,
in

d
icatin

g
th

eir
low

cen
trality.

S
ee

th
e

m
id

d
le

sketch
of

F
ig

u
re

2
for

a
n

illu
stra

tio
n
.

T
h
e

righ
t

sid
e

of
F

igu
re

2
sh

ow
s

a
h
eat

m
ap

o
f

th
e

len
s

d
ep

th
fu

n
ction

for
a

d
a
ta

set
co

n
sistin

g
of

18
p

oin
ts

in
th

e
E

u
clid

ean
p
lan

e
as

an
ex

am
p
le.

E
x
p
lo

itin
g

(3
)

w
e

can
see

im
m

ed
iately

h
ow

easily
th

e
len

s
d
ep

th
fu

n
ction

can
b

e
evalu

ated
b
a
sed

o
n

sta
tem

en
ts

of
th

e
k
in

d
(?

).
G

iv
en

a
ll

statem
en

ts
of

th
e

k
in

d
(?

)
for

a
d
ata

set
D

=
{
x
1 ,...,x

n }
,

th
at

is
on

e
statem

en
t

for
every

u
n
ord

ered
trip

le
(x
i ,x

j ,x
k )

of
p
airw

ise
d
istin

ct
o
b

jects
in
D

,
w

e
can

im
m

ed
ia

tely
eva

lu
a
te
L
D

(x
t ;D

)
for

an
y
t
∈
{
1,...,n}

.
It

sim
p
ly

h
o
ld

s
th

at

L
D

(x
t ;D

)
=

n
u
m

b
er

of
statem

en
ts

com
p
risin

g
x
t

as
m

ost
cen

tral
d
a
ta

p
oin

t.
(4)

W
e

n
o
te

th
a
t
L
D

(x
t ;D

)
as

given
in

(4)
can

b
e

con
sid

ered
,

u
p

to
a

n
orm

alizin
g

con
stan

t
o
f

1
/ (
n−

1
2

),
a
s

p
rob

ab
ility

of
th

e
fi
x
ed

d
ata

p
oin

t
x
t

b
ein

g
th

e
m

ost
cen

tral
d
ata

p
oin

t
in

a
trip

le
co

m
p
risin

g
x
t

an
d

tw
o

d
ata

p
oin

ts
d
raw

n
u
n
iform

ly
at

ran
d
o
m

w
ith

ou
t

rep
lacem

en
t

fro
m
D
\{x

t }
.

T
h
is

in
sigh

t
gives

u
s

a
h
an

d
le

for
th

e
realistic

situ
ation

th
at

w
e

are
n
ot

given
a
ll

sta
tem

en
ts

of
th

e
k
in

d
(?

),
b
u
t

on
ly

an
arb

itra
ry

collection
S

of
statem

en
ts,

som
e

of
th

em
p

o
ssib

ly
b

ein
g

in
correct.

N
am

ely,
w

e
can

still
estim

a
te
L
D

(x
t ;D

)
b
y

estim
atin

g
th

e
p
ro

b
a
b
ility

o
f

th
e

d
escrib

ed
even

t
b
y

its
relative

freq
u
en

cy
:

L
D

(x
t ;D

)
·≈

n
u
m

b
er

of
statem

en
ts

in
S

th
at

com
p
rise

x
t

as
m

ost
cen

tral
d
ata

p
oin

t

n
u
m

b
er

of
statem

en
ts

in
S

th
at

com
p
rise

x
t

.(5)

T
h
is

estim
a
te

w
ill

b
e

reason
ab

le
w

h
en

ev
er

sta
tem

en
ts

in
S

com
p
risin

g
x
t

ap
p

ear
to

b
e

sam
-

p
led

a
p
p
rox

im
ately

u
n
iform

ly
at

ran
d
om

from
th

e
set

of
all

statem
en

ts
th

at
com

p
rise

x
t ,

th
e

n
u
m

b
er

o
f

statem
en

ts
in
S

com
p
risin

g
x
t

is
large

en
ou

gh
,

an
d

th
e

p
rop

ortion
of

in
cor-

rect
sta

tem
en

ts
is

su
ffi

cien
tly

sm
all.

N
ote

th
at

if
w

e
assu

m
e
S

to
b

e
sam

p
led

u
n
iform

ly
at

ra
n
d
o
m

fro
m

th
e

set
of

all
statem

en
ts,

th
is

w
ill

im
p
ly

th
at

fo
r

every
x
t ∈
D

sta
tem

en
ts

in
S

co
m

p
risin

g
x
t

a
re

a
u
n
iform

sam
p
le

from
th

e
set

of
all

statem
en

ts
th

at
com

p
rise

x
t .

W
e

n
ow

ex
p
la

in
h
ow

w
e

can
u
se

ou
r

in
sigh

ts
to

d
ev

ise
a
lgorith

m
s

for
th

e
m

ach
in

e
learn

in
g

p
ro

b
lem

s
of

m
ed

oid
estim

ation
,

ou
tlier

id
en

tifi
cation

,
an

d
classifi

cation
w

h
en

on
ly

given
a

co
llectio

n
o
f

sta
tem

en
ts

of
th

e
k
in

d
(?

)
for

a
d
ata

set
(th

e
algorith

m
s

are
form

ally
stated

in
S
ectio

n
4
).

T
h
e

b
asic

p
rin

cip
le

is
th

at
w

e
rep

lace
th

e
tru

e
len

s
d
ep

th
fu

n
ction

w
ith

its
estim

a
te

a
ccord

in
g

to
(5)

in
th

e
follow

in
g

ex
istin

g
ap

p
roach

es
to

th
ese

p
rob

lem
s

(see
S
ectio

n
5.2

for
fu

rth
er

in
form

ation
an

d
referen

ces):

7
JM

L
R

 18(58):1-52, 2017

K
l
e
in
d
e
ssn

e
r
a
n
d

v
o
n
L
u
x
b
u
r
g

•
M

e
d

o
id

e
stim

a
tio

n
(c

f.
A

lg
o
rith

m
1

in
S

e
c
tio

n
4
):

A
m

ed
oid

O
M
E
D

o
f

a
d
ata

setD
is

a
m

ost
cen

tral
ob

ject
in

th
e

sen
se

th
at

it
h
as

m
in

im
al

total
d
istan

ce
to

all
oth

er
ob

jects,
th

at
is

it
m

in
im

izesD
(O

)
=
∑O
i ∈D

d
(O
,O

i ),
O
∈
D
.

(6)

S
in

ce
th

e
len

s
d
ep

th
fu

n
ction

p
rov

id
es

a
m

ea
su

re
of

cen
trality

to
o,

even
th

ou
gh

in
a

d
iff

eren
t

sen
se,

a
m

ax
im

izer
of

th
e

len
s

d
ep

th
fu

n
ction

(restricted
to
D

)
is

a
n
atu

ral
can

d
id

ate
for

an
estim

ate
of

a
m

ed
oid

.

•
O

u
tlie

r
id

e
n
tifi

c
a
tio

n
(c

f.
A

lg
o
rith

m
2

in
S

e
c
tio

n
4
):

A
n

ou
tlier

in
a

d
ata

setD
is

“an
ob

servation
.

.
.

w
h
ich

ap
p

ears
to

b
e

in
con

sisten
t

w
ith

th
e

rem
ain

d
er

of
th

at
set

of
d
ata”

(B
arn

ett
an

d
L

ew
is,

1978,
C

h
ap

ter
1).

P
o
in

ts
w

ith
a

low
len

s
d
ep

th
valu

e
are

n
on

-cen
tral

p
oin

ts
accord

in
g

to
th

e
len

s
d
ep

th
fu

n
ction

an
d

th
u
s

are
n
atu

ral
can

d
id

ates
for

ou
tliers.

W
e

w
ill

see
in

th
e

ex
p

erim
en

ts
in

S
ection

6.1.2
th

at
th

is
ap

p
roach

w
ork

s
w

ell
for

d
ata

sets
w

ith
a

u
n
i-m

o
d
al

stru
ctu

re,
b
u
t

can
fail

in
m

u
lti-m

o
d
al

cases.

•
C

la
ssifi

c
a
tio

n
(c

f.
A

lg
o
rith

m
3

in
S

e
c
tio

n
4
):

T
h
e

sim
p
lest

ap
p
roach

to
classifi

-
cation

b
ased

on
th

e
len

s
d
ep

th
fu

n
ction

is
to

assign
a

test
p

oin
t

to
th

at
class

in
w

h
ich

it
is

a
m

ore
cen

tral
p

oin
t:

F
or

each
of

th
e

classes
w

e
cou

ld
com

p
u
te

a
sep

arate
len

s
d
ep

th
fu

n
ction

an
d

evalu
ate

a
test

p
oin

t’s
corresp

on
d
in

g
d
ep

th
valu

e.
T

h
e

test
p

oin
t

is
th

en
classifi

ed
as

b
elon

gin
g

to
th

e
class

th
at

giv
es

rise
to

th
e

h
igh

est
len

s
d
ep

th
valu

e.
H

ow
ever,

it
h
as

b
een

fou
n
d

th
at

su
ch

a
m

a
x-d

ep
th

ap
p
roach

h
as

som
e

severe
lim

itation
s

(com
p
are

w
ith

S
ection

5.2).

T
o

overcom
e

th
ese

lim
itation

s,
w

e
u
se

a
featu

re-b
ased

ap
p
roach

.
W

h
en

d
ealin

g
w

ith
a

K
-class

classifi
cation

p
rob

lem
,

w
e

con
sid

er
th

e
d
ata-d

ep
en

d
en

t
featu

re
m

ap

x
7→

(L
D

(x
;C
la
ss

1 ),L
D

(x
;C
la
ss

2 ),...,L
D

(x
;C
la
ss
K

))∈
R
K
,

x
∈
X
,

(7)

an
d

th
en

ap
p
ly

an
ou

t-of-th
e-b

ox
classifi

cation
algorith

m
to

th
e
K

-d
im

en
sion

al
rep

resen
-

tation
of

th
e

d
ata

set.

3
.2

k
-R

e
la

tiv
e

N
e
ig

h
b

o
rh

o
o
d

G
ra

p
h

W
e

n
ow

u
se

th
e

len
ses

sp
an

n
ed

b
y

tw
o

d
ata

p
oin

ts
in

ord
er

to
d
efi

n
e

th
e
k
-relative

n
eigh

-
b

orh
o
o
d

grap
h

(k
-R

N
G

).
In

ou
r

lan
gu

age,
fo

r
a

d
ata

set
D

=
{x

1 ,...,x
n }
⊆
X

an
d

a
p
aram

eter
k
∈

N
th

e
k
-R

N
G

on
D

is
th

e
grap

h
w

ith
vertex

set
D

in
w

h
ich

tw
o

d
istin

ct
vertices

x
i

an
d
x
j

are
con

n
ected

b
y

an
u
n
d
irected

ed
ge

if
an

d
on

ly
if

th
e

len
s

sp
an

n
ed

b
y

th
ese

p
oin

ts
con

tain
s

few
er

th
an

k
d
ata

p
oin

ts
from

D
:

x
i ∼

x
j
⇔
|L
en
s(x

i ,x
j )∩
D
|
<
k
.

(8)

T
h
e

ration
ale

b
eh

in
d

th
is

d
efi

n
ition

is
th

at
tw

o
d
ata

p
oin

ts
m

ay
b

e
con

sid
ered

close
to

each
oth

er
w

h
en

ever
th

e
len

s
sp

an
n
ed

b
y

th
em

con
tain

s
on

ly
a

few
d
ata

p
oin

ts.
T

h
e
k
-

relative
n
eigh

b
orh

o
o
d

grap
h

is
b

est
k
n
ow

n
w

h
en

k
=

1.
In

th
is

form
it

is
sim

p
ly

called
relative

n
eigh

b
orh

o
o
d

grap
h

(R
N

G
)

an
d

h
as

alread
y

b
een

in
tro

d
u
ced

in
T

ou
ssain

t
(1980).

T
h
e

gen
eral

k
-R

N
G

h
as

b
een

d
efi

n
ed

b
y

C
h
an

g
et

al.
(1992).

E
x
am

p
les

for
a

d
ata

set
in
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L
e
n
s
D
e
p
t
h
F
u
n
c
t
io
n
a
n
d
k
-R

N
G
:
V
e
r
sa

t
il
e
T
o
o
l
s
f
o
r
O
r
d
in
a
l
D
a
t
a
A
n
a
ly

si
s

-5
-4

-3
-2

-1
0

1
2

3
4

-2-1012

R
N

G
 (

k
-R

N
G

, 
k
=

1
)

-5
-4

-3
-2

-1
0

1
2

3
4

-2-1012

k
-R

N
G

, 
k
=

3

-5
-4

-3
-2

-1
0

1
2

3
4

-2-1012

k
-R

N
G

, 
k
=

5

-5
-4

-3
-2

-1
0

1
2

3
4

-2-1012

S
y
m

m
e

tr
ic

 k
N

N
-g

ra
p

h
, 

k
=

1

-5
-4

-3
-2

-1
0

1
2

3
4

-2-1012

S
y
m

m
e

tr
ic

 k
N

N
-g

ra
p

h
, 

k
=

3

-5
-4

-3
-2

-1
0

1
2

3
4

-2-1012

S
y
m

m
e

tr
ic

 k
N

N
-g

ra
p

h
, 

k
=

5

F
ig

u
re

3:
k
-r

el
at

iv
e

n
ei

gh
b

or
h
o
o
d

gr
ap

h
s

(1
st

ro
w

)
an

d
sy

m
m

et
ri

c
k
-n

ea
re

st
n
ei

gh
b

or
gr

ap
h
s

(2
n
d

ro
w

)
on

80
p

oi
n
ts

fr
om

a
m

ix
tu

re
of

tw
o

G
au

ss
ia

n
s.

N
ot

e
th

at
as

op
p

os
ed

to
th

e
k
-N

N
gr

ap
h
s,

th
e
k
-r

el
at

iv
e

n
ei

gh
b

or
h
o
o
d

gr
a
p
h
s

te
n
d

to
h
av

e
m

or
e

co
n
n
ec

ti
on

s
b

et
w

ee
n

p
oi

n
ts

fr
om

th
e

d
iff

er
en

t
m

ix
tu

re
co

m
p

on
en

ts
.

In
fa

ct
,

a
k
-R

N
G

is
al

w
ay

s
co

n
n
ec

te
d

(s
ee

S
ec

ti
on

5.
3)

.
T

h
is

m
ig

h
t

b
e

d
es

ir
ab

le
in

so
m

e
si

tu
at

io
n
s,

b
u
t

u
n
d
es

ir
ab

le
in

ot
h
er

s.

th
e

E
u
cl

id
ea

n
p
la

n
e

ca
n

b
e

se
en

in
F

ig
u
re

3.
F

or
co

m
p
ar

is
on

,
w

e
al

so
al

so
sh

ow
sy

m
m

et
-

ri
c
k
-n

ea
re

st
n
ei

gh
b

or
gr

ap
h
s

on
th

e
d
at

a
se

t.
T

h
e

sy
m

m
et

ri
c
k
-n

ea
re

st
n
ei

gh
b

o
r

gr
ap

h
or

k
-N

N
gr

ap
h

fo
r

sh
or

t,
al

so
w

it
h

p
ar

am
et

er
k
∈

N
,

is
m

o
re

p
op

u
la

r
in

m
ac

h
in

e
le

ar
n
-

in
g.

In
th

at
gr

ap
h

tw
o

ve
rt

ic
es

ar
e

co
n
n
ec

te
d

b
y

an
u
n
d
ir

ec
te

d
ed

ge
w

h
en

ev
er

on
e

of
th

em
is

am
on

g
th

e
k

cl
os

es
t

d
at

a
p

oi
n
ts

to
th

e
ot

h
er

on
e

(w
it

h
re

sp
ec

t
to

th
e

d
is

ta
n
ce

fu
n
ct

io
n
d
).

G
iv

en
a
ll

st
at

em
en

ts
of

th
e

k
in

d
(?

)
fo

r
a

d
at

a
se

t
D

,
it

is
st

ra
ig

h
tf

or
w

ar
d

to
b
u
il
d

th
e

tr
u

e
k
-R

N
G

on
D

si
m

il
ar

ly
to

th
e

ex
ac

t
ev

al
u
a
ti

on
of

th
e

le
n
s

d
ep

th
fu

n
ct

io
n

(4
).

B
el

ow
,

w
e

w
il
l

d
is

cu
ss

h
ow

to
b
u
il
d

an
es

ti
m

a
te

of
th

e
k
-R

N
G

on
D

w
h
en

gi
ve

n
on

ly
an

ar
b
it

ra
ry

co
ll
ec

ti
on

of
st

at
em

en
ts

,
so

m
e

of
th

em
p

os
si

b
ly

b
ei

n
g

in
co

rr
ec

t,
a
n
d

a
p
ro

b
le

m
in

vo
lv

ed
in

S
ec

ti
on

3.
2.

1.
B

ef
or

e,
le

t
u
s

ex
p
la

in
h
ow

k
-r

el
at

iv
e

n
ei

gh
b

or
h
o
o
d

gr
ap

h
s

ca
n

b
e

u
se

d
fo

r
cl

as
si

fi
ca

ti
on

an
d

cl
u
st

er
in

g.

•
C

la
ss

ifi
c
a
ti

o
n

(c
f.

A
lg

o
ri

th
m

4
in

S
e
c
ti

o
n

4
):

G
iv

en
a

se
t

of
la

b
el

ed
p

oi
n
ts

an
d

an
ad

d
it

io
n
al

te
st

p
oi

n
t

th
at

w
e

w
ou

ld
li
k
e

to
cl

as
si

fy
,

w
e

ca
n

co
n
st

ru
ct

th
e
k
-R

N
G

on
th

e
u
n
io

n
of

th
e

se
t

of
la

b
el

ed
p

oi
n
ts

an
d

th
e

si
n
gl

et
on

of
th

e
te

st
p

oi
n
t

an
d

ta
ke

a
m

a
jo

ri
ty

vo
te

of
th

e
te

st
p

oi
n
t’

s
n
ei

gh
b

or
s

in
th

e
gr

ap
h
.

T
h
er

e
is

n
o

n
ee

d
to

co
n
st

ru
ct

th
e

w
h
ol

e
gr

ap
h
.

W
e

ju
st

h
av

e
to

fi
n
d

th
e

te
st

p
oi

n
t’

s
n
ei

gh
b

or
s

in
th

e
gr

ap
h
.

N
ot

e
th

at
th

e
b
as

ic
p
ri

n
ci

p
le

is
th

e
sa

m
e

as
fo

r
th

e
w

el
l-

k
n
ow

n
k
-N

N
cl

as
si

fi
er

(e
.g

.,
S
h
al

ev
-S

h
w

ar
tz

an
d

B
en

-D
av

id
,

20
14

,
C

h
ap

te
r

19
),

re
p
la

ci
n
g

th
e

d
ir

ec
te

d
k
-N

N
gr

ap
h

b
y

th
e
k
-R

N
G

.

•
C

lu
st

e
ri

n
g

(c
f.

A
lg

o
ri

th
m

5
in

S
e
c
ti

o
n

4
):

A
s

w
e

ca
n

d
o

w
it

h
th

e
sy

m
m

et
ri

c
k
-N

N
gr

ap
h
,
it

is
st

ra
ig

h
tf

or
w

ar
d

to
ap

p
ly

sp
ec

tr
al

cl
u
st

er
in

g
to

th
e
k
-R

N
G

o
n

a
d
at

a
se

t
D

(s
ee

vo
n

L
u
x
b
u
rg

,
20

07
,

fo
r

a
co

m
p
re

h
en

si
v
e

in
tr

o
d
u
ct

io
n

to
sp

ec
tr

al
cl

u
st

er
in

g—
th

at
w

or
k

su
gg

es
ts

th
e

sy
m

m
et

ri
c
k
-N

N
gr

ap
h

as
on

e
of

a
fe

w
gr

ap
h
s

th
at

ca
n

b
e

u
se

d
).

W
e

p
ro

p
os

e

9
JM

L
R

 1
8(

58
):

1-
52

, 2
01

7

K
l
e
in
d
e
ss
n
e
r
a
n
d

v
o
n
L
u
x
b
u
r
g

tw
o

ve
rs

io
n
s:

on
e

is
to

si
m

p
ly

w
or

k
w

it
h

an
es

ti
m

at
e

of
th

e
or

d
in

ar
y

u
n
w

ei
g
h
te

d
k
-R

N
G

,
th

e
ot

h
er

on
e

is
to

u
se

an
es

ti
m

at
e

of
a
k
-R

N
G

in
w

h
ic

h
an

ed
ge

b
et

w
ee

n
co

n
n
ec

te
d

ve
rt

ic
es
x
i

an
d
x
j

is
w

ei
gh

te
d

b
y

ex
p

( −
1 σ
2
·|
L
en
s(
x
i,
x
j
)
∩
D
|2

(|D
|−

2)
2

)
(9

)

fo
r

a
sc

al
in

g
p
ar

am
et

er
σ
>

0.

3
.2
.1

T
h
e
P
r
o
b
l
e
m

o
f
E
st

im
a
t
in
g

t
h
e
k
-R

N
G

f
r
o
m

N
o
is
y
O
r
d
in
a
l
D
a
t
a

T
h
e

ke
y

in
si

gh
t

fo
r

es
ti

m
at

in
g

th
e
k
-R

N
G

on
a

d
at

a
se

t
D

fr
om

or
d
in

al
d
is

ta
n
ce

in
fo

rm
a
ti

o
n

of
ty

p
e

(?
)

is
si

m
il
ar

to
th

e
on

e
fo

r
es

ti
m

a
ti

n
g

th
e

le
n
s

d
ep

th
fu

n
ct

io
n
:

th
e

ch
a
ra

ct
er

iz
a
-

ti
on

(8
)

is
eq

u
iv

al
en

t
to

tw
o

d
is

ti
n
ct

,
fi
x
ed

d
at

a
p

oi
n
ts
x
i

an
d
x
j

b
ei

n
g

co
n
n
ec

te
d

in
th

e
k
-R

N
G

if
an

d
on

ly
if

th
e

p
ro

b
ab

il
it

y
of

a
d
at

a
p

oi
n
t

d
ra

w
n

u
n
if

or
m

ly
at

ra
n
d
o
m

fr
o
m

D
\
{x

i,
x
j
}

ly
in

g
in

L
en
s(
x
i,
x
j
)

is
sm

al
le

r
th

an
k
/
(|D
|−

2)
.

G
iv

en
a

co
ll
ec

ti
o
n
S

o
f

st
at

em
en

ts
of

th
e

k
in

d
(?

),
th

is
p
ro

b
ab

il
it

y
ca

n
b

e
es

ti
m

at
ed

b
y

V
(x
i,
x
j
)

=
N

(x
i,
x
j
)

D
(x
i,
x
j
)
,

(1
0
)

w
h
er

e

N
(x
i,
x
j
)

=
n
u
m

b
er

of
st

at
em

en
ts

in
S

co
m

p
ri

si
n
g

b
ot

h
x
i

an
d
x
j

a
n
d

an
ot

h
er

d
at

a
p

oi
n
t

as
m

os
t

ce
n
tr

al
d
at

a
p

oi
n
t,

D
(x
i,
x
j
)

=
n
u
m

b
er

of
st

at
em

en
ts

in
S

co
m

p
ri

si
n
g

b
ot

h
x
i

an
d
x
j
.

(1
1
)

T
h
u
s

ou
r

st
ra

te
gy

to
es

ti
m

at
e

th
e
k
-R

N
G

on
D

is
th

e
fo

ll
ow

in
g:

w
e

co
n
n
ec

t
tw

o
d
a
ta

p
o
in

ts
x
i

an
d
x
j

w
it

h
i
6=
j

b
y

an
u
n
d
ir

ec
te

d
ed

ge
if

an
d

on
ly

if

V
(x
i,
x
j
)
<

k

|D
|−

2
.

(1
2
)

If
al

l
st

at
em

en
ts

in
S

ar
e

co
rr

ec
t

an
d
,

fo
r

ev
er

y
x
i

an
d
x
j

w
it

h
i
6=
j,

th
er

e
a
re

su
ffi

ci
en

tl
y

m
an

y
st

at
em

en
ts

in
S

th
at

co
m

p
ri

se
b

ot
h
x
i

an
d
x
j

an
d

th
es

e
st

at
em

en
ts

a
p
p

ea
r

to
b

e
sa

m
p
le

d
ap

p
ro

x
im

at
el

y
u
n
if

or
m

ly
at

ra
n
d
om

fr
om

th
e

se
t

of
al

l
st

at
em

en
ts

th
a
t

co
m

p
ri

se
x
i

an
d
x
j
,

w
e

ca
n

ex
p

ec
t

ou
r

es
ti

m
at

e
of

th
e
k
-R

N
G

to
b

e
re

as
on

ab
le

.

H
ow

ev
er

,
in

co
rr

ec
t

st
at

em
en

ts
in
S

cr
ea

te
a

p
ro

b
le

m
fo

r
ou

r
st

ra
te

g
y.

U
su

a
ll
y,

w
e

a
re

in
te

re
st

ed
in

a
k
-R

N
G

fo
r

a
sm

al
l

va
lu

e
o
f

th
e

p
ar

am
et

er
k
,

ai
m

in
g

at
co

n
n
ec

ti
n
g

o
n
ly

d
at

a
p

oi
n
ts

th
at

ar
e

cl
os

e
to

ea
ch

ot
h
er

.
C

on
se

q
u
en

tl
y,

ac
co

rd
in

g
to

(1
2)

,
in

o
rd

er
th

at
th

e
d
at

a
p

oi
n
ts
x
i

an
d
x
j

ar
e

co
n
n
ec

te
d

in
ou

r
es

ti
m

at
e

of
th

e
k
-R

N
G

,
th

e
es

ti
m

a
te

d
p
ro

b
ab

il
it

y
V

(x
i,
x
j
)

h
as

to
b

e
sm

al
l.

H
ow

ev
er

,
in

ca
se

o
f

er
ro

n
eo

u
s

or
d
in

al
d
a
ta

co
m

p
ri

si
n
g

su
ffi

ci
en

tl
y

m
an

y
in

co
rr

ec
t

st
at

em
en

ts
,

th
er

e
w

il
l

al
w

ay
s

b
e

st
at

em
en

ts
w

ro
n
g
ly

in
d
ic

a
ti

n
g

th
at

th
er

e
ar

e
so

m
e

d
at

a
p

oi
n
ts

in
L
en
s(
x
i,
x
j
)

th
at

in
fa

ct
ar

e
n
ot

,
an

d
th

u
s
V

(x
i,
x
j
)

w
il
l

al
w

ay
s

b
e

so
m

ew
h
at

la
rg

e.
H

en
ce

,
m

an
y

of
th

e
ed

ge
s

of
th

e
tr

u
e
k
-R

N
G

on
D

w
il
l

n
o
t

b
e

p
re

se
n
t

in
ou

r
es

ti
m

at
e.

T
o

m
ak

e
th

is
fo

rm
al

,
co

n
si

d
er

th
e

fo
ll
ow

in
g

si
m

p
le

n
oi

se
m

o
d
el

:
S
ta

te
m

en
ts

o
f

th
e

k
in

d
(?

)
ar

e
in

co
rr

ec
t,

in
d
ep

en
d
en

tl
y

of
ea

ch
ot

h
er

,
w

it
h

so
m

e
fi
x
ed

p
ro

b
ab

il
it

y
er
ro
rp
ro
b.

In
an

1
0
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L
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L
e
n
s
D
e
p
t
h
F
u
n
c
t
io
n
a
n
d
k
-R

N
G
:
V
e
r
sa

t
il
e
T
o
o
l
s
f
o
r
O
r
d
in
a
l
D
a
t
a
A
n
a
ly

sis

in
co

rrect
sta

tem
en

t
th

e
tw

o
d
ata

p
oin

ts
th

at
are

n
ot

m
ost

cen
tral

ap
p

ear
to

b
e

m
ost

cen
tral

w
ith

p
ro

b
a
b
ility

1/
2

each
.

In
ou

r
ex

p
erim

en
ts

in
S
ection

6.1,
th

is
n
oise

m
o
d
el

is
referred

to
a
s

N
o
ise

m
o
d
el

I.
A

ssu
m

e
S

to
b

e
sam

p
led

u
n
iform

ly
at

ran
d
om

from
all

statem
en

ts.
D

en
o
te

b
y
p

=
p
(x
i ,x

j )
th

e
p
rob

ab
ility

th
at

a
d
ata

p
oin

t
d
raw

n
u
n
ifo

rm
ly

at
ran

d
om

fro
m
D
\{
x
i ,x

j }
lies

in
L
en
s(x

i ,x
j ),

th
at

is
p

=
|L
en
s(x

i ,x
j )∩
D
|/

(|D
|−

2).
D

en
ote

b
y

p̃
=

p̃
(x
i ,x

j )
th

e
p
rob

ab
ility

th
at

th
e

follow
in

g
ex

p
erim

en
t

y
ield

s
a

p
ositive

resu
lt:

A
d
a
ta

p
o
in

t
is

d
raw

n
u
n
iform

ly
at

ra
n
d
om

from
D
\
{x

i ,x
j }

.
In

d
ep

en
d
en

tly,
a

B
ern

o
u
lli

tria
l

w
ith

a
p
ro

b
ab

ility
of

su
ccess

eq
u
alin

g
errorp

rob
is

p
erform

ed
.

If
th

e
B

ern
ou

lli
trial

fa
ils,

th
e

ex
p

erim
en

t
y
ield

s
a

p
ositive

resu
lt

if
an

d
on

ly
if

th
e

d
raw

n
d
ata

p
oin

t
falls

in
to

L
en
s(x

i ,x
j ).

If
th

e
B

ern
ou

lli
trial

su
cceed

s,
th

e
ex

p
erim

en
t

y
ield

s
a

p
ositive

resu
lt

if
an

d
o
n
ly

if
th

e
d
a
ta

p
oin

t
d
o
es

n
ot

fall
in

to
L
en
s(x

i ,x
j )

an
d

an
oth

er
B

ern
ou

lli
trial,

w
ith

a
p
ro

b
a
b
ility

o
f

su
ccess

of
on

e
h
alf

an
d

p
erform

ed
in

d
ep

en
d
en

tly,
su

cceed
s.

It
is

clear
th

at
u
n
d
er

th
e

co
n
sid

ered
m

o
d
el,

V
(x
i ,x

j )
as

given
in

(10)
a
n
d

(11)
is

an
estim

ate
of
p̃

rath
er

th
a
n

o
f
p
.

A
ssu

m
in

g
th

at
errorp

rob
is

less
th

an
2
/
3,

w
e

can
relate

p̃
an

d
p

v
ia

p̃
=
p·(1−

errorp
rob)

+
(1−

p
)·errorp

rob·
12
,

(13)

o
r

eq
u
iva

len
tly

p
=
p̃−

12 ·errorp
rob

1−
32 ·errorp

rob
.

(14)

T
h
e

p
ro

b
a
b
ility

p̃
is

ob
tain

ed
from

p
b
y

ap
p
ly

in
g

an
affi

n
e

tran
sform

ation
an

d
v
ice

versa.
It

fo
llow

s
from

(13)
th

at
ou

r
strategy

y
ield

s
an

estim
ate

of
th

e
k ′-R

N
G

w
ith

k ′
=
k−

12 ·
errorp

rob·
(|D
|−

2)

1−
32 ·errorp

rob
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b
er

of
a
l-

g
o
rith

m
s

(A
g
a
rw

al
et

al.,
2007;

S
h
aw

an
d

J
eb

ara,
2009;

T
am

u
z

et
a
l.,

2011
;

van
d
er

M
aaten

a
n
d

W
ein

b
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b
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n
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d
ep

th
fu

n
ction

(L
iu

an
d

M
o
d
ar-

res,
2011)

is
th

e
on

ly
statistical

d
ep

th
fu

n
ction

from
th

e
literatu

re
th

at
can

b
e

evalu
ated

given
on

ly
ord

in
al

d
istan

ce
in

form
ation

ab
ou

t
a

d
ata

set
in

an
arb

itrary
sem

im
etric

sp
ace.

N
ote

th
at

th
e

fu
n
ction

F
d
efi

n
ed

in
(19

),
w

h
ich

th
e

ap
p
roa

ch
b
y

H
eik

in
h
eim

o
an

d
U

k
ko-

n
en

(2013)
is

b
ased

on
,

is
p
rovab

ly
n
ot

a
statistical

d
ep

th
fu

n
ction

.
It

d
o
es

n
ot

sa
tisfy

th
e

p
rop

erty
of

m
ax

im
ality

at
th

e
cen

ter
for

sy
m

m
etric

d
istrib

u
tion

s.
In

d
eed

,
as

H
eik

in
-

h
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p
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a
an

d
v
on

L
u
x
b
u
rg

(2014).
W

e
set

all
p
a-

ra
m

eters
ex

cep
t

th
e

d
im

en
sion

m
of

th
e

sp
ace

of
th

e
em

b
ed

d
in

g
to

th
e

p
rov

id
ed

d
efau

lt
p
a
ra

m
eters

(fo
r

all
algorith

m
s

th
e

d
efau

lt
d
im

en
sion

is
tw

o).
N

ote
th

at
all

algorith
m

s
try

to
itera

tively
m

in
im

ize
an

ob
jective

fu
n
ction

th
at

m
easu

res
th

e
am

ou
n
t

o
f

v
iolated

ord
in

al
relatio

n
sh

ip
s,

a
n
d

in
d
oin

g
so

th
eir

resu
lts

d
ep

en
d

on
a

ran
d
om

in
itialization

of
th

e
ord

in
al

em
b

ed
d
in

g
.

W
e

sta
rt

w
ith

p
resen

tin
g

ex
p

erim
en

ts
on

artifi
cial

d
ata

in
S
ection

6.1.
In

S
ection

6.2
w

e
d
ea

l
w

ith
rea

l
d
ata

con
sistin

g
of

60
im

ages
of

cars
an

d
ord

in
al

d
istan

ce
in

form
ation

of
th

e
k
in

d
(?)

th
a
t

w
e

h
av

e
collected

v
ia

crow
d
sou

rcin
g

in
an

on
lin

e
su

rvey.

6
.1

A
rtifi

c
ia

l
D

a
ta

In
th

e
fo

llow
in

g
,

ex
cep

t
th

e
p
lots

in
F

igu
res

8
an

d
9,

w
h
ere

ou
tliers

h
ave

to
b

e
id

en
tifi

ed
b
y

v
isu

a
l

in
sp

ection
,

an
d

on
e

p
lot

in
F

igu
re

5,
w

h
ich

p
rov

id
es

a
v
isu

alization
of

availab
le

sta
tem

en
ts

p
er

d
ata

p
oin

t,
all

p
lots

of
th

is
section

sh
ow

resu
lts

averaged
ov

er
ru

n
n
in

g
th

e
ex

p
erim

en
ts

fo
r

100
tim

es.

W
e

p
rim

a
rily

stu
d
y

th
e

p
erform

an
ce

of
th

e
con

sid
ered

m
eth

o
d
s

w
ith

resp
ect

to
th

e
n
u
m

-
b

er
o
f

p
rov

id
ed

in
p
u
t

statem
en

ts,
b
u
t

also
w

ith
resp

ect
to

th
e

am
ou

n
t

of
n
oise

in
th

e
p
rov

id
ed

ord
in

a
l

d
ata.

W
e

con
sid

er
tw

o
d
iff

eren
t

n
oise

m
o
d
els:

N
oise

m
o
d
el

I
(w

ith
p
aram

-
eter

0
≤
errorp

rob
≤

1)
eq

u
als

th
e

on
e

d
escrib

ed
in

S
ection

3.2.1,
th

at
is

a
statem

en
t

of
th

e
k
in

d
(?

)
is

in
correct,

in
d
ep

en
d
en

tly
of

oth
er

statem
en

ts,
w

ith
som

e
fi
x
ed

error
p
rob

a-
b
ility

errorp
rob.

In
an

in
correct

statem
en

t
th

e
tw

o
d
ata

p
oin

ts
th

at
are

n
ot

m
ost

cen
tral

a
p
p

ea
r

to
b

e
m

ost
cen

tral
w

ith
p
rob

a
b
ility

1
/2

each
.

In
N

oise
m

o
d
el

II
(w

ith
p
aram

-
eter

n
oisep

a
ra
m
≥

0)
w

e
d
istort

th
e

d
issim

ilarity
valu

es
d
(A
,B

),
w

h
ich

th
en

in
d
u
ces

a
d
isto

rtio
n

o
f

statem
en

ts.
C

on
cretely,

w
e

ad
d

G
au

ssian
n
oise

w
ith

m
ean

zero
a
n
d

stan
d
a
rd

d
ev

ia
tio

n
n
oisep

a
ra
m
·
S
D

,
w

h
ere

S
D

d
en

otes
th

e
stan

d
ard

d
ev

iation
o
f

all
tru

e
d
issim

-
ila

rity
va

lu
es
d
(A
,B

),
A
6=
B
∈
D

,
in

d
ep

en
d
en

tly
to

each
d
issim

ilarity
va

lu
e
d
(A
,B

).
F

or
ch

o
o
sin

g
in

p
u
t

statem
en

ts
w

e
essen

tially
con

sid
er

tw
o

sam
p
lin

g
strategies:

T
h
e

fi
rst

on
e,

referred
to

as
u
n
iform

sam
p
lin

g,
is

to
ch

o
ose

in
p
u
t

statem
en

ts
u
n
iform

ly
a
t

ran
d
om

w
ith

ou
t

rep
la

cem
en

t
fro

m
th

e
set

of
all

statem
en

ts,
th

at
is

th
e

set
of

statem
en

ts
for

all
trip

les
of

d
a
ta

p
o
in

ts,
w

h
ich

w
ere

gen
erated

accord
in

g
to

th
e

n
oise

m
o
d
el

u
n
d
er

co
n
sid

eration
.

W
h
en

a
p
p
ly

in
g

th
is

sam
p
lin

g
strategy

an
d

stu
d
y
in

g
p

erform
an

ce
as

a
fu

n
ction

of
th

e
n
u
m

b
er

of
in

p
u
t

sta
tem

en
ts,

th
e

righ
tm

ost
m

easu
rem

en
t

in
a

p
lot

co
rresp

o
n
d
s

to
th

e
case

th
at

all
sta

tem
en

ts
are

p
rov

id
ed

as
in

p
u
t.

In
th

e
ex

p
erim

en
t

p
resen

ted
in

F
igu

re
7

th
e

p
rov

id
ed

sta
tem

en
ts

a
re

ch
osen

u
n
iform

ly
at

ran
d
om

w
ith

rep
lacem

en
t

from
th

e
set

of
all

statem
en

ts,
b
u
t

th
ere

th
e

set
of

all
statem

en
ts

is
so

large
th

at
in

fact
th

is
d
o
es

n
ot

m
ake

an
y

d
iff

eren
ce.

In
th

ese
p
lo

ts
th

e
righ

tm
ost

m
easu

rem
en

t
corresp

on
d
s

to
a

n
u
m

b
er

of
in

p
u
t

statem
en

ts
of

less
th

a
n

o
n
e

p
erm

il
of

th
e

n
u
m

b
er

of
all

statem
en

ts.
In

ord
er

to
illu

strate
ou

r
claim

th
at

o
u
r

a
lg

o
rith

m
s

req
u
ire

statem
en

ts
to

b
e

sam
p
led

on
ly

ap
p
rox

im
ately

u
n
ifo

rm
ly

w
ith

resp
ect

to
a

fi
x
ed

d
a
ta

p
oin

t
(A

lgorith
m

s
1

to
3
),

or
a

fi
x
ed

p
air

of
d
ata

p
o
in

ts
(A

lgorith
m

s
4

an
d

5),
w

e
a
lso

co
n
sid

er
a

secon
d

sam
p
lin

g
strategy,

referred
to

as
S
am

p
lin

g
II.

W
h
en

sam
p
lin

g
ac-

co
rd

in
g

to
th

is
strategy,

w
e

p
artition

th
e

d
ata

set
in

to
ten

grou
p
s.

F
or

each
grou

p
w

e
form

a
set

co
n
sistin

g
of

all
statem

en
ts,

gen
erated

accord
in

g
to

th
e

n
oise

m
o
d
el

u
n
d
er

con
sid

era-
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K
l
e
in
d
e
ssn

e
r
a
n
d

v
o
n
L
u
x
b
u
r
g

tion
,

th
at

com
p
rise

at
least

on
e

d
ata

p
oin

t
from

th
e

corresp
on

d
in

g
grou

p
.

W
e

th
en

sam
p
le

w
ith

rep
lacem

en
t

b
y

selectin
g

on
e

of
th

e
ten

sets
acco

rd
in

g
to

p
rob

ab
ilities

i 2/ ∑
1
0
j=

1
j
2,

i
=

1,...,10,
an

d
ch

o
osin

g
a

statem
en

t
from

th
e

selected
set

u
n
iform

ly
at

ran
d
om

.
W

h
en

com
p
arin

g
A

lgorith
m

1
or

A
lgorith

m
2

to
th

e
corresp

on
d
in

g
m

eth
o
d
s

b
y

H
eik

in
h
eim

o
an

d
U

k
k
on

en
(2013)

in
S
ection

s
6.1.1

an
d

6.1.2,
th

eir
m

eth
o
d
s

are
giv

en
a

collection
of

statem
en

ts
of

th
e

k
in

d
(�

)
as

in
p
u
t

th
at

con
tain

s
as

m
an

y
statem

en
ts

as
th

e
in

p
u
t

to
ou

r
algorith

m
an

d
is

created
in

a
com

p
letely

an
alogou

s
w

ay.

6
.1
.1

M
e
d
o
id

E
st

im
a
t
io
n

W
e

m
easu

re
p

erform
an

ce
of

a
m

eth
o
d

for
m

ed
oid

estim
ation

b
y

th
e

relative
error

in
th

e
ob

jective
D

(given
in

(6)),
w

h
ich

is
given

b
y

relative
error

=
D

(estim
ated

m
ed

oid
)−

D
(tru

e
m

ed
oid

)

D
(tru

e
m

ed
oid

)
.

(20)

F
igu

re
5

sh
ow

s
in

th
e

fi
rst

tw
o

row
s

th
e

relativ
e

error
of

A
lgorith

m
1,

th
e

m
eth

o
d

b
y

H
eik

-
in

h
eim

o
an

d
U

k
kon

en
(2013),

an
d

th
e

em
b

ed
d
in

g
ap

p
roach

,
u
sin

g
th

e
vario

u
s

em
b

ed
d
in

g
algorith

m
s,

as
a

fu
n
ction

of
th

e
n
u
m

b
er

of
p
rov

id
ed

in
p
u
t

statem
en

ts
an

d
as

a
fu

n
ction

of
errorp

rob
(N

oise
m

o
d
el

I)
for

100
p

oin
ts

fro
m

a
2-d

im
en

sion
al

G
au

ssian
N

2 (0,I
2 )

an
d
d

b
ein

g
th

e
E

u
clid

ean
m

etric.
O

b
v
iou

sly,
th

e
em

b
ed

d
in

g
ap

p
roach

ou
tp

erform
s

A
lgorith

m
1

an
d

th
e

m
eth

o
d

b
y

H
eik

in
h
eim

o
an

d
U

k
kon

en
w

h
en

d
ealin

g
on

ly
w

ith
correct

statem
en

ts,
th

at
is
errorp

rob
=

0,
an

d
em

b
ed

d
in

g
in

to
th

e
tru

e
d
im

en
sion

(1st
row

,
1st

p
lot).

H
ow

ever,
it

is
n
ot

su
p

erior
over

A
lgorith

m
1

an
y
m

ore
w

h
en
errorp

rob
=

0.3
an

d
th

e
d
im

en
sion

of
th

e
em

b
ed

d
in

g
is

ch
osen

as
fi
ve

(2n
d

row
,

1st
p
lot).

A
lgorith

m
1

con
sisten

tly
ou

tp
erform

s
th

e
m

eth
o
d

b
y

H
eik

in
h
eim

o
an

d
U

k
k
on

en
.

A
ll

m
eth

o
d
s

sh
ow

a
sim

ilar
b

eh
av

ior
w

ith
resp

ect
to

errorp
rob

(2n
d

row
,

2n
d

&
3rd

p
lot).

In
terestin

gly,
th

e
stron

gest
in

clin
e

in
th

e
error

d
o
es

n
ot

o
ccu

r
u
n
til

th
e

tran
sition

from
errorp

rob
=

0.6
to
errorp

rob
=

0.7.
T

h
e

b
otto

m
row

of
F

igu
re

5
also

sh
ow

s
th

e
relative

error
of

th
e

variou
s

m
eth

o
d
s

as
a

fu
n
ction

of
th

e
n
u
m

b
er

of
p
rov

id
ed

in
p
u
t

statem
en

ts,
b
u
t

h
ere

in
p
u
t

statem
en

ts
w

ere
sam

p
led

acco
rd

in
g

to
th

e
strat-

egy
S
am

p
lin

g
II.

C
om

p
ared

to
th

e
strategy

of
sam

p
lin

g
statem

en
ts

u
n
iform

ly
at

ran
d
om

w
ith

ou
t

rep
lacem

en
t

from
th

e
set

o
f

all
statem

en
ts,

A
lgorith

m
1

p
erform

s
sligh

tly
w

orse,
b
u
t

w
e

con
sid

er
th

e
d
iff

eren
ce

to
b

e
n
egligib

le.
T

h
e

last
p
lot

of
th

e
b

ottom
row

sh
ow

s
th

e
d
iff

eren
ce

in
th

e
tw

o
sam

p
lin

g
strategies:

w
h
ile

in
th

e
u
n
iform

case,
for

all
d
ata

p
oin

ts
th

ere
is

alm
ost

th
e

sam
e

n
u
m

b
er

of
in

p
u
t

statem
en

ts
com

p
risin

g
th

e
d
ata

p
oin

t,
w

h
en

sam
p
lin

g
accord

in
g

to
S
am

p
lin

g
II

th
ere

are
d
ata

p
oin

ts
for

w
h
ich

th
is

n
u
m

b
er

is
tw

ice
as

large
as

for
oth

ers
(th

e
p
lot

is
b
ased

on
a

total
of

4500
in

p
u
t

statem
en

ts
co

rresp
o
n
d
in

g
to

th
e

th
ird

m
easu

rem
en

t
in

th
e

fi
rst

an
d

secon
d

p
lot

of
th

e
b

ottom
row

).
T

h
e

b
iggest

ad
van

tage
of

A
lgorith

m
1

(in
fact

o
f

a
ll

ou
r

p
rop

osed
a
lgorith

m
s)

com
p
ared

to
an

ord
in

al
em

b
ed

d
in

g
ap

p
roach

b
ecom

es
ob

v
iou

s
fro

m
th

e
p
lots

in
th

e
th

ird
an

d
fou

rth
row

of
F

igu
re

5,
w

h
ich

sh
ow

th
e

ru
n
n
in

g
tim

es
of

th
e

ex
p

erim
en

ts
sh

ow
n

in
th

e
p
lots

in
th

e
tw

o
top

row
s:

F
or

a
fi
x
ed

size
|D
|

of
th

e
d
ata

set,
like

th
e

ru
n
n
in

g
tim

es
of

ou
r

p
ro-

p
osed

algorith
m

s
an

d
th

e
m

eth
o
d

b
y

H
eik

in
h
eim

o
an

d
U

k
kon

en
,

th
e

ru
n
n
in

g
tim

e
of

th
e

em
b

ed
d
in

g
ap

p
roa

ch
w

ith
an

y
of

th
e

con
sid

ered
em

b
ed

d
in

g
algorith

m
s

also
grow

s
lin

early
w

ith
th

e
n
u
m

b
er
|S|

of
in

p
u
t

statem
en

ts
(in

d
icated

b
y

th
e

oran
ge

cu
rves).

H
ow

ever,
in

p
ractice

A
lgorith

m
1

an
d

th
e

m
eth

o
d

b
y

H
eik

in
h
eim

o
an

d
U

k
kon

en
are

vastly
su

p
erior

in
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b
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b
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em

:

•
A

m
o
re

lo
c
a
l
p
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h
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b
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b
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d
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d
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d
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con
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p
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d
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d
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d
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>
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p
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b
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d
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p
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ić,

F
.

H
u
rtad

o,
J
.

Iacon
o,

S
.

L
an

germ
an

,
H

.
M

eijer,
V

.
S
acristán

,
M

.
S
au

m
ell,

an
d

D
.

R
.

W
o
o
d
.

P
rox

im
ity

grap
h
s:

E
,
δ,

∆
,
χ

an
d
ω

.
In

tern
a
tio

n
a
l

J
o
u

rn
a
l

o
f

C
o
m

p
u

ta
tio

n
a
l

G
eo

m
etry

a
n

d
A

p
p
lica

tio
n

s,
22(5):439–469,

2012.

F
.

C
.

B
otelh

o,
R

.
P

agh
,

an
d

N
.

Z
iv

ian
i.

S
im

p
le

an
d

sp
ace-effi

cien
t

m
in

im
al

p
erfect

h
a
sh

fu
n
ction

s.
In

W
o
rksh

o
p

o
n

A
lgo

rith
m

s
a
n

d
D

a
ta

S
tru

ctu
res

(W
A

D
S

),
2007.

I.
C

ascos.
D

ata
d
ep

th
:

M
u
ltivariate

statistics
an

d
geom

etry.
In

W
.

S
.

K
en

d
all

an
d

I.
M

olch
an

ov
,
ed

itors,
N

ew
P

erspectives
in

S
toch

a
stic

G
eo

m
etry.

O
x
ford

U
n
iversity

P
ress,

2009.

M
.

S
.

C
h
an

g,
C

.
Y

.
T

an
g,

an
d

R
.

C
.

T
.

L
ee.

S
olv

in
g

th
e

eu
clid

ean
b

ottlen
eck

m
atch

in
g

p
rob

lem
b
y
k
-relative

n
eigh

b
orh

o
o
d

grap
h
s.

A
lgo

rith
m

ica
,

8(1–6):177–194,
1992.

Y
.
C

h
en

,
X

.
D

an
g,

H
.
P

en
g,

an
d

H
.
L

.
B

art,
J
r.

O
u
tlier

d
etection

w
ith

th
e

kern
elized

sp
atial

d
ep

th
fu

n
ction

.
IE

E
E

T
ra

n
sa

ctio
n

s
o
n

P
a
ttern

A
n

a
lysis

a
n

d
M

a
ch

in
e

In
telligen

ce,
31(2):

288–305,
2009.

C
.

D
.

C
orrea

an
d

P
.

L
in

d
strom

.
L

o
cally

-scaled
sp

ectral
clu

sterin
g

u
sin

g
em

p
ty

reg
ion

grap
h
s.

In
A

C
M

In
tern

a
tio

n
a
l

C
o
n

feren
ce

o
n

K
n

o
w

led
ge

D
isco

very
a
n

d
D

a
ta

M
in

in
g

(S
IG

K
D

D
),

2012.

N
.

C
ristian

in
i

an
d

J
.

S
h
aw

e-T
ay

lor.
A

n
In

trod
u

ctio
n

to
S

u
p
po

rt
V

ecto
r

M
a
ch

in
es

a
n

d
o
th

er
K

ern
el-B

a
sed

L
ea

rn
in

g
M

eth
od

s.
C

am
b
rid

ge
U

n
iversity

P
ress,

2000.

X
.

D
an

g
an

d
R

.
S
erfl

in
g.

N
on

p
aram

etric
d
ep

th
-b

ased
m

u
ltivariate

ou
tlier

id
en

tifi
ers,

an
d

m
ask

in
g

rob
u
stn

ess
p
rop

erties.
J

o
u

rn
a
l

o
f

S
ta

tistica
l

P
la

n
n

in
g

a
n

d
In

feren
ce,

140(1):
198–213,

2010.

R
.

T
.

E
lm

ore,
T

.
P

.
H

ettm
an

sp
erger,

an
d

F
.

X
u
an

.
S
p
h
erical

d
ata

d
ep

th
an

d
a

m
u
ltivariate

m
ed

ian
.

In
R

.
Y

.
L

iu
,

R
.

S
erfl

in
g,

an
d

D
.

L
.

S
ou

va
in

e,
ed

itors,
D

a
ta

D
ep

th
:

R
o
bu

st
M

u
l-

tiva
ria

te
A

n
a
lysis,

C
o
m

p
u

ta
tio

n
a
l

G
eo

m
etry

a
n

d
A

p
p
lica

tio
n

s.
A

m
erican

M
ath

em
atical

S
o
ciety,

2006.

L
.

C
.

F
reem

an
.

C
en

trality
in

so
cial

n
etw

o
rk

s:
C

on
cep

tu
al

clarifi
ca

tion
.

S
ocia

l
N

etw
o
rks,

1
(3):215–239,

1978.

K
.

R
.

G
ab

riel
an

d
R

.
R

.
S
okal.

A
n
ew

statistical
ap

p
roach

to
geograp

h
ic

variation
an

a
ly

sis.
S

ystem
a
tic

Z
oo

logy,
18(3):259–278,

1969.

A
.

K
.

G
h
osh

an
d

P
.

C
h
au

d
h
u
ri.

O
n

m
a
x
im

u
m

d
ep

th
an

d
related

classifi
ers.

S
ca

n
d
in

a
via

n
J

o
u

rn
a
l

o
f

S
ta

tistics,
32(2):327–350,

2005.

T
.

H
ageru

p
an

d
T

.
T

h
oley.

E
ffi

cien
t

m
in

im
al

p
erfect

h
ash

in
g

in
n
early

m
in

im
al

sp
ace.

In
S

ym
po

siu
m

o
n

T
h
eo

retica
l

A
spects

o
f

C
o
m

p
u

ter
S

cien
ce

(S
T

A
C

S
),

2001.

S
.

H
agh

iri,
D

.
G

h
osh

d
astid

ar,
an

d
U

.
von

L
u
x
b
u
rg.

C
om

p
arison

b
ased

n
earest

n
eigh

b
or

search
.

In
In

tern
a
tio

n
a
l

C
o
n

feren
ce

o
n

A
rtifi

cia
l

In
telligen

ce
a
n

d
S

ta
tistics

(A
IS

T
A

T
S

),
2017.

4
8

JM
L

R
 18(58):1-52, 2017



L
e
n
s
D
e
p
t
h
F
u
n
c
t
io
n
a
n
d
k
-R

N
G
:
V
e
r
sa

t
il
e
T
o
o
l
s
f
o
r
O
r
d
in
a
l
D
a
t
a
A
n
a
ly

si
s

T
.

B
.

H
as

h
im

ot
o,

Y
.

S
u
n
,

an
d

T
.

S
.

J
aa

k
ko

la
.

M
et

ri
c

re
co

ve
ry

fr
o
m

d
ir

ec
te

d
u
n
w

ei
gh

te
d

gr
ap

h
s.

In
In

te
rn

a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

A
rt

ifi
ci

a
l

In
te

ll
ig

en
ce

a
n

d
S

ta
ti

st
ic

s
(A

IS
T

A
T

S
),

20
15

.

H
.

H
ei

k
in

h
ei

m
o

an
d

A
.

U
k
k
on

en
.

T
h
e

cr
ow

d
-m

ed
ia

n
al

go
ri

th
m

.
In

C
o
n

fe
re

n
ce

o
n

H
u

m
a
n

C
o
m

p
u

ta
ti

o
n

a
n

d
C

ro
w

d
so

u
rc

in
g

(H
C

O
M

P
),

20
13

.

E
.
H

ei
m

,
M

.
B

er
ge

r,
L

.
M

.
S
ev

er
sk

y,
an

d
M

.
H

au
sk

re
ch

t.
E

ffi
ci

en
t

on
li
n
e

re
la

ti
ve

co
m

p
ar

is
on

ke
rn

el
le

ar
n
in

g.
In

S
IA

M
In

te
rn

a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

D
a
ta

M
in

in
g

(S
D

M
),

20
15

.

L
.

J
ai

n
,

K
.

G
.

J
am

ie
so

n
,

an
d

R
.

N
ow

ak
.

F
in

it
e

sa
m

p
le

p
re

d
ic

ti
on

an
d

re
co

ve
ry

b
ou

n
d
s

fo
r

or
d
in

al
em

b
ed

d
in

g.
In

N
eu

ra
l

In
fo

rm
a

ti
o
n

P
ro

ce
ss

in
g

S
ys

te
m

s
(N

IP
S

),
20

16
.

K
.

G
.

J
am

ie
so

n
an

d
R

.
N

ow
ak

.
L

ow
-d

im
en

si
on

al
em

b
ed

d
in

g
u
si

n
g

a
d
ap

ti
ve

ly
se

le
ct

ed
or

d
in

al
d
at

a.
In

C
o
n

fe
re

n
ce

o
n

C
o
m

m
u

n
ic

a
ti

o
n

,
C

o
n

tr
o
l,

a
n

d
C

o
m

p
u

ti
n

g,
20

11
.

J
.

W
.

J
ar

om
cz

y
k

an
d

G
.

T
.

T
ou

ss
ai

n
t.

R
el

at
iv

e
n
ei

gh
b

or
h
o
o
d

gr
ap

h
s

an
d

th
ei

r
re

la
ti

ve
s.

P
ro

ce
ed

in
gs

o
f

th
e

IE
E

E
,

80
(9

):
15

02
–1

51
7,

19
92

.

M
.

K
le

in
d
es

sn
er

an
d

U
.

vo
n

L
u
x
b
u
rg

.
U

n
iq

u
en

es
s

of
or

d
in

al
em

b
ed

d
in

g.
In

C
o
n

fe
re

n
ce

o
n

L
ea

rn
in

g
T

h
eo

ry
(C

O
L

T
),

20
14

.

M
.

K
le

in
d
es

sn
er

an
d

U
.

vo
n

L
u
x
b
u
rg

.
D

im
en

si
on

al
it

y
es

ti
m

at
io

n
w

it
h
ou

t
d
is

ta
n
ce

s.
In

In
te

rn
a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

A
rt

ifi
ci

a
l

In
te

ll
ig

en
ce

a
n

d
S

ta
ti

st
ic

s
(A

IS
T

A
T

S
),

20
1
5.

J
.

B
.

K
ru

sk
al

.
M

u
lt

id
im

en
si

on
al

sc
al

in
g

b
y

o
p
ti

m
iz

in
g

go
o
d
n
es

s
of

fi
t

to
a

n
on

m
et

ri
c

h
y
-

p
ot

h
es

is
.

P
sy

ch
o
m

et
ri

ka
,

29
(1

):
1–

27
,

19
64

a
.

J
.

B
.

K
ru

sk
al

.
N

on
m

et
ri

c
m

u
lt

id
im

en
si

o
n
al

sc
al

in
g:

A
n
u
m

er
ic

al
m

et
h
o
d
.

P
sy

ch
o
m

et
ri

ka
,

29
(2

):
11

5–
12

9,
19

64
b
.

J
.

L
aw

re
n
ce

.
In

te
rp

o
in

t
D

is
ta

n
ce

M
et

h
od

s
fo

r
th

e
A

n
a
ly

si
s

o
f

H
ig

h
D

im
en

si
o
n

a
l

D
a
ta

.
P

h
D

th
es

is
,

T
h
e

O
h
io

S
ta

te
U

n
iv

er
si

ty
,

19
96

.

J
.

L
es

ko
v
ec

,
J
.

K
le

in
b

er
g,

an
d

C
.

F
al

ou
ts

os
.

G
ra

p
h

ev
ol

u
ti

on
:

D
en

si
fi
ca

ti
on

an
d

sh
ri

n
k
in

g
d
ia

m
et

er
s.

A
C

M
T

ra
n

sa
ct

io
n

s
o
n

K
n

o
w

le
d
ge

D
is

co
ve

ry
fr

o
m

D
a
ta

,
1
(1

),
20

07
.

D
at

a
av

ai
la

b
le

on
h
t
t
p
s
:
/
/
s
n
a
p
.
s
t
a
n
f
o
r
d
.
e
d
u
/
d
a
t
a
/
.

J
.

L
i,

J
.

A
.

C
u
es

ta
-A

lb
er

to
s,

an
d

R
.

Y
.

L
iu

.
D

D
-c

la
ss

ifi
er

:
N

on
p
ar

am
et

ri
c

cl
a
ss

ifi
ca

ti
on

p
ro

ce
d
u
re

b
as

ed
on

D
D

-p
lo

t.
J

o
u

rn
a
l

o
f

th
e

A
m

er
ic

a
n

S
ta

ti
st

ic
a
l

A
ss

oc
ia

ti
o
n

,
10

7(
49

8)
:

73
7–

75
3,

20
12

.

M
.
L

i,
X

.-
C

.
L

ia
n
,

J
.
T

.-
Y

.
K

w
ok

,
an

d
B

.-
L

.
L

u
.

T
im

e
an

d
sp

a
ce

effi
ci

en
t

sp
ec

tr
al

cl
u
st

er
in

g
v
ia

co
lu

m
n

sa
m

p
li
n
g.

In
IE

E
E

C
o
n

fe
re

n
ce

o
n

C
o
m

p
u

te
r

V
is

io
n

a
n

d
P

a
tt

er
n

R
ec

og
n

it
io

n
(C

V
P

R
),

20
11

.

C
.
L

iu
,

K
.
W

u
,

an
d

T
.
H

e.
S
en

so
r

lo
ca

li
za

ti
on

w
it

h
ri

n
g

ov
er

la
p
p
in

g
b
as

ed
on

co
m

p
ar

is
on

of
re

ce
iv

ed
si

gn
al

st
re

n
gt

h
in

d
ic

at
or

.
In

IE
E

E
In

te
rn

a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

M
o
bi

le
A

d
-h

oc
a
n

d
S

en
so

r
S

ys
te

m
s

(M
A

S
S

),
20

04
.

49
JM

L
R

 1
8(

58
):

1-
52

, 2
01

7

K
l
e
in
d
e
ss
n
e
r
a
n
d

v
o
n
L
u
x
b
u
r
g

R
.
Y

.
L

iu
.

O
n

a
n
o
ti

on
of

si
m

p
li
ci

al
d
ep

th
.

P
ro

ce
ed

in
gs

o
f

th
e

N
a
ti

o
n

a
l

A
ca

d
em

y
o
f

S
ci

en
ce

s
o
f

th
e

U
n

it
ed

S
ta

te
s

o
f

A
m

er
ic

a
,

8
5(

6)
:1

7
32

–1
73

4,
19

88
.

R
.

Y
.

L
iu

.
O

n
a

n
ot

io
n

of
d
at

a
d
ep

th
b
as

ed
on

ra
n
d
om

si
m

p
li
ce

s.
T

h
e

A
n

n
a
ls

o
f

S
ta

ti
st

ic
s,

18
(1

):
40

5–
41

4,
19

90
.

R
.

Y
.

L
iu

.
D

at
a

d
ep

th
an

d
m

u
lt

iv
ar

ia
te

ra
n
k

te
st

s.
In

Y
.

D
o
d
ge

,
ed

it
or

,
L

1
-S

ta
ti

st
ic

a
l

A
n

a
ly

si
s

a
n

d
R

el
a
te

d
M

et
h
od

s.
N

or
th

H
ol

la
n
d
,

19
92

.

R
.

Y
.

L
iu

,
J
.

M
.

P
ar

el
iu

s,
an

d
K

.
S
in

gh
.

M
u
lt

iv
ar

ia
te

an
al

y
si

s
b
y

d
at

a
d
ep

th
:

d
es

cr
ip

ti
ve

st
at

is
ti

cs
,

gr
ap

h
ic

s
an

d
in

fe
re

n
ce

.
T

h
e

A
n

n
a
ls

o
f

S
ta

ti
st

ic
s,

2
7(

3)
:7

83
–8

40
,

1
9
9
9
.

Z
.

L
iu

an
d

R
.

M
o
d
ar

re
s.

L
en

s
d
at

a
d
ep

th
an

d
m

ed
ia

n
.

J
o
u

rn
a
l

o
f

N
o
n

pa
ra

m
et

ri
c

S
ta

ti
st

ic
s,

23
(4

):
10

63
–1

07
4,

20
11

.

C
.

D
.

M
an

n
in

g,
P

.
R

ag
h
av

an
,

an
d

H
.

S
ch

ü
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lib
re

d
e

B
ru

x
elles,

201
3.

L
.

J
.

P
.

van
d
er

M
aaten

an
d

K
.

Q
.

W
ein

b
erger.

S
to

ch
astic

trip
let

em
b

ed
d
in

g
.

In
IE

E
E

In
tern

a
tio

n
a
l

W
o
rksh

o
p

o
n

M
a
ch

in
e

L
ea

rn
in

g
fo

r
S

ign
a
l

P
rocessin

g
(M

L
S

P
),

2012.
C

o
d
e

ava
ila

b
le

o
n
h
t
t
p
:
/
/
h
o
m
e
p
a
g
e
.
t
u
d
e
l
f
t
.
n
l
/
1
9
j
4
9
/
s
t
e
.

U
.
vo

n
L

u
x
b
u
rg

.
A

tu
torial

on
sp

ectral
clu

sterin
g.

S
ta

tistics
a
n

d
C

o
m

p
u

tin
g,

17(4):395–416,
2
0
0
7
.

U
.

vo
n

L
u
x
b
u
rg

an
d

M
.

A
lam

gir.
D

en
sity

estim
ation

from
u
n
w

eigh
ted

k
-n

ea
rest

n
eigh

b
or

g
ra

p
h
s:

a
ro

a
d
m

ap
.

In
N

eu
ra

l
In

fo
rm

a
tio

n
P

rocessin
g

S
ystem

s
(N

IP
S

),
2013.

M
.

J
.

W
ilb

er,
I.

S
.

K
w

ak
,

an
d

S
.

J
.

B
elon

gie.
C

ost-eff
ective

h
its

for
relative

sim
ilarity

co
m

p
a
riso

n
s.

In
C

o
n

feren
ce

o
n

H
u

m
a
n

C
o
m

p
u

ta
tio

n
a
n

d
C

ro
w

d
so

u
rcin

g
(H

C
O

M
P

),
2
0
1
4
.

L
.
X

ia
o
,
R

.
L

i,
a
n
d

J
.
L

u
o.

S
en

sor
lo

calization
b
ased

on
n
on

m
etric

m
u
ltid

im
en

sion
al

scalin
g.

In
In

tern
a
tio

n
a
l

C
o
n

feren
ce

o
n

S
en

sin
g,

C
o
m

p
u

tin
g

a
n

d
A

u
to

m
a
tio

n
(IC

S
C

A
),

2
006.

D
.

Y
a
n
,

L
.

H
u
an

g,
an

d
M

.
I.

J
ord

an
.

F
ast

ap
p
rox

im
ate

sp
ectral

clu
sterin

g.
In

A
C

M
In

tern
a
tio

n
a
l

C
o
n

feren
ce

o
n

K
n

o
w

led
ge

D
isco

very
a
n

d
D

a
ta

M
in

in
g

(S
IG

K
D

D
),

2009.

51
JM

L
R

 18(58):1-52, 2017

K
l
e
in
d
e
ssn

e
r
a
n
d

v
o
n
L
u
x
b
u
r
g

M
.
Y

an
g.

D
ep

th
F

u
n

ctio
n

s,
M

u
ltid

im
en

sio
n

a
l

M
ed

ia
n

s
a
n

d
T

ests
o
f

U
n

ifo
rm

ity
o
n

P
ro

xim
ity

G
ra

p
h
s.

P
h
D

th
esis,

T
h
e

G
eorge

W
ash

in
gton

U
n
iv

ersity,
2014.

Y
.

Z
u
o

an
d

R
.

S
erfl

in
g.

G
en

eral
n
otion

s
of

statistical
d
ep

th
fu

n
ction

.
T

h
e

A
n

n
a
ls

o
f

S
ta

tistics,
28(2):461–482,

2000.

5
2

JM
L

R
 18(58):1-52, 2017



J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h

1
8

(2
0
1
7
)

1
-3

9
S

u
b

m
it

te
d

4
/
1
6
;

R
ev

is
ed

3
/
1
7
;

P
u

b
li

sh
ed

7
/
1
7

J
o
in
t
L
a
b
e
l
In

fe
re
n
ce

in
N
e
tw

o
rk

s

D
e
e
p

a
y
a
n

C
h

a
k
ra

b
a
rt

i
d
e
e
pa

y
@
u
t
e
x
a
s.
e
d
u

IR
O

M
,

M
cC

o
m

bs
S

ch
oo

l
o
f

B
u

si
n

es
s,

U
n

iv
er

si
ty

o
f

T
ex

a
s,

A
u

st
in

∗

S
ta

n
is

la
v

F
u

n
ia

k
st
a
n
o
@
c
e
r
e
b
r
a
s.
n
e
t

C
er

eb
ra

s
S

ys
te

m
s∗

J
o
n

a
th

a
n

C
h

a
n

g
sl
y
c
o
d
e
r
@
g
m
a
il
.c
o
m

H
ea

lt
h

C
od

a
∗

S
o
fu

s
A

.
M

a
c
sk

a
ss

y
so

f
m
a
c
@
b
r
a
n
c
h
.i
o

B
ra

n
ch

M
et

ri
cs

∗

E
d

it
o
r:

E
d
o

A
ir

ol
d
i

A
b
st
ra

ct

W
e

co
n
si

d
er

th
e

p
ro

b
le

m
of

in
fe

rr
in

g
n
o
d
e

la
b

el
s

in
a

p
ar

ti
al

ly
la

b
el

ed
g
ra

p
h

w
h
er

e
ea

ch
n
o
d
e

in
th

e
gr

ap
h

h
a
s

m
u
lt

ip
le

la
b

el
ty

pe
s

a
n
d

ea
ch

la
b

el
ty

p
e

h
as

a
la

rg
e

n
u
m

b
er

of
p

o
ss

ib
le

la
b

el
s.

O
u
r

p
ri

m
ar

y
ex

am
p
le

,
a
n
d

th
e

fo
cu

s
of

th
is

p
a
p

er
,

is
th

e
jo

in
t

in
fe

re
n
ce

of
la

b
el

ty
p

es
su

ch
as

h
o
m

et
ow

n
,

cu
rr

en
t

ci
ty

,
a
n
d

em
p
lo

ye
rs

fo
r

p
eo

p
le

co
n
n
ec

te
d

b
y

a
so

ci
a
l

n
et

w
or

k
;

b
y

p
re

d
ic

ti
n
g

th
es

e
u
se

r
p
ro

fi
le

fi
el

d
s,

th
e

n
et

w
or

k
ca

n
p
ro

v
id

e
a

b
et

te
r

ex
p

er
ie

n
ce

to
it

s
u
se

rs
.

E
x
is

ti
n
g

ap
p
ro

ac
h
es

su
ch

a
s

L
ab

el
P

ro
p
ag

a
ti

o
n

(Z
h
u

et
al

.,
20

03
)

fa
il

to
co

n
si

d
er

in
te

ra
ct

io
n
s

b
et

w
ee

n
th

e
la

b
el

ty
p

es
.

O
u
r

p
ro

p
o
se

d
m

et
h
o
d
,

ca
ll
ed

E
d
g
e
-

E
x
p
l
a
in

,
ex

p
li
ci

tl
y

m
o
d
el

s
th

es
e

in
te

ra
ct

io
n
s,

w
h
il
e

st
il
l

a
ll
ow

in
g

sc
al

ab
le

in
fe

re
n
ce

u
n
d
er

a
d
is

tr
ib

u
te

d
m

es
sa

g
e-

p
as

si
n
g

a
rc

h
it

ec
tu

re
.

O
n

a
la

rg
e

su
b
se

t
of

th
e

F
ac

eb
o
ok

so
ci

al
n
et

-
w

or
k
,

co
ll
ec

te
d

in
a

p
re

v
io

u
s

st
u
d
y

(C
h
ak

ra
b
ar

ti
et

a
l.
,

20
1
4
),
E
d
g
e
E
x
p
l
a
in

ou
tp

er
fo

rm
s

la
b

el
p
ro

p
ag

at
io

n
fo

r
se

ve
ra

l
la

b
el

ty
p

es
,

w
it

h
li
ft

s
of

u
p

to
1
2
0%

fo
r

re
ca

ll
@

1
an

d
60

%
fo

r
re

ca
ll
@

3
.

K
e
y
w

o
rd

s:
la

b
el

in
fe

re
n
ce

,
gr

a
p
h
s,

so
ci

al
n
et

w
o
rk

s,
va

ri
at

io
n
al

m
et

h
o
d
s,

la
b

el
p
ro

p
ag

a-
ti

o
n

1
.
In

tr
o
d
u
ct
io
n

T
h
e

m
os

t
co

m
m

on
cl

as
si

fi
ca

ti
on

se
tt

in
g

as
su

m
es

th
e

p
re

se
n
ce

of
in

d
ep

en
d
en

t
an

d
id

en
ti

ca
ll
y

d
is

tr
ib

u
te

d
tr

ai
n
in

g
ex

am
p
le

s,
an

d
at

te
m

p
ts

p
re

d
ic

ti
on

on
in

d
ep

en
d
en

t
te

st
in

st
an

ce
s

d
ra

w
n

fr
om

th
e

sa
m

e
d
is

tr
ib

u
ti

on
.

H
ow

ev
er

,
th

e
ca

se
of

d
ep

en
d
en

t
ex

am
p
le

s
h
as

d
ra

w
n

m
u
ch

in
te

re
st

as
w

el
l.

T
h
is

is
p
ar

ti
cu

la
rl

y
th

e
ca

se
fo

r
n
et

w
or

k
s

w
h
er

e
th

e
n
o
d
es

co
m

p
ri

se
th

e
tr

ai
n
in

g/
te

st
in

g
in

st
an

ce
s,

an
d

th
e

ed
ge

s
b

et
w

ee
n

th
em

im
p
ly

d
ep

en
d
en

ce
.

C
on

si
d
er

th
e

p
ro

b
le

m
of

in
fe

rr
in

g
th

e
la

b
el

s
of

n
o
d
es

in
a

n
et

w
or

k
.

F
or

ex
am

p
le

,
g
iv

en
a

n
et

w
or

k
of

sp
or

ts
-r

el
at

ed
b
lo

gs
co

n
n
ec

te
d

b
y

h
y
p

er
li
n
k
s,

w
e

m
ay

w
an

t
to

k
n
ow

w
h
ic

h
b
lo

gs
d
is

cu
ss

b
as

eb
al

l,
or

fo
ot

b
al

l,
or

h
o
ck

ey
.

T
h
e

tr
ai

n
in

g
d
at

a
co

n
si

st
s

of
k
n
ow

n
la

b
el

s
fo

r
a

su
b
se

t
of

b
lo

gs
.

T
h
e

go
al

is
to

in
fe

r
th

e
la

b
el

s
of

th
e

re
m

ai
n
in

g
b
lo

gs
.

W
h
il
e

th
e

co
n
te

n
t

of
th

e
b
lo

gs
ca

n
b

e
u
se

fu
l,

th
e

h
y
p

er
li
n
k
s

b
et

w
ee

n
b
lo

gs
ar

e
cl

ea
rl

y
in

fo
rm

at
iv

e:
w

e
ex

p
ec

t
b
lo

gs
to

li
n
k

p
ri

m
ar

il
y

to
ot

h
er

b
lo

gs
d
is

cu
ss

in
g

th
e

sa
m

e
sp

or
t.

T
h
is

is
a

n
et

w
or

k
la

b
el

∗.
T
h
is

re
se
a
rc
h
w
a
s
d
o
n
e
w
h
il
e
th
e
a
u
th
o
rs

w
er
e
em

p
lo
y
ee
s
a
t
F
a
ce
b
o
o
k
,
In
c.

c ©
2
0
1
7

D
ee

p
a
y
a
n

C
h

a
k
ra

b
a
rt

i,
a
n

d
S

ta
n

is
la

v
F

u
n

ia
k
,

a
n

d
J
o
n

a
th

a
n

C
h

a
n

g
,

a
n

d
S

o
fu

s
A

.
M

a
cs

k
a
ss

y.

L
ic

en
se

:
C

C
-B

Y
4
.0

,
se

e
h
t
t
p
s
:
/
/
c
r
e
a
t
i
v
e
c
o
m
m
o
n
s
.
o
r
g
/
l
i
c
e
n
s
e
s
/
b
y
/
4
.
0
/
.

A
tt

ri
b

u
ti

o
n

re
q
u

ir
em

en
ts

a
re

p
ro

v
id

ed
a
t
h
t
t
p
:
/
/
j
m
l
r
.
o
r
g
/
p
a
p
e
r
s
/
v
1
8
/
1
6
-
2
1
4
.
h
t
m
l
.

JM
L

R
 1

8(
59

):
1-

39
, 2

01
7

C
h
a
k
r
a
b
a
r
t
i
e
t
a
l
. cu

rr
en

t 
ci

ty
=

C

N
o

d
e

u

h
o

m
et

o
w

n
=

H

cu
rr

en
t 

ci
ty

=
C

’
h

o
m

et
o

w
n

=
H

F
ig

u
re

1:
A

n
ex

a
m

p
le

gr
a
p
h

o
f
u

a
n

d
h
er

fr
ie

n
d
s:

T
h
e

h
om

et
ow

n
fr

ie
n
d
s

of
u

co
in

ci
d
en

ta
ll
y

co
n
ta

in
a

su
b
se

t
w

it
h

cu
rr

en
t

ci
ty
C
′ .

T
h
is

sw
am

p
s

th
e

gr
ou

p
fr

o
m
u

’s
a
ct

u
a
l

cu
rr

en
t

ci
ty
C

,
ca

u
si

n
g

la
b

el
p
ro

p
a
ga

ti
on

to
in

fe
r
C
′ f

or
u

.
H

ow
ev

er
,
o
u
r

p
ro

p
o
se

d
m

o
d
el

(c
al

le
d

E
d
g
e
E
x
p
l
a
in

)
co

rr
ec

tl
y

ex
p
la

in
s

al
l

fr
ie

n
d
sh

ip
s

b
y

se
tt

in
g

th
e

h
om

et
ow

n
to

b
e
H

an
d

cu
rr

en
t

ci
ty

to
b

e
C

.

in
fe

re
n
ce

p
ro

b
le

m
w

it
h

on
ly

on
e

la
b

el
ty

p
e

(s
p

or
t)

an
d

on
ly

a
fe

w
la

b
el

s
(b

as
eb

a
ll
,

fo
o
tb

a
ll
,

an
d

h
o
ck

ey
).

T
h
e

q
u
es

ti
on

w
e

as
k

is
:

h
o
w

ca
n

w
e

in
fe

r
m

is
si

n
g

la
be

ls
o
f

m
u

lt
ip

le
ty

pe
s,

w
h
er

e
ea

ch
la

be
l

ty
pe

ca
n

be
h
ig

h
-d

im
en

si
o
n

a
l

a
n

d
th

e
d
iff

er
en

t
ty

pe
s

ca
n

be
co

rr
el

a
te

d
?

T
h
e

co
n
cr

et
e

p
ro

b
le

m
co

n
si

d
er

ed
in

th
is

p
ap

er
is

th
at

of
in

fe
rr

in
g

m
u
lt

ip
le

fi
el

d
s

su
ch

as
th

e
h
om

et
ow

n
s,

cu
rr

en
t

ci
ti

es
,

an
d

em
p
lo

ye
rs

of
u
se

rs
of

a
so

ci
al

n
et

w
or

k
,

w
h
er

e
u
se

rs
of

te
n

on
ly

p
ar

ti
al

ly
fi
ll

in
th

ei
r

p
ro

fi
le

,
if

at
al

l.
H

er
e,

ea
ch

u
se

r
is

as
so

ci
at

ed
w

it
h

o
n
e

la
b

el
of

ea
ch

ty
pe

(s
u
ch

as
h
om

et
ow

n
,

em
p
lo

ye
r,

et
c.

),
an

d
th

e
se

t
of

p
os

si
b
le

la
b

el
s

fo
r

ea
ch

ty
p

e
is

ve
ry

h
ig

h
-d

im
en

si
on

al
.

In
fe

re
n
ce

of
su

ch
la

b
el

ty
p

es
is

im
p

or
ta

n
t

fo
r

m
an

y
ra

n
k
in

g
a
n
d

re
le

va
n
ce

ap
p
li
ca

ti
on

s.
B

y
p
re

d
ic

ti
n
g

th
e

p
ro

fi
le

fi
el

d
s,

th
e

so
ci

al
n
et

w
or

k
ca

n
m

a
ke

b
et

te
r

fr
ie

n
d

re
co

m
m

en
d
at

io
n
s

or
sh

ow
m

or
e

re
le

va
n
t

co
n
te

n
t.

C
on

se
q
u
en

tl
y,

ac
cu

ra
te

p
re

d
ic

ti
o
n
s

ca
n

gr
ea

tl
y

im
p
ro

ve
th

e
u
se

r
ex

p
er

ie
n
ce

.
W

e
sh

ow
th

at
th

is
in

fe
re

n
ce

p
ro

b
le

m
ca

n
n
o
t

b
e

sp
li
t

u
p

in
to

se
p
ar

at
e

p
ro

b
le

m
s,

on
e

fo
r

ea
ch

la
b

el
ty

p
e,

w
it

h
ou

t
lo

ss
of

ac
cu

ra
cy

.
K

n
ow

le
d
g
e

of
on

e
la

b
el

ty
p

e
in

fl
u
en

ce
s

in
fe

re
n
ce

s
re

ga
rd

in
g

th
e

ot
h
er

ty
p

es
.

T
h
u
s,

th
is

jo
in

t
in

fe
re

n
ce

p
ro

b
le

m
p
re

se
n
ts

in
te

re
st

in
g

op
p

or
tu

n
it

ie
s

fo
r

m
o
d
el

in
g

an
d

op
ti

m
iz

at
io

n
.

A
st

an
d
ar

d
m

et
h
o
d

of
la

b
el

in
fe

re
n
ce

is
la

b
el

p
ro

p
ag

at
io

n
(Z

h
u

an
d

G
h
ah

ra
m

a
n
i,

2
0
0
2
;

Z
h
u

et
al

.,
20

03
),

w
h
ic

h
tr

ie
s

to
se

t
th

e
la

b
el

p
ro

b
ab

il
it

ie
s

of
n
o
d
es

so
th

a
t

fr
ie

n
d
s

h
av

e
si

m
il
ar

p
ro

b
ab

il
it

ie
s.

T
h
is

is
b
as

ed
o
n

th
e

id
ea

of
h
om

op
h
il
y,

th
at

is
,

th
e

m
o
re

tw
o

n
o
d
es

h
av

e
in

co
m

m
on

,
th

e
m

or
e

li
ke

ly
th

ey
ar

e
to

co
n
n
ec

t
(M

cP
h
er

so
n

et
al

.,
20

0
1
).

H
ow

ev
er

,
la

b
el

p
ro

p
ag

at
io

n
as

su
m

es
on

ly
a

si
n
gl

e
ca

te
go

ry
of

re
la

ti
on

sh
ip

s.
It

th
er

ef
or

e
fa

il
s

to
a
d
d
re

ss
th

e
co

m
p
le

x
it

y
of

ed
ge

fo
rm

at
io

n
in

n
et

w
or

k
s,

w
h
er

e
n
o
d
es

h
av

e
d
iff

er
en

t
re

a
so

n
s

to
li
n
k

to
ea

ch
ot

h
er

.
A

s
an

ex
am

p
le

,
co

n
si

d
er

th
e

sn
ap

sh
ot

of
a

so
ci

al
n
et

w
or

k
in

F
ig

u
re

1
,

w
h
er

e
w

e
w

an
t

to
p
re

d
ic

t
th

e
h
om

et
ow

n
an

d
cu

rr
en

t
ci

ty
of

n
o
d
e
u

,
gi

ve
n

w
h
at

w
e

k
n
ow

a
b

o
u
t
u

a
n
d

u
’s

n
ei

gh
b

or
s.

H
er

e,
th

e
la

b
el

s
of

n
o
d
e
u

ar
e

co
m

p
le

te
ly

u
n
k
n
ow

n
,

b
u
t

h
er

fr
ie

n
d
s’

la
b

el
s

ar
e

co
m

p
le

te
ly

k
n
ow

n
.

L
ab

el
p
ro

p
ag

at
io

n
w

ou
ld

tr
ea

t
ea

ch
la

b
el

in
d
ep

en
d
en

tl
y

a
n
d

in
fe

r
th

e
h
om

et
ow

n
of
u

to
b

e
th

e
m

os
t

co
m

m
on

h
om

et
ow

n
a
m

o
n
g

h
er

fr
ie

n
d
s,

th
e

cu
rr

en
t

ci
ty

to
b

e
th

e
m

os
t

co
m

m
on

cu
rr

en
t

ci
ty

am
on

g
fr

ie
n
d
s,

an
d

so
on

.
H

en
ce

,
if

th
e

b
u
lk

o
f

fr
ie

n
d
s
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J
o
in
t
L
a
b
e
l
In

f
e
r
e
n
c
e
in

N
e
t
w
o
r
k
s

o
f
u

a
re

from
h
er

h
om

etow
n
H

,
th

en
in

feren
ces

for
cu

rren
t

city
w

ill
b

e
d
om

in
ated

b
y

th
e

m
ost

co
m

m
o
n

cu
rren

t
city

am
on

g
h
er

h
om

etow
n

frien
d
s

(say,
C
′)

an
d

n
ot

frien
d
s

from
h
er

a
ctu

a
l

cu
rren

t
city

C
;

in
d
eed

,
th

e
sam

e
w

ill
h
a
p
p

en
for

all
oth

er
lab

el
ty

p
es

as
w

ell.

O
u
r

p
ro

p
o
sed

m
eth

o
d
,

n
am

ed
E
d
g
e
E
x
p
l
a
in

,
ap

p
ro

ach
es

th
e

p
rob

lem
from

a
d
iff

eren
t

v
iew

p
o
in

t,
u
sin

g
th

e
follow

in
g

in
tu

ition
:

T
w

o
p

eop
le

form
an

ed
ge

in
a

so
cial

n
etw

o
rk

b
eca

u
se

th
ey

sh
are

th
e

sam
e

lab
el

for
o
n
e

or
m

ore
lab

el
ty

p
es

(e.g.,
b

oth
w

en
t

to
th

e
sa

m
e

co
lleg

e).
U

sin
g

th
is

in
tu

ition
,

w
e

can
go

b
eyon

d
stan

d
a
rd

lab
el

p
rop

agation
in

th
e

fo
llow

in
g

w
ay

:
in

stead
of

tak
in

g
th

e
grap

h
as

given
,

an
d

m
o
d
elin

g
lab

els
a
s

item
s

th
at

p
ro

p
a
g
a
te

over
th

is
grap

h
,

w
e

con
sid

er
th

e
lab

els
as

factors
th

at
can

exp
la

in
th

e
ob

served
g
ra

p
h

stru
ctu

re.
F

or
ex

am
p
le,

th
e

in
feren

ces
for

u
m

ad
e

b
y

lab
el

p
rop

a
gation

leave
u

’s
ed

g
es

fro
m
C

com
p
letely

u
n
ex

p
lain

ed
.

O
u
r

p
rop

osed
m

eth
o
d

rectifi
es

th
is,

b
y

try
in

g
to

in
fer

n
o
d
e

la
b

els
su

ch
th

at
for

each
ed

ge
u
∼
v
,

w
e

can
ex

p
la

in
th

e
ex

isten
ce

of
th

e
ed

ge
in

term
s

o
f

a
sh

ared
lab

el
—

u
an

d
v

are
frien

d
s

from
th

e
sam

e
h
om

etow
n
,

or
college,

or
th

e
lik

e.
W

h
ile

w
e

are
p
rim

arily
in

terested
in

in
ferrin

g
lab

els,
w

e
n
ote

th
at

th
e

in
ferred

rea
son

fo
r

ea
ch

ed
ge

can
b

e
u
sefu

l
b
y

itself.
F

or
ex

am
p
le,

if
a

n
ew

n
o
d
e
u

join
s

a
n
etw

ork
a
n
d

fo
rm

s
a
n
d

ed
ge

w
ith

v
,

an
d

w
e

can
in

fer
th

at
th

e
reason

is
a

sh
ared

co
llege,

w
e

can
reco

m
m

en
d

o
th

er
college

frien
d
s

of
v

as
p

ossib
le

n
ew

ed
ges

for
u

.

W
e

n
o
te

th
a
t

a
seem

in
gly

sim
p
le

altern
ativ

e
solu

tion
—

clu
ster

th
e

grap
h

an
d

th
en

p
rop

-
a
g
a
te

th
e

m
o
st

com
m

on
lab

els
w

ith
in

a
clu

ster—
is

in
fact

q
u
ite

p
rob

lem
atic.

T
h
e

clu
sterin

g
m

u
st

a
lso

b
e

com
p
lex

en
ou

gh
to

allow
m

an
y

ov
erlap

p
in

g
clu

sters.
T

h
is

is
an

activ
e

a
rea

o
f

resea
rch

(X
ie

et
al.,

2013),
b
u
t

it
still

en
tails

a
sig

n
ifi

can
t

com
p
u
tation

al
b
u
rd

en
.

In
a
d
d
itio

n
,

a
n
y

clu
sterin

g
b
ased

solely
on

th
e

grap
h

stru
ctu

re
ign

ores
lab

els
alread

y
availa

b
le

fro
m

u
ser

p
ro

fi
les,

w
h
ich

clearly
carry

cru
cial

in
form

ation
.

A
clu

sterin
g

m
eth

o
d

th
at

tries
to

u
se

th
ese

la
b

els
m

u
st

d
eal

w
ith

in
com

p
lete

an
d

m
issin

g
lab

els,
sign

ifi
can

tly
in

creasin
g

its
co

m
p
lex

ity.
In

stead
,

ou
r

m
eth

o
d

w
ill

b
e

ab
le

to
op

erate
on

ly
o
n

d
yad

s,
w

ith
ou

t
h
av

in
g

to
in

fer
th

e
h
igh

er-level
clu

sters
th

em
selves.

S
o
cial

n
etw

ork
clu

ster
sizes

m
u
st

d
isp

lay
w

id
e

varia
tio

n
(e.g

.,
th

e
clu

ster
for

u
sers

liv
in

g
in

N
ew

Y
ork

city
versu

s
th

ose
in

sm
all

ru
ral

areas),
a
n
d

it
is

u
n
clea

r
if

cu
rren

t
n
etw

ork
com

m
u
n
ity

d
etection

algorith
m

s
off

er
go

o
d

p
erform

an
ce

a
cro

ss
th

e
en

tire
ran

ge
of

com
m

u
n
ity

sizes
(L

eskovec
et

al.,
2010).

H
en

ce,
w

e
b

elieve
th

at
clu

sterin
g

d
o
es

n
ot

read
ily

len
d

itself
to

a
solu

tion
for

ou
r

p
rob

lem
.

T
h
is

p
a
p

er
tack

les
th

e
follow

in
g

fi
ve

q
u
estion

s.

H
o
w

ca
n

“
exp

la
in

in
g

lin
ks”

be
cod

ifi
ed

in
a

m
od

el?
W

e
p
rop

ose
a

p
rob

ab
ilistic

m
o
d
el,

ca
lled

E
d
g
e
E
x
p
l
a
in

,
for

th
e

so
cial

n
etw

ork
giv

en
th

e
lab

els
of

all
n
o
d
es

in
th

e
n
etw

ork
.

T
h
e

m
o
d
el

h
a
s

tw
o

key
p
rop

erties.
F

irst,
th

e
p
resen

ce
or

ab
sen

ce
of

a
lin

k
is

con
d
ition

ally
in

d
ep

en
d
en

t
o
f

all
oth

er
n
o
d
es

an
d

ed
ges

given
th

e
lab

els
of

th
e

tw
o

en
d
p

oin
ts

of
th

e
lin

k
.

T
h
is

en
a
b
les

d
istrib

u
ted

com
p
u
tation

for
in

feren
ce,

w
h
ich

is
u
sefu

l
for

la
rge

n
etw

ork
s.

S
eco

n
d
,

lab
els

corresp
on

d
in

g
to

all
th

e
la

b
el

ty
p

es
are

join
tly

con
sid

ered
in

th
e

m
o
d
el.

H
o
w

ca
n

in
feren

ce
be

perfo
rm

ed
effi

cien
tly

o
n

la
rge

n
etw

o
rks?

T
h
e

m
o
d
el

likelih
o
o
d

fu
n
ction

is
n
o
n
-con

vex
,

a
n
d

on
ly

lo
cal

op
tim

a
can

b
e

fou
n
d
.

H
ow

ever,
w

e
p
resen

t
several

ap
p
roach

es
fo

r
th

is
p
ro

b
lem

.
T

h
e

fi
rst

u
ses

altern
atin

g
m

ax
im

ization
on

a
relax

ation
of

th
e

ob
jective,

su
ch

th
a
t

ea
ch

iteration
solves

a
con

vex
p
rob

lem
.

T
h
e

secon
d

is
a

variation
al

ap
p
roach

th
a
t

o
p

era
tes

d
irectly

on
th

e
m

o
d
el

ob
jective.

W
e

sh
ow

v
ia

sim
u
lation

s
th

e
p
resen

ce
of

tw
o

reg
im

es:
w

h
ile

th
e

altern
atin

g
m

in
im

ization
w

o
rk

s
b

est
w

h
en

th
ere

is
sign

ifi
can

t
m

issin
g

d
a
ta

,
th

e
va

ria
tion

al
ap

p
roach

w
ork

s
b

etter
in

th
e

p
resen

ce
of

cop
iou

s
a
n
d

co
rrect

in
for-
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C
h
a
k
r
a
b
a
r
t
i
e
t
a
l
.

m
ation

,
i.e.,

w
h
en

th
e

lab
els

of
m

ost
n
eigh

b
ors

o
f

a
n
o
d
e

are
k
n
ow

n
w

ith
relatively

h
igh

certain
ty.

T
h
is

lead
s

to
ou

r
fi
n
al

h
y
b
rid

m
eth

o
d

th
at

com
b
in

es
th

e
tw

o
ap

p
roach

es.

H
o
w

d
o

th
e

m
od

el
pa

ra
m

eters
a
ff

ect
a
ccu

ra
cy

vis-a
-vis

la
bel

p
ro

pa
ga

tio
n

?
W

e
p
resen

t
an

an
aly

sis
of

E
d
g
e
E
x
p
l
a
in

th
at

sp
ecifi

es
th

e
con

d
ition

s
u
n
d
er

w
h
ich

lab
el

p
rop

agation
w

ill
b

e
p
articu

larly
in

accu
rate.

T
h
e

q
u
ality

of
p
red

ictio
n
s

of
lab

el
p
rop

agation
for

a
u
ser

u
is

sh
ow

n
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or

k
w

it
h

a
st

ru
ct

u
re

d
lo

gi
st

ic
re

gr
es

si
on

m
o
d
el

b
u
il
t

se
p
ar

at
el

y
on

th
e

lo
ca

l
co

n
te

n
t

an
d

th
e

li
n
k
s,

u
si

n
g

m
ax

im
u
m

a
p

os
te

ri
or

i
p
ro

b
ab

il
it

y
(M

A
P

)
fo

r
in

fe
re

n
ce

.
M

ac
sk

as
sy

an
d

P
ro

vo
st

(2
00

7)
sh

ow
th

at
th

es
e

ap
p
ro

ac
h
es

ca
n

b
e

p
la

ce
d

in
a

si
n
gl

e
fr

am
ew

or
k
,

w
it

h
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C
h
a
k
r
a
b
a
r
t
i
e
t
a
l
.

d
iff

er
en

t
ch

oi
ce

s
of

(a
)

a
lo

ca
l

cl
as

si
fi
er

th
at

u
se

s
a

n
o
d
e’

s
at

tr
ib

u
te

s
al

on
e,

(b
)

a
re

la
ti

o
n
a
l

cl
as

si
fi
er

th
at

u
se

s
th

e
la

b
el

s
at

ad
ja

ce
n
t

n
o
d
es

,
an

d
(c

)
a

co
ll
ec

ti
ve

in
fe

re
n
ce

p
ro

ce
d
u
re

th
a
t

p
ro

p
ag

at
es

th
e

in
fo

rm
at

io
n

th
ro

u
gh

th
e

n
et

w
or

k
.

T
h
ey

p
ro

v
id

e
an

ex
te

n
si

ve
em

p
ir

ic
a
l

ev
a
l-

u
at

io
n

of
th

e
va

ri
ou

s
co

m
b
in

at
io

n
s

of
th

es
e

ch
oi

ce
s

a
n
d

ob
se

rv
e

th
at

th
e

b
es

t
co

m
b
in

a
ti

o
n
,

w
ei

gh
te

d
-v

ot
e

re
la

ti
on

al
n
ei

gh
b

or
cl

as
si

fi
er

(M
ac

sk
as

sy
an

d
P

ro
vo

st
,

20
03

)
w

it
h

re
la

x
a
ti

o
n

la
b

el
in

g
(R

os
en

fe
ld

et
al

.,
19

76
;

H
u
m

m
el

an
d

Z
u
ck

er
,

19
83

),
te

n
d
s

to
p

er
fo

rm
a
s

w
el

l
a
s

la
b

el
p
ro

p
ag

at
io

n
,

w
h
ic

h
w

e
ou

tp
er

fo
rm

.
W

e
n
o
te

th
a
t

th
es

e
al

go
ri

th
m

s
ty

p
ic

a
ll
y

fo
cu

s
on

a
si

n
gl

e
la

b
el

ty
p

e,
w

h
er

ea
s

w
e

ex
p
li
ci

tl
y

m
o
d
el

th
e

in
te

ra
ct

io
n
s

am
on

g
m

u
lt

ip
le

ty
p

es
.

A
lt

h
ou

gh
th

er
e

h
as

b
ee

n
so

m
e

w
or

k
on

u
n
d
er

st
an

d
in

g
h
ow

to
co

m
b
in

e
an

d
w

ei
g
h

d
iff

er
en

t
ed

ge
ty

p
es

fo
r

b
es

t
p
re

d
ic

ti
on

p
er

fo
rm

an
ce

(M
ac

sk
as

sy
,

20
07

),
th

e
ed

g
e

ty
p

es
(a

n
a
lo

g
o
u
s

to
ou

r
re

as
on

fo
r

an
ed

ge
)

w
er

e
gi

v
en

u
p

fr
on

t;
w

e
re

co
ve

r
th

em
au

to
m

at
ic

a
ll
y.

T
h
er

e
is

al
so

ex
te

n
si

ve
w

or
k

on
p
ro

b
ab

il
is

ti
c

re
la

ti
on

al
m

o
d
el

s.
R

el
at

io
n
a
l

B
ay

es
ia

n
N

et
w

or
k
s

(R
B

N
s;

K
ol

le
r

an
d

P
fe

ff
er

,
19

98
;

F
ri

ed
m

an
et

al
.,

19
99

)
p
ro

v
id

e
re

p
re

se
n
ta

ti
on

of
or

ga
n
iz

at
io

n
al

st
ru

ct
u
re

w
h
il
e

m
ai

n
ta

in
in

g
a

co
h
er

en
t

p
ro

b
ab

il
is

ti
c

re
p
re

se
n
ta

ti
o
n

o
f

u
n
-

ce
rt

ai
n
ty

.
U

n
fo

rt
u
n
at

el
y,

d
u
e

to
th

ei
r

d
ir

ec
te

d
n
at

u
re

,
R

B
N

s
ca

n
n
ot

effi
ci

en
tl

y
re

p
re

se
n
t

h
om

op
h
il
y.

R
el

at
io

n
al

M
ar

ko
v

N
et

w
or

k
s

(T
as

ka
r

et
al

.,
20

02
)

an
d

R
el

at
io

n
a
l

D
ep

en
d
en

cy
N

et
w

or
k
s

(N
ev

il
le

an
d

J
en

se
n
,

20
07

)
d
o

n
ot

im
p

os
e

ac
y
cl

ic
it

y,
an

d
co

u
ld

b
e

co
n
ce

p
tu

a
ll
y

ap
p
li
ed

to
th

e
p
ro

b
le

m
co

n
si

d
er

ed
in

th
is

p
ap

er
.

Y
et

,
w

e
ca

n
n
ot

u
se

th
es

e
g
en

er
a
l

fo
r-

m
al

is
m

s
d
ir

ec
tl

y,
b

ec
au

se
le

ar
n
in

g
th

e
m

o
d
el

s
w

it
h

h
ig

h
-c

ar
d
in

al
it

y
la

b
el

s
w

o
u
ld

re
q
u
ir

e
la

rg
e

am
ou

n
ts

of
la

b
el

ed
d
at

a.
In

st
ea

d
,

it
is

ou
r

ex
p
li
ci

t
m

o
d
el

in
g

as
su

m
p
ti

o
n
s

re
g
a
rd

in
g

m
u
lt

ip
le

la
b

el
ty

p
es

th
at

y
ie

ld
ga

in
s

in
a
cc

u
ra

cy
.

L
a
t
e
n
t

m
o
d
e
l
s.

G
ra

p
h

st
ru

ct
u
re

h
as

b
ee

n
m

o
d
el

ed
u
si

n
g

la
te

n
t

cl
as

se
s

(N
ow

ic
k
i

a
n
d

S
n
ij

d
er

s,
20

01
;

K
em

p
et

al
.,

20
06

;
X

u
et

al
.,

20
06

;
A

ir
ol

d
i

et
al

.,
20

08
)

an
d

la
te

n
t

va
ri

a
b
le

s
(H

off
et

al
.,

20
02

;
M

il
le

r
et

al
.,

20
09

;
P

al
la

et
al

.,
20

12
),

w
it

h
an

em
p
h
as

is
on

li
n
k

p
re

d
ic

ti
o
n
.

N
ow

ic
k
i

an
d

S
n
ij

d
er

s
(2

00
1)

d
es

cr
ib

e
a

st
o
ch

as
ti

c
b
lo

ck
m

o
d
el

(S
B

M
),

w
h
er

e
ea

ch
n
o
d
e

b
el

on
gs

to
on

e
of

a
fi
x
ed

n
u
m

b
er

of
cl

u
st

er
s,

a
n
d

ed
ge

ge
n
er

at
io

n
is

go
ve

rn
ed

en
ti

re
ly

b
y

th
e

cl
u
st

er
s

of
th

e
ad

ja
ce

n
t

n
o
d
es

.
K

em
p

et
al

.
(2

0
06

)
an

d
X

u
et

al
.

(2
00

6)
ex

te
n
d

th
is

w
o
rk

to
an

u
n
k
n
ow

n
n
u
m

b
er

of
cl

u
st

er
s

u
si

n
g

th
e

C
h
in

es
e

re
st

au
ra

n
t

p
ro

ce
ss

(P
it

m
a
n
,

2
0
0
6
),

w
h
il
e

A
ir

ol
d
i

et
al

.
(2

00
8)

p
ro

p
os

e
a

m
ix

ed
m

em
b

er
sh

ip
st

o
ch

as
ti

c
b
lo

ck
m

o
d
el

(M
M

S
B

),
w

h
er

e
th

e
n
o
d
e

cl
as

s
m

em
b

er
sh

ip
va

ri
es

fr
om

on
e

d
ya

d
to

an
ot

h
er

.
T

h
e

u
se

of
la

te
n
t

va
ri

a
b
le

s
w

as
in

it
ia

ll
y

ex
p
lo

re
d

in
(H

off
et

al
.,

20
02

),
w

h
o

co
n
si

d
er

ge
n
er

at
iv

e
p
ro

ce
ss

o
f

ed
g
es

b
a
se

d
on

th
e

em
b

ed
d
in

g
of

th
e

ad
ja

ce
n
t

n
o
d
es

.
T

h
e

L
at

en
t

F
ea

tu
re

In
fi
n
it

e
R

el
a
ti

o
n
a
l

M
o
d
el

(M
il
le

r
et

al
.,

20
09

)
u
se

s
an

in
fi
n
it

e
n
u
m

b
er

of
b
in

ar
y

fe
at

u
re

s
co

n
tr

ol
le

d
b
y

a
n

In
fi
n
it

e
b
u
ff

et
p
ro

ce
ss

(G
ri

ffi
th

s
an

d
G

h
ah

ra
m

an
i,

20
05

);
th

e
In

fi
n
it

e
L

at
en

t
A

tt
ri

b
u
te

M
o
d
el

(P
a
ll
a

et
al

.,
20

12
)

th
en

al
lo

w
s

ea
ch

fe
at

u
re

to
b

e
p
ar

ti
ti

on
ed

in
to

d
is

jo
in

t
su

b
gr

ou
p
s.

S
im

il
a
rl

y
to

th
es

e
ap

p
ro

ac
h
es

,
in

ou
r

w
or

k
,

ea
ch

n
o
d
e

is
as

so
ci

at
ed

w
it

h
(a

fi
n
it

e
n
u
m

b
er

o
f)

a
tt

ri
b
u
te

s.
H

ow
ev

er
,

u
n
li
ke

th
e

li
te

ra
tu

re
on

la
te

n
t

m
o
d
el

s,
w

h
er

e
th

e
la

te
n
t

fe
at

u
re

s
ca

n
b

e
a
rb

it
ra

ry
co

m
b
in

at
io

n
s

of
u
se

r
at

tr
ib

u
te

s
an

d
ar

e
u
n
li
ke

ly
to

re
p
re

se
n
t

th
e

co
n
cr

et
e

la
b

el
ty

p
es

w
e

w
is

h
to

p
re

d
ic

t,
ou

r
go

al
is

to
m

ak
e

p
re

d
ic

ti
on

s
ab

ou
t

th
e

la
b

el
ty

p
es

d
ir

ec
tl

y,
u
si

n
g

th
e

ob
se

rv
at

io
n
s

m
ad

e
at

a
su

b
se

t
of

th
e

n
o
d
es

.
S
ev

er
al

of
th

es
e

m
o
d
el

s
m

ay
a
ls

o
n
o
t

ea
si

ly
sc

al
e

to
la

rg
e

n
et

w
or

k
s.

T
h
er

e
is

al
so

a
gr

ow
in

g
b

o
d
y

of
w

or
k

on
si

m
u
lt

an
eo

u
sl

y
ex

p
la

in
in

g
th

e
co

n
n
ec

ti
o
n
s

b
et

w
ee

n
d
o
cu

m
en

ts
as

w
el

l
as

th
ei

r
w

or
d

d
is

tr
ib

u
ti

on
s

(N
al

la
p
at

i
et

a
l.
,

20
0
8
;

C
h
a
n
g

a
n
d

B
le

i,
20

10
;

H
o

et
al

.,
20

12
).

N
al

la
p
at

i
et

al
.
(2

00
8)

p
ro

p
os

e
tw

o
m

o
d
el

s
th

at
co

m
b
in

e
L

a
te

n
t

D
ir

ic
h
le

t
al

lo
ca

ti
on

(L
D

A
;

B
le

i
et

al
.,

20
03

)
an

d
M

ix
ed

m
em

b
er

sh
ip

st
o
ch

as
ti

c
b
lo

ck
m

o
d
el
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J
o
in
t
L
a
b
e
l
In

f
e
r
e
n
c
e
in

N
e
t
w
o
r
k
s

(M
M

S
B

;
A

iro
ld

i
et

al.,
2008),

w
h
ere

top
ic

p
rop

ortion
s

gen
erate

b
oth

w
ord

top
ics

an
d

th
e

clu
ster

a
ssig

n
m

en
ts

for
lin

k
in

g.
C

h
an

g
an

d
B

lei
(2010)

also
com

b
in

e
L

D
A

an
d

lin
k
in

g,
b
u
t

u
se

th
e

en
tire

vector
of

w
ord

top
ic

a
ssign

m
en

ts
for

lin
k
in

g
,

th
u
s

allow
in

g
th

eir
m

o
d
el

to
b

etter
in

fer
w

ord
s

from
lin

k
s

an
d

v
ice

versa.
F

in
ally,

H
o

et
al.

(2012)
u
se

a
h
ierarch

y
of

to
p
ics

sp
ecifi

ed
as

a
n
ested

C
h
in

ese
restau

ra
n
t

p
ro

cess
(B

lei
et

al.,
2010),

w
h
ere

th
e

lin
k

b
etw

een
tw

o
n
o
d
es

is
giv

en
b
y

th
e

d
eep

est
level

th
ey

sh
are.

A
lth

ou
gh

w
e

d
o

n
ot

con
sid

er
th

e
p
ro

b
lem

o
f

m
o
d
elin

g
tex

t
d
ata,

ou
r

m
o
d
el

p
erm

its
u
s

to
in

corp
orate

n
o
d
e

attrib
u
tes,

an
d

w
e

sh
ow

em
p
irical

resu
lts

for
an

in
stan

ce
w

h
ere

grou
p

m
em

b
ersh

ip
s

a
re

u
sed

as
ad

d
ition

al
n
o
d
e

fea
tu

res.
T

h
e

n
u
m

b
er

of
d
istin

ct
lab

el
valu

es
in

ou
r

ap
p
lication

is
very

large
(on

th
e

o
rd

er
o
f

m
illion

s),
an

d
w

e
su

sp
ect

th
at

th
e

laten
t

variab
les

w
ou

ld
h
ave

to
h
ave

a
large

d
im

en
sio

n
to

ex
p
lain

th
e

ed
ges

in
ou

r
grap

h
w

ell.

A
t
t
r
ib
u
t
e
in
f
e
r
e
n
c
e
in

so
c
ia
l
n
e
t
w
o
r
k
s.

S
everal

of
th

e
aforem

en
tio

n
ed

tech
n
iq

u
es

h
ave

recen
tly

b
een

ap
p
lied

sp
ecifi

cally
to

th
e

p
rob

lem
of

in
ferrin

g
n
o
d
e

attrib
u
tes

in
so

cial
n
etw

o
rk

s.
Z

h
eleva

an
d

G
eto

or
(2009)

stu
d
y

th
e

p
rivacy

im
p
lication

s
of

m
eth

o
d
s

th
at

can
p
red

ict
a

u
ser’s

p
rivate

p
rofi

le
from

th
e

p
u
b
lic

p
rofi

les
of

oth
ers

in
th

e
so

cial
n
etw

ork
.

T
h
ey

co
m

p
a
re

severa
l

algorith
m

s
for

p
rofi

le
in

feren
ce,

an
d

fi
n
d

th
at

tw
o

m
eth

o
d
s

w
ork

w
ell

w
h
en

n
o

ex
tra

sid
e-in

form
ation

is
availab

le.
O

n
e

is
collective

classifi
cation

b
ased

on
th

e
la

b
els

o
f

n
eig

h
b

orin
g

n
o
d
es,

w
h
ere

th
eir

sp
ecifi

c
im

p
lem

en
tatio

n
is

essen
tially

id
en

tical
to

L
ab

el
P

ro
p
a
g
a
tio

n
.

T
h
e

secon
d

m
eth

o
d

(called
L

IN
K

)
p
red

icts
a

n
o
d
e’s

lab
els

b
ased

on
a

fea
tu

re
vecto

r
co

n
sistin

g
of

th
e

n
o
d
e-ID

s
of

its
n
eigh

b
orin

g
n
o
d
es.

T
h
u
s,

a
grap

h
w

ith
N

n
o
d
es

h
as

N
fea

tu
res,

w
h
ich

is
clearly

d
iffi

cu
lt

to
scale.

D
o
n
g

et
a
l.

(2014)
con

sid
er

in
feren

ce
of

gen
d
er

(2
categories)

an
d

age
(4

categories)
u
sin

g
a

so
cia

l
n
etw

ork
.

T
h
ey

con
sid

er
th

ree
sets

of
factors:

(a)
con

n
ection

s
b

etw
een

th
e

attrib
u
te

va
lu

es
o
f

a
n
o
d
e

an
d

th
e

n
o
d
e’s

n
etw

ork
ch

aracteristics
(su

ch
as

its
d
egree),

(b
)

con
n
ection

s
b

etw
een

a
ttrib

u
tes

of
n
o
d
e

p
airs

con
n
ected

b
y

a
lin

k
,

an
d

(c)
factors

for
a
ttrib

u
tes

of
so

cial
tria

d
s.

T
h
is

is
a

com
p
reh

en
sive

m
o
d
el,

an
d

is
on

e
of

th
e

few
th

at
con

sid
ers

triad
ic

factors.
H

ow
ever,

th
e

m
o
d
el

req
u
ires

several
p
aram

eters
for

each
p

ossib
le

valu
e

of
th

e
(gen

d
er,

a
ge-ca

tego
ry

)
attrib

u
te

vector.
T

h
is

is
feasib

le
on

ly
w

h
en

th
e

set
of

attrib
u
te

valu
es

is
ex

trem
ely

restricted
(on

ly
8

p
ossib

ilities
in

th
eir

settin
g).

O
u
r

p
rim

ary
p
rob

lem
settin

g
h
as

fi
ve

a
ttrib

u
tes,

w
ith

m
illion

s
of

p
ossib

le
valu

es
for

ea
ch

attrib
u
te;

scalin
g

th
e

m
eth

o
d

to
th

is
settin

g
a
p
p

ears
to

b
e

ex
trem

ely
d
iffi

cu
lt.

Y
in

et
a
l.

(2
010)

p
rop

ose
attrib

u
te

in
feren

ce
on

a
com

b
in

ed
“S

o
cial

A
ttrib

u
te

N
etw

ork
(S

A
N

),”
w

h
ere

b
oth

p
eop

le
an

d
attrib

u
te

valu
es

are
rep

resen
ted

b
y

n
o
d
es,

an
d

lin
k
s

con
-

n
ect

p
eo

p
le

to
th

eir
frien

d
s

as
w

ell
as

to
th

eir
attrib

u
te

valu
es

(w
h
en

ever
th

ese
are

k
n
ow

n
).

F
o
r

n
o
d
es

w
ith

n
o

attrib
u
te

lin
k
s,

th
ey

p
red

ict
th

e
m

o
st

likely
attrib

u
tes

u
sin

g
a

ran
d
om

w
a
lk

o
n

th
e

S
A

N
.

G
on

g
et

al.
(2014)

ex
ten

d
th

is
id

ea
b
y

ad
ap

tin
g

a
variety

of
trad

i-
tio

n
a
l

lin
k
-p

red
iction

algorith
m

s
to

th
e

S
A

N
.

T
h
ey

fi
n
d

th
at

tw
o

m
eth

o
d
s

w
ork

w
ell

for
a
ttrib

u
te

p
red

iction
on

th
e

G
o
ogle+

S
A

N
.

T
h
e

fi
rst

p
erform

s
ra

n
d
om

w
a
lk

s
w

ith
restarts

(R
W

R
-S

A
N

).
T

h
e

secon
d

m
eth

o
d

u
ses

th
e

n
u
m

b
er

of
“com

m
on

n
eigh

b
ors”

(C
N

-S
A

N
)

as
a

p
red

icto
r.

S
p

ecifi
cally,

th
e

affi
n
ity

of
u
ser

u
tow

ard
s

attrib
u
te
a

is
m

easu
red

b
y

th
e

n
u
m

b
er

o
f

n
eig

h
b

o
rs

o
f
u

w
h
o

are
con

n
ected

to
a

in
th

e
S
A

N
,

an
d

each
u
n
lab

eled
u
ser

p
ick

s
th

e
a
ttrib

u
te

fo
r

w
h
ich

sh
e

h
as

th
e

h
igh

est
affi

n
ity.

T
h
is

p
ro

cess
is

iterated
u
n
til

con
vergen

ce.
N

o
te

th
a
t

th
is

m
eth

o
d

can
b

e
in

terp
reted

as
a

varian
t

of
L

a
b

el
P

rop
agatio

n
w

h
ere

each
u
n
la

b
eled

n
o
d
e

is
assign

ed
th

e
m

ost
com

m
on

a
ttrib

u
tes

am
on

g
h
er

frien
d
s

(in
con

tra
st

to
va

n
illa

L
a
b

el
P

rop
agation

w
h
ere

n
o
d
es

h
ave

d
istrib

u
tion

s
ov

er
attrib

u
tes).
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C
h
a
k
r
a
b
a
r
t
i
e
t
a
l
.

T
h
u
s,

recen
t

w
ork

s
con

fi
rm

th
e

fi
n
d
in

gs
of

earlier
com

p
arative

stu
d
ies

(M
acskassy

an
d

P
rovost,

2007)
th

at
L

ab
el

P
rop

agation
(L

P
)

ach
ieves

th
e

b
est

p
red

iction
accu

racy.
W

e
sh

all
sh

ow
th

at
ou

r
m

eth
o
d

(E
d
g
e
E
x
p
l
a
in

)
is

as
accu

rate
as

L
P

on
th

e
G

o
ogle+

d
ata

set;
L

P
is

eq
u
ivalen

t
to

C
N

-S
A

N
,

w
h
ich

w
as

on
e

of
th

e
tw

o
b

est
m

eth
o
d
s

for
th

is
d
ata

set
(G

on
g

et
al.,

2
014).

H
ow

ever,
th

e
G

o
ogle+

d
ata

set
su

ff
ers

from
ex

trem
e

sp
arsity.

O
n

th
e

F
aceb

o
ok

d
ata

set,
E
d
g
e
E
x
p
l
a
in

ach
ieves

sign
ifi

can
tly

h
igh

er
accu

racy
as

com
p
ared

to
L

P
.

W
e

also
com

p
are

E
d
g
e
E
x
p
l
a
in

again
st

L
P

an
d

all
th

e
feasib

le
m

eth
o
d
s

m
en

tion
ed

ab
ove

(L
IN

K
,

C
N

-S
A

N
,

an
d

R
W

R
-S

A
N

)
on

a
S
A

N
d
erived

from
IM

D
B

m
ov

ie
d
ata,

an
d

sh
ow

th
at

E
d
g
e
E
x
p
l
a
in

ou
tp

erform
s

all
of

th
em

.

3
.
P
ro

p
o
se
d
M

o
d
e
l

In
th

is
section

w
e

fi
rst

b
u
ild

in
tu

ition
ab

ou
t

ou
r

m
o
d
el

u
sin

g
a

ru
n
n
in

g
ex

am
p
le.

S
u
p
p

ose
w

e
w

an
t

to
in

fer
th

e
la

bels
(e.g.,

“P
alo

A
lto

H
igh

S
ch

o
ol”

an
d

“S
tan

ford
U

n
iv

ersity
”)

corre-
sp

on
d
in

g
to

sev
eral

la
bel

types
(e.g.,

h
igh

sch
o
ol

an
d

college)
for

a
large

collection
of

u
sers.

T
h
e

availab
le

d
ata

con
sist

of
lab

els
p
u
b
licly

d
eclared

b
y

som
e

u
sers,

an
d

th
e

(p
u
b
lic)

so
cial

n
etw

ork
am

on
g

u
sers,

as
d
efi

n
ed

b
y

th
eir

frien
d
sh

ip
n
etw

ork
.

W
h
ile

th
e

d
esired

set
of

lab
el

ty
p

es
m

ay
d
ep

en
d

on
th

e
ap

p
lication

,
h
ere

w
e

fo
cu

s
on

fi
v
e

lab
el

ty
p

es:
h
om

etow
n
,

h
igh

sch
o
ol,

college,
cu

rren
t

city,
an

d
em

p
loyer.

O
u
r

solu
tion

ex
p
loits

th
ree

p
rop

erties
of

th
ese

lab
el

ty
p

es:

(P
1
)

T
h
ey

rep
resen

t
th

e
p
rim

ary
situ

ation
s

w
h
ere

tw
o

p
eop

le
can

m
eet

an
d

b
ecom

e
frien

d
s,

for
ex

am
p
le,

b
ecau

se
th

ey
w

en
t

to
th

e
sam

e
h
igh

sch
o
ol

or
college.

(P
2
)

T
h
ese

situ
ation

s
are

(m
ostly

)
m

u
tu

ally
ex

clu
sive.

W
h
ile

th
ere

m
ay

b
e

o
ccasion

al
frien

d
sh

ip
s

sh
arin

g,
say,

h
om

etow
n

an
d

h
igh

-sch
o
ol,

w
e

m
ake

th
e

sim
p
lify

in
g

assu
m

p
-

tion
th

at
m

ost
ed

ges
can

b
e

ex
p
lain

ed
b
y

o
n
ly

on
e

lab
el

ty
p

e.

(P
3
)

S
h
arin

g
th

e
sam

e
lab

el
is

a
n

ecessa
ry

b
u
t

n
ot

su
ffi

cien
t

con
d
ition

.
F

or
ex

am
p
le,

“W
e

are
frien

d
s

from
C

h
icago”

ty
p
ically

im
p
lies

th
at

th
e

in
d
icated

in
d
iv

id
u
als

w
ere,

at
som

e
p

oin
t

in
tim

e,
co-lo

cated
in

a
sm

all
area

w
ith

in
C

h
icago

(say,
liv

ed
in

th
e

sam
e

b
u
ild

in
g,

m
et

in
th

e
sam

e
cafe),

b
u
t

h
ard

ly
im

p
lies

th
at

tw
o

ran
d
om

ly
ch

osen
in

d
iv

id
u
als

from
C

h
icago

are
likely

to
b

e
frien

d
s.

(P
1
)

is
a

d
irect

resu
lt

of
ou

r
ap

p
lication

;
ou

r
d
esired

lab
el

ty
p

es
w

ere
targeted

at
frien

d
sh

ip
form

ation
.

C
om

b
in

ed
w

ith
(P

2
),

ou
r

fi
v
e

lab
el

ty
p

es
can

b
e

con
sid

ered
a

set
of

m
u
tu

ally
ex

clu
sive

an
d

ex
h
au

stive
“reason

s”
for

frien
d
sh

ip
;

w
h
ile

th
is

is
n
ot

strictly
tru

e
for

h
igh

sch
o
ol

an
d

h
om

etow
n
,

em
p
irical

ev
id

en
ce

su
ggests

th
at

it
is

a
go

o
d

ap
p
rox

im
ation

(sh
ow

n
later

in
S
ection

8)
an

d
w

e
d
efer

a
d
iscu

ssion
on

th
is

p
oin

t
to

S
ection

9.
H

ow
ev

er,
as

(P
3
)

sh
ow

s,
w

e
can

n
ot

sim
p
ly

cast
th

e
lab

els
as

featu
res

w
h
ose

m
ere

p
resen

ce
or

ab
sen

ce
sign

ifi
can

tly
aff

ects
th

e
p
rob

ab
ility

of
frien

d
sh

ip
;

in
stead

,
a

m
ore

carefu
l

an
aly

sis
is

n
eed

ed
.

F
orm

ally,
w

e
are

given
a

grap
h
,G

=
(V
,E

)
an

d
a

set
of

lab
el

ty
p

esT
=
{
t1 ,...,t|T

| }
.

F
or

each
lab

el
ty

p
e
t,

let
L

(t)
d
en

ote
th

e
(h

igh
-d

im
en

sion
al)

set
of

lab
els

for
th

at
lab

el
ty

p
e.

E
ach

n
o
d
e

in
th

e
grap

h
is

asso
ciated

w
ith

b
in

ary
variab

les
S
u
t` ,

w
h
ere

S
u
t`

=
1

if
n
o
d
e
u
∈
V

h
as

lab
el
`

for
lab

el
ty

p
e
t.

L
et
S
V

an
d
S
H

rep
resen

t
th

e
sets

of
v
isib

le
an

d
h
id

d
en

variab
les,

resp
ectively.

W
e

w
an

t
to

in
fer

th
e

correct
valu

es
of
S
H

,
given

S
V

an
d
G

.
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J
o
in
t
L
a
b
e
l
In

f
e
r
e
n
c
e
in

N
e
t
w
o
r
k
s

A
p

op
u
la

r
m

et
h
o
d

fo
r

la
b

el
in

fe
re

n
ce

is
la

be
l

p
ro

pa
ga

ti
o
n

(Z
h
u

an
d

G
h
ah

ra
m

a
n
i,

20
02

;
Z

h
u

et
al

.,
20

03
).

F
or

a
si

n
gl

e
la

b
el

ty
p

e,
th

is
ap

p
ro

ac
h

re
p
re

se
n
ts

th
e

la
b

el
in

g
b
y

a
se

t
of

in
d
ic

at
or

va
ri

ab
le

s
S
u
`,

w
h
er

e
S
u
`

=
1

if
n
o
d
e
u

is
la

b
el

ed
as
`

an
d

0
ot

h
er

w
is

e.
Z

h
u

et
al

.
(2

00
3)

re
la

x
th

e
la

b
el

in
g

to
re

al
-v

al
u
ed

va
ri

ab
le

s
f u
`

ov
er

al
l

n
o
d
es
u

an
d

la
b

el
s
`

th
at

ar
e

cl
am

p
ed

to
on

e
(o

r
ze

ro
)

fo
r

n
o
d
es

k
n
ow

n
to

p
os

se
ss

th
at

la
b

el
(o

r
n
ot

).
T

h
ey

th
en

d
efi

n
e

a
q
u
ad

ra
ti

c
en

er
gy

fu
n
ct

io
n

th
at

as
si

gn
s

lo
w

er
en

er
gy

st
at

es
to

co
n
fi
g
u
ra

ti
on

s
w

h
er

e
f

at
ad

ja
ce

n
t

n
o
d
es

ar
e

si
m

il
ar

:

E
(f

)
=

1 2

∑ u
∼
v

w
u
v

∑ `

(f
u
`
−
f v
`)

2
.

(1
)

H
er

e,
u
∼
v

m
ea

n
s

th
at
u

an
d
v

ar
e

li
n
ke

d
b
y

an
ed

ge
,

an
d
w
u
v

is
a

n
on

-n
eg

at
iv

e
w

ei
g
h
t

on
th

e
ed

ge
u
∼
v
.

T
h
e

m
in

im
u
m

of
E

q
.

1
is

fo
u
n
d

b
y

so
lv

in
g

th
e

fi
x
ed

p
oi

n
t

eq
u
at

io
n
s

f u
`

=
1 d
u

∑ u
∼
v

w
u
v
f v
`,

w
h
er

e
d
u

=
∑

u
∼
v
w
u
v
.

T
h
is

p
ro

ce
d
u
re

en
co

u
ra

ge
s
f u
`

of
n
o
d
es

co
n
n
ec

te
d

to
cl

am
p

ed
n
o
d
es

to
b

e
cl

os
e

to
th

e
cl

am
p

ed
va

lu
e

an
d

p
ro

p
ag

at
es

th
e

la
b

el
s

ou
tw

ar
d
s

to
th

e
re

st
of

th
e

gr
ap

h
.

M
u
lt

ip
le

la
b

el
ty

p
es

ca
n

b
e

h
an

d
le

d
si

m
il
ar

ly
b
y

m
in

im
iz

in
g

E
q
.

1
in

d
ep

en
d
en

tl
y

fo
r

ea
ch

ty
p

e. W
h
il
e

th
is

fo
rm

u
la

ti
on

m
ak

es
fu

ll
u
se

of
(P

1
)

an
d

h
as

th
e

ad
va

n
ta

ge
of

si
m

p
li
ci

ty
,

it
co

m
p
le

te
ly

ig
n
or

es
(P

2
).

In
tu

it
iv

el
y,

la
b

el
p
ro

p
ag

at
io

n
as

su
m

es
th

at
fr

ie
n
d
s

te
n
d

to
b

e
si

m
il
ar

in
a
ll

re
sp

ec
ts

(i
.e

.,
al

l
la

b
el

ty
p

es
),

w
h
er

ea
s

w
h
at

(P
2
)

su
gg

es
ts

is
th

at
ea

ch
fr

ie
n
d
sh

ip
te

n
d
s

to
h
av

e
a

si
n
gl

e
re

a
so

n
:

an
ed

ge
u
∼
v

ex
is

ts
b

ec
au

se
u

an
d
v

sh
ar

e
th

e
sa

m
e

h
ig

h
sc

h
o
ol

o
r

co
ll
eg

e
o
r

cu
rr

en
t

ci
ty

,
et

c.
T

h
is

h
ig

h
ly

n
on

-l
in

ea
r

fu
n
ct

io
n

is
n
ot

ea
si

ly
ex

p
re

ss
ed

as
a

q
u
ad

ra
ti

c
or

si
m

il
ar

va
ri

an
t.

In
st

ea
d
,

w
e

p
ro

p
os

e
a

d
iff

er
en

t
p
ro

b
ab

il
is

ti
c

m
o
d
el

,
w

h
ic

h
w

e
ca

ll
E
d
g
e
E
x
p
l
a
in

.
A

s
d
es

cr
ib

ed
ab

ov
e,

le
t
G

d
en

ot
e

th
e

gr
ap

h
,

an
d
S
V

an
d
S
H

re
p
re

se
n
t

th
e

se
ts

of
v
is

ib
le

a
n
d

h
id

d
en

va
ri

ab
le

s
re

sp
ec

ti
ve

ly
;

th
e

va
ri

ab
le
S
u
t`

is
k
n
ow

n
(v

is
ib

le
)

if
u
se

r
u

h
as

p
u
b
li
cl

y
d
ec

la
re

d
th

e
la

b
el
`

fo
r

ty
p

e
t,

an
d

u
n
k
n
ow

n
(h

id
d
en

)
ot

h
er

w
is

e.
W

e
d
efi

n
e
E
d
g
e
E
x
p
l
a
in

as
fo

ll
ow

s:

P
(S

V
,S

H
|G

)
=

1 Z

∏ u
∼
v

so
ft

m
ax

t∈
T

(r
(u
,v
,t

))
(2

)

r(
u
,v
,t

)
=
∑

`∈
L

(t
)

S
u
t`
S
v
t`

(3
)

so
ft

m
ax

t∈
T

(r
(u
,v
,t

))
=
σ

( α
∑ t∈
T
r(
u
,v
,t

)
+
c) ,

(4
)

w
h
er

e
Z

is
a

n
or

m
al

iz
at

io
n

co
n
st

an
t.

H
er

e,
r(
u
,v
,t

)
in

d
ic

at
es

w
h
et

h
er

a
sh

ar
ed

la
b

el
ty

p
e

t
is

th
e

re
a
so

n
u
n
d
er

ly
in

g
th

e
ed

ge
u
∼
v

(E
q
.

3)
.

T
h
e

so
ft

m
ax

(r
1
,.
..
,r
|T
|)

fu
n
ct

io
n

sh
ou

ld
h
av

e
th

re
e

p
ro

p
er

ti
es

:
(a

)
it

sh
ou

ld
b

e
m

on
ot

on
ic

al
ly

n
on

-d
ec

re
as

in
g

in
ea

ch
ar

gu
m

en
t,

(b
)

it
sh

ou
ld

ac
h
ie

ve
a

va
lu

e
cl

os
e

to
it

s
m

ax
im

u
m

as
lo

n
g

as
an

y
on

e
of

it
s

p
ar

am
et

er
s

is
“h

ig
h
”,

an
d

al
so

(c
)

it
sh

ou
ld

b
e

d
iff

er
en

ti
ab

le
,

fo
r

ea
se

of
an

al
y
si

s.
In

E
q
.

4,
w

e
u
se

th
e

si
gm

oi
d

fu
n
ct

io
n

to
im

p
le

m
en

t
th

is
:
σ

(x
)

=
1/

(1
+
e−

x
).

T
h
is

m
on

ot
on

ic
a
ll
y

in
cr

ea
se

s
fr

om
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C
h
a
k
r
a
b
a
r
t
i
e
t
a
l
.

0
to

1,
an

d
ac

h
ie

ve
s

va
lu

es
gr

ea
te

r
th

an
1
−
ε

on
ce
x

is
gr

ea
te

r
th

an
an
ε-

d
ep

en
d
en

t
th

re
sh

o
ld

.
In

ad
d
it

io
n
,

th
e

si
gm

oi
d

en
ab

le
s

fi
n
e

co
n
tr

ol
of

th
e

d
eg

re
e

of
“e

x
p
la

n
at

io
n
”

re
q
u
ir

ed
fo

r
ea

ch
ed

ge
(d

is
cu

ss
ed

b
el

ow
)

an
d

al
lo

w
s

fo
r

ea
sy

ex
te

n
si

on
s

to
m

or
e

co
m

p
le

x
la

b
el

ty
p

es
a
n
d

ex
tr

a
fe

at
u
re

s
(S

ec
ti

on
9)

,
al

l
of

w
h
ic

h
m

ak
e

it
ou

r
p
re

fe
rr

ed
ch

oi
ce

fo
r

th
e

so
ft

m
a
x
.

In
a

n
u
ts

h
el

l,
ou

r
m

o
d
el

in
g

as
su

m
p
ti

on
ca

n
b

e
st

at
ed

as
fo

ll
ow

s:
It

is
be

tt
er

to
ex

p
la

in
a
s

m
a
n

y
fr

ie
n

d
sh

ip
s

a
s

po
ss

ib
le

,
ra

th
er

th
a
n

to
ex

p
la

in
a

fe
w

fr
ie

n
d
sh

ip
s

re
a
ll

y
w

el
l.

E
q
.

2
is

m
ax

im
iz

ed
if

th
e

so
ft

m
ax

fu
n
ct

io
n

a
ch

ie
ve

s
a

h
ig

h
va

lu
e

fo
r

ea
ch

ed
ge
u
∼
v
,

i.
e.

,
if

ea
ch

ed
ge

is
“e

x
p
la

in
ed

.”
T

h
is

is
ac

h
ie

v
ed

if
th

e
su

m
∑

t∈
T
r(
u
,v
,t

)
is

re
la

ti
ve

ly
h
ig

h
,

w
h
ic

h
in

tu
rn

is
sa

ti
sfi

ed
if

th
e

p
ro

d
u
ct
S
u
t`
S
v
t`

is
1

fo
r

ev
en

on
e

la
b

el
`

—
in

ot
h
er

w
o
rd

s,
w

h
en

th
er

e
ex

is
ts

an
y

la
b

el
`

th
at

b
ot

h
u

an
d
v

sh
ar

e.
T

h
e

p
ar

am
et

er
α

co
n
tr

ol
s

th
e

d
eg

re
e

o
f

ex
p
la

n
at

io
n

n
ee

d
ed

fo
r

ea
ch

ed
ge

;
a

sm
al

l
α

fo
rc

es
th

e
le

a
rn

in
g

al
go

ri
th

m
to

b
e

ve
ry

su
re

th
at
u

an
d
v

sh
ar

e
on

e
or

m
or

e
la

b
el

ty
p

es
,

w
h
il
e

w
it

h
a

la
rg

e
α

,
a

si
n
gl

e
m

a
tc

h
in

g
la

b
el

ty
p

e
is

en
ou

gh
.

E
m

p
ir

ic
al

re
su

lt
s

sh
ow

n
la

te
r

in
S
ec

ti
on

8
p
ro

ve
th

at
la

rg
e
α

va
lu

es
p

er
fo

rm
b

et
te

r
(w

e
u
se
α

=
10

in
ou

r
ev

al
u
at

io
n
),

su
gg

es
ti

n
g

th
at

ev
en

a
si

n
gl

e
m

at
ch

in
g

la
b

el
ty

p
e

is
en

ou
gh

to
ex

p
la

in
th

e
ed

ge
.

T
h
e

p
ar

am
et

er
c

in
E

q
.
4

ca
n

b
e

th
ou

gh
t

of
as

th
e

p
ro

b
a
b
il
it

y
of

m
at

ch
in

g
on

an
u
n
k
n
ow

n
la

b
el

ty
p

e,
d
is

ti
n
ct

fr
om

th
e

fi
ve

w
e

co
n
si

d
er

.
H

ig
h
er

va
lu

es
o
f

c
ca

n
b

e
u
se

d
to

m
o
d
el

u
n
ce

rt
ai

n
ty

th
at

th
e

av
ai

la
b
le

la
b

el
ty

p
es

fo
rm

an
ex

h
a
u

st
iv

e
se

t
o
f

re
as

on
s

fo
r

fr
ie

n
d
sh

ip
s.

F
or

ou
r

ru
n
n
in

g
ex

am
p
le

in
th

e
so

ci
a
l

n
et

w
or

k
se

tt
in

g
,

w
e

se
t
c

=
0

to
re

fl
ec

t
ou

r
b

el
ie

f
th

at
th

e
fi
ve

la
b

el
ty

p
es

w
e

co
n
si

d
er

re
p
re

se
n
t

th
e

p
ri

m
a
ry

re
a
so

n
s

fo
r

fr
ie

n
d
sh

ip
fo

rm
at

io
n

(p
ro

p
er

ty
(P

1
))

.

F
u
rt

h
er

in
tu

it
io

n
ca

n
b

e
ga

in
ed

b
y

co
n
si

d
er

in
g

a
n
o
d
e
u

w
h
os

e
la

b
el

s
a
re

co
m

p
le

te
ly

u
n
k
n
ow

n
,

b
u
t

w
h
os

e
fr

ie
n
d
s’

la
b

el
s

ar
e

co
m

p
le

te
ly

k
n
ow

n
(s

ee
F

ig
u
re

1)
.

A
s

w
e

d
is

cu
ss

ed
ea

rl
ie

r
in

S
ec

ti
on

1,
la

b
el

p
ro

p
ag

at
io

n
w

ou
ld

in
fe

r
th

e
h
om

et
ow

n
of
u

to
b

e
th

e
m

o
st

co
m

m
on

h
om

et
ow

n
am

on
g

h
er

fr
ie

n
d
s

(i
.e

.,
H

),
th

e
cu

rr
en

t
ci

ty
to

b
e

th
e

m
os

t
co

m
m

o
n

cu
rr

en
t

ci
ty

am
on

g
fr

ie
n
d
s

(i
.e

.,
C
′ )

,
an

d
so

on
.

H
ow

ev
er

,
su

ch
an

in
fe

re
n
ce

le
av

es
u

’s
fr

ie
n
d
sh

ip
s

fr
o
m

C
co

m
p
le

te
ly

u
n
ex

p
la

in
ed

.
O

u
r

p
ro

p
os

ed
m

et
h
o
d

re
ct

ifi
es

th
is

;
E

q
.

2
w

il
l

b
e

m
a
x
im

iz
ed

b
y

co
rr

ec
tl

y
in

fe
rr

in
g
H

an
d
C

as
u

’s
h
om

et
ow

n
an

d
cu

rr
en

t
ci

ty
re

sp
ec

ti
v
el

y,
si

n
ce
H

is
en

ou
gh

to
ex

p
la

in
al

l
fr

ie
n
d
sh

ip
s

w
it

h
th

e
h
om

et
ow

n
fr

ie
n
d
s,

an
d

th
e

m
ar

gi
n
a
l

ex
tr

a
b

en
efi

t
ob

ta
in

ed
fr

om
ex

p
la

in
in

g
th

es
e

sa
m

e
fr

ie
n
d
sh

ip
s

a
li
tt

le
b

et
te

r
b
y

u
si

n
g
C
′

a
s
u

’s
cu

rr
en

t
ci

ty
is

ou
tw

ei
gh

ed
b
y

th
e

si
gn

ifi
ca

n
t

b
en

efi
ts

ob
ta

in
ed

fr
om

ex
p
la

in
in

g
al

l
th

e
fr

ie
n
d
sh

ip
s

fr
om

C
b
y

se
tt

in
g
u

’s
cu

rr
en

t
ci

ty
to

b
e
C

.

T
o

su
m

m
ar

iz
e,

E
q
.

3
en

ca
p
su

la
te

s
p
ro

p
er

ty
(P

1
)

b
y

tr
y
in

g
to

h
av

e
m

a
tc

h
in

g
la

b
el

s
b

et
w

ee
n

fr
ie

n
d
s;

E
q
.

4
m

o
d
el

s
p
ro

p
er

ty
(P

2
)

b
y

en
ab

li
n
g

an
y

on
e

la
b

el
ty

p
e

to
ex

p
la

in
ea

ch
fr

ie
n
d
sh

ip
;

an
d

th
e

fo
rm

of
th

e
p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
(E

q
.

2)
u
se

s
o
n
ly

ex
is

ti
n
g

ed
ge

s
u
∼
v

an
d

n
ot

al
l

n
o
d
e

p
ai

rs
,

an
d

th
u
s

is
n
ot

aff
ec

te
d

w
h
en

,
sa

y,
tw

o
n
o
d
es

w
it

h
C

h
ic

ag
o

as
th

ei
r

cu
rr

en
t

ci
ty

ar
e

n
ot

fr
ie

n
d
s,

w
h
ic

h
re

fl
ec

ts
th

e
id

ea
th

at
m

a
tc

h
in

g
la

b
el

ty
p

es
ar

e
n
ec

es
sa

ry
b
u
t

n
ot

su
ffi

ci
en

t
(P

3
).

4
.
In

fe
re
n
ce

v
ia

re
la
x
a
ti
o
n
la
b
e
li
n
g

W
e

p
re

se
n
t

tw
o

m
et

h
o
d
s

fo
r

in
fe

re
n
ce

u
n
d
er

E
d
g
e
E
x
p
l
a
in

.
T

h
e

fi
rs

t
co

n
si

d
er

s
a

re
la

x
a
ti

on
of

th
e

m
o
d
el

th
at

y
ie

ld
s

an
ob

je
ct

iv
e

w
h
ic

h
ca

n
b

e
op

ti
m

iz
ed

v
ia

p
ro

je
ct

ed
gr

a
d
ie

n
t

d
es

ce
n
t,

an
d

th
is

is
d
is

cu
ss

ed
in

th
e

cu
rr

en
t

se
ct

io
n
.

T
h
e

se
co

n
d

m
et

h
o
d

is
op

ti
m

iz
es

a
va

ri
a
ti

o
n
a
l

lo
w

er
b

ou
n
d

on
th

e
li
ke

li
h
o
o
d

of
E
d
g
e
E
x
p
l
a
in

,
an

d
th

is
is

d
is

cu
ss

ed
la

te
r

in
S
ec

ti
o
n

5
.
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J
o
in
t
L
a
b
e
l
In

f
e
r
e
n
c
e
in

N
e
t
w
o
r
k
s

p
rio

ri,
th

ere
is

little
reason

to
ch

o
ose

on
e

or
th

e
oth

er,
an

d
w

e
d
iscu

ss
th

eir
relative

m
erits

v
ia

sim
u
la

tio
n
s

an
d

evalu
ation

on
real

d
ata

(S
ection

s
7

an
d

8
).

T
h
e

p
ro

b
a
b
ilistic

d
escrip

tion
of

E
d
g
e
E
x
p
l
a
in

in
E

q
s.

2-4
can

b
e

restated
as

an
op

-
tim

iza
tion

p
ro

b
lem

in
th

e
variab

les
S
u
t`
∈
{0,1}

.
In

th
e

sp
irit

of
(Z

h
u

et
al.,

2003),
w

e
p
ro

p
o
se

a
rela

x
ation

in
term

s
of

a
real-valu

ed
fu

n
ction

f
,

w
ith

f
u
t` ∈

[0,1
]

rep
resen

tin
g

th
e

p
ro

b
a
b
ility

th
a
t
S
u
t`

=
1,

i.e.,
th

e
p
rob

ab
ility

th
at

u
ser

u
h
as

lab
el
`

for
lab

el
ty

p
e
t.

T
h
is

y
ield

s
th

e
fo

llow
in

g
op

tim
ization

:

M
ax

im
ize

f

∑u∼
v

log (
softm

ax
t∈T

(r(u
,v
,t)) )

(5)

w
h
ere

r(u
,v
,t)

=
∑`∈
L

(t) f
u
t` f

v
t`

(6)

∑`∈
L

(t) f
u
t`

=
1
∀
t∈
T

(7)

f
u
t` ≥

0
(8)

w
h
ere

so
ftm

a
x
(·)

is
d
efi

n
ed

as
in

E
q
.

4,
an

d
th

e
eq

u
ation

for
r(·)

is
an

alogou
s

to
E

q
.

3
b
u
t

m
ea

su
res

th
e

to
tal

p
rob

ab
ility

th
at
u

an
d
v

h
ave

th
e

sam
e

lab
el

for
a

given
lab

el
ty

p
e
t.

T
h
e

p
ro

b
lem

is
n
ot

con
vex

in
f

,
b
u
t

is
con

vex
in
f
u

=
{
f
u
t` |t
∈
T
,`
∈
L

(t)}
if

th
e

d
istrib

u
tio

n
s
f
v

are
h
eld

fi
x
ed

for
all

n
o
d
es
v
6=
u

.
H

en
ce,

w
e

p
rop

ose
an

iterative
algorith

m
to

in
fer
f

.
G

iven
f
v

for
all
v
6=
u

,
fi
n
d
in

g
th

e
op

tim
al
f
u

corresp
on

d
s

to
solv

in
g

th
e

fo
llow

in
g

p
ro

b
lem

:

M
ax

im
ize

f
u

g
(f

u )
=
∑v∈
Γ

(u
) log (

softm
ax

t∈T
(r(u

,v
,t)) )

,

w
h
ere

th
e

su
m

m
ation

is
on

ly
over

th
e

set
Γ

(u
)

of
th

e
frien

d
s

of
u

,
a
n
d

w
e

again
restrict

f
u

to
b

e
a

set
o
f|T
|

p
rob

ab
ility

d
istrib

u
tion

s,
on

e
for

each
lab

el
ty

p
e.

W
e

n
ote

th
at
g
(·)

is
co

n
vex

an
d

L
ip

sch
itz

con
tin

u
ou

s
w

ith
co

n
stan

t
L

=
α
·|Γ

(u
)|,

w
h
ere
|Γ

(u
)|

is
th

e
n
u
m

b
er

o
f

frien
d
s

of
u

.

T
h
is

is
a

co
n
strain

ed
m

ax
im

ization
p
rob

lem
w

ith
n
o

closed
form

so
lu

tion
for
f
u .

T
o

solve
it,

w
e

u
se

p
ro

jected
grad

ien
t

ascen
t.

T
h
is

is
an

iterativ
e

m
eth

o
d

w
h
ere

in
each

iteration
,

w
e

ta
ke

a
step

in
th

e
d
irection

of
th

e
grad

ien
t,

an
d

th
en

p
ro

ject
it

b
ack

to
th

e
p
rob

ab
ility

sim
p
lex

∆
=
{
f
u
t` |

f
u
t` ≥

0
, ∑

`∈
L

(t)
f
u
t`

=
1∀
t∈
T
}

.
S
p

ecifi
cally,

let
∇
g

rep
resen

t
th

e

g
ra

d
ien

t
o
f
g
,

w
ith

com
p

on
en

ts
given

b
y
:

∂
g
(f

u )

∂
f
u
t`

=
∑v∈
Γ

(u
) α
f
v
t` ·

σ (−
α
∑t∈T

∑`∈
L

(t) f
u
t` f

v
t` −

c )
.

L
et
f

(k−
1
)

u
=
{
f

(k−
1
)

u
t`
|t∈
T
,`∈

L
(t) }

b
e

th
e

estim
ated

p
rob

ab
ility

d
istrib

u
tion

s
for

each
of

th
eT

la
b

el
ty

p
es

at
th

e
en

d
of

iteration
k−

1,
an

d
let

q
(k

)
u
t`

rep
resen

t
th

e
(p

ossib
ly

im
p
rop

er)
en

d
in

g
p

o
in

t
o
f

th
e
k
-th
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st

,
th

e
eg

o
u

se
le

ct
s

h
er

la
b

el
s

fi
rs

t
ac

co
rd

in
g

to
th

e
p
ri

o
r
π

(Y
u
).

T
h
en

,
co

n
d
it

io
n
ed

on
Y
u
,

th
e

la
b

el
s
Y
i

fo
r

fr
ie

n
d
s
v i

a
re

d
ra

w
n

in
d
ep

en
d
en

tl
y

of
ea

ch
o
th

er
.

In
or

d
er

to
sa

ti
sf

y
(P

1
),

th
is

se
co

n
d

st
ep

m
u
st

it
se

lf
b

e
sp

li
t

in
to

tw
o

st
ag

es
.

In
th

e
fi
rs

t
st

a
g
e,

ea
ch

fr
ie

n
d
v i

se
le

ct
s

a
“r

ea
so

n
”

fo
r

h
er

fr
ie

n
d
sh

ip
w

it
h
u

b
y

se
le

ct
in

g
th

e
la

b
el

ty
p

e
Z
i

th
a
t

v i
sh

ar
es

w
it

h
u

.
T

h
is

sh
ar

ed
la

b
el

ty
p

e
is

d
ra

w
n

ac
co

rd
in

g
to

a
m

u
lt

in
om

ia
l

d
is

tr
ib

u
ti

o
n

q:
q(
Z
i

=
t)

=
q t

.
T

h
u
s,
Y
i(
Z
i)

=
Y
u
(Z

i)
w

it
h

p
ro

b
ab

il
it

y
1.

T
h
en

,
in

th
e

se
co

n
d

st
a
g
e,

th
e

re
m

ai
n
in

g
la

b
el

s
o
f
v i

ar
e

se
t

v
ia

th
e

d
is

tr
ib

u
ti

on
π

(Y
i
|Y

i(
Z
i)

).
U

n
d
er

th
is

se
tt

in
g

o
f
Y
u

an
d
Y
i,

th
er

e
is

a
sh

ar
ed

la
b

el
fo

r
ea

ch
ed

ge
,

an
d

th
e

m
o
d
el
π

is
th

e
m

os
t

ge
n
er

a
l

o
n
e

th
a
t

sa
ti

sfi
es

(P
1
)

an
d

th
e

in
d
ep

en
d
en

ce
as

su
m

p
ti

on
s

en
co

d
ed

in
G u

,
an

d
is

sy
m

m
et

ri
c

a
cr

o
ss

al
l

fr
ie

n
d
s.

T
h
is

le
ad

s
to

th
e

fo
ll
ow

in
g

si
m

p
li
fi
ed

p
ro

b
le

m
st

at
em

en
t:

G
iv

en
th

e
n

et
w

o
rk
G u

a
n

d
th

e
la

be
ls
Y
i

o
f

a
ll

fr
ie

n
d
s
v i

,
p
re

d
ic

t
th

e
la

be
ls
Y
u

o
f

th
e

eg
o
.

R
e
la

ti
o
n

to
se

t-
c
o
v
e
r.

A
t

fi
rs

t
si

g
h
t,

th
is

ap
p

ea
rs

to
b

e
a

va
ri

an
t

o
f

th
e

w
el

l-
k
n
ow

n
se

t-
co

v
er

p
ro

b
le

m
w

h
er

e,
fo

r
ea

ch
n
o
d
e,

w
e

m
u
st

p
ic

k
se

ts
of

fr
ie

n
d
s

sh
ar

in
g

so
m

e
a
tt

ri
b
u
te

su
ch

th
at

th
e

u
n
io

n
of

th
es

e
se

ts
co

ve
rs

al
l

th
e

fr
ie

n
d
sh

ip
s.

H
ow

ev
er

,
n
ot

e
th

a
t

w
e

ca
n

p
ic

k
on

ly
on

e
se

t
fo

r
ea

ch
la

b
el

ty
p

e,
si

n
ce

th
e

eg
o

ca
n

h
av

e
on

ly
on

e
la

b
el

fo
r

ea
ch

ty
p

e
T

h
u
s,

th
e

co
m

p
u
ta

ti
on

al
co

m
p
le

x
it

y
is
O
( ∏

t∈
T
|L
t|)

,
an

d
si

n
ce

w
e

co
n
si

d
er

o
n
ly

a
li
m

it
ed
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J
o
in
t
L
a
b
e
l
In

f
e
r
e
n
c
e
in

N
e
t
w
o
r
k
s

n
u
m

b
er

o
f

la
b

el
ty

p
es

(|T
|

=
5),

th
e

com
p
lex

ity
is

p
o
ly

n
om

ial.
T

h
e

set-cov
er

p
rob

lem
,

on
th

e
o
th

er
h
a
n
d
,

can
con

sid
er

an
y

n
u
m

b
er

of
sets,

an
d

is
an

N
P

-h
ard

p
ro

b
lem

.

F
a
ilu

re
c
o
n

d
itio

n
s

fo
r

L
a
b

e
l
P

ro
p

a
g
a
tio

n
.

T
h
e

correct
lab

els
Y
u

for
th

e
eg

o
off

er
(o

n
e

o
f)

th
e

b
est

so
lu

tion
s

for
E
d
g
e
E
x
p
l
a
in

,
sin

ce
each

frien
d
sh

ip
is

ex
p
la

in
ed

b
y

at
least

on
e

sh
a
red

la
b

el.
L

P
fails

if
th

e
ego

h
as

a
lab

el
`

of
ty

p
e
t

(i.e.,
Y
u (t)

=
`),

b
u
t

a
d
iff

eren
t

lab
el

` ′6=
`

o
f

th
e

sa
m

e
ty

p
e
t

is
sh

ared
b
y

m
ore

frien
d
s;

w
e

w
ill

call
th

is
th

e
even

t
“

L
P

fa
ils

via
(t,`,` ′).”

T
h
u
s,
P

(L
P

fails)≥
m

ax
t,`,` ′P

(L
P

fails
v
ia

(t,`,` ′)),
an

d
w

e
w

ill
d
evelop

low
er

b
o
u
n
d
s

fo
r

th
e

latter
q
u
an

tity.

L
et

u
s

d
en

o
te

b
y
p
t,t ′(`)

th
e

p
ro

b
ab

ility
of

frien
d
v
i

h
av

in
g

th
e

correct
lab

el
`

fo
r

lab
el

ty
p

e
t

g
iven

th
a
t

it
sh

ares
som

e
oth

er
lab

el
ty

p
e
t ′

w
ith

th
e

ego
u

;
as

d
iscu

ssed
earlier,

th
is

p
ro

b
a
b
ility

is
a
ssu

m
ed

to
b

e
th

e
sam

e
for

all
frien

d
s:

p
t,t ′(`),

π
(Y
i (t)

=
`|
Y
u

a
n
d
{
Z
i

=
t ′6=

t}).

A
n
a
lo

g
o
u
sly,

let
p
t,t ′(` ′)

d
en

ote
th

e
p
rob

ab
ility

of
frien

d
v
i

h
av

in
g

an
in

correct
lab

el
` ′.

F
u
rth

erm
o
re,

let
∆
t,`,` ′

d
en

ote
th

e
ex

p
ected

d
iff

eren
ce

of
p
t,t ′(` ′)

an
d
p
t,t ′(`)

w
.r.t.

q:

∆
t,`,` ′,

∑t ′6=
t q
t ′ (p

t,t ′(` ′)−
p
t,t ′(`) )−

q
t .

(11)

T
h

e
o
re

m
2

If
∆
t,`,` ′

>
0
,

th
en

fo
r

a
n

y
sm

a
ll
ε

su
ch

th
a
t

0
<
ε
<

∆
t,`,` ′,

w
e

h
a
ve:

P
(L

P
fa

ils
via

(t,`,` ′))≥
∑

{
Y
u |Y

u
(t)=

`}
π

(Y
u )· (1−

ex
p{−

0.5N
(∆

t,`,` ′−
ε)

2} )
.

T
h
e

p
ro

o
f

is
d
eferred

to
A

p
p

en
d
ix

A
.

T
h
u
s,

L
P

is
likely

to
fail

w
h
en

∆
t,`,` ′

is
large.

T
h
is

h
ap

p
en

s
w

h
en

th
e

follow
in

g
tw

o
co

n
d
itio

n
s

h
o
ld

:
(a)

lab
el
`

is
som

ew
h
at

less
likely

th
an

` ′
in

th
e

en
tire

p
op

u
lation

(so
th

at
p
t,t ′(` ′)−

p
t,t ′(`)

>
0),

an
d

(b
)

frien
d
sh

ip
s

b
ased

on
a

sh
ared

lab
el

for
lab

el
ty

p
e
t

are
rare

(i.e.,
q
t

is
sm

a
ll

an
d

con
seq

u
en

tly
q
t ′

can
b

e
large).

In
tu

itively,
u
n
d
er

th
ese

con
d
ition

s,
th

e
eg

o
ca

n
h
ave

lab
el
`

for
a

rarely
sh

ared
lab

el
ty

p
e
t

(say,
em

p
loyer),

b
u
t

en
ou

gh
frien

d
s

can
h
ave

a
d
iff

eren
t

lab
el
` ′

sim
p
ly

d
u
e

to
its

p
revalen

ce
in

th
e

p
op

u
lation

.
It

b
ecom

es
likely

th
a
t

th
e

n
u
m

b
er

of
frien

d
s

w
ith

lab
el
` ′

is
m

ore
th

an
th

ose
w

ith
`,

lead
in

g
to

an
erron

eou
s

in
feren

ce
b
y

L
P

.
T

h
is

is
p
recisely

th
e

situ
ation

illu
strated

in
F

igu
re

1
earlier.

O
p

tim
u

m
c
o
n

d
itio

n
s

fo
r

E
d

g
e
E

x
p

la
in

.
W

e
sh

all
n
ow

d
erive

th
e

co
n
d
ition

s
w

h
ich

im
p
ly

th
e

g
rea

test
p

ossib
ility

of
error

b
y

L
P

.
C

on
sid

er
a

sy
stem

w
ith

on
ly

tw
o

lab
el

ty
p

es
t

a
n
d
t ′

(ca
ll

th
is

T
w
o
L
a
b
e
l
s).

T
h
u
s,
q
t ′

=
1
−
q
t .

S
in

ce
L

P
’s

p
rob

ab
ility

of
failu

re
is

m
o
n
o
to

n
ica

lly
in

creasin
g

in
p
t,t ′(` ′)

(v
ia

E
q
s.

11
an

d
T

h
m

.
2),

th
e

w
orst

ca
se

for
L

P
is

w
h
en

a
ll

th
e

m
a
ss

is
con

cen
trated

in
a

sin
gle

altern
ate

lab
el
` ′.

T
h
en

w
ith

ou
t

an
y

loss
of

gen
erality,

w
e

ca
n

let
lab

el
ty

p
e
t

take
on

ly
tw

o
valu

es
`

an
d
` ′,

w
ith

p
t,t ′(` ′)

=
1−

p
t,t ′(`).

W
e

w
ill

a
ssu

m
e

th
a
t

th
e

lab
els

for
th

e
ego

an
d

h
er

frien
d
s

follow
th

e
sam

e
m

argin
al

d
istrib

u
tion

,
so

π
(Y
u (t)

=
k
|
Y
u (t ′))

=
π

(Y
i (t)

=
k
|
Y
u (t ′)

an
d
{
Z
i

=
t ′}),

p
t,t ′(k

)
for

k
∈
{`,` ′}.
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C
h
a
k
r
a
b
a
r
t
i
e
t
a
l
.

T
h

e
o
re

m
3

T
h
e

lo
w

er
bo

u
n

d
in

T
h
eo

rem
2

u
n

d
er

T
w
o
L
a
b
e
l
s

is
m

a
xim

ized
fo

r

∆
t,`,` ′

=
O

(
√

log
N

N

)
,

p
t,t ′(`)

=
1−

2
q
t −

ε

2
(1−

q
t )
−
O

(
√

log
N

N

)
,

q
t
<

0.5
.

C
o
ro

lla
ry

4
F

o
r

a
given

N
,

th
e

o
p
tim

u
m

co
n

d
itio

n
s

fo
r
E
d
g
e
E
x
p
l
a
in

vis-a
-vis

L
P

u
n

d
er

T
w
o
L
a
b
e
l
s

a
re

o
bta

in
ed

fo
r
p
t,t ′(`)

+
q
t −

p
t,t ′(`)·q

t ≈
co

n
st.

B
oth

p
ro

ofs
are

d
eferred

to
A

p
p

en
d
ix

A
.

T
h
eorem

3
d
em

on
strates

th
e

lin
k

b
etw

een
th

e
p
rob

ab
ility

p
t,t ′(`)

of
a

p
erson

h
av

in
g

lab
el
`

an
d

th
e

p
rob

ab
ility

q
t

of
form

in
g

a
frien

d
sh

ip
b
ased

on
a

sh
ared

lab
el

of
ty

p
e
t.

If
p
t,t ′(`)

is
to

o
larg

e,
th

en
it

b
ecom

es
very

u
n
likely

th
a
t

an
oth

er
lab

el
` ′

can
b

e
sh

ared
b
y

m
ore

frien
d
s

th
an

`.
C

on
versely,

if
p
t,t ′(`)

is
to

o
sm

all,
th

e
ego

w
ill

rarely
h
ave

lab
el
`,

so
th

ere
w

ill
b

e
few

er
situ

ation
s

w
h
ere

L
P

fails.
S
ettin

g
p
t,t ′(`)≈

(1−
2
q
t )/

(2(1−
q
t ))

ach
ieves

th
e

op
tim

al
b
alan

ce
b

etw
een

th
ese

tw
o.

A
ltern

atively,
for

sm
all

p
t,t ′(`)

an
d
q
t ,

th
e

op
tim

u
m

lin
early

trad
es

off
p
t,t ′(`)

an
d
q
t

(C
orollary

4).

A
secon

d
p

oin
t

of
in

terest
is

th
e

eff
ect

of
th

e
n
u
m

b
er

of
frien

d
s
N

:
th

e
op

tim
al
p
t,t ′(`)

in
creases

w
ith

in
creasin

g
N

.
T

h
is

can
b

e
ex

p
lain

ed
b
y

n
otin

g
th

at
as

N
in

creases,
an

y
d
iff

eren
ce

in
th

e
ex

p
ected

p
op

u
larities

of
` ′

an
d
`

b
ecom

es
m

ore
likely

to
b

e
refl

ected
in

th
eir

ob
served

freq
u
en

cies,
an

d
h
en

ce
even

a
sm

all
ex

p
ected

d
iff

eren
ce

∆
t,`,` ′

is
su

ffi
cien

t
to

create
a

situ
ation

w
h
ere

L
P

fails.
H

ow
ev

er,
w

h
en

N
is

sm
all,

th
e

eff
ect

of
ra

n
d
om

n
ess

is
greater,

an
d

h
en

ce
a

sm
aller

p
t,t ′(`)

is
n
eed

ed
to

en
su

re
th

a
t
` ′

is
ob

serv
ed

m
ore

often
am

on
g

th
e

frien
d
s

th
an

`.

7
.
S
im

u
la
tio

n
s

W
e

seek
an

sw
ers

to
th

ree
q
u
estion

s
from

ou
r

sim
u
lation

ru
n
s:

(a)
h
ow

can
w

e
sim

u
late

n
etw

ork
s

accord
in

g
to

E
d
g
e
E
x
p
l
a
in

,
(b

)
h
ow

w
ell

d
o

th
e

variou
s

in
feren

ce
algorith

m
s

(re-
lax

ation
lab

elin
g

an
d

variation
al)

p
erform

on
su

ch
n
etw

ork
s,

an
d

(c)
h
ow

d
o
es

th
e

accu
racy

of
lab

el
p
rop

agation
vary

w
ith

m
o
d
el

p
a
ram

eters?

7
.1

S
im

u
la

tin
g

E
d

g
e
E

x
p

la
in

T
h
is

closely
follow

s
th

e
T
w
o
L
a
b
e
l
s

settin
g

d
escrib

ed
in

S
ection

6,
i.e.,

w
e

u
se

tw
o

lab
el

ty
p

es
t

an
d
t ′.

G
en

eratin
g

th
e

sim
u
lation

g
rap

h
con

sists
of

th
ree

stages:
(a)

lab
el

gen
eration

,
(b

)
ed

ge
gen

eration
,

an
d

(c)
h
id

in
g

lab
els.

L
a
bel

gen
era

tio
n

:
W

e
gen

erate
sm

all
n

eigh
bo

rh
ood

s
con

sistin
g

of
on

e
n
o
d
e

(th
e

“ego
”)

an
d

h
er

frien
d
s

(th
e

“alters”,
w

h
ose

n
u
m

b
er
N

is
a

p
aram

eter
of

th
e

sim
u
lation

),
as

follow
s.

F
irst,

th
e

ego
u

selects
h
er

lab
els

Y
u

from
a

p
red

efi
n
ed

join
t

d
istrib

u
tion

π
(Y
u )

over
all

lab
els

of
all

lab
el

ty
p

es.
N

ex
t,

th
e

ego
selects,

for
each

frien
d
v

1 ,...,v
N

,
th

e
lab

el
ty

p
e
Z
i

th
at

ex
p
lain

s
th

eir
frien

d
sh

ip
;
Z
i

is
p
icked

from
a

d
istrib

u
tion

q
over

th
e

set
of

lab
el

ty
p

es.
C

learly,
th

is
sets

th
e

corresp
on

d
in

g
lab

el
Y
i (Z

i )
=
Y
u (Z

i ).
C

o
n
d
ition

ed
on

th
is,

th
e

lab
els

of
v
i

for
th

e
oth

er
lab

el
ty

p
e

are
given

b
y
p
t,t ′(`),

π
(Y
i (t)|

Y
u

an
d
Z
i

=
t ′6=

t)
=
π

(Y
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p
are

again
st

L
ab

el
P

rop
agation

.

W
e

fi
rst

n
ote

th
e

ex
trem

e
sp

arsity
of

th
e

d
ata

set.
T

h
ere

are
on

ly
10

frien
d
s

p
er

p
erson

o
n

avera
g
e,

an
d

on
ly

1
lab

el
p

er
p

erson
.

In
fact,

on
ly

909,669
p

eo
p
le

h
ave

an
y

lab
els

a
sso

cia
ted

w
ith

th
em

at
all

(i.e.,
on

ly
19%

of
th

e
total).

T
h
e

n
u
m

b
er

of
p

eop
le

w
h
o

d
eclared

a
ll

fo
u
r

of
th

eir
lab

el
ty

p
es

is
on

ly
123,023,

or
2.6%

of
all

p
eop

le.
F

igu
re

12
sh

ow
s

som
e

d
escrip

tive
sta

tistics
regard

in
g

th
e

lab
els.

T
h
e

d
istrib

u
tion

of
lab

els
am

on
g

u
sers

(p
lot

(a))
d
em

o
n
stra

tes
a

p
ow

er-law
:

a
few

lab
els

are
ex

trem
ely

com
m

on
,

w
h
ile

th
e

vast
m

a
jority

o
ccu

r
o
n
ly

o
n
ce.

P
lot

(b
)

sh
ow

s
th

e
n
u
m

b
er

of
lab

els,
an

d
th

e
u
sage,

for
each

lab
el

ty
p

e.
W

h
ile

th
e

m
ost

com
m

on
ly

u
sed

lab
els

refer
to

“p
laces

lived
,”

th
e

“em
p
loyer”

lab
el

ty
p

e
h
a
s

th
e

m
o
st

d
istin

ct
lab

els.
In

oth
er

w
ord

s,
in

form
ation

ab
ou

t
em

p
loyers

is
p
articu

larly
sp

a
rse,

a
s

in
th

e
F

aceb
o
ok

d
ata

set.

F
ig

u
re

1
3

sh
ow

s
th

e
accu

racy
of

each
in

feren
ce

algorith
m

on
all

fou
r

lab
el

ty
p

es.
W

e
see

th
a
t
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ere

is
p
ractically

n
o

d
iff

eren
ce

b
etw

een
th

e
algorith

m
s.

T
h
is
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d
u
e
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th

e
sp

arsity
of
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e

d
a
ta

;
w

ith
so

little
in

form
ation

,
th

ere
is

h
ard

ly
en

ou
gh

in
form

ation
am

on
g

frien
d
s

for
E
d
g
e
E
x
p
l
a
in

to
d
iff

eren
tiate

itself
from

u
n
restricted

h
om

op
h
ily,

a
n
d

th
e

m
ost

com
m

on
la

b
el

a
m

on
g

frien
d
s

is
often

th
e

on
ly

reason
ab

le
ch

oice
for

R
E
L

,
V
A
R

,
or

H
Y
B
R
ID

(an
d

o
f

co
u
rse

for
L
P

).

27
JM

L
R

 18(59):1-39, 2017

C
h
a
k
r
a
b
a
r
t
i
e
t
a
l
.

P
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E
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A
R

H
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F
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13:

R
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ll
o
n
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e

G
oogle+

d
a
ta
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A

ll
a
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m
s

p
erfo

rm
sim

ilarly,
p
rim

arily
b

ecau
se

th
e

d
ata

set
is

to
o

sp
arsely

lab
eled

.

8
.3

E
v
a
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a
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n
o
n

a
M

o
v
ie

N
e
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o
rk

W
e

h
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so
far
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p
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E
d
g
e
E
x
p
l
a
in

to
L
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el

P
rop

agation
(L

P
),

w
h
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h
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b
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sh
ow

n
to

b
e
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on

g
th

e
b

est
p
red
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n
o
d
e

attrib
u
tes

in
p
rev

iou
s

w
ork

(see
S
ectio

n
2).

W
e

h
ave

sh
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n
th
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E
d
g
e
E
x
p
l
a
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w
ork
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w
ell
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L

P
on

th
e
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arse

G
o
ogle+

d
ata

set,
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d
sign
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tly
ou
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erform

s
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th

e
F
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o
ok

d
ata

set.
N

ow
,
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e

w
ill

p
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er
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E
d
g
e
E
x
p
l
a
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L
P
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w
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p
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g
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d
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a
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.
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con
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d

h
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lab
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p

es:
th

e
w

riter,
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e
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em
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h
er,

an
d

th
e

p
ro

d
u
ction

d
esign

er. 2
T

h
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th
ree

fi
gu
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rep
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t
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b
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in

d
-th
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roles
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p
p
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e
m
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W
e
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m
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w
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a
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r
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p
e
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n
o
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t
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riters”
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p
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g
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p
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a
ccu
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T

h
ere
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T
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b
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h
ave

th
e
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e
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cin
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h
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p
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d
u
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d
esign
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(th
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ld
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of
th

ese
lab

el
ty

p
es);

n
ote

th
at

con
n
ectin

g
n
o
d
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to
th

eir
“n

earest-n
eigh

b
ors”
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a

stan
d
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tech
n
iq

u
e

for
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g
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re-b

ased
d
ata
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in
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n
etw

ork
s,

an
d

h
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b
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u
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for
L

P
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w
ell

(Z
h
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et
al.,
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T

h
ere

are
100
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su

ch
m

ov
ie

p
airs
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at
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are
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atograp
h
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20
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p
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sh
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g
w

riters,
an

d
84
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p
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g
p
ro

d
u
ction

d
esign

ers.
T

h
ere

are
189

,82
8

ed
ges

overall.
T

h
u
s,

b
y

con
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ction
,

th
e

n
etw

ork
stru

ctu
re

refl
ects

sh
ared

lab
els,

satisfy
in

g
th

e
b
asic
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m

p
tion

u
p

on
w

h
ich

all
lab

el
in

feren
ce

m
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o
d
s

rest.

W
e

sh
all

com
p
are

all
in

feren
ce

m
eth

o
d
s

for
E
d
g
e
E
x
p
l
a
in

(i.e.,
R
E
L

,
V
A
R

,
an

d
H
Y
-

B
R
ID

)
again

st
L

P
.

In
ad

d
ition

,
w

e
test

th
ree

algorith
m

s
th

at
h
ave

b
een

recom
m

en
d
ed

b
y

p
rior

w
ork

:

•
L
IN

K
(Z

h
eleva

an
d

G
eto

or,
2009),

w
h
ere
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n
o
d
e

is
rep

resen
ted

b
y

a
featu

re
vector

en
co

d
in

g
th

e
ID

s
of

its
n
eigh

b
orin

g
n
o
d
es,

an
d

a
stan

d
ard

classifi
er

is
u
sed

to
p
red

ict
lab

els
from

th
e

featu
re

vector.
G

iven
th

e
size

of
th

e
featu

re
vector

(23
,921

b
in

ary

2
.
T
h
e
d
a
ta

is
ava

ila
b
le

a
t
f
t
p
:
/
/
f
t
p
.
f
u
-
b
e
r
l
i
n
.
d
e
/
p
u
b
/
m
i
s
c
/
m
o
v
i
e
s
/
d
a
t
a
b
a
s
e
/
.

3
.
W
e
h
av
e
a
lso

ex
p
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en
ted

w
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o
th
er

la
b
el

ty
p
es

su
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a
s
d
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r
a
n
d
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m
p
o
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A
ll
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lts
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q
u
a
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ta
tiv
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sim
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r
a
n
d
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h
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e
sa
m
e
tren

d
s.
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el

as
si

gn
m

en
t

in
ea

ch
it

er
at

io
n
.

F
in

al
ly

,
w

e
n
ot

e
th

at

2
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C
h
a
k
r
a
b
a
r
t
i
e
t
a
l
.

L
IN

K
p

er
fo

rm
ed

p
o
or

ly
an

d
is

om
it

te
d

fr
om

th
e

p
lo

ts
.

W
e

b
el

ie
ve

th
is

is
b

ec
a
u
se

b
o
th

th
e

n
u
m

b
er

of
n
o
d
es

an
d

th
e

n
u
m

b
er

of
la

b
el

s
ar

e
to

o
la

rg
e.

L
IN

K
m

ig
h
t

b
e

a
b

et
te

r
o
p
ti

o
n

fo
r

p
re

d
ic

ti
n
g

la
b

el
ty

p
es

w
it

h
fe

w
er

p
os

si
b
le

la
b

el
s

su
ch

as
ge

n
d
er

an
d

p
ol

it
ic

a
l

a
ffi

li
a
ti

o
n
,

as
in

(Z
h
el

ev
a

an
d

G
et

o
or

,
20

09
).

9
.
G
e
n
e
ra

li
za

ti
o
n
s

W
e

n
ow

d
is

cu
ss

so
m

e
as

p
ec

ts
an

d
ge

n
er

al
iz

at
io

n
s

of
E
d
g
e
E
x
p
l
a
in

th
at

d
em

o
n
st

ra
te

it
s

w
id

e
ap

p
li
ca

b
il
it

y.

R
e
l
a
t
e
d
l
a
b
e
l
t
y
p
e
s.

P
ro

p
er

ty
(P

2
)

as
su

m
es

th
at

th
e

re
as

on
s

fo
r

fr
ie

n
d
sh

ip
fo

rm
a
ti

o
n

ar
e

m
u
tu

al
ly

ex
cl

u
si

ve
,

b
u
t

th
is

n
ee

d
n
o
t

b
e

st
ri

ct
ly

tr
u
e.

F
or

ex
am

p
le

,
so

m
e

h
ig

h
sc

h
o
o
l

fr
ie

n
d
s

co
u
ld

b
e

a
su

b
se

t
of

h
om

et
ow

n
fr

ie
n
d
s.

4
L

et
u
s

ag
ai

n
co

n
si

d
er

F
ig

u
re

1
,

b
u
t

w
it

h
cu

rr
en

t
ci

ty
re

p
la

ce
d

b
y

h
ig

h
sc

h
o
ol

.
S
u
p
p

os
e

th
at

th
e

so
li
d
-b

la
ck

n
o
d
es

re
p
re

se
n
t

a
ct

u
al

h
ig

h
sc

h
o
ol

fr
ie

n
d
s,

an
d

w
e

ar
e

tr
y
in

g
to

in
fe

r
u

’s
h
ig

h
sc

h
o
ol

.
If

th
e

sm
al

l
cl

u
st

er
o
n

th
e

ri
gh

t
d
id

n
ot

ex
is

t,
th

en
E

q
.

2
w

ou
ld

b
e

m
ax

im
iz

ed
b
y

p
ic

k
in

g
th

e
m

os
t

co
m

m
o
n

h
ig

h
sc

h
o
ol

am
on

g
u

’s
fr

ie
n
d
s

(i
.e

.,
th

e
so

li
d
-b

la
ck

n
o
d
es

),
ev

en
if

th
ey

ar
e

al
re

a
d
y

ex
p
la

in
ed

b
y

a
sh

ar
ed

h
om

et
ow

n
;

th
u
s,

E
d
g
e
E
x
p
l
a
in

w
ou

ld
p
ic

k
th

e
co

rr
ec

t
h
ig

h
sc

h
o
o
l.

O
n

th
e

ot
h
er

h
an

d
,

if
so

m
e

fr
ie

n
d
sh

ip
s

w
ou

ld
re

m
ai

n
u
n
ex

p
la

in
ed

w
it

h
ou

t
a

sh
ar

ed
h
ig

h
sc

h
o
o
l

(e
.g

.,
th

e
sm

al
l

cl
u
st

er
in

F
ig

u
re

1)
,

th
en

it
is

n
ot

ob
v
io

u
s

w
h
et

h
er

w
e

sh
o
u
ld

p
re

fe
r

a
h
ig

h
sc

h
o
ol

th
at

ex
p
la

in
s

th
es

e
ed

ge
s

or
a

h
ig

h
sc

h
o
ol

th
at

re
p
re

se
n
ts

a
la

rg
e

se
g
m

en
t

o
f

h
om

et
ow

n
fr

ie
n
d
s.

T
h
e

p
ar

am
et

er
α

m
o
d
u
la

te
s

th
is

tr
ad

e-
off

,
w

it
h

a
h
ig

h
er

va
lu

e
o
f
α

em
p
h
as

iz
in

g
th

e
ex

p
la

n
at

io
n

of
al

l
ed

ge
s

as
ag

ai
n
st

th
e

ex
p
la

n
at

io
n

of
se

v
er

a
l

ed
g
es

a
li
tt

le
b

et
te

r.
T

h
e

ch
oi

ce
of
α

m
u
st

d
ep

en
d

o
n

th
e

ch
ar

ac
te

ri
st

ic
s

of
th

e
so

ci
al

n
et

w
o
rk

;
fo

r
th

e
F

ac
eb

o
ok

n
et

w
or

k
,
th

e
b

es
t

em
p
ir

ic
al

re
su

lt
s

ar
e

ac
h
ie

ve
d

fo
r

la
rg

e
α

(s
h
ow

n
in

S
ec

ti
o
n

8
.1

),
su

gg
es

ti
n
g

th
at

m
an

y
of

ou
r

la
b

el
ty

p
es

ar
e

in
d
ee

d
m

u
tu

a
ll
y

ex
cl

u
si

ve
.

In
c
o
r
p
o
r
a
t
in
g
e
d
g
e
f
e
a
t
u
r
e
s.

T
h
er

e
ar

e
se

ve
ra

l
si

tu
a
ti

on
s

w
h
er

e
ed

ge
-s

p
ec

ifi
c

fe
a
tu

re
s

co
u
ld

b
e

u
se

fu
l.

F
ir

st
,

w
e

m
ay

w
an

t
to

gi
v
e

m
or

e
im

p
or

ta
n
ce

to
ce

rt
ai

n
k
in

d
s

o
f

ed
g
es

,
su

ch
as

th
e

gr
ou

p
-m

em
b

er
sh

ip
ed

ge
s

m
en

ti
on

ed
ab

ov
e.

S
ec

o
n
d
,

so
m

e
fe

a
tu

re
s

co
u
ld

b
e

im
p

or
ta

n
t

fo
r

on
e

la
b

el
ty

p
e

b
u
t

n
ot

an
ot

h
er

:
e.

g.
,

th
e

ag
e

d
iff

er
en

ce
b

et
w

ee
n

fr
ie

n
d
s

co
u
ld

b
e

u
se

fu
l

fo
r

in
fe

rr
in

g
h
ig

h
sc

h
o
ol

b
u
t

n
ot

em
p
lo

y
er

.
A

ll
th

es
e

si
tu

at
io

n
s

ca
n

b
e

ea
si

ly
h
an

d
le

d
b
y

m
o
d
if

y
in

g
E

q
.

3
to

in
cl

u
d
e

an
ed

ge
-s

p
ec

ifi
c

an
d

la
b

el
ty

p
e-

sp
ec

ifi
c

w
ei

g
h
t.

T
h
e

co
rr

es
p

on
d
in

g
m

o
d
ifi

ca
ti

on
s

to
th

e
in

fe
re

n
ce

m
et

h
o
d

ar
e

tr
iv

ia
l.

N
o
d
e
s
w
it
h

m
u
lt

ip
l
e

l
a
b
e
l
s.

O
u
r

or
ig

in
al

fo
rm

u
la

ti
on

of
E
d
g
e
E
x
p
l
a
in

(E
q
s.

2
–
4
)

as
su

m
es

th
at

ea
ch

n
o
d
e

h
as

a
si

n
gl

e
la

b
el

fo
r

ea
ch

la
b

el
ty

p
e,

i.
e.

,
fo

r
an

y
u
se

r
u

a
n
d

la
b

el
ty

p
e
t,

on
ly

on
e

o
f

th
e

in
d
ic

at
or

va
ri

ab
le

s
S
u
t`

is
1.

T
h
e

ac
cu

ra
cy

of
E
d
g
e
E
x
p
l
a
in

on
re

al
-w

or
ld

d
at

a
se

ts
sh

ow
s

th
at

th
is

is
at

le
as

t
a

re
a
so

n
ab

le
ap

p
ro

x
im

at
io

n
.

H
ow

ev
er

,
if

h
an

d
li
n
g

m
u
lt

ip
le

la
b

el
s

is
cr

it
ic

al
,

tw
o

ge
n
er

al
iz

at
io

n
s

of
E
d
g
e
E
x
p
l
a
in

ar
e

p
o
ss

ib
le

.

F
ir

st
,

w
e

ca
n

al
lo

w
S
u
t`

to
b

e
1

fo
r

m
u
lt

ip
le

la
b

el
s
`

of
la

b
el

ty
p

e
t.

T
h
is

le
a
d
s

to
a

m
o
d
ifi

ed
re

la
x
at

io
n

la
b

el
in

g
fo

rm
u
la

ti
on

,
w

h
er

e
th

e
in

fe
rr

ed
la

b
el

sc
or

es
f u
t`

n
ee

d
n
o
t

su
m

4
.
T
h
e
re
la
ti
o
n
sh
ip

b
et
w
ee
n
h
ig
h
sc
h
o
o
l
a
n
d
h
o
m
et
ow

n
is

in
fa
ct

m
o
re

co
m
p
li
ca
te
d
.
T
h
e
h
ig
h
sc
h
o
o
l
co
u
ld

b
e
w
it
h
in

d
ri
v
in
g
d
is
ta
n
ce

o
f
th
e
h
o
m
et
ow

n
,
b
u
t
n
o
t
in

it
;
a
n
d
so
m
et
im

es
ev
en

th
is

d
o
es

n
o
t
h
o
ld
.
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J
o
in
t
L
a
b
e
l
In

f
e
r
e
n
c
e
in

N
e
t
w
o
r
k
s

to
1
.

S
p

ecifi
ca

lly,
w

e
ch

o
ose

th
e

lab
el

scores
as

follow
s:

M
ax

im
ize

f

∑u∼
v

log (
softm

ax
t∈T

(r(u
,v
,t)) )

−
γ
· ∑

u

∑t∈T

(
∑

`

f
u
t` −

1 )

+

w
h
ere

r(u
,v
,t)

=
∑`∈
L

(t) f
u
t` f

v
t`

f
u
t` ≥

0

f
u
t` ≤

1

T
h
u
s,

th
e

in
ferred

lab
el

scores
f
u
t`

n
eed

to
su

m
to

1,
b
u
t

a
h
in

ge
loss

p
en

alty
( ∑

`
f
u
t` −

1)
+

is
a
p
p
lied

w
h
en

ever
it

is
greater

th
an

1
(x

+
d
en

otes
m

ax
(x
,0)).

In
creasin

g
th

e
p

en
alty

p
a
ra

m
eter

γ
en

forces
th

e
con

strain
t

m
ore

strictly,
an

d
a
s
γ
→
∞

,
w

e
regain

ou
r

origin
al

rela
x
a
tio

n
la

b
elin

g
form

u
lation

(E
q
s.

5-8).
T

h
e

secon
d

ap
p
roach

is
to

m
o
d
ify

E
d
g
e
E
x
p
l
a
in

,
b
y

again
a
llow

in
g
S
u
t`

to
b

e
1

for
m

u
ltip

le
la

b
els

`,
b
u
t

u
sin

g
a

n
orm

alization
w

h
en

com
p
u
tin

g
th

e
d
egree

to
w

h
ich

a
lab

el
ty

p
e

“
ex

p
lain

s”
an

ed
ge.

M
ore

p
recisely,

w
e

rep
lace

r(u
,v
,t)

=
∑

`
S
u
t` S

v
t`

(E
q
.

3)
b
y

a
p
ro

b
a
b
ilistic

version
:

P
(r(u

,v
,t)

>
0
|
S
u
t. ,S

v
t. )

=
∑

`

(
S
u
t`

∑
` ′ S

u
t` ′ ·

S
v
t`

∑
` ′ S

v
t` ′ )

(12)

In
a
d
d
itio

n
,

w
e

sh
all

let
th

e
in

d
icator

ra
n
d
om

variab
les

S
u
t`

b
e

d
raw

n
in

d
ep

en
d
en

tly
from

B
ern

o
u
lli

d
istrib

u
tion

s:
P

(S
u
t`

=
1
|S
−

)
=
f
u
t` ,

w
h
ere
S
−

rep
resen

ts
all

in
d
icators

ex
cep

t
S
u
t` .

T
h
en

,
b
y

m
argin

alizin
g

ou
r
S
u
t.

an
d
S
v
t.

in
E

q
.

12,
w

e
can

ex
p
ress

th
e

m
argin

al
p
ro

b
a
b
ility

P
(r(u

,v
,t)

>
0)

in
term

s
of

th
e

p
a
ram

eters
f

.
In

eff
ect,

w
e

solve
th

e
fo

llow
in

g
o
p
tim

iza
tio

n
p
rob

lem
:M

ax
im

ize
f

∑u∼
v

log (
softm

ax
t∈T

(P
(r(u

,v
,t)

>
0)) )

w
h
ere

P
(r(u

,v
,t)

>
0)

=
∑`∈
L

(t) E
S
u
t. |f

u
t. [

S
u
t`

∑
` ′ S

u
t` ′ ]·

E
S
v
t. |f

v
t. [

S
v
t`

∑
` ′ S

v
t` ′ ]

f
u
t` ≥

0

f
u
t` ≤

1

T
h
e

fi
rst

a
p
p
roach

h
as

th
e

ad
van

tage
of

b
ein

g
a

sim
p
le

ex
ten

sion
to

ou
r

ex
istin

g
re-

la
x
a
tio

n
la

b
elin

g
ap

p
roach

,
w

h
ich

alread
y

w
ork

s
w

ell.
H

ow
ever,

it
m

igh
t

req
u
ire

carefu
l

tu
n
in

g
fo

r
th

e
ex

tra
p
aram

eter
γ

.
T

h
e

secon
d

ap
p
roach

d
irectly

in
corp

o
rates

th
e

d
esired

q
u
a
n
tities

f
a
s

m
o
d
el

p
aram

eters,
so

it
d
o
es

n
ot

req
u
ire

a
n

ex
tra

relax
ation

step
.

H
ow

ever,
it

m
u
st

m
a
ke

a
stron

g
in

d
ep

en
d
en

ce
assu

m
p
tio

n
.

W
e

leave
a

d
etailed

com
p
arison

of
th

ese
a
p
p
roa

ch
es

fo
r

fu
tu

re
w

ork
.

1
0
.
C
o
n
clu

sio
n
s

W
e

p
ro

p
osed

th
e

p
rob

lem
of

join
tly

in
ferrin

g
m

u
ltip

le
correlated

lab
el

ty
p

es
in

a
large

n
etw

o
rk

a
n
d

d
escrib

ed
th

e
p
rob

lem
s

w
ith

ex
istin

g
sin

g
le-lab

el
m

o
d
els.

W
e

n
oted

th
at

on
e

3
1

JM
L

R
 18(59):1-39, 2017

C
h
a
k
r
a
b
a
r
t
i
e
t
a
l
.

p
articu

lar
failu

re
m

o
d
e

of
ex

istin
g

m
eth

o
d
s

in
ou

r
p
ro

b
lem

settin
g

is
th

at
ed

ges
are

o
ften

created
for

a
reason

asso
ciated

w
ith

a
p
articu

lar
la

b
el

ty
p

e
(e.g.,

in
a

so
cial

n
etw

o
rk

,
tw

o
u
sers

m
ay

lin
k

b
ecau

se
th

ey
w

en
t

to
th

e
sam

e
h
igh

sch
o
ol,

b
u
t

th
ey

d
id

n
ot

go
to

th
e

sam
e

college).
W

e
id

en
tifi

ed
th

ree
n
etw

ork
p
rop

erties
th

at
m

o
d
el

th
is

p
h
en

om
en

on
:

ed
g
es

are
created

for
a

reason
(P

1
),

th
ey

are
gen

erally
created

on
ly

for
on

e
reason

(P
2
),

an
d

sh
arin

g
th

e
sam

e
valu

e
for

a
lab

el
ty

p
e

is
n
ecessary

b
u
t

n
ot

su
ffi

cien
t

for
h
av

in
g

an
ed

ge
b

etw
een

tw
o

n
o
d
es

(P
3
).

W
e

in
tro

d
u
ced

E
d
g
e
E
x
p
l
a
in

,
w

h
ich

carefu
lly

m
o
d
els

th
ese

p
rop

erties.
W

e
p
resen

ted
tw

o
in

feren
ce

m
eth

o
d
s

for
E
d
g
e
E
x
p
l
a
in

:
a

relax
ation

-lab
elin

g
m

eth
o
d

an
d

a
variation

al
ap

p
roach

,
b

oth
of

w
h
ich

lead
to

fast
iterative

in
feren

ce
th

at
is

eq
u
ivalen

t
in

ru
n
n
in

g
tim

e
to

b
asic

lab
el

p
rop

agation
.

O
u
r

em
p
irical

evalu
ation

on
a

large
su

b
set

of
th

e
F

aceb
o
ok

grap
h

am
p
ly

d
em

on
strates

th
e

b
en

efi
ts

of
E
d
g
e
E
x
p
l
a
in

,
w

ith
sign

ifi
can

t
im

p
rovem

en
ts

across
a

set
of

d
iff

eren
t

lab
el

ty
p

es.
O
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of
b

oth
fi
n
ite

a
n
d

d
iverg

in
g

n
u
m

b
er

of
com

m
u
n
ities

an
d

b
oth

eq
u
al

an
d

u
n
eq

u
al

com
m

u
n
ity

sizes,
an

d
it

a
ch

ieves
b

o
th

w
eak

an
d

stron
g

con
sisten

cy
in

th
e

resp
ective

reg
im

es.
In

ad
d
ition

,
th

e
a
lg

o
rith

m
is

g
u
aran

teed
to

com
p
u
te

in
p

oly
n
om

ial
tim

e
even

w
h
en

th
e

n
u
m

b
er

of
com

m
u
-

n
ities

d
iverg

es
w

ith
th

e
n
u
m

b
er

of
n
o
d
es.

S
in

ce
th

e
error

b
ou

n
d

of
th

e
algorith

m
m

atch
es

th
e

o
p
tim

a
l

m
isclassifi

cation
p
rop

ortion
(1)

in
Z

h
an

g
an

d
Z

h
ou

(2015)
u
n
d
er

w
eak

con
d
i-

tio
n
s,

it
ach

ieves
variou

s
ex

istin
g

d
etection

b
ou

n
d
aries

in
th

e
literatu

re.
F

or
in

stan
ce,

for
a
n
y

fi
x
ed

n
u
m

b
er

of
com

m
u
n
ities,

th
e

p
ro

ced
u
re

is
w

eak
ly

con
sisten

t
u
n
d
er

th
e

n
ecessary

a
n
d

su
ffi

cien
t

con
d
ition

of
M

ossel
et

al.
(2012,

2013b
),

an
d

stron
gly

con
sisten

t
u
n
d
er

th
e

n
ecessa

ry
a
n
d

su
ffi

cien
t

con
d
ition

of
A

b
b

e
et

al.
(2014

);
M

ossel
et

a
l.

(2014).
M

oreover,
it

co
u
ld

m
a
tch

th
e

op
tim

al
m

isclassifi
cation

p
rop

ortion
in

Z
h
an

g
an

d
Z

h
ou

(2015)
even
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G
a
o
,
M
a
,
Z
h
a
n
g

a
n
d

Z
h
o
u

w
h
en
k

d
iverges.

It
is

rem
arkab

le
th

at
th

e
sam

e
algorith

m
can

lead
to

op
tim

al
p

erform
an

ce
in

b
oth

stron
g

an
d

w
eak

con
sisten

cy
regiem

s,
w

h
ile

m
ost

p
ap

ers
in

th
e

literatu
re

req
u
ire

d
iff

eren
t

algorith
m

s
in

th
e

tw
o

regim
es.

T
h
e

core
of

th
e

algorith
m

is
a

refi
n
em

en
t

sch
em

e
for

com
m

u
n
ity

d
etection

m
otivated

b
y

p
en

alized
M

L
E

,
an

id
ea

th
at

w
as

p
rev

iou
sly

ex
p
lored

in
A

m
in

i
et

al.
(201

3);
A

b
b

e
et

al.
(2014);

M
ossel

et
al.

(2014);
L

ei
an

d
Z

h
u

(2014);
Y

u
n

an
d

P
rou

tiere
(2014a);

C
h
in

et
a
l.

(2015).
A

s
lon

g
as

th
ere

ex
ists

an
in

itial
estim

ator
th

at
satisfi

es
a

certain
w

ea
k

con
sisten

cy
con

d
ition

,
th

e
refi

n
em

en
t

sch
em

e
is

ab
le

to
ob

tain
an

im
p
roved

estim
ator

th
at

ach
ieves

th
e

op
tim

al
m

isclassifi
cation

p
rop

ortion
w

ith
h
igh

p
rob

ab
ility.

T
h
e

key
to

ach
ieve

th
is

goal
is

to
op

tim
ize

th
e

loca
l

p
en

alized
likelih

o
o
d

fu
n
ction

for
each

n
o
d
e

sep
arately.

T
h
is

lo
cal

op
tim

ization
step

is
com

p
letely

d
ata-d

riven
an

d
h
as

a
closed

form
solu

tion
,

an
d

h
en

ce
can

b
e

com
p
u
ted

very
effi

cien
tly.

T
h
e

ad
d
ition

al
p

en
alty

term
is

in
d
isp

en
sab

le
as

it
p
lay

s
a

key
role

in
en

su
rin

g
th

e
op

tim
al

p
erform

a
n
ce

w
h
en

th
e

com
m

u
n
ity

sizes
a
re

u
n
eq

u
al

an
d

w
h
en

th
e

w
ith

in
com

m
u
n
ity

an
d
/or

b
etw

een
com

m
u
n
ity

ed
ge

p
rob

ab
ilities

are
u
n
eq

u
al.

T
o

ob
tain

a
q
u
alifi

ed
in

itial
estim

ator,
w

e
sh

ow
th

at
b

oth
sp

ectral
clu

sterin
g

an
d

its
n
orm

alized
varian

t
cou

ld
satisfy

th
e

d
esired

con
d
ition

n
eed

ed
for

su
b
seq

u
en

t
refi

n
em

en
t,

th
ou

gh
th

e
refi

n
em

en
t

sch
em

e
w

ork
s

for
an

y
oth

er
m

eth
o
d

satisfy
in

g
a

certain
w

eak
con

sis-
ten

cy
con

d
ition

.
N

ote
th

at
sp

ectral
clu

sterin
g

can
b

e
con

sid
ered

as
a

glo
ba

l
m

eth
o
d
,

an
d

h
en

ce
ou

r
tw

o-stage
algorith

m
ru

n
s

in
a

“fro
m

glo
ba

l
to

loca
l”

fash
ion

.
In

essen
ce,

w
ith

h
igh

p
rob

ab
ility,

th
e

glob
al

stage
p
in

p
oin

ts
a

lo
cal

n
eigh

b
orh

o
o
d

in
w

h
ich

w
e

sh
all

search
for

solu
tion

to
each

lo
cal

p
en

alized
m

ax
im

u
m

likelih
o
o
d

p
rob

lem
,

an
d

th
e

su
b
seq

u
en

t
lo

cal
stage

fi
n
d
s

th
e

d
esired

solu
tion

.

N
o
ta

b
le

re
su

lts
a
fte

r
in
itia

l
p
o
stin

g
o
f
th

is
m
a
n
u
sc
rip

t
A

fter
th

e
in

itial
p

ostin
g

of
th

is
m

an
u
scrip

t
on

arX
iv

(arX
iv

:1505.03772),
th

ere
h
ave

ap
p

eared
a

n
u
m

b
er

of
p
ap

ers
w

ith
n
otab

le
an

d
related

resu
lts.

B
elow

,
w

e
h
igh

ligh
t

th
em

w
ith

b
rief

d
iscu

ssion
s:

1.
D

etectio
n

.
T

h
e

algorith
m

p
rop

osed
in

th
is

p
ap

er
ach

ieves
op

tim
al

m
isclassifi

cation
p
rop

ortion
in

th
e

w
eak

an
d

th
e

stron
g

con
sisten

cy
regim

es.
In

th
e

d
etection

regim
e,

op
tim

al
m

isclassifi
cation

p
rop

ortion
an

d
its

statistical-com
p
u
tation

al
g
ap

h
ave

b
een

stu
d
ied

in
D

esh
p
an

d
e

et
al.

(2015);
M

ossel
an

d
X

u
(2015);

A
b
b

e
an

d
S
an

d
on

(2015b
).

2.
S

tro
n

g
a
n

d
w

ea
k

co
n

sisten
cy.

T
w

o
algorith

m
s

w
ere

p
rop

o
sed

in
A

b
b

e
an

d
S
an

d
on

(2015c)
for

com
m

u
n
ity

d
etection

in
gen

eral
S
B

M
s.

O
n
e

for
th

e
stron

g
con

sisten
cy

regim
e,

an
d

th
e

oth
er

for
w

eak
con

sisten
cy

a
n
d

d
etection

.
T

h
e

on
e

for
stron

g
con

-
sisten

cy
w

as
sh

ow
n

to
ach

ieve
th

e
goal

all
th

e
w

ay
to

th
e

C
H

d
ivergen

ce
th

resh
old

,
w

h
ich

is
tigh

ter
th

an
th

e
stron

g
con

sisten
cy

resu
lt

in
th

e
p
resen

t
p
ap

er
for

asy
m

m
etric

S
B

M
s.

H
ow

ever,
th

e
con

vergen
ce

rate
for

th
e

oth
er

algorith
m

is
su

b
-op

tim
al

in
th

e
w

eak
con

sisten
cy

regim
e

even
for

sy
m

m
etric

S
B

M
s.

S
ee

also
th

e
d
iscu

ssion
b

elow
for

th
e

fu
rth

er
im

p
rovem

en
t

in
Y

u
n

an
d

P
rou

tiere
(2015).

3.
W

eigh
ted

/
la

beled
S

B
M

s.
J
og

an
d

L
oh

(201
5)

ex
ten

d
s

th
e

resu
lts

in
Z

h
an

g
an

d
Z

h
ou

(2015)
to

n
etw

ork
s

w
ith

w
eigh

ted
/lab

eled
ed

ges
u
sin

g
R

én
y
i

d
ivergen

ce
of

ord
er

12 .
A

m
ore

recen
t

p
ap

er
Y

u
n

an
d

P
rou

tiere
(201

5)
stu

d
ied

op
tim

al
m

isclassifi
cation

p
rop

or-
tion

for
w

eig
h
ted

/lab
eled

S
B

M
s.

T
h
e

p
rop

osed
algorith

m
in

Y
u
n

an
d

P
rou

tiere
(2015)

is
ab

le
to

ach
ieve

th
e

C
H

lim
it

(A
b
b

e
an

d
S
an

d
on

,
2
015a)

in
th

e
stron

g
con

sisten
cy

regim
e.

It
also

attain
s

op
tim

al
m

isclassifi
cation

p
rop

ortion
in

th
e

w
eak

con
sisten

cy
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O
p
t
im

a
l
C
o
m
m
u
n
it
y
D
e
t
e
c
t
io
n

re
gi

m
e

w
it

h
re

sp
ec

t
to

a
p

ot
en

ti
al

ly
sm

al
le

r
cl

as
s

th
an

th
e

on
es

u
se

d
in

ou
r

p
ap

er
.

H
ow

ev
er

,
th

ei
r

st
ro

n
ge

r
re

su
lt

s
al

so
re

q
u
ir

e
a

re
la

ti
v
el

y
st

ro
n
g
er

se
t

of
co

n
d
it

io
n
s.

F
or

ex
am

p
le

,
th

ey
re

q
u
ir

e
k

=
O

(1
).

M
or

eo
ve

r,
fo

r
eq

u
al

-s
iz

ed
tw

o
co

m
m

u
n
it

y
b
in

ar
y

S
B

M
s,

w
it

h
a

an
d
b

d
efi

n
ed

at
th

e
b

eg
in

n
in

g
o
f

th
is

se
ct

io
n
,

Y
u
n

an
d

P
ro

u
ti

er
e

(2
01

5)
re

q
u
ir

es
a
�
b

an
d
a
−
b
�
b.

In
co

m
p
ar

is
on

,
w

e
d
o

n
ot

re
q
u
ir

e
th

e
la

tt
er

fo
r

an
y

re
su

lt
in

th
is

m
an

u
sc

ri
p
t.

W
e

ca
n

ev
en

d
ro

p
th

e
fo

rm
er

if
w

e
ar

e
w

il
li
n
g

to
ac

ce
p
t

an
y

1
−
ε

re
la

x
at

io
n

of
th

e
ti

gh
t

co
n
st

an
t

of
th

e
ex

p
on

en
t

in
ou

r
er

ro
r

ra
te

s.
S
ee

,
fo

r
in

st
an

ce
,

T
h
eo

re
m

12
.

4.
D

eg
re

e-
co

rr
ec

te
d

bl
oc

k
m

od
el

s.
T

h
e

p
ap

er
G

ao
et

al
.

(2
01

6)
st

u
d
ie

d
d
eg

re
e-

co
rr

ec
te

d
b
lo

ck
m

o
d
el

s
b
y

d
er

iv
in

g
th

e
m

in
im

ax
ra

te
s

fo
r

m
is

cl
as

si
fi
ca

ti
on

p
ro

p
or

ti
on

an
d

p
ro

p
os

in
g

an
ad

ap
ti

ve
al

go
ri

th
m

.

In
su

m
m

ar
y,

p
ro

gr
es

s
h
as

b
ee

n
m

ad
e

al
on

g
se

v
er

al
d
iff

er
en

t
d
ir

ec
ti

on
s

af
te

r
in

it
ia

l
p

os
t-

in
g

of
th

e
p
re

se
n
t

m
an

u
sc

ri
p
t.

H
ow

ev
er

,
n
on

e
of

th
e

af
or

em
en

ti
on

ed
re

su
lt

s
d
om

in
at

es
th

os
e

w
e

ar
e

to
p
re

se
n
t

in
th

e
re

st
of

th
e

p
ap

er
.

O
rg

a
n
iz
a
ti
o
n

a
n
d

n
o
ta

ti
o
n

T
h
e

re
st

of
th

e
p
ap

er
is

or
ga

n
iz

ed
as

fo
ll
ow

s.
S
ec

ti
on

2
fo

rm
al

ly
se

ts
u
p

th
e

co
m

m
u
n
it

y
d
et

ec
ti

on
p
ro

b
le

m
an

d
p
re

se
n
ts

th
e

tw
o
-s

ta
ge

al
go

ri
th

m
.

T
h
e

th
eo

re
ti

ca
l

gu
ar

an
te

es
fo

r
th

e
p
ro

p
os

ed
m

et
h
o
d

ar
e

gi
ve

n
in

S
ec

ti
on

3,
fo

ll
ow

ed
b
y

n
u
m

er
ic

al
re

su
lt

s
d
em

on
st

ra
ti

n
g

it
s

co
m

p
et

it
iv

e
p

er
fo

rm
an

ce
on

si
m

u
la

te
d

d
at

as
et

s
in

S
ec

-
ti

on
4.

A
d
is

cu
ss

io
n

on
th

e
re

su
lt

s
in

th
e

cu
rr

en
t

p
ap

er
an

d
p

os
si

b
le

d
ir

ec
ti

on
s

fo
r

fu
tu

re
in

ve
st

ig
at

io
n

is
in

cl
u
d
ed

in
S
ec

ti
on

5.
S
ec

ti
on

6
p
re

se
n
ts

th
e

p
ro

of
s

of
m

ai
n

re
su

lt
s

w
it

h
so

m
e

te
ch

n
ic

al
d
et

ai
ls

d
ef

er
re

d
to

th
e

ap
p

en
d
ix

.

W
e

cl
os

e
th

is
se

ct
io

n
b
y

in
tr

o
d
u
ci

n
g

so
m

e
n
ot

at
io

n
.

F
or

a
m

at
ri

x
M

=
(M

ij
),

w
e

d
en

ot
e

it
s

F
ro

b
en

iu
s

n
or

m
b
y
‖M
‖ F

=
√
∑

ij
M

2 ij
an

d
it

s
op

er
at

or
n
or

m
b
y
‖M
‖ o

p
=

m
ax

l
λ
l(
M

),

w
h
er

e
λ
l(
M

)
is

it
s
lt

h
si

n
gu

la
r

va
lu

e.
W

e
u
se
M
i∗

to
d
en

ot
e

it
s
it

h
ro

w
.

T
h
e

n
or

m
‖·
‖

is
th

e
u
su

al
E

u
cl

id
ea

n
n
or

m
fo

r
ve

ct
or

s.
F

or
a

se
t
S

,
|S
|d

en
ot

es
it

s
ca

rd
in

al
it

y.
T

h
e

n
ot

at
io

n
P

an
d
E

ar
e

ge
n
er

ic
p
ro

b
ab

il
it

y
an

d
ex

p
ec

ta
ti

on
op

er
a
to

rs
w

h
os

e
d
is

tr
ib

u
ti

on
is

d
et

er
m

in
ed

fr
om

th
e

co
n
te

x
t.

F
or

tw
o

p
os

it
iv

e
se

q
u
en

ce
s
{x

n
}

an
d
{y
n
},
x
n
�
y n

m
ea

n
s

x
n
/C
≤
y n
≤
C
x
n

fo
r

so
m

e
co

n
st

an
t
C
≥

1
in

d
ep

en
d
en

t
of
n

,
w

h
il
e
x
n

=
o(
y n

)
m

ea
n
s

x
n
/y
n
→

0
as
n
→
∞

.
T

h
ro

u
gh

ou
t

th
e

p
ap

er
,

u
n
le

ss
ot

h
er

w
is

e
n
ot

ic
ed

,
w

e
u
se
C
,c

an
d

th
ei

r
va

ri
an

ts
to

d
en

ot
e

ab
so

lu
te

co
n
st

an
ts

,
w

h
os

e
va

lu
es

m
ay

ch
a
n
ge

fr
om

li
n
e

to
li
n
e.

2
.

P
ro

b
le

m
fo

rm
u
la

ti
o
n

a
n
d

m
e
th

o
d
o
lo

g
y

In
th

is
se

ct
io

n
,

w
e

gi
ve

a
p
re

ci
se

fo
rm

u
la

ti
on

of
th

e
co

m
m

u
n
it

y
d
et

ec
ti

on
p
ro

b
le

m
an

d
p
re

se
n
t

a
n
ew

m
et

h
o
d

fo
r

it
.

T
h
e

m
et

h
o
d

co
n
si

st
s

of
tw

o
st

ag
es

:
in

it
ia

li
za

ti
on

a
n
d

re
fi
n
e-

m
en

t.
W

e
sh

al
l

fi
rs

t
in

tr
o
d
u
ce

th
e

se
co

n
d

st
ag

e,
w

h
ic

h
is

th
e

m
ai

n
al

go
ri

th
m

of
th

e
p
ap

er
.

It
cl

u
st

er
s

th
e

n
et

w
or

k
d
at

a
b
y

p
er

fo
rm

in
g

a
n
o
d
e-

w
is

e
p

en
a
li
ze

d
n
ei

gh
b

or
v
ot

in
g

b
a
se

d
on

so
m

e
in

it
ia

l
co

m
m

u
n
it

y
as

si
gn

m
en

t.
T

h
en

,
w

e
w

il
l

d
is

cu
ss

se
v
er

al
ca

n
d
id

at
es

fo
r

th
e

in
it

ia
li
za

ti
on

st
ep

in
cl

u
d
in

g
a

n
ew

gr
ee

d
y

al
g
or

it
h
m

fo
r

cl
u
st

er
in

g
th

e
le

ad
in

g
ei

ge
n
ve

ct
or

s
of

th
e

ad
ja

ce
n
cy

m
at

ri
x

or
of

th
e

gr
ap

h
L

ap
la

ci
an

th
at

is
ta

il
or

ed
sp

ec
ifi

ca
ll
y

fo
r

st
o
ch

as
ti

c
b
lo

ck
m

o
d
el

s.
T

h
eo

re
ti

ca
l

gu
ar

an
te

es
fo

r
th

e
al

go
ri

th
m

s
in

tr
o
d
u
ce

d
in

th
e

cu
rr

en
t

se
ct

io
n

w
il
l

b
e

p
re

se
n
te

d
in

S
ec

ti
on

3.
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G
a
o
,
M
a
,
Z
h
a
n
g

a
n
d

Z
h
o
u

2
.1

C
o
m
m
u
n
it
y
d
e
te
c
ti
o
n

in
st
o
ch

a
st
ic

b
lo
ck

m
o
d
e
l

R
ec

al
l
th

at
a

st
o
ch

as
ti

c
b
lo

ck
m

o
d
el

is
co

m
p
le

te
ly

ch
ar

ac
te

ri
ze

d
b
y

a
sy

m
m

et
ri

c
co

n
n
ec

ti
v
it

y
m

at
ri

x
B
∈

[0
,1

]k
×
k

an
d

a
la

b
el

ve
ct

or
σ
∈

[k
]n

.
O

n
e

w
id

el
y

st
u
d
ie

d
p
ar

a
m

et
er

sp
a
ce

o
f

S
B

M
is

Θ
0
(n
,k
,a
,b
,β

)
=

{ (B
,σ

)
:
σ

:
[n

]
→

[k
],
|{
u
∈

[n
]

:
σ

(u
)

=
i}
|∈
[
n β
k
−

1
,
β
n k

+
1

] ,
∀i
∈

[k
],

B
=

(B
ij

)
∈

[0
,1

]k
×
k
,B

ii
=
a n

fo
r

al
l
i

a
n
d
B
ij

=
b n

fo
r

a
ll
i
6=
j}

(2
)

w
h
er

e
β
≥

1
is

an
ab

so
lu

te
co

n
st

an
t.

T
h
is

p
ar

am
et

er
sp

ac
e

Θ
0
(n
,k
,a
,b
,β

)
co

n
ta

in
s

a
ll

S
B

M
s

in
w

h
ic

h
th

e
w

it
h
in

co
m

m
u
n
it

y
co

n
n
ec

ti
o
n

p
ro

b
ab

il
it

ie
s

ar
e

al
l

eq
u
a
l

to
a n

a
n
d

th
e

b
et

w
ee

n
co

m
m

u
n
it

y
co

n
n
ec

ti
on

p
ro

b
ab

il
it

ie
s

ar
e

al
l

eq
u
al

to
b n
.

In
th

e
sp

ec
ia

l
ca

se
o
f
β

=
1
,

al
l

co
m

m
u
n
it

ie
s

ar
e

of
n
ea

rl
y

eq
u
al

si
ze

s.
A

ss
u
m

in
g

eq
u
al

w
it

h
in

an
d

eq
u
al

b
et

w
ee

n
co

n
n
ec

ti
on

p
ro

b
ab

il
it

ie
s

ca
n

b
e

re
st

ri
ct

iv
e.

T
h
u
s,

w
e

al
so

in
tr

o
d
u
ce

th
e

fo
ll
ow

in
g

la
rg

er
p
ar

am
et

er
sp

ac
e

Θ
(n
,k
,a
,b
,λ
,β

;α
)

=

{ (B
,σ

)
:
σ

:
[n

]
→

[k
],
|{
u
∈

[n
]

:
σ

(u
)

=
i}
|∈
[
n β
k
−

1,
β
n k

+
1

] ,
∀i
∈

[k
],

B
=
B
T

=
(B

ij
)
∈

[0
,1

]k
×
k
,
b α
n
≤

1

k
(k
−

1)

∑ i6=
j

B
ij
≤

m
a
x

i6=
j
B
ij

=
b n
,

a n
=

m
in i
B
ii
≤

m
ax i
B
ii
≤
α
a n
,

λ
k
(P

)
≥
λ

w
it

h
P

=
(P

u
v
)

=
(B

σ
(u

),
σ

(v
))

} .
(3

)

T
h
ro

u
gh

ou
t

th
e

p
ap

er
,

w
e

tr
ea

t
β
≥

1
an

d
α
≥

1
a
s

ab
so

lu
te

co
n
st

an
ts

,
w

h
il
e
k
,a
,b

an
d
λ

sh
ou

ld
b

e
v
ie

w
ed

as
fu

n
ct

io
n
s

of
th

e
n
u
m

b
er

of
n
o
d
es
n

w
h
ic

h
ca

n
va

ry
a
s
n

g
ro

w
s.

M
or

eo
ve

r,
w

e
as

su
m

e
0
<

b n
<

a n
≤

1
−
ε

th
ro

u
gh

ou
t

th
e

p
ap

er
fo

r
so

m
e

n
u
m

er
ic

co
n
st

a
n
t
ε
∈

(0
,1

).
T

h
u
s,

th
e

p
ar

am
et

er
sp

ac
e

Θ
(n
,k
,a
,b
,λ
,β

;α
)

re
q
u
ir

es
th

at
th

e
w

it
h
in

co
m

m
u
n
it

y
co

n
n
ec

ti
on

p
ro

b
ab

il
it

ie
s

ar
e

b
ou

n
d
ed

fr
om

b
el

ow
b
y

a n
an

d
th

e
co

n
n
ec

ti
o
n

p
ro

b
a
b
il
it

ie
s

b
et

w
ee

n
an

y
tw

o
co

m
m

u
n
it

ie
s

ar
e

b
ou

n
d
ed

fr
om

ab
ov

e
b
y
b n
.

In
ad

d
it

io
n
,
it

re
q
u
ir

es
th

a
t

th
e

si
ze

s
of

d
iff

er
en

t
co

m
m

u
n
it

ie
s

ar
e

co
m

p
ar

ab
le

.
In

or
d
er

to
gu

ar
an

te
e

th
at

Θ
(n
,k
,a
,b
,λ
,β

;α
)

is
a

la
rg

er
p
ar

am
et

er
sp

ac
e

th
an

Θ
0
(n
,k
,a
,b
,β

),
w

e
al

w
ay

s
re

q
u
ir

e
λ

to
b

e
p

o
si

ti
v
e

a
n
d

su
ffi

ci
en

tl
y

sm
al

l
su

ch
th

at

Θ
0
(n
,k
,a
,b
,β

)
⊂

Θ
(n
,k
,a
,b
,λ
,β

;α
).

(4
)

A
cc

or
d
in

g
to

P
ro

p
os

it
io

n
24

in
th

e
ap

p
en

d
ix

,
a

su
ffi

ci
en

t
co

n
d
it

io
n

fo
r

(4
)

is
λ
≤

a
−
b

2
β
k

.
W

e
as

su
m

e
(4

)
th

ro
u
gh

ou
t

th
e

re
st

of
th

e
p
ap

er
.

T
h
e

la
b

el
s

on
th

e
n

n
o
d
es

in
d
u
ce

a
co

m
m

u
n
it

y
st

ru
ct

u
re

[n
]

=
∪k i

=
1
C i

,
w

h
er

e
C i

=
{u
∈

[n
]

:
σ

(u
)

=
i}

is
th

e
it

h
co

m
m

u
n
it

y
w

it
h

si
ze
n
i

=
|C
i|.

O
u
r

go
al

is
to

re
co

n
st

ru
ct

th
is

p
ar

ti
ti

on
,

or
eq

u
iv

al
en

tl
y,

to
es

ti
m

at
e

th
e

la
b

el
of

ea
ch

n
o
d
e

m
o
d
u
lo

an
y

p
er

m
u
ta

ti
o
n

o
f

la
b

el
sy

m
b

ol
s.

T
h
er

ef
or

e,
a

n
at

u
ra

l
er

ro
r

m
ea

su
re

is
th

e
m

is
cl

as
si

fi
ca

ti
on

p
ro

p
o
rt

io
n

d
efi

n
ed

as

`(
σ̂
,σ

)
=

m
in

π
∈S

k

1 n

∑ u
∈[
n

]

1
{σ̂

(u
)6=
π

(σ
(u

))
},

(5
)
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O
p
t
im

a
l
C
o
m
m
u
n
it
y
D
e
t
e
c
t
io
n

w
h
ere

S
k

sta
n
d
s

for
th

e
sy

m
m

etric
grou

p
o
n

[k
]

co
n
sistin

g
of

all
p

erm
u
ta

tion
s

of
[k

].

2
.2

M
a
in

a
lg
o
rith

m

W
e

n
ow

p
resen

t
th

e
m

ain
m

eth
o
d

of
th

e
p
ap

er
–

a
refi

n
em

en
t

algorith
m

for
co

m
m

u
n
ity

d
etectio

n
in

sto
ch

astic
b
lo

ck
m

o
d
el

m
otivated

b
y

p
en

alized
lo

cal
m

ax
im

u
m

likelih
o
o
d

esti-
m

atio
n
.

T
o

m
o
tivate

ou
r

p
rop

osal,
for

an
y

S
B

M
in

th
e

p
aram

eter
sp

ace
Θ

0 (n
,k
,a
,b,1)

w
ith

eq
u
a
l

co
m

m
u
n
ity

size,
th

e
M

L
E

for
σ

(C
ai

an
d

L
i,

201
4;

C
h
en

an
d

X
u
,

201
4;

Z
h
an

g
an

d
Z

h
o
u
,

2
0
1
5
)

is

σ̂
=

argm
ax

σ
:[n

]→
[k

] ∑u
<
v

A
u
v 1
{
σ

(u
)=
σ

(v
)} ,

(6)

w
h
ich

is
a

co
m

b
in

atorial
op

tim
ization

p
ro

b
lem

an
d

h
en

ce
is

com
p
u
tation

ally
in

tractab
le.

H
ow

ever,
n
o
d
e-w

ise
op

tim
ization

of
(6)

h
a
s

a
sim

p
le

closed
form

solu
tion

.
S
u
p
p

ose
th

e
va

lu
es

o
f{
σ

(u
)}
nu

=
2

are
k
n
ow

n
an

d
w

e
w

an
t

to
estim

ate
σ

(1).
T

h
en

,
(6)

red
u
ces

to

σ̂
(1)

=
argm

ax
i∈

[k
]

∑

{
v6=

1
:σ

(v
)=
i}
A

1
v .

(7)

F
o
r

ea
ch

i∈
[k

],
th

e
q
u
an

tity
∑
{
v6=

1
:σ

(v
)=
i}
A

1
v

is
th

e
n
u
m

b
er

of
n
eig

h
b

ors
th

at
th

e
fi
rst

n
o
d
e

h
a
s

in
th

e
i th

com
m

u
n
ity.

T
h
erefore,

th
e

m
ost

likely
lab

el
for

th
e

fi
rst

n
o
d
e

is
th

e
on

e
it

h
a
s

th
e

m
o
st

con
n
ection

s
w

ith
w

h
en

all
com

m
u
n
ities

are
o
f

eq
u
al

sizes.
In

p
ractice,

w
e

d
o

n
o
t

k
n
ow

a
n
y

lab
el

in
ad

van
ce.

H
ow

ever,
w

e
m

ay
estim

ate
th

e
lab

els
o
f

all
b
u
t

th
e

fi
rst

n
o
d
e

b
y

fi
rst

ap
p
ly

in
g

a
com

m
u
n
ity

d
etection

algorith
m
σ

0
on

th
e

su
b
n
etw

ork
ex

clu
d
in

g
th

e
fi
rst

n
o
d
e

an
d

its
asso

ciated
ed

ges,
th

e
ad

jacen
cy

m
atrix

of
w

h
ich

is
d
en

oted
b
y
A
−

1
sin

ce
it

is
th

e
(n
−

1
)×

(n
−

1)
su

b
m

atrix
of
A

w
ith

its
fi
rst

row
an

d
fi
rst

colu
m

n
rem

oved
.

O
n
ce

w
e

estim
a
te

th
e

rem
ain

in
g

lab
els,

w
e

can
ap

p
ly

(7)
to

estim
ate

σ
(1)

b
u
t

w
ith
{
σ

(v
)}
nv
=

2

rep
la

ced
w

ith
th

e
estim

ated
lab

els.
F

o
r

a
n
y
u
∈

[n
],

let
A
−
u

d
en

ote
th

e
(n
−

1)×
(n
−

1)
su

b
m

atrix
o
f
A

w
ith

its
u

th
row

a
n
d
u

th
co

lu
m

n
rem

oved
.

G
iven

an
y

com
m

u
n
ity

d
etection

algorith
m
σ

0
w

h
ich

is
ab

le
to

clu
ster

a
n
y

g
ra

p
h

on
n−

1
n
o
d
es

in
to
k

categories,
w

e
p
resen

t
th

e
p
recise

d
escrip

tion
of

ou
r

refi
n
em

en
t

sch
em

e
in

A
lgorith

m
1.

T
h
e

a
lg

o
rith

m
w

ork
s

in
tw

o
con

secu
tive

step
s.

T
h
e

fi
rst

step
carries

o
u
t

th
e

foregoin
g

h
eu

ristics
o
n

a
n
o
d
e

b
y

n
o
d
e

b
asis.

F
or

each
fi
x
ed

n
o
d
e
u

,
w

e
fi
rst

leav
e

th
e

n
o
d
e

ou
t

a
n
d

a
p
p
ly

th
e

ava
ilab

le
com

m
u
n
ity

d
etection

a
lgorith

m
σ

0
on

th
e

rem
ain

in
g
n
−

1
n
o
d
es

an
d

th
e

ed
g
es

am
o
n
g

th
em

(as
su

m
m

arized
in

th
e

m
atrix

A
−
u
∈
{0,1}

(n−
1
)×

(n−
1
))

to
ob

tain
a
n

in
itia

l
co

m
m

u
n
ity

assign
m

en
t

vecto
r
σ

0u .
F

or
con

ven
ien

ce,
w

e
m

ake
σ

0u
an

n
-vecto

r
b
y

fi
x
in

g
σ

0u (u
)

=
0,

th
ou

gh
ap

p
ly

in
g
σ

0
on

A
−
u

d
o
es

n
ot

give
an

y
com

m
u
n
ity

assign
m

en
t

fo
r
u

.
W

e
th

en
assign

th
e

lab
el

of
th

e
u

th
n
o
d
e

a
ccord

in
g

to
(10),

w
h
ich

is
essen

tially
(7)

w
ith

σ
rep

la
ced

w
ith

σ
0u

ex
cep

t
for

th
e

ad
d
ition

al
p

en
a
lty

term
.

T
h
e

a
d
d
ition

al
p

en
alty

term
is

a
d
d
ed

to
en

su
re

th
e

op
tim

al
p

erform
an

ce
ev

en
w

h
en

b
oth

th
e

d
iagon

al
an

d
th

e
o
ff

-d
ia

g
o
n
a
l

en
tries

of
th

e
con

n
ectiv

ity
m

atrix
B

a
re

allow
ed

to
ta

k
e

d
iff

eren
t

valu
es

a
n
d

th
e

co
m

m
u
n
ity

sizes
are

n
ot

n
ecessarily

eq
u
al.

T
o

d
eterm

in
e

th
e

p
en

alty
p
aram

eter
ρ
u

in
a
n

a
d
a
p
tive

w
ay

as
sp

elled
ou

t
in

(11)
–

(12
),

w
e

fi
rst

estim
ate

th
e

con
n
ectiv

ity
m

a
trix

B
b
a
sed

o
n
A
−
u

in
(8)

–
(9).

A
fter

w
e

ob
tain

th
e

com
m

u
n
ity

assign
m

en
t

for
u

,
w

e
orga

n
ize

th
e

a
ssig

n
m

en
t

for
all

n
vertices

in
to

an
n

-vector
σ̂
u .

W
e

call
th

is
step

“p
en

alized
n
eigh

b
or
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G
a
o
,
M
a
,
Z
h
a
n
g

a
n
d

Z
h
o
u

A
lg
o
rith

m
1
:

A
refi

n
em

en
t

sch
em

e
fo

r
com

m
u
n
ity

d
etection

In
p
u
t:

A
d
jacen

cy
m

atrix
A
∈
{0
,1}

n×
n
,

n
u
m

b
er

of
com

m
u
n
ities

k
,

in
itial

com
m

u
n
ity

d
etection

m
eth

o
d
σ

0.
O
u
tp

u
t:

C
om

m
u
n
ity

assign
m

en
t
σ̂

.

P
e
n
a
liz

e
d

n
e
ig
h
b
o
r
v
o
tin

g
:

1
fo
r
u

=
1
to

n
d
o

2
A

p
p
ly
σ

0
o
n
A
−
u

to
ob

tain
σ

0u (v
)

for
all

v
6=
u

an
d

let
σ

0u (u
)

=
0;

3
D

efi
n
e
C̃
ui

=
{
v

:
σ

0u (v
)

=
i }

for
all

i∈
[k

];
letẼ

ui
b

e
th

e
set

of
ed

ges
w

ith
in
C̃
ui ,

an
d
Ẽ
uij

th
e

set
of

ed
ges

b
etw

een
C̃
ui

an
d
C̃
uj

w
h
en

i6=
j;

4
D

efi
n
e

B̂
uii

=
|Ẽ
ui |

12 |C̃
ui |(|C̃

ui |−
1) ,

B̂
uij

=
|Ẽ
uij |

|C̃
ui ||C̃

uj | ,
∀
i6=

j∈
[k

],
(8)

an
d

let

â
u

=
n

m
in

i∈
[k

] B̂
uii

an
d

b̂
u

=
n

m
ax

i6=
j∈

[k
] B̂

uij .
(9)

5
D

efi
n
e
σ̂
u

:
[n

]→
[k

]
b
y

settin
g
σ̂
u (v

)
=
σ

0u (v
)

for
all

v
6=
u

an
d

σ̂
u (u

)
=

argm
ax

l∈
[k

]

∑σ
0u
(v

)=
l A

u
v −

ρ
u

∑v∈
[n

] 1
{
σ
0u
(v

)=
l}

(10)

w
h
ere

for

tu
=

12
log

â
u (1−

b̂
u /n

)

b̂
u (1−

â
u /n

) ,
(11)

w
e

d
efi

n
e

ρ
u

=
−

12
tu

log (
â
un
e −

t
u

+
1−

â
un

b̂
un
e
t
u

+
1−

b̂
un

)
,

(12)

e
n
d

C
o
n
se
n
su

s:
6

D
efi

n
e
σ̂

(1)
=
σ̂

1 (1).
F

or
u

=
2,...,n

,
d
efi

n
e

σ̂
(u

)
=

argm
ax

l∈
[k

]
|{v

:
σ̂

1 (v
)

=
l}∩
{
v

:
σ̂
u (v

)
=
σ̂
u (u

)}|.
(13)

votin
g”

sin
ce

th
e

fi
rst

term
on

th
e

R
H

S
of

(10)
cou

n
ts

th
e

n
u
m

b
er

of
n
eigh

b
ors

of
u

in
each

(estim
ated

)
com

m
u
n
ity

w
h
ile

th
e

secon
d

term
is

a
p

en
alty

term
p
rop

ortion
al

to
th

e
size

of
each

(estim
ated

)
com

m
u
n
ity

.
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c
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p
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n

ve
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s

σ̂
u
∈
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,
u

=
1,
..
.,
n
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d
tu
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to
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e

se
co

n
d

st
ep

of
th

e
al

go
ri

th
m

.
T

h
e

b
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ea
b

eh
in
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a
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m
m
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y
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si
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y
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b
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n
g
{σ̂

u
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)
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∈
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]}

an
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m
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h
u
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th
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σ̂
u
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p
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a
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e
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m
m

u
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b
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s.
T

h
u
s,

th
e

se
co

n
d

st
ep

ai
m

s
to

al
ig

n
th

es
e

d
iff

er
en

t
p

er
m

u
ta

ti
on

s
b
y

(1
3)

b
ef

or
e

w
e
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se

m
b
le

th
e
σ̂
u
(u

)’
s.

W
e

ca
ll

th
is

st
ep

“c
on

se
n
su

s”
si

n
ce

w
e

ar
e

es
se

n
ti
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lo
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g
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r
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se
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su

s
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th
e
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b
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b
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y
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gn
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u
n
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er
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e
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at
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l
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e
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e
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th
e

gr
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u
p
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so

m
e

p
er

m
u
ta

ti
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.

2
.3

In
it
ia
li
z
a
ti
o
n

v
ia

sp
e
c
tr
a
l
m
e
th

o
d
s

In
th

is
se

ct
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n
,

w
e

p
re

se
n
t

al
go

ri
th

m
s

th
at

ca
n

b
e

u
se

d
as

in
it

ia
li
ze

rs
in

A
lg

or
it

h
m

1.
N

ot
e

th
at

fo
r

an
y

m
o
d
el

in
(3

),
th

e
m

at
ri

x
P

h
as

ra
n
k

at
m

os
t
k

an
d

EA
u
v

=
P
u
v

fo
r

al
l

u
6=
v
.

W
e

m
ay

fi
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t
re

d
u
ce

th
e

d
im

en
si

on
of

th
e

d
at

a
an

d
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en
ap

p
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m

e
cl

u
st

er
in

g
al

go
ri

th
m

.
S
u
ch

an
ap

p
ro

ac
h

is
u
su

al
ly

re
fe

rr
ed

to
as

sp
ec

tr
al

cl
u
st

er
in

g
(v

on
L

u
x
b
u
rg

,
20

07
).

T
h
e

ap
p
li
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ti
on

of
sp

ec
tr

al
cl

u
st

er
in

g
on

n
et

w
or

k
d
at

a
go

es
b
ac

k
to

H
ag

en
an

d
K

ah
n
g

(1
99

2)
;

M
cS

h
er

ry
(2

00
1)

,
an

d
it

s
p

er
fo

rm
an

ce
u
n
d
er

th
e

st
o
ch

as
ti

c
b
lo

ck
m

o
d
el

h
as

b
ee

n
in

ve
st

ig
at

ed
b
y

C
o

ja
-O

gh
la

n
(2

01
0)

;
R

oh
e

et
al

.
(2

01
1)

;
S
u
ss

m
an

et
al

.
(2

01
2)

;
F

is
h
k
in

d
et

al
.
(2

01
3)

;
Q

in
an

d
R

oh
e

(2
01

3)
;
J
os

ep
h

an
d

Y
u

(2
01

3)
;
L

ei
an

d
R

in
al

d
o

(2
01

4)
;
V

u
(2

0
14

);
C

h
in

et
al

.
(2

01
5)

;
J
in

(2
01

5)
;
L

e
et

al
.
(2

01
5)

,
am

on
g

ot
h
er

s.
T

ec
h
n
ic

al
ly

sp
ea

k
in

g,
sp

ec
tr

al
cl

u
st

er
in

g
re

fe
rs

to
th

e
ge

n
er

al
m

et
h
o
d

of
cl

u
st

er
in

g
ei

ge
n
ve

ct
or

s
of

so
m

e
d
at

a
m

at
ri

x
.

F
or

ra
n
d
om

gr
ap

h
s,

tw
o

co
m

m
on

ly
u
se

d
m

et
h
o
d
s

ar
e

u
n
n
or

m
al

iz
ed

sp
ec

tr
al

cl
u
st

er
in

g
(U

S
C

)
an

d
n
or

m
al

iz
ed

sp
ec

tr
al

cl
u
st

er
in

g
(N

S
C

).
T

h
e

fo
rm

er
re

fe
rs

to
cl

u
st

er
in

g
th

e
ei

ge
n
v
ec

to
rs

of
th

e
ad

ja
ce

n
cy

m
at

ri
x
A

it
se

lf
an

d
th

e
la

tt
er

re
fe

rs
to

cl
u
st

er
in

g
th

e
ei

ge
n
v
ec

to
rs

of
th

e
as

so
ci

at
ed

gr
ap

h
L

ap
la

ci
an

L
(A

).
T

o
fo

rm
al

ly
d
efi

n
e

th
e

gr
ap

h
L

ap
la

ci
an

,
w

e
in

tr
o
d
u
ce

th
e

n
ot

at
io

n
d
u

=
∑

v
∈[
n

]
A
u
v

fo
r

th
e

d
eg

re
e

of
th

e
u

th
n
o
d
e.

T
h
e

gr
ap

h
L

ap
la

ci
an

op
er

at
or

L
:
A
7→
L

(A
)

is
d
efi

n
ed

b
y
L

(A
)

=
([
L

(A
)]
u
v
)

w
h
er

e
[L

(A
)]
u
v

=
d
−

1
/
2

u
d
−

1
/
2

v
A
u
v
.

A
lt

h
o
u
gh

th
er

e
h
av

e
b

ee
n

d
eb

at
es

an
d

st
u
d
ie

s
on

w
h
ic

h
on

e
w

or
k
s

b
et

te
r

(s
ee

,
fo

r
ex

a
m

p
le

,
vo

n
L

u
x
b
u
rg

et
al

.
(2

00
8)

;
S
ar

ka
r

an
d

B
ic

ke
l

(2
01

3)
),

fo
r

ou
r

p
u
rp

os
e,

b
ot

h
of

th
em

ca
n

le
a
d

to
su

ffi
ci

en
tl

y
d
ec

en
t

in
it

ia
l

es
ti

m
at

or
s.

T
h
e

p
er

fo
rm

an
ce

s
of

U
S
C

an
d

N
S
C

d
ep

en
d

cr
it

ic
al

ly
on

th
e

b
ou

n
d
s
‖A
−
P
‖ o

p
an

d
‖L

(A
)
−
L

(P
)‖

o
p
,

re
sp

ec
ti

ve
ly

.
H

ow
ev

er
,

as
p

oi
n
te

d
ou

t
b
y

C
h
in

et
al

.
(2

01
5)

;
L

e
et

al
.

(2
01

5)
,

th
e

m
at

ri
ce

s
A

an
d
L

(A
)

ar
e

n
ot

go
o
d

es
ti

m
at

or
s

of
P

a
n
d
L

(P
)

u
n
d
er

th
e

op
er

at
or

n
or

m
w

h
en

th
e

gr
ap

h
is

sp
ar

se
in

th
e

se
n
se

th
at

m
ax

u
,v
∈[
n

]
P
u
v

=
o(

lo
g
n
/n

).
T

h
u
s,

it
is

n
ec

es
sa

ry
to

re
gu

la
ri

ze
A

an
d
L

(A
)

in
or

d
er

to
ac

h
ie

ve
b

et
te

r
p

er
fo

rm
an

ce
s

fo
r

U
S
C

an
d

N
S
C

.
T

h
e

ad
ja

ce
n
cy

m
at

ri
x
A

ca
n

b
e

re
gu

la
ri

ze
d

b
y

tr
im

m
in

g
th

os
e

n
o
d
es

w
it

h
h
ig

h
d
eg

re
es

.
D

efi
n
e

th
e

tr
im

m
in

g
op

er
at

or
T
τ

:
A
7→

T
τ
(A

)
b
y

re
p
la

ci
n
g

th
e
u

th
ro

w
an

d
th

e
u

th
co

lu
m

n
of
A

w
it

h
0

w
h
en

ev
er
d
u
≥
τ
,

a
n
d

so
T
τ
(A

)
an

d
A

ar
e

of
th

e
sa

m
e

d
im

en
si

on
s.

It
is

ar
gu

ed
in

C
h
in

et
al

.
(2

01
5)

th
at

b
y

re
m

ov
in

g
th

os
e

h
ig

h
-d

eg
re

e
n
o
d
es

,
T
τ
(A

)
h
as

b
et

te
r

co
n
ve

rg
en

ce
p
ro

p
er

ti
es

.
R

eg
u
la

ri
za

ti
on

m
et

h
o
d

fo
r

gr
ap

h
L

ap
la

ci
an

go
es

b
ac

k
to

A
m

in
i

et
al

.
(2

01
3)

an
d

it
s

th
eo

re
ti

ca
l

p
ro

p
er

ti
es

h
av

e
b

ee
n

st
u
d
ie

d
b
y

J
os

ep
h

an
d

Y
u

(2
01

3)
;

L
e

et
al

.
(2

01
5)

.
In

p
ar

ti
cu

la
r,

A
m

in
i

et
al

.
(2

01
3)

p
ro

p
os

ed
to

u
se
L

(A
τ
)

fo
r

N
S
C

w
h
er

e
A
τ

=
A

+
τ n
1
1
T

an
d
1

=
(1
,1
,.
..
,1

)T
∈

R
n
.

F
ro

m
n
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o
n
,

w
e

u
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U
S
C

(τ
)

an
d

N
S
C

(τ
)
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en

ot
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u
n
n
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m
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sp
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tr
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cl
u
st

er
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g
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d
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m
a
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a
l
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u
st

er
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g
w
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h
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G
a
o
,
M
a
,
Z
h
a
n
g

a
n
d

Z
h
o
u

re
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la
ri

za
ti

on
p
ar

am
et

er
τ
,

re
sp

ec
ti

ve
ly

.
N

ot
e

th
at

th
e

u
n
re

gu
la

ri
ze

d
U

S
C

is
U

S
C

(∞
)

a
n
d

th
e

u
n
re

gu
la

ri
ze

d
N

S
C

is
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S
C
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A
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er
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p
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er
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b
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er
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et
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er
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ve

ct
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A

p
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u
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r
ch

oi
ce

is
k
-m

ea
n
s
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er
in
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H
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er
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k
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b
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N
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(A
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20
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;
M

a
h
a
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et

a
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K

u
m

ar
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p
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p
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y
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l
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m
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ri

th
m
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r
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in
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ap
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at
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n
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b
le
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d
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b
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n
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b
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e

co
m

p
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b
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p
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d

in
K

u
m

ar
et

al
.

(2
00

4)
d
ir

ec
tl
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fe
ri

o
r

er
ro

r
b

ou
n
d
s

w
h
en

k
→
∞

as
n
→
∞
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c
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d
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d
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b
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c
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p
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=
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e

w
o
rse-ca

se
in

sta
n

ces
in

Θ
0 (n

,k
,a
,b,1).

M
o
re

gen
era

l
in

sta
n

ce-o
p
tim

a
l

fu
n

d
a
m

en
ta

l
lim

its
a
re

referred
to

A
bbe

a
n

d
S

a
n

d
o
n

(2
0
1
5
a
).

D
eta

ils
d
iscu

ssio
n

w
ill
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d
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>
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≥
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−
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Θ
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→
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I ∗
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I ∗
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d
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Θ
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=
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h
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p
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con
d
ition

(16)
for

th
e

p
aram

eter
sp

ace
Θ

0 (n
,k
,a
,b,β

)
is

very
m

ild
.

W
h
en

k
=
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at
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con
d
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h
ard

er
th

an
in

Θ
0 (n

,k
,a
,b,β

).
If

w
e

d
o

n
ot

p
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1 C
k
.

T
h
is

is
in

co
n
tr

ad
ic

ti
on

to
th

e
se

co
n
d

la
st

d
is

p
la

y,
an

d
h
en

ce
ξ
∈
S
k
.

T
h
is

co
m

p
le

te
s

th
e

p
ro

of
.

P
ro

o
f

[P
ro

of
of

T
h
eo

re
m

4]
L

et
Θ

=
Θ

(n
,k
,a
,b
,λ
,β

;α
),

an
d

fi
x

an
y

(B
,σ

)
∈

Θ
.

F
or

an
y

u
∈

[n
],

b
y

C
on

d
it

io
n

1
an

d
th

e
fa

ct
th

at
σ

0 u
an

d
σ̂
u

d
iff

er
on

ly
at

th
e

co
m

m
u
n
it

y
as

si
gn

m
en

t
of
u

,
fo

r
γ
′ =

γ
+

1
/n

,
th

er
e

ex
is

ts
so

m
e
π
u
∈
S
k

su
ch

th
at

P
{ `

0
(σ
,π
−

1
u

(σ̂
u
))
≤
γ
′ n}
≥

1
−
C

0
n
−

(1
+
δ
) .

(5
6)

W
it

h
ou

t
lo

ss
of

ge
n
er

al
it

y,
w

e
as

su
m

e
π

1
=

Id
is

th
e

id
en

ti
ty

m
ap

.
N

ow
fo

r
an

y
fi
x
ed

u
∈
{2
,.
..
,n
},

d
efi

n
e

m
ap

ξ u
:

[k
]
→

[k
]

as
in

(5
5)

w
it

h
σ

an
d
σ
′

re
p
la

ce
d

b
y
σ̂

1
an

d
σ̂
u
.

T
h
en

b
y

d
efi

n
it

io
n

σ̂
(u

)
=
ξ u

(σ̂
u
(u

))
.

(5
7)
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G
a
o
,
M
a
,
Z
h
a
n
g

a
n
d

Z
h
o
u

In
ad

d
it

io
n
,

(5
6)

im
p
li
es

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t
1
−
C
n
−

(1
+
δ
) ,

w
e

h
av

e

` 0
(σ
,σ̂

1
)
≤
γ
′

an
d

` 0
(σ
,π
−

1
u

(σ̂
u
))
≤
γ
′ .

S
o

th
e

tr
ia

n
gl

e
in

eq
u
al

it
y

im
p
li
es
` 0

(σ̂
1
,π
−

1
u

(σ̂
u
))
≤

2γ
′

an
d

h
en

ce
th

e
co

n
d
it

io
n

o
f

L
em

m
a

19
is

sa
ti

sfi
ed

.
T

h
u
s,

L
em

m
a

19
im

p
li
es

P
{ ξ

u
=
π
−

1
u

}
≥

1
−
C
n
−

(1
+
δ
) .

(5
8
)

W
h
en
k
≥

3,
L

em
m

a
16

,
(1

6)
an

d
(1

8
)

im
p
ly

th
at

th
e

co
n
d
it

io
n

of
L

em
m

a
1
8

is
sa

ti
sfi

ed
,

w
h
ic

h
in

tu
rn

im
p
li
es

th
at

fo
r

a
se

q
u
en

ce
η
′ =

o(
1
),

P
{σ̂

(u
)
6=
σ

(u
)}

=
P
{ξ
u
(σ̂
u
(u

))
6=
σ

(u
)}

≤
P
{ ξ

u
(σ̂
u
(u

))
6=
σ

(u
),
ξ u

=
π
−

1
u

}
+

P
{ ξ

u
6=
π
−

1
u

}

≤
P
{σ̂

u
(u

)
6=
π
u
(σ

(u
))
}+

P
{ ξ

u
6=
π
−

1
u

}

≤
C
n
−

(1
+
δ
)

+
(k
−

1)
ex

p

{ −
(1
−
η
′ )
n
I
∗

β
k

}
.

S
et

η
=
η
′ +

β

√
k

n
I
∗

=
o(

1)
(5

9
)

w
h
er

e
th

e
la

st
in

eq
u
al

it
y

h
ol

d
s

si
n
ce

n
I
∗

k
�

(a
−
b)

2

a
k
→
∞

.
T

h
u
s,

M
ar

ko
v
’s

in
eq

u
a
li
ty

le
a
d
s

to

P
{ ` 0

(σ
,σ̂

)
>

(k
−

1)
ex

p

{ −
(1
−
η
)n
I
∗

β
k

}}

≤
1

(k
−

1)
ex

p
{ −

(1
−
η
)n
I
∗

β
k

}
1 n

n ∑ u
=

1

P
{σ̂

(u
)
6=
σ

(u
)}

≤
ex

p

{ −
(η
−
η
′ )
n
I
∗

β
k

}
+

C
n
−

(1
+
δ
)

(k
−

1)
ex

p
{ −

(1
−
η
)n
I
∗

β
k

}

≤
ex

p

{
−
√
n
I
∗

k

}
+

C
n
−

(1
+
δ
)

(k
−

1)
ex

p
{ −

(1
−
η
)n
I
∗

β
k

}
.

If
(k
−

1)
ex

p
{ −

(1
−
η
)n
I
∗

β
k

}
≥
n
−

(1
+
δ
/
2
) ,

th
en

P
{ ` 0

(σ
,σ̂

)
>

(k
−

1)
ex

p

{ −
(1
−
η
)n
I
∗

β
k

}}
≤

ex
p

{
−
√
n
I
∗

k

}
+
C
n
−
δ
/
2

=
o(

1
).

If
(k
−

1)
ex

p
{ −

(1
−
η
)n
I
∗

β
k

}
<
n
−

(1
+
δ
/
2
) ,

th
en

P
{ ` 0

(σ
,σ̂

)
>

(k
−

1)
ex

p

{ −
(1
−
η
)n
I
∗

β
k

}}
=

P
{`

0
(σ
,σ̂

)
>

0
}
≤

n ∑ u
=

1

P
{σ̂

(u
)
6=
σ

(u
)}

≤
n

(k
−

1)
ex

p

{ −
(1
−
η
)n
I
∗

β
k

}
+
C
n
−
δ
≤
C
n
−
δ
/
2

=
o(

1
).
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H
ere,

th
e

seco
n
d

last
in

eq
u
ality

h
old

s
sin

ce
η
>
η ′

an
d

so
(k−

1)
ex

p{−
(1−

η ′)n
I ∗/(β

k
)}
<

(k−
1
)

ex
p{−

(1−
η
)n
I ∗/

(β
k
)}
<
n
−

(1
+
δ
/
2
).

W
e

com
p
lete

th
e

p
ro

of
for

th
e

case
of

Θ
(n
,k
,a
,b,λ

,β
;α

)

a
n
d
k
≥

3
b
y

n
otin

g
th

at
(k−

1)
ex

p {−
(1−

η
)
n
I ∗
β
k }

=
ex

p {−
(1−

η ′′)
n
I ∗
β
k }

for
an

oth
er

se-

q
u
en

ce
η ′′

=
o(1)

u
n
d
er

th
e

assu
m

p
tion

(a−
b)

2

a
k

lo
g
k
→
∞

an
d

n
o

con
stan

t
or

seq
u
en

ce
in

th
e

fo
reg

o
in

g
arg

u
m

en
ts

in
v
olves

B
,σ

or
u

.
W

h
en

Θ
=

Θ
(n
,k
,a
,b,λ

,β
;α

)
an

d
k

=
2,

th
e

fo
reg

o
in

g
a
rgu

m
en

ts
con

tin
u
e

to
h
old

w
ith

β
an

d
k

rep
laced

w
ith

1
an

d
2

resp
ectiv

ely.

W
h
en

Θ
=

Θ
0 (n

,k
,a
,b,β

),
w

e
can

ru
n

th
e

foregoin
g

argu
m

en
ts

w
ith

L
em

m
a

18
rep

laced
b
y

L
em

m
a

1
7

to
reach

th
e

con
clu

sion
in

(17),
w

h
ich

d
o
es

n
ot

req
u
ire

co
n
d
ition

(18).
T

h
is

co
m

p
letes

th
e

p
ro

of.

6
.2

P
ro

o
f
o
f
T
h
e
o
re

m
6

T
h
e

fo
llow

in
g

lem
m

a
is

critical
to

esta
b
lish

th
e

resu
lt

of
T

h
eorem

6.
Its

p
ro

of
is

g
iven

in
th

e
a
p
p

en
d
ix

.
L

et
u
s

in
tro

d
u
ce

th
e

n
otation

O
(k

1 ,k
2 )

=
{V
∈

R
k
1 ×
k
2

:
V
T
V

=
I
k
2 }

for
k

1 ≥
k

2 .

L
e
m
m
a
2
0

C
o
n

sid
er

a
sym

m
etric

a
d
ja

cen
cy

m
a
trix

A
∈
{0,1}

n×
n

a
n

d
a

sym
m

etric
m

a
trix

P
∈

[0,1] n×
n

sa
tisfyin

g
A
u
u

=
0

fo
r

a
ll
u
∈

[n
]

a
n

d
A
u
v ∼

B
ern

o
u

lli(P
u
v )

in
d
epen

d
en

tly
fo

r
a
ll
u
>
v

.
F

o
r

a
n

y
C
′
>

0
,

th
ere

exists
so

m
e
C
>

0
su

ch
th

a
t

‖
T
τ (A

)−
P
‖

o
p ≤

C
√
n
p

m
a
x

+
1
,

w
ith

p
ro

ba
bility

a
t

lea
st

1−
n
−
C
′

u
n

ifo
rm

ly
o
ver

τ
∈

[C
1 (n

p
m

a
x

+
1),C

2 (n
p

m
a
x

+
1)]

fo
r

so
m

e
su

ffi
cien

tly
la

rge
co

n
sta

n
ts
C

1 ,C
2 ,

w
h
ere

p
m

a
x

=
m

ax
u≥

v
P
u
v .

L
e
m
m
a
2
1

F
o
r
P

=
(P

u
v )

=
(B

σ
(u

)σ
(v

) ),
w

e
h
a
ve

S
V

D
P

=
U

Λ
U
T

,
w

h
ere

U
=
Z

∆
−

1W
,

w
ith

∆
=

d
ia

g( √
n

1 ,..., √
n
k ),

Z
∈
{0,1}

n×
k

is
a

m
a
trix

w
ith

exa
ctly

o
n

e
n

o
n

zero
en

try
in

ea
ch

ro
w

a
t

(i,σ
(i))

ta
kin

g
va

lu
e

1
a
n

d
W
∈
O

(k
,k

).

P
ro

o
f

N
o
te

th
at

P
=
Z
B
Z
T

=
Z

∆
−

1∆
B

∆
(Z

∆
−

1)
T
,

a
n
d

o
b
serve

th
at
Z

∆
−

1∈
O

(n
,k

).
A

p
p
ly

S
V

D
to

th
e

m
atrix

∆
B

∆
T

=
W

Λ
W

T
for

som
e

W
∈
O

(k
,k

),
a
n
d

th
en

w
e

h
ave

P
=
U

Λ
U
T

w
ith

U
=
Z

∆
−

1W
∈
O

(k
,k

).

P
ro

o
f

[P
ro

o
f

o
f

T
h
eorem

6]
U

n
d
er

th
e

cu
rren

t
assu

m
p
tion

,E
τ
∈

[C
′1 a
,C
′2 a

]
for

som
e

large
C
′1

a
n
d
C
′2 .

U
sin

g
B

ern
stein

’s
in

eq
u
ality,

w
e

h
av

e
τ
∈

[C
1 a
,C

2 a
]

for
som

e
large

C
1

an
d
C

2

w
ith

p
ro

b
a
b
ility

at
least

1−
e −

C
′n

.
W

h
en

(20)
h
old

s,
b
y

L
em

m
a

20,
w

e
d
ed

u
ce

th
at

th
e
k

th

eig
en

va
lu

e
o
f
T
τ (A

)
is

low
er

b
ou

n
d
ed

b
y
c

1 λ
k

w
ith

p
rob

ab
ility

at
least

1−
n
−
C
′

for
som

e
sm

a
ll

co
n
stan

t
c

1 ∈
(0,1).

B
y

D
av

is–K
ah

an
’s

sin
-th

eta
th

eorem
(D

av
is

an
d

K
ah

an
,

1970),
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G
a
o
,
M
a
,
Z
h
a
n
g

a
n
d

Z
h
o
u

w
e

h
ave
‖
Û
−
U
W

1 ‖
F
≤
C
√
k

λ
k ‖
T
τ (A

)−
P
‖

o
p

for
som

e
W

1
∈
O

(k
,k

)
an

d
som

e
con

stan
t

C
>

0.
A

p
p
ly

in
g

L
em

m
a

21,
w

e
h
ave

‖
Û
−
V
‖

F
≤
C

√
k

λ
k ‖
T
τ (A

)−
P
‖

o
p ,

(60)

w
h
ere

V
=
Z

∆
−

1W
2 ∈

O
(n
,k

)
for

som
e
W

2 ∈
O

(k
,k

).
C

om
b
in

in
g

(60),
L

em
m

a
20

an
d

th
e

con
clu

sion
τ
∈

[C
1 a
,C

2 a
],

w
e

h
ave‖

Û
−
V
‖

F
≤
C
√
k √

a

λ
k

,
(61)

w
ith

p
rob

ab
ility

at
least

1−
n
−
C
′.

T
h
e

d
efi

n
ition

of
V

im
p
lies

th
at

‖
V
u∗ −

V
v∗ ‖

=

√
1n
u

+
1n
v
1
{
σ

(u
)6=
σ

(v
)} .

(62)

In
oth

er
w

ord
s,

d
efi

n
e
Q

=
∆
−

1W
2
∈

R
k×

k
an

d
w

e
h
ave

V
u∗

=
Q
σ

(u
)∗

for
each

u
∈

[n
].

H
en

ce,
for

σ
(u

)
6=
σ

(v
), ∥∥

Q
σ

(u
)∗ −

Q
σ

(v
)∗ ∥∥

=
‖V

u∗ −
V
v∗ ‖
≥
√

2
k
β
n

.
R

ecall
th

e
d
efi

n
ition

r
=
µ √

kn
in

A
lgorith

m
2.

D
efi

n
e

th
e

sets

T
i

=
{
u
∈
σ
−

1(i)
: ∥∥∥
Û
u∗ −

Q
i∗ ∥∥∥

<
r2 }

,
i∈

[k
].

B
y

d
efi

n
ition

,
T
i ∩

T
j

=
∅

w
h
en

i6=
j,

an
d

w
e

also
h
ave

∪
i∈

[k
] T

i
=
{
u
∈

[n
]

: ∥∥∥
Û
u∗ −

V
u∗ ∥∥∥

<
r2 }

.
(63)

T
h
erefore,

∣∣ (∪
i∈

[k
] T
i )
c ∣∣
r

24
≤
∑u∈

[n
] ∥∥∥
Û
u∗ −

V
u∗ ∥∥∥

2≤
C

2k
a

λ
2k

,

w
h
ere

th
e

last
in

eq
u
ality

is
b
y

(61).
A

fter
rearran

gem
en

t,
w

e
h
ave

∣∣ (∪
i∈

[k
] T
i )
c ∣∣≤

4C
2n
a

µ
2λ

2k

.
(64)

In
oth

er
w

ord
s,

m
ost

n
o
d
es

are
close

to
th

e
cen

ters
an

d
a
re

in
th

e
set

(63).
N

ote
th

at
th

e
sets

{
T
i }
i∈

[k
]

are
d
isjoin

t.
S
u
p
p

ose
th

ere
is

so
m

e
i∈

[k
]

su
ch

th
at|T

i |
<
|σ
−

1(i)|−
∣∣ (∪

i∈
[k

] T
i )
c ∣∣,

w
e

h
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∣∣∪
i∈

[k
] T
i ∣∣

=
∑

i∈
[k

] |T
i |
<
n
−
∣∣ (∪

i∈
[k

] T
i )
c ∣∣

=
∣∣∪
i∈

[k
] T
i ∣∣,

w
h
ich

is
im

p
ossib

le.
T

h
u
s,

th
e
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in

ality
of
T
i

for
each

i∈
[k

]
is

low
er

b
ou

n
d
ed
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|T
i |≥
|σ
−

1(i)|−
∣∣ (∪

i∈
[k

] T
i )
c ∣∣≥

nβ
k
−

4C
2n
a

µ
2λ

2k

>
n

2β
k
,

(65)

w
h
ere

th
e

last
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eq
u
ality

ab
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e
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b
y

th
e

assu
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p
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(20).
In
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ex
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t
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n
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,
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]
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O
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im
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D
e
t
e
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F
ig

u
re

4:
T
h
e
sc
h
em

a
ti
c
p
lo
t
fo
r
th
e
p
ro
o
f
o
f
T
h
eo
re
m

6
.
T
h
e
b
a
ll
s
{T

i
} i
∈
[k

]
a
re

ce
n
te
re
d
a
t
{Q

i
} i
∈
[k

],

a
n
d
th
e
ce
n
te
rs

a
re

a
t
le
a
st

√
2
k
β
n
aw

ay
fr
o
m

ea
ch

o
th
er
.
T
h
e
b
a
ll
s
{Ĉ
i
} i
∈
[k

]
in
te
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t
w
it
h
la
rg
e

p
ro
p
o
rt
io
n
s
o
f
{T

i
} i
∈
[k

],
a
n
d
th
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r
su
b
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p
ts

d
o
n
o
t
n
ee
d
to

m
a
tc
h
d
u
e
to

so
m
e
p
er
m
u
ta
ti
o
n
.

ce
n
te

rs
{Q

i∗
} i∈

[k
].

S
in

ce
th

e
ce

n
te

rs
ar

e
at

le
as

t
√

2
k
β
n

aw
ay

fr
om

ea
ch

ot
h
er

an
d
{T

i}
i∈

[k
]
an

d

{Ĉ
i}
i∈

[k
]
ar

e
b

ot
h

d
efi

n
ed

th
ro

u
gh

th
e

cr
it

ic
al

ra
d
iu

s
r

=
µ
√

k n
fo

r
a

sm
al

l
µ

,
ea

ch
Ĉ
i

sh
ou

ld

in
te

rs
ec

t
w

it
h

on
ly

on
e
T
i

(s
ee

F
ig

u
re

4)
.

W
e

cl
ai

m
th

at
th

er
e

ex
is

ts
so

m
e

p
er

m
u
ta

ti
on

π
of

th
e

se
t

[k
],

su
ch

th
at

fo
r
Ĉ
i

d
efi

n
ed

in
A

lg
or

it
h
m

2,

Ĉ i
∩
T
π

(i
)
6=

∅
an

d
|Ĉ
i|
≥
|T
π

(i
)|

fo
r

ea
ch

i
∈

[k
].

(6
6)

In
w

h
at

fo
ll
ow

s,
w

e
fi
rs

t
es

ta
b
li
sh

th
e

re
su

lt
of

T
h
eo

re
m

6
b
y

as
su

m
in

g
(6

6)
.

T
h
e

p
ro

of
of

(6
6)

w
il
l

b
e

gi
ve

n
in

th
e

en
d
.

N
ot

e
th

at
fo

r
an

y
i
6=
j,
T
π

(i
)
∩
Ĉ j

=
∅

,
w

h
ic

h
is

d
ed

u
ce

d
fr

om

th
e

fa
ct

th
at
Ĉ j
∩
T
π

(j
)
6=

∅
an

d
th

e
d
efi

n
it

io
n

of
Ĉ j

.
T

h
er

ef
or

e,
T
π

(i
)
⊂
Ĉc j

fo
r

a
ll
j
6=
i.

C
om

b
in

in
g

w
it

h
th

e
fa

ct
th

at
T
π

(i
)
∩
Ĉc i
⊂
Ĉc i

,
w

e
ge

t
T
π

(i
)
∩
Ĉc i
⊂

(∪
i∈

[k
]Ĉ
i)
c
.

T
h
er

ef
or

e,

∪ i
∈[
k
]

( T
π

(i
)
∩
Ĉc i
)
⊂
( ∪

i∈
[k

]Ĉ
i) c

.
(6

7)

S
in

ce
T
i
∩
T
j

=
∅

fo
r
i
6=
j,

w
e

d
ed

u
ce

fr
om

(6
7)

th
at

∑ i∈
[k

]

∣ ∣ ∣T
π

(i
)
∩
Ĉc i
∣ ∣ ∣≤

∣ ∣ ∣(
∪ i
∈[
k
]Ĉ
i) c
∣ ∣ ∣.

(6
8)

B
y

d
efi

n
it

io
n
,
Ĉ i
∩
Ĉ j

=
∅

fo
r
i
6=
j,

w
e

d
ed

u
ce

fr
om

(6
6)

th
at

∣ ∣ ∣(
∪ i
∈[
k
]Ĉ
i) c
∣ ∣ ∣=

n
−
∑ i∈

[k
]

|Ĉ
i|
≤
n
−
∑ i∈

[k
]

|T
i|

=
∣ ∣(
∪ i
∈[
k
]T
i) c
∣ ∣ .

(6
9)
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G
a
o
,
M
a
,
Z
h
a
n
g

a
n
d

Z
h
o
u

C
om

b
in

in
g

(6
8)

,
(6

9)
an

d
(6

4)
,

w
e

h
av

e

∑ i∈
[k

]

∣ ∣ ∣T
π

(i
)
∩
Ĉc i
∣ ∣ ∣≤

4C
2
n
a

µ
2
λ

2 k

.
(7

0
)

S
in

ce
fo

r
an

y
u
∈
∪ i
∈[
k
](
Ĉ i
∩T

π
(i

))
,

w
e

h
av

e
σ̂

(u
)

=
i

w
h
en
σ

(u
)

=
π

(i
),

th
e

m
is

-c
la

ss
ifi

ca
ti

o
n

ra
te

is
b

ou
n
d
ed

as

` 0
(σ̂
,π
−

1
(σ

))
≤

1 n

∣ ∣ ∣(
∪ i
∈[
k
](
Ĉ i
∩
T
π

(i
))
) c
∣ ∣ ∣

≤
1 n

(∣ ∣ ∣
( ∪

i∈
[k

](
Ĉ i
∩
T
π

(i
))
) c
∩
( ∪

i∈
[k

]T
i)∣ ∣ ∣

+
∣ ∣(
∪ i
∈[
k
]T
i) c
∣ ∣)

≤
1 n

 
∑ i∈

[k
]

∣ ∣ ∣T
π

(i
)
∩
Ĉc i
∣ ∣ ∣+
∣ ∣(
∪ i
∈[
k
]T
i) c
∣ ∣ 

≤
8C

2
a

µ
2
λ

2 k

,

w
h
er

e
th

e
la

st
in

eq
u
al

it
y

is
fr

om
(7

0)
an

d
(6

4)
.

T
h
is

p
ro

ve
s

th
e

d
es

ir
ed

co
n
cl

u
si

o
n
.

F
in

al
ly

,
w

e
ar

e
go

in
g

to
es

ta
b
li
sh

th
e

cl
ai

m
(6

6)
to

cl
os

e
th

e
p
ro

of
.

W
e

u
se

m
a
th

em
a
ti

ca
l

in
d
u
ct

io
n
.

F
or
i

=
1,

it
is

cl
ea

r
th

at
|Ĉ

1
|≥

m
ax

i∈
[k

]
|T
i|

h
ol

d
s

b
y

th
e

d
efi

n
it

io
n

o
f
Ĉ 1

.
S
u
p
p

o
se

Ĉ 1
∩
T
i

=
∅

fo
r

al
l
i
∈

[k
],

an
d

th
en

w
e

m
u
st

h
av

e

∣ ∣(
∪ i
∈[
k
]T
i) c
∣ ∣ ≥
|Ĉ

1
|≥

m
ax

i∈
[k

]
|T
i|
≥

n

2
β
k
,

w
h
er

e
th

e
la

st
in

eq
u
al

it
y

is
b
y

(6
5)

.
T

h
is

co
n
tr

ad
ic

ts
(6

4)
u
n
d
er

th
e

as
su

m
p
ti

o
n

(2
0
).

T
h
er

ef
or

e,
th

er
e

m
u
st

b
e

a
π

(1
)

su
ch

th
at
Ĉ 1
∩
T
π

(1
)
6=

∅
an

d
|Ĉ

1
|≥
|T
π

(1
)|.

M
o
re

ov
er

,

|Ĉ
c 1
∩
T
π

(1
)|

=
|T
π

(1
)|
−
|T
π

(1
)
∩
Ĉ 1
|

≤
|Ĉ

1
|−
|T
π

(1
)
∩
Ĉ 1
|

=
|Ĉ

1
∩
T
c π
(1

)|
≤

∣ ∣(
∪ i
∈[
k
]T
i) c
∣ ∣ ,

w
h
er

e
th

e
la

st
in

eq
u
al

it
y

is
b

ec
au

se
T
π

(1
)

is
th

e
o
n
ly

se
t

in
{T

i}
i∈

[k
]

th
at

in
te

rs
ec

ts
Ĉ 1

b
y

th
e

d
efi

n
it

io
n
s.

B
y

(6
4)

,
w

e
ge

t

|Ĉ
c i
∩
T
π

(i
)|
≤

4
C

2
n
a

µ
2
λ

2 k

,
(7

1
)

fo
r
i

=
1.

N
ow

su
p
p

os
e

(6
6)

an
d

(7
1)

ar
e

tr
u
e

fo
r
i

=
1,
..
.,
l−

1.
B

ec
a
u
se

of
th

e
si

ze
s

o
f
{Ĉ

i}
i∈

[l
−

1
]

an
d

th
e

fa
ct

th
at
{T

i}
i∈

[k
]

ar
e

m
u
tu

al
ly

ex
cl

u
si

ve
,

w
e

h
av

e

( ∪
l−

1
i=

1
Ĉ i
)
∩
( ∪

i∈
[k

]\
∪l
−
1

i=
1
{π

(i
)}
T
i)

=
∅
.
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O
p
t
im

a
l
C
o
m
m
u
n
it
y
D
e
t
e
c
t
io
n

T
h
erefo

re,
fo

r
th

e
set

S
in

th
e

cu
rren

t
step

,∪
i∈

[k
]\∪

l−
1

i=
1 {
π

(i)} T
i ⊂

S
.

B
y

th
e

d
efi

n
ition

ofĈ
l ,

w
e

h
ave|Ĉ

l |≥
m

ax
i∈

[k
]\∪

l−
1

i=
1 {
π

(i)} |T
i |≥

n
2
β
k
.

S
u
p
p

oseĈ
l ∩

T
π

(i) 6=
∅

for
som

e
i

=
1,...,l−

1.

T
h
en

,
th

is
T
π

(i)
is

th
e

on
ly

set
in
{
T
i }
i∈

[k
]
th

at
in

tersectsĈ
l
b
y

th
eir

d
efi

n
ition

s.
T

h
is

im
p
lies

th
a
t

|Ĉ
l |≤
|Ĉ
l ∩

T
π

(i) |
+
∣∣ (∪

i∈
[k

] T
i )
c ∣∣
.

S
in

ce
Ĉ
l ∩
Ĉ
π

(i)
=

∅
,|Ĉ

l ∩
T
π

(i) |≤
|Ĉ
ci ∩

T
π

(i) |
is

b
ou

n
d
ed

b
y

(71).
T

ogeth
er

w
ith

(64
),

w
e

h
ave

|Ĉ
l |≤

8
C

2n
a

µ
2λ

2k

,

w
h
ich

co
n
tra

d
icts|Ĉ

l |≥
n

2
β
k

u
n
d
er

th
e

assu
m

p
tion

(20).
T

h
erefore,

w
e

m
u
st

h
aveĈ

l ∩
T
π

(i)
=

∅
fo

r
a
ll
i

=
1,...,l−

1.
N

ow
su

p
p

ose
Ĉ
l ∩

T
π

(i)
=

∅
for

all
i∈

[k
],

w
e

m
u
st

h
ave

∣∣ (∪
i∈

[k
] T
i )
c ∣∣≥

|Ĉ
l |≥

n

2
β
k
,

w
h
ich

co
n
tra

d
icts

(64).
H

en
ce,

Ĉ
l ∩

T
π

(l) 6=
∅

for
som

e
π

(l)∈
[k

]\∪
l−

1
i=

1 {
π

(i)},
an

d
(66)

is
esta

b
lish

ed
fo

r
i

=
l.

M
oreover,

(71)
can

also
b

e
estab

lish
ed

for
i

=
l

b
y

th
e

sam
e

a
rgu

m
en

t
th

a
t

is
u
sed

to
p
rov

e
(71)

for
i

=
1.

T
h
e

p
ro

of
is

com
p
lete.

6
.3

P
ro

o
f
o
f
T
h
e
o
re

m
1
0

D
efi

n
e
P
τ

=
P

+
τn
1
1
T

.
T

h
e

p
ro

of
of

th
e

follow
in

g
lem

m
a

is
given

in
th

e
ap

p
en

d
ix

.

L
e
m
m
a
2
2

C
o
n

sid
er

a
sym

m
etric

a
d
ja

cen
cy

m
a
trix

A
∈
{0,1}

n×
n

a
n

d
a

sym
m

etric
m

a
trix

P
∈

[0,1
] n×

n
sa

tisfyin
g
A
u
u

=
0

fo
r

a
ll
u
∈

[n
]

a
n

d
A
u
v ∼

B
ern

o
u

lli(P
u
v )

in
d
epen

d
en

tly
fo

r
a
ll
u
>
v

.
F

o
r

a
n

y
C
′
>

0
,

th
ere

exists
so

m
e
C
>

0
su

ch
th

a
t

‖L
(A

τ )−
L

(P
τ )‖

o
p ≤

C

√
log

(e(n
p

m
a
x

+
1))

n
p

m
a
x

+
1

,

w
ith

p
ro

ba
bility

a
t

lea
st

1−
n
−
C
′

u
n

ifo
rm

ly
o
ver

τ
∈

[C
1 (n

p
m

a
x

+
1),C

2 (n
p

m
a
x

+
1)]

fo
r

so
m

e
su

ffi
cien

tly
la

rge
co

n
sta

n
ts
C

1 ,C
2 ,

w
h
ere

p
m

a
x

=
m

ax
u≥

v
P
u
v .

L
e
m
m
a
2
3

C
o
n

sid
er

P
=

(P
u
v )

=
(B

σ
(u

)σ
(v

) ).
L

et
th

e
S

V
D

o
f

th
e

m
a
trix

L
(P

τ )
be

L
(P

τ )
=
U

Σ
U
T

,
w

ith
U
∈
O

(n
,k

)
a
n

d
Σ

=
d
ia

g(σ
1 ,...,σ

k ).
F

o
r
V

=
U
W

w
ith

a
n

y

W
∈
O

(r,r),
w

e
h
a
ve
‖
V
u∗ −

V
v∗ ‖

=
√

1n
u

+
1n
v

w
h
en

σ
(u

)
6=
σ

(v
)

a
n

d
V
u∗

=
V
v∗

w
h
en

σ
(u

)
=
σ

(v
).

M
o
reo

ver,
σ
k ≥

λ
k

2
τ

a
s

lo
n

g
a
s
τ
≥
n
p

m
a
x .

P
ro

o
f

T
h
e

fi
rst

p
art

is
L

em
m

a
1

in
J
osep

h
an

d
Y

u
(2013).

D
efi

n
e
d̄
v

=
∑

u∈
[n

] P
u
v

an
d

D̄
τ

=
d
ia

g
(d̄

1
+
τ,...,d̄

n
+
τ
).

T
h
en

,
w

e
h
av

e
L

(P
τ )

=
D̄
−

1
/
2

τ
P
τ D̄
−

1
/
2

τ
.

N
ote

th
at
P
τ

h
as

an
S
B

M
stru

ctu
re

so
th

at
it

h
as

ran
k

at
m

ost
k
,

an
d

th
e
k

th
eigen

valu
e

of
P
τ

is
low

er
b

ou
n
d
ed

b
y
λ
k .

T
h
u
s,

w
e

h
ave

σ
k ≥

λ
k

m
ax

u∈
[n

] d̄
u

+
τ
.
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G
a
o
,
M
a
,
Z
h
a
n
g

a
n
d

Z
h
o
u

O
b
serve

th
at

m
ax

u∈
[n

] d̄
u ≤

n
p

m
a
x ≤

τ
,

an
d

th
e

p
ro

of
is

com
p
lete.

P
ro

o
f

[P
ro

of
of

T
h
eorem

10]
A

s
is

sh
ow

n
in

th
e

p
ro

of
of

T
h
eorem

6,
τ
∈

[C
1 a
,C

2 a
]
for

som
e

large
C

1 ,C
2

w
ith

p
rob

ab
ility

at
least

1−
e −

C
′n

.
B

y
D

av
is–K

ah
an

’s
sin

-th
eta

th
eorem

(D
av

is

an
d

K
ah

an
,

1970),
w

e
h
ave
‖
Û
−
U
W
‖

F
≤
C

1 √
k

σ
k ‖L

(A
τ )−

L
(P

τ )‖
o
p

for
som

e
W
∈
O

(r,r)
an

d
som

e
con

stan
t
C

1
>

0.
L

et
V

=
U
W

an
d

ap
p
ly

L
em

m
a

22
an

d
L

em
m

a
23,

w
e

h
ave

‖Û
−
V
‖

F
≤
C
√
k √

a
log

a

λ
k

,
(72)

w
ith

p
rob

ab
ility

at
least

1−
n
−
C
′.

N
ote

th
at

b
y

L
em

m
a

23,
V

satisfi
es

(62
).

R
ep

lace
(61)

b
y

(72),
an

d
follow

th
e

rem
ain

in
g

p
ro

of
of

T
h
eorem

6,
th

e
p
ro

of
is

com
p
lete.

A
p
p

e
n
d
ix

A
.

A
sim

p
lifi

e
d

v
e
rsio

n
o
f

A
lg

o
rith

m
1

W
e

give
in

A
lgorith

m
3

th
e

p
recise

d
escrip

tion
of

th
e

sim
p
lifi

ed
version

of
A

lgorith
m

1
th

at
w

e
h
ave

u
sed

in
S
ection

4.

A
.1

A
d
d
itio

n
a
l
sim

u
la
tio

n
re

su
lts

W
e

rep
ort

som
e

ad
d
ition

al
sim

u
lation

resu
lts

com
p
arin

g
th

e
p

erform
an

ces
of

A
lgorith

m
1

an
d

A
lgorith

m
3.

In
p
articu

lar,
w

e
con

sid
er

n
etw

ork
s

w
ith

400
n
o
d
es

an
d

2
com

m
u
n
ities

w
ith

fou
r

d
iff

eren
t

sets
of

com
m

u
n
ity

sizes,
w

ith
in

an
d

b
etw

een
com

m
u
n
ity

con
n
ection

p
rob

ab
ilities

an
d

in
itialization

m
eth

o
d
s,

an
d

th
e

sim
u
lation

resu
lts

are
rep

orted
in

F
igu

re
5

on
p
age

34.
F

rom
F

igu
re

5
on

p
age

34
w

e
can

see
th

e
p

erform
an

ces
of

b
oth

algorith
m

s
rem

ain
sim

ilar
across

all
th

ese
d
iff

eren
t

settin
gs.

A
p
p

e
n
d
ix

B
.

P
ro

o
fs

o
f

T
h
e
o
re

m
1
2

P
ro

o
f

[P
ro

of
of

T
h
eorem

12]
L

et
u
s

con
sid

er
Θ

=
Θ

0 (n
,k
,a
,b,β

)
an

d
th

e
case

o
f
Θ

(n
,k
,a
,b,λ

,β
;α

)
is

sim
ilar

ex
cep

t
th

at
th

e
con

d
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p
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b
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rep
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b
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con
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is
im

p
lies

ab
>

(
2ε
0 )

2.
In

th
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=
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.
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p
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=
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∑
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−
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) √

(1
−
p
)

(1
−
q)
p
q)

≥
( 1
−
C
ε
3ε

0 5

)
I
∗ .
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>
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≥
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−
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−
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−
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p
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−
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−

2p
q
−
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−
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−
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√
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∈
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−
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≥
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−
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p
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d
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b
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+
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−
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−
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b
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con
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I ∗
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=
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+
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I ∗
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I ∗
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=
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14]
T

h
e

p
ro

of
is

th
e

sam
e
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th

a
t

of
T

h
eorem

13.

P
ro

o
f

[P
ro

of
of

T
h
eorem

15]
W

h
en

th
e

p
aram

eters
a

an
d
b

are
k
n
ow

n
,

w
e

can
u
se
τ

=
C
a

for
som

e
su

ffi
cien

tly
large

C
>

0
for

b
oth

U
S
C

(τ
)

an
d

N
S
C

(τ
).

T
h
en

,
th

e
resu

lts
of

T
h
eo-

rem
6

an
d

T
h
eorem

10
h
old

w
ith

ou
t

assu
m

in
g
a
≤
C

1 b
or

fi
x
ed

k
.
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w
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ta

in
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e
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re
su

lt
s.

A
p
p

e
n
d
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.

P
ro

o
fs

o
f

L
e
m

m
a

2
0

a
n
d

L
e
m

m
a

2
2

T
h
e

fo
ll
ow

in
g

le
m

m
a

is
C

or
ol

la
ry

A
.1

.1
0

in
A

lo
n

an
d

S
p

en
ce

r
(2

00
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.

L
e
m
m
a
2
5

F
o
r

in
d
ep

en
d
en

t
B

er
n

o
u

ll
i

ra
n

d
o
m

va
ri

a
bl

es
X
u
∼

B
er

n
(p
u
)

a
n

d
p

=
1 n

∑
u
∈[
n

]
p
u
,

w
e

h
a
ve

P

 
∑ u
∈[
n

](X
u
−
p
u
)
≥
t 
≤

ex
p

( t
−

(p
n

+
t)

lo
g

( 1
+

t p
n

))
,

fo
r

a
n

y
t
≥

0.

T
h
e

fo
ll
ow

in
g

re
su

lt
is

L
em

m
a

3.
5

in
C

h
in

et
al

.
(2

01
5)

.

L
e
m
m
a
2
6

C
o
n

si
d
er

a
n

y
a
d
ja

ce
n

cy
m

a
tr

ix
A
∈
{0
,1
}n
×
n

fo
r

a
n

u
n

d
ir

ec
te

d
gr

a
p
h

.
S

u
p
po

se
m

ax
u
∈[
n

]

∑
v
∈[
n

]
A
u
v
≤
γ

a
n

d
fo

r
a
n

y
S
,T
⊂

[n
],

o
n

e
o
f

th
e

fo
ll

o
w

in
g

st
a
te

m
en

ts
h
o
ld

s
w

it
h

so
m

e
co

n
st

a
n

t
C
>

0:

1
.

e(
S
,T

)
|S
||T
|γ n
≤
C

,

2
.
e(
S
,T

)
lo

g
(
e(
S
,T

)
|S
||T
|γ n

)
≤
C
|T
|lo

g
n |T
|,

w
h
er

e
e(
S
,T

)
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th
e

n
u

m
be

r
o
f

ed
ge

s
co

n
n

ec
ti

n
g
S

a
n

d
T

.
T

h
en

,
∑

(u
,v

)∈
H
x
u
A
u
v
y v
≤
C
′√
γ

u
n

if
o
rm

ly
o
ve

r
a
ll

u
n

it
ve

ct
o
rs
x
,y

,
w

h
er

e
H

=
{(
u
,v

)
:
|x
u
y v
|≥
√
γ
/n
}

a
n

d
C
′
>

0
is

so
m

e
co

n
st

a
n

t.

T
h
e

fo
ll
ow

in
g

le
m

m
a

is
cr

it
ic

al
fo

r
p
ro

v
in

g
b

ot
h

th
eo

re
m

s.

L
e
m
m
a
2
7

F
o
r

a
n

y
τ
>
C

(1
+
n
p

m
a
x
)

w
it

h
so

m
e

su
ffi

ci
en

tl
y

la
rg

e
C
>

0,
w

e
h
a
ve

|{
u
∈

[n
]

:
d
u
≥
τ
}|
≤
n τ

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
e−

C
′ n

fo
r

so
m

e
co

n
st

a
n

t
C
′ >

0
.

P
ro

o
f

L
et

u
s

co
n
si

d
er

an
y

fi
x
ed

su
b
se

t
of

n
o
d
es
S
⊂

[n
]

su
ch

th
at

it
h
as

d
eg

re
e

at
le

as
t

τ
an

d
|S
|=

l
fo

r
so

m
e
l
∈

[n
].

L
et
e(
S

)
b

e
th

e
n
u
m

b
er

of
ed

ge
s

in
th

e
su

b
gr

ap
h
S

an
d

e(
S
,S

c
)

b
e

th
e

n
u
m

b
er

of
ed

ge
s

co
n
n
ec

ti
n
g
S

an
d
S
c
.

B
y

th
e

re
q
u
ir

em
en

t
on

S
,

ei
th

er
e(
S

)
≥
C

1
lτ

or
e(
S
,S

c
)
≥
C

1
lτ

fo
r

so
m

e
u
n
iv

er
sa

l
co

n
st

an
t
C

1
>

0.
W

e
ar

e
go

in
g

to
sh

ow
th

at
b

ot
h
P

(e
(S

)
≥
C

1
lτ

)
an

d
P

(e
(S
,S

c
)
≥
C

1
lτ

)
ar

e
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al
l.

N
ot

e
th

a
t
Ee

(S
)
≤
C

2
l2
p

m
a
x
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,
M
a
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Z
h
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n
g

a
n
d

Z
h
o
u

an
d
Ee

(S
,S

c
)
≤
C

2
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p

m
a
x

fo
r

so
m

e
u
n
iv

er
sa

l
C

2
>

0.
T

h
en

,
w

h
en

τ
>
C

(n
p

m
a
x

+
1
)

fo
r

so
m

e
su

ffi
ci

en
tl

y
la

rg
e
C
>

0,
L

em
m

a
25

im
p
li
es

P
(e

(S
)
≥
C

1
lτ

)
≤

ex
p

( −
1 4
C

1
lτ

lo
g

( 1
+

C
1
τ

2C
2
lp

m
a
x
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an
d

P
(e
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,S

c
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≥
C

1
lτ

)
≤

ex
p

( −
1 4
C

1
lτ

lo
g

( 1
+

C
1
τ

2C
2
n
p

m
a
x

))
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p
p
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n
b
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n
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b
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il
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y
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n
u
m

b
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n
o
d
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w
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h
d
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re
e

a
t
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a
st
τ
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gr
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r
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an
ξn
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P(
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u
∈
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]

:
d
u
≥
τ
}|
>
ξn
)
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∑ l>
ξ
n
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|{
u
∈
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]

:
d
u
≥
τ
}|
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≤
∑ l>
ξ
n

∑ |S
|=
l
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(e

(S
)
≥
C

1
lτ

)
+

P
(e

(S
,S

c
)
≥
C

1
lτ
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≤
∑ l>
ξ
n
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p
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og
en l
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ex

p

( −
1 4
C

1
lτ

lo
g

( 1
+

C
1
τ

2
C

2
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m
a
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+
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p
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1 4
C

1
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g
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C
1
τ

2
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2
n
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m
a
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ξ
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2
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p
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−

1 4
C

1
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+

C
1
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2
n
p

m
a
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≤
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p
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C
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w
h
er

e
th

e
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u
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y
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b
y
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o
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in
g
ξ

=
τ
−

1
.

T
h
er

ef
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e,
w

it
h

p
ro

b
a
b
il
it

y
a
t
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t
1
−
e−

C
′ n

,
th

e
n
u
m

b
er

of
n
o
d
es

w
it

h
d
eg

re
e

at
le

as
t
τ
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b

ou
n
d
ed

b
y
τ
−

1
n

.

L
e
m
m
a
2
8

G
iv

en
τ
>

0,
d
efi

n
e

th
e

su
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et
J

=
{u
∈

[n
]

:
d
u
≤
τ
}.

T
h
en

fo
r

a
n

y
C
′ >

0
,

th
er

e
is

so
m

e
C
>

0
su

ch
th

a
t

‖A
J
J
−
P
J
J
‖ o

p
≤
C

( √
n
p

m
a
x

+
√
τ

+
n
p

m
a
x

√
τ

+
√
n
p

m
a
x

)
,

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
n
−
C
′ .

P
ro

o
f

T
h
e

id
ea

of
th

e
p
ro

of
fo

ll
ow

s
th

e
a
rg

u
m

en
t

in
F

ri
ed

m
an

et
al

.
(1

9
8
9
);

F
ei

g
e

a
n
d

O
fe

k
(2

00
5)

.
B

y
d
efi

n
it

io
n
,

‖A
J
J
−
P
J
J
‖ o

p
=

su
p

x
,y
∈S

n
−
1

∑
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,v

)∈
J
×
J

x
u
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u
v
−
P
u
v
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v
.

38
JM

L
R

 1
8(

60
):

1-
45

, 2
01

7



O
p
t
im

a
l
C
o
m
m
u
n
it
y
D
e
t
e
c
t
io
n

D
efi

n
e
L

=
{
(u
,v

)
:
|x
u y
v |
≤

( √
τ

+
√
p

m
a
x n

)/n}
an

d
H

=
{
(u
,v

)
:
|x
u y
v |
≥

( √
τ

+
√
p

m
a
x n

)/
n}

,
th

en
w

e
h
av

e

‖
A
J
J −

P
J
J ‖

o
p ≤

su
p

x
,y∈

S
n−

1

∑

(u
,v

)∈
L∩

J×
J

x
u (A

u
v −
P
u
v )y

v +
su

p
x
,y∈

S
n−

1

∑

(u
,v

)∈
H
∩
J×

J

x
u (A

u
v −
P
u
v )y

v .

A
d
iscretiza

tio
n

argu
m

en
t
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C

h
in

et
al.

(2015)
im

p
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th
at

su
p

x
,y∈

S
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1

∑

(u
,v

)∈
L∩

J×
J

x
u (A

u
v −

P
u
v )y

v
.

m
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x
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m
ax

S⊂
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x
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E
A
u
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A
u
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P
u
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N
⊂
S
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1
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5
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T
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B
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’s
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n
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b
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n
d
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m
a
x
x
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m
a
x
S⊂
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)∈
L∩

S×
S
x
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u
v −

E
A
u
v )y

v
≤
C

( √
τ

+
√
n
p

m
a
x )

w
ith

p
rob
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a
t

lea
st

1
−
e −

C
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.
W

e
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h
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m
ax

x
,y∈N

m
ax

S⊂
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] ∑
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,v
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L∩
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S
x
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A
u
v −

P
u
v )y

v
≤

‖E
A
−
P
‖

o
p ≤
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T

h
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p
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e
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rst

p
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T
o

b
o
u
n
d
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e

secon
d

p
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p
x
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S
n−

1 ∑
(u
,v
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∩
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u
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P
u
v )y
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w

e
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g
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b

o
u
n
d
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p
x
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S
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1 ∑
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,v

)∈
H
∩
J×

J
x
u A

u
v y
v

an
d

su
p
x
,y∈

S
n−

1 ∑
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,v

)∈
H
∩
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J
x
u P

u
v y
v
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ra
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B
y

th
e

d
efi

n
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H

,

su
p

x
,y∈

S
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∑
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,v

)∈
H
∩
J×

J

x
u P

u
v y
v

=
su

p
x
,y∈

S
n−

1

∑

(u
,v

)∈
H
∩
J×

J

x
2u y
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|x
u y
v | P

u
v ≤

n
p

m
a
x

√
τ

+
√
p

m
a
x n
.

T
o

b
o
u
n
d

su
p
x
,y∈

S
n−

1 ∑
(u
,v

)∈
H
∩
J×

J
x
u A

u
v y
v ,

it
is

su
ffi

cien
t

to
ch

eck
th

e
con

d
itio

n
s

of
L

em
m

a
2
6

fo
r

th
e

grap
h
A
J
J
.

B
y

d
efi

n
ition

,
its

d
egree

is
b

ou
n
d
ed

b
y
τ
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F
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in
g

th
e

a
rg

u
m

en
t
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L

ei
an

d
R

in
ald

o
(2014),

th
e

tw
o

con
d
ition

s
of

L
em

m
a

26
h
old

w
ith

γ
=
τ

+
n
p

m
a
x

w
ith

p
rob

ab
ility

at
least

1−
n
−
C
′.

T
h
u
s,

su
p
x
,y∈

S
n−

1 ∑
(u
,v

)∈
H
∩
J×

J
x
u A

u
v y
v ≤

C
( √
τ

+
√
n
p

m
a
x )

w
ith

p
rob

ab
ility

at
least

1−
n
−
C
′.

H
en

ce,
th

e
p
ro

of
is

com
p
lete.

P
ro

o
f

[P
ro

o
f

o
f

L
em

m
a

20]
B

y
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gle
in

eq
u
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‖
T
τ (A

)−
P
‖

o
p ≤
‖T

τ (A
)−

T
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o
p

+
‖
T
τ (P

)−
P
‖

o
p ,

w
h
ere

T
τ (P

)
is

th
e

m
atrix
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tain

ed
b
y

zeroin
g

ou
t

th
e
u

th
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an
d
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m

n
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P

w
ith

d
u
≥
τ
.

L
et
J

=
{
u
∈

[n
]

:
d
u
≤
τ},

an
d

th
en
‖
T
τ (A

)−
T
τ (P

)‖
o
p

=
‖A

J
J −

P
J
J ‖

o
p ,

w
h
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b
o
u
n
d

h
a
s

b
een

estab
lish

ed
in

L
em

m
a

28.
B

y
L

em
m

a
27

,|J
c|≤

n
/τ

w
ith

h
igh

p
rob

a-

b
ility.

T
h
is
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p
lies
‖
T
τ (P

)−
P
‖

o
p
≤
‖
T
τ (P

)−
P
‖

F
≤
√

2n|J
c|p

2m
a
x
≤
√

2
n
p
m
a
x

√
τ

.
T

ak
in

g

τ
∈

[C
1 (1

+
n
p

m
a
x ),C

2 (1
+
n
p

m
a
x )],

th
e

p
ro

of
is

com
p
lete.

N
ow

let
u
s

p
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L
em

m
a

22.
T

h
e

follow
in

g
lem

m
a,

w
h
ich

con
trols

th
e

d
eg

ree,
is

L
em

m
a

7
.1

in
L

e
et

a
l.

(2015).
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L
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F
o
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>
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th
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m
e
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>

0
su
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a
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w
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p
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a
t
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−
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′,

th
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a
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⊂
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]

sa
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g
n
−
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n
2
e(n

p
m
a
x
+

1
)

a
n

d

|d
v −

E
d
v |≤

C
√
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p

m
a
x

+
1)

log
(e(n

p
m

a
x

+
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fo
r

a
ll
v
∈
J
,

w
h
ere

d
v

=
∑

u∈
[n

] A
u
v .

U
sin

g
th

is
lem

m
a,

togeth
er

w
ith

L
em

m
a

27
an

d
L

em
m

a
28,

w
e

are
ab

le
to

p
rove

th
e

follow
in

g
resu

lt,
w

h
ich

im
p
rov

es
th

e
b

ou
n
d

in
T

h
eorem

7.2
of

L
e

et
al.

(2015).

L
e
m
m
a
3
0

F
o
r

a
n

y
C
′
>

0
,

th
ere

exists
so

m
e
C
>

0
su

ch
th

a
t

w
ith

p
ro

ba
bility

a
t

lea
st

1−
n
−
C
′,

th
ere

exists
a

su
bset

J
⊂

[n
]

sa
tisfyin

g
n
−
|J|≤

n
/d

a
n

d

‖(L
(A

τ )−
L

(P
τ ))

J×
J ‖

o
p ≤

C

(
√
d

log
d
(d

+
τ
)

τ
2

+

√
dτ

)
,

w
h
ere

d
=
e(n

p
m

a
x

+
1).

P
ro

o
f

L
et

u
s

u
se

th
e

n
otation

d
v

=
∑

u∈
[n

] A
u
v

in
th

e
p
ro

of.
D

efi
n
e

th
e

set
J

1
=

{
v
∈

[n
]

:
d
v ≤

C
1 d}

for
som

e
su

ffi
cien

tly
large

con
stan

t
C

1
>

0.
U

sin
g

L
em

m
a

27
an

d
L

em
m

a
28,

w
ith

p
rob

ab
ility

at
least

1−
n
−
C
′,

w
e

h
ave

n
−
|J

1 |≤
n2
d
,

(79)

an
d

‖(A
−
P

)
J
1
J
1 ‖

o
p ≤

C
√
d
.

(80)

L
et
J

2
b

e
th

e
su

b
set

in
L

em
m

a
29,

an
d

th
en

w
ith

p
rob

ab
ility

at
least

1−
n
−
C
′,
J

2
satisfi

es

n
−
|J

2 |≤
n2
d
,

(81)

an
d

|d
v −

E
d
v |≤

C
√
d

log
d
,

for
all

v
∈
J

2 .
(82)

D
efi

n
e
J

=
J

1 ∩
J

2 .
B

y
(79)

an
d

(81),
w

e
h
av

e

n
−
|J|

=
|(J

1 ∩
J

2 )
c|≤
|J
c1 |

+
|J
c2 |

=
n
−
|J

1 |
+
n
−
|J

2 |≤
nd
,

(83)

an
d

‖
(A
−
P

)
J
J ‖

o
p ≤
‖(A
−
P

)
J
1
J
1 ‖

o
p ≤

C
√
d
.

(84)

M
oreover,

(82)
im

p
lies

m
ax

v∈
J
|d
v −

E
d
v |≤

C
√
d

log
d
.

D
efi

n
e
d̄
v

=
∑

u∈
[n

] P
u
v .

T
h
en

,

m
ax

v∈
J
|d
v −

d̄
v |≤

m
a
x

v∈
J
|d
v −

E
d
v |+

1
≤
C
√
d

log
d
.

(85)

40
JM

L
R

 18(60):1-45, 2017



O
p
t
im

a
l
C
o
m
m
u
n
it
y
D
e
t
e
c
t
io
n

D
efi

n
e
D
τ

=
d
ia

g(
d

1
+
τ,
..
.,
d
n

+
τ
)

an
d
D̄
τ

=
d
ia

g(
d̄

1
+
τ,
..
.,
d̄
n

+
τ
).

W
e

in
tr

o
d
u
ce

th
e

n
ot

at
io

n

R
=

(A
τ
) J
J
,

B
=

(D
τ
)−

1
/
2

J
J

,
R̄

=
(P

τ
) J
J
,

B̄
=

(D̄
τ
)−

1
/
2

J
J

.

U
si

n
g

(8
5)

,
w

e
h
av

e ‖B
−
B̄
‖ o

p
≤

m
ax

v
∈[
n

]

∣ ∣ ∣ ∣ ∣
1

√
d
v

+
τ
−

1
√
d̄
v

+
τ

∣ ∣ ∣ ∣ ∣≤
C

√
d

lo
g
d

τ
3
/
2

,

fo
r

so
m

e
co

n
st

an
t
C
>

0.
T

h
e

d
efi

n
it

io
n
s

of
B

an
d
B̄

im
p
li
es
‖B
‖ o

p
∨
‖B̄
‖ o

p
≤

1 √
τ
.

W
e

re
w

ri
te

th
e

b
ou

n
d

(8
4)

as
‖R
−
R̄
‖ o

p
≤
C
√
d
.

S
in

ce
al

l
en

tr
ie

s
of

EA
τ

is
b

ou
n
d
ed

b
y

(τ
+
d
)/
n

,
w

e
h
av

e
‖R̄
‖ o

p
≤
‖E
A
τ
‖ o

p
≤
d

+
τ
.

T
h
er

ef
or

e,
‖R
‖ o

p
≤
‖R̄
‖ o

p
+
‖R
−
R̄
‖ o

p
≤
C

(d
+
τ
).

F
in

al
ly

,

‖(
L

(A
τ
)
−
L

(P
τ
))
J
×
J
‖ o

p

≤
‖B
‖ o

p
‖R
‖ o

p
‖B
−
B̄
‖ o

p
+
‖B
‖ o

p
‖R
−
R̄
‖ o

p
‖B̄
‖ o

p
+
‖B
−
B̄
‖ o

p
‖R̄
‖ o

p
‖B̄
‖ o

p

≤
C

(
√
d

lo
g
d
(d

+
τ
)

τ
2

+

√
d τ

)
.

T
h
e

p
ro

of
is

co
m

p
le

te
.

P
ro

o
f

[P
ro

of
of

L
em

m
a

22
]

R
ec

al
l

th
at
d

=
n
p

m
a
x

+
1.

F
ol

lo
w

in
g

th
e

p
ro

of
of

T
h
eo

re
m

8.
4

in
L

e
et

al
.

(2
01

5)
,

it
ca

n
b

e
sh

ow
n

th
at

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t
1
−
n
−
C
′ ,

fo
r

an
y
J
⊂

[n
]

su
ch

th
at
n
−
|J
|≤

n
/d

,

‖L
(A

τ
)
−
L

(P
τ
)‖

o
p
≤
‖(
L

(A
τ
)
−
L

(P
τ
))
J
J
‖ o

p
+
C

(
1 √
d

+

√
lo

g
d

τ

)
,

w
h
er

e
th

e
fi
rs

t
te

rm
on

th
e

ri
gh

t
si

d
e

of
th

e
in

eq
u
al

it
y

ab
ov

e
is

b
ou

n
d
ed

in
L

em
m

a
30

b
y

ch
o
os

in
g

an
ap

p
ro

p
ri

at
e
J

.
H

en
ce

,
w

it
h

p
ro

b
ab

il
it

y
at

le
as

t
1
−

2n
−
C
′ ,

‖L
(A

τ
)
−
L

(P
τ
)‖

o
p
≤
C

(
√
d

lo
g
d
(d

+
τ
)

τ
2

+

√
d τ

)
+
C

(
1 √
d

+

√
lo

g
d

τ

)
.

C
h
o
os

in
g
τ
∈

[C
1
(1

+
n
p

m
a
x
),
C

2
(1

+
n
p

m
a
x
)]

,
th

e
p
ro

of
is

co
m

p
le

te
.

A
ck

n
o
w

le
d
g
m

e
n
ts

T
h
e

re
se

ar
ch

of
A

Y
.

Z
.

an
d

H
H

.
Z

.
w

as
su

p
p

or
te

d
in

p
ar

t
b
y

th
e

N
S
F

gr
an

t
D

M
S
-1

50
75

11
.

T
h
e

re
se

ar
ch

of
Z

.M
.

w
as

su
p
p

or
te

d
in

p
ar

t
b
y

th
e

N
S
F

C
A

R
E

E
R

gr
an

t
D

M
S
-1

35
20

60
an

d
a

S
lo

an
R

es
ea

rc
h

F
el

lo
w

sh
ip

.

41
JM

L
R

 1
8(

60
):

1-
45

, 2
01

7

G
a
o
,
M
a
,
Z
h
a
n
g

a
n
d

Z
h
o
u

R
e
fe

re
n
ce

s

E
m

m
an

u
el

A
b
b

e
an

d
C

ol
in

S
an

d
on

.
C

om
m

u
n
it

y
d
et

ec
ti

o
n

in
ge

n
er

a
l

st
o
ch

a
st

ic
b
lo

ck
m

o
d
el

s:
fu

n
d
am

en
ta

l
li
m

it
s

an
d

effi
ci

en
t

re
co

ve
ry

al
go

ri
th

m
s.

a
rX

iv
p
re

p
ri

n
t

a
rX

iv
:1

5
0
3
.0

0
6
0
9
,

20
15

a.

E
m

m
an

u
el

A
b
b

e
an

d
C

ol
in

S
an

d
on

.
D

et
ec

ti
on

in
th

e
st

o
ch

as
ti

c
b
lo

ck
m

o
d
el

w
it

h
m

u
l-

ti
p
le

cl
u
st

er
s:

p
ro

of
of

th
e

ac
h
ie

va
b
il
it

y
co

n
je

ct
u
re

s,
ac

y
cl

ic
b
p
,

an
d

th
e

in
fo

rm
a
ti

o
n
-

co
m

p
u
ta

ti
on

ga
p
.

a
rX

iv
p
re

p
ri

n
t

a
rX

iv
:1

5
1
2
.0

9
0
8
0
,

20
15

b
.

E
m

m
an

u
el

A
b
b

e
an

d
C

ol
in

S
an

d
on

.
R

ec
ov

er
in

g
co

m
m

u
n
it

ie
s

in
th

e
ge

n
er

al
st

o
ch

a
st

ic
b
lo

ck
m

o
d
el

w
it

h
ou

t
k
n
ow

in
g

th
e

p
ar

am
et

er
s.

In
A

d
va

n
ce

s
in

N
eu

ra
l

In
fo

rm
a
ti

o
n

P
ro

ce
ss

in
g

S
ys

te
m

s,
p
ag

es
67

6–
68

4,
20

15
c.

E
m

m
an

u
el

A
b
b

e,
A

fo
n
so

S
B

an
d
ei

ra
,

an
d

G
eo

rg
in

a
H

a
ll
.

E
x
ac

t
re

co
v
er

y
in

th
e

st
o
ch

a
st

ic
b
lo

ck
m

o
d
el

.
a
rX

iv
p
re

p
ri

n
t

a
rX

iv
:1

4
0
5
.3

2
6
7
,

20
14

.

D
an

ie
l

A
lo

is
e,

A
m

it
D

es
h
p
an

d
e,

P
ie

rr
e

H
an

se
n
,

an
d

P
re

ya
s

P
op

at
.

N
P

-h
a
rd

n
es

s
o
f

E
u
-

cl
id

ea
n

su
m

-o
f-

sq
u
ar

es
cl

u
st

er
in

g.
M

a
ch

in
e

L
ea

rn
in

g,
75

(2
):

24
5–

24
8
,

20
09

.

N
og

a
A

lo
n

an
d

J
o
el

H
S
p

en
ce

r.
T

h
e

P
ro

ba
bi

li
st

ic
M

et
h
od

.
J
oh

n
W

il
ey

&
S
o
n
s,

2
0
0
4
.

A
ra

sh
A

A
m

in
i

an
d

E
li
za

ve
ta

L
ev

in
a.

O
n

se
m

id
efi

n
it

e
re

la
x
at

io
n
s

fo
r

th
e

b
lo

ck
m

o
d
el

.
a
rX

iv
p
re

p
ri

n
t

a
rX

iv
:1

4
0
6
.5

6
4
7
,

20
14

.

A
ra

sh
A

A
m

in
i,

A
iy

ou
C

h
en

,
P

et
er

J
B

ic
ke

l,
an

d
E

li
za

v
et

a
L

ev
in

a.
P

se
u
d
o
-l

ik
el

ih
o
o
d

m
et

h
o
d
s

fo
r

co
m

m
u
n
it

y
d
et

ec
ti

on
in

la
rg

e
sp

ar
se

n
et

w
or

k
s.

T
h
e

A
n

n
a
ls

o
f

S
ta

ti
st

ic
s,

4
1

(4
):

20
97

–2
12

2,
20

13
.

P
et

er
J

B
ic

k
el

an
d

A
iy

ou
C

h
en

.
A

n
on

p
ar

am
et

ri
c

v
ie

w
of

n
et

w
or

k
m

o
d
el

s
a
n
d

N
ew

m
a
n
–

G
ir

va
n

an
d

ot
h
er

m
o
d
u
la

ri
ti

es
.

P
ro

ce
ed

in
gs

o
f

th
e

N
a
ti

o
n

a
l

A
ca

d
em

y
o
f

S
ci

en
ce

s,
1
0
6

(5
0)

:2
10

68
–2

10
73

,
20

09
.

T
T

on
y

C
ai

an
d

X
ia

o
d
on

g
L

i.
R

ob
u
st

an
d

co
m

p
u
ta

ti
on

a
ll
y

fe
as

ib
le

co
m

m
u
n
it

y
d
et

ec
ti

o
n

in
th

e
p
re

se
n
ce

of
ar

b
it

ra
ry

ou
tl

ie
r

n
o
d
es

.
a
rX

iv
p
re

p
ri

n
t

a
rX

iv
:1

4
0
4
.6

0
0
0
,

2
0
1
4
.

Y
u
d
on

g
C

h
en

an
d

J
ia

m
in

g
X

u
.

S
ta

ti
st

ic
al

-c
om

p
u
ta

ti
on

a
l

tr
ad

eo
ff

s
in

p
la

n
te

d
p
ro

b
le

m
s

a
n
d

su
b
m

at
ri

x
lo

ca
li
za

ti
on

w
it

h
a

gr
ow

in
g

n
u
m

b
er

of
cl

u
st

er
s

an
d

su
b
m

at
ri

ce
s.

a
rX

iv
p
re

p
ri

n
t

a
rX

iv
:1

4
0
2
.1

2
6
7
,

20
14

.

P
et

er
C

h
in

,
A

n
u
p

R
ao

,
an

d
V

an
V

u
.

S
to

ch
as

ti
c

b
lo

ck
m

o
d
el

a
n
d

co
m

m
u
n
it

y
d
et

ec
ti

o
n

in
th

e
sp

ar
se

gr
ap

h
s:

A
sp

ec
tr

al
al

go
ri

th
m

w
it

h
op

ti
m

al
ra

te
of

re
co

ve
ry

.
a
rX

iv
p
re

p
ri

n
t

a
rX

iv
:1

5
0
1
.0

5
0
2
1
,

20
15

.

D
av

id
S

C
h
oi

,
P

at
ri

ck
J

W
ol

fe
,

an
d

E
d
oa

rd
o

M
A

ir
ol

d
i.

S
to

ch
as

ti
c

b
lo

ck
m

o
d
el

s
w

it
h

a
gr

ow
in

g
n
u
m

b
er

of
cl

as
se

s.
B

io
m

et
ri

ka
,

99
(2

):
27

3–
28

4,
20

12
.

A
m

in
C

o
ja

-O
gh

la
n
.

G
ra

p
h

p
ar

ti
ti

on
in

g
v
ia

ad
ap

ti
ve

sp
ec

tr
al

te
ch

n
iq

u
es

.
C

o
m

bi
n

a
to

ri
cs

,
P

ro
ba

bi
li

ty
a
n

d
C

o
m

p
u

ti
n

g,
19

(0
2)

:2
27

–2
84

,
20

10
.

4
2

JM
L

R
 1

8(
60

):
1-

45
, 2

01
7



O
p
t
im

a
l
C
o
m
m
u
n
it
y
D
e
t
e
c
t
io
n

C
h
a
n
d
ler

D
av

is
an

d
W

illiam
M

orton
K

ah
an

.
T

h
e

rotation
of

eigen
vectors

b
y

a
p

ertu
rb

ation
.

III.
S

IA
M

J
o
u

rn
a
l

o
n

N
u

m
erica

l
A

n
a
lysis,

7(1):1–46,
1970.

A
u
relien

D
ecelle,

F
loren

t
K

rzakala,
C

ristop
h
er

M
o
ore,

an
d

L
en

ka
Z

d
eb

orov
á.
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tti
ng

w
he

re
in

an
un

de
rl

yi
ng

(u
nd

ir
ec

te
d)

ne
tw

or
k-

gr
ap

h
G

po
s-

se
ss

es
a

ne
tw

or
k

ch
ar

ac
te

ri
st

ic
η

(G
)

of
in

te
re

st
.W

hi
le

th
er

e
ar

e
m

an
y

ty
pe

s
of

fu
nc

tio
ns
η
(·)

us
ed

in
pr

ac
tic

e
to

ch
ar

ac
te

ri
ze

ne
tw

or
ks

(e
.g

.,
ce

nt
ra

lit
ie

s,
pa

th
-b

as
ed

m
et

ri
cs

,o
ut

pu
tf

ro
m

m
et

ho
ds

of
co

m
m

un
ity

de
te

ct
io

n,
et

c.
)

w
e

re
st

ri
ct

ou
r

at
te

nt
io

n
he

re
to

th
e

ca
no

ni
ca

l
pr

ob
le

m
of

su
bg

ra
ph

co
un

tin
g.

T
ha

ti
s,

w
e

ar
e

in
te

re
st

ed
in

th
e

cl
as

s
of

fu
nc

tio
ns
η

of
th

e
fo

rm

η H
(G

)
=

1

|I
so

(H
)|

∑

H
′ ⊆
K
n
v
,H

′ ∼ =
H

1
{H
′ ⊆

G
}
,

(1
)

w
he

re
n
v

=
|V

(G
)|

is
th

e
nu

m
be

r
of

ve
rt

ic
es

in
G

,K
n
v

is
th

e
co

m
pl

et
e

gr
ap

h
on
n
v

ve
rt

ic
es

,H
is

a
gr

ap
h

of
in

te
re

st
(i

.e
.,

co
pi

es
of

w
hi

ch
w

e
de

si
re

to
co

un
t)

,a
nd

H
⊆
G

in
di

ca
te

s
th

at
H

is
a

su
bg

ra
ph

of
G

(i
.e

.,
V

(H
)
⊆
V

(G
)

an
d
E

(H
)
⊆
E

(G
))

.
T

he
va

lu
e
|I
so

(H
)|

is
a

no
rm

al
iz

at
io

n
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O
N

T
H

E
P

R
O

PA
G

A
T

IO
N

O
F

L
O

W
-R

A
T

E
M

E
A

S
U

R
E

M
E

N
T

E
R

R
O

R

factor
for

the
num

ber
of

isom
orphism

s
of
H

.
W

e
w

ill
concentrate

prim
arily

on
the

fundam
ental

case
w

here
η
(G

)
=
|E
|,i.e.,the

num
berofedges

in
G

.
If
Ĝ

is
a

netw
ork-graph

resulting
from

an
attem

ptto
construct

G
from

som
e

collection
ofbasic

m
easurem

ents,then
the

com
m

on
practice

of
reporting

the
analogous

characteristics
of
Ĝ

is
equiv-

alentto
the

use
of
η (
Ĝ
),i.e.,effectively

a
plug

in
estim

ator.
L

etthe
discrepancy

betw
een

these

tw
o

quantities
be

defined
as
D

=
η (
Ĝ
)
−
η

(G
),w

hich
in

the
case

of
counting

edges
reduces

to

D
E

=
|Ê
|−
|E
|.

O
ur

goal
is

to
m

ake
precise

probabilistic
statem

ents
about

the
behavior

of
D

undercertain
conditions.

Im
portantly,in

the
case

w
here

η
is

defined
as

a
subgraph

count,as
in

(1),D
m

ay
be

expressed
as

the
difference

of(i)the
num

beroftim
es

the
subgraph

H
arises

som
ew

here
in
Ĝ

butdoes
notin

fact
existin

the
sam

e
m

anner
in
G

,and
(ii)

vice
versa.

H
ence,

D
m

ay
be

understood
in

this
contextto

be
the

difference
in

totalnum
berofType

Iand
Type

IIerrors,respectively.
Intuitively,in

the
cases

w
here

a
sufficiently

low
rate

oferroroccurs
on

a
large

graph
G

,each
ofthese

tw
o

sum
s

should
have

a
Poisson-like

behavior.
T

his
observation

suggests
thatthe

propagation
of

low
-rate

m
easurem

ent
error

to
subgraph

counts
should

behave,
under

appropriate
conditions,

like
the

difference
of

tw
o

Poisson
random

variables,i.e.,a
so-called

Skellam
distribution

(Skellam
,1946).

O
urcontribution

in
thispaperisto

provide
an

initialsetofresultson
the

accuracy
w

ith
w

hich
the

Skellam
distribution

m
ay

be
used

in
approxim

ating
the

distribution
of
D

,under
the

setting
w

here
the

graph
G

is
large

and
the

rate
of

error
is

low
.

W
e

consider
the

cases
of

both
sparse

and
dense

netw
orks.T

he
prim

ary
technicaldevice

used
here

is
Stein’s

m
ethod

(e.g,B
arbourand

C
hen,2005).

Specifically,w
e

presenta
Stein

operator
for

the
Skellam

probability
distribution

and,in
a

m
anner

consistent
w

ith
the

Stein
m

ethodology,w
e

derive
severalbounds

on
the

discrepancy
betw

een
the

distribution
of

the
difference

of
tw

o
arbitrary

sum
s

of
binary

random
variables

to
an

appropriately
param

eterized
Skellam

distribution.T
he

latterin
turn

is
then

used
to

establish
in

particularthe
rate

of
w

eak
convergence

of
D
E

to
an

appropriate
Skellam

random
variable,under

either
independent

orw
eakly

dependentm
easurem

enterrors.
A

s
rem

arked
above,there

appears
to

be
little

in
the

w
ay

ofa
form

aland
generaltreatm

entofthe
error

propagation
problem

w
e

consider
here.

H
ow

ever,there
are,of

course,severalareas
in

w
hich

the
probabilistic

orstatisticaltreatm
entofuncertainty

enters
prom

inently
in

netw
ork

analysis.
T

he
closestarea

to
w

hatw
e

presenthere
is

the
extensive

literature
on

distributions
of

subgraph
counts

in
random

graphs.See
Janson

etal.(2011),forexam
ple,forcom

prehensive
coverage.Im

portantly,
there

the
graph

G
is

assum
ed

to
em

erge
according

to
a

(classical)
random

graph
and

uncertainty
typically

is
large

enough
thatnorm

allim
ittheorem

s
are

the
norm

(although
Poisson

lim
ittheorem

s
also

have
been

established).In
contrast,in

oursetting
w

e
assum

e
that

G
is

a
fixed,true

underlying
graph,and

then
study

the
im

plications
ofobserving

a
‘noisy’version

Ĝ
ofthatgraph,undervarious

assum
ptions

on
the

nature
of

the
noise,

w
hich

involves
tw

o
specific

types
of

error
(i.e.,

Type
I

and
II

errors),
the

contributions
of

w
hich

are
inform

ed
in

part
by

the
topology

of
G

itself.
A

n
area

related
to

this
w

ork
in

random
graphs

is
the

w
ork

in
statistical

m
odels

for
netw

orks,
such

as
exponential

random
graph

m
odels

(E
R

G
M

s).
See

L
usher

et
al.(2012)

for
a

recent
treatm

ent.
H

ere,w
hile

these
m

odels
are

inherently
statisticalin

nature,the
random

ness
due

to
generation

of
the

graph
G

and
due

to
observation

of
G

—
resulting

in
w

hatw
e

call
Ĝ

—
usually

are
com

bined
into

a
single

realization
from

the
underlying

distribution.
A

nd
w

hile
subgraph

counts
do

play
a

key
role

in
traditionalE

R
G

M
s,they

typically
enter

as
covariates

in
these

(auto)regressive
m

odels.
In

a
som

ew
hatdifferentdirection,uncertainty

in
netw

ork
construction

due
to

sam
pling

has
also

been

3
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B
A

L
A

C
H

A
N

D
R

A
N

,K
O

L
A

C
Z

Y
K

,
A

N
D

V
IL

E
S

studied
in

som
e

depth.See,forexam
ple,K

olaczyk
(2009,C

h
5)orA

hm
ed

etal.(2014)forsurveys
of

this
area.

H
ow

ever,
in

this
setting,

the
uncertainty

arises
only

from
sam

pling—
the

subset
of

vertices
and

edges
obtained

through
sam

pling
are

typically
assum

ed
to

be
observed

w
ithouterror.

Finally,
w

e
note

that
there

just
recently

have
started

to
em

erge
in

the
statistics

literature
form

al
treatm

ents
of

the
sam

e
type

of
graph

observation
error

m
odel

that
w

e
propose

here.
T

here
the

em
phasis

is
on

producing
estim

ators
of

netw
ork

m
odel

param
eters

and/or
classifiers

(e.g.,Priebe
etal.,2015),for

exam
ple,rather

than
on

the
type

of
basic

netw
ork

sum
m

ary
statistics

thatare
the

focus
here.

T
he

organization
ofthis

paperis
as

follow
s.In

Section
2

w
e

provide
necessary

background.In
Section

3
w

e
then

provide
a

generalsetof
results

usefulfor
our

generalproblem
.

Specifically,w
e

establish
a

bound
for

the
K

olm
ogorov-Sm

irnov
distance

betw
een

the
distribution

of
the

difference
of

tw
o

arbitrary
sum

s
of

binary
random

variables
from

a
certain

Skellam
.

T
his

w
ork

is
based

on
the

application
of

Stein’s
m

ethod
to

the
Skellam

distribution,a
first

of
its

kind
to

the
best

of
our

know
ledge,

and
the

results
therefore

are
of

som
e

independent
interest

as
w

ell.
In

Section
4

w
e

then
illustrate

the
w

ay
in

w
hich

these
general

results
m

ay
be

used
to

understand
the

propagation
of

error
in

netw
orks

for
counting

edges.
In

doing
so,severalother

generalresults
are

established.
Som

e
im

plications
ofthese

results
on

the
problem

ofcounting
subgraphs

ofhigherorderare
noted

in
Section

5,
along

w
ith

other
related

discussion.
Proofs

of
our

key
results

m
ay

be
found

in
the

appendices.

2.B
ackground

In
this

section,w
e

provide
essentialnotation

and
background

forourforthcom
ing

generalresults.

2.1
N

otation
and

A
ssum

ptions

B
y
G

=
(V
,E

)
w

e
w

illm
ean

an
undirected

graph,w
ith

vertex
set

V
of

cardinality
|V
|and

edge
set

E
of

cardinality
|E
|.

V
ertex

pairs
in

the
com

plem
ent

of
E

,
i.e.,

in
E
c,

w
ill

be
referred

to
as

non-edges.
M

uch
of

the
results

thatfollow
w

illbe
stated

as
a

function
of

the
num

ber
of

vertices
w

hich,for
notationalconvenience,w

e
denote

n
v

=
|V
|.

L
et
µ

=
µ

(G
)

=
2|E
|/n

v
correspond

to
the

average
degree

ofa
vertex

in
G

.W
e

assum
e

the
vertex

set
V

is
know

n
butthatthe

edge
set

E
is

unknow
n.

H
ow

ever,w
e

assum
e

there
is

inform
ation

by
w

hich
to

constructan
approxim

ation
to
E

or,m
ore

form
ally,by

w
hich

to
infer

E
,as

a
set

Ê
,yielding

an
inferred

graph
Ĝ

=
(V
,Ê

).
W

hile
there

are
m

any
w

ays
in

practice
by

w
hich

the
set

Ê
is

obtained,
one

principled
w

ay
of

view
ing

the
task

is
as

one
of

perform
ing

(
n
v2 )

hypothesis
tests,

using
the

data
underlying

the
graph

construction
process

as
input,one

foreach
ofthe

vertex
pairs{

i,j}
in

the
graph

G
.In

som
e

contexts,
Ĝ

is
literally

obtained
through

hypothesis
testing

procedures;
for

instance,in
construct-

ing
som

e
gene

regulatory
netw

orks
from

m
icroarray

expression
data.

See
K

olaczyk
(2009,C

h
7),

for
exam

ple.
Form

ally,in
such

cases
w

e
can

think
of
Ĝ

as
resulting

from
a

collection
of

testing
problem

s

H
0

:{
i,j}

/∈
E

versus
H

1
:{i,j}

∈
E
,

for{
i,j}

∈
V

(2
),w

here

V
(2
)

=
{{i,j}

:
i,j∈

V
;i
<
j}

.
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E
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E
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R
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E
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E
R

R
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R

T
he

se
te

st
s

am
ou

nt
to

a
co

lle
ct

io
n

of
( n

v 2

) bi
na

ry
ra

nd
om

va
ri

ab
le

s
{ Y

ij
:
{i
,j
}
∈
V

(2
)}

,w
he

re

Y
ij

=

{
1

if
H

0
is

re
je

ct
ed

0
if
H

0
is

no
tr

ej
ec

te
d.

N
ot

e
th

at
th

e
ra

nd
om

va
ri

ab
le

s
Y
ij

ne
ed

no
tb

e
in

de
pe

nd
en

ta
nd

,i
n

fa
ct

,i
n

m
an

y
co

nt
ex

ts
w

ill
m

os
t

lik
el

y
be

de
pe

nd
en

t.
G

en
e

re
gu

la
to

ry
ne

tw
or

ks
in

fe
rr

ed
by

co
rr

el
at

in
g

ge
ne

ex
pr

es
si

on
va

lu
es

at
ea

ch
ve

rt
ex
i

w
ith

th
at

of
al

lo
th

er
ve

rt
ic

es
j
∈
V
\{
i}

an
d

m
ap

s
of

th
e

lo
gi

ca
lI

nt
er

ne
to

bt
ai

ne
d

th
ro

ug
h

m
er

gi
ng

pa
th

s
le

ar
ne

d
by

se
nd

in
g

tr
af

fic
pr

ob
es

be
tw

ee
n

m
an

y
so

ur
ce

s
an

d
de

st
in

at
io

ns
ar

e
ju

st
tw

o
ex

am
pl

es
w

he
re

de
pe

nd
en

cy
ca

n
be

ex
pe

ct
ed

.
W

he
th

er
ob

ta
in

ed
in

fo
rm

al
ly

or
fo

rm
al

ly
,w

e
ca

n
de

fin
e

th
e

in
fe

rr
ed

ed
ge

se
tÊ

as

Ê
=
{ {
i,
j}
∈
V

(2
)

:
Y
ij

=
1}

.

It
is

us
ef

ul
to

th
in

k
of

th
e

co
lle

ct
io

n
of

ra
nd

om
va

ri
ab

le
s
{ Y

ij
:
{i
,j
}
∈
V

(2
)}

as
be

in
g

as
so

ci
at

ed
w

ith
tw

o
ty

pe
s

of
er

ro
rs

.T
ha

ti
s,

w
e

ex
pr

es
s

th
e

m
ar

gi
na

ld
is

tr
ib

ut
io

ns
of

th
e
Y
ij

in
th

e
fo

rm

Y
ij
∼
{

B
er

no
ul

li
(α

ij
)
,i

f{
i,
j}
∈
E
c
,

B
er

no
ul

li
(1
−
β
ij

)
,i

f{
i,
j}
∈
E

,
(2

)

w
he

re
E
c

=
V

(2
)
\E

.
A

ga
in

pu
rs

ui
ng

th
e

ex
am

pl
e

of
ne

tw
or

k
co

ns
tr

uc
tio

n
ba

se
d

on
hy

po
th

es
is

te
st

in
g,
α
ij

ca
n

be
in

te
rp

re
te

d
as

th
e

pr
ob

ab
ili

ty
of

Ty
pe

-I
er

ro
r

fo
r

th
e

te
st

on
ve

rt
ex

pa
ir
{i
,j
}
∈

E
c
,w

hi
le
β
ij

is
in

te
rp

re
te

d
as

th
e

pr
ob

ab
ili

ty
of

Ty
pe

-I
Ie

rr
or

fo
rt

he
te

st
on

ve
rt

ex
pa

ir
{i
,j
}
∈
E

.
Fo

re
xa

m
pl

e,
α
ij

m
ig

ht
be

th
e

pr
ob

ab
ili

ty
of

in
co

rr
ec

tly
in

fe
rr

in
g

a
re

gu
la

to
ry

re
la

tio
ns

hi
p

be
tw

ee
n

tw
o

ge
ne

s
i

an
d
j,

ba
se

d
on

th
re

sh
ol

di
ng

th
e

em
pi

ri
ca

lc
or

re
la

tio
n

be
tw

ee
n

th
ei

re
xp

re
ss

io
n

va
lu

es
,

as
qu

an
tifi

ed
th

ro
ug

h
de

ep
se

qu
en

ci
ng

m
ea

su
re

m
en

ts
ov

er
a

se
ri

es
of

ex
pe

ri
m

en
ts

.
Si

m
ila

rl
y,
β
ij

m
ig

ht
be

th
e

pr
ob

ab
ili

ty
of

m
is

si
ng

a
lo

gi
ca

ll
in

k
in

th
e

In
te

rn
et

to
po

lo
gy

be
tw

ee
n

tw
o

ro
ut

er
s
i

an
d

j,
du

e
to

ar
tif

ac
ts

in
m

ea
su

re
m

en
tt

ec
hn

ol
og

ie
s

(e
.g

.,
tr

ac
er

ou
te

).
O

ur
in

te
re

st
in

th
is

pa
pe

r
is

in
ch

ar
ac

te
ri

zi
ng

th
e

m
an

ne
r

in
w

hi
ch

th
e

un
ce

rt
ai

nt
y

in
th

e
Y
ij

pr
op

ag
at

es
to

su
bg

ra
ph

co
un

ts
on
Ĝ

.
M

or
e

sp
ec

ifi
ca

lly
,w

e
se

ek
to

ch
ar

ac
te

ri
ze

th
e

di
st

ri
bu

tio
n

of
th

e
di

ff
er

en
ce

D
=

1

|I
so

(H
)|

∑

H
′ ⊆
K
n
v
,H

′ ∼ =
H

[ 1
{H
′ ⊆

Ĝ
}−

1
{H
′ ⊆

G
}]

,
(3

)

fo
r

a
gi

ve
n

ch
oi

ce
of

su
bg

ra
ph

H
.

N
at

ur
al

ly
,

th
is

di
st

ri
bu

tio
n

w
ill

de
pe

nd
in

no
sm

al
l

pa
rt

on
co

nt
ex

t.
H

er
e

w
e

fo
cu

s
on

a
ge

ne
ra

lf
or

m
ul

at
io

n
of

th
e

pr
ob

le
m

in
w

hi
ch

w
e

m
ak

e
th

e
fo

llo
w

in
g

th
re

e
as

su
m

pt
io

ns
.

(A
1)

La
rg

e
G

ra
ph

s:
n
v
→
∞

.

(A
2)

E
dg

e
U

nb
ia

se
dn

es
s:
∑
{i
,j
}∈
E
c
α
ij

=
∑
{i
,j
}∈
E
β
ij

(≡
λ

).

(A
3)

Lo
w

E
rr

or
R

at
e:
λ

=
Θ

(µ
).

A
ss

um
pt

io
n

(A
1)

re
fle

ct
s

bo
th

th
e

fa
ct

th
at

th
e

st
ud

y
of

la
rg

e
gr

ap
hs

is
a

ha
llm

ar
k

of
m

od
er

n
ap

-
pl

ie
d

w
or

k
in

co
m

pl
ex

ne
tw

or
ks

an
d,

ac
co

rd
in

gl
y,

ou
rd

es
ir

e
to

m
ak

e
st

at
em

en
ts

th
at

ar
e

as
ym

pt
ot

ic
in
n
v
.
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B
A

L
A

C
H

A
N

D
R

A
N

,K
O

L
A

C
Z

Y
K

,A
N

D
V

IL
E

S

O
ur

us
e

of
as

su
m

pt
io

n
(A

2)
re

fle
ct

s
th

e
un

de
rs

ta
nd

in
g

th
at

a
‘g

oo
d’

ap
pr

ox
im

at
io

n
Ĝ

to
th

e
gr

ap
h
G

sh
ou

ld
at

th
e

ve
ry

le
as

t
ha

ve
ro

ug
hl

y
th

e
ri

gh
t

nu
m

be
r

of
ed

ge
s.

T
he

di
ff

er
en

ce
of

th
e

tw
o

su
m

s
de

fin
ed

in
(A

2)
is

in
fa

ct
th

e
ex

pe
ct

at
io

n
of

th
e

st
at

is
tic
D

in
(3

)
fo

r
th

e
ca

se
w

he
re

th
e

su
bg

ra
ph

be
in

g
co

un
te

d
is

ju
st

a
si

ng
le

ed
ge

,i
.e

.,
it

is
th

e
ex

pe
ct

ed
di

sc
re

pa
nc

y
be

tw
ee

n
th

e
nu

m
be

r
of

ob
se

rv
ed

ed
ge

s
|Ê
|a

nd
th

e
ac

tu
al

nu
m

be
ro

fe
dg

es
|E
|.

So
(A

2)
st

at
es

th
at

th
is

pa
rt

ic
ul

ar
ch

oi
ce

of
D

ha
s

ex
pe

ct
at

io
n

ze
ro

.
A

lte
rn

at
iv

el
y,

(A
2)

m
ay

be
in

te
rp

re
te

d
as

sa
yi

ng
th

at
th

e
to

ta
ln

um
be

rs
of

Ty
pe

Ia
nd

Ty
pe

II
er

ro
rs

sh
ou

ld
be

eq
ua

lt
o

a
co

m
m

on
va

lu
e
λ

.
Fi

na
lly

,w
e

ca
pt

ur
e

th
e

no
tio

n
of

a
‘l

ow
’r

at
e

of
er

ro
ri

n
Ĝ

th
ro

ug
h

as
su

m
pt

io
n

(A
3)

.S
pe

ci
fic

al
ly

,
w

e
as

su
m

e
th

at
th

e
nu

m
be

ro
fT

yp
e

Io
rT

yp
e

II
er

ro
rs

in
ed

ge
st

at
us

th
at

w
e

ex
pe

ct
th

ro
ug

ho
ut

th
e

ne
tw

or
k

is
ro

ug
hl

y
on

pa
r

w
ith

th
e

av
er

ag
e

nu
m

be
r

of
ed

ge
s

in
ci

de
nt

to
an

y
gi

ve
n

ve
rt

ex
in

th
e

ne
tw

or
k.

T
hi

s
co

nd
iti

on
ca

n
be

re
-e

xp
re

ss
ed

in
a

us
ef

ul
m

an
ne

rw
ith

re
sp

ec
tt

o
n
v

if
,a

s
is

co
m

m
on

in
th

e
lit

er
at

ur
e,

w
e

di
st

in
gu

is
h

be
tw

ee
n

sp
ar

se
an

d
de

ns
e

gr
ap

hs
.B

y
th

e
te

rm
sp

ar
se

w
e

w
ill

m
ea

n
a

gr
ap

h
fo

r
w

hi
ch
|E
|=

Θ
(n
v

lo
g
n
v
),

an
d

by
de

ns
e,
|E
|=

Θ
( n

2 v

) .
H

en
ce

,
as

su
m

pt
io

n
(A

3)
re

du
ce

s
to
λ

=
Θ

(l
og
n
v
)

in
th

e
ca

se
of

sp
ar

se
gr

ap
hs

,a
nd

to
λ

=
Θ

(n
v
),

in
th

e
ca

se
of

de
ns

e
gr

ap
hs

.
In

ad
di

tio
n,

fo
r

co
nv

en
ie

nc
e,

w
e

ad
d

to
th

e
co

re
as

su
m

pt
io

ns
(A

1)
-(

A
3)

a
fo

ur
th

as
su

m
pt

io
n,

up
on

w
hi

ch
w

e
w

ill
ca

ll
pe

ri
od

ic
al

ly
th

ro
ug

ho
ut

th
e

pa
pe

r
w

he
n

de
si

ri
ng

to
si

m
pl

if
y

so
m

e
of

ou
r

ex
pr

es
si

on
s.

(A
4)

H
om

og
en

ei
ty

:
α
ij
≡
α

an
d
β
ij
≡
β

,f
or
α
,β
∈

(0
,1

).

In
ot

he
r

w
or

ds
,w

e
as

su
m

e
th

at
th

e
pr

ob
ab

ili
ty

of
m

ak
in

g
a

Ty
pe

I
or

II
er

ro
r

(a
s

th
e

ca
se

m
ay

be
)

do
es

no
td

ep
en

d
up

on
th

e
sp

ec
ifi

c
(n

on
)e

dg
e

in
qu

es
tio

n.
L

as
tly

,f
or

co
m

pl
et

en
es

s,
w

e
re

ca
ll

th
e

de
fin

iti
on

of
th

e
Sk

el
la

m
di

st
ri

bu
tio

n.
A

ra
nd

om
va

ri
ab

le
W

de
fin

ed
on

th
e

in
te

ge
rs

is
sa

id
to

ha
ve

a
Sk

el
la

m
di

st
ri

bu
tio

n,
w

ith
pa

ra
m

et
er

s
λ
1
,λ

2
>

0
,i

.e
.,

W
∼

Sk
el

la
m

(λ
1
,λ

2
),

if

P
(W

=
k
)

=
e−

(λ
1
+
λ
2
)

(
√
λ
1

λ
2

)
k

I k

( 2√
λ
1
λ
2

)
fo

rk
∈
Z,

(4
)

w
he

re
I k
( 2√

λ
1
λ
2

)
is

th
e

m
od

ifi
ed

B
es

se
l

fu
nc

tio
n

of
th

e
fir

st
ki

nd
w

ith
in

de
x
k

an
d

ar
gu

m
en

t
2
√
λ
1
λ
2
.T

he
Sk

el
la

m
di

st
ri

bu
tio

n
m

ay
be

co
ns

tr
uc

te
d

by
de

fin
in

g
W

th
ro

ug
h

th
e

di
ff

er
en

ce
of

tw
o

in
de

pe
nd

en
tP

oi
ss

on
ra

nd
om

va
ri

ab
le

s,
w

ith
m

ea
ns
λ
1

an
d
λ
2
,r

es
pe

ct
iv

el
y.

T
he

m
ea

n
an

d
va

ri
an

ce
of

th
is

di
st

ri
bu

tio
n

ar
e

gi
ve

n
by

E[
W

]
=
λ
1
−
λ
2

an
d

V
ar

(W
)

=
λ
1

+
λ
2
.T

he
di

st
ri

bu
tio

n
of
W

is
in

ge
ne

ra
la

sy
m

m
et

ri
c,

w
ith

sy
m

m
et

ry
ho

ld
in

g
if

an
d

on
ly

if
λ
1

=
λ
2
.

T
he

m
ai

n
re

su
lts

w
e

pr
ov

id
e

in
th

is
pa

pe
r

ar
e

in
th

e
fo

rm
of

bo
un

ds
on

th
e

ex
te

nt
to

w
hi

ch
th

e
di

st
ri

bu
tio

n
of

ra
nd

om
va

ri
ab

le
s

lik
e

th
e

di
sc

re
pa

nc
y
D

in
(3

)m
ay

be
w

el
l-

ap
pr

ox
im

at
ed

by
an

ap
pr

op
ri

at
e

Sk
el

la
m

di
st

ri
bu

tio
n.

Fo
r

th
is

pu
rp

os
e,

w
e

ad
op

tt
he

K
ol

m
og

or
ov

-S
m

ir
no

v
di

st
an

ce
to

qu
an

tif
y

th
e

di
st

an
ce

be
tw

ee
n

di
st

ri
bu

tio
ns

of
tw

o
ra

nd
om

va
ri

ab
le

s,
sa

y,
X

1
an

d
X

2
,i

.e
.,

d
s K

S
(X

1
,X

2
)
≡

su
p

x
∈R
|P

(X
1
≤
x

)
−

P
(X

2
≤
x

)|
.

2.
2

C
ou

nt
in

g
E

dg
es

G
en

er
ic

su
bg

ra
ph

co
un

ts
,a

nd
th

e
co

rr
es

po
nd

in
g

no
is

e
in

ob
ta

in
in

g
th

em
,c

an
be

qu
ite

va
ri

ed
in

re
al

ap
pl

ic
at

io
ns

.
A

cc
or

di
ng

ly
,m

os
to

f
ou

r
sp

ec
ifi

c
re

su
lts

pe
rt

ai
n

to
th

e
fu

nd
am

en
ta

lc
as

e
of

co
un

tin
g
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O
N

T
H

E
P

R
O

PA
G

A
T

IO
N

O
F

L
O

W
-R

A
T

E
M

E
A

S
U

R
E

M
E

N
T

E
R

R
O

R

edges.
T

hatis,w
here

the
choice

ofsubgraph
H

is
sim

ply
a

single
edge,and

therefore
the

function
η
(G

)
in

(1)is
justthe

totalnum
berofedges

in
G

,i.e.,η
(G

)
=
|E
|.W

e
w

illconsidertw
o

scenarios
forthis

case,w
herein

the
random

variables
Y
ij

are
independentorw

eakly
dependent.

In
the

case
w

here
the

edge
noise

is
independent,the

discrepancy

D
E

=
|Ê
|−
|E
|

=
∑

{
i,j}∈

E
c

Y
ij −

∑{
i,j}∈

E

(1−
Y
ij )

hasexpectation
E

[D
E

]
=
α|E

c|−
β|E
|
=
λ−

λ
=

0
and

variance
σ
2

=
α

(1−
α

)|E
c|+

β
(1−

β
)|E
|,

and
itsbehaviorcan

be
established

using
existing

m
ethodsfrom

the
literature

(i.e.,essentially,C
hen-

Stein
m

ethods).H
ow

ever,w
e

include
itas

an
im

portantbase
case,com

paring
results

obtainable
by

ourm
ethods

to
those

obtainable
by

m
ore

traditionaltechniques,in
Section

4.1.
A

lternatively,suppose
thatthe

variables
Y
ij

are
dependent.T

he
random

variable
D
E

again
has

expectation
zero,

although
its

variance—
and

hence
its

asym
ptotic

behavior—
w

ill
differ

from
the

independent
case,

in
a

m
anner

dictated
by

the
nature

of
the

underlying
dependency

in
the

noise.
It

often
can

be
expected

in
practice

that
the

error
associated

w
ith

construction
of

the
em

pirical
graph

Ĝ
w

ill
involve

dependency
across

(non)edges.
For

exam
ple,

relations
in

gene
regulatory

netw
orks

are
often

declared
based

on
sufficiently

strong
levels

ofassociation
betw

een
gene-specific

m
easurem

ents
(e.g.,m

easures
of

gene
expression).

T
he

com
parison

of
the

m
easurem

ents
for

each
gene

w
ith

those
of

allof
the

others
necessarily

induces
potentialdependencies

am
ong

the
random

variables
Y
ij .H

ow
ever,a

precise
characterization

ofsuch
dependency

is
typically

problem
-specific

and,m
ore

often
than

not,nontrivialin
nature.

In
Section

4.2
w

e
w

illassum
e

generaldependency
conditions

in
the

spirit
of

traditional
m

onotone
coupling

argum
ents,

w
hich

w
ill

allow
for

further
analysis

and
interpretation.

3.G
eneralR

esultson
A

pproxim
ation

by
Skellam

R
ecallthe

generalform
ofourstatistic

ofinterest
D

in
(3),as

the
difference

oftw
o

sum
s

ofbinary
random

variables.
U

nder
appropriate

conditions
itseem

s
reasonable

to
expectthatthe

distribution
of
D

be
w

ell-approxim
ated

by
a

Skellam
distribution.

A
nd

for
the

sim
plest

case,
in

w
hich

w
e

are
counting

edges
under

independent
noise,

it
is

possible
to

show
that

this
is

in
fact

the
case,

through
m

anipulation
ofexisting

results
forapproxim

ating
sum

s
by

Poisson
distributions.W

ithout
independence,

how
ever,

it
is

necessary
to

approach
the

problem
directly,

by
explicitly

using
the

Skellam
distribution.

In
this

section,
w

e
therefore

provide
the

results
of

such
an

approach.
T

his
is

a
com

pletely
generaltreatm

ent—
devoid

of
the

m
otivating

contextof
counting

subgraphs—
and

therefore
also

likely
ofsom

e
independentinterest.In

Section
4

w
e

return
to

the
problem

ofcounting
subgraphs

under
low

-rate
error

and
illustrate

the
use

of
the

results
presented

here
in

this
section

through
application

to
the

case
ofcounting

edges.
O

ur
approach

in
this

section
is

through
Stein’s

m
ethod.

T
his

choice
is

rem
iniscent,naturally,

of
the

C
hen-Stein

treatm
ent

for
Poisson

approxim
ations.

H
ow

ever,
the

task
is

technically
m

ore
involved

atseveralpoints,as
itrequires

handling
a

Stein
function

thatis
defined

through
a

second-
order

difference,rather
than

the
first-order

difference
encountered

in
the

Poisson
problem

.
M

ore-
over,

the
kernel

of
the

Skellam
distribution

includes
a

m
odified

B
essel

function
of

the
first

kind,
w

hich
em

erges
in

w
ays

necessitating
a

som
ew

hatdelicate
treatm

ent.
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B
A

L
A

C
H

A
N

D
R

A
N

,K
O

L
A

C
Z

Y
K

,
A

N
D

V
IL

E
S

3.1
A

Stein
B

ound
for

the
Skellam

D
istribution

L
et
U

be
a

random
variable

defined
asU

=
n
∑k
=
1

L
k −

m
∑k
=
1

M
k
,

(5)

w
here{{L

k }
nk
=
1
,{
M
k }
mk
=
1 }

is
a

collection
oftw

o
sets

ofindicatorrandom
variables

w
ith

E
[L
k ]

=
p
k

for
k

=
1,...,n

and
E

[M
k ]

=
q
k

for
k

=
1,...,m

.
In

the
case

of
our

subgraph
counting

problem
,
U

=
D

,w
here

D
is

defined
in

(3),although
forthe

rem
ainderofthis

currentsection
U

is
defined

generally.
R

ecallthe
definition

ofa
Skellam

random
variable

W
in

(4).W
e

desire
a

bound
on

d
K
S

(U
,W

)
:=

su
p

x∈
R |P

(U
≤
x

)−
P

(W
≤
x

)|
,

(6)

quantifying
how

close
the

distribution
of
U

is
to

thatof
W

.
In

pursuing
the

standard
paradigm

for
Stein’s

m
ethod,w

e
firstdeterm

ine
an

operatorA
[f

(k
)]such

that

EA
[f

(W
)]

=
0

ifand
only

if
W
∼

Skellam
(λ

1 ,λ
2 )

forany
bounded

function
f

:Z
7→

R
.T

his
operatorneed

notbe
unique,butthe

theory
only

requires
one.

T
his

is
accom

plished
through

the
follow

ing
result,the

proof
of

w
hich

uses
severalproperties

ofthe
m

odified
B

esselfunction
ofthe

firstkind,as
detailed

in
the

appendix,in
Section

A
.1.

T
heorem

1
A

Stein
operatorA

for
the

Skellam
(λ

1 ,λ
2 )

distribution
is

A
[f

(k
)]

=
λ
1 f

(k
+

1)−
k
f

(k
)−

λ
2 f

(k−
1)
.

W
ith

this
operator

in
hand,and

again
follow

ing
the

usualparadigm
under

Stein’s
m

ethod,w
e

set
A

[f
(k

)]
=
g

(k
)

for
a

class
of

testfunctions
g

(k
),and

allow
thatto

im
plicitly

define
the

function
f.

T
he

choice
of

the
testfunctions

g
isguided

by
the

choice
ofthe

m
etric

used
to

m
easure

the
distance

betw
een

U
and

W
.Since

the
m

etric
w

e
choose

to
m

easure
the

distance
betw

een
U

and
W

is
given

by
d
K
S

(U
,W

)
in

(6),w
e

choose
the

testfunction
g

:=
g
x

given
by

g
x

(k
)

=
1{
k
≤
x}−

P
(W
≤
x

)
(7)

forany
x
∈
R

.
A

tthispointitiscom
m

on
to

exhibita
solution

f
defined

by
ourchoice

of
g.Instead,w

e
forestall

thatstep
untillaterin

this
section,choosing

ratherto
state

a
generalresultthatw

illallow
us

to
m

ore
quickly

gain
insightinto

the
nature

ofthe
bounds

w
e

are
able

to
obtain.O

urresultem
ploys

a
m

inor
variantofthe

notion
ofcoupling

thatis
com

m
on

to
the

literature
on

C
hen-Stein

approxim
ations.

T
heorem

2
Let

U
be

as
in

(5)and
letL

(U
)

denote
the

law
of
U

.Let

L
(
U

(L
)

k
+

1 )
=
L

(U
|L
k

=
1)

for
k

=
1,...,n
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O
N

T
H

E
P

R
O

PA
G

A
T

IO
N

O
F

L
O

W
-R

A
T

E
M

E
A

S
U

R
E

M
E

N
T

E
R

R
O

R

an
d

L
( U

(M
)

k
−

1)
=
L

(U
|M

k
=
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∑
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x
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su
p

j∈
Z
|f x
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+
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f x
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an
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x
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at
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e

ex
te

nt
to

w
hi

ch
bo

th
th

e
m

ai
n

ex
pr

es
si

on
w

ith
in

br
ac

ke
ts

in
(8

)a
nd

th
e

pr
ec

ed
in

g
co

ns
ta

nt
||∆
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r
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w
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s
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fir
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3
Le

t
g k

be
de

fin
ed

as
in

eq
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tio
n

(7
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If
f x

is
a

bo
un

de
d

so
lu

tio
n

to
th

e
di

ffe
re

nc
e

eq
ua

tio
n

λ
1
f x

(k
+

1)
−
k
f x

(k
)
−
λ
2
f x

(k
−

1)
=
g x

(k
)

fo
r
k
∈
Z,

th
en
f x

is
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n

by

f x
(m
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=
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m
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λ
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λ
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) m
I m
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c
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λ
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λ
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) c
1 I c
f
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eλ
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λ
2

√
λ
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∑
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1

n
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1
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>
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c

(−
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(√

λ
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) m
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c
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λ
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1 I c
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λ
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√
λ
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λ
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∑
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1
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(−
1
)n
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1
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≤

m
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P
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>
m

ax
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]

if
m
<
c.

fo
r

an
y

in
iti
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co

nd
iti

on
(c
,f
x

(c
))

w
ith

c
∈

Z
an

d
f x

(c
)
∈

R
.

H
er

e
I m

is
us

ed
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sh
or

t-
ha

nd
fo

r
I m

(2
√
λ
1
λ
2
).

T
he

pr
oo

f
of

th
is

th
eo

re
m

is
si

m
ila

r
to

th
at

of
so

lv
in

g
a
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nd
or

de
r

lin
ea

r
di
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en
tia
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at
io

n.
A

n
in
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gr
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g
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th
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.D
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th
e
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n
A
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o
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|∆
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ra
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at
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e
fo

llo
w

in
g

re
su

lt
ch

ar
ac

te
ri

zi
ng

th
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y
D
E

=
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6
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d
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K
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Proofofthis
resultm

ay
be

found
in

the
appendix,in

Section
A

.5.T
he

theorem
establishes

a
rate

atw
hich—

in
large

netw
orks,w

hethersparse
ordense,w

ith
independentand

hom
ogeneous

low
-rate

errors—
the

distribution
ofthe

discrepancy
D
E

tends
to

thatofan
appropriate

Skellam
distribution,

i.e.,sym
m

etric
and

centered
on

zero,w
ith

variance
2λ.T

he
sam

e
rate

m
ay

be
established

using
m

ore
standard

argum
ents

from
C

hen-Stein
theory,the

proofofw
hich

w
e

also
include

in
the

appendix,for
com

pleteness.
T

hese
latter

argum
ents,of

course,only
hold

in
the

case
of

independence
assum

ed
here,and

do
notextend

generally
to

the
case

ofdependence
in

the
edge

noise.
To

putthe
rate

established
in

the
above

theorem
in

better
context,itis

interesting
to

com
pare

to
the

case
w

here
a

norm
aldistribution

is
used

instead
to

approxim
ate

thatof
the

discrepancy
D
E

.
T

he
follow

ing
theorem

,proofofw
hich

also
m

ay
be

found
in

Section
A

.5,provides
both

upperand
low

erbounds.

T
heorem

7
Let

σ
2

=
Var(D

E
).

U
nder

the
sam

e
conditions

as
Theorem

6
,in

the
case

ofsparse
graphs

Ω
(log −

1
n
v )≤

d
K
S

(
D
E
/σ
,
N

(0,1)
))≤

O
(

log −
1
/
2
n
v )

,
(10)

w
hile

in
the

case
ofdense

graphs,

Ω
(n
−
1

v

)≤
d
K
S

(
D
E
/σ
,
N

(0,1)
))≤

O
(
n
−
1
/
2

v

)
,

(11)

w
here

N
(0,1

)
refers

to
a

standard
norm

alrandom
variable.

T
hese

tw
o

theorem
s

together
indicate

that
in

this
context

a
Skellam

approxim
ation

is
clearly

superiorto
a

norm
alforsparse

graphs,and
they

suggestthatitcan
be

betterasw
ellfordense

graphs.
T

hese
statem

ents
are

supported
by

the
results

ofa
sm

allsim
ulation

study,show
n

in
Figure

1.T
here

w
e

com
pared

the
tw

o
approxim

ations
as
n
v

ranges
from

100
to

1000
to

10,000,
for

error
rates

λ
defined

to
be

constant,
logarithm

ic,
square

root,
or

linear
functions

of
n
v .

For
the

sparse
and

dense
cases,

w
e

let|E
|

equal
n
v

log
n
v

and
n
v (n

v −
1)/4,

respectively.
L

ooking
at

the
sparse

case,
for

w
hen

λ
=

log
n
v ,

the
Skellam

approxim
ation

clearly
dom

inates
the

norm
al.

H
ow

ever,
interestingly,this

dom
inance

continues
even

w
hen

the
errorrate

is
setequalto

n
1
/
2

v
.O

nly
once

the
error

rate
is
n
v

do
w

e
see

the
norm

alapproxim
ation

begin
to

overtake
the

Skellam
approxim

ation.
N

ote
that

by
this

stage,
β

=
O

(1),
and

so
essentially

there
is

no
‘signal’

standing
out

from
the

‘noise’.
Sim

ilarly,looking
atthe

dense
case,w

e
see

thatthe
Skellam

approxim
ation

is
better

than
the

norm
alapproxim

ation
atallerror

rates,including,in
particular,w

hen
the

error
rate

equals
n
v ,

the
case

addressed
by

the
above

tw
o

theorem
s.

In
sum

m
ary,in

the
independentcase,the

Skellam
distribution

dom
inates

the
norm

alas
an

ap-
proxim

ation
w

hen
there

can
be

expected
to

be
a

cleargraph
‘signal’standing

outagainstthe
‘noise’

induced
by

underlying
low

-rate
m

easurem
enterrors.

4.2
E

dge
C

ountsU
nder

D
ependentE

dge
N

oise

A
gain,as

justabove,considerthe
contextw

herein
counting

edges
is

ofinterest,so
that

η
(G

)
=
|E
|

and
our

goal
is

to
characterize

the
accuracy

w
ith

w
hich

D
E

=
|Ê
|−
|E
|

is
approxim

ated
by

a
Skellam

(λ
,λ

)
random

variable.
N

ow
,how

ever,w
e

assum
e

thatthe
error

associated
w

ith
construc-

tion
ofthe

em
piricalgraph

Ĝ
w

illinvolve
dependency

across
(non)edges.T

hatis,the
random

vari-
ables

Y
ij

are
now

dependent.
A

precise
characterization

of
such

dependency
is

typically
problem

-
specific

and,
m

ore
often

than
not,

nontrivial
in

nature.
H

ere,
for

the
purposes

of
illustration,

w
e

instead
provide

certain
results

ofa
generalnature,w

orking
from

the
bound

(8)ofT
heorem

2.

11
JM

L
R

 18(61):1-33, 2017

B
A

L
A

C
H

A
N

D
R

A
N

,K
O

L
A

C
Z

Y
K

,
A

N
D

V
IL

E
S

C
onstant

Log
S

qrt
Linear

−
3

−
2

−
1 0

100
1000

10000
100

1000
10000

100
1000

10000
100

1000
10000

N
um

berO
fV

ertices

log10(KSDistance)

Lim
itN

orm
al

S
kellam

C
onstant

Log
S

qrt
Linear

−
3

−
2

−
1 0

100
1000

10000
100

1000
10000

100
1000

10000
100

1000
10000

N
um

berO
fV

ertices

log10(KSDistance)

Lim
itN

orm
al

S
kellam

Figure
1:

(L
og)K

olm
ogorov-Sm

irnov
distance

betw
een

Skellam
and

standard
norm

alapproxim
a-

tions
to

the
distribution

ofdiscrepancy
D
E

in
edge

counts
underindependenterrors.Left:

Sparse
case.R

ight:
D

ense
case.

O
fthe

tw
o

term
sin

(8),the
firstterm

||∆
f||isagain

know
n

to
behave

as
O

(λ
−
1),by

T
heorem

4.
O

n
the

other
hand,controlof

the
second

term
,in

brackets,requires
som

e
care.

For
exam

ple,naive
inter-change

ofabsolute
values

and
sum

m
ations

w
ith

expectation
yields

that

p
k E
∣∣∣ U
−
U

(L
)

k

∣∣∣ ≤
p
2k

+
∑k6=

j

p
k p
j

+
E

[L
k L

j ]+
m
∑`=

1

p
k q
`

+
E

[L
k M

` ]
,

and
sim

ilarly
for

q
k E
∣∣∣ U
−
U

(M
)

k

∣∣∣ .
U

nfortunately,
it

is
straightforw

ard
to

show
that

for
the

de-
pendent

error
version

of
the

problem
considered

in
the

previous
subsection

(i.e.,
involving

in-
dependent

and
hom

ogeneous
low

-rate
errors

on
large-spare

netw
orks)

the
bound

w
e

obtain
for

d
K
S

(
D
E
,

Skellam
(λ
,λ

)
)w

illbe
no

betterthan
O

(λ
)—

regardless
ofthe

nature
ofthe

dependency
am

ong
the

Y
ij .

O
ne

possible
approach

to
a

m
ore

subtle
handling

of
these

term
s

is
m

otivated
by

considerations
of

hypothesis
testing.

Suppose
that

the
L
k

correspond
to

indicators
of

Type
I

error
for

n
tests

under
their

corresponding
nullhypotheses,and

the
M
k ,to

indicators
of

Type
II

error
for

m
tests

undertheircorresponding
alternative

hypotheses.Furtherm
ore,suppose

thatthe
corresponding

test
statistics

are
all

defined
on

the
sam

e
scale

and
com

pared
to

the
sam

e
threshold.

M
oreover,

for
sim

plicity,w
e

assum
e

these
statistics

allhave
non-negative

values
and

thattheir
distribution

under
the

null
sits

to
the

left
of

that
under

the
alternative,

so
that

m
ore

extrem
e

positive
values

tend
to

support
the

alternative.
In

this
setting,

if
w

e
know

,
for

exam
ple,

that
L
1

=
1,

w
e

know
that

at
leastone

rejection
of

a
nullhypothesis

has
occurred,indicating

thatthe
threshold

sits
to

the
leftof

the
right-m

ost
extrem

e
of

the
em

pirical
null

distribution.
A

ccordingly,
w

e
are

inclined
to

expect
thatthere

m
ay

be
other

such
rejections

of
the

null,i.e.,other
Type

I
errors.

A
tthe

sam
e

tim
e,w

e
w

ould
expectfew

erType
IIerrors,i.e.,few

er
M

thatequal
1.C

onversely,ifw
e

see
a

Type
IIerror,

say
M

1
=

1,
it

can
be

argued
that

w
e

w
ould

be
inclined

to
expect

m
ore

Type
II

errors
and,

at
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re
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ra
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at
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at
is

tic
s

ar
e

ci
te

d
w

ith
ou

ta
ny

in
di

ca
tio

n
of

lik
el

y
er

ro
r.

14
JM

L
R

 1
8(

61
):

1-
33

, 2
01

7



O
N

T
H

E
P

R
O

PA
G

A
T

IO
N

O
F

L
O

W
-R

A
T

E
M

E
A

S
U

R
E

M
E

N
T

E
R

R
O

R

Figure
2:

(L
og)K

olm
ogorov-Sm

irnov
distances

to
the

distribution
of

the
discrepancy

D
E

in
edge

counts
under

the
C

O
M

B
2

distribution,
w

ith
ν

=
0

(top
left),

ν
=

0
.5

(top
right),

and
ν

=
1
.0

(bottom
left),forthe

Skellam
and

standard
norm

alapproxim
ations.A

lso
show

n
is

a
com

parison
ofSkellam

approxim
ations

as
a

function
of
ν

(bottom
right).

O
urcontributions

in
this

paperare
aim

ed
athelping

to
begin

laying
a

foundation
forw

ork
in

this
area,w

ith
a

focus
on

establishing
an

initialunderstanding
of

the
distributionalbehavior

of
certain

sim
ple

netw
ork

sum
m

ary
statistics.

O
ur

choice
to

w
ork

w
ith

subgraph
counts

is
both

naturaland
m

otivated
by

convenience,w
hereas

our
em

phasis
on

the
specific

case
of

large
netw

orks
w

ith
low

-
rate

m
easurem

enterror
is

intended
to

capture
a

sizable
fraction

of
w

hatarguably
is

encountered
in

practice.
U

ltim
ately,

how
ever,

this
initial

w
ork

leaves
us

still
w

ell
short

of
natural

practical
endpoints

in
applied

statistics
and

m
achine

learning
for

netw
ork

science—
for

exam
ple,

even
to

be
able

to
do

hypothesis
testing

or
constructconfidence

intervals
for

graph-based
param

eters
of

interest(i.e.,
for

η
(G

)).
To

close
this

gap
is

w
ellbeyond

the
scope

of
this

paper.
Indeed,w

e
anticipate

thatit
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B
A

L
A

C
H

A
N

D
R

A
N

,K
O

L
A

C
Z

Y
K

,
A

N
D

V
IL

E
S

w
illrequire

the
contributions

of
m

any
papers

in
this

em
erging

topic
area,from

researchers
across

a
com

bination
of

probability,statistics
and

m
achine

learning,and
dom

ain
areas.

A
ccordingly,w

e
devote

the
rem

ainderofthis
paperto

a
briefdiscussion

ofw
hatw

e
view

as
key

challenges
in

term
s

ofapplied
probability,statisticaland

m
achine

learning
m

ethodology,and
practicalapplications.

5.1
C

hallengesin
A

pplied
Probability

From
the

perspective
ofapplied

probability—
including

random
graph

theory—
ourproblem

form
u-

lation
appears

to
be

new
.

O
ur

form
ulation

is
rem

iniscentof
the

type
of

‘signalplus
noise’

m
odel

com
m

only
used

in
nonparam

etric
function

estim
ation

and
digitalsignalprocessing.N

otably,in
our

form
ulation

the
true

underlying
graph

G
is

fixed.
T

his
necessitates

a
differenttreatm

entthan,say,
traditionalanalysis

of
subgraph

counts
in

classicalE
rdős-R

ényirandom
graphs

(e.g.,Janson
etal.,

2011,C
hs

3
&

6).
In

the
specialcase

w
here

an
E

rdős-R
ényim

odelis
assum

ed,as
w

ellas
assum

-
ing

independence
am

ong
the

m
easurem

enterrors,and
the

analysis
is

done
w

ithoutconditioning
on

G
,then

the
problem

could
be

view
ed

as
involving

a
classicalrandom

graph
w

herein
the

(m
arginal)

probability
ofan

edge
isa

function
notonly

ofan
initialedge

frequency
butalso

the
Type

Iand
Type

II
error

rates.
In

general,how
ever,either

w
hen

G
is

fixed,as
assum

ed
in

this
paper,or

from
som

e
otherclass

ofrandom
graph

m
odels

(e.g.,various
m

odels
w

ith
heterogeneous

degree
distributions),

or
w

hen
the

m
easurem

enterrors
are

dependent,the
problem

is
m

ore
involved.

B
y

conditioning
on

G
,our

form
ulation

allow
s

us
to

focus
our

analysis
firstly

on
a

high-level
notion

of
Type

I
and

II
errors

am
ong

(non)edges,and
then

secondly
on

the
m

annerin
w

hich
the

structure
ofthe

underlying
graph

G
m

ay
interactw

ith
those

errors.
W

e
view

our
w

ork
in

partas
laying

a
key

initialpiece
of

the
foundation

on
an

im
portantnew

class
of

problem
s

in
applied

probability.
H

ow
ever,w

e
have

provided
a

detailed
analysis

only
for

the
m

ost
fundam

ental
of

subgraph
count

statistics,
i.e.,

the
num

ber
of

edges
in

a
netw

ork.
O

ur
initialw

ork
on

extension
to

counts
forsubgraphs

ofhigherordersuggests
thatthe

problem
becom

es
increasingly

nontrivial.
Specifically,the

interaction
of

noise
level,graph

topology,and
choice

of
subgraph

w
ould

appearto
need

to
be

studied
w

ith
care.

T
he

follow
ing

generaltheorem
should

be
usefulin

exploring
furtherin

this
direction.

T
heorem

10
LetH

be
a

given
subgraph

ofinterest.R
e-expressthe

difference
D

in
subgraph

counts
defined

in
equation

(3)as
D
H

=
∑H
′/∈C

H

L
H

′−
∑H
′∈C

H

M
H

′
,

forC
H

=
{H
′⊆

K
n
v

:
H
′∼=

H
,H
′⊆

G
},w

here
L
H

′and
M
H

′are
indicator

variables
ofType

I
and

Type
IIerror,respectively,for

a
subgraph

H
′.U

nder
the

assum
ption

ofindependentedge
noise,

d
K
S

(D
H
,W

)≤
||∆

f||{Var(D
H

)−
(λ

1
+
λ
2 )}

,
(14)

w
here

W
∼

Skellam
(λ

1 ,λ
2 ),w

ith
λ
1

=
∑

H
′/∈C

H
p
H

′and
λ
2

=
∑

H
′∈C

H
q
H

′,for
p
H

′
=

E
[L
H

′]
and

q
H

′
=

E
[M

H
′].

T
his

resultfollow
s

directly
from

application
ofT

heorem
8

and
the

com
m

entim
m

ediately
follow

ing
that

theorem
.

In
particular,

each
of

the
indicator

random
variables

L
H

′
and

1
−
M
H

′
m

ay
be

expressed
as

a
productof

n
v
(H

)
choose

tw
o

binary
random

variables,w
here

n
v
(H

)
is

the
order

of
the

subgraph
H

.
Since

these
products

are
non-decreasing

functions
of

their
argum

ents,and
their
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E
A

S
U

R
E

M
E

N
T

E
R

R
O

R

w
ith

neighborhood
sum

m
aries

(e.g.,proportion
ofneighbors

adopting
a

product)being
used

as
pre-

dictors.
Sim

ilar
use

has
been

m
ade

in
the

social
sciences.

For
exam

ple,
H

ahm
et

al.(2012)
use

vertex
centrality

m
easures

from
a

friendship
netw

ork
as

inputin
an

effortto
predictadolescents

at
risk

ofbinge
drinking.In

these
and

othercases,itiscertainly
conceivable

thatthe
netw

ork
sum

m
ary

m
easures

are
observed

w
ith

error.In
thatcase,incorporation

ofideas
like

errors-in-variables
regres-

sion
m

ightbe
appropriate

(Fuller,2009).
C

haracterization
of

distributionalproperties
for

netw
ork

sum
m

ary
m

easures,as
in

this
paper,can

be
an

im
portantstep

tow
ards

understanding
an

appropriate
errorm

odelforthe
predictors.

5.3
C

hallengesfor
PracticalA

pplications

W
hen

allis
said

and
done,probabilistic

and
statistical/m

achine
learning

developm
entin

the
area

of
netw

ork-based
propagation

oferrorw
illonly

have
significantpracticalim

pactw
hen

paired
w

ith
an

appropriate
degree

ofcontext-specific
understanding

ofthe
nature

and
m

agnitude
oferrors

thatarise
in

netw
ork

construction.
C

ertainly
in

m
ostapplied

settings
itis

w
idely

recognized
by

practitioners
that

there
is

m
easurem

ent
error

associated
w

ith
com

m
on

types
of

netw
ork

constructions.
A

nd
in

m
any

settings
the

generalissue
has

received
nontrivialattention,such

as,forexam
ple,in

the
context

of
protein-protein

interaction
netw

orks
(e.g.,H

artetal.,2006)
or

socialnetw
orks

(e.g,A
lm

quist,
2012).

In
order

to
interface

in
a

productive
m

anner
w

ith
theoreticaland

m
ethodologicaldevelopm

ent,
such

as
offered

in
this

paper,itw
illbe

im
portantto

be
able

to
quantify

the
noise

levels
in

applica-
tions.T

he
difficulty

ofthis
task,ofcourse,can

vary
greatly

by
context,as

w
ellas

can
the

m
agnitude

of
the

noise.
In

the
case

of
protein-protein

interaction
netw

orks,for
exam

ple,itis
understood

that
Type

Iand
Type

IIerrorrates
associated

w
ith

traditionalaffinity
binding

experim
ents

can
be

alarm
-

ingly
high.H

artetal.(2006)sum
m

arized
the

fairly
substantialliterature

on
quantifying

these
rates,

finding
that

values
of
α
≈

0.35
and

β
≈

0
.40

w
ere

not
atypical.

In
this

case,
such

rates
derive

largely
from

experim
entalevidence.

A
lternatively,B

alachandran
etal.(2013a)

em
ploy

em
pirical

nullprinciples
(E

fron,2012)
for

correlation-based
inference

of
a

sm
allgene

regulatory
netw

ork
in

yeastto
estim

ate
errorrates

α
≈

0.004
and

β
≈

0.009.B
utthese

latershould
be

taken
w

ith
a

grain
ofsalt.C

osgrove
etal.(2010)show

thatsuch
nom

inalestim
ates

oferrorrates
can

be
decidedly

off
from

actualerror
rates

w
hen

the
underlying

m
odelassum

ptions
are

violated
in

w
ays

thatcan
often

be
expected

in
practice

(e.g.,due
to

experim
entalbatch

effects).
Finally,

it
is

im
portant

to
note

that
in

som
e

areas
of

netw
ork

science
the

notion
of

‘ground
truth’—

in
the

sense
of

w
hat

constitutes
a

true
(non)edge—

can
be

a
slippery

concept.
For

exam
-

ple,
there

continues
to

be
m

uch
discussion

and
debate

in
com

putational
neuroscience

as
to

w
hat

functional
(or,

alternatively,
effective)

connectivity
represents,

as
inferred

from
data

(e.g.,
from

neuroim
aging

m
easurem

ents),
in

contrast
to

anatom
ical

(or,
alternatively,

physical
or

structural)
connectivity.See,forinstance,the

review
by

Friston
(2011).Such

concerns
furthercom

plicate
the

task
ofdefining

and
quantifying

appropriately
the

notions
ofTypes

Iand
IIerrors

used
in

this
paper.
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A
.1

ProofofT
heorem

1

Proof
W

e
begin

w
ith

the
operator,

A
[f

(k
)]

=
λ
1 f

(k
+

1)−
k
f

(k
)−

λ
2 f

(k−
1)

w
ith

the
intent

of
show

ing
that

the
random

variable
W
∼

Skellam
(λ

1 ,λ
2 )

if
and

only
if

EA
[f

(W
)]

=
0

forany
bounded

function
f

:Z
7→

R
.

W
e

begin
w

ith
the

necessity
direction

and
the

com
putation

of

EA
[f

(W
)]

=
E

[λ
1 f

(W
+

1)−
W
f

(W
)−

λ
2 f

(W
−

1)]

∝
∞∑

k
=
−
∞

[λ
1 f

(k
+

1)−
k
f

(k
)−

λ
2 f

(k−
1)] (

√
λ
1

λ
2 )

k

I
k

w
here

∝
is

to
be

read
as

“proportional
to,”

and
as

shorthand,
w

e
w

rite
I
k

for
I
k (2 √

λ
1 λ

2 ).
B

y
standard

properties
of
I
k

(e.g.,A
bram

ow
itz

and
Stegun,1972)w

e
have

that

I
k−

1 −
I
k
+
1

=
k

√
λ
1 λ

2
I
k

or,in
otherw

ords,
√
λ
1 λ

2
I
k−

1

I
k
−
√
λ
1 λ

2
I
k
+
1

I
k

=
k
.

(15)

T
his

m
eans

that

EA
[f

(W
)

1{W
≤
n}

]
∝

n
∑k
=
−
∞

[√
λ
1

λ
2
f

(k
+

1)−
I
k−

1

I
k
f

(k
)

+

I
k
+
1

I
k
f

(k
)−

√
λ
2

λ
1
f

(k−
1) ](

√
λ
1

λ
2 )

k

I
k

=
n
∑k
=
−
∞

 (
√
λ
1

λ
2 )

k
+
1

I
k f

(k
+

1)−
(
√
λ
1

λ
2 )

k

I
k−

1 f
(k

) 

+
n
∑k
=
−
∞

 (
√
λ
1

λ
2 )

k

I
k
+
1 f

(k
)−

(
√
λ
1

λ
2 )

k−
1

I
k f

(k−
1) 

=

(
√
λ
1

λ
2 )

n
+
1

I
n
f

(n
+

1)
+

(
√
λ
1

λ
2 )

n

I
n
+
1 f

(n
)
.

N
ow

,since
f

is
bounded,

lim
n→
∞



(
√
λ
1

λ
2 )

n
+
1

I
n
f

(n
+

1)
+

(
√
λ
1

λ
2 )

n

I
n
+
1 f

(n
) 

=
0
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)]
]

=
li
m
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→
∞
EA
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(W

)
1
{W
≤
n
}]

=
li
m

n
→
∞

  

(
√
λ
1

λ
2

)
n
+
1

I n
f
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+
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+

(
√
λ
1

λ
2

)
n

I n
+
1
f
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)  

=
0

w
hi

ch
pr

ov
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th
e

cl
ai

m
.
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pr

ov
e

su
ffi
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en

cy
,w

e
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gi
n

w
ith
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=
0

an
d

su
pp

os
e

th
at
f k
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)

=
1
{j

=
k
}

fo
r

so
m

e
j
∈
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in
w

hi
ch

ca
se

λ
1
p

(k
−

1)
−
k
p

(k
)
−
λ
2
p

(k
+

1)
=

0

w
he

re
p

(k
)

=
P

(W
=
k
).

A
n

an
sa

tz
of

S
(k

)
=
(√

λ
1
λ
2

) k
I k
( 2√

λ
1
λ
2

)
an

d
T

(k
)

=
(√

λ
1
λ
2

) k
K
k

( 2√
λ
1
λ
2

)

sh
ow

s
th

at
S

an
d
T

fo
rm

tw
o

lin
ea

rl
y

in
de

pe
nd

en
ts

ol
ut

io
ns

to
th

is
se

co
nd

or
de

r
lin

ea
r

di
ff

er
en

ce
eq

ua
tio

n,
w

he
re
I k

(x
)

an
d
K
k
(x

)
ar

e
th

e
m

od
ifi

ed
B

es
se

lf
un

ct
io

ns
of

th
e

fir
st

an
d

se
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nd
ki

nd
s.

T
hu

s,
w

e
kn

ow
th

at
th

e
ge

ne
ra

ls
ol

ut
io

n
is

gi
ve

n
by

,

p
(k

)
=
C
1
S

(k
)

+
C
2
T

(k
)

fo
rs

om
e

co
ns

ta
nt

s
C
1
,C

2
∈
R

.
N

ow
,t

o
de

te
rm

in
e

th
e

co
ns

ta
nt

s
C
1

an
d
C
2

w
e

ap
pe

al
to

th
e

fa
ct

th
at
∑
∞ k=
−
∞
p

(k
)

=
1

.S
in

ce
I k
,K

k
>

0
fo

r
al

l
k
∈

Z
an

d
∑
∞ k=
−
∞
K
k

=
∞

it
m

us
t

be
th

at
C
2

=
0

.
N

ow
,

co
ns

id
er

th
e

ge
ne

ra
tin

g
fu

nc
tio

n

e
z 2
(t
+
1
/
t)

=
∞ ∑

k
=
−
∞
tk
I k

(z
)

w
hi

ch
m

ea
ns

th
at

C
1

=
1

∑
∞ k=
−
∞
(√

λ
1
λ
2

) k
I k
( 2√

λ
1
λ
2

)

=
1

e√
λ
1
λ
2

(√
λ
1
λ
2
+
√
λ
2
λ
1

)

=
e−

(λ
1
+
λ
2
)

so
th

at

p
(k

)
=
e−

(λ
1
+
λ
2
)

(
√
λ
1

λ
2

)
k

I k

( 2√
λ
1
λ
2

)

so
th

at
W
∼

Sk
el

la
m

(λ
1
,λ

2
).
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A
.2

Pr
oo

fo
fT

he
or

em
2

Pr
oo

f
G

iv
en

th
at
f x

is
a

so
lu

tio
n

to
A

[f
x
(k

)]
=
g x

(k
),

w
e

ha
ve

λ
1
f x

(k
+

1)
−
k
f x

(k
)
−
λ
2
f x

(k
−

1)
=

1(
k
≤
x

)
−

P
[W
≤
x

].

Su
bs

tit
ut

in
g
k

=
U

an
d

ta
ki

ng
ex

pe
ct

ed
va

lu
es

,w
e

ob
ta

in
,

|P
[U
≤
x

]−
P

[W
≤
x

]|
=
|E

[λ
1
f x

(U
+

1)
−
U
f x

(U
)
−
λ
2
f x

(U
−

1
)]
|
.

(1
6)

N
ex

t,
re

ca
ll

fr
om

(5
)t

ha
tU

=
∑

n k
=
1
L
k
−
∑

m k
=
1
M
k
.S

in
ce
λ
1

=
∑

n k
=
1
p
k

an
d
λ
2

=
∑

m k
=
1
q k

,
w

e
ha

ve
af

te
rc

on
di

tio
ni

ng
on
L
k

an
d
M
k
,

|E
[λ

1
f x

(U
+

1)
−
U
f x

(U
)
−
λ
2
f x

(U
−

1)
]|

=

∣ ∣ ∣ ∣ ∣
n ∑ k
=
1

E
[p
k
f x

(U
+

1)
−
L
k
f x

(U
)]

+
m ∑ k
=
1

E
[M

k
f x

(U
)
−
q k
f x

(U
−

1)
]∣ ∣ ∣ ∣ ∣

=

∣ ∣ ∣ ∣ ∣
n ∑ k
=
1

p
k

(E
[f
x
(U

+
1)

]
−

E
[f
x
(U

)|L
k

=
1]

)
+

m ∑ k
=
1

q k
(E

[f
x
(U

)|M
k

=
1]
−

E
[f
x
(U
−

1
)]

)∣ ∣ ∣ ∣ ∣

=

∣ ∣ ∣ ∣ ∣
n ∑ k
=
1

p
k

( E
[ f x

(U
+

1)
−
f x

( U
(L

)
k

+
1
)]
)

+
m ∑ k
=
1

q k

( E
[ f x

( U
(M

)
k
−

1
)
−
f x

(U
−

1
)])
∣ ∣ ∣ ∣ ∣

≤
n ∑ k
=
1

p
k
||∆

f
||E
∣ ∣ ∣U
−
U

(L
)

k

∣ ∣ ∣+
m ∑ k
=
1

q k
||∆

f
||E
∣ ∣ ∣U
−
U

(M
)

k

∣ ∣ ∣

=
||∆

f
||[

n ∑ k
=
1

p
k
E
∣ ∣ ∣U
−
U

(L
)

k

∣ ∣ ∣+
m ∑ k
=
1

q k
E
∣ ∣ ∣U
−
U

(M
)

k

∣ ∣ ∣] .

C
om

bi
ni

ng
th

is
w

ith
(1

6)
yi

el
ds

th
e

re
su

lt.
�

A
.3

Pr
oo

fo
fT

he
or

em
3

Pr
oo

f
Fi

rs
t,

co
ns

id
er

th
e

so
lu

tio
n

to

λ
1
f

(k
+

1)
−
k
f

(k
)
−
λ
2
f

(k
−

1)
=
g

(k
)
,

(1
7)

fo
rs

om
e

bo
un

de
d

fu
nc

tio
n
g

:
Z
7→

R
,w

ith
th

e
bo

un
da

ry
co

nd
iti

on

li
m

k
→
−
∞

(
√
λ
1

λ
2

)
k

I k
f

(k
)

=
0.

(1
8)
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W
e

use
(15)to

substitute
for

k
in

(17).T
hen,m

ultiplying
both

sides
of(17)by (√

λ
1 /λ

2 )
k
I
k ,w

e
obtain,

λ
1 (
√
λ
1

λ
2 )

k

I
k f

(k
+

1)−
λ
1 (
√
λ
1

λ
2 )

k−
1

I
k−

1 f
(k

)

+
λ
2 (
√
λ
1

λ
2 )

k
+
1

I
k
+
1 f

(k
)−

λ
2 (
√
λ
1

λ
2 )

k

I
k f

(k−
1)

=

(
√
λ
1

λ
2 )

k

I
k g

(k
)

w
hich

is
the

sam
e

as,

(
√
λ
1

λ
2 )

k
+
1

I
k f

(k
+

1)−
(
√
λ
1

λ
2 )

k

I
k−

1 f
(k

)

+

(
√
λ
1

λ
2 )

k

I
k
+
1 f

(k
)−

(
√
λ
1

λ
2 )

k−
1

I
k f

(k−
1)

=
1

√
λ
1 λ

2 (
√
λ
1

λ
2 )

k

I
k g

(k
).

N
otice

thatw
e

have
grouped

term
s

together
so

thatsum
m

ing
over

k
yields

a
telescoping

sum
.

So,sum
m

ing
over

k
∈
{−
∞
,...,n}

and
using

the
boundary

condition
(18),

(
√
λ
1

λ
2 )

n
+
1

I
n
f

(n
+

1)
+

(
√
λ
1

λ
2 )

n

I
n
+
1 f

(n
)

=
1

√
λ
1 λ

2

n
∑k
=
−
∞

(
√
λ
1

λ
2 )

k

I
k g

(k
)
.

N
ow

,m
ultiplying

both
sides

by
(−

1)
n
+
1
/(I

n
I
n
+
1 )

and
sum

m
ing

over
n
∈
{c,c

+
1
,...,m

}
for

m
>
c

and
over

n
∈
{m

,m
+

1
,...,c−

1},for
som

e
initialcondition

c
∈

Z
and

f
(c)∈

R
,w

e
obtain

f
(m

)
=



(−
1)
m
( √

λ
2
λ
1 )

m

I
m

[(−
1)
c ( √

λ
1
λ
2 )

c
1I
c f

(c)

+
1

√
λ
1
λ
2 ∑

m
−
1

n
=
c

(−
1
)
n
+
1

I
n
I
n
+
1

∑
nk
=
−
∞
( √

λ
1
λ
2 )

k

I
k g

(k
) ]

if
m
>
c

(−
1)
m
( √

λ
2
λ
1 )

m

I
m

[(−
1)
c ( √

λ
1
λ
2 )

c
1I
c f

(c)

−
1

√
λ
1
λ
2 ∑

c−
1

n
=
m

(−
1
)
n
+
1

I
n
I
n
+
1

∑
nk
=
−
∞
( √

λ
1
λ
2 )

k

I
k g

(k
) ]

if
m
<
c.

N
ote

thatif
g

(k
)

=
g
x (k

)
=

1{
k
≤
x}−

P
(W
≤
x

)

then
n
∑k
=
−
∞

(
√
λ
1

λ
2 )

k

I
k g

(k
)

=

{
e
λ
1
+
λ
2P

(W
≤
n

)P
(W

>
x

)
if
n
≤
x

e
λ
1
+
λ
2P

(W
≤
x

)P
(W

>
n

)
if
n
≥
x
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if
n
≤
x

n
∑k
=
−
∞

(
√
λ
1

λ
2 )

k

I
k g

(k
)

=
e
λ
1
+
λ
2

n
∑k
=
−
∞
P

(W
=
k
)
g

(k
)

=
e
λ
1
+
λ
2

n
∑k
=
−
∞
P

(W
=
k
)

[1{k
≤
x}−

P
(W
≤
x

)]

=
e
λ
1
+
λ
2

[P
(W
≤

m
in{

n
,x}

)−
P

(W
≤
x

)P
(W
≤
n

)]

=
e
λ
1
+
λ
2P

(W
≤
n

)
[1−

P
(W
≤
x

)]

=
e
λ
1
+
λ
2P

(W
≤
n

)P
(W

>
x

)
.

T
he

case
that

n
≥
x

is
sim

ilar.T
his

m
eans

that

f
x

(m
)

=



(−
1)
m
( √

λ
2
λ
1 )

m

I
m

[(−
1)
c ( √

λ
1
λ
2 )

c
1I
c f

(c)

+
e
λ
1
+
λ
2

√
λ
1
λ
2 ∑

m
−
1

n
=
c

(−
1
)
n
+
1

I
n
I
n
+
1
P

(W
≤

m
in{

n
,x}

)P
(W

>
m

ax{
n
,x}

) ]
if
m
>
c

(−
1)
m
( √

λ
2
λ
1 )

m

I
m

[(−
1)
c ( √

λ
1
λ
2 )

c
1I
c f

(c)

−
e
λ
1
+
λ
2

√
λ
1
λ
2 ∑

c−
1

n
=
m

(−
1
)
n
+
1

I
n
I
n
+
1
P

(W
≤

m
in{

n
,x}

)P
(W

>
m

ax{
n
,x}

) ]
if
m
<
c.�

A
.4

ProofofT
heorem

4

O
ur

proof
of

T
heorem

4
is

highly
involved,from

an
analysis

perspective,butthe
overallprogram

can
be

stated
in

a
relatively

succinct
m

anner.
A

ccordingly,
w

e
sketch

here
the

overall
program

behind
ourproofand

referthe
interested

readerto
the

online
appendix

fora
detailed

account.
Proof

R
ecallthatw

e
are

trying
to

obtain
a

bound
on|∆

f
x (j)|

=
|f
x (j

+
1)−

f
x (j)|independent

of
x
∈
R

and
j∈

Z
.From

T
heorem

3,w
e

have
the

solution
to

the
Stein

equation,how
everto

use
it

to
bound|∆

f
x (j)|,w

e
need

to
sim

plify
itfurther.Forease

ofnotation,w
e

sim
ply

referto
f

instead
of
f
x

and
g

instead
of
g
x .

First,note
thatw

e
have

the
freedom

to
choose

the
initialcondition

(c,f
(c)).M

aking
the

choice
that

c
=
λ
2 −

λ
1 ,and

hence
that

c
=

0
underthe

assum
ption

that
λ
1

=
λ
2 ,w

e
are

able
to

sim
plify

ourexpression
for

f
in

T
heorem

3
to

read,in
the

case
that

m
>

0,as

f
(m

+
1)

=
(−

1)
m
+
1
I
m
+
1 [

1I
0
f

(0)

−
e
2
λ

λ

1

I
0 I

1 P
(W
≤

m
in{0

,x}
)P

(W
>

m
ax{

0,x})

−
e
2
λ

λ

m
−
1

∑n
=
0

(−
1)
n
+
1

I
n
+
1 I
n
+
2 P

(W
≤

m
in{n

+
1
,x}

)P
(W

>
m

ax{n
+

1
,x}

) ]
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0,
as

f
(m
−

1)
=

(−
1)
m
−
1
I m
−
1

[
1 I 0
f

(0
)

−
e2
λ λ

1

I 0
I 1
P

(W
≤

m
in
{−

1,
x
})

P
(W

>
m

ax
{−

1
,x
})

+
e2
λ λ

−
1

∑ n
=
m

(−
1)
n
+
1

I n
−
1
I n

P
(W
≤

m
in
{n
−

1,
x
})

P
(W

>
m

ax
{n
−

1
,x
})
] .

Fi
na

lly
,f

or
th

e
ca

se
m

=
0,

w
e

ha
ve

f
(0

)
=

e2
λ

2
λ

1

I 0
+
I 1

[P
(W
≤

m
in
{0
,x
})

P
(W

>
m

ax
{0
,x
})

+
P

(W
≤

m
in
{−

1,
x
})

P
(W

>
m

ax
{−

1
,x
})

].

N
ex

t,
th

ro
ug

h
m

an
ip

ul
at

io
n

of
th

e
ar

gu
m

en
ts

in
th

e
su

m
s

de
fin

in
g

th
e

ab
ov

e
ex

pr
es

si
on

s
fo

rf
,

ex
pl

oi
tin

g
pr

op
er

tie
s

of
th

e
m

od
ifi

ed
B

es
se

lf
un

ct
io

ns
I k

,a
nd

ap
pl

yi
ng

th
e

tr
ia

ng
le

in
eq

ua
lit

y,
w

e
ar

e
ab

le
to

pr
od

uc
e

bo
un

ds
on

th
e

di
ff

er
en

ce
s
|f

(m
+

1)
−
f

(m
)|

of
th

e
fo

rm

(1
9)

|f
(m

+
1)
−
f

(m
)|
≤

P
(W
≤
x

)

λ

  

∣ ∣ ∣ ∣ ∣ ∣

m
−
1

∑

n
=
1
,3
,.
..

I m
+
1

I n
+
2
−

I m I n
−
1

∣ ∣ ∣ ∣ ∣ ∣

+
m
−
1

∑

n
=
1
,3
,.
..

H
(n

)

∣ ∣ ∣ ∣
I m

+
1
I n

I n
+
1
I n

+
2
−

I m I n
+
1
−
I m

+
1

I n
+
1

+
I m I n
−
1

∣ ∣ ∣ ∣  

+

∣ ∣ ∣ ∣I
m

1 I 0
f

(0
)

+
I m

+
1

{
1 I 0
f

(0
)

−
e2
λ λ

1

I 0
I 1
P

(W
≤

m
in
{0
,x
})

P
(W

>
m

ax
{0
,x
})
}∣ ∣ ∣ ∣

,

if
m

is
ev

en
,a

nd

(2
0)

|f
(m

+
1)
−
f

(m
)|
≤

P
(W
≤
x

)

λ

  

∣ ∣ ∣ ∣ ∣ ∣

m
−
1

∑

n
=
1
,3
,.
..

I m
+
1

I n
+
2
−

I m I n
−
1

∣ ∣ ∣ ∣ ∣ ∣

+
m
−
1

∑

n
=
1
,3
,.
..

H
(n

)

∣ ∣ ∣ ∣
I m

+
1
I n

I n
+
1
I n

+
2
−

I m I n
+
1
−
I m

+
1

I n
+
1

+
I m I n
−
1

∣ ∣ ∣ ∣

+
|H

(m
+

1)
−
H

(m
)|}

+

∣ ∣ ∣ ∣I
m

1 I 0
f

(0
)

+
I m

+
1

{
1 I 0
f

(0
)

−
e2
λ λ

1

I 0
I 1
P

(W
≤

m
in
{0
,x
})

P
(W

>
m

ax
{0
,x
})
}∣ ∣ ∣ ∣

,
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O
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A
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K
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N

D
V

IL
E

S

if
m

is
od

d.
H

er
e
H

(n
)

=
P

(W
>
n

)
/P

(W
=
n

)
is

th
e

in
ve

rs
e

of
th

e
ha

za
rd

fu
nc

tio
n

of
th

e
Sk

el
la

m
di

st
ri

bu
tio

n
(a

nd
is

no
tt

o
be

co
nf

us
ed

w
ith

ou
r

us
e

of
H

in
th

e
m

ai
n

bo
dy

of
th

e
pa

pe
r

as
a

su
bg

ra
ph

of
th

e
gr

ap
h
G

).
N

ot
e

th
at

(1
9)

is
de

fin
ed

by
th

re
e

ke
y

te
rm

s,
w

hi
le

(2
0)

ha
s

th
e

sa
m

e
th

re
e,

au
gm

en
te

d
by

th
e

ad
di

tio
n

of
a

fo
ur

th
,i

.e
.,
|H

(m
+

1)
−
H

(m
)|.

T
hr

ou
gh

a
se

ri
es

of
ar

gu
m

en
ts

(t
he

re
su

lt
fo

re
ac

h
of

w
hi

ch
is

pr
es

en
te

d
as

a
se

pa
ra

te
pr

op
os

iti
on

in
th

e
on

lin
e

ap
pe

nd
ix

),
w

e
ar

e
ab

le
to

co
nt

ro
le

ac
h

of
th

es
e

te
rm

s
as

fo
llo

w
s.

Fi
rs

t,
w

e
sh

ow
th

at

su
p

m
∈N

+

∣ ∣ ∣ ∣ ∣ ∣

m
−
1

∑

n
=
1
,3
,.
..

I m
+
1

I n
+
2
−

I m I n
−
1

∣ ∣ ∣ ∣ ∣ ∣≤
5
.

N
ex

tw
e

sh
ow

th
at

m
−
1

∑

n
=
1
,3
,.
..

H
(n

)

∣ ∣ ∣ ∣
I m

+
1
I n

I n
+
1
I n

+
2
−

I m I n
+
1
−
I m

+
1

I n
+
1

+
I m I n
−
1

∣ ∣ ∣ ∣≤
73

,

fo
rλ
≥

1
.A

nd
fu

rt
he

rm
or

e,
w

e
sh

ow
th

at

∣ ∣ ∣ ∣I
m

1 I 0
f

(0
)

+
I m

+
1

{
1 I 0
f

(0
)
−
e2
λ λ

1

I 0
I 1
P

(W
≤

m
in
{0
,x
})

P
(W

>
m

a
x
{0
,x
})
}∣ ∣ ∣ ∣

≤
P

(W
≤
x

)

λ
.

Fi
na

lly
,i

ti
s

cl
ea

rt
ha

t

H
(m

)
−
H

(m
+

1)

=
P

(W
>
m

)

P
(W

=
m

)
−

P
(W

>
m

+
1)

P
(W

=
m

+
1)

=
1

P
(W

=
m

)
[P

(W
>
m

)
−

P
(W

>
m

+
1)

]

=
P

(W
=
m

+
1
)

P
(W

=
m

)

≤
1

an
d,

at
th

e
sa

m
e

tim
e
H

(m
)
−
H

(m
+

1)
≥

0
so

,w
e

ha
ve

th
at

w
e

m
ay

bo
un

d
th

e
m

ag
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tu
de

of
th

is
fin

al
te

rm
by

1
.

A
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a
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su
lt

of
al

lo
ft

he
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ov
e,

w
e

m
ay

co
nc

lu
de

th
at

|f
(m

+
1)
−
f

(m
)|
≤

80 λ

fo
rm

>
0.

O
r,

eq
ui

va
le

nt
ly

,w
e

m
ay

ex
pr

es
s

th
e

ri
gh

t-
ha

nd
si

de
ab

ov
e

as
16

0/
2λ

.
T

he
ar

gu
m

en
t

fo
r

th
e
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se

of
m

<
0
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si
m
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r
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ri
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d
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th
e
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e
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A
.5

ProofofT
heorem

s6
and

7

A
.5.1

P
R

O
O

F
O

F
T

H
E

O
R

E
M

6

Proof
T

he
term

sE
∣∣∣ U
−
U

(L
)

k

∣∣∣ and
E
∣∣∣ U
−
U

(M
)

k

∣∣∣ in
(8)m

easure
the

dependence
of
U

on
the

events

L
k

=
1

and
M
k

=
1,respectively.

In
the

contextof
the

em
piricalgraph

Ĝ
,the

random
variables

L
are

equalto
Y
ij ,for{i,j}

∈
E
c,w

hile
the

random
variables

M
are

equalto
Y
ij ,for{

i,j}
∈
E

.
W

ith
the

Y
ij

assum
ed

independent,
U

(L
)

k
and

U
(M

)
k

are
independentof

their
respective

events,and
so

w
e

obtain

d
K
S

(U
,W

)≤
||∆

f|| [
n
∑k
=
1

p
2k

+
m
∑k
=
1

q
2k ]

.
(21)

A
ccordingly,and

draw
ing

on
definitions

and
the

resultofT
heorem

4,

d
K
S

(D
E
,Skellam

(λ
,λ

))≤
1λ


∑(i,j)∈

E
c

α
2

+
∑(i,j)∈

E

β
2 

=
|E

c|α
2

+
|E
|β

2

|E
c|α

=
|E

c|α
2

+
|E
| (
|E
c|
|E
| )

2
α
2

|E
c|α

=
α

+
|E

c|
|E
|
α

=
α

+

(
n
v2 )−

|E
|

|E
|

α

=

(
n
v2 )

|E
|
α
.

N
oting

that
α

=
λ
/|E

c|,and
recalling

that|E
c|

=
Θ
(n

2v )
under

both
sparse

and
dense

graphs
G

,
the

lastquantity
above

isseen
to

behave
like

λ
/|E
|w

hich,underassum
ption

(A
3)and

ourdefinition
ofsparse

and
dense

in
Section

2
,reduces

to
O
(n
−
1

v

).So
the

bound
in

(9)is
established.

N
ote

thatthe
right-hand

side
of(21)isanalogousto

the
classicalform

ofthe
bound

forindividual
sum

sofindependentindicatorrandom
variables(e.g.,B

arbourand
C

hen,2005).A
srem

arked
in

the
m

ain
text,forthis

particularcase
ofindependent

Y
ij ,those

m
ore

classicaltechniques
could

also
be

used
to

produce
the

resultofT
heorem

6.Specifically,L
etT

1 ,T
2 ,T̃

1 ,and
T̃
2

be
independentrandom

variables
supported

on
the

integers.
D

enote
by

d
T
V

(X
1 ,X

2 )
the

total-variation
distance

betw
een

tw
o

random
variables

X
1

and
X

2 .T
hen

d
K
S (

T
1 −

T
2 ,T̃

1 −
T̃
2 )
≤

d
T
V

(
T
1 −

T
2 ,T̃

1 −
T̃
2 )

≤
d
T
V

(
(T

1 ,T
2 ),(T̃

1 ,T̃
2 ) )

≤
d
T
V

(
T
1 ,T̃

1 )
+
d
T
V

(
T
2 ,T̃

2 )
,

w
here

the
firstinequality

exploits
the

factthattotal-variation
distance

provides
an

upper
bound

on
K

olm
ogorov-Sm

irnov
distance,

and
the

second
and

third
inequalities

follow
from

L
em

m
as

3.6.3
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A
N

D
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A
N

,K
O

L
A

C
Z

Y
K

,
A

N
D

V
IL

E
S

and
3.6.2

ofD
urrett(2010),respectively.N

ow
define

T
1

=
∑

{
i,j}∈

E
c

Y
ij

and
T
2

=
∑{
i,j}∈

E

(1−
Y
ij )

,

and
let

T̃
1

and
T̃
2

be
independent

Poisson
random

variables
w

ith
com

m
on

m
ean

λ.
Setting

λ
=

|E
c|α

=
|E
|β

,and
applying

to
each

of
d
T
V

(
T
1 ,T̃

1 )
and

d
T
V

(
T
2 ,T̃

2 )
the

standard
Stein

bounds
for

Poisson
approxim

ation
to

sum
s

of
independentindicators

(e.g.,B
arbour

and
C

hen,2005,E
qn

2.6),w
e

again
obtain

that

d
K
S

(D
E
,Skellam

(λ
,λ

))≤
1λ


∑(i,j)∈

E
c

α
2

+
∑(i,j)∈

E

β
2 

=
|E

c|α
2

+
|E
|β

2

|E
c|α

,

and
the

restfollow
s.

�

A
.5.2

P
R

O
O

F
O

F
T

H
E

O
R

E
M

7

To
establish

the
bounds

in
(10)

and
(11),w

e
use

the
follow

ing
resultfrom

Stein’s
m

ethod
for

the
norm

aldistribution
(e.g.,B

arbourand
C

hen,2005).

T
heorem

11
Let

ξ
1 ,...,ξ

n
be

independent
random

variables
w

hich
have

zero
m

eans
and

finite
variancesE

[ξ
2i ]

=
σ
2i ,1
≤
i≤

n
,and

satisfy ∑
ni=

1
σ
2i

=
1.IfF

n
(x

)
is

the
cum

ulative
distribution

function
of ∑

ni=
1
ξ
i ,then,for

every
ε
>

0,

1−
e −

ε
24

40

n
∑i=

1 E
[ξ

2i I{|ξ
i |>

ε} ]−
n
∑i=

1

σ
4i ≤

su
p

x∈
R |F

n
(x

)−
Φ

(x
)|≤

7
n
∑i=

1 E
[|ξ

i | 3 ]
.

ProofofT
heorem

7
W

e
apply

T
heorem

11,w
ith
ξ
i

=
X
i /σ

w
here

X
i is

a
term

in
one

ofthe
sum

s
of
D
E

,to
establish

each
ofourupperand

low
erbounds

in
turn.

U
pper

B
ounds

in
(10)and

(11):
First,note

thatsince

n
∑i=

1 E
[|ξ

i | 3 ]
=

∑
ni=

1 E
[|X

i | 3 ]

σ
3

,

and
E
[|X

i | 3 ]
=
α

(1−
α

) [(1−
α

)
2

+
α
2 ]

or
β

(1−
β

) [(1−
β

)
2

+
β
2 ]

,

w
ith

n
understood

to
be

either|E
c|or|E

|,itfollow
s

that
n
∑i=

1 E
[|ξ

i | 3 ]
=
α

(1−
α

) [(1−
α

)
2

+
α
2 ]|E

c|+
β

(1−
β

) [(1−
β

)
2

+
β
2 ]|E

|
(α

(1−
α

)|E
c|

+
β

(1−
β

)|E
|)

32

≤
m

ax{
(1−

α
)
2

+
α
2,(1−

β
)
2

+
β
2}

α
(1−

α
)|E

c|+
β

(1−
β

)|E
|

(α
(1−

α
)|E

c|+
β

(1−
β

)|E
|)

32

=
m

ax{(1−
α

)
2

+
α
2,(1−

β
)
2

+
β
2}

(α
(1−

α
)|E

c|
+
β

(1−
β

)|E
|)

12

=
m

ax{(1−
α

)
2

+
α
2,(1−

β
)
2

+
β
2}

√
2−

(α
+
β

)
·

1
√
α|E

c|
,
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w
he

re
in

th
e

la
st

eq
ua

lit
y

w
e

ha
ve

us
ed

th
e

fa
ct

th
at
β

=
(|E

c
|/
|E
|)
α

fo
llo

w
s

fr
om

(A
2)

.
Fi

na
lly

,
no

te
th

at

(1
−
α

)2
+
α
2

=
1
−

2
α

+
2
α
2

=
1
−

2
α

(1
−
α

)
≤

1

an
d

th
e

sa
m

e
ho

ld
s

fo
r(

1
−
β

)2
+
β
2
,s

in
ce

0
≤
α
,β
≤

1,
so

th
at

n ∑ i=
1

E
[ |ξ

i|3
] ≤

1
√

2
−

(α
+
β

)
·

1
√
α
|E

c
|
.

T
hi

s
im

m
ed

ia
te

ly
im

pl
ie

s,
af

te
ra

no
th

er
ap

pl
ic

at
io

n
of
β

=
(|E

c
|/
|E
|)α

,

su
p

x
∈R
|F
n
(x

)
−

Φ
(x

)|
≤

7
√

2
−

(α
+
|E
c
|

|E
|α

)
·

1
√
α
|E

c
|
.

U
si

ng
α

=
λ
/
|E

c
|,a

nd
in

vo
ki

ng
th

e
as

su
m

pt
io

n
of

lo
w

-r
at

e
m

ea
su

re
m

en
te

rr
or

in
(A

3)
an

d
th

e
de

fin
iti

on
s

of
sp

ar
se

an
d

de
ns

e
gr

ap
hs

in
Se

ct
io

n
2,

th
e

up
pe

rb
ou

nd
s

in
(1

0)
an

d
(1

1)
fo

llo
w

.

Lo
w

er
bo

un
d

in
(1

0)
an

d
(1

1)
:

Fi
rs

t,
no

te
th

at
si

nc
e
ξ i

=
X
i/
σ

,σ
2 i

=
α

(1
−
α

)/
σ
2

or
σ
2 i

=
β

(1
−
β

)/
σ
2
.T

hu
s, n ∑ i=
1

σ
4 i

=
(α

(1
−
α

))
2
|E

c
|+

(β
(1
−
β

))
2
|E
|

(α
(1
−
α

)|E
c
|+

β
(1
−
β

)|E
|)2

=
(α

(1
−
α

))
2
|E

c
|+
( |
E
c
|

|E
|α

(1
−
β

)) 2
|E
|

(2
−

(α
+
β

))
2
(α
|E

c
|)2

=
1 |E
c
|·

1

(2
−

(α
+
β

))
2
·[ (1

−
α

)2
+
|E

c
|

|E
|(1
−
β

)2
]

=
1

(2
−

(α
+
β

))
2

[ (1
−
α

)2

|E
c
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sa
m

p
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n
g

it
er
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io

n
s

b
ey

on
d

b
u
rn
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n
.

O
u
r

u
se

o
f

th
e

fu
ll

co
n
d
it

io
n
a
l

d
is

tr
ib

u
ti

o
n

o
f

ea
ch

to
p
ic

a
ss

ig
n
m

en
t

is
re

m
in
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ce

n
t

o
f

th
e
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V

B
0

al
go

ri
th

m
fo

r
co
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ap

se
d

va
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at
io

n
al

in
fe

re
n

ce
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n
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on

et
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T
h

e
u

p
d

at
e

eq
u
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io
n
s
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C

V
B

0
b

ea
r
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se

m
b
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n
ce

to
th

os
e
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C

G
S
,

ex
ce

p
t

th
at

th
ey

in
vo

lv
e

d
et

er
m

in
is

ti
c

u
p

d
a
te

s
o
f

d
en

se
p
ro

b
a
b
il
it

y
d
is

tr
ib

u
ti

o
n
s,

w
h
il
e

C
G

S
d
ra

w
s

sp
a
rs

e
sa

m
p
le

s
fr

o
m

si
m

il
a
r

d
is

tr
ib

u
ti

o
n
s,

w
it

h
co

rr
es

p
o
n
d
in

g
tr

a
d
e-

o
ff

s
in

ex
ec

u
ti

o
n

ti
m

e
a
n
d

co
n
v
er

g
en

ce
b

eh
av

io
r,

a
s

w
e

st
u
d
y

in
S
ec

ti
o
n

5
.5

.
O

u
r

a
p
p
ro

a
ch

ca
n

b
e

u
n
d
er

st
o
o
d

a
s

a
d
a
p
ti

n
g

th
is

d
en

se
so

ft
cl

u
st

er
in

g
m

et
h
o
d
o
lo

g
y

o
f

th
e

C
V

B
0

a
lg

o
ri

th
m

to
C

G
S

p
a
ra

m
et

er
es

ti
m

a
ti

o
n
,

le
v
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a
g
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Im
p
r
o
v
e
d

G
ib
b
s
S
a
m
p
l
in
g

P
a
r
a
m
e
t
e
r
E
st

im
a
t
o
r
s
f
o
r
L
D
A

train
in

g
p
aram

eter
u
p

d
ate

in
feren

ce
m

em
o
ry

p
h
ase

recov
ery

ru
le

algorith
m

p
er

token

C
V

B
0

d
en

se
d
en

se
d
eterm

in
istic

variation
al

B
ayes

O
(K

)
C

G
S

sp
arse

sp
arse

ran
d
om

M
C

M
C

O
(1)

C
G

S
p

sp
arse

d
en

se
ran

d
om

M
C

M
C

O
(1)

T
ab

le
1:

P
rop

erties
of

C
V

B
0,

C
G

S
,

an
d

ou
r

p
rop

osed
C

G
S
p

m
eth

o
d
.

th
e

corresp
on

d
in

g
u
n
certain

ty
in

form
ation

,
as

in
C

V
B

0,
b
u
t

w
ith

in
a

M
arkov

ch
ain

M
on

te
C

a
rlo

fra
m

ew
o
rk

,
in

o
rd

er
to

d
raw

o
n

th
e

b
en

efi
ts

o
f

b
o
th

tech
n

iq
u

es.
O

u
r

a
p

p
ro

a
ch

d
o
es

n
o
t

in
cu

r
th

e
m

em
o
ry

ov
erh

ea
d

o
f

C
V

B
0
,

rela
tiv

e
to

C
G

S
.

T
h

e
p

ro
p

erties
o
f

C
V

B
0
,

C
G

S
,

a
n
d

o
u
r

p
ro

p
o
sed

estim
ators

are
su

m
m

arized
in

T
ab

le
1.

It
is

im
p

ortan
t

to
n
ote

th
at

w
e

d
o

n
ot

m
o
d
ify

th
e

C
G

S
algorith

m
,
an

d
th

u
s

d
o

n
ot

aff
ect

its
ru

n
tim

e
or

m
em

ory
req

u
irem

en
ts.

R
ath

er,
w

e
m

o
d
ify

th
e

p
roced

u
re

fo
r

reco
verin

g
pa

ra
m

eter
estim

a
tes

fro
m

co
lla

p
sed

G
ibbs

sa
m

p
les.

A
fter

ru
n

n
in

g
th

e
sta

n
d
a
rd

C
G

S
a
lg

o
rith

m
(o

r
a

m
o
d

ern
a
ccelera

ted
a
p

p
rox

im
a
te

im
p

lem
en

ta
tio

n
)

fo
r

a
su

ffi
cien

t
n
u

m
b

er
o
f

itera
tio

n
s,

w
e

o
b
ta

in
th

e
sta

n
d
ard

d
o
cu

m
en

t-top
ic

an
d

top
ic-w

ord
cou

n
t

m
atrices.

A
t

th
is

p
oin

t,
in

stead
of

u
sin

g
th

e
stan

d
ard

C
G

S
p
aram

eter
estim

ation
eq

u
ation

s
to

calcu
late

θ
an

d
φ

,
w

e
em

p
loy

ou
r

p
rop

osed
estim

ators.
A

s
a

resu
lt,

ou
r

estim
ators

can
b

e
p

lu
gged

in
to

th
e

ou
tp

u
t

of
an

y
C

G
S
-b

a
sed

in
feren

ce
m

eth
o
d
,

in
clu

d
in

g
m

o
d
ern

va
ria

n
ts

o
f

th
e

a
lg

o
rith

m
su

ch
a
s

S
p
a
rse

L
D

A
(Y

a
o

et
a
l.,

2
0
0
9
),

M
etro

p
o
lis-H

a
stin

g
s-W

a
lk

er
(L

i
et

a
l.,

2
0
1
4
),

L
ig

h
tL

D
A

(Y
u
a
n

et
a
l.,

2
0
1
5
),

o
r

W
a
rp

L
D

A
(C

h
en

et
a
l.,

2
0
1
6
),

a
llow

in
g

fo
r

ea
sy

a
n

d
w

id
e

a
d

o
p

tio
n

o
f

o
u
r

a
p
p
ro

a
ch

b
y

th
e

resea
rch

co
m

m
u
n
ity

a
n
d

in
in

d
u
stry

a
p
p
lica

tio
n
s.

O
u
r

a
lg

o
rith

m
is

v
ery

sim
p
le

to
im

p
lem

en
t,

req
u
irin

g
o
n
ly

slig
h
t

m
o
d
ifi

ca
tio

n
s

to
ex

istin
g

C
G

S
co

d
e.

P
o
p
u
la

r
L

D
A

softw
are

p
ackages

su
ch

as
M

A
L

L
E

T
(M

cC
allu

m
,

2002a)
an

d
Y

ah
o
o

L
D

A
(S

m
ola

an
d

N
a
ray

a
n

a
m

u
rth

y
,

2
0
1
0
)

co
u

ld
stra

ig
h
tfo

rw
a
rd

ly
b

e
ex

ten
d

ed
to

in
co

rp
o
ra

te
o
u

r
m

eth
o
d

s,
lead

in
g

to
im

p
roved

p
aram

eter
estim

ation
in

n
u
m

erou
s

p
ractical

top
ic

m
o
d
elin

g
ap

p
lication

s.
In

S
ectio

n
5
.7

,
w

e
p
rov

id
e

a
n

a
p
p
lica

tio
n

o
f

o
u
r

estim
a
to

rs
to

b
o
th

M
A

L
L

E
T

’s
S
p
a
rse

L
D

A
im

p
lem

en
ta

tio
n

,
a
n
d

to
W

a
rp

L
D

A
.

W
h
en

p
a
ired

w
ith

a
sp

a
rse

C
G

S
im

p
lem

en
ta

tio
n
,

o
u

r
a
p

p
ro

a
ch

g
iv

es
th

e
b

est
o
f

tw
o

w
o
rld

s:
m

a
k
in

g
u

se
o
f

th
e

fu
ll

u
n

certa
in

ty
in

fo
rm

a
tio

n
en

cod
ed

in
th

e
d
en

se
G

ibbs
sa

m
p

lin
g

tra
n

sitio
n

p
ro

ba
bilities

in
th

e
fi

n
al

p
aram

eter
recovery

step
,

w
h
ile

still
leveragin

g
spa

rsity
to

a
ccelera

te
th

e
C

G
S

tra
in

in
g

p
rocess.

In
ex

ten
siv

e
ex

p
erim

en
ts,

w
e

sh
ow

th
a
t

o
u
r

a
p
p
ro

a
ch

lea
d
s

to
im

p
rov

ed
p

erfo
rm

a
n
ce

over
stan

d
ard

C
G

S
p
aram

eter
estim

ators
in

b
oth

u
n
su

p
erv

ised
an

d
su

p
erv

ised
L

D
A

m
o
d
els.

O
u
r

a
p
p
ro

a
ch

a
lso

o
u
tp

erfo
rm

s
th

e
C

V
B

0
a
lg

o
rith

m
u
n
d
er

th
e

m
a
jo

rity
o
f

ex
p

erim
en

ta
l

co
n
d
itio

n
s.

T
h
e

co
m

p
u
ta

tio
n
a
l

co
st

o
f

o
u
r

m
eth

o
d

is
co

m
p
a
ra

b
le

th
a
t

o
f

a
sin

g
le

(d
en

se)
C

G
S

itera
tio

n
,

a
n
d

w
e

sh
ow

th
a
t

ev
en

w
h
en

a
sta

te-o
f-th

e-a
rt

sp
a
rse

im
p
lem

en
ta

tio
n

o
f

th
e

C
G

S
tra

in
in

g
a
lg

o
rith

m
is

u
sed

,
th

is
is

a
p

rice
w

ell
w

o
rth

p
ay

in
g
.

O
u

r
resu

lts
fu

rth
er

illu
stra

te
th

e
b

en
efi

ts
o
f

av
era

g
in

g
ov

er
m

u
ltip

le
sa

m
p
les

fo
r

L
D

A
p
a
ra

m
eter

estim
a
tio

n
.

T
h
e

co
n
trib

u
tio

n
s

of
ou

r
w

ork
can

b
e

su
m

m
arized

as
follow

s:

•
W

e
p
ro

p
o
se

a
n
ov

el,
th

eo
retica

lly
m

o
tiva

ted
m

eth
o
d

fo
r

im
p
rov

ed
estim

a
tio

n
o
f

th
e

top
ic-level

an
d

d
o
cu

m
en

t-level
p
aram

eters
of

an
L

D
A

m
o
d
el

b
ased

on
collap

sed
G

ib
b
s

sa
m

p
les.
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P
a
pa

n
ik
o
l
a
o
u
,
F
o
u
l
d
s,

R
u
b
in

a
n
d

T
so

u
m
a
k
a
s

•
W

e
p
resen

t
an

ex
ten

sive
em

p
irical

com
p
arison

of
ou

r
p
rop

osed
estim

ators
again

st
th

ose
of

stan
d
ard

C
G

S
as

w
ell

as
th

e
C

V
B

0
algorith

m
(A

su
n
cion

et
al.,

2009)
—

a
varian

t
of

th
e

C
o
lla

p
sed

V
a
ria

tio
n
a
l

B
ay

esia
n

in
feren

ce
(C

V
B

)
m

eth
o
d
—

in
b

o
th

u
n
su

p
erv

ised
an

d
su

p
erv

ised
learn

in
g

settin
gs,

d
em

on
stratin

g
th

e
b

en
efi

ts
of

ou
r

ap
p
ro

ach
.

•
W

e
p

rov
id

e
an

ad
d

ition
al

ex
p

erim
en

tal
com

p
arison

of
th

e
C

G
S

an
d

C
V

B
0

algorith
m

s
regard

in
g

th
eir

con
vergen

ce
b

eh
av

ior,
to

fu
rth

er
con

tex
tu

alize
ou

r
em

p
irical

resu
lts.

O
u

r
th

eoretical
an

d
ex

p
erim

en
tal

resu
lts

lead
to

th
ree

p
rim

ary
con

clu
sion

s
of

in
terest

to
top

ic
m

o
d
elin

g
p
ractition

ers:

•
A

veragin
g

over
m

u
ltip

le
C

G
S

sam
p
les

to
con

stru
ct

a
p

oin
t

estim
ate

for
L

D
A

p
aram

eters
is

b
en

efi
cial

to
p

erform
an

ce,
in

b
oth

th
e

u
n
su

p
erv

ised
an

d
su

p
erv

ised
settin

gs,
in

cases
w

h
ere

id
en

tifi
ab

ility
issu

es
can

b
e

safely
resolved

.

•
U

sin
g

C
V

B
0-sty

le
soft

clu
sterin

g
to

con
stru

ct
th

ese
p

oin
t

estim
ates

is
b

oth
valid

an
d

u
sefu

l
in

an
M

C
M

C
settin

g,
an

d
corresp

on
d
s

to
im

p
licitly

averagin
g

over
m

an
y

sam
p
les,

th
ereb

y
im

p
rov

in
g

p
erform

an
ce

w
ith

little
ex

tra
com

p
u
tation

al
cost.

T
h
is

p
orts

som
e

of
th

e
b

en
efi

ts
of

C
V

B
0’s

u
se

of
d
en

se
u
n
certain

ty
in

form
ation

to
C

G
S
,

w
h
ile

retain
in

g
th

e
sp

arsity
ad

van
tages

of
th

at
algorith

m
d
u
rin

g
tra

in
in

g.

•
In

crea
sin

g
th

e
n
u
m

b
er

o
f

to
p
ics

in
crea

ses
th

e
b

en
efi

t
o
f

o
u

r
so

ft
clu

sterin
g
/
av

era
g
in

g
a
p
p
ro

a
ch

ov
er

tra
d
itio

n
a
l

C
G

S
.

W
h
ile

C
V

B
0

o
u
tp

erfo
rm

s
C

G
S

w
ith

few
to

p
ics

a
n
d

a
m

o
d

era
te

n
u

m
b

er
o
f

itera
tio

n
s,

C
G

S
-b

a
sed

m
eth

o
d

s
o
th

erw
ise

o
u

tp
erfo

rm
C

V
B

0
,

esp
ecially

w
h
en

u
sin

g
ou

r
im

p
roved

estim
ators.

A
s

th
is

p
a
p

er
d

ea
ls

w
ith

L
D

A
in

b
o
th

th
e

u
n

su
p

erv
ised

a
n

d
th

e
su

p
erv

ised
settin

g
,

w
e

w
ill

trea
t

th
e

fo
llow

in
g

term
s

a
s

eq
u
iva

len
t

w
h
en

d
escrib

in
g

th
e

p
ro

ced
u
re

o
f

lea
rn

in
g

a
n

L
D

A
m

o
d
el

fro
m

tra
in

in
g

d
a
ta

:
‘estim

a
tio

n
’,

‘fi
ttin

g
’,

a
n
d

‘tra
in

in
g
’.

S
in

ce
w

e
a
re

in
a

B
ay

esia
n

settin
g

th
e

w
o
rd

‘in
feren

ce’
w

ill
refer

to
th

e
recov

ery
o
f

p
a
ra

m
eters,

w
h
ich

a
re

u
n
d
ersto

o
d

to
b

e
ran

d
om

variab
les,

an
d
/or

th
e

laten
t

variab
les,

an
d

to
th

e
com

p
u
tation

of
th

e
p

o
sterio

r
d
istrib

u
tio

n
s

o
f

p
a
ra

m
eters

a
n
d

la
ten

t
va

ria
b
les.

T
h
e

term
‘p

red
ictio

n
’

w
ill

b
e

a
p
p
lied

to
th

e
ca

se
o
f

p
red

ictin
g

o
n

test
d
a
ta

(i.e.,
d
a
ta

th
a
t

w
a
s

u
n
o
b
serv

ed
d
u
rin

g
tra

in
in

g
).

A
d

d
itio

n
a
lly,

sin
ce

P
rio

r-L
D

A
is

essen
tia

lly
a

sp
ecia

l
ca

se
o
f

u
n

su
p

erv
ised

L
D

A
,

w
e

w
ill

fo
cu

s
o
u
r

a
lg

o
rith

m
d
escrip

tio
n
s

o
n

th
e

ca
se

o
f

sta
n
d
a
rd

u
n
su

p
erv

ised
L

D
A

a
n
d

sp
ecify

th
e

ex
cep

tion
s

as
th

ey
ap

p
ly

to
P

rior-L
D

A
.

F
u
rth

erm
ore,

w
e

n
ote

h
ere

th
at

w
e

w
ill

b
e

u
sin

g
th

e
C

G
S

algorith
m

d
escrib

ed
b
y

G
riffi

th
s

an
d

S
tey

vers
(2004),

w
h
ich

ap
p
rox

im
ates

th
e

L
D

A
p

aram
eters

of
in

terest
th

rou
gh

iterative
sam

p
lin

g
in

a
M

arkov
ch

ain
M

on
te

C
arlo

(M
C

M
C

)
p
ro

ced
u
re,

u
n
less

oth
erw

ise
sp

ecifi
ed

.

T
h
e

rest
of

th
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p
ap

er
is

organ
ized
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follow

s:
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2
d
escrib
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b
ack

rou
n
d
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form

ation
on

th
e

L
D

A
m

o
d
el,
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ayesian

in
feren

ce,
an

d
th

e
C

G
S

an
d

th
e

C
V

B
0

in
feren

ce
m

eth
o
d
s,

as
w

ell
a
s

th
e

P
rio

r-L
D

A
m

o
d
el,
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p
o
sterio

r
p
rob

ab
ilities.

F
or

a
test

d
o
cu

m
en

t
w

(n
ew

),
u
n
d
er

th
e

L
D

A
m

o
d
el

w
e

h
av

e

p
(w

(n
ew

)|D
T
r
a
in
,α
,β

)
=

∫
∫
p
(w

(n
ew

)|φ
,θ

(n
ew

))p
(θ

(n
ew

)|α
)d
θ
(n
ew

)p
(φ|D

T
r
a
in
,α
,β

)d
φ

.

S
im

ila
rly,

fo
r

su
p

erv
ised

va
ria

n
ts

o
f

L
D

A
(d

iscu
ssed

b
elow

),
th

e
id

ea
l

p
ro

ced
u
re

is
to

av
era

g
e

ov
er

a
ll

p
o
ssib

le
p
a
ra

m
eter

va
lu

es
w

h
en

p
red

ictin
g

la
b

els
o
f

n
ew

d
o
cu

m
en

ts.
In

p
ractice,

h
ow

ever,
it

is
in

tractab
le

to
com

p
u
te

or
m

argin
alize

over
th

e
p

osterior,
n
ecessitatin

g
ap

p
rox

im
ate

in
feren

ce
tech

n
iq

u
es

su
ch
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M

C
M

C
m

eth
o
d
s,

w
h
ich

sam
p
le
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th

e
p

osterior
u
sin

g
a
n

a
p
p
ro

p
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te
M

a
rk

ov
ch

a
in

,
a
n
d

h
en

ce
a
p
p
rox

im
a
te

it
w

ith
th

e
resu

ltin
g

set
o
f

sam
p
les.

In
p
articu

lar,
N

gu
yen

et
al.

(2014)
ad

vo
cate

u
sin

g
m

u
ltip

le
sam

p
les

to
ap

p
rox

im
ate

th
e

p
osterior,

an
d

averagin
g

over
th

e
corresp

on
d
in

g
ap

p
rox

im
ation

to
th

e
p

osterior
p
red

ictive
d
istrib

u
tion

in
ord

er
to

m
ake

p
red

iction
s

for
n
ew

d
ata.

H
ow

ever,
in

th
e

L
D

A
literatu

re
it

is
m

u
ch

m
ore

com
m

on
p
ractice

to
sim

p
ly

ap
p
rox

im
ate

th
e

p
osterior

(an
d

h
en

ce
p

osterior
p
red

ictive)
d

istrib
u
tion

b
ased
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a

sin
gle

estim
ated

valu
e

o
f

th
e

p
a
ra

m
eters
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po

in
t

estim
a
te

).
A

lth
o
u
g
h

n
o
t

id
ea

l
fro

m
a

B
ay

esia
n

p
ersp

ectiv
e,

a
p

o
in

t
estim

a
te
φ̂

,
θ̂

o
f

th
e

p
a
ra

m
eters
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co

n
v
en

ien
t

to
w

o
rk

w
ith

a
s

it
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m
u

ch
ea
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fo

r
a

h
u

m
an

an
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in
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d
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p

u
tation
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m

u
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eap

er
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u
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tim
e

w
h

en
m

ak
in

g
p
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iction
s

th
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u
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g
a
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p
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In
th
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p
ap

er,
w

h
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agreein
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w
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th
e

p
o
sterio

r
p
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e-b
a
sed

a
p

p
ro

a
ch

o
f

N
g
u

y
en

et
a
l.
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0
1
4
)

in
p
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le,
w

e
ta

k
e

th
e

p
ersp

ective
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at
a

p
oin

t
estim

ate
is

in
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a
n
y
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u
sefu

l
an

d
d
esirab

le
to

h
ave.

F
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in
g

N
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yen
et

al.
(2014),

w
e

d
o,

h
ow

ever,
h

ave
su

b
stan

tial
reservation

s
regard

in
g

th
e

u
b
iq

u
itou

s
stan

d
ard

p
ractice

of
u
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g
a

sin
gle

M
C

M
C
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m

p
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to
ob
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p
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t
estim

ate.
B

y
in
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g
M

C
M

C
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a
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m
o
d
e-fi

n
d
in

g
algorith

m
”

w
e

can
v
iew

th
is

p
ro

ced
u
re

a
s

a
p

o
o
r-m

a
n
’s

a
p
p
rox

im
a
tio

n
to

th
e

m
o
d
e

o
f

th
e

p
o
sterio

r.
F

o
r

m
a
n
y

m
o
d
els,

w
ith

a
su

ffi
cien

tly
large

am
ou

n
t

of
d
ata

th
e

p
osterior

w
ill

ap
p
roach

a
m

u
ltivariate

G
au

ssian
u
n
d
er

th
e

B
ern

stein
-v

o
n

M
ises

th
eo

rem
,

a
n
d

ev
en

tu
a
lly

b
eco

m
e

co
n
cen

tra
ted

a
t

a
sin

g
le

p
o
in

t
u
n
d
er

certain
gen

eral
regu

larity
con

d
ition

s,
cf.

(K
ass

et
al.,

1990;
K

leijn
an

d
van

d
er

V
aart,

2
0
1
2
).

In
th

is
reg

im
e,

a
p

o
in

t
estim

a
te

b
a
sed

o
n

a
sin

g
le

sa
m

p
le

w
ill

in
fa

ct
su

ffi
ce.

M
o
re

gen
erally,

h
ow

ever,
d
u
e

to
p

osterior
u
n
certain

ty
th

is
p
ro

ced
u
re

is
u
n
stab

le
an

d
con

seq
u
en

tly
sta

tistica
lly

in
effi

cien
t:

a
p
a
ra

m
eter

estim
a
te

fro
m

a
p

o
sterio

r
sa

m
p
le

h
a
s

a
n

a
sym

p
to

tic
rela

tive
effi

cien
cy

(A
R

E
)

o
f

2
,

m
ean

in
g,

rou
gh

ly
sp

eak
in

g,
th

at
th

e
varian

ce
of

th
e

estim
ator

req
u
ires

tw
ice

a
s

m
a
n
y

o
b
serva

tio
n
s

to
m

a
tch

th
e

va
ria

n
ce

o
f

th
e

id
ea

l
estim

a
to

r,
in

th
e

a
sy

m
p
to

tic
G

a
u
ssian

regim
e,

u
n
d
er

gen
eral

regu
larity

con
d
itio

n
s,

cf.
(W

a
n
g

et
al.,

2015).
A

s
a

co
m

p
ro

m
ise

b
etw

een
th

e
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p
en

siv
e
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B
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n

p
o
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r
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a
tio

n
p
ro

ced
u
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a
n

d
n

o
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ch
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m
o
d

e-fi
n

d
in

g
”

w
ith

o
n

e
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m
p

le,
in

th
is

p
a
p

er
w

e
p

ro
p

o
se

to
u

se
th

e
po

sterio
r

m
ea

n
,

a
p
p
rox

im
a
ted

v
ia

m
u
ltip

le
M

C
M

C
sa

m
p
les,

a
s

a
n

estim
a
to

r
o
f

ch
o
ice

in
m

an
y

cases.
T

h
e

p
osterior

m
ean

,
if

it
can

b
e

p
recisely

com
p

u
ted

,
is

asy
m

p
totically

effi
cien

t
(i.e.,

it
h
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an
A

R
E

of
1),

u
n
d
er

th
e

con
d
ition

s
n
ecessary

for
th

e
B

ern
stein

-von
M

ises
th
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to

h
o
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,
cf.

(K
leijn

a
n

d
va

n
d
er

V
a
a
rt,

2
0
1
2
).

A
lth

o
u

g
h

w
e

ca
n

n
o
t

co
m

p
u
te

th
e

p
o
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r
m
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n

ex
a
ctly,

a
n
d

th
e
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n
d
itio

n
s

n
ecessa
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r
th

e
B
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stein

-v
o
n

M
ises

th
eo

rem
h
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e
n
o
t

b
een

rigorou
sly

verifi
ed

for
L

D
A

,
th
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resu

lts
p
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id

e
a

u
sefu

l
in

tu
ition

for
w

h
y

w
e

sh
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ld
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P
a
pa

n
ik
o
l
a
o
u
,
F
o
u
l
d
s,

R
u
b
in

a
n
d

T
so

u
m
a
k
a
s

A
lg

o
rith

m
1

P
seu

d
o
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d
e

for
ou

r
p
rop

osed
estim

ators.
F

or
sim

p
licity,

w
e

con
sid

er
on

ly
th

e
case

w
h
ere

a
sin

gle
C

G
S

sam
p
le

z
is

u
sed

.

fu
n

c
tio

n
θ
p

In
p

u
t:

B
u
rn

ed
-in

C
G

S
sam

p
le

z
w

ith
asso

ciated
co

u
n
t

m
a
trices,

d
o
cu

m
en

tsD
fo

r
d

=
1

to
D

d
o

θ̂
pd
,:

:=
α
ᵀ

fo
r
j

=
1

to
N
d

d
o

v
:=

w
dj

.
R

e
trie

v
e

th
e

w
o
rd

to
k
e
n

fro
m

th
e

w
o
rd

p
o
sitio

n
j

in
d
.

fo
r
k

=
1

to
K

d
o

p
djk

:=
n
k
v¬
d
j +
β
v

V∑v ′=
1 (n

k
v ′¬

d
j +
β
v ′ ) ·

(n
d
k¬
dj

+
α
k )

.
D

u
rin

g
te

stin
g
,

th
e

fi
rst

te
rm

is
re

p
la

c
e
d

b
y
φ
k
v

e
n

d
fo

r
p
dj,:

:=
p
dj,:

./
su

m
(p
dj,: )

.
N

o
rm

a
liz

e
su

c
h

th
a
t
∑

Kk
=

1
p
d
j
k

=
1
,
./

d
e
n
o
te

s
e
le

m
e
n
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ise
d
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n
.

θ̂
pd
,:

:=
θ̂
pd
,: +

p ᵀd
v
,:

e
n

d
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r
θ̂
pd
,:

:=
θ̂
pd
,:
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su
m

(θ̂
pd
,: )

.
N

o
rm

a
liz

e
θ̂
pd
,:

su
c
h

th
a
t
∑
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=

1
θ̂
pd
k

=
1

e
n

d
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r
re
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θ̂
p

e
n

d
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n
c
tio

n

fu
n

c
tio

n
φ
p

In
p

u
t:

B
u
rn

ed
-in

C
G

S
sam

p
le

z
w

ith
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ciated
cou

n
t

m
atrices,

d
o
cu

m
en

tsD
T
r
a
in

fo
r
k

=
1

to
K

d
o

φ̂
pk
,:

:=
β
ᵀ

e
n

d
fo

r
fo

r
d

=
1

to
D

d
o

fo
r
j

=
1

to
N
d

d
o

v
:=

w
dj

fo
r
k

=
1

to
K

d
o

p
djk

=
n
k
v¬
d
j +
β
v

V∑v ′=
1 (n

k
v ′¬

d
j +
β
v ′ ) ·

(n
d
k¬
dj

+
α
k )

e
n

d
fo

r
p
dj,:

:=
p
dj,:

./
su

m
(p
dj,: )

.
N

o
rm

a
liz

e
su

c
h

th
a
t
∑

Kk
=

1
p
d
j
k

=
1
.

φ̂
p:,v

:=
φ̂
p:,v

+
p
dj,:

e
n

d
fo

r
e
n

d
fo

r
fo

r
k

=
1

to
K

d
o

φ̂
pk

:=
φ̂
pk
,:
./

su
m

(φ̂
pk
,: )

.
N

o
rm

a
liz

e
φ̂
pk
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su
c
h

th
a
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∑
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=

1
φ̂
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v

=
1

e
n

d
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r
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p

e
n

d
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n
c
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n
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p
l
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p
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r
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b
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b
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b
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p
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b
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th
a
t
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p
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b
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p
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p
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n
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h
is
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b
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it
er
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n
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b
u
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e
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o
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a
b
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a
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m
u
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n
u
m

b
er

o
f
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er
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m
p

u
te
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m
p

le
s
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q
u

ir
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to
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ra

te
ly

es
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m
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e
th

e
p
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te
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or

m
ea

n
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th
e

p
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s.
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u
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b

e
n

o
te

d
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a
t
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er
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g
in

g
ov
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M

C
M

C
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m
p
le

s
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r
L

D
A

,
w

it
h

o
u

t
ca

re
,

ca
n

b
e

in
va
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d
a
te

d
d
u
e

to
a
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o
f

id
en
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fi

a
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.
M

u
lt

ip
le

sa
m

p
le
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p

o
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n
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a
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y

en
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d
e

d
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t
p

er
m

u
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s
of

th
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to
p
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s,
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eb

y
d
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in
g

an
y
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rr

es
p

on
d
en
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s

b
et

w
ee

n
th
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a
n
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G
ri

ffi
th
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a
n
d

S
te

y
v
er

s
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0
0
4
)
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n
g
ly

w
a
rn

a
g
a
in

st
th

is
.

H
ow

ev
er

,
in

th
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w
o
rk

,
w

e
w

il
l

id
en

ti
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ce
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a
in

ca
se

s
fo

r
w

h
ic

h
it

is
sa

fe
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a
n
d

in
d
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d
h
ig

h
ly

b
en
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a
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er
a
g
e

ov
er

sa
m

p
le

s
in
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er
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a
p
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n
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p
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p
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p
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n
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b
y

G
ri

ffi
th

s
a
n
d

S
te

y
v
er

s
(2

0
0
4
),

m
a
rg

in
a
li
ze

s
o
u
t

th
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p
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h
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p
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e

w
il

l
em

p
lo

y
th

e
fo

ll
ow

in
g

n
ot

at
io

n
fo

r
th

es
e

co
u

n
t

m
at

ri
ce

s:
n
k
v

re
p

re
se

n
ts

th
e

n
u

m
b

er
o
f

ti
m

es
th

a
t

w
o
rd

ty
p

e
v

is
a
ss

ig
n
ed

to
to

p
ic
k

a
cr

o
ss

th
e

co
rp

u
s,

a
n

d
n
d
k

re
p
re

se
n
ts

th
e

n
u

m
b

er
of

w
or

d
to

ke
n

s
in

d
o
cu

m
en

t
d

th
at

h
av

e
b

ee
n

as
si

gn
ed

to
to

p
ic
k

.
T

h
e

n
ot

at
io

n
fo

r
th

es
e

co
u
n
t

m
at

ri
ce

s
is

in
cl

u
d
ed

in
T

ab
le

2.

D
u
ri

n
g

sa
m

p
li
n
g
,

C
G

S
u
p

d
a
te

s
th

e
h
a
rd

a
ss

ig
n
m

en
t
z i

o
f

a
w

o
rd

to
k
en

w
i

to
o
n
e

o
f

th
e

to
p
ic

s
k
∈
{1
..
.K
}.

T
h
is

u
p

d
a
te

is
p

er
fo

rm
ed

se
q
u
en

ti
a
ll
y

fo
r

a
ll

w
o
rd

to
k
en

s
in

th
e

co
rp

u
s,

fo
r

a
fi
x
ed

n
u
m

b
er

o
f

it
er

a
ti

o
n
s.

T
h
e

u
p

d
a
te

eq
u
a
ti

o
n

g
iv

in
g

th
e

p
ro

b
a
b
il
it

y
o
f

se
tt

in
g
z i

to
to

p
ic
k
,

co
n
d

it
io

n
a
l

o
n
w
i,
d
,

th
e

h
y
p

er
p

a
ra

m
et

er
s
α

a
n

d
β

,
a
n

d
th

e
cu

rr
en

t
to

p
ic

as
si

gn
m

en
ts

of
al

l
ot

h
er

w
or

d
to

k
en

s
(r

ep
re

se
n
te

d
b
y
·)

is
:

p
(z
i

=
k
|w

i
=
v
,
d
,
α
,
β
,
·)
∝

n
k
v
¬i

+
β
v

V ∑ v
′ =

1

(n
k
v
′ ¬
i
+
β
v
′ )

·
n
d
k
¬i

+
α
k

N
d

+
K ∑ k
′ =

1

α
k
′

.
(1

)

In
th

e
ab

ov
e

eq
u
at

io
n
,

on
e

ex
cl

u
d
es

fr
om

al
l

co
u
n
t

m
at

ri
ce

s
th

e
cu

rr
en

t
to

p
ic

as
si

gn
m

en
t

of
w
i,

a
s

in
d
ic

a
te

d
b
y

th
e
¬i

n
o
ta

ti
o
n
.

A
co

m
m

o
n

p
ra

ct
ic

e
is

to
ru

n
th

e
G

ib
b
s

sa
m

p
le

r
fo

r
a

n
u
m

b
er

of
it

er
at

io
n
s

b
ef

or
e

re
tr

ie
v
in

g
es

ti
m

at
es

fo
r

th
e

p
ar

am
et

er
s,

as
th

e
M

ar
ko

v
ch

ai
n

is
ty

p
ic

al
ly

in
a

lo
w

p
ro

b
ab

il
it

y
st

at
e

in
it

ia
ll
y

an
d

so
ea

rl
y

es
ti

m
at

es
ar

e
ex

p
ec

te
d

to
b

e
of

p
o
or

q
u

al
it

y.
A

ft
er

th
is

bu
rn

-i
n

p
er

io
d

,
w

e
ca

n
re

tr
ie

ve
es

ti
m

at
es

fo
r

b
ot

h
th

e
to

p
ic

as
si

gn
m

en
ts
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P
a
pa

n
ik
o
l
a
o
u
,
F
o
u
l
d
s,

R
u
b
in

a
n
d

T
so

u
m
a
k
a
s

z i
as

w
el

l
as

fo
r

th
e
θ

an
d
φ

p
ar

am
et

er
s.

S
am

p
le

s
ar

e
ta

ke
n

at
a

re
gu

la
r

in
te

rv
al

,
of

te
n

ca
ll
ed

sa
m

p
li

n
g

la
g.

2

T
o

co
m

p
u
te

p
o
in

t
es

ti
m

a
te

s
fo

r
θ

a
n
d
φ

,
R

a
o
-B

la
ck

w
el

l
es

ti
m

a
to

rs
w

er
e

em
p
lo

y
ed

in
(G

ri
ffi

th
s

an
d

S
te

y
ve

rs
,

20
04

).
S
p

ec
ifi

ca
ll
y,

a
p

oi
n
t

es
ti

m
at

e
of

th
e

p
ro

b
ab

il
it

y
of

w
or

d
ty

p
e

v
gi

ve
n

to
p
ic
k

is
co

m
p
u
te

d
as

:

φ̂
k
v

=
n
k
v

+
β
v

V ∑ v
′ =

1

(n
k
v
′
+
β
v
′ )

.
(2

)

S
im

il
ar

ly
,

a
p

oi
n
t

es
ti

m
at

e
fo

r
th

e
p
ro

b
ab

il
it

y
of

th
e

to
p
ic
k

gi
ve

n
d
o
cu

m
en

t
d

is
gi

ve
n

b
y
:

θ̂ d
k

=
n
d
k

+
α
k

N
d

+
K ∑ k
′ =

1

α
k
′

.
(3

)

D
u
ri

n
g

p
re

d
ic

ti
on

(i
.e

.,
w

h
en

ap
p
ly

in
g

C
G

S
on

d
o
cu

m
en

ts
th

at
w

er
e

u
n
ob

se
rv

ed
d
u
ri

n
g

tr
ai

n
in

g)
,

a
co

m
m

on
p
ra

ct
ic

e
is

to
fi
x

th
e
φ

d
is

tr
ib

u
ti

on
s

an
d

se
t

th
em

to
th

e
o
n
es

le
a
rn

ed
d
u
ri

n
g

es
ti

m
at

io
n
.

T
h
e

sa
m

p
li
n
g

u
p

d
at

e
eq

u
at

io
n

p
re

se
n
te

d
in

E
q
u
at

io
n

1
th

u
s

b
ec

o
m

es
:

p
(z
i

=
k
|w

i
=
v
,
d
,
α
,
φ̂
,
·)
∝
φ̂
k
v
·
n
d
k
¬i

+
α
k

N
d

+
K ∑ k
′ =

1

α
k
′

.
(4

)

2
.4

L
a
b

e
le

d
L

D
A

A
n

ex
te

n
si

o
n

to
u
n
su

p
er

v
is

ed
L

D
A

fo
r

su
p

er
v
is

ed
m

u
lt

i-
la

b
el

d
o
cu

m
en

t
cl

a
ss

ifi
ca

ti
o
n

w
a
s

p
ro

p
o
se

d
b
y

R
a
m

a
g
e

et
a
l.

(2
0
0
9
).

T
h
ei

r
a
lg

o
ri

th
m

,
L

a
b

el
ed

L
D

A
(L

L
D

A
),

em
p
lo

y
s

a
o
n

e-
to

-o
n

e
co

rr
es

p
o
n

d
en

ce
b

et
w

ee
n

to
p

ic
s

a
n

d
la

b
el

s.
D

u
ri

n
g

es
ti

m
a
ti

o
n

o
f

th
e

m
o
d

el
,

th
e

p
os

si
b
le

as
si

gn
m

en
ts

fo
r

a
w

or
d

to
ke

n
to

a
to

p
ic

ar
e

co
n
st

ra
in

ed
to

th
e

tr
ai

n
in

g
d
o
cu

m
en

t’
s

ob
se

rv
ed

la
b

el
s.

T
h
er

ef
or

e,
d
u
ri

n
g

tr
ai

n
in

g,
th

e
sa

m
p
li
n
g

u
p

d
at

e
of

E
q
u
at

io
n

1
,

b
ec

o
m

es
:

p
(z
i

=
k
|w

i
=
v
,
d
,
α
,
β
,
·)
∝

    

n
k
v
¬
i
+
β
v

V ∑
v
′ =

1

(n
k
v
′ ¬
i
+
β
v
′)
·

n
d
k
¬
i
+
α
k

N
d
+

K ∑
k
′ =

1

α
k
′,

if
k
∈
K d

0,
ot

h
er

w
is

e.

(5
)

In
fe

re
n
ce

o
n

te
st

d
o
cu

m
en

ts
is

p
er

fo
rm

ed
si

m
il
a
rl

y
to

st
a
n
d
a
rd

L
D

A
;

es
ti

m
a
te

s
o
f

th
e

la
b

el
–
w

o
rd

ty
p

es
d
is

tr
ib

u
ti

o
n
s,
φ

,
a
re

le
a
rn

ed
o
n

th
e

tr
a
in

in
g

d
a
ta

a
n
d

a
re

fi
x
ed

,
a
n
d

th
en

th
e

te
st

d
o
cu

m
en

ts
’
θ

d
is

tr
ib

u
ti

on
s

ar
e

es
ti

m
at

ed
u
si

n
g

E
q
u
at

io
n

3.
U

n
li
ke

in
u
n
su

p
er

v
is

ed
L

D
A

,
w

h
er

e
to

p
ic

s
ca

n
ch

an
ge

fr
om

it
er

at
io

n
to

it
er

at
io

n
(t

h
e

la
b

el
sw

it
ch

in
g

p
ro

b
le

m
),

in
L

L
D

A
to

p
ic

s
re

m
a
in

st
ea

d
y

(a
n
ch

o
re

d
to

a
la

b
el

)
a
n
d

th
er

ef
o
re

it
is

p
o
ss

ib
le

to
av

er
a
g
e

p
oi

n
t

es
ti

m
at

es
of
φ

an
d
θ

ov
er

m
u
lt

ip
le

M
ar

ko
v

ch
ai

n
s,

th
er

eb
y

im
p
ro

v
in

g
p

er
fo

rm
a
n
ce

.
R

am
ag

e
et

al
.

(2
01

1)
h
av

e
in

tr
o
d
u
ce

d
P

L
D

A
to

re
la

x
th

e
co

n
st

ra
in

ts
of

L
L

D
A

an
d

ex
p
lo

it
th

e
u
n
su

p
er

v
is

ed
an

d
su

p
er

v
is

ed
fo

rm
s

of
L

D
A

si
m

u
lt

an
eo

u
sl

y.
T

h
ei

r
al

go
ri

th
m

at
te

m
p
ts

to
m

o
d
el

h
id

d
en

to
p
ic

s
w

it
h
in

ea
ch

la
b

el
,

as
w

el
l

as
u
n
la

b
el

ed
,

co
rp

u
s-

w
id

e
la

te
n
t

to
p
ic

s.

2
.

A
v
er

a
g
in

g
ov

er
d
ep

en
d
en

t
sa

m
p
le

s
d
o
es

n
o
t

in
tr

o
d
u
ce

a
n
y

b
ia

s.
U

si
n
g

a
sa

m
p
li
n
g

la
g

(a
.k

.a
.

“
th

in
n
in

g
”
)

is
m

er
el

y
co

n
v
en

ie
n
t

fo
r

re
d

u
ci

n
g

m
em

o
ry

re
q
u

ir
em

en
ts

a
n

d
co

m
p

u
ta

ti
o
n

a
t

te
st

ti
m

e.
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Im
p
r
o
v
e
d

G
ib
b
s
S
a
m
p
l
in
g

P
a
r
a
m
e
t
e
r
E
st

im
a
t
o
r
s
f
o
r
L
D
A

R
u
b
in

et
a
l.

(2
0
1
2
)

p
resen

ted
tw

o
ex

ten
sio

n
s

o
f

th
e

L
L

D
A

m
o
d
el.

T
h
e

fi
rst

o
n
e,

P
rio

r-
L

D
A

,
ta

k
es

in
to

a
cco

u
n
t

th
e

la
b

el
freq

u
en

cies
in

th
e

co
rp

u
s

v
ia

a
n

in
fo

rm
a
tiv

e
D

irich
let

p
rio

r
ov

er
p
a
ra

m
eter

θ
(w

e
d
escrib

e
th

is
p
ro

cess
in

d
eta

il
in

S
ectio

n
6
.3

).
T

h
e

seco
n
d

ex
ten

sio
n
,

D
ep

en
d
en

cy
L

D
A

,
ta

k
es

in
to

a
cco

u
n
t

la
b

el
d
ep

en
d
en

cies
b
y

fo
llow

in
g

a
tw

o
sta

g
e

a
p

p
ro

a
ch

:
fi

rst,
a
n

u
n

su
p

erv
ised

L
D

A
m

o
d

el
is

tra
in

ed
o
n

th
e

o
b

serv
ed

la
b

els.
T

h
e

estim
a
ted

θ ′
p
a
ra

m
eters

in
co

rp
o
ra

te
in

fo
rm

a
tio

n
a
b

o
u
t

th
e

la
b

el
d
ep

en
d
en

cies.
S
eco

n
d
,

th
e

L
L

D
A

m
o
d
el

is
train

ed
as

d
escrib

ed
in

th
e

p
rev

iou
s

p
aragrap

h
.

D
u
rin

g
p
red

iction
,

th
e

p
rev

iou
sly

estim
ated

θ ′
p
aram

eters
of

th
e

u
n
su

p
erv

ised
L

D
A

m
o
d
el

are
u
sed

to
calcu

late
an

a
sy

m
m

etrica
l

h
y
p

erp
a
ra

m
eter

α
d
k ,

w
h
ich

is
in

tu
rn

u
sed

to
co

m
p
u
te

th
e
θ

p
a
ra

m
eters

o
f

th
e

L
L

D
A

m
o
d
el.

2
.5

C
o
lla

p
se

d
V

a
ria

tio
n

a
l

B
a
y
e
s

w
ith

Z
e
ro

O
rd

e
r

In
fo

rm
a
tio

n
–

C
V

B
0

C
ollap

sed
V

ariation
al

B
ayesian

(C
V

B
)

in
feren

ce
(T

eh
et

al.,
2006)

is
a

d
eterm

in
istic

in
feren

ce
tech

n
iq

u
e

for
L

D
A

.
T

h
e

key
id

ea
is

to
im

p
rove

on
V

ariation
al

B
ayes

(V
B

)
b
y

m
argin

alizin
g

ou
t

θ
an

d
φ

as
in

a
collap

sed
G

ib
b
s

sam
p
ler.

T
h
e

key
p
aram

eters
in

C
V

B
are

th
e
γ
d
i

variation
al

d
istrib

u
tio

n
s

ov
er

th
e

to
p
ics,

w
ith

γ
d
ik

rep
resen

tin
g

th
e

p
ro

b
a
b
ility

o
f

th
e

a
ssig

n
m

en
t

o
f

to
p
ic
k

to
th

e
w

o
rd

to
k
en

w
i

in
d
o
cu

m
en

t
d
,

u
n
d
er

th
e

va
ria

tio
n
a
l

d
istrib

u
tio

n
.

A
s

th
e

ex
a
ct

im
p
lem

en
ta

tio
n

o
f

C
V

B
is

co
m

p
u

ta
tio

n
a
lly

ex
p

en
siv

e,
th

e
a
u

th
o
rs

p
ro

p
o
se

a
seco

n
d
-

o
rd

er
T

ay
lo

r
ex

p
a
n
sio

n
a
s

a
n

a
p
p

rox
im

a
tio

n
to

co
m

p
u

te
th

e
p

a
ra

m
eters

o
f

in
terest,

w
h
ich

n
everth

eless
im

p
roves

over
V

B
in

feren
ce

w
ith

resp
ect

to
p
red

iction
p

erform
an

ce.

A
su

n
cion

et
al.

(2009)
p
resen

ted
a

fu
rth

er
ap

p
rox

im
ation

for
C

V
B

,
b
y

u
sin

g
a

zero
ord

er
T

ay
lo

r
ex

p
a
n
sio

n
ap

p
rox

im
ation

. 3
T

h
e

u
p

d
ate

eq
u
ation

for
C

V
B

0
is

given
b
y
:

γ
d
ik ∝

n
′k
w
i ¬
i
+
β
w
i

V∑v ′=
1 (n
′k
v ′¬

i
+
β
v ′) (n

′d
k¬
i
+
α
k )

(6)

w
ith

n
′k
v

=
D∑d
=
1 ∑

j:w
d
j =
v
γ
djk ,

n
′d
k

=
∑

N
d

j=
1
γ
djk .

P
oin

t
estim

ates
for

θ
an

d
φ

are
retrieved

from
th

e
sam

e
eq

u
ation

s
as

in
C

G
S

(E
q
u
ation

s
2

a
n
d

3
).

E
v
en

th
o
u
g
h

th
e

a
b

ov
e

u
p

d
a
te

eq
u
a
tio

n
lo

o
k
s

v
ery

sim
ila

r
to

th
e

o
n
e

fo
r

C
G

S
,

th
e

tw
o

algorith
m

s
h
ave

a
cou

p
le

of
key

d
iff

eren
ces.

F
irst,

th
e

cou
n
ts
n
′k
v

an
d
n
′d
k

for
C

V
B

0
d
iff

er
fro

m
th

e
resp

ectiv
e

o
n
es

fo
r

C
G

S
;

th
e

fo
rm

er
a
re

su
m

m
a
tio

n
s

ov
er

th
e

va
ria

tio
n
a
l

p
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s
an

d
S
te

y
ve

rs
es

ti
m

at
o
r
θ̂ d

:

θ̄ d
k

=
p
(z

(n
ew

)
=
k
|w

d
,φ
,α

)
=
∑ z
d

p
(z

(n
ew

)
=
k
,z
d
|w

d
,φ
,α

)
(1

5
)

=
∑ z
d

p
(z

(n
ew

)
=
k
|z
d
,α

)p
(z
d
|w

d
,φ
,α

)
(1

6)

=
E
p
(z
d
|w
d
,φ
,α

)[
p
(z

(n
ew

)
=
k
|z
d
,α

)]
(1

7
)

=
E
p
(z
d
|w
d
,φ
,α

)[
θ̂ d
k
]

.
(1

8
)

P
o
st

e
ri

o
r

m
e
a
n

o
f
θ d

:
G

ri
ffi

th
s

a
n
d

S
te

y
v
er

s’
es

ti
m

a
to

r
ca

n
b

e
v
ie

w
ed

a
s

th
e

p
o
st

er
io

r
m

ea
n

o
f
θ d

,
g
iv

en
z
d

(E
q
u
a
ti

o
n

1
1
).

A
lo

n
g

th
es

e
li
n

es
,

w
e

ca
n

in
te

rp
re

t
θ̄ d

a
s

th
e

m
a
rg

in
a
l

p
os

te
ri

or
m

ea
n
: θ̄ d

k
=
p
(z

(n
ew

)
=
k
|w

d
,φ
,α

)
=
E
p
(z
d
|w
d
,φ
,α

)[
θ̂ d
k
]

(1
9)

=
E
p
(z
d
|w
d
,φ
,α

)[ E p
(θ
d
|z
d
,α

)[
θ d
k
]]

(2
0
)

=
E
p
(θ
d
|w
d
,φ
,α

)[
θ d
k
]

,
(2

1)

w
h
er

e
th

e
la

st
li
n
e

fo
ll
ow

s
b
y

th
e

la
w

of
to

ta
l

ex
p

ec
ta

ti
on

.

U
rn

m
o
d

e
l

in
te

rp
re

ta
ti

o
n

:
T

o
in

te
rp

re
t

th
e

es
ti

m
a
to

r
fr

o
m

a
n

u
rn

m
o
d
el

p
er

sp
ec

ti
v
e,

w
e

ca
n

p
lu

g
in

E
q
u
at

io
n

13
:

θ̄ d
k

=
p
(z

(n
ew

)
=
k
|w

d
,φ
,α

)
=
∑ z
d

p
(z

(n
ew

)
=
k
|z
d
,α

)p
(z
d
|w

d
,φ
,α

)
(2

2
)

=
∑ z
d

n
d
k

+
α
k

N
d

+
∑

K k
′ =

1
α
k
′p

(z
d
|w

d
,φ
,α

)
.

(2
3
)

W
e

ca
n

v
ie

w
th

is
a
s

a
m

ix
tu

re
o
f

u
rn

m
o
d
el

s.
It

ca
n

b
e

si
m

u
la

te
d

b
y

p
ic

k
in

g
a
n

u
rn

w
it

h
co

lo
re

d
b
al

ls
in

it
co

rr
es

p
on

d
in

g
to

th
e

co
u
n
t

ve
ct

or
n
d

+
α

,
w

it
h

p
ro

b
ab

il
it

y
ac

co
rd

in
g

to
th

e
p

os
te

ri
or
p
(z
d
|w

d
,φ
,α

),
th

en
se

le
ct

in
g

a
co

lo
re

d
b

al
l,

co
rr

es
p

on
d

in
g

to
a

to
p

ic
as

si
gn

m
en

t,
fr

om
th

is
u
rn

u
n
if

or
m

ly
at

ra
n
d
om

.
A

lt
er

n
at

iv
el

y,
w

e
ca

n
m

o
d
el

th
is

eq
u
at

io
n

w
it

h
a

si
n
gl

e
u
rn

,
w

it
h

(f
ra

ct
io

n
al

)
co

lo
re

d
b
al

ls
p
la

ce
d

in
it

ac
co

rd
in

g
to

th
e

co
u
n
t

ve
ct

o
r,

θ̄ d
k
∝
∑ z
d

(n
d
k

+
α
k
)p

(z
d
|w

d
,φ
,α

)
=
∑ z
d

p
(z
d
|w

d
,φ
,α

)n
d
k

+
α
k

,
(2

4
)

an
d

w
it

h
th

e
n

ex
t

b
al

l
(i

.e
.,

to
p

ic
)
z
(n
ew

)
se

le
ct

ed
ac

co
rd

in
g

to
th

e
to

ta
l

n
u

m
b

er
of

b
al

ls
of

ea
ch

co
lo

r
(i

.e
.,

to
p
ic

)
in

th
e

u
rn

.
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3
.2
.2

M
o
n
t
e
C
a
r
l
o

a
l
g
o
r
it
h
m
s
f
o
r
c
o
m
p
u
t
in
g

t
h
e
e
st

im
a
t
o
r

D
u
e

to
th

e
in

tractab
le

su
m

over
z
d ,

w
e

can
n
ot

com
p
u
te
θ̄
d

ex
actly.

A
straigh

tforw
ard

M
on

te
C

a
rlo

estim
a
te

of
θ̄
d

is
given

b
y

θ̄
d
k

=
E
p
(z
d |w

d
,φ
,α

) [p
(z

(n
ew

)
=
k|z

d ,α
)]

=
E
p
(z
d |w

d
,φ
,α

) [
n
d
k

+
α
k

N
d

+
∑

Kk ′=
1
α
k ′ ]

(25)

≈
1S

S
∑i=

1

n
(i)
d
k

+
α
k

N
d

+
∑

Kk ′=
1
α
k ′

,
(26)

w
h
ere

ea
ch

o
f

th
e

co
u
n
t

va
ria

b
les

n
(i)
d

co
rresp

o
n
d
s

to
a

sa
m

p
le

z
(i)
d
∼
p
(z
d |w

d ,φ
,α

).
A

lg
o
-

rith
m

ica
lly,

th
is

co
rresp

o
n
d
s

to
d
raw

in
g

m
u
ltip

le
M

C
M

C
sa

m
p
les

o
f

z
d

a
n
d

av
era

g
in

g
th

e
G

riffi
th

s
an

d
S
tey

vers
estim

ator
θ̂
d

over
th

em
.

A
ltern

atively,
b
y

lin
earity

of
ex

p
ectation

w
e

ca
n

sh
ift

th
e

ex
p

ectation
in

w
ard

s
to

rew
rite

th
e

ab
ove

as

E
p
(z
d |w

d
,φ
,α

) [
n
d
k

+
α
k

N
d

+
∑

Kk ′=
1
α
k ′ ]

=
E
p
(z
d |w

d
,φ
,α

) [ ∑
N
d

j=
1
z
djk

+
α
k

N
d

+
∑

Kk ′=
1
α
k ′ ]

(27)

=

∑
N
d

j=
1
E
p
(z
d |w

d
,φ
,α

) [z
djk ]+

α
k

N
d

+
∑

Kk ′=
1
α
k ′

.
(28)

T
h
is

lea
d
s

to
a
n
oth

er
M

on
te

C
arlo

estim
ate,

θ̄
d
k ≈

∑
N
d

j=
1

1S

∑
Si=

1
z
(i)
djk

+
α
k

N
d

+
∑

Kk ′=
1
α
k ′

.
(29)

In
th

is
case

w
e

w
ou

ld
on

ce
again

d
raw

m
u

ltip
le

M
C

M
C

sam
p
les

of
z
d ,

b
u

t
average

over
th

e
sa

m
p
les

to
co

m
p
u
te

th
e

p
ro

p
o
rtio

n
o
f

tim
es

th
a
t

ea
ch

w
o
rd

is
a
ssig

n
ed

to
ea

ch
to

p
ic,

a
p
p
ly

in
g

G
riffi

th
s

a
n
d

S
tey

v
ers’

estim
a
to

r
to

th
e

resu
ltin

g
ex

p
ected

to
ta

l
co

u
n
ts.

It
ca

n
straigh

tforw
ard

ly
b

e
sh

ow
n

th
at

th
is

estim
ator

is
m

ath
em

atically
eq

u
ivalen

t
to

th
e

estim
ator

of
E

q
u
ation

26,
so

th
is

algorith
m

w
ill

p
erform

id
en

tically
to

th
at

m
eth

o
d
.

W
e

m
en

tion
th

is
form

u
lation

for
ex

p
ository

p
u
rp

oses,
as

it
w

ill
b

e
u
sed

as
a

lau
n
ch

in
g

p
oin

t
for

d
eriv

in
g

ou
r

p
ro

p
o
sed

C
G

S
p

algorith
m

.

3
.3

C
G

S
p

fo
r
θ
d

W
e

aim
to

d
esign

a
statistically

an
d

com
p

u
tation

ally
effi

cien
t

M
on

te
C

arlo
algorith

m
w

h
ich

im
p
roves

on
th

e
ab

ove
algorith

m
s.

T
o

d
o

th
is,

w
e

fi
rst

con
sid

er
a

h
y
p

oth
etical

M
on

te
C

arlo
a
lg

o
rith

m
w

h
ich

is
m

o
re

ex
p

en
siv

e
b
u
t

ea
sily

u
n
d
ersto

o
d
,

u
sin

g
E

q
u
a
tio

n
2
9

a
s

a
sta

rtin
g

p
o
in

t.
W

e
th

en
p

ro
p

o
se

o
u

r
a
lg

o
rith

m
,

C
G

S
p ,

a
s

a
m

o
re

co
m

p
u

ta
tio

n
a
lly

effi
cien

t
v
ersio

n

o
f

th
is

h
y
p

o
th

etica
l

m
eth

o
d
.

L
et

z
(i)
d
∼
p
(z
d |w

d ,φ
,α

),
i∈
{
1
,...,S}

b
e
S

sa
m

p
les

fro
m

th
e

p
o
sterio

r
fo

r
th

e
to

p
ic

a
ssig

n
m

en
ts,

a
n
d

let
z
(i,l)→

j
d

,
l∈
{1
,...,L}

b
e
L

G
ib

b
s

sa
m

p
les

sta
rtin

g
fro

m
z
(i)
d

,
w

h
ere

a
G

ib
b
s

u
p

d
a
te

to
th

e
jth

to
p
ic

a
ssig

n
m

en
t

is
p

erfo
rm

ed
.

T
h
e

B
ay

esia
n

p
o
sterio

r
d

istrib
u

tio
n

is
a

sta
tio

n
a
ry

d
istrib

u
tio

n
o
f

th
e

G
ib

b
s

sa
m

p
ler,

so
th

ese

G
ib

b
s

u
p

d
a
ted

sa
m

p
les

a
re

still
sa

m
p
les

fro
m

th
e

p
o
sterio

r,
i.e.,

z
(i,l)→

j
d

∼
p
(z
d |w

d ,φ
,α

).
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P
a
pa

n
ik
o
l
a
o
u
,
F
o
u
l
d
s,

R
u
b
in

a
n
d

T
so

u
m
a
k
a
s

W
e

ca
n

th
erefo

re
estim

a
te

p
o
sterio

r
ex

p
ecta

tio
n
s

o
f

a
n
y

q
u
a
n
tity

o
f

in
terest

u
sin

g
th

ese

sam
p
les

in
stead

of
th

e
z
(i)
d

’s,
an

d
in

p
articu

lar:

θ̄
d
k ≈

∑
N
d

j=
1

1S
L

∑
Si=

1 ∑
Ll=

1
z
(i,l)→

j
djk

+
α
k

N
d

+
∑

Kk ′=
1
α
k ′

.
(30)

T
h
is

m
eth

o
d

in
crea

ses
th

e
sa

m
p
le

size,
a
n
d

a
lso

th
e

eff
ectiv

e
sa

m
p
le

size,
rela

tiv
e

to
th

e
m

eth
o
d

o
f

E
q
u
a
tio

n
2
9
,

b
u
t

a
lso

g
rea

tly
in

crea
ses

th
e

co
m

p
u
ta

tio
n
a
l

eff
o
rt

to
o
b
ta

in
th

e
M

o
n
te

C
a
rlo

estim
a
to

r,
m

a
k
in

g
it

rela
tiv

ely
im

p
ra

ctica
l.

F
o
rtu

n
a
tely,

a
va

ria
n
t

o
f

th
is

p
ro

ced
u
re

ex
ists

w
h
ich

is
b

o
th

co
m

p
u
ta

tio
n
a
lly

fa
ster

a
n
d

h
a
s

low
er

va
ria

n
ce.

L
et

T
(z

(i)→
j

d
|z

(i)
d
,φ

)
b

e
th

e
tran

sition
op

erator
for

a
G

ib
b

s
u

p
d

ate
on

th
e
jth

top
ic

assign
m

en
t.

H
old

in
g

th
e

oth
er

assign
m

en
ts

z
(i)
d¬
j

fi
x
ed

,
w

e
h
ave

th
e

p
artially

collap
sed

G
ib

b
s

u
p

d
ate

T
(z

(i)→
j

djk
=

1|z
(i)
d
,φ

)∝
φ
k
w
d
,j

n
(i)
d
k¬
j

+
α
k

N
d¬
j

+
∑

Kk ′=
1
α
k ′

.
(31)

B
y

th
e

stron
g

law
of

large
n
u
m

b
ers,

1L

L
∑l=

1

z
(i,l)→

j
djk

→
E
T
(z

(i)→
j

d
|z

(i)
d
,φ
) [z

(i)→
j

djk
]

=
T

(z
(i)→

j
djk

|z
(i)
d
,φ

)
as
L
→
∞

w
ith

p
rob

ab
ility

1.

(32)

S
o

fo
r

th
e

co
st

o
f

a
sin

g
le

G
ib

b
s

sw
eep

th
ro

u
g
h

th
e

d
o
cu

m
en

t,
w

e
ca

n
o
b

ta
in

a
n

eff
ectiv

e
n
u
m

b
er

of
in

n
er

lo
op

sam
p
les

L
=
∞

b
y

p
lu

ggin
g

in
th

e
G

ib
b
s

sam
p
lin

g
p
rob

ab
ilities

as
th

e
ex

p
ected

top
ic

cou
n
ts

in
E

q
u
ation

30.
T

h
is

lead
s

to
ou

r
p
rop

osed
estim

ator
for

θ
d
k :

θ̂
pd
k
,
∑

N
d

j=
1

1S

∑
Si=

1
T

(z
(i)→

j
djk

|z
(i)
d
,φ

)
+
α
k

N
d

+
∑

Kk ′=
1
α
k ′

.
(33)

T
h
is

m
eth

o
d

is
eq

u
ivalen

t
to

averagin
g

over
an

in
fi
n
ite

n
u
m

b
er

of
G

ib
b
s

sam
p
les

ad
jacen

t
to

ou
r

in
itial

sam
p
les

i
=

1,...,S
in

ord
er

to
estim

ate
each

w
ord

’s
top

ic
assign

m
en

t
p
rob

ab
ilities,

an
d

th
ereb

y
estim

ate
th

e
ex

p
ected

top
ic

cou
n
ts

for
th

e
d
o
cu

m
en

t,
w

h
ich

corresp
on

d
to

ou
r

estim
a
te

o
f
θ
d .

B
y

th
e

R
a
o
-B

la
ck

w
ell

th
eo

rem
,

it
h
a
s

low
er

va
ria

n
ce

th
a
n

th
e

m
eth

o
d

in
E

q
u
a
tio

n
3
0

w
ith

fi
n
ite

L
.

W
e

refer
to

th
is

M
o
n
te

C
a
rlo

p
ro

ced
u

re
a
s

C
G

S
p ,

fo
r

co
lla

p
sed

G
ib

b
s

sam
p
lin

g
w

ith
p
rob

ab
ilities

m
ain

tain
ed

.

T
h
e

ab
ove

argu
m

en
t

m
akes

it
clear

th
at
θ̂
pd

is
an

u
n
b
iased

M
on

te
C

arlo
estim

ator
of

th
e

p
osterior

p
red

ictive
d
istrib

u
tion

,
b
u
t

for
ad

d
ed

rigor
w

e
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is
d
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θ̂p d
k
∝

N
d

∑ j=
1

1 S

S ∑ i=
1

T
(z

(i
)→

j
dj
k
|z

(i
)

d
,φ

)
+
α
k

(3
4)

=

N
d

∑ j=
1

1 S

S ∑ i=
1

E
T
(z

(i
)→

j
d

|z
(i

)
d
,φ
)[z

(i
)→

j
dj
k

]+
α
k

(3
5)

≈
N
d

∑ j=
1

E
p
(z
d
|w
d
,φ
,α

)[ E
T
(z

→
j

d
|z
d
,φ
)[
z
→
j

dj
k
]] +

α
k

(3
6)

=

N
d

∑ j=
1

E
p
(z

→
j

d
|w
d
,φ
,α

)[
z
→
j

dj
k
]+

α
k

(b
y

th
e

la
w

of
to

ta
l

ex
p

ec
ta

ti
on

)

=

N
d

∑ j=
1

E
p
(z
d
|w
d
,φ
,α

)[
z d
jk

]+
α
k

(b
y

st
at

io
n
ar

it
y

of
th

e
G

ib
b
s

sa
m

p
le

r)

=
E
p
(z
d
|w
d
,φ
,α

)[

N
d

∑ j=
1

z d
jk

]+
α
k

(3
7)

=
E
p
(z
d
|w
d
,φ
,α

)[
n
d
k

+
α
k
]

(3
8)

∝
E
p
(z
d
|w
d
,φ
,α

)[
n
d
k

+
α
k

N
d

+
∑

K k
′ =

1
α
k
′]

(3
9)

=
p
(z

(n
ew

)
=
k
|w

d
,φ
,α

)
.

(b
y

E
q
u
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n

25
)

W
e
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te
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e
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p
ro
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d
u
re

ev
en

w
h
en

w
e
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n
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d
a

si
n
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e
b
u
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n
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m
p
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,
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,
S

=
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a
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ea

p
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p
ro

x
im

at
io

n
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p
(z

(n
ew

)
=
k
|w
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,φ
,α

)
w

h
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h
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n
b

e
u
se
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p
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S
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0
0
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)’

s
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n
g
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m

p
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ti

m
a
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r
p
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ew

)
=
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|z
d
,α
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d
ee
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,

th
e
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cr
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se

d
st
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il
it

y
of

ou
r

es
ti

m
at
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d
u
e
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im

p
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t
av

er
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in
g,

is
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p
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te
d

to
b

e
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p
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ll
y
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w
h
en

S
=
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W

e
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p
h
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re

e
p
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at
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n
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fr
om
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y
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h
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e
sh
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a
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p
o
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n
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ll
y

b
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u
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b
il
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c
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n
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d
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m
p

u
ti

n
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p
ar
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et
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ti
m
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ll
a
p
se

d
G

ib
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s
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m

p
le
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T

h
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p
o
rt

s
th

e
so

ft
cl

u
st

er
in

g
m

et
h
o
d
o
lo

g
y

o
f

C
V

B
0

to
th

e
C

G
S
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in
g

a
t
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m
a
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m

e.
W

h
il
e

o
u
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a
p
p
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a
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p
u
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s
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u
n
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v
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G
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b
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p
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n
g
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a
n
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o
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p
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b
a
b
il
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n
d

C
V

B
0

u
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s
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a
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o
n
a
l

d
is
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u
ti

o
n
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e
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p
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d
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g
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u
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n
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m
p
u
te
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e
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m
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,
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.
E

q
u
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n
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1,
4,

an
d

6.
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A
ve

ra
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n
g
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e
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d
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n
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m
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s
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m

u
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m

p
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s
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n
b

e
p

er
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p
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e
st
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il
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e
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m
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n
g
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il
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y
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lv
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,
e.

g.
,
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m
e

w
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h
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e
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p
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s
h
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d
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x
ed
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A
ve

ra
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n
g
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u
n
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m
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s
w
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l
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n
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e
sa
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n
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e
m
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a
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d

v
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o
n

o
f
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e

G
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ffi
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s
a
n

d
S

te
y
v
er

s
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m

a
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r,
g
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en
b
y

E
q
u

at
io

n
14

.
H

ow
ev
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,

w
e

ex
p
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t

th
e

u
se
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so

ft
co

u
n
ts

to
b

e
m

u
ch

m
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e
effi

ci
en

t
in

th
e

n
u
m

b
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p
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S
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p
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y
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er
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es
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er
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er
n
u
m

b
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s
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m
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s.
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p
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b
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b
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b
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u
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g
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p
ro

a
ch

is
ty

p
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e
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p
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p
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h
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d
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e
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b
e
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p

ea
te

d
a
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m
a
n
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a
g
es

o
f

th
e

tr
a
in

in
g

p
ro

ce
ss

(F
ou

ld
s

an
d

S
m

y
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,
20
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).

F
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in
st

an
ce

,
A
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n
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et
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.
(2

00
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e
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n
o
u

r
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m
en
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w

e
d
o
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t
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o
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a
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ra
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n
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m
p
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r
C

G
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p
u

ta
ti

o
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a
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a
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p
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e
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n
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p
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m
o
d
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g
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m
u
lt

i-
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b
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o
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t
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a
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o
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a
m

a
g
e

et
a
l.
,

2
0
0
9
,

2
0
1
1
;

R
u
b
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a
l.
,

2
0
1
2
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fo
r

w
h
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h
a

d
ep
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y
ed
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m
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d
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p
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n
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d
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g
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a
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f
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g
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o
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P
se

u
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d
e

il
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g
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e
p

ro
p

o
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d
m
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o
d
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p
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v
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A
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o
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th
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o
u
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b

e
n
o
te

d
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a
n

a
n
y
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n
g

C
G

S
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p
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ta
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o
n
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ra
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a
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b
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d
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to
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p
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r
p
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p
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te
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n
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u
e,

in
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u
d

in
g

M
A

L
L

E
T

(M
cC
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m
,

20
02

a)
,

Y
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o
o

L
D

A
(S

m
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a
an

d
N
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u
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h
y
,
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d
W
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p
L

D
A
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h
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et
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.,
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O
u
r
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o
d

is
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m
p
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w
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h
m
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d
er

n
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d

p
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l
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p
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m
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ti
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C

G
S
,
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e
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n
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m
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n

p
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d
u
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d
o
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n
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d
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r
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e
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n
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g
p
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h
is
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t
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b
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h
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w
h
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e

sp
a
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y

is
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v
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g
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u
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n
g
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e

ex
p

en
si

v
e

C
G

S
in

fe
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n
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p
ro

ce
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,
b

u
t
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e

fu
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d
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se
d
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tr
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u
ti
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n
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a
re

u
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d
d
u
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n
g
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e
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ti
v
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y
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ex
p

en
si

v
e
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m
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er
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w
h
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h
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n
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p
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o
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g

a
p
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o
n
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n
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n
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p
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p
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p
u
ta

ti
o
n
a
l

ov
er

h
ea

d
(w

h
ic

h
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p
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ra
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ra
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b
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p
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n
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u
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d
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n
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p
e
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d
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d
b
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er
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th
e
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ta
ti
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p
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e
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g

w
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w
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l
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a
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u
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n
o
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ti
o
n

a
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d
d
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o
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e

p
ro

ce
d

u
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o
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n
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θ̂p d
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θ d
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n
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r
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e
p
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d
u
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m

at
e
φ
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d
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ot
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φ
p
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o
d
u
ce

d
b
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3
.3
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C
G
S
p
f
o
r
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a
t
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g
θ d

f
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r
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r
a
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g

d
o
c
u
m
e
n
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D
u
ri

n
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e
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a
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,
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n
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p
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d
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θ d
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b
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ve
n

co
ll
ap

se
d

G
ib

b
s

sa
m

p
le

z
(i
) :

θ̂p d
k

=

∑
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∑
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p
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r
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b
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p
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v
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p
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b
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b
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e

G
ri

ffi
th

s
a
n
d

S
te

y
v
er

s
es

ti
m

a
to

r,
it

sh
o
u
ld

b
e

n
o
te

d
th

a
t

av
er

a
g
in

g
th

is
es

ti
m

at
or

ov
er

m
u

lt
ip

le
sa

m
p
le

s
fr

om
d
iff

er
en

t
tr

ai
n

in
g

it
er

at
io

n
s

ra
is

es
is

su
es

w
it

h
th

e

1
8

JM
L

R
 1

8(
62

):
1-

58
, 2

01
7



Im
p
r
o
v
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p
l
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b
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e
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con
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er
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p
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M
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θ
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z
(i).

4
.
C
G
S
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r
T
o
p
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-
W

o
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T
y
p
e
s
P
a
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m
e
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r
E
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a
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n

B
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e
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d
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E
q
u

ation
2,

w
e

arrive
at

an
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s
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n

iq
u

e
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estim
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g
φ

:
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v

=

∑
D
T
r
a
in

d
=
1

∑
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d
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v
T
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j
djk
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+
β
v

∑
D
T
r
a
in

d
=
1

∑
N
d
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1
T

(z
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j
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|z
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+
∑
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1
β
v ′

,
(41)
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h
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T
(z
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d
,j
|z
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d
s
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e
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p
sed

G
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u
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d
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u
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.
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h
ile

th
e

in
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itio
n

o
f

th
e

a
b

ov
e

m
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o
d
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r,
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a
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l
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l
co

m
p
lica

tio
n
s
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a
n

an
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s
d
erivation

for
it.

N
everth

eless,
w

e
sh

ow
th

at
th

e
sam

e
reason

in
g

essen
tially

h
old

s
fo

r
φ

,
w

ith
m

in
o
r

a
p
p
rox

im
a
tio

n
s.

In
th

e
fo

llow
in

g
,

w
e

o
u
tlin

e
a

ju
stifi

ca
tio

n
fo

r
th

e
φ
p

estim
a
to

r,
w

ith
em

p
h

a
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o
n

th
e

p
la
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w

h
ere

th
e

a
rg

u
m

en
t

fro
m
θ
p

d
o
es

n
o
t

a
p
p

ly,
a
lo

n
g

w
ith

w
ell-p

rin
cip

led
ap

p
rox

im
ation

step
s

to
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th
ese

d
iff

eren
ces.

F
irst,

co
n
sid

er
th

e
estim

a
tio

n
p
rin

cip
le

u
n
d
erly

in
g

th
e

tech
n
iq

u
e.

F
o
r

to
p
ics

φ
,

th
e

stan
d

ard
R

ao-B
lack

w
ellized

estim
ator

of
G

riffi
th

s
an

d
S

tey
vers

(2004),
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b
y

E
q
u

ation
2,

o
n
ce

a
g
a
in

co
rresp

on
d
s

to
th

e
p

osterior
p
red

ictiv
e

d
istrib

u
tion

,

φ̂
k
v ,

p
(w

(n
ew

)
=
v|z

,w
,β
,z

(n
ew

)
=
k
)

=

∫
p
(w

(n
ew

)
=
v
,φ

k |z
,w
,β
,z

(n
ew

)
=
k
)d
φ
k

=

∫
p
(w

(n
ew

)
=
v|φ

k ,z
(n
ew

)
=
k
)p

(φ
k |w

z
=
k ,β

)d
φ
k

=
E
D
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ich
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k
+
β
) [φ

k
v ]

=
n
k
v

+
β
v

V∑v ′=
1 (n

v ′k
+
β
v ′)

,
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w
h
ere

w
z
=
k
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th

e
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n

o
f

w
o
rd

to
k
en

s
a
ssig

n
ed
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p
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.

T
h
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estim
a
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r
a
g
a
in

con
d
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s
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e
laten

t
variab

le
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m
en
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z
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w
h
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u
n
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u

an
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W
e
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ever,
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t
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d
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b
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m
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=
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,β
,z
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=
k
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=
∑
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p
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)
=
v
,z|w
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)
=
k
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(43)
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s
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p
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u
tation
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e

(collap
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rep
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tation
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d
ition
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)
=
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T
h
e

estim
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E

q
u
ation

43
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u
n
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n
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w
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.
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P
a
pa

n
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o
l
a
o
u
,
F
o
u
l
d
s,

R
u
b
in

a
n
d

T
so

u
m
a
k
a
s

fo
r

a
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o
f

z
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n
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ered
.
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u
p
p
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se,

b
y
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m
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o
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cle,
w

e
k
n
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a
t

z
b

elo
n
g
s

to
so

m
e
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en
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m
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Ż

,
for

w
h
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in

d
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ed
b

etw
een

all
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en
ts

z ′∈
Ż

.
W

e
are

th
en
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erly
d
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e
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r
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ator
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Ż

,
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(Ż

)
k
v
,
p
(w

(n
ew

)
=
v|w

,β
,z

(n
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)
=
k
,z
∈
Ż

)
=
∑z∈
Ż

p
(w
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)
=
v
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,z
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)
=
k
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∈
Ż

)
.

(44)
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p
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p
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Z
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(i))
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i.e.,
th

e
ca

n
d
id

a
te

z
a
ssig

n
m

en
ts

th
a
t

d
iff

er
fro

m
z
(i)

in
a

sin
g
le

en
try.
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trem
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p
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e
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t
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s
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p
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p
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f

N
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u
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l.
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)
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b
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a
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p
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b
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M
C

M
C
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m

p
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t

a
re

m
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n
y

itera
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rt.

H
en

ce,
w

e
ta

k
e
φ̄
(Z
G
ib
b
s
(z
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k
v

a
s

ou
r

id
ealized

estim
ator,

u
n
d
er

th
e

su
p
p

osition
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at
Z
G
ibbs (z

(i))
is
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en

tifi
ed

,
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d
w

e
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to
d
erive

E
q
u
ation

41
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a
M
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te

C
arlo

algorith
m

th
at

effi
cien

tly
ap

p
rox

im
ates

it.

T
o

accom
p
lish

th
is,

follow
in

g
th

e
d
erivation

for
θ̂
p,

w
e

w
ou

ld
lik

e
to

sh
ow

th
at

(1)
w

e
ca

n
u
se

a
M

o
n
te

C
a
rlo

estim
a
to

r
in

w
h
ich

th
e
z
d
,j ’s

ca
n

b
e

sa
m

p
led

in
d
iv

id
u
a
lly,
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E
q
u
ation

29,
an

d

(2)
th

e
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n
sitio

n
p
ro

b
a
b
ilities

in
E

q
u
a
tio

n
4
1

ca
n

b
e

u
sed

to
im

p
lem

en
t

th
is

estim
a
to

r
w

ith
an

eff
ectively

in
fi
n
ite

n
u
m

b
er

of
ad

jacen
t

G
ib

b
s

sam
p
les,

as
in

S
ection

3.3.

W
h
ile

th
e

p
rev

iou
s

station
arity

argu
m

en
t

for
(2)

still
ap

p
lies,

th
ere

is
a

fu
rth

er
com

p
lication

for
(1).

F
or
θ̂
p,

lin
earity

of
ex

p
ectation

w
as

su
ffi

cien
t

to
sh

ow
in

E
q
u
atio

n
28

th
at

E
p
(z
d |w

d
,φ
,α

) [ ∑
N
d

j=
1
z
djk

+
α
k

N
d

+
∑

Kk ′=
1
α
k ′ ]

=

∑
N
d

j=
1
E
p
(z
d |w

d
,φ
,α

) [z
djk ]+

α
k

N
d

+
∑

Kk ′=
1
α
k ′

.

W
e

ca
n
n
o
t

u
se

th
is

a
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u
m

en
t

d
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fo
r
φ̂
p

b
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o
f

th
e

G
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d

S
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w
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in
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d
es
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s
w

h
ich

a
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ed
in

th
e

ex
p
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:
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(Z
G
ib
b
s
(z
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k
v

=
E
p
(z|w
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,z∈

Z
G
ib
b
s
(z

(i))) [
∑

D
T
r
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in

d
=
1

∑
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d
,j =

v
z
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+
β
v

∑
D
T
r
a
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∑
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1
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djk

+
∑
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(45)
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p
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D
T
r
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∑
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t
G
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b
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p
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z
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d
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e
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d
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k
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n
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p
l
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i.
e.

,

D
T
r
a
in

∑ d
=
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{
D
T
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∑ d
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N
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)
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∑ d
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a
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h
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p
ra
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n
t
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a
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p
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∑
j:
w
d
,j
=
v
z d
jk

+
β
v

∑
D
T
r
a
in

d
=
1

∑
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∑
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z d
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∑
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∑
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∑
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∑
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∑
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p
ic

m
o
d

el
in

g
in

fe
re

n
ce

al
go

ri
th

m
s

d
iff

er
on

ly
b
y

off
se

ts
of

1
or
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z d
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∑
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n
(i

)
k

+
∑
V v
′ =

1
β
v
′+

1
=

1
an

d
li
m
n

(i
)

k
→
∞

n
(i

)
k

+
∑
V v
′ =

1
β
v
′

n
(i

)
k

+
∑
V v
′ =

1
β
v
′−

1
=

1,
th

e
le

ft

an
d

ri
gh

t
h
an

d
si

d
es

of
E

q
u
at

io
n

47
w

il
l

co
n
ve

rg
e

in
th

e
li
m

it
as

th
e
n
(i
)

k
’s

go
to

in
fi
n
it

y,
e.

g.
,

w
h
en

in
cr

ea
si

n
g

th
e

co
u
n
ts

v
ia

a
st

re
am

of
in

co
m

in
g

d
o
cu

m
en

ts
.

In
A

p
p

en
d
ix

C
,

w
e

p
ro

v
id

e
a

fu
rt

h
er

em
p
ir

ic
al

il
lu

st
ra

ti
on

of
th

is
ap

p
ro

x
im

at
io

n
,

b
y

ta
k
in

g
su

b
se

ts
of

th
e

d
o
cu

m
en

ts
in

th
e

co
rp

u
s

to
va

ry
n
k
,

a
n
d

o
b
se

rv
in

g
th

a
t

a
s
n
k

in
cr

ea
se

s
th

e
d
iff

er
en

ce
b

et
w

ee
n

th
e

le
ft

an
d

ri
gh

t
si

d
es

of
E

q
u
at

io
n

47
ap

p
ro

ac
h
es

ze
ro

.
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P
a
pa

n
ik
o
l
a
o
u
,
F
o
u
l
d
s,

R
u
b
in

a
n
d

T
so

u
m
a
k
a
s

F
in

a
ll
y,

u
si

n
g

th
e

sa
m

e
st

a
ti

o
n
a
ri

ty
a
n
d

la
w

o
f

la
rg

e
n
u
m

b
er

s
a
rg

u
m

en
ts

a
s

b
ef

o
re

,
w

e
ob

ta
in

th
e
φ̂
p

es
ti

m
at

or
b
y

p
lu

gg
in

g
in

th
e

tr
an

si
ti

on
op

er
at

or
,

an
d

th
en

re
n
o
rm

a
li
zi

n
g
,

φ̂
p k
v
∝

D
T
r
a
in

∑ d
=
1

∑

j:
w
d
,j
=
v

E
p
(z
|w
,β
,z
∈Z

G
ib
b
s
(z

(i
)
))

[z
dj
k
]+

β
v

=

D
T
r
a
in

∑ d
=
1

∑

j:
w
d
,j
=
v

T
(z

(i
)→

j
dj
k
|z

(i
) )

+
β
v

.

(4
9
)

M
or

e
fo

rm
al

ly
,

th
e

fu
ll

ar
gu

m
en

t
is

gi
ve

n
m

at
h
em

at
ic

al
ly

as

φ̂
p k
v
∝

D
T
r
a
in

∑ d
=
1

∑

j:
w
d
,j
=
v

T
(z

(i
)→

j
dj
k
|z

(i
) )

+
β
v

(5
0
)

=

D
T
r
a
in

∑ d
=
1

∑

j:
w
d
j
=
v

E
T
(z

(i
)→

j
d

|z
(i

)
d

)[z
(i
)→

j
dj
k

]+
β
v

(5
1
)

=

D
T
r
a
in

∑ d
=
1

∑

j:
w
d
j
=
v

E
p
(z
|w
,β
,z
∈Z

G
ib
b
s
(z

(i
)
))

[z
dj
k
]+

β
v

(b
y

st
at

io
n
ar

it
y

of
th

e
G

ib
b
s

sa
m

p
le

r)

∝
∑

D
T
r
a
in

d
=
1

∑
j:
w
d
j
=
v
E
p
(z
|w
,β
,z
∈Z

G
ib
b
s
(z

(i
)
))

[z
dj
k
]+

β
v

∑
D
T
r
a
in

d
=
1

∑
N
d

j=
1
z
(i
)

dj
k

+
∑

V v
′ =

1
β
v
′

(5
2
)

=
E
p
(z
|w
,β
,z
∈Z

G
ib
b
s
(z

(i
)
))

[
∑

D
T
r
a
in

d
=
1

∑
j:
w
d
j
=
v
z d
jk

+
β
v

∑
D
T
r
a
in

d
=
1

∑
N
d

j=
1
z
(i
)

dj
k

+
∑

V v
′ =

1
β
v
′]

(5
3
)

≈
E
p
(z
|w
,β
,z
∈Z

G
ib
b
s
(z

(i
)
))

[
∑

D
T
r
a
in

d
=
1

∑
j:
w
d
j
=
v
z d
jk

+
β
v

∑
D
T
r
a
in

d
=
1

∑
N
d

j=
1
z d
jk

+
∑

V v
′ =

1
β
v
′]

(i
f
n
k
>
>

1)

=
p
(w

(n
ew

)
=
v
|w
,β
,z

(n
ew

)
=
k
,z
∈
Z
G
ib
bs

(z
(i
) )

)
.

(5
4)

In
A

lg
o
ri

th
m

1
,

a
lo

n
g

w
it

h
θp

’s
p
ro

ce
d
u
re

,
w

e
a
ls

o
p
re

se
n
t

th
e

p
se

u
d
o
co

d
e

fo
r

th
e
φ
p

es
ti

m
at

or
.

5
.
U
n
su

p
e
rv

is
e
d
L
e
a
rn

in
g
E
x
p
e
ri
m
e
n
ts
—

L
D
A

T
h
is

se
ct

io
n

d
es

cr
ib

es
th

e
ex

p
er

im
en

ts
th

a
t

w
e

p
er

fo
rm

ed
to

st
u
d
y

th
e

b
eh

av
io

r
o
f

o
u
r

p
ro

p
os

ed
es

ti
m

at
or

s
in

th
e

co
n
te

x
t

of
u

n
su

p
er

v
is

ed
L

D
A

m
o
d

el
s.

W
e

d
es

cr
ib

e
th

e
d

at
a

se
ts

,
th

e
ev

al
u
at

io
n

p
ro

ce
d
u
re

an
d

th
e

ex
p

er
im

en
ts

p
er

fo
rm

ed
in

th
e

u
n
su

p
er

v
is

ed
L

D
A

se
tt

in
g
.

A
p
ar

t
fr

om
th

e
ex

p
er

im
en

ts
re

p
or

te
d

h
er

e,
w

e
h
av

e
p

er
fo

rm
ed

tw
o

ad
d
it

io
n
al

on
es

re
p

or
te

d
in

th
e

A
p
p

en
d
ix

,
(a

)
co

m
p
ar

in
g

th
e

d
o
cu

m
en

t-
to

p
ic

co
u
n
ts

of
th

e
C

ol
la

p
se

d
G

ib
b
s

S
am

p
li
n
g

(C
G

S
)

al
go

ri
th

m
ag

ai
n

st
th

e
so

ft
d

o
cu

m
en

t-
to

p
ic

co
u

n
ts

,
in

or
d

er
to

st
u

d
y

th
ei

r
d

iff
er

en
ce

s
as

th
e

al
go

ri
th

m
co

n
ve

rg
es

an
d

(b
)

p
ro

v
id

in
g

an
em

p
ir

ic
al

va
li
d
at

io
n

of
th

e
a
p
p
ro

x
im

a
ti

o
n

th
a
t

w
e

u
se

in
E

q
u
a
ti

o
n

4
7

re
g
a
rd

in
g

o
u
r
φ
p

es
ti

m
a
to

r’
s

d
er

iv
a
ti

o
n
.

T
h
e

re
le

va
n
t

co
d
e

o
f

th
e

fo
ll

ow
in

g
ex

p
er

im
en

ts
(a

lo
n

g
w

it
h

th
e

co
d

e
of

th
e

m
u

lt
i-

la
b

el
ex

p
er

im
en

ts
of

S
ec

ti
on

6)
ca

n
b

e
fo

u
n
d

in
h
t
t
p
s
:
/
/
g
i
t
h
u
b
.
c
o
m
/
y
p
a
p
a
n
i
k
/
c
g
s
_
p
.
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Im
p
r
o
v
e
d

G
ib
b
s
S
a
m
p
l
in
g

P
a
r
a
m
e
t
e
r
E
st

im
a
t
o
r
s
f
o
r
L
D
A

D
ata

S
et

D
T
r
a
in

D
T
est

N
d

V

B
ioA

S
Q

20,000
10,000

113.55
135,186

N
ew

Y
ork

T
im

es
14,66

8
7,000

581.13
19,259

R
eu

ters-21578
11,475

4,021
49.68

41,014
T

A
S
A

30,121
7,529

107.62
21,970

T
ab

le
3:

S
tatistics

for
th

e
d
ata

sets
u
sed

in
th

e
u
n
su

p
erv

ised
learn

in
g

ex
p

erim
en

ts.
A

verage
d
o
cu

m
en

t
len

g
th

an
d

n
u
m

b
er

of
w

ord
ty

p
es

refer
to

th
e

train
in

g
sets.

5
.1

D
a
ta

S
e
ts

F
o
u
r

d
a
ta

sets
w

ere
u
sed

in
th

e
u
n
su

p
erv

ised
settin

g
:

a
)

B
io

A
S
Q

,
b
)

N
ew

Y
o
rk

T
im

es,
c)

R
eu

ters-2
1
5
7
8

a
n
d

d
)

T
A

S
A

.
T

h
e

n
u
m

b
er

o
f

d
o
cu

m
en

ts
in

th
e

tra
in

in
g

a
n
d

test
sets,

th
e

average
len

gth
of

th
e

train
in

g
d
o
cu

m
en

ts
an

d
th

e
size

of
th

e
vo

cab
u
lary

of
w

ord
ty

p
es

fou
n
d

in
th

e
tra

in
in

g
set

are
p
resen

ted
in

T
ab

le
3.

T
h
e

fi
rst

d
ata

set
origin

ates
from

th
e

B
io

A
S

Q
ch

allen
ge

(B
alikas

et
al.,

2014)
th

at
d
eals

w
ith

large-scale
on

lin
e

m
u
lti-lab

el
classifi

cation
of

b
iom

ed
ical

jou
rn

al
articles.

T
h
is

learn
in

g
ta

sk
is

p
a
rticu

la
rly

ch
a
llen

g
in

g
a
s

th
e

ta
x
o
n
o
m

y
o
f

la
b

els
in

clu
d
es

a
ro

u
n
d

2
7
,0

0
0

term
s,

w
ith

h
ig

h
ly

im
b

a
la

n
ced

freq
u

en
cies.

F
o
r

th
e

u
n

su
p

erv
ised

ex
p

erim
en

ts
o
f

th
is

sectio
n

,
w

e
u
sed

th
e

3
0
,0

0
0

la
st

d
o
cu

m
en

ts
o
f

th
e

B
io

A
S
Q

co
rp

u
s

o
f

th
e

y
ea

r
2
0
1
4
,

u
sin

g
th

e
fi
rst

20,000
as

train
in

g
d
o
cu

m
en

ts
an

d
th

e
rest

as
test

d
o
cu

m
en

ts.
T

o
con

stru
ct

th
e

d
ata

set
w

e
co

n
ca

ten
a
ted

th
e

a
b
stra

ct
a
n
d

title
o
f

ea
ch

a
rticle

a
n
d

rem
ov

ed
co

m
m

o
n

sto
p
w

o
rd

s.
T

h
e

rem
a
in

in
g

u
n
igram

s
w

ere
u
sed

as
w

ord
ty

p
es.

T
h
e

seco
n
d

d
a
ta

set
co

n
ta

in
s

a
rticles

p
u
b
lish

ed
b
y

th
e

N
ew

Y
o
rk

T
im

es,
m

a
n
u
a
lly

a
n
n
o
ta

ted
v
ia

th
eir

in
d
ex

in
g

serv
ice.

W
e

u
sed

th
e

sa
m

e
d
a
ta

set
a
s

u
sed

b
y

R
u
b
in

et
a
l.

(2012),
w

ith
th

e
sam

e
train

in
g

set
(14,668

d
o
cu

m
en

ts)
an

d
keep

in
g

th
e

fi
rst

7,000
d
o
cu

m
en

ts
fo

r
testin

g
(o

u
t

of
th

e
15,989

of
th

e
origin

al
p
ap

er).

T
h
e

th
ird

d
ata

set
4

con
tain

s
d
o
cu

m
en

ts
from

th
e

R
eu

ters
n
ew

s-w
ire

an
d

h
as

b
een

w
id

ely
u
sed

am
on

g
research

ers
for

alm
ost

tw
o

d
ecad

es.
T

h
e

sp
lit

th
at

w
e

u
sed

h
as

11,475
d
o
cu

m
en

ts
fo

r
tra

in
in

g
a
n
d

4
,0

2
1

d
o
cu

m
en

ts
fo

r
testin

g
.

W
e

p
rep

ro
cessed

th
e

co
rp

u
s

b
y

rem
ov

in
g

co
m

m
o
n

sto
p
w

ord
s.

T
h
e

T
A

S
A

d
a
ta

set
co

n
ta

in
s

3
7
,6

5
0

d
o
cu

m
en

ts
o
f

d
iv

erse
ed

u
ca

tio
n
a
l

m
a
teria

ls
(e.g

.,
h

ea
lth

,
scien

ces,
etc)

co
llected

b
y

T
o
u

ch
sto

n
e

A
p

p
lied

S
cien

ce
A

sso
cia

tes
(L

a
n

d
a
u

er
et

a
l.,

1998).
W

e
u

sed
th

e
fi

rst
30,121

d
o
cu

m
en

ts
as

a
train

in
g

set
an

d
th

e
rem

ain
in

g
as

a
test

set.
T

h
e

co
rp

u
s

a
lrea

d
y

h
a
d

sto
p
w

o
rd

s
a
n
d

in
freq

u
en

t
w

o
rd

s
rem

ov
ed

,
so

w
e

d
id

n
o
t

p
erfo

rm
a
n
y

fu
rth

er
p
rep

ro
cessin

g.

5
.2

E
v
a
lu

a
tio

n

E
valu

ation
of

L
D

A
m

o
d
els

ty
p
ically

fo
cu

ses
on

th
e

p
rob

ab
ility

of
a

set
of

h
eld

-ou
t

d
o
cu

m
en

ts
g
iv

en
a
n

a
lrea

d
y

tra
in

ed
m

o
d
el

(W
a
lla

ch
et

a
l.,

2
0
0
9
).

In
th

is
co

n
tex

t,
o
n
e

m
u
st

co
m

p
u
te

th
e

m
o
d
el’s

p
osterior

p
red

ictive
likelih

o
o
d

of
all

w
ord

s
in

th
e

test
set,

given
estim

ates
of

th
e

to
p
ic

p
a
ra

m
eters

φ
an

d
th

e
d
o
cu

m
en

t-level
m

ix
tu

re
p
aram

eters
θ.

4
.
h
t
t
p
:
/
/
d
i
s
i
.
u
n
i
t
n
.
i
t
/
m
o
s
c
h
i
t
t
i
/
c
o
r
p
o
r
a
/
R
e
u
t
e
r
s
2
1
5
7
8
-
A
p
t
e
-
1
1
5
C
a
t
.
t
a
r
.
g
z
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P
a
pa

n
ik
o
l
a
o
u
,
F
o
u
l
d
s,

R
u
b
in

a
n
d

T
so

u
m
a
k
a
s

T
h

e
lo

g
lik

elih
o
o
d

o
f

a
set

o
f

test
d

o
cu

m
en

ts
D
T
est ,

g
iv

en
a
n

a
lrea

d
y

estim
a
ted

m
o
d

el
M

,
is

given
b
y

H
ein

rich
(2004)

as:

L
og

L
ik

elih
o
o
d

=

D
T
e
s
t

∑d
=
1

log
p
(w

d |M
)

=

D
T
e
s
t

∑d
=
1

N
d

∑i=
1

log
K
∑k
=
1 (φ

k
v ·θ

d
k )

(55)

w
ith

w
i

=
v
.

T
h
e

p
erp

lex
ity

w
ill

b
e:

P
erp

lex
ity

=
ex

p
(−

L
og

L
ikelih

o
o
d

D
T
e
s
t

∑d
=
1

N
d

)
(56)

w
h
ere

low
er

valu
es

of
p

erp
lex

ity
sign

ify
a

b
etter

m
o
d
el.

S
in

ce
θ
d

is
u
n
k
n
ow

n
for

test
d
o
cu

m
en

ts,
an

d
is

in
tractab

le
to

m
argin

alize
over,

a
com

m
on

p
ractice

in
th

e
literatu

re
in

ord
er

to
com

p
u
te

th
e

ab
ove

likelih
o
o
d

is
to

ru
n

th
e

C
G

S
algorith

m
for

a
few

iteration
s

on
th

e
fi
rst

h
alf

of
each

d
o
cu

m
en

t,
an

d
th

en
to

com
p
u
te

th
e

p
erp

lex
ity

of
th

e
h
eld

-ou
t

d
ata

(th
e

secon
d

h
alf

of
each

d
o
cu

m
en

t),
b
ased

on
th

e
train

ed
m

o
d
el’s

p
osterior

p
red

ictive
d
istrib

u
tion

over
w

ord
s

(A
su

n
cion

et
al.,

2009).
T

h
is

is
th

e
ap

p
roach

w
e

follow
.

5
.3

C
o
m

p
a
riso

n
b

e
tw

e
e
n

C
G

S
a
n

d
C

G
S
p

In
th

is
fi
rst

ex
p

erim
en

t,
th

e
m
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a
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b
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a
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p
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p
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p
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p
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p
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a
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p
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p
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d
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h
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d
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d
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w
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e
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b
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b
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p
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a
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.
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e

fa
st

es
t

k
n
ow

n
C

G
S

im
p
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.
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p
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d
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w
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b
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p
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w
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p
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p
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b
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w
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b
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w
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w
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p
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a
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=
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0
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a
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d
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ra
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p
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p
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e

p
lo

t
co

rr
es

p
o
n
d
s

to
th

e
ru

n
n
in

g
ti

m
e

o
f

W
a
rp

L
D

A
fo

r
d
iff

er
en

t
n
u
m

b
er

s
of

it
er

at
io

n
s

(5
0,

10
0,

20
0,

50
0,

10
00

,
20

00
,

50
00

),
p
lu

s
th

e
ov

er
h
ea

d
n
ee

d
ed

to
co

m
p

u
te

ea
ch

of
th

e
es

ti
m

at
or

s
at

th
at

ti
m

es
te

p
.

W
e

ob
se

rv
e

th
at

in
th

e
ea

rl
y

it
er

at
io

n
s,

w
h
il
e

L
D

A
is

st
il
l

co
n
v
er

g
in

g
,

th
e

st
a
n

d
a
rd

es
ti

m
a
to

rs
a
tt

a
in

a
h

ig
h

er
lo

g
li
k
el

ih
o
o
d

va
lu

e
fa

st
er

th
an

th
e

C
G

S
p

on
es

fo
r
K

=
50

0,
10

00
(t

h
e

tw
o

es
ti

m
at

or
s

ar
e

al
m

os
t

id
en

ti
ca

l
d
u
ri

n
g

b
u
rn

-i
n

fo
r
K

=
50
,1

00
).

T
h
is

te
n
d
en

cy
is

re
ve

rs
ed

af
te

r
co

n
ve

rg
en

ce
of

th
e

p
ro

ce
d
u
re

,
w

it
h

C
G

S
p

a
tt

a
in

in
g

a
h
ig

h
er

lo
g

li
k
el

ih
o
o
d

va
lu

e
fa

st
er

th
a
n

C
G

S
fo

r
a
ll

to
p
ic

co
n
fi
g
u
ra

ti
o
n
s.

In
m

o
st

ca
se

s
w

e
a
re

in
te

re
st

ed
in

o
b

ta
in

in
g

a
n

es
ti

m
a
te

o
f

th
e

L
D

A
p

a
ra

m
et

er
s

w
el

l
a
ft

er
co

n
ve

rg
en

ce
,

so
w

e
co

n
si

d
er

th
at

th
e

C
G

S
p

es
ti

m
at

or
s

ar
e

to
b

e
p
re

fe
rr

ed
ov

er
th

e
st

an
d
ar

d
C

G
S

o
n
es

,
ev

en
u
n
d
er

li
m

it
ed

ti
m

e
re

so
u
rc

es
.

W
e

a
ls

o
se

e
th

a
t

co
n
v
er

g
en

ce
ta

k
es

lo
n
g
er

w
it

h
m

o
re

to
p

ic
s,

a
n

d
th

e
ti

m
e

b
ef

o
re

C
G

S
p

ov
er

ta
k
es

C
G

S
is

co
rr

es
p

o
n

d
in

g
ly

lo
n

g
er

,
b

u
t

th
e

im
p
ro

v
em

en
t

in
lo

g-
li
ke

li
h
o
o
d

fo
r

C
G

S
p

ov
er

C
G

S
b

ec
om

es
gr

ea
te

r.

6
.
M

u
lt
i-
L
a
b
e
l
L
e
a
rn

in
g
E
x
p
e
ri
m
e
n
ts
—

P
ri
o
r-
L
D
A

A
n
o
th

er
im

p
o
rt

a
n
t

co
n
te

x
t

fo
r

co
m

p
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l
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independently
w

ith
probability

p.
T

his
paperis

m
ainly

concerned
w

ith
treating

the
follow

ing
three

problem
s.

Problem
(i):

G
iven

the
C

P
rank,

characterize
the

necessary
and

sufficient
conditions

on
the

sam
pling

pattern
Ω

,underw
hich

there
existonly

finitely
m

any
com

pletions
ofU

.
W

e
consider

the
C

P
decom

position
of

the
sam

pled
tensor,w

here
allrank-1

tensors
in

this
de-

com
position

are
unknow

n
and

w
e

only
have

som
e

entries
ofU

.
T

hen,each
sam

pled
entry

results
in

a
polynom

ialsuch
thatthe

variables
ofthe

polynom
ialare

the
entries

ofthe
rank-1

tensors
in

the
C

P
decom

position.
W

e
propose

a
novelanalysis

on
the

C
P

m
anifold

to
obtain

the
m

axim
um

num
-

berofalgebraically
independentpolynom

ials,am
ong

allpolynom
ials

corresponding
to

the
sam

pled
entries,in

term
s

of
the

geom
etric

structure
of

the
sam

pling
pattern

Ω
.

W
e

show
thatif

the
m

axi-
m

um
num

berofalgebraically
independentpolynom

ials
is

a
given

num
ber,then

the
sam

pled
tensor

U
is

finitely
com

pletable.
D

ue
to

the
fundam

entaldifferences
betw

een
the

C
P

decom
position

and
the

Tucker
or

T
T

decom
position,

this
analysis

is
com

pletely
different

from
our

previous
w

orks
(A

shraphijuo
etal.,2016a;A

shraphijuo
and

W
ang,2017).

M
oreover,note

thatour
proposed

alge-
braic

geom
etry

analysison
the

C
P

m
anifold

isnota
sim

ple
generalization

ofthe
existing

analysison
the

G
rassm

annian
m

anifold
(Pim

entel-A
larcón

etal.,2016d)even
though

the
C

P
decom

position
is

a
generalization

ofrank
factorization

ofa
m

atrix,as
alm

ostevery
step

needs
to

be
developed

anew
.

Problem
(ii):

C
haracterize

conditions
on

the
sam

pling
pattern

to
ensure

that
there

is
exactly

one
com

pletion
forthe

given
C

P
rank.

Sim
ilarto

Problem
(i),ourapproach

is
to

study
the

algebraic
independence

ofthe
polynom

ials
corresponding

to
the

sam
ples.

W
e

exploitthe
properties

of
a

setof
m

inim
ally

algebraically
depen-

dentpolynom
ials

to
add

additionalconstraints
on

the
sam

pling
pattern

such
thateach

ofthe
rank-1

tensors
in

the
C

P
decom

position
can

be
determ

ined
uniquely.

A
s

w
e

w
ill

observe
later,

the
determ

inistic
conditions

for
finite

or
unique

com
pletability

are
com

binatorialin
nature,w

hich
are

hard
to

verify
if

they
hold

true
in

practice.
T

herefore,w
e

also
provide

a
probabilistic

analysis
to

verify
the

validity
of

such
conditions

based
on

the
num

ber
of

sam
ples

or
the

sam
pling

probability.
H

ow
ever,w

e
cannotguarantee

the
validity

of
the

constraints
w

ith
probability

one
anym

ore
(i.e.,

not
determ

inistically
anym

ore)
and

instead
w

e
show

that
the

com
binatorialconditions

hold
true

w
ith

high
probability

ifthe
sam

pling
probability

is
above

certain
threshold.

Problem
(iii):

Provide
a

low
er

bound
on

the
totalnum

ber
of

sam
pled

entries
or

the
sam

pling
probability

p
such

that
the

proposed
conditions

on
the

sam
pling

pattern
Ω

for
finite

and
unique

com
pletability

are
satisfied

w
ith

high
probability.

W
e

develop
severalcom

binatorialtoolstogetherw
ith

ourpreviousgraph
theory

resultsin
(A

shraphi-
juo

etal.,2016a)to
obtain

low
erbounds

on
the

totalnum
berofsam

pled
entries,i.e.,low

erbounds
on

the
sam

pling
probability

p,such
thatthe

determ
inistic

conditionsforProblem
s(i)and

(ii)are
m

et
w

ith
high

probability.Particularly,itisshow
n

in
(K

rishnam
urthy

and
Singh,2013),O

(n
r
d−

1
2
d

2
log

(r))

sam
ples

are
required

to
recoverthe

tensorU
∈
R

d
︷

︸︸
︷

n
×
...×

n
ofrank

r.R
ecallthatin

this
paper,w

e
obtain

the
num

bersam
ples

to
ensure

finite/unique
com

pletability
thatis

independentofthe
com

ple-
tion

algorithm
.A

s
w

e
show

later,using
the

existing
analysis

on
the

G
rassm

annian
m

anifold
results

in
O

(n
d
+

1
2

m
ax{

d
log

(n
)

+
log

(r),r})
sam

ples
to

ensure
finite/unique

com
pletability.

H
ow

ever,
ourproposed

analysis
on

the
C

P
m

anifold
results

inO
(n

2
m

ax{
log

(n
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finiteness
of

the
num

ber
of

com
pletions,w

hich
is

significantly
low

er
than

thatgiven
in

(K
rish-

3
JM

L
R

 18(63):1-29, 2017

M
O

R
T

E
Z

A
A

S
H

R
A

P
H

IJU
O

,
A

N
D

X
IA

O
D

O
N

G
W

A
N

G

nam
urthy
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the
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indeed

sim
ilarto

thatin
(Pim

entel-A
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P
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fun-
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differentfrom
the
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rassm
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or

Tuckeror
T
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m

anifold,allresults
in

this
paper
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original.

In
particular,w

e
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ention
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e
ofthe
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ain

differences:
(i)geom

etry
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m
anifold,(ii)

the
equivalence

class
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basis
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consequently
(iii)the
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structure
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polynom
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fundam

entally
differentfrom

those
in

the
literature.
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ence,the

determ
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analyses

are
fundam

entally
different(excluding

L
em

m
a
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s

a
consequence,the

probabilistic
analysisisalso
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differentasthe

com
binatorialcondition

(6)isobtained
based

on
the

defined
geom

etry
and
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class

for
C

P
decom
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ow
ever,som

e
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including
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all’s

theorem
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graphs
(L
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a
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a
17

thatapplies
pigeonhole

principle
are

taken
from

our
previous

papers
(A

shraphijuo
et

al.,2016a;
A

shraphijuo
and

W
ang,

2017)in
probabilistic

analysis.
T

he
rem

ainderofthis
paperis

organized
as

follow
s.In

Section
2,the

prelim
inaries

and
problem

statem
entare

presented.In
Section

3,w
e

develop
necessary

and
sufficientdeterm

inistic
conditions

forfinite
com

pletability.In
Section

4,w
e

develop
probabilistic

conditions
forfinite

com
pletability.

In
Section

5,
w

e
consider

unique
com

pletability
and

obtain
both

determ
inistic

and
probabilistic

conditions.
Som

e
num

erical
results

are
provided

in
Section

6.
Finally,

Section
7

concludes
the

paper.

2.B
ackground

2.1
Prelim

inariesand
N

otations

In
this

paper,itis
assum

ed
thata

d-w
ay

tensorU
∈
R
n

1 ×
···×

n
d

is
sam

pled.
T

hroughoutthis
paper,

w
e

use
C

P
rank

as
the

rank
of

a
tensor,w
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is

defined
as

the
m

inim
um

num
ber

r
such

thatthere
exist

a
li ∈

R
n
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1
≤
i≤

d
and

1
≤
l≤

r
and

U
=

r
∑l=

1

a
l1 ⊗

a
l2 ⊗

...⊗
a
ld ,

(1)

orequivalently,

U
(x

1 ,x
2 ,...,x

d )
=

r
∑l=

1

a
l1 (x

1 )a
l2 (x

2 )
...a

ld (x
d ),

(2)
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fo

llo
w

in
g

tw
o

fa
ct

s
to

hi
gh

lig
ht

th
e

fu
nd

am
en

ta
ls

of
ou

rp
ro

po
se

d
an

al
ys

is
.

•
Fa

ct
1:

A
s

it
ca

n
be

se
en

fr
om

(2
),

an
y

ob
se

rv
ed

en
tr

y
U(
~x

)
re

su
lts

in
an

eq
ua

tio
n

th
at

in
vo

lv
es

on
e

en
tr

y
of

a
l i,
i

=
1
,.
..
,d

an
d
l

=
1
,.
..
,r

.
C

on
si

de
ri

ng
th

e
en

tr
ie

s
of

A
as

va
ri

ab
le

s(
ri

gh
t-

ha
nd

si
de

of
(2

))
,e

ac
h

ob
se

rv
ed

en
tr

y
re

su
lts

in
a

po
ly

no
m

ia
li

n
te

rm
so

ft
he

se
va

ri
ab

le
s.

M
or

eo
ve

r,
fo

ra
ny

ob
se

rv
ed

en
tr

y
U(
~x

),
th

e
va

lu
e

of
x
i

sp
ec

ifi
es

th
e

lo
ca

tio
n

of
th

e
en

tr
y

of
a
l i

th
at

is
in

vo
lv

ed
in

th
e

co
rr

es
po

nd
in

g
po

ly
no

m
ia

l,
i

=
1,
..
.,
d

an
d
l

=
1,
..
.,
r.

•
Fa

ct
2:

It
ca

n
be

co
nc

lu
de

d
fr

om
B

er
ns

te
in

’s
th

eo
re

m
(S

tu
rm

fe
ls

,
20

02
)

th
at

in
a

sy
st

em
of
n

po
ly

no
m

ia
ls

in
n

va
ri

ab
le

s
w

ith
co

ef
fic

ie
nt

s
ch

os
en

ge
ne

ri
ca

lly
,

th
e

po
ly

no
m

ia
ls

ar
e
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F
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TA
L

C
O

N
D

IT
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F
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L
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W
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P
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A

N
K

T
E

N
S

O
R

C
O

M
P

L
E

T
IO

N

algebraically
independentw

ith
probability

one,and
therefore

there
existonly

finitely
m

any
solutions.

T
he

follow
ing

assum
ption

w
illbe

used
frequently

in
this

paper.
A

ssum
ption

1:
E

ach
row

of
the

d-th
m

atricization
of

the
sam

pled
tensor,i.e.,

U
(d

)
includes

at
least

r
observed

entries.
O

bserve
thateach

row
ofthe

d-th
m

atricization
ofthe

sam
pled

tensorincludes
n

1 ×
n

2 ×
...×

n
d−

1
entries.In

orderto
show

thatA
ssum

ption
1

is
a

very
m

ild
assum

ption,as
an

exam
ple

assum
e

that
n

1
=
n

2
=
···

=
n
d−

1
=
n.

T
hen,each

row
of

U
(d

)
has

n
d−

1
entries

and
A

ssum
ption

1
requires

r
sam

pled
entries

am
ong

them
.A

s
w

e
considerthe

low
-rank

scenario,w
e

show
in

Section
4

how
realistic

this
assum

ption
is

in
term

s
ofthe

sam
pling

probability.

L
em

m
a

1
G

iven
A
i ’s

for
i

=
1,...,d−

1
and

A
ssum

ption
1,A

d
can

be
determ

ined
uniquely.

Proof
E

ach
row

of
A
d

has
r

entries
and

also
as

it
can

be
seen

from
(2),each

observed
entry

in
the

i-th
row

of
U

(d
)

results
in

a
degree-1

polynom
ial

in
term

s
of

the
r

entries
of

the
i-th

row
of

A
d .Since

A
ssum

ption
1

holds,foreach
row

of
A
d

thathas
r

variables,w
e

have
atleast

r
degree-1

polynom
ials.G

enericity
ofthe

coefficients
ofthese

polynom
ials

results
thateach

row
of

A
d

can
be

determ
ined

uniquely.

A
sa

resultofL
em

m
a

1,w
e

can
obtain

A
d

in
term

softhe
entriesof

A
i ’sfor

i
=

1,...,d−
1.A

s
m

entioned
earlier,each

observed
entry

is
equivalentto

a
polynom

ialin
the

form
atof(2).C

onsider
allsuch

polynom
ials

excluding
those

thathave
been

used
to

obtain
A
d

(r
sam

ples
ateach

row
of

U
(d

) )
and

denote
this

set
of

polynom
ials

in
term

s
of

the
entries

of
A
i ’s

for
i

=
1,...,d

−
1

by
P

(Ω
).

W
e

are
interested

in
defining

an
equivalence

class
such

that
each

class
includes

exactly
one

of
the

decom
positions

am
ong

all
rank-r

decom
positions

of
a

particular
tensor

and
the

pattern
in

L
em

m
a

3
characterizes

such
an

equivalence
class.

L
em

m
a

2
below

is
a

re-statem
entof

L
em

m
a

1
in

(A
shraphijuo

and
W

ang,2017),
w

hich
characterizes

such
an

equivalence
class

or
equivalently

geom
etric

pattern
fora

m
atrix

instead
oftensor.T

his
lem

m
a

w
illbe

used
to

show
L

em
m

a
3

later.

L
em

m
a

2
Let

X
denote

a
generically

chosen
m

atrix
from

the
m

anifold
of
n

1 ×
n

2
m

atrices
of

rank
r

and
also

Q
∈

R
r×
r

be
a

given
fullrank

m
atrix.

Then,there
exists

a
unique

decom
position

X
=

Y
Z

such
that

Y
∈
R
n

1 ×
r,Z
∈
R
r×
n

2
and

P
=

Q
,w

here
P
∈
R
r×
r

represents
a

subm
atrix

1

of
Y

.In
L

em
m

a
3,w

e
generalize

L
em

m
a

2
and

characterize
the

sim
ilarpattern

fora
m

ulti-w
ay

tensor.
A

ssum
ing

thatP
represents

the
subm

atrix
of

Y
consists

ofthe
firstr

colum
ns

and
the

firstr
row

s
of

Y
and

also
Q

is
equalto

the
r×

r
identity

m
atrix,this

pattern
is

called
the

canonicaldecom
position

of
X

.T
he

canonicaldecom
position

is
show

n
fora

rank-2
m

atrix
as

the
follow

ing

1
−

1
0
−

1

2
2

4
6

−
1

3
2

5

1
2

3
5

=

1
0

0
1

y
1

y
2

y
3

y
4

×
x

1
x

2
x

3
x

4

x
5

x
6

x
7

x
8

,

1.Specified
by

a
subsetofrow

s
and

a
subsetofcolum

ns
(notnecessarily

consecutive).
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M
O

R
T

E
Z

A
A

S
H

R
A

P
H

IJU
O

,
A

N
D

X
IA

O
D

O
N

G
W

A
N

G

w
here

x
i ’s

and
y
i ’s

can
be

determ
ined

uniquely
as

y
1

y
2

y
3

y
4

=
−

2
12

−
12

34

and
x

1
x

2
x

3
x

4

x
5

x
6

x
7

x
8

=
1
−

1
0
−

1

2
2

4
6

.

A
lso,the

above
canonicaldecom

position
can

be
w

ritten
as

the
follow

ing

1
−

1
0
−

1

2
2

4
6

−
1

3
2

5

1
2

3
5

=

10y
1

y
3

×
x

1
x

2
x

3
x

4
+

01y
2

y
4

×
x

5
x

6
x

7
x

8

.

G
eneralization

ofthe
canonicaldecom

position
form

ulti-w
ay

tensoris
as

the
follow

ing

a
11

=

10...0

a
11 (r

+
1)

...
a

11 (n
1 )

,
...

,
a
r1

=

00...1

a
r1 (r

+
1
)

...
a
r1 (n

1 )

,

and
for

i∈
{2
,...,d−

1}

a
1i

=

1

a
1i (2)
...

a
1i (n

i )

,
...

,
a
ri

=

1

a
ri (2)
...

a
ri (n

i )

.

L
em

m
a

3
Let

j
∈
{
1
,...,d−

1}
be

a
fixed

num
ber

and
define

J
=
{
1
,...,d−

1}\{
j}.

A
ssum

e
thatthe

fullrank
m

atrix
Q
j ∈

R
r×
r

and
m

atrices
Q
i ∈

R
1×
r

w
ith

nonzero
entries

for
i∈

J
are

given.A
lso,let

P
i denote

an
arbitrary

subm
atrix

of
A
i ,i

=
1,2

,...,d−
1,w

here
P
j ∈

R
r×
r

and
P
i ∈

R
1×
r

for
i∈

J
.

Then,w
ith

probability
one,there

exists
exactly

one
rank-r

decom
position

of
U

such
that

P
i

=
Q
i ,
i

=
1,...,d−

1.

Proof
Firstw

e
claim

thatthere
exists

atm
ostone

rank-r
decom

position
ofU

such
that

P
i

=
Q
i ,

i
=

1
,...,d−

1.W
e

assum
e

that
P
i

=
Q
i ,
i

=
1
,...,d−

1
and

alsoU
is

given.T
hen,itsuffices

to
show

thatthe
restof

the
entries

ofA
can

be
determ

ined
in

atm
osta

unique
w

ay
(no

m
ore

than
one

solution)
in

term
s

of
the

given
param

eters
such

that(1)
holds.

N
ote

thatif
a

variable
can

be
determ

ined
uniquely

through
tw

o
differentw

ays(tw
o

setsofsam
plesorequations),in

generaleither
itcan

be
determ

ined
uniquely

ifboth
w

ays
resultin

the
sam

e
value

oritdoes
nothave

any
solution

otherw
ise.L

et
y
i denote

the
row

num
berofsubm

atrix
P
i ∈

R
1×
r

for
i∈

J
and

Y
j

=
{y

1j ,...,y
rj }

denote
the

row
num

bers
ofsubm

atrix
P
j ∈

R
r×
r.

A
sthe

firststep
ofproving

ourclaim
,w

e
show

thatA
d

can
be

determ
ined

uniquely.C
onsiderthe

subtensorU
′

=
U

(y
1 ,...,y

j−
1 ,Y

j ,y
j+

1 ,...,y
d−

1 ,:)
∈

R

j−
1

︷
︸︸

︷
1×

...×
1
×r×

d−
j−

1
︷

︸︸
︷

1×
...×

1
×n

d
w

hich
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in
cl

ud
es
rn

d
en

tr
ie

s.
H

av
in

g
C

P
de

co
m

po
si

tio
n

(2
),

ea
ch

en
tr

y
of
U′

re
su

lts
in

on
e

de
gr

ee
-1

po
ly

-
no

m
ia

li
n

te
rm

s
of

th
e

en
tr

ie
s

of
A
d

w
ith

co
ef

fic
ie

nt
s

in
te

rm
s

of
th

e
en

tr
ie

s
of

Q
i’s

.L
et

th
e

m
at

ri
x

U
′
∈

R
r
×
n
d

re
pr

es
en

t
th

e
rn

d
en

tr
ie

s
of
U′

.
M

or
eo

ve
r,

de
fin

e
C

=
[c

1
|..
.|c

r
]
∈

R
r
×
r

w
he

re
c
l

=
(Π

i∈
J
P
i(

1,
l)

)
q
l j
∈
R
r
×

1
fo

rl
=

1,
..
.,
r

an
d

q
l j
∈
R
r
×

1
is

th
e
l-

th
co

lu
m

n
of

Q
j
.

O
bs

er
ve

th
at

C
P

de
co

m
po

si
tio

n
(2

)
fo

r
th

e
en

tr
ie

s
of
U′

ca
n

be
w

ri
tte

n
as

U
′

=
C

A
> d

.
R

ec
al

l
th

at
Q
j

is
fu

ll
ra

nk
,a

nd
th

er
ef

or
e

q
l j
’s

ar
e

lin
ea

rl
y

in
de

pe
nd

en
t,
l

=
1
,.
..
,r

.
A

ls
o,

a
sy

st
em

of
eq

ua
tio

ns
w

ith
at

le
as

tm
lin

ea
rl

y
in

de
pe

nd
en

td
eg

re
e-

1
po

ly
no

m
ia

ls
in
m

va
ri

ab
le

s
do

es
no

th
av

e
m

or
e

th
an

on
e

so
lu

tio
n.

H
en

ce
,c

l’s
ar

e
al

so
lin

ea
rl

y
in

de
pe

nd
en

tf
or
l

=
1,
..
.,
r,

an
d

th
er

ef
or

e
C

is
fu

ll
ra

nk
.A

s
a

re
su

lt,
A
d

ca
n

be
de

te
rm

in
ed

un
iq

ue
ly

.I
n

th
e

se
co

nd
st

ep
,s

im
ila

rt
o

th
e

fir
st

st
ep

,
w

e
ca

n
sh

ow
th

at
th

e
re

st
of

A
i’s

ha
ve

at
m

os
to

ne
so

lu
tio

n
ha

vi
ng

on
e

en
tr

y
of

A
d

w
hi

ch
ha

s
be

en
al

re
ad

y
ob

ta
in

ed
.

Fi
na

lly
,w

e
al

so
cl

ai
m

th
at

th
er

e
ex

is
ts

at
le

as
to

ne
ra

nk
-r

de
co

m
po

si
tio

n
of
U

su
ch

th
at

P
i

=
Q
i,
i

=
1,
..
.,
d
−

1.
W

e
sh

ow
th

is
by

in
du

ct
io

n
on

d
.

Fo
r
d

=
2,

th
is

is
a

re
su

lt
of

L
em

m
a

2.
In

du
ct

io
n

hy
po

th
es

is
st

at
es

th
at

th
e

cl
ai

m
ho

ld
s

fo
rd

=
k
−

1
an

d
w

e
ne

ed
to

sh
ow

th
at

it
al

so
ho

ld
s

fo
r
d

=
k

.
Si

nc
e

by
m

er
gi

ng
di

m
en

si
on

k
−

1
an

d
k

fo
r

ea
ch

of
th

e
ra

nk
-1

te
ns

or
s

of
th

e
co

rr
e-

sp
on

di
ng

C
P

de
co

m
po

si
tio

n
an

d
us

in
g

in
du

ct
io

n
hy

po
th

es
is

th
is

st
ep

re
du

ce
s

to
sh

ow
in

g
a

ra
nk

-1
m

at
ri

x
ca

n
be

de
co

m
po

se
d

to
tw

o
ve

ct
or

s
su

ch
th

at
on

e
co

m
po

ne
nt

of
on

e
of

th
em

is
gi

ve
n

w
hi

ch
is

ag
ai

n
a

sp
ec

ia
lc

as
e

of
L

em
m

a
2

fo
rr

an
k-

1
sc

en
ar

io
.

A
ss

um
e

th
at
S

de
no

te
s

th
e

se
to

f
al

lp
os

si
bl

e
A
i’s

fo
r
i

=
1
,.
..
,d
−

1
gi

ve
n

A
d

w
ith

ou
ta

ny
po

ly
no

m
ia

lc
on

st
ra

in
t.

L
em

m
a

3
re

su
lts

in
a

pa
tte

rn
th

at
ch

ar
ac

te
ri

ze
s

ex
ac

tly
on

e
ra

nk
-r

de
co

m
po

-
si

tio
n

am
on

g
al

lr
an

k-
r

de
co

m
po

si
tio

ns
,a

nd
th

er
ef

or
e

th
e

di
m

en
si

on
of
S

is
eq

ua
lt

o
th

e
nu

m
be

ro
f

un
kn

ow
ns

,i
.e

.,
nu

m
be

ro
fe

nt
ri

es
of

A
i’s

fo
ri

=
1,
..
.,
d
−

1
ex

cl
ud

in
g

th
os

e
th

at
ar

e
in

vo
lv

ed
in

th
e

pa
tte

rn
P
i’s

in
L

em
m

a
3

w
hi

ch
is
r(
∑

d
−

1
i=

1
n
i)
−
r2
−
r(
d
−

2)
.

L
em

m
a

4
Fo

ra
lm

os
te

ve
ry
U,

th
e

sa
m

pl
ed

te
ns

or
is

fin
ite

ly
co

m
pl

et
ab

le
if

an
d

on
ly

if
th

e
m

ax
im

um
nu

m
be

r
of

al
ge

br
ai

ca
lly

in
de

pe
nd

en
tp

ol
yn

om
ia

ls
in
P

(Ω
)

is
eq

ua
lt

o
r(
∑

d
−

1
i=

1
n
i)
−
r2
−
r(
d
−

2)
.

Pr
oo

f
T

he
pr

oo
f

is
om

itt
ed

du
e

to
th

e
si

m
ila

ri
ty

to
th

e
pr

oo
f

of
L

em
m

a
2

in
(A

sh
ra

ph
iju

o
et

al
.,

20
16

a)
w

ith
th

e
on

ly
di

ff
er

en
ce

th
at

he
re

th
e

di
m

en
si

on
is
r(
∑

d
−

1
i=

1
n
i)
−
r2
−
r(
d
−

2)
in

st
ea

d
of

( Π
j i=

1
n
i)(

Π
d i=
j+

1
r i

)
−
( ∑

d i=
j+

1
r2 i

)
w

hi
ch

is
th

e
di

m
en

si
on

of
th

e
co

re
in

Tu
ck

er
de

co
m

po
si

-
tio

n.

3.
2

C
on

st
ra

in
tT

en
so

r

In
th

is
se

ct
io

n,
w

e
pr

ov
id

e
a

pr
oc

ed
ur

e
to

co
ns

tr
uc

ta
bi

na
ry

te
ns

or
Ω̆

ba
se

d
on

Ω
su

ch
th

at
P

(Ω̆
)

=
P

(Ω
)

an
d

ea
ch

po
ly

no
m

ia
l

ca
n

be
re

pr
es

en
te

d
by

on
e
d

-w
ay

su
bt

en
so

r
of

Ω̆
w

hi
ch

be
lo

ng
s

to
R
n

1
×
n

2
×
···
×
n
d
−

1
×

1
.

U
si

ng
Ω̆

,w
e

ar
e

ab
le

to
re

co
gn

iz
e

th
e

ob
se

rv
ed

en
tr

ie
s

th
at

ha
ve

be
en

us
ed

to
ob

ta
in

th
e

A
d

in
te

rm
so

ft
he

en
tr

ie
so

fA
1
,.
..
,A

d
−

1
,a

nd
w

e
ca

n
st

ud
y

th
e

al
ge

br
ai

c
in

de
pe

nd
en

ce
of

th
e

po
ly

no
m

ia
ls

in
P

(Ω
)

w
hi

ch
is

di
re

ct
ly

re
la

te
d

to
fin

ite
co

m
pl

et
ab

ili
ty

th
ro

ug
h

L
em

m
a

4.
Fo

re
ac

h
su

bt
en

so
rY

of
th

e
sa

m
pl

ed
te

ns
or
U,

le
tN

Ω
(Y

)
de

no
te

th
e

nu
m

be
ro

fs
am

pl
ed

en
tr

ie
s

in
Y.

Sp
ec

ifi
ca

lly
,c

on
si

de
r

an
y

su
bt

en
so

r
Y
∈

R
n

1
×
n

2
×
···
×
n
d
−

1
×

1
of

th
e

te
ns

or
U.

T
he

n,
si

nc
e
r

of
th

e
po

ly
no

m
ia

ls
ha

ve
be

en
us

ed
to

ob
ta

in
A
d
,Y

co
nt

ri
bu

te
s
N

Ω
(Y

)
−
r

po
ly

no
m

ia
le

qu
at

io
ns

in
te

rm
s

of
th

e
en

tr
ie

s
of

A
1
,.
..
,A

d
−

1
am

on
g

al
lN

Ω
(U

)
−
rn

d
po

ly
no

m
ia

ls
in
P

(Ω
).
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M
O

R
T

E
Z

A
A

S
H

R
A

P
H

IJ
U

O
,A

N
D

X
IA

O
D

O
N

G
W

A
N

G

T
he

sa
m

pl
ed

te
ns

or
U

in
cl

ud
es
n
d

su
bt

en
so

rs
th

at
be

lo
ng

to
R
n

1
×
n

2
×
···
×
n
d
−

1
×

1
an

d
le

tY
i

fo
r

1
≤
i
≤
n
d

de
no

te
th

es
e
n
d

su
bt

en
so

rs
.

D
efi

ne
a

bi
na

ry
va

lu
ed

te
ns

or
Y̆ i
∈

R
n

1
×
n

2
×
···
×
n
d
−

1
×
k
i
,

w
he

re
k
i

=
N

Ω
(Y

i)
−
r

an
d

its
en

tr
ie

s
ar

e
de

sc
ri

be
d

as
th

e
fo

llo
w

in
g.

W
e

ca
n

lo
ok

at
Y̆ i

as
k
i

te
ns

or
s

ea
ch

be
lo

ng
s

to
R
n

1
×
n

2
×
···
×
n
d
−

1
×

1
.

Fo
r

ea
ch

of
th

e
m

en
tio

ne
d
k
i

te
ns

or
s

in
Y̆ i

w
e

se
tt

he
en

tr
ie

s
co

rr
es

po
nd

in
g

to
th

e
r

ob
se

rv
ed

en
tr

ie
s

th
at

ar
e

us
ed

to
ob

ta
in

A
d

eq
ua

lt
o

1
.

Fo
r

ea
ch

of
th

e
ot

he
rk

i
ob

se
rv

ed
en

tr
ie

s
th

at
ha

ve
no

tb
ee

n
us

ed
to

ob
ta

in
A
d
,w

e
pi

ck
on

e
of

th
e
k
i

te
ns

or
s

of
Y̆ i

an
d

se
ti

ts
co

rr
es

po
nd

in
g

en
tr

y
(t

he
sa

m
e

lo
ca

tio
n

as
th

at
sp

ec
ifi

c
ob

se
rv

ed
en

tr
y)

eq
ua

lt
o

1
an

d
se

tt
he

re
st

of
th

e
en

tr
ie

s
eq

ua
lt

o
0.

In
th

e
ca

se
th

at
k
i

=
0

w
e

si
m

pl
y

ig
no

re
Y̆ i

,i
.e

.,
Y̆ i

=
∅

B
y

pu
tti

ng
to

ge
th

er
al

l
n
d

te
ns

or
s

in
di

m
en

si
on

d
,

w
e

co
ns

tr
uc

t
a

bi
na

ry
va

lu
ed

te
ns

or
Ω̆
∈

R
n

1
×
n

2
×
···
×
n
d
−

1
×
K

,w
he

re
K

=
∑

n
d
i=

1
k
i

=
N

Ω
(U

)
−
rn

d
an

d
ca

ll
it

th
e

co
ns

tr
ai

nt
te

ns
or

.
O

b-
se

rv
e

th
at

ea
ch

su
bt

en
so

ro
fΩ̆

w
hi

ch
be

lo
ng

s
to

R
n

1
×
n

2
×
···
×
n
d
−

1
×

1
in

cl
ud

es
ex

ac
tly
r

+
1

no
nz

er
o

en
tr

ie
s.

In
th

e
fo

llo
w

in
g

w
e

sh
ow

th
is

pr
oc

ed
ur

e
fo

ra
n

ex
am

pl
e.

E
xa

m
pl

e
1

C
on

si
de

r
an

ex
am

pl
e

in
w

hi
ch

d
=

3
an

d
r

=
2

an
d
U
∈

R
3
×

3
×

3
.

A
ss

um
e

th
at

Ω
(x
,y
,z

)
=

1
if

(x
,y
,z

)
∈
S

an
d

Ω
(x
,y
,z

)
=

0
ot

he
rw

is
e,

w
he

re

S
=
{(

1,
1
,1

),
(1
,2
,1

),
(2
,3
,1

),
(3
,3
,1

),
(1
,1
,2

),
(2
,1
,2

),
(3
,2
,2

),
(1
,3
,3

),
(3
,2
,3

)}
,

re
pr

es
en

ts
th

e
se

to
f

ob
se

rv
ed

en
tr

ie
s.

H
en

ce
,o

bs
er

ve
d

en
tr

ie
s

(1
,1
,1

),
(1
,2
,1

),
(2
,3
,1

),
(3
,3
,1

)
be

lo
ng

to
Y 1

,o
bs

er
ve

d
en

tr
ie

s(
1,

1
,2

),
(2
,1
,2

),
(3
,2
,2

)
be

lo
ng

to
Y 2

,a
nd

ob
se

rv
ed

en
tr

ie
s(

1
,3
,3

),
(3
,2
,3

)
be

lo
ng

to
Y 3

.
A

s
a

re
su

lt,
k

1
=

4
−

2
=

2,
k

2
=

3
−

2
=

1,
an

d
k

3
=

2
−

2
=

0.
H

en
ce

,
Y̆ 1
∈
R

3
×

3
×

2
,Y̆

2
∈
R

3
×

3
×

1
,a

nd
Y̆ 3

=
∅,

an
d

th
er

ef
or

e
th

e
co

ns
tr

ai
nt

te
ns

or
Ω̆

be
lo

ng
s

to
R

3
×

3
×

3
.

A
ls

o,
as

su
m

e
th

at
th

e
en

tr
ie

s
th

at
w

e
us

e
to

ob
ta

in
A

3
in

te
rm

s
of

th
e

en
tr

ie
s

of
A

1
an

d
A

2
ar

e
(2
,3
,1

),
(3
,3
,1

),
(1
,1
,2

),
(2
,1
,2

),
(1
,3
,3

)
an

d
(3
,2
,3

).
N

ot
e

th
at
Y̆ 1

(2
,3
,1

)
=
Y̆ 1

(2
,3
,2

)
=

Y̆ 1
(3
,3
,1

)
=
Y̆ 1

(3
,3
,2

)
=

1
(c

or
re

sp
on

d
to

en
tr

ie
s

of
Y 1

th
at

ha
ve

be
en

us
ed

to
ob

ta
in

A
3
),

an
d

al
so

fo
r

th
e

tw
o

ot
he

r
ob

se
rv

ed
en

tr
ie

s
w

e
ha

ve
Y̆ 1

(1
,1
,1

)
=

1
(c

or
re

sp
on

d
to
U(

1,
1
,1

))
an

d
Y̆ 1

(1
,2
,2

)
=

1
(c

or
re

sp
on

d
to
U(

1,
2,

1)
)

an
d

th
e

re
st

of
th

e
en

tr
ie

s
of
Y̆ 1

ar
e

eq
ua

lt
o

ze
ro

.
Si

m
ila

rl
y,
Y̆ 2

(1
,1
,1

)
=
Y̆ 2

(2
,1
,1

)
=
Y̆ 2

(3
,2
,1

)
=

1
an

d
th

e
re

st
of

th
e

en
tr

ie
s

of
Y̆ 2

ar
e

eq
ua

lt
o

ze
ro

. T
he

n,
Ω̆

(x
,y
,z

)
=

1
if

(x
,y
,z

)
∈
S′

an
d

Ω̆
(x
,y
,z

)
=

0
ot

he
rw

is
e,

w
he

re

S̆
=
{(

1,
1
,1

),
(1
,2
,2

),
(2
,3
,1

),
(2
,3
,2

),
(3
,3
,1

),
(3
,3
,2

),
(1
,1
,3

),
(2
,1
,3

),
(3
,2
,3

)}
.

N
ot

e
th

at
ea

ch
su

bt
en

so
ro

fΩ̆
th

at
be

lo
ng

s
to

R
n

1
×
..
.×
n
d
−

1
×

1
re

pr
es

en
ts

on
e

of
th

e
po

ly
no

m
ia

ls
in
P

(Ω
)

be
si

de
s

sh
ow

in
g

th
e

po
ly

no
m

ia
ls

th
at

ha
ve

be
en

us
ed

to
ob

ta
in

A
d
.

M
or

e
sp

ec
ifi

ca
lly

,
co

ns
id

er
a

su
bt

en
so

ro
fΩ̆

th
at

be
lo

ng
s

to
R
n

1
×
..
.×
n
d
−

1
×

1
w

ith
r

+
1

no
nz

er
o

en
tr

ie
s.

O
bs

er
ve

th
at

ex
ac

tly
r

of
th

em
co

rr
es

po
nd

to
th

e
ob

se
rv

ed
en

tr
ie

s
th

at
ha

ve
be

en
us

ed
to

ob
ta

in
A
d
.

H
en

ce
,

th
is

su
bt

en
so

r
re

pr
es

en
ts

a
po

ly
no

m
ia

la
ft

er
re

pl
ac

in
g

en
tr

ie
s

of
A
d

by
th

e
ex

pr
es

si
on

s
in

te
rm

s
of

en
tr

ie
s

of
A

1
,.
..
,A

d
−

1
,i

.e
.,

a
po

ly
no

m
ia

li
n
P

(Ω
).

3.
3

A
lg

eb
ra

ic
In

de
pe

nd
en

ce

In
th

is
se

ct
io

n,
w

e
ob

ta
in

th
e

m
ax

im
um

nu
m

be
ro

fa
lg

eb
ra

ic
al

ly
in

de
pe

nd
en

tp
ol

yn
om

ia
ls

in
P

(Ω̆
)

in
te

rm
so

ft
he

si
m

pl
e

ge
om

et
ri

ca
ls

tr
uc

tu
re

of
no

nz
er

o
en

tr
ie

so
fΩ

,i
.e

.,
th

e
lo

ca
tio

ns
of

th
e

sa
m

pl
ed

en
tr

ie
s.

O
n

th
e

ot
he

r
ha

nd
,L

em
m

a
4

pr
ov

id
es

th
e

re
qu

ir
ed

nu
m

be
r

of
al

ge
br

ai
ca

lly
in

de
pe

nd
en

t
po

ly
no

m
ia

ls
in
P

(Ω
)

fo
r

fin
ite

co
m

pl
et

ab
ili

ty
.

H
en

ce
,

at
th

e
en

d
of

th
is

se
ct

io
n,

w
e

ob
ta

in
th

e
ne

ce
ss

ar
y

an
d

su
ffi

ci
en

td
et

er
m

in
is

tic
co

nd
iti

on
s

on
th

e
sa

m
pl

in
g

pa
tte

rn
fo

rfi
ni

te
co

m
pl

et
ab

ili
ty

.
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F
U

N
D

A
M

E
N

TA
L

C
O

N
D

IT
IO

N
S

F
O

R
L

O
W

-C
P

-R
A

N
K

T
E

N
S

O
R

C
O

M
P

L
E

T
IO

N

A
ccording

to
L

em
m

a
3,

as
w

e
consider

one
particular

equivalence
class

som
e

of
the

entries
of

A
i ’s

are
know

n,i.e.,
P

1 ,...,P
d−

1
in

the
statem

entof
the

lem
m

a.
T

herefore,in
order

to
find

the
num

ber
of

variables
(unknow

n
entries

of
A
i ’s)

in
a

setof
polynom

ials,w
e

should
subtractthe

num
ber

of
know

n
entries

in
the

corresponding
pattern

from
the

total
num

ber
of

involved
entries.

A
lso,

recall
that

the
sam

pled
tensor

is
chosen

generically
from

the
corresponding

m
anifold,

and
therefore

according
to

Fact
2,the

independency
ofthe

polynom
ials

can
be

studied
through

studying
the

num
berofvariables

involved
in

each
subsetofthem

.

D
efinition

5
Let

Ω̆
′∈

R
n

1 ×
n

2 ×
···×

n
d−

1 ×
t

be
a

subtensor
of

the
constraint

tensor
Ω̆

.
Let

m
i (Ω̆
′)

denote
the

num
ber

of
nonzero

row
s

of
Ω̆
′(i) .

A
lso,

letP
(Ω̆
′)

denote
the

set
of

polynom
ials

that

correspond
to

nonzero
entries

of
Ω̆
′.

T
he

follow
ing

lem
m

a
gives

an
upper

bound
on

the
m

axim
um

num
ber

of
algebraically

inde-
pendent

polynom
ials

in
the

setP
(Ω̆
′)

for
an

arbitrary
subtensor

Ω̆
′∈

R
n

1 ×
n

2 ×
···×

n
d−

1 ×
t

of
the

constrainttensor.
N

ote
thatP

(Ω̆
′)

includes
exactly

t
polynom

ials
as

each
subtensor

belonging
to

R
n

1 ×
n

2 ×
···×

n
d−

1 ×
1

represents
one

polynom
ial.

L
em

m
a

6
Suppose

thatA
ssum

ption
1

holds.C
onsideran

arbitrary
subtensor

Ω̆
′∈

R
n

1 ×
n

2 ×
···×

n
d−

1 ×
t

of
the

constraint
tensor

Ω̆
.

The
m

axim
um

num
ber

of
algebraically

independent
polynom

ials
in

P
(Ω̆
′)

is
atm

ost

r (
(
d−

1
∑i=

1

m
i (Ω̆
′) )
−

m
in {

m
ax {

m
1 (Ω̆
′),...,m

d−
1 (Ω̆
′) }

,r }
−

(d−
2) )

.
(5)

Proof
A

s
a

consequence
ofFact2,the

m
axim

um
num

berofalgebraically
independentpolynom

ials
in

a
subsetofpolynom

ialsofP
(Ω̆
′)isatm

ostequalto
the

totalnum
berofvariablesthatare

involved
in

the
corresponding

polynom
ials.N

ote
thatby

observing
the

structure
of(2)and

Fact1,the
num

ber
of

entries
of

A
i

that
are

involved
in

the
polynom

ialsP
(Ω̆
′)

is
equal

to
rm

i (Ω̆
′),
i

=
1,...,d

−
1.

T
herefore,

the
total

num
ber

of
entries

of
A

1 ,...,A
d−

1
that

are
involved

in
the

polynom
ials

P
(Ω̆
′)

is
equal

to
r (∑

d−
1

i=
1
m
i (Ω̆
′) ).

H
ow

ever,som
e

of
the

entries
of

A
1 ,...,A

d−
1

are
know

n
and

depending
on

the
equivalence

class
w

e
should

subtractthem
from

the
totalnum

berofinvolved
entries.

Fora
fixed

num
ber

j
in

L
em

m
a

3,itiseasily
verified

thatthe
totalnum

berofvariables(unknow
n

entries)of
A

1 ,...,A
d−

1
thatare

involved
in

the
polynom

ialsP
(Ω̆
′)isequalto

r ∑
i∈
J (
m
i (Ω̆
′)−

1 )
+

+
r (
m
j (Ω̆
′)−

r )
+

,
w

ith
J

=
{1
,...,d

−
1}\{j}.

N
ote

that (
m
i (Ω̆
′)−

1 )
+

=
m
i (Ω̆
′)−

1,
(
m
j (Ω̆
′)−

r )
+

=
m
j (Ω̆
′)−

m
in {

m
j (Ω̆
′),r }

.
H

ow
ever,

j
is

not
a

fixed
num

ber
in

general.
T

herefore,the
m

axim
um

num
ber

of
know

n
entries

of
A

1 ,...,A
d−

1
thatare

involved
in

the
poly-

nom
ialsP

(Ω̆
′)

is
equalto

r (m
in {

m
ax {

m
1 (Ω̆
′),...,m

d−
1 (Ω̆
′) }

,r }
−

(d−
2) ),

w
hich

results
that

the
num

ber
of

vari-

ables
of

A
1 ,...,A

d−
1

thatare
involved

in
the

polynom
ialsP

(Ω̆
′)

is
equalto

(5).

T
he

set
of

polynom
ials

corresponding
to

Ω̆
′,i.e.,P

(Ω̆
′)

is
called

m
inim

ally
algebraically

de-
pendent

if
the

polynom
ials

in
P

(Ω̆
′)

are
algebraically

dependent
but

polynom
ials

in
every

of
its
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M
O

R
T

E
Z

A
A

S
H

R
A

P
H

IJU
O

,
A

N
D

X
IA

O
D

O
N

G
W

A
N

G

propersubsets
are

algebraically
independent.T

he
follow

ing
lem

m
a

provides
an

im
portantproperty

abouta
setofm

inim
ally

algebraically
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m
axim

um
num

berofalgebraically
independentpolynom

ials
inP

(Ω̆
′).

L
em

m
a

7
Suppose

thatA
ssum

ption
1

holds.C
onsideran

arbitrary
subtensor

Ω̆
′∈

R
n

1 ×
n

2 ×
···×

n
d−

1 ×
t

ofthe
constrainttensor

Ω̆
.

A
ssum

e
thatpolynom

ials
in
P

(Ω̆
′)

are
m

inim
ally

algebraically
depen-

dent.Then,the
num

ber
ofvariables

(unknow
n

entries)of
A

1 ,...,A
d−

1
thatare

involved
inP

(Ω̆
′)

is
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propersubsetof
P

(Ω̆
′),according

to
the

assum
ption

in
the

statem
entof

L
em

m
a,the

polynom
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the
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be
an

ar
bi

tr
ar

y
no

ne
m

pt
y

an
d

pr
op

er
su

bs
et

of
{1
,.
..
,d
}.

A
s-

su
m

e
th

at
|I
|<

d 2
an

d
r
≤

n 6
,w

he
re
r

is
th

e
C

P
ra

nk
of

th
e

sa
m

pl
ed

te
ns

or
U.

M
or

eo
ve

r,
as

su
m

e
th

at
ea

ch
co

lu
m

n
of

Ũ
(I

)
is

ob
se

rv
ed

in
at

le
as

t
l

en
tr

ie
s,

di
st

ri
bu

te
d

un
ifo

rm
ly

at
ra

nd
om

an
d

in
de

pe
nd

en
tly

ac
ro

ss
en

tr
ie

s,
w

he
re

l
>

m
ax

{ 12
lo

g

(
N
I
r

ε

)
+

12
,2
r}

.
(1

1)

Th
en

,w
ith

pr
ob

ab
ili

ty
at

le
as

t1
−
ε,

th
e

sa
m

pl
ed

te
ns

or
w

ill
be

fin
ite

ly
co

m
pl

et
ab

le
.
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Proof
A

ccording
to

L
em

m
a

11,
r
I
,

rank (
Ũ

(I
) )
≤
r.

N
ote

that
N
I
≤
n
d−

1
2

=
n
d
+

1
2

n
≤

N
Ī
n

w
hich

results
that

r(N
I −

r)≤
N
Ī .Furtherm

ore,according
to

R
em

ark
12,w

e
have

r
I (N

I −
r
I )≤

N
Ī

and
also

l
>

m
ax {

12
log (

N
I r

ε

)
+

12
,2
r
I }

.
(12)

T
herefore,according

to
T

heorem
10,

Ũ
(I

)
is

finitely
com

pletable
for

an
arbitrary

value
of
r
I

that
belongs

to
{
1
,...,r}

w
ith

probability
at

least
1
−

εr .
H

ence,w
ith

probability
at

least
1
−
ε,for

all
possible

values
of
r
I ,

Ũ
(I

)
is

finitely
com

pletable,
i.e.,

Ũ
(I

)
is

finitely
com

pletable.
In

order
to

com
plete

to
proof,itsuffices

to
observe

thatfinite
com

pletability
of

any
of

the
unfoldings

ofU
results

the
finite

com
pletability

ofU
.

R
em

ark
14

In
the

case
of|I|>

d2
in

Lem
m

a
13,w

e
can

sim
ply

consider
the

transpose
of

Ũ
(I

)
to

have
the

sim
ilar

results.

R
em

ark
15

Lem
m

a
13

requires

n
d−
|I|m

ax {
12

log (
n
|I|r
ε

)
+

12
,2
r }

(13)

sam
ples

in
totalto

ensure
the

finite
com

pletability
ofU

w
ith

probability
atleast

1−
ε.

H
ence,the

best
bound

on
the

total
num

ber
of

sam
ples

to
ensure

the
finite

com
pletability

w
ith

probability
at

least
1−

ε
w

illbe
obtained

w
hen|I|=

b
d−

1
2
c,w

hich
is

n
d
d
+

1
2
e

m
ax {

12
log (

n
b
d−

1
2
cr

ε

)
+

12
,2r }

.
(14)

4.2
C

P
A

pproach

In
this

section,w
e

presentan
approach

based
on

the
tensorC

P
decom

position
instead

ofunfolding.
C

onditions
(i)

and
(ii)

in
T

heorem
9

ensure
finite

com
pletability

w
ith

probability
one.

H
ere,using

com
binatorialm

ethods,w
e

derive
a

low
er

bound
on

the
num

ber
of

sam
pled

entries,i.e.,the
sam

-
pling

probability,w
hich

ensures
conditions

(i)and
(ii)in

T
heorem

9
hold

w
ith

high
probability.W

e
firstprovide

a
few

lem
m

as
from

ourprevious
w

orks.L
em

m
a

16
below

is
L

em
m

a
5

in
(A

shraphijuo
etal.,2017c),w

hich
w

illbe
used

later.

L
em

m
a

16
A

ssum
e

that
r ′≤

n6
and

also
each

colum
n

of
Ω

(1
) (firstm

atricization
of

Ω
)includes

at
least

lnonzero
entries,w

here

l
>

m
ax {

9
log (

nε )
+

3
log (

kε )
+

6
,2r ′ }

.
(15)

Let
Ω
′(1

)
be

an
arbitrary

setof
n
−
r ′colum

ns
of

Ω
(1

) .Then,w
ith

probability
atleast

1−
εk ,every

subset
Ω
′′(1

)
ofcolum

ns
of

Ω
′(1

)
satisfiesm

1 (Ω
′′)−

r ′≥
t,

(16)

w
here

t
is

the
num

ber
ofcolum

ns
of

Ω
′′(1

)
and

m
1 (Ω
′′)

is
the

num
ber

ofnonzero
row

s
of

Ω
′′(1

) .
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T
he

proof
of

the
above

lem
m

a
is

based
on

a
sim

ple
com

binatorial
idea

to
upper

bound
the

num
berofpossible

patterns
thatdo

notsatisfy
the

m
entioned

property.

L
em

m
a

17
Let

j
∈
{
1
,2
,...,d

−
1}

be
a

fixed
num

ber
and

I
=
{1
,2
,...,j}.

C
onsider

an
arbitrary

set
Ω̃
′(I

)
of
n
−
r ′colum

ns
of

Ω̃
(I

) ,w
here

r ′≤
r
≤

n6 .
A

ssum
e

that
n
>

200,and
also

each
colum

n
of

Ω̃
(I

)
includes

atleast
lnonzero

entries,w
here

l
>

m
ax {

27
log (

nε )
+

9
lo

g (
2kε

)
+

18
,6r ′ }

,
(17)

w
here

k
≤
r.

Then,
w

ith
probability

at
least

1
−

ε2
k ,

each
colum

n
of

Ω̃
′(I

)
includes

m
ore

than

l0 ,
m

ax {
9

log (
nε )

+
3

log (
2
kε )

+
6
,2
r ′ }

observed
entries

of
Ω

w
ith

differentvalues
ofthe

i-th
coordinate,i.e.,the

i-th
m

atricization
ofthe

tensor
Ω
′thatcorresponds

to
Ω̃
′(I

)
includes

m
ore

than
l0

nonzero
row

s,1
≤
i≤

j.

Proof
T

he
proof

is
om

itted
due

to
the

sim
ilarity

to
the

proof
for

L
em

m
a

9
in

(A
shraphijuo

and
W

ang,2017).

T
he

follow
ing

lem
m

a
isL

em
m

a
8

in
(A

shraphijuo
etal.,2016a),w

hich
statesthatifthe

property
in

L
em

m
a

16
holds

forthe
sam

pling
pattern

Ω
,itw

illbe
satisfied

for
Ω̆

as
w

ell.

L
em

m
a

18
Let

r ′be
a

given
nonnegative

integer
and

1
≤
i≤

j
≤
d−

1
and

I
=
{1
,2
,...,j}.

A
ssum

e
thatthere

exists
an
n
j×

(n−
r ′)

m
atrix

Ω̃
′(I

) com
posed

of
n−

r ′colum
ns

of
Ω̃

(I
) such

that

each
colum

n
of

Ω̃
′(I

)
includes

atleast
r ′+

1
nonzero

entries
and

satisfies
the

follow
ing

property:

•
D

enote
an
n
j×

tm
atrix

(for
any

1
≤
t≤

n−
r ′)com

posed
ofany

tcolum
ns

of
Ω̃
′(I

) by
Ω̃
′′(I

) .
Then

m
i (Ω
′′)−

r ′≥
t,

(18)

w
here

Ω̃
′′(I

)
is

the
unfolding

of
Ω
′′corresponding

to
the

set
I.

Then,there
exists

an
n
j×

(n
−
r ′)

m
atrix

˜̆Ω
′(I

)
such

that:
each

colum
n

has
exactly

r ′
+

1
entries

equal
to

one,
and

if ˜̆Ω
′(I

) (x
,y

)
=

1
then

w
e

have
Ω̃
′(I

) (x
,y

)
=

1.
M

oreover, ˜̆Ω
′(I

)
satisfies

the
above-m

entioned
property.

T
he

proof
of

the
above

lem
m

a
is

based
a

novel
generalization

of
H

all’s
theorem

for
bipartite

graph.T
his

generalization
is

show
n

by
strong

induction
on

the
num

berofnodes.

L
em

m
a

19
A

ssum
e

that
n
>

200,
1
≤
i≤

j
≤
d−

1
and

I
=
{1
,2
,...,j}.

C
onsider

r
disjoint

sets
Ω̃
′l(I

) ,each
w

ith
n
−
r ′i colum

ns
of

Ω̃
(I

)
for

1
≤
l≤

r,w
here

r ′i ≤
r≤

n6 .Let
Ω̃
′(I

)
denote

the

union
ofall

r
sets

ofcolum
ns

Ω̃
′l(I

) ’s.
A

ssum
e

thateach
colum

n
of

Ω̃
(I

)
includes

atleast
lnonzero

entries,w
here

l
>

m
ax {

27
log (

nε )
+

9
log (

2rkε

)
+

18
,6
r ′i }

.
(19)
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Th
en

,t
he

re
ex

is
ts

an
n
j
×
r(
n
−
r′ i

)
m

at
ri

x
˜̆ Ω
′ (I

)
su

ch
th

at
:

ea
ch

co
lu

m
n

ha
s

ex
ac

tly
r′ i

+
1

en
tr

ie
s

eq
ua

lt
o

on
e,

an
d

if
˜̆ Ω
′ (I

)(
x
,y

)
=

1
th

en
w

e
ha

ve
Ω̃
′ (I

)(
x
,y

)
=

1
an

d
al

so
it

sa
tis

fie
s

th
e

fo
llo

w
in

g

pr
op

er
ty

:
w

ith
pr

ob
ab

ili
ty

at
le

as
t1
−

ε k
,e

ve
ry

su
bs

et
˜̆ Ω
′′ (I

)
of

co
lu

m
ns

of
˜̆ Ω
′ (I

)
sa

tis
fie

s
th

e
fo

llo
w

in
g

in
eq

ua
lit

y

r
( m

i(
Ω̆
′′ )
−
r′ i
)
≥
t,

(2
0)

w
he

re
t

is
th

e
nu

m
be

r
of

co
lu

m
ns

of
˜̆ Ω
′′ (I

)
an

d
Ω̆
′′

is
th

e
te

ns
or

co
rr

es
po

nd
in

g
to

un
fo

ld
in

g
˜̆ Ω
′′ (I

).

Pr
oo

f
W

e
fir

st
cl

ai
m

th
at

w
ith

pr
ob

ab
ili

ty
at

le
as

t1
−

ε k
r
,e

ve
ry

su
bs

et
Ω̃
′′ l (I

)
of

co
lu

m
ns

of
Ω̃
′ l (I

)

sa
tis

fie
s

m
i(

Ω
′′ l)
−
r′ i
≥
t,

(2
1)

w
he

re
t

is
th

e
nu

m
be

r
of

co
lu

m
ns

of
Ω̃
′′ l (I

)
an

d
Ω
′′ l

is
th

e
te

ns
or

co
rr

es
po

nd
in

g
to

un
fo

ld
in

g
Ω̃
′′ l (I

)
.

Fo
r

si
m

pl
ic

ity
w

e
de

no
te

th
e

ab
ov

e-
m

en
tio

ne
d

pr
op

er
ty

by
Pr

op
er

ty
I.

A
cc

or
di

ng
to

L
em

m
a

17
,

w
ith

pr
ob

ab
ili

ty
at

le
as

t1
−

ε
2
k
r
,t

he
i-

th
m

at
ri

ci
za

tio
n

of
th

e
te

ns
or

Ω
′′ l

in
cl

ud
es

m
or

e
th

an
m

ax
{ 9

lo
g
( n ε
) +

3
lo

g
( 2
k
r
ε

) +
6
,2
r′ i
}

no
nz

er
o

ro
w

s,
1
≤
i
≤
j,

an
d

w
e

de
no

te
th

is
pr

op
er

ty
by

Pr
op

er
ty

II
.O

n
th

e
ot

he
rh

an
d,

gi
ve

n
th

at
Pr

op
er

ty
II

ho
ld

s
fo

rΩ
′′ l

an
d

ac
co

rd
in

g
to

L
em

m
a

16
,w

ith
pr

ob
ab

ili
ty

at
le

as
t1
−

ε
2
k
r
,P

ro
pe

rt
y

Ih
ol

ds
fo

rΩ
′′ l

as
w

el
l.

H
en

ce
,w

ith
pr

ob
ab

ili
ty

at
le

as
t1
−

ε k
r
,

Pr
op

er
ty

Ih
ol

ds
fo

rΩ
′′ l,

w
hi

ch
co

m
pl

et
es

th
e

pr
oo

fo
ur

ea
rl

ie
rc

la
im

.
C

on
se

qu
en

tly
,a

cc
or

di
ng

to
L

em
m

a
18

,w
ith

pr
ob

ab
ili

ty
at

le
as

t1
−

ε k
r
,t

he
re

ex
is

ts
an
n
j
×

(n
−
r′ i

)
m

at
ri

x
˜̆ Ω
′ l (
I
)

su
ch

th
at

:
ea

ch
co

lu
m

n
ha

s
ex

ac
tly

r′ i
+

1
en

tr
ie

s
eq

ua
l

to
on

e,
an

d
if

˜̆ Ω
′ l (
I
)
(x
,y

)
=

1
th

en
w

e
ha

ve
Ω̃
′ l (I

)
(x
,y

)
=

1
an

d
al

so
Ω̆
′ l

sa
tis

fie
s

Pr
op

er
ty

I.
Fi

na
lly

de
fin

e

˜̆ Ω
′ (I

)
,
[ ˜̆ Ω
′ 1

(I
)
|˜̆ Ω
′ 2

(I
)
|..
.|
˜̆ Ω
′ r (
I
)

] .S
in

ce
ea

ch
Ω̆
′ ls

at
is

fie
s

Pr
op

er
ty

Iw
ith

pr
ob

ab
ili

ty
at

le
as

t1
−

ε k
r
,

al
l

Ω̆
′ l’s

sa
tis

fy
Pr

op
er

ty
I

w
ith

pr
ob

ab
ili

ty
at

le
as

t
1
−

ε k
,

si
m

ul
ta

ne
ou

sl
y.

C
on

si
de

r
an

ar
bi

tr
ar

y

su
bs

et
˜̆ Ω
′′ (I

)
of

co
lu

m
ns

of
˜̆ Ω
′ (I

).
L

et
˜̆ Ω
′′ l (
I
)

de
no

te
th

os
e

co
lu

m
ns

of
˜̆ Ω
′′ (I

)
th

at
be

lo
ng

to
˜̆ Ω
′ l (
I
)

an
d

de
fin

e
t l

as
th

e
nu

m
be

r
of

co
lu

m
ns

of
˜̆ Ω
′′ l (
I
)
,1
≤
l
≤
r,

an
d

de
fin

e
t

as
th

e
nu

m
be

r
of

co
lu

m
ns

of
˜̆ Ω
′′ (I

).
W

ith
ou

tl
os

s
of

ge
ne

ra
lit

y,
as

su
m

e
th

at
t 1
≤
t 2
≤
..
.
≤
t r

.A
ls

o,
as

su
m

e
th

at
al

lΩ̆
′ l’s

sa
tis

fy
Pr

op
er

ty
I.

H
en

ce
,w

e
ha

ve

t
=

r ∑ l=
1

t l
≤
rt
r
≤
r
( m

i(
Ω̆
′′ r)
−
r′ i
)
≤
r
( m

i(
Ω̆
′′ )
−
r′ i
) .

(2
2)

T
he

or
em

20
A

ss
um

e
th

at
d
>

2,
n
>

m
ax
{2

0
0
,r

(d
−

2)
},
r
≤

n 6
an

d
I

=
{1
,2
,.
..
,d
−

2}
.

A
ss

um
e

th
at

ea
ch

co
lu

m
n

of
Ω̃

(I
)

in
cl

ud
es

at
le

as
tl

no
nz

er
o

en
tr

ie
s,

w
he

re

l
>

m
ax

{ 27
lo

g
( n
ε

)
+

9
lo

g

(
2r

(d
−

2)

ε

)
+

18
,6
r}

.
(2

3)
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Th
en

,w
ith

pr
ob

ab
ili

ty
at

le
as

t1
−
ε,

fo
r

al
m

os
te

ve
ry
U
∈

R

d
︷

︸︸
︷

n
×
..
.
×
n

,t
he

re
ex

is
to

nl
y

fin
ite

ly
m

an
y

co
m

pl
et

io
ns

of
th

e
sa

m
pl

ed
te

ns
or
U

w
ith

C
P

ra
nk
r.

Pr
oo

f
D

efi
ne

th
e

(d
−

1)
-w

ay
te

ns
or
U′
∈

R
d
−

2
︷

︸︸
︷

n
×
..
.
×
n
×
n

2
w

hi
ch

is
ob

ta
in

ed
th

ro
ug

h
m

er
gi

ng
th

e
(d
−

1)
-t

h
an

d
d

-t
h

di
m

en
si

on
s

of
th

e
te

ns
or
U.

O
bs

er
ve

th
at

th
e

fin
ite

ne
ss

of
th

e
nu

m
be

r
of

co
m

pl
et

io
ns

of
th

e
te

ns
or
U′

of
ra

nk
r

en
su

re
s

th
e

fin
ite

ne
ss

of
th

e
nu

m
be

r
of

co
m

pl
et

io
ns

of
th

e
te

ns
or
U

of
ra

nk
r.

Fo
rn

ot
at

io
na

ls
im

pl
ic

ity
,l

et
Ω

an
d

Ω̆
de

no
te

th
e

(d
−

1)
-w

ay
sa

m
pl

in
g

pa
tte

rn
an

d
co

ns
tr

ai
nt

te
ns

or
s

co
rr

es
po

nd
in

g
to
U′

,r
es

pe
ct

iv
el

y.
In

or
de

r
to

co
m

pl
et

e
th

e
pr

oo
f

it
su

ffi
ce

s
to

sh
ow

w
ith

pr
ob

ab
ili

ty
at

le
as

t1
−
ε,

co
nd

iti
on

s
(i

)
an

d
(i

i)
in

T
he

or
em

9
ho

ld
fo

r
th

is
m

od
ifi

ed
(d
−

1)
-w

ay
te

ns
or

.
N

ow
,

w
e

ap
pl

y
L

em
m

a
19

fo
r

ea
ch

of
th

e
nu

m
be

rs
r′ 1

=
1,
..
.,
r′ d
−

3
=

1,
r′ d
−

2
=
r.

A
ls

o,
no

te
th

at
si

nc
e
n
>
r(
d
−

2)
w

e
co

nc
lu

de
n

2
>
r(
n
−
r)

+
(d
−

3)
r(
n
−

1)
,a

nd
th

er
ef

or
e

Ω̃
(I

)

in
cl

ud
es

m
or

e
th

an
r(
n
−
r)

+
(d
−

3)
r(
n
−

1)
co

lu
m

ns
.A

cc
or

di
ng

to
L

em
m

a
19

,t
he

re
ex

is
tΩ̆
′ if

or

1
≤
i
≤
d
−

2
su

ch
th

at
:(

i)
ea

ch
co

lu
m

n
of
˜̆ Ω
′ i (
I
)

in
cl

ud
es
r′ i

+
1

no
nz

er
o

en
tr

ie
s

fo
r1
≤
i
≤
d
−

2
,

an
d

if
˜̆ Ω
′ i (
I
)
(x
,y

)
=

1
th

en
w

e
ha

ve
Ω̃
′ i (I

)
(x
,y

)
=

1,
(i

i)
˜̆ Ω
′ i (
I
)

in
cl

ud
es
r(
n
−

1
)

an
d
r(
n
−
r)

co
lu

m
ns

fo
r1
≤
i
≤
d
−

3
an

d
i

=
d
−

2,
re

sp
ec

tiv
el

y,
(i

ii)
w

ith
pr

ob
ab

ili
ty

at
le

as
t1
−

ε
d
−

2
,e

ve
ry

su
bs

et
˜̆ Ω
′′ i (
I
)

of
co

lu
m

ns
of
˜̆ Ω
′ i (
I
)

sa
tis

fie
s

(2
0)

fo
rr
′ 1

=
1,
..
.,
r′ d
−

3
=

1,
r′ d
−

2
=
r.

R
ec

al
lt

ha
te

ac
h

co
lu

m
n

of
Ω̃

(I
)

in
cl

ud
es
r

+
1

no
nz

er
o

en
tr

ie
s,

an
d

th
er

ef
or

e
fo

r1
≤
i
≤
d
−

3

th
at

w
e

ha
ve
r′ i

+
1

=
2,

th
e

co
lu

m
n

of
Ω̃

(I
)

co
rr

es
po

nd
in

g
to

an
co

lu
m

n
of
˜̆ Ω
′ i (
I
)

ha
s
r
−

1
m

or
e

no
nz

er
o

en
tr

ie
s.

O
bs

er
ve

th
at

m
ax
{ 9

lo
g
( n ε
) +

3
lo

g
( 2
k
r
ε

) +
6
,2
r}
≥

2
r
≥

(r
−

1)
+

2.
A

cc
or

di
ng

to

L
em

m
a

17
an

d
gi

ve
n

(2
3)

,f
or

ea
ch

co
lu

m
n

of
˜̆ Ω
′ i (
I
)

th
er

e
ex

is
ts

an
ot

he
rr
−

1
ze

ro
en

tr
ie

s
(x
s
,y
s
)

fo
rs
∈
{1
,.
..
,r
−

1
}i

n
di

ff
er

en
tr

ow
s

of
th

e
(d
−

2)
-t

h
m

at
ri

ci
za

tio
n

of
Ω̆
′ if

ro
m

th
e

tw
o

no
nz

er
o

en
tr

ie
s

su
ch

th
at

Ω̃
′ i (I

)
(x
s
,y
s
)

=
1

,i
=

1,
..
.,
d
−

3
.H

en
ce

,f
or

ea
ch

co
lu

m
n

of
˜̆ Ω
′ i (
I
)
,w

e
su

bs
tit

ut
e

it
w

ith
th

e
co

lu
m

n
of

Ω̃
(I

)
th

at
th

e
va

lu
e

of
su

ch
r
−

1
en

tr
ie

s
(i

n
di

ff
er

en
t

ro
w

s
of

th
e

(d
−

2)
-

th
m

at
ri

ci
za

tio
n

of
Ω̆
′ i)

is
1

in
st

ea
d

of
0

,
i

=
1,
..
.,
d
−

3.
T

he
re

fo
re

,
ea

ch
co

lu
m

n
of
˜̆ Ω
′ i (
I
)

in
cl

ud
es

ex
ac

tly
r

+
1

no
nz

er
o

en
tr

ie
s

fo
r1
≤
i
≤
d
−

3
su

ch
th

at
if
˜̆ Ω
′ i (
I
)
(x
,y

)
=

1
th

en
w

e
ha

ve

Ω̃
′ i (I

)
(x
,y

)
=

1.

L
et
˜̆ Ω
′ (I

)
=

[ ˜̆ Ω
′ 1

(I
)
|..
.|
˜̆ Ω
′ d
−

2
(I

)

] ,w
hi

ch
in

cl
ud

es
r(
n
−
r)

+
(d
−

3)
r(
n
−

1)
co

lu
m

ns
.T

he
re

fo
re

,

Ω̆
′ ∈

R
d
−

2
︷

︸︸
︷

n
×
..
.
×
n
×
t

is
a

su
bt

en
so

ro
ft

he
co

ns
tr

ai
nt

te
ns

or
su

ch
th

at
t

=
r(
∑

d
−

2
i=

1
n

)
−
r2
−
r(
d
−

3
)

an
d

al
so

an
d

w
ith

pr
ob

ab
ili

ty
at

le
as

t1
−
ε,

ev
er

y
su

bs
et
˜̆ Ω
′′ i (
I
)

of
co

lu
m

ns
of
˜̆ Ω
′ i (
I
)

sa
tis

fie
s

(2
0)

fo
r

r′ 1
=

1,
..
.,
r′ d
−

3
=

1,
r′ d
−

2
=
r,

si
m

ul
ta

ne
ou

sl
y

fo
ri

=
1,
..
.,
d
−

2.

C
on

si
de

r
an

ar
bi

tr
ar

y
su

bs
et
˜̆ Ω
′′ (I

)
of

co
lu

m
ns

of
˜̆ Ω
′ (I

).
L

et
˜̆ Ω
′′ i (
I
)

de
no

te
th

os
e

co
lu

m
ns

of
˜̆ Ω
′′ (I

)

th
at

be
lo

ng
to
˜̆ Ω
′ i (
I
)

an
d

de
fin

e
t i

as
th

e
nu

m
be

r
of

co
lu

m
ns

of
˜̆ Ω
′′ i (
I
)
,1
≤
i
≤
d
−

2
,a

nd
de

fin
e
t
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N
K

T
E

N
S

O
R

C
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M
P

L
E

T
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N

as
the

num
ber

of
colum

ns
of ˜̆Ω

′′(I
) .

A
lso,assum

e
thatall

Ω̆
′l ’s

satisfy
(20)

for
r ′1

=
1
,...,r ′d−

3
=

1
,r ′d−

2
=
r.T

hen,w
e

have
the

follow
ing

tw
o

scenarios:
(i)
td−

2
=

0:H
ence,w

e
have

t
=
∑

d−
3

i=
1
ti .M

oreover,w
e

have

ti ≤
r (
m
i (Ω̆
′′i )−

1 )
+
≤
r (
m
i (Ω̆
′′)−

1 )
+

=
r (
m
i (Ω̆
′′)−

1 )
,

(24)

for
1
≤
i≤

d−
3.

R
ecallthateach

colum
n

of ˜̆Ω
′i(I

)
includes

atleast
r

nonzero
entries

in
different

row
s

ofthe
(d−

2)-th
m

atricization
of

Ω̆
′i for

1
≤
i≤

d−
3.O

n
the

otherhand,since
˜̆Ω
′′(I

) includes

atleastone
colum

n
of [˜̆Ω

′1
(I

) |...| ˜̆Ω
′d−

3
(I

) ]
(recallthat

td−
2

=
0),w

e
have

r≤
m
d−

2 (Ω̆
′′),

(25)

w
hich

also
results

thatm
in {

m
ax {

m
1 (Ω̆
′′),...,m

d−
2 ( Ω̆
′′) }

,r }
=
r.

T
herefore,having

(24)and
(25),w

e
conclude

t
=

d−
3

∑i=
1

ti ≤
d−

3
∑i=

1

r (
m
i (Ω̆
′′)−

1 )
≤

d−
3

∑i=
1

r (
m
i (Ω̆
′′)−

1 )
+
r (
m
d−

2 (Ω̆
′′)−

r )
(26)

=
r (

d−
2

∑i=
1

m
i (Ω̆
′′) )
−
r

2−
r(d−

3)

=
r (
(
d−

2
∑i=

1

m
i (Ω̆
′′) )
−

m
in {

m
ax {

m
1 (Ω̆
′′),...,m

d−
2 (Ω̆
′′) }

,r }
−

(d−
3) )

.

(ii)
td−

2
>

0:H
ence,w

e
have

td−
2 ≤

r (
m
d−

2 (Ω̆
′′d−

2 )−
r )
≤
r (
m
d−

2 (Ω̆
′′)−

r )
,

(27)

w
hich

also
results

thatm
in {

m
ax {

m
1 (Ω̆
′′),...,m

d−
2 (Ω̆
′′) }

,r }
=
r.

M
oreover,sim

ilar
to

sce-
nario

(i),(24)holds.T
herefore,having

(24)and
(27),w

e
conclude

t
=

d−
2

∑i=
1

ti ≤
d−

3
∑i=

1

r (
m
i (Ω̆
′′)−

1 )
+
r (
m
d−

2 (Ω̆
′′)−

r )
=
r (

d−
2

∑i=
1

m
i (Ω̆
′′) )
−
r

2−
r(d−

3)(28)

=
r (
(
d−

2
∑i=

1

m
i (Ω̆
′′) )
−

m
in {

m
ax {

m
1 (Ω̆
′′),...,m

d−
2 (Ω̆
′′) }

,r }
−

(d−
3) )

.

R
em

ark
21

O
bserve

that
each

row
of

the
d-m

atricization
ofU

consists
of

exactly
n

colum
ns

of
Ω̃

(I
) ,w

here
I

=
{
1
,2
,...,d

−
2}.

H
ence,given

(23),A
ssum

ption
1

holds
w

ith
probability

one
since

A
ssum

ption
1

only
requires

r
sam

pled
entries

ateach
row

ofthe
d-m

atricization
ofU

.
M

ore-
over,

note
that

in
the

above
theorem

w
e

show
ed

that
given

(23),
constraint

(6)
holds

w
ith

high
probability

and
this

ensures
finite

com
pletability

w
ith

high
probability

(since
A

ssum
ption

1
holds

w
ith

probability
one).

19
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L
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M
O

R
T

E
Z

A
A

S
H

R
A

P
H

IJU
O

,
A

N
D

X
IA

O
D

O
N

G
W

A
N

G

N
ote

thatforthe
generalvalues

of
n

1 ,
...,

n
d

the
sam

e
proofw

illstillw
ork,butinstead

ofthe
assum

ption
n
>

m
ax{

200,r(d−
2)},w

e
need

anotherassum
ption

in
term

s
of
n

1 ,...,n
d

to
ensure

thatthe
corresponding

unfolding
has

enough
num

berofcolum
ns.

R
em

ark
22

A
tensorU

thatsatisfies
the

properties
in

the
statem

entofTheorem
20

requires

n
2

m
ax {

27
log (

nε )
+

9
log (

2r(d−
2)

ε

)
+

18
,6
r }

(29)

sam
ples

to
be

finitely
com

pletable
w

ith
probability

atleast
1−

ε,w
hich

is
low

er
than

the
num

ber
of

sam
ples

required
by

the
unfolding

approach
given

in
(14)by

orders
ofm

agnitude.

T
he

follow
ing

lem
m

a
is

taken
from

(A
shraphijuo

et
al.,2016a)

and
is

used
in

L
em

m
a

24
to

derive
a

low
erbound

on
the

sam
pling

probability
thatresults

(23)w
ith

high
probability.

L
em

m
a

23
C

onsider
a

vector
w

ith
n

entries
w

here
each

entry
is

observed
w

ith
probability

p
independently

from
the

other
entries.

If
p
>

p ′
=

kn
+

1
4 √
n

,
then

w
ith

probability
at

least
(

1−
ex

p
(−
√
n2

) )
,m

ore
than

k
entries

are
observed.

T
he

proofofthe
above

lem
m

a
is

sim
ply

based
on

A
zum

a’s
inequality.

L
em

m
a

24
A

ssum
e

that
d
>

2,
n
>

m
ax{20

0
,r(d−

2)}
and

r
≤

n6 .
M

oreover,assum
e

thatthe
sam

pling
probability

satisfies

p
>

1

n
d−

2
m

ax {
27

log (
nε )

+
9

log (
2
r(d−

2)

ε

)
+

18
,6r }

+
1

4 √
n
d−

2
.

(30)

Then,w
ith

probability
atleast

(1−
ε) (

1−
ex

p
(−
√
n
d−

2

2
) )
n

2,U
is

finitely
com

pletable.

Proof
A

ccording
to

L
em

m
a

23,(30)results
thateach

colum
n

of
Ω̃

(I
) includes

atleastlnonzero
en-

tries,w
here

I
=
{
1,2,...,d−

2}
and

lsatisfies
(23)w

ith
probability

atleast (
1−

ex
p
(−
√
n
d−

2

2
) ).

T
herefore,

w
ith

probability
at

least (
1−

ex
p
(−
√
n
d−

2

2
) )
n

2,
all

n
2

colum
ns

of
Ω̃

(I
)

satisfy
(23).

H
ence,

according
to

T
heorem

20,
w

ith
probability

at
least

(1
−
ε) (

1−
ex

p
(−
√
n
d−

2

2
) )
n

2,U
is

finitely
com

pletable.

5.D
eterm

inistic
and

Probabilistic
C

onditionsfor
U

nique
C

om
pletability

In
this

section,
w

e
are

interested
in

characterizing
the

determ
inistic

and
probabilistic

conditions
on

the
sam

pling
pattern

for
unique

com
pletability.

In
previous

sections
w

e
characterized

the
cor-

responding
conditions

for
finite

com
pletability

in
T

heorem
9

and
T

heorem
20.

H
ow

ever,for
m

a-
trix

and
tensor

com
pletion

problem
s,finite

com
pletability

does
notnecessarily

im
ply

unique
com

-
pletability

(A
shraphijuo

etal.,2016a).
In

this
section,w

e
add

som
e

additionalm
ild

restrictions
on
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Ω
in

th
e

st
at

em
en

to
f

T
he

or
em

9
to

en
su

re
un

iq
ue

co
m

pl
et

ab
ili

ty
(d

et
er

m
in

is
tic

)
an

d
al

so
in

cr
ea

se
th

e
nu

m
be

ro
fs

am
pl

es
gi

ve
n

in
th

e
st

at
em

en
to

fT
he

or
em

20
m

ild
ly

to
en

su
re

un
iq

ue
co

m
pl

et
ab

ili
ty

w
ith

hi
gh

pr
ob

ab
ili

ty
(p

ro
ba

bi
lis

tic
).

A
s

th
e

fir
st

st
ep

of
th

is
pr

oc
ed

ur
e,

w
e

us
e

th
e

fo
llo

w
in

g
le

m
m

a
fo

r
m

in
im

al
ly

al
ge

br
ai

ca
lly

de
pe

nd
en

tp
ol

yn
om

ia
ls

to
ob

ta
in

th
e

va
ri

ab
le

s
in

vo
lv

ed
in

th
es

e
po

ly
-

no
m

ia
ls

un
iq

ue
ly

.H
en

ce
,b

y
ob

ta
in

in
g

al
le

nt
ri

es
of

th
e

C
P

de
co

m
po

si
tio

n
of

th
e

sa
m

pl
ed

te
ns

or
U

w
e

ca
n

sh
ow

th
e

un
iq

ue
ne

ss
of
U.

L
em

m
a

25
Su

pp
os

e
th

at
A

ss
um

pt
io

n
1

ho
ld

s.
Le

t
Ω̆
′
∈

R
n

1
×
n

2
×
..
.×
n
d
−

1
×
t

be
an

ar
bi

tr
ar

y
su

b-
te

ns
or

of
th

e
co

ns
tr

ai
nt

te
ns

or
Ω̆

.
A

ss
um

e
th

at
po

ly
no

m
ia

ls
in
P

(Ω̆
′ )

ar
e

m
in

im
al

ly
al

ge
br

ai
ca

lly
de

pe
nd

en
t.

Th
en

,a
ll

va
ri

ab
le

s
(u

nk
no

w
n

en
tr

ie
s)

of
A

1
,.
..
,A

d
−

1
th

at
ar

e
in

vo
lv

ed
in
P

(Ω̆
′ )

ca
n

be
de

te
rm

in
ed

un
iq

ue
ly

.

Pr
oo

f
A

cc
or

di
ng

to
L

em
m

a
7,

th
e

nu
m

be
r

of
in

vo
lv

ed
va

ri
ab

le
s

in
po

ly
no

m
ia

ls
in
P

(Ω̆
′ )

=
{p

1
,p

2
,.
..
,p
t}

is
t
−

1
an

d
ar

e
de

no
te

d
by
{x

1
,.
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∈
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∈
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−
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Ω̆
′′i

)
−

1
≥
t′ i
,

fo
r
i
∈
{1
,.
..
,d
−

1}
,

(3
1)

an
d

m
i−
d
+

1
(Ω̆
′′i

)
−
r
≥
t′ i
,

fo
r
i
∈
{d
,.
..
,2
d
−
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of
sim

plicity,
as

in
Section

4
w

e
consider

the
sam

pled
tensorU

∈
R

d
︷

︸︸
︷

n
×
...×

n
.

R
ecall

that
for

the
general

values
of
n

1 ,
...,

n
d

the
sam

e
proof

w
ill

still
w

ork,
but

instead
of

assum
ption

n
>

m
a
x{

2
00
,(r

+
2)(d−

2)},w
e

need
anotherassum

ption
in

term
s

of
n

1 ,...,n
d .

T
heorem

27
A

ssum
e

that
d
>

2,n
>

m
ax{200

,(r
+

2)(d−
2)},r≤

n6
and

I
=
{1
,2
,...,d−

2}.
A

ssum
e

thateach
colum

n
of

Ω̃
(I

)
includes

atleast
lnonzero

entries,w
here

l
>

m
ax {

27
log (

2nε

)
+

9
log (

8
r(d−

2)

ε

)
+

18
,6r }

.
(35)

Then,
w

ith
probability

at
least

1
−
ε,

for
alm

ost
every

U
∈

R

d
︷

︸︸
︷

n
×
...×

n
,

there
exist

only
one

com
pletion

ofthe
sam

pled
tensorU

w
ith

C
P

rank
r.

Proof
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to

the
proof

of
T

heorem
20,
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(d
−

1)-w
ay

tensorU
′∈

R
d−

2
︷

︸︸
︷

n
×
...×

n×
n

2

w
hich

is
obtained

through
m

erging
the

(d
−

1)-th
and

d-th
dim

ensions
of

the
tensorU

and
recall

thatthe
finiteness

of
the

num
ber

of
com

pletions
of

the
tensorU

′of
rank

r
ensures

the
finiteness

of
the

num
berofcom

pletions
ofthe

tensorU
w

ith
rank

r.Sim
ilarly,forsim

plicity,assum
e

that
Ω

and
Ω̆

denote
the

(d−
1)-w

ay
sam

pling
pattern

and
constrainttensors

corresponding
toU

′,respectively.
N

ote
thatsince

n
>

(r
+

2)(d−
2),w

e
conclude

n
2
>
r(n
−
r)

+
(d−

3)r(n
−

1)
+

2(d−
2),and

therefore
Ω̃

(I
) includes

m
ore

than
r(n
−
r)

+
(d−

3)r(n
−

1)
+

2
n

(d−
2)

colum
ns.A

ccording
to

the
proofofT

heorem
20,considering

r(n
−
r)

+
(d−

3)r(n
−

1)
arbitrary

colum
ns

of
Ω̃

(I
) results

in
existence

of
Ω̆
′such

thatcondition
(i)

holds
w

ith
probability

atleast
1−

ε2 .
A

lso,there
existat

least
2
n

(d−
2
)

colum
ns

otherthan
these

r(n
−
r)

+
(d−

3)r(n
−

1)
colum

ns.
C

onsider
n−

1
arbitrary

colum
ns

of
Ω̃

(I
) .B

y
setting

r
=

1
in

the
statem

entofL
em

m
a

19,these
n−

1
colum

ns
resultin

Ω̆
′′ iw

ith
n−

1
colum

ns
such

thatw
ith

probability
atleast

1−
ε

4
r
(d−

2
) ,(31)

holds.Sim
ilarly,consider

n−
r

arbitrary
colum

ns
of

Ω̃
(I

) .T
hen,there

exists
Ω̆
′′ i+

d−
2

such
thatw

ith
probability

atleast
1−

ε
4
r
(d−

2
) ,(32)holds.H

ence,condition
(ii)holds

(forall
i∈
{1,...,2d−

4})
w

ith
probability

at
least

1
−

ε2
r .

T
herefore,

conditions
(i)

and
(ii)

hold
w

ith
probability

at
least

1−
(
ε2
r

+
ε2 )≥

1−
ε.

R
em

ark
28

A
tensorU

thatsatisfies
the

properties
in

the
statem

entofTheorem
27

requires

n
2

m
ax {

27
log (

2nε

)
+

9
log (

8
r(d−

2)

ε

)
+

18
,6r }

(36)

sam
ples

to
be

uniquely
com

pletable
w

ith
probability

atleast
1−

ε,w
hich

is
orders-of-m

agnitude
low

er
than

the
num

ber
ofsam

ples
required

by
the

unfolding
approach

given
in

(14).
N

ote
thatthe

num
ber

of
sam

ples
given

in
Theorem

3
of

(P
im

entel-A
larcón

et
al.,

2016d)
results

in
both

finite
and

unique
com

pletability,and
therefore

the
num

ber
ofsam

ples
required

by
the

unfolding
approach

given
in

R
em

ark
15

is
for

both
finite

and
unique

com
pletability.
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IJU
O

,
A

N
D

X
IA

O
D

O
N

G
W

A
N

G

L
em

m
a

29
A

ssum
e

that
d
>

2,n
>

m
ax{200

,(r
+

2)(d−
2)}

and
r≤

n6 .M
oreover,assum

e
that

the
sam

pling
probability

satisfies

p
>

1

n
d−

2
m

ax {
27

log (
2
nε

)
+

9
log (

8r(d−
2
)

ε

)
+

18
,6
r }

+
1

4 √
n
d−

2
(37)

Then,w
ith

probability
atleast

(1−
ε) (

1−
ex

p
(−
√
n
d−

2

2
) )
n

2,U
is

finitely
com

pletable.

Proof
T

he
proofis

sim
ilarto

the
proofofL

em
m

a
24.

R
em

ark
30

Theorem
27

ensures
thatthere

existenough
num

ber
ofalgebraically

independentpoly-
nom

ials
and

according
to

Theorem
26,these

algebraically
independentpolynom

ials
can

be
distin-

guished
am

ong
allthe

polynom
ials,w

hich
has

a
unique

solution
thatleads

to
the

unique
com

pletion
ofthe

sam
pled

tensor.H
ence,Theorem

27
characterizes

an
inform

ation-theoretic
sam

pling
rate

for
com

pleting
the

sam
pled

data.H
ow

ever,one
direction

for
future

research
is

to
propose

an
algorithm

thatsolves
this

particular
system

ofpolynom
ials

obtained
from

Theorem
26

in
order

to
achieve

the
bound

in
Theorem

27
and

close
the

gap.
N

ote
that

there
are

som
e

fast
m

ethods
to

approxim
ate

the
zero

ofthe
system

polynom
ials

including
generalizations

ofN
ew

ton-R
aphson

m
ethod,w

hich
is

independent
from

this
w

ork
as

in
this

w
ork

w
e

find
the

inform
ation-theoretic

rate
of

sam
pling

to
ensure

the
proposed

com
binatorialdeterm

inistic
conditions

hold.

6.N
um

ericalC
om

parisons

In
order

to
show

the
advantage

of
our

proposed
C

P
approach

over
the

unfolding
approach,

w
e

com
pare

the
low

er
bound

on
the

totalnum
ber

of
sam

ples
thatis

required
for

finite
com

pletability
using

an
exam

ple.
Since

the
bound

on
the

num
ber

of
sam

ples
for

finiteness
and

uniqueness
are

the
sam

e
for

the
unfolding

approach
and

they
are

alm
ost

the
sam

e
for

the
C

P
approach,w

e
only

consider
finiteness

bounds
for

this
exam

ple.
In

particular,w
e

consider
a

7-w
ay

tensorU
(d

=
7)

such
thateach

dim
ension

size
is
n

=
10

3.
W

e
also

consider
the

C
P

rank
r

w
hich

varies
from

1
to

150.Figure
1

plots
the

bounds
given

in
(14)(unfolding

approach)and
in

(29)(C
P

approach)forthe
corresponding

rank
value,w

here
ε

=
0
.001.

Itis
seen

thatthe
num

ber
of

sam
ples

required
by

the
proposed

C
P

approach
is

substantially
low

erthan
thatis

required
by

the
unfolding

approach.
O

bserve
thatthe

unfolding
approach

does
nottake

advantage
of

the
structuralproperty

of
the

underlying
C

P
m

odel
properly,

and
therefore

our
proposed

m
ulti-w

ay
analysis

on
C

P
m

anifold
significantly

outperform
s

the
sim

ple
tw

o-w
ay

analysis.

7.C
onclusions

T
his

paperis
concerned

w
ith

the
low

C
P

rank
tensorcom

pletion
problem

and
aim

s
to

derive
funda-

m
entalconditions

on
the

sam
pling

pattern
for

finite
and

unique
com

pletability
of

a
sam

pled
tensor

given
its

C
P

rank.
In

order
to

do
so,

a
novel

algebraic
geom

etry
analysis

on
the

C
P

m
anifold

is
proposed.

In
particular,each

sam
pled

entry
can

be
treated

as
a

polynom
ials

in
term

s
of

the
entries

of
the

com
ponents

of
the

C
P

decom
position.

W
e

have
defined

a
geom

etric
pattern

w
hich

classifies
allC

P
decom

positions
such

thateach
class

includes
only

one
decom

position
ofany

tensor.W
e

have
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n
s

a
re

co
m

b
in

ed
in

th
e

se
co

n
d

p
h
as

e
to

co
n
st

ru
ct

a
su

ffi
ci

en
tl

y
ac

cu
ra

te
d
efi

n
it

io
n
.

B
y

u
si

n
g

ru
le

s
ab

ou
t

n
eg

at
iv

e
ex

am
p
le

s
to

re
m

ov
e

th
em

fr
om

th
e

co
n
ce

p
ts

in
th

e
se

ar
ch

tr
ee

it
is

p
o
ss

ib
le

to
co

m
b
in

e
(p

ot
en

ti
al

ly
ve

ry
sh

or
t)

co
n
ce

p
ts

an
d

so
d
efi

n
e

re
la

ti
ve

ly
co

m
p
le

x
co

n
ce

p
ts

b
a
se

d
on

m
u
ch

sm
al

le
r

d
ep

th
tr

av
er

sa
ls

.
C

on
se

q
u
en

tl
y,

co
n
ce

p
ts

in
th

e
se

ar
ch

tr
ee

a
re

u
se

d
m

o
re

eff
ec

ti
ve

ly
an

d
th

u
s

th
e

le
ar

n
in

g
ti

m
e

ca
n

b
e

re
d
u
ce

d
.

W
e

p
re

se
n
t

a
fo

rm
al

d
efi

n
it

io
n

of
ou

r
le

ar
n
in

g
al

go
ri

th
m

in
S
ec

ti
on

2,
to

g
et

h
er

w
it

h
a

d
is

cu
ss

io
n

of
va

ri
ou

s
st

ra
te

gi
es

fo
r

co
m

b
in

in
g

p
ar

ti
al

d
efi

n
it

io
n
s

of
p

os
it

iv
e

a
n
d

n
eg

a
ti

ve
ex

am
p
le

s.
In

ad
d
it

io
n
,

w
e

d
em

on
st

ra
te

th
e

p
ar

al
le

li
sa

ti
on

st
ra

te
gy

th
at

is
on

e
p
a
rt

o
f

w
h
a
t

m
ak

es
ou

r
al

go
ri

th
m

so
eff

ec
ti

ve
co

m
p
u
ta

ti
o
n
al

ly
.

W
e

th
en

p
re

se
n
t

th
e

d
at

a
se

ts
th

a
t

w
e

u
se

fo
r

ev
al

u
at

io
n

in
S
ec

ti
on

3.
1,

fo
ll
ow

ed
b
y

a
co

m
p
ar

is
on

of
th

e
th

re
e

st
ra

te
gi

es
fo

r
co

m
b
in

in
g

d
efi

n
it

io
n
s

th
at

w
e

h
av

e
co

n
si

d
er

ed
.

F
ol

lo
w

in
g

th
is

,
in

S
ec

ti
on

3.
3

w
e

re
p

o
rt

se
a
rc

h
tr

ee
si

ze
,

p
re

d
ic

ti
ve

ac
cu

ra
cy

,
le

ar
n
in

g
ti

m
e,

an
d

d
efi

n
it

io
n

le
n
gt

h
fo

r
15

d
at

a
se

ts
o
f

va
ry

in
g

co
m

p
le

x
it

y
fo

r
C

E
L

O
E

,
P

ar
C

E
L

an
d

S
P

aC
E

L
.

In
S
ec

ti
o
n

4.
1,

w
e

su
m

m
ar

is
e

so
m

e
re

la
te

d
w

or
k

b
ef

or
e

co
n
cl

u
d
in

g
w

it
h

a
su

m
m

ar
y

an
d

d
is

cu
ss

io
n

of
fu

tu
re

w
or

k
in

S
ec

ti
o
n

5
.

2
.
S
y
m
m
e
tr
ic

P
a
ra

ll
e
l
C
la
ss

E
x
p
re
ss
io
n
L
e
a
rn

in
g

O
u
r

le
ar

n
in

g
ap

p
ro

ac
h

co
n
st

ru
ct

s
d
efi

n
it

io
n
s

of
b

ot
h

p
os

it
iv

e
an

d
n
eg

at
iv

e
ex

a
m

p
le

s
a
n
d

gi
ve

s
th

em
eq

u
al

w
ei

gh
t

in
or

d
er

to
fi
n
d

th
e

fi
n
al

d
efi

n
it

io
n
.

T
h
is

is
p

er
fo

rm
ed

in
th

re
e

m
ai

n
st

ep
s:

1.
F

in
d

p
ar

ti
al

d
efi

n
it

io
n
s

fo
r

p
os

it
iv

e
an

d
n
eg

at
iv

e
ex

am
p
le

s
se

p
ar

at
el

y
su

ch
th

a
t

th
e

se
t

of
d
efi

n
it

io
n
s,

to
ge

th
er

,
co

v
er

al
l

p
os

it
iv

e
an

d
n
eg

at
iv

e
ex

am
p
le

s.

2.
C

on
so

li
d
at

e
th

e
p
ar

ti
al

d
efi

n
it

io
n
s

to
re

m
ov

e
re

d
u
n
d
an

ci
es

(i
.e

.,
th

e
p
ar

ti
a
l

d
efi

n
it

io
n
s

w
h
os

e
co

ve
ra

ge
is

a
su

b
se

t
of

th
e

u
n
io

n
of

ot
h
er

p
ar

ti
al

d
efi

n
it

io
n
s)

an
d

se
le

ct
th

e
b

es
t

ca
n
d
id

at
es

fo
r

co
n
st

ru
ct

in
g

a
co

m
p
le

te
d
efi

n
it

io
n
.

3.
A

gg
re

ga
te

th
e

b
es

t
ca

n
d
id

at
es

to
fo

rm
th

e
co

m
p
le

te
d
efi

n
it

io
n

u
si

n
g

d
is

ju
n
ct

io
n
.
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S
Y
M
M
E
T
R
IC

P
A
R
A
L
L
E
L

C
L
A
S
S
E
X
P
R
E
S
S
IO

N
L
E
A
R
N
IN

G

In
th

e
fi
rst

step
,

p
artial

d
efi

n
ition

s
ca

n
b

e
p
ro

d
u
ced

d
irectly

b
y

sp
ecialisation

u
sin

g
a

d
ow

n
w

a
rd

refi
n
em

en
t

op
erator,

as
in

algorith
m

s
su

ch
as

D
L

-F
O

IL
an

d
P

arC
E

L
.

D
efi

n
ition

s
fo

r
n
eg

a
tiv

e
ex

am
p
les

are
con

stru
cted

sid
e-b

y
-sid

e
w

ith
d
efi

n
ition

s
for

p
ositive

ex
am

p
les

a
n
d

a
re

u
sed

in
com

b
in

ation
w

ith
ex

istin
g

ex
p
ression

s
in

th
e

search
tree

to
create

fu
rth

er
p
a
rtia

l
d
efi

n
itio

n
s.

In
th

e
n
ex

t
section

w
e

in
tro

d
u
ce

th
e

con
cep

ts
n
ecessary

for
ou

r
algorith

m
s.

T
h
e

al-
g
o
rith

m
s

th
em

selves
w

ill
b

e
p
resen

ted
in

S
ection

2.2.
W

e
follow

th
e

d
efi

n
ition

s
u
sed

b
y

L
eh

m
a
n
n

a
n
d

H
itzler

(2010)
closely,

alth
ou

gh
som

e
of

th
e

con
cep

ts
h
ave

to
b

e
ex

ten
d
ed

in
o
rd

er
to

in
clu

d
e

n
egative

ex
am

p
les.

2
.1

S
y
m

m
e
tric

c
la

ss
e
x
p

re
ssio

n
le

a
rn

in
g

A
co

n
cep

t
lea

rn
in

g
p
ro

blem
in

d
escrip

tion
logics

can
b

e
d
escrib

ed
as

a
stru

ctu
re〈K

,(E
+
,E
−

)〉
w

h
ere
K

is
a

k
n
ow

led
ge

b
ase

(on
tolo

gy
),E

+
is

a
set

of
p

ositive
ex

am
p
les

a
n
d
E
−

is
a

set
o
f

n
eg

a
tive

ex
a
m

p
les

su
ch

th
atE

+
∩
E
−

=
∅
.

A
learn

t
con

cep
t

is
also

called
a

h
ypo

th
esis

o
r

d
efi

n
itio

n
.
K
|=

C
(a

)
d
en

otes
th

at
a

is
an

in
stan

ce
of

class
C

w
ith

resp
ect

to
th

e
k
n
ow

led
g
e

b
a
se
K

.
If
K
|=

C
(a

)
is

satisfi
ed

,
C

is
said

to
co

ver
a

w
ith

resp
ect

to
K

.
T

h
e

a
im

o
f

d
escrip

tio
n

logic
lea

rn
in

g
is

to
fi
n
d

a
con

cep
t

C
su

ch
th

at
K
|=

C
(e)

for
all

e
∈
E
+

(co
m

p
leten

ess)
an

d
K

2
C

(e)
for

all
e
∈
E
−

(co
rrectn

ess).
A

learn
t

con
cep

t
is

ca
lled

co
m

p
lete

if
it

covers
all

p
ositive

ex
am

p
les,

co
rrect

if
it

d
o
es

n
ot

cover
a
n
y

n
egative

ex
a
m

p
les,

a
ccu

ra
te

if
it

is
b

oth
com

p
lete

an
d

correct,
o
verly

gen
era

l
if

it
is

com
p
lete

b
u
t

in
co

rrect,
a
n
d

o
verly

specifi
c

if
it

is
correct

b
u
t

in
com

p
lete.

In
o
rd

er
to

d
efi

n
e

n
egative

ex
am

p
les,

w
e

ex
ten

d
th

e
con

cep
t

co
ver

for
a

set
o
f

in
stan

ces
in

th
e

fo
rm

o
f

a
fu

n
ction

,
as

follow
s:

D
e
fi

n
itio

n
1

(C
o
v
e
r)

L
etK

be
a

logic
kn

o
w

led
ge

ba
se,X

be
a

set
o
f

in
sta

n
ces

a
n

d
C

be
a

co
n

cep
t.

T
h
en

,
cover(K

,C
,X

)
is

a
fu

n
ctio

n
th

a
t

co
m

p
u

tes
a

set
o
f

exa
m

p
les

in
X

co
vered

by
C

w
ith

respect
to
K

:

cover(K
,C
,X

)
=
{e∈

X
|K
|=
C

(e)(th
at

is:e
is

co
vered

by
C

w
ith

respect
to
K

)}

T
h
is

ca
n

b
e

gen
eralised

to
a

set
of

d
efi

n
ition

s
as:

cov
er(K

,Q
,X

)
=
⋃
C
∈Q

cov
er(K

,C
,X

)

w
h
ere
K

b
e

a
k
n
ow

led
ge

b
ase,X

b
e

a
set

of
in

stan
ces

an
d
Q

b
e

a
set

of
d
efi

n
ition

s.

D
efi

n
itio

n
1

en
ab

les
u
s

to
give

d
efi

n
ition

s
of

p
ositiv

e
ex

am
p
les

(w
h
ich

are
called

pa
rtia

l
d
efi

n
itio

n
s)

a
n
d

n
egative

ex
am

p
les

(w
h
ich

are
called

co
u

n
ter-pa

rtia
l

d
efi

n
itio

n
s):

D
e
fi

n
itio

n
2

(P
a
rtia

l
d

e
fi

n
itio

n
)

F
o
r

a
co

n
cep

t
lea

rn
in

g
p
ro

blem
〈K
,(E

+
,E
−

)〉,
a

co
n

-
cep

t
C

is
ca

lled
a

p
artial

d
efi

n
ition

if
cover(K

,C
,E

+
)6=
∅

a
n

d
cover(K

,C
,E
−

)
=
∅
.

D
e
fi

n
itio

n
3

(C
o
u

n
te

r-p
a
rtia

l
d

e
fi

n
itio

n
)

F
o
r

a
co

n
cep

t
lea

rn
in

g
p
ro

blem
〈K
,(E

+
,E
−

)〉,
a

co
n

cep
t

C
is

ca
lled

a
cou

n
ter-p

artiald
efi

n
ition

if
cover(K

,C
,E

+
)

=
∅

a
n

d
cover(K

,C
,E
−

)6=
∅
.
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T
r
a
n
,
D
ie
t
r
ic
h
,
G
u
e
sg

e
n
,
a
n
d

M
a
r
sl
a
n
d

D
efi

n
ition

s
2

an
d

3
are

‘id
eal’

in
th

at
th

ey
in

sist
on

th
e

cov
er

of
th

e
op

p
osite

set
b

ein
g

th
e

em
p
ty

set.
In

p
ractice,

it
is

p
ossib

le
to

allow
a

few
n
egative

ex
am

p
les

to
b

e
covered

b
y

a
p
artial

d
efi

n
itio

n
,

an
d

a
few

p
ositive

ex
am

p
les

b
y

a
cou

n
ter-p

artial
d
efi

n
ition

;
th

is
cou

ld
p

oten
tially

h
elp

w
ith

n
oisy

d
ata.

T
h
e

fi
rst

(top
-d

ow
n
)

step
of

ou
r

algorith
m

con
sists

of
fi
n
d
in

g
p
artial

a
n
d

cou
n
ter-p

artial
d
efi

n
ition

s
sep

ara
tely

u
sin

g
a

refi
n
em

en
t

op
erator

an
d

a
com

b
in

ation
strategy

to
com

p
u
te

fu
rth

er
p
artial

d
efi

n
ition

s
from

th
e

cou
n
ter-p

artial
d
efi

n
ition

s
an

d
ex

istin
g

ex
p
ression

s
in

th
e

search
tree.

A
s

th
ese

search
es

are
p

erform
ed

sep
arately

an
d

sim
u
ltan

eou
sly,

ou
r

ap
p
roach

avoid
s

b
ein

g
over-sp

ecifi
c

for
con

cep
t

learn
in

g
p
rob

lem
s

th
at

con
tain

ex
cep

tion
s.

T
h
ese

sets
are

th
en

com
b
in

ed
,

w
h
ich

en
ab

les
th

e
algorith

m
to

cop
e

w
ith

ex
cep

tion
s

to
gen

eral
ru

les
th

rou
gh

th
e

op
p

osin
g

d
efi

n
ition

s
(so

ru
les

m
ad

e
of

p
artial

d
efi

n
ition

s
can

h
ave

cou
n
ter-p

artial
d
efi

n
ition

s
ad

d
ed

,
an

d
v
ice

versa).
T

h
is

is
sim

p
ly

th
e

u
se

of
con

ju
n
ction

an
d

n
egation

,
T

h
e

com
b
in

ation
acts

as
an

ex
tra

step
to

d
eal

w
ith

th
e

ex
cep

tion
s

w
ith

th
e

su
p
p

ort
of

cou
n
ter-p

artial
d
efi

n
ition

s.
In

ou
r

ap
p
roach

,
on

ly
on

e
d
ow

n
w

ard
refi

n
em

en
t

op
erator

is
u
sed

in
th

e
sp

ecialisation
step

to
gen

erate
b

oth
p
artial

a
n
d

cou
n
ter-p

artial
d
efi

n
ition

s.
T

h
e

com
b
in

ation
strategy

essen
tially

con
sists

of
ch

eck
in

g
for

th
e

p
ossib

ility
of

creatin
g

n
ew

p
artial

d
efi

n
ition

s
from

an
ex

p
ression

an
d

cou
n
ter-p

artial
d
efi

n
ition

s,
u
sin

g
con

ju
n
ction

an
d

n
egation

:
a

com
b
in

ation
of

an
ex

p
ression

C
w

ith
a

set
of

cou
n
ter-p

artial
d
efi

n
ition

sX
h
as

th
e

form
C
u
¬

(t
D
∈X
D

).

D
e
fi

n
itio

n
4

(C
o
m

b
in

a
b

ility
)

G
iven

a
co

n
cep

t
lea

rn
in

g
p
ro

blem
L

P
=
〈K
,(E

+
,E
−

)〉,
a

set
o
f

co
u

n
ter-pa

rtia
l

d
efi

n
itio

n
sQ

,
a
n

d
a
n

exp
ressio

n
C

su
ch

th
a
t

cov
er(K

,C
,E

+
)6=
∅

a
n

d
cover(K

,C
,E
−

)6=
∅
,

C
is

sa
id

to
be

com
b
in

ab
le

w
ith
Q

iff
:

cover(K
,C
,E
−

)⊆
cov

er(K
,Q
,E
−

),

w
h
ich

m
ea

n
s

th
a
t

C
ca

n
be

“
co

rrected
”

by
Q

.

T
h
e

m
ain

ob
jective

of
th

e
com

b
in

ation
step

is
to

ch
eck

for
th

e
com

b
in

ab
ility

of
d
escrip

-
tion

s
in

th
e

search
tree.

C
om

b
in

in
g

d
efi

n
ition

s
can

b
e

p
erform

ed
at

several
stages

of
th

e
learn

in
g

algorith
m

;
th

is
is

d
iscu

ssed
fu

rth
er

in
S
ection

2.3.

In
th

is
p
ap

er,
w

e
em

p
loy

th
e

refi
n
em

en
t

op
erator

u
sed

b
y

L
eh

m
an

n
a
n
d

H
itzler

(2010).
H

ow
ever,

th
e

com
b
in

ation
step

h
elp

s
u
s

avoid
th

e
u
sage

of
n
egation

in
th

e
refi

n
em

en
t

w
ith

ou
t

an
y

loss
of

gen
erality,

an
d

th
e

u
se

of
pa

rtia
l

m
od

els
an

d
d
isju

n
ction

in
th

e
red

u
ction

step
s

m
ean

s
th

ere
is

n
o

n
eed

for
d
isju

n
ction

in
th

e
refi

n
em

en
t.

T
h
erefore,

w
e

u
se

on
ly

5
of

th
e

7
b
asic

ru
les

in
th

e
origin

al
refi

n
em

en
t

op
erator

d
escrib

ed
b
y

L
eh

m
an

n
an

d
H

itzler
(2010).

T
h
e

tw
o

ru
les

w
h
ich

refi
n
e

th
e

n
egation

an
d

d
isju

n
ction

are
n
ot

u
sed

,
th

u
s

ou
r

refi
n
em

en
t

op
erator

is
d
efi

n
ed

as:

D
e
fi

n
itio

n
5

(S
P

a
C

E
L

re
fi

n
e
m

e
n
t

o
p

e
ra

to
r
ρu

)
G

iven
a
n

exp
ressio

n
C

,
a

set
o
f

co
n

-
cep

t
n

a
m

es
N

C
a
n

d
a

set
o
f

p
ro

perty
(ro

le)
n

a
m

es
N

R
,

th
en

ρu
is

d
efi

n
ed

a
s

fo
llo

w
s:

1
.

if
C
∈
N
C

(C
is

a
n

a
to

m
ic

co
n

cep
t):

ρu
(C

)
=
{
C
′|
C
′@

C
an

d
@
C
′′∈

N
C

:
C
′@

C
′′@

C
}∪
{
C
u
C
′|
C
′∈

ρu
(>

)}
(if

C
is

a
n

a
to

m
ic

co
n

cep
t,

it
is

specia
lised

by
u

sin
g

its
p
ro

per
su

b-co
n

cep
ts

o
r

crea
tin

g
a

co
n

ju
n

ctio
n

w
ith

th
e

refi
n

em
en

ts
o
f

th
e
T
O
P

co
n

cep
t
ρu

(>
)).
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2
.

if
C

=
>

(C
is

th
e
T
O
P

co
n

ce
p
t)

:
ρ
u(
C

)
=
{C
′
|C
′ ∈

N
C
,@
C
′′
∈
N
C

:
C
′ @

C
′′
@
C
}

∪
{∃
r.
>
|r
∈
N
R
}
∪
{∀
r.
>
|r
∈
N
R
}

(i
f

C
is

th
e
T
O
P

co
n

ce
p
t,

sp
ec

ia
li

se
it

by
u

si
n

g
it

s
p
ro

pe
r

su
b-

co
n

ce
p
ts

o
r

p
ro

pe
rt

y
re

st
ri

ct
io

n
s)

3
.

if
C

=
C
1
u
..
.u

C
n

(C
is

a
co

n
ju

n
ct

iv
e

o
f

d
es

cr
ip

ti
o
n

s)
:

ρ
u(
C

)
=
{C

1
u
..
.u

C
′ u

..
.u

C
n
|C
′ ∈

ρ
u(
C
i)
,1
≤
i
≤
n
}

(i
f

C
is

a
co

n
ju

n
ct

io
n

,
it

is
sp

ec
ia

li
se

d
by

re
fi

n
em

en
ts

o
f

it
s

co
n

ju
n

ct
s)

4
.

if
C

=
∀r
.D
,r
∈
N
R

:
ρ
u(
C

)
=
{∀
r.
D
′
|D
′ ∈

ρ
u(
D

)}
∪
{∀
r.
⊥
|D

=
A
∈
N
C

an
d
@A
′ ∈

N
C
s.
t.
A
′ @

A
}

(i
f

C
is

a
‘f

o
r

a
ll

’
p
ro

pe
rt

y
re

st
ri

ct
io

n
,

it
is

sp
ec

ia
li

se
d

by
re

fi
n

em
en

ts
o
f

it
s

ra
n

ge
)

5
.

if
C

=
∃r
.D
,r
∈
N
R

:
ρ
u(
C

)
=
{∃
r.
D
′
|D
′ ∈

ρ
u(
D

)}
(t

h
is

ru
le

is
fo

r
th

e
‘t

h
er

e
ex

is
ts

’
p
ro

pe
rt

y
re

st
ri

ct
io

n
,

a
n

d
is

si
m

il
a
r

to
th

e
4
th

ru
le

.)

N
ot

e
th

at
in

th
e

ex
p
re

ss
io

n
fo

r
ρ
u

in
th

e
se

co
n
d

ru
le

,
n
eg

at
io

n
an

d
d
is

ju
n
ct

io
n

ar
e

n
ot

u
se

d
,

si
n
ce

th
ey

ca
n

b
e

ge
n
er

at
ed

b
y

co
m

bi
n

a
ti

o
n

an
d

a
gg

re
ga

ti
o
n

(s
te

p
s

2
an

d
3

of
ou

r
al

go
ri

th
m

)
re

sp
ec

ti
ve

ly
.

T
h
e

to
p
-d

ow
n

st
ep

fi
n
is

h
es

w
h
en

ei
th

er
th

e
p
ar

ti
al

d
efi

n
it

io
n
s

co
ve

r
al

l
p

os
it

iv
e

ex
am

p
le

s
or

th
e

co
u
n
te

r-
p
ar

ti
al

d
efi

n
it

io
n
s

co
ve

r
al

l
n
eg

at
iv

e
ex

am
p
le

s
(u

p
to

al
lo

w
ab

le
n
oi

se
),

w
h
ic

h
p
ro

d
u
ce

s
th

is
fo

rm
al

d
efi

n
it

io
n

(w
h
er

e
th

e
fi
rs

t
li
n
e

of
th

is
d
es

cr
ib

es
as

th
e

u
n
io

n
o
f

co
rr

ec
t

d
es

cr
ip

ti
on

s
of

th
e

p
os

it
iv

e
d
at

a
an

d
co

rr
ec

ta
b
le

d
es

cr
ip

ti
on

s
of

th
e

sa
m

e
d
at

a)
:

D
e
fi

n
it

io
n

6
(S

P
a
C

E
L

to
p

-d
o
w

n
le

a
rn

in
g
)

G
iv

en
a

co
n

ce
p
t

le
a
rn

in
g

p
ro

bl
em

L
P

=
〈K
,(
E+
,E
−

)〉
,

th
e

to
p
-d

o
w

n
le

a
rn

in
g

st
ep

in
th

is
a
p
p
ro

a
ch

a
im

s
to

fi
n

d
a

se
t

o
f

pa
rt

ia
l

d
efi

n
it

io
n

s
P

,
a

se
t

o
f

co
u

n
te

r-
pa

rt
ia

l
d
efi

n
it

io
n

s
Q

a
n

d
a

se
t

o
f

ex
p
re

ss
io

n
s
X

su
ch

th
a
t:

co
ve

r(
K
,P
,E

+
)
∪

co
ve

r(
K
,X

,E
+

)
=
E+
,

su
ch

th
a
t
∀C
∈
X
|C

is
co

m
b
in

ab
le

w
it

h
Q
,

o
r

co
ve

r(
K
,Q
,E
−

)
=
E−
.

F
ig

u
re

3
d
em

on
st

ra
te

s
th

e
to

p
-d

ow
n

st
ep

in
ou

r
ap

p
ro

ac
h

th
at

u
se

s
th

e
re

fi
n
em

en
t

op
er

at
or
ρ
u

to
p
ro

d
u
ce

b
ot

h
p
ar

ti
al

an
d

co
u
n
te

r-
p
ar

ti
al

d
efi

n
it

io
n
s.

In
th

is
ex

am
p
le

,
th

e
co

m
b
in

at
io

n
of

th
e

co
u
n
te

r-
p
ar

ti
al

d
efi

n
it

io
n
C
2

an
d

th
e

ex
p
re

ss
io

n
C
1
2

cr
ea

te
s

a
p
ar

ti
al

d
efi

n
it

io
n
C
1
2
u
¬C

2
.

A
s

in
th

e
P

ar
C

E
L

al
go

ri
th

m
,
th

e
se

le
ct

io
n

of
ex

p
re

ss
io

n
s

in
th

e
se

ar
ch

tr
ee

fo
r

re
fi
n
em

en
t

is
co

n
tr

ol
le

d
b
y

n
o
d
e

sc
or

es
th

at
ar

e
co

m
p
u
te

d
b
y

a
le

ar
n
in

g
h
eu

ri
st

ic
.

T
h
e

p
ar

ti
cu

la
r

le
ar

n
in

g
h
eu

ri
st

ic
th

at
w

e
u
se

is
ad

ap
te

d
fr

o
m

L
eh

m
an

n
an

d
H

it
zl

er
(2

01
0)

.
H

ow
ev

er
,

th
e

fa
ct

or
s

in
vo

lv
in

g
in

th
e

sc
or

in
g

fu
n
ct

io
n

an
d

th
ei

r
w

ei
gh

ts
ar

e
re

d
efi

n
ed

ac
co

rd
in

gl
y

to
ou

r
le

ar
n
in

g
st

ra
te

gy
:

D
e
fi

n
it

io
n

7
(S

P
a
C

E
L

sc
o
re

)
L

et
L
P

=
〈K
,(
E+
,E
−

)〉
be

a
co

n
ce

p
t

le
a
rn

in
g

p
ro

bl
em

,
C

be
a

cl
a
ss

ex
p
re

ss
io

n
a
n

d
C
′

th
e

pa
re

n
t

ex
p
re

ss
io

n
o
f

C
.

T
h
e

sc
o
re

o
f

C
is

co
m

p
u

te
d

a
s:

sc
or
e(
C

)
=
co
rr
ec
tn
es
s(
C
,L
P

)

+
α
×
g
a
in

(C
,L
P

)
+
β
×
co
m
p
le
te
n
es
s(
C
,L
P

)
−
γ
×
le
n
g
th

(C
,L
P

)

(α
≥

0,
β
≥

0
,γ
≥

0
)

9
JM

L
R

 1
8(

64
):

1-
34

, 2
01

7

T
r
a
n
,
D
ie
t
r
ic
h
,
G
u
e
sg

e
n
,
a
n
d

M
a
r
sl
a
n
d

F
ig

u
re

3:
T

h
e

to
p
-d

ow
n

le
ar

n
in

g
st

ep
ai

m
s

to
fi
n
d

b
ot

h
p
a
rt

ia
l

d
efi

n
it

io
n
s

a
n
d

co
u
n
te

r-
p
ar

ti
al

d
efi

n
it

io
n
s.

D
o
u

bl
e-

li
n

e
n
o
d
es

ar
e

pa
rt

ia
l

d
efi

n
it

io
n

s,
d
a
sh

ed
-l

in
e

n
od

es
a
re

co
u

n
te

r-
pa

rt
ia

l
d
efi

n
it

io
n

s.
ρ
u

is
th

e
re

fi
n
em

en
t

op
er

at
or

d
efi

n
ed

in
D

efi
n
it

io
n

5.
C

o
n

n
ec

ti
o
n

s
fr

o
m

n
o
d
es

to
ex

am
p
le

s
re

p
re

se
n
t

th
e

co
ve

ra
ge

o
f

th
e

ex
p
re

ss
io

n
s.

ρ ⊓
(T
O
P)

TO
P

C 1
C 4

C 1
1

C 1
2

ρ ⊓
(C

4)

p 1 p 2 p 3 p 4 p 5 p 6 . . .

.	.	.

C 4
1

C 2

po
si
tiv
e	
ex
am

pl
es

n 1 n 2 n 3 n 4 n 5 n 6 . . .
ne
ga
tiv
e	
ex
am

pl
es

C 3

C 1
2
⊓
¬
C 2

co
ve
r

co
ve
r

co
ve
r

w
h
er

e
g
a
in

(C
,L
P

)
=
a
cc
u
ra
cy

(C
,L
P

)
−
a
cc
u
ra
cy

(C
′ ,
L
P

).

In
th

is
d
efi

n
it

io
n
,

co
rr

ec
tn

es
s,

co
m

p
le

te
n
es

s
an

d
ac

cu
ra

cy
h
av

e
th

ei
r

st
an

d
a
rd

m
ea

n
in

g
s,

i.
e.

,
(L

eh
m

an
n

an
d

H
it

zl
er

,
20

10
):

co
rr
ec
tn
es
s(
C
,L
P

)
=
|E
−
\c
ov
er

(|K
,C
,E
−

)|
|E
−
|

,

co
m
p
le
te
n
es
s(
C
,L
P

)
=
|co
v
er

(K
,C
,E

+
)|

|E
+
|

,

a
cc
u
ra
cy

(C
,L
P

)
=
|co
v
er

(K
,C
,E

+
)|

+
|E
−
\c
ov
er

(K
,C
,E
−

)|
|E

+
∪
E−
|

.

T
h
e

le
n
gt

h
of

an
ex

p
re

ss
io

n
is

ta
ke

n
to

b
e

th
e

su
m

of
th

e
n
u
m

b
er

of
co

n
ce

p
t

n
a
m

es
,

ro
le

n
am

es
,

q
u
an

ti
fi
er

s,
an

d
co

n
n
ec

ti
ve

sy
m

b
ol

s
o
cc

u
rr

in
g

in
th

e
ex

p
re

ss
io

n
,

w
h
ic

h
fo

r
ex

-
p
re

ss
io

n
s

in
th

e
A
LC

la
n
gu

ag
e

ca
n

b
e

d
efi

n
ed

as
:

D
e
fi

n
it

io
n

8
(L

e
n

g
th

o
f

a
n
A
LC

e
x
p

re
ss

io
n

)
T

h
e

le
n

gt
h

o
f

a
n

ex
p
re

ss
io

n
D

o
r
E

(d
e-

n
o
te

d
by
|D
|)

is
d

efi
n

ed
in

d
u

ct
iv

el
y

a
s

fo
ll

o
w

(w
h
er

e
A

d
en

o
te

s
a
n

a
to

m
ic

co
n

ce
p
t)

:

|A
|=
|>
|=
|⊥
|=

1

|¬
D
|=
|D
|+

1

|D
∪
E
|=
|D
∩
E
|=

1
+
|D
|+
|E
|

|∃
r.
D
|=
|∀
r.
D
|=

2
+
|D
|

T
h
e

le
ar

n
in

g
h
eu

ri
st

ic
is

m
ai

n
ly

b
as

ed
on

th
e

co
rr

ec
tn

es
s

of
th

e
cl

as
s

ex
p
re

ss
io

n
(i

n
co

n
tr

as
t

to
th

at
of

L
eh

m
an

n
an

d
H

it
zl

er
(2

01
0)

,
w

h
ic

h
is

b
as

ed
on

ac
cu

ra
cy

).
A

p
en

a
lt

y
is

ap
p
li
ed

fo
r

lo
n
g

d
efi

n
it

io
n
s

to
av

oi
d

in
fi
n
it

el
y

d
ee

p
se

ar
ch

(n
ec

es
sa

ry
b

ec
au

se
th

e
re

fi
n
em

en
t

op
er

at
or

u
se

d
in

ou
r

le
ar

n
in

g
al

go
ri

th
m

is
in

fi
n
it

e)
.

A
b

on
u
s

fo
r

ac
cu

ra
cy

g
a
in

ed
b
y

an

1
0
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S
Y
M
M
E
T
R
IC

P
A
R
A
L
L
E
L

C
L
A
S
S
E
X
P
R
E
S
S
IO

N
L
E
A
R
N
IN

G

ex
p
ressio

n
is

a
lso

ap
p
lied

,
as

accu
rate

ex
p
ression

s
are

m
ore

likely
to

b
e

close
to

th
e

solu
tion

.
A

b
o
n
u
s

is
a
lso

given
for

th
e

relativ
ely

com
p
lete

ex
p
ression

s.

D
efa

u
lt

va
lu

es
for

th
e

w
eigh

tin
gs

of
th

e
ab

ove
factors

w
ere

ch
osen

b
ased

on
ex

p
erim

en
tal

in
vestiga

tio
n
s

a
n
d

th
e

w
ork

b
y

L
eh

m
an

n
an

d
H

itzler
(2

010).
W

e
ch

ose
α

=
0
.2
,β

=
0
.0

1,γ
=

0.0
5
.

T
h
ese

valu
es

can
b

e
ad

ju
sted

b
ased

on
th

e
ch

aracteristics
of

th
e

learn
in

g
p
ro

b
lem

,
su

ch
as

d
ecreasin

g
th

e
p

en
alty

for
learn

in
g

p
rob

lem
s

th
at

n
eed

lon
g

d
efi

n
itio

n
s,

th
u
s

b
ia

sin
g

th
e

search
to

lo
ok

for
d
eep

er
solu

tion
s.

T
h
e

la
st

step
of

ou
r

algorith
m

,
th

e
aggregation

of
th

e
b

est
can

d
id

ates,
can

b
e

p
erfo

rm
ed

u
sin

g
d
isju

n
ctio

n
.

O
n
e

o
p
tim

isation
step

th
at

can
b

e
ap

p
lied

to
ou

r
learn

in
g

is
to

n
otice

irreleva
n

t
co

n
cep

ts
a
n
d

rem
ove

th
em

from
th

e
search

tree.
Irrelevan

t
con

cep
ts

are
th

ose
from

w
h
ich

n
o

p
artial

o
r

co
u
n
ter-p

a
rtial

d
efi

n
ition

can
b

e
p
ro

d
u
ced

,
h
en

ce
th

ey
can

n
ot

b
e

ex
p
an

d
ed

.
A

n
irrelevan

t
co

n
cep

t
in

S
P

a
C

E
L

is
d
efi

n
ed

as
follow

s:

D
e
fi

n
itio

n
9

(Irre
le

v
a
n
t

c
o
n

c
e
p

t)
G

iven
a

co
n

cep
t

lea
rn

in
g

p
ro

blem
L
P

=
〈K
,(E

+
,

E
−

)〉,
a

co
n

cep
t

C
is
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K
,D
,E
−

)
=
∅}

3
cp

d
ef

s
=
{D
∈
ρ
u(
C

)
|c

o
ve

r(
K
,D
,E

+
)

=
∅
∧

co
ve

r(
K
,D
,E
−

)
6=
∅}

4
d
es

cr
ip

ti
o
n

s
=
{D
∈
ρ
u(
C

)
|c

o
ve

r(
K
,D
,E

+
)
6=
∅
∧

co
ve

r(
K
,D
,E
−

)
6=
∅}

5
re

tu
rn

(p
d
ef

s,
cp

d
ef

s,
d
es

cr
ip

ti
o
n

s)

A
lg

or
it

h
m

3
d
es

cr
ib

es
th

e
co

m
bi

n
a
ti

o
n

a
lg

o
ri

th
m

th
at

is
u
se

d
to

co
m

b
in

e
th

e
d
es

cr
ip

ti
on

s
an

d
co

u
n
te

r-
p
ar

ti
al

d
efi

n
it

io
n
s

to
co

n
st

ru
ct

n
ew

p
ar

ti
al

d
efi

n
it

io
n
s.

T
h
is

is
b
as

ic
al

ly
a

se
t

co
ve

ra
ge

al
go

ri
th

m
.

O
n
e

of
th

e
sm

al
le

st
se

ts
of

co
u
n
te

r-
p
ar

ti
al

d
efi

n
it

io
n
s

th
at

to
ge

th
er

co
ve

r
al

l
n
eg

at
iv

e
ex

am
p
le

s
co

ve
re

d
b
y

th
e

gi
ve

n
ex

p
re

ss
io

n
w

il
l

b
e

re
tu

rn
ed

.
T

h
is

se
t

of
co

u
n
te

r-
p
ar

ti
al

d
efi

n
it

io
n
s

is
th

en
u
se

d
to

co
rr

ec
t

th
e

gi
ve

n
ex

p
re

ss
io

n
.
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T
r
a
n
,
D
ie
t
r
ic
h
,
G
u
e
sg

e
n
,
a
n
d

M
a
r
sl
a
n
d

A
lg

o
ri

th
m

3
:

C
om

b
in

at
io

n
al

go
ri

th
m

–
C
o
m
b
in
e

(C
,c

pd
ef

s,
E−

)

In
p

u
t:

a
d
es

cr
ip

ti
on

C
,

a
se

t
o
f

co
u
n
te

r-
p
ar

ti
al

d
efi

n
it

io
n
s

cp
d
ef

s
an

d
a

se
t

of
n
eg

at
iv

e
ex

am
p
le

s
E−

O
u

tp
u

t:
a

se
t

ca
n

d
id

a
te

s
⊆

cp
d
ef

s
su

ch
th

a
t

co
ve

r(
K
,C
,E
−

)
⊆
⋃
P
∈c

a
n
d
id
a
te
s
(c

o
ve

r(
K
,P
,E
−

))
1

b
e
g
in

2
ca

n
d
id

a
te

s
=
∅

/
*

c
a
n
d
i
d
a
t
e
c
o
u
n
t
e
r
-
p
a
r
t
i
a
l
d
e
f
i
n
i
t
i
o
n
s

*
/

3
cn

c
=

co
ve

r(
K
,C
,E
−

)
/
*

n
e
g
a
t
i
v
e
e
x
a
m
p
l
e
s
c
o
v
e
r
e
d
b
y
C

*
/

4
so

rt
cp

d
ef

s
b
y

d
es

ce
n
d
in

g
co

ve
ra

ge
of

n
eg

at
iv

e
ex

a
m

p
le

s
5

w
h

il
e

cp
d
ef

s
6=
∅

a
n

d
cn

c
6=
∅

d
o

6
ge

t
an

d
re

m
ov

e
th

e
to

p
co

u
n
te

r-
p
ar

ti
al

d
efi

n
it

io
n
D

fr
om

cp
d
ef

s
7

if
(c

o
ve

r(
K
,D
,E
−

)
∩
cn

c)
6=
∅

th
e
n

8
ca
n
d
id
a
te
s

=
ca
n
d
id
a
te
s
∪
D

9
cn

c
=
cn

c
\

co
ve

r(
K
,D
,E
−

))

1
0

if
cn

c
6=
∅

th
e
n

1
1

re
tu

rn
∅

/
*

r
e
t
u
r
n
t
h
e
e
m
p
t
y
s
e
t

*
/

1
2

e
ls

e
1
3

re
tu

rn
ca

n
d
id

a
te

s

C
o
m
p
l
e
t
e
n
e
ss

o
f
t
h
e
a
l
g
o
r
it
h
m

T
h
e

re
fi
n
em

en
t

op
er

at
or

u
se

d
in

ou
r

al
go

ri
th

m
is

b
as

ed
on

th
e

re
fi
n
em

en
t

op
er

a
to

r
d
es

cr
ib

ed
b
y

L
eh

m
an

n
(2

01
0)

.
In

th
at

p
ap

er
a

p
ro

of
of

co
m

p
le

te
n
es

s
ov

er
th

e
A
LC

la
n
g
u
a
g
e

is
g
iv

en
,

i.
e.

,
an

y
co

n
ce

p
ts

in
th

e
A
LC

la
n
gu

ag
e

ca
n

b
e

p
ro

d
u
ce

d
b
y

th
is

op
er

at
or

a
ft

er
a

fi
n
it

e
n
u
m

b
er

of
re

fi
n
em

en
t

st
ep

s.

D
u
e

to
ou

r
le

ar
n
in

g
st

ra
te

gy
,

ou
r

re
fi
n
em

en
t

op
er

at
or

d
o
es

n
ot

ge
n
er

at
e

n
eg

a
ti

o
n

a
n
d

d
is

ju
n
ct

io
n
.

A
s

a
re

su
lt

,
ou

r
re

fi
n
em

en
t

op
er

at
or

it
se

lf
is

n
ot

co
m

p
le

te
.

H
ow

ev
er

,
n
eg

a
ti

o
n

an
d

d
is

ju
n
ct

io
n

ca
n

b
e

cr
ea

te
d

b
y

th
e

re
d
u
ct

io
n

an
d

co
m

b
in

at
io

n
st

ep
s

of
th

e
a
lg

o
ri

th
m

.
T

h
e

co
m

b
in

at
io

n
st

ep
u
se

s
n
eg

at
io

n
an

d
co

n
ju

n
ct

io
n

to
co

rr
ec

t
an

ex
p
re

ss
io

n
w

it
h

co
u
n
te

r-
p
ar

ti
al

d
efi

n
it

io
n
s

(s
ee

A
lg

or
it

h
m

3
an

d
D

efi
n
it

io
n

4)
w

h
er

ea
s

th
e

re
d
u
ct

io
n

st
ep

ca
n

g
en

er
-

at
e

d
is

ju
n
ct

io
n
s.

C
le

ar
ly

,
th

e
co

m
p
le

te
n
es

s
of

ou
r

al
go

ri
th

m
d
ep

en
d
s

u
p

on
th

e
co

m
b
in

a
ti

o
n

st
ra

te
gy

th
at

p
ro

d
u
ce

s
th

e
n
eg

at
io

n
s.

T
h
re

e
co

m
b
in

at
io

n
st

ra
te

gi
es

ar
e

p
ro

p
o
se

d
in

S
ec

ti
o
n

2.
3,

an
d

ou
r

le
ar

n
in

g
al

go
ri

th
m

is
co

m
p
le

te
w

h
en

th
e

o
n

-t
h
e-

fl
y

an
d

d
el

a
ye

d
co

m
b
in

a
ti

o
n

st
ra

te
gi

es
ar

e
u
se

d
;

co
m

p
le

te
n
es

s
is

n
ot

gu
ar

an
te

ed
fo

r
th

e
la

te
co

m
b
in

at
io

n
st

ra
te

g
y.

2
.3

C
o
u

n
te

r-
p

a
rt

ia
l

d
e
fi

n
it

io
n

s
c
o
m

b
in

a
ti

o
n

st
ra

te
g
ie

s

C
ou

n
te

r-
p
ar

ti
al

d
efi

n
it

io
n
s

ar
e

co
m

b
in

ed
w

it
h

ex
p
re

ss
io

n
s

in
th

e
se

a
rc

h
tr

ee
to

cr
ea

te
n
ew

p
ar

ti
al

d
efi

n
it

io
n
s

w
h
er

e
p

os
si

b
le

,
p
ro

d
u
ci

n
g

ex
p
re

ss
io

n
s

of
th

e
fo

rm
C
u
¬(
t D
∈X
D

)
(f

or
ex

p
re

ss
io

n
C

an
d

a
se

t
of

co
u
n
te

r-
p
ar

ti
al

d
efi

n
it

io
n
s
X

).
T

h
e

co
m

b
in

ab
il
it

y
o
f

a
n

ex
p
re

ss
io

n
w

it
h

re
sp

ec
t

to
a

se
t

of
co

u
n
te

r-
p
ar

ti
al

d
efi

n
it

io
n
s

is
gi

ve
n

in
D

efi
n
it

io
n

4.
T

h
e

co
m

b
in

a
ti

o
n

st
ep

ca
n

b
e

p
er

fo
rm

ed
at

se
ve

ra
l

st
ag

es
of

th
e

le
ar

n
in

g
a
lg

or
it

h
m

,
an

d
d
iff

er
en

t
ch

o
ic

es
h
av

e
d
iff

er
en

t
eff

ec
ts

on
th

e
le

ar
n
in

g
re

su
lt

.
W

e
d
es

cr
ib

e
th

re
e

co
m

b
in

at
io

n
st

ra
te

g
ie

s.
A

n
ev

al
u
at

io
n

of
th

es
e

st
ra

te
gi

es
is

gi
ve

n
in

S
ec

ti
on

3.
2.
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S
Y
M
M
E
T
R
IC

P
A
R
A
L
L
E
L

C
L
A
S
S
E
X
P
R
E
S
S
IO

N
L
E
A
R
N
IN

G

2
.3
.1

L
a
t
e
c
o
m
b
in
a
t
io
n

In
th

is
strateg

y,
th

e
algorith

m
m

ain
tain

s
sets

of
p
artial

d
efi

n
ition

s
an

d
cou

n
ter-p

artial
d
efi

n
i-

tio
n
s

sep
a
ra

tely.
W

h
en

all
p

ositive
or

n
egative

ex
am

p
les

are
covered

(or
an

oth
er

term
in

a
tion

co
n
d
itio

n
is

rea
ch

ed
,

su
ch

as
m

ax
im

u
m

tim
e

a
llow

ed
,

or
a

su
ffi

cien
t

p
ercen

tage
of

ex
am

p
les

covered
),

it
w

ill
com

b
in

e
d
escrip

tion
s

from
th

e
search

tree
a
n
d

th
e

set
of

cou
n
ter-p

artial
d
efi

n
itio

n
s.

S
in

ce
th

e
co

m
b
in

ation
is

p
erform

ed
after

th
e

learn
in

g
stop

s,
th

is
strategy

m
ay

p
rov

id
e

a
b

etter
co

m
b
in

ation
,

i.e.,
it

m
ay

h
ave

b
etter

ch
oices

of
cou

n
ter-p

artial
d
efi

n
ition

s
to

u
se

fo
r

th
e

co
m

b
in

ation
.

H
ow

ever,
for

con
cep

t
learn

in
g

p
rob

lem
s

in
w

h
ich

b
oth

p
ositive

an
d

n
eg

a
tive

ex
a
m

p
les

u
se

n
egation

,
th

e
algorith

m
m

ay
n
ot

b
e

ab
le

to
fi
n
d

th
e

d
efi

n
ition

b
ecau

se
th

e
refi

n
em

en
t

op
erator

d
esign

ed
for

th
is

algorith
m

d
o
es

n
ot

u
se

n
egation

.
If

th
is

is
th

e
case

a
n
d

a
m

a
x
im

u
m

tim
e

tim
eou

t
is

set,
th

en
th

e
com

b
in

ation
w

ill
b

e
m

ad
e

w
h
en

th
e

tim
eou

t
is

rea
ch

ed
in

o
rd

er
to

fi
n
d

th
e

d
efi

n
ition

.
O

th
erw

ise,
th

e
algorith

m
w

ill
n
ot

term
in

ate.

F
o
r

ex
am

p
le,

th
e

con
cep

t
learn

in
g

p
rob

lem
sh

ow
n

in
F

igu
re

2
m

ay
cau

se
th

is
strategy

to
ru

n
o
u
t

o
f

m
em

ory
w

ith
ou

t
fi
n
d
in

g
a
n

accu
rate

con
cep

t
if

th
ere

is
n
o

tim
eou

t
or

n
o

n
oise

is
a
llow

ed
.

T
o

cover
all

p
ositive

ex
am

p
les,

w
e

n
eed

a
class

ex
p
ression

w
ith

n
egation

as
follow

s:

B
att

(B
ird
u
¬

P
en

gu
in

)

a
n
d

to
co

m
p
letely

cover
all

n
egative

ex
am

p
les,

th
e

follow
in

g
class

ex
p
ression

is
n
eed

ed
:

P
en

g
u
in
t

(M
am

m
alu

¬
B

at)

T
o

p
ro

d
u
ce

th
e

d
efi

n
ition

for
p

ositive
ex

am
p
les,

th
e

cou
n
ter-p

artial
d
efi

n
ition

P
e
n
g
u
i
n

n
eed

s
to

b
e

com
b
in

ed
w

ith
th

e
ex

p
ression

B
i
r
d

,
w

h
ich

can
n
ot

b
e

p
erform

ed
d
irectly

d
u
e

to
th

e
rem

ova
l

of
n
egation

from
th

e
refi

n
em

en
t

op
erator.

H
ow

ever,
in

th
is

strategy,
th

e
co

m
b
in

atio
n

is
on

ly
called

w
h
en

all
p

ositive
ex

am
p
les

or
n
egative

ex
am

p
les

are
cov

ered
,

an
d

in
th

e
ex

a
m

p
le

th
is

con
d
ition

is
n
ever

m
et,

as
th

e
ex

p
ression

¬
B
a
t

can
n
o
t

b
e

p
ro

d
u
ced

.

2
.3
.2

O
n
-t
h
e
-f
ly

c
o
m
b
in
a
t
io
n

T
h
is

stra
teg

y
is

u
sed

in
A

lgorith
m

1.
W

h
en

a
n
ew

d
escrip

tion
is

gen
erated

from
th

e
refi

n
e-

m
en

t
o
r

an
ex

istin
g

d
escrip

tion
is

rev
isited

,
it

is
com

b
in

ed
w

ith
th

e
ex

istin
g

cou
n
ter-p

artial
d
efi

n
itio

n
s

if
p

o
ssib

le.
T

h
is

strategy
can

avoid
th

e
term

in
ation

p
rob

lem
d
iscu

ssed
in

th
e

la
te

co
m

bin
a
tio

n
strategy

b
ecau

se
n
egation

is
u
sed

in
th

e
com

b
in

ation
.

T
h
e

evalu
ation

su
ggests

th
a
t

th
is

stra
teg

y,
overall,

giv
es

th
e

b
est

p
erform

an
ce

an
d

th
e

sm
a
llest

search
tree.

H
ow

ever,
th

e
fi
n
a
l

resu
lts

can
b

e
op

tim
ised

sin
ce

a
cou

n
ter-p

artial
d
efi

n
ition

m
ay

b
e

com
b
in

ed
w

ith
m

a
n
y

ex
p
ressio

n
s

an
d

th
u
s

th
e

fi
n
al

d
efi

n
ition

is
u
n
n
ecessa

rily
lon

g.
F

or
ex

am
p
le,

in
th

e
co

n
cep

t
lea

rn
in

g
p
rob

lem
d
escrib

ed
in

F
igu

re
2,

w
h
en

th
e

d
escrip

tion
B
i
r
d

is
gen

era
ted

,
th

ere
is

n
o

co
u
n
ter-p

artial
d
efi

n
ition

to
com

b
in

e
it

w
ith

.
H

ow
ever,

w
h
en

it
is

rev
isited

for
refi

n
em

en
t,

it
w

ill
b

e
com

b
in

ed
w

ith
th

e
n
ew

cou
n
ter-p

artial
d
efi

n
ition

P
e
n
g
u
i
n

to
p
ro

d
u
ce

a
p
a
rtia

l
d
efi

n
ition

B
i
r
d
u
¬
P
e
n
g
u
i
n

.

T
h
is

stra
teg

y
seem

s
to

p
ro

d
u
ce

sim
ila

r
resu

lts
to

th
e

origin
al

refi
n
em

en
t

b
y

L
eh

m
an

n
a
n
d

H
itzler

(2
0
10),

w
h
ich

can
gen

erate
n
egation

.
H

ow
ev

er,
th

ey
are

essen
tially

d
iff

eren
t.

In
o
u
r

a
p
p
ro

a
ch

,
th

e
n
egation

is
on

ly
u
sed

for
cou

n
ter-p

artial
d
efi

n
ition

s
to

rem
ove

n
ega

tive
ex

a
m

p
les

fro
m

th
e

d
escrip

tion
in

th
e

search
tree,

w
h
ile

n
egation

m
ay

b
e

ap
p
lied

for
an

y
d
escrip

tion
in

th
e

origin
al

refi
n
em

en
t

op
erator.

In
a
d
d
itio

n
,

in
ou

r
ap

p
roach

,
th

e
cou

n
ter-
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H

reduction-style
results

forlearning
(com

plete)policies
via

im
itation

(R
oss

and
B

agnell,2010;Syed
and

Schapire,2010;R
oss

etal.,2011).
W

e
em

pirically
evaluate

our
algorithm

s
in

the
context

of
learning

partial
policies

to
speedup

M
C

T
S

in
tw

o
challenging

dom
ains

w
ith

large
action

branching
factors:

1)
a

real-tim
e

strategy
gam

e,G
alcon

and
2)

a
classic

dice
gam

e,Y
ahtzee.

T
he

results
show

thatusing
the

learned
partial

policies
to

guide
M

C
T

S
leads

to
significantly

im
proved

anytim
e

perform
ance

in
both

dom
ains.

Furtherm
ore,w

e
show

thatseveralother
existing

approaches
for

injecting
know

ledge
into

M
C

T
S

are
notaseffective

asusing
partialpoliciesforaction

pruning
and

can
often

hurtsearch
perform

ance
ratherthan

help.

2.Problem
Setup

W
e

considersequentialdecision-m
aking

in
the

fram
ew

ork
ofM

arkov
D

ecision
Processes

(M
D

Ps).
A

n
M

D
P

isa
tuple

(S
,A
,P
,R

),w
here

S
isa

finite
setofstates,A

isa
finite

setofactions,P
(s ′|s,a

)
is

the
transition

probability
of

arriving
atstate

s ′after
executing

action
a

in
state

s,and
R

(s,a
)∈

[0,1
]is

the
rew

ard
function

giving
the

rew
ard

of
taking

action
a

in
state

s.
In

environm
ents

w
here

the
rew

ard
is

non-determ
inistic

(but
still

stationary),
R

(s,a
)

is
taken

to
be

the
expected

value.
T

he
typical

goal
in

M
D

P
planning

and
learning

is
to

com
pute

a
policy

for
selecting

an
action

in
any

state,
such

that
follow

ing
the

policy
(approxim

ately)
m

axim
izes

som
e

m
easure

of
long-term

expected
rew

ard.
For

exam
ple,

tw
o

popular
choices

are
m

axim
izing

the
expected

finite-horizon
totalrew

ard
orexpected

infinite-horizon
discounted

rew
ard.

In
practice,

regardless
of

the
long-term

rew
ard

m
easure,

for
large

M
D

Ps,
the

offline
com

pu-
tation

of
high-quality

policies
over

allenvironm
entstates

is
im

practical.
In

such
cases,a

popular
action-selection

approach
isonline

tree
search,w

here
ateach

encountered
environm

entstate,a
tim

e-
bounded

search
is

carried
outin

order
to

estim
ate

action
values.

N
ote

thatthis
approach

requires
the

availability
of

either
an

M
D

P
m

odel
or

a
sim

ulator
in

order
to

construct
search

trees.
In

this
paper,w

e
assum

e
thata

m
odelorsim

ulatoris
available

and
thatonline

tree
search

has
been

chosen
as

the
action

selection
m

echanism
.

N
ext,w

e
form

ally
describe

the
paradigm

of
online

tree
search,

introduce
the

notion
of

partialpolicies
for

pruning
tree

search,and
then

form
ulate

the
problem

of
offline

learning
ofsuch

partialpolicies.

2.1
O

nline
Tree

Search

T
hroughout

this
paper,

w
e

w
ill

focus
on

search
that

has
a

depth
bound

D
.

D
oing

so
bounds

the
length

of
future

action
sequences

to
be

considered.
G

iven
a

state
s,w

e
denote

by
T

(s)
the

depth
D

expectim
ax

tree
rooted

at
s.
T

(s)
alternates

betw
een

layers
of

state
nodes

and
action

nodes 2,
labeled

by
states

and
actions

respectively.T
he

children
ofeach

state
node

are
action

nodes
foreach

action
in
A

.
T

he
children

of
an

action
node

a
w

ith
parent

labeled
by

s
are

all
states

s ′such
that

P
(s ′|s,a

)
>

0.Figure
1(a)show

s
an

exam
ple

ofa
depth

tw
o

expectim
ax

tree.T
he

depth
ofa

state
node

is
the

num
berofaction

nodes
traversed

from
the

rootto
reach

it.N
ote

thatleaves
of
T

(s)
w

ill
alw

ays
be

action
nodes.

T
he

optim
alvalue

ofa
state

node
s

atdepth
d,denoted

by
V
∗d (s),is

equalto
the

m
axim

um
value

ofits
child

action
nodes,w

hich
w

e
denote

by
Q
∗d (s,a

)
forchild

a.
V
∗d (s)

and
Q
∗d (s,a

)
are

form
ally

defined
next.

2.A
lso

know
n

as
“chance”

nodes
in

the
contextofexpectim

ax
trees.
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(a)
U

npruned
expectim

ax
tree

T
(s)

w
ith
D

=
2

(b)
Pruning

T
w

ith
partial

policy
ψ

gives
T
ψ

w
here

a
third

ofthe
actions

have
been

pruned.

Figure
1:

U
npruned

and
pruned

expectim
ax

trees
w

ith
depth

D
=

2
for

an
M

D
P

w
ith
|A|

=
3

and
tw

o
possible

nextstates.
T

he
distributions

over
the

transitions
to

the
nextstate

are
uniform

.
T

he
num

eric
values

are
the

optim
al

action
values

Q
∗.

N
odes

for
w

hich
no

value
is

show
n

have
Q
∗(s,a

)
=

0.N
odes

m
arked

w
ith

an
asterisk

indicate
thatthe

node
corresponds

to
the

optim
alaction

choice.In
(b),pruning

can
change

the
value

atthe
root

ifnodes
on

the
optim

alpaths
are

incorrectly
pruned.

V
∗d (s)

=
m

ax
a

Q
∗d (s,a

)

Q
∗d (s,a

)
=
R

(s,a
)

if
d

=
D
−

1
(1)

=
R

(s,a
)

+
E
s ′∼

P
(·|

s,a
) [V

∗d+
1 (s ′) ]

otherw
ise

(2)

E
quation

1
corresponds

to
leaf

action
nodes.

In
E

quation
2,
s ′∼

P
(·|s,a

)
ranges

over
the

children
of
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value
functions,the
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atdepth

d
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=
arg

m
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approxim

ate
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values

Q
∗0 (s,a
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w

ell
enough

to
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the
optim

alaction
π
∗0 (s).Itis

im
portantto

note
thatoptim

ality
in

ourcontextis
w

ith
respectto

the
specified

search
depth

D
,w

hich
m

ay
be

significantly
sm

aller
than

the
num

ber
of

actions
thatw

illbe
taken

in
the

actualenvironm
ent(e.g.,the

length
of

a
fullgam

e).
T

his
is

a
practicalnecessity
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often

referred
to

as
receding-horizon

control.H
ere

w
e

sim
ply

assum
e

that
an

appropriate
search

depth
D

has
been

specified
and

our
goalis

to
speedup

planning
w

ithin
that

depth.

2.2
Search

w
ith

a
PartialPolicy

O
ne

w
ay

to
speedup

depth
D

search
is

to
prune

actions
from

T
(s).

In
particular,ifa

fixed
fraction

σ
ofactions

are
rem

oved
from

each
state

node,then
the

size
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tree
w

ould
decrease

by
a

factor
of

(1−
σ

)
D

,potentially
resulting

in
significantcom

putationalsavings.In
this

paper,w
e

w
illutilize

partial
policies

for
pruning

actions.
A

depth
D

(non-stationary)
partial

policy
ψ

is
a

sequence
(ψ

0 ,...,ψ
D
−
1 )

w
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each
ψ
d

m
aps

a
state

to
an

action
subset.In

this
w

ork,w
e

focus
exclusively

on
non-stationary
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considering
stationary
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ψ
i

=
ψ
j

for
all

i
and

j.
O

ne
reason

for
this

is
thatoptim

alsolutions
to

depth-bounded
search

trees
are
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,o

rr
ea

ct
iv

e,
po

lic
ie

s
th

at
ac

hi
ev

e
sm

al
lr

eg
re

t.
R

at
he

r,
it

m
ay

be
m

uc
h

ea
si

er
to

le
ar

n
pa

rt
ia

lp
ol

ic
ie

s
th

at
pr

un
e

aw
ay

m
an

y,
bu

tn
ot

al
la

ct
io

ns
,y

et
st

ill
re

ta
in

hi
gh

-q
ua

lit
y

ac
tio

ns
.

W
hi

le
su

ch
pa

rt
ia

lp
ol

ic
ie

s
le

ad
to

m
or

e
se

ar
ch

th
an

a
re

ac
tiv

e
po

lic
y,

th
e

re
gr

et
m

ay
be

m
uc

h
le

ss
.

In
pr

ac
tic

e,
w

e
se

ek
a

go
od

tr
ad

eo
ff

be
tw

ee
n

th
e

tw
o

ex
tr

em
es

.T
he

tr
ad

eo
ff

be
tw

ee
n

a
re

ac
tiv

e
po

lic
y

ve
rs

us
a

fu
ll

de
pt

h
D

se
ar

ch
-b

as
ed

po
lic

y
is

ap
pl

ic
at

io
n-

sp
ec

ifi
c.

In
st

ea
d

of
sp

ec
if

yi
ng

a
pa

r-
tic

ul
ar

tr
ad

e-
of

f
po

in
ta

s
ou

r
le

ar
ni

ng
ob

je
ct

iv
e,

w
e

de
ve

lo
p

le
ar

ni
ng

al
go

ri
th

m
s

in
th

e
ne

xt
se

ct
io

n
th

at
pr

ov
id

e
so

m
e

ab
ili

ty
to

ex
pl

or
e

di
ff

er
en

t
po

in
ts

.
In

pa
rt

ic
ul

ar
,

th
e

al
go

ri
th

m
s

ar
e

as
so

ci
at

ed
w

ith
re

gr
et

bo
un

ds
in

te
rm

s
of

su
pe

rv
is

ed
le

ar
ni

ng
ob

je
ct

iv
es

th
at

m
ea

su
ra

bl
y

va
ry

w
ith

di
ff

er
en

t
am

ou
nt

s
of

pr
un

in
g.

3.
L

ea
rn

in
g

Pa
rt

ia
lP

ol
ic

ie
s

G
iv

en
µ
0

an
d
D

,
w

e
no

w
de

ve
lo

p
re

du
ct

io
n-

st
yl

e
al

go
ri

th
m

s
fo

r
le

ar
ni

ng
pa

rt
ia

l
po

lic
ie

s.
T

he
al

go
ri

th
m

s
re

du
ce

pa
rt

ia
lp

ol
ic

y
le

ar
ni

ng
to

a
se

qu
en

ce
of
D

i.i
.d

.s
up

er
vi

se
d

se
tl

ea
rn

in
g

pr
ob

le
m

s,
ea

ch
pr

od
uc

in
g

on
e

pa
rt

ia
l

po
lic

y
co

m
po

ne
nt
ψ
d
.

In
fo

rm
al

ly
,

a
su

pe
rv

is
ed

se
t

le
ar

ni
ng

pr
ob

le
m

is
si

m
ila

r
to

a
tr

ad
iti

on
al

cl
as

si
fic

at
io

n
pr

ob
le

m
,e

xc
ep

tt
ha

tt
he

le
ar

ne
d

fu
nc

tio
ns

(p
ar

tia
lp

ol
ic

ie
s,

in
th

is
ca

se
)

re
tu

rn
se

ts
of

la
be

ls
ra

th
er

th
an

a
si

ng
le

la
be

l.
In

ou
r

w
or

k,
la

be
ls

w
ill

co
rr

es
po

nd
to

ac
tio

ns
an

d
th

e
de

si
gn

er
w

ill
sp

ec
if

y
th

e
si

ze
of

th
e

la
be

l/a
ct

io
n

se
ts

th
at

th
e

le
ar

ne
d

fu
nc

tio
n
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L
E

A
R

N
IN

G
P

A
R

T
IA

L
P

O
L

IC
IE

S
T

O
S

P
E

E
D

U
P

M
D

P
T

R
E

E
S

E
A

R
C

H

should
return.T

he
quality

ofa
learned

setfunction
w

illbe
evaluated

in
term

s
ofa

costfunction
that

provides
a

m
easure

ofw
hethera

setreturned
by

the
function

contains
“good”

labels/actions.
M

ore
form

ally,the
setlearning

problem
for

partialpolicy
com

ponent
ψ
d

w
illbe

characterized
by

a
pair

(µ
d ,C

d ),w
here

µ
d

is
a

distribution
overstates,and

C
d

is
a

costfunction
that,forany

state
s

and
action

subset
A
′⊆

A
assigns

a
prediction

cost
C
d (s,A

′).
T

he
costfunction

is
intended

to
m

easure
the

quality
of
A
′w

ith
respectto

including
actions

thatare
high

quality
for

s.Typically,the
costfunction

w
illbe

a
m

onotone
decreasing

setfunction
of
A
′w

ith
zero

pruning
having

zero
cost,

C
d (s,A

)
=

0.N
ote

thata
trivialsolution

to
the

learning
problem

,w
hich

achieves
zero

cost,w
ould

be
to

learn
a

function
thatalw

ays
returns

the
com

plete
action

set
A

.H
ow

ever,such
solutions

w
illbe

avoided
by

having
the

designer
specify

the
am

ountof
pruning

thatthey
desire,or

equivalently
the

size
of

the
action

sets
returned.

N
ote

thatconstraining
the

setto
contain

exactly
one

action
w

ould
correspond

to
learning

com
plete

policies.
W

e
begin

by
assum

ing
the

availability
of

a
setlearning

algorithm
called

S
E

TL
E

A
R

N
thattakes

three
inputs,

nam
ely,

a
set

of
states

draw
n

from
µ
d ,

cost
function

C
d ,

and
a

pruning
percentage

0
<
σ
d
<

1.T
he

outputofS
E

TL
E

A
R

N
is

a
partialpolicy

com
ponent

ψ
d

thatreturns
action

sets
that

contain
atm

osta
fraction

1−
σ
d

ofthe
available

actions
w

hile
attem

pting
to

m
inim

ize
the

expected
costof

ψ
d

on
µ
d .T

hatis,the
goalis

to
return

a
ψ
d

thatm
inim

izes
E

[C
d (s,ψ

d (s))]for
s∼

µ
d .T

he
designer’s

choice
ofpruning

percentage
σ
d

(e.g.,prune
75%

ofthe
actions

in
each

state)is
related

to
the

tim
e

constraints
ofthe

decision
problem

,w
ith

sm
allertim

e
constraints

requiring
m

ore
pruning.

G
iven

access
to

S
E

TL
E

A
R

N
w

e
firstpresentour

generic
reduction

algorithm
for

learning
par-

tial
policies

in
A

lgorithm
1.

T
his

algorithm
tem

plate
sim

ply
calls

S
E

TL
E

A
R

N
on

a
sequence

of

A
lgorithm

1
A

tem
plate

forlearning
a

partialpolicy
ψ

=
(ψ

0 ,...,ψ
D
−
1 ).T

he
tem

plate
is

instan-
tiated

by
specifying

the
pairs

of
distributions

and
costfunctions

(µ
d ,C

d )
for

d
∈
{0,...,D

−
1}.

S
E

TL
E

A
R

N
is

a
setlearning

algorithm
thataim

s
to

m
inim

ize
the

expected
costof

each
ψ
d

relative
to
C
d

and
µ
d .
σ
d

is
a

pruning
fraction

such
thatS

E
TL

E
A

R
N

returns
atm

ost
1−

σ
d

actions.
E

ach
partialpolicy

ψ
d

is
a

setfunction
thatm

aps
states

to
action

sets
ofsize

(1−
σ
d )|A|.

1:
procedure

P
A

R
T

IA
LP

O
L

IC
Y

L
E

A
R

N
E

R({(µ
d ,C

d )},σ
d )

2:
for

d
=

0,1,...,D
−

1
do

3:
Sam

ple
a

training
setofstates

S
d

from
µ
d

4:
ψ
d ←

S
E

TL
E

A
R

N
(S
d ,C

d ,σ
d )

5:
end

for
6:

return
ψ

=
(ψ

0 ,ψ
1 ,...,ψ

D
−
1 )

7:
end

procedure

set
learning

problem
s

and
returns

a
list

of
the

learned
partial

policies.
In

order
to

instantiate
this

tem
plate,itis

necessary
to

specify
S

E
TL

E
A

R
N

and
the

individualsetlearning
problem

s
(µ
d ,C

d ).
W

e
deferdetails

ofourim
plem

entation
of

S
E

TL
E

A
R

N
untilsection

4.R
ather,w

e
proceed

w
ith

the
definition

ofourlearning
reductions.E

ach
reduction

is
specified

by
a

particularchoice
of

(µ
d ,C

d ),
such

thatw
e

can
bound

the
expected

regretof
ψ

(w
hen

used
forsearch)by

the
expected

(i.i.d.)
costs

ofthe
ψ
d

returned
by

S
E

TL
E

A
R

N.
W

e
begin

w
ith

the
state

distributions
µ
d .

T
hese

are
specified

in
term

s
of

distributions
induced

by
(com

plete)
policies.

In
particular,given

a
policy

π
,w

e
let

µ
d (π

)
denote

the
state

distribution
produced

by
the

follow
ing

procedure:D
raw

an
initialstate

from
µ
0 ,execute

π
for

d
steps

and
return

the
finalstate.

Since
w

e
have

assum
ed

an
M

D
P

m
odelorsim

ulator,itis
straightforw

ard
to

sam
ple

7
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P
IN

T
O

A
N

D
F

E
R

N

from
µ
d (π

)
for

any
provided

π
.

B
efore

proceeding,w
e

state
tw

o
sim

ple
lem

m
as

thatw
illbe

used
to

prove
ourregretbounds.

L
em

m
a

1
Ifa

com
plete

policy
π

is
subsum

ed
by

partialpolicy
ψ

,then
for

any
initialstate

distri-
bution

µ
0 ,R

E
G

(µ
0 ,ψ

)≤
E

[V
∗0 (s

0 )]−
E

[V
π0
(s

0 )],for
s
0 ∼

µ
0 .

Proof
Since

π
is

subsum
ed

by
ψ

,w
e

know
that

Q
ψ0

(s,π
ψ

(s))
=
V
ψ0

(s)≥
V
π0
(s).

Since
for

any
a,
Q
∗0 (s,a

)
≥
Q
ψ0

(s,a
),w

e
have

for
any

state
s,
Q
∗0 (s,π

ψ
(s))

≥
V
π0
(s).

T
he

result
follow

s
by

negating
each

side
ofthe

inequality,follow
ed

by
adding

V
∗0 (s),and

taking
expectations.

T
hus,w

e
can

bound
the

regretofa
learned

ψ
ifw

e
can

guarantee
thatitsubsum

esa
policy

w
hose

ex-
pected

value
has

bounded
sub-optim

ality.O
urthree

reduction
algorithm

s,presented
below

,provide
differentapproaches

form
aking

such
a

guarantee.
T

he
second

lem
m

a
w

illbe
used

to
bound

the
sub-optim

ality
of

com
plete

polices
thatare

sub-
sum

ed
by

our
learned

partialpolicies,w
hich

then
allow

s
the

application
of

L
em

m
a

1.
V

ersions
of

this
“perform

ance
difference

lem
m

a”
have

been
used

in
prior

w
ork

(K
akade

and
L

angford,2002;
B

agnelletal.,2003;R
oss

and
B

agnell,2014).

L
em

m
a

2
For

any
tw

o
com

plete
policies

π
and

π
′and

any
initialstate

distribution
µ
0 ,

E
[V

π
′

0
(s

0 )−
V
π0
(s

0 ) ]
=

D
−
1

∑d
=
0

E
[V

π
′

d
(s
d )−

Q
π
′
d

(s
d ,π

(s
d )) ]

,w
here

s
d ∼

µ
d (π

0
:d−

1 )

.Proof
Follow

ing
a

prior
proof

(R
oss

and
B

agnell,2014),define
π
d

to
be

a
policy

thatfollow
s
π

for
d

steps
and

then
atstep

d
+

1
sw

itches
to

follow
ing

π
′untilthe

m
axim

um
depth

D
.

U
sing

the
observations

that
π
0

=
π
′and

π
D

=
π

,w
e

can
derive

the
follow

ing.

E
[V

π
′

0
(s

0 )−
V
π0
(s

0 ) ]
=

E

[
D
−
1

∑d
=
0

V
π
d

0
(s

0 )−
V
π
d
+
1

0
(s

0 ) ]

=
D
−
1

∑d
=
0

E
[V

π
d

0
(s

0 )−
V
π
d
+
1

0
(s

0 ) ]

=
D
−
1

∑d
=
0

E
[V

π
′

d
(s
d )−

Q
π
′
d

(s
d ,π

(s
d )) ]

,w
here

s
d ∼

µ
d (π

0
:d−

1 )

T
he

firstequality
is

sim
ply

a
telescoping

sum
.

T
he

third
equality

follow
s

due
the

factthat
π
d

and
π
d
+
1

both
follow

π
forthe

first
d

steps,w
hich

yields
the

sam
e

distribution
over

s
d .

W
e

w
illuse

this
lem

m
a

w
hen

the
reference

policy
π
′is

optim
al,thatis,

π
′

=
π
∗.

T
hus,the

sub-
optim

ality
of
π

can
be

bounded
by

accum
ulating

the
expected

sub-optim
ality

of
its

action
choices

along
trajectories

generated
by
π

.N
ext,w

e
presentourthree

reduction
algorithm

s,w
hich

are
sum

-
m

arized
in

Table
1.

3.1
O

PI:O
ptim

alPartialIm
itation

Perhaps
the

m
ost

straightforw
ard

idea
for

learning
a

partial
policy

is
to

attem
pt

to
find

a
partial

policy
thatis

usually
consistentw

ith
trajectories

of
the

optim
alpolicy

π
∗.

T
hatis,each

ψ
d

should
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L
E

A
R

N
IN

G
PA

R
T

IA
L

P
O

L
IC

IE
S

T
O

S
P

E
E

D
U

P
M

D
P

T
R

E
E

S
E

A
R

C
H

O
PI

µ
d

=
µ
d
(π
∗ )

C
d
(s
,ψ

d
(s

))
=

0
if
π
∗ d(
s)
∈
ψ
d
(s

),
ot

he
rw

is
e

1

FT
-O

PI
µ
d

=
µ
d
(ψ

+ 0
:d
−
1
)

C
d
(s
,ψ

d
(s

))
=

0
if
π
∗ d(
s)
∈
ψ
d
(s

),
ot

he
rw

is
e

1

FT
-Q

C
M

µ
d

=
µ
d
(ψ
∗ )

C
d
(s
,ψ

d
(s

))
=
Q

(s
,π
∗ d(
s)

)
−
Q

(s
,ψ
∗ d(
s)

)

Ta
bl

e
1:

In
st

an
tia

tio
ns

fo
rO

PI
,F

T-
O

PI
an

d
FT

-Q
C

M
in

te
rm

s
of

th
e

te
m

pl
at

e
in

A
lg

or
ith

m
1.

N
ot

e
th

at
ψ
d

is
a

pa
rt

ia
lp

ol
ic

y
w

hi
le
π
∗ d,
ψ
+ d

an
d
ψ
∗ d

ar
e

co
m

pl
et

e
po

lic
ie

s.

be
le

ar
ne

d
so

as
to

m
ax

im
iz

e
th

e
pr

ob
ab

ili
ty

of
co

nt
ai

ni
ng

ac
tio

ns
se

le
ct

ed
by
π
∗ d

w
ith

re
sp

ec
tt

o
th

e
op

tim
al

st
at

e
di

st
ri

bu
tio

n
µ
d
(π
∗ )

.
T

hi
s

ap
pr

oa
ch

is
fo

llo
w

ed
by

ou
r

fir
st

al
go

ri
th

m
ca

lle
d

O
pt

im
al

Pa
rt

ia
l

Im
ita

tio
n

(O
PI

).
In

pa
rt

ic
ul

ar
,

A
lg

or
ith

m
1

is
in

st
an

tia
te

d
w

ith
µ
d

=
µ
d
(π
∗ )

(n
ot

in
g

th
at

µ
0
(π
∗ )

is
eq

ua
lt

o
µ
0

as
sp

ec
ifi

ed
by

th
e

le
ar

ni
ng

pr
ob

le
m

)
an

d
C
d

eq
ua

lt
o

ze
ro

-o
ne

co
st

.
H

er
e

C
d
(s
,A
′ )

=
0

if
π
∗ d(
s)
∈
A
′ a

nd
C
d
(s
,A
′ )

=
1

ot
he

rw
is

e.
N

ot
e

th
at

th
e

ex
pe

ct
ed

co
st

of
ψ
d

in
th

is
ca

se
is

eq
ua

lt
o

th
e

pr
ob

ab
ili

ty
th

at
ψ
d

do
es

no
tc

on
ta

in
th

e
op

tim
al

ac
tio

n.
W

e
re

fe
r

to
th

is
as

th
e

pr
un

in
g

er
ro

ra
nd

de
no

te
it

by

e∗ d
(ψ

)
=

P
r

s∼
µ
d
(π
∗ )

(π
∗ d(
s)
/∈
ψ
d
(s

))
(4

)

A
na

iv
e

im
pl

em
en

ta
tio

n
of

O
PI

is
st

ra
ig

ht
fo

rw
ar

d.
W

e
ca

n
ge

ne
ra

te
le

ng
th
D

tr
aj

ec
to

ri
es

by
dr

aw
in

g
an

in
iti

al
st

at
e

fr
om

µ
0

an
d

th
en

se
le

ct
in

g
ac

tio
ns

(a
pp

ro
xi

m
at

el
y)

ac
co

rd
in

g
to
π
∗ d

us
in

g
st

an
da

rd
un

pr
un

ed
se

ar
ch

.
D

efi
ne

d
lik

e
th

is
,

O
PI

ha
s

th
e

ni
ce

pr
op

er
ty

th
at

it
on

ly
re

qu
ir

es
th

e
ab

ili
ty

to
re

lia
bl

y
co

m
pu

te
ac

tio
ns

of
π
∗ d,

ra
th

er
th

an
re

qu
ir

in
g

th
at

w
e

al
so

es
tim

at
e

ac
tio

n
va

lu
es

ac
cu

ra
te

ly
.T

hi
s

al
lo

w
s

us
to

ex
pl

oi
tt

he
fa

ct
th

at
se

ar
ch

al
go

ri
th

m
s

su
ch

as
U

C
T

of
te

n
qu

ic
kl

y
id

en
-

tif
y

op
tim

al
ac

tio
ns

,o
r

se
ts

of
ne

ar
-o

pt
im

al
ac

tio
ns

,w
el

lb
ef

or
e

th
e

ac
tio

n
va

lu
es

ha
ve

co
nv

er
ge

d.
T

hi
s

is
an

im
po

rt
an

tp
oi

nt
si

nc
e

w
e

w
ill

ap
pr

ox
im

at
e
π
∗

us
in

g
lo

ng
,c

om
pu

ta
tio

na
lly

ex
pe

ns
iv

e
ru

ns
of

U
C

T,
de

sc
ri

be
d

in
se

ct
io

n
4.

In
tu

iti
ve

ly
,i

f
th

e
ex

pe
ct

ed
co

st
e∗ d

is
sm

al
l

fo
r

al
l
d

,t
he

n
th

e
re

gr
et

of
ψ

sh
ou

ld
be

bo
un

de
d,

si
nc

e
th

e
pr

un
ed

se
ar

ch
tr

ee
s

w
ill

ge
ne

ra
lly

co
nt

ai
n

op
tim

al
ac

tio
ns

fo
r

st
at

e
no

de
s.

T
he

fo
llo

w
in

g
pr

oo
f

cl
ar

ifi
es

th
is

de
pe

nd
en

ce
.

Fo
r

th
e

pr
oo

f,
gi

ve
n

a
pa

rt
ia

lp
ol

ic
y
ψ

,i
ti

s
us

ef
ul

to
de

fin
e

a
co

r-
re

sp
on

di
ng

co
m

pl
et

e
po

lic
y
ψ
+

su
ch

th
at
ψ
+ d

(s
)

=
π
∗ d(
s)

w
he

ne
ve

r
π
∗ d(
s)
∈
ψ
d
(s

)
an

d
ot

he
rw

is
e

ψ
+ d

(s
)

is
th

e
le

xi
co

gr
ap

hi
ca

lly
le

as
ta

ct
io

n
in
ψ
d
(s

).
N

ot
e

th
at
ψ
+

is
su

bs
um

ed
by
ψ

.
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T
he

or
em

3
Fo

ra
ny

in
iti

al
st

at
e

di
st

ri
bu

tio
n
µ
0

an
d

pa
rt

ia
lp

ol
ic

y
ψ

,i
ff

or
ea

ch
d
∈
{0
,.
..
,D
−

1}
,

e∗ d
(ψ

)
≤
ε,

th
en

R
E

G
(µ

0
,ψ

)
≤
εD

2
.

Pr
oo

f
G

iv
en

th
e

as
su

m
pt

io
n

th
at
e∗ d

(ψ
)
≤
ε

an
d

th
at
ψ
+

se
le

ct
s

th
e

op
tim

al
ac

tio
n

w
he

ne
ve

rψ
co

n-
ta

in
s

it,
w

e
kn

ow
th

at
e∗ d

(ψ
+

)
≤
ε

fo
re

ac
h
d
∈
{0
,.
..
,D
−

1
}.

G
iv

en
th

is
co

ns
tr

ai
nt

on
ψ
+

,w
e

ca
n

ap
pl

y
L

em
m

a
3

fr
om

(S
ye

d
an

d
Sc

ha
pi

re
,2

01
0)

3 ,w
hi

ch
im

pl
ie

s
E

[V
ψ
+

0
(s

0
)]
≥
E

[V
∗ 0
(s

0
)]
−
εD

2
,

w
he

re
s 0
∼
µ
0
.T

he
re

su
lt

fo
llo

w
s

by
co

m
bi

ni
ng

th
is

w
ith

L
em

m
a

1.

T
hi

s
re

su
lt

m
ir

ro
rs

w
or

k
on

re
du

ci
ng

im
ita

tio
n

le
ar

ni
ng

to
su

pe
rv

is
ed

cl
as

si
fic

at
io

n
(R

os
s

an
d

B
ag

ne
ll,

20
10

;S
ye

d
an

d
Sc

ha
pi

re
,2

01
0)

,s
ho

w
in

g
th

e
sa

m
e

de
pe

nd
en

ce
on

th
e

pl
an

ni
ng

ho
ri

zo
n.

B
or

ro
w

in
g

ag
ai

n
fr

om
im

ita
tio

n
le

ar
ni

ng
,

it
is

st
ra

ig
ht

fo
rw

ar
d

to
co

ns
tr

uc
t

an
ex

am
pl

e
pr

ob
le

m
w

he
re

th
e

ab
ov

e
re

gr
et

bo
un

d
is

sh
ow

n
to

be
tig

ht
.T

hi
s

re
su

lt
m

ot
iv

at
es

a
le

ar
ni

ng
ap

pr
oa

ch
w

he
re

ea
ch
ψ
d

re
tu

rn
ed

by
S

E
T

L
E

A
R

N
at

te
m

pt
s

to
m

ax
im

iz
e

pr
un

in
g

(r
et

ur
ns

sm
al

l
ac

tio
n

se
ts

)
w

hi
le

m
ai

nt
ai

ni
ng

a
sm

al
le

xp
ec

te
d

co
st

.

3.
2

FT
-O

PI
:F

or
w

ar
d

Tr
ai

ni
ng

O
PI

O
PI

ha
s

a
po

te
nt

ia
lw

ea
kn

es
s,

si
m

ila
ri

n
na

tu
re

to
is

su
es

id
en

tifi
ed

in
pr

io
rw

or
k

on
im

ita
tio

n
le

ar
n-

in
g

(R
os

s
an

d
B

ag
ne

ll,
20

10
;R

os
s

et
al

.,
20

11
).

In
sh

or
t,

O
PI

do
es

no
tt

ra
in
ψ

to
re

co
ve

r
fr

om
its

ow
n

pr
un

in
g

m
is

ta
ke

s.
C

on
si

de
r

a
no

de
n

in
th

e
op

tim
al

su
bt

re
e

of
a

tr
ee
T

(s
0
).

N
ow

su
pp

os
e

th
at

th
e

le
ar

ne
d
ψ

er
ro

ne
ou

sl
y

pr
un

es
th

e
op

tim
al

ch
ild

ac
tio

n
of
n

.
T

hi
s

m
ea

ns
th

at
th

e
op

tim
al

su
bt

re
e

un
de

r
n

w
ill

be
pr

un
ed

fr
om

T
ψ

(s
),

in
cr

ea
si

ng
th

e
po

te
nt

ia
lr

eg
re

t.
Id

ea
lly

,w
e

w
ou

ld
lik

e
th

e
pr

un
ed

se
ar

ch
in
T
ψ

(s
)

to
re

co
ve

r
fr

om
th

e
er

ro
r

gr
ac

ef
ul

ly
an

d
re

tu
rn

an
an

sw
er

ba
se

d
on

th
e

be
st

re
m

ai
ni

ng
su

bt
re

e
un

de
rn

.U
nf

or
tu

na
te

ly
,t

he
di

st
ri

bu
tio

n
us

ed
to

tr
ai

n
ψ

by
O

PI
w

as
no

tn
ec

-
es

sa
ri

ly
re

pr
es

en
ta

tiv
e

of
th

is
al

te
rn

at
e

su
bt

re
e

un
de

rn
,s

in
ce

it
w

as
no

ta
n

op
tim

al
su

bt
re

e
of
T

(s
).

T
hu

s,
no

gu
ar

an
te

es
ab

ou
tt

he
pr

un
in

g
ac

cu
ra

cy
of
ψ

ca
n

be
m

ad
e

un
de

rn
od

e
n

.
In

im
ita

tio
n

le
ar

ni
ng

,t
hi

s
ty

pe
of

pr
ob

le
m

ha
s

be
en

de
al

tw
ith

vi
a

“f
or

w
ar

d
tr

ai
ni

ng
”

of
no

n-
st

at
io

na
ry

po
lic

ie
s

(R
os

s
et

al
.,

20
11

).
W

e
em

pl
oy

a
si

m
ila

r
id

ea
in

th
e

Fo
rw

ar
d

Tr
ai

ni
ng

O
PI

(F
T-

O
PI

)
al

go
ri

th
m

.
FT

-O
PI

di
ff

er
s

fr
om

O
PI

on
ly

in
th

e
st

at
e

di
st

ri
bu

tio
ns

us
ed

fo
r

tr
ai

ni
ng

.
T

he
ke

y
id

ea
is

to
le

ar
n

th
e

pa
rt

ia
lp

ol
ic

y
co

m
po

ne
nt

s
ψ
d

in
se

qu
en

tia
lo

rd
er

fr
om

d
=

0
to
d

=
D
−

1
.

E
ac

h
ψ
d

is
tr

ai
ne

d
on

a
di

st
ri

bu
tio

n
in

du
ce

d
by
ψ
0
:d
−
1

=
(ψ

0
,.
..
,ψ

d
−
1
),

w
hi

ch
w

ill
ac

co
un

tf
or

pr
un

in
g

er
ro

rs
m

ad
e

by
ψ
0
:d
−
1
.

Sp
ec

ifi
ca

lly
,

re
ca

ll
th

at
fo

r
a

pa
rt

ia
l

po
lic

y
ψ

,
w

e
de

fin
ed
ψ
+

to
be

a
co

m
pl

et
e

po
lic

y
th

at
se

le
ct

s
th

e
op

tim
al

ac
tio

n
if

it
is

co
ns

is
te

nt
w

ith
ψ

an
d

ot
he

rw
is

e
th

e
le

xi
co

gr
ap

hi
ca

lly
le

as
ta

ct
io

n.
T

he
st

at
e

di
st

ri
bu

tio
ns

us
ed

to
in

st
an

tia
te

FT
-O

PI
in

A
lg

or
ith

m
1

ar
e

µ
d

=
µ
d
(ψ

+ 0
:d
−
1
)

an
d

th
e

co
st

fu
nc

tio
n

re
m

ai
ns

ze
ro

-o
ne

co
st

as
fo

rO
PI

.T
hu

s,
th

e
ex

pe
ct

ed
co

st
of

ψ
d

is
e+ d

(ψ
)

=
P

r s
∼
µ
d
(ψ

+ 0
:d
−
1
)
(π
∗ d(
s)
/∈
ψ
d
(s

))
,w

hi
ch

gi
ve

s
th

e
pr

ob
ab

ili
ty

of
pr

un
in

g
th

e
op

tim
al

ac
tio

n
w

ith
re

sp
ec

tt
o

th
e

st
at

e
di

st
ri

bu
tio

n
of
ψ
+ 0
:d
−
1
.

N
ot

e
th

at
as

fo
rO

PI
,w

e
on

ly
re

qu
ir

e
th

e
ab

ili
ty

to
co

m
pu

te
π
∗

in
or

de
rt

o
sa

m
pl

e
fr

om
µ
d
(ψ

+ 0
:d
−
1
).

In
pa

rt
ic

ul
ar

,n
ot

e
th

at
w

he
n

le
ar

ni
ng
ψ
d
,w

e
ha

ve
ψ
0
:d
−
1

av
ai

la
bl

e.
H

en
ce

,w
e

ca
n

sa
m

pl
e

a
st

at
e

fr
om

µ
d

by
ex

ec
ut

in
g

a
tr

aj
ec

to
ry

of
ψ
+ 0
:d
−
1
.

A
ct

io
ns

fo
rψ

+ d
ca

n
be

se
le

ct
ed

by
fir

st
co

m
pu

tin
g
π
∗ d

an
d

se
le

ct
in

g
it

if
it

is
in
ψ
d

an
d

ot
he

rw
is

e
se

le
ct

in
g

th
e

le
xi

co
gr

ap
hi

ca
lly

le
as

ta
ct

io
n.

A
s

sh
ow

n
fo

r
th

e
fo

rw
ar

d
tr

ai
ni

ng
al

go
ri

th
m

fo
r

im
ita

tio
n

le
ar

ni
ng

(R
os

s
et

al
.,

20
11

),
w

e
gi

ve
be

lo
w

an
im

pr
ov

ed
re

gr
et

bo
un

d
fo

r
FT

-O
PI

un
de

r
an

as
su

m
pt

io
n

on
th

e
m

ax
im

um
su

b-
op

tim
al

ity

3.
T

he
m

ai
n

re
su

lt
of

(S
ye

d
an

d
Sc

ha
pi

re
,2

01
0)

ho
ld

s
fo

rs
to

ch
as

tic
po

lic
ie

s
an

d
re

qu
ir

es
a

m
or

e
co

m
pl

ic
at

ed
an

al
ys

is
th

at
re

su
lts

in
a

lo
os

er
bo

un
d.

L
em

m
a

3
is

st
ro

ng
en

ou
gh

fo
rd

et
er

m
in

is
tic

po
lic

ie
s.
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L
E

A
R

N
IN

G
P

A
R

T
IA

L
P

O
L

IC
IE

S
T

O
S

P
E

E
D

U
P

M
D

P
T

R
E

E
S

E
A

R
C

H

of
any

action.
T

he
intuition

is
that

if
it

is
possible

to
discover

high-quality
subtrees,

even
under

sub-optim
alaction

choices,then
FT-O

PIcan
learn

on
those

trees
and

recoverfrom
errors.

T
heorem

4
A

ssum
e

thatfor
any

state
s,depth

d,and
action

a,w
e

have
V
∗d (s)−

Q
∗d (s,a

)≤
∆

.For
any

initialstate
distribution

µ
0

and
partialpolicy

ψ
,iffor

each
d
∈
{0
,...,D

−
1},

e
+d

(ψ
)≤

ε,
then

R
E

G
(µ

0 ,ψ
)≤

ε∆
D

.

Proof
W

e
firstbound

the
sub-optim

ality
of
ψ
+

.
B

y
applying

L
em

m
a

2
w

ith
π
′

=
π
∗

and
π

=
ψ
′

w
e

can
infer

E
[V
∗0
(s

0 )−
V
ψ
+

0
(s

0 ) ]
=

D
−
1

∑d
=
0

E
[V
∗d (s

d )−
Q
∗d (s

d ,ψ
+

(s
d )) ]

,w
here

s
d ∼

µ
d (ψ

+0
:d−

1 ).
(5)

Since
w

e
have

assum
ed

that
e
+d

(ψ
)≤

ε,w
e

know
thatfor

each
d

the
probability

that
ψ
+

does
not

selectan
optim

alaction
for

states
s
d
∼
µ
d (ψ

+0
:d−

1 )
is

no
m

ore
than

ε.
In

addition,by
assum

ption,
the

w
orst

case
regret

of
such

erroneous
action

choices
is

bounded
by

∆
.

T
hus,each

expectation
term

of
the

right-hand-side
of

E
quation

5
can

be
bounded

by
ε∆

.
Sum

m
ing

these
D

term
s

then
im

plies
that

E
[V
∗0
(s

0 )−
V
ψ
+

0
(s

0 ) ]≤
ε∆
D
.

Since
ψ
+

is
subsum

ed
by
ψ

,w
e

can
apply

L
em

m
a

1
to

yield
the

result.

T
his

resultim
plies

thatif
∆

is
significantly

sm
aller

than
D

,then
FT-O

PI
has

the
potentialto

out-
perform

O
PIgiven

the
sam

e
bound

on
zero-one

cost.
In

the
w

orstcase
∆

=
D

and
the

bound
w

ill
equalto

thatofO
PI.

3.3
FT-Q

C
M

:Forw
ard

Training
Q

-C
ostM

inim
ization

W
hile

FT-O
PI

addressed
one

potential
problem

w
ith

O
PI,

they
are

both
based

on
zero-one

cost,
w

hich
raises

other
potentialissues.

T
he

prim
ary

w
eakness

of
zero-one

costis
its

inability
to

dis-
tinguish

betw
een

large
pruning

errors
and

sm
allpruning

errors.
Itw

as
for

this
reason

thatFT-O
PI

required
the

assum
ption

thatallaction
values

had
sub-optim

ality
bounded

by
∆

.H
ow

ever,in
m

any
problem

s,including
those

in
ourexperim

ents,thatassum
ption

isunrealistic,since
there

can
be

m
any

highly
sub-optim

alactions.Forexam
ple,in

C
hess,som

e
actions

m
ightlead

to
unavoidable

defeat.
T

his
m

otivates
using

a
costfunction

thatis
sensitive

to
the

sub-optim
ality

ofpruning
decisions.

In
addition,itcan

often
be

difficultto
learn

a
ψ

thathas
sm

allzero-one
costw

hile
also

providing
significantpruning.

For
exam

ple,in
m

any
dom

ains,in
som

e
states

there
w

illoften
be

m
any

near-
optim

alactions
thatare

difficultto
distinguish

from
the

slightly
betteroptim

alaction.In
such

cases,
achieving

low
zero-one

costm
ay

require
producing

large
action

sets.
H

ow
ever,learning

a
ψ

that
provides

significantpruning
w

hile
reliably

retaining
atleastone

near-optim
alaction

m
ay

be
easily

accom
plished.

T
his

again
m

otivates
using

a
cost

function
that

is
sensitive

to
the

sub-optim
ality

of
pruning

decisions,
w

hich
is

accom
plished

via
our

third
algorithm

,
Forw

ard
Training

Q
-C

ost
M

inim
ization

(FT-Q
C

M
)

T
he

costfunction
ofFT-Q

C
M

is
the

m
inim

um
sub-optim

ality,orQ
-cost,overunpruned

actions.
In

particular,w
e

use
C
d (s,A

′)
=
V
∗d (s)−

m
ax

a∈
A
′Q
∗d (s,a

).O
urstate

distribution
w

illbe
defined

sim
ilarly

to
thatof

FT-O
PI,only

w
e

w
illuse

a
differentreference

policy.
G

iven
a

partialpolicy
ψ

,
define

a
new

com
plete

policy
ψ
∗

=
(ψ
∗0 ,...,ψ

∗D
−
1 )

w
here

ψ
∗d (s)

=
arg

m
ax

a∈
ψ
d
(s)
Q
∗d (s,a

),so
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that
ψ
∗

alw
ays

selects
the

bestunpruned
action.

W
e

define
the

state
distributions

for
FT-Q

C
M

as
the

state
distribution

induced
by
ψ
∗,i.e.

µ
d

=
µ
d (ψ
∗0
:d−

1 ).
W

e
w

illdenote
the

expected
Q

-costof
ψ

atdepth
d

to
be

∆
d (ψ

)
=
E
[V
∗d (s

d )−
m

ax
a∈
ψ
d
(s
d
)
Q
∗d (s

d ,a
) ],w

here
s
d ∼

µ
d (ψ
∗0
:d−

1 ).
U

nlike
O

PI
and

FT-O
PI,

this
algorithm

requires
the

ability
to

estim
ate

action
values

of
sub-

optim
alactions

in
orderto

sam
ple

from
µ
d .T

hatis,sam
pling

from
µ
d

requires
generating

trajecto-
ries

of
ψ
∗d ,w

hich
m

eans
w

e
m

ustbe
able

to
accurately

detectthe
action

in
ψ
d (s)

thathas
m

axim
um

value,even
if

itis
a

sub-optim
alaction.

T
he

additionaloverhead
for

doing
this

during
training

de-
pends

on
the

search
algorithm

being
used.

For
m

any
algorithm

s,near-optim
alactions

w
illtend

to
receive

m
ore

attention
than

clearly
sub-optim

alactions.
In

those
cases,as

long
as
ψ
d (s)

includes
reasonably

good
actions,there

m
ay

be
little

additionalregret.W
e

use
long

runs
ofU

C
T

to
approx-

im
ate

ψ
∗d

and
use

U
C

T
’s
Q

estim
ates

in
the

costfunction.
T

he
fullim

plem
entation

is
described

in
section

4.
T

here
is

a
significanttheoreticalbenefitto

using
expected

Q
-costforlearning

com
pared

to
zero-

one
cost.T

he
follow

ing
bound,w

hich
m

otivates
the

FT-Q
C

M
algorithm

,show
s

thatthe
dependence

on
D

decreases
from

w
orst-case

quadratic
(forO

PIand
FT-O

PI)to
linear.

T
heorem

5
Forany

initialstate
distribution

µ
0

and
partialpolicy

ψ
,ifforeach

d
∈
{0,...,D

−
1},

∆
d (ψ

)≤
∆

,then
R

E
G

(µ
0 ,ψ

)≤
∆
D

.

Proof
A

pplying
L

em
m

a
2

w
ith

π
′
=
π
∗

and
π

=
ψ
∗

w
e

getthat

E
[V
∗0
(s

0 )−
V
ψ
∗

0
(s

0 ) ]
=

D
−
1

∑d
=
0

E
[V
∗d (s

d )−
Q
∗d (s

d ,ψ
∗(s

d ))],w
here

s
d ∼

µ
d (ψ
∗0
:d−

1 ).

B
y

ourassum
ption

that
∆
d (ψ

)≤
∆

forall
d,w

e
can

com
bine

this
w

ith
the

above
to

obtain

E
[V
∗0
(s

0 )−
V
ψ
∗

0
(s

0 ) ]≤
∆
D
.

Since
ψ
∗

is
subsum

ed
by
ψ

w
e

can
apply

L
em

m
a

1
to

getthe
result.

FT-Q
C

M
tries

to
m

inim
ize

this
regretbound

by
m

inim
izing

∆
d (ψ

)
via

supervised
learning

ateach
depth.

A
s

w
e

w
illshow

in
our

experim
ents,itis

possible
to

m
aintain

sm
allexpected

Q
-costw

ith
significantpruning,w

hile
the

sam
e

am
ountofpruning

w
ould

resultin
a

m
uch

largerzero-one
cost.

W
hen

this
is

true,the
benefits

ofFT-Q
C

M
overO

PIand
FT-O

PIcan
be

significant,w
hich

is
show

n
in

ourexperim
ents.

4.Im
plem

entation
D

etails

T
hissection

firstdescribesthe
U

C
T

algorithm
,w

hich
isthe

base
plannerused

in
allthe

experim
ents.

W
e

then
describe

the
partialpolicy

representation
and

the
learning

algorithm
.

Finally,w
e

specify
how

w
e

generate
the

training
data.

4.1
U

C
T

U
C

T
(K

ocsis
and

Szepesvári,2006)is
an

online
planning

algorithm
.G

iven
the

currentstate
s,U

C
T

selects
an

action
by

building
a

sparse
lookahead

tree
over

the
state

space
reachable

from
s.

T
hus,

s
is

atthe
rootof

the
tree.

E
dges

from
s

correspond
to

actions
and

their
outcom

es
so

thatthe
tree
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S
E

T
L

E
A

R
N

al
go

ri
th

m
.

In
th

is
w

or
k,

w
e

pe
rf

or
m

a
po

st
-h

oc
an

al
ys

is
of

th
e

ex
pe

ct
ed

co
st

of
ψ
d

fo
r

a
ra

ng
e

of
pr

un
in

g
va

lu
es

an
d

se
le

ct
va

lu
es

of
σ
d

th
at

yi
el

d
re

as
on

ab
ly

sm
al

lc
os

ts
.I

n
se

ct
io

n
6,

w
e

gi
ve

de
ta

ils
of

th
e

se
le

ct
io

ns
us

ed
in

ou
re

xp
er

im
en

ts
.

O
nc

e
σ
d

is
fix

ed
,w

e
ha

ve
in

du
ce

d
a

se
t

le
ar

ni
ng

pr
ob

le
m

.
N

ex
t,

w
e

co
nv

er
t

th
e

se
t

le
ar

ni
ng

pr
ob

le
m

to
a

ra
nk

in
g

pr
ob

le
m

.T
ha

ti
s,

fo
rs

ta
te

s
at

de
pt

h
d

,w
e

se
ek

to
le

ar
n

a
sc

or
in

g
fu

nc
tio

n
ov

er
ac

tio
ns

th
at

w
ill

al
lo

w
us

to
pr

un
e

aw
ay

th
e

bo
tto

m
σ
d

fr
ac

tio
n

of
ac

tio
ns

.I
n

th
is

w
or

k,
w

e
us

e
lin

ea
r

ra
nk

in
g

fu
nc

tio
ns

fo
rt

he
ir

co
m

pu
ta

tio
na

le
ffi

ci
en

cy
an

d
si

m
pl

ic
ity

,a
lth

ou
gh

no
n-

lin
ea

ra
pp

ro
ac

he
s

(e
.g

.,
de

ep
ne

ur
al

ne
tw

or
ks

)
m

ay
al

so
be

us
ed

.
Fo

rm
al

ly
,w

e
ha

ve
a
n

-d
im

en
si

on
al

w
ei

gh
tv

ec
to

r
w
d

an
d

a
us

er
-p

ro
vi

de
d

fe
at

ur
e

ve
ct

or
φ

(s
,a

)
ov

er
st

at
e-

ac
tio

n
pa

ir
s.

T
he

lin
ea

r
ra

nk
in

g
fu

nc
tio

n
f d

(s
,a

)
=
w
T d
φ

(s
,a

)
al

lo
w

s
us

to
de

fin
e

a
to

ta
lo

rd
er

ov
er

ac
tio

ns
,b

re
ak

in
g

tie
s

le
xi

co
gr

ap
hi

ca
lly

.
T

hu
s,
w
d

al
on

g
w

ith
th

e
pr

un
in

g
fr

ac
tio

n
σ
d

fu
lly

pa
ra

m
et

er
iz

es
th

e
pa

rt
ia

lp
ol

ic
y

co
m

po
ne

nt
ψ
d
,

w
hi

ch
is

de
fin

ed
as

th
e

se
to

fd
(1
−
σ
d
)
×
|A
|e

hi
gh

es
tr

an
ke

d
ac

tio
ns

.
N

ex
t,

w
e

sp
ec

if
y

ho
w

w
e

im
pl

em
en

tt
he

S
E

T
L

E
A

R
N

pr
oc

ed
ur

e.
E

ac
h

tr
ai

ni
ng

se
tw

ill
co

ns
is

t
of

pa
ir

s
{(
s i
,c
i)
},

w
he

re
s i

is
a

st
at

e
an

d
c i

is
a

ve
ct

or
th

at
as

si
gn

s
a

co
st

to
ea

ch
ac

tio
n.

W
e

fir
st

de
sc

ri
be

th
e

re
du

ct
io

n
to

co
st

-s
en

si
tiv

e
bi

na
ry

cl
as

si
fic

at
io

n
an

d
th

en
sp

ec
if

y
th

e
m

et
ho

d
by

w
hi

ch
th

e
tr

ai
ni

ng
da

ta
is

ge
ne

ra
te

d
fr

om
lo

ng
ru

ns
of

U
C

T.
Fo

rO
PI

an
d

FT
-O

PI
,t

he
co

st
ve

ct
or

as
si

gn
s

0
to

th
e

op
tim

al
ac

tio
n

an
d

1
to

al
lo

th
er

ac
tio

ns
.F

or
FT

-Q
C

M
,t

he
c i

gi
ve

th
e

Q
-c

os
ts

of
ea

ch
ac

tio
n,

ob
ta

in
ed

fr
om

th
e

Q
es

tim
at

es
du

ri
ng

of
fli

ne
U

C
T.

W
e

le
ar

n
th

e
pa

rt
ia

lp
ol

ic
y

by
fir

st
le

ar
ni

ng
th

e
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E

A
R

N
IN

G
P

A
R

T
IA

L
P

O
L

IC
IE

S
T

O
S

P
E

E
D

U
P

M
D

P
T

R
E

E
S

E
A

R
C

H

ranking
function

in
a

w
ay

thatattem
pts

to
rank

the
optim

alaction
as

highly
as

possible
and

then
selectan

appropriate
pruning

fraction
based

on
the

learned
ranker.

For
rank

learning,w
e

follow
a

com
m

on
approach

of
converting

the
problem

to
cost-sensitive

binary
classification.

In
particular,for

a
given

exam
ple

(s,c)
w

ith
optim

alaction
a ∗,w

e
create

a
cost-sensitive

classification
exam

ple
foreach

action
a
j 6=

a ∗
ofthe

form
,

(s,c)
−→

{
(φ

(s,a ∗)−
φ

(s,a
j )
,
c(a ∗)−

c(a
j ))

|
a
j 6=

a ∗}
L

earning
a

linear
classifier

for
such

an
exam

ple
w

illattem
ptto

rank
a ∗

above
a
j

according
to

the
costdifference.

T
his

produces
m
−

1
training

exam
ples

for
a

state
w

ith
m

actions.
W

e
apply

an
existing

cost-sensitive
learner

(V
W

,
(L

angford,
2011))

to
learn

a
w

eight
vector

based
on

the
pairw

ise
data.

T
he

learning
algorithm

is
standard

binary
classification

w
ith

squared
loss

and
L
2

regularization,setto
0
.01.

W
e

also
random

ly
flip

the
ranking

constraints
w

ith
uniform

probability
in

order
to

balance
the

binary
class

labels.
In

V
W

form
at,

each
training

exam
ple

consists
of

a
cost,

binary
label,

and
feature

difference
vector.

Finally,
w

e
experim

ented
w

ith
other

m
ethods

of
generating

ranking
constraints

for
the

reduction
from

set
learning

to
ranking

(e.g.,
all

pairs,
unpruned

vs
pruned).

T
he

sim
ple

technique
described

above
perform

ed
bestin

this
experim

ental
setup.N

ote
thatthis

im
plies

thatthe
training

of
f
d

is
independentof

σ
d .

4.3
G

enerating
Training

States

E
ach

of
our

algorithm
s

requires
sam

pling
training

states
from

trajectories
of

particular
policies.

O
PI

and
FT-O

PI
require

approxim
ately

com
puting

π
∗d .

FT-Q
C

M
has

the
additional

requirem
ent

of
approxim

ating
the

action
values

for
sub-optim

alactions.
O

ur
im

plem
entation

of
this

is
to

first
generate

a
setoftrees

using
substantialsearch,w

hich
provides

us
w

ith
the

required
policy

oraction
values.W

e
then

sam
ple

trajectories
from

those
trees.

M
ore

specifically,ourlearning
algorithm

is
provided

w
ith

a
setofrootstates

by
using

expensive
runsofU

C
T

to
selectactionsalong

com
plete

trajectories,starting
from

a
state

draw
n

from
the

initial
state

distribution
ofa

dom
ain.W

e
letS

0
denote

the
setofstatesencountered

along
these

trajectories,
noting

thatw
e

can
view

S
0

as
being

draw
n

from
the

targetdistribution
µ
0 .

For
each

s
0
∈
S
0 ,w

e
store

the
tree

produced
by

U
C

T,noting
thatthe

resulting
trees

w
illtypically

have
a

large
num

ber
of

nodes
on

the
tree

fringe
thathave

been
infrequently

visited.
Since

such
states

are
notusefulfor

learning,w
e

selecta
depth

bound
D

such
thatnodes

atdepth
d
<
D

have
been

sufficiently
explored

and
have

m
eaningfulaction

values.T
he

trees
are

then
pruned

to
depth

D
.

G
iven

this
set

of
depth

D
trees,

w
e

can
now

generate
execution

trajectories
using

the
action

selection
rule

for
each

algorithm
(Table

1)
and

the
M

D
P

sim
ulator

to
sam

ple
subsequent

states.
For

exam
ple,O

PI
sim

ply
requires

running
trajectories

through
the

trees
based

on
selecting

actions
according

to
the

optim
alaction

estim
atesateach

tree
node.T

he
state

atdepth
d

along
each

trajectory
is

added
to

the
data

setfortraining
ψ
d .FT-Q

C
M

sam
ples

states
fortraining

ψ
d

by
generating

length
d

trajectories
of
ψ
∗0
:d−

1 .
E

ach
such

action
selection

requires
referring

to
the

estim
ated

action
values

and
returning

the
highest-valued

action
thatis

notpruned.T
he

finalstate
on

the
trajectory

isthen
added

to
the

training
setfor

ψ
d .

N
ote

thatsince
our

approach
assum

es
i.i.d.training

sets
for

each
ψ
d ,w

e
only

sam
ple

a
single

trajectory
from

each
tree.

H
ow

ever,
our

experim
ents

indicate
that

m
ultiple

trajectories
can

be
sam

pled
from

the
tree

w
ithoutsignificantperform

ance
loss

(although
the

guarantee
is

lost).
D

oing
so

allow
s

m
any

additionalexam
ples

to
be

generated
pertree,avoiding

the
need

foradditional
expensive

tree
construction.
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a
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s
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0
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s
1
π
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1
)

−−−−→
s
2
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[...,I
a ∗

=
a
i ,...]

s
0
ψ
+0
(s

0
)

−−−−→
s
1
ψ
+1
(s

1
)

−−−−→
s
2
...
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C
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∗d (s,a ∗)−

Q
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...]

s
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−−−−→
s
1
ψ
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(s

1
)

−−−−→
s
2
...

Figure
2:

Training
data

generation
and

ranking
reduction

for
each

algorithm
.

Start
by

sam
pling

s
0

from
the

sam
e

initialstate
distribution

µ
0 .

O
PI

uses
the

optim
alpolicy

ateach
depth

w
hereas

FT-O
PI

and
FT-Q

C
M

use
the

m
ost

recently
learned

com
plete

policy
(at

depth
d
−

1).
O

PI
and

FT-O
PI

use
0-1

costs.
O

nly
FT-Q

C
M

uses
the

Q
costfunction,w

hich
turns

outto
be

criticalforgood
perform

ance.

5.R
elated

W
ork

W
hile

there
is

a
large

body
of

w
ork

on
integrating

learning
and

planning,w
e

do
notknow

of
any

w
ork

on
learning

partialpolicies
forspeeding

up
online

M
D

P
planning.

T
here

are
a

num
ber

of
efforts

that
study

m
odel-based

reinforcem
ent

learning
(R

L
)

for
large

M
D

Ps
thatutilize

tree
search

m
ethods

for
planning

w
ith

the
learned

m
odel.

E
xam

ples
include

R
L

using
FSSS

(W
alsh

etal.,2010),M
onte-C

arlo
A

IX
I(V

eness
etal.,2011),and

T
E

X
PL

O
R

E
(H

ester
and

Stone,2013).H
ow

ever,these
m

ethods
focus

on
m

odel/sim
ulatorlearning

and
do

notattem
ptto

learn
to

speedup
tree

search,w
hich

is
the

focus
ofourw

ork.

W
ork

on
learning

search
controlknow

ledge
in

determ
inistic

planning
and

gam
esism

ore
related.

O
ne

research
direction

has
been

on
learning

know
ledge

for
ST

R
IPS-style

determ
inistic

planners.
E

xam
ples

of
this

approach
are

learning
heuristics

and
policies

for
guiding

best-firstsearch
(Y

oon
etal.,2008)

or
state

ranking
functions

(X
u

etal.,2009).
T

he
problem

of
learning

leaf
evaluation

heuristics
has

also
been

studied
in

the
contextof

determ
inistic

real-tim
e

heuristic
search

(B
ulitko

and
L

ee,2006).
A

s
another

exam
ple,evaluation

functions
for

gam
e

tree
search

have
been

learned
from

the
“principle

variations”
of

deep
searches

(V
eness

et
al.,

2009).
A

related
body

of
w

ork
involves

iterative
deepening

heuristic
search

and
its

variants
(K

orf,1985;R
einefeld

and
M

arsland,
1994).

C
ontrol

know
ledge

is
typically

leveraged
using

heuristic
scoring

functions,
transposition

tables
and

principal
variations.

T
hese

m
ethods

often
im

prove
search

by
using

m
em

ory-intensive
controlknow

ledge
(e.g.,hash

tables)
and

increm
entally

expanding
the

search,butdo
notprovide

theoretical
guarantees.

N
evertheless,

the
idea

of
progressive

w
idening

and
iterative

deepening
is

extrem
ely

appealing
and

one
thatw

e
intend

to
explore

m
ore

in
future

w
ork.

T
he

idea
ofusing

deep
U

C
T

search
to

generate
high-quality

state-action
training

pairs
has

been
proposed

recently
(G

uo
etal.,2014).T

his
w

ork
is

intuitively
sim

ilarto
the

w
ork

in
this

paper.T
he

high-quality
training

data
is

used
to

train
a

stationary
reactive

policy
using

a
deep

neuralnetw
ork

(D
N

N
)

policy.
T

his
is

standard
im

itation
learning,

w
here

the
goal

is
to

learn
a

reactive
policy.

T
he

resulting
D

N
N

policy
perform

s
very

w
ellon

a
num

ber
of

A
TA

R
I

gam
es.

H
ow

ever,even
this

sophisticated
reactive

policy
cannotoutperform

deep
(butslow

er)U
C

T
search.T

his
w

ork
provides

exam
ples

ofdom
ains

in
w

hich
an

advanced
reactive

controlleris
outperform

ed
by

sufficiently
deep

lookahead
tree

search.
O

ur
w

ork
attem

pts
to

provide
a

rigorous
m

iddle
ground

betw
een

reactive
decision-m

aking
and

expensive
unpruned

search.16
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m
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e
po
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m

s
w
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la

rg
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or
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nt
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n
sp
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m
ai

n
id

ea
he

re
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st
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tt

he
se
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w
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al
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ts
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d
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tr

od
uc

e
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w
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se

ar
ch

pr
og
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ss
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(C

ou
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x

et
al

.,
20

11
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.
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r
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e

m
ay

ad
d

a
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w
ac
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n

(s
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et
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es
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d

“u
np
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w
he

n
th

e
nu
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Figure
3:

A
visualization

ofa
G

alcon
gam

e
in

progress.T
he

agentm
ustdirectvariable-sized

fleets
to

eitherreinforce
planets

underits
control,take

overenem
y

planets,orunoccupied
ones.

T
he

decision
space

is
large,often

involving
hundreds

ofactions.

Yahtzee:
T

he
second

dom
ain

is
a

classic
dice

gam
e

w
hich

consists
of

thirteen
stages.

In
each

stage,
the

agent
m

ay
roll

any
subset

of
the

five
dice

at
m

ost
tw

ice,
after

w
hich

the
player

m
ust

selectone
ofthe

em
pty

categories.A
category,once

selected,m
ay

notbe
reselected

in
laterstages.

T
his

produces
a

total
of

39
decisions

that
m

ust
be

m
ade

per
gam

e,w
here

the
last

action
trivially

assigns
the

only
rem

aining
category.

T
he

categories
are

divided
into

upper
and

low
er

categories
w

ith
each

one
scored

differently.T
he

low
ercategories

roughly
correspond

to
poker-style

conditions
(“fullhouse”,“three

of
a

kind”,“straight”,etc.),w
hile

the
upper

categories
seek

to
m

axim
ize

the
individualdice

faces
(ones,tw

os,...,sixes).
A

bonus
of

35
points

is
aw

arded
w

hen
the

sum
of

the
uppercategory

scores
exceeds

63.T
his

ensures
thatthe

playerm
ustvery

carefully
assign

categories
since

the
loss

of
the

bonus
has

a
large

im
pacton

the
finalscore.

T
he

m
axim

um
score

atthe
end

of
any

gam
e

is375,w
hich

is
very

hard
to

achieve.T
he

above
im

plem
entation

is
the

sim
plestversion

of
the

gam
e,restricted

to
a

single
“Y

ahtzee”
(allfive

dice
faces

are
identical).O

urim
plem

entation
for

the
sim

ulator
w

illbe
m

ade
available

upon
request 4.

Figure
4

show
s

a
sum

m
ary

of
the

rules
of

the
gam

e.T
he

U
C

T
algorithm

,including
allparam

etervalues,is
identicalto

the
one

used
in

G
alcon.

T
he

trees
generated

by
U

C
T

differ
significantly

in
the

tw
o

dom
ains.

C
om

pared
to

G
alcon,

Y
ahtzee

has
a

relatively
sm

all
action

branching
factor,

sm
aller

tim
e

horizon
and

a
fast

sim
ulator.

Furtherm
ore,the

available
actions

and
the

branching
factor

in
Y

ahtzee
decrease

as
categories

are
filled,w

hereas
in

G
alcon,the

agentoccupying
m

ore
planets

has
a

larger
action

set.
T

hus,w
e

can
play
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any

m
ore

gam
esofY

ahtzee
perunittim

e
com

pared
to

G
alcon.H

ow
ever,Y

ahtzee
posesa

dif-
ficultchallenge

forM
C

T
S

algorithm
s

due
to

the
dice

rolls
w
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increase

the
state

branching
factor

and
add

variance
to

the
Q

value
estim

ates.C
onsequently,even

deep
search

w
ith

the
U

C
T

algorithm
is

error-prone
and

struggles
to

im
prove

perform
ance

w
ith

larger
search

budgets.
A

s
in

G
alcon,the

search
quality

of
U

C
T

degrades
significantly

at
depths

beyond
tw

o
or

three.
N

ote,how
ever,that

4.W
e

are
also

in
the

process
ofopen-sourcing

the
entire

code
base.
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Figure
4:

A
typical

scoring
sheet

for
Y

ahtzee,
consisting

of
five

dice
and

13
categories.

In
each

gam
e,

all
13

categories
m

ust
be

scored,
one

per
stage.

E
ach

stage
consists

of
at

m
ost

three
dice

rolls
(original

roll
+

tw
o

m
ore

controlled
by

the
player).

T
he

objective
is

to
m

axim
ize

the
totalscore.

T
he

dice
rolls

increase
the

tree
size

and
adds

variance
during

rollouts.O
ursim

ulatorim
plem

ents
the

variantw
here

atm
ostone

“Y
ahtzee”

(allfive
dice

faces
are

identical)can
be

recorded.
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Figure
5:

T
he

search
perform

ance
ofU

C
T

using
partialpolicies

learned
by

FT-Q
C

M
,FT-O

PI,and
O

PI
as

a
function

of
the

search
budget.

T
he

results
for

G
alcon

are
in

the
first

colum
n,

the
results

for
Y

ahtzee
in

the
second.

E
ach

row
corresponds

to
a

differentsetof
pruning

thresholds.
T

he
top

row
show

s
the

results
of

pruning
90%

of
the

actions
w

hereas
the

bottom
row

prunes
50%

.
FT-Q

C
M

easily
outperform

s
FT-O

PI
and

O
PI

in
five

instances
and

is
tied

in
the

sixth.
A

s
m

entioned
in

section
6.1,the

rew
ard

(bounded
by

[0,1
])

is
a

linearfunction
ofthe

raw
score,m

easured
atthe

end
ofthe

gam
e.
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6.4
R

elating
search

and
regret

In
orderto

betterunderstand
how

search
perform

ance
isrelated

to
the

quality
ofthe

pruning
policies,

w
e

analyze
the

learned
partialpolicies

on
a

held-outdatasetof
trajectories.

In
particular,for

each
linearpartialpolicy,w

e
com

pute
its

average
pruning

errorand
average

regretas
the

levelofpruning
isincreased

from
none

(σ
d

=
0)to

m
axim

um
(σ
d

=
1.0).R

ecallthe
definition

ofpruning
errorfrom

E
quation

4,w
hich

is
the

probability
of
ψ

pruning
aw

ay
the

optim
alaction

(w
.r.t.the

expertpolicy).
T

he
definition

forregretisgiven
in

E
quation

3.T
hese

supervised
m

etricsare
com

puted
by

averaging
over

a
held-outdatasetof

rootstates
taken

from
atleastone

thousand
trajectories.

Figure
6

show
s

these
supervised

m
etrics

on
G

alcon
foreach

ofthe
three

depths.T
he

leftcolum
n

show
s

the
average

regret
w

hile
the

right
colum

n
is

the
average

pruning
error

rate.
T

he
result

of
pruning

random
ly

is
also

show
n

since
it

corresponds
to

pruning
w

ith
random

action
subsets.

Figure
7

show
s

the
corresponding

results
forY

ahtzee.
W

e
startatthe

root,w
hich

is
the

firstrow
in

both
figures.

A
s

expected,both
regretand

error
increase

as
m

ore
actions

are
pruned.

T
he

key
resulthere

is
thatFT-Q

C
M

has
significantly

low
er

regretthan
FT-O

PIand
O

PIforboth
dom

ains.T
he

low
erregretis

unsurprising
given

thatFT-Q
C

M
uses

the
regret-based

costfunction
w

hile
FT-O

PI
and

O
PI

use
zero-one

costs.
H

ow
ever,FT-Q

C
M

also
dem

onstrates
the

leastpruning
errorin

both
problem

s.G
iven

thatthe
sam

e
state

distribution
is

used
atthe

root,this
observation

m
erits

additionalanalysis.
T

here
are

tw
o

m
ain

reasons
w

hy
FT-O

PI
and

O
PI

do
notlearn

good
policies.

First,the
linear

policy
space

has
very

lim
ited

representational
capacity.

Second,the
expert

trajectories
are

noisy.
T

he
poor

quality
of

the
policy

space
is

highlighted
by

the
spike

in
the

regretatm
axim

um
pruning,

indicating
thatallthree

learners
have

difficulty
im

itating
the

expert.W
e

also
observe

this
atthe

end
oftraining,w

here
the

final0-1
errorrate

rem
ainshigh.T

he
expert’sshortcom

ingslie
in

the
difficulty

ofthe
problem

s
them

selves.Forinstance,in
G

alcon,very
few

action
nodes

atdepths
d
>

0
receive

sufficientvisits.
In

Y
ahtzee,the

stochasticity
in

dice
rolls

m
akes

itvery
difficultto

estim
ate

action
values

accurately.
Furtherm

ore,
in

states
w

here
m

any
actions

are
qualitatively

sim
ilar

(e.g.,
roll

actions
w

ith
nearly

identical
Q

values),
the

expert’s
choice

of
action

is
effectively

random
.

T
his

adds
noise

to
the

training
exam

ples,w
hich

m
akes

the
im

itation
learning

problem
harder.

H
ow

ever,
FT-Q

C
M

’s
use

of
regret-based

costs
allow

s
itto

w
ork

w
ellin

Y
ahtzee

atalldepths,butonly
atthe

rootin
G

alcon.In
G

alcon,the
expertdeteriorates

rapidly
aw

ay
from

the
rootpolicy

and
the

training
datasetbecom

es
very

noisy.G
iven

the
dom

inating
perform

ance
ofFT-Q

C
M

overO
PIand

FT-O
PI,

w
e

focus
on

FT-Q
C

M
forthe

rem
ainderofthe

experim
ents.

6.5
Selecting

σ
d

W
e

w
illnow

describe
a

sim
ple

technique
forselecting

σ
d .R

ecallthata
good

pruning
threshold

m
ust

“pay
foritself”.T

hatis,in
orderto

justify
the

tim
e

spentevaluating
know

ledge,a
sufficientnum

ber
ofsub-optim

alactions
m

ustbe
pruned

so
thatthe

im
provem

entproduced
is

largerthan
w

hatw
ould

have
been

achieved
by

sim
ply

searching
m

ore.
A

t
one

extrem
e,

too
m

uch
pruning

incurs
large

regretand
little

perform
ance

im
provem

entw
ith

increasing
search

budgets.A
tthe

otherextrem
e,if

insufficientactions
are

pruned,search
perform

ance
m

ay
be

w
orse

than
thatofuninform

ed
(vanilla)

search
due

to
the

additionaloverhead
ofcom

puting
state-action

features.
T

he
key

to
selecting

good
valuesliesin

the
supervised

m
etricsdiscussed

above,w
here

the
regret

and
search

graphs
are

correlated.
T

hus,one
sim

ple
technique

for
selecting

σ
d

is
to

use
the

largest
value

thathassufficiently
sm

allregret.Forinstance,in
G

alcon,regretisnear-zero
for

σ
0
<

0.75
and
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no
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tr
ai

ni
ng

da
ta
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E

A
R

N
IN

G
P

A
R

T
IA

L
P

O
L

IC
IE

S
T

O
S

P
E

E
D

U
P

M
D

P
T

R
E

E
S

E
A

R
C

H

increases
sharply

thereafter.
T

he
regretis

practically
zero

for
Y

ahtzee
untilthe

pruning
threshold

exceeds
0.5

and
only

seem
s

to
increase

significantly
around

0
.75.

For
sim

plicity,
w

e
choose

a
constant

pruning
threshold

and
set

σ
d

to
0.75

for
every

value
of
d.

A
s

w
e

w
ill

see
next,

using
FT-Q

C
M

partial
policies

w
ith

σ
d

=
0
.75

results
in

large
perform

ance
gains

across
the

anytim
e

curve.
A

m
ore

com
putationally

expensive
m

ethod
of

selecting
σ
d

w
ould

require
the

evaluation
of

the
planning

perform
ance

ofa
num

berofdifferentpruning
thresholds.

6.6
C

om
paring

FT-Q
C

M
w

ith
baselines

W
e

w
illnow

com
pare

FT-Q
C

M
w

ith
othersearch-based

and
reactive

agents.M
ostofthe

baselines
require

controlknow
ledge

in
the

form
ofeithera

policy
ora

heuristic
evaluation

function.Since
the

partialpolicy
learned

by
FT-Q

C
M

atthe
roothas

the
leastregret,w

e
w

illuse
itin

every
technique

5.W
e

denote
this

partialpolicy
as
ψ
G

and
its

linearscoring
function

as
h
G

(s,a
)

=
w
TG
φ

(s,a
).

H
euristic

B
ias

(H
B

):O
ur

firstbaseline
is

a
popular

technique
for

injecting
a

heuristic
into

the
M

C
T

S
fram

ew
ork.

H
B

first
adds

a
bias

to
an

action
node’s

score
and

then
slow

ly
reduces

it
as

the
node

is
visited

m
ore

often.
T

his
has

the
effect

of
favoring

high-scoring
actions

early
on

and
slow

ly
sw

itching
to

unbiased
search

for
large

budgets.
T

his
technique

can
be

view
ed

as
a

form
of

progressive
w

idening
(C

haslot
etal.,2007)

w
ith

biased
action

selection
and

encom
passes

a
large

body
of

search
variants.

For
exam

ple,
one

m
ethod

uses
the

visit
counts

to
explicitly

control
the

branching
factorateach

node
(C

ouëtoux
etal.,2011a).H

ow
ever,none

ofthese
m

ethods
com

e
w

ith
form

alregretbounds
and

are
agnostic

to
the

choice
ofheuristic,ifone

is
used.In

ourexperim
ents,

w
e

observed
thatsearch

perform
ance

is
extrem

ely
sensitive

to
the

interaction
betw

een
the

rew
ard

estim
ate,non-stationary

exploration
bonus,and

the
non-stationary

bias
term

.
In

our
dom

ains,the
follow

ing
heuristic

w
orked

betterthan
the

othervariations
considered.

q(s,a
)

=
K
h
G

(s,a
)

if
n
a

=
0

=
Q
U
C
B

(s,a
)

+
(1−

k
n
)K

h
G

(s,a
)

n
a
>

0

w
here

K
is

a
dom

ain-specific
constant

and
k
n

=
n

(s,a
)/(n

(s,a
)

+
1)

is
zero

for
an

unvisited
action

and
increases

tow
ards

one
as

the
action

is
visited

m
ore.

T
hus,the

exploration
scaling

term
(1−

k
n
)

is
m

axim
um

(one)
initially

and
decreases

tow
ards

zero
w

ith
each

subsequentvisit.
N

ext,
Q
U
C
B

(s,a
)

is
the

U
C

B
score

ofan
action

node
from

E
quation

6,com
bining

the
Q

estim
ate

w
ith

an
exploration

bonus
for

infrequently
visited

action
nodes.

T
he

bestvalues
of
K

and
the

exploration
constant

c
w

ere
obtained

through
a

com
putationally

expensive
grid

search.
Inform

ed
R

ollout(IR
):A

nother
popular

technique
for

using
know

ledge
in

U
C

T
involves

us-
ing

an
“inform

ed”
rolloutpolicy.

T
he

underlying
idea

is
thata

biased
rolloutpolicy

can
produce

m
ore

accurate
state

evaluationsthan
uniform

random
action

selection.Typically,thispolicy
ishand-

engineered
using

expertknow
ledge

(e.g.,M
oG

o
(G

elly
etal.,2006)),butitcan

also
be

learned
of-

fline
using

dom
ain

know
ledge

(Silverand
Tesauro,2009)oronline

in
a

dom
ain-independentm

anner
(Finnsson

and
B

jörnsson,2010).H
ere,w

e
use

a
M

oG
o-like

strategy
ofselecting

random
ly

from
the

partialpolicy
ψ
G

using
a

pruning
ratio

of
0
.75.

T
hatis,ateach

state
during

a
rolloutfrom

a
leaf

node,an
action

is
random

ly
sam

pled
from

the
top

25%
ofthe

action
setw

ith
respectto

the
scoring

function
h
G

.
From

the
experim

ents
in

section
6.4,w

e
expectthis

policy
to

have
very

sm
allregret.

5.W
e

also
tried

regression
and

R
L

techniques
to

learn
an

evaluation
function

butnone
ofthe

approaches
w

orked
as

w
ell

as
FT-Q

C
M

.
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H
ow

ever,“inform
ed”

rolloutpolicieshave
significantly

largercom
putationalcostscom

pared
to

ran-
dom

action
selection,since

each
rolloutrequires

know
ledge

to
be

evaluated
a

very
large

num
berof

tim
es.

T
hatis,the

num
ber

of
know

ledge
evaluations

perform
ed

during
policy

rollouts
is

m
assive,

com
pared

to
the

num
berofknow

ledge
evaluations

perform
ed

fortree
nodes.W

e
experim

ented
w

ith
otherinform

ed
rolloutpolicies,such

as
softm

ax
as

w
ellas

a
com

plete
policy

thatprunes
allbutone

action.H
ow

ever,none
ofthese

approaches
w

ere
able

to
perform

significantly
better.

U
C

T
w

ith
R

andom
pruning

(U
R

P):A
sim

ple
yetinteresting

baseline
is

the
U

C
T

algorithm
thatprunes

random
ly.W

e
use

σ
d

=
0.75

forconsistency.U
R

P
avoids

the
costoffeature

com
puta-

tion
w

hile
sim

ultaneously
reducing

the
num

berofactionsunderconsideration.U
R

P
ism

otivated
by

the
insightobtained

in
the

previous
section,w

here
perform

ance
atsm

allsearch
budgets

im
proved

w
ith

additional
pruning.

A
n

im
portant

observation
is

that
searching

w
ith

random
action

subsets
corresponds

to
evaluating

the
search

perform
ance

ofa
random

partialpolicy
w

hich
w

e
analyzed

in
Figure

6
and

Figure
7.

R
eactive

policies:
Finally,w

e
considerpolicies

thatdo
notsearch.T

he
first,“G

reedy”,is
sim

-
ply

arg
m

ax
a
h
G

(s,a
),acting

greedily
w

.r.t.
ψ
G

.
T

he
second

is
a

linear
policy

learned
using

the
SA

R
SA

(λ)
R

L
algorithm

(B
arto

etal.,1995)
over

the
sam

e
features

used
to

learn
ψ
G

.
W

e
exper-

im
ented

w
ith

differentvalues
of
λ,exploration

and
learning

rates,and
reportthe

bestsettings
for

each
dom

ain.ForG
alcon,w

e
observe

thatlearning
is

negligible
after

8000
gam

es
w

ith
exploration

rate
ε

=
0.25,decay

λ
=

0.75,w
ith

a
constantlearning

rate
of

0.01.ForY
ahtzee,w

hich
has

a
m

uch
fastersim

ulator,w
e

play
10

5
gam

es
using

ε
=

0.2,
λ

=
0.1,and

the
sam

e
constantlearning

rate
of

0
.01.In

both
cases,R

L
is

run
untilim

provem
entbecom

es
negligible.

R
esults

Figure
8(a)

and
Figure

8(b)
show

the
results

for
G

alcon
and

Y
ahtzee,respectively.

T
hey

constitute
the

m
ain

experim
entalresultofthis

paper.W
e

discuss
the

results
foreach

dom
ain

separately
below

.
G

alcon:
T

he
key

observation
in

Figure
8(a)

is
thatFT-Q

C
M

injected
into

U
C

T
significantly

outperform
s

allother
baselines

atsm
allsearch

budgets
and

m
oderately

large
search

budgets.
T

he
search

budget
is

m
easured

in
real

tim
e.

A
s

the
search

budget
increases,

the
FT-Q

C
M

injection
continues

to
show

slow
im

provem
ent,w

hereas
uninform

ed
U

C
T

fails
to

m
atch

perform
ance

even
ateightseconds

per
m

ove.
W

e
w

ere
unable

to
getH

B
and

IR
to

perform
w

ell,w
hich

is
surprising

given
prior

reports
of

successful
applications

of
these

m
ethods.

IR
perform

s
particularly

poorly
and

is
w

orse
than

even
the

reactive
policies

(G
reedy,

SA
R

SA
).

T
he

m
ain

reason
for

IR
’s

poor
perform

ance
is

the
m

assive
com

putationaloverhead
of

its
“inform

ed”
rollouts.

In
G

alcon,gam
es

(and
therefore

rollouts)
are

long
w

hich
m

eans
thatcom

puting
features

for
every

legalstate-action
pair

incurs
significantcom

putationalcost.
R

andom
rolloutpolicies

are
m

uch
faster

in
com

parison
and

provide
non-trivial

value
estim

ates.
H

ow
ever,

w
e

observe
that

IR
appears

to
be

im
proving

rapidly
and

m
ay

eventually
outperform

U
C

T,butonly
atunreasonably

large
search

budgets
(e.g.,

ten
m

inutes
perm

ove).
In

contrast,heuristic
bias

(H
B

)
is

relatively
inexpensive

since
itm

ustonly
be

com
puted

once
foreach

state
added

to
the

tree.T
hatis,H

B
has

the
sam

e
overhead

as
partialpolicy

injection,w
hich

allow
s

H
B

to
perform

better
than

IR
.H

ow
ever,

H
B

is
unable

to
im

prove
over

uninform
ed

U
C

T.
T

his
is

surprising
since

prior
w

ork
has

described
search

agents
that

successfully
leverage

H
B

.In
our

experim
ents,

w
e

observe
that

H
B

is
sensitive

to
the

particular
choice

of
bias

decay.
G

etting
H

B
to

w
ork

w
ellacross

the
anytim

e
curve

is
challenging

and
tim

e-consum
ing.

N
ext,w

e
consider
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T
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ke

s
al

l
m

et
ho

ds
an

d
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at
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.
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.
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be

th
e

hi
gh

co
m

pu
ta

tio
na

lc
os

to
f

kn
ow

le
dg

e
co

m
pa

re
d

to
co

nd
uc

tin
g

ad
di

tio
na

l
se

ar
ch

.
In

or
de

r
to

ev
al

ua
te

th
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h
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E
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E
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R
C

H

U
C

T
(FT-Q

C
M

)continues
to

w
in

easily
atsearch

budgets
thatare

relatively
sm

all.H
ow

ever,as
the

search
budgetincreases,H

B
and

IR
now

dem
onstrate

betterperform
ance.A

tthe
largestsearch

budgets,H
B

outperform
s

U
C

T
in

G
alcon

and
achieves

parity
in

Y
ahtzee.IR

eventually
outperform

s
allothervariants

in
Y

ahtzee.T
his

im
provem

entis
notew

orthy,given
thatIR

perform
ed

very
poorly

in
the

tim
e-based

evaluation.T
hese

experim
ents

show
thatusing

biased
rollouts

can
im

prove
search

perform
ance

butonly
atexorbitantand

unpredictable
runtim

es,varying
w

ith
the

particular
state

at
the

rootof
the

tree.
A

broader
observation

is
thatitseem

s
very

im
portantto

correctly
incorporate

the
costof

know
ledge

w
hen

com
paring

differentinjections,w
hich

has
notalw

ays
been

the
case

in
priorw

ork
on

M
C

T
S.
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Figure
9:

T
he

results
ofm

easuring
search

perform
ance

using
the

num
berofsim

ulations,instead
of

tim
e.

D
oing

so
elim

inates
the

com
putationalcostof

using
controlknow

ledge.
IR

(U
C

T
w

ith
biased

rollouts)now
appears

to
perform

m
uch

better.H
ow

ever,U
C

T
w

ith
FT-Q

C
M

continues
to

perform
the

bestacross
significantportions

ofthe
anytim

e
curve.

7.Sum
m

ary
and

Future
W

ork

W
e

have
show

n
algorithm

s
for

offline
learning

of
partialpolicies,w

hich
can

be
used

to
reduce

the
action

branching
factorin

tim
e-bounded

tree
search.T

he
algorithm

sleverage
a

reduction
to

i.i.d.su-
pervised

learning
and

the
expected

regretis
show

n
to

be
bounded.E

xperim
ents

in
tw

o
challenging

dom
ains

show
significantly

im
proved

anytim
e

perform
ance

in
M

onte-C
arlo

Tree
Search.

T
here

are
a

num
berofprom

ising
directions

to
explore

next.T
he

firstim
provem

entis
to

the
base

learnerforthe
setlearning

problem
s.R

ecentw
ork

has
studied

m
ore

principled
approaches

forsuch
setlearning

problem
s

via
a

listlearning
approach

(D
ey

etal.,2013;R
oss

etal.,2013).
W

hile
the

sim
plicity

of
the

ranking
approach

used
in

our
w

ork
is

appealing,m
ore

sophisticated
approaches

m
ay

yield
significantperform

ance
gains

in
certain

cases.
Im

portantly,a
m

ajor
benefitof

studying
algorithm

s
w

ithin
a

reduction
fram

ew
ork

is
thatw

e
can

easily
incorporate

any
such

im
provem

ents
to

base
learners

w
ithoutneeding

to
change

the
overallalgorithm

.
A

notherim
portantim

plem
entation

detailthatrequires
additionalexploration

is
the

use
of

non-
stationary

partialpolicies.
A

s
m

entioned
previously,im

itation
learning

algorithm
s,such

as
D

A
G

-
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P
IN

T
O

A
N

D
F

E
R

N

G
E

R
(R

oss
et

al.,
2011),

provide
the

sam
e

regret
bounds

as
forw

ard
training

using
a

stationary
policy,w

ith
data

from
differentdistributions

com
bined

into
a

single
dataset.

Itis
certainly

appeal-
ing

to
have

a
single

policy
thatshares

data
and

param
eters

across
depth

instead
ofthe

depth-indexed
non-stationary

partialpolicies
considered

here.
H

ow
ever,one

practicaldifficulty
thatarises

in
our

setting
is

thatthe
training

data
extracted

from
long

runs
ofU

C
T

gets
noisierw

ith
increasing

depth.
O

urinitialattem
pts

to
m

ix
data

across
depths

led
to

poorperform
ance.O

ne
w

ay
to

controlnoise
in

the
supervised

datasets,irrespective
of

depth,m
ightbe

to
run

a
separate,long

U
C

T
from

any
state

thatis
to

be
included

in
the

dataset.
Itm

ay
be

feasible
to

do
so

given
sufficientcom

putationalre-
sources.

T
he

perform
ance

of
stationary

partialpolicies
com

pared
to

non-stationary
partialpolicies

is
w

orth
future

consideration.

N
ext,w

e
seek

a
m

ethod
than

can
replace

the
fixed-w

idth
forw

ard
pruning

w
ith

a
theoretically

justified
progressive

w
idening

m
ethod.D

oing
so

w
ould

allow
the

search
to

sm
oothly

transition
from

reactive
decision-m

aking
to

full-w
idth

search
atlargertim

e
scales.Itw

ould
also

elim
inate

the
need

to
specify

σ
d

upfront.
Ideally,

the
pruning

level
should

depend
on

the
rem

aining
search

budget.
Such

a
tim

e-aw
are

search
procedure

has
the

potential
to

produce
state-of-the-art

anytim
e

search
perform

ance.
W

e
are

unaw
are

of
any

m
ethod

that
leverages

control
know

ledge
for

perform
ing

tim
e-aw

are
search

on
a

per-decision
basis

in
a

principled
m

anner.

W
e

w
ould

like
to

use
the

learned
controlknow

ledge
to

im
prove

the
expertpolicy,w

hich
w

as
responsible

forgenerating
the

deep
treesused

fortraining.T
he

learned
partialpolicy

isonly
asgood

as
the

expert,
so

im
provem

ents
to

the
expert

m
ay

produce
large

im
provem

ents
in

search
quality,

particularly
atsm

alltim
e

scales.Forinstance,in
Y

ahtzee,w
e

observe
thatthe

expertm
akes

serious,
irreversible

m
istakes

(forexam
ple,in

category
assignm

entatthe
end

ofthe
rolls).

A
voiding

expert
m

istakes
seem

s
crucialto

further
im

provem
ent.

A
n

iterative
m

ethod,alternating
betw

een
learning

controlknow
ledge

and
using

the
learned

inform
ation

to
im

prove
the

expert,islikely
to

produce
good

results.
H

ow
ever,FT-Q

C
M

can
only

obtain
good

value
estim

ates
for

unpruned
actions.

T
hus,itis

im
portantto

analyze
the

regretbounds
and

perform
ance

from
training

only
on

a
subsetofactions.

Finally,w
e

are
interested

in
exploring

principled
learning

algorithm
s

for
other

types
of

control
know

ledge
that

can
be

show
n

to
have

guarantees
sim

ilar
to

those
in

this
paper.

It
can

be
argued

thata
huge

partof
the

success
of

M
C

T
S

m
ethods

is
their

flexibility
to

incorporate
differentform

s
of

know
ledge,w

hich
are

typically
engineered

for
each

application.
A

utom
ating

these
processes

in
a

principled
w

ay
seem

s
to

be
an

extrem
ely

prom
ising

direction
forim

proving
planning

system
s.
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éh

at
an

d
Tr

is
ta

n
C

az
en

av
e.

C
om

bi
ni

ng
uc

ta
nd

ne
st

ed
m

on
te

ca
rl

o
se

ar
ch

fo
r

si
ng

le
-p

la
ye

r
ge

ne
ra

lg
am

e
pl

ay
in

g.
C

om
pu

ta
tio

na
lI

nt
el

lig
en

ce
an

d
A

Ii
n

G
am

es
,I

E
E

E
Tr

an
sa

ct
io

ns
on

,2
(4

):
27

1–
27

7,
20

10
.

Vo
lo

dy
m

yr
M

ni
h,

K
or

ay
K

av
uk

cu
og

lu
,D

av
id

Si
lv

er
,A

le
x

G
ra

ve
s,

Io
an

ni
sA

nt
on

og
lo

u,
D

aa
n

W
ie

r-
st

ra
,

an
d

M
ar

tin
R

ie
dm

ill
er

.
Pl

ay
in

g
at

ar
i

w
ith

de
ep

re
in

fo
rc

em
en

t
le

ar
ni

ng
.

ar
X

iv
pr

ep
ri

nt
ar

X
iv

:1
31

2.
56

02
,2

01
3.

Je
rv

is
Pi

nt
o

an
d

A
la

n
Fe

rn
.L

ea
rn

in
g

pa
rt

ia
lp

ol
ic

ie
s

to
sp

ee
du

p
m

dp
tr

ee
se

ar
ch

.I
n

C
on

fe
re

nc
e

on
U

nc
er

ta
in

ty
in

A
rt

ifi
ci

al
In

te
lli

ge
nc

e,
20

14
.

D
.P

om
er

le
au

.
A

LV
IN

N
:a

n
au

to
no

m
ou

s
la

nd
ve

hi
cl

e
in

a
ne

ur
al

ne
tw

or
k.

In
A

dv
an

ce
s

in
N

eu
ra

l
In

fo
rm

at
io

n
P

ro
ce

ss
in

g
Sy

st
em

s,
19

89
.

A
le

xa
nd

er
R

ei
ne

fe
ld

an
d

T.
A

nt
ho

ny
M

ar
sl

an
d.

E
nh

an
ce

d
ite

ra
tiv

e-
de

ep
en

in
g

se
ar

ch
.I

E
E

E
Tr

an
s-

ac
tio

ns
on

Pa
tte

rn
A

na
ly

si
s

an
d

M
ac

hi
ne

In
te

lli
ge

nc
e,

16
(7

):
70

1–
71

0,
19

94
.

St
ép

ha
ne

R
os

s
an

d
D

re
w

B
ag

ne
ll.

E
ffi

ci
en

t
re

du
ct

io
ns

fo
r

im
ita

tio
n

le
ar

ni
ng

.
In

In
te

rn
at

io
na

l
C

on
fe

re
nc

e
on

A
rt

ifi
ci

al
In

te
lli

ge
nc

e
an

d
St

at
is

tic
s,

pa
ge

s
66

1–
66

8,
20

10
.

34
JM

L
R

 1
8(

65
):

1-
35

, 2
01

7



L
E

A
R

N
IN

G
P

A
R

T
IA

L
P

O
L

IC
IE

S
T

O
S

P
E

E
D

U
P

M
D

P
T

R
E

E
S

E
A

R
C

H

Stephane
R

oss
and

J
A

ndrew
B

agnell.
R

einforcem
ent

and
im

itation
learning

via
interactive

no-
regretlearning.

arX
iv

preprintarX
iv:1406.5979,2014.
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,
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d
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d
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li
gh

te
r

ta
il

(i
.e

.,
th

e
sp

ec
tr

u
m

of
th

e
co

rr
es

p
on

d
in

g
ke

rn
el

m
at

ri
x

d
ec

ay
s

fa
st

er
)

th
an

th
at

of
k
,

th
en

th
e

ra
ti

o
b

et
w

ee
n

th
e

p
re

d
ic

ti
on

va
ri

an
ce

b
y

u
si

n
g

th
e

ta
p

er
ed

k
er

n
el
k
ta
p
er

a
n
d

th
at

b
y

u
si

n
g

th
e

or
ig

in
al

ke
rn

el
k

te
n
d
s

to
a

fi
n
it

e
li
m

it
,

as
th

e
n
u
m

b
er

of
tr

ai
n
in

g
d
at

a
in

cr
ea

se
s

to
in

fi
n
it

y
in

th
e

d
om

ai
n
.

T
h
e

th
eo

ry
h
ol

d
s

a
gu

ar
an

te
e

on
th

e
p
re

d
ic

ti
on

co
n
fi
d
en

ce
if

w
e

ch
o
os

e
k
co

m
p
a
ct

ju
d
ic

io
u
sl

y.
T

ap
er

in
g

is
ge

n
er

al
ly

ap
p
li
ca

b
le

to
h
ea

v
y
-t

ai
le

d
ke

rn
el

s
(e

.g
.,

M
at

ér
n

ke
rn

el
s

w
it

h
lo

w
sm

o
ot

h
n
es

s)
ra

th
er

th
an

li
gh

t-
ta

il
ed

k
er

n
el

s
su

ch
as

th
e

G
au

ss
ia

n
.

N
ev

er
th

el
es

s,
a

d
ra

w
b
ac

k
of

th
is

ap
p
ro

ac
h

is
si

m
il
ar

to
th

e
on

e
w

e
st

at
ed

ea
rl

ie
r

fo
r

u
si

n
g

a
co

m
p
ac

tl
y

su
p
p

or
te

d
ke

rn
el

al
on

e:
th

e
ra

n
ge

of
th

e
su

p
p

or
t

m
u
st

b
e

su
ffi

ci
en

tl
y

sm
al

l
fo

r
sp

ar
se

li
n
ea

r
al

ge
b
ra

to
b

e
effi

ci
en

t.

1
.3

P
ro

p
o
se

d
K

e
rn

e
l

In
th

is
p
ap

er
,

w
e

p
ro

p
os

e
a

n
ov

el
ap

p
ro

ac
h

fo
r

co
n
st

ru
ct

in
g

ap
p
ro

x
im

at
e

ke
rn

el
s

m
ot

iv
at

ed
b
y

lo
w

-r
an

k
ke

rn
el

s
an

d
cr

os
s-

d
om

ai
n

in
d
ep

en
d
en

t
ke

rn
el

s.
T

h
e

co
n
st

ru
ct

io
n

ai
m

s
at

d
er

iv
-

in
g

a
ke

rn
el

th
at

(a
)

m
ai

n
ta

in
s

th
e

(s
tr

ic
t)

p
os

it
iv

e-
d
efi

n
it

en
es

s,
(b

)
le

v
er

ag
es

th
e

ad
va

n
ta

ge
s

of
lo

w
-r

an
k

an
d

in
d
ep

en
d
en

t
ap

p
ro

ac
h
es

,
(c

)
fa

ci
li
ta

te
s

th
e

ev
al

u
at

io
n

o
f

th
e

k
er

n
el

m
at

ri
x

K
(X
,X

)
an

d
th

e
ou

t-
of

-s
am

p
le

ex
te

n
si

on
k
(X
,x

),
an

d
(d

)
ad

m
it

s
fa

st
al

go
ri

th
m

s
fo

r
a

va
ri

et
y

of
m

at
ri

x
op

er
at

io
n
s.

T
h
e

p
re

m
is

e
of

th
e

id
ea

is
a

h
ie

ra
rc

h
ic

al
p
ar

ti
ti

on
in

g
of

th
e

d
at

a
d
om

ai
n

an
d

a
re

cu
rs

iv
e

ap
p
ro

x
im

at
io

n
ac

ro
ss

th
e

h
ie

ra
rc

h
y.

S
p
ac

e
p
ar

ti
ti

on
in

g
is

a
fr

eq
u
en

tl
y

en
co

u
n
te

re
d

id
ea

fo
r

ke
rn

el
m

at
ri

x
ap

p
ro

x
im

a
ti

on
s

(S
i

et
al

.,
20

14
;

M
ar

ch
et

al
.,

20
14

;
Y

u
et

al
.,

20
17

;
S
i

et
al

.,
20

17
),

b
u
t

m
ai

n
ta

in
in

g
p

os
it

iv
e

d
efi

n
it

en
es

s
is

q
u
it

e
ch

al
-

le
n
gi

n
g.

M
or

eo
v
er

,
w

h
en

th
e

ap
p
ro

x
im

at
io

n
is

p
er

fo
rm

ed
in

a
h
ie

ra
rc

h
ic

al
fa

sh
io

n
an

d
is

fo
cu

se
d

on
on

ly
th

e
m

at
ri

x
,

it
is

n
ot

al
w

ay
s

ea
sy

to
ge

n
er

al
iz

e
to

ou
t

of
sa

m
p
le

s.
A

p
ar

-
ti

cu
la

rl
y

in
tr

ig
u
in

g
p
ro

p
er

ty
of

th
e

ap
p
ro

ac
h

p
ro

p
os

ed
in

th
is

ar
ti

cl
e

is
th

at
b

ot
h

p
os

it
iv

e
d
efi

n
it

en
es

s
an

d
ou

t-
of

-s
am

p
le

ex
te

n
si

on
s

ar
e

gu
ar

an
te

ed
,

b
ec

au
se

th
e

co
n
st

ru
ct

io
n

ac
ts

on
th

e
k
er

n
el

fu
n
ct

io
n

it
se

lf
.

5
JM

L
R

 1
8(

66
):

1-
42

, 2
01

7

C
h
e
n
e
t
a
l
.

2
.
H
ie
ra

rc
h
ic
a
ll
y
C
o
m
p
o
si
ti
o
n
a
l
K
e
rn

e
l

T
h
e

lo
w

-r
an

k
ke

rn
el

(i
n

p
ar

ti
cu

la
r,

th
e

N
y
st

rö
m

ap
p
ro

x
im

at
io

n
k
N
y
st
rö
m

)
a
n
d

th
e

cr
o
ss

-
d
om

ai
n

in
d
ep

en
d
en

t
ke

rn
el
k
in
d
ep

en
d
en

t
ar

e
co

m
p
le

m
en

ta
ry

to
ea

ch
o
th

er
in

th
e

fo
ll
ow

in
g

se
n
se

:
th

e
fo

rm
er

ac
ts

on
th

e
gl

ob
al

sp
ac

e,
w

h
er

e
th

e
co

va
ri

an
ce

at
ev

er
y

p
a
ir

o
f

p
o
in

ts
x

an
d
x
′

ar
e

d
ed

u
ct

ed
b
y

a
co

n
d
it

io
n
al

co
va

ri
an

ce
b
as

ed
on

th
e

co
n
d
it

io
n
ed

se
t
X

ch
o
se

n
gl

ob
al

ly
;

w
h
er

ea
s

th
e

la
tt

er
p
re

se
rv

es
al

l
th

e
lo

ca
l

in
fo

rm
at

io
n

b
u
t

co
m

p
le

te
ly

ig
n
o
re

s
th

e
in

te
rr

el
at

io
n
sh

ip
ou

ts
id

e
th

e
lo

ca
l

d
om

ai
n
.

W
e

ar
gu

e
th

at
an

or
ga

n
ic

co
m

p
o
si

ti
o
n

o
f

th
e

tw
o

w
il
l

ca
rr

y
b

ot
h

ad
va

n
ta

ge
s

an
d

al
le

v
ia

te
th

e
sh

or
tc

om
in

gs
.

F
u
rt

h
er

,
a

h
ie

ra
rc

h
ic

a
l

co
m

p
os

it
io

n
m

ay
re

d
u
ce

th
e

in
fo

rm
at

io
n

lo
ss

in
n
ea

rb
y

lo
ca

l
d
om

ai
n
s.

2
.1

C
o
m

p
o
si

ti
o
n

o
f

L
o
w

-R
a
n

k
K

e
rn

e
l

w
it

h
C

ro
ss

-D
o
m

a
in

In
d

e
p

e
n

d
e
n
t

K
e
rn

e
l

L
et

th
e

d
om

ai
n
S

b
e

p
ar

ti
ti

on
ed

in
to

d
is

jo
in

t
su

b
-d

om
ai

n
s
⋃
S
j

=
S

.
L

et
X

b
e

a
se

t
o
f

la
n
d
m

ar
k

p
oi

n
ts

in
S

.
F

or
ge

n
er

al
it

y,
X

n
ee

d
s

n
ot

b
e

a
su

b
se

t
of

th
e

tr
a
in

in
g

d
a
ta

X
.

C
on

si
d
er

th
e

fu
n
ct

io
n

k
co

m
p
o
si
ti
o
n
a
l(
x
,x
′ )

=

{
k
(x
,x
′ )
,

if
x
,x
′ ∈

S
j

fo
r

so
m

e
j,

k
(x
,X

)K
(X
,X

)−
1
k
(X
,x
′ )
,

ot
h
er

w
is

e.

C
le

ar
ly

,
k
co

m
p
o
si
ti
o
n
a
l

le
ve

ra
ge

s
b

ot
h

(6
)

an
d

(8
).

W
h
en

tw
o

p
oi

n
ts
x

an
d
x
′

a
re

lo
ca

te
d

in
th

e
sa

m
e

d
om

ai
n
,

th
ey

m
ai

n
ta

in
th

e
fu

ll
co

va
ri

an
ce

(8
);

w
h
er

ea
s

w
h
en

th
ey

a
re

lo
ca

te
d

in
se

p
ar

at
e

d
om

ai
n
s,

th
ei

r
co

va
ri

an
ce

co
m

es
fr

om
th

e
lo

w
-r

an
k

ke
rn

el
k
N
y
st
rö
m

(6
).

S
u
ch

a
co

m
p

os
it

io
n

co
m

p
le

m
en

ts
m

is
si

n
g

in
fo

rm
at

io
n

ac
ro

ss
d
om

ai
n
s

in
k
in
d
ep

en
d
en

t
a
n
d

a
ls

o
co

m
-

p
le

m
en

ts
th

e
in

fo
rm

at
io

n
lo

ss
in

lo
ca

l
d
o
m

ai
n
s

ca
u
se

d
b
y

th
e

N
y
st

rö
m

ap
p
ro

x
im

a
ti

o
n
.

T
h
e

fo
ll
ow

in
g

re
su

lt
is

st
ra

ig
h
tf

or
w

ar
d

in
li
gh

t
of

th
e

fa
ct

th
at

if
x
∈
X

,
th

en
K

(X
,X

)−
1
k
(X
,x

)
is

a
co

lu
m

n
of

th
e

id
en

ti
ty

m
at

ri
x

w
h
er

e
th

e
on

ly
n
on

ze
ro

el
em

en
t

(i
.e

.,
1)

is
lo

ca
te

d
w

it
h

re
sp

ec
t

to
th

e
lo

ca
ti

on
of
x

in
si

d
e
X

.

P
ro

p
o
si

ti
o
n

1
W

e
h
a
ve

k
co
m
po

si
ti
o
n
a
l(
x
,x
′ )

=
k
(x
,x
′ )
,

if
x
,x
′ ∈

S
j

fo
r

so
m

e
j,

o
r

if
ei

th
er

o
f
x
,x
′

be
lo

n
gs

to
X

.

A
n

al
te

rn
at

iv
e

v
ie

w
of

th
e

ke
rn

el
k
co

m
p
o
si
ti
o
n
a
l

is
th

at
it

is
an

ad
d
it

iv
e

co
m

b
in

a
ti

o
n

o
f

a
gl

ob
al

ly
lo

w
-r

an
k

ap
p
ro

x
im

at
io

n
an

d
lo

ca
l

S
ch

u
r

co
m

p
le

m
en

ts
w

it
h
in

ea
ch

su
b
-d

o
m

a
in

.
H

en
ce

,
th

e
k
er

n
el

is
(s

tr
ic

tl
y
)

p
os

it
iv

e-
d
efi

n
it

e.
S
ee

L
em

m
a

2
a
n
d

T
h
eo

re
m

3
in

th
e

fo
ll
ow

in
g
.

L
e
m

m
a

2
T

h
e

S
ch

u
r-

co
m

p
le

m
en

t
fu

n
ct

io
n

k
S
ch

u
r
(x
,x
′ )

=
k
(x
,x
′ )
−
k
(x
,X

)K
(X
,X

)−
1
k
(X
,x
′ )

is
po

si
ti

ve
-d

efi
n

it
e,

if
k

is
st

ri
ct

ly
po

si
ti

ve
-d

efi
n

it
e,

o
r

if
k

is
po

si
ti

ve
-d

efi
n

it
e

a
n

d
K

(X
,X

)
is

in
ve

rt
ib

le
.

P
ro

o
f

F
or

an
y

se
t
X

,
le

t
Y

=
X
∪
X

.
It

am
ou

n
ts

to
sh

ow
in

g
th

at
th

e
co

rr
es

p
o
n
d
in

g
k
er

n
el

m
at

ri
x
K

S
ch

u
r(
Y
,Y

)
is

p
os

it
iv

e
se

m
i-

d
efi

n
it

e;
th

en
,
K

S
ch

u
r(
X
,X

)
as

a
p
ri

n
ci

p
a
l

su
b
m

a
tr

ix
is

al
so

p
os

it
iv

e
se

m
i-

d
efi

n
it

e.
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H
ie
r
a
r
c
h
ic
a
l
ly

C
o
m
p
o
sit

io
n
a
l
K
e
r
n
e
l
s

D
en

o
te

b
y
X
c

=
Y
\X

,
w

h
ich

cou
ld

p
ossib

ly
b

e
em

p
ty,

an
d

let
th

e
p

oin
ts

in
X

b
e

o
rd

ered
b

efo
re

th
ose

in
X
c.

T
h
en

,

K
S
ch

u
r (Y

,Y
)

=

[
0

0
0

K
(X

c,X
c)−

K
(X

c,X
)K

(X
,X

) −
1K

(X
,X

c) ]
.

B
y

th
e

law
o
f

in
ertia,

th
e

m
atrices

[
K

(X
,X

)
K

(X
,X

c)
K

(X
c,X

)
K

(X
c,X

c) ]
an

d

[
K

(X
,X

)
0

0
K

(X
c,X

c)−
K

(X
c,X

)K
(X
,X

) −
1K

(X
,X

c) ]

h
ave

th
e

sa
m

e
n
u
m

b
er

of
p

ositive,
zero,

an
d

n
eg

ative
eigen

valu
es,

resp
ectiv

ely.
If
k

is
strictly

p
o
sitive-d

efi
n
ite,

th
en

th
e

eig
en

valu
es

of
b

oth
m

atrices
are

all
p

ositive.
If
k

is
p

o
sitive-d

efi
n
ite,

th
en

th
e

eigen
valu

es
of

b
oth

m
atrices

are
all

n
on

n
egative.

In
b

oth
ca

ses,
th

e
S
ch

u
r-co

m
p
lem

en
t

m
atrix

K
(X

c,X
c)−

K
(X

c,X
)K

(X
,X

) −
1K

(X
,X

c)
is

p
ositive

sem
i-

d
efi

n
ite

a
n
d

th
u
s

so
is
K

S
ch

u
r (Y

,Y
).

T
h

e
o
re

m
3

T
h
e

fu
n

ctio
n
k
co
m
po

sitio
n
a
l
is

po
sitive-d

efi
n

ite
if
k

is
po

sitive-d
efi

n
ite

a
n

d
K

(X
,X

)
is

in
vertible.

M
o
reo

ver,
k
co
m
po

sitio
n
a
l

is
strictly

po
sitive-d

efi
n

ite
if
k

is
so

.

P
ro

o
f

W
rite

k
co

m
p
o
sitio

n
a
l
=
k
1

+
k
2 ,

w
h
ere

k
1 (x

,x
′)

=
k
(x
,X

)K
(X
,X

) −
1k

(X
,x
′)

an
d

k
2 (x

,x
′)

=

{
k
(x
,x
′)−

k
(x
,X

)K
(X
,X

) −
1k

(X
,x
′),

x
,x
′∈

S
j

fo
r

som
e
j,

0,
oth

erw
ise.

C
lea

rly,
k
1

is
p

ositive-d
efi

n
ite;

b
y

L
em

m
a

2,
k
2

is
so,

to
o.

T
h
u
s,
k
co

m
p
o
sitio

n
a
l

is
p

ositive-
d
efi

n
ite.

W
e

n
ex

t
sh

ow
th

e
strict

d
efi

n
iten

ess
w

h
en

k
is

strictly
p

ositive-d
efi

n
ite.

T
h
at

is,
for

a
n
y

set
o
f

p
o
in

ts
{
x
i }

an
d

an
y

set
of

co
effi

cien
ts
{
α
i }

th
at

are
n
ot

all
zero,

th
e

b
ilin

ear
fo

rm
∑

il α
i α
l k

co
m
p
o
sitio

n
a
l (x

i ,x
l )

can
n
ot

b
e

zero.
N

ote
th

at
k
2 (x

,x
′)

=
0

w
h
en

ev
er
x

or
x
′∈

X
.

M
oreov

er,
w

e
h
ave

seen
in

th
e

p
ro

of
of

L
em

m
a

2
th

at
th

e
S
ch

u
r-com

p
lem

en
t

m
atrix

K
(X

c,X
c)−

K
(X

c,X
)K

(X
,X

) −
1K

(X
,X

c)
is

p
ositive-d

efi
n
ite

w
h
en

k
is

strictly
p

o
sitive-d

efi
n
ite.

T
h
erefore,

w
e

h
ave

∑
il α

i α
l k

2 (x
i ,x

l )
=

0
on

ly
w

h
en

α
i

=
0

for
all

i
sa

tisfy
in

g
x
i
/∈
X

.
In

su
ch

a
case,

∑

il

α
i α
l k

1 (x
i ,x

k )
=

∑

x
i ,x

l ∈
X

α
i α
l k

(x
i ,X

)K
(X
,X

) −
1k

(X
,x

l ).

B
eca

u
se

o
f

th
e

strict
p

ositive-d
efi

n
iten

ess
of
k
,

th
e

ab
ove

su
m

m
ation

can
n
ot

b
e

zero
if

an
y

o
f

th
e

in
vo

lv
ed

α
i

(th
at

is,
th

ose
satisfy

in
g
x
i ∈

X
)

is
n
on

zero.
T

h
en

, ∑
il α

i α
l [k

1 (x
i ,x

l )
+

k
2 (x

i ,x
l )]

=
0

on
ly

w
h
en

all
α
i

are
zero.

S
in

ce
th

e
co

m
p

osition
rep

laces
th

e
N

y
ström

ap
p
rox

im
ation

in
lo

cal
d
om

ain
s

b
y

th
e

fu
ll

cova
ria

n
ce,

it
b
ares

n
o

su
rp

rise
th

at
k
co

m
p
o
sitio

n
a
l

im
p
roves

over
k
N
y
strö

m
in

term
s

of
m

atrix
a
p
p
rox

im
a
tio

n
.
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C
h
e
n
e
t
a
l
.

T
h

e
o
re

m
4

G
iven

a
set

X
o
f

la
n

d
m

a
rk

po
in

ts
a
n

d
fo

r
a
n

y
set

X
6=
X

,

‖
K

(X
,X

)−
K

co
m
po

sitio
n
a
l (X

,X
)‖
<
‖K

(X
,X

)−
K

N
y
strö

m
(X
,X

)‖,

w
h
ere
‖·‖

is
th

e
2
-n

o
rm

o
r

th
e

F
ro

ben
iu

s
n

o
rm

.

P
ro

o
f

B
ased

on
th

e
sp

lit
k
co

m
p
o
sitio

n
a
l
=
k
1

+
k
2

in
th

e
p
ro

of
of

T
h
eorem

3,
o
n
e

easily
sees

th
at

K
−
K

co
m
p
o
sitio

n
a
l
=

(K
−
K

N
y
strö

m
)−

b
lo

ck
-d

iag(K
−
K

N
y
strö

m
),

w
h
ere

b
lo

ck
-d

iag
m

ean
s

keep
in

g
on

ly
th

e
d
iagon

a
l

b
lo

ck
s

of
a

m
atrix

.
D

en
o
te

b
y
A

=
K
−
K

N
y
strö

m
an

d
D

=
b
lo

ck
-d

iag(A
).

In
w

h
at

follow
s

w
e

sh
ow

th
at

‖
A
−
D
‖
<
‖A‖.

(9)

B
ecau

se
A

=
K

(X
,X

)−
K

(X
,X

)K
(X
,X

) −
1K

(X
,X

)
is

p
ositive

sem
i-d

efi
n
ite

an
d

n
on

zero,
its

d
iagon

al
can

n
ot

b
e

zero.
T

h
en

,
elim

in
atin

g
th

e
b
lo

ck
-d

iagon
al

p
art

D
re-

d
u
ces

th
e

F
rob

en
iu

s
n
orm

.
T

h
u
s,

(9)
h
old

s
for

th
e

F
rob

en
iu

s
n
orm

.
T

o
see

th
at

(9)
also

h
old

s
for

th
e

2-n
orm

,
let

Y
=
X
\X

an
d

let
th

e
p

oin
ts

in
Y

b
e

ord
ered

b
efore

th
ose

in
X
\Y

.
T

h
en

,

A
=

[
K

(Y
,Y

)−
K

(Y
,X

)K
(X
,X

) −
1K

(X
,Y

)
0

0
0 ]
.

B
ecau

se
th

e
zero

row
s

an
d

colu
m

n
s

d
o

n
ot

con
trib

u
te

to
th

e
2-n

orm
,

an
d

b
ecau

se
th

e
top

-
left

b
lo

ck
of
A

is
p

ositive-d
efi

n
ite,

it
su

ffi
ces

to
p
rove

(9)
for

an
y

p
ositive-d

efi
n
ite

m
atrix

A
.

N
ote

th
e

follow
in

g
tw

o
straigh

tforw
ard

in
eq

u
alities

λ
m
in (A

−
D

)≥
λ
m
in (A

)−
λ
m
a
x (D

),
(10)

λ
m
a
x (A
−
D

)≤
λ
m
a
x (A

)−
λ
m
in (D

).
(11)

B
ecau

se
D

con
sists

of
th

e
d
iagon

al
b
lo

ck
s

o
f
A

,
th

e
in

terlacin
g

th
eorem

of
eigen

valu
es

states
th

at
for

each
d
iagon

al
b
lo

ck
D
i ,

w
e

h
ave

λ
m
in (A

)≤
λ
m
in (D

i )≤
λ
m
a
x (D

i )≤
λ
m
a
x (A

).

T
h
en

,
tak

in
g

th
e

m
ax

/m
in

eigen
valu

es
of

all
b
lo

ck
s,

w
e

ob
tain

λ
m
in (A

)≤
λ
m
in (D

)≤
λ
m
a
x (D

)≤
λ
m
a
x (A

).
(12)

S
u
b
stitu

tin
g

(12)
in

to
(10)

an
d

(11),
togeth

er
w

ith
λ
m
in (A

)
>

0,
w

e
ob

tain

λ
m
in (A

−
D

)
>
−
λ
m
a
x (A

)
an

d
λ
m
a
x (A
−
D

)
<
λ
m
a
x (A

),

w
h
ich

im
m

ed
iately

im
p
lies

th
at‖

A
−
D
‖
2
<
‖A‖

2 .
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H
ie
r
a
r
c
h
ic
a
l
ly

C
o
m
p
o
si
t
io
n
a
l
K
e
r
n
e
l
s

2
.2

H
ie

ra
rc

h
ic

a
l

C
o
m

p
o
si

ti
o
n

W
h
il
e
k
co

m
p
o
si
ti
o
n
a
l

m
ai

n
ta

in
s

th
e

fu
ll

in
fo

rm
at

io
n

in
si

d
e

ea
ch

d
om

ai
n
S
j
,

th
e

in
fo

rm
at

io
n

lo
ss

ac
ro

ss
d
om

ai
n
s

ca
u
se

d
b
y

th
e

lo
w

-r
an

k
ap

p
ro

x
im

at
io

n
m

ay
st

il
l

b
e

d
ra

m
at

ic
.

C
on

si
d
er

th
e

sc
en

ar
io

of
a

la
rg

e
n
u
m

b
er

of
d
is

jo
in

t
d
om

ai
n
s
S
j
;

su
ch

a
sc

en
ar

io
is

n
ec

es
sa

ri
ly

ty
p
ic

al
fo

r
th

e
p
u
rp

os
e

of
re

d
u
ci

n
g

th
e

co
m

p
u
ta

ti
on

al
co

st
.

If
ea

ch
d
o
m

ai
n

is
ad

ja
ce

n
t

to
on

ly
a

fe
w

n
ei

gh
b

or
in

g
d
om

ai
n
s,

it
is

p
os

si
b
le

to
re

d
u
ce

th
e

in
fo

rm
at

io
n

lo
ss

in
n
ea

rb
y

d
om

ai
n
s.

T
h
e

id
ea

is
to

fo
rm

a
h
ie

ra
rc

h
y.

L
et

u
s

fi
rs

t
ta

ke
a

tw
o-

le
ve

l
h
ie

ra
rc

h
y

fo
r

ex
am

p
le

.
A

fe
w

of
th

e
n
ei

gh
b

or
in

g
d
om

ai
n
s
S
j

fo
rm

a
su

p
er

-d
om

ai
n
S
J

=
⋃
j∈
J
S
j
.

T
h
es

e
su

p
er

-d
om

ai
n
s

ar
e

fo
rm

ed
su

ch
th

at
th

ey
ar

e
d
is

jo
in

t
an

d
th

ey
co

ll
ec

ti
ve

ly
p
ar

ti
ti

o
n

th
e

w
h
ol

e
d
om

ai
n
;

i.
e.

,
⋃
S
J

=
S

.
U

n
d
er

su
ch

a
h
ie

ra
rc

h
ic

al
fo

rm
at

io
n
,

in
st

ea
d

of
u
si

n
g

la
n
d
m

ar
k

p
oi

n
ts
X

in
S

to
d
efi

n
e

th
e

co
va

ri
an

ce
ac

ro
ss

th
e

b
ot

to
m

-l
ev

el
d
om

ai
n
s
S
j
,

w
e

m
ay

u
se

la
n
d
m

ar
k

p
oi

n
ts
X
J

ch
os

en
fr

om
th

e
su

p
er

-d
om

ai
n
S
J

to
d
efi

n
e

th
e

co
va

ri
an

ce
.

T
h
e

in
tu

it
io

n
is

th
at

th
e

co
n
d
it

io
n
al

co
va

ri
an

ce
k
(x
,x
′ |X

J
)

fo
r
x
,x
′
∈
S
J

te
n
d
s

to
b

e
sm

al
le

r
th

an
k
(x
,x
′ |X

),
b

ec
au

se
x

an
d
x
′

ar
e

ge
og

ra
p
h
ic

al
ly

cl
os

er
to
X
J

th
an

to
X

.
T

h
en

,
th

e
in

fo
rm

at
io

n
lo

ss
is

re
d
u
ce

d
fo

r
p

oi
n
ts

in
si

d
e

th
e

sa
m

e
su

p
er

-d
om

ai
n
S
J
.

T
o

fo
rm

al
iz

e
th

is
id

ea
,

w
e

co
n
si

d
er

an
ar

b
it

ra
ry

h
ie

ra
rc

h
y,

w
h
ic

h
is

re
p
re

se
n
te

d
b
y

a
ro

ot
ed

tr
ee
T

.
S
ee

F
ig

u
re

1
fo

r
an

ex
am

p
le

.
T

h
e

ro
o
t

n
o
d
e

1
is

as
so

ci
at

ed
w

it
h

th
e

w
h
ol

e
d
om

ai
n
S

=
:
S
1
.

E
ac

h
n
on

le
af

n
o
d
e
i

p
os

se
ss

es
a

se
t

of
ch

il
d
re

n
C
h

(i
);

co
rr

es
p

on
d
in

gl
y,

th
e

as
so

ci
at

ed
d
om

ai
n
S
i

is
p
ar

ti
ti

on
ed

in
to

d
is

jo
in

t
su

b
-d

om
ai

n
s
S
j

sa
ti

sf
y
in

g
⋃
j∈
C
h
(i
)

=
S
i.

T
h
e

p
ar

ti
ti

on
in

g
tr

ee
T

is
al

m
os

t
th

e
m

os
t

ge
n
er

al
ro

ot
ed

tr
ee

,
ex

ce
p
t

th
at

n
o

n
o
d
es

in
T

h
av

e
ex

ac
tl

y
on

e
ch

il
d
.

1

2

5
6

7

3
4

8
9

S
1

S
2

S
3

S
4

S
5

S
6

S
7

S
8

S
9

F
ig

u
re

1:
P

ar
ti

ti
on

in
g

tr
ee
T

an
d

th
e

d
om

ai
n
S

.

E
ac

h
n
on

le
af

n
o
d
e
i

is
as

so
ci

at
ed

w
it

h
a

se
t
X
i

of
la

n
d
m

ar
k

p
oi

n
ts

,
lo

ca
te

d
w

it
h
in

th
e

d
om

ai
n
S
i.

W
e

n
ow

re
cu

rs
iv

el
y

d
efi

n
e

th
e

ke
rn

el
on

d
om

ai
n
s

ac
ro

ss
le

ve
ls

.
C

on
ti

n
u
in

g
th

e
ex

am
p
le

of
F

ig
u
re

1,
n
o
d
e

4
h
as

tw
o

ch
il
d
re

n
8

an
d

9.
S
in

ce
th

es
e

tw
o

ch
il
d
re

n
ar

e
le

af
n
o
d
es

,
th

e
co

va
ri

an
ce

w
it

h
in
S
8

(o
r
S
9
)

co
m

es
fr

om
th

e
or

ig
in

al
ke

rn
el
k
,

w
h
er

ea
s

th
e

co
va

ri
an

ce
ac

ro
ss
S
8

an
d
S
9

co
m

es
fr

om
th

e
N

y
st

rö
m

ap
p
ro

x
im

at
io

n
b
y

u
si

n
g

la
n
d
m

ar
k

p
oi

n
ts
X

4
.

T
h
at

is
,

th
e

k
er

n
el

is
eq

u
a
l

to
k
(x
,x
′ )

if
x

an
d
x
′

ar
e

b
ot

h
in
S
8

(o
r

in
S
9
),

an
d

eq
u
al

to
k
(x
,X

4
)K

(X
4
,X

4
)−

1
k
(X

4
,x
′ )

if
th

ey
ar

e
in
S
8

an
d
S
9

se
p
ar

at
el

y.
S
u
ch

a
co

va
ri

an
ce

b
ar

es
le

ss
in

fo
rm

at
io

n
lo

ss
ca

u
se

d
b
y

th
e

co
n
d
it

io
n
ed

se
t,

co
m

p
ar

ed
w

it
h

th
e

u
se

of
la

n
d
m

ar
k

p
oi

n
ts

lo
ca

te
d

w
it

h
in

th
e

w
h
ol

e
d
om

ai
n
S

.
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C
h
e
n
e
t
a
l
.

N
ex

t,
co

n
si

d
er

th
e

co
va

ri
an

ce
b

et
w

ee
n

ch
il
d

d
om

ai
n
s

of
S
2

an
d

th
os

e
of
S
4

(s
ay

,
S
6

a
n
d

S
9
,

re
sp

ec
ti

ve
ly

).
A

t
a

fi
rs

t
gl

an
ce

,
w

e
co

u
ld

h
av

e
u
se

d
k
(x
,X

1
)K

(X
1
,X

1
)−

1
k
(X

1
,x
′ )

to
d
efi

n
e

th
e

k
er

n
el

,
b

ec
au

se
X

1
co

n
si

st
s

of
la

n
d
m

ar
k

p
oi

n
ts

lo
ca

te
d

in
th

e
d
om

a
in

th
a
t

co
ve

rs
b

ot
h
S
6

an
d
S
9
.

H
ow

ev
er

,
su

ch
a

d
efi

n
it

io
n

ca
n
n
ot

gu
ar

an
te

e
th

e
p

os
it

iv
e-

d
efi

n
it

en
es

s
o
f

th
e

ov
er

al
l

ke
rn

el
.

In
st

ea
d
,

w
e

ap
p
ro

x
im

at
e
k
(x
,X

1
)

b
y

u
si

n
g

th
e

N
y
st

rö
m

a
p
p
ro

x
im

a
ti

o
n

k
(x
,X

2
)K

(X
2
,X

2
)−

1
K

(X
2
,X

1
)

b
as

ed
on

th
e

la
n
d
m

ar
k

p
oi

n
ts
X

2
.

T
h
en

,
th

e
co

va
ri

a
n
ce

fo
r
x
∈
S
6

an
d
x
′ ∈

S
9

is
d
efi

n
ed

as
[ k

(x
,X

2
)K

(X
2
,X

2
)−

1
K

(X
2
,X

1
)] K

(X
1
,X

1
)−

1
[ K

(X
2
,X

1
)K

(X
2
,X

2
)−

1
k
(X

2
,x
′ )
] .

F
or

m
al

ly
,

fo
r

a
le

af
n
o
d
e
j

an
d
x
,x
′
∈
S
j
,

d
efi

n
e
k
(j
) (
x
,x
′ )
≡
k
(x
,x
′ )

.
F

o
r

a
n
o
n
le

af
n
o
d
e
i

an
d
x
,x
′ ∈

S
i,

d
efi

n
e

k
(i
) (
x
,x
′ )

:=

{
k
(j
) (
x
,x
′ )
,

if
x
,x
′ ∈

S
j

fo
r

so
m

e
j
∈
C
h

(i
),

ψ
(i
) (
x
,X

i)
K

(X
i,
X
i)
−
1
ψ
(i
) (
X
i,
x
′ )
,

ot
h
er

w
is

e,

(1
3
)

w
h
er

e
if
j

is
a

ch
il
d

of
i

an
d

if
x
∈
S
j
,

th
en

ψ
(i
) (
x
,X

i)
:=

{
k
(x
,X

i)
,

if
j

is
a

le
af

n
o
d
e,

ψ
(j
) (
x
,X

j
)K

(X
j
,X

j
)−

1
K

(X
j
,X

i)
,

ot
h
er

w
is

e.
(1

4
)

T
h
e
k
(i
)

at
th

e
ro

ot
le

ve
l

gi
ve

s
th

e
h
ie

ra
rc

h
ic

a
ll

y
co

m
po

si
ti

o
n

a
l

ke
rn

el
of

th
is

p
a
p

er
:

k
h
ie
ra
rc
h
ic
a
l
:=

k
(r
o
o
t)
.

(1
5
)

C
le

ar
ly

,
th

e
ke

rn
el
k
co

m
p
o
si
ti
o
n
a
l

in
S
ec

ti
on

2.
1

is
a

sp
ec

ia
l

ca
se

of
k
h
ie
ra
rc
h
ic
a
l

w
h
en

th
e

p
ar

ti
ti

on
in

g
tr

ee
co

n
si

st
s

of
on

ly
th

e
ro

ot
an

d
th

e
le

af
n
o
d
es

(w
h
ic

h
ar

e
ch

il
d
re

n
o
f

th
e

ro
ot

). E
x
p
an

d
in

g
th

e
re

cu
rs

iv
e

fo
rm

u
la

s
(1

3)
an

d
(1

4)
,

fo
r

tw
o

d
is

ti
n
ct

le
af

n
o
d
es
j

a
n
d
l,

w
e

se
e

th
at

th
e

co
va

ri
an

ce
b

et
w

ee
n
x
∈
S
j

an
d
x
′ ∈

S
l

is

k
h
ie
ra
rc
h
ic
a
l(
x
,x
′ )

=
k
(r
) (
x
,x
′ )

=
k
(x
,X

j 1
)K

(X
j 1
,X

j 1
)−

1
K

(X
j 1
,X

j 2
)
··
·K

(X
j s
,X

j s
)−

1
K

(X
j s
,X

r
)

︸
︷︷

︸
ψ
(r

)
(x
,X

r
)

K
(X

r
,X

r
)−

1

·K
(X

r
,X

l t
)K

(X
l t
,X

l t
)−

1
··
·K

(X
l 2
,X

l 1
)K

(X
l 1
,X

l 1
)−

1
k
(X

l 1
,x
′ )

︸
︷︷

︸
ψ
(r

)
(X

r
,x
′ )

,
(1

6
)

w
h
er

e
r

is
th

e
le

as
t

co
m

m
on

an
ce

st
or

of
j

an
d
l,

an
d

(j
,j

1
,j

2
,.
..
,j
s
,r

)
an

d
(l
,l

1
,l

2
,.
..
,l
t,
r)

ar
e

th
e

p
at

h
s

co
n
n
ec

ti
n
g
r

an
d

th
e

tw
o

le
af

n
o
d
es

,
re

sp
ec

ti
ve

ly
.

T
h
er

ef
or

e,
w

e
h
av

e
th

e
fo

ll
ow

in
g

re
su

lt
.

P
ro

p
o
si

ti
o
n

5
B

a
se

d
o
n

th
e

n
o
ta

ti
o
n

in
th

e
p
re

ce
d
in

g
pa

ra
gr

a
p
h
,

fo
r
x
∈
S
j

a
n

d
x
′ ∈

S
l,

w
e

h
a
ve

k
h
ie
ra
rc
h
ic
a
l(
x
,x
′ )

=
k
(x
,x
′ )
,

w
h
en

ev
er
x
∈
X
j
∩
X
j 1
··
·∩
X
j s

,
x
′ ∈

X
l
∩
X
l 1
··
·∩
X
l t

,
a
n

d
ei

th
er

o
f
x
,x
′

be
lo

n
gs

to
X
r
.
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H
ie
r
a
r
c
h
ic
a
l
ly

C
o
m
p
o
sit

io
n
a
l
K
e
r
n
e
l
s

P
ro

o
f

O
n

(1
6
),

recu
rsively

ap
p
ly

th
e

fact
th

at
if
x
∈
X

,
th

en
K

(X
,X

) −
1k

(X
,x

)
is

a
col-

u
m

n
o
f

th
e

id
en

tity
m

atrix
w

h
ere

th
e

on
ly

n
on

zero
elem

en
t

(i.e.,
1
)

is
lo

cated
w

ith
resp

ect
to

th
e

lo
ca

tion
of
x

in
sid

e
X

.

T
h
e

fo
llow

in
g

th
eorem

gu
aran

tees
th

e
valid

ity
of

th
e

kern
el.

Its
p
ro

of
strategy

is
sim

ilar
to

th
a
t

o
f

T
h
eorem

3,
b
u
t

it
is

com
p
lex

b
ecau

se
of

recu
rsion

.
W

e
d
efer

th
e

p
ro

of
to

A
p
p

en
d
ix

A
.

T
h

e
o
re

m
6

T
h
e

fu
n

ctio
n
k
h
iera

rch
ica

l
is

po
sitive-d

efi
n

ite
if
k

is
po

sitive-d
efi

n
ite

a
n

d
K

(X
i ,X

i )
is

in
vertible

fo
r

a
ll

sets
o
f

la
n

d
m

a
rk

po
in

ts
X
i

a
ssocia

ted
w

ith
th

e
n

o
n

lea
f

n
od

es
i.

M
o
reo

ver,
k
h
iera

rch
ica

l
is

strictly
po

sitive-d
efi

n
ite

if
k

is
so

.

3
.
M

a
trix

V
ie
w

T
h
e

kern
el

m
a
trix

K
h
iera

rch
ica

l (X
,X

)
for

a
set

of
train

in
g

p
oin

ts
X

ex
h
ib

its
a

h
ierarch

ical
b
lo

ck
stru

ctu
re.

F
igu

re
2

p
ictorially

sh
ow

s
su

ch
a

stru
ctu

re
for

th
e

ex
am

p
le

in
F

igu
re

1.
T

o
avo

id
d
eg

en
erate

em
p
ty

b
lo

ck
s,

w
e

assu
m

e
th

a
t
X
∩
S
j 6=
∅

for
all

leaf
n
o
d
es
j

in
th

e
p
a
rtitio

n
in

g
tree

T
.

A
5
5

A
5
6

A
5
7

A
6
5

A
6
6

A
6
7

A
7
5

A
7
6

A
7
7

A
8
8

A
8
9

A
9
8

A
9
9

A
2
3

A
2
4

A
3
2

A
3
3

A
3
4

A
4
2

A
4
3

F
ig

u
re

2:
T

h
e

m
atrix

K
h
iera

rch
ica

l
corresp

on
d
in

g
to

th
e

p
a
rtition

in
g

tree
T

in
F

igu
re

1.

F
o
rm

a
lly,

fo
r

an
y

n
o
d
e
i,

let
X
i

=
X
∩
S
i ;

th
at

is,
X
i

con
sists

of
th

e
train

in
g

p
oin

ts
th

at
fa

ll
w

ith
in

th
e

d
om

ain
S
i .

T
h
en

,
d
efi

n
e

a
m

atrix
A
∈
R
n×

n
w

ith
th

e
follow

in
g

stru
ctu

re:

1
.

F
o
r

every
n
o
d
e
i,
A
ii

is
a

d
iagon

al
b
lo

ck
w

h
ose

row
s

an
d

colu
m

n
s

corresp
on

d
to
X
i ;

for
every

p
a
ir

of
sib

lin
g

n
o
d
es
i

an
d
j,
A
ij

is
an

o
ff

-d
iagon

al
b
lo

ck
w

h
ose

row
s

corresp
on

d
to
X
i

a
n
d

colu
m

n
s

to
X
j .

2
.

F
o
r

every
leaf

n
o
d
e
i,
A
ii

=
K

(X
i ,X

i ).

3
.

F
o
r

every
p
air

of
sib

lin
g

n
o
d
es
i

an
d
j,
A
ij

=
U
i Σ

p U
Tj

,
w

h
ere

p
is

th
e

p
aren

t
of
i

an
d

j,
w

ith
Σ
p

an
d
U
i

d
efi

n
ed

n
ex

t.
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C
h
e
n
e
t
a
l
.

4.
F

or
every

n
on

leaf
n
o
d
e
p
,

Σ
p

=
K

(X
p ,X

p ).

5.
F

or
every

leaf
n
o
d
e
i,
U
i

=
K

(X
i ,X

p )K
(X

p ,X
p ) −

1,
w

h
ere

p
is

th
e

p
aren

t
of
i.

6.
F

or
every

p
air

of
ch

ild
n
o
d
e
i

a
n
d

p
aren

t
n
o
d
e
p

n
ot

b
ein

g
th

e
ro

ot,
th

e
b
lo

ck
of
U
p

corresp
on

d
in

g
to

n
o
d
e
i

is
U
i W

p ,
w

h
ere

W
p

=
K

(X
p ,X

r )K
(X

r ,X
r ) −

1
an

d
r

is
th

e
p
aren

t
of
p
.

T
h
at

is,
in

th
e

m
atrix

form
,

U
p

=



...U
i... 
i∈
C
h
(p
) ·
W
p .

O
n
e

sees
th

at
A

is
ex

actly
eq

u
al

to
K

h
iera

rch
ica

l (X
,X

)
b
y

v
erify

in
g

again
st

th
e

d
efi

n
ition

of
k
h
iera

rch
ica

l
in

(13)–(15).
S
u
ch

a
h
ierarch

ical
b
lo

ck
stru

ctu
re

is
a

sp
ecial

case
of

th
e

recu
rsively

lo
w

-ra
n

k
co

m
-

p
ressed

m
a
trix

stu
d
ied

in
C

h
en

(20
14b

).
In

th
is

m
atrix

,
off

-d
iagon

al
b
lo

ck
s

are
recu

rsively
com

p
ressed

in
to

low
ran

k
th

rou
gh

ch
an

g
e

of
b
a
sis,

w
h
ile

th
e

m
ain

-d
iagon

al
b
lo

ck
s

at
th

e
leaf

level
rem

ain
in

tact.
Its

con
n
ection

s
an

d
d
istin

ction
s

w
ith

related
m

atrices
(e.g.,

F
M

M
m

atrices
(S

u
n

an
d

P
itsian

is,
2001)

an
d

h
ierarch

ical
m

atrices
(H

ack
b
u
sch

,
1
999))

w
ere

d
is-

cu
ssed

in
d
etail

in
C

h
en

(2014b
).

T
h
e

sign
atu

re
of

a
recu

rsively
low

-ran
k

com
p
ressed

m
atrix

is
th

at
m

an
y

m
atrix

op
eration

s
can

b
e

p
erform

ed
w

ith
a

cost,
lo

osely
sp

eak
in

g,
lin

ear
in

n
.

T
h
e

m
atrix

stru
ctu

re
in

th
is

p
ap

er,
w

h
ich

resu
lts

from
th

e
kern

el
k
h
iera

rch
ica

l ,
sp

ecializes
a

gen
eral

recu
rsively

low
-ran

k
com

p
ressed

m
atrix

in
th

e
follow

in
g

asp
ects:

(a)
th

e
m

atrix
is

sy
m

m
etric;

(b
)

th
e

m
id

d
le

factor
Σ
p

in
ea

ch
A
ij

is
th

e
sam

e
for

all
ch

ild
p
airs

i,j
of
p
;

an
d

(c)
th

e
ch

an
ge-of-b

asis
factor

W
p

is
th

e
sam

e
for

all
ch

ild
ren

i
of
p
.

H
en

ce,
storage

an
d

tim
e

costs
of

m
atrix

op
eration

s
are

red
u
ced

b
y

a
con

stan
t

factor
com

p
ared

w
ith

th
ose

of
th

e
algorith

m
s

in
C

h
en

(2014b
).

In
w

h
at

follow
s,

w
e

d
iscu

ss
th

e
algorith

m
ic

asp
ects

of
th

e
m

atrix
op

eration
s

n
eed

ed
to

carry
o
u
t

kern
el

m
eth

o
d

com
p
u
tation

s,
b
u
t

d
efer

th
e

com
p
lex

ity
an

aly
sis

in
S
ection

4.
D

iscu
ssion

s
of

ad
d
ition

al
m

atrix
op

eration
s

u
sefu

l
in

a
gen

eral
m

ach
in

e
learn

in
g

con
tex

t
are

m
ad

e
tow

ard
th

e
en

d
of

th
e

p
a
p

er.

3
.1

M
a
trix

-V
e
c
to

r
M

u
ltip

lic
a
tio

n

F
irst,

w
e

con
sid

er
com

p
u
tin

g
th

e
m

atrix
-vector

p
ro

d
u
ct
y

=
A
b.

L
et

th
e

b
lo

ck
s

of
a

v
ector

b
e

lab
eled

in
th

e
sam

e
m

an
n
er

as
th

ose
of

th
e

m
atrix

A
.

T
h
at

is,
for

an
y

n
o
d
e
i,
b
i

d
en

otes
th

e
p
art

of
b

th
at

corresp
on

d
s

to
th

e
p

oin
t

set
X
i .

T
h
en

,
th

e
v
ector

y
is

clearly
an

accu
m

u
lation

of
th

e
sm

aller
m

atrix
-vector

p
ro

d
u
cts

A
ij b

j
in

th
e

ap
p
rop

riate
b
lo

ck
s,

for
all

sib
lin

g
p
airs

i,j
an

d
for

all
leaf

n
o
d
es
i

=
j

(cf.
F

igu
re

2).
W

h
en

i
=
j

is
a

leaf
n
o
d
e,

th
e

com
p
u
tation

of
A
ij b

j
is

straigh
tforw

ard
.

O
n

th
e

oth
er

h
an

d
,

w
h
en
i

an
d
j

con
stitu

te
a

p
air

of
sib

lin
g

n
o
d
es,

w
e

con
sid

er
a

d
escen

d
an

t
leaf

n
o
d
e
l

of
i.

T
h
e

b
lo

ck
of
A
ij b

j
corresp

on
d
in

g
to

n
o
d
e
l

ad
m

its
an

ex
p
an

d
ed

ex
p
ression

U
l W

l1 W
l2 ···W

ls W
i Σ

p W
Tj


∑

q
t ∈
C
h
(j) W

Tqt ··· 
∑

q
2 ∈
C
h
(q

3
) W

Tq2 
∑

q
1 ∈
C
h
(q

2
) W

Tq1 
∑

q∈
C
h
(q

1
) U

Tq
b
q 
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H
ie
r
a
r
c
h
ic
a
l
ly

C
o
m
p
o
si
t
io
n
a
l
K
e
r
n
e
l
s

w
h
er

e
(l
,l

1
,l

2
,.
..
,l
s
,i
,p

)
is

th
e

p
at

h
co

n
n
ec

ti
n
g
l

an
d

th
e

p
ar

en
t
p

of
i.

T
h
is

ex
p
re

ss
io

n
as

su
m

es
th

at
al

l
th

e
le

af
d
es

ce
n
d
an

ts
of
j

ar
e

on
th

e
sa

m
e

le
ve

l
so

th
at

th
e

ex
p
re

ss
io

n
is

n
ot

ov
er

ly
co

m
p
le

x
;

b
u
t

th
e

su
b
se

q
u
en

t
re

a
so

n
in

g
ap

p
li
es

to
th

e
ge

n
er

al
ca

se
.

T
h
e

te
rm

s
in

si
d
e

th
e

n
es

te
d

p
ar

en
th

es
es

of
(1

7)
m

ot
iv

at
e

th
e

fo
ll
ow

in
g

re
cu

rs
iv

e
d
efi

n
it

io
n
:

c i
=

    

U
T i
b i
,

i
is

a
le

af
n
o
d
e,

W
T i

∑

j∈
C
h
(i
)

c j
,

ot
h
er

w
is

e.

C
le

ar
ly

,
al

l
c j

’s
ca

n
b

e
co

m
p
u
te

d
w

it
h
in

on
e

p
as

s
of

a
p

os
t-

or
d
er

tr
ee

tr
av

er
sa

l.
U

p
on

th
e

co
m

p
le

ti
on

of
th

e
tr

av
er

sa
l,

w
e

re
w

ri
te

(1
7)

as
U
lW

l 1
W
l 2
··
·W

l s
W
iΣ

p
c j

.
T

h
en

w
e

n
ot

e
th

at
fo

r
an

y
le

af
n
o
d
e
l,
y l

is
a

su
m

of
th

es
e

ex
p
re

ss
io

n
s

w
it

h
al

l
p

al
on

g
th

e
p
at

h
co

n
n
ec

ti
n
g
l

an
d

th
e

ro
ot

,
an

d
ad

d
it

io
n
al

ly
,

of
A
ll
b l

.
In

ot
h
er

w
or

d
s,

w
e

h
av

e

y l
=
A
ll
b l

+

 
∑

l′
∈C

h
(l
1
)\
{l
}U

lΣ
l 1
c l
′ 

+

 
∑

l′
∈C

h
(l
2
)\
{l

1
}U

lW
l 1

Σ
l 2
c l
′ 

+
··
·+

 
∑

l′
∈C

h
(r
o
o
t)
\{
l t
}U

lW
l 1
W
l 2
··
·W

l t
Σ
ro
o
tc
l′

 
,

w
h
er

e
(l
,l

1
,l

2
,.
..
,l
t,

ro
ot

)
is

th
e

p
at

h
co

n
n
ec

ti
n
g
l

an
d

th
e

ro
ot

.
T

h
er

ef
or

e,
w

e
re

cu
rs

iv
el

y
d
efi

n
e

an
ot

h
er

q
u
an

ti
ty

d
j

=
W
id
i
+

∑

j′
∈C

h
(i
)\
{j
}Σ

ic
j′

fo
r

al
l

n
on

ro
ot

n
o
d
es
j

w
it

h
p
ar

en
t
i.

C
le

ar
ly

,
al

l
d
j
’s

ca
n

al
so

b
e

co
m

p
u
te

d
w

it
h
in

on
e

p
as

s
of

a
p
re

-o
rd

er
tr

ee
tr

av
er

sa
l.

U
p

on
th

e
co

m
p
le

ti
on

of
th

is
se

co
n
d

tr
av

er
sa

l,
w

e
h
av

e
y l

=
A
ll
b l

+
U
ld
l,

w
h
ic

h
co

n
cl

u
d
es

th
e

co
m

p
u
ta

ti
on

of
th

e
w

h
ol

e
ve

ct
or
y
.

A
s

su
ch

,
co

m
p
u
ti

n
g

th
e

m
at

ri
x
-v

ec
to

r
p
ro

d
u
ct
y

=
A
b

co
n
si

st
s

of
on

e
p

os
t-

or
d
er

tr
ee

tr
av

er
sa

l,
fo

ll
ow

ed
b
y

a
p
re

-o
rd

er
on

e.
W

e
re

fe
r

th
e

re
ad

er
to

C
h
en

(2
01

4b
)

fo
r

a
fu

ll
ac

co
u
n
t

of
th

e
co

m
p
u
ta

ti
on

al
st

ep
s.

F
or

co
m

p
le

te
n
es

s,
w

e
su

m
m

ar
iz

e
th

e
p

es
u
d
o
co

d
e

in
A

lg
or

it
h
m

1
as

a
re

fe
re

n
ce

fo
r

co
m

p
u
te

r
im

p
le

m
en

ta
ti

on
.

3
.2

M
a
tr

ix
In

v
e
rs

io
n

N
ex

t,
w

e
co

n
si

d
er

co
m

p
u
ti

n
g
A
−
1
,

fo
r

w
h
ic

h
w

e
u
se

th
e

ti
ld

ed
n
ot

at
io

n
Ã

:=
A
−
1
.

O
n
e

ca
n

sh
ow

(C
h
en

,
20

14
b
)

th
at
Ã

h
a
s

ex
ac

tl
y

th
e

sa
m

e
h
ie

ra
rc

h
ic

al
b
lo

ck
st

ru
ct

u
re

as
d
o
es

A
.

In
ot

h
er

w
or

d
s,

th
e

st
ru

ct
u
re

of
Ã

ca
n

b
e

d
es

cr
ib

ed
b
y

re
u
si

n
g

th
e

v
er

b
at

im
at

th
e

b
eg

in
n
in

g
of

S
ec

ti
on

3,
w

it
h

th
e

fa
ct

or
s
A
ii

,
A
ij

,
U
i,

Σ
p
,
W
p

re
p
la

ce
d

b
y

th
e

ti
ld

ed
ve

rs
io

n
Ã
ii

,
Ã
ij

,
Ũ
i,

Σ̃
p
,
W̃
p
,

re
sp

ec
ti

v
el

y.
T

h
e

p
ro

of
is

b
ot

h
in

d
u
ct

iv
e

an
d

co
n
st

ru
ct

iv
e,

p
ro

v
id

in
g

ex
p
li
ci

t
fo

rm
u
la

s
to

co
m

p
u
te
Ã
ii

,
Ã
ij

,
Ũ
i,

Σ̃
p
,
W̃
p

le
ve

l
b
y

le
ve

l.
T

h
e

es
se

n
ti

al
id

ea
is

th
at

if
(A

ii
−
U
iΣ

p
U
T i

)−
1

=
Ã
ii
−
Ũ
iΣ̃

p
Ũ
T i

h
av

e
b

ee
n

co
m

p
u
te

d
fo

r
al

l
ch

il
d
re

n
i

of
a

n
o
d
e
p
,

an
d

if
r

is
th

e
p
ar

en
t

of
p
,

th
en

A
p
p
−
U
p
Σ
r
U
T p

=

   . .
. A
ii
−
U
iΣ

p
U
T i . .

.   
+

   

. . . U
i . . .

   
Σ
p

[ ·
··

U
T i
··
·]
−
U
p
Σ
r
U
T p
.
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C
h
e
n
e
t
a
l
.

A
lg

o
ri

th
m

1
C

om
p
u
ti

n
g
y

=
A
b

1
:

In
it

ia
li
ze
c i
←

0,
d
i
←

0
fo

r
ea

ch
n
on

ro
ot

n
o
d
e
i

of
th

e
tr

ee
2
:
U
p
w
a
r
d

(r
o
o
t
)

3
:
D
o
w
n
w
a
r
d

(r
o
o
t
)

4
:

fu
n

c
ti

o
n
U
p
w
a
r
d

(i
)

5
:

if
i

is
le

af
th

e
n

6
:

c i
←
U
T i
b i

;
y i
←
A
ii
b i

7
:

e
ls

e
8
:

fo
r

a
ll

ch
il
d
re

n
j

of
i

d
o

9
:

U
p
w
a
r
d

(j
)

1
0
:

c i
←
c i

+
W

T i
c j

,
if
i

is
n
ot

ro
ot

1
1
:

e
n

d
fo

r
1
2
:

e
n

d
if

1
3
:

if
i

is
n
ot

ro
ot

th
e
n

1
4
:

fo
r

a
ll

si
b
li
n
gs
l

of
i

d
o
d
l
←
d
l
+

Σ
p
c i

e
n

d
fo

r
.
p

is
p
a
re

n
t

o
f
i

1
5
:

e
n

d
if

1
6
:

e
n

d
fu

n
c
ti

o
n

1
7
:

fu
n

c
ti

o
n
D
o
w
n
w
a
r
d

(i
)

1
8
:

if
i

is
le

af
th

e
n
y i
←
y i

+
U
id
i

an
d

re
tu

rn
e
n

d
if

1
9
:

fo
r

a
ll

ch
il
d
re

n
j

of
i

d
o

2
0
:

d
j
←
d
j

+
W
id
i,

if
i

is
n
ot

ro
ot

2
1
:

D
o
w
n
w
a
r
d

(j
)

2
2
:

e
n

d
fo

r
2
3
:

e
n

d
fu

n
c
ti

o
n

H
en

ce
,

th
e

in
ve

rs
io

n
of
A
p
p
−
U
p
Σ
r
U
T p

ca
n

b
e

d
on

e
b
y

ap
p
ly

in
g

th
e

S
h
er

m
a
n
–
M

o
rr

is
o
n
–

W
o
o
d
b
u
ry

fo
rm

u
la

,
w

h
ic

h
re

su
lt

s
in

a
fo

rm
Ã
p
p
−
Ũ
p
Σ̃
r
Ũ
T p

,
w

h
er

e
W̃
r

is
d
et

er
m

in
ed

b
a
se

d

on
th

e
ch

an
ge

of
b
as

is
fr

om
Ũ
i

to
Ũ
p

an
d

th
e

m
id

d
le

fa
ct

or
Σ̃
r

is
al

so
d
et

er
m

in
ed

.
In

a
d
-

d
it

io
n
,

th
e

fa
ct

or
s

Σ̃
j

(c
om

p
u
te

d
p
re

v
io

u
sl

y
)

fo
r

al
l

d
es

ce
n
d
an

ts
j

of
r

m
u
st

b
e

co
rr

ec
te

d
b

ec
au

se
th

e
d
ia

go
n
al

b
lo

ck
of
Ã
p
p

co
rr

es
p

on
d
in

g
to

n
o
d
e
j

is
a

lo
w

-r
an

k
co

rr
ec

ti
o
n

o
f

th
e

co
rr

es
p

on
d
in

g
d
ia

go
n
al

b
lo

ck
of
Ã
ii

w
it

h
th

e
sa

m
e

b
a
si

s.
S
u
ch

a
d
ow

n
-c

as
ca

d
in

g
co

rr
ec

ti
o
n

o
cc

u
rs

w
h
en

ev
er

th
e

in
d
u
ct

io
n

p
ro

ce
ed

s
fr

om
on

e
ch

il
d

le
v
el

to
th

e
p
ar

en
t

le
ve

l;
b
u
t

co
m

-
p
u
ta

ti
on

al
ly

,
th

e
co

rr
ec

ti
on

on
an

y
n
o
d
e

ca
n

b
e

ac
cu

m
u
la

te
d

d
u
ri

n
g

th
e

w
h
o
le

in
d
u
ct

io
n

p
ro

ce
ss

.
T

h
e

n
et

re
su

lt
of

th
e

ac
cu

m
u
la

ti
on

is
th

at
ea

ch
Σ̃
i

n
ee

d
s

b
e

co
rr

ec
te

d
o
n
ly

o
n
ce

,
w

h
ic

h
en

su
re

s
an

effi
ci

en
t

co
m

p
u
ta

ti
on

.

W
e

re
fe

r
th

e
re

ad
er

to
C

h
en

(2
01

4b
)

fo
r

a
fu

ll
ac

co
u
n
t

of
th

e
co

m
p
u
ta

ti
on

al
st

ep
s.

S
im

il
a
r

to
th

e
m

at
ri

x
-v

ec
to

r
m

u
lt

ip
li
ca

ti
on

,
th

e
ov

er
al

l
co

m
p
u
ta

ti
on

h
er

e
co

n
si

st
s

of
o
n
e

p
o
st

-o
rd

er
tr

ee
tr

av
er

sa
l

(c
or

re
sp

on
d
in

g
to

th
e

in
d
u
ct

io
n
),

fo
ll
ow

ed
b
y

a
p
re

-o
rd

er
on

e
(c

o
rr

es
p

o
n
d
in

g
to

th
e

d
ow

n
-c

as
ca

d
in

g
co

rr
ec

ti
on

).
F

or
co

m
p
le

te
n
es

s,
w

e
su

m
m

ar
iz

e
th

e
p
se

u
d
o
co

d
e

in
A

lg
or

it
h
m

2
as

a
re

fe
re

n
ce

fo
r

co
m

p
u
te

r
im

p
le

m
en

ta
ti

on
.
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H
ie
r
a
r
c
h
ic
a
l
ly

C
o
m
p
o
sit

io
n
a
l
K
e
r
n
e
l
s

A
lg

o
rith

m
2

C
om

p
u
tin

g
Ã

=
A
−
1

1
:
U
p
w
a
r
d

(r
o
o
t
)

2
:
D
o
w
n
w
a
r
d

(r
o
o
t
)

3
:

fu
n

c
tio

n
U
p
w
a
r
d

(i)

4
:

if
i

is
leaf

th
e
n

5
:

Ã
ii ←

(A
ii −

U
i Σ

p U
Ti

) −
1;

Ũ
i ←

Ã
ii U

i ;
Θ̃
i ←

U
Ti
Ũ
i

.
p

is
p
a
ren

t
of
i

6
:

retu
rn

7
:

e
n

d
if

8
:

fo
r

a
ll

ch
ild

ren
j

of
i

d
o

9
:

U
p
w
a
r
d

(j)

1
0
:

W̃
j ←

(I
+

Σ̃
j Ξ̃

j )W
j

if
j

is
n
ot

leaf

1
1
:

Θ̃
j ←

W
Tj

Ξ̃
j W̃

j
if
j

is
n
ot

leaf

1
2
:

e
n

d
fo

r

1
3
:

Ξ̃
i ←

∑
j∈
C
h
(i)

Θ̃
j

1
4
:

if
i

is
n
ot

ro
ot

th
e
n

Λ̃
i ←

Σ
i −

W
i Σ

p W
Ti

e
lse

Λ̃
i ←

Σ
i

e
n

d
if

.
p

is
p
a
ren

t
of
i

1
5
:

Σ̃
i ←
−

(I
+

Λ̃
i Ξ̃
i ) −

1Λ̃
i

1
6
:

fo
r

a
ll

ch
ild

ren
j

of
i

d
o

1
7
:

Ẽ
j ←

W̃
j Σ̃

i W̃
Tj

if
j

is
n
ot

leaf

1
8
:

e
n

d
fo

r

1
9
:

Ẽ
i ←

0
if
i

is
ro

ot

2
0
:

e
n

d
fu

n
c
tio

n

2
1
:

fu
n

c
tio

n
D
o
w
n
w
a
r
d

(i)

2
2
:

if
i

is
leaf

th
e
n

2
3
:

Ã
ii ←

Ã
ii

+
Ũ
i Σ̃

p Ũ
Ti

if
i

is
n
ot

ro
ot

.
p

is
p
a
ren

t
of
i

2
4
:

e
lse

2
5
:

Ẽ
i ←

Ẽ
i
+
W̃
i Ẽ

p W̃
Ti

if
i

is
n
ot

ro
ot

.
p

is
p
aren

t
of
i

2
6
:

Σ̃
i ←

Σ̃
i
+
Ẽ
i

2
7
:

fo
r

a
ll

ch
ild

ren
j

of
i

d
o
D
o
w
n
w
a
r
d

(j)
e
n

d
fo

r

2
8
:

e
n

d
if

2
9
:

e
n

d
fu

n
c
tio

n

3
.3

(Im
p

lic
it)

O
u

t-o
f-S

a
m

p
le

C
o
n

stru
c
tio

n

N
ow

,
w

e
co

n
sid

er
th

e
vector

k
h
iera

rch
ica

l (X
,x

)
for

an
ex

istin
g

train
in

g
set

X
an

d
a

n
ew

p
oin

t
x

in
th

e
testin

g
set.

G
en

erally,
th

is
vector

is
n
ot

u
sed

alon
e

b
u
t

it
ap

p
ears

in
th

e
in

n
er

p
ro

d
u
ct

w
ith

so
m

e
oth

er
vector

w
(see

(2
)).

W
h
ereas

th
e

con
stru

ction
of
k
h
iera

rch
ica

l (X
,x

)
ca

n
b

e
d
o
n
e

a
t
O

(n
)

cost
(d

etails
om

itted
h
ere),

w
e

sh
all

con
sid

er
in

stead
th

e
com

p
u
tation

o
f

th
e

in
n
er

p
ro

d
u
ct
w
T
k
h
iera

rch
ica

l (X
,x

),
b

ecau
se

th
e

cost
of

com
p
u
tin

g
th

is
in

n
er

p
ro

d
u
ct

is
p
ro

p
o
rtio

n
al

to
on

ly
th

e
h
eigh

t
of

th
e

tree
p

er
x

after
an

O
(n

)
p
rep

ro
cessin

g.
T

h
e
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C
h
e
n
e
t
a
l
.

p
rep

ro
cessin

g
cost

is
am

ortized
on

each
x

an
d

th
u
s

is
gen

erally
n
egligib

le
for

a
large

n
u
m

b
er

of
x

’s.
T

h
e

com
p
u
tation

of
w
T
k
h
iera

rch
ica

l (X
,x

)
w

as
n
ot

d
escrib

ed
in

C
h
en

(2014b
),

b
u
t

th
e

id
ea

is
sim

ilar
to

th
at

of
th

e
m

atrix
-vector

m
u
ltip

lication
in

S
ection

3.1.
T

o
sim

p
lify

n
otation

,
let

v
≡
k
h
iera

rch
ica

l (X
,x

).
A

ssu
m

e
th

at
x

falls
in

th
e

d
om

ain
S
j

for
som

e
leaf

n
o
d
e
j.

T
h
en

,
v
j

=
k
(X

j ,x
)

an
d

for
an

y
leaf

n
o
d
e
l6=

j,

v
l

=
U
l W

l1 W
l2 ···W

ls Σ
p W

Tjt ···W
Tj2 W

Tj1 K
(X

j
1 ,X

j
1 ) −

1k
(X

j
1 ,x

),

w
h
ere

p
is

th
e

least
com

m
on

an
cestor

of
l

an
d
j,

an
d

(l,l1 ,l2 ,...,ls ,p
)

an
d

(j,j
1 ,j

2 ,...,j
t ,p

)
are

th
e

p
ath

s
con

n
ectin

g
l

an
d
p
,

an
d
j

an
d
p
,

resp
ectively.

T
h
erefore,

if
w

e
d
efi

n
e

d
j
u

=
W

Tju d
j
u−

1 ,
···

d
j
2

=
W

Tj2 d
j
1 ,

d
j
1

=
W

Tj1 d
j ,

d
j

=
K

(X
j
1 ,X

j
1 ) −

1k
(X

j
1 ,x

),(18)
w

h
ere

(j,j
1 ,j

2 ,...,j
u ,ro

ot)
is

th
e

p
ath

con
n
ectin

g
j

an
d

th
e

ro
ot,

th
en

w
e

h
ave

w
T
v

=
w
Tj
k
(X

j ,x
)

+
∑

l6=
j,
l
is

lea
f w

Tl
U
l W

l1 W
l2 ···W

ls Σ
p d
j
t .

(19)

If
w

e
fu

rth
er

d
efi

n
ee
l

=



U
Tl
w
l ,

l
is

leaf,
∑i∈
C
h
(l) W

Tl
e
i ,

oth
erw

ise,
an

d
c
q

=
Σ
Tp
e
l ,

(20)

w
h
ere

p
is

th
e

p
aren

t
of

th
e

sib
lin

g
p
air

q
an

d
l,

th
en

(19)
is

sim
p
lifi

ed
to

w
T
v

=
w
Tj
k
(X

j ,x
)

+
∑

j
t ∈

p
a
th

(j,ro
o
t) c

Tj
t d
j
t .

(21)

B
ased

on
(18)–(21),

w
e

see
th

at
w
T
v
≡
w
T
k
h
iera

rch
ica

l (X
,x

)
can

b
e

com
p
u
ted

in
th

e
follow

in
g

tw
o

p
h
ases.

In
th

e
fi
rst

p
h
ase,

w
e

com
p
u
te

e
l

an
d
c
l

for
all

n
on

leaf
n
o
d
es

l
accord

in
g

to
(20).

S
u
ch

a
com

p
u
tation

can
b

e
d
on

e
b
y

u
sin

g
a

p
ost-o

rd
er

tree
trav

ersal
an

d
is

in
d
ep

en
d
en

t
of
x

.
T

h
u
s,

th
is

com
p
u
tation

is
th

e
p
rep

ro
cessin

g
step

.
In

th
e

secon
d

p
h
ase,

w
e

com
p
u
te
d
j
t

for
all

j
t

alon
g

th
e

p
ath

(j,j
1 ,j

2 ,...,j
u ,ro

ot)
accord

in
g

to
(18).

O
n
ce

th
ey

are
com

p
u
ted

,
th

e
su

m
m

ation
(21)

is
straigh

tforw
ard

an
d

w
e

th
u
s

con
clu

d
e

th
e

com
p
u
tation

.
N

ote
th

at
th

e
secon

d
p
h
ase

is
alw

ay
s

con
d
u
cted

alon
g

a
certain

p
a
th

con
n
ectin

g
th

e
ro

ot
an

d
th

e
leaf

j.
A

s
lon

g
as

th
e

d
eterm

in
ation

of
w

h
ich

leaf
j

th
e

p
o
in

t
x

falls
in

is
restricted

on
th

is
p
ath

,
th

e
cost
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rö
m

,
ra

n
d
om

F
ou

ri
er

fe
at

u
re

s
k
F
o
u
ri
er

,
cr

os
s-

d
om

ai
n

in
d
ep

en
d
en

t
k
er

n
el
k
in
d
ep

en
d
en

t,
an

d
th

e
p
ro

p
os

ed
ke

rn
el
k
h
ie
ra
rc
h
ic
a
l.

T
h
e

p
ar

ti
ti

on
in

g
in

th
e

cr
os

s-
d
om

ai
n

in
d
ep

en
d
en

t
k
er

-
n
el

is
th

e
sa

m
e

as
th

at
in

th
e

p
ro

p
os

ed
k
er

n
el

,
ex

ce
p
t

th
at

th
e

h
ie

ra
rc

h
y

is
fl
at

te
n
ed

.
B

ec
a
u
se

of
th

e
ra

n
d
om

n
at

u
re

of
al

l
th

es
e

ke
rn

el
s

(e
.g

.,
la

n
d
m

ar
k

p
oi

n
ts

,
sa

m
p
li
n
g,

an
d

p
a
rt

it
io

n
in

g
),

w
e

fi
rs

t
st

u
d
y

h
ow

th
e

p
er

fo
rm

an
ce

is
aff

ec
te

d
b
y

ra
n
d
om

iz
at

io
n
.

N
ot

e
th

at
th

e
q
u
a
n
ti

ty
r

is
co

m
p
ar

ab
le

ac
ro

ss
ke

rn
el

s,
ev

en
th

ou
gh

it
s

sp
ec

ifi
c

m
ea

n
in

g
is

d
iff

er
en

t.

T
h
e

d
at

a
se

t
fo

r
d
em

on
st

ra
ti

on
is

ca
d
at

a.
W

e
u
se

th
e

G
au

ss
ia

n
k
er

n
el

(5
)

a
s

a
n

ex
a
m

p
le

.
A

s
h
in

te
d

ea
rl

ie
r,

th
e

ch
oi

ce
of

th
e

ra
n
ge

p
a
ra

m
et

er
σ

aff
ec

ts
th

e
q
u
al

it
y

of
va

ri
o
u
s

ke
rn

el
s.

T
h
er

ef
or

e,
th

e
ex

p
er

im
en

t
se

tu
p

is
to

u
se

a
re

as
on

ab
le

re
gu

la
ri

za
ti

on
λ

=
0
.0

1
a
n
d

to
va

ry
th

e
ch

oi
ce

of
σ

in
a

la
rg

e
in

te
rv

al
(b

et
w

ee
n

0
.0

1
an

d
10

0)
su

ch
th

at
th

e
o
p
ti

m
a
l
σ

fa
ll
s

w
it

h
in

th
e

in
te

rv
al

.
W

e
se

t
th

e
ra

n
k
r

(a
n
d

th
e

le
af

si
ze
n
0
)

ac
co

rd
in

g
to

(2
2
)

w
it

h
th

re
e

p
ar

ti
cu

la
r

ch
oi

ce
s:
r

=
32

,
12

9,
an

d
51

6.

F
or

ea
ch

r,
w

e
re

p
ea

t
30

ti
m

es
w

it
h

d
iff

er
en

t
ra

n
d
om

se
ed

s;
b
u
t

th
e

se
ed

a
lw

ay
s

st
ay

s
th

e
sa

m
e

ev
er

y
ti

m
e

w
h
en

th
e

ra
n
ge

of
σ

is
sw

ep
t.

T
h
e

re
su

lt
s

(r
el

at
iv

e
te

st
in

g
er

ro
r

ve
rs

u
s

σ
)

ar
e

su
m

m
ar

iz
ed

in
F

ig
u
re

3,
w

it
h

m
ea

n
(b

lu
e

cu
rv

e)
an

d
st

an
d
ar

d
d
ev

ia
ti

o
n

(r
ed

b
a
n
d
)

p
lo

tt
ed

.
O

n
e

se
es

th
at

th
e

re
d

b
an

d
s

of
ra

n
d
om

F
ou

ri
er

fe
at

u
re

s
ar

e
n
ot

sm
o
o
th

;
th

is
is

b
ec

au
se

ea
ch

si
n
gl

e
er

ro
r

cu
rv

e
fr

om
a

fi
x
ed

se
ed

is
n
on

sm
o
ot

h
.

M
or

eo
ve

r,
th

e
er

ro
r

cu
rv

es
fo

r
N

y
st

rö
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rö
m

)
an

d
th

e
fu

ll
-r

an
k

(i
n
d
ep

en
d
en

t
an

d
h
ie

ra
rc

h
ic

al
)

ke
rn

el
s.

T
h
is

is
th

e
ex

em
p
li
fi
ed

ca
se

w
h
er

e
th

e
ei

ge
n
va

lu
es

in
th

e
ke

rn
el

m
at

ri
x

d
ec

ay
to

o
sl

ow
ly

,
su

ch
th

at
lo

w
-r

an
k

ke
rn

el
s

w
it

h
an

in
su

ffi
ci

en
tl

y
la

rg
e

ra
n
k
r

ar
e

cl
ea

rl
y

u
n
d
er

p
er

fo
rm

in
g.

5
.4

A
D

iff
e
re

n
t

B
a
se

K
e
rn

e
l

W
e

co
n
si

d
er

u
si

n
g

a
d
iff

er
en

t
b
as

e
ke

rn
el

an
d

in
sp

ec
t

w
h
et

h
er

th
e

o
b
se

rv
at

io
n
s

m
ad

e
in

th
e

p
re

ce
d
in

g
su

b
se

ct
io

n
st

il
l

h
ol

d
.

H
er

e,
w

e
u
se

th
e

L
ap

la
ce

k
er

n
el

k
(x
,x
′ )

=
ex

p

( −
‖x
−
x
′ ‖ 1

σ

)

p
op

u
la

ri
ze

d
b
y

R
ah

im
i

an
d

R
ec

h
t

(2
00

7)
.

C
le

ar
ly

,
th

is
ke

rn
el

is
th

e
te

n
so

r
p
ro

d
u
ct

of
o
n
e-

d
im

en
si

on
al

ex
p

on
en

ti
al

k
er

n
el

s
ex

p
(−
|x
i
−
x
′ i|/
σ

)
fo

r
al

l
at

tr
ib

u
te

s
i.

In
th

e
G

P
co

n
te

x
t,

th
e

ex
p

on
en

ti
al

k
er

n
el

gi
ve

s
ri

se
to

th
e

w
el

l-
k
n
ow

n
O

rn
st

ei
n
-U

h
le

n
b

ec
k

p
ro

ce
ss

.
B

ot
h

th
e

ex
p

on
en

ti
al

ke
rn

el
an

d
th

e
G

au
ss

ia
n

ke
rn

el
ar

e
sp

ec
ia

l
ca

se
s

of
th

e
M

at
ér

n
fa

m
il
y

of
ke

r-
n
el

s,
b
u
t

th
ei

r
ch

ar
ac

te
ri

st
ic

s
ar

e
o
p
p

os
it

e:
th

e
la

tt
er

y
ie

ld
s

an
ex

tr
em

el
y

sm
o
ot

h
p
ro

ce
ss

w
h
er

ea
s

th
e

fo
rm

er
h
ig

h
ly

ro
u
gh

(S
te

in
,

19
99

).
H

en
ce

,
on

e
m

ig
h
t

ex
p

ec
t

th
at

th
ei

r
re

su
lt

s
su

b
st

an
ti

al
ly

d
iff

er
.

H
ow

ev
er

,
th

e
an

sw
er

is
to

th
e

co
n
tr

ar
y.

T
o

av
oi

d
cl

u
tt

er
in

g,
w

e
le

av
e

th
e

p
lo

ts
to

th
e

ap
p

en
d
ix

(s
ee

F
ig

u
re

s
9

an
d

10
);

th
ey

ar
e

si
m

il
a
r

to
th

os
e

sh
ow

n
in

F
ig

u
re

s
5

an
d

6
of

th
e

G
au

ss
ia

n
ke

rn
el

.
S
p

ec
ifi

ca
ll
y,

th
e

ge
n
er

al
tr

en
d
s

an
d

th
e

sp
ec

ifi
c

p
er

fo
rm

an
ce

va
lu

es
ar

e
q
u
it

e
cl

os
e

ac
ro

ss
th

e
tw

o
b
as

e
k
er

n
el

s.
A

p
os

si
b
le

re
as

on
is

th
at

th
e

(o
p
ti

m
al

)
re

gu
la

ri
za

ti
on

λ
ge

n
er

al
ly

li
es

on
th

e
or

d
er

of
0
.0

1
to

0
.1

,
w

h
ic

h
is

re
la

ti
ve

ly
la

rg
e

co
m

p
ar

ed
w

it
h

th
e

ke
rn

el
va

lu
es

,
w

h
os

e
p

ea
k

o
cc

u
rs

at
k
(0

)
=

1.
In

th
e

G
P

co
n
te

x
t,

th
e

n
oi

se
le

ve
l
λ

is
so

h
ig

h
th

at
it

ec
li
p
se

s
th

e
eff

ec
t

of
sm

o
ot

h
n
es

s—
th

e
ro

u
gh

va
ri

at
io

n
of

d
at

a
m

ay
as

w
el

l
b

e
in

te
rp

re
te

d
as

n
oi

se
in

st
ea

d
.

T
h
en

,
th

e
sm

o
ot

h
n
es

s
of

th
e

ke
rn

el
m

at
te

rs
li
tt

le
a
n
d

th
u
s

th
e

re
su

lt
s

of
d
iff

er
en

t
b
as

e
ke

rn
el

s
lo

ok
si

m
il
ar

.

B
as

ed
on

th
is

ob
se

rv
at

io
n
,

w
e

ad
d
it

io
n
al

ly
p

er
fo

rm
ex

p
er

im
en

ts
w

it
h

th
e

in
ve

rs
e

m
u
lt

i-
q
u
ad

ri
c

ke
rn

el

k
(x
,x
′ )

=
σ
2

√
‖x
−
x
′ ‖2 2

+
σ
2
.

T
h
e

st
ri

ct
p

os
it

iv
e

d
efi

n
it

en
es

s
of

th
is

ke
rn

el
is

p
ro

ve
d

in
M

ic
ch

el
li

(1
9
86

);
b
u
t

it
s

F
o
u
ri

er
tr

an
sf

or
m

is
li
tt

le
k
n
ow

n
an

d
h
en

ce
w

e
d
o

n
ot

co
m

p
ar

e
w

it
h

th
e

ra
n
d
om

F
ou

ri
er

m
et

h
o
d
.

T
h
e

re
su

lt
s

ar
e

sh
ow

n
in

th
e

ap
p

en
d
ix

(s
ee

F
ig

u
re

s
11

an
d

12
).

O
n
e

se
es

ag
ai

n
th

at
th

ey
ar

e
q
u
it

e
si

m
il
ar

to
th

os
e

of
th

e
G

au
ss

ia
n

an
d

L
ap

la
ce

ke
rn

el
s.

29
JM

L
R

 1
8(

66
):

1-
42

, 2
01

7

C
h
e
n
e
t
a
l
.

5
.5

T
ra

d
e
-O

ff
b

e
tw

e
e
n
n

a
n

d
r

A
fo

lk
w

is
d
om

in
m

ac
h
in

e
le

ar
n
in

g
is

th
at

m
or

e
d
at

a
b

ea
ts

a
m

or
e

co
m

p
le

x
m

o
d
el

(D
o
m

in
-

go
s,

20
12

).
T

h
e

ap
p
li
ca

b
il
it

y
of

th
is

k
n
ow

le
d
ge

li
es

in
th

e
re

gi
m

e
w

h
er

e
th

e
h
y
p

o
th

es
is

sp
a
ce

h
as

n
ot

b
ee

n
sa

tu
ra

te
d

b
y

d
at

a.
F

or
ke

rn
el

m
et

h
o
d
s,

a
n
at

u
ra

l
q
u
es

ti
on

to
a
sk

is
w

h
et

h
er

su
b
sa

m
p
li
n
g

is
v
ia

b
le

,
co

n
si

d
er

in
g

th
at

th
e

co
m

p
u
ta

ti
on

al
eff

or
t

is
n
on

tr
iv

ia
l

w
it

h
re

sp
ec

t
to

th
e

d
at

a
si

ze
n

.
A

re
le

va
n
t

q
u
es

ti
on

in
th

e
co

n
te

x
t

of
ap

p
ro

x
im

at
e

ke
rn

el
s

is
w

h
et

h
er

a
tr

ad
e-

off
ex

is
ts

b
et

w
ee

n
n

an
d
r,

gi
ve

n
a

fi
x
ed

b
u
d
ge

t
n
r.

T
h
is

b
u
d
ge

t
co

m
es

fr
o
m

th
e

m
em

or
y

co
n
st

ra
in

t,
b

ec
au

se
th

e
m

em
or

y
co

st
is
O

(n
r)

in
va

ri
ou

s
ap

p
ro

x
im

at
e

ke
rn

el
s.

N
o
te

th
at

if
n
r

is
fi
x
ed

,
th

e
ar

it
h
m

et
ic

co
st
O

(n
r2

)
w

il
l

in
cr

ea
se

w
h
en

n
b

ec
om

es
sm

a
ll
er

,
b
u
t

th
e

k
er

n
el

s
te

n
d

to
ad

m
it

a
b

et
te

r
ap

p
ro

x
im

at
io

n
q
u
al

it
y.

A
n
ot

h
er

sc
en

ar
io

th
at

re
so

lv
es

th
e

in
te

rp
la

y
b

et
w

ee
n
n

an
d
r

is
th

e
fo

ll
ow

in
g
:

S
u
p
p

o
se

th
e

cu
rr

en
t

co
m

p
u
ta

ti
on

al
re

so
u
rc

es
h
av

e
b

ee
n

fu
ll
y

le
ve

ra
g
ed

fo
r

co
m

p
u
ta

ti
o
n

a
n
d

o
n
e

is
off

er
ed

an
u
p
gr

ad
e

su
ch

th
at

th
e

m
em

or
y

ca
p
ac

it
y

is
in

cr
ea

se
d
t

ti
m

es
.

T
o

ex
p

ec
t

th
e

b
es

t
p

er
fo

rm
an

ce
im

p
ro

ve
m

en
t,

sh
ou

ld
on

e
se

ek
t

ti
m

es
m

or
e

tr
ai

n
in

g
sa

m
p
le

s
(p

ro
v
id

ed
fe

as
ib

le
),

or
a

sm
al

le
r

in
cr

ea
se

in
tr

ai
n
in

g
sa

m
p
le

s
b
u
t

m
ea

n
w

h
il
e

al
so

an
in

cr
ea

se
in
r?

T
o

an
sw

er
th

is
q
u
es

ti
on

,
w

e
u
se

tw
o

d
at

a
se

ts
,

Y
ea

rP
re

d
ic

ti
on

M
S
D

an
d

co
v
ty

p
e.

b
in

a
ry

,
an

d
p
ro

gr
es

si
ve

ly
d
ow

n
si

ze
th

em
b
y

a
fa

ct
or

of
tw

o
.

R
ec

al
l

th
at

th
e

fo
rm

er
is

a
re

g
re

ss
io

n
p
ro

b
le

m
w

h
er

ea
s

th
e

la
tt

er
cl

as
si

fi
ca

ti
on

.
W

e
p
lo

t
in

F
ig

u
re

7
th

e
p

er
fo

rm
a
n
ce

cu
rv

es
ve

rs
u
s

th
e

tr
ai

n
in

g
si

ze
,

fo
r

a
fe

w
r’

s
in

th
e

p
ro

gr
es

si
o
n

of
ap

p
ro

x
im

at
el

y
a

fa
ct

o
r

o
f

tw
o
.

F
or

co
m

p
ar

is
on

,
w

e
al

so
p

er
fo

rm
th

e
fu

ll
-fl

ed
ge

d
co

m
p
u
ta

ti
on

w
it

h
th

e
n
o
n
a
p
p
ro

x
im

at
e

ke
rn

el
th

ro
u
gh

so
lv

in
g

(2
)

d
ir

ec
tl

y
b
y

u
si

n
g

a
p
re

co
n
d
it

io
n
ed

K
ry

lo
v

m
et

h
o
d

o
n

a
cl

u
st

er
of

A
W

S
E

C
2

m
ac

h
in

es
(s

ee
A

v
ro

n
et

al
.

(2
01

6)
fo

r
d
et

ai
ls

).
T

h
e

p
er

fo
rm

an
ce

cu
rv

e
is

b
la

ck
w

it
h

ci
rc

le
m

ar
ke

rs
.

T
ra

in
in

g
 s

e
t 
s
iz

e
 (

p
o
rt

io
n
 o

f 
n
)

1
/6

4
1

/3
2

1
/1

6
1

/8
1

/4
1

/2
1

Relative error

×
1

0
-3

4
.2

4
.3

4
.4

4
.5

4
.6

4
.7

4
.8

4
.9

Y
e
a
r
P
r
e
d
ic
ti
o
n
M
S
D

H
ie

ra
rc

h
ic

a
l,
 r

 =
 5

6

H
ie

ra
rc

h
ic

a
l,
 r

 =
 1

1
3

H
ie

ra
rc

h
ic

a
l,
 r

 =
 2

2
6

H
ie

ra
rc

h
ic

a
l,
 r

 =
 4

5
2

H
ie

ra
rc

h
ic

a
l,
 r

 =
 9

0
5

N
o
n
a
p
p
ro

x
im

a
te

 k
e
rn

e
l

(a
)

Y
ea

rP
re

d
ic

ti
o
n

M
S

D
,

re
g
re

ss
io

n

T
ra

in
in

g
 s

e
t 
s
iz

e
 (

p
o
rt

io
n
 o

f 
n
)

1
/6

4
1
/3

2
1
/1

6
1

/8
1
/4

1
/2

1

Accuracy %

7
5

8
0

8
5

9
0

9
5

1
0

0
c
o
v
ty
p
e
.b
in
a
ry

N
o
n
a
p
p
ro

x
im

a
te

 k
e
rn

e
l

H
ie

ra
rc

h
ic

a
l,
 r

 =
 9

0
7

H
ie

ra
rc

h
ic

a
l,
 r

 =
 4

5
3

H
ie

ra
rc

h
ic

a
l,
 r

 =
 2

2
6

H
ie

ra
rc

h
ic

a
l,
 r

 =
 1

1
3

H
ie

ra
rc

h
ic

a
l,
 r

 =
 5

6

(b
)

co
v
ty

p
e.

b
in

a
ry

,
b

in
a
ry

cl
a
ss

ifi
ca

ti
o
n

F
ig

u
re

7:
P

er
fo

rm
an

ce
u
n
d
er

d
iff

er
en

t
tr

ai
n
in

g
si

ze
s

an
d
r.

K
er

n
el

:
G

a
u
ss

ia
n
.

T
h
e

q
u
es

ti
on

d
o
es

n
ot

se
em

to
b
ar

e
a

cl
ea

r
an

d
si

m
p
le

an
sw

er
af

te
r

o
n
e

in
v
es

ti
g
a
te

s
th

e
tw

o
p
lo

ts
in

F
ig

u
re

7.
C

om
m

on
ly

,
th

e
p

er
fo

rm
an

ce
of

th
e

p
ro

p
os

ed
ke

rn
el

im
p
ro

ve
s

in
a

co
n
si

st
en

t
p
ac

e
as

r
in

cr
ea

se
s.

F
or

co
v
ty

p
e.

b
in

ar
y,

th
e

cu
rv

es
ap

p
ro

a
ch

th
a
t

o
f

th
e

n
on

ap
p
ro

x
im

at
e

ke
rn

el
;

h
ow

ev
er

,
su

ch
is

n
ot

th
e

ca
se

fo
r

Y
ea

rP
re

d
ic

ti
on

M
S
D

.
In

th
is

d
a
ta

3
0

JM
L

R
 1

8(
66

):
1-

42
, 2

01
7



H
ie
r
a
r
c
h
ic
a
l
ly

C
o
m
p
o
sit

io
n
a
l
K
e
r
n
e
l
s

set,
w

h
en

th
e

train
in

g
size

is
sm

all,
in

creasin
g
r

m
ay

su
rp

ass
th

e
p

erform
an

ce
of

th
e

n
on

-
a
p
p
rox

im
a
te

kern
el.

F
u
rth

erm
ore,

for
cov

ty
p

e.b
in

a
ry,

in
creasin

g
th

e
tra

in
in

g
size

clea
rly

y
ield

s
a

m
u
ch

h
igh

er
p

erform
an

ce
th

an
d
o
es

in
creasin

g
r

b
y

th
e

sam
e

factor;
h
ow

ever,
fo

r
Y

ea
rP

red
iction

M
S
D

,
in

creasin
g
r

is
to

th
e

con
trary

m
ore

b
en

efi
cial.

H
en

ce,
w

h
at

th
e

tra
d
e-o

ff
b

etw
een

n
an

d
r

favors
ap

p
ears

to
b

e
d
ata

set
d
ep

en
d
en

t.

5
.6

K
e
rn

e
l

P
C

A

K
ern

el
p
rin

cip
a
l

com
p

on
en

t
an

aly
sis

(kern
el

P
C

A
;

see
S
ch

ölkop
f

et
al.

(1998))
is

an
oth

er
p

o
p
u
la

r
a
p
p
lica

tion
of

kern
el

m
eth

o
d
s.

T
h
e

stan
d
ard

P
C

A
d
efi

n
es

th
e

em
b

ed
d
in

g
of

a
p

oin
t

x
a
s

th
e

p
ro

jected
co

ord
in

ates
alon

g
th

e
p
rin

cip
al

com
p

on
en

ts
of

th
e

train
in

g
set

X
;
w

h
ereas

kern
el

P
C

A
d
efi

n
es

th
e

em
b

ed
d
in

g
as

th
e

p
ro

jected
co

ord
in

ates
of
φ

(x
)

alon
g

th
e

p
rin

cip
al

co
m

p
o
n
en

ts
o
f
φ

(X
),

w
h
ere

φ
d
en

otes
th

e
m

a
p
p
in

g
from

th
e

in
p
u
t

sp
ace

to
th

e
featu

re
sp

a
ce.

F
o
r

low
-ran

k
kern

els
(e.g.,

N
y
ström

an
d

F
ou

rier)
th

at
give

th
e

ex
p
licit

featu
re

m
ap

φ
,

kern
el

P
C

A
m

ay
b

e
straigh

tforw
ard

ly
com

p
u
ted

th
ro

u
gh

sin
gu

lar
valu

e
d
eco

m
p

o
sition

of
th

e
fea

tu
re

p
o
in

ts
φ

(X
)

after
cen

terin
g.

F
or

oth
er

kern
els

(e.g.,
cross-d

om
ain

in
d
ep

en
d
en

t
kern

el
a
n
d

th
e

p
rop

osed
kern

el),
on

e
m

ay
leverage

th
e

relation
k
(x
,x
′)

=
〈φ

(x
),φ

(x
′)〉

an
d

co
m

p
u
te

th
e

em
b

ed
d
in

g
th

rou
gh

eigen
valu

e
d
ecom

p
osition

of
th

e
k
ern

el
m

atrix
K

(X
,X

)
a
fter

cen
terin

g
.

r
 3

2
 6

4
1
2
9

2
5
8

5
1
6

differenc, log scale1
0

-4

1
0

-3

1
0

-2

1
0

-1 1

c
a
d
a
ta

F
o
u
rie

r

N
y
s
tro

m

In
d
e
p
e
n
d
e
n
t

H
ie

ra
rc

h
ic

a
l

(a
)

ca
d

a
ta

,
n

=
1
6
,5

1
2

r
 3

4
 6

8
1
3
6

2
7
3

5
4
6

difference0
.4

0
.5

0
.6

0
.7

0
.8

0
.9 1

ijc
n
n
1

F
o
u
rie

r

N
y
s
tro

m

In
d
e
p
e
n
d
e
n
t

H
ie

ra
rc

h
ic

a
l

(b
)

ijcn
n

1
,
n

=
3
5
,0

0
0

F
ig

u
re

8
:

K
ern

el
P

C
A

:
E

m
b

ed
d
in

g
align

m
en

t
d
iff

eren
ce

(em
b

ed
d
in

g
d
im

en
sion

=
3).

T
h
e

h
o
rizon

tal
p
lacem

en
t

of
each

cu
rve

is
sligh

tly
jittered

to
avoid

clu
tterin

g.

W
e

fo
llow

Z
h
an

g
et

al.
(2008)

an
d

evalu
ate

th
e

em
b

ed
d
in

g
q
u
ality

of
d
iff

eren
t

k
ern

els
a
ga

in
st

th
a
t

o
f

th
e

b
ase

kern
el.

S
p

ecifi
cally,

let
U

b
e

th
e

em
b

ed
d
in

g
m

atrix
,

w
h
ere

each
row

co
rresp

o
n
d
s

to
th

e
em

b
ed

d
in

g
of

on
e

p
oin

t
x

;
sim

ilarly,
let

Ũ
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r

ev
er

y
d
at

a
p

oi
n
t

(i
n
cl

u
d
in

g
ou

t
of

sa
m

p
le

s)
.

In
a

m
et

ri
c

sp
ac

e,
on

e
so

lu
ti

on
is

th
e

k
-m

ea
n
s

cl
u
st

er
in

g,
b

ec
au

se
th

e
cl

u
st

er
in

g
st

ra
ig

h
tf

o
rw

ar
d
ly

d
e-

fi
n
es

th
e

p
ar

ti
ti

on
s

fo
r

th
e

tr
ai

n
in

g
d
at

a;
m

or
eo

ve
r,

th
e

p
ar

ti
ti

on
m

em
b

er
sh

ip
fo

r
a

te
st

in
g

p
oi

n
t

is
d
et

er
m

in
ed

b
y

th
e

m
in

im
al

d
is

ta
n
ce

(m
et

ri
c)

fr
om

th
e

p
oi

n
t

to
th

e
cl

u
st

er
ce

n
te

rs
.

T
h
ro

u
gh

ex
p

er
im

en
ta

ti
on

,
w

e
h
av

e
d
em

on
st

ra
te

d
th

e
co

m
p
le

x
p

er
fo

rm
an

ce
cu

rv
es

w
it

h
re

sp
ec

t
to

ke
rn

el
p
ar

am
et

er
s.

T
h
e

cu
rv

es
m

ay
va

ry
si

gn
ifi

ca
n
tl

y
d
u
e

to
ra

n
d
om

iz
at

io
n
,

m
ay

b
e

m
u
lt

im
o
d
al

,
an

d
m

ay
ev

en
b

e
n
on

sm
o
ot

h
.

T
h
es

e
p
h
en

om
en

a
p

os
e

a
ch

al
le

n
ge

fo
r

se
le

ct
-

in
g

th
e

op
ti

m
al

p
ar

am
et

er
s

th
ro

u
gh

cr
os

s
va

li
d
at

io
n

an
d

gr
id

se
ar

ch
.

T
o

m
ak

e
th

in
gs

w
or

se
,

gr
id

se
ar

ch
is

ap
p
li
ca

b
le

on
ly

w
h
en

th
e

n
u
m

b
er

of
p
ar

am
et

er
s

is
ve

ry
sm

al
l.

A
n

ex
am

p
le

w
h
en

on
e

m
ay

w
an

t
m

or
e

p
ar

am
et

er
s

is
to

in
tr

o
d
u
ce

an
is

ot
ro

p
y

to
th

e
ke

rn
el

th
ro

u
gh

sp
ec

-
if

y
in

g
on

e
ra

n
ge

p
ar

am
et

er
fo

r
ea

ch
or

a
fe

w
at

tr
ib

u
te

s.
H

en
ce

,
a

m
or

e
p
ri

n
ci

p
le

d
ap

p
ro

ac
h
,

w
h
ic

h
in

th
eo

ry
ca

n
in

co
rp

or
at

e
an

ar
b
it

ra
ry

n
u
m

b
er

of
p
ar

am
et

er
s,

is
to

ta
ke

th
e

G
P

v
ie

w
an

d
to

m
ax

im
iz

e
th

e
G

au
ss

ia
n

lo
g-

li
ke

li
h
o
o
d

L
(θ

)
=
−

1 2
y
T
K

(θ
)−

1
y
−

1 2
lo

g
d
et
K

(θ
)
−
n 2

lo
g

2π
(2

5)

th
ro

u
gh

n
u
m

er
ic

al
op

ti
m

iz
at

io
n
,

w
h
er

e
θ

is
th

e
v
ec

to
r

of
u
n
k
n
ow

n
p
ar

am
et

er
s

an
d
K

(θ
)

is
th

e
ke

rn
el

m
at

ri
x

d
ep

en
d
in

g
on
θ

.
T

h
is

ap
p
ro

ac
h
,

co
in

ed
m

a
xi

m
u

m
li

ke
li

h
oo

d
es

ti
m

a
ti

o
n

(M
L

E
),

is
al

so
a

ce
n
tr

al
su

b
je

ct
in

es
ti

m
at

io
n

th
eo

ry
.

O
p
ti

m
iz

in
g

(2
5
)

n
ev

er
th

el
es

s
is

n
on

tr
iv

ia
l
b

ec
au

se
of

th
e
O

(n
3
)

co
st

fo
r

ev
al

u
at

in
g

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

an
d

it
s

d
er

iv
at

iv
es

w
h
en

K
is

d
en

se
.

E
x
is

ti
n
g

re
se

ar
ch

(A
n
it

es
cu

et
al

.,
20

12
;

S
te

in
et

al
.,

20
13

)
so

lv
es

an
ap

p
ro

x
im

at
e

p
ro

b
le

m
an

d
b

ou
n
d
s

th
e

va
ri

an
ce

of
th

e
re

su
lt

ag
ai

n
st

th
at

of
th

e
or

ig
in

al
p
ro

b
le

m
(2

5)
.

F
or

tu
n
at

el
y,

m
os

t
of

th
e

ap
p
ro

x
im

at
e

ke
rn

el
s

d
is

cu
ss

ed
in

th
is

p
ap

er
al

lo
w

an
O

(n
r2

)
co

st
fo

r
ev

al
u
at

in
g
L

(θ
).

F
or

ex
am

p
le

,
th

e
al

g
or

it
h
m

fo
r

co
m

p
u
ti

n
g

th
e

lo
g-

d
et

er
m

in
an

t
te

rm
fo

r
a

re
cu

rs
iv

el
y

lo
w

-r
an

k
co

m
p
re

ss
ed

m
at

ri
x

is
d
es

cr
ib

ed
in

C
h
en

(2
01

4b
).

A
n

av
en

u
e

of
fu

tu
re

w
or

k
is

to
ad

ap
t

th
e

lo
g-

d
et

er
m

in
an

t
ca

lc
u
la

ti
on

d
is

cu
ss

ed
in

C
h
en

(2
01

4b
)

to
th

e
p
ro

p
os

ed
ke

rn
el

an
d

to
d
ev

el
op

ro
b
u
st

op
ti

m
iz

at
io

n
fo

r
p
a
ra

m
et

er
es

ti
m

a
ti

on
.

A
ck

n
o
w
le
d
g
m
e
n
ts
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C
h
e
n
e
t
a
l
.

W
e

w
ou

ld
li
ke

to
ac

k
n
ow

le
d
ge

su
p
p

or
t

fo
r

th
is

w
or

k
b
y

th
e

X
D

A
T

A
p
ro

gr
am

o
f

th
e

D
ef

en
se

A
d
va

n
ce

d
R

es
ea

rc
h

P
ro

je
ct

s
A

ge
n
cy

(D
A

R
P

A
),

ad
m

in
is

te
re

d
th

ro
u
gh

A
ir

F
o
rc

e
R

es
ea

rc
h

L
ab

or
at

or
y

co
n
tr

ac
t

F
A

87
50

-1
2-

C
-0

32
3.

W
e

ar
e

in
d
eb

te
d

to
th

e
ed

it
or

an
d

th
e

re
fe

re
es

w
h
os

e
co

m
m

en
ts

h
av

e
su

b
st

an
ti

al
ly

im
p
ro

v
ed

th
e

p
ap

er
.

A
p
p
e
n
d
ix

A
.
P
ro

o
f
o
f
T
h
e
o
re
m

6

T
h
e

p
ro

of
te

ch
n
iq

u
e

is
si

m
il
ar

to
th

at
of

T
h
eo

re
m

3:
w

e
d
ec

om
p

os
e

th
e

ke
rn

el
k
h
ie
ra
rc
h
ic
a
l

as
a

su
m

of
p

os
it

iv
e-

d
efi

n
it

e
te

rm
s

an
d

sh
ow

th
at

if
k

is
st

ri
ct

ly
p

os
it

iv
e-

d
efi

n
it

e,
th

en
th

e
b
il
in

ea
r

fo
rm

ca
n
n
ot

b
e

ze
ro

if
th

e
co

effi
ci

en
ts

ar
e

n
ot

al
l

ze
ro

.
T

o
p
re

ve
n
t

cl
u
tt

er
in

g
,

w
e

u
se

th
e

sh
or

t-
h
an

d
n
ot

at
io

n
K
i,
j

to
d
en

ot
e
K

(X
i,
X
j
).

F
or

an
y

n
o
d
e
i

w
it

h
p
ar

en
t
p

(i
f

an
y
),

d
efi

n
e

a
fu

n
ct

io
n
ξ(
i)

fo
r
x
,x
′ ∈

S
i:

ξ(
i)

(x
,x
′ )

=

      

k
(x
,x
′ )
−
k
(x
,X

p
)K
−
1

p
,p
k
(X

p
,x
′ )
,

i
is

le
af
,

ψ
(i
) (
x
,X

i)
K
−
1

i,
i

[K
i,
i
−
K
i,
p
K
−
1

p
,p
K
p
,i
]K
−
1

i,
i
ψ
(i
) (
X
i,
x
′ )
,
i

is
n
ei

th
er

le
a
f

n
o
r

ro
o
t,

ψ
(i
) (
x
,X

i)
K
−
1

i,
i
ψ
(i
) (
X
i,
x
′ )
,

i
is

ro
o
t.

(2
6
)

T
h
ro

u
gh

te
le

sc
op

in
g,

on
e

se
es

th
at
k
h
ie
ra
rc
h
ic
a
l(
x
,x
′ )

=
k
(r
o
o
t)

(x
,x
′ )

is
a

su
m

o
f
ξ(
i)

(x
,x
′ )

fo
r

al
l
n
o
d
es
i

w
h
er

e
x
,x
′ ∈

S
i.

B
ec

au
se

ea
ch
ξ(
i)

is
cl

ea
rl

y
p

os
it

iv
e-

d
efi

n
it

e,
so

is
k
h
ie
ra
rc
h
ic
a
l.

W
e

n
ow

sh
ow

th
e

st
ri

ct
d
efi

n
it

en
es

s
w

h
en

k
is

st
ri

ct
ly

p
os

it
iv

e-
d
efi

n
it

e.
F

o
r

a
n
y

se
t

o
f

p
oi

n
ts
{x

i}
an

d
an

y
se

t
of

co
effi

ci
en

ts
{α

i}
,

th
e

b
il
in

ea
r

fo
rm
∑

jl
α
j
α
lk

h
ie
ra
rc
h
ic
a
l(
x
j
,x

l)
is

ze
ro

if
an

d
on

ly
if

∑

x
j
,x
l∈
S
i

α
j
α
lξ

(i
) (
x
j
,x

l)
=

0,
∀

n
o
d
es
i.

(2
7
)

If
(2

7)
h
ol

d
s,

w
e

sh
al

l
p
ro

ve
th

e
fo

ll
ow

in
g

st
at

em
en

t:

(Q
)

If
i

is
n
ot

th
e

ro
ot

,
it

h
ol

d
s

th
at
α
j

=
0

fo
r

al
l
j

sa
ti

sf
y
in

g

x
j
∈
S
i

∖
 

⋂

q
∈D

es
(i
)

X
q
∩
X
p

 
,

w
h
er

e
p

is
th

e
p
ar

en
t

of
i

an
d
D
es

(i
)

m
ea

n
s

a
ll

th
e

d
es

ce
n
d
an

t
n
on

le
af

n
o
d
es

o
f

i,
in

cl
u
d
in

g
i

it
se

lf
.

O
n
ce

w
e

p
ro

v
e

th
is

st
at

em
en

t,
w

e
se

e
th

at
th

e
on

ly
α
j

th
at

ca
n

p
os

si
b
ly

b
e

n
o
n
ze

ro
a
re

th
os

e
sa

ti
sf

y
in

g
x
j
∈
S
∩ a

ll
n
o
d
es
q
X
q
.

H
ow

ev
er

,
if

an
y

of
th

es
e
α
j

is
n
on

ze
ro

,
th

en
a
p
p
ly

in
g

th
e

th
ir

d
ca

se
of

(2
6)

on
th

e
ro

ot
y
ie

ld
s

∑

x
j
,x
l∈
S
ro

o
t

α
j
α
lξ

(r
o
o
t)

(x
j
,x

l)
=

∑

x
j
,x
l∈
S
ro

o
t

α
j
α
lψ

(r
o
o
t)

(x
j
,X

ro
o
t)
K
−
1

ro
o
t,
ro
o
tψ

(r
o
o
t)

(X
ro
o
t,
x
l)

=
∑

x
j
,x
l∈
S
∩ a

ll
n
o
d
e
s
q
X
q

α
j
α
le
T j
K

ro
o
t,
ro
o
te
l
6=

0,

co
n
tr

ad
ic

ti
n
g

(2
7)

.
H

er
e,
e j

m
ea

n
s

th
e
jt

h
co

lu
m

n
of

th
e

id
en

ti
ty

m
at

ri
x
.

T
h
er

ef
o
re

,
th

e
b
il
in

ea
r

fo
rm
∑

jl
α
j
α
lk

h
ie
ra
rc
h
ic
a
l(
x
j
,x

l)
ca

n
n
ot

b
e

ze
ro

if
th

e
co

effi
ci

en
ts

ar
e

n
o
t

a
ll

ze
ro

.
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H
ie
r
a
r
c
h
ic
a
l
ly

C
o
m
p
o
sit

io
n
a
l
K
e
r
n
e
l
s

W
e

n
ow

p
rove

statem
en

t
(Q

)
b
y

in
d
u
ction

.
T

h
e

b
ase

case
is

w
h
en

i
is

a
leaf

n
o
d
e.

A
p
p
ly

in
g

th
e

sa
m

e
argu

m
en

t
as

th
at

in
th

e
p
ro

of
of

T
h
eorem

3
on

th
e

fi
rst

case
of

(2
6),

w
e

h
ave

th
a
t
α
j

=
0

for
all

j
satisfy

in
g
x
j ∈

S
i \X

p .
In

th
e

in
d
u
ction

step
,

if
(Q

)
h
old

s
for

all
ch

ild
ren

n
o
d
es
i

of
p

an
d

if
r

is
th

e
p
aren

t
of
p
,

w
e

ap
p
ly

th
e

secon
d

case
of

(26)
an

d
ob

tain

0
=

∑

x
j ,x

l ∈
S
p

α
j α

l ξ
(p
)(x

j ,x
l )

=
∑

x
j ,x

l ∈
S
p

α
j α

l ψ
(p
)(x

j ,X
p )K

−
1

p
,p

[K
p
,p −

K
p
,r K

−
1

r
,r
K
r
,p ]K

−
1

p
,p
ψ
(p
)(X

p ,x
l )

=
∑

x
j ,x

l ∈
S
p \∩

q∈
D
e
s
(p

) X
q

α
j α

l e
Tj

[K
p
,p −

K
p
,r K

−
1

r
,r
K
r
,p ]e

l .
(28)

F
o
r

th
e

m
a
trix

K
p
,p −

K
p
,r K

−
1

r
,r
K
r
,p

in
sid

e
th

e
sq

u
are

b
rack

et,
th

e
b
lo

ck
corresp

on
d
in

g
to

X
p \X

r
h
as

fu
ll

ran
k
,

w
h
ereas

th
e

rest
is

zero.
T

h
en

,
in

ord
er

for
(28)

to
b

e
zero,

on
e

m
u
st

h
ave

th
a
t
α
j

=
0

for
all

j
satisfy

in
g
x
j
∈
X
p \
X
r .

M
ak

in
g

a
d
isju

n
ction

of
th

is
rela

tion
w

ith
th

a
t

in
th

e
in

d
u
ction

h
y
p

oth
esis:

x
j ∈

S
p \∩

q∈
D
es(p

)
X
q ,

w
e

ob
tain

x
j ∈

S
p ∖


⋂

q∈
D
es(p

) X
q ∩

X
r 

,

w
h
ich

co
n
clu

d
es

th
e

in
d
u
ction

an
d

su
b
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u
en

tly
con
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d
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th
e

p
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of
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h
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p
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P
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P
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R
e
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u
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h
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q
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G
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R
e
fe
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n
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E
.

A
n
d
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n
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Z
.

B
ai,

C
.

B
isch

of,
L

.
S
.

B
lack

ford
,

J
.

D
em

m
el,

J
.

D
on
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rra,

J
.

D
u

C
roz,

A
.

G
reen

b
a
u
m

,
S
.

H
am

m
arlin

g,
A

.
M

cK
en

n
ey,

an
d

D
.

S
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.

L
A

P
A

C
K

U
sers’

G
u

id
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S
o
ciety

fo
r
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d
u
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d

A
p
p
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M
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em
atics,

19
99.

M
ih

a
i
A

n
itescu

,
J
ie

C
h
en

,
an

d
L

ei
W

an
g.

A
m

atrix
-free

ap
p
roach

for
solv

in
g

th
e
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ä
m

is
tr

a
ss

e
1
0
1

8
0
9
2

Z
u

ri
ch

,
S

w
it

ze
rl

a
n

d

S
a
ra

v
a
n

d
e

G
e
e
r

g
e
e
r
@
st
a
t
.m

a
t
h
.e
t
h
z
.c
h

S
em

in
a
r

fo
r

S
ta

ti
st

ic
s

E
T

H
Z

ü
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m
h
as

sh
if

te
d

to
w

ar
d
s

fi
n
d
in

g
u
se

fu
l

an
d

m
ea

n
in

gf
u
l

in
fo

rm
at

io
n

in
th

e
b
ig

se
a

of
d
at

a.
A

n
ex

am
p
le

w
h
er

e
su

ch
p
ro

b
le

m
s

ar
is

e
is

th
e

h
ig

h
-d

im
en

si
on

al
li
n
ea

r
re

g
re

ss
io

n
m

o
d
el

Y
=
X
β

0
+
ε.

(1
.1

)

H
er

e
Y

is
th

e
n
−

d
im

en
si

on
al

re
sp

on
se

va
ri

ab
le

,
X

is
th

e
n
×
p

d
es

ig
n

m
at

ri
x

an
d
ε

is
th

e
id

en
-

ti
ca

l
an

d
in

d
ep

en
d
en

t
d
is

tr
ib

u
te

d
n
oi

se
ve

ct
or

.
T

h
e

n
oi

se
h
as

E
(ε
i)

=
0
,V

ar
(ε
i)

=
σ

2
,
∀i
∈

{1
,.
..
,n
}.

A
ss

u
m

e
th

at
σ

is
u

n
k
n

o
w

n
,

an
d

th
at
β

0
is

th
e

”t
ru

e”
u
n
d
er

ly
in

g
p
−

d
im

en
si

on
al

c ©
2
0
1
7

B
en

ja
m

in
S

tu
ck

y
a
n

d
S

a
ra

v
a
n

d
e

G
ee

r.

L
ic

en
se

:
C

C
-B

Y
4
.0

,
se

e
h
t
t
p
s
:
/
/
c
r
e
a
t
i
v
e
c
o
m
m
o
n
s
.
o
r
g
/
l
i
c
e
n
s
e
s
/
b
y
/
4
.
0
/
.

A
tt

ri
b

u
ti

o
n

re
q
u

ir
em

en
ts

a
re

p
ro

v
id

ed
a
t
h
t
t
p
:
/
/
j
m
l
r
.
o
r
g
/
p
a
p
e
r
s
/
v
1
8
/
1
5
-
4
8
2
.
h
t
m
l
.
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S
t
u
c
k
y
a
n
d

v
a
n
d
e
G
e
e
r

p
ar

am
et

er
v
ec

to
r

of
th

e
li
n
ea

r
re

gr
es

si
on

m
o
d
el

w
it

h
ac

ti
ve

se
t
S

0
:=

su
p
p
(β

0
).

W
h
il
e

tr
y
in

g
to

ex
p
la

in
Y

th
ro

u
gh

d
iff

er
en

t
ot

h
er

va
ri

ab
le

s,
in

th
e

h
ig

h
-d

im
en

si
o
n
a
l

li
n
ea

r
re

gr
es

si
on

m
o
d
el

,
w

e
n
ee

d
to

se
t

le
ss

im
p

or
ta

n
t

ex
p
la

n
at

or
y

va
ri

ab
le

s
to

ze
ro

.
O

th
er

w
is

e
w

e
w

ou
ld

h
av

e
ov

er
fi
tt

in
g.

T
h
is

is
th

e
p
ro

ce
ss

of
fi
n
d
in

g
a

tr
ad

e-
off

b
et

w
ee

n
a

g
o
o
d

fi
t

a
n
d

a
sp

ar
se

so
lu

ti
on

.
In

ot
h
er

w
or

d
s

w
e

ar
e

tr
y
in

g
to

fi
n
d

a
so

lu
ti

on
th

at
ex

p
la

in
s

o
u
r

d
a
ta

w
el

l,
b
u
t

at
th

e
sa

m
e

ti
m

e
on

ly
u
se

s
m

o
re

im
p

or
ta

n
t

va
ri

ab
le

s
to

d
o

so
.

T
h
e

m
os

t
fa

m
ou

s
an

d
w

id
el

y
u
se

d
es

ti
m

at
or

fo
r

th
e

h
ig

h
-d

im
en

si
on

al
re

gr
es

si
o
n

m
o
d
el

is
th

e
` 1
−

re
gu

la
ri

ze
d

ve
rs

io
n

of
le

as
t

sq
u
ar

es
,

ca
ll
ed

L
A

S
S
O

(T
ib

sh
ir

an
i,

19
96

)

β̂
L

(σ
)

:=
ar

g
m

in
β
∈R

p

{ ‖
Y
−
X
β
‖2 n

+
2
λ

1
σ
‖β
‖ 1
} .

H
er

e
λ

1
is

a
co

n
st

an
t

ca
ll
ed

th
e

re
gu

la
ri

za
ti

on
le

ve
l,

w
h
ic

h
re

gu
la

te
s

h
ow

sp
ar

se
o
u
r

so
lu

ti
o
n

sh
ou

ld
b

e.
A

ls
o

n
ot

e
th

at
th

e
co

n
st

ru
ct

io
n

of
th

e
L

A
S
S
O

es
ti

m
at

or
d
ep

en
d
s

o
n

th
e

u
n
k
n
ow

n
n
oi

se
le

ve
l
σ

.
W

e
m

or
eo

v
er

le
t
‖a
‖ 1

:=
∑

p i=
1
|a
i|

fo
r

an
y
a
∈

R
p

d
en

ot
e

th
e
` 1
−

n
o
rm

a
n
d

fo
r

an
y
a
∈
R
n

w
e

w
ri

te
‖a
‖2 n

=
∑

n j=
1
a

2 j
/n

,
th

e
` 2
−

n
or

m
sq

u
ar

ed
an

d
d
iv

id
ed

b
y
n

.
T

h
e

L
A

S
S
O

u
se

s
th

e
` 1
−

n
or

m
as

a
m

ea
su

re
of

sp
ar

si
ty

.
T

h
is

m
ea

su
re

as
re

gu
li
ze

r
se

ts
a

n
u
m

b
er

of
p
ar

am
et

er
s

to
ze

ro
.

L
et

u
s

re
w

ri
te

th
e

L
A

S
S
O

in
to

th
e

fo
ll
ow

in
g

fo
rm

β̂
L

=
ar

g
m

in
β
∈R

p

{ (
‖Y
−
X
β
‖ n

+
λ
′ (β

)‖
β
‖ 1
)
·2
λ

1
σ

λ
′ (
β

)}
,

w
h
er

e
λ
′ (β

)
:=

2
λ

1
σ

‖Y
−
X
β
‖ n
.

In
st

ea
d

of
m

in
im

iz
in

g
w

it
h
λ
′ (β

),
a

fu
n
ct

io
n

of
β

,
le

t
u
s

a
ss

u
m

e

th
at

w
e

ke
ep

λ
′ (β

)
a

fi
x
ed

co
n
st

an
t.

T
h
en

w
e

ge
t

th
e

S
q
u
ar

e
R

o
ot

L
A

S
S
O

m
et

h
o
d

β̂
sr
L

:=
ar

g
m

in
β
∈R

p
{‖
Y
−
X
β
‖ n

+
λ
‖β
‖ 1
}.

S
o

in
so

m
e

se
n
se

th
e
λ

fo
r

th
e

S
q
u
ar

e
R

o
ot

L
A

S
S
O

is
a

sc
al

ed
ve

rs
io

n
,

sc
al

ed
b
y

a
n

a
d
a
p
ti

ve
es

ti
m

at
or

of
σ

,
of
λ

1
fr

om
th

e
L

A
S
S
O

.
B

y
th

e
op

ti
m

al
it

y
co

n
d
it

io
n
s

it
is

tr
u
e

th
a
t

β̂
L

(‖
Y
−
X
β̂
sr
L
‖ n

)
=
β̂
sr
L
.

T
h
e

S
q
u
ar

e
R

o
ot

L
A

S
S
O

w
as

in
tr

o
d
u
ce

d
b
y

B
el

lo
n
i

et
al

.
(2

01
1
)

in
or

d
er

to
g
et

a
p
iv

o
ta

l
m

et
h
o
d
.

A
n

eq
u
iv

al
en

t
fo

rm
u
la

ti
on

as
a

jo
in

t
co

n
ve

x
op

ti
m

iz
at

io
n

p
ro

gr
am

ca
n

b
e

fo
u
n
d

in
O

w
en

(2
00

7)
.

T
h
is

m
et

h
o
d

h
as

b
ee

n
st

u
d
ie

d
u
n
d
er

th
e

n
am

e
S
ca

le
d

L
A

S
S
O

in
S
u
n

an
d

Z
h
an

g
(2

01
2)

.
P

iv
ot

al
m

ea
n
s

th
at

th
e

th
eo

re
ti

ca
l
λ

d
o
es

n
ot

d
ep

en
d

on
th

e
u
n
k
n
ow

n
st

an
d
ar

d
d
ev

ia
ti

on
σ

or
on

an
y

es
ti

m
at

ed
ve

rs
io

n
of

it
.

T
h
e

es
ti

m
at

or
d
o
es

n
o
t

re
q
u
ir

e
th

e
es

ti
m

at
io

n
of

th
e

u
n
k
n
ow

n
σ

.
B

el
lo

n
i

et
al

.
(2

01
4)

al
so

sh
ow

ed
th

at
u
n
d
er

G
a
u
ss

ia
n

n
o
is

e
th

e
th

eo
re

ti
ca

l
λ

ca
n

b
e

ch
os

en
of

or
d
er

Φ
−

1
(1
−
α
/2
p
)/
√
n
−

1,
w

it
h

Φ
−

1
d
en

o
ti

n
g

th
e

in
ve

rs
e

of
th

e
st

an
d
ar

d
G

au
ss

ia
n

cu
m

u
la

ti
v
e

d
is

tr
ib

u
ti

on
fu

n
ct

io
n
,

an
d
α

b
ei

n
g

so
m

e
sm

a
ll

p
ro

b
ab

il
it

y.
T

h
is

is
in

d
ep

en
d
en

t
of
σ

an
d

ac
h
ie

ve
s

a
n
ea

r
or

ac
le

in
eq

u
al

it
y

fo
r

th
e

p
re

d
ic

ti
on

n
or

m
of

co
n
ve

rg
en

ce
ra

te
σ
√

(|S
0
|/
n

)
lo

g
p
.

In
co

n
tr

as
t

to
th

at
,

th
e

th
eo

re
ti

ca
l
p

en
a
lt

y
le

ve
l

of
th

e
L

A
S
S
O

d
ep

en
d
s

on
k
n
ow

in
g
σ

in
or

d
er

to
ac

h
ie

ve
si

m
il
ar

or
ac

le
in

eq
u
a
li
ti

es
fo

r
th

e
p
re

d
ic

ti
on

n
or

m
.
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S
h
a
r
p
O
r
a
c
l
e
In

e
q
u
a
l
it
ie
s
f
o
r
S
q
u
a
r
e
R
o
o
t
R
e
g
u
l
a
r
iz
a
t
io
n

T
h
e

id
ea

o
f
th

e
sq

u
are

ro
ot

L
A

S
S
O

w
as

fu
rth

er
d
evelop

ed
in

B
u
n
ea

et
al.

(2014)
to

th
e

grou
p

sq
u
a
re

ro
o
t

L
A

S
S
O

,
in

ord
er

to
get

a
selection

of
grou

p
s

of
p
red

icto
rs.

T
h
e

g
rou

p
L

A
S
S
O

n
o
rm

is
an

o
th

er
w

ay
to

d
escrib

e
an

u
n
d
erly

in
g

sp
arsity,

n
am

ely
if

grou
p
s

of
p
aram

eters
sh

ou
ld

b
e

set
to

zero,
in

stead
of

in
d
iv

id
u
al

p
aram

eters.
A

n
o
th

er
ex

ten
sion

fo
r

th
e

th
e

sq
u
a
re

ro
o
t

L
A

S
S
O

in
th

e
case

of
m

atrix
com

p
letion

w
as

given
b
y

K
lop

p
(2014).

N
ow

in
th

is
p
a
p

er
w

e
go

fu
rth

er
an

d
gen

eralize
th

e
id

ea
of

th
e

sq
u
are

ro
ot

L
A

S
S
O

to
a
n
y

sp
a
rsity

in
d
u
cin

g
n
orm

.
F

rom
n
ow

on
w

e
w

ill
lo

ok
a
t

th
e

fa
m

ily
of

n
orm

p
en

alty
reg

u
la

riza
tio

n
m

eth
o
d
s,

w
h
ich

are
of

th
e

follow
in

g
sq

u
are

ro
ot

ty
p

e

β̂
:=

arg
m

in
β∈

R
p
{‖Y

−
X
β‖

n
+
λ

Ω
(β

)}
,

w
h
ere

Ω
is

an
y

n
orm

on
R
p.

T
h
is

set
of

regu
lariza

tion
m

eth
o
d
s

w
ill

b
e

called
sq

u
a
re

ro
ot

reg
u
la

riza
tio

n
m

eth
o
d
s.

F
u
rth

erm
ore,

w
e

in
tro

d
u
ce

th
e

follow
in

g
n
otation

s

ε̂
:=

Y
−
X
β̂

th
e

resid
u
als,

Ω
∗(x

)
:=

m
ax

z
,Ω

(z
)≤

1
z
T
x
,
x
∈
R
p

th
e

d
u
al

n
orm

of
th

e
n
orm

Ω
,

an
d

β
S

=
{β

j
:
j∈

S}
∀
S
⊂
{1,...,p}

an
d

all
v
ectors

β
∈
R
p.

L
a
ter

w
e

w
ill

see
th

at
d
escrib

in
g

th
e

u
n
d
erly

in
g

sp
arsity

w
ith

an
ap

p
rop

riate
sp

arsity
n
orm

ca
n

m
a
ke

a
d
iff

eren
ce

in
h
ow

go
o
d

th
e

errors
w

ill
b

e.
T

h
erefore

in
th

is
p
ap

er
w

e
ex

ten
d

th
e

id
ea

o
f

th
e

sq
u
a
re

ro
ot

L
A

S
S
O

w
ith

th
e
`
1 −

p
en

alty
to

m
ore

g
en

eral
w

eak
ly

d
ecom

p
osab

le
n
o
rm

p
en

a
lties.

T
h
e

th
eoretical

λ
of

su
ch

an
estim

ator
w

ill
n
ot

d
ep

en
d

on
σ

eith
er.

W
e

in
tro

d
u
ce

th
e

K
aru

sh
-K

u
h
n
-T

u
cker

con
d
ition

s
for

th
ese

estim
ators

an
d

give
sh

arp
oracle

in
eq

u
a
lities.

In
th

e
last

tw
o

section
s

w
e

w
ill

give
som

e
ex

am
p
les

of
d
iff

eren
t

n
orm

s
a
n
d

sim
u
la

tio
n
s

co
m

p
arin

g
th

e
sq

u
are

ro
ot

L
A

S
S
O

w
ith

th
e

sq
u
are

ro
ot

S
L

O
P

E
.

2
.
K
a
ru

sh
-K

u
h
n
-T

u
ck

e
r
C
o
n
d
itio

n
s

A
s

w
e

a
lrea

d
y

h
ave

seen
b

efore,
th

ese
estim

ators
n
eed

to
calcu

late
a

m
in

im
u
m

over
β

.
T

h
e

K
a
ru

sh
-K

u
h
n
-T

u
cker

con
d
ition

s
ch

aracterize
th

is
m

in
im

u
m

.
In

ord
er

to
form

u
late

th
ese

o
p
tim

a
lity

co
n
d
ition

s
w

e
n
eed

som
e

con
cep

ts
of

con
v
ex

op
tim

ization
.

F
o
r

th
e

read
er

w
h
o

is
n
o
t

fa
m

iliar
w

ith
th

is
top

ic,
w

e
w

ill
in

tro
d
u
ce

th
e

su
b

d
iff

eren
tial,

w
h
ich

gen
eralizes

th
e

d
iff

eren
tia

l,
an

d
give

a
sh

ort
overv

iew
of

som
e

p
rop

erties,
as

can
b

e
fou

n
d

for
ex

am
p
le

in
B

a
ch

et
al.

(2
0
12).

F
or

an
y

con
vex

fu
n
ction

g
:R

p→
R

an
d

an
y

v
ector

w
∈
R
p

w
e

d
efi

n
e

its
su

b
d
iff

eren
tial

as

∂
g
(w

)
:=
{
z
∈
R
p;
g
(w
′)≥

g
(w

)
+
z
T

(w
′−

w
)∀
w
′∈

R
p}.

T
h
e

elem
en

ts
o
f
∂
g
(w

)
are

called
th

e
su

b
grad

ien
ts

of
g

at
w

.
L

et
u
s

rem
ark

th
at

all
con

vex
fu

n
ction

s
h
ave

n
on

em
p
ty

su
b

d
iff

eren
tials

at
ev

ery
p

oin
t.

M
o
reover

b
y

th
e

d
efi

n
ition

of
th

e
su

b
d
iff

eren
tial

an
y

su
b
gra

d
ien

t
d
efi

n
es

a
ta

n
gen

t
sp

ace
w
′7→

g
(w

)+
z
T·(w

′−
w

),
th

at
go

es
th

rou
gh

g
(w

)
an

d
is

at
an

y
p

oin
t

low
er

th
an

th
e

fu
n
ction

g
.

If
g

is
d
iff

eren
tiab

le
at
w

,
th

en
its

su
b

d
iff

eren
tial

at
w

is
th

e
u
su

al
gra

d
ien

t.
N

ow
th

e
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S
t
u
c
k
y
a
n
d

v
a
n
d
e
G
e
e
r

n
ex

t
lem

m
a,

w
h
ich

d
ates

b
ack

to
P

ierre
F

erm
at

(see
B

au
sch

k
e

an
d

C
om

b
ettes

2011),
sh

ow
s

h
ow

to
fi
n
d

a
glob

al
m

in
im

u
m

for
a

con
vex

fu
n
ction

g
.

L
e
m

m
a

1
(F

e
rm

a
t’s

R
u

le
)

F
o
r

a
ll

co
n

vex
fu

n
ctio

n
s
g

:R
p→

R
it

h
o
ld

s
th

a
t

v
∈
R
p

is
a

glo
ba

l
m

in
im

u
m

o
f
g
⇔

0
∈
∂
g
(v

).

F
or

an
y

n
orm

Ω
on

R
p

w
ith

ω
∈
R
p

it
h
old

s
tru

e
th

at
its

su
b

d
iff

eren
tial

can
b

e
w

ritten
as

(see
B

ach
et

al.
2012

P
rop

osition
1.2)

∂
Ω

(ω
)

=

{
{
z
∈
R
p;Ω

∗(z
)≤

1}
if
ω

=
0

{
z
∈
R
p;Ω

∗(z
)

=
1 ∧

z
T
w

=
Ω

(ω
)}

if
ω
6=

0.
(2.1)

W
e

are
ab

le
to

ap
p
ly

th
ese

p
rop

erties
to

ou
r

estim
ator

β̂
.

L
em

m
a

1
im

p
lies

th
at

β̂
is

op
tim

al
⇔
−

1λ ∇
‖
Y
−
X
β̂‖

n
∈
∂

Ω
(β̂

).

T
h
is

m
ean

s
th

at,
in

th
e

case
‖
ε̂‖
n
>

0,
for

th
e

sq
u
are

ro
ot

regu
larization

estim
ator

β̂
it

h
old

s
tru

e
th

at

β̂
is

op
tim

al
⇔

X
T

(Y
−
X
β̂

)

n
λ‖
Y
−
X
β̂‖

n

∈
∂

Ω
(β̂

).
(2.2)

B
y

com
b
in

in
g

eq
u
ation

(2.1)
w

ith
(2

.2)
w

e
can

w
rite

th
e

K
K

T
con

d
ition

s
as

β̂
is

op
tim

al
⇔



Ω
∗ (

ε̂
T
X

n‖
ε̂‖
n )
≤
λ

if
β̂

=
0

Ω
∗ (

ε̂
T
X

n‖
ε̂‖
n )

=
λ

if
β̂
6=

0.
∧

ε̂
T
X
β̂

n‖
ε̂‖
n

=
λ

Ω
(β̂

)

(2.3)

W
h
at

w
e

m
igh

t
fi
rst

rem
ark

ab
ou

t
eq

u
ation

(2.3)
is

th
at

in
th

e
case

of
β̂
6=

0
th

e
secon

d
p
art

can
b

e
w

ritten
as

ε̂
T
X
β̂
/n

=
Ω

(β̂
)·

Ω
∗ (

ε̂
T
Xn

)
.

T
h
is

m
ean

s
th

at
w

e
in

fact
h
ave

eq
u
ality

in
th

e
gen

eralized
C

au
ch

y
-S

ch
w

artz
In

eq
u
ality

for
th

ese
tw

o
p−

d
im

en
sion

al
vectors.

F
u
rth

erm
ore

let
u
s

rem
ark

th
at

th
e

eq
u
ality

ε̂
T
X
β̂
/n

=
Ω

(β̂
)λ‖

ε̂‖
n

triv
ially

h
old

s
tru

e
for

th
e

case
w

h
ere

β̂
=

0.
It

is
im

p
ortan

t
to

rem
ark

h
ere

th
at,

in
con

trast
to

th
e

K
K

T
con

d
ition

s
for

th
e

L
A

S
S
O

,
w

e
h
ave

an
ad

d
ition

al‖
ε̂‖
n

term
in

th
e

ex
p
ression

Ω
∗ (

ε̂
T
X

n‖
ε̂‖
n )

.
T

h
is

n
ice

scalin
g

lead
s

to
th

e
p
rop

erty
th

at
th

e
th

eoretical
λ

is
in

d
ep

en
d
en

t
of

σ
.

W
ith

th
e

K
K

T
co

n
d
ition

s
w

e
are

ab
le

to
form

u
late

a
g
en

eralized
ty

p
e

of
K

K
T

con
d
ition

s.
T

h
is

n
ex

t
lem

m
a

is
n
eed

ed
for

th
e

p
ro

ofs
in

th
e

n
ex

t
ch

ap
ter.

L
e
m

m
a

2
F

o
r

th
e

squ
a
re

roo
t

type
estim

a
to

r
β̂

w
e

h
a
ve

fo
r

a
n

y
β
∈
R
p

a
n

d
w

h
en
‖ε̂‖

n
6=

0

1

‖
ε̂‖
n
ε̂
T
X

(β
−
β̂

)/n
+
λ

Ω
(β̂

)≤
λ

Ω
(β

).
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S
h
a
r
p
O
r
a
c
l
e
In

e
q
u
a
l
it
ie
s
f
o
r
S
q
u
a
r
e
R
o
o
t
R
e
g
u
l
a
r
iz
a
t
io
n

P
ro

o
f

F
ir

st
w

e
n
ee

d
to

lo
ok

at
th

e
in

eq
u
al

it
y

fr
o
m

th
e

K
K

T
’s

,
w

h
ic

h
h
o
ld

s
in

an
y

ca
se

Ω
∗
(
ε̂T
X

n
‖ε̂
‖ n

)
≤
λ
.

(2
.4

)

A
n
d

b
y

th
e

d
efi

n
it

io
n

of
th

e
d
u
al

n
or

m
an

d
th

e
m

a
x
im

u
m

,
w

e
h
av

e
w

it
h

(2
.4

)

1 ‖ε̂
‖ n
ε̂T
X
β
/n
≤

Ω
(β

)
·

m
a
x

β
∈R

p
,Ω

(β
)≤

1

ε̂T ‖ε̂
‖ n
X
β
/
n

=
Ω

(β
)
·Ω
∗
(
ε̂T
X

n
‖ε̂
‖ n

)

≤
Ω

(β
)λ
.

(2
.5

)

T
h
e

se
co

n
d

eq
u
at

io
n

fr
om

th
e

K
K

T
’s

,
w

h
ic

h
ag

ai
n

h
ol

d
s

in
an

y
ca

se
,

is

1 ‖ε̂
‖ n
ε̂T
X
β̂
/n

=
λ

Ω
(β̂

).
(2

.6
)

N
ow

p
u
tt

in
g

(2
.5

)
an

d
(2

.6
)

to
ge

th
er

w
e

ge
t

th
e

re
su

lt
.

3
.
S
h
a
rp

O
ra

cl
e
In

e
q
u
a
li
ti
e
s
fo
r
th

e
sq

u
a
re

ro
o
t
re
g
u
la
ri
za

ti
o
n
e
st
im

a
to
rs

W
e

p
ro

v
id

e
sh

ar
p

or
ac

le
in

eq
u
al

it
ie

s
fo

r
th

e
es

ti
m

at
or
β̂

w
it

h
a

n
or

m
Ω

th
at

sa
ti

sfi
es

a
so

ca
ll
ed

w
ea

k
d
ec

om
p

os
ab

il
it

y
co

n
d
it

io
n
.

A
n

or
ac

le
in

eq
u
al

it
y

is
a

b
ou

n
d

on
th

e
es

ti
m

at
io

n
an

d
p
re

d
ic

ti
on

er
ro

rs
.

T
h
is

sh
ow

s
h
ow

go
o
d

th
es

e
es

ti
m

at
or

s
ar

e
in

es
ti

m
at

in
g

th
e

p
ar

am
e-

te
r

v
ec

to
r
β

0
.

T
h
is

is
an

ex
te

n
si

on
of

th
e

sh
ar

p
or

ac
le

re
su

lt
s

gi
ve

n
in

va
n

d
e

G
ee

r
(2

01
4)

fo
r

L
A

S
S
O

ty
p

e
of

es
ti

m
at

or
s,

w
h
ic

h
in

tu
rn

w
as

an
g
en

er
al

iz
at

io
n

of
th

e
sh

a
rp

or
ac

le
in

eq
u
al

-
it

ie
s

fo
r

th
e

L
A

S
S
O

an
d

n
u
cl

ea
r

n
or

m
p

en
al

iz
at

io
n

in
K

ol
tc

h
in

sk
ii

(2
01

1)
a
n
d

K
ol

tc
h
in

sk
ii

et
al

.
(2

01
1)

.

3
.1

C
o
n

c
e
p

ts
a
n

d
A

ss
u

m
p

ti
o
n

s

L
et

u
s

fi
rs

t
in

tr
o
d
u
ce

al
l

th
e

n
ec

es
sa

ry
d
efi

n
it

io
n
s

an
d

co
n
ce

p
ts

.
S
om

e
n
o
rm

ed
ve

rs
io

n
s

of
va

lu
es

n
ee

d
to

b
e

in
tr

o
d
u
ce

d
:

f
=
λ

Ω
(β

0
)

‖ε
‖ n

λ
S
c

=
Ω
S
c
∗ (

(ε
T
X

) S
c
)

n
‖ε
‖ n

λ
S

=
Ω
∗ (

(ε
T
X

) S
)

n
‖ε
‖ n

λ
m

=
m

ax
(λ
S
,λ

S
c
)

λ
0

=
Ω
∗ (
εT
X

)

n
‖ε
‖ n

.
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S
t
u
c
k
y
a
n
d

v
a
n
d
e
G
e
e
r

F
or

ex
am

p
le

th
e

q
u
an

ti
ty
f

gi
ve

s
th

e
m

ea
su

re
of

th
e

tr
u
e

u
n
d
er

ly
in

g
n
or

m
a
li
ze

d
sp

a
rs

it
y.

Ω
S
c

d
en

ot
es

a
n
or

m
on

R
p
−
|S
|

w
h
ic

h
w

il
l

sh
or

tl
y

b
e

d
efi

n
ed

in
A

ss
u
m

p
ti

on
II

.
F

u
rt

h
er

m
o
re

λ
m

w
il
l

ta
ke

th
e

ro
le

of
th

e
th

eo
re

ti
ca

l
(u

n
k
n
ow

n
)
λ

.
If

w
e

co
m

p
ar

e
th

is
to

th
e

ca
se

o
f

th
e

L
A

S
S
O

w
e

se
e

th
at

in
st

ea
d

of
th

e
` ∞
−

n
or

m
w

e
ge

n
er

al
iz

ed
it

to
th

e
d
u
a
l

n
o
rm

o
f

Ω
.

A
ls

o
re

m
ar

k
th

at
in
λ
m

a
te

rm
1
‖ε
‖ n

ap
p

ea
rs

.
T

h
is

sc
al

in
g

is
d
u
e

to
th

e
sq

u
a
re

ro
ot

re
gu

la
ri

za
ti

on
,

w
h
ic

h
w

il
l

b
e

th
e

re
as

on
th

at
λ

ca
n

b
e

ch
os

en
in

d
ep

en
d
en

tl
y

o
f

th
e

u
n
k
n
ow

n
st

an
d
ar

d
d
ev

ia
ti

on
σ

.
N

ow
w

e
w

il
l

gi
ve

th
e

tw
o

m
ai

n
as

su
m

p
ti

on
s

th
at

n
ee

d
to

h
o
ld

in
or

d
er

to
p
ro

ve
th

e
or

ac
le

in
eq

u
al

it
ie

s.
A

ss
u
m

p
ti

on
I

d
ea

ls
w

it
h

av
oi

d
in

g
ov

er
fi
tt

in
g
,

a
n
d

th
e

m
ai

n
co

n
ce

rn
of

A
ss

u
m

p
ti

on
II

is
th

at
th

e
n
or

m
h
as

th
e

d
es

ir
ed

p
ro

p
er

ty
o
f

p
ro

m
o
ti

n
g

a
st

ru
ct

u
re

d
sp

ar
se

so
lu

ti
on

β̂
.

W
e

w
il
l

la
te

r
se

e,
th

at
th

e
st

ru
ct

u
re

d
sp

a
rs

it
y

n
o
rm

s
in

M
ic

ch
el

li
et

al
.

(2
01

0)
an

d
M

ic
ch

el
li

et
al

.
(2

01
3)

ar
e

al
l

of
th

is
fo

rm
.

T
h
u
s,

A
ss

u
m

p
ti

o
n

II
is

q
u
it

e
ge

n
er

al
.

3
.1
.1

A
ss
u
m
p
t
io
n
I
(o

v
e
r
f
it
t
in
g
)

If
‖ε̂
‖ n

=
0,

th
en

β̂
d
o
es

th
e

sa
m

e
th

in
g

as
th

e
O

rd
in

ar
y

L
ea

st
S
q
u
ar

es
(O

L
S
)

es
ti

m
a
to

r
β
O
L
S

,
n
am

el
y

it
ov

er
fi
ts

.
T

h
at

is
w

h
y

w
e

n
ee

d
a

lo
w

er
b

ou
n
d

on
‖ε̂
‖ n

.
In

o
rd

er
to

a
ch

ie
ve

th
is

lo
w

er
b

ou
n
d

w
e

m
ak

e
th

e
fo

ll
ow

in
g

as
su

m
p
ti

on
s:

P

(
Y
∈
{Ỹ

:
m

in
β
,s

.t
.X
β

=
Ỹ

Ω
(β

)
≤
‖ε
‖ n
})

=
0.

λ
0 λ

( 1
+

2
f
) <

1.

T
h
e
λ

0 λ
te

rm
m

ak
es

su
re

th
at

w
e

in
tr

o
d
u
ce

en
ou

gh
sp

ar
si

ty
(n

o
ov

er
fi
tt

in
g)

.

3
.1
.2

A
ss
u
m
p
t
io
n
II

(w
e
a
k

d
e
c
o
m
p
o
sa

b
il
it
y
)

A
ss

u
m

p
ti

on
II

is
fu

lfi
ll
ed

fo
r

a
se

t
S
⊂
{1
,.
..
,p
}

an
d

a
n
or

m
Ω

on
R
p

if
th

is
n
o
rm

is
w

ea
k
ly

d
ec

om
p

os
ab

le
,

an
d
S

is
an

al
lo

w
ed

se
t

fo
r

th
is

n
or

m
.

T
h
is

w
as

u
se

d
b
y

va
n

d
e

G
ee

r
(2

0
1
4
)

an
d

go
es

b
ac

k
to

B
ac

h
et

al
.

(2
01

2)
.

It
is

an
as

su
m

p
ti

on
on

th
e

st
ru

ct
u
re

o
f

th
e

sp
a
rs

it
y

in
d
u
ci

n
g

n
or

m
.

B
y

th
e

tr
ia

n
gl

e
in

eq
u
al

it
y

w
e

h
av

e:

Ω
(β
S
c
)
≥

Ω
(β

)
−

Ω
(β
S

).

B
u
t

w
e

w
il
l

al
so

n
ee

d
to

lo
w

er
b

ou
n
d

th
is

b
y

an
ot

h
er

n
or

m
ev

al
u
at

ed
at

β
S
c
.

T
h
is

is
m

ot
iv

at
ed

b
y

re
la

x
in

g
th

e
fo

ll
ow

in
g

d
ec

om
p

os
ab

il
it

y
p
ro

p
er

ty
of

th
e
` 1

-n
or

m
:

‖β
‖ 1

=
‖β

S
‖ 1

+
‖β

S
c
‖ 1
,∀

se
ts
S
⊂

1,
..
.,
p

an
d

al
l
β
∈
R
p
.

T
h
is

d
ec

om
p

os
ab

il
it

y
p
ro

p
er

ty
is

u
se

d
to

ge
t

or
ac

le
in

eq
u
al

it
ie

s
fo

r
th

e
L

A
S
S
O

.
B

u
t

w
e

ca
n

re
la

x
th

is
p
ro

p
er

ty
,

an
d

in
tr

o
d
u
ce

w
ea

k
ly

d
ec

om
p

os
ab

le
n
or

m
s.

D
e
fi

n
it

io
n

3
(W

e
a
k

d
e
c
o
m

p
o
sa

b
il
it

y
)

A
n

o
rm

Ω
in

R
p

is
ca

ll
ed

w
ea

kl
y

d
ec

o
m

po
sa

bl
e

fo
r

a
n

in
d
ex

se
t
S
⊂
{1
,.
..
,p
},

if
th

er
e

ex
is

ts
a

n
o
rm

Ω
S
c

o
n
R
|S
c
|

su
ch

th
a
t

∀β
∈
R
p

Ω
(β

)
≥

Ω
(β
S

)
+

Ω
S
c
(β
S
c
).
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S
h
a
r
p
O
r
a
c
l
e
In

e
q
u
a
l
it
ie
s
f
o
r
S
q
u
a
r
e
R
o
o
t
R
e
g
u
l
a
r
iz
a
t
io
n

F
u
rth

erm
o
re

w
e

call
a

set
S

allow
ed

if
Ω

is
a

w
eak

ly
d
ecom

p
osab

le
n
orm

for
th

is
set.

R
e
m

a
rk

4
In

o
rd

er
to

get
a

good
o
ra

cle
bo

u
n

d
,

w
e

w
ill

ch
oo

se
th

e
n

o
rm

Ω
S
c

a
s

la
rge

a
s

po
ssible.

W
e

w
ill

a
lso

ch
oo

se
th

e
a
llo

w
ed

sets
S

in
su

ch
a

w
a
y

to
refl

ect
th

e
a
ctive

set
S

0 .
O

th
erw

ise
w

e
w

o
u

ld
o
f

co
u

rse
be

a
ble

to
ch

oo
se

a
s

a
trivia

l
exa

m
p
le

th
e

em
p
ty

set
S

=
∅

.

N
ow

th
a
t

w
e

h
ave

in
tro

d
u
ced

th
e

tw
o

m
ain

assu
m

p
tion

s,
w

e
can

in
tro

d
u
ce

oth
er

d
efi

n
ition

s
a
n
d

co
n
cep

ts
a
lso

u
sed

in
van

d
e

G
eer

(2014
).

D
e
fi

n
itio

n
5

F
o
r
S

a
n

a
llo

w
ed

set
o
f

a
w

ea
kly

d
eco

m
po

sa
ble

n
o
rm

Ω
,

a
n

d
L
>

0
a

co
n

sta
n

t,
th

e
Ω−

eigen
va

lu
e

is
d
efi

n
ed

a
s

δ
Ω

(L
,S

)
:=

m
in {‖

X
β
S
−
X
β
S
c‖
n

:
Ω

(β
S

)
=

1,Ω
S
c(β

S
c)≤

L }
.

T
h
en

th
e

Ω−
eff

ective
spa

rsity
is

d
efi

n
ed

a
s

Γ
2Ω

(L
,S

)
:=

1

δ
2Ω

(L
,S

) .

T
h
e

Ω−
eig

en
va

lu
e

is
th

e
d
istan

ce
b

etw
een

th
e

tw
o

sets
(van

d
e

G
eer

an
d

L
ed

erer,
2013)

{
X
β
S

:
Ω

(β
S

)
=

1}
an

d
{X

β
S
c

:
Ω
S
c(β

S
c)≤

L}
,

see
F

igu
re

2.
T

h
e

ad
d
ition

al
d
iscu

ssion
a
b

o
u
t

th
ese

d
efi

n
ition

s
w

ill
follow

after
th

e
m

ain
th

eorem
.

T
h
e

Ω−
eigen

valu
e

gen
eralizes

th
e

co
m

p
a
tib

ility
con

stan
t

(van
d
e

G
eer,

2007).

F
o
r

th
e

p
ro

o
f

o
f

th
e

m
ain

th
eorem

w
e

n
eed

som
e

sm
all

lem
m

as.
F

or
an

y
vector

β
∈

R
p

th
e

(L
,S

)−
co

n
e

con
d
ition

for
a

n
orm

Ω
is

sa
tisfi

ed
if

Ω
S
c(β

S
c)
≤
L

Ω
(β
S

),
w

ith
L
>

0
a

co
n
sta

n
t

a
n
d
S

an
allow

ed
set.

T
h
e

p
ro

o
f

o
f

L
em

m
a

6
can

b
e

fou
n
d

in
van

d
e

G
eer

(2014).
It

sh
ow

s
th

e
con

n
ection

b
etw

een
th

e
(L
,S

)−
co

n
e

con
d
ition

an
d

th
e

Ω−
eigen

valu
e.

W
e

b
ou

n
d

Ω
(β
S

)
b
y

a
m

u
ltip

le
of‖

X
β‖

n
.

L
e
m

m
a

6
L

et
S

be
a
n

a
llo

w
ed

set
o
f

a
w

ea
kly

d
eco

m
po

sa
ble

n
o
rm

Ω
a
n

d
L
>

0
a

co
n

sta
n

t.
T

h
en

w
e

h
a
ve

th
a
t

th
e

Ω−
eigen

va
lu

e
is

o
f

th
e

fo
llo

w
in

g
fo

rm
:

δ
Ω

(L
,S

)
=

m
in {
‖
X
β‖

n

Ω
(β
S

)
,β

sa
tisfi

es
th

e
co

n
e

co
n

d
itio

n
a
n

d
β
S
6=

0 }
.

W
e

h
a
ve

Ω
(β
S

)≤
Γ

Ω
(L
,S

)‖
X
β‖

n
.

W
e

w
ill

a
lso

n
eed

a
low

er
an

d
an

u
p
p

er
b

ou
n
d

for‖
ε̂‖
n
,
as

alread
y

m
en

tion
ed

in
A

ssu
m

p
tion

I.
T

h
e

n
ex

t
L

em
m

a
7

gives
su

ch
b

ou
n
d
s.

L
e
m

m
a

7
S

u
p
po

se
th

a
t

A
ssu

m
p
tio

n
I

h
o
ld

s
tru

e.
T

h
en

1
+
f
≥
‖
ε̂‖
n

‖
ε‖
n
≥

1−
λ

0λ
(1

+
2
f

)

f
+

2
>

0
.

P
ro

o
f

T
h
e

u
p
p

er
b

ou
n
d

is
ob

tain
ed

b
y

th
e

d
efi

n
ition

of
th

e
estim

ator

‖Y
−
X
β̂‖

n
+
λ

Ω
(β̂

)≤
‖Y
−
X
β

0‖
n

+
λ

Ω
(β

0).
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S
t
u
c
k
y
a
n
d

v
a
n
d
e
G
e
e
r

T
h
erefore

w
e

get
‖
ε̂‖
n
≤
‖ε‖

n
+
λ

Ω
(β

0).

D
iv

id
in

g
b
y
‖ε‖

n
an

d
b
y

th
e

d
efi

n
ition

of
f

w
e

get
th

e
d
esired

u
p
p

er
b

ou
n
d
.

T
h
e

m
ain

id
ea

for
th

e
low

er
b

ou
n
d

is
to

u
se

th
e

trian
gle

in
eq

u
ality

‖
ε̂‖
n

=
‖
ε−

X
(β̂
−
β

0)‖
n
≥
‖ε‖

n −
‖
X

(β̂
−
β

0)‖
n
,

an
d

th
en

u
p
p

er
b

ou
n
d
‖
X

(β̂
−
β

0)‖
n
.

W
ith

L
em

m
a

2
w

e
get

an
u
p
p

er
b

ou
n
d

for‖X
(β̂
−

β
0)‖

n
,

‖
X

(β̂
−
β

0)‖
2n
≤
ε
T
X

(β̂
−
β

0)/n
+
λ‖ε̂‖

n
(Ω

(β
0)−

Ω
(β̂

))

≤
λ

0‖ε‖
n
Ω

(β̂
−
β

0)
+
λ‖ε̂‖

n
(Ω

(β
0)−

Ω
(β̂

))

≤
λ

0‖ε‖
n
(Ω

(β̂
)

+
Ω

(β
0))

+
λ‖
ε̂‖
n
(Ω

(β
0)−

Ω
(β̂

))

≤
λ

0‖ε‖
n
Ω

(β̂
)

+
Ω

(β
0)(λ

0‖
ε‖
n

+
λ‖
ε̂‖
n
).

In
th

e
secon

d
lin

e
w

e
u
sed

th
e

d
efi

n
ition

of
th

e
d
u
al

n
orm

,
an

d
th

e
C

au
ch

y
-S

ch
w

artz
in

-
eq

u
ality.

A
gain

b
y

th
e

d
efi

n
ition

of
th

e
estim

a
tor

w
e

h
ave

Ω
(β̂

)≤
‖
ε‖
n

λ
+

Ω
(β

0).

A
n
d

w
e

are
left

w
ith

‖X
(β̂
−
β

0)‖
n
≤
‖ε‖

n √
λ

0

λ

(
1

+
2
λ

Ω
(β

0)

‖
ε‖
n

+
λλ
0 · ‖

ε̂‖
n

‖
ε‖
n
·
λ

Ω
(β

0)

‖
ε‖
n

)
.

B
y

th
e

d
efi

n
ition

of
f

w
e

get

‖
X

(β̂
−
β

0)‖
n
≤
‖ε‖

n √
λ

0

λ

(
1

+
2
f

+
λλ
0 ‖
ε̂‖
n

‖
ε‖
n
f )

.

=
‖ε‖

n √
λ

0

λ
+

2
λ

0

λ
f

+
‖
ε̂‖
n

‖
ε‖
n
f
.

N
ow

w
e

get

‖ε̂‖
n
≥
‖ε‖

n −
‖
X

(β̂
−
β

0)‖
n

≥
‖ε‖

n −
‖
ε‖
n √

λ
0

λ
+

2
λ

0

λ
f

+
‖ε̂‖

n

‖ε‖
n
f

(3.1)

L
et

u
s

rearran
ge

eq
u
ation

(3.1)
fu

rth
er

in
th

e
case

‖
ε̂‖
n

‖
ε‖
n
<

1

λ
0

λ
+

2
λ

0

λ
f

+
‖
ε̂‖
n

‖
ε‖
n
f
≥
(

1−
‖ε̂‖

n

‖ε‖
n )

2

‖
ε̂‖
n

‖
ε‖
n
f
≥

1−
2 ‖ε̂‖

n

‖ε‖
n

+
‖ε̂‖

2n

‖
ε‖

2n

−
λ

0

λ
(1

+
2
f

)
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S
h
a
r
p
O
r
a
c
l
e
In

e
q
u
a
l
it
ie
s
f
o
r
S
q
u
a
r
e
R
o
o
t
R
e
g
u
l
a
r
iz
a
t
io
n

‖ε̂
‖ n
‖ε
‖ n
f

+
2
‖ε̂
‖ n
‖ε
‖ n
≥

1
−
λ

0 λ
(1

+
2
f

)

‖ε̂
‖ n
‖ε
‖ n
≥

1
−

λ
0 λ
(1

+
2
f

)

f
+

2

A
ss

u
m

p
ti

o
n

I
>

0.

O
n

th
e

ot
h
er

h
an

d
if
‖ε̂
‖ n
‖ε
‖ n
>

1,
w

e
al

re
ad

y
ge

t
a

lo
w

er
b

ou
n
d

w
h
ic

h
is

b
ig

ge
r

th
an

1
−
λ

0 λ
(1

+
2
f

)

f
+

2
.

3
.2

S
h

a
rp

O
ra

c
le

In
e
q
u

a
li
ty

F
in

al
ly

w
e

ar
e

ab
le

to
p
re

se
n
t

th
e

m
ai

n
th

eo
re

m
.

T
h
is

th
eo

re
m

gi
v
es

sh
ar

p
or

ac
le

in
eq

u
al

it
ie

s
on

th
e

p
re

d
ic

ti
on

er
ro

r
ex

p
re

ss
ed

in
th

e
` 2

-n
or

m
,

an
d

th
e

es
ti

m
at

io
n

er
ro

r
ex

p
re

ss
ed

in
th

e
Ω

an
d

Ω
S
c

n
or

m
s.

R
e
m

a
rk

8
L

et
u

s
fi

rs
t

br
ie

fl
y

re
m

a
rk

th
a
t

in
th

e
T

h
eo

re
m

9
w

e
n

ee
d

to
a
ss

u
re

th
a
t
λ
∗
−

λ
m
>

0.
T

h
e

a
ss

u
m

p
ti

o
n

λ
m λ
<

1
/a

,
w

it
h
a

ch
o
se

n
a
s

in
T

h
eo

re
m

9
,

to
ge

th
er

w
it

h
th

e
fa

ct
th

a
t
λ

0
≤
λ
m

le
a
d
s

to
th

e
d
es

ir
ed

in
eq

u
a
li

ty

λ
∗ λ

=
1
−

λ
0 λ
(1

+
2
f

)

f
+

2
≥

1
−

λ
m λ

(1
+

2
f

)

f
+

2
>
λ
m λ
.

T
h

e
o
re

m
9

A
ss

u
m

e
th

a
t

0
≤
δ
<

1
,

a
n

d
a
ls

o
th

a
t
a
λ
m
<
λ

,
w

it
h

th
e

co
n

st
a
n

t
a

=
3(

1
+
f

).
W

e
in

vo
ke

a
ls

o
A

ss
u

m
p
ti

o
n

I
(o

ve
rfi

tt
in

g)
a
n

d
A

ss
u

m
p
ti

o
n

II
(w

ea
k

d
ec

o
m

po
sa

bi
li

ty
)

fo
r
S

a
n

d
Ω

.
H

er
e

th
e

a
ll

o
w

ed
se

t
S

is
ch

o
se

n
su

ch
th

a
t

th
e

a
ct

iv
e

se
t
S
β

:=
su

p
p
(β

)
is

a
su

bs
et

o
f
S

.
T

h
en

it
h
o
ld

s
tr

u
e

th
a
t

‖X
(β̂
−
β

0
)‖

2 n
+

2
δ‖
ε‖
n

[ (λ
∗

+
λ
m

)Ω
(β̂
S
−
β

)
+

(λ
∗
−
λ
m

)Ω
S
c
(β̂
S
c
)]

≤
‖X

(β
−
β

0
)‖

2 n
+
‖ε
‖2 n
[ (1

+
δ)

(λ̃
+
λ
m

)] 2
Γ

2 Ω
(L

S
,S

),
(3

.2
)

w
it

h
L
S

:=
λ̃

+
λ
m

λ
∗ −
λ
m

1
+
δ

1
−
δ

a
n

d

λ
∗

:=
λ

(
1
−

λ
0 λ
(1

+
2
f

)

f
+

2

)
,

λ̃
:=

λ
(1

+
f

).

F
u

rt
h
er

m
o
re

w
e

ge
t

th
e

tw
o

o
ra

cl
e

in
eq

u
a
li

ti
es

‖X
(β̂
−
β

0
)‖

2 n
≤
‖X

(β
?
−
β

0
)‖

2 n
+
‖ε
‖2 n

(1
+
δ)

2
(λ̃

+
λ
S
c ?
)2
·Γ

2 Ω
(L

S
?
,S

?
)

Ω
(β̂
S
?
−
β
?
)

+
Ω
S
c ?
(β̂
S
c ?
)
≤

1

2δ
‖ε
‖ n
·‖
X

(β
?
−
β

0
)‖

2 n

λ
∗
−
λ
m

+
..
.

+
(1

+
δ)

2
‖ε
‖ n

2
δ

·(λ̃
+
λ
m

)2

λ
∗
−
λ
m
·Γ

2 Ω
(L

S
?
,S

?
).
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S
t
u
c
k
y
a
n
d

v
a
n
d
e
G
e
e
r

F
o
r

a
ll

fi
xe

d
a
ll

o
w

ed
se

ts
S

d
efi

n
e

β
?
(S

)
:=

ar
g

m
in

β
:

su
p

p
(β

)⊆
S

( ‖
X

(β
−
β

0
)‖

2 n
+
‖ε
‖2 n
[ (1

+
δ)

(λ̃
+
λ
m

)] 2
Γ

2 Ω
(L

S
,S

))
.

T
h
en

S
?

is
d
efi

n
ed

a
s

S
?

:=
ar

g
m

in
S

a
ll
o
w
ed

( ‖
X

(β
?
(S

)
−
β

0
)‖

2 n
+
‖ε
‖2 n
[ (1

+
δ)

(λ̃
+
λ
m

)] 2
Γ

2 Ω
(L

S
,S

))
,

(3
.3

)

β
?

:=
β
?
(S
?
)

(3
.4

)

it
a
tt

a
in

s
th

e
m

in
im

a
l

ri
gh

t
h
a
n

d
si

d
e

o
f

th
e

o
ra

cl
e

in
eq

u
a
li

ty
(3

.2
).

A
n

im
p
ro

ta
n

t
sp

ec
ia

l
ca

se
o
f

eq
u

a
ti

o
n

(3
.2

)
is

to
ch

oo
se
β
≡
β

0
w

it
h
S
⊇
S

0
a
ll

o
w

ed
.

T
h
e

te
rm
‖X

(β
−
β

0
)‖

2 n

va
n

is
h
es

in
th

is
ca

se
a
n

d
o
n

ly
th

e
Ω
−

eff
ec

ti
ve

sp
a
rs

it
y

te
rm

re
m

a
in

s
fo

r
th

e
u

p
pe

r
bo

u
n

d
.

B
u

t
it

is
n

o
t

o
bv

io
u

s
in

w
h
ic

h
ca

se
s

a
n

d
w

h
et

h
er

β
?

le
a
d
s

to
a

su
bs

ta
n

ti
a
ll

y
lo

w
er

bo
u

n
d

th
a
n
β

0
.

P
ro

o
f

L
et
β
∈
R
p

an
d

le
t
S

b
e

an
al

lo
w

ed
se

t
co

n
ta

in
in

g
th

e
ac

ti
ve

se
t

of
β

.
W

e
n
ee

d
to

d
is

ti
n
gu

is
h

2
ca

se
s.

T
h
e

se
co

n
d

ca
se

is
th

e
m

or
e

su
b
st

an
ti

a
l

on
e.

C
as

e
1:

A
ss

u
m

e
th

at

〈X
(β̂
−
β

0
),
X

(β̂
−
β

)〉
n
≤
−
δ‖
ε‖
n

[ (λ
∗

+
λ
m

)Ω
(β̂
S
−
β

)
+

(λ
∗
−
λ
m

)Ω
S
c
(β̂
S
c
)] .

H
er

e
〈u
,v
〉 n

:=
v
T
u
/n

,
fo

r
an

y
tw

o
ve

ct
or

s
u
,v
∈
R
n

.
In

th
is

ca
se

w
e

ca
n

si
m

p
ly

u
se

th
e

fo
ll
ow

in
g

ca
lc

u
la

ti
on

s
to

ve
ri

fy
th

e
th

eo
re

m
.

‖X
(β̂
−
β

0
)‖

2 n
−
‖X

(β
−
β

0
)‖

2 n
+
..
.

+
2
δ‖
ε‖
n

[ (λ
∗

+
λ
m

)Ω
(β̂
S
−
β

)
+

(λ
∗
−
λ
m

)Ω
S
c
(β̂
S
c
)]

=
2〈
X

(β̂
−
β

0
),
X

(β̂
−
β

)〉
n
−
‖X

(β
−
β̂

)‖
2 n

+
2
δ‖
ε‖
n

[ (λ
∗

+
λ
m

)Ω
(β̂
S
−
β

)
+

(λ
∗
−
λ
m

)Ω
S
c
(β̂
S
c
)]

≤
−
‖X

(β
−
β̂

)‖
2 n

≤
0

N
ow

w
e

ca
n

tu
rn

to
th

e
m

or
e

im
p

or
ta

n
t

ca
se

.
C

as
e

2:
A

ss
u
m

e
th

at

〈X
(β̂
−
β

0
),
X

(β̂
−
β

)〉
n
≥
−
δ‖
ε‖
n

[ (λ
∗

+
λ
m

)Ω
(β̂
S
−
β

)
+

(λ
∗
−
λ
m

)Ω
S
c
(β̂
S
c
)] .

W
e

ca
n

re
fo

rm
u
la

te
L

em
m

a
2

w
it

h
Y
−
X
β̂

=
X

(β
0
−
β̂

)
+
ε,

th
en

w
e

g
et

:

〈X
(β̂
−
β

0
),
X

(β̂
−
β

)〉
n

‖ε̂
‖ n

+
λ

Ω
(β̂

)
≤
〈ε
,X

(β̂
−
β

)〉
n

‖ε̂
‖ n

+
λ

Ω
(β

).

T
h
is

is
eq

u
iv

al
en

t
to

〈X
(β̂
−
β

0
),
X

(β̂
−
β

)〉
n

+
‖ε̂
‖ n
λ

Ω
(β̂

)
≤
〈ε
,X

(β̂
−
β

)〉
n

+
‖ε̂
‖ n
λ

Ω
(β

).
(3

.5
)
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S
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q
u
a
l
it
ie
s
f
o
r
S
q
u
a
r
e
R
o
o
t
R
e
g
u
l
a
r
iz
a
t
io
n

B
y

th
e

d
efi

n
itio

n
of

th
e

d
u
al

n
orm

an
d

th
e

gen
eralized

C
au

ch
y
-S

ch
w

artz
in

eq
u
ality

w
e

h
ave

〈ε,X
(β̂
−
β

)〉
n
≤
‖ε‖

n (
λ
S

Ω
(β̂
S
−
β

)
+
λ
S
cΩ

S
c(β̂

S
c) )

≤
‖ε‖

n (
λ
m

Ω
(β̂
S
−
β

)
+
λ
m

Ω
S
c(β̂

S
c) )

In
sertin

g
th

is
in

eq
u
ality

in
to

(3.5)
w

e
get

〈X
(β̂
−
β

0),X
(β̂
−
β

)〉
n

+
‖
ε̂‖
n
λ

Ω
(β̂

)≤
‖ε‖

n (
λ
m

Ω
(β̂
S
−
β

)
+
λ
m

Ω
S
c(β̂

S
c) )

+
‖
ε̂‖
n
λ

Ω
(β

).

(3.6)
T

h
en

b
y

th
e

w
eak

d
ecom

p
osab

ility
an

d
th

e
trian

gle
in

eq
u
ality

in
(3.6)

〈X
(β̂
−
β

0),X
(β̂
−
β

)〉
n

+
‖
ε̂‖
n
λ (

Ω
(β̂
S

)
+

Ω
S
c(β̂

S
c) )

≤
‖ε‖

n (
λ
m

Ω
(β̂
S
−
β

)
+
λ
m

Ω
S
c(β̂

S
c) )

+
‖ε̂‖

n
λ (

Ω
(β̂
S
−
β

)
+

Ω
(β̂
S

) )
.

(3.7)

B
y

in
sertin

g
th

e
assu

m
p
tion

of
case

2

〈X
(β̂
−
β

0),X
(β̂
−
β

)〉
n
≥
−
δ‖
ε‖
n [(λ

∗
+
λ
m

)Ω
(β̂
S
−
β

)
+

(λ
∗−

λ
m

)Ω
S
c(β̂

S
c) ]

,

in
to

(3
.7

)
w

e
g
et

(
λ‖ε̂‖

n −
λ
m‖
ε‖
n −
δ‖
ε‖
n
(λ
∗−
λ
m

) )
Ω
S
c(β̂

S
c)≤

(
λ‖ε̂‖

n
+
λ
m‖ε‖

n
+
δ‖ε‖

n
(λ̃

+
λ
m

) )
Ω

(β̂
S −

β
).

B
y

a
ssu

m
p
tio

n
a
λ
m
<
λ

w
e

h
ave

th
at
λ
∗
>
λ
m

(see
R

em
ark

8)
an

d
th

erefore

Ω
S
c(β̂

S
c)≤

(
λ̃

+
λ
m

λ
∗−

λ
m

)
· 1

+
δ

1−
δ
·
Ω

(β̂
S
−
β

).

W
e

h
av

e
a
p
p
lied

L
em

m
a

7
in

th
e

last
step

,
in

ord
er

to
rep

lace
th

e
estim

ate‖
ε̂‖
n

w
ith
‖
ε‖
n
.

B
y

th
e

d
efi

n
itio

n
of
L
S

w
e

h
ave

Ω
S
c(β̂

S
c)≤

L
S

Ω
(β̂
S
−
β

).
(3.8)

T
h
erefo

re
w

ith
L

em
m

a
6

w
e

get

Ω
(β̂
S
−
β

)≤
Γ

Ω
(L

S
,S

)‖
X

(β̂
−
β

)‖
n
.

(3.9)

In
sertin

g
(3

.9
)

in
to

(3.7),
togeth

er
w

ith
L

em
m

a
7

an
d
δ
<

1,
w

e
get

〈X
(β̂
−
β

0),X
(β̂
−
β

)〉
n

+
δ‖
ε‖
n
(λ
∗−

λ
m

)Ω
S
c(β̂

S
c)

≤
(1

+
δ−

δ)‖ε‖
n
(λ‖

ε̂‖
n
/‖
ε‖
n

+
λ
m

)Ω
(β̂
S
−
β

)

≤
(1

+
δ)‖

ε‖
n
(λ̃

+
λ
m

)Γ
Ω

(L
S
,S

)‖X
(β̂
−
β

)‖
n −

δ‖
ε‖
n
(λ
∗

+
λ
m

)Ω
(β̂
S
−
β

)

B
eca

u
se
∀
u
,v
∈
R
,

0
≤

(u
−
v
)
2

it
h
old

s
tru

e
th

at
u
v
≤

1/
2(u

2
+
v

2).
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S
t
u
c
k
y
a
n
d

v
a
n
d
e
G
e
e
r

T
h
erefore

w
ith

a
=

(1
+
δ)‖ε‖

n
(λ̃

+
λ
m

)Γ
Ω

(L
S
,S

)
an

d
b

=
‖
X

(β̂
−
β

)‖
n

w
e

h
ave

〈X
(β̂
−
β

0),X
(β̂
−
β

)〉
n

+
δ‖
ε‖
n
(λ
∗−

λ
m

)Ω
(β̂
S
c)
S
c

+
δ‖ε‖

n
(λ
∗

+
λ
m

)Ω
(β̂
S
−
β

)

≤
12

(1
+
δ)

2‖
ε‖

2n
(λ̃

+
λ
m

)
2Γ

2Ω
(L

S
,S

)
+

12 ‖X
(β̂
−
β

)‖
2n
.

S
in

ce

2〈X
(β̂
−
β

0),X
(β̂
−
β

)〉
n

=
‖X

(β̂
−
β

0)‖
2n −
‖
X

(β
−
β

0)‖
2n

+
‖X

(β̂
−
β

)‖
2n
,

w
e

get

‖
X

(β̂
−
β

0)‖
2n

+
2
δ‖ε‖

n (
(λ
∗−

λ
m

)Ω
(β̂
S
c)
S
c

+
(λ
∗

+
λ
m

)Ω
(β̂
S
−
β

) )

≤
(1

+
δ)

2‖
ε‖

2n
(λ̃

+
λ
m

)
2Γ

2Ω
(L

S
,S

)
+
‖
X

(β
−
β

0)‖
2n
.

(3.10)

T
h
is

gives
th

e
sh

arp
oracle

in
eq

u
ality.

T
h
e

tw
o

oracle
in

eq
u
alities

m
en

tion
ed

are
ju

st
a

sp
lit

u
p

version
of

in
eq

u
ality

(3.10),
w

h
ere

for
th

e
secon

d
oracle

in
eq

u
ality

w
e

n
eed

to
see

th
at

λ
∗−

λ
m
≤
λ
∗

+
λ
m

.

R
em

ark
th

at
th

e
sh

arp
n
ess

in
th

e
oracle

in
eq

u
ality

of
T

h
eorem

9
is

th
e

con
stan

t
on

e
in

fron
t

of
th

e
term

‖X
(β
−
β

0)‖
2n
.

B
ecau

se
w

e
m

ea
su

re
a

vector
on

S
?

b
y

Ω
an

d
on

th
e

in
activ

e
set

S
c?

b
y

th
e

n
orm

Ω
S
c,

w
e

take
h
ere

Ω
(β̂
S
? −

β
? )

an
d

Ω
S
c?(β̂

S
c? )

as
estim

atio
n

errors.
If

w
e

ch
o
ose

λ
of

th
e

sam
e

ord
er

as
λ
m

(i.e.
a
λ

=
λ
m

,
w

ith
a
>

0
a

con
stan

t),
th

en
w

e
can

sim
p
lify

th
e

oracle
in

eq
u
alities.

T
h
is

is
com

p
arab

le
to

th
e

o
racle

in
eq

u
alities

for
th

e
L

A
S
S
O

,
see

for
ex

am
p
le

B
ickel

et
al.

(2009),
B

u
n
ea

et
al.

(2006
),

B
u
n
ea

et
al.

(2007),
van

d
e

G
eer

(2007)
an

d
fu

rth
er

referen
ces

can
b

e
fou

n
d

in
B

ü
h
lm

an
n

an
d

van
d
e

G
eer

(2011).

C
o
ro

lla
ry

1
0

T
a
ke
λ

o
f

th
e

o
rd

er
o
f
λ
m

(i.e.
λ
m

=
C
λ

,
w

ith
0
<
C
<

1
3
(f

+
1
)

a
co

n
sta

n
t).

In
vo

ke
th

e
sa

m
e

a
ssu

m
p
tio

n
s

a
s

in
T

h
eo

rem
9
.

H
ere

w
e

a
lso

u
se

th
e

sa
m

e
n

o
ta

tio
n

o
f

a
n

o
p
tim

a
l
β
?

w
ith

S
?

a
s

in
equ

a
tio

n
(3.3)

a
n

d
(3.4).

T
h
en

w
e

h
a
ve

‖X
(β̂
−
β

0)‖
2n
≤
‖X

(β
? −

β
0)‖

2n
+
C

1 λ
2·Γ

2Ω
(L

S
? ,S

? )

Ω
(β̂
S
? −

β
? )

+
Ω
S
c?(β̂

S
c? )≤

C
2 (
‖X

(β
? −

β
0)‖

2n

λ
+
C

1 λ
·
Γ

2Ω
(L

S
? ,S

? ) )
.

H
ere

C
1

a
n

d
C

2
a
re

th
e

co
n

sta
n

ts:

C
1

:=
(1

+
δ)

2·‖
ε‖

2n
(f

+
C

+
1)

2,
(3.11)

C
2

:=
1

2δ‖ε‖
n
·

1
√

1−
2C

(1
+

2
f

)−
C
.

(3.12)

F
irst

let
u
s

ex
p
lain

som
e

of
th

e
p
arts

of
T

h
eorem

9
in

m
ore

d
etail.

W
e

can
also

stu
d
y

w
h
at

h
ap

p
en

s
to

th
e

b
ou

n
d

if
w

e
ad

d
ition

ally
assu

m
e

G
au

ssian
errors,

see
P

rop
osition
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e
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3
.3

O
n

th
e

tw
o

p
a
rt

s
o
f

th
e

o
ra

c
le

b
o
u

n
d

T
h
e

or
ac

le
b

ou
n
d

is
a

tr
ad

e-
off

b
et

w
ee

n
tw

o
p
ar

ts
,

w
h
ic

h
w

e
w

il
l

d
is

cu
ss

n
ow

.
L

et
u
s

fi
rs

t
re

m
em

b
er

th
at

if
w

e
se

t
β
≡
β

0
in

th
e

sh
ar

p
or

ac
le

b
ou

n
d
,

on
ly

th
e

te
rm

w
it

h
th

e
Ω
−

eff
ec

ti
ve

sp
ar

si
ty

w
il
l

n
ot

va
n
is

h
on

th
e

ri
gh

t
h
a
n
d

si
d
e

of
th

e
b

ou
n
d
.

B
u
t

d
u
e

to
th

e
m

in
im

iz
at

io
n

ov
er
β

in
th

e
d
efi

n
it

io
n

of
β
?

w
e

m
ig

h
t

ev
en

d
o

b
et

te
r

th
an

th
at

b
ou

n
d
.

T
h
e

fi
rs

t
p
ar

t
co

n
si

st
in

g
of

m
in

im
iz

in
g
‖X

(β
−
β

0
)‖

2 n
ca

n
b

e
th

ou
gh

t
of

th
e

er
ro

r
m

ad
e

d
u
e

to
ap

p
ro

x
im

at
io

n
,

h
en

ce
w

e
ca

ll
it

th
e

ap
p
ro

x
im

at
io

n
er

ro
r.

If
w

e
fi
x

th
e

su
p
p

or
t
S

,
w

h
ic

h
ca

n
b

e
th

ou
gh

t
of

b
ei

n
g

d
et

er
m

in
ed

b
y

th
e

se
co

n
d

p
ar

t,
th

en
m

in
im

iz
in

g
‖X

(β
−
β

0
)‖

2 n

is
ju

st
a

p
ro

je
ct

io
n

on
to

th
e

su
b
sp

ac
e

sp
an

n
ed

b
y
S

,
se

e
F

ig
u
re

1.
S
o

if
S

h
as

a
si

m
il
ar

st
ru

ct
u
re

th
an

th
e

tr
u
e

u
n
k
n
ow

n
su

p
p

or
t
S

0
of
β

0
,

th
is

w
il
l

b
e

sm
al

l.

X
β

0

X
β

0 S

S

F
ig

u
re

1:
ap

p
ro

x
im

a
ti

on
er

ro
r

T
h
e

se
co

n
d

p
ar

t
co

n
ta

in
in

g
Γ

2 Ω
(L

S
,S

)
is

d
u
e

to
es

ti
m

at
io

n
er

ro
rs

.
T

h
er

e,
m

in
im

iz
in

g
ov

er
β

w
il
l

aff
ec

t
th

e
se

t
S

.
W

e
h
av

e
al

re
ad

y
m

en
ti

on
ed

th
at

.
It

is
on

e
ov

er
th

e
sq

u
ar

ed
d
is

ta
n
ce

b
et

w
ee

n
th

e
tw

o
se

ts
{X

β
S

:
Ω

(β
S

)
=

1
}

an
d
{X

β
S
c

:
Ω
S
c
(β
S
c
)
≤
L
}.

F
ig

u
re

2
sh

ow
s

th
is

d
is

ta
n
ce

.
T

h
is

m
ea

n
s

th
at

if
th

e
ve

ct
or

s
in
X
S

an
d
X
S
c

sh
ow

a
h
ig

h
co

rr
el

at
io

n
th

e
d
is

ta
n
ce

w
il
l

sh
ri

n
k

an
d

th
e

Ω
−

eff
ec

ti
ve

sp
ar

si
ty

w
il
l

b
lo

w
u
p
,

w
h
ic

h
w

e
tr

y
to

av
oi

d
.

T
h
is

d
is

ta
n
ce

d
ep

en
d
s

al
so

on
th

e
tw

o
ch

os
en

sp
ar

si
ty

n
or

m
s

Ω
an

d
Ω
S
c
.

It
is

cr
u
ci

al
to

ch
o
os

e
n
or

m
s

th
at

re
fl
ec

t
th

e
tr

u
e

u
n
d
er

ly
in

g
sp

ar
si

ty
in

or
d
er

to
ge

t
a

go
o
d

b
ou

n
d
.

A
ls

o
th

e
co

n
st

an
t

L
S

sh
ou

ld
b

e
sm

al
l.

3
.4

O
n

th
e

ra
n

d
o
m

n
e
ss

o
f

th
e

o
ra

c
le

b
o
u

n
d

U
n
ti

l
n
ow

,
th

e
b

ou
n
d

st
il
l

co
n
ta

in
s

so
m

e
ra

n
d
om

p
ar

ts
,

fo
r

ex
am

p
le

in
λ
m

.
In

or
d
er

to
ge

t
ri

d
of

th
at

ra
n
d
om

p
ar

t
w

e
n
ee

d
to

in
tr

o
d
u
ce

th
e

fo
ll
ow

in
g

se
ts

T
:=

{ m
ax

(
Ω
∗ (

(ε
T
X

) W
)

n
‖ε
‖ n

,
Ω
W
c
∗ (

(ε
T
X

) W
c
)

n
‖ε
‖ n

)
≤
d

}
,

w
h
er

e
d
∈
R
,

an
d

an
y

al
lo

w
ed

se
t
W
.

W
e

n
ee

d
to

ch
o
os

e
th

e
co

n
st

an
t
d

in
su

ch
a

w
ay

,
th

at
w

e
h
av

e
a

h
ig

h
p
ro

b
ab

il
it

y
fo

r
th

is
se

t.
In

ot
h
er

w
or

d
s

w
e

tr
y

to
b

ou
n
d

th
e

ra
n
d
om

p
ar

t
b
y

a
n
on

ra
n
d
om

co
n
st

an
t

w
it

h
a
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F
ig

u
re

2:
T

h
e

Ω
-e

ig
en

va
lu

e

ve
ry

h
ig

h
p
ro

b
ab

il
it

y.
In

or
d
er

to
d
o

th
is

w
e

n
ee

d
so

m
e

as
su

m
p
ti

on
s

on
th

e
er

ro
rs

.
H

er
e

w
e

as
su

m
e

G
au

ss
ia

n
er

ro
rs

.
L

et
u
s

al
so

re
m

ar
k

th
a
t

Ω
∗ (

(ε
T
X

) W
)

n
‖ε
‖ n

is
n
or

m
al

iz
ed

b
y
‖ε
‖ n

.
T

h
is

n
or

m
al

iz
at

io
n

o
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u
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d
u
e
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th

e
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l
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e

K
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u
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-K
u
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-T

u
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s.
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u
s
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e
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u
ar
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si
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u
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m
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sq

u
a
re

d
er

ro
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re
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si
b
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fo
r
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n
o
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a
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.
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fa

ct
,

th
is

n
or

m
al

iz
at

io
n

is
th

e
m
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n

re
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w

h
y
λ

d
o
es
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ot
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n
ta
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th

e
u
n
k
n
ow

n
va

ri
a
n
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.
S
o

th
e

sq
u
ar

e
ro

ot
p
ar

t
of

th
e
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ti

m
at

or
m

ak
es

th
e
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ti

m
at

or
p
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ot
al

.
N

ow
in

th
e

ca
se

of
G

au
ss

ia
n

er
ro

rs
,

w
e

ca
n

u
se

th
e

co
n
ce

n
tr

at
io

n
in

eq
u
al

it
y

fr
om

T
h
eo

re
m

5.
8

in
B

o
u
ch

er
o
n

et
al

.
(2

01
3)

an
d

g
et

th
e

fo
ll
ow

in
g

p
ro

p
os

it
io

n
.

D
efi

n
e

fi
rs

t:

Z
1

:=
Ω
∗ (

(ε
T
X

) W
)

n
‖ε
‖ n

V
1

:=
Z

1
‖ε
‖ n
/σ

Z
2

:=
Ω
W
c
∗ (

(ε
T
X

) W
c
)

n
‖ε
‖ n

V
2

:=
Z

2
‖ε
‖ n
/σ

Z
:=

m
ax

(Z
1
,Z

2
)

V
:=

m
ax

(V
1
,V

2
)

P
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p
o
si

ti
o
n

1
1

S
u

p
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t

w
e
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i.
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.
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a
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ε
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N
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,σ

2
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t
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e
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w
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a
li
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n
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T
X
/n

) i
,i

=
1
,∀
i
∈
{1
,.
..
,p
}
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o
ld

s
tr

u
e.

L
et
B

:=
{z
∈

R
p

:
Ω

(z
)
≤

1}
be
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e

u
n
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Ω
−

ba
ll

,
a
n

d
B

2
:=
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p
b∈
B
bT
b

a
n

Ω
−

ba
ll

a
n

d
` 2
−

ba
ll
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m

pa
ri

so
n

.
T

h
en

w
e

h
a
ve

fo
r

a
ll
d
>

E
V

a
n

d
∆
>

1

P
(T

)
≥

1
−

2e
−

(d
−

E
V

)2
∆

2

2
B

2
/
n
−

2e
−
n 4
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−

∆
2
)2
.
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)
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2
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b∈
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V
ar (

(ε
T
X

)
W
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n
σ

)
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su
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∑i=

1

ε
in
X
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X
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.13)
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h
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W
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u
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eq
u
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w
e

can
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b
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W
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W
c

an
d
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Z

2 ,V
2

in
stead

of
Z

1 ,V
1
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get
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an

alogou
s
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lt.

W
e

h
ave

(ε
T
X

)
W
b

σ
n

∼
N

(0,b
2W
/n

).
T

h
is
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ost

su
rely

con
tin

u
ou

s
cen

tred
G

a
u
ssia

n
p
ro

cess.
T

h
erefore

w
e

can
ap

p
ly

T
h
eorem

5.8
from

B
ou
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eron

et
al.

(2013)

P
(V

1 −
E
V

1 ≥
c)≤

e −
c
2

2
B

2
/
n
.

(3
.14)
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ab
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Z
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u
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e
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P
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1 −
E
V

1 ≥
d
)≤

P

(
V

1 σ

‖ε‖
n
−

E
V

1 ≥
d∧
‖
ε‖
n
>
σ

∆

)
+

P
(‖
ε‖
n
≤
σ

∆
)

≤
P

(V
1 −

E
V

1 ∆
>
d
∆

)
+

P
(‖ε‖

n
≤
σ

∆
)

≤
P

(V
1 −

E
V

1
>
d
∆

)
+

P
(‖ε‖

n
≤
σ

∆
)

≤
e −

d
2
∆

2

2
B

2
/
n

+
P

(‖
ε‖
n
≤
σ

∆
).

(3.15)
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ca
lcu

la
tio

n
s

ab
ove

u
se

th
e

u
n
ion

b
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ab
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u
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e
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ap
p
lied

eq
u
ation

s
(3.13)

an
d

(3.14).
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ow
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left
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a
b

ou
n
d

on
P

(‖
ε‖
n
/σ
≤

∆
).
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m
L
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d
M
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er

w
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e
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‖
ε‖
n
/σ

=
√
R
/n

w
ith

R
=
∑

ni=
1 (ε

i /
σ

)
2∼

χ
2(n

).
W

e
ob

tain

P
(R
≤
n
−

2 √
n
x )≤

ex
p
(−
x

)

P


√
Rn
≤
√

1−
2 √

xn 
≤

ex
p
(−
x

)

P

(
‖
ε‖
n

σ
≤

∆

)
≤
e −

n4
(1−

∆
2
)
2.

(3.16)
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(3.15)

an
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(3.16)
fi
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e
p
ro

of:

P
(T

)
=

P
(m

ax
(Z

1 ,Z
2 )≤

d
)

=
P

(Z
1 ≤

d∩
Z

2 ≤
d
)

≥
P

(Z
1 ≤

d
)

+
P

(Z
2 ≤

d
)−

1

≥
1−

P
(Z

1 ≥
d
)−

P
(Z

2 ≥
d
)

≥
1−

2e −
(d−

E
V

) 2
∆

2

2
B

2
/
n
−

2e −
n4

(1−
∆

2
)
2.

S
o

th
e

p
rob
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ility

th
at

th
e

even
tT

d
o
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n
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o
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r
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s
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p
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en
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T
h
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w
e
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g

a
very

h
igh

p
rob

ab
ility.

T
h
erefore

w
e

can
tak

e
d

=
t· √

2n
B

2

∆
2

+
E

[V
]

w
ith

∆
2

=
1−

t
2√n

,
w

h
ere

t
=
√

log (
4α )

an
d

2
e −

n
/
2
<
α

to
en

su
re

∆
2
>

0.
W

ith
th

is
w

e
get

P
(T

)≥
1−

α
.

(3.17)

F
irst

rem
ark

th
at

th
e

term
ε
Tσ

is
n
ow

of
th

e
righ

t
scalin

g,
b

ecau
se
ε
i /σ
∼
N

(0,1).
T

h
is

is
th

e
w

h
ole

p
oin

t
of

th
e

sq
u
are

ro
ot

regu
larization

.

H
ere

B
2

can
b

e
th

ou
gh

t
of

com
p
arin

g
th

e
Ω−

b
all

in
d
irection

W
to

th
e
`
2 −

b
all

in
d
irection

W
,

b
ecau

se
if

th
e

n
orm

Ω
is

th
e
`
2 −

n
orm

,
th

en
B

2
=

1.
M

oreover,
for

every
n
orm

th
ere

ex
ists

a
con

stan
t
D

su
ch

th
at

for
all

β
it

h
old

s

‖
β‖

2 ≤
D

Ω
(β

).

T
h
erefore

th
e
B

2
of

Ω
satisfi

es

B
2 ≤

D
2

su
p

b∈
B

Ω
(b
W

)
2≤

D
2.

T
h
u
s

w
e

can
tak

e

d
=
t·
D∆

√
2n

+
E

[V
]

∆
2

=
1−

t √
2n
,

w
ith

t
=

√
log (

4α )
.

W
h
at

is
left

to
b

e
d
eterm

in
ed

is
E

[V
].

In
m

an
y

cases
w

e
can

u
se

a
ad

ju
sted

version
of

th
e

m
ain

th
eorem

in
M

au
rer

an
d

P
on

til
(2012)

for
G

au
ssian

com
p
lex

ities
to

ob
tain

th
is

ex
p

ectation
.

A
ll

th
e

ex
am

p
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b
elow

can
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e
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th
is

w
ay.

S
o,

in
th

e
case

of
G

au
ssian

errors,
w

e
h
av

e
th

e
follow

in
g

n
ew

version
of

C
orollary

10.

C
o
ro

lla
ry

1
2

T
a
ke
λ

=
t/

∆
·D
√

2n
+

E
[V

],
w

h
ere

t,δ,V
a
n

d
D

a
re

d
efi

n
ed

a
s

a
bo

ve.
In

vo
ke

th
e

sa
m

e
a
ssu

m
p
tio

n
s

a
s

in
T

h
eo

rem
9

a
n

d
a
d
d
itio

n
a
lly

a
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m
e

G
a
u
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n
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−
α

th
e

fo
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o
w

in
g

o
ra
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e
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eq

u
a
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ti
es

h
o
ld

tr
u

e

‖X
(β̂
−
β
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)‖
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≤
‖X
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?
−
β
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+
C

1
λ
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·Γ
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S
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−
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Ω
S
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−
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·Γ
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S
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N
ow

w
e

st
il
l

h
av

e
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‖ε
‖2 n

te
rm

in
th

e
co

n
st

an
ts
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of

th
e

or
ac

le
in

eq
u
al

it
y.

In
or

d
er

to
h
an
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le

th
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w
e

n
ee

d
L

em
m

a
1

fr
o
m

L
au
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n
t

an
d

M
as

sa
rt
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W
h
ic

h
tr

an
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at
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se
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il
it

y
in

eq
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al

it
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( ‖
ε‖

2 n
≤
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≥
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−

ex
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·x
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H
er

e
x
>

0
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co
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an
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h
er
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e
w
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e
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e
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( ‖
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ex
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−
√
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b
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b
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b
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p
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w
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>
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>
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u
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w
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u
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p
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p
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p
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p
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p
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p
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n
ed

th
e
`
1 −

n
orm

h
as

th
e

follow
in

g
d
ecom

p
osab

ility
p
rop

erty
for

an
y

set
S

‖β‖
1

=
‖β

S ‖
1

+
‖β

S
c‖

1 ,∀
β
∈
R
p.

T
h
erefo

re
w

e
a
lso

h
ave

w
eak

d
ecom

p
osab

ility
for

a
ll

su
b
sets

S
⊂
{1,...,p}

w
ith

Ω
S
c

b
ein

g
th

e
`
1 −

n
o
rm

a
gain

.
T

h
u
s

A
ssu

m
p
tion

II
is

fu
lfi

lled
for

all
sets

S
an

d
so

w
e

are
ab

le
to

a
p
p
ly

T
h
eo

rem
9.

F
u
rth

erm
o
re

fo
r

th
e

sq
u
are

ro
ot

L
A

S
S
O

w
e

h
ave

th
at
D

=
1.

T
h
is

is
b

eca
u
se

th
e
`
2 −

n
orm

is
b

o
u
n
d
ed

b
y

th
e
`
1 −

n
orm

w
ith

ou
t

an
y

con
stan

t.
S
o

in
ord

er
to

g
et

th
e

valu
e

of
λ

w
e

n
eed

to
ca

lcu
late

th
e

ex
p

ectation
of

th
e

d
u
al

n
orm

of
ε
T
X

σ
n

.
T

h
e

d
u
al

n
orm

of
`
1

is
th

e
`∞
−

n
o
rm

.
B

y
M

a
u
rer

a
n
d

P
on

til
(2012),

w
e

a
lso

h
ave

m
a
x (

E

[∥∥
(ε
T
X

)
S
c? ∥∥∞

n
σ

]
,E

[∥∥
(ε
T
X

)
S
? ∥∥∞

n
σ

])
≤
√

2n

(
2

+
√

log
(|p|) )

.

T
h
erefo

re
th

e
th

eoretical
λ

for
th

e
sq

u
are

ro
ot

L
A

S
S
O

can
b

e
ch

o
sen

as

λ
=

√
2n

(
t/

∆
+

2
+
√

log
(|p|) )

.

E
ven

th
o
u
g
h

th
is

th
eoretical

λ
is

very
close

to
b

ein
g

o
p
tim

al,
it

is
n
ot

o
p
tim

al,
see

for
ex

a
m

p
le

va
n

d
e

G
eer

(2016).
In

th
e

sp
ecial

case
of

th
e
`
1 −

n
orm

p
en

alization
,

w
e

can
sim

p
lify

C
o
ro

llary
12:

C
o
ro

lla
ry

1
3

(S
q
u

a
re

R
o
o
t

L
A

S
S

O
)

T
a
ke
λ

=
√

2n (
t/

∆
+

2
+
√

log
(|p|) )

,
w

h
ere

t
>

0
a
n

d
∆
>

1
a
re

ch
o
sen

a
s

in
(3.17).

In
vo

ke
th

e
sa

m
e

a
ssu

m
p
tio

n
s

a
s

in
C

o
ro

lla
ry

1
2
.

T
h
en

fo
r

Ω
(·)

=
‖·‖

1 ,
w

e
h
a
ve

w
ith

p
ro

ba
bility

1−
α

th
a
t

th
e

fo
llo

w
in

g
o
ra

cle
in

equ
a
lities

h
o
ld

tru
e:

‖
X

(β̂
sr
L
−
β

0)‖
2n
≤
‖X

(β
? −

β
0)‖

2n
+
C

1 λ
2·

Γ
2Ω

(L
S
? ,S

? )

‖β̂
sr
L
−
β
? ‖

1 ≤
C

2 (
‖X

(β
? −

β
0)‖

2n

λ
+
C

1 λ
·Γ

2Ω
(L

S
? ,S

? ) )
.

R
em

a
rk

th
a
t

in
C

orollary
13

w
e

h
ave

an
oracle

in
eq

u
ality

for
th

e
estim

ation
error‖β̂

sr
L
−

β
? ‖

1
in
`
1 .

T
h
is

is
d
u
e

to
th

e
d
ecom

p
osab

ility
of

th
e
`
1 −

n
orm

.
In

oth
er

ex
am

p
les

w
e

w
ill

h
ave

th
e

su
m

o
f

tw
o

n
orm

s.

19
JM

L
R

 18(67):1-29, 2017

S
t
u
c
k
y
a
n
d

v
a
n
d
e
G
e
e
r

4
.2

G
ro

u
p

S
q
u

a
re

R
o
o
t

L
A

S
S

O

In
ord

er
to

set
grou

p
s

of
variab

les
sim

u
ltan

eou
sly

to
zero,

an
d

n
ot

o
n
ly

in
d
iv

id
u
al

variab
les,

w
e

w
ill

lo
ok

at
a

d
iff

eren
t

sp
arsity

in
d
u
cin

g
n
orm

.
N

am
ely

a
`
1 −

ty
p

e
n
orm

for
grou

p
ed

variab
les,

called
th

e
grou

p
L

A
S
S
O

n
orm

.
T

h
e

grou
p

sq
u
are

ro
ot

L
A

S
S
O

w
as

in
tro

d
u
ced

b
y

B
u
n
ea

et
al.

(2014)
as

β̂
g
sr
L

:=
arg

m
in

β∈
R
p


‖
Y
−
X
β‖

n
+
λ

g
∑j=

1 √
|G

j |‖β
G
j ‖

2 
.

H
ere

g
is

th
e

total
n
u
m

b
er

of
grou

p
s,

a
n
d
G
j

is
th

e
set

of
variab

les
th

at
are

in
th

e
jth

grou
p
.

O
f

cou
rse

th
e
`
1 −

n
orm

is
a

sp
ecial

case
of

th
e

grou
p

L
A

S
S
O

n
orm

,
w

h
en

G
j

=
{
j}

an
d
g

=
p
.

T
h
e

grou
p

L
A

S
S
O

p
en

alty
is

also
w

eak
ly

d
ecom

p
osab

le
w

ith
Ω
S
c

=
Ω

,
for

a
n
y
S

=
⋃j∈J

G
j ,

w
ith

an
y
J
⊂
{1
,...,g}

.
S
o

h
ere

th
e

sp
arsity

stru
ctu

re
of

th
e

grou
p

L
A

S
S
O

n
orm

in
d
u
ces

th
e

sets
S

to
b

e
of

th
e

sam
e

sp
arsity

stru
ctu

re
in

ord
er

to
fu

lfi
l

A
ssu

m
p
tion

II.
T

h
erefore

th
e

T
h
eorem

9
can

also
b

e
ap

p
lied

in
th

is
ca

se.
H

ow
d
o

w
e

n
eed

to
ch

o
ose

th
e

th
eoretical

λ
?

F
or

th
e

grou
p

L
A

S
S
O

n
orm

w
e

h
ave

B
2 ≤

1.
O

n
e

can
see

th
is

d
u
e

to
th

e
fact

th
at √

a
1 +
...+
√
a
g ≥
√
a

1
+
...+

a
g

for
g

p
ositive

con
stan

ts.
A

n
d

also
|G

j |≥
1

for
all

grou
p
s.

T
h
erefore

g
∑j=

1 √
|G

j |‖β
G
j ‖

2 ≥

√√√√
p
∑i=

1

β
2i .

R
em

ark
th

at
th

e
d
u
al

n
orm

is
Ω
∗(β

)
=

m
ax

1≤
j≤
g ‖
β
G
j ‖

2 / √
|G

j |.
W

ith
M

au
rer

an
d

P
on

til
(2012)

w
e

h
ave

m
ax (

E

[
Ω
∗ ((ε

T
X

)
S
c? )

n
σ

]
,E

[
Ω
∗ ((ε

T
X

)
S
? )

n
σ

])
≤
√

2n

(
2

+
√

log
(g

) )
.

T
h
at

is
w

h
y
λ

can
b

e
tak

en
of

th
e

follow
in

g
form

λ
=

√
2n

(
t/

∆
+

2
+
√

log
(g

) )
.

A
n
d

w
e

get
a

sim
ilar

corollary
for

th
e

grou
p

sq
u
are

ro
ot

L
A

S
S
O

like
th

e
C

orollary
1
3

for
th

e
sq

u
are

ro
ot

L
A

S
S
O

.
In

th
e

case
of

th
e

grou
p

L
A

S
S
O

,
th

ere
a
re

b
etter

resu
lts

for
th

e
th

eoretical
p

en
alty

level
availab

le,
see

for
ex

am
p
le

T
h
eorem

8.1
in

B
ü
h
lm

an
n

an
d

van
d
e

G
eer

(2011).
T

h
is

takes
th

e
m

in
im

al
grou

p
size

in
to

accou
n
t.

4
.3

S
q
u

a
re

R
o
o
t

S
L

O
P

E

H
ere

w
e

in
tro

d
u
ce

a
n
ew

m
eth

o
d

called
th

e
sq

u
are

ro
ot

S
L

O
P

E
estim

ator,
w

h
ich

is
also

p
art

of
th

e
sq

u
are

ro
ot

regu
larization

fam
ily.

L
et

u
s

th
u
s

take
a

lo
ok

at
th

e
sorted

`
1

n
orm

w
ith

som
e

d
ecreasin

g
seq

u
en

ce
λ

1 ≥
λ

2 ≥
...≥

λ
p
>

0
,

J
λ (β

)
:=

λ
1 |β|(1

)
+
...+

λ
p |β|(p

) .
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S
h
a
r
p
O
r
a
c
l
e
In

e
q
u
a
l
it
ie
s
f
o
r
S
q
u
a
r
e
R
o
o
t
R
e
g
u
l
a
r
iz
a
t
io
n

T
h
is

w
as

sh
ow

n
to

b
e

a
n
or

m
b
y

Z
en

g
an

d
F

ig
u
ei

re
d
o

(2
01

4)
.

L
et
π

b
e

a
p

er
m

u
ta

ti
on

of
{1
,.
..
,p
}.

T
h
e

id
en

ti
ty

p
er

m
u
ta

ti
on

is
d
en

ot
ed

b
y
id

.
In

or
d
er

to
sh

ow
w

ea
k

d
ec

om
p

os
ab

il
it

y
fo

r
th

e
n
or

m
J
λ

w
e

n
ee

d
th

e
fo

ll
ow

in
g

le
m

m
as

.

L
e
m

m
a

1
4

(R
e
a
rr

a
n

g
e
m

e
n
t

In
e
q
u

a
li
ty

)
L

et
β

1
≥
··
·≥

β
p

be
a

d
ec

re
a
si

n
g

se
qu

en
ce

o
f

n
o
n

-n
eg

a
ti

ve
n

u
m

be
rs

.
T

h
e

su
m
∑

p i=
1
λ
iβ
π

(i
)

is
m

a
xi

m
iz

ed
o
ve

r
a
ll

pe
rm

u
ta

ti
o
n

s
π

a
t

π
=
id

.

P
ro

o
f.

T
h
e

re
su

lt
is

ob
v
io

u
s

w
h
en

p
=

2.
S
u
p
p

os
e

n
ow

th
at

it
is

tr
u
e

fo
r

se
q
u
en

ce
s

of
le

n
gt

h
p
−

1.
W

e
th

en
p
ro

ve
it

fo
r

se
q
u
en

ce
s

of
le

n
gt

h
p

as
fo

ll
ow

s.
L

et
π

b
e

an
ar

b
it

ra
ry

p
er

m
u
ta

ti
on

w
it

h
j

:=
π

(p
).

T
h
en

p ∑ i=
1

λ
iβ
π

(i
)

=

p
−

1
∑ i=

1

λ
iβ
π

(i
)

+
λ
p
β
j
.

B
y

in
d
u
ct

io
n

p
−

1
∑ i=

1

λ
iβ
π

(i
)
≤

j−
1

∑ i=
1

λ
iβ
i
+

p ∑

i=
j+

1

λ
i−

1
β
i

=
∑ i6=
j

λ
iβ
i
+

p ∑

i=
j+

1

(λ
i−

1
−
λ
i)
β
i

=

p ∑ i=
1

λ
iβ
i
+

p ∑

i=
j+

1

(λ
i−

1
−
λ
i)
β
i
−
λ
j
β
j
.

H
en

ce
w

e
h
av

e

p ∑ i=
1

λ
iβ
π

(i
)
≤

p ∑ i=
1

λ
iβ
i
+

p ∑

i=
j+

1

(λ
i−

1
−
λ
i)
β
i
+

(λ
j
−
λ
p
)β
j

=

p ∑ i=
1

λ
iβ
i
+

p ∑

i=
j+

1

(λ
i−

1
−
λ
i)
β
i
−

p ∑

i=
j+

1

(λ
i−

1
−
λ
i)
β
j

=

p ∑ i=
1

λ
iβ
i
+

p ∑

i=
j+

1

(λ
i−

1
−
λ
i)

(β
i
−
β
j
).

S
in

ce
λ
i−

1
≥
λ
i

fo
r

al
l

1
≤
i
≤
p

(d
efi

n
in

g
λ

0
=

0)
an

d
β
i
≤
β
j

fo
r

al
l
i
>
j

w
e

k
n
ow

th
at

p ∑

i=
j+

1

(λ
i−

1
−
λ
i)

(β
i
−
β
j
)
≤

0.

tu

L
e
m

m
a

1
5

L
et

Ω
(β

)
=

p ∑ i=
1

λ
i|β
| (i

),
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S
t
u
c
k
y
a
n
d

v
a
n
d
e
G
e
e
r

a
n

d

Ω
S
c
(β
S
c
)

=
r ∑ l=
1

λ
p
−
r
+
l|β
| (l
,S
c
),

w
h
er

e
r

=
p
−
s

a
n

d
|β
| (1
,S
c
)
≥
··
·
≥
|β
| (r
,S
c
)

is
th

e
o
rd

er
ed

se
qu

en
ce

in
β
S
c
.

T
h
en

Ω
(β

)
≥

Ω
(β
S

)
+

Ω
S
c
(β
S
c
).

M
o
re

o
ve

r
Ω
S
c

is
th

e
st

ro
n

ge
st

n
o
rm

a
m

o
n

g
a
ll

Ω
S
c

fo
r

w
h
ic

h
Ω

(β
)
≥

Ω
(β
S

)
+

Ω
S
c
(β
S
c
)

P
ro

o
f.

W
it

h
ou

t
lo

ss
of

ge
n
er

al
it

y
as

su
m

e
β

1
≥
··
·≥

β
p
≥

0.
W

e
h
av

e

Ω
(β
S

)
+

Ω
S
c
(β
S
c
)

=

p ∑ i=
1

λ
iβ
π

(i
)

fo
r

a
su

it
ab

le
p

er
m

u
ta

ti
on

π
.

It
fo

ll
ow

s
th

a
t

Ω
(β
S

)
+

Ω
S
c
(β
S
c
)
≤

Ω
(β

).

T
o

sh
ow

Ω
S
c

is
th

e
st

ro
n
ge

st
n
or

m
it

is
cl

ea
r

w
e

n
ee

d
o
n
ly

to
se

ar
ch

am
on

g
ca

n
d
id

a
te

s
o
f

th
e

fo
rm

Ω
S
c
(β
S
c
)

=
r ∑ l=
1

λ
p
−
r
+
lβ
π
S
c
(l

)

w
h
er

e
{λ

p
−
r
+
l}

is
a

d
ec

re
as

in
g

p
os

it
iv

e
se

q
u
en

ce
an

d
w

h
er

e
π
S
c
(1

),
..
.,
π
S
c
(r

)
is

a
p

er
m

u
-

ta
ti

on
of

in
d
ic

es
in
S
c
.

T
h
is

is
th

en
m

ax
im

iz
ed

b
y

or
d
er

in
g

th
e

in
d
ic

es
in
S
c

in
d
ec

re
as

in
g

or
d
er

.
B

u
t

th
en

it
fo

ll
ow

s
th

at
th

e
la

rg
es

t
n
or

m
is

ob
ta

in
ed

b
y

ta
k
in

g
λ
p
−
r
+
l

=
λ
p
−
r
+
l

fo
r

al
l
l

=
1,
..
.,
r.

tu
T

h
e

S
L

O
P

E
w

as
in

tr
o
d
u
ce

d
b
y

B
og

d
an

et
al

.
(2

01
5)

in
or

d
er

to
b

et
te

r
co

n
tr

o
l

th
e

fa
ls

e
d
is

co
ve

ry
ra

te
,

an
d

is
d
efi

n
ed

as
:

β̂
S
L
O
P
E

:=
ar

g
m

in
β
∈R

p

{ ‖
Y
−
X
β
‖2 n

+
λ
J
λ
(β

)}
.

N
ow

w
e

ar
e

ab
le

to
lo

ok
at

th
e

sq
u
ar

e
ro

ot
S
L

O
P

E
,

w
h
ic

h
is

th
e

es
ti

m
at

or
o
f

th
e

fo
rm

:

β̂
sr
S
L
O
P
E

:=
ar

g
m

in
β
∈R

p
{‖
Y
−
X
β
‖ n

+
λ
J
λ
(β

)}
.

T
h
e

sq
u
ar

e
ro

ot
S
L

O
P

E
re

p
la

ce
s

th
e

sq
u
ar

ed
` 2
−

n
o
rm

w
it

h
a
` 2
−

n
or

m
.

W
it

h
T

h
eo

re
m

9
w

e
h
av

e
p
ro

v
id

ed
a

sh
ar

p
or

ac
le

in
eq

u
a
li
ty

fo
r

th
is

n
ew

es
ti

m
at

or
,

th
e

sq
u
ar

e
ro

o
t

S
L

O
P

E
.

F
or

th
e

S
L

O
P

E
p

en
al

ty
w

e
h
av

e
B

2
≤

1 λ
p
,

if
λ
p
>

0.
T

h
is

is
b

ec
au

se

J
λ
(β

)

λ
p

=
λ

1

λ
p
|β
| (1

)
+
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b
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m
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con
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b
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w
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√
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√
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∑
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√
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im
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b
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p
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b
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d
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∀
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∀
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b
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b
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λ‖
β‖

1 .
T

h
en

w
e

h
ave

w
eak

d
eco

m
p

o
sa

b
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m
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√
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√
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∈
A
}

.
W

ith
th

e

d
efi

n
ition

Ã
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∑
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∑
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√
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Ã
S
?

fo
r

a
gi

ve
n

n
or

m
,

or
u
se

th
e

fa
ct

th
at

Ω
(β

)
≥
‖β
‖ 1

an
d

Ω
∗ (
β

)
≤
‖β
‖ ∞

fo
r

al
l
β
∈
R
p
.

T
h
er

ef
or

e
u
se

th
e

sa
m

e
λ

as
fo

r
th

e
sq

u
ar

e
ro

ot
L

A
S
S
O

.
A

n
d

w
e

ge
t

si
m

il
ar

co
ro

ll
ar

ie
s

fo
r

th
e

st
ru

ct
u
re

d
sp

ar
si

ty
n
or

m
s

li
ke

th
e

C
or

ol
la

ry
13

fo
r

th
e

sq
u
ar

e
ro

ot
L

A
S
S
O

.

5
.
S
im

u
la
ti
o
n
:
C
o
m
p
a
ri
so

n
b
e
tw

e
e
n
sr
L
A
S
S
O

a
n
d
sr
S
L
O
P
E

T
h
e

go
al

of
th

is
si

m
u
la

ti
on

is
to

se
e

h
ow

th
e

es
ti

m
at

io
n

an
d

p
re

d
ic

ti
on

er
ro

rs
fo

r
th

e
sq

u
ar

e
ro

ot
L

A
S
S
O

an
d

th
e

sq
u
ar

e
ro

ot
S
L

O
P

E
b

eh
av

e
u
n
d
er

so
m

e
G

au
ss

ia
n

d
es

ig
n
s.

W
e

p
ro

p
os

e
A

lg
or

it
h
m

1
to
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p
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p
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so
lv

e
th

e
u
su

al
S
L

O
P

E
.

T
o

so
lv

e
th
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d
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e
al

go
ri

th
m

p
ro

v
id

ed
in

B
og

d
an

et
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=
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01

0)
.

T
h
is

g
en

er
a
li
za

ti
o
n
,

re
ce

n
tl

y
st

u
d
ie

d
b
y

M
af

u
sa

lo
v

an
d

U
ry

as
ev

(2
01

5)
;

N
or

to
n

an
d

U
ry

as
ev

(2
0
1
4
);

N
o
rt

o
n

et
al

.
(2

01
5)

;
D

av
is

an
d

U
ry

as
ev

(2
01

4)
;

U
ry

as
ev

(2
01

4)
,

h
as

sh
ow

n
a

gr
ea

t
d
ea

l
o
f

p
ro

m
is

e
as

ge
n
er

at
in

g
n
u
m

er
ic

al
ly

tr
ac

ta
b
le

m
et

h
o
d
s

fo
r

p
ro

b
ab

il
it

y
m

in
im

iz
at

io
n
.

U
ti

li
zi

n
g

th
e

b
P

O
E

co
n
ce

p
t,

w
e

in
tr

o
d
u
ce

a
n
ew

S
V

M
fo

rm
u
la

ti
on

ca
ll
ed

th
e

E
x
te

n
d
ed

S
of

t
M

ar
gi

n
S
u
p
p

or
t

V
ec

to
r

M
ac

h
in

e
(E

C
-S

V
M

).
B

ei
n
g

d
er

iv
ed

as
a

b
P

O
E

m
in

im
iz

a
ti

o
n

p
ro

b
le

m
,

th
e

E
C

-S
V

M
is

si
m

p
le

to
in

te
rp

re
t.

F
ir

st
,

w
e

sh
ow

th
at

th
e

E
C

-S
V

M
h
a
s

a
fr

ee
p
ar

am
et

er
in

te
rp

re
ta

b
le

as
a

sp
ec

ifi
c

st
at

is
ti

ca
l

q
u
an

ti
ty

re
la

te
d

to
th

e
o
p
ti

m
a
l

lo
ss

d
is

tr
ib

u
ti

on
.

S
ec

o
n
d
,

w
e

sh
ow

th
at

th
e

va
lu

e
of

th
e

op
ti

m
al

ob
je

ct
iv

e
fu

n
ct

io
n

(d
iv

id
ed

b
y

sa
m

p
le

si
ze

)
is

eq
u
al

to
a

p
ro

b
ab

il
it

y
le

ve
l.

L
as

tl
y,

w
e

sh
ow

th
at

th
e

E
C

-S
V

M
ca

n
b

e
in

te
rp

re
te

d
as

h
av

in
g

a
h
ar

d
-m

ar
gi

n
cr

it
er

io
n
.

A
d
d
it

io
n
al

ly
,

w
it

h
th

e
E

C
-S

V
M

fo
rm

u
la

te
d

w
it

h
an

y
ge

n
er

al
n
or

m
,

w
e

sh
ow

th
at

th
e

ch
oi

ce
of

n
or

m
im

p
li
es

a
d
is

ta
n
ce

m
et

ri
c

w
h
ic

h
d
efi

n
es

th
e

h
ar

d
-m

ar
gi

n
cr

it
er

io
n
.

A
ft

er
in

tr
o
d
u
ci

n
g

th
e

E
C

-S
V

M
,

w
e

th
en

co
n
n
ec

t
it

to
ex

is
ti

n
g

S
V

M
fo

rm
u
la

ti
o
n
s.

In
ou

r
m

ai
n

re
su

lt
,

w
e

sh
ow

th
at

th
e

C
-S

V
M

an
d

E
C

-S
V

M
,

w
h
en

fo
rm

u
la

te
d

w
it

h
a
n
y

g
en

er
a
l

n
or

m
an

d
n
on

-n
eg

at
iv

e
p
ar

am
et

er
va

lu
es

,
p
ro

d
u
ce

th
e

sa
m

e
se

t
of

op
ti

m
al

h
y
p

er
p
la

n
es

.
T

h
is

re
su

lt
im

p
li
es

th
at

th
e

or
ig

in
al

so
ft

-m
ar

gi
n

S
V

M
fo

rm
u
la

ti
on

,
d
er

iv
ed

in
g
re

a
t

p
a
rt

fr
om

ge
om

et
ri

c
in

tu
it

io
n
,

is
eq

u
iv

al
en

t
to

m
in

im
iz

at
io

n
of

b
P

O
E

,
a

p
ro

b
ab

il
is

ti
c

co
n
ce

p
t.

T
h
is

re
su

lt
al

so
im

p
li
es

th
at

th
e

in
te

rp
re

ta
ti

on
of

th
e

E
C

-S
V

M
’s

p
ar

am
et

er
,

op
ti

m
a
l

o
b

je
ct

iv
e,

an
d

h
ar

d
-m

ar
gi

n
cr

it
er

io
n

ca
n

b
e

ap
p
li
ed

to
th

e
C

-S
V

M
.

T
h
is

in
cl

u
d
es

th
e

su
rp

ri
si

n
g

re
su

lt
th

at
th

e
op

ti
m

al
o
b

je
ct

iv
e

va
lu

e
of

th
e

C
-S

V
M

,
d
iv

id
ed

b
y

sa
m

p
le

si
ze

,
eq

u
al

s
a

p
ro

b
a
b
il
it

y
le

ve
l. W

e
al

so
co

n
n
ec

t
th

e
E

C
-S

V
M

an
d

E
ν

-S
V

M
,

sh
ow

in
g

th
at

th
es

e
S
V

M
fo

rm
u
la

ti
o
n
s

p
ro

d
u
ce

th
e

sa
m

e
se

t
of

op
ti

m
al

h
y
p

er
p
la

n
es

ov
er

th
ei

r
en

ti
re

p
ar

am
et

er
ra

n
g
e.

W
it

h
b
P

O
E

b
ei

n
g

th
e

in
ve

rs
e

of
th

e
su

p
er

q
u
an

ti
le

,
th

is
re

la
ti

o
n
sh

ip
fo

ll
ow

s
im

m
ed

ia
te

ly
fr

o
m

th
e

d
er

iv
at

io
n

of
th

e
E

C
-S

V
M

as
a

b
P

O
E

m
in

im
iz

at
io

n
p
ro

b
le

m
an

d
th

e
re

su
lt

s
o
f

T
a
ke

d
a

a
n
d

S
u
gi

ya
m

a
(2

00
8)

.
T

h
is

re
su

lt
al

so
m

ak
es

it
cl

ea
r

th
at

th
e

E
C

-S
V

M
is

an
ex

te
n
si

o
n

o
f

th
e

C
-S

V
M

in
th

e
sa

m
e

w
ay

th
at

th
e

E
ν

-S
V

M
is

an
ex

te
n
si

on
of

th
e
ν

-S
V

M
.

A
d
d
it

io
n
al

ly
,

w
e

p
ro

v
id

e
a

n
ov

el
in

te
rp

re
ta

ti
on

of
th

e
E

C
-S

V
M

as
a

ro
b
u
st

o
p
ti

m
iz

a
ti

o
n

(R
O

)
p
ro

b
le

m
,

w
h
er

e
b
P

O
E

is
m

in
im

iz
ed

w
it

h
d
at

a
p

oi
n
ts

ly
in

g
in

a
fi
x
ed

u
n
ce

rt
a
in

ty
se

t.
W

it
h

th
e

E
C

-S
V

M
h
av

in
g

b
ot

h
a

co
n
ve

x
a
n
d

n
on

-c
on

ve
x

ca
se

,
d
ep

en
d
in

g
o
n

th
e

va
lu

e
o
f

th
e

fr
ee

p
ar

am
et

er
,

w
e

fi
n
d

th
at

th
e

R
O

re
p
re

se
n
ta

ti
on

re
v
ea

ls
a

u
n
iq

u
e

in
te

rp
re

ta
ti

o
n

to
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S
o
f
t
M
a
r
g
in

S
V
M

a
s
B
u
f
f
e
r
e
d

P
r
o
b
a
b
il
it
y
M
in
im

iz
a
t
io
n

h
elp

d
istin

g
u
ish

th
ese

cases.
S
p

ecifi
cally,

th
e

R
O

rep
resen

tation
reveals

th
at

th
e

con
vex

ca
se

co
rresp

o
n
d
s

to
b
P

O
E

m
in

im
ization

w
ith

w
orst-case

pessim
istic

d
ata

u
n
certain

ty,
w

h
ile

th
e

n
on

-co
n
v
ex

case
corresp

on
d
s

to
b
P

O
E

m
in

im
ization

w
ith

b
est-case

o
p
tim

istic
d
ata

u
n
-

certa
in

ty.
T

h
e

R
O

rep
resen

tation
also

p
rov

id
es

oth
er

in
sigh

ts.
F

or
th

e
con

vex
case,

th
e

R
O

rep
resen

ta
tion

is
sim

ilar
to

ex
istin

g
eq

u
ivalen

ces
fo

r
th

e
C

-S
V

M
p
resen

ted
in

X
u

et
al.

(2
0
0
9
),

b
u
t

w
ith

a
m

u
ch

sim
p
ler

p
ro

o
f,

d
efi

n
ition

of
u
n
certain

ty
set,

an
d

corresp
on

d
en

ce
b

etw
een

eq
u
iva

len
t

p
aram

eter
valu

es.
F

or
th

e
n
on

-con
vex

case,
th

is
n
ew

rep
resen

tation
su

g
g
ests

an
effi

cien
t

altern
atin

g
m

in
im

ization
m

eth
o
d

for
fi
n
d
in

g
a

lo
cal

m
in

im
u
m

.
F

u
r-

th
erm

o
re,

th
e

R
O

rep
resen

tation
reveals

th
at

th
is

seem
in

gly
h
eu

ristic
op

tim
ization

m
eth

o
d

is
rela

ted
to

th
e

D
C

A
lgorith

m
,

a
p

op
u
lar

algorith
m

for
fi
n
d
in

g
th

e
lo

cal
m

in
im

u
m

of
D

C
(d

iff
eren

ce
o
f

co
n
vex

fu
n
ction

s)
op

tim
ization

p
rob

lem
s.

F
in

a
lly,

w
e

con
sid

er
som

e
p
ractical

im
p
lication

s
of

th
ese

n
ew

th
eoretical

in
sigh

ts.
W

e
sh

ow
th

a
t

th
e

n
ew

in
terp

retation
of

th
e
C

trad
eoff

p
aram

eter
su

ggests
a

ran
ge

th
at

sh
ou

ld
b

e
u
sed

to
select

th
e
C

p
aram

eter.
T

h
is

h
elp

s
to

im
p
rov

e
grid

selection
for

cross
valid

ation
so

th
a
t

o
n
e

can
p
artially

avoid
solv

in
g

th
e

E
C

-S
V

M
for

valu
es

of
C

th
a
t

y
ield

triv
ial

or
red

u
n
d
a
n
t

o
p
tim

al
solu

tion
s.

F
u
rth

erm
ore,

u
sin

g
th

e
R

O
rep

resen
tation

of
th

e
E

C
-S

V
M

,
w

e
sh

ow
th

at
th

ere
m

ay
b

e
situ

ation
s

w
h
ere

p
rior

k
n
ow

led
ge

ab
ou

t
d
ata

u
n
certain

ty
su

ggests,
a
t-b

est,
a

fi
x
ed

C
or,

at-w
orst,

m
u
ch

tigh
ter

b
ou

n
d
s

for
th

e
ra

n
ge

of
in

terestin
g
C

valu
es

fo
r

cro
ss-va

lid
a
tion

.

W
e

a
lso

a
d
d
ress

th
e

p
ractical

issu
e

of
gen

eralization
.

In
classifi

catio
n
,

gen
eralization

b
o
u
n
d
s

a
re

ty
p
ically

p
rov

id
ed

for
m

isclassifi
cation

rate
b

ecau
se

classifi
cation

algorith
m

s
a
re

v
iew

ed
a
s

a
ttem

p
ts

to
fi
n
d

classifi
ers

w
h
ich

m
in

im
ize

th
is

p
erform

an
ce

m
etric.

In
th

is
reg

a
rd

,
w

e
u
tilize

resu
lts

from
T

aked
a

an
d

S
u
giyam

a
(2008

);
S
ch

ölko
p
f

et
a
l.

(2000)
to

sh
ow

th
a
t

g
en

era
lization

b
ou

n
d
s

for
m

isclassifi
cation

rate
of

E
C

-S
V

M
classifi

ers
can

b
e

p
osed

in
term

s
o
f

em
p
irical

estim
ates

of
b
P

O
E

,
th

e
q
u
an

tile,
an

d
th

e
su

p
erq

u
an

tile.
H

ow
ever,

w
ith

th
e

n
ew

in
sig

h
t

th
at

th
e

E
C

-S
V

M
an

d
C

-S
V

M
d
irectly

m
in

im
ize

b
P

O
E

,
w

e
also

p
rov

id
e

g
en

era
liza

tio
n

b
ou

n
d
s

for
th

is
m

etric.
W

e
ap

p
ly

th
e

stab
ility

argu
m

en
ts

of
B

ou
sq

u
et

an
d

E
lisseeff

(2
0
0
2
)

to
p
rov

id
e

tigh
t

gen
eralization

b
ou

n
d
s

on
th

e
tru

e
b
P

O
E

of
E

C
-S

V
M

an
d

C
-S

V
M

cla
ssifi

ers
an

d
sh

ow
th

at
b
P

O
E

th
resh

old
p
lay

s
an

im
p

ortan
t

role
in

th
ese

b
ou

n
d
s.

T
h
is

p
a
p

er
is

organ
ized

as
follow

s.
N

ote
th

at
in

ord
er

to
m

a
ke

th
is

p
ap

er
as

self-
co

n
ta

in
ed

a
s

p
o
ssib

le,
w

e
in

clu
d
e

a
sig

n
ifi

can
t

am
ou

n
t

o
f

rev
iew

in
th

e
fi
rst

th
ree

section
s.

S
ectio

n
2

rev
iew

s
som

e
ex

istin
g

S
V

M
form

u
lation

s
relevan

t
to

ou
r

d
iscu

ssion
,

sp
ecifi

cally
th

e
C

-S
V

M
,
ν

-S
V

M
,

an
d

E
ν

-S
V

M
.

S
ection

3
b
riefl

y
rev

iew
s

th
e

con
cep

t
of

a
su

p
erq

u
an

tile
a
n
d

th
e

resu
lts

of
T

aked
a

an
d

S
u
giyam

a
(200

8),
w

h
ich

sh
ow

th
at

th
e

E
ν

-S
V

M
is

eq
u
ivalen

t
to

su
p

erq
u
a
n
tile

m
in

im
ization

.
S
ection

4
rev

iew
s

th
e

b
P

O
E

co
n
cep

t,
w

h
ich

is
critical

to
o
u
r

co
n
trib

u
tio

n
.

A
d
d
ition

ally,
w

e
p
resen

t
a

n
ew

form
u
lation

for
m

in
im

izin
g

b
P

O
E

in
th

e
p
resen

ce
o
f

P
ositive

H
om

ogen
ou

s
(P

H
)

ran
d
om

fu
n
ction

s.
T

h
e

n
ecessity

of
th

is
n
ew

fo
rm

u
la

tio
n

is
d
iscu

ssed
in

m
ore

d
etail

in
A

p
p

en
d
ix

A
.

S
ection

5
in

tro
d
u
ces

th
e

E
C

-S
V

M
a
s

a
b
P

O
E

m
in

im
ization

p
rob

lem
a
n
d

d
iscu

sses
th

e
p
rop

erties
of

th
e

E
C

-S
V

M
an

d
its

in
terp

reta
tio

n
a
s

a
h
ard

-m
argin

op
tim

ization
p
rob

lem
.

S
ection

6
con

n
ects

th
e

C
-S

V
M

an
d

E
C

-S
V

M
.
S
ection

7
con

n
ects

th
e

E
C

-S
V

M
an

d
E
ν

-S
V

M
an

d
p
resen

ts
th

e
resu

lts
of

th
is

an
d

p
rev

io
u
s

p
a
p

ers
in

a
coh

esive
fram

ew
ork

con
n
ectin

g
soft

m
argin

su
p
p

ort
vector

classifi
cation

a
n
d

su
p

erq
u
a
n
tile

con
cep

ts.
S
ection

8
p
resen

ts
d
u
al

form
u
lation

s
of

th
e

C
-S

V
M

an
d

E
C

-
S
V

M
fo

rm
u
la

ted
w

ith
an

y
gen

eral
n
orm

,
d
iscu

sses
ap

p
lication

of
th

e
kern

el
trick

,
a
n
d

sh
ow

s
th

at
th

e
op

tim
a
l

ob
jective

of
th

e
C

-S
V

M
,

d
iv

id
ed

b
y

sa
m

p
le

size,
eq

u
als

a
p
rob

ab
ility

level.
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N
o
r
t
o
n
,
M
a
f
u
sa

l
o
v
,
a
n
d

U
r
y
a
se

v

S
ection

9
sh

ow
s

th
at

th
e

E
C

-S
V

M
h
as

a
n
ov

el
in

terp
retation

as
a

R
O

p
rob

lem
,

w
ith

a
d
istin

ction
b

etw
een

th
e

con
vex

an
d

n
on

-con
vex

cases.
S
ection

10.1
d
iscu

sses
th

e
issu

e
of

p
aram

eter
selection

.
S
ection

10.2
d
iscu

sses
op

tim
ization

of
th

e
E

C
-S

V
M

.
S
ection

10.3
p
rov

id
es

gen
eralization

b
ou

n
d
s

for
m

isclassifi
cation

rate
an

d
b
P

O
E

.

2
.

C
-S

V
M

,
ν
-S

V
M

,
E
ν
-S

V
M

In
th

is
section

,
w

e
rev

iew
th

ree
ex

istin
g

S
V

M
form

u
lation

s;
C

-S
V

M
,
ν

-S
V

M
,

an
d

E
ν

-S
V

M
.

W
e

b
egin

w
ith

a
rev

iew
of

th
e

C
-S

V
M

an
d
ν

-S
V

M
,

rev
iew

in
g

th
e

fact
th

a
t

th
ey

sh
are

th
e

sam
e

op
tim

al
solu

tion
sets.

W
e

th
en

rev
iew

th
e

in
terp

retation
of

th
e
ν

-S
V

M
p
a
ram

eter,
its

lim
itation

s,
an

d
th

e
E
ν

-S
V

M
form

u
lation

w
h
ich

serves
to

reso
lve

th
ese

lim
itation

s.

2
.1

T
h

e
C

-S
V

M

C
on

sid
er

th
e

task
of

b
in

ary
classifi

cation
w

h
ere

w
e

h
av

e
a

set
of
N

fea
tu

re
vectors

X
i ∈

R
n

an
d

asso
ciated

class
lab

els
y
i ∈
{−

1,+
1}

an
d

w
e

n
eed

to
ch

o
ose

a
h
y
p

erp
lan

e
w
∈

R
n

w
ith

in
tercep

t
b
∈

R
to

p
rop

erly
classify

featu
re

vectors
v
ia

th
e

lin
ear

d
ecision

fu
n
ction

d
(w
,b,X

i )
=
sig

n
(w

T
X
i
+
b).

O
n
e

of
th

e
m

ost
su

ccessfu
l
algorith

m
s

for
accom

p
lish

in
g

th
is

task
is

th
e

soft-m
argin

S
V

M
from

C
ortes

an
d

V
ap

n
ik

(1995),
also

referred
to

as
th

e
C

-S
V

M
.

T
h
e

C
-S

V
M

is
form

u
lated

as
(1),

w
h
ere

C
≥

0
∈
R

is
ch

osen
as

a
fi
x
ed

trad
eoff

p
a
ram

eter
an

d
th

e
n
orm

is
ty

p
ically

th
e
L

2 ,‖·‖
2 ,

or
L

1 ,‖·‖
1 ,

n
orm

. 1
B

elow
,

w
e

p
resen

t
it

w
ith

th
e

gen
era

l
n
orm

,‖·‖
.

m
in

w
,b,ξ

C
‖
w‖

+
N
∑i=

1

ξ
i

s.t.
ξ
i ≥
−
y
i (w

T
X
i
+
b)

+
1
,
∀
i∈
{1
,...,N

}
,

ξ≥
0
.

(1)

2
.2

T
h

e
ν
-S

V
M

A
fter

in
tro

d
u
ction

of
th

e
C

-S
V

M
,

th
e
ν

-S
V

M
w

as
in

tro
d
u
ced

b
y

S
ch

ö
lk

op
f

et
al.

(2000)
as

an
eq

u
ivalen

t
form

u
lation

w
ith

m
ore

in
tu

itive
p
aram

eter
ch

oices.
C

-S
V

M
an

d
ν

-S
V

M
,

w
ith

th
e
L

2
n
orm

,
are

eq
u
ivalen

t
in

th
at

th
ey

p
rov

id
e

th
e

sam
e

set
of

op
tim

al
solu

tion
s

ov
er

th
e

sp
ace

of
all

p
ossib

le
p
aram

eter
ch

oices,
see

C
h
an

g
an

d
L

in
(2001).

T
h
ese

algorith
m

s
are

d
iff

eren
t,

th
ou

gh
,

in
th

e
m

ean
in

g
of

th
e

va
lu

e
of

th
e

free
p
aram

eter.
F

or
th

e
C

-S
V

M
,

th
ere

w
as

n
o

d
irect

in
terp

retation
for

th
e

m
ean

in
g

of
th

e
C

-p
aram

eter
oth

er
th

an
as

a
tra

d
e-off

b
etw

een
m

argin
size

an
d

classifi
cation

errors.
T

h
e
ν

-S
V

M
,

on
th

e
oth

er
h
an

d
,

p
rov

id
ed

a
m

ore
in

terp
retab

le
p
aram

eter.

1
.

O
ften

,
th

e
sq

u
a
red

n
o
rm

is
u

tilized
.

W
e

u
se

n
o
n

-sq
u

a
red

fo
r

ea
se

o
f
p

resen
ta

tio
n

.
M

a
n
y

o
f
th

e
id

ea
s

in
th

is
p

a
p

er
a
re

a
lso

va
lid

fo
r

th
e

sq
u

a
red

ca
se,

h
ow

ev
er,

th
e

p
ro

o
fs

a
re

m
o
re

in
v
o
lv

ed
a
n

d
th

e
co

rresp
o
n

d
en

ce
b

etw
een

fo
rm

u
la

tio
n

s
is

less
stra

ig
h
t-fo

rw
a
rd

.
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S
o
f
t
M
a
r
g
in

S
V
M

a
s
B
u
f
f
e
r
e
d

P
r
o
b
a
b
il
it
y
M
in
im

iz
a
t
io
n

T
h
e
ν

-S
V

M
is

tr
ad

it
io

n
al

ly
fo

rm
u
la

te
d

as
(2

)
w

it
h

th
e
L

2
n
or

m
,

w
h
er

e
ν
∈

[0
,1

]
in

st
ea

d
of
C
∈

[0
,+
∞

)
is

ch
os

en
as

a
fi
x
ed

tr
ad

eo
ff

p
ar

am
et

er
.

m
in

w
,b
,ρ
,ξ

1 2
‖w
‖2 2
−
ν
ρ

+
N ∑ i=

1

ξ i

s.
t.

ξ i
≥
−
y i

(w
T
X
i
+
b)

+
ρ
,
∀i
∈
{1
,.
..
,N
},

ξ
≥

0
.

(2
)

A
s

al
re

ad
y

m
en

ti
on

ed
,

th
e
ν

-S
V

M
ad

va
n
ta

ge
ou

sl
y

gi
ve

s
u
s

a
fr

ee
p
ar

am
et

er
,
ν
∈

[0
,1

],
w

it
h

im
p
li
ed

m
ea

n
in

g.
T

h
e

m
ea

n
in

g
of
ν

is
sh

ow
n

in
S
ch

öl
ko

p
f

et
al

.
(2

00
0)

b
y

p
ro

v
in

g
a

va
ri

an
t

of
P

ro
p

er
ty

1.

P
ro

p
e
rt

y
1

A
ss

u
m

e
th

a
t

th
er

e
ex

is
ts

a
fe

a
si

bl
e

so
lu

ti
o
n

(w
,b
,ρ
,ξ

)
fo

r
(2

)
fo

r
pa

ra
m

et
er

ch
o
ic

e
ν
∈

[0
,1

].
T

h
en

th
e

fo
ll

o
w

in
g

bo
u

n
d
s

a
p
p
ly

:

•
T

h
e

ch
o
ic

e
o
f
ν

a
ct

s
a
s

a
n

u
p
pe

r
bo

u
n

d
o
n

th
e

fr
a
ct

io
n

o
f

er
ro

rs
in

th
e

m
a
rg

in
:

1
−
α
<
ν
,

w
h
er

e
1
−
α

=
1 N

∣ ∣ {
i

:
y i

(w
T
X
i
+
b)
<
ρ
}∣ ∣
.

•
T

h
e

ch
o
ic

e
o
f
ν

a
ct

s
a
s

a
lo

w
er

bo
u

n
d

o
n

th
e

fr
a
ct

io
n

o
f

su
p
po

rt
ve

ct
o
rs

(S
V

’s
),

su
p
po

rt
ve

ct
o
rs

be
in

g
er

ro
rs

th
a
t

li
e

in
th

e
m

a
rg

in
o
r

o
n

th
e

m
a
rg

in
bo

u
n

d
a
ry

:

%
S
V
′ s
>
ν
,

w
h
er

e
%
S
V
′ s

=
1 N

∣ ∣ {
i

:
y i

(w
T
X
i
+
b)
≤
ρ
}∣ ∣
.

2
.3

T
h

e
E
ν
-S

V
M

G
iv

en
th

e
n
at

u
ra

l
in

te
rp

re
ta

ti
on

fo
r

th
e

m
ea

n
in

g
of

th
e
ν

-p
ar

am
et

er
,

it
w

ou
ld

se
em

n
or

m
al

to
as

su
m

e
th

at
al

l
th

e
va

lu
es

of
ν
∈

[0
,1

]
w

il
l

y
ie

ld
n
o
n
-t

ri
v
ia

l,
fe

as
ib

le
so

lu
ti

on
s

sa
ti

sf
y
in

g
th

e
b

ou
n
d
s

st
at

ed
in

P
ro

p
er

ty
1.

T
h
is

,
th

ou
gh

,
is

n
ot

th
e

ca
se

.
In

C
h
an

g
an

d
L

in
(2

00
1)

,
it

w
as

sh
ow

n
th

at
th

e
ν

-p
ar

am
et

er
h
as

a
li
m

it
ed

ra
n
ge

.
S
p

ec
ifi

ca
ll
y,

a
va

ri
an

t
of

P
ro

p
er

ty
2

is
p
ro

ve
d

in
C

h
an

g
an

d
L

in
(2

00
1)

.

P
ro

p
e
rt

y
2

•
T

h
er

e
ex

is
ts

a
m

in
im

u
m

a
n

d
m

a
xi

m
u

m
va

lu
e

su
ch

th
a
t
ν
∈

(ν
m

in
,ν

m
a
x
]

yi
el

d
s

fe
a
-

si
bl

e
(2

)
w

it
h

n
o
n

-t
ri

vi
a
l

so
lu

ti
o
n

s,
ν
≤
ν m

in
yi

el
d
s

(2
)

w
it

h
tr

iv
ia

l
o
p
ti

m
a
l

so
lu

ti
o
n

w
=
b

=
0,

a
n

d
ν
>
ν m

a
x

yi
el

d
s

in
fe

a
si

bl
e

(2
).

•
F

u
rt

h
er

m
o
re

,
th

is
li

m
it

a
ti

o
n

in
pa

ra
m

et
er

ra
n

ge
a
p
p
li

es
to

th
e

C
-S

V
M

a
s

w
el

l.
S

pe
ci

f-
ic

a
ll

y,
th

er
e

ex
is

ts
a

co
rr

es
po

n
d
en

ce
in

a
ll

o
w

a
bl

e
ra

n
ge

su
ch

th
a
t
ν
→
ν m

in
co

rr
es

po
n

d
s

to
C
→
∞

a
n

d
ν
→
ν m

a
x

co
rr

es
po

n
d
s

to
C
→

0.

T
o

so
lv

e
th

is
is

su
e,

ex
te

n
d
in

g
th

e
va

li
d

ra
n
ge

of
th

e
ν

-p
a
ra

m
et

er
to

b
e

th
e

en
ti

re
[0
,1

]
in

te
rv

al
,

P
ér

ez
-C

ru
z

et
al

.
(2

00
3)

d
ev

el
op

ed
a
n

ex
te

n
d
ed

ν
-S

V
M

fo
rm

u
la

ti
on

ca
ll
ed

E
ν

-
S
V

M
(3

).
T

h
e

E
ν

-S
V

M
is

tr
ad

it
io

n
al

ly
fo

rm
u
la

te
d

as
fo

ll
ow

s
w

it
h

th
e
L

2
n
or

m
.

W
e

5
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L
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 1
8(

68
):

1-
43

, 2
01

7

N
o
r
t
o
n
,
M
a
f
u
sa

l
o
v
,
a
n
d

U
r
y
a
se

v

p
re

se
n
t

it
w

it
h

th
e

ge
n
er

al
n
or

m
as

fo
ll
ow

s:

m
in

w
,b
,ρ
,ξ

−
ν
ρ

+
N ∑ i=

1

ξ i

s.
t.

ξ i
≥
−
y i

(w
T
X
i
+
b)

+
ρ
,
∀i
∈
{1
,.
..
,N
},

ξ
≥

0
,

‖w
‖

=
1.

(3
)

O
n
e

ca
n

v
ie

w
(3

)
as

an
e
x
te

n
si

o
n

of
(2

)
in

th
at

P
ér

ez
-C

ru
z

et
al

.
(2

00
3
);

C
h
a
n
g

a
n
d

L
in

(2
00

1)
sh

ow
ed

th
at

th
e

op
ti

m
al

so
lu

ti
on

to
(2

),
fo

rm
u
la

te
d

w
it

h
L

2
n
o
rm

a
n
d

a
n
y

ν 0
∈

(ν
m

in
,v

m
a
x
],

is
al

so
an

op
ti

m
al

so
lu

ti
on

to
(3

),
fo

rm
u
la

te
d

w
it

h
L

2
n
o
rm

,
fo

r
so

m
e

ν 1
≤
ν 0

.
P

ro
b
le

m
(3

),
th

ou
gh

,
ca

n
ac

h
ie

ve
so

lu
ti

on
s

th
at

(2
)

ca
n
n
o
t

b
ec

au
se

o
f

it
s

ex
te

n
d
ed

ra
n
ge

of
th

e
ν

-p
ar

am
et

er
.

3
.

S
u
p

e
rq

u
a
n
ti

le
s

a
n
d

th
e

E
ν
-S

V
M

In
th

is
se

ct
io

n
,

w
e

fi
rs

t
gi

ve
a

b
ri

ef
re

v
ie

w
of

th
e

su
p

er
q
u
an

ti
le

co
n
ce

p
t

a
s

in
tr

o
d
u
ce

d
b
y

R
o
ck

af
el

la
r

an
d

U
ry

as
ev

(2
00

2)
.

W
e

th
en

re
v
ie

w
th

e
re

su
lt

s
of

T
ak

ed
a

a
n
d

S
u
g
iy

a
m

a
(2

00
8)

,
sh

ow
in

g
th

at
th

e
E
ν

-S
V

M
is

eq
u
iv

al
en

t
to

su
p

er
q
u
an

ti
le

m
in

im
iz

at
io

n
.

3
.1

S
u

p
e
rq

u
a
n
ti

le
s

a
n

d
T

a
il

P
ro

b
a
b

il
it

ie
s

W
h
en

w
or

k
in

g
w

it
h

op
ti

m
iz

at
io

n
of

ta
il

p
ro

b
ab

il
it

ie
s,

o
n
e

fr
eq

u
en

tl
y

w
or

k
s

w
it

h
co

n
st

ra
in

ts
or

ob
je

ct
iv

es
in

v
ol

v
in

g
p
ro

ba
bi

li
ty

o
f

ex
ce

ed
a
n

ce
(P

O
E

),
p
z
(Z

)
=
P

(Z
>
z
),

o
r

it
s

a
ss

o
ci

a
te

d
q
u
an

ti
le
q α

(Z
)

=
m

in
{z
|P

(Z
≤
z
)
≥
α
},

w
h
er

e
α
∈

[0
,1

]
is

a
p
ro

b
ab

il
it

y
le

ve
l

a
n
d
z
∈
R

is
a

fi
x
ed

th
re

sh
ol

d
le

v
el

.
T

h
e

q
u
an

ti
le

is
a

p
op

u
la

r
m

ea
su

re
of

ta
il

p
ro

b
ab

il
it

ie
s

in
fi
n
a
n
ci

a
l

en
gi

n
ee

ri
n
g,

ca
ll
ed

w
it

h
in

th
is

fi
el

d
V

al
u
e-

at
-R

is
k

b
y

it
s

in
te

rp
re

ta
ti

on
as

a
m

ea
su

re
o
f

ta
il

ri
sk

.
T

h
e

q
u
an

ti
le

,
th

ou
gh

,
w

h
en

in
cl

u
d
ed

in
op

ti
m

iz
at

io
n

p
ro

b
le

m
s

v
ia

co
n
st

ra
in

ts
or

ob
je

ct
iv

es
is

q
u
it

e
d
iffi

cu
lt

to
tr

ea
t

w
it

h
co

n
ti

n
u
ou

s
(l

in
ea

r
or

n
on

-l
in

ea
r)

o
p
ti

m
iz

a
ti

o
n

te
ch

n
iq

u
es

.

A
si

gn
ifi

ca
n
t

ad
va

n
ce

m
en

t
w

as
m

ad
e

b
y

R
o
ck

af
el

la
r

a
n
d

U
ry

as
ev

(2
00

2
)

in
th

e
d
ev

el
-

op
m

en
t

of
an

ap
p
ro

ac
h

to
co

m
b
at

th
e

d
iffi

cu
lt

ie
s

ra
is

ed
b
y

th
e

u
se

of
th

e
q
u
a
n
ti

le
fu

n
ct

io
n

in
op

ti
m

iz
at

io
n
.

T
h
ey

ex
p
lo

re
d

a
re

p
la

ce
m

en
t

fo
r

th
e

q
u
an

ti
le

,
ca

ll
ed

C
V

a
R

w
it

h
in

th
e

fi
n
an

ci
al

li
te

ra
tu

re
an

d
ca

ll
ed

th
e

su
p

er
q
u
an

ti
le

in
a

ge
n
er

al
co

n
te

x
t.

T
h
e

su
p

er
q
u
a
n
ti

le
is

a
m

ea
su

re
of

u
n
ce

rt
ai

n
ty

si
m

il
ar

to
th

e
q
u
an

ti
le

,
b
u
t

w
it

h
su

p
er

io
r

m
at

h
em

a
ti

ca
l

p
ro

p
er

-
ti

es
.

F
or

m
al

ly
,

th
e

su
p

er
q
u
an

ti
le

(C
V

aR
)

fo
r

a
co

n
ti

n
u
ou

sl
y

d
is

tr
ib

u
te

d
re

al
va

lu
ed

ra
n
d
om

va
ri

ab
le
Z

is
d
efi

n
ed

as
,

q̄ α
(Z

)
=
E

[Z
|Z

>
q α

(Z
)]
.

(4
)

F
or

ge
n
er

al
d
is

tr
ib

u
ti

on
s,

th
e

su
p

er
q
u
an

ti
le

ca
n

b
e

d
efi

n
ed

b
y

th
e

fo
ll
ow

in
g

fo
rm

u
la

,

q̄ α
(Z

)
=

m
in γ

γ
+
E

[Z
−
γ

]+

1
−
α

,
(5

)

w
h
er

e
[·]

+
=

m
ax
{·
,0
}.

F
or

a
d
is

cr
et

el
y

d
is

tr
ib

u
te

d
ra

n
d
om

va
ri

ab
le
Z

w
it

h
eq

u
a
ll
y

p
ro

b
a
-

b
le

re
al

iz
at

io
n
s
{Z

1
,Z

2
,.
..
,Z

N
}

w
e

ca
n

w
ri

te
th

is
fo

rm
u
la

as
th

e
fo

ll
ow

in
g

L
in

ea
r

P
ro

g
ra

m
-
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S
o
f
t
M
a
r
g
in

S
V
M

a
s
B
u
f
f
e
r
e
d

P
r
o
b
a
b
il
it
y
M
in
im

iz
a
t
io
n

m
in

g
p
ro

b
lem

,

q̄
α
(Z

)
=

m
in

γ
,ξ

γ
+

1

N
(1−

α
)

N
∑i=

1

ξ
i

s.t.
ξ
i ≥

Z
i −

γ
,∀
i∈
{1,...,N

}
,

ξ≥
0
.

(6)

S
im

ila
r

to
q
α
(Z

),
th

e
su

p
erq

u
an

tile
can

b
e

u
sed

to
assess

th
e

tail
of

th
e

d
istrib

u
tion

.
T

h
e

su
p

erq
u
a
n
tile,

th
ou

gh
,

is
far

easier
to

h
an

d
le

in
op

tim
ization

con
tex

ts.
It

also
h
as

th
e

im
p

o
rta

n
t

p
rop

erty
th

at
it

con
sid

ers
th

e
m

agn
itu

d
e

of
even

ts
w

ith
in

th
e

tail.
T

h
erefore,

in
situ

a
tio

n
s

w
h
ere

a
d
istrib

u
tion

m
ay

h
ave

a
h
eav

y
tail,

th
e

su
p

erq
u
an

tile
a
ccou

n
ts

for
m

ag
n
itu

d
es

o
f

low
-p

rob
ab

ility
large-loss

tail
even

ts
w

h
ile

th
e

q
u
an

tile
d
o
es

n
ot

accou
n
t

for
th

is
in

fo
rm

a
tion

.

3
.2

E
ν
-S

V
M

a
s

S
u

p
e
rq

u
a
n
tile

M
in

im
iz

a
tio

n

In
T

a
ked

a
a
n
d

S
u
giyam

a
(2008),

th
e

m
ean

in
g

of
th

e
ν

-p
aram

eter
w

as
solid

ifi
ed

b
y

sh
ow

in
g

th
a
t

th
e

E
ν

-S
V

M
,
(3),

is
eq

u
ivalen

t
to

su
p

erq
u
an

tile
m

in
im

iza
tion

.
S
p

ecifi
cally,

th
ey

p
roved

a
va

ria
n
t

o
f

P
ro

p
erty

3.

P
ro

p
e
rty

3
C

o
n

sid
er

o
p
tim

iza
tio

n
p
ro

blem
(3

).
L

et
α

=
1
−
ν

a
n

d
γ

=
−
ρ

.
A

lso
,

let
L

(w
,b,X

,y
)

=
−
y
(w

T
X

+
b)

be
a

d
iscretely

d
istribu

ted
ra

n
d
o
m

va
ria

ble
w

ith
equ

a
lly

p
ro

ba
ble

rea
liza

tio
n

s{−
y

1 (w
T
X

1
+
b),...,−

y
N

(w
T
X
N

+
b)}

.
W

ith
th

is
n

o
ta

tio
n

,
(3

)
ca

n
be

rew
ritten

a
s

(7
),

w
h
ich

is
equ

iva
len

t
to

(8
),

m
in

im
iza

tio
n

o
f

th
e
α

-su
perqu

a
n

tile:

m
in

w
,b,γ

,ξ
(1−

α
) (

γ
+

1N

N
∑i=

1

ξ
i )

s.t.
ξ
i ≥
−
y
i (w

T
X
i
+
b)−

γ
,
∀
i∈
{1
,...,N

}
,

ξ≥
0
,

‖
w‖

=
1.

(7)

m
in

w
,b

(1−
α

)q̄
α (−

y
(w

T
X

+
b) )

s.t.
‖
w‖

=
1.

(8)

W
ith

th
is,

o
n
e

can
see

th
at

th
e

E
ν

-S
V

M
is

sim
p
ly

m
in

im
ization

of
th

e
valu

e
(5)

m
u
l-

tip
lied

b
y

1
−
α

w
ith

th
e

real
valu

ed
d
iscretely

d
istrib

u
ted

ran
d
om

loss
L

(w
,b,X

,y
)

=
−
y
(w

T
X

+
b)

in
p
lace

of
th

e
real

valu
ed

ran
d
om

va
riab

le
Z

.

4
.

B
u
ff

e
re

d
P

ro
b
a
b
ility

o
f

E
x
ce

e
d
a
n
ce

(b
P

O
E

)

In
th

is
sectio

n
,
w

e
fi
rst

rev
iew

th
e

con
cep

t
of

b
P

O
E

.
W

e
sh

ow
h
ow

it
is

sim
p
ly

on
e

m
in

u
s

th
e

in
verse

o
f

th
e

su
p

erq
u
an

tile
an

d
rev

iew
its

su
rp

risin
g

calcu
lation

form
u
la.

W
e

th
en

rev
iew

h
ow

m
in

im
iza

tion
of

b
P

O
E

in
tegrates

q
u
ite

n
icely

in
to

op
tim

ization
fram

ew
ork

s.
F

in
ally,

w
e

p
resen

t
a

slig
h
tly

altered
form

u
lation

for
m

in
im

ization
of

b
P

O
E

in
th

e
p
resen

ce
of

P
ositive
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N
o
r
t
o
n
,
M
a
f
u
sa

l
o
v
,
a
n
d

U
r
y
a
se

v

H
om

ogen
ou

s
(P

H
)

ran
d
om

fu
n
ction

s.
F

or
th

e
in

terested
read

er,
w

e
d
iscu

ss
th

e
n
ecessity

of
th

is
alteration

an
d

d
erive

th
e

form
u
lation

in
A

p
p

en
d
ix

A
.

W
e

m
ov

e
th

is
d
iscu

ssio
n

to
th

e
ap

p
en

d
ix

,
as

it
is

sligh
tly

d
istractin

g
from

th
e

d
iscu

ssion
related

to
su

p
p

ort
vector

m
ach

in
es.

4
.1

b
P

O
E

:
In

v
e
rse

o
f

th
e

S
u

p
e
rq

u
a
n
tile

A
s

m
en

tion
ed

in
S
ection

3,
w

h
en

w
ork

in
g

w
ith

op
tim

ization
of

tail
p
rob

ab
ilities,

on
e

fre-
q
u
en

tly
w

ork
s

w
ith

con
strain

ts
or

ob
jectives

in
volv

in
g

P
O

E
,
p
z (Z

)
=
P

(Z
>
z
),

or
its

asso
ciated

q
u
an

tile
q
α
(Z

)
=

m
in{

z|P
(Z
≤
z
)≥

α}
,

w
h
ere

α
∈

[0,1]
is

a
p
rob

ab
ility

level
an

d
z
∈
R

is
a

fi
x
ed

th
resh

old
level.

T
h
e

su
p

erq
u
n
atile

w
as

d
evelop

ed
to

allev
iate

d
iffi

cu
lties

asso
ciated

w
ith

op
tim

ization
p
rob

lem
s

in
volv

in
g

q
u
an

tiles.
W

ork
in

g
to

ex
ten

d
th

is
con

cep
t,

b
P

O
E

w
as

d
evelop

ed
as

th
e

in
verse

of
th

e
su

p
erq

u
an

tile
in

th
e

sam
e

w
ay

th
at

P
O

E
is

th
e

in
verse

of
th

e
q
u
an

tile.
S
p

ecifi
cally,

th
ere

ex
ist

tw
o

sligh
tly

d
iff

eren
t

varian
ts

o
f

b
P

O
E

,
n
am

ely
L

ow
er

an
d

U
p
p

er
b
P

O
E

.
M

afu
salov

an
d

U
ryasev

(2015)
m

ain
ly

w
ork

w
ith

so
called

L
ow

er
b
P

O
E

w
h
ile

N
or-

ton
an

d
U

ry
asev

(2014)
w

ork
w

ith
so

called
U

p
p

er
b
P

O
E

.
T

h
ese

d
efi

n
ition

s
d
o

n
ot

d
iff

er
d
ram

atically
an

d
a

d
iscu

ssion
of

th
ese

d
iff

eren
ces

is
b

eyon
d

th
e

scop
e

of
th

is
p
ap

er.
T

h
u
s,

for
th

e
rem

ain
d
er

of
th

is
p
ap

er
w

h
en

w
e

refer
to

b
P

O
E

,
w

e
are

u
tilizin

g
U

p
p

er
b
P

O
E

.
W

ith
th

is
in

m
in

d
,

b
P

O
E

is
d
efi

n
ed

in
th

e
follow

in
g

w
ay,

w
h
ere

su
p
Z

d
en

otes
th

e
essen

tial
su

p
re-

m
u
m

of
ran

d
om

variab
le
Z

.
In

th
is

p
ap

er
w

e
assu

m
e

all
ran

d
om

variab
les

to
b

e
L

1 -fi
n
ite,

Z
∈
L

1(Ω
),

i.e.
E
|Z|

<
∞

.

D
e
fi

n
itio

n
1

U
p
per

bP
O

E
fo

r
a

ra
n

d
o
m

va
ria

ble
Z

a
t

a
th

resh
o
ld
z

equ
a
ls,

p̄
z (Z

)
=

{
m

ax{1−
α|q̄

α
(Z

)≥
z}
,

if
z
≤

su
p
Z
,

0,
o
th

erw
ise.

In
w

ord
s,

for
an

y
th

resh
old

z
∈

(E
[Z

],su
p
Z

),
b
P

O
E

can
b

e
in

terp
reted

as
on

e
m

in
u
s

th
e

p
rob

ab
ility

level
at

w
h
ich

th
e

su
p

erq
u
an

tile
eq

u
als

z
.

A
lth

ou
gh

b
P

O
E

seem
s

trou
b
lesom

e
to

calcu
late,

N
orton

an
d

U
ryasev

(2014)
p
rov

id
e

th
e

follow
in

g
calcu

lation
form

u
la

for
b
P

O
E

.

P
ro

p
o
sitio

n
1

G
iven

a
rea

l
va

lu
ed

ra
n

d
o

m
va

ria
ble

Z
a
n

d
a

fi
xed

th
resh

o
ld
z
,

bP
O

E
fo

r
ra

n
d
o
m

va
ria

ble
Z

a
t
z

equ
a
ls,

p̄
z (Z

)
=

in
f

γ
<
z

E
[Z
−
γ

] +

z−
γ

=



lim
γ→
−
∞

E
[Z
−
γ

] +

z−
γ

=
1,

if
z
≤
E

[Z
],

m
in

γ
<
z

E
[Z
−
γ

] +

z−
γ

,
if
z
∈

(E
[Z

],su
p
Z

),

lim
γ→

z −
E

[Z
−
γ

] +

z−
γ

=
P

(Z
=

su
p
Z

),
if
z

=
su

p
Z
,

m
in

γ
<
z

E
[Z
−
γ

] +

z−
γ

=
0,

if
su

p
Z
<
z
.

(9)

It
is

also
im

p
ortan

t
to

n
ote

th
at

form
u
la

(9)
h
as

th
e

follow
in

g
p
rop

erty,
P

rop
erty

4,
p
roved

in
M

afu
salov

an
d

U
ryasev

(2015)
an

d
N

orton
an

d
U

ry
asev

(201
4).

T
h
is

p
rop

erty
w

ill
b

ecom
e

im
p

ortan
t

in
later

section
s

w
h
en

w
e

b
egin

to
in

terp
ret

th
e

E
C

-S
V

M
.

N
ote

th
at

for
P

rop
erty

4,
w

e
m

u
st

d
istin

gu
ish

b
etw

een
th

e
lo

w
er

q
u
an

tile
q
α
(Z

)
an

d
u

p
per

q
u
an

tile
q

+α
(Z

)
=

in
f{
z|P

(Z
≤
z
)
>
α}

.
H

ow
ever,

th
e

d
iff

eren
ce

in
th

ese
q
u
an

tities
w

ill
likely
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S
o
f
t
M
a
r
g
in

S
V
M

a
s
B
u
f
f
e
r
e
d

P
r
o
b
a
b
il
it
y
M
in
im

iz
a
t
io
n

b
e

sm
al

l
or

ze
ro

.
F

or
co

n
ti

n
u
ou

sl
y

d
is

tr
ib

u
te

d
Z

,
w

e
w

il
l

h
av

e
q α

(Z
)

=
q+ α

(Z
)

or
if
Z

is
d
is

cr
et

el
y

d
is

tr
ib

u
te

d
w

it
h
N

eq
u
al

ly
p
ro

b
ab

ly
ev

en
ts

,
an

d
N

is
re

as
on

ab
ly

la
rg

e,
th

e
d
iff

er
en

ce
q+ α

(Z
)
−
q α

(Z
)

w
il
l

li
ke

ly
b

e
sm

al
l,

p
os

si
b
ly

ze
ro

.

P
ro

p
e
rt

y
4

If
z
∈

(E
[Z

],
su

p
Z

)
a
n

d
m

in
γ
<
z

E
[Z
−
γ

]+

z
−
γ

=
E

[Z
−
γ
∗ ]

+

z
−
γ
∗

=
1
−
α
∗ ,

th
en

:

p̄
z
(Z

)
=

1
−
α
∗ ,

q̄ α
∗
(Z

)
=
z
,

γ
∗
∈

[q
α
∗
(Z

),
q+ α
∗
(Z

)]
,

w
h
er

e
[q
α
∗
(Z

),
q+ α
∗
(Z

)]
is

th
e

en
ti

re
se

t
o
f

m
in

im
iz

er
s.

T
h
u
s,

u
si

n
g

fo
rm

u
la

(9
),

b
P

O
E

ca
n

b
e

effi
ci

en
tl

y
ca

lc
u
la

te
d
.

A
d
d
it

io
n
al

ly
,
P

ro
p

er
ty

4
sh

ow
s

th
at

w
e

ca
n

re
co

ve
r

q
u
an

ti
le

an
d

su
p

er
q
u
an

ti
le

in
fo

rm
at

io
n
.

A
s

w
e

d
em

on
st

ra
te

in
th

e
n
ex

t
se

ct
io

n
,

fo
rm

u
la

(9
)

al
so

al
lo

w
s

fo
r

co
n
ve

n
ie

n
t

op
ti

m
iz

at
io

n
of

b
P

O
E

.

4
.2

O
p

ti
m

iz
a
ti

o
n

o
f

b
P

O
E

fo
r

R
a
n

d
o
m

P
H

F
u

n
c
ti

o
n

s

N
or

to
n

an
d

U
ry

as
ev

(2
01

4)
co

n
si

d
er

ed
th

e
fo

ll
ow

in
g

op
ti

m
iz

at
io

n
se

tu
p

to
d
em

on
st

ra
te

th
e

ea
se

w
it

h
w

h
ic

h
b
P

O
E

ca
n

b
e

m
in

im
iz

ed
d
ir

ec
tl

y.
A

ss
u
m

e
w

e
h
av

e
a

re
al

va
lu

ed
p

os
it

iv
e

h
om

og
en

ou
s

(P
H

)
ra

n
d
om

fu
n
ct

io
n
f

(w
,X

)
d
et

er
m

in
ed

b
y

a
ve

ct
or

of
co

n
tr

ol
va

ri
ab

le
s

w
∈

R
n

an
d

a
ra

n
d
om

v
ec

to
r
X

.
B

y
d
efi

n
it

io
n
,

a
fu

n
ct

io
n
f

(w
,X

)
is

P
H

w
.r

.t
.
w

if
it

sa
ti

sfi
es

th
e

fo
ll
ow

in
g

co
n
d
it

io
n
:
a
f

(w
,X

)
=
f

(a
w
,X

)
fo

r
an

y
a
≥

0
,a
∈
R

.
N

ow
,

as
su

m
e

th
at

w
e

w
ou

ld
li
ke

to
fi
n
d

th
e

ve
ct

or
of

co
n
tr

ol
va

ri
ab

le
s,
w
∈

R
n
,

th
at

m
in

im
iz

es
th

e
p
ro

b
ab

il
it

y
of
f

(w
,X

)
ex

ce
ed

in
g

a
th

re
sh

ol
d
z
∈
R

.
W

e
w

ou
ld

li
k
e

to
so

lv
e

th
e

P
O

E
op

ti
m

iz
at

io
n

p
ro

b
le

m
,

m
in

w
∈R

n
p
z
(f

(w
,X

))
.

(1
0)

H
er

e
w

e
h
av

e
a

d
is

co
n
ti

n
u
ou

s
an

d
n
o
n
-c

on
ve

x
ob

je
ct

iv
e

fu
n
ct

io
n

(a
ss

u
m

in
g

a
d
is

cr
et

el
y

d
is

tr
ib

u
te

d
X

)
th

at
is

n
u
m

er
ic

al
ly

d
iffi

cu
lt

to
m

in
im

iz
e.

C
on

si
d
er

al
te

rn
at

iv
el

y
m

in
im

iz
at

io
n

of
b
P

O
E

in
st

ea
d

of
P

O
E

at
th

e
sa

m
e

th
re

sh
ol

d
z
.

T
h
is

is
p

os
ed

as
th

e
op

ti
m

iz
at

io
n

p
ro

b
le

m
,

m
in

w
∈R

n
p̄
z
(f

(w
,X

))
.

(1
1)

G
iv

en
P

ro
p

os
it

io
n

1,
(1

1)
ca

n
b

e
tr

an
sf

or
m

ed
in

to
th

e
fo

ll
ow

in
g:

m
in

w
∈R

n
,γ
<
z

E
[f

(w
,X

)
−
γ

]+

z
−
γ

.
(1

2)

P
ap

er
N

or
to

n
an

d
U

ry
as

ev
(2

01
4)

,
th

o
u
gh

,
li
m

it
co

n
si

d
er

at
io

n
to

on
ly

a
th

re
sh

ol
d

of
z

=
0,

in
w

h
ic

h
ca

se
fo

rm
u
la

ti
on

(1
2
)

re
d
u
ce

s
to

,

m
in

w
∈R

n
E

[f
(w
,X

)
+

1]
+
.

(1
3)

A
s

w
e

d
is

cu
ss

in
A

p
p

en
d
ix

A
,

fo
rm

u
la

ti
on

(1
2)

h
as

sh
or

tc
om

in
gs

fo
r

n
on

ze
ro

th
re

sh
-

ol
d
s.

S
p

ec
ifi

ca
ll
y,

it
fa

il
s

to
ac

h
ie

v
e

va
ry

in
g

op
ti

m
al

so
lu

ti
on

s
fo

r
va

ry
in

g
th

re
sh

ol
d

le
ve

ls
.

T
o

ad
d
re

ss
th

es
e

is
su

es
,

th
e

n
ex

t
se

ct
io

n
p
ro

v
id

es
an

al
te

rn
at

iv
e

fo
rm

u
la

ti
on

fo
r

b
P

O
E

m
in

im
iz

at
io

n
w

it
h

P
H

fu
n
ct

io
n
s
f

(w
,X

)
th

at
al

lo
w

s
eff

ec
ti

ve
va

ri
at

io
n

of
th

re
sh

ol
d

le
ve

ls
.
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N
o
r
t
o
n
,
M
a
f
u
sa

l
o
v
,
a
n
d

U
r
y
a
se

v

4
.3

A
n

A
lt

e
re

d
F
o
rm

u
la

ti
o
n

W
it

h
(1

2)
fa

il
in

g
to

ac
h
ie

ve
va

ry
in

g
op

ti
m

al
so

lu
ti

on
s

as
th

e
th

re
sh

ol
d
z

va
ri

es
,

w
e

fi
n
d

th
at

ad
d
in

g
a

co
n
st

ra
in

t
on

th
e

n
or

m
of
w

re
m

ed
ie

s
th

is
si

tu
at

io
n

(b
ec

au
se
w

ca
n

n
o

lo
n
g
er

re
sc

al
e

as
th

e
th

re
sh

ol
d

ch
an

ge
s)

.
H

er
e
‖·
‖

d
en

ot
es

an
y

ge
n
er

al
n
or

m
.

T
h
is

g
iv

es
u
s

m
in

w
∈R

n
,γ
<
z

E
[f

(w
,X

)
−
γ

]+

z
−
γ

≡
m

in
w
∈R

n
p̄
z

(
f

(w
,X

)

‖w
‖

)
.

s.
t.

‖w
‖

=
1

(1
4
)

F
u
rt

h
er

m
or

e,
th

e
fo

ll
ow

in
g

P
ro

p
os

it
io

n
2

sh
ow

s
th

at
(1

4)
ca

n
b

e
si

m
p
li
fi
ed

,
y
ie

ld
in

g

m
in

w
∈R

n
E

[f
(w
,X

)
−
z
‖w
‖+

1]
+
.

(1
5
)

P
ro

p
o
si

ti
o
n

2
A

ss
u

m
e
f

(w
,X

)
is

P
H

w
it

h
re

sp
ec

t
to
w

.
If

(w
∗ ,
γ
∗ )

is
o

p
ti

m
a
l

to
(1

4
)

w
it

h
o
p
ti

m
a
l

o
bj

ec
ti

ve
1
−
α
∗ ,

th
en

w
=

w
∗

z
−
γ
∗

is
o
p
ti

m
a
l

to
(1

5
)

w
it

h
o
p
ti

m
a
l

o
bj

ec
ti

ve
1
−
α
∗ .

P
ro

o
f

F
or

th
is

,
w

e
sh

ow
th

at
(1

5)
is

fo
rm

ed
on

ly
b
y

m
ak

in
g

a
ch

an
ge

of
va

ri
a
b
le

in
(1

4
).

W
e

st
ar

t
w

it
h

(1
4)

.
S
in

ce
γ
<
z

is
an

ex
p
li
ci

t
co

n
st

ra
in

t
an

d
th

u
s
z
−
γ
>

0
,

w
e

b
ri

n
g

th
e

d
en

om
in

at
or

in
to

th
e

ex
p

ec
ta

ti
on

in
th

e
n
u
m

er
at

or
to

ge
t

m
in

w
∈R

n
,γ
<
z

E

[ f

(
w

z
−
γ
,X

)
−
(

γ

z
−
γ

)]
+

s.
t.

‖w
‖

=
1.

(1
6
)

N
ow

,
m

ak
e

th
e

ch
an

ge
of

va
ri

ab
le
w
n
ew

=
w
z
−
γ
.

S
in

ce
w

e
h
av

e
th

e
ex

p
li
ci

t
co

n
st

ra
in

t

‖w
‖

=
1,

w
e

h
av

e
th

at
‖w

n
ew
‖

=
∥ ∥ ∥

w
z
−
γ

∥ ∥ ∥
=
‖w
‖

z
−
γ

=
1

z
−
γ
.

W
e

ca
n

th
en

m
ak

e
th

e
ch

a
n
g
e

o
f

va
ri

ab
le

to
ge

t

m
in

w
n
e
w
∈R

n
,γ
<
z

E
[f

(w
n
ew
,X

)
−
‖w

n
ew
‖γ

]+
.

(1
7
)

W
e

ca
n

al
so

re
ar

ra
n
ge
‖w

n
ew
‖

=
1

z
−
γ

to
ge

t
γ

=
z
−

1
‖w

n
e
w
‖

an
d

th
u
s

th
a
t
‖w

n
ew
‖γ

=

‖w
n
ew
‖(
z
−

1
‖w

n
e
w
‖)

=
z
‖w

n
ew
‖−

1.
P

lu
gg

in
g

th
is

in
to

ou
r

fo
rm

u
la

ti
on

,
w

e
a
rr

iv
e

a
t

m
in

w
n
e
w
∈R

n
E

[f
(w

n
ew
,X

)
−
z
‖w

n
ew
‖+

1]
+
,

(1
8
)

w
h
er

e
d
u
e

to
ou

r
ch

an
ge

in
va

ri
ab

le
,

w
e

se
e

th
at

if
w

e
h
av

e
op

ti
m

al
so

lu
ti

o
n
w
∗ ne
w

,
th

en
( w

=
w
∗ ne
w

‖w
n
e
w
‖,
γ

=
z
−

1
‖w
∗ ne
w
‖)

is
op

ti
m

al
to

(1
4)

b
ef

or
e

th
e

ch
a
n
ge

of
va

ri
ab

le
.

T
h
u
s,

w
e

ca
n

tu
rn

to
(1

5)
as

ou
r

fo
rm

u
la

ti
on

fo
r

b
P

O
E

m
in

im
iz

at
io

n
of

a
P

H
fu

n
ct

io
n

fo
r

va
ry

in
g

th
re

sh
ol

d
ch

oi
ce

s.
N

ot
ic

e
fr

om
th

e
p
ro

of
of

P
ro

p
o
si

ti
on

2
th

at
if
w
∗

is
o
p
ti

m
al

to
(1

5)
th

en
(w

=
w
∗

‖w
∗ ‖
,γ

=
z
−

1
‖w
∗ ‖

)
is

op
ti

m
al

to
(1

4)
.

A
ls

o,
le

t
u
s

ca
ll
f
(

w
∗

‖w
∗ ‖
,X
)

th
e

n
or

m
al

iz
ed

lo
ss

d
is

tr
ib

u
ti

on
at
w
∗ .

G
iv

en
P

ro
p

er
ty

4,
if

E
[f

(w
∗ ,
X

)
−
z
‖w
∗ ‖

+
1]

+
=

1
−
α
∗ ,
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S
o
f
t
M
a
r
g
in

S
V
M

a
s
B
u
f
f
e
r
e
d

P
r
o
b
a
b
il
it
y
M
in
im

iz
a
t
io
n

w
e

k
n
ow

th
e

fo
llow

in
g

ab
ou

t
th

e
n
orm

alized
loss

d
istrib

u
tion

at
th

e
op

tim
al

p
oin

t
w
∗:

p̄
z

(F
)

=
1−

α
∗,

q̄
α
∗

(F
)

=
z
,

z−
1

‖
w
∗‖
∈

[q
α
∗

(F
)
,q

+α
∗

(F
)],

w
h
ere

F
:=

f (
w
∗

‖
w
∗‖
,X

)
.

5
.

E
x
te

n
d
e
d

C
-S

V
M

In
th

is
sectio

n
,

w
e

u
se

form
u
la

(15)
to

in
tro

d
u
ce

th
e

E
C

-S
V

M
.

W
e

ap
p
roach

th
e

classifi
ca-

tio
n

p
ro

b
lem

v
ia

a
n
atu

ral
b
P

O
E

m
in

im
ization

p
rob

lem
.

U
tilizin

g
th

e
in

terp
retab

ility
of

o
p
tim

iza
tio

n
p
rob

lem
(15),

w
e

sh
ow

th
at

th
e

E
C

-S
V

M
is

also
sim

p
le

to
in

terp
ret.

S
p

ecifi
-

ca
lly,

w
e

sh
ow

th
at

ap
p
lication

of
P

rop
erty

4
allow

s
u
s

to
in

terp
ret

th
e

ch
oice

of
p
aram

eter
a
n
d

th
e

va
lu

e
o
f

th
e

op
tim

al
ob

jective
in

in
terestin

g,
p
u
rely

sta
tistical

w
ay

s.
W

e
a
lso

p
o
in

t
ou

t
th

at
th

e
trad

ition
al

h
in

ge
lo

ss
fu

n
ctio

n
n
atu

rally
o
ccu

rs
w

h
en

m
in

i-
m

izin
g

b
P

O
E

,
m

ean
in

g
th

at
w

e
d
o

n
ot

n
eed

to
ex

p
licitly

sp
ecify

it
as

a
loss

fu
n
ction

.
T

h
is

ca
n

b
e

seen
clea

rly
b
y

con
sid

erin
g

m
in

im
ization

of
b
P

O
E

at
th

resh
old

C
=

0.
A

d
d
ition

ally,
it

is
in

terestin
g

to
n
otice

th
at

w
e

d
o

n
ot

ex
p
licitly

attem
p
t

to
regu

larize
v
ia

u
se

of
n
orm

s,
a
s

th
e

u
se

o
f

n
orm

s
n
atu

rally
arises

from
(14).

5
.1

b
P

O
E

M
in

im
iz

a
tio

n
w

ith
S

V
M

L
o
ss

C
o
n
sid

er
th

e
fo

rm
u
la

for
b
P

O
E

m
in

im
ization

(15)
w

ith
d
iscretely

d
istrib

u
ted

ran
d
om

loss
L

(w
,b,X

,y
)

=
−
y
(w

T
X

+
b)

w
ith

eq
u
ally

p
rob

ab
le

realization
s{−

y
1 (w

T
X

1 +
b),...,−

y
N

(w
T
X
N

+
b)}

a
n
d

th
resh

o
ld
z
∈
R

.
If

w
e

let
C

=
−
z

an
d

m
u
ltip

ly
th

e
ob

jective
fu

n
ction

b
y
N

,
th

is
g
ives

u
s

th
e

fo
llow

in
g

op
tim

ization
p
rob

lem
,

w
h
ich

w
e

call
th

e
E

C
-S

V
M

:

m
in

w
,b,ξ

N
∑i=

1

ξ
i

s.t.
ξ
i ≥
−
y
i (w

T
X
i
+
b)

+
C
‖
w‖

+
1
,
∀
i∈
{1
,...,N

},
ξ≥

0.

(19)

N
o
tice

th
a
t

th
e

n
orm

‖·‖
,

ju
st

as
in

(15),
is

an
arb

itrary
n
orm

in
R
n
.

N
otice

also
th

at
th

e
E

C
-S

V
M

is
a

v
ery

n
atu

ral
form

u
lation

.
It

is
sim

p
ly

a
bu

ff
ered

w
ay

of
m

in
im

izin
g

th
e

p
ro

b
a
b
ility

th
a
t

m
isclassifi

cation
errors

ex
ceed

ou
r

th
resh

old
−
C

.
P

u
t

sp
ecifi

cally,
in

stea
d

of
fi
n
d
in

g
th

e
cla

ssifi
er

(w
,b)

th
at

m
in

im
izes

p−
C

(−
y
(w

T
X

+
b) )

=
P
(−
y
(w

T
X

+
b)
>
−
C
),

w
e

a
re

m
in

im
izin

g
its

b
u
ff

ered
varian

t,
p̄−

C

(−
y
(w

T
X

+
b) ).

5
.2

O
c
c
u

rre
n

c
e

o
f

H
in

g
e

L
o
ss

W
h
en

d
iscu

ssin
g

S
V

M
’s,

it
is

trad
ition

al
fo

r
p

eop
le

to
say

th
a
t

th
e

C
-S

V
M

m
in

im
izes

a
h
in

ge
lo

ss
fu

n
ctio

n
p
lu

s
a

regu
lariza

tion
term

on
th

e
vector

w
.

F
or

th
e

E
C

-S
V

M
,

th
o
u
gh

,
w

e
see

th
a
t

th
is

is
n
ot

an
accu

rate
d
escrip

tion
,

as
w

e
d
o

n
ot

n
eed

to
ex

p
licitly

sp
ecify

a
h
in

g
e

lo
ss

fu
n
ction

.
W

e
see

th
at

it
n
atu

rally
arises

w
h
en

m
in

im
izin

g
b
P

O
E

.
S
p

ecifi
cally,

m
in

im
izin

g
b
P

O
E

of
th

e
loss

fu
n
ction

L
(w
,b,X

,y
)

=
−
y
(w

T
X

+
b)

at
th

resh
old

C
=

0
y
ield

s
th

e
fo

llow
in

g
p
rob

lem
,

w
h
ich

is
ex

actly
m

in
im

ization
of

h
in

ge
losses:

m
in

w
,b

N
∑i=

1 [−
y
i (w

T
X
i
+
b)

+
1 ]

+
.

(20)
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N
o
r
t
o
n
,
M
a
f
u
sa

l
o
v
,
a
n
d

U
r
y
a
se

v

O
n
e

can
see

th
is

m
ore

gen
erally

b
y

lo
ok

in
g

at
(13),

w
h
ere

w
e

are
m

in
im

izin
g

b
P

O
E

of
a

P
H

loss
fu

n
ction

f
(w
,X

)
at

th
resh

old
zero.

5
.3

In
te

rp
re

ta
b

ility
o
f

E
C

-S
V

M

S
in

ce
th

e
E

C
-S

V
M

is
sim

p
ly

b
P

O
E

m
in

im
ization

,
w

e
can

u
tilize

P
rop

erty
4

to
in

terp
ret

th
e

C
-p

aram
eter

an
d

th
e

valu
e

of
th

e
op

tim
al

ob
jective

in
an

ex
act

w
ay.

S
p

ecifi
cally,

let
u
s

p
u
t

P
rop

erty
4

in
term

s
of

th
e

E
C

-S
V

M
.

P
ro

p
e
rty

5
S

u
p
po

se
(1

9
),

w
ith

a
n

y
gen

era
l

n
o
rm

,
yield

s
o
p
tim

a
l

h
yperp

la
n

e
(w
∗,b ∗)

a
n

d
th

e
o
p
tim

a
l

o
bjective

va
lu

e
equ

a
l

to
obj ∗.

C
o
n

sid
erin

g
L

(w
∗,b ∗,X

,y
)

=
−
y
(w
∗
T
X

+
b ∗)

a
s

a
d
iscretely

d
istribu

ted
ra

n
d
o
m

lo
ss,

w
e

kn
o
w

th
e

fo
llo

w
in

g
a
bo

u
t

th
e

n
o
rm

a
lized

lo
ss

d
istribu

tio
n

.

•
p̄−

C

(
L

(w
∗
,b ∗
,X
,y

)
‖
w
∗‖

)
=

1−
α
∗

=
o
bj ∗
N

,

•
q̄
α
∗ (

L
(w
∗
,b ∗
,X
,y

)
‖
w
∗‖

)
=
−
C

,

•
q
α
∗ (

L
(w
∗
,b ∗
,X
,y

)
‖
w
∗‖

)
≤
−
C
−

1
‖
w
∗‖
≤
q

+α
∗ (

L
(w
∗
,b ∗
,X
,y

)
‖
w
∗‖

)
.

5
.3
.1

T
h
e
C
-pa

r
a
m
e
t
e
r
a
s
S
u
p
e
r
q
u
a
n
t
il
e
T
h
r
e
sh

o
l
d

C
h
o
ic
e

F
or

th
e

C
-S

V
M

,
th

e
n
on

-n
egative

C
-p

aram
eter

is
ty

p
ically

d
iscu

ssed
as

b
ein

g
a

trad
eoff

b
etw

een
errors

an
d

m
argin

size.
In

th
e

b
road

sch
em

e
of

E
m

p
irical

R
isk

M
in

im
ization

(E
R

M
),

th
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b
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∗‖

)
.

In
w

ord
s,

th
e

op
tim

al
ob

jectiv
e

valu
e

d
iv

id
ed

b
y

th
e

n
u
m

b
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alized
loss

d
istrib

u
tion

at
th

resh
old

−
C

.

5
.4

N
o
rm

C
h

o
ic

e
a
n

d
M

a
rg

in
In

te
rp

re
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h
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+
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ad

it
io

n
al

to
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b
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b
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d
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p
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b
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b
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b
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b
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p
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d
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p
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b
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b
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d
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b
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h
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s
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d
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c
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d
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b
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p
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h
en

m
ea

su
re

d
ac

co
rd

in
g

to
th

e
d
u
al

n
or

m
.

T
h
e

co
rr

es
p

on
d
en

ce
b

et
w

ee
n

C
-S

V
M

an
d

E
C

-S
V

M
,
d
es

cr
ib

ed
fu

rt
h
er

b
y

T
h
eo

re
m

s
1

an
d

2,
is

n
ot

as
d
ir

ec
t

as
th

e
co

rr
es

p
on

d
en

ce

13
JM

L
R

 1
8(

68
):

1-
43

, 2
01

7

N
o
r
t
o
n
,
M
a
f
u
sa

l
o
v
,
a
n
d

U
r
y
a
se

v

b
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p
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p
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p
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e
E

C
-S

V
M

fo
rm

u
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h
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a
ta

se
t

is
n

o
t

li
n

ea
rl

y
se

pa
ra

bl
e

a
n

d
su

p
po

se
o
p
ti

m
iz

a
ti

o
n

p
ro

bl
em

(1
)

is
fo

rm
u

la
te

d
w

it
h

a
n

y
ge

n
er

a
l

n
o

rm
‖·
‖

a
n

d
so

m
e

pa
ra

m
et

er
Ĉ
≥

0
a
n

d
th

a
t

it
h
a
s

o
p
ti

m
a
l

p
ri

m
a
l

va
ri

a
bl

es
(w
∗ ,
b∗
,ξ
∗ )

a
n

d
o
p
ti

m
a
l

d
u

a
l

va
ri

a
bl

es
(α
∗ ,
β
∗ )

.
T

h
en

(1
9
),

fo
rm

u
la

te
d

w
it

h
co

rr
es

po
n

d
in

g
n

o
rm

a
n

d
pa

ra
m

et
er
C

=
Ĉ

∑
N i=

1
β
∗ i
,

w
il

l
h
a
ve

o
p
ti

m
a
l

p
ri

m
a
l

va
ri

a
bl

es
(w

=
µ
w
∗ ,
b

=
µ
b∗
,ξ

=
µ
ξ∗

)
a
n

d
o
p
ti

m
a
l

d
u

a
l

va
ri

a
bl

es
(α

=
α
∗ ,
β

=
β
∗ )

,
w

h
er

e

µ
=

∑
N i=

1
β
∗ i

∑
N i=

1
β
∗ i
−
Ĉ
‖w
∗ ‖
>

0
.

T
h

e
o
re

m
2

S
u

p
po

se
o
p
ti

m
iz

a
ti

o
n

p
ro

bl
em

(1
9
)

is
fo

rm
u

la
te

d
w

it
h

a
n

y
ge

n
er

a
l

n
o
rm
‖·
‖

a
n

d
so

m
e

pa
ra

m
et

er
C
≥

0
a
n

d
th

a
t

it
h
a
s

o
p
ti

m
a
l

p
ri

m
a
l

va
ri

a
bl

es
(w
∗ ,
b∗
,ξ
∗ )

a
n

d
o
p
ti

m
a
l

d
u

a
l

va
ri

a
bl

es
(α
∗ ,
β
∗ )

.
T

h
en

(1
),

fo
rm

u
la

te
d

w
it

h
co

rr
es

po
n

d
in

g
n

o
rm

a
n

d
pa

ra
m

et
er
Ĉ

=
C
∑

N i=
1
β
∗ i,

w
il

l
h
a
ve

o
p
ti

m
a
l

p
ri

m
a
l

va
ri

a
bl

es
(w

=
µ
w
∗ ,
b

=
µ
b∗
,ξ

=
µ
ξ∗

)
a
n

d
o
p
ti

m
a
l

d
u

a
l

va
ri

a
bl

es
(α

=
α
∗ ,
β

=
β
∗ )

,
w

h
er

e
µ

=
1

1
+
C
‖w
∗ ‖
>

0
.

7
.

P
re

se
n
ta

ti
o
n

a
s

C
o
h
e
si

v
e

S
tr

u
ct

u
re

H
er

e,
w

e
sh

ow
ex

ac
tl

y
w

h
y

it
is

ap
p
ro

p
ri

at
e

to
ca

ll
fo

rm
u
la

ti
on

(1
9)

th
e

E
C

-S
V

M
.

S
p

ec
if

-
ic

al
ly

,
w

e
sh

ow
th

at
th

e
E

C
-S

V
M

is
eq

u
iv

al
en

t
to

th
e

E
ν

-S
V

M
,

p
ro

d
u
ci

n
g

th
e

sa
m

e
se

t
of

op
ti

m
al

so
lu

ti
on

s.
T

h
is

fo
ll
ow

s
d
ir

ec
tl

y
fr

om
th

e
fa

ct
th

at
b
P

O
E

is
th

e
in

ve
rs

e
o
f

th
e

su
p

er
q
u
an

ti
le

.
T

h
is

fa
ct

h
el

p
s

so
li
d
if

y
th

e
id

ea
th

at
th

e
E

C
-S

V
M

is
an

e
x
te

n
si

o
n

o
f

th
e

C
-S

V
M

in
th

e
sa

m
e

w
ay

th
at

th
e

E
ν

-S
V

M
is

an
ex

te
n
si

on
of

th
e
ν

-S
V

M
.

F
ir

st
,

a
s

w
a
s

p
ro

ve
d

in
S
ec

ti
on

6,
th

e
op

ti
m

al
so

lu
ti

on
se

t
p
ro

d
u
ce

d
b
y

th
e

C
-S

V
M

ov
er
C
∈

[0
,∞

)
is

co
n
ta

in
ed

in
th

e
op

ti
m

al
so

lu
ti

on
se

t
p
ro

d
u
ce

d
b
y

th
e

E
C

-S
V

M
ov

er
C
∈

(−
∞
,∞

).
S
ec

o
n
d
,

th
e

E
C

-S
V

M
ex

te
n
d
s

th
e

al
lo

w
ab

le
ra

n
ge

of
th

e
C

p
ar

am
et

er
to

n
eg

at
iv

e
C

-v
a
lu

es
.

T
h
u
s,
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S
o
f
t
M
a
r
g
in

S
V
M

a
s
B
u
f
f
e
r
e
d

P
r
o
b
a
b
il
it
y
M
in
im

iz
a
t
io
n

ju
st

a
s

th
e

E
ν

-S
V

M
ex

ten
d
s

th
e

p
aram

eter
ran

ge
an

d
op

tim
al

solu
tion

set
of

th
e
ν

-S
V

M
,

th
e

E
C

-S
V

M
d
o
es

th
e

sam
e

for
th

e
C

-S
V

M
.

P
ro

p
o
sitio

n
3

T
h
e

E
C

-S
V

M
a
n

d
E
ν

-S
V

M
,

fo
rm

u
la

ted
w

ith
th

e
sa

m
e

gen
era

l
n

o
rm

,
p
ro

-
d
u

ce
th

e
sa

m
e

set
o
f

o
p
tim

a
l

h
yperp

la
n

es.

P
ro

o
f

F
irst,

recall
th

at
th

e
E

C
-S

V
M

is
eq

u
ivalen

t
to

b
P

O
E

m
in

im
ization

.
S
econ

d
,

re-
ca

ll
th

a
t

th
e

E
ν

-S
V

M
is

eq
u
ivalen

t
to

su
p

erq
u
an

tile
m

in
im

ization
.

U
sin

g
th

ese
tw

o
facts,

th
e

eq
u
ivalen

ce
follow

s
im

m
ed

iately
from

M
afu

salov
an

d
U

ryasev
(2015),

w
h
ich

sh
ow

s
th

at
(w
,b)

is
a

m
in

im
izer

of
b
P

O
E

at
som

e
th

resh
old

lev
el

if
an

d
on

ly
if

(w
,b)

is
a

m
in

im
izer

of
th

e
su

p
erq

u
a
n
tile

at
som

e
p
rob

ab
ility

level.

T
o

h
elp

g
a
th

er
all

of
th

e
resu

lts
w

e
h
ave

d
iscu

ssed
,

w
e

can
p
resen

t
th

em
as

a
coh

esive
stru

ctu
re

in
th

e
follow

in
g

tab
le:

Ĉ
∈

[0,+
∞

)
C
∈

(−
∞
,+
∞

)
=

−
z

↑
↑

↑
C

-S
V

M
⊂

E
C

-S
V

M
≡

m
in

w
,b

p̄
z (−

y
(w

T
X

+
b) )

m
m

m
ν

-S
V

M
⊂

E
ν

-S
V

M
≡

m
in

w
,b

q̄
α (−

y
(w

T
X

+
b) )

↓
↓

↓
ν̂
∈

(ν
m

in ,ν
m

a
x ]

ν
∈

[0,1
]

=
1−

α

K
ey

:•
m

F
o
rm

u
lation

s
gen

erate
th

e
sam

e
set

of
op

tim
al

solu
tion

s.
•
⊂

T
h
e

righ
t

h
an

d
sid

e
form

u
lation

is
an

“ex
ten

sion
”

of
th

e
left

h
an

d
form

u
lation

.
(i.e.

in
th

e
w

ay
th

at
E
ν

-S
V

M
is

an
ex

ten
sion

of
ν

-S
V

M
)

•
≡

F
o
rm

u
lation

s
are

ob
jectively

eq
u
iva

len
t.

•
↑

o
r↓

A
rrow

p
oin

ts
to

p
ara

m
eter

valu
es

fo
r

th
e

form
u
lation

.

8
.

D
u
a
l

F
o
rm

u
la

tio
n
s

a
n
d

K
e
rn

a
liza

tio
n

T
y
p
ica

lly,
th

e
C

-S
V

M
is

p
resen

ted
fi
rst

in
its

p
rim

al
form

,
th

en
in

its
d
u
a
l

form
,

as
th

e
la

tter
p
rov

id
es

in
sigh

ts
in

to
selection

of
su

p
p

ort
vectors

v
ia

d
u
al

variab
les

w
h
ile

ad
d
itio

n
ally

p
rov

id
in

g
a

q
u
a
d
ratic

op
tim

ization
p
rob

lem
for

solv
in

g
th

e
C

-S
V

M
(in

th
e

case
of

th
e
L

2

reg
u
la

riza
tio

n
n
orm

).
T

h
is

q
u
ad

ratic
op

tim
ization

p
rob

lem
also

allow
s

on
e

to
u
se

th
e

‘k
ern

el
trick

,’
u
tilizin

g
th

e
p
resen

ce
of

d
ot

p
ro

d
u
cts

to
in

tro
d
u
ce

a
n
on

-lin
ear

m
a
p
p
in

g
to

a
h
igh

d
im

en
sio

n
a
l

fea
tu

re
sp

ace.
In

th
is

section
,

w
e

p
resen

t
th

e
d
u
al

form
u
lation

s
of

th
e

C
-S

V
M

,
(1),

an
d

E
C

-S
V

M
,

(19),
fo

rm
u
la

ted
w

ith
an

y
gen

eral
n
orm

.
W

e
leave

th
e

d
erivation

of
th

ese
d
u
al

form
u
lation

s
to

A
p
p

en
d
ix

C
.

W
e

u
se

th
ese

form
u
lation

s
to

en
ligh

ten
ou

r
p

ersp
ectiv

e
in

tw
o

w
ay

s.
F

irst,
in

co
n
ju

n
ctio

n
w

ith
T

h
eorem

s
1

an
d

2,
w

e
u
se

th
e

d
u
al

form
u
la

tion
s

to
sh

ow
th

at
th

e
o
p
tim

a
l
o
b

jective
valu

e
of

th
e

C
-S

V
M

an
d

E
C

-S
V

M
coin

cid
e

w
h
en

y
ield

in
g

th
e

sam
e

op
tim

al
h
y
p

erp
la

n
e.

T
h
is

eff
ectively

y
ield

s
th

e
su

rp
risin

g
resu

lt
th

at
th

e
op

tim
al

valu
e

of
th

e
C

-
S
V

M
o
b

jective
fu

n
ction

,
d
iv

id
ed

b
y

sam
p
le

size,
eq

u
als

a
p
rob

ab
ility

level.
S
econ

d
,

w
e

u
se
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N
o
r
t
o
n
,
M
a
f
u
sa

l
o
v
,
a
n
d

U
r
y
a
se

v

th
ese

d
u
al

form
u
lation

s
to

p
resen

t
kern

alization
of

th
e

E
C

-S
V

M
w

h
en

form
u
lated

w
ith

th
e

L
2

n
orm

.
A

ssu
m

e
th

e
E

C
-S

V
M

,
(19),

is
form

u
lated

w
ith

som
e

n
o
rm
‖·‖

an
d
C
≥

0.
L

et‖·‖ ∗
b

e
th

e
corresp

on
d
in

g
d
u
al

n
orm

,
th

en
th

e
d
u
a
l

form
u
lation

is
as

follow
s:

m
ax
β

N
∑i=

1

β
i

s.t.

∥∥∥∥∥
N
∑i=

1

β
i y
i X

i ∥∥∥∥∥ ∗≤
C

N
∑i=

1

β
i ,

N
∑i=

1

β
i y
i

=
0,

0
≤
β
i ≤

1,
∀
i∈
{1,...,N

}.

(22)

A
ssu

m
e

th
e

C
-S

V
M

,
(1),

is
form

u
lated

w
ith

som
e

n
orm

‖·‖
an

d
C
≥

0.
L

et‖·‖ ∗
b

e
th

e
corresp

on
d
in

g
d
u
al

n
orm

,
th

en
th

e
d
u
al

form
u
lation

is
as

follow
s:

m
ax
β

N
∑i=

1

β
i

s.t.

∥∥∥∥∥
N
∑i=

1

β
i y
i X

i ∥∥∥∥∥ ∗≤
C
,

N
∑i=

1

β
i y
i

=
0,

0
≤
β
i ≤

1,
∀
i∈
{1,...,N

}
.

(23)

G
iven

th
e

d
u
al

form
u
lation

s,
it

follow
s

im
m

ed
iately

from
T

h
eorem

s
1

an
d

2
th

at
th

e
op

tim
al

d
u
al

ob
jective

solu
tion

s
coin

cid
e

w
h
en

p
aram

eters
are

ch
osen

so
th

at
th

e
E

C
-S

V
M

an
d

C
-S

V
M

p
ro

d
u
ce

th
e

sam
e

op
tim

al
h
y
p

erp
lan

e.
A

d
d
ition

ally,
th

is
resu

lt
ap

p
lies

to
th

e
p
rim

al
form

u
lation

s
v
ia

stron
g

d
u
ality.

T
h
u
s,

sin
ce

th
e

E
C

-S
V

M
ob

jective,
d
iv

id
ed

b
y

sam
p
le

size,
eq

u
als

a
p
rob

ab
ility

level
(as

seen
in

P
rop

erty
6
),

w
e

can
co

n
clu

d
e

th
at

th
e

op
tim

al
ob

jective
valu

e
of

th
e

C
-S

V
M

p
rim

al
form

u
lation

,
d
iv

id
ed

b
y

sam
p
le

size,
also

eq
u
als

a
p
rob

ab
ility

level.

8
.1

K
e
rn

a
liz

a
tio

n
o
f

E
C

-S
V

M

H
ere

w
e

b
riefl

y
p
resen

t
variou

s
m

eth
o
d
s

for
u
tilizin

g
th

e
kern

el
trick

w
ith

th
e

E
C

-S
V

M
.

F
irst,

th
e

m
ost

ob
v
iou

s
w

ay
is

for
th

e
L

2
n
orm

case
an

d
th

e
d
u
al

E
C

-S
V

M
form

u
lation

.
T

o
eff

ectiv
ely

ap
p
ly

th
e

kern
el

trick
2,

w
e

n
eed

on
ly

to
sq

u
are

th
e

con
strain

t
in

th
e

d
u
al

form
u
lation

∥∥∥∥∥
N
∑i=

1

β
i y
i X

i ∥∥∥∥∥ ∗≤
C

N
∑i=

1

β
i
,

2
.

R
eca

ll
th

a
t

th
e
L

2
n

o
rm

is
self-d

u
a
l.

1
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S
o
f
t
M
a
r
g
in

S
V
M

a
s
B
u
f
f
e
r
e
d

P
r
o
b
a
b
il
it
y
M
in
im

iz
a
t
io
n

fo
rm

in
g

th
e

fo
ll
ow

in
g

co
n
ve

x
q
u
ad

ra
ti

ca
ll
y

co
n
st

ra
in

ed
q
u
ad

ra
ti

c
p
ro

gr
am

(Q
C

Q
P

)
(2

4)
,

w
h
er

e
φ

(X
i)

re
p
re

se
n
ts

a
n
on

-l
in

ea
r

ke
rn

el
m

ap
p
in

g
of

th
e
i t
h

d
at

a
v
ec

to
r.

N
ot

e
th

at
th

is
ca

n
b

e
effi

ci
en

tl
y

so
lv

ed
w

it
h

m
os

t
co

n
ve

x
op

ti
m

iz
at

io
n

so
ft

w
ar

e.

m
ax β

N ∑ i=
1

β
i

s.
t.

N ∑ i=
1

N ∑ i=
1

β
iβ
j

( y
iy
j
φ

(X
i)
T
φ

(X
j
)
−
C

2
) ≤

0
,

N ∑ i=
1

β
iy
i

=
0,

0
≤
β
i
≤

1
,
∀i
∈
{1
,.
..
,N
}.

(2
4)

T
h
e

ap
p
li
ca

ti
on

of
th

e
ke

rn
el

tr
ic

k
,

th
ou

gh
,

is
n
ot

li
m

it
ed

to
th

e
d
u
al

fo
rm

u
la

ti
on

.
M

im
ic

k
in

g
th

e
w

or
k

of
C

h
ap

el
le

(2
00

7)
,

w
e

ca
n

ap
p
ly

th
e

ke
rn

el
in

th
e

p
ri

m
al

fo
rm

u
la

te
d

w
it

h
th

e
L

2
n
or

m
b
y

u
si

n
g

th
e

re
p
re

se
n
te

rs
th

eo
re

m
of

S
ch

öl
ko

p
f

et
al

.
(2

00
1)

.
S
in

ce
th

e
re

p
re

se
n
te

rs
th

eo
re

m
ap

p
li
es

to
th

e
C

-S
V

M
,
it

in
d
ee

d
ca

n
b

e
ap

p
li
ed

to
th

e
eq

u
iv

al
en

t
co

n
ve

x
E

C
-S

V
M

.3
T

h
u
s,

w
e

k
n
ow

th
at

in
th

e
h
ig

h
d
im

en
si

on
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p
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m
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∑
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≥
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ra
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p
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d
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≥
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b
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p
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p
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at
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∈
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b
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∈
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b
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at
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b
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p
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≥
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p
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p
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=
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b
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.
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b
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b
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p
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=
d
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≈

Λ
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p
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p
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b
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.
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b
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m
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p
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p
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d
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p
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u
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p
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c
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-c
on

ve
x

ca
se

co
rr

es
p

o
n
d
s

to
b
P

O
E

m
in

im
iz

at
io

n
w

it
h

b
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m
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p
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w
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re
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r
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≥
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b
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b
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d
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b
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at
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m
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t

b
y

w
h
ic

h
th

is
m

ea
su

re
m

en
t

ca
n

d
ev

ia
te

fr
o
m

th
e

tr
u
e

va
lu

e.
C

on
si

d
er

th
e

fo
ll
ow

in
g

tw
o

d
im

en
si

on
al

ex
am

p
le

,
w

h
er

e
w

e
u
se

so
m

e
eq

u
ip

m
en

t
to

m
ea

su
re

b
lo

o
d

p
re

ss
u
re
X

(1
)

an
d

w
ei

gh
t
X

(2
)

w
h
er

e
X

=
[X

(1
) ,
X

(2
) ]
∈
R

2
.

A
ss

u
m

e
th

a
t

w
e

k
n
ow

th
at

th
e

eq
u
ip

m
en

t
to

m
ea

su
re

b
lo

o
d

p
re

ss
u
re

is
off

b
y

at
m

os
t
±

2
a
n
d

th
a
t

th
e

eq
u
ip

m
en

t
to

m
ea

su
re

w
ei

gh
t

is
off

b
y

at
m

os
t
±

2.
In

th
is

ca
se

,
fo

r
an

y
sp

ec
ifi

c
m

ea
su

re
m

en
t

X
i,

w
e

k
n
ow

th
at

a
re

p
re

se
n
ta

ti
v
e

u
n
ce

rt
ai

n
ty

se
t

w
ou

ld
b

e
‖δ
i‖
∞
≤

2.
T

h
is

im
m

ed
ia

te
ly

im
p
li
es

th
at
C

=
2

is
d
es

ir
ab

le
if

on
e

ch
o
os

es
to

b
e

pe
ss

im
is

ti
c

ab
ou

t
th

e
u
n
ce

rt
a
in

ty
o
r

th
at

C
=
−

2
is

d
es

ir
ab

le
if

on
e

ch
o
os

es
to

b
e

o
p
ti

m
is

ti
c

ab
ou

t
th

e
u
n
ce

rt
ai

n
ty

.
F

u
rt

h
er

m
o
re

,
th

is
im

p
li
es

th
at

on
e

sh
ou

ld
u
se

th
e

E
C

-S
V

M
fo

rm
u
la

te
d

w
it

h
th

e
L

1
n
or

m
‖w
‖ 1

si
n
ce

it
s

d
u
al

n
or

m
is

th
e
L
∞

n
or

m
.

F
u
rt

h
er

m
or

e,
in

le
ss

id
ea

li
st

ic
si

tu
at

io
n
s

w
h
en

k
n
ow

le
d
ge

of
th

e
d
ev

ia
ti

o
n

o
f

m
ea

su
re

-
m

en
t

is
n
ot

so
ex

ac
t,

th
e

sa
m

e
in

tu
it

io
n

ca
n

b
e

u
se

d
to

,
a
t

le
as

t,
se

le
ct

a
ra

n
g
e

o
f
C

va
lu

es
fo

r
cr

os
s

va
li
d
at

io
n

th
at

is
sm

al
le

r
th

an
th

e
in

te
rv

al
[−

2
m

ax
i
‖X

i‖
∗ ,

2
m

ax
i
‖X

i‖
∗ ]

p
ro

v
id

ed
in

th
e

p
re

v
io

u
s

se
ct

io
n
.

1
0
.2

O
p

ti
m

iz
a
ti

o
n

o
f

th
e

E
C

-S
V

M

1
0
.2
.1

C
o
n
v
e
x
C
a
se

T
h
e

p
ri

m
al

an
d

d
u
al

E
C

-S
V

M
fo

rm
u
la

te
d

w
it

h
an

y
ge

n
er

al
n
or

m
an

d
C
≥

0
a
re

co
n
ve

x
op

ti
m

iz
at

io
n

p
ro

b
le

m
s

an
d
,

th
u
s,

th
er

e
ar

e
m

an
y

op
ti

on
s

fo
r

effi
ci

en
t

op
ti

m
iz

a
ti

o
n
.

E
ss

en
-

ti
al

ly
,

si
n
ce

fr
om

th
e

op
ti

m
iz

at
io

n
v
ie

w
p

oi
n
t

th
e

d
iff

er
en

ce
b

et
w

ee
n

C
-S

V
M

a
n
d

E
C

-S
V

M
is

m
in

or
,

th
e

co
m

p
le

x
it

y
of

co
n
ve

x
E

C
-S

V
M

is
ex

ac
tl

y
th

e
sa

m
e

as
th

at
of

C
-S

V
M

.
F

o
r

a
ge

n
er

al
n
or

m
,

d
u
e

to
co

n
ve

x
it

y,
gr

ad
ie

n
t

m
et

h
o
d
s

m
ay

b
e

su
cc

es
sf

u
ll
y

im
p
le

m
en

te
d
.

F
o
r

p
ar

ti
cu

la
r

n
or

m
s,

w
e

m
ay

re
fo

rm
u
la

te
th

e
p
ro

b
le

m
as

a
sp

ec
ifi

c
ty

p
e

o
f

co
n
v
ex

o
p
ti

m
iz

a
ti

on
p
ro

b
le

m
to

ta
rg

et
av

ai
la

b
le

so
lv

er
s.

B
el

ow
,

w
e

d
et

ai
l

so
m

e
p
ro

b
le

m
re

fo
rm

u
la

ti
o
n
s

in
to

Q
u
ad

ra
ti

ca
ll
y

C
on

st
ra

in
ed

Q
u
ad

ra
ti

c
P

ro
gr

am
s

(Q
C

Q
P

),
S
ec

on
d
-O

rd
er

C
o
n
e

P
ro

g
ra

m
s

(S
O

C
P

),
an

d
L

in
ea

r
P

ro
gr

am
s

(L
P

).
If

w
e

as
su

m
e

th
at

th
e

n
or

m
is

th
e

eu
cl

id
ea

n
n
o
rm

,
th

e
E

C
-S

V
M

w
it

h
C
≥

0
ca

n
b

e
w

ri
tt

en
as

th
e

co
n
ve

x
Q

C
Q

P
,

m
in

w
,b
,ξ
,t

N ∑ i=
1

ξ i

s.
t.

ξ i
≥
−
y i

(w
T
X
i
+
b)

+
C
t

+
1
,
∀i
∈
{1
,.
..
,N
}.

ξ
≥

0

t2
≥
w
T
w
.

(3
1
)

2
2

JM
L

R
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S
o
f
t
M
a
r
g
in

S
V
M

a
s
B
u
f
f
e
r
e
d

P
r
o
b
a
b
il
it
y
M
in
im

iz
a
t
io
n

N
o
te

th
a
t

if
w

e
sim

p
ly

w
rite

t≥
‖w‖

2 ,
it

is
a

con
v
ex

S
O

C
P

.
If

th
e

n
orm

is
L

P
rep

resen
tab

le
(e.g

.
th

e
L

1
or
L
∞

n
orm

),
th

e
p
rob

lem
can

b
e

reform
u
lated

as
an

L
P

.
F

or
ex

am
p
le,

w
ith

th
e
L

1
n
o
rm

,
th

e
E

C
-S

V
M

w
ith

C
≥

0
can

b
e

w
ritten

as,

m
in

w
,ŵ
,b,ξ

,t

N
∑i=

1

ξ
i

s.t.
ξ
i ≥
−
y
i (w

T
X
i
+
b)

+
C
t

+
1
,
∀
i∈
{1,...,N

}
.

ξ≥
0

t≥
n
∑j=

1

ŵ
j

ŵ
j ≥

w
j

ŵ
j ≥
−
w
j .

(32)

N
o
te

th
a
t

th
e

con
vex

d
u
al

E
C

-S
V

M
ca

n
also

b
e

w
ritten

as
a

Q
C

Q
P

,
S
O

C
P

,
or

L
P

in
a

sim
ila

r
m

a
n
n
er

d
ep

en
d
in

g
on

th
e

ch
oice

of
n
orm

.
F

o
r

la
rg

e-scale
p
rob

lem
s,

th
ou

gh
,

th
ese

reform
u
lation

s
m

ay
su

ff
er.

F
or

th
e

C
-S

V
M

,
th

is
issu

e
h
a
s

g
a
rn

ered
m

u
ch

atten
tion

.
A

lth
ou

gh
w

e
leave

in
-d

ep
th

ex
p
loration

to
fu

tu
re

w
ork

,
w

e
n
o
te

th
a
t

m
an

y
tech

n
iq

u
es

u
sed

to
solv

e
la

rge
scale

S
V

M
’s

are
d
irectly

ap
p
licab

le
to

th
e

co
n
vex

E
C

-S
V

M
.

N
ote

th
at

th
e

p
rim

al
E

C
-S

V
M

w
ith

C
≥

0
can

b
e

fo
rm

u
lated

as
th

e
fo

llow
in

g
co

n
vex

,
n
on

-sm
o
oth

op
tim

ization
p
rob

lem
.

m
in
w
,b

N
∑i=

1 [−
y
i (w

T
X
i
+
b)

+
C
‖w‖

+
1] +

(33)

T
h
is

fo
rm

u
la

tio
n

len
d
s

itself
to

su
b
grad

ien
t

m
eth

o
d
s,

p
a
rticu

larly
sto

ch
astic

varian
ts

w
h
ich

h
ave

b
een

sh
ow

n
to

w
ork

w
ell

for
large-scale

S
V

M
s.

In
fact,

m
eth

o
d
s

m
irrorin

g
P

ega
sos

S
h
a
lev

-S
h
w

a
rtz

et
al.

(2011),
a

solver
u
sin

g
a

su
b
grad

ien
t

m
eth

o
d

w
h
ich

fi
n
d
s

an
ε-accu

rate
so

lu
tio

n
,

w
ith

h
igh

p
rob

ab
ility,

for
th

e
p
rim

al
C

-S
V

M
in

ru
n
tim

e
O

(
1C
ε ),

h
av

e
b

een
su

c-
cessfu

lly
ap

p
lied

to
large-scale

rob
u
st

S
V

M
’s

tak
in

g
a

sim
ilar

fo
rm

to
(3

3)
in

W
an

g
et

al.
(2

0
1
6
). 4

N
o
te,

also,
th

at
th

e
E

C
-S

V
M

can
b

e
form

u
lated

as
a

d
ecom

p
osab

le
con

sen
su

s
p
ro

b
lem

w
h
ich

can
b

e
solved

in
a

d
istrib

u
ted

w
ay

v
ia

th
e

A
ltern

atin
g

D
irection

M
eth

o
d

of
M

u
ltip

liers;
see

C
h
ap

ter
7

an
d

8
of

B
oy

d
et

al.
(20

11).

1
0
.2
.2

N
o
n
-C

o
n
v
e
x
C
a
se

F
o
r

th
e

E
C

-S
V

M
w

ith
C
<

0,
solv

in
g

for
a

glob
al

op
tim

u
m

is
m

u
ch

m
ore

d
iffi

cu
lt.

W
e

ca
n
,

th
o
u
g
h
,

so
lve

for
a

lo
cal

m
in

im
u
m

b
y

u
sin

g
th

e
op

tim
istic

R
O

form
u
lation

(30)
a
n
d

im
p
lem

en
tin

g
th

e
sim

p
le,

seem
in

gly
h
eu

ristic,
ap

p
roach

of
altern

atin
g

m
in

im
ization

.
W

h
ile

th
is

a
p
p
ro

a
ch

w
as

sh
ow

n
to

b
e

eff
ective

for
th

e
T

-S
V

C
sp

ecial
case

of
th

e
E

C
-S

V
M

p
resen

ted
in

B
i

a
n
d

Z
h
a
n
g

(2005),
w

e
sh

ow
h
ere

th
at

its
eff

ectiv
en

ess
m

ay
b

e
ex

p
la

in
ed

,
on

th
e

su
rfa

ce
a
t

lea
st,

b
y

its
con

n
ection

w
ith

D
C

A
.

S
p

ecifi
cally,

w
e

h
ave

th
e

follow
in

g
altern

atin
g

a
lg

o
rith

m
,

w
h
ere

at
each

step
on

e
solves

an
L

P
follow

ed
b
y

a
con

vex
op

tim
ization

p
rob

lem
:

4
.

Ig
n

o
rin

g
so

m
e

d
eta

ils
fo

r
sim

p
licity,

th
e

ro
b

u
st

S
V

M
o
f

sim
ila

r
fo

rm
is

fo
rm

u
la

ted
a
s

m
in
w
,b ∑

i [−
y
i (w

T
X
i

+
b)

+
C
‖
Σ

12
w‖

+
1
] +

,
w

h
ere

Σ
is

a
p

a
rticu

la
r

cova
ria

n
ce

m
a
trix

.
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N
o
r
t
o
n
,
M
a
f
u
sa

l
o
v
,
a
n
d

U
r
y
a
se

v

•
In

itia
liz

e
:

M
in

im
ize

(30)
w

.r.t.
(w
,b),

fi
x
in

g
δ
i

=
0

for
all

i
=

1,...,N
.

D
en

ote
op

tim
al

p
oin

t
as

(w
∗,b ∗).

•
S

te
p

1
:

L
et
δ̂
i

=
argm

ax
‖
δ
i ‖ ∗≤

−
C
w
∗
T
δ
i

for
all

i
=

1,...,N
.

•
S

te
p

2
:

M
in

im
ize

(30)
w

.r.t.
(w
,b),

fi
x
in

g
δ
i

=
δ̂
i

for
all

i
=

1
,...,N

.
D

en
ote

th
e

op
tim

al
p

oin
t

as
(w
∗,b ∗).

•
S

te
p

3
:

If
iteration

lim
it

reach
ed

or
con

vergen
ce

criteria
is

satisfi
ed

,
S
T

O
P

.
E

lse,
retu

rn
to

S
tep

1.

T
h
is

algorith
m

,
at

w
orst,

seem
s

like
a

sim
p
le

h
eu

ristic
ap

p
roach

to
a

n
on

-con
vex

p
rob

lem
w

ith
in

tu
itive

ap
p

eal.
In

S
tep

1,
w

e
start

w
ith

th
e

d
ata

X
+
δ,

w
h
ich

is
an

op
tim

istic
version

of
th

e
origin

al
d
ata

X
if
δ
6=

0.
W

e
th

en
fi
n
d

a
classifi

er
(w
,b)

th
at

m
in

im
izes

b
P

O
E

at
th

resh
old

zero
on

th
e

op
tim

istic
version

of
th

e
d
ata

set.
T

h
en

,
in

S
tep

2,
w

e
lo

ok
for

a
n
ew

,
op

tim
istic

v
iew

of
th

e
d
ata

th
at

is
op

tim
istic

w
.r.t.

th
e

n
ew

classifi
er

fou
n
d

in
S
tep

1.
In

ad
d
ition

to
its

in
tu

itive
ap

p
eal,

h
ow

ev
er,

th
is

altern
atin

g
m

in
im

ization
h
a
s

th
eoret-

ical
ju

stifi
cation

.
W

e
can

sh
ow

th
at

th
is

altern
atin

g
m

in
im

ization
algo

rith
m

is
essen

tially
im

p
lem

en
tin

g
D

C
A

,
a

com
m

on
ly

u
sed

algorith
m

for
solv

in
g

D
C

op
tim

ization
p
rob

lem
s.

In
sh

ort,
a

D
C

fu
n
ction

h
,

is
su

ch
th

at
h

(v
)

=
h

1 (v
)−

h
2 (v

)
w

h
ere

h
1 ,h

2
are

b
oth

con
v
ex

.
T

o
fi
n
d

a
lo

cal
m

in
im

u
m

for
th

e
p
rob

lem
m

in
v
h

(v
),

D
C

A
p

erform
s

th
e

follow
in

g
step

s
5

:

•
In

itia
liz

e
:
v̂

=
argm

in
v

h
1 (v

).

•
S

te
p

1
:

S
et
δ

eq
u
al

to
a

su
b
grad

ien
t

of
h

2
at
v̂
:
δ∈

∂
h

2 (v̂
).

•
S

te
p

2
:

S
et
v̂

=
argm

in
v

h
1 (v

)−
v
T
δ.

•
S

te
p

3
:

If
iteration

lim
it

reach
ed

or
con

vergen
ce

criteria
is

satisfi
ed

,
S
T

O
P

.
E

lse,
retu

rn
to

S
tep

1.

T
h
u
s,

D
C

A
can

b
e

seen
as

fi
rst

lin
earizin

g
th

e
con

cave
term

at
th

e
cu

rren
t

solu
tion

v
ia

a
su

b
grad

ien
t

an
d

th
en

solv
in

g
a

con
vex

su
b
p
ro

b
lem

w
h
ich

rep
laces

th
e

con
cave

term
w

ith
th

e
lin

ear
ap

p
rox

im
ation

.
T

o
see

h
ow

th
e

altern
atin

g
m

in
im

ization
p
ro

ced
u
re

is
related

to
D

C
A

,
fi
rst

n
otice

th
at

w
h
en
C
<

0,
th

e
fu

n
ction

−
y
i (w

T
X
i +

b)
+
C
‖
w‖

+
1

is
D

C
;

th
e

su
m

of
th

e
con

vex
fu

n
ction

−
y
i (w

T
X
i +
b)+

1
a
n
d

th
e

con
cave

fu
n
ction

C
‖
w‖

.
T

h
erefore, ∑

i [−
y
i (w

T
X
i +
b)+

C
‖w‖

+
1] +

is
also

D
C

. 6
S
econ

d
,
n
otice

th
at−

C
‖
w‖

can
b

e
v
iew

ed
as

th
e

su
p
p

ort
fu

n
ction

of
th

e
con

vex
set

S
=
{δ|‖δ‖ ∗≤

−
C
}
,

m
ean

in
g

th
at−

C
‖w‖

=
m

ax
δ∈
S
w
T
δ.

B
y

th
e

p
rop
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oin

g
so,

on
e

w
ou

ld
ex

p
ect

to
ach

ieve
d
iff

eren
t

solu
tion

s
for

d
iff

eren
t

th
resh

old
ch

o
ices.

A
s

sh
ow

n
in

th
e

follow
in

g
p
rop

osition
s,

th
e

n
aiv

e
co

n
stru

ction
of

form
u
lation

(12)
com

-
b
in

ed
w

ith
th

e
p

ositive
h
om

ogen
eity

of
f

(w
,X

)
cau

ses
form

u
lation

(12)
to

ach
ieve

on
ly

tw
o

p
ossib

le
op

tim
al

solu
tion

s.

P
rop

osition
4

an
d

C
orollary

2
sh

ow
th

at
for

an
y

th
resh

old
z
≤

0,
form

u
lation

(12)
b

ecom
es

eq
u
ivalen

t
to

m
in

w
∈
R
n

p̄
0 (f

(w
,X

)),

eff
ectively

y
ield

in
g

th
e

solu
tion

for
th

resh
old

z
=

0.
P

rop
osition

5
sh

ow
s

th
at

for
an

y
th

resh
old

z
>

0,
form

u
lation

(12)
y
ield

s
a

triv
ial

solu
tion

.

P
ro

p
o
sitio

n
4

If
f

(w
,X

)
is

P
H

w
.r.t.

w
a
n

d
m

in
im

izin
g

bP
O

E
a
t
z
≤

0
yield

s

1−
α
∗

=
m

in
w
,γ
<
z

E
[f

(w
,X

)−
γ

] +

z−
γ

,

w
ith

o
p
tim

a
l

so
lu

tio
n

vecto
r

(w
∗,γ
∗),

th
en

fo
r

a
n

y
a
≥

1,
z̄

=
a
z

w
e

h
a
ve

1−
α
∗

=
m

in
w
,γ
<
z̄

E
[f

(w
,X

)−
γ

] +

z̄−
γ

,

w
ith

o
p
tim

a
l

so
lu

tio
n

vecto
r

(a
w
∗,a

γ
∗).
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S
V
M
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s
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d

P
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o
b
a
b
il
it
y
M
in
im

iz
a
t
io
n

P
ro

o
f

A
ss

u
m

e
th

at
fo

r
z
≤

0,

1
−
α
∗

=
m

in
w
∈R

n
p̄
z
(f

(w
,X

))
=

m
in

w
∈R

n
,γ
<
z

E
[f

(w
,X

)
−
γ

]+

z
−
γ

=
E

[f
(w
∗ ,
X

)
−
γ
∗ ]

+

z
−
γ
∗

.

T
h
is

m
ea

n
s

th
at
p̄
z
(f

(w
∗ ,
X

))
≤
p̄
z
(f

(w
,X

))
fo

r
ev

er
y
w
∈
R
n
.

N
ow

,
n
ot

ic
e

th
at

fo
r
z̄

=
a
z
,

w
h
er

e
a
≥

1,

p̄
z̄
(f

(a
w
∗ ,
X

))
=
E

[f
(a
w
∗ ,
X

)
−
a
γ
∗ ]

+

z̄
−
a
γ
∗

=
a a

E
[f

(w
∗ ,
X

)
−
γ
∗ ]

+

z
−
γ
∗

=
1
−
α
∗

=
p̄
z
(f

(w
∗ ,
X

))
.

S
in

ce
p̄
z
(f

(w
,X

))
is

a
m

on
ot

on
ic

al
ly

d
ec

re
as

in
g

fu
n
ct

io
n

w
.r

.t
.
z
,

w
e

al
so

k
n
ow

th
at

p̄
z
(f

(w
∗ ,
X

))
≤
p̄
z̄
(f

(w
∗ ,
X

))
fo

r
ev

er
y
z̄

=
a
z
,
a
≥

1.
T

h
er

ef
or

e,
if

m
in

w
∈R

n
p̄
z
(f

(w
,X

))
=

1
−
α
∗

at
(w
∗ ,
γ
∗ )

,
th

en
fo

r
an

y
z̄

=
a
z
,
a
≥

1
w

e
h
av

e
th

at
m

in
w
∈R

n
p̄
z̄
(f

(w
,X

))
=

1
−
α
∗

at

(a
w
∗ ,
a
γ
∗ )

.

C
o
ro

ll
a
ry

2
G

iv
en

P
ro

po
si

ti
o
n

4
,

w
e

ca
n

sa
y

th
a
t

if
z
≤

0
,

th
en

m
in

w
∈R

n
,γ
<
z

E
[f

(w
,X

)
−
γ

]+

z
−
γ

=
m

in
w
∈R

n
p̄

0
(f

(w
,X

))
.

P
ro

o
f

L
et

(z
n
)

b
e

a
st

ri
ct

ly
d
ec

re
as

in
g

se
q
u
en

ce
su

ch
th

at
z 0
<

0
an

d
li
m
n
→
∞
z n

=
0.

P
ro

p
os

it
io

n
2

im
p
li
es

th
at

m
in

w
∈R

n
p̄
z 0

(f
(w
,X

))
=

m
in

w
∈R

n
p̄
z 1

(f
(w
,X

))
=
..
.
=

m
in

w
∈R

n
p̄

0
(f

(w
,X

))
.

In
tu

it
iv

el
y,

th
is

co
ro

ll
ar

y
si

m
p
ly

fo
ll
ow

s
fr

om
ap

p
li
ca

ti
on

of
P

ro
p

os
it

io
n

2
to

an
y
z
<

0
ar

b
it

ra
ri

ly
cl

os
e

to
ze

ro
.

P
ro

p
o
si

ti
o
n

5
If
z
>

0,
th

en

m
in

w
∈R

n
,γ
<
z

E
[f

(w
,X

)
−
γ

]+

z
−
γ

=
0.

P
ro

o
f

O
b

je
ct

iv
e

is
a

n
on

-n
eg

at
iv

e
fu

n
ct

io
n
.

If
z
>

0,
th

en
fo

r
γ
∈

(0
,z

)
th

e
ob

je
ct

iv
e

is
0,

h
en

ce
,

op
ti

m
al

.
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N
o
r
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o
n
,
M
a
f
u
sa

l
o
v
,
a
n
d

U
r
y
a
se

v

A
p
p

e
n
d
ix

B
.

P
ro

o
fs

fo
r

T
h
e
o
re

m
s

1
a
n
d

2

B
.1

T
h

e
o
re

m
1

P
ro

o
f

T
o

p
ro

ve
T

h
eo

re
m

1,
w

e
co

m
p
ar

e
th

e
K

K
T

sy
st

em
s

of
(1

)
an

d
(1

9)
fo

rm
u
la

te
d

w
it

h
th

e
sa

m
e

ge
n
er

al
n
or

m
,
‖·
‖.

W
e

as
su

m
e

th
at

th
e

C
-S

V
M

w
it

h
p
ar

am
et

er
Ĉ
≥

0
y
ie

ld
s

op
ti

m
al

p
ri

m
al

va
ri

ab
le

s
(w
∗ ,
b∗
,ξ
∗ )

an
d

op
ti

m
al

d
u
al

va
ri

ab
le

s
(α
∗ ,
β
∗ )

.
T

h
u
s,

th
is

is
th

e
sa

m
e

as
as

su
m

in
g

th
at

(w
∗ ,
b∗
,ξ
∗ ,
α
∗ ,
β
∗ )

sa
ti

sfi
es

th
e

fo
ll
ow

in
g

K
K

T
sy

st
em

o
f

(1
):

ξ∗
≥

0,
(3

4
a
)

β
∗
≥

0
,

(3
4
b
)

α
∗
≥

0
,

(3
4
c)

−
α
∗
−
β
∗

+
1

=
0,

(3
4
d
)

ξ∗ i
≥
−
y i

(w
∗T
x
i
+
b∗

)
+

1
,

(3
4
e)

0
∈
−
Ĉ
∂
‖w
∗ ‖

+
N ∑ i=

1

y i
β
∗ ix
i,

(3
4
f)

N ∑ i=
1

−
y i
β
∗ i

=
0,

(3
4
g
)

α
∗ iξ
∗ i

=
0

=
(1
−
β
∗ i)
ξ∗ i
,

(3
4
h
)

β
∗ i
[ −
y i

(w
∗T
x
i
+
b∗

)
+

1
−
ξ∗ i
] =

0.
(3

4
i)

N
ow

,
w

e
sh

ow
th

at
w

it
h
µ

=
∑
N i=

1
β
∗ i

∑
N i=

1
β
∗ i
−
Ĉ
‖w
∗ ‖

,
th

e
va

ri
a
b
le

s
(µ
w
∗ ,
µ
b∗
,µ
ξ∗
,α
∗ ,
β
∗ )

sa
ti

sf
y

th
e

K
K

T
sy

st
em

of
(1

9)
.

W
e

th
en

sh
ow

th
a
t

in
d
ee

d
µ
>

0
w

h
en

th
e

d
at

a
se

t
is

n
o
t

li
n
ea

rl
y

se
p
ar

ab
le

.
T

h
e

K
K

T
sy

st
em

of
(1

9)
fo

rm
u
la

te
d

w
it

h
p
ar

am
et

er
C
≥

0
is

as
fo

ll
ow

s:

ξ
≥

0,
(3

5
a
)

β
≥

0,
(3

5
b
)

α
≥

0
,

(3
5
c)

−
α
−
β

+
1

=
0,

(3
5
d
)

ξ i
≥
−
y i

(w
T
x
i
+
b)

+
1

+
C
‖w
‖,

(3
5
e)

0
∈
−
C
∂
‖w
‖

N ∑ i=
1

β
i
+

N ∑ i=
1

y i
β
ix
i,

(3
5
f)

N ∑ i=
1

−
y i
β
i

=
0,

(3
5
g
)

α
iξ
i

=
0

=
(1
−
β
i)
ξ i
,

(3
5
h
)

β
i

[ −
y i

(w
T
x
i
+
b)

+
1

+
C
‖w
‖−

ξ i
] =

0.
(3

5
i)

W
h
en

n
ow

sh
ow

th
at

( w
=
µ
w
∗ ,
b

=
µ
b∗
,ξ

=
µ
ξ∗
,α

=
α
∗ ,
β

=
β
∗ ,
C

=
Ĉ

∑
N i=

1
β
∗ i

)
sa

ti
sf

y

al
l

of
th

es
e

co
n
d
it

io
n
s

an
d

is
th

u
s

a
so

lu
ti

on
to

th
e

K
K

T
sy

st
em

(3
5)

.
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P
r
o
b
a
b
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it
y
M
in
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iz
a
t
io
n

1
.
ξ≥

0
:

T
ru

e,
sin

ce
ξ

=
µ
ξ ∗,

ξ ∗≥
0,
µ
≥

0.

2
.
β
≥

0
:

T
ru

e,
sin

ce
β

=
β
∗≥

0.

3
.
α
≥

0
:

T
ru

e,
sin

ce
α

=
α
∗.

4
.
−
α
−
β

+
1

=
0

:
T

ru
e,

sin
ce
−
α
−
β

+
1

=
−
α
∗−

β
∗

+
1

=
0.

5
.
ξ
i ≥
−
y
i (w

T
x
i
+
b)

+
1

+
C
‖
w‖
−→

µ
ξ ∗i ≥

−
y
i (w
∗
T
x
i
+
b ∗)µ

+
1

+
µ
C
‖
w
∗‖

−→
ξ ∗≥

−
y
i (w
∗
T
x
i
+
b ∗)

+
(

1µ
+
C
‖w
∗‖ )

=
−
y
i (w
∗
T
x
i
+
b ∗)

+
(

1−
Ĉ

∑
Ni=

1
β
∗ ‖
w
∗‖

+
Ĉ

∑
Ni=

1
β
∗ ‖w

∗‖ )
=
−
y
i (w
∗
T
x
i +
b ∗)+

1
:

T
ru

e,
follow

in
g

from
(34e).

6
.

0
∈
−
C
∂‖
w‖ ∑

Ni=
1
β
i
+
∑

Ni=
1
y
i β
i x
i

:
T

ru
e,

follow
in

g
from

C
∂‖w‖ ∑

Ni=
1
β
i

=
Ĉ
∂‖
µ
w
∗‖

=
Ĉ
∂‖w

∗‖
, ∑

Ni=
1
y
i β
i x
i

=
∑

Ni=
1
y
i β
∗i x
i ,

an
d

(3
4f).

7
.
∑

Ni=
1 −

y
i β
i

=
0

:
T

ru
e,

sin
ce
β

=
β
∗

a
n
d

(34g).

8
.
α
i ξ
i

=
0

:
T

ru
e,

sin
ce
α

=
α
∗,
ξ

=
µ
ξ ∗,

µ
>

0,
an

d
(34h

).

9
.
β
i [−

y
i (w

T
x
i
+
b)

+
1

+
C
‖w‖−

ξ
i ]

=
0
⇐
⇒

β
i ξ
i

=
−
β
i y
i (w

T
x
i +

b)
+
β
i +

β
i C
‖
w‖

.
N

o
tice

th
en

th
at

(35h
)

=⇒
β
i ξ
i

=
ξ
i .

T
h
is

gives
u
s
ξ
i

=
µ
ξ ∗

=
−
µ
β
∗i y
i (w
∗
T
x
i

+

b ∗)
+
β
∗i

+
β
∗i C
‖
µ
w
∗‖

=
β
∗i

+
β
∗i

Ĉ
µ

∑
Ni=

1
β
∗i ‖
w
∗‖

+
µ

[ξ ∗i −
β
∗i ]

w
h
ere−

µ
β
∗i y
i (w
∗
T
x
i +

b ∗)
=

µ
[ξ ∗i −

β
∗i ]

is
im

p
lied

b
y

(35i).
F

u
rth

erm
ore,

n
otice

th
at

th
is

last
eq

u
ality

is
tru

e
⇐
⇒

β
∗i [

1
+

Ĉ
µ

∑
Ni=

1
β
∗i ‖
w
∗‖−

µ ]
=

0
⇐
⇒

1
+

Ĉ
‖
w
∗‖

∑
Ni=

1
β
∗i −
Ĉ
‖
w
∗‖ −

∑
Ni=

1
β
∗i

∑
Ni=

1
β
∗i −
Ĉ
‖
w
∗‖

=
0.

C
learly,

th
e

la
st

eq
u
ality

is
tru

e.

N
ow

w
e

sh
ow

th
at

for
n
on

-lin
early

sep
arab

le
d
ata

sets,
µ
>

0.
W

e
u
se

th
e

K
K

T
sy

stem
(3

4
)

to
form

th
e

d
u
al

v
ia

th
e

L
agran

gian
.

W
e

th
en

sh
ow

th
at ∑

Ni=
1
β
∗i
>
Ĉ
‖w
∗‖

,
w

h
ich

p
roves

th
at
µ
>

0.

W
e

fi
rst

h
ave

th
at

th
e

L
agran

gian
of

(1)
is

th
e

follow
in

g:

L
(w
,b,ξ,α

,β
)

=
Ĉ
‖
w‖

+
N
∑i=

1

ξ
i
+

N
∑i=

1

β
i [−

y
i (w

T
x
i
+
b)

+
1−

ξ
i ]−

N
∑i=

1

α
i ξ
i

U
sin

g
(3

4
d
,g

),
w

e
can

th
en

sim
p
lify,

also
m

ax
im

izin
g

w
.r.t.

th
e

d
u
al

variab
les

an
d

m
in

im
iz-

in
g

w
.r.t.

th
e

p
rim

al
variab

les,
to

form
th

e
follow

in
g

d
u
al.

H
ere,

th
e

con
strain

ts
are

im
p
lied

b
y

(3
4
d
,g

).

m
ax
β

N
∑i=

1

β
i
+

(
in

f
w
,b
Ĉ
‖
w‖

+
N
∑i=

1

β
i [−

y
i (w

T
x
i
+
b) ] )

s.t.
0
≤
β
≤

1.

N
∑i=

1

y
i β
i

=
0.

(36)
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N
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,
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U
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v

N
otice

th
at

sin
ce
w

=
0,b

=
0

is
a

feasib
le

solu
tion

,
w

e
k
n
ow

th
at

in
f

w
,b

Ĉ
‖w‖

+
N
∑i=

1

β
i [−

y
i (w

T
x
i
+
b) ]≤

0.

F
in

ally,
n
otin

g
th

at
w

ith
th

e
op

tim
al

variab
les

assu
m

ed
to

b
e

(w
∗,b ∗,ξ ∗,α

∗,β
∗),

w
e

see
th

at

N
∑i=

1

β
∗i

+

(
in

f
w
,b

Ĉ
‖
w‖

+
N
∑i=

1

β
∗i [−

y
i (w

T
x
i
+
b) ] )

=
Ĉ
‖
w
∗‖

+
N
∑i=

1

ξ ∗.

B
u
t

sin
ce

th
e

d
ata

set
is

n
ot

lin
early

sep
arab

le
∑

Ni=
1
ξ ∗
>

0.
T

h
is

im
p
lies

th
at ∑

Ni=
1
β
∗i
>

Ĉ
‖
w
∗‖,

w
h
ich

sh
ow

s
th

at
µ

=
∑
Ni=

1
β
∗i

∑
Ni=

1
β
∗i −
Ĉ
‖
w
∗‖
>

0.

B
.2

T
h

e
o
re

m
2

P
ro

o
f

T
o

p
rove

T
h
eorem

2,
w

e
com

p
are

th
e

K
K

T
sy

stem
s

of
(1)

an
d

(19)
form

u
lated

w
ith

th
e

sam
e

gen
eral

n
orm

,‖·‖.
W

e
assu

m
e

th
at

th
e

E
C

-S
V

M
w

ith
p
aram

eter
C
≥

0
y
ield

s
op

tim
al

p
rim

al
variab

les
(w
∗,b ∗,ξ ∗)

an
d

op
tim

al
d
u
al

variab
les

(α
∗,β
∗).

T
h
u
s,

th
is

is
th

e
sam

e
as

assu
m

in
g

th
at

(w
∗,b ∗,ξ ∗,α

∗,β
∗)

satisfi
es

th
e

follow
in

g
K

K
T

sy
stem

of
(19):

ξ ∗≥
0
,

(37a)

β
∗≥

0,
(37b

)

α
∗≥

0
,

(37c)

−
α
∗−

β
∗

+
1

=
0,

(37d
)

ξ ∗i ≥
−
y
i (w
∗
T
x
i
+
b ∗)

+
1

+
C
‖w
∗‖
,

(37e)

0
∈
−
C
∂‖
w
∗‖

N
∑i=

1

β
∗i

+
N
∑i=

1

y
i β
∗i x
i ,

(37f)

N
∑i=

1 −
y
i β
∗i

=
0,

(37g
)

α
∗i ξ ∗i

=
0

=
(1−

β
∗i )ξ ∗i ,

(37h
)

β
∗i [−

y
i (w
∗
T
x
i
+
b ∗)

+
1

+
C
‖w
∗‖−

ξ ∗i ]
=

0.
(37i)

N
ow

,
w

e
sh

ow
th

a
t

w
ith

µ
=

1
1
+
C
‖
w
∗‖
>

0,
th

e
variab

les
(µ
w
∗,µ

b ∗,µ
ξ ∗,α

∗,β
∗)

satisfy
th

e

K
K

T
sy

stem
of

(1).
W

e
th

en
sh

ow
th

at
in

d
eed

µ
>

0
w

h
en

th
e

d
ata

set
is

n
ot

lin
early
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a
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il
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y
M
in
im

iz
a
t
io
n

se
p
ar

ab
le

.
T

h
e

K
K

T
sy

st
em

of
(1

)
fo

rm
u
la

te
d

w
it

h
p
ar

am
et

er
Ĉ
≥

0
is

as
fo

ll
ow

s:

ξ
≥

0,
(3

8a
)

β
≥

0
,

(3
8b

)

α
≥

0,
(3

8c
)

−
α
−
β

+
1

=
0,

(3
8d

)

ξ i
≥
−
y i

(w
T
x
i
+
b)

+
1
,

(3
8e

)

0
∈
−
Ĉ
∂
‖w
‖+

N ∑ i=
1

y i
β
ix
i,

(3
8f

)

N ∑ i=
1

−
y i
β
i

=
0,

(3
8g

)

α
iξ
i

=
0

=
(1
−
β
i)
ξ i
,

(3
8h

)

β
i

[ −
y i

(w
T
x
i
+
b)

+
1
−
ξ i
] =

0.
(3

8i
)

W
h
en

n
ow

sh
ow

,
on

e
b
y

on
e,

th
at

(w
=
µ
w
∗ ,
b

=
µ
b∗
,ξ

=
µ
ξ∗
,α

=
α
∗ ,
β

=
β
∗ ,
Ĉ

=
C
∑

N i=
1
β
∗ i)

sa
ti

sf
y

al
l

of
th

es
e

co
n
d
it

io
n
s

an
d

is
th

u
s

a
so

lu
ti

on
to

th
e

K
K

T
sy

st
em

(3
8)

:

1.
ξ
≥

0
:

T
ru

e,
si

n
ce
ξ

=
µ
ξ∗

,
ξ∗
≥

0,
µ
≥

0.

2.
β
≥

0
:

T
ru

e,
si

n
ce
β

=
β
∗
≥

0.

3.
α
≥

0
:

T
ru

e,
si

n
ce
α

=
α
∗ .

4.
−
α
−
β

+
1

=
0

:
T

ru
e,

si
n
ce
−
α
−
β

+
1

=
−
α
∗
−
β
∗

+
1

=
0.

5.
ξ i
≥
−
y i

(w
T
x
i
+
b)

+
1
−→

µ
ξ∗ i
≥
−
y i

(w
∗T
x
i
+
b∗

)µ
+

1
⇐
⇒

ξ∗
≥
−
y i

(w
∗T
x
i
+
b∗

)
+

(1
+
C
‖w
∗ ‖

)
:

T
ru

e,
fo

ll
ow

in
g

fr
om

(3
7e

).

6.
0
∈
−
Ĉ
∂
‖w
∗ ‖

+
∑

N i=
1
y i
β
ix
i:

T
ru

e,
fo

ll
ow

in
g

fr
om

Ĉ
∂
‖w
∗ ‖

=
C
∂
‖w
‖∑

N i=
1
β
i,
∑

N i=
1
y i
β
ix
i

=
∑

N i=
1
y i
β
∗ ix
i,

a
n
d

(3
7f

).

7.
∑

N i=
1
−
y i
β
i

=
0

:
T

ru
e,

si
n
ce
β

=
β
∗

a
n
d

(3
7g

).

8.
α
iξ
i

=
0

:
T

ru
e,

si
n
ce
α

=
α
∗ ,
ξ

=
µ
ξ∗

,
µ
>

0,
an

d
(3

7h
).

9.
β
i

[ −
y i

(w
T
x
i
+
b)

+
1
−
ξ i
] =

β
∗ i
[ −
µ
y i

(w
∗T
x
i
+
b∗

)
+

1
−
µ
ξ∗ i
] =

β
∗ i

+
β
∗ i
(−
y
i
(w
∗T
x
i
+
b∗

)−
ξ
∗ i)

1
+
C
‖w
∗ ‖

=
0
⇐
⇒

β
∗ i
[ −
y i

(w
∗T
x
i
+
b∗

)
+

1
+
C
‖w
∗ ‖
−
ξ∗ i
]

=
0,

w
h
ic

h
is

T
ru

e,
fo

ll
ow

in
g

fr
om

(3
7i

).

N
ow

w
e

p
oi

n
t

ou
t

th
at
µ
>

0.
T

h
is

fo
ll
ow

s
im

m
ed

ia
te

ly
fr

om
th

e
a
ss

u
m

p
ti

on
th

at
C
≥

0
an

d
th

e
fa

ct
th

at
‖w
∗ ‖
≥

0.
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N
o
r
t
o
n
,
M
a
f
u
sa

l
o
v
,
a
n
d

U
r
y
a
se

v

A
p
p

e
n
d
ix

C
.

D
e
ri

v
a
ti

o
n

o
f

E
C

-S
V

M
D

u
a
l

F
o
rm

u
la

ti
o
n

T
h
e

d
u
al

of
th

e
E

C
-S

V
M

is
fo

rm
u
la

te
d

as
fo

ll
ow

s,
v
ia

th
e

L
ag

ra
n
gi

an
:

m
ax

α
≥

0
β
≥

0

m
in

w
,b

N ∑ i=
1

ξ i
+

N ∑ i=
1

β
i

[ −
y i

(w
T
x
i
+
b)

+
1
−
ξ i

+
C
‖w
‖]
−

N ∑ i=
1

α
iξ
i

=
m

ax
0
≤
β
≤

1
∑
N i=

1
β
i
y
i
=

0

N ∑ i=
1

β
i
+

[ m
in w

C
‖w
‖

N ∑ i=
1

β
i
+

N ∑ i=
1

−
β
iy
iw

T
x
i]

=
m

ax
0
≤
β
≤

1
∑
N i=

1
β
i
y
i
=

0

N ∑ i=
1

β
i
+

[
m

in
w
6=

0
,a
≥

0
a
C

N ∑ i=
1

β
i
+
a
∑

N i=
1
−
β
iy
iw

T
x
i

‖w
‖

]

=
m

ax
0
≤
β
≤

1
∑
N i=

1
β
i
y
i
=

0

N ∑ i=
1

β
i
+

[ m
in

a
≥

0
a
C

N ∑ i=
1

β
i
+
a

m
in

w
6=

0

∑
N i=

1
−
β
iy
iw

T
x
i

‖w
‖

]

=
m

ax
0
≤
β
≤

1
∑
N i=

1
β
i
y
i
=

0

N ∑ i=
1

β
i
+

[ m
in

a
≥

0
a
C

N ∑ i=
1

β
i
−
a

m
in

w
6=

0

∑
N i=

1
β
iy
iw

T
x
i

‖−
w
‖

]

=
m

ax
0
≤
β
≤

1
∑
N i=

1
β
i
y
i
=

0

N ∑ i=
1

β
i
+

[ m
in

a
≥

0
a
C

N ∑ i=
1

β
i
−
a

∥ ∥ ∥ ∥ ∥
N ∑ i=

1

−
β
iy
ix
i∥ ∥ ∥ ∥ ∥∗]

=
m

ax β

N ∑ i=
1

β
i

s.
t.

∥ ∥ ∥ ∥ ∥
N ∑ i=

1

β
iy
ix
i∥ ∥ ∥ ∥ ∥∗

≤
C

N ∑ i=
1

β
i,

N ∑ i=
1

β
iy
i

=
0,

0
≤
β
i
≤

1,
∀i
∈
{1
,.
..
,N
}.
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y
M
in
im

iz
a
t
io
n

A
p
p

e
n
d
ix

D
.

D
e
riv

a
tio

n
o
f

C
-S

V
M

D
u
a
l

F
o
rm

u
la

tio
n

T
h
e

d
u
a
l

o
f

th
e

C
-S

V
M

is
form

u
lated

as
follow

s,
v
ia

th
e

L
agran

gian
:

m
a
x

α≥
0

β≥
0

m
in

w
,b

N
∑i=

1

ξ
i
+
C
‖
w‖

+
N
∑i=

1

β
i [−

y
i (w

T
x
i
+
b)

+
1−

ξ
i ]−

N
∑i=

1

α
i ξ
i

=
m

ax
0≤
β≤

1
∑
Ni=

1
β
i y
i =

0

N
∑i=

1

β
i
+

[
m

in
w

C
‖w‖

+
N
∑i=

1 −
β
i y
i w

T
x
i ]

=
m

ax
0≤
β≤

1
∑
Ni=

1
β
i y
i =

0

N
∑i=

1

β
i
+

[
m

in
w
6=

0
,a≥

0
a
C

+
a ∑

Ni=
1 −

β
i y
i w

T
x
i

‖w‖

]

=
m

ax
0≤
β≤

1
∑
Ni=

1
β
i y
i =

0

N
∑i=

1

β
i
+

[
m

in
a≥

0
a
C

+
a

m
in

w
6=

0 ∑
Ni=

1 −
β
i y
i w

T
x
i

‖w‖

]

=
m

ax
0≤
β≤

1
∑
Ni=

1
β
i y
i =

0

N
∑i=

1

β
i
+

[
m

in
a≥

0
a
C
−
a

m
in

w
6=

0 ∑
Ni=

1
β
i y
i w

T
x
i

‖−
w‖

]

=
m

ax
0≤
β≤

1
∑
Ni=

1
β
i y
i =

0

N
∑i=

1

β
i
+

[
m

in
a≥

0
a
C
−
a ∥∥∥∥∥

N
∑i=

1 −
β
i y
i x
i ∥∥∥∥∥ ∗ ]

=
m

ax
β

N
∑i=

1

β
i

s.t.

∥∥∥∥∥
N
∑i=

1

β
i y
i x
i ∥∥∥∥∥ ∗≤

C
,

N
∑i=

1

β
i y
i

=
0,

0
≤
β
i ≤

1,
∀
i∈
{1,...,N

}.

A
p
p

e
n
d
ix

E
.

D
e
riv

a
tio

n
o
f

F
o
rm

u
la

(2
1
)

T
o

see
h
ow

w
e

d
erive

(21),
w

e
b

egin
w

ith
form

u
la

(14)
w

ith
f

(w
,X

)
=
−
y
(w

T
X

+
b)

a
n
d

z
=
−
C

:

m
in

γ
<
−
C
,w
,b

n
∑i=

1 [−
y
i (w

T
X
i
+
b)

−
C
−
γ

−
γ

−
C
−
γ ]

+

s.t.
‖w‖

=
1.

(39)
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N
o
r
t
o
n
,
M
a
f
u
sa

l
o
v
,
a
n
d

U
r
y
a
se

v

W
e

th
en

m
ak

e
th

e
ch

an
ge

of
variab

le
w
n
ew

=
wC
,b
n
ew

=
bC

.
N

o
te

th
en

th
a
t

−
y
i (w

T
X
i
+
b)

−
C
−
γ

=
C
−
y
i (w

Tn
ew
X
i
+
b
n
ew

)

−
C
−
γ

=
−
y
i (w

Tn
ew
X
i
+
b
n
ew

)

‖w
n
ew ‖

(−
C
−
γ

)
.

P
lu

ggin
g

th
is

an
d

th
e

n
ew

variab
les

in
to

(41),
w

e
get:

m
in

γ
<
−
C
,w
n
e
w
,b
n
e
w

n
∑i=

1 [−
y
i (w

Tn
ew
X
i
+
b
n
ew

)

‖w
n
ew ‖

(−
C
−
γ

)
−

γ

−
C
−
γ ]

+

s.t.
‖w

n
ew ‖

=
1C
.

(40)

F
in

ally,
n
ote

th
at

1

‖w
n
ew ‖

(−
C
−
γ

)
+

1
=

1
+
‖
w
n
ew ‖(−

C
−
γ

)

‖
w
n
ew ‖(−

C
−
γ

)

=
1

+
(−

1−
γC

)

(−
1−

γC
)

=
−
γC

(
C

−
C
−
γ )

=
−
γ

−
C
−
γ
.

P
lu

ggin
g

th
is

in
to

(40),
w

e
fi
n
ally

arrive
at

m
in

γ
<
−
C
,w
n
e
w
,b
n
e
w

n
∑i=

1 [(
1

−
C
−
γ )

(
−
y
i (w

Tn
ew
X
i
+
b
n
ew

)
+

1

‖
w
n
ew ‖

)
+

1 ]
+

s.t.
1

‖
w
n
ew ‖

=
C
.

(41)

A
p
p

e
n
d
ix

F
.

B
re

g
m

a
n

D
iv

e
rg

e
n
ce

F
or

a
con

v
ex

fu
n
ction

f
:R

n
→

R
,
let

∂
f

(w
)

d
en

ote
th

e
set

of
su

b
d
erivativ

es∇
f

(w
)∈

∂
f

(w
)

at
a

p
oin

t
w
∈
R
n
.

F
or

a
d
iff

eren
tiab

le,
con

vex
f

th
e

B
regm

an
D

iverg
en

ce
at
w

1 ,w
2 ∈

R
n

is
d
efi

n
ed

as

d
f (w

1 ,w
2 )

=
f

(w
1 )−

f
(w

2 )−
〈∇
f

(w
2 ),w

1 −
w

2 〉
.

(42)

S
in

ce
f

is
d
iff

eren
tiab

le,∇
f

(w
)

is
th

e
u
n
iq

u
e

su
b

d
erivative,

an
d

th
u
s

th
e

d
ivergen

ce
is

w
ell

d
efi

n
ed

.
If
f

is
con

vex
,

b
u
t

n
ot

d
iff

eren
tiab

le,∇
f

(w
)

m
ay

n
ot

b
e

u
n
iq

u
e.

In
th

is
case,

h
ow

ev
er,

follow
in

g
A

p
p

en
d
ix

C
of

B
ou

sq
u
et

an
d

E
lisseeff

(2002),
w

e
can

d
efi

n
e

a
gen

era
lized

B
regm

an
D

ivergen
ce.

L
ettin

g
th

e
fu

n
ction

f
∗(a

)
=

su
p
w 〈w

,a〉−
f

(w
)

d
en

ote
th

e
con

ju
gate

of
f

,
w

e
d
efi

n
e

th
e

gen
eralized

B
regm

an
D

ivergen
ce

at
w

1 ,a
∈
R
n

as,

d̄
f (w

1 ,a
)

=
f

(w
1 )

+
f
∗(a

)−
〈w

1 ,a〉
.

(43)
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y
M
in
im

iz
a
t
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n

A
s

it
re

la
te

s
to

th
e

n
or

m
al

B
re

gm
an

D
iv

er
ge

n
ce

,
it

is
ea

sy
to

ch
ec

k
th

at
fo

r
co

n
ve

x
d
iff

er
-

en
ti

ab
le
f

,
d
f
(w

1
,w

2
)

=
d̄
f
(w

1
,∇
f

(w
2
))
.

(4
4)

w
h
ic

h
fo

ll
ow

s
fr

om
th

e
p
ro

p
er

ty
th

at

a
∈
∂
f

(w
)
⇐
⇒

f
∗ (
a
)

=
〈a
,w
〉−

f
(w

)
.

A
s

fo
r

it
s

ot
h
er

p
ro

p
er

ti
es

,
fi
rs

t
n
ot

e
th

at
th

e
ge

n
er

a
li
ze

d
d
iv

er
ge

n
ce

is
n
on

-n
eg

at
iv

e.
S
ec

o
n
d
,

n
ot

ic
e

th
at

w
e

h
av

e
li
n
ea

ri
ty

,
su

ch
th

at
if
f

=
g

+
h

,
fo

r
co

n
ve

x
fu

n
ct

io
n
s
g
,h

,
an

d
w

e
ch

o
os

e
su

b
d
er

iv
at

iv
es

of
f
,g
,h

sa
ti

sf
y
in

g
∇
f

(w
2
)

=
∇
g
(w

2
)

+
∇
h

(w
2
),

th
en

d̄
f
(w

1
,∇
f

(w
2
))

=
d̄
g
(w

1
,∇
g
(w

2
))

+
d̄
h
(w

1
,∇
h

(w
2
)
.

(4
5)

T
o

se
e

th
is

,
w

e
si

m
p
ly

n
ee

d
to

ex
p
an

d
th

e
ri

gh
t

h
an

d
si

d
e

in
th

e
fo

ll
ow

in
g

m
an

n
er

,
w

h
er

e
w

e
u
se

th
e

fa
ct

th
at
a
∈
∂
f

(w
)
⇐
⇒

f
∗ (
a
)

=
〈a
,w
〉−

f
(w

)
in

th
e

th
ir

d
an

d
fi
ft

h
eq

u
al

it
y.

d̄
f
(w

1
,∇
f

(w
2
))

=
d̄

(g
+
h

)(
w

1
,∇

(g
+
h

)(
w
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d

y
ield

s
ex

act
resu

lts
in

a
w

ell-d
efi

n
ed

lim
it

(as
th

e
n
u
m

b
er

of
p
articles

go
es

to
in

fi
n
ity

).
L

ike
sta

n
d
ard

m
ean

-fi
eld

varia
tio

n
a
l

m
eth

o
d
s,

D
P

V
I

is
b
ased

on
op

tim
izin

g
a

low
er

b
o
u
n
d

on
th

e
p
a
rtition

fu
n
ction

;
w

h
en

th
is

q
u
a
n
tity

is
n
ot

of
in

trin
sic

in
terest,

it
facilitates

con
vergen

ce
assessm

en
t

an
d

d
eb

u
g
g
in

g
.

L
ik

e
b

oth
M

on
te

C
arlo

a
n
d

com
b
in

atorial
sea

rch
,

D
P

V
I

can
take

ad
va

n
tage

of
fa

cto
riza

tio
n
,

seq
u
en

tial
stru

ctu
re,

an
d

cu
stom

search
op

erators.
T

h
e

rest
o
f

th
e

p
ap

er
is

organ
ized

as
follow

s.
A

fter
in

tro
d
u
cin

g
ou

r
gen

eral
fram

ew
ork

,
w

e
d
escrib

e
h
ow

it
can

b
e

ap
p
lied

to
fi
lterin

g
an

d
sm

o
oth

in
g

p
rob

lem
s.

W
e

th
en

sh
ow

ex
p

erim
en

ta
lly

th
at

variation
al

p
article

ap
p
rox

im
ation

s
can

overcom
e

a
n
u
m

b
er

of
p
rob

lem
s

th
a
t

a
re

ch
a
llen

gin
g

for
con

ven
tion

al
M

on
te

C
arlo

m
eth

o
d
s.

In
p
articu

lar,
ou

r
ap

p
roach

is
a
b
le

to
p
ro

d
u
ce

a
d
iverse,

h
igh

p
rob

ab
ility

set
of

p
articles

in
situ

ation
s

w
h
ere

M
on

te
C

arlo
a
n
d

m
ea

n
-fi

eld
variation

al
m

eth
o
d
s

som
etim

es
d
egen

erate.

2
.
B
a
ck

g
ro

u
n
d

C
o
n
sid

er
th

e
p
rob

lem
of

ap
p
rox

im
atin

g
a

p
rob

ab
ility

d
istrib

u
tion

P
(x

)
over

d
iscrete

la
ten

t
va

ria
b
les

x
=
{
x
1 ,...,x

N },x
n
∈
{1
,...,M

n },
w

h
ere

th
e

target
d
istrib

u
tion

is
k
n
ow

n
on

ly
u
p

to
a

n
o
rm

a
lizin

g
con

stan
t
Z

:
P

(x
)

=
f

(x
)/Z

.
W

e
w

ill
refer

to
f

(x
)≥

0
as

th
e

sco
re

of
x

a
n
d
Z

a
s

th
e

pa
rtitio

n
fu

n
ctio

n
.

W
e

fu
rth

er
assu

m
e

th
at
P

(x
)

is
a

M
arkov

n
etw

ork
d
efi

n
ed

o
n

a
g
ra

p
h
G

,
so

th
at
f

(x
)

factorizes
accord

in
g

to:

f
(x

)
=
∏

c

f
c (x

c ),
(1)

w
h
ere

c⊆
{1
,...,N

}
in

d
ex

es
th

e
m

ax
im

al
cliq

u
es

of
G

.

2
.1

Im
p

o
rta

n
c
e

sa
m

p
lin

g
a
n

d
se

q
u

e
n
tia

l
M

o
n
te

C
a
rlo

A
g
en

era
lw

ay
to

ap
p
rox

im
ate

P
(x

)
is

w
ith

a
w

eigh
ted

collection
of
K

p
articles,{

x
1,...,x

K}
:

P
(x

)≈
Q

(x
)

=
K
∑k
=
1

w
kδ[x

,x
k],

(2)

w
h
ere

x
k

=
{x

k1 ,...,x
kN }
,x

kn
∈
{
1
,...,M

n }
an

d
δ[·,·]

=
1

if
its

argu
m

en
ts

are
eq

u
al

an
d

0
o
th

erw
ise.

Im
p

ortan
ce

sam
p
lin

g
is

a
M

on
te

C
arlo

m
eth

o
d

th
at

sto
ch

astically
gen

erates
p
a
rticles

fro
m

a
p
rop

osal
d
istrib

u
tion

,
x
k
∼
φ

(·),
an

d
com

p
u
tes

th
e

w
eigh

t
accord

in
g

to
w
k∝

f
(x
k)/

φ
(x
k).

Im
p

ortan
ce

sam
p
lin

g
h
as

th
e

p
rop

erty
th

at
th

e
p
article

ap
p
rox

im
ation

co
n
verg

es
to

th
e

target
d
istrib

u
tion

as
K
→
∞

(R
ob

ert
an

d
C

asella,
2004).

S
eq

u
en

tial
M

on
te

C
arlo

m
eth

o
d
s

su
ch

as
p
article

fi
lterin

g
(D

ou
cet

et
al.,

2001)
ap

p
ly

im
-

p
o
rta

n
ce

sa
m

p
lin

g
to

sto
ch

astic
d
y
n
am

ical
sy

stem
s

(w
h
ere

n
in

d
ex

es
tim

e)
b
y

seq
u
en

tially
sa

m
p
lin

g
th

e
la

ten
t

variab
les

at
each

tim
e

p
oin

t
u
sin

g
a

p
ro

p
o
sal

d
istrib

u
tion

φ
(x
n |x

n−
1 ).

T
h
is

p
ro

ced
u
re

can
p
ro

d
u
ce

con
d
ition

ally
low

p
rob

ab
ility

p
articles;

th
erefore,

m
ost

algo-
rith

m
s

in
clu

d
e

a
resam

p
lin

g
step

w
h
ich

rep
lica

tes
h
igh

p
rob

ab
ility

p
articles

an
d

k
ills

off
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S
a
e
e
d
i,
K
u
l
k
a
r
n
i,
M
a
n
sin

g
k
h
a
,
a
n
d

G
e
r
sh

m
a
n

low
p
rob

ab
ility

p
articles.

T
h
e

d
ow

n
sid

e
of

resam
p
lin

g
is

th
at

it
can

p
ro

d
u
ce

d
egen

eracy
:

th
e

p
articles

b
ecom

e
con

cen
trated

on
a

sm
all

n
u
m

b
er

o
f

h
y
p

oth
eses,

an
d

con
seq

u
en

tly
th

e
eff

ective
n
u
m

b
er

of
p
articles

is
low

.

2
.2

V
a
ria

tio
n

a
l

In
fe

re
n

c
e

V
ariation

al
m

eth
o
d
s

(W
ain

w
righ

t
an

d
J
ord

an
,

2008
)

d
efi

n
e

a
p
aram

etrized
fam

ily
of

p
rob

-
ab

ility
d
istrib

u
tion

sQ
an

d
th

en
ch

o
ose

Q
∈
Q

th
at

m
ax

im
izes

th
e

n
ega

tive
va

ria
tio

n
a
l

free
en

ergy
:

L
[Q

]
=
∑

x

Q
(x

)
log

f
(x

)

Q
(x

) .
(3)

T
h
e

n
egative

variation
al

free
en

ergy
is

related
to

th
e

p
artition

fu
n
ction

Z
an

d
th

e
K

L
d
ivergen

ce
th

rou
gh

th
e

follow
in

g
id

en
tity

:

log
Z

=
K

L
[Q
||P

]+
L

[Q
],

(4)

w
h
ere

K
L

[Q
||P

]
=
∑

x

Q
(x

)
log

Q
(x

)

P
(x

)
.

(5)

S
in

ce
K

L
[Q
||P

]≥
0,

th
e

n
egative

variation
al

free
en

ergy
is

a
low

er
b

ou
n
d

on
th

e
log

p
artition

fu
n
ction

,
ach

iev
in

g
eq

u
ality

w
h
en

th
e

K
L

d
ivergen

ce
is

m
in

im
ized

to
0.

M
ax

im
izin

g
L

[Q
]

w
ith

resp
ect

to
Q

is
th

u
s

eq
u
ivalen

t
to

m
in

im
izin

g
th

e
K

L
d
ivergen

ce
b

etw
een

Q
an

d
P

.
U

n
like

th
e

M
on

te
C

arlo
m

eth
o
d
s

d
escrib

ed
in

th
e

p
rev

iou
s

section
,

variation
al

m
eth

o
d
s

d
o

n
ot

in
gen

eral
con

verge
to

th
e

ta
rget

d
istrib

u
tion

,
sin

ce
ty

p
ically

P
is

n
ot

in
Q

.
T

h
e

ad
van

tage
of

variation
al

m
eth

o
d
s

is
th

at
th

ey
gu

aran
tee

an
im

p
roved

b
ou

n
d

after
each

iteration
,

an
d

con
v
ergen

ce
is

easy
to

m
on

itor
(u

n
like

m
ost

M
on

te
C

arlo
m

eth
o
d
s).

In
p
ractice,

variation
al

m
eth

o
d
s

are
also

often
m

ore
com

p
u
ta

tion
ally

effi
cien

t.
W

e
n
ex

t
con

sid
er

p
article

ap
p
rox

im
ation

s
from

th
e

p
ersp

ective
of

variation
al

in
feren

ce.
W

e
th

en
tu

rn
to

th
e

ap
p
lication

of
p
article

ap
p
rox

im
ation

s
to

in
feren

ce
in

sto
ch

astic
d
y
-

n
am

ical
sy

stem
s.

3
.
V
a
ria

tio
n
a
l
P
a
rticle

A
p
p
ro
x
im

a
tio

n
s

V
ariation

al
in

feren
ce

can
b

e
con

n
ected

to
M

on
te

C
arlo

m
eth

o
d
s

b
y

v
iew

in
g

th
e

p
articles

as
a

set
of

variation
al

p
aram

eters
p
aram

eterizin
g
Q

.
F

or
th

e
p
article

ap
p
rox

im
ation

d
efi

n
ed

in
E

q
.

2,
th

e
n
egative

variation
al

free
en

ergy
takes

th
e

follow
in

g
form

:

L
[Q

]
=

K
∑k
=
1

w
k

log
f

(x
k)

w
kV

k
,

(6)

w
h
ere

V
k

=
∑

Kj=
1
δ[x

j,x
k]

is
th

e
n
u
m

b
er

of
tim

es
an

id
en

tical
rep

lica
of
x
k

ap
p

ears
in

th
e

p
article

set.
W

e
w

ish
to

fi
n
d

th
e

set
of
K

p
articles

an
d

th
eir

asso
ciated

w
eigh

ts
th

at
m

ax
i-

m
izeL

[Q
],

su
b

ject
to

th
e

con
strain

t
th

at ∑
Kk
=
1
w
k

=
1.

T
h
is

con
strain

t
can

b
e

im
p
lem

en
ted
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V
a
r
ia
t
io
n
a
l
P
a
r
t
ic
l
e
A
p
p
r
o
x
im

a
t
io
n
s

b
y

d
efi

n
in

g
a

n
ew

fu
n
ct

io
n
al

w
it

h
L

ag
ra

n
ge

m
u
lt

ip
li
er
λ

:

L̃[
Q

]
=
L[
Q

]+
λ

(
K ∑ k
=
1

w
k
−

1

)
.

(7
)

T
ak

in
g

th
e

fu
n
ct

io
n
al

d
er

iv
at

iv
e

of
th

e
L

ag
ra

n
gi

an
w

it
h

re
sp

ec
t

to
w
k

an
d

eq
u
at

in
g

to
ze

ro
,

w
e

ob
ta

in
:

∂
L̃[
Q

]

∂
w
k

=
lo

g
f

(x
k
)
−

lo
g
w
k
−

lo
g
V
k

+
λ
−

1
=

0

=
⇒
w
k

=
Z
−
1

Q
f

(x
k
)/
V
k
,

(8
)

w
h
er

e

Z
Q

=
ex

p
(λ
−

1)
−
1

=
K ∑ k
=
1

f
(x
k
)

V
k
.

(9
)

W
e

ca
n

p
lu

g
th

e
ab

ov
e

re
su

lt
b
ac

k
in

to
th

e
d
efi

n
it

io
n

of
L[
Q

]:

L[
Q

]
=
Z
−
1

Q

K ∑ k
=
1

f
(x
k
)

V
k

lo
g

f
(x
k
)V

k

Z
−
1

Q
f

(x
k
)V

k

=
Z
−
1

Q

K ∑ k
=
1

f
(x
k
)

V
k

lo
g
Z
Q

=
lo

g
Z
Q
.

(1
0)

T
h
u
s,
L[
Q

]
is

m
ax

im
iz

ed
b
y

ch
o
os

in
g

th
e
K

va
lu

es
of
x

w
it

h
th

e
h
ig

h
es

t
sc

o
re

.
T

h
e

fo
ll
ow

in
g

th
eo

re
m

sh
ow

s
th

at
al

lo
w

in
g
V
k
>

1
(i

.e
.,

h
av

in
g

re
p
li
ca

p
ar

ti
cl

es
)

ca
n

n
ev

er
im

p
ro

ve
th

e
b

ou
n
d
.

T
h

e
o
re

m
1

L
et
Q

a
n

d
Q
′

d
en

o
te

tw
o

pa
rt

ic
le

a
p
p
ro

xi
m

a
ti

o
n

s,
w

h
er

e
Q

co
n

si
st

s
o
f

u
n

iq
u

e
pa

rt
ic

le
s

(V
k Q

=
1

fo
r

a
ll
k

)
a
n

d
Q
′ i

s
id

en
ti

ca
l

to
Q

ex
ce

p
t

th
a
t

pa
rt

ic
le
x
j Q
′

is
re

p
li

ca
te

d
V
j Q
′

ti
m

es
(d

is
p
la

ci
n

g
V
j Q
′

o
th

er
pa

rt
ic

le
s

w
it

h
cu

m
u

la
ti

ve
sc

o
re
F

).
F

o
r

a
n

y
ch

o
ic

e
o

f
pa

rt
ic

le
s,

L[
Q

]
≥
L[
Q
′ ].

P
ro

o
f

W
e

fi
rs

t
ap

p
ly

J
en

se
n
’s

in
eq

u
al

it
y

to
ob

ta
in

an
u
p
p

er
b

ou
n
d

on
L[
Q
′ ]:

L[
Q
′ ]
≤

lo
g

K ∑ k
=
1

w
k Q
′Z
Q
′

=
lo

g
K ∑ k
=
1

f
(x
k Q
′)

V
k Q
′
.

(1
1)

S
in

ce
L[
Q

]
=

lo
g
Z
Q

,
w

e
w

is
h

to
sh

ow
th

at
Z
Q
≥
∑

K k
=
1

f
(x
k Q
′)

V
k Q
′

.
A

ll
th

e
p
ar

ti
cl

es
in
Q

an
d
Q
′

ar
e

id
en

ti
ca

l
ex

ce
p
t

fo
r

th
e
V
j Q
′

p
ar

ti
cl

es
in
Q

th
at

w
er

e
d
is

p
la

ce
d

b
y

re
p
li
ca

s
of
x
j Q
′

in
Q
′ ;

th
u
s

w
e

on
ly

n
ee

d
to

es
ta

b
li
sh

th
at
f

(x
j Q
′)

+
F
≥

V
j Q
′f

(x
j Q
′)

V
j Q
′

=
f

(x
j Q
′)

,
w

h
er

e
th

e
le

ft
h
an

d

si
d
e

of
th

e
in

eq
u
al

it
y

is
th

e
ch

an
ge

in
n
eg

at
iv

e
va

ri
at

io
n
al

fr
ee

en
er

gy
af

te
r

th
e

re
p
li
ca

ti
on

5
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8(

69
):

1-
29

, 2
01

7

S
a
e
e
d
i,
K
u
l
k
a
r
n
i,
M
a
n
si
n
g
k
h
a
,
a
n
d

G
e
r
sh

m
a
n

of
p
ar

ti
cl

es
.

S
in

ce
th

e
sc

or
e
f

(x
)

ca
n

n
ev

er
b

e
n
eg

at
iv

e,
th

e
cu

m
u
la

ti
ve

sc
o
re
F

ca
n

a
ls

o
n
ev

er
b

e
n
eg

at
iv

e
(F
≥

0)
an

d
th

e
in

eq
u
al

it
y

h
ol

d
s

fo
r

an
y

ch
oi

ce
of

p
ar

ti
cl

es
.

T
h
e

va
ri

at
io

n
al

b
ou

n
d

ca
n

b
e

op
ti

m
iz

ed
b
y

co
or

d
in

a
te

as
ce

n
t,

as
sp

ec
ifi

ed
in

A
lg

o
ri

th
m

1,
w

h
ic

h
w

e
re

fe
r

to
as

d
is

cr
et

e
pa

rt
ic

le
va

ri
a
ti

o
n

a
l

in
fe

re
n

ce
(D

P
V

I)
.

T
h
is

a
lg

o
ri

th
m

ta
ke

s
ad

va
n
ta

ge
of

th
e

fa
ct

th
at

w
h
en

op
ti

m
iz

in
g

th
e

b
ou

n
d

w
it

h
re

sp
ec

t
to

a
si

n
gl

e
va

ri
a
b
le

,
o
n
ly

p
ot

en
ti

al
s

lo
ca

l
to

th
at

va
ri

ab
le

n
ee

d
to

b
e

co
m

p
u
te

d
.

In
p
ar

ti
cu

la
r,

le
t
x̃
k

b
e

a
re

p
li
ca

o
f
x
k

w
it

h
a

si
n
gl

e-
va

ri
ab

le
m

o
d
ifi

ca
ti

on
,
x̃
k n

=
m

.
W

e
ca

n
co

m
p
u
te

th
e

u
n
n
or

m
al

iz
ed

p
ro

b
a
b
il
it

y
of

th
is

p
ar

ti
cl

e
effi

ci
en

tl
y

u
si

n
g

th
e

fo
ll
ow

in
g

eq
u
at

io
n
:

f
(x̃
k
)

=
f

(x
k
)F

n
(x̃
k
)

F n
(x
k
),

(1
2
)

w
h
er

e
F n

(x
)

=
∏
c:
n
∈c
f c

(x
c
).

T
h
e

va
ri

at
io

n
al

b
ou

n
d

fo
r

th
e

m
o
d
ifi

ed
p
ar

ti
cl

e
ca

n
th

en
b

e
co

m
p
u
te

d
u
si

n
g

E
q
.

10
.

P
ar

ti
cl

es
ca

n
b

e
in

it
ia

li
ze

d
ar

b
it

ra
ri

ly
.

W
h
en

re
p

ea
te

d
ly

it
er

a
te

d
,

D
P

V
I

w
il
l

co
n
ve

rg
e

to
a

lo
ca

l
m

ax
im

u
m

of
th

e
n
eg

at
iv

e
va

ri
at

io
n
al

fr
ee

en
er

g
y.
1

N
o
te

th
a
t

in
p
ri

n
ci

p
le

m
or

e
so

p
h
is

ti
ca

te
d

m
et

h
o
d
s

ca
n

b
e

u
se

d
to

fi
n
d

th
e

to
p
K

m
o
d
es

(e
.g

.,
F

le
ro

va
et

al
.,

20
12

;
Y

an
ov

er
an

d
W

ei
ss

,
20

03
);

h
ow

ev
er

,
w

e
h
av

e
fo

u
n
d

th
at

th
is

co
o
rd

in
a
te

a
sc

en
t

al
go

ri
th

m
is

fa
st

,
ea

sy
to

im
p
le

m
en

t,
an

d
ve

ry
eff

ec
ti

ve
in

p
ra

ct
ic

e
(a

s
ou

r
ex

p
er

im
en

ts
b

el
ow

d
em

on
st

ra
te

).

A
n

im
p

or
ta

n
t

as
p

ec
t

of
th

is
fr

am
ew

or
k

is
th

at
it

m
ai

n
ta

in
s

on
e

of
th

e
sa

m
e

a
sy

m
p
to

ti
c

gu
ar

an
te

es
as

im
p

or
ta

n
ce

sa
m

p
li
n
g:
Q

co
n
ve

rg
es

to
P

a
s
K
→
∞

,
si

n
ce

in
th

is
li
m

it
D

P
V

I
is

eq
u
iv

al
en

t
to

ex
ac

t
in

fe
re

n
ce

.
T

h
u
s,

D
P

V
I

co
m

b
in

es
ad

va
n
ta

ge
s

of
va

ri
at

io
n
a
l

m
et

h
o
d
s

(m
on

ot
on

ic
al

ly
d
ec

re
as

in
g

K
L

d
iv

er
ge

n
ce

b
et

w
ee

n
Q

an
d
P

)
w

it
h

th
e

as
y
m

p
to

ti
c

co
rr

ec
tn

es
s

of
M

on
te

C
ar

lo
m

et
h
o
d
s.

It
is

im
p

or
ta

n
t

to
n
ot

e
th

at
as

y
m

p
to

ti
c

co
rr

ec
tn

es
s

m
ig

h
t

b
e

u
se

le
ss

in
p
ra

ct
ic

e
u
n
le

ss
so

m
et

h
in

g
is

k
n
ow

n
ab

ou
t

th
e

co
n
ve

rg
en

ce
ra

te
.

T
h
is

is
su

e
is

n
ot

u
n
iq

u
e

to
D

P
V

I;
it

al
so

ap
p
li
es

to
M

on
te

C
ar

lo
an

d
va

ri
at

io
n
al

m
et

h
o
d
s.

F
o
r

ce
rt

a
in

M
ar

ko
v

ch
ai

n
M

on
te

C
ar

lo
(M

C
M

C
)

sa
m

p
le

rs
,

it
ca

n
b

e
sh

ow
n

th
a
t

th
e

ch
a
in

co
n
ve

rg
es

to
th

e
p

os
te

ri
or

a
t

a
ge

om
et

ri
c

ra
te

(M
en

ge
rs

en
et

al
.,

19
96

;
M

ey
n

an
d

T
w

ee
d
ie

,
1
9
9
3
).

A
sm

al
l

am
ou

n
t

of
w

or
k

h
as

in
ve

st
ig

at
ed

co
n
ve

rg
en

ce
p
ro

p
er

ti
es

of
va

ri
at

io
n
a
l

m
et

h
o
d
s

fo
r

sp
ec

ifi
c

m
o
d
el

s
(H

al
l

et
al

.,
20

11
;

W
an

g
et

al
.,

20
06

),
b
u
t

in
ge

n
er

al
th

e
is

su
e

o
f

co
n
ve

rg
en

ce
ra

te
fo

r
va

ri
at

io
n
al

m
et

h
o
d
s

is
an

op
en

q
u
es

ti
on

.

T
h
e

as
y
m

p
to

ti
c

co
m

p
le

x
it

y
of

D
P

V
I

in
th

e
se

q
u
en

ti
al

se
tt

in
g

is
O

(S
N
K

)
w

h
er

e
S

is
th

e
m

ax
im

u
m

su
p
p

or
t

si
ze

of
th

e
la

te
n
t

va
ri

ab
le

s.
F

or
th

e
it

er
at

iv
e

u
p

d
at

e
of

th
e

p
a
rt

ic
le

s
th

e
co

m
p
le

x
it

y
is
O

(T
C
S
K

),
w

h
er

e
T

is
th

e
m

ax
im

u
m

n
u
m

b
er

of
it

er
at

io
n
s

u
n
ti

l
co

n
ve

rg
en

ce
an

d
C

is
th

e
m

ax
im

u
m

cl
iq

u
e

si
ze

.
In

ou
r

ex
p

er
im

en
ts

,
w

e
em

p
ir

ic
al

ly
ob

se
rv

ed
th

a
t

w
e

on
ly

n
ee

d
a

sm
al

l
n
u
m

b
er

of
it

er
at

io
n
s

an
d

p
ar

ti
cl

es
in

or
d
er

to
ou

tp
er

fo
rm

o
u
r

b
a
se

li
n
es

.

1
.

N
a
tu

ra
ll

y,
in

it
ia

li
za

ti
o
n

a
ff

ec
ts

p
er

fo
rm

a
n

ce
,

si
n

ce
th

e
o
b

je
ct

iv
e

fu
n

ct
io

n
h

a
s

lo
ca

l
o
p

ti
m

a
.

F
o
r

ex
a
m

p
le

,
if

th
e

p
o
st

er
io

r
is

m
u

lt
im

o
d

a
l

a
n

d
n

o
n

e
o
f

th
e

p
a
rt

ic
le

s
a
re

in
it

ia
li

ze
d

n
ea

r
th

e
d

o
m

in
a
n
t

m
o
d

e,
th

en
th

e
p

a
rt

ic
le

a
p

p
ro

x
im

a
ti

o
n

w
il

l
li

k
el

y
m

is
s

a
si

g
n

ifi
ca

n
t

p
o
rt

io
n

o
f

th
e

p
ro

b
a
b

il
it

y
m

a
ss

.
S

tu
d

y
in

g
th

e
eff

ec
ts

o
f

in
it

ia
li

za
ti

o
n

is
a
n

im
p

o
rt

a
n
t

p
ra

ct
ic

a
l

ch
a
ll

en
g
e

fo
r

th
e

a
p

p
li

ca
ti

o
n

o
f

D
P

V
I.

In
o
u

r
ex

p
er

im
en

ts
,

w
e

re
p

o
rt

av
er

a
g
es

a
cr

o
ss

m
u

lt
ip

le
ra

n
d

o
m

in
it

ia
li

za
ti

o
n

s.
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V
a
r
ia
t
io
n
a
l
P
a
r
t
ic
l
e
A
p
p
r
o
x
im

a
t
io
n
s

A
lg

o
rith

m
1

D
iscrete

p
article

variation
al

in
feren

ce

1
:

/
*
N

is
th

e
n
u
m

b
er

of
laten

t
variab

les
*/

2
:

/
*x

k
is

th
e

set
of

all
laten

t
variab

les
for

th
e
k
th

p
article:

x
k

=
{
x
k1 ,...,x

kN }
*/

3
:

/
*M

n
is

th
e

su
p
p

ort
of

laten
t

variab
le
x
n

*/
4
:

In
p

u
t:

in
itial

p
article

ap
p
rox

im
ation

Q
w

ith
K

p
a
rticles,

toleran
ce
ε

5
:

w
h

ile
|L

[Q
]−
L

[Q
′]|
>
ε

d
o

6
:

fo
r
n

=
1

to
N

d
o

7
:

X
=
∅

8
:

fo
r
k

=
1

to
K

d
o

9
:

C
o
p
y

p
article

k
:
x̃
k←

x
k

1
0
:

fo
r
m

=
1

to
M
n

d
o

1
1
:

M
o
d
ify

p
article:

x̃
kn
←
m

1
2
:

S
core

x̃
k

u
sin

g
E

q
.

12
1
3
:

X
←
X
∪

(x̃
k,f

(x̃
k))

1
4
:

e
n

d
fo

r
1
5
:

e
n

d
fo

r
1
6
:

S
elect

K
u
n
iq

u
e

p
articles

from
X

w
ith

th
e

largest
scores

1
7
:

C
o
n
stru

ct
n
ew

p
article

ap
p
rox

im
ation

Q
′(x

)
=
∑

Kk
=
1
w
kδ[x

,x
k]

1
8
:

C
o
m

p
u
te

variation
al

b
ou

n
d
L

[Q
′]

u
sin

g
E

q
.

10
1
9
:

e
n

d
fo

r
2
0
:

e
n

d
w

h
ile

2
1
:

re
tu

rn
p
a
rticle

ap
p
rox

im
ation

Q
′

4
.
F
ilte

rin
g
a
n
d
S
m
o
o
th

in
g
in

H
id
d
e
n
M

a
rk

o
v
M

o
d
e
ls

W
e

n
ow

d
escrib

e
h
ow

variation
al

p
article

ap
p
rox

im
ation

s
can

b
e

ap
p
lied

to
fi
lterin

g
a
n
d

sm
o
o
th

in
g

in
h
id

d
en

M
ark

ov
m

o
d
els

(H
M

M
s).

C
on

sid
er

a
h
id

d
en

M
arkov

m
o
d
el

w
ith

o
b
serva

tio
n
s
y

=
{
y
1 ,...,y

N }
gen

erated
b
y

th
e

follow
in

g
sto

ch
astic

p
ro

cess:

P
(y
,x
,θ)

=
P

(θ) ∏

n

P
(y
n |x

n
,θ)P

(x
n |x

n−
1 ,θ),

(13)

w
h
ere

θ
is

a
set

of
tran

sition
an

d
em

ission
p
aram

eters.
W

e
are

p
articu

larly
in

terested
in

m
a
rgin

a
lized

H
M

M
s

w
h
ere

th
e

p
aram

eters
are

in
tegra

ted
ou

t:
P

(y
,x

)
=
∫
θ
P

(y
,x
,θ)d

θ.
T

h
is

in
d
u
ces

d
ep

en
d
en

cies
b

etw
een

ob
servatio

n
n

an
d

all
p
rev

io
u
s

ob
servation

s,
m

ak
in

g
in

feren
ce

ch
allen

gin
g.

F
ilterin

g
is

th
e

p
rob

lem
of

com
p
u
tin

g
th

e
p

osterior
over

th
e

laten
t

va
riab

les
at

tim
e
n

g
iven

th
e

h
isto

ry
y
1
:n

.
T

o
con

stru
ct

th
e

variation
al

p
article

ap
p
rox

im
atio

n
of

th
e

fi
lterin

g
d
istrib

u
tio

n
,

w
e

n
eed

to
com

p
u
te

th
e

p
ro

d
u
ct

of
p

oten
tials

for
variab

le
n

:

F
n
(x

)
=
P

(y
n |x

1
:n
,y

1
:n−

1 )P
(x
n |x

1
:n−

1 ).
(14)

R
eca

ll
fro

m
th

e
p
rev

iou
s

section
th

atF
n
(x

)
is

th
e

join
t

p
rob

ab
ility

of
th

e
m

a
x
im

al
cliq

u
es

to
w

h
ich

x
n

b
elon

gs.
W

e
can

th
en

ap
p
ly

th
e

co
ord

in
ate

ascen
t

u
p

d
ate

d
escrib

ed
in

th
e

p
rev

io
u
s

section
.

T
h
is

u
p

d
ate

is
sim

p
lifi

ed
in

th
e

fi
lterin

g
con

tex
t

d
u
e

to
th

e
u
n
d
erly

in
g

M
a
rkov

stru
ctu

re.
S
p

ecifi
cally,

E
q
.

12
is

given
b
y
:

f
(x̃
k)

=
f

(x
k)P

(y
n |x

kn
=
m
,x

k1
:n−

1 ,y
1
:n−

1 )P
(x
kn

=
m
|x
k1
:n−

1 ).
(15)
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S
a
e
e
d
i,
K
u
l
k
a
r
n
i,
M
a
n
sin

g
k
h
a
,
a
n
d

G
e
r
sh

m
a
n

A
t

each
tim

e
step

,
th

e
algorith

m
selects

th
e
K

con
tin

u
ation

s
(n

ew
varia

b
le

assign
m

en
ts

of
th

e
cu

rren
t

p
article

set)
th

at
m

ax
im

ize
th

e
n
egativ

e
variation

al
free

en
ergy.

S
m

o
oth

in
g

is
th

e
p
rob

lem
of

com
p
u
tin

g
th

e
p

osterior
over

th
e

laten
t

variab
les

a
t

tim
e
n

given
d
ata

from
b

oth
th

e
p
ast

an
d

th
e

fu
tu

re,
y
1
:N

.
T

h
e

p
ro

d
u
ct

of
p

oten
tials

is
given

b
y
:

F
n
(x

)
=
P

(y
n |x

1
:n
,y−

n
)P

(x
n |x
−
n
),

(16)

w
h
ere

x
−
n

refers
to

all
th

e
laten

t
variab

les
ex

cep
t
x
n

(an
d

lik
ew

ise
for

y−
n
).

T
h
is

p
oten

tial
can

b
e

p
lu

gged
in

to
th

e
u
p

d
ates

d
escrib

ed
in

th
e

p
rev

iou
s

section
.

T
o

u
n
d
erstan

d
D

P
V

I
ap

p
lied

to
fi
lterin

g
p
rob

lem
s,

it
is

h
elp

fu
l

to
con

tem
p
late

th
ree

p
ossib

le
fates

for
a

p
article

at
tim

e
n

(illu
strated

in
F

igu
re

1):

•
S

e
le

c
tio

n
:

A
sin

gle
con

tin
u
ation

of
p
article

k
h
as

n
on

-zero
w

eigh
t.

T
h
is

ca
n

b
e

seen
as

a
d
eterm

in
istic

version
of

p
article

fi
lterin

g,
w

h
ere

th
e

sam
p
lin

g
op

eration
is

rep
laced

w
ith

a
m

ax
op

eration
.

•
S

p
littin

g
:

M
u
ltip

le
con

tin
u
ation

s
of

p
article

k
h
ave

n
on

-zero
w

eigh
t.

In
th

is
case,

th
e

p
article

is
sp

lit
in

to
m

u
ltip

le
p
articles

at
th

e
n
ex

t
iteration

.

•
D

e
le

tio
n

:
N

o
con

tin
u
ation

s
of

p
article

k
h
ave

n
on

-zero
w

eigh
t.

In
th

is
case,

th
e

p
article

is
d
eleted

from
th

e
p
article

set.

S
im

ilar
to

p
article

fi
lterin

g
w

ith
resam

p
lin

g,
D

P
V

I
d
eletes

an
d

p
rop

agates
p
articles

b
ased

on
th

eir
p
rob

ab
ility.

H
ow

ever,
as

w
e

sh
ow

later,
D

P
V

I
is

ab
le

to
escap

e
som

e
of

th
e

p
rob

lem
s

asso
ciated

w
ith

resam
p
lin

g.

5
.
R
e
la
te
d
W

o
rk

D
P

V
I

is
related

to
sev

eral
oth

er
id

ea
s

in
th

e
statistics

literatu
re:

•
D

P
V

I
is

a
sp

ecial
case

of
a

m
ixtu

re
m

ea
n

-fi
eld

va
ria

tio
n

a
l

a
p
p
ro

xim
a
tio

n
(J

aak
kola

an
d

J
ord

an
,

1998;
L

aw
ren

ce,
2
000):

Q
(x

)
=

K
∑k
=
1

Q
(k

)
N∏n
=
1

Q
(x
n |k

).
(17)

In
D

P
V

I,
Q

(k
)

=
w
k

an
d
Q

(x
n |k

)
=
δ[x

n
,x

kn
].

F
rom

th
e

sim
p
le

restriction
th

at
th

e
com

p
on

en
t

d
istrib

u
tion

s
m

u
st

b
e

d
elta

fu
n
ction

s,
w

e
d
erived

a
n
ew

algorith
m

th
at

is
sim

p
ler

an
d

m
ore

effi
cien

t
th

an
m

ix
tu

re
m

ean
-fi

eld
(w

h
ich

req
u
ires

sep
arate

u
p

d
ates

for
th

e
m

ix
tu

re
w

eigh
ts),

w
h
ile

sacrifi
cin

g
som

e
of

its
ex

p
ressiv

ity.
A

n
oth

er
d
istin

ct
ad

van
tage

of
D

P
V

I
is

th
at

th
e

variation
al

u
p

d
ates

d
o

n
o
t

req
u
ire
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=
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=
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=
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=
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=
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=
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p
arison

of
ap

p
rox

im
a
te

in
feren

ce
sch

em
es.

(A
)

A
p
p
rox

im
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=
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=
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d
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d
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=
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=
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=
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=
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=
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=
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p
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p
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b
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=
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=
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=
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=
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=
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b
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p
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d
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d
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b
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m
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d
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b
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con
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b
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lter

w
ill

th
u
s

su
ff

er
from

d
egen

eracy
for

lo
n
g

seq
u
en

ces.
O

n
th
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p
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con
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is

reason
,

it
is

som
etim

es
su

ggested
th

at
resam

p
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∑
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b
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b
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p
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d
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p
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p
en

sive
tu

n
in

g
of

th
is

th
resh

old
.

In
con

trast,
D

P
V

I
ach

ieves
p

erform
an

ce
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b
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h
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p
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p
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b
le

m
.

In
st

ea
d

of
re

sa
m

p
li
n
g

p
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p
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b
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b
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p
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p
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p
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at
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c
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p
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P
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≥
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p
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p
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d
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p
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d
el

in
te

rm
s

of
a

d
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∈
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d
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b
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p
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∝
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t c
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b
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d
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ra
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w
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d
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p
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p
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b
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p
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∈
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e
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p
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É
co

le
d
’É
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B
A

Y
E

S
IA

N
R

U
L

E
S

E
T

S

quentin
the

database
and

as
the

search
continues,the

bound
becom

es
tighterand

furtherreduces
the

search
space.

T
his

greatly
reduces

com
putationalcom

plexity
and

allow
s

the
problem

to
be

solved
in

practicalsettings.T
he

theoreticalresulttakes
advantage

ofthe
strength

ofthe
B

ayesian
prior.

O
ur

applied
interest

is
to

understand
user

responses
to

personalized
advertisem

ents
that

are
chosen

based
on

user
characteristics,the

advertisem
ent,and

the
context.

Such
system

s
are

called
context-aw

are
recom

m
ender

system
s

(see
surveys

A
dom

avicius
and

Tuzhilin,2005,2008;V
erbert

et
al.,2012;

B
aldauf

et
al.,2007,

and
references

therein).
O

ne
m

ajor
challenge

in
the

design
of

recom
m

ender
system

s,review
ed

in
V

erbertet
al.(2012),is

the
interaction

challenge:
users

typi-
cally

w
ish

to
know

w
hy

certain
recom

m
endations

w
ere

m
ade.

O
ur

w
ork

addresses
precisely

this
challenge:

our
m

odels
provide

rules
in

data
that

describe
conditions

for
a

recom
m

endation
to

be
accepted.

T
he

m
ain

contributions
ofourpaperare

as
follow

s:

•
W

e
propose

a
B

ayesian
approach

for
learning

rule
set(D

N
F)

classifiers.
T

his
approach

in-
corporates

tw
o

im
portantaspects

of
perform

ance,accuracy,and
interpretability,and

balance
betw

een
them

via
user-defined

param
eters.B

ecause
ofthe

foundation
in

B
ayesian

m
ethodol-

ogy,the
priorparam

eters
are

m
eaningful;they

representthe
desired

size
and

shape
ofthe

rule
set.

•
W

e
derive

bounds
on

the
support

of
rules

and
num

ber
of

rules
in

a
M

A
P

solution.
T

hese
bounds

are
usefulin

practice
because

they
safely

(and
drastically)reduce

the
solution

space,
im

proving
com

putational
efficiency.

T
he

bound
on

the
size

of
a

M
A

P
m

odel
guarantees

a
sparse

solution
ifpriorparam

eters
are

chosen
to

favorsm
allersets

ofrules.M
ore

im
portantly,

the
bounds

becom
e

tighteras
the

search
proceeds,reducing

the
search

space
untilthe

search
finishes.

•
T

he
sim

ulation
studies

dem
onstrate

the
efficiency

and
reliability

of
the

search
procedure.

L
osses

in
accuracy

usually
resultfrom

a
m

isspecified
rule

representation,notgenerally
from

problem
s

w
ith

optim
ization.

Separately,using
publicly

available
data

sets,w
e

com
pare

rule
setm

odelsto
interpretable

and
uninterpretable

m
odelsfrom

otherpopularclassification
m

eth-
ods.

O
ur

results
suggest

that
B

R
S

m
odels

can
achieve

com
petitive

perform
ance,

and
are

particularly
usefulw

hen
data

are
generated

from
a

setofunderlying
rules.

•
W

e
study

in-vehicle
m

obile
recom

m
ender

system
s.

Specifically,w
e

used
A

m
azon

M
echan-

icalTurk
to

collectdata
aboutusers

interacting
w

ith
a

m
obile

recom
m

endation
system

.
W

e
used

rule
set

m
odels

to
understand

and
analyze

consum
ers’

behavior
and

predict
their

re-
sponse

to
different

coupons
recom

m
ended

in
different

contexts.
W

e
w

ere
able

to
generate

interpretable
results

thatcan
help

dom
ain

experts
betterunderstand

theircustom
ers.

T
he

rem
ainder

of
our

paper
is

structured
as

follow
s.

In
Section

2,w
e

discuss
related

w
ork.

In
Section

3,w
e

presentB
ayesian

R
ule

Setm
odeling.In

Section
4,w

e
introduce

an
approxim

ate
M

A
P

inference
m

ethod
using

associative
rule

m
ining

and
random

ized
search.W

e
also

presenttheoretical
bounds

on
the

supportand
the

num
berofrules

in
an

optim
alM

A
P

solution.In
Section

5,w
e

show
the

sim
ulation

studies
to

justify
the

inference
m

ethods.
W

e
then

reportexperim
entalresults

using
publicly

available
data,

including
the

in-vehicle
recom

m
endation

system
data

set
w

e
created,

to
show

thatB
R

S
m

odels
are

on-parw
ith

black-box
m

odels
w

hile
understrictsize

restrictions
forthe

purpose
ofbeing

interpretable.
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W
A

N
G

E
T

A
L.

A
shorterversion

ofthis
w

ork
appeared

atthe
InternationalC

onference
on

D
ata

M
ining

(W
ang

etal.,2016).

2.R
elated

W
ork

T
he

m
odels

w
e

are
studying

have
differentnam

es
in

differentfields:“disjunctions
ofconjunctions"

in
m

arketing,“classification
rules"

in
data

m
ining,“disjunctive

norm
alform

s"
(D

N
F)

in
artificial

intelligence,and
“logicalanalysis

of
data"

in
operations

research.
L

earning
logicalm

odels
of

this
form

has
an

extensive
history

in
various

settings.
T

he
L

A
D

techniques
w

ere
firstapplied

to
binary

data
in

(C
ram

a
etal.,1988)and

w
ere

laterextended
to

non-binary
cases

(B
oros

etal.,2000).In
par-

allel,V
aliant(1984)

show
ed

thatD
N

Fs
could

be
learned

in
polynom

ialtim
e

in
the

PA
C

(probably
approxim

ately
correct-non-noisy)setting,and

recentw
ork

has
im

proved
those

bounds
via

polyno-
m

ialthreshold
functions

(K
livans

and
Servedio,2001)and

Fourieranalysis
(Feldm

an,2012).O
ther

w
ork

studies
the

hardness
oflearning

D
N

F
(Feldm

an,2006).N
one

ofthese
theoreticalapproaches

considered
the

practicalaspects
ofbuilding

a
sparse

m
odelw

ith
realistic

noisy
data.

In
the

m
eantim

e,the
data-m

ining
literature

has
developed

approaches
to

building
logicalcon-

junctive
m

odels.
A

ssociative
classification

and
rule

learning
m

ethods
(e.g.,

M
a

et
al.,

1998;
L

i
et

al.,2001;
Y

in
and

H
an,2003;

C
hen

et
al.,2006;

C
heng

et
al.,2007;

M
cC

orm
ick

et
al.,2012;

R
udin

et
al.,2013;

D
ong

et
al.,1999;

M
ichalski,1969;

C
lark

and
N

iblett,1989;
Frank

and
W

it-
ten,1998)

m
ine

for
frequent

rules
in

the
data

and
com

bine
them

in
a

heuristic
w

ay,
w

here
rules

are
ranked

by
an

interestingness
criteria.

Som
e

of
these

m
ethods,

like
C

B
A

,C
PA

R
and

C
M

A
R

(L
ietal.,2001;Y

in
and

H
an,2003;C

hen
etal.,2006;C

heng
etal.,2007)

stillsuffer
from

a
huge

num
ber

of
rules.

Inductive
logic

program
m

ing
(M

uggleton
and

D
e

R
aedt,1994)

is
sim

ilar,in
that

it
m

ines
(potentially

com
plicated)

rules
and

takes
the

sim
ple

union
of

these
rules

as
the

rule
set,

rather
than

optim
izing

the
rule

setdirectly.
T

his
is

a
m

ajor
disadvantage

over
the

type
of

approach
w

e
take

here.A
notherclass

ofapproaches
aim

s
to

constructrule
setm

odels
by

greedily
adding

the
conjunction

thatexplains
the

m
ostof

the
rem

aining
data

(M
alioutov

and
V

arshney,2013;Pollack
etal.,1988;Friedm

an
and

Fisher,1999;G
aines

and
C

om
pton,1995;C

ohen,1995).
T

hus,again,
these

m
ethods

do
notdirectly

aim
to

produce
globally

optim
alconjunctive

m
odels.

T
here

are
few

recenttechniques
thatdo

aim
to

fully
learn

rule
setm

odels.H
auseretal.(2010);

G
oh

and
R

udin
(2014)

applied
integer

program
m

ing
approaches

to
solving

the
full

problem
s

but
w

ould
face

a
com

putational
challenge

for
even

m
oderately

sized
problem

s.
T

here
are

several
branch-and-bound

algorithm
s

thatoptim
ize

differentobjectives
than

ours
(e.g.,W

ebb,1995).
R

i-
jnbeek

and
K

ors
(2010)

proposed
an

efficient
w

ay
to

exhaustively
search

for
short

and
accurate

decision
rules.

T
hatw

ork
is

differentthan
ours

in
thatitdoes

nottake
a

generative
approach,and

their
globalobjective

does
notconsider

m
odelcom

plexity,m
eaning

they
do

nothave
the

sam
e

ad-
vantage

ofreduction
to

a
sm

allerproblem
thatw

e
have.M

ethods
thataim

to
globally

find
decision

lists
or

rule
lists

can
be

used
to

find
optim

alD
N

F
m

odels,as
long

as
itis

possible
to

restrictallof
the

labels
in

the
rule

list(exceptthe
default)

to
the

sam
e

value.
A

rule
listw

here
alllabels

except
the

default
rule

are
the

sam
e

value
is

exactly
a

D
N

F
form

ula.
W

e
are

w
orking

on
extending

the
C

O
R

E
L

S
algorithm

(A
ngelino

etal.,2017)to
handle

D
N

F.
N

ote
thatlogicalm

odels
are

generally
robustto

outliers
and

naturally
handle

m
issing

data,w
ith

no
im

putation
needed

for
m

issing
attribute

values.
T

hese
m

ethods
can

perform
com

parably
w

ith
traditional

convex
optim

ization-based
m

ethods
such

as
support

vector
m

achines
or

lasso
(though

linearm
odels

are
notalw

ays
considered

to
be

interpretable
in

m
any

dom
ains).
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n
m

od
el

,t
he

“s
ha

pe
”

of
a

ru
le

se
t,

w
hi

ch
in

cl
ud

es
th

e
nu

m
be

ro
fr

ul
es

an
d

le
ng

th
s

of
ru

le
s,

is
de

ci
de

d
by

dr
aw

in
g

fr
om

Po
is

so
n

di
st

ri
bu

tio
ns

pa
ra

m
et

er
iz

ed
w

ith
us

er
-d

efi
ne

d
va

lu
es

.T
he

n
th

e
ge

ne
ra

tiv
e

pr
oc

es
s

fil
ls

it
in

w
ith

co
nd

iti
on

s
by

fir
st

ra
nd

om
ly

se
le

ct
in

g
at

tr
ib

ut
es

an
d

th
en

ra
nd

om
ly

se
le

ct
in

g
va

lu
es

co
rr

es
po

nd
in

g
to

ea
ch

at
tr

ib
ut

e.
W

e
pr

es
en

tt
he

tw
o

pr
io

rm
od

el
s

in
de

ta
il.

3.
1.

1
B

E
TA

-B
IN

O
M

IA
L

P
R

IO
R

R
ul

es
ar

e
dr

aw
n

ra
nd

om
ly

fr
om

a
se

tA
.

A
ss

um
in

g
th

e
in

te
rp

re
ta

bi
lit

y
of

a
ru

le
is

as
so

ci
at

ed
w

ith
th

e
le

ng
th

of
a

ru
le

(t
he

nu
m

be
r

of
co

nd
iti

on
s

in
a

ru
le

),
th

e
ru

le
sp

ac
e
A

is
di

vi
de

d
in

to
L

po
ol

s
in

de
xe

d
by

th
e

le
ng

th
s,
L

be
in

g
th

e
m

ax
im

um
le

ng
th

th
e

us
er

al
lo

w
s.

A
=
∪L l

=
1
A
l.

(1
)

T
he

n,
ru

le
s

ar
e

dr
aw

n
in

de
pe

nd
en

tly
in

ea
ch

po
ol

,a
nd

w
e

as
su

m
e

in
A
l

ea
ch

ru
le

ha
s

pr
ob

ab
ili

ty
p
l

to
be

dr
aw

n,
w

hi
ch

w
e

pl
ac

e
a

be
ta

pr
io

ro
n.

Fo
rl
∈
{1
,.
..
,L
},

Se
le

ct
a

ru
le

fr
om
A
l
∼

B
er

no
ul

li(
p
l)

(2
)

p
l
∼

B
et

a(
α
l,
β
l)
.

(3
)

In
re

al
ity

,
it

is
no

t
pr

ac
tic

al
to

en
um

er
at

e
al

l
po

ss
ib

le
ru

le
s

w
ith

in
A
l

w
he

n
`

is
ev

en
m

od
er

at
el

y
la

rg
e.

H
ow

ev
er

,
si

nc
e

w
e

ai
m

fo
r

in
tu

iti
ve

m
od

el
s,

w
e

kn
ow

th
at

th
e

op
tim

al
M

A
P

m
od

el
w

ill
co

ns
is

t
of

a
sm

al
l

nu
m

be
r

of
ru

le
s,

ea
ch

of
w

hi
ch

ha
s

su
ffi

ci
en

tly
la

rg
e

su
pp

or
t

in
th

e
da

ta
(t

hi
s
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B
A

Y
E

S
IA

N
R

U
L

E
S

E
T

S

is
form

alized
later

w
ithin

proofs).
O

ur
approxim

ate
inference

technique
thus

finds
and

uses
high

supportrules
to

use
w

ithinA
l .T

his
effectively

m
akes

the
beta-binom

ialm
odelnon-param

etric.
L

et
M
l notate

the
num

ber
of

rules
draw

n
from

A
l ,
l∈
{1,...,L}.

A
B

R
S

m
odel

A
consists

of
rules

selected
from

each
pool.T

hen

p
(A

;{
α
l ,β

l }
l )

=
L
∏l=

1 ∫
p
M
l

l
(1−

p
l )

(|A
l |−

M
l )d
p
l

=
L
∏l=

1

B
(M

l
+
α
l ,|A

l |−
M
l
+
β
l )

B
(α

l ,β
l )

,
(4)

w
here

B
(·)representsa

B
eta

function.Param
eters{α

l ,β
l }
l govern

the
priorprobability

ofselecting
a

rule
set.

To
favor

sm
aller

m
odels,w

e
w

ould
choose

α
l ,β

l such
that

α
l

α
l +
β
l

is
close

to
0.

In
our

experim
ents,w

e
set

α
l

=
1

forall
l.

3.1.2
P

O
IS

S
O

N
P

R
IO

R

W
e

introduce
a

data
independentpriorforthe

B
R

S
m

odel.
L

et
M

denote
the

totalnum
berofrules

in
A

and
L
m

denote
the

lengths
ofrules

for
m
∈
{1,...M

}.Foreach
rule,the

length
needs

to
be

at
least1

and
atm

ostthe
num

ber
of

allattributes
J

.
A

ccording
to

the
m

odel,w
e

firstdraw
M

from
a

Poisson
distribution.

W
e

then
draw

L
m

from
truncated

Poisson
distributions

(w
hich

only
allow

num
bersfrom

1
to
J

),to
decide

the
“shape”

ofa
rule

set.T
hen,since

w
e

know
the

rule
sizes,w

e
can

now
fillin

the
rules

w
ith

conditions.To
generate

a
condition,w

e
firstrandom

ly
selectthe

attributes
then

random
ly

selectvalues
corresponding

to
each

attribute.
L

et
v
m
,k

representthe
attribute

index
for

the
k-th

condition
in

the
m

-th
rule,

v
m
,k
∈
{1
,...J}.

K
v
m
,k

is
the

totalnum
ber

of
values

for
attribute

v
m
,k .N

ote
thata

“value”
here

refers
to

a
category

fora
categoricalattribute,oran

interval
fora

discretized
continuous

variable.To
sum

m
arize,a

rule
setis

constructed
as

follow
s:

1:
D

raw
the

num
berofrules:

M
∼

Poisson(λ
)

2:
for

m
∈
{1,...M

}
do

3:
D

raw
the

num
berofconditions

in
m

-th
rule:

L
m
∼

Truncated-Poisson(η
),L

m
∈
{1,...J}

4:
R

andom
ly

select
L
m

attributes
from

J
attributes

w
ithoutreplacem

ent
5:

for
k
∈
{1,...L

m }
do

6:
U

niform
ly

atrandom
selecta

value
from

K
v
m
,k

values
corresponding

to
attribute

v
m
,k

7:
end

for
8:

end
for

W
e

define
the

norm
alization

constant
ω

(λ
,η

),so
the

probability
ofgenerating

a
rule

set
A

is

p
(A

;λ
,η

)
=

1

ω
(λ
,η

) Poisson(M
;λ

)
M∏m
=

1 Poisson(L
m

;η
)

1
(
JL
m )

L
m
∏k
=

1

1

K
v
m
,k

.
(5)

3.2
L

ikelihood

L
etA

(x
n
)

denote
the

classification
outcom

e
for

x
n ,and

lety
n

denote
the

observed
outcom

e.R
ecall

that
A

(x
n
)

=
1

if
x
n

obeys
any

of
the

rules
a
∈
A

.
W

e
introduce

likelihood
param

eter
ρ

+
to

rep-
resentthe

priorprobability
that

y
n

=
1

w
hen

A
(x
n
)

=
1,and

ρ−
to

representthe
priorprobability

7
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W
A

N
G

E
T

A
L.

that
y
n

=
0

w
hen

A
(x
n
)

=
0.T

hus:

y
n |x

n
,A
∼
{

B
ernoulli(ρ

+
)

A
(x
n
)

=
1

B
ernoulli(1−

ρ−
)

A
(x
n
)

=
0
,

w
ith

ρ
+

and
ρ−

draw
n

from
beta

priors:

ρ
+
∼

B
eta(α

+
,β

+
)

and
ρ−
∼

B
eta(α

−
,β−

).
(6)

B
ased

on
the

classification
outcom

es,
the

training
data

are
divided

into
four

cases:
true

pos-
itives

(T
P

=
∑

n
A

(x
n
)y
n ),

false
positives

(FP
=
∑

n
A

(x
n
)(1
−
y
n
)),

true
negatives

(T
N

=
∑

n
(1−

A
(x
n
))

(1−
y
n
))and

false
negatives

(FN
=
∑

n
(1−

A
(x
n
))
y
n ).T

hen,itcan
be

derived
that

p
(S|A

;α
+
,β

+
,α
−
,β−

)
=

∫
ρ

T
P

+
(1−

ρ
+

) FPρ
T

N
−

(1−
ρ−

) FN
d
ρ

+
d
ρ−

=
B

(T
P

+
α

+
,FP

+
β

+
)

B
(α

+
,β

+
)

B
(T

N
+
α
−
,FN

+
β−

)

B
(α
−
,β−

)
.

(7)

A
ccording

to
(6),

α
+
,β

+
,α
−
,β−

govern
the

probability
that

a
prediction

is
correct

on
training

data,w
hich

determ
ines

the
likelihood.To

ensure
the

m
odelachieves

the
m

axim
um

likelihood
w

hen
all

data
points

are
classified

correctly,w
e

need
ρ

+
≥

1
−
ρ

+
and

ρ−
≥

1
−
ρ−

.
So

w
e

choose
α

+
,β

+
,α
−
,β−

such
that

α
+

α
+

+
β
+
>

0
.5

and
α
−

α
−

+
β
−
>

0
.5.Param

etertuning
forthe

priorparam
e-

ters
w

illbe
show

n
in

experim
ents

section.L
et
H

denote
a

setofparam
eters

fora
data

S
,

H
=
{
α

+
,β

+
,α
−
,β−

,θ
prior }

,

w
here

θ
prior depends

on
the

priorm
odel,ourgoalis

to
find

an
optim

alrule
set

A
∗

that

A
∗∈

arg
m

ax
A

p
(A|S

;H
).

(8)

Solving
fora

M
A

P
m

odelis
equivalentto

m
axim

izing

F
(A
,S

;H
)

=
log

p
(A

;H
)

+
log

p
(S|A

;H
),

(9)

w
here

eitherofthe
tw

o
priors

provided
above

can
be

used
forthe

firstterm
,and

the
likelihood

is
in

(7).W
e

w
rite

the
objective

as
F

(A
),the

priorprobability
ofselecting

A
as
p
(A

),and
the

likelihood
as
p
(S|A

),om
itting

dependence
on

param
eters

w
hen

appropriate.

4.A
pproxim

ate
M

A
P

Inference

In
this

section,w
e

describe
a

procedure
for

approxim
ately

solving
for

the
m

axim
um

a
posteriori

(M
A

P)solution
to

a
B

R
S

m
odel.

Inference
in

R
ule

Setm
odeling

is
challenging

because
itinvolves

a
search

over
exponentially

m
any

possible
sets

of
rules:

since
each

rule
is

a
conjunction

of
conditions,

the
num

ber
of

rules
increases

exponentially
w

ith
the

num
ber

of
conditions,

and
the

num
ber

of
sets

of
rules

increases
exponentially

w
ith

the
num

ber
of

rules.
T

his
is

the
reason

learning
a

rule
set

has
alw

ays
been

a
difficultproblem

in
theory.
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A

Y
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S
IA

N
R
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E
S

E
T

S

In
fe

re
nc

e
be

co
m

es
ea

si
er

,
ho

w
ev

er
,

fo
r

ou
r

B
R

S
m

od
el

,
du

e
to

th
e

co
m

pu
ta

tio
na

l
be

ne
fit

s
br

ou
gh

tb
y

th
e

B
ay

es
ia

n
pr

io
r,

w
hi

ch
ca

n
ef

fe
ct

iv
el

y
re

du
ce

th
e

or
ig

in
al

pr
ob

le
m

to
a

m
uc

h
m

or
e

m
an

ag
ea

bl
e

si
ze

an
d

si
gn

ifi
ca

nt
ly

im
pr

ov
e

co
m

pu
ta

tio
na

le
ffi

ci
en

cy
.

B
el

ow
,w

e
de

ta
il

ho
w

to
ex

-
pl

oi
tt

he
B

ay
es

ia
n

pr
io

rt
o

de
riv

e
us

ef
ul

bo
un

ds
du

ri
ng

an
y

se
ar

ch
pr

oc
es

s.
H

er
e

w
e

us
e

a
st

oc
ha

st
ic

co
or

di
na

te
de

sc
en

t
se

ar
ch

te
ch

ni
qu

e,
bu

t
th

e
bo

un
ds

ho
ld

re
ga

rd
le

ss
of

w
ha

t
se

ar
ch

te
ch

ni
qu

e
is

us
ed

.

4.
1

Se
ar

ch
Pr

oc
ed

ur
e

G
iv

en
an

ob
je

ct
iv

e
fu

nc
tio

n
F

(A
)

ov
er

di
sc

re
te

se
ar

ch
sp

ac
e

of
di

ff
er

en
ts

et
s

of
ru

le
s

an
d

a
te

m
-

pe
ra

tu
re

sc
he

du
le

fu
nc

tio
n

ov
er

tim
e

st
ep

s,
T

[t
]

=
T

1
−

t
N

ite
r

0
,a

si
m

ul
at

ed
an

ne
al

in
g

(H
w

an
g,

19
88

)
pr

oc
ed

ur
e

is
a

di
sc

re
te

tim
e,

di
sc

re
te

st
at

e
M

ar
ko

v
C

ha
in

w
he

re
at

st
ep
t,

gi
ve

n
th

e
cu

rr
en

ts
ta

te
A

[t
] ,

th
e

ne
xt

st
at

e
A

[t
+

1
]

is
ch

os
en

by
fir

st
ra

nd
om

ly
se

le
ct

in
g

a
pr

op
os

al
fr

om
th

e
ne

ig
hb

or
s,

an
d

th
e

pr
op

os
al

is
ac

ce
pt

ed
w

ith
pr

ob
ab

ili
ty

m
in
{ 1,

ex
p
( F

(A
[t
+
1
] )
−
F

(A
[t
] )

T
[t
]

)}
,i

n
or

de
rt

o
fin

d
an

op
tim

al
ru

le
se

tA
∗ .

O
ur

ve
rs

io
n

of
si

m
ul

at
ed

an
ne

al
in

g
is

si
m

ila
r

al
so

to
th

e
ε-

gr
ee

dy
al

go
ri

th
m

us
ed

in
m

ul
ti-

ar
m

ed
ba

nd
its

(S
ut

to
n

an
d

B
ar

to
,1

99
8)

.
Si

m
ila

r
to

th
e

G
ib

bs
sa

m
pl

in
g

st
ep

s
us

ed
by

L
et

ha
m

et
al

.(
20

15
);

W
an

g
an

d
R

ud
in

(2
01

5)
fo

r
ru

le
-l

is
tm

od
el

s,
he

re
a

“n
ei

gh
bo

ri
ng

”
so

lu
tio

n
is

a
ru

le
se

tw
ho

se
ed

it
di

st
an

ce
is

1
to

th
e

cu
rr

en
t

ru
le

se
t(

on
e

of
th

e
ru

le
s

is
di

ff
er

en
t)

.
O

ur
si

m
ul

at
ed

an
ne

al
in

g
al

go
ri

th
m

pr
op

os
es

a
ne

w
so

lu
tio

n
vi

a
tw

o
st

ep
s:

ch
oo

si
ng

an
ac

tio
n

fr
om

A
D

D
,C

U
T

an
d

R
E

PL
A

C
E

,a
nd

th
en

ch
oo

si
ng

a
ru

le
to

pe
rf

or
m

th
e

ac
tio

n
on

.
In

th
e

fir
st

st
ep

,
th

e
se

le
ct

io
n

of
w

hi
ch

ru
le

s
to

A
D

D
,C

U
T

or
R

E
PL

A
C

E
is

no
t

ch
os

en
un

i-
fo

rm
ly

.I
ns

te
ad

,t
he

si
m

ul
at

ed
an

ne
al

in
g

pr
op

os
es

a
ne

ig
hb

or
in

g
so

lu
tio

n
th

at
ai

m
s

to
do

be
tte

rt
ha

n
th

e
cu

rr
en

t
m

od
el

w
ith

re
sp

ec
t

to
a

ra
nd

om
ly

ch
os

en
m

is
cl

as
si

fie
d

po
in

t.
A

t
ite

ra
tio

n
t

+
1

,
an

ex
am

pl
e
k

is
dr

aw
n

fr
om

da
ta

po
in

ts
m

is
cl

as
si

fie
d

by
th

e
cu

rr
en

tm
od

el
A

[t
] .

L
et
R

1
(x
k
)

re
pr

es
en

t
a

se
to

f
ru

le
s

th
at

x
k

sa
tis

fie
s,

an
d

le
tR

0
(x
k
)

re
pr

es
en

ta
se

to
f

ru
le

s
th

at
x
k

do
es

no
ts

at
is

fy
.

If
ex

am
pl

e
k

is
po

si
tiv

e,
it

m
ea

ns
th

e
cu

rr
en

tr
ul

e
se

tf
ai

ls
to

co
ve

ri
ts

o
w

e
pr

op
os

e
a

ne
w

m
od

el
th

at
co

ve
rs

ex
am

pl
e
k

,b
y

ei
th

er
ad

di
ng

a
ne

w
ru

le
fr

om
R

1
(x
k
)

to
A

[t
] ,

or
re

pl
ac

in
g

a
ru

le
fr

om
A

[t
]

w
ith

a
ru

le
fr

om
R

1
(x
k
).

T
he

tw
o

ac
tio

ns
ar

e
ch

os
en

w
ith

eq
ua

lp
ro

ba
bi

lit
ie

s.
Si

m
ila

rl
y,

if
ex

am
pl

e
k

is
ne

ga
tiv

e,
it

m
ea

ns
th

e
cu

rr
en

tr
ul

e
se

tc
ov

er
s

w
ro

ng
da

ta
,a

nd
w

e
th

en
fin

d
a

ne
ig

hb
or

in
g

ru
le

se
tt

ha
tc

ov
er

s
le

ss
,b

y
re

m
ov

in
g

or
re

pl
ac

in
g

a
ru

le
fr

om
A

[t
]
∩
R

0
(x
k
),

ea
ch

w
ith

pr
ob

ab
ili

ty
0.

5.
In

th
e

se
co

nd
st

ep
,a

ru
le

is
ch

os
en

to
pe

rf
or

m
th

e
ac

tio
n

on
.T

o
ch

oo
se

th
e

be
st

ru
le

,w
e

ev
al

ua
te

th
e

pr
ec

is
io

n
of

te
nt

at
iv

e
m

od
el

s
ob

ta
in

ed
by

pe
rf

or
m

in
g

th
e

se
le

ct
ed

ac
tio

n
on

ea
ch

ca
nd

id
at

e
ru

le
.

T
hi

s
pr

ec
is

io
n

is
:

Q
(A

)
=

∑
i
A

(x
i)
y i

∑
i
A

(x
i)
.

T
he

n
a

ch
oi

ce
is

m
ad

e
be

tw
ee

n
ex

pl
or

at
io

n,
w

hi
ch

m
ea

ns
ch

oo
si

ng
a

ra
nd

om
ru

le
(f

ro
m

th
e

on
es

th
at

im
pr

ov
e

on
th

e
ne

w
po

in
t)

,
an

d
ex

pl
oi

ta
tio

n,
w

hi
ch

m
ea

ns
ch

oo
si

ng
th

e
be

st
ru

le
(t

he
on

e
w

ith
th

e
hi

gh
es

tp
re

ci
si

on
).

W
e

de
no

te
th

e
pr

ob
ab

ili
ty

of
ex

pl
or

at
io

n
as
p

in
ou

r
se

ar
ch

al
go

ri
th

m
.

T
hi

s
ra

nd
om

ne
ss

he
lp

s
to

av
oi

d
lo

ca
lm

in
im

a
an

d
he

lp
s

th
e

M
ar

ko
v

C
ha

in
to

co
nv

er
ge

to
a

gl
ob

al
m

in
im

um
.W

e
de

ta
il

th
e

th
re

e
ac

tio
ns

be
lo

w
.

•
A

D
D 1.

Se
le

ct
a

ru
le
z

ac
co

rd
in

g
to

x
k
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.

–
W

ith
pr

ob
ab

ili
ty
p

,d
ra

w
z

ra
nd

om
ly

fr
om
R

1
(x
k
).

(E
xp

lo
re

)
–

W
ith

pr
ob

ab
ili

ty
1
−
p

,z
=

ar
g

m
ax

a
∈R

1
(x
k
)
Q

(A
[t

]
∪
a
).

(E
xp

lo
it)

2.
T

he
n
A

[t
+

1
]
←
A

[t
]
∪
z

.

•
C

U
T 1.

Se
le

ct
a

ru
le
z

ac
co

rd
in

g
to

x
k

–
W

ith
pr

ob
ab

ili
ty
p

,d
ra

w
z

ra
nd

om
ly

fr
om

A
[t

]
∩
R

0
(x
k
).

(E
xp

lo
re

)
–

W
ith

pr
ob

ab
ili

ty
1
−
p

,z
=

a
rg

m
ax

a
∈A

[t
] ∩
R

0
(x
k
)Q

(A
[t

] \a
).

(E
xp

lo
it)

2.
T

he
n
A

[t
+

1
]
←
A

[t
] \z

.

•
R

E
PL

A
C

E
:fi

rs
tC

U
T,

th
en

A
D

D
.

To
su

m
m

ar
iz

e:
th

e
pr

op
os

al
st

ra
te

gy
us

es
an
ε-

gr
ee

dy
st

ra
te

gy
to

de
te

rm
in

e
w

he
n

to
ex

pl
or

e
an

d
w

he
n

to
ex

pl
oi

t,
an

d
w

he
n

it
ex

pl
oi

ts
,t

he
al

go
ri

th
m

us
es

a
ra

nd
om

iz
ed

co
or

di
na

te
de

sc
en

ta
pp

ro
ac

h
by

ch
oo

si
ng

a
ru

le
to

m
ax

im
iz

e
im

pr
ov

em
en

t.

4.
2

It
er

at
iv

el
y

re
du

ci
ng

ru
le

sp
ac

e

A
no

th
er

ap
pr

oa
ch

to
re

du
ci

ng
co

m
pu

ta
tio

n
is

to
di

re
ct

ly
re

du
ce

th
e

se
to

f
ru

le
s.

T
hi

s
dr

am
at

ic
al

ly
re

du
ce

s
th

e
se

ar
ch

sp
ac

e,
w

hi
ch

is
th

e
po

w
er

se
t

of
th

e
se

t
of

ru
le

s.
W

e
ta

ke
ad

va
nt

ag
e

of
th

e
B

ay
es

ia
n

pr
io

ra
nd

de
riv

e
a

de
te

rm
in

is
tic

bo
un

d
on

M
A

P
B

R
S

m
od

el
s

th
at

ex
cl

ud
e

ru
le

s
th

at
fa

il
to

sa
tis

fy
th

e
bo

un
d.

Si
nc

e
th

e
B

ay
es

ia
n

pr
io

ri
s

co
ns

tr
uc

te
d

to
pe

na
liz

e
la

rg
e

m
od

el
s,

a
B

R
S

m
od

el
te

nd
s

to
co

nt
ai

n
a

sm
al

ln
um

be
r

of
ru

le
s.

A
s

a
sm

al
ln

um
be

r
of

ru
le

s
m

us
tc

ov
er

th
e

po
si

tiv
e

cl
as

s,
ea

ch
ru

le
in

th
e

M
A

P
m

od
el

m
us

tc
ov

er
en

ou
gh

ob
se

rv
at

io
ns

.
W

e
de

fin
e

th
e

nu
m

be
r

of
ob

se
rv

at
io

ns
th

at
sa

tis
fy

a
ru

le
as

th
e

su
pp

or
to

ft
he

ru
le

:

su
pp

(a
)

=
N ∑ n
=

1

1
(a

(x
n
)

=
1)
.

(1
0)

R
em

ov
in

g
a

ru
le

w
ill

yi
el

d
a

si
m

pl
er

m
od

el
(a

nd
a

sm
al

le
rp

ri
or

)b
ut

m
ay

lo
w

er
th

e
lik

el
ih

oo
d.

H
ow

ev
er

,w
e

ca
n

pr
ov

e
th

at
th

e
lo

ss
in

lik
el

ih
oo

d
is

bo
un

de
d

as
a

fu
nc

tio
n

of
th

e
su

pp
or

t.
Fo

ra
ru

le
se

tA
an

d
a

ru
le
z
∈
A

,w
e

us
e
A
\z

to
re

pr
es

en
ta

se
tt

ha
tc

on
ta

in
s

al
lr

ul
es

fr
om

A
ex

ce
pt
z

,i
.e

.,

A
\z

=
{a
|a
∈
A
,a
6=
z
}.

D
efi

ne

Υ
=

β
−

(N
+

+
α

+
+
β

+
−

1)

(N
−

+
α
−

+
β
−

)(
N

+
+
α

+
−

1)
.

T
he

n
th

e
fo

llo
w

in
g

ho
ld

s:

L
em

m
a

1
p
(S
|A

)
≥

(Υ
)su

pp
(z

) p
(S
|A
\z

).
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A
llproofs

in
this

paperare
in

A
ppendix

A
.T

his
lem

m
a

show
s

thatif
Υ
≤

1,rem
oving

a
rule

w
ith

high
supportlow

ers
the

likelihood.
W

e
w

ish
to

derive
low

er
bounds

on
the

support
of

rules
in

a
M

A
P

m
odel.

T
his

w
ill

allow
us

to
rem

ove
(low

-support)
rules

from
the

search
space

w
ithout

any
loss

in
posterior.

T
his

w
ill

sim
ultaneously

yield
an

upper
bound

on
the

m
axim

um
num

ber
of

rules
in

a
M

A
P

m
odel.

T
he

bounds
w

illbe
updated

as
the

search
proceeds.

R
ecallthat

A
[τ

]denotes
the

rule
setattim

e
τ,and

let
v

[t]denote
the

bestsolution
found

until
iteration

t,i.e.,
v

[t]
=

m
ax

τ≤
t
F

(A
[τ

]).

W
e

firstlook
atB

R
S-B

etaB
inom

ialm
odels.

In
a

B
R

S-B
etaB

inom
ialm

odel,rules
are

selected
based

on
their

lengths,
so

there
are

separate
bounds

for
rules

of
different

lengths,
and

w
e

notate
the

upperbounds
ofthe

num
berofrules

atstep
t

as{m
[t]
l }

l=
1
,...,L ,w

here
m

[t]
l

represents
the

upper
bound

forthe
num

berofrules
oflength

l.
W

e
then

introduce
som

e
notationsthatw

illbe
used

in
the

theorem
s.L

etL
∗

denote
the

m
axim

um
likelihood

ofdata
S

,w
hich

is
achieved

w
hen

alldata
are

classified
correctly

(this
holds

w
hen

α
+
>

β
+

and
α
−
>
β−

),i.e.T
P

=
N

+
,FP

=
0,T

N
=
N
−

,and
FN

=
0,giving:

L
∗

:=
m

ax
A

p
(S|A

)
=
B

(N
+

+
α

+
,β

+
)

B
(α

+
,β

+
)

B
(N
−

+
α
−
,β−

)

B
(α
−
,β−

)
.

(11)

Fora
B

R
S-B

etaB
inom

ialm
odel,the

follow
ing

is
true.

T
heorem

1
Take

a
B

R
S-B

etaB
inom

ialm
odelw

ith
param

eters

H
=
{L
,α

+
,β

+
,α
−
,β−

,{A
l ,α

l ,β
l }
l=

1
,..L }

,

w
here

L
,α

+
,β

+
,α
−
,β−

,{
α
l ,β

l }
l=

1
,...L
∈

N
+

,
α

+
>
β

+
,α
−
>
β−

and
α
l
<
β
l .

D
efine

A
∗
∈

a
rg

m
a
x
A
F

(A
)

and
M
∗

=
|A
∗|.If

Υ
≤

1,w
e

have:∀
a
∈
A
∗,supp(a

)≥
C

[t]and

C
[t]

=



log
m

ax
l

(
|A
l |−

m
[t−

1
]

l
+
β
l

m
[t−

1
]

l
−

1
+
α
l

)

log
Υ


,

(12)

w
here

m
[t]
l

=


logL

∗
+

log
p
(∅

)−
v

[t]

log
|A
l |+

β
l −

1

α
l +
m

[t−
1
]

l
−

1


,

and
m

[0
]

l
=
⌊

lo
gL
∗−

lo
g
p
(S|∅

)

lo
g
|A
l |+

β
l −

1

α
l +
|A
l |−

1

⌋
and

v
[0

]
=
F

(∅).The
size

of
A
∗

is
upper

bounded
by

M
∗≤

L
∑l=

1

m
[t]
l
.
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In
the

equation
for

m
[t]
l

,
p
(∅

)
is

the
prior

of
an

em
pty

set,w
hich

is
also

the
m

axim
um

prior
for

a
rule

set
m

odel,
w

hich
occurs

w
hen

w
e

set
α
l

=
1

for
all

l.
Since

L
∗

and
p
(∅)

upper
bound

the
likelihood

and
prior,respectively,

logL
∗

+
log

p
(∅

)
upperbounds

the
optim

alobjective
value.T

he
difference

betw
een

this
value

and
v

[t],the
num

erator,represents
the

room
for

im
provem

ent
from

the
current

solution
v

[t].
T

he
sm

aller
the

difference,
the

sm
aller

the
m

[t]
l

,
and

thus
the

larger
the

m
inim

um
supportbound.

In
the

extrem
e

case,w
hen

an
em

pty
setis

the
optim

alsolution,i.e.,the
likelihood

and
the

prior
achieve

the
upper

bound
L
∗

and
p
(∅

)
at

the
sam

e
tim

e,
and

the
optim

al
solution

is
discovered

at
tim

e
t,

then
the

num
erator

becom
es

zero
and

m
[t]
l

=
0

w
hich

precisely
refers

to
an

em
pty

set.A
dditionally,param

eters
α
l and

β
l jointly

govern
the

probability
ofselecting

rules
of

length
l,according

to
form

ula
(3).

W
hen

α
l is

setto
be

sm
alland

β
l is

setto
be

large,
p
l

is
sm

allsince
E

(p
l )

=
α
l

α
l +
β
l .T

herefore
the

resulting
m

[t]
l

is
sm

all,guaranteeing
thatthe

algorithm
w

illchoose
a

sm
allernum

berofrules
overall.

Specifically,atstep
0

w
hen

there
is

no
m

[t−
1
]

l
,w

e
set

m
[t−

1
]

l
=
|A

l |,yielding

m
[0

]
l

=


logL

∗−
log

p
(S|∅)

log
|A
l |+

β
l −

1
α
l +
|A
l |−

1


,

(13)

w
hich

is
the

upperbound
w

e
obtain

before
w

e
startlearning

for
A
∗.

T
his

bound
uses

an
em

pty
set

as
a

com
parison

m
odel,w

hich
is

a
reasonable

benchm
ark

since
the

B
ayesian

prior
favors

sm
aller

m
odels.

(Itis
possible,for

instance,thatthe
em

pty
m

odelis
actually

close
to

optim
al,depending

on
the

prior.)
A

s
log

p
(S|∅)

increases,
m

[0
]

l
becom

es
sm

aller,w
hich

m
eans

the
m

odel’s
m

axim
um

possible
size

is
sm

aller.
Intuitively,if

an
em

pty
setalready

achieves
high

likelihood,adding
rules

w
illoften

hurtthe
priorterm

and
achieve

little
gain

on
the

likelihood.
U

sing
this

upper
bound,

w
e

get
a

m
inim

um
support

w
hich

can
be

used
to

reduce
the

search
space

before
sim

ulated
annealing

begins.
A

s
m

[t]decreases,the
m

inim
um

supportincreases
since

the
rules

need
to

jointly
coverpositive

exam
ples.A

lso,iffew
errules

are
needed

itm
eans

each
rule

needs
to

coverm
ore

exam
ples.

Sim
ilarly,forB

R
S-Poisson

m
odels,w

e
have:

T
heorem

2
Take

a
B

R
S-Poisson

m
odelw

ith
param

eters

H
=
{L
,α

+
,β

+
,α
−
,β−

,λ
,η}

,

w
here

L
,α

+
,β

+
,α
−
,β−

∈
N

+
,
α

+
>
β

+
,α
−
>
β−

.
D

efine
A
∗
∈

arg
m

ax
A
F

(A
)

and
M
∗

=
|A
∗|.If

Υ
≤

1,w
e

have:∀
a
∈
A
∗,supp(a

)≥
C

[t]and

C
[t]

=

⌈
log

x
M

[t]

log
Υ

⌉
,

(14)

w
here

x
=
e −

ηλ
m

ax {(
η2 )

Γ
(J

+
1), (

η2 )
J }

Γ
(J

+
1)

,

and

M
[t]

=


log

(λ
+

1
)
λ

Γ
(λ

+
1
)

log
λ

+
1

x

+
logL

∗
+

log
p
(∅)−

v
[t]

log
λ

+
1

x


.
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Th
e

si
ze

of
A
∗

is
up

pe
r

bo
un

de
d

by
M
∗
≤
M

[t
] .

Si
m

ila
r

to
T

he
or

em
1,

lo
g
L∗

+
lo

g
p
(∅

)
up

pe
r

bo
un

ds
th

e
op

tim
al

ob
je

ct
iv

e
va

lu
e

an
d

lo
g
L∗

+
lo

g
p
(∅

)
−
v

[t
]

is
an

up
pe

r
bo

un
d

on
th

e
ro

om
fo

r
im

pr
ov

em
en

tf
ro

m
th

e
cu

rr
en

ts
ol

ut
io

n
v

[t
] .

T
he

sm
al

le
rt

he
bo

un
ds

be
co

m
es

,t
he

la
rg

er
is

th
e

m
in

im
um

su
pp

or
t,

th
us

re
du

ci
ng

th
e

ru
le

sp
ac

e
ite

ra
-

tiv
el

y
w

he
ne

ve
ra

ne
w

m
ax

im
um

so
lu

tio
n

is
di

sc
ov

er
ed

.
T

he
al

go
ri

th
m

,w
hi

ch
ap

pl
ie

s
th

e
bo

un
ds

ab
ov

e,
is

gi
ve

n
as

A
lg

or
ith

m
1.

A
lg

or
ith

m
1

In
fe

re
nc

e
al

go
ri

th
m

.

pr
oc

ed
ur

e
S

IM
U

L
A

T
E

D
A

N
N

E
A

L
IN

G
(N

ite
r)

A
←

FP
-G

ro
w

th
(S

)
A

[0
]
←

a
ra

nd
om

ly
ge

ne
ra

te
d

ru
le

se
t

A
m

ax
←
A

[0
]

fo
r
t

=
0
→
N

ite
r

do
A
←
{a
∈
A
,s

up
p(
a
)
≥
C

[t
] }

(C
[t

]
is

fr
om

(1
2)

or
(1

4)
,d

ep
en

di
ng

on
th

e
m

od
el

ch
oi

ce
)

S
ε
←

m
is

cl
as

si
fie

d
ex

am
pl

es
by
A

[t
]

(F
in

d
m

is
cl

as
si

fie
d

ex
am

pl
es

)
(x
k
,y
k
)
←

a
ra

nd
om

ex
am

pl
e

dr
aw

n
fr

om
S
ε

if
y k

=
1

th
en

ac
tio

n
←
{

A
D

D
,w

ith
pr

ob
ab

ili
ty

0
.5

R
E

PL
A

C
E

,w
ith

pr
ob

ab
ili

ty
0.

5
el

se

ac
tio

n
←
{

C
U

T,
w

ith
pr

ob
ab

ili
ty

0
.5

R
E

PL
A

C
E

,w
ith

pr
ob

ab
ili

ty
0.

5

A
[t

+
1
]
←

ac
tio

n(
A
,A

[t
] ,
x
k
)

A
m

ax
←

ar
g

m
ax

(F
(A

m
ax

),
F

(A
[t

+
1
] )

)
(C

he
ck

fo
ri

m
pr

ov
ed

op
tim

al
so

lu
tio

n)
α

=
m

in
{ 1
,e

x
p
( F

(A
[t
+
1
] )
−
F

(A
[t
] )

T
[t
]

)}
(P

ro
ba

bi
lit

y
of

an
an

ne
al

in
g

m
ov

e)

A
[t

+
1
]
←
{
A

[t
+

1
] ,

w
ith

pr
ob

ab
ili

ty
α

A
[t

] ,
w

ith
pr

ob
ab

ili
ty

1
−
α

en
d

fo
r

re
tu

rn
A

m
ax

en
d

pr
oc

ed
ur

e

4.
3

R
ul

e
M

in
in

g

W
e

m
in

e
a

se
to

f
ca

nd
id

at
e

ru
le

s
A

be
fo

re
ru

nn
in

g
th

e
se

ar
ch

al
go

ri
th

m
an

d
on

ly
se

ar
ch

w
ith

in
A

to
cr

ea
te

an
ap

pr
ox

im
at

e
bu

tm
or

e
co

m
pu

ta
tio

na
lly

ef
fic

ie
nt

in
fe

re
nc

e
al

go
ri

th
m

.F
or

ca
te

go
ri

ca
la

t-
tr

ib
ut

es
,w

e
co

ns
id

er
bo

th
po

si
tiv

e
as

so
ci

at
io

ns
(e

.g
.,
x
j
=‘

bl
ue

’)
an

d
ne

ga
tiv

e
as

so
ci

at
io

ns
(x
j
=‘

no
t

gr
ee

n’
)

as
co

nd
iti

on
s.

(T
he

im
po

rt
an

ce
of

ne
ga

tiv
e

co
nd

iti
on

s
is

st
re

ss
ed

,
fo

r
in

st
an

ce
,

by
B

ri
n

et
al

.,
19

97
;W

u
et

al
.,

20
02

;T
en

g
et

al
.,

20
02

).
Fo

r
nu

m
er

ic
al

at
tr

ib
ut

es
,w

e
cr

ea
te

a
se

to
f

bi
na

ry
va

ri
ab

le
s

fo
r

ea
ch

nu
m

er
ic

al
at

tr
ib

ut
e,

by
co

m
pa

ri
ng

it
w

ith
a

se
to

f
th

re
sh

ol
ds

(u
su

al
ly

qu
an

til
es

),
an

d
ad

d
th

ei
rn

eg
at

io
ns

as
se

pa
ra

te
at

tr
ib

ut
es

.F
or

ex
am

pl
e,

w
e

di
sc

re
tiz

e
ag

e
w

ith
th

re
e

th
re

sh
ol

ds
,

cr
ea

tin
g

si
x

bi
na

ry
va

ri
ab

le
s

in
to

ta
l,

i.e
.,

ag
e≥

25
,a

ge
≥

50
,a

ge
≥

75
an

d
th

e
ne

ga
tio

ns
fo

r
ea

ch
of

13
JM

L
R

 1
8(

70
):

1-
37

, 2
01

7

W
A

N
G

E
T

A
L

.

th
em

,i
.e

.,
ag

e<
25

,a
ge
<

50
an

d
ag

e<
75

.W
e

th
en

m
in

e
fo

rf
re

qu
en

tr
ul

es
w

ith
in

th
e

se
to

fp
os

iti
ve

ob
se

rv
at

io
ns
S

+
.T

o
do

th
is

,w
e

us
e

th
e

FP
-g

ro
w

th
al

go
ri

th
m

(B
or

ge
lt,

20
05

),
w

hi
ch

ca
n

in
pr

ac
tic

e
be

re
pl

ac
ed

w
ith

an
y

de
si

re
d

fr
eq

ue
nt

ru
le

-m
in

in
g

m
et

ho
d.

So
m

et
im

es
fo

rl
ar

ge
da

ta
se

ts
w

ith
m

an
y

fe
at

ur
es

,e
ve

n
w

he
n

w
e

re
st

ri
ct

th
e

le
ng

th
of

ru
le

s
an

d
th

e
m

in
im

um
su

pp
or

t,
th

e
nu

m
be

r
of

ge
ne

ra
te

d
ru

le
s

co
ul

d
st

ill
be

to
o

la
rg

e
to

ha
nd

le
,

as
it

ca
n

be
ex

po
ne

nt
ia

l
in

th
e

nu
m

be
r

of
at

tr
ib

ut
es

.
Fo

r
ex

am
pl

e,
fo

r
on

e
of

th
e

ad
ve

rt
is

em
en

t
da

ta
se

ts
,

a
m

ill
io

n
ru

le
s

ar
e

ge
ne

ra
te

d
w

he
n

th
e

m
in

im
um

su
pp

or
ti

s
5%

an
d

th
e

m
ax

im
um

le
ng

th
is

3.
In

th
at

ca
se

,w
e

us
e

a
se

co
nd

cr
ite

ri
on

to
sc

re
en

fo
rt

he
m

os
tp

ot
en

tia
lly

us
ef

ul
M

0
ru

le
s,

w
he

re
M

0
is

us
er

-d
efi

ne
d

an
d

de
pe

nd
s

on
th

e
us

er
’s

co
m

pu
ta

tio
na

lc
ap

ac
ity

.W
e

fir
st

fil
te

ro
ut

ru
le

s
on

th
e

lo
w

er
ri

gh
tp

la
ne

of
R

O
C

sp
ac

e,
i.e

.,
th

ei
rf

al
se

po
si

tiv
e

ra
te

is
gr

ea
te

rt
ha

n
tr

ue
po

si
tiv

e
ra

te
.T

he
n

w
e

us
e

in
fo

rm
at

io
n

ga
in

to
sc

re
en

ru
le

s,
si

m
ila

rl
y

to
ot

he
r

w
or

ks
(C

he
n

et
al

.,
20

06
;C

he
ng

et
al

.,
20

07
).

Fo
ra

ru
le
a

,t
he

in
fo

rm
at

io
n

ga
in

is

In
fo

G
ai

n(
S
|a

)
=
H

(S
)
−
H

(S
|a

),
(1

5)

w
he

re
H

(S
)

is
th

e
en

tr
op

y
of

th
e

da
ta

an
d
H

(S
|a

)
is

th
e

co
nd

iti
on

al
en

tr
op

y
of

da
ta

th
at

sp
lit

on
ru

le
a

.G
iv

en
a

da
ta

se
tS

,e
nt

ro
py
H

(S
)

is
co

ns
ta

nt
;t

he
re

fo
re

ou
rs

cr
ee

ni
ng

te
ch

ni
qu

e
ch

oo
se

s
th

e
M

0
ru

le
s

th
at

ha
ve

th
e

sm
al

le
st
H

(S
|a

).

Fi
gu

re
2:

A
ll

ru
le

s
an

d
se

le
ct

ed
ru

le
s

on
a

R
O

C
pl

an
e

W
e

ill
us

tr
at

e
th

e
ef

fe
ct

of
sc

re
en

in
g

on
on

e
of

ou
r

m
ob

ile
ad

ve
rt

is
em

en
td

at
a

se
ts

.
W

e
m

in
ed

al
lr

ul
es

w
ith

m
in

im
um

su
pp

or
t5

%
an

d
m

ax
im

um
le

ng
th

3.
Fo

r
ea

ch
ru

le
,w

e
co

m
pu

te
d

its
tr

ue
po

si
tiv

e
ra

te
an

d
fa

ls
e

po
si

tiv
e

ra
te

on
th

e
tr

ai
ni

ng
da

ta
an

d
pl

ot
te

d
it

as
a

do
ti

n
Fi

gu
re

2.
T

he
to

p
50

00
ru

le
s

w
ith

hi
gh

es
ti

nf
or

m
at

io
n

ga
in

s
ar

e
co

lo
re

d
in

re
d,

an
d

th
e

re
st

ar
e

in
bl

ue
.

A
s

sh
ow

n
in

th
e

fig
ur

e,
in

fo
rm

at
io

n
ga

in
in

de
ed

se
le

ct
ed

go
od

ru
le

s
as

th
ey

ar
e

cl
os

er
to

th
e

up
pe

r
le

ft
co

rn
er

in
R

O
C

sp
ac

e.
Fo

r
m

an
y

ap
pl

ic
at

io
ns

,t
hi

s
sc

re
en

in
g

te
ch

ni
qu

e
is

no
tn

ee
de

d,
an

d
w

e
ca

n
si

m
pl

y
us

e
th

e
en

tir
e

se
to

f
pr

e-
m

in
ed

ru
le

s
th

at
ha

ve
su

pp
or

ta
bo

ve
th

e
re

qu
ir

ed
th

re
sh

ol
d

fo
r

th
e

op
tim

al
so

lu
tio

n
pr

ov
id

ed
in

th
e

th
eo
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m

s
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5.Sim
ulation

Studies

W
e

presentsim
ulation

studies
to

show
the

interpretability
and

accuracy
of

our
m

odeland
the

effi-
ciency

of
the

sim
ulated

annealing
procedure.

W
e

firstdem
onstrate

the
efficiency

of
the

sim
ulated

annealing
algorithm

by
searching

w
ithin

candidate
rules

fora
“true

rule
set"

thatgenerates
the

data.
Sim

ulations
show

that
our

algorithm
can

recover
the

true
rule

set
w

ith
high

probability
w

ithin
a

sm
allnum

ber
of

iterations
despite

the
large

search
space.

W
e

then
designed

the
second

setof
sim

-
ulations

to
study

the
trade-off

betw
een

accuracy
and

sim
plicity.

B
R

S
m

odels
m

ay
lose

accuracy
to

gain
m

odel
sim

plicity
w

hen
the

num
ber

of
attributes

is
large.

C
om

bining
the

tw
o

sim
ulations

studies,
w

e
w

ere
able

to
hypothesize

that
possible

losses
in

accuracy
are

often
due

to
the

choice
of

m
odelrepresentation

as
a

rule
set,rather

than
sim

ulated
annealing.

In
this

section,w
e

choose
the

B
R

S-B
etaB

inom
ialm

odelforthe
experim

ents.B
R

S-Poisson
results

w
ould

be
sim

ilar;the
only

difference
is

the
choice

ofprior.

5.1
Sim

ulation
Study

1:E
fficiency

ofSim
ulated

A
nnealing

In
the

firstsim
ulation

study,w
e

w
ould

like
to

testif
sim

ulated
annealing

is
able

to
recover

a
true

rule
setgiven

thatthese
rules

are
in

a
candidate

rule
set,and

w
e

w
ould

like
to

know
how

efficiently
sim

ulated
annealing

finds
them

.
T

hus
w

e
om

it
the

step
of

rule
m

ining
for

this
experim

ent
and

directly
w

ork
w

ith
generated

candidate
rules,w

hich
w

e
know

in
this

case
contains

a
true

rule
set.

L
etthere

be
N

observations,{
x
n }

n
=

1
,...,N

and
a

collection
ofM

candidate
rules,{

a
m }

m
=

1
,...M

.
W

e
can

constructan
N
×
M

binary
m

atrix
w

here
the

entry
in

the
n-th

row
and

m
-th

colum
n

is
the

B
oolean

function
a
m

(x
n
)

thatrepresents
w

hether
the

n-th
observation

satisfies
the

m
-th

rule.
L

et
the

true
rule

setbe
a

subsetof
the

candidate
rules,

A
∗
⊂
{a

m }
m

=
1
,...M

.
T

he
labels{

y
n }

n
=

1
,...N

satisfy

y
n

=

{
1
∃
a
∈
A
∗,a

(x
n
)

=
1

0
otherw

ise.
(16)

W
e

ran
experim

ents
w

ith
varying

N
and

M
.

E
ach

tim
e,w

e
firstgenerated

an
N
×
M

binary
m

atrix
by

setting
the

entries
to

1
w

ith
probability

0.035,and
then

selected
20

colum
ns

to
form

A
∗.

(V
alues

0.035
and

20
are

chosen
so

thatthe
positive

class
contains

roughly
50%

ofthe
observations.

W
e

also
ensured

thatthe
20

rules
do

notinclude
each

other.)
T

hen{y
n }

n
=

1
,...N

w
ere

generated
as

above.W
e

random
ly

assigned
lengths

from
1

to
5

to{
a
m }

m
=

1
,...M

.Finally,w
e

ran
A

lgorithm
1

on
the

data
set.T

he
priorparam

eters
w

ere
setas

below
forallsim

ulations:

α
l

=
1,β

l
=
|A

l |for
l

=
1,...,3,

α
+

=
α
−

=
1000,β

+
=
β−

=
1.

For
each

pair
of
N

and
M

,w
e

repeated
the

experim
ent

100
tim

es
and

recorded
interm

ediate
outputm

odels
atdifferentiterations.

Since
m

ultiple
differentrule

sets
can

cover
the

sam
e

points,
w

e
com

pared
labels

generated
from

the
true

rule
setand

the
recovered

rule
set:

a
labelis

1
if

the
instance

satisfies
the

rule
setand

0
otherw

ise.
W

e
recorded

the
training

errorforeach
interm

ediate
outputm

odel.
T

he
m

ean
and

standard
deviation

of
training

error
rate

are
plotFigure

3,along
w

ith
run

tim
e

to
convergence

in
seconds

on
the

rightfigure.
C

om
paring

the
three

sets
ofexperim

ents,w
e

notice
thatdifferentsizes

ofthe
binary

m
atrix

led
to

differing
convergence

tim
es

due
to

differentcom
putation

costof
handling

the
m

atrices,yetthe
three

errorrate
curves

in
Figure

3
alm

ostcom
pletely

overlap.N
eitherthe

size
ofthe

data
set

N
nor
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Figure
3:C

onvergence
ofm

ean
errorrate

w
ith

num
berofiterations

fordata
w

ith
varying

N
and

M
and

running
tim

e
(in

seconds),obtained
by

the
B

R
S-B

etaB
inom

ial.

the
size

ofthe
rule

space
M

affected
the

search.T
his

is
because

the
strategy

based
on

curiosity
and

bounds
chose

the
bestsolution

efficiently,regardless
ofthe

size
ofdata

orthe
rule

space.

M
ore

im
portantly,this

study
show

s
that

sim
ulated

annealing
is

able
to

recover
a

true
rule

set
A
∗,oran

equivalentrule
setw

ith
optim

alperform
ance,w

ith
high

probability,w
ith

few
iterations.

5.2
Sim

ulation
Study

2:A
ccuracy-Interpretability

Trade-off

W
e

observe
from

the
firstsim

ulation
study

thatsim
ulated

annealing
does

nottend
to

cause
losses

in
accuracy.In

the
second

sim
ulation

study,w
e

w
ould

like
to

identify
w

hetherthe
rule

representation
causes

losses
in

accuracy.In
this

study,w
e

used
the

rule
m

ining
step

and
directly

w
orked

w
ith

data
{
x
n }

n
=

1
,...,N

.W
ithoutloss

ofgenerality,w
e

assum
e
x
n
∈
{0
,1}

J.

In
each

experim
ent,w

e
first

constructed
an
N
×
J

binary
m

atrix
{
x
n }

n
=

1
,...N

by
setting

the
entries

to
1

w
ith

probability
0.5,then

random
ly

generated
20

rules
from

{
x
n }

n
=

1
,...,N

to
form

A
∗

and
finally

generated
labels{

y
n }

n
=

1
,...,N

follow
ing

form
ula

(16).
W

e
checked

the
balance

of
the

data
before

pursuing
the

experim
ent.

T
he

data
set

w
as

used
only

if
the

positive
class

w
as

w
ithin

[30%
,70%

]ofthe
totaldata,and

otherw
ise

regenerated.

To
constrain

com
putationalcom

plexity,w
e

setthe
m

axim
um

length
of

rules
to

be
7

and
then

selected
the

top
5000

rules
w

ith
highestinform

ation
gain.T

hen
w

e
perform

ed
A

lgorithm
1

on
these

candidate
rules

to
generate

a
B

R
S

m
odel

Ã
.

Ideally,
Ã

should
be

sim
pler

than
A
∗,w

ith
a

possible
loss

in
its

accuracy
as

a
trade-off.

To
study

the
influence

of
the

dim
ensions

of
data

on
accuracy

and
sim

plicity,w
e

varied
N

and
J

and
repeated

each
experim

ent100
tim

es.
Figure

4
show

s
the

accuracy
and

num
ber

of
rules

in
Ã

in
each

experim
ent.

T
he

num
ber

of
rules

in
Ã

w
as

alm
ostalw

ays
less

than
the

num
ber

of
rules

in
A
∗

(w
hich

w
as

20).
O

n
average,

Ã
contained

12
rules,w

hich
w

as
60%

of
the

size
of
A
∗,slightly

com
prom

ising
accuracy.B

R
S

needed
to

com
prom

ise
m

ore
w

hen
J

w
aslarge

since
itbecam

e
harder

to
m

aintain
the

sam
e

levelofsim
plicity.
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Fi
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4:

A
cc

ur
ac

y
an

d
co

m
pl

ex
ity

of
ou

tp
ut

B
R

S
m

od
el

s
fo

rd
at

a
w

ith
va

ry
in

g
N

an
d
J

,o
bt

ai
ne

d
fr

om
th

e
B

R
S-

B
et

aB
in

om
ia

l.

W
e

sh
ow

in
Fi

gu
re

5
th

e
av

er
ag

e
tr

ai
ni

ng
er

ro
ra

td
iff

er
en

ti
te

ra
tio

ns
to

ill
us

tr
at

e
th

e
co

nv
er

ge
nc

e
ra

te
.S

im
ul

at
ed

an
ne

al
in

g
to

ok
le

ss
th

an
50

ite
ra

tio
ns

to
co

nv
er

ge
.N

ot
e

th
at

it
to

ok
fe

w
er

ite
ra

tio
ns

th
an

si
m

ul
at

io
n

st
ud

y
1

si
nc

e
th

e
er

ro
rr

at
e

cu
rv

e
st

ar
te
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ib

ut
es

;f
ou

r
of
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at
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ra
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Table
2:R

untim
e

(in
seconds)ofeach

com
paring

algorithm
(m

ean±
std)on

ten
U

C
Idata

sets.

B
R

S1
B

R
S2

L
asso

C
4.5

C
A

R
T

R
IPPE

R
R

andom
SV

M
Forest

connect-4
288.1±

22.2
279.1±

20.9
0.9±

0.0
30.4±

0.6
20.5±

0.4
—

—
—

-
746.6±

14.9
1427.8±

35.1
m

ushroom
8.8±
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0.1±
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0.0

1.0±
0.0

0.0±
0.0

0.1±
0.0

0.1±
0.0

0.3±
0.0

1.3±
.0.0

0.2±
0.0

chess
44.8±
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0.1±

0.0
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0.3±
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18.0
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m
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0.0

indian-diabetes
0.6±

0.1
0.6±

0.1
0.0±

0.0
0.1±

0.0
0.1±

0.0
0.2±

0.0
0.7±

0.0
0.2±

0.0
adult

50.2±
6.2

47.1±
6.2

0.4±
0.0

9.8±
0.3

10.7±
0.4

66.0±
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344.4±
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174.6±
4.7

bank-m
arketing
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50.8±
2.7

0.4±
0.0
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heart
0.5±
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0.1
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0.0
0.1±

0.0
0.0±

0.0
0.2±

0.1
0.3±

0.0
0.0±

0.0

and
the

rank
of

their
average

perform
ance.

Table
2

displays
the

runtim
e.

B
R

S1
represents

B
R

S-
B

etaB
inom

ialand
B

R
S2

represents
B

R
S-Poisson.

W
hile

B
R

S
m

odels
w

ere
under

strictrestriction
for

interpretability
purposes

(L
=

3),B
R

S’s
perform

ance
surpassed

thatof
the

other
interpretable

m
ethods

and
w

as
on

par
w

ith
uninterpretable

m
odels.

T
his

is
because,firstly,B

R
S

has
B

ayesian
priors

that
favor

rules
w

ith
a

large
support

(T
heorem

1,
2)

w
hich

naturally
avoids

overfitting
of

the
data;and

secondly,B
R

S
optim

izes
a

globalobjective
w

hile
decision

trees
and

R
IPPE

R
rely

on
local

greedy
splitting

and
pruning

m
ethods,

and
interpretable

versions
of

L
asso

are
linear

in
the

base
features.

D
ecision

trees
and

R
IPPE

R
are

localoptim
ization

m
ethods

and
tend

notto
have

the
sam

e
level

of
perform

ance
as

globally
optim

al
algorithm

s,such
as

SV
M

,R
andom

Forests,B
R

S,
etc.

T
he

class
ofrule

setm
odels

and
decision

tree
m

odels
are

the
sam

e:
both

create
regions

w
ithin

inputspace
consisting

of
a

conjunction
of

conditions.
T

he
difference

is
the

choice
of

optim
ization

m
ethod:globalvs.local.

Forthe
tic-tac-toe

data
set,the

positive
class

can
be

classified
using

exactly
eightrules.B

R
S

has
the

capability
to

exactly
learn

these
conditions,w

hereas
the

greedy
splitting

and
pruning

m
ethods

thatare
pervasive

throughoutthe
data

m
ining

literature
(e.g.,C

A
R

T,C
4.5)and

convexified
approx-

im
ate

m
ethods

(e.g.,SV
M

)
have

difficulty
w

ith
this.

B
oth

linear
m

odels
and

tree
m

odels
existthat

achieve
perfectaccuracy,butthe

heuristic
splitting/pruning

and
convexification

of
the

m
ethods

w
e

com
pared

w
ith

prevented
these

perfectsolutions
from

being
found.

B
R

S
achieves

accuracies
com

petitive
to

uninterpretable
m

odels
w

hile
requiring

a
m

uch
shorter

runtim
e,w

hich
grow

s
slow

ly
w

ith
the

size
of

the
data,unlike

R
andom

forestand
SV

M
.T

his
indi-

cates
thatB

R
S

can
reliably

produce
a

good
m

odelw
ithin

a
reasonable

tim
e

forlarge
data

sets.

6.1.1
P

A
R

A
M

E
T

E
R

T
U

N
IN

G

A
M

A
P

solution
m

axim
izes

the
sum

of
logs

of
prior

and
likelihood.

T
he

scale
of

the
prior

and
likelihood

directly
determ

ines
how

the
m

odel
trades

off
betw

een
fitting

the
data

and
achieving

the
desired

sparsity
level.

A
gain,w

e
choose

the
B

R
S-B

etaB
inom

ial
for

this
dem

onstration.
T

he
B

ayesian
m

odeluses
param

eters{α
l ,β

l }
Ll=

1
to

govern
the

prior
for

selecting
rules

and
param

eters
α

+
,β

+
,α
−
,β−

to
govern

the
likelihood

ofdata.W
e

study
how

sensitive
the

results
are

to
different
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W
A

N
G

E
T

A
L.

param
eters

and
how

to
tune

the
param

eters
to

getthe
bestperform

ing
m

odel.
W

e
choose

one
data

setfrom
each

category
from

Table
1.

W
e

fixed
the

prior
param

eters
α
l

=
1
,β
l

=
|A

l |
for

l
=

1
,..,L

,
and

only
varied

likelihood
param

eters
α

+
,β

+
,α
−
,β−

to
analyze

how
the

perform
ance

changes
as

the
m

agnitude
and

ratio
of

the
param

eters
change.

To
sim

plify
the

study,
w

e
took

α
+

=
α
−

=
α

,
and

β
+

=
β−

=
β

.
W

e
let

s
=
α

+
β

and
s

w
as

chosen
from

{
100,1000,10000}.

W
e

let
ρ

=
α

α
+
β

and
ρ

varied
w

ithin
[0,1].

H
ere,

s
and

ρ
uniquely

define
α

and
β

.
W

e
constructed

m
odels

for
different

s
and

ρ
and

plotted
the

average
out-of-sam

ple
accuracy

as
s

and
ρ

changed
in

Figure
6

for
three

data
sets

representative
of

categorical,num
ericaland

m
ixed

data
types.

T
he

X
axis

represents
ρ

and
Y

axis
represents

s.
A

ccuracies
increase

as
ρ

increases,w
hich

is
consistentw

ith
the

intuition
of
ρ

+
and

ρ−
.T

he
highestaccuracy

is
alw

ays
achieved

atthe
righthalfofthe

curve.T
he

perform
ance

is
less

sensitive
to

the
m

agnitude
s

and
ratio

ρ,especially
w

hen
ρ
>

0
.5.

For
tic-tac-toe

and
diabetes,the

accuracy
becam

e
flatonce

ρ
becom

es
greaterthan

a
certain

threshold,and
the

perform
ance

w
as

not
sensitive

to
ρ

eitherafterthatpoint;itis
im

portantas
itm

akes
tuning

the
algorithm

easy
in

practice.
G

enerally,taking
ρ

close
to

1
leads

to
a

satisfactory
output.Table

1
and

2
w

ere
generated

by
m

odels
w

ith
ρ

=
0.9

and
s

=
1000.

Figure
6:Param

etertuning
experim

ents.A
ccuracy

vs.
ρ

foralldata
sets.X

axis
represents

ρ
and

Y
axis

represents
accuracy.

6.1.2
D

E
M

O
N

S
T

R
A

T
IO

N
W

IT
H

T
IC-T

A
C-T

O
E

D
A

TA

L
etus

illustrate
the

reduction
in

com
putation

thatcom
es

from
the

bounds
in

the
theorem

s
in

Section
4.

For
this

dem
onstration,w

e
chose

the
tic-tac-toe

data
setsince

the
data

can
be

classified
exactly

by
eightrules

w
hich

are
naturally

an
underlying

true
rule

set,and
our

m
ethod

recovered
the

rules
successfully,as

show
n

in
Table

1.W
e

use
B

R
S-B

etaB
inom

ialforthis
dem

onstration.
First,w

e
used

FP-G
row

th
(B

orgelt,2005)
to

generate
rules.

A
tthis

step,w
e

find
allpossible

rules
w

ith
length

betw
een

1
to

9
(the

data
has

9
attributes)and

has
m

inim
um

supportof1
(the

rule’s
item

setm
ustappear

atleastonce
intthe

data
set).

FP-grow
th

generates
a

totalof
84429

rules.
W

e
then

setthe
hyper-param

eters
as:

α
l

=
1,β

l
=
|A

l |for
l

=
1,...,9

,

α
+

=
N

+
+

1
,β

+
=
N

+
,α
−

=
N
−

+
1
,β−

=
N
−
.

W
e

ran
A

lgorithm
1

on
this

data
set.

W
e

kept
a

list
of

the
best

solutions
v

[t]found
until

tim
e
t

and
updated

m
[t−

1
]

l
and

the
m

inim
um

supportw
ith

the
new

v
[t]according

to
T

heorem
1.

W
e

show
in

Figure
7

the
m

inim
um

supportatdifferentiterations
w

henever
a

better
v

[t]is
obtained.

W
ithin
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e
picked

m
odels

on
their

R
O

C
frontiers

and
reported

theirperform
ance

below
.

Perform
ance

in
accuracy

To
com

pare
theirpredictive

perform
ance,w

e
m

easured
out-of-sam

ple
A

U
C

(the
A

rea
U

nder
T

he
R

O
C

C
urve)

from
5-fold

testing
for

all
m

ethods,reported
in

Table
3.

T
he

B
R

S
classifiers,

w
hile

restricted
to

produce
sparse

disjunctions
of

conjunctions,
had

better
perform

ance
than

decision
trees

and
R

IPPE
R

,
w

hich
use

greedy
splitting

and
pruning

m
ethods,

and
do

not
aim

to
globally

optim
ize.

TopK
’s

perform
ance

w
as

substantially
below

that
of

other
m

ethods.
B

R
S

m
odels

are
also

com
parable

to
L

asso,butthe
form

of
the

m
odelis

different.
B

R
S

m
odels

do
notrequire

users
to

cognitively
process

coefficients.

B
ar

Takeaw
ay

Food
C

offee
H

ouse
C

heap
R

estaurant
E

xpensive
R

estaurant

B
R

S1
0.773

(0.013)
0.682

(0.005)
0.760

(0.010)
0.736

(0.022)
0.705

(0.025)
B

R
S2

0.776
(0.011)

0.667
(0.023)

0.762
(0.007)

0.736
(0.019)

0.707
(0.030)

C
4.5

0.757
(0.015)

0.602
(0.051)

0.751
(0.018)

0.692
(0.033)

0.639
(0.027)

C
A

R
T

0.772
(0.019)

0.615
(0.035)

0.758
(0.013)

0.732
(0.018)

0.657
(0.010)

L
asso

0.795
(0.014)

0.673
(0.042)

0.786
(0.011)

0.769
(0.024)

0.706
(0.017)

R
IPPE

R
0.762

(0.015)
0.623

(0.048)
0.762(0.012)

0.705(0.023)
0.689

(0.034)
TopK

0.562
(0.015)

0.523
(0.024)

0.502(0.012)
0.582(0.023)

0.508
(0.011)

Table
3:

A
U

C
com

parison
for

m
obile

advertisem
entdata

set,m
eans

and
standard

deviations
over

folds
are

reported.

Perform
ance

in
com

plexity
Forthe

sam
e

experim
ent,w

e
w

ould
also

like
to

know
the

com
plexity

ofallm
ethods

atdifferentaccuracy
levels.Since

the
m

ethods
w

e
com

pare
have

differentstructures,
there

is
nota

straightforw
ard

w
ay

to
directly

com
pare

com
plexity.

H
ow

ever,decision
trees

can
be

converted
into

equivalentrule
setm

odels.Fora
decision

tree,an
exam

ple
is

classified
as

positive
if

itfalls
into

any
positive

leaf.T
herefore,w

e
can

generate
equivalentm

odels
in

rule
setform

foreach
decision

tree,
by

sim
ply

collecting
branches

w
ith

positive
leaves.

T
herefore,

the
four

algorithm
s

w
e

com
pare,C

4.5,C
A

R
T,R

IPPE
R

,and
B

R
S

have
the

sam
e

form
.

To
m

easure
the

com
plexity,w

e
countthe

totalnum
ber

of
conditions

in
the

m
odel,w

hich
is

the
sum

of
lengths

for
allrules.

T
his

loosely
represents

the
cognitive

load
needed

to
understand

a
m

odel.
For

each
m

ethod,w
e

take
the

m
odels

that
are

used
to

com
pute

the
A

U
C

in
Table

3
and

plot
their

accuracy
and

com
plexity

in
Figure

9.
B

R
S

m
odels

achieved
the

highestaccuracy
atthe

sam
e

levelof
com

plexity.
T

his
is

not
surprising

given
thatB

R
S

perform
s

substantially
m

ore
optim

ization
than

otherm
ethods.

To
show

thatthe
benefits

of
B

R
S

did
notcom

e
from

rule
m

ining
or

screening
using

heuristics,
w

e
com

pared
the

B
R

S
m

odels
w

ith
TopK

m
odels

thatrely
solely

on
rule

m
ining

and
ranking

w
ith

heuristics.
Figure

10
show

s
there

is
a

substantialgain
in

the
accuracy

of
B

R
S

m
odels

com
pared

to
Top

K
m

odels.
From

Table
3

w
e

observe
thatL

asso
achieved

consistently
good

A
U

C
.Forthe

five
coupons,the

average
num

ber
of

nonzero
coefficients

for
lasso

m
odels

in
differentfolds

are
93,94.6,90.2,93.2

and
93.4,w

hich
is

on
the

orderof∼
20

tim
es

largerthan
the

num
berofconditions

used
in

B
R

S
and

otherrule
based

m
odels;in

this
case,the

lasso
m

odels
are

notinterpretable.
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Figure
9:Testaccuracy

vs
com

plexity
forB

R
S

and
otherm

odels
on

m
obile

advertisem
entdata

sets
fordifferentcoupons

Figure
10:

Testaccuracy
vs

com
plexity

for
B

R
S

and
Top

K
on

m
obile

advertisem
entdata

sets
for

differentcoupons

E
xam

plesofB
R

S
m

odels
In

practice,forthis
particularapplication,the

benefits
ofinterpretabil-

ity
faroutw

eigh
sm

allim
provem

ents
in

accuracy.A
n

interpretable
m

odelcan
be

usefulto
a

vender
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=
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+
+
β

+
−

1

N
+

+
α

+
−

1

β−
N
−

+
α
−

+
β− )

supp
(z

)·
p
(S|A

)

=
Υ

supp(z
)p

(S|A
).

(22)

Proof2
(ofTheorem

1)
Step

1
W

e
firstprove

the
upper

bound
m

[t]
l

.Since
A
∗∈

arg
m

ax
A
F

(A
),
F

(A
∗)≥

v
[t],i.e.,

log
p
(S|A

∗)
+

log
p
(A
∗)≥

v
[t].

(23)

W
e

then
upper

bound
the

tw
o

term
s

on
the

left-hand-side.
Let

M
∗l

denote
the

num
ber

ofrules
oflength

lin
A
∗.The

prior
probability

ofselecting
A
∗

from
A

is

p
(A
∗)

=
p
(∅

)
L
∏l=

1

B
(M

l
+
α
l ,|A

l |−
M
l
+
β
l )

B
(α

l ,|A
l |

+
β
l )

.

W
e

observe
thatw

hen
0
≤
M
∗l ≤
|A

l |,

B
(M

l
+
α
l ,|A

l |−
M
l
+
β
l )≤

B
(α

l ,|A
l |

+
β
l ),

giving

p
(A
∗)≤

p
(∅

) B
(M

l ′
+
α
l ′,|A

l ′|−
M
l ′

+
β
l ′)

B
(α

l ′,|A
l ′|

+
β
l ′)

=
p
(∅

)
α
l ′·

(α
l ′

+
1)···(M

∗l ′
+
α
l ′−

1)

(|A
l ′|−

M
∗l ′

+
β
l ′)···(|A

l ′|+
β
l ′−

1)

≤
p
(∅

) (
M
∗l ′

+
α
l ′−

1

|A
l ′|+

β
l ′−

1 )
M
∗l ′

(24)

for
all

l ′∈
{1,...,L}.The

likelihood
is

upper
bounded

by

p
(S|A

∗)≤
L
∗.

(25)

Substituting
(24)and

(25)into
(23)w

e
get

logL
∗

+
log

p
(∅)

+
M
∗l ′ log (

M
∗l ′

+
α
l ′−

1

|A
l ′|

+
β
l ′−

1 )
≥
v

[t],
(26)
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w
hich

gives

M
∗l ′ ≤

lo
gL
∗

+
log

p
(∅

)−
v

[t]

log (
|A
l ′ |+

β
l ′ −

1
M
∗l ′ +

α
l ′ −

1 )

≤
lo

gL
∗

+
log

p
(∅

)−
v

[t]

log (
|A
l ′ |+

β
l ′ −

1

m
[t−

1
]

l ′
+
α
l ′ −

1 )
,

(27)

w
here

(27)follow
s

because
m

[t−
1
]

l ′
is

an
upper

bound
on
M
∗l ′ .Since

M
∗l ′ has

to
be

an
integer,w

e
get

M
∗l ′ ≤


logL

∗
+

log
p
(∅

)−
v

[t]

log (
|A
l ′ |+

β
l ′ −

1

m
[t−

1
]

l ′
+
α
l ′ −

1 )



=
m

[t]
l ′

for
all

l ′∈
{1
,...,L}.

(28)

Thus

M
∗

=
L
∑l=

1

M
∗l ≤

L
∑l=

1

m
[t]
l
.

(29)

Step
2:

N
ow

w
e

prove
the

low
er

bound
on

the
support.

W
e

w
ould

like
to

prove
thata

M
A

P
m

odel
does

notcontain
rules

ofsupportless
than

a
threshold.To

show
this,w

e
prove

thatifany
rule

z
has

supportsm
aller

than
som

e
constant

C
,then

rem
oving

ityields
a

better
objective,i.e.,

F
(A

)≤
F

(A
\
z ).

(30)

O
ur

goalis
to

find
conditions

on
C

such
thatthis

inequality
holds.A

ssum
e

in
rule

set
A

,M
l com

es
from

poolA
l ofrules

w
ith

length
l,
l∈
{1
,...L},and

rule
z

has
length

l ′so
itis

draw
n

from
A
l ′.

A
\
z

consists
ofthe

sam
e

rules
as
A

exceptm
issing

one
rule

from
A
l ′.W

e
m

usthave:

p
(A
\
z )

=
B

(M
l ′

+
α
l ′,|A

l ′|−
M
l ′

+
β
l ′)

B
(α

l ′,β
l ′)

· ∏l6=
l ′

B
(M

l
+
α
l ,|A

l |−
M
l
+
β
l )

B
(α

l ,β
l )

=
p
(A

)·
B

(M
l ′

+
α
l ′,|A

l ′|−
M
l ′

+
β
l ′)

B
(M

l ′
+

1
+
α
l ′,|A

l ′|−
M
l ′−

1
+
β
l ′)

=
p
(A

)· |A
l ′|−

M
l ′

+
β
l ′

M
l ′−

1
+
α
l ′
.

|A
l ′ |−

M
l ′ +

β
l ′

M
l ′ −

1
+
α
l ′

decreases
m

onotonically
as
M
l ′increases,so

itis
low

er
bounded

atthe
upper

bound

on
M
l ′,
m

[t]
l ′ ,obtained

in
step

1.Therefore

|A
l ′|−

M
l ′

+
β
l ′

M
l ′−

1
+
α
l ′
≥
|A

l ′|−
m

[t]
l ′

+
β
l ′

m
[t]
l ′ −

1
+
α
l ′

for
l ′∈
{1
,...L}

.
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S

Th
us

p
(A
\z

)
≥

m
ax l

(
|A

l|
−
m

[t
]
l

+
β
l

m
[t

]
l
−

1
+
α
l

)
p
(A

).
(3

1)

C
om

bi
ni

ng
(3

1)
an

d
Le

m
m

a
1,

th
e

jo
in

tp
ro

ba
bi

lit
y

of
S

an
d
A
\z

is
bo

un
de

d
by

P
(S
,A
\z

)
=
p
(A
\z

)P
(S
|A
\z

)

≥
m

ax l

(
|A

l|
−
m

[t
]
l

+
β
l

m
[t

]
l
−

1
+
α
l

)
(Υ

)su
pp

(z
)
·P

(S
,A

).

In
or

de
r

to
ge

tP
(S
,A
\z

)
≥
P

(S
,A

),
an

d
w

ith
Υ
≤

1
fr

om
th

e
as

su
m

pt
io

n
in

th
e

th
eo

re
m

’s
st

at
em

en
t,

w
e

m
us

th
av

e

su
pp

(z
)
≤

lo
g

m
ax l

(
|A
l|−

m
[t
]

l
+
β
l

m
[t
]

l
−

1
+
α
l

)

lo
g

Υ
.

Th
is

m
ea

ns
if
∃z
∈
A

su
ch

th
at

su
pp

(z
)
≤

lo
g

m
a
x
l

(
|A
l|
−
m

[t
]

l
+
β
l

m
[t
]

l
−
1
+
α
l

)

lo
g

Υ
,

th
en

A
6∈

ar
g

m
ax

A
′
F

(A
′ )

,
w

hi
ch

is
eq

ui
va

le
nt

to
sa

yi
ng

,f
or

an
y
z
∈
A
∗ ,

su
pp

(z
)
≥

lo
g

m
a
x

l

(
|A
l|−

m
[t
]

l
+
β
l

m
[t
]

l
−

1
+
α
l

)

lo
g

Υ
.

Si
nc

e
th

e
su

pp
or

to
fa

ru
le

ha
s

to
be

in
te

ge
r,

su
pp

(z
)
≥

     

lo
g

m
ax l

(
|A
l|−

m
[t
]

l
+
β
l

m
[t
]

l
−

1
+
α
l

)

lo
g

Υ

     
.

B
ef

or
e

pr
ov

in
g

T
he

or
em

2,
w

e
fir

st
pr

ov
e

th
e

fo
llo

w
in

g
le

m
m

a
th

at
w

e
w

ill
ne

ed
la

te
r.

L
em

m
a

2
D

efi
ne

a
fu

nc
tio

n
g
(l

)
=
( λ 2

) l
Γ

(J
−
l
+

1)
,λ
,J
∈
N

+
.I

f1
≤
l
≤
J

,

g
(l

)
≤

m
ax

{
(
λ 2

)
Γ

(J
+

1)
,(
λ 2

) J
}
.

Pr
oo

f3
(O

fL
em

m
a

2)
In

or
de

r
to

bo
un

d
g
(l

),
w

e
w

ill
sh

ow
th

at
g
(l

)
is

co
nv

ex
,w

hi
ch

m
ea

ns
its

m
ax

im
um

va
lu

e
oc

cu
rs

at
th

e
en

dp
oi

nt
s

of
th

e
in

te
rv

al
w

e
ar

e
co

ns
id

er
in

g.
Th

e
se

co
nd

de
ri

va
tiv

e
of
g
(l

)
re

sp
ec

tt
o
l

is

g
′′ (
l)

=
g
(l

)

 (
ln
λ 2

+
γ
−
∞ ∑ k
=

1

1 k
−

1

k
+
J
−
L
m

)
2

+
∞ ∑ k
=

1

1

(k
+
J
−
l)

2

 
>

0,
(3

2)
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.

si
nc

e
at

le
as

to
ne

of
th

e
te

rm
s

1
(k

+
J
−
l)
2
>

0
.

Th
us
g
(l

)
is

st
ri

ct
ly

co
nv

ex
.

Th
er

ef
or

e
th

e
m

ax
im

um
of
g
(l

)
is

ac
hi

ev
ed

at
th

e
bo

un
da

ry
of
L
m

,n
am

el
y

1
or
J

.S
o

w
e

ha
ve

g
(l

)
≤

m
ax
{g

(1
),
g
(J

)}

=
m

ax

{
(
λ 2

)
Γ

(J
+

1)
,(
λ 2

) J
}
.

(3
3)

Pr
oo

f4
(O

fT
he

or
em

2)
W

e
fo

llo
w

si
m

ila
r

st
ep

s
in

th
e

pr
oo

ff
or

Th
eo

re
m

1.
St

ep
1

W
e

fir
st

de
ri

ve
an

up
pe

r
bo

un
d
M
∗

at
tim

e
t,

de
no

te
d

as
M

[t
] .

Th
e

pr
ob

ab
ili

ty
of

se
le

ct
in

g
a

ru
le

se
tA
∗

de
pe

nd
s

on
th

e
nu

m
be

r
of

ru
le

s
M
∗

an
d

th
e

le
ng

th
of

ea
ch

ru
le

,w
hi

ch
w

e
de

no
te

as
L
m
,m
∈
{1
,.
..
,M
∗ }

,s
o

th
e

pr
io

r
pr

ob
ab

ili
ty

of
se

le
ct

in
g
A
∗

is

P
(A
∗ ;
θ)

=
ω

(λ
,η

)P
oi

ss
on

(M
∗ ;
λ

)
M
∗

∏ m

Po
is

so
n(
L
m

;η
)

1
(
J L
m

)
L
m ∏ k

1

K
v
m
,k

=
p
(∅

)
λ
M
∗

Γ
(M
∗

+
1)

M
∗

∏ m

e−
η
η
L
m

Γ
(J
−
L
m

+
1
)

Γ
(J

+
1)

L
m ∏ k

1

K
v
m
,k

≤
p
(∅

)
1

Γ
(M
∗

+
1)

(
e−

η
λ

Γ
(J

+
1)

) M
∗
M
∗

∏ m

( η 2

) L
m

Γ
(J
−
L
m

+
1
).

(3
4)

(3
4)

fo
llo

w
s

fr
om

K
v
m
,k
≥

2
si

nc
e

al
la

ttr
ib

ut
es

ha
ve

at
le

as
tt

w
o

va
lu

es
.

U
si

ng
Le

m
m

a
2

w
e

ha
ve

th
at

( η 2

) L
m

Γ
(J
−
L
m

+
1)
≤

m
ax

{ (
η 2

) Γ
(J

+
1)
,(
η 2

) J
}
.

(3
5)

C
om

bi
ni

ng
(3

4)
an

d
(3

5)
,a

nd
th

e
de

fin
iti

on
of
x

,w
e

ha
ve

P
(A
∗ ;
θ)
≤
p
(∅

)
x
M
∗

Γ
(M
∗

+
1)
.

(3
6)

N
ow

w
e

ap
pl

y
(2

3)
co

m
bi

ni
ng

w
ith

(3
6)

an
d

(2
5)

,w
e

ge
t

lo
g
L∗

+
lo

g
p
(∅

)
+

lo
g

x
M
∗

Γ
(M
∗

+
1)
≥
v

[t
]

(3
7)

N
ow

w
e

w
an

tt
o

up
pe

r
bo

un
d

x
M
∗

Γ
(M
∗ +

1
)
.

If
M
∗
≤
λ

,
th

e
st

at
em

en
t

of
th

e
th

eo
re

m
ho

ld
s

tr
iv

ia
lly

.
Fo

r
th

e
re

m
ai

nd
er

of
th

e
pr

oo
f

w
e

co
ns

id
er

,i
fM

∗
>
λ

,
x
M
∗

Γ
(M
∗ +

1
)

is
up

pe
r

bo
un

de
d

by

x
M
∗

M
∗ !
≤
x
λ λ
!

x
(M
∗ −
λ

)

(λ
+

1)
(M
∗ −
λ

)
,

w
he

re
in

th
e

de
no

m
in

at
or

w
e

us
ed

Γ
(M
∗ +

1)
=

Γ
(λ

+
1)

(λ
+

1)
··
·M
∗
≥

Γ
(λ

+
1
)(
λ

+
1
)(M

∗ −
λ

) .
So

w
e

ha
ve

lo
g
L∗

+
lo

g
p
(∅

)
+

lo
g

x
λ

Γ
(λ

+
1)

+
(M
−
λ

)
lo

g
x

λ
+

1
≥
v

[t
] .

(3
8)
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W
e

have
x
λ

+
1
≤

1.
To

see
this,note

Γ
(J

)
Γ

(J
+

1
)
<

1,e −
η (

η2 )
<

1
and

e −
η(

η2 )
J

Γ
(J

+
1
)
<

1
for

every
η

and
J

.
Then

solving
for

M
∗

in
(38),using

x
λ

+
1
<

1
to

determ
ine

the
direction

ofthe
inequality

yields:

M
∗≤

M
[t]

=


λ

+
logL

∗
+

log
p
(∅

)
+

log
x
λ

Γ
(λ

+
1
) −

v
[t]

log
λ

+
1

x


(39)

=


log

(λ
+

1
)
λ

Γ
(λ

+
1
)

lo
g
λ

+
1

x

+
logL

∗
+

log
p
(∅

)−
v

[t]

lo
g
λ

+
1

x


.

(40)

Step
2

N
ow

w
e

prove
the

low
er

bound
on

the
supportofrules

in
an

optim
alset

A
∗.

Sim
ilar

to
the

prooffor
Theorem

1,w
e

w
illshow

thatfor
a

rule
set

A
,ifany

rule
a
z

has
supportsupp

(z
)
<
C

on
data

S
,then

A
6∈

arg
m

in
A
′∈

Λ
S

F
(A
′).A

ssum
e

rule
a
z

has
supportless

than
C

and
A
\
z

has
the

k-th
rule

rem
oved

from
A

.A
ssum

e
A

consists
of
M

rules,and
the

z-th
rule

has
length

L
z .

W
e

relate
P

(A
\
z ;θ)

w
ith

P
(A

;θ).
W

e
m

ultiply
P

(A
\
z ;θ)

w
ith

1
in

disguise
to

relate
it

to
P

(A
;θ):

P
(A
\
z )

=
M
∗Γ

(J
+

1)

λ
e −

ηη
L
zΓ

(J
−
L
z

+
1) ∏

L
z

k
1

K
v
z
,k

P
(A

)

≥
M
∗Γ

(J
+

1)

λ
e −

η (
η2 )
L
z

Γ
(J
−
L
z

+
1) P

(A
)

(41)

=
M
∗Γ

(J
+

1)

λ
e −

ηg
(L

z ;η
,J

) P
(A

)
(42)

≥
M
∗P

(A
)

x
(43)

w
here

(41)
follow

s
that

K
v
m
,k
≥

2
since

all
attributes

have
at

least
tw

o
values,

(42)
follow

s
the

definition
of
g
(l)

in
Lem

m
a

2
and

(43)uses
the

upper
bound

in
Lem

m
a

2
and.Then

com
bining

(22)
w

ith
(42),the

jointprobability
of
S

and
A
\
z

is
low

er
bounded

by

P
(S
,A
\
z )

=
P

(A
\
z )P

(S|A
\
z )

≥
M
∗Υ

supp(z
)

x
P

(S
,A

).

In
order

to
get

P
(S
,A
\
z )≥

P
(S
,A

),w
e

need

M
∗Υ

supp(z
)

x
≥

1,

i.e.,
Υ

supp(z
)≥

xM
∗
≥

x

M
[t] ,

W
e

have
Υ
≤

1,thus

supp(z
)≤

log
x

M
[t]

log
Υ

.
(44)
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Therefore,for
any

rule
z

in
a

M
A

P
m

odel
A
∗,

supp(z
)≥

⌈
log

x
M

[t]

log
Υ

⌉
.

(45)

A
ppendix

B
.M

obile
A

dvertisem
entdata

sets

T
he

attributes
ofthis

data
setinclude:

1.
U

serattributes

•
G

ender:m
ale,fem

ale
•

A
ge:below

21,21
to

25,26
to

30,etc.
•

M
aritalStatus:single,m

arried
partner,unm

arried
partner,orw

idow
ed

•
N

um
berofchildren:0,1,orm

ore
than

1
•

E
ducation:high

school,bachelors
degree,associates

degree,orgraduate
degree

•
O

ccupation:architecture
&

engineering,business
&

financial,etc.
•

A
nnualincom
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ra
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e

da
ta

.
M

or
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L

et
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be
th

e
nu

m
be
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fo
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g-

in
al

fe
at

ur
es

.
A

n
ex

ha
us

tiv
e

se
ar

ch
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hi
ch
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vo

lv
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2d
po

ss
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le
fe

at
ur

e
su

bs
et
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co
m

pu
ta

tio
na

lly
im

pr
ac

tic
al
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T

hu
s,

on
e

co
m

m
on

ly
em

pl
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he

ur
is
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ar
ch

st
ra

te
gi

es
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uc
h
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gr

ee
dy
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pr
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ch
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ra
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go
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th
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d

so
m

e
ra
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he
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lo
ca
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pt

im
a.
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m
en

si
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fie
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ra
nk
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ch
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re
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at
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fe
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et
al
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ug
ge
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he
rw
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y
m

ax
im
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in

g
re

le
va
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e

an
d

m
in

im
iz

in
g

re
du

nd
an

cy
(m

R
M

R
)t

og
et

he
r.

In
ad

di
tio

n
to

se
ar

ch
st

ra
te

gi
es

,t
he

pe
rf

or
m

an
ce

of
fil

te
rm

et
ho

ds
de

pe
nd

he
av

ily
on

th
e

ch
oi

ce
of

de
pe

nd
en

ce
m

ea
su

re
s.

T
he

ab
ili

ty
to

m
ea

su
re

th
e

de
pe

nd
en

ce
be

tw
ee

n
ra

nd
om

va
ri

ab
le

s
is

a
fu

nd
am

en
ta

l
pr

ob
le

m
in

st
at

is
tic

s
an

d
m

ac
hi

ne
le

ar
ni

ng
.

O
ne

of
th

e
si

m
pl

es
t

an
d

m
os

t
co

m
m

on
de

pe
nd

en
ce

m
ea

su
re

is
th

e
Pe

ar
so

n
co

rr
el

at
io

n
co

ef
fic

ie
nt

(ρ
li
n
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H

ow
ev

er
,t

hi
s

m
ea

su
re

on
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p-

tu
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s
lin

ea
r

re
la

tio
ns

hi
ps
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A
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pu
la
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su

re
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l
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at
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e,

bo
th

H
S
IC

an
d

H
S
N

IC
’s

va
lu

es
m

ay
va

ry
w

he
n

w
e

us
e

di
ff

er
en

t

2
JM

L
R

 1
8(

71
):

1-
46

, 2
01

7



R
O

B
U

S
T

C
O

P
U

L
A

D
E

P
E

N
D

E
N

C
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M
E

A
S

U
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E

scales.
Poczos

etal.(2012)
applied

M
axim

um
M

ean
D

iscrepancy
(M

M
D

)
after

em
piricalcopula

transform
ation

to
m

ake
the

kernel-based
dependence

m
easure

invariantto
strictly

m
onotone

trans-
form

ation
of

the
m

arginal
variables.

T
he

C
opula-M

M
D

(C
M

M
D

)
can

also
be

w
ritten

in
H

S
IC

form
ulation

after
em

pirical
copula

transform
ation.

Sim
ilarly,

R
eddi

and
Póczos

(2013)
applied

H
S
N

IC
after

em
pirical

copula
transform

ation
(C

H
S
N

IC
).

O
ther

dependence
m

easures
can

also
be

applied
after

em
pirical

copula
transform

ation,
resulting

in
m

easures
that

are
also

invariant
to

strictly
m

onotone
transform

ations.
H

ow
ever,they

(e.g.,
C

M
M

D
and

C
H

S
N

IC
)

m
ay

fail
to

treat
non-m

onotonic
relations

equally.
R

eshef
etal.(2011)

proposed
the

conceptof
equitability,w

hich
states

thata
dependence

m
ea-

sure
should

give
equal

im
portance

to
all

relations:
linear

and
nonlinear.

For
exam

ple,w
e

expect
a

fair
dependence

m
easure

to
treat

a
perfectly

linear
relationship

and
a

perfectly
sinusoid

rela-
tionship

equally.
K

inney
and

A
tw

al(2014)
m

athem
atically

defined
equitability

by
proposing

self-
equitability—

undera
nonlinearregression

m
odelw

ith
additive

noise,a
dependence

m
easure

should
be

invariant
to

any
determ

inistic
transform

ation
of

the
m

arginal
variables,

under
a

nonlinear
re-

gression
m

odelw
ith

additive
noise

(a
form

aldefinition
is

provided
in

D
efinition

1,Section
2).

A
self-equitable

dependence
m

easure
w

ill
treat

all
form

s
of

relationships
equally

in
the

large
data

lim
itfor

the
additive

noise
m

odel.
K

inney
and

A
tw

al(2014)
proved

that
M

I
is

self-equitable,and
recom

m
ended

its
usage.

To
choose

am
ong

the
m

any
self-equitable

dependence
m

easures,
w

e
further

propose
a

new
robust-equitability

concept
such

that
the

m
easure

also
treats

all
form

s
of

relationships
equally

in
the

m
ixture

noise
m

odel.
T

hat
is,

in
a

m
ixture

distribution
w

ith
p

proportion
of

determ
inistic

signal
hidden

in
continuous

independent
background

noise,
the

m
easure

should
reflect

the
signal

strength
p.

T
he

m
ixture

noise
m

odelreflects
realapplications

w
here

m
easurem

ents
(features)

are
often

corrupted
w

ith
noise.

For
exam

ple,
sensor

data
m

aybe
corrupted

by
noise

from
hardw

are
and

environm
entalfactors.

R
eshef

etal.(2011,2015b)
considered

equitability
for

a
statistic.

O
ur

robust-equitability,as
w

ell
as

K
inney

and
A

tw
al

(2014)’s
self-equitability,is

defined
on

the
pop-

ulation
quantity

instead.
Particularly,

in
the

m
ixture

distribution
above,

w
e

define
a

dependence
m

easure
as

w
eakly-robust-equitable

if
itis

a
m

onotone
transform

ation
of

the
proportion

p,and
is

robust-equitable
ifitequals

to
p

exactly.
In

this
paper,w

e
show

thatam
ong

a
class

ofself-equitable
copula-based

dependence
m

easures,
only

robust
copula

dependence
(R

C
D

),
defined

as
the

total
variational

distance
(the

half
of

the
L

1
distance)

betw
een

copula
density

and
uniform

(independence)
density,

is
also

w
eakly-robust-

equitable
(and

robust-equitable).
W

ithoutreferring
to

the
copula

density,R
C

D
can

be
equivalently

stated
as

the
total

variational
distance

betw
een

the
probability

distribution
and

the
(independent)

productofits
m

arginaldistributions,and
is

equivalentto
the

Silvey’s
D

elta
m

easure
(Silvey,1964).

In
the

literature,
the

Silvey’s
D

elta
(R

C
D

)
w

as
only

cited
as

an
abstract

benchm
ark.

H
ere,

w
e

propose
a
k-nearest-neighbor

(K
N

N
)-based

estim
ator

for
R

C
D

and
prove

its
consistency.

B
esides

the
L

1
distance

R
C

D
,w

e
also

investigated
properties

ofthe
L

2
distance

betw
een

copula
density

and
the

uniform
density

(w
e

call
C

D
2 ).

C
D

2
is

the
theoreticalvalue

of
H

S
N

IC
in

the
large

data
lim

it
(Fukum

izu
etal.,2007).

In
addition,the

robust-equitability
study

in
this

paper
provides

insights
on

the
difficulty

of
es-

tim
ating

M
I.Som

e
authors

studied
the

convergence
of

M
I

estim
ators

by
im

posing
the

H
ölder

con-
dition

on
the

copula
density.

T
his

H
ölder

condition,w
hile

being
a

standard
condition

for
density

estim
ations,

does
not

hold
for

any
com

m
only

used
copula

(O
m

elka
et

al.,
2009;

Segers,
2012).

U
ndera

m
ore

realistic
H

öldercondition
on

the
bounded

region
ofcopula

density,w
e

provide
a

the-

3
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D
IN

G
,D

Y,L
I,

A
N

D
C

H
A

N
G

oreticalproofthatthe
m

utualinform
ation

(M
I)’sm

inim
ax

risk
isinfinite.T

hisprovidesa
theoretical

explanation
on

the
statisticaldifficulty

of
estim

ating
M

I
observed

by
practitioners

(Fernandes
and

G
loor,2010;

R
eshef

et
al.,2011).

M
oreover,w

e
prove

that
although

both
M

I
and

C
D

2
are

self-
equitable,they

are
notrobust-equitable.T

herefore,M
Iand

C
D

2
m

ay
notrank

the
features

correctly
by

dependence
strength

in
som

e
cases,even

in
the

large
data

lim
it.W

e
confirm

this
phenom

ena
on

both
synthetic

and
real-w

orld
data

sets.
In

contrast,R
C

D
is

consistently
estim

able
under

the
sam

e
condition.A

s
forkernel-based

dependence
m

easures,
H

S
IC

and
C

M
M

D
are

neitherself-equitable
nor

robust-equitable,
H

S
N

IC
and

C
H

S
N

IC
are

self-equitable
but

not
robust-equitable

and
their

estim
ators

converge
very

slow
ly.

Since
R

C
D

is
the

only
m

easure
that

is
both

self-equitable
and

robust-equitable
am

ong
these

m
easures,itcan

be
very

usefulforfeature
selection.

In
sum

m
ary,the

contributions
of

this
paper

are:
(1)

the
introduction

of
the

conceptof
robust-

equitability;
(2)

the
identification

of
R

C
D

as
a

dependence
m

easure
thatis

both
self-

and
robust-

equitable
and

the
proposal

of
a

practical
consistent

estim
ator

for
R

C
D

;
(3)

theoretically
proving

thatnon-robust-equitable
m

easures
M

Iand
C

D
2

cannotbe
consistently

estim
ated

and
show

ing
that

this
can

lead
to

incorrectselection
of

features
w

hen
sam

ple
size

is
large

or
w

hen
sam

ple
sizes

are
unequalfordifferentfeatures;and

finally,(4)dem
onstrating

thatthe
robust-equitable

R
C

D
is

a
bet-

ter
dependence

m
easure

for
feature

selection
com

pared
to

existing
dependence

m
easures

through
experim

ents
on

synthetic
and

real-w
orld

data
sets,

in
term

s
of

robustness
to

function
types,

cor-
rectness

in
large

sam
ple

size
and

correctness
in

unequalsam
ple

sizes.
T

his
paper

is
a

substantially
extended

version
of

our
conference

version
(C

hang
etal.,2016).

In
particular,this

w
ork

includes
the

follow
ing

additionalm
aterials:

(1)
a

m
ore

com
plete

treatm
entof

the
m

otivation
and

rationale
ofequitability

definitions—
w

e
discuss

the
relationship

ofequitability
to

R
enyi’s

theorem
s,to

m
ore

copula-based
dependence

m
easures,

and
to

independence
tests;

(2)
a

m
ore

com
plete

theoretical
treatm

entof
the

difficulty
in

estim
ation

of
m

utualinform
ation

(M
I)

versus
R

C
D

;in
particular,w

e
add

a
theorem

show
ing

that
the

difficulty
of

M
I

estim
ation

is
not

due
to

the
unboundedness

of
its

definition,butis
intrinsic

due
its

being
non-robust-equitable;

and
(3)

m
ore

extensive
em

pirical
studies

illustrating
how

equitability
helps

in
feature

selection.
T

he
restof

this
paper

is
organized

as
follow

s.
In

Section
2,w

e
m

otivate
the

equitability
con-

cepts,discussing
differentequitability

definitions
and

relationship
to

copula
and

R
enyi’s

theorem
s.

Particularly,w
e

propose
the

conceptofrobust-equitability,and
define

a
robust-equitable

dependence
m

easure
called

robustcopula
dependence.In

Section
3,w

e
prove

M
I

and
C

D
2

are
notconsistently

estim
able.

W
e

also
prove

R
C

D
can

be
consistently

estim
ated

and
provide

its
estim

ators
based

on
kerneldensity

estim
ation

(K
D

E
)

and
k-nearest-neighbors

(K
N

N
).In

Section
4,w

e
provide

feature
selection

experim
ents

on
synthetic

and
real

data
sets

to
dem

onstrate
the

advantage
of

R
C

D
com

-
pared

to
existing

dependence
m

easures.W
e

end
w
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ples,butshould

stillrank
the

features

4
JM

L
R

 18(71):1-46, 2017



R
O

B
U

S
T

C
O

P
U

L
A

D
E

P
E

N
D

E
N

C
E

M
E

A
S

U
R

E

ba
se

d
on

th
e

st
re

ng
th

of
th

e
de

te
rm

in
is

tic
si

gn
al

co
m

pa
re

d
to

no
is

e)
.N

ot
e

th
at

it
is

be
co

m
in

g
m

or
e

co
m

m
on

fo
rd

at
ab

as
es

to
ha

ve
fe

at
ur

es
th

at
ha

ve
un

eq
ua

ls
am

pl
e

si
ze

s
du

e
to

th
e

pr
ev

al
en

ce
of

da
ta

co
lle

ct
io

n
fr

om
he

te
ro

ge
ne

ou
s

so
ur

ce
s.

Fo
r

ex
am

pl
e,

a
cl

in
ic

al
da

ta
ba

se
m

ay
ha

ve
m

or
e

sa
m

pl
es

w
ith

cl
in

ic
al

fe
at

ur
es

co
m

pa
re

d
to

sa
m

pl
es

w
ith

ge
no

m
ic

in
fo

rm
at

io
n.

In
su

ch
as

se
tti

ng
,w

e
w

ou
ld

lik
e

to
us

e
al

lt
he

da
ta

av
ai

la
bl

e
to

pe
rf

or
m

fe
at

ur
e

se
le

ct
io

n
ra

th
er

th
an

to
cr

ea
te

eq
ua

ls
am

pl
e

si
ze

s
by

th
ro

w
in

g
aw

ay
sa

m
pl

es
fr

om
th

e
la

rg
er

se
t.

In
th

is
pa

pe
r,

w
e

fo
rm

al
iz

e
th

es
e

id
ea

s
th

ro
ug

h
th

e
re

ce
nt

ly
pr

op
os

ed
eq

ui
ta

bi
lit

y
co

nc
ep

t:
W

e
w

an
tt

o
us

e
de

pe
nd

en
ce

m
ea

su
re

s
th

at
re

fle
ct

th
e

no
is

e
le

ve
l,

re
ga

rd
le

ss
of

re
la

tio
ns

hi
p

ty
pe

.

2.
1

Se
lf-

eq
ui

ta
bi

lit
y,

R
én

yi
’s

A
xi

om
sa

nd
C

op
ul

a-
ba

se
d

D
ep

en
de

nc
e

M
ea

su
re

s

R
es

he
fe

ta
l.

(2
01

1)
pr

op
os

ed
th

at
an

eq
ui

ta
bl

e
m

ea
su

re
sh

ou
ld

“g
iv

e
si

m
ila

rs
co

re
s

to
eq

ua
lly

no
is

y
re

la
tio

ns
hi

ps
of

di
ff

er
en

tt
yp

es
.”

K
in

ne
y

an
d

A
tw

al
(2

01
4)

m
at

he
m

at
ic

al
ly

de
fin

ed
se

lf
-e

qu
ita

bi
lit

y
th

ro
ug

h
in

va
ri

an
ce

un
de

ra
ll

no
nl

in
ea

rr
el

at
io

ns
hi

ps
in

th
e

re
gr

es
si

on
m

od
el

Y
=
f

(X
)

+
ε,

(1
)

w
he

re
f

is
a

de
te

rm
in

is
tic

fu
nc

tio
n,
ε

is
th

e
ra

nd
om

no
is

e
va

ri
ab

le
w

ho
se

di
st

ri
bu

tio
n

m
ay

de
pe

nd
on
f

(X
)

as
lo

ng
as
ε

ha
s

no
ad

di
tio

na
ld

ep
en

de
nc

e
on
X

.

D
efi

ni
tio

n
1

A
de

pe
nd

en
ce

m
ea

su
re
D

[X
;Y

]i
ss

el
f-

eq
ui

ta
bl

e
if

an
d

on
ly

if
D

[X
;Y

]
=
D

[f
(X

);
Y

]
w

he
ne

ve
r
f

is
th

e
fu

nc
tio

n
in

m
od

el
(1

).

K
in

ne
y

an
d

A
tw

al
(2

01
4)

re
co

m
m

en
de

d
us

ag
e

of
a

se
lf

-e
qu

ita
bl

e
m

ea
su

re
:

m
ut

ua
l

in
fo

rm
at

io
n

(M
I)

. To
un

de
rs

ta
nd

se
lf

-e
qu

ita
bi

lit
y

be
tte

r,
w

e
no

tic
e

th
at

D
efi

ni
tio

n
1

is
ve

ry
si

m
ila

rt
o

R
én

yi
’s

Si
xt

h
A

xi
om

A
6,

bo
th

ar
e

de
fin

ed
th

ro
ug

h
th

e
in

va
ri

an
ce

of
th

e
de

pe
nd

en
ce

m
ea

su
re

un
de

r
tr

an
sf

or
m

a-
tio

ns
.

R
én

yi
(1

95
9)

pr
op

os
ed

se
ve

n
ax

io
m

s
fo

r
de

pe
nd

en
ce

m
ea

su
re

s
D

[X
;Y

].
(A

1)
D

[X
;Y

]
is

de
fin

ed
fo

r
an

y
ra

nd
om

va
ri

ab
le

s
X

an
d
Y

;
(A

2)
sy

m
m

et
ri

c
D

[X
;Y

]
=
D

[Y
;X

];
(A

3)
0
≤

D
[X

;Y
]
≤

1
;

(A
4)
D

(X
;Y

)
=

0
if

an
d

on
ly

if
X

an
d
Y

ar
e

st
at

is
tic

al
ly

in
de

pe
nd

en
t;

(A
5)

D
(X

;Y
)

=
1

if
ei

th
er
X

=
f

(Y
)

or
Y

=
g
(X

)
fo

rs
om

e
B

or
el

-m
ea

su
ra

bl
e

fu
nc

tio
ns
f

an
d
g

;(
A

6)
If
f

an
d
g

ar
e

B
or

el
-m

ea
su

ra
bl

e,
on

e-
on

e
m

ap
pi

ng
so

ft
he

re
al

lin
e

in
to

its
el

ft
he

n
D

[f
(X

);
g
(Y

)]
=

D
[X

;Y
];

(A
7)

If
th

e
jo

in
td

is
tr

ib
ut

io
n

of
X

an
d
Y

is
bi

va
ri

at
e

G
au

ss
ia

n,
w

ith
lin

ea
rc

or
re

la
tio

n
co

-
ef

fic
ie

nt
ρ

,t
he

n
D

[X
;Y

]
=
|ρ
|.

Fo
r

a
sy

m
m

et
ri

c
de

pe
nd

en
ce

m
ea

su
re

(s
at

is
fy

in
g

A
xi

om
A

2)
,

A
xi

om
A

6
ca

n
be

re
w

ri
tte

n
as

D
[f

(X
);
Y

]
=
D

[X
;Y

]
fo

r
al

l
B

or
el

-m
ea

su
ra

bl
e
f

.
H

en
ce

se
lf

-e
qu

ita
bi

lit
y

is
a

w
ea

ke
r

ve
rs

io
n

re
qu

ir
in

g
an

ex
tr

a
as

su
m

pt
io

n
th

at
f

sa
tis

fie
s

th
e

m
od

el
(1

).
It

is
kn

ow
n

th
at

R
én

yi
’s

m
ax

im
um

co
rr

el
at

io
n

co
ef

fic
ie

nt
is

th
e

on
ly

m
ea

su
re

th
at

sa
tis

fie
s

al
l

se
ve

n
R

én
yi

’s
A

xi
om

s.
H

ow
ev

er
,R

én
yi

’s
m

ax
im

um
co

rr
el

at
io

n
co

ef
fic

ie
nt

ha
s

a
nu

m
be

r
of

m
aj

or
dr

aw
ba

ck
s,

e.
g.

,
it

eq
ua

ls
1

to
o

of
te

n
an

d
is

ge
ne

ra
lly

no
t

ef
fe

ct
iv

el
y

es
tim

ab
le

(S
ch

w
ei

ze
r

an
d

W
ol

ff
,1

98
1;

Sz
ék
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P
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C
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M
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A
S
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W
e

first
consider

som
e

self-equitable
copula-based

dependence
m

easures
and

further
choose

am
ong

these
m

easures
based

on
a

new
equitability

definition
in

the
next

Subsection
2.2.

M
utual

inform
ation

(M
I),the

recom
m

ended
m

easure
in

K
inney

and
A

tw
al(2014),is

self-equitable
and

is
based

on
copula

density
c(u

,v
),M

I
=

∫

I
2

log
[c(u

,v
)]c(u

,v
)d
u
d
v
,

(3)

w
here

I
2

is
the

unitsquare.W
e

now
considera

large
class

ofself-equitable
copula-based

m
easures.

Since
the

m
arginalvariables

X
,Y

are
independentif

and
only

if
the

corresponding
copula

distri-
bution

is
uniform

,w
e

m
easure

the
dependence

betw
een

X
,Y

through
the

distance
betw

een
their

copula
distribution

and
the

uniform
distribution.L

etthe
C

opula
D

istance
C
D
α

be
the

L
α

distance
betw

een
a

copula
density

and
the

uniform
copula

density
π

(u
,v

)
=

1.

C
D
α

=

∫

I
2 |c(u

,v
)−

1| α
d
u
d
v
,

α
>

0.
(4)

C
om

bining
E

q.4
in

Fukum
izu

etal.(2007)and
E

q.(4)here,C
D

2
is

the
theoreticalvalue

of
H

S
N

IC
in

the
large

data
lim

it.O
urfirstresultis

that,the
C

opula
D

istance
is

self-equitable
w

hen
α
≥

1.

L
em

m
a

1
The

C
opula-D

istance
C

D
α

w
ith

α
≥

1
is

self-equitable.

T
he

prooffollow
s

from
T

heorem
s

S3
and

S4
ofK

inney
and

A
tw

al(2014),since
g
(x

)
=
|x−

1| α
is

convex
w

hen
α
≥

1.
R

em
ark :

Schw
eizer

and
W

olff
(1981)

studied
a

class
of

dependence
m

easures
thatare

the
L
α

distance
betw

een
a

jointcopula
C

(u
,v

)
and

the
uniform

copula
Π

(u
,v

)
=
u
v.T

he
L

1 ,L
2

and
L
∞

distance
result

in,the
W

olf’s
σ

,H
oeffding’s

Φ
2

and
W

olf’s
κ

respectively.
Schw

eizer
and

W
olff

(1981)
show

ed
that

these
m

easures
satisfy

a
m

odified
set

of
R

ényi’s
A

xiom
s,

including
A

xiom
(A

6*)w
eak-equitability.In

contrastto
the

C
opula-D

istance
C

D
α

(L
α

distance
based

on
copula

den-
sities),these

m
easures

are
based

on
the

cum
ulative

distribution
functions

and
are

notself-equitable.
Since

C
(u
,v

)
=
P
r(U

≤
u
,V
≤
v
)

is
the

cum
ulative

distribution
function,such

m
easures

cu-
m

ulate
the

deviation
from

independence
from

u
=

0
to
u

=
1,and

do
notrem

ain
invariantfor

all
nonlineartransform

ations
f

in
m

odel(1).

2.2
R

obustE
quitability

To
selectam

ong
the

m
any

self-equitable
dependence

m
easures,w

e
w

antto
consideradditionaleq-

uitability
conditions.

Som
e

self-equitable
dependence

m
easures

m
ay

notperform
w

ellin
practice.

Forexam
ple,R

ényi’s
m

axim
um

correlation
coefficient(R

cor)satisfies
the

strongerR
ényi’s

A
xiom

A
6,thus

itis
also

self-equitable.
R
cor(X

;Y
)

=
su

p
f
,g
ρ
[f

(X
);g

(Y
)],w

here
ρ

is
the

linear
cor-

relation
coefficientand

the
suprem

um
is

taken
over

allB
orel-m

easurable
functions

f
and

g.
R

cor
has

a
num

ber
of

m
ajor

draw
backs,

e.g.,
it

equals
1

too
often

and
is

generally
not

effectively
es-

tim
able

(Schw
eizerand

W
olff,1981;Székely

and
R

izzo,2009).
W

e
observe

the
deficiencies

m
ore

clearly
in

another
self-equitable

m
easure,

the
ideal

depen-
dence

coefficient
(ID

C
):
I
D
C

(X
;Y

)
=

0
if
X

and
Y

are
independent

and
I
D
C

(X
;Y

)
=

1
otherw

ise.
ID

C
satisfies

the
first

six
R

ényi’s
A

xiom
s,

and
is

self-equitable.
It

equals
one

for
all

dependent
X

and
Y

,providing
no

distinction
of

the
dependence

strength.
ID

C
is

only
an

abstract
m

easure,the
estim

ation
ofID

C
is

equivalentto
testing

independence
betw

een
X

and
Y

.
H

ow
ever,
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Figure
2:L

eft:A
dditive

noise
forself-equitability.R

ight:M
ixture

noise
forrobust-equitability.

for
feature

selection,ID
C

is
nothelpfulatallbecause

itprovides
no

distinction
of

the
dependence

strength
fordifferentfeatures.Itis

also
hard

to
estim

ate.W
e

w
ish

fora
new

equitability
criterion

to
exclude

trivialdependence
m

easures
like

ID
C

.
T

he
self-equitability

definition
focuses

on
the

regression
Y

=
f

(X
)

+
ε.H

ow
ever,in

practice,
this

additive
noise

m
odeldoes

notcapture
alldata

types.In
som

e
cases,forexam

ple
in

sensorm
ea-

surem
ents,the

determ
inistic

signalis
hidden

in
continuous

background
noise.

Figure
2

illustrates
these

tw
o

typesofnoise.T
he

L
eftsubfigure

show
sadditive

noise
on

a
determ

inistic
sinusoidalfunc-

tion.
T

he
R

ightsubfigure
is

the
sam

e
determ

inistic
signalon

a
uniform

background
noise.

M
athe-

m
atically,afterthe

copula
transform

ation,the
second

m
ixture

noise
m

odelis
described

by
a

m
ixture

copula:
a

continuous
copula

on
the

unitsquare
I

2
is

added
to

a
determ

inistic
signal

C
s ,w

hich
is

a
singular

copula.
A

ny
copula

can
alw

ays
be

separated
into

a
singular

com
ponent

and
an

abso-
lutely

continuouscom
ponent(N

elsen,2006,page
27).Independentbackground

noise
isrepresented

by
taking

the
absolutely

continuous
com

ponentas
the

independence
copula

Π
(u
,v

)
=
u
v

on
I

2.
T

herefore,w
ith
p

proportion
ofhidden

determ
inistic

relationship,the
copula

C
=
p
C
s

+
(1−

p
)Π

.
H

ere
C
s

is
a

singular
copula

representing
the

determ
inistic

relationship,so
thatits

supportS
has

L
ebesgue

m
easure

zero.
T

he
equitability

in
this

m
ixture

noise
m

odelm
eans

thatthe
dependence

m
easure

should
give

the
sam

e
value

foralltypes
ofdeterm

inistic
signal

C
s .

D
efinition

3
A

dependence
m

easure
D

[X
;Y

]is
robust-equitable

ifand
only

if
D

[X
;Y

]
=
p

w
hen-

ever
(X
,Y

)
follow

s
a

distribution
w

hose
copula

is
C

=
p
C
s

+
(1
−
p
)Π

,for
a

singular
copula

C
s .A

m
ong

the
self-equitable

C
opula-D

istances
(α
≥

1),
L

1
distance

is
the

specialcase
thatdoes

reflectthe
proportion

ofdeterm
inistic

relationship
in

the
m

ixture
copula.

C
D

1
=
p ∫S

C
(d
u
,d
v
)

+

∫I
2\S |(1−

p
)−

1|d
u
d
v

=
p
(1

)
+
p

=
2p
.

T
herefore

w
e

define
the

scaled
version

of
C
D

1
as

robustcopula
dependence

(R
C

D
)

R
C
D

=
12
C
D

1
=

12

∫I
2 |c(u

,v
)−

1|d
u
d
v
.

(5)

L
em

m
a

2
The

robustcopula
dependence

R
C

D
is

robust-equitable.
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M
at

he
m

at
ic

al
ly

,R
C

D
is

th
e

sa
m

e
as

Si
lv

ey
’s

D
el

ta
(S

ilv
ey

,1
96

4)
:

∆
=

∫ φ
>

1
[p

(x
,y

)
−
p
X

(x
)p
Y

(y
)]
d
x
d
y
,

w
he

re
p
X

an
d
p
Y

ar
e

th
e

m
ar

gi
na

l
pr

ob
ab

ili
ty

de
ns

iti
es

fo
r
X

an
d
Y

,
p

is
th

e
jo

in
t

pr
ob

ab
ili

ty
de

ns
ity

fo
r
X

an
d
Y

,a
nd
φ

(x
,y

)
=
p
(x
,y

)/
[p
X

(x
)p
Y

(y
)]

.
W

e
w

ri
te

eq
ua

tio
n

(5
)

in
te

rm
s

of
th

e
ab

so
lu

te
ly

co
nt

in
uo

us
co

pu
la

de
ns

ity
fo

re
as

e
of

un
de

rs
ta

nd
in

g.
W

he
n

pa
rt

of
th

e
co

pu
la

is
si

ng
ul

ar
,

th
e

R
C

D
in

(5
)c

an
be

de
fin

ed
as

in
Si

lv
ey

(1
96

4)
,i

nt
er

pr
et

in
g
φ

as
th

e
R

ad
on

-N
ik

od
ym

de
riv

at
iv

e
of

th
e

jo
in

t
di

st
ri

bu
tio

n
w

ith
re

sp
ec

t
to

a
do

m
in

at
in

g
pr

ob
ab

ili
ty

m
ea

su
re

w
hi

ch
do

es
co

ve
r

th
e

po
ss

ib
ili

ty
of

si
ng

ul
ar

ity
.

A
lte

rn
at

iv
el

y,
fo

r
a

m
ix

tu
re

co
pu

la
C

,
th

e
R

C
D

ca
n

be
de

fin
ed

as
th

e
lim

it
of

li
m

m
→
∞
R
C
D

(C
m

)
fo

re
qu

at
io

n
(5

)o
n

an
y

se
qu

en
ce

of
co

nt
in

uo
us

co
pu

la
s
{C

1
,C

2
,.
..
}t

ha
t

co
nv

er
ge

s
to
C

.T
he

co
nv

er
ge

nc
e

m
ea

ns
th

at
li
m

m
→
∞
‖C

m
−
C
‖ 1

:=
2

li
m

m
→
∞

su
p
A
|C
m

(A
)
−
C

(A
)|

=

0
,w

he
re

th
e

su
pr

em
um

is
ta

ke
n

ov
er

al
l

B
or

el
se

ts
A

.
A

se
co

nd
w

ay
of

in
te

rp
re

ta
tio

n
is

he
lp

fu
l

in
th

in
ki

ng
ab

ou
tw

hy
C
D
α

,w
he

n
α
>

1
,c

an
no

tb
e

m
ad

e
ro

bu
st

-e
qu

ita
bl

e
an

d
w

hy
th

is
le

ad
s

to
st

at
is

tic
al

di
ffi

cu
lti

es
in

es
tim

at
io

n
w

hi
ch

w
e

w
ill

di
sc

us
s

in
de

ta
il

in
th

e
ne

xt
se

ct
io

n.
R

ou
gh

ly
sp

ea
ki

ng
,

fo
r

th
e

m
ix

tu
re

co
pu

la
C

=
p
C
s

+
(1
−
p
)Π

,
th

e
co

pu
la

de
ns

ity
fo

r
th

e
ab

so
lu

te
ly

co
nt

in
uo

us
co

m
po

ne
nt

is
c c

(u
,v

)
=

1
−
p

,w
hi

le
w

e
ca

n
im

ag
in

e
c s

(u
,v

)
as

an
ab

st
ra

ct
co

pu
la

de
ns

ity
fo

r
th

e
si

ng
ul

ar
co

m
po

ne
nt

su
ch

th
at
∫ B
c s

(u
,v

)d
u
d
v

:=
∫ B
C

(d
u
,d
v
)

=
C
s
(B

)
fo

r
an

y
su

bs
et
B
⊂
S.

Si
nc

e
S

ha
s

L
eb

es
gu

e
m

ea
su

re
ze

ro
,c
s
(u
,v

)
=
∞

fo
r

(u
,v

)
∈
S

so
th

at
c s

is
no

t
a

pr
op

er
de

ns
ity

,
bu

t
ra

th
er

an
ab

st
ra

ct
lim

it
of

th
e

se
qu

en
ce

li
m

m
→
∞
c m

,s
.

H
er

e
fo

r
an

y

co
nv

er
ge

nt
se

qu
en

ce
of

co
nt

in
uo

us
co

pu
la

s
{C

1
,C

2
,.
..
}

ab
ov

e,
c m

,s
(u
,v

)
=
c m

(u
,v

)
−
c c

(u
,v

)
is

th
e

co
nt

in
uo

us
co

pu
la

de
ns

ity
th

at
ap

pr
oa

ch
es

th
e

ab
st

ra
ct
c s

(u
,v

).
Fo

r
an

y
op

en
se

tB
O
⊃
B,

C
s
(B
O

)
=
∫ B
O
c s

(u
,v

)d
u
d
v

:=
li
m

m
→
∞
∫ B
O
c m

,s
(u
,v

)d
u
d
v

,a
nd

C
s
(B

)
=

li
m

B O
→
B
C
s
(B
O

).
H

en
ce

fo
r

an
y
α
>

1,
∫ B

[c
s
(u
,v

)]
α
d
u
d
v

=
∫ S

[c
s
(u
,v

)]
α
−

1
c s

(u
,v

)d
u
d
v

=
∫ S
∞
c s

(u
,v

)d
u
d
v

=
∞

.
So

th
at
C
D
α

=
∞

w
he

ne
ve

r
α
>

1
an

d
p
>

0
.

Si
m

ila
rl

y,
M
I

=
∞

fo
r

al
l
p
>

0
.

T
he

y
do

no
t

di
st

in
gu

is
h

th
e

de
pe

nd
en

ce
st

re
ng

th
in

th
e

m
ix

tu
re

di
st

ri
bu

tio
n

ac
co

rd
in

g
to

th
e

si
gn

al
pr

op
or

tio
n
p

,
an

d
ca

n
no

tb
e

tr
an

sf
or

m
ed

to
be

ro
bu

st
-e

qu
ita

bl
e

as
th

ey
ov

er
-e

m
ph

as
iz

e
th

e
si

ng
ul

ar
co

m
po

ne
nt

(h
ig

h
co

pu
la

de
ns

ity
re

gi
on

).
If

th
e

de
pe

nd
en

ce
m

ea
su

re
do

es
no

te
qu

al
p

ex
ac

tly
bu

ti
s

a
m

on
ot

on
e

fu
nc

tio
n

of
p

,t
he

n
w

e
ca

n
sc

al
e

it
to

ge
ta

ro
bu

st
-e

qu
ita

bl
e

ve
rs

io
n,

an
d

ca
ll

it
w

ea
kl

y-
ro

bu
st

-e
qu

ita
bl

e.

D
efi

ni
tio

n
4

A
de

pe
nd

en
ce

m
ea

su
re
D

[X
;Y

]
is

w
ea

kl
y-

ro
bu

st
-e

qu
ita

bl
e

if
an

d
on

ly
if
D

[X
;Y

]
is

a
st

ri
ct

ly
m

on
ot

on
e

fu
nc

tio
n

of
p

w
he

ne
ve

r
(X
,Y

)
fo

llo
w

s
a

di
st

ri
bu

tio
n

w
ho

se
co

pu
la

is
C

=
p
C
s

+
(1
−
p
)Π

,f
or

a
si

ng
ul

ar
co

pu
la
C
s
.

L
em

m
a

3
Th

e
C

op
ul

a-
D

is
ta

nc
e

C
D
α

is
w

ea
kl

y-
ro

bu
st

-e
qu

ita
bl

e
if

an
d

on
ly

if
α
≤

1.

W
he

n
α
>

1,
si

nc
e
C
D
α

=
∞

w
he

ne
ve

rp
>

0
,t

ho
se

ar
e

no
tw

ea
kl

y-
ro

bu
st

-e
qu

ita
bl

e.
W

he
n

α
<

1,
∫ S

[c
s
(u
,v

)]
α
d
u
d
v

=
∫ B

[c
s
(u
,v

)]
α
−

1
c s

(u
,v

)d
u
d
v

=
0

so
th

at
th

e
co

nt
ri

bu
tio

n
fr

om
th

e
si

ng
ul

ar
re

gi
on
S

is
ze

ro
.I

n
th

es
e

ca
se

s,

C
D
α

=
0

+

∫ I2
\S
|(1
−
p
)
−

1
|α
d
u
d
v

=
p
α

is
w

ea
kl

y-
ro

bu
st

-e
qu

ita
bl

e.
A

nd
C
D

1
is

w
ea

kl
y-

ro
bu

st
-e

qu
ita

bl
e

fr
om

L
em

m
a
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T
he

se
lf

-e
qu

ita
bi

lit
y

fo
r

ad
di

tiv
e

no
is

e
m

od
el

re
qu

ir
es

th
at
α
≥

1
,

w
hi

le
th

e
w

ea
kl

y-
ro

bu
st

-
eq

ui
ta

bl
ity

in
th

e
m

ix
tu

re
no

is
e

m
od

el
re

qu
ir

es
th

at
α
≤

1.
H

en
ce

on
ly
α

=
1

sa
tis

fie
s

th
e

eq
ui

-
ta

bi
lit

y
co

nd
iti

on
in

bo
th

no
is

e
m

od
el

s,
an

d
re

su
lti

ng
in

th
e

ro
bu

st
-e

qu
ita

bl
e
R
C
D
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g
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f
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m
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th
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re
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d
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re
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re
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at
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m
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R
O

B
U

S
T

C
O

P
U

L
A

D
E

P
E

N
D

E
N

C
E

M
E

A
S

U
R

E

R
C

D
satisfies

self-equitability,w
hich

is
a

w
eakened

version
of

the
sixth

R
ényi’s

A
xiom

.
T

he
R

ényi’s
A

xiom
A

7
requires

the
dependence

m
easure

to
agree

w
ith

the
natural

quantity
of|ρ|

for
bivariate

G
aussian

distributions
(w

hich
corresponds

to
a

linear
regression

m
odel).

O
ur

R
C

D
does

not
satisfy

that,
but

instead
agree

w
ith
|ρ|

for
the

m
ixture

noise
setting

w
ith

a
linear

determ
inis-

tic
relationship,since

in
thatcase

p
=
|ρ|.

O
ur

robust-equitability
definition

requires
the

m
easure

equals
p

exactly,w
hich

provides
an

easy
interpretation

in
thatitis

an
equitable

extension
of

Pear-
son’s

correlation|ρ|to
allform

s
ofhidden

nonlineardeterm
inistic

relationships.Itis
notessentialto

require
the

exactequality
to
p,as

equaling
to

a
m

onotone
function

of
p

(w
eakly-robust-equitability)

w
ould

enable
a

robust-equitable
version

of
the

m
easure

through
a

transform
ation.

H
ow

ever,pre-
cisely

equaling
to
p

is
nice

due
to

the
above

easier
interpretation.

N
otice

that
R

2
=
ρ

2
for

the
additive

noise
regression

m
odelw

ith
a

linear
relationship

(bivariate
G

aussian
distribution).

H
ence

the
nonlinear

R
2

can
be

sim
ilarly

considered
as

an
equitable

extension
of

Pearson’s
correlation

in
the

additive
noise

m
odelto

allform
s

of
nonlinear

regression
relationships.

H
ow

ever,unlike
p,
R

2

does
notsatisfy

the
sym

m
etric

property
since

regressing
Y

on
X

and
regressing

X
on
Y

do
notgive

the
sam

e
value.

For
discrete

random
variables,E

quation
(5)

corresponds
to

the
K

olm
ogorov

dependence
m

ea-
sure

in
the

pattern
recognition

literature
(V

ilm
ansen,1972,1973;E

kdahland
K

oski,2006)and
also

know
n

asthe
M

ortara
dependence

index
(B

agnato
etal.,2013).In

the
discrete

case,the
m

easure
has

a
m

axim
um

value
less

than
1.

In
contrast,

R
C
D

=
1

w
hen

X
and

Y
are

determ
inistically

related.
Forcontinuous

random
variables

X
and

Y
,Silvey’s

D
elta

has
been

cited
only

as
an

abstractconcept
and

no
practicalestim

atorw
as

used
in

the
literature

fordata
analysis.

T
he

new
nam

e,R
obustC

op-
ula

D
ependence

(R
C

D
),em

phasizes
the

factthatitis
a

robust-equitable
copula-based

dependence
m

easure.

2.3
Testing

Independence
VersusE

stim
ation

E
rrorsofD

ependence
M

easures

In
practice,feature

selection
is

based
on

an
estim

ator
D̂

(X
;Y

)
on

the
data

set,since
the

exactvalue
ofthe

dependence
m

easure
D

(X
;Y

)
is

unknow
n

to
the

user.H
ence

the
feature

selection
results

are
affected

by
the

estim
ation

error
D̂
−
D

.T
he

estim
ation

erroralso
needs

to
be

studied.
A

n
estim

ator
D̂

[X
;Y

]is
often

used
to

testthe
independence

betw
een

X
and

Y
.

Som
e

studies
com

pare
differentdependence

m
easures

D
[X

;Y
]s

by
the

pow
erofindependence

testing
using

their
corresponding

estim
ators

D̂
[X

;Y
]s

(R
eshefetal.,2011;Sim

on
and

Tibshirani,2011;R
eshefetal.,

2015a).
H

ow
ever,w

hile
independence

testing
is

related
to

the
estim

ation
of

dependence
m

easures
D

[X
;Y

],the
pow

erofthe
independence

testisnota
properw

ay
ofcom

paring
dependence

m
easures

D
[X

;Y
].

In
fact,as

m
entioned

in
Section

2.2,the
independence

testcorresponds
to

an
estim

ation
of

the
trivialm

easure
ID

C
:
I
D
C

(X
;Y

)
=

0
if
X

and
Y

are
independentand

I
D
C

(X
;Y

)
=

1
otherw

ise.
T

hus
the

pow
er

com
parison

is
com

paring
the

perform
ance

of
D̂

[X
;Y

]
in

estim
ating

I
D
C

(X
;Y

)ratherthan
estim

ating
itscorresponding

param
eter

D
[X

;Y
].A

lso,good
independence

teststatisticsm
ay

nothave
corresponding

interpretable
dependence

m
easures(Sun

and
Z

hao,2014).
A

s
R

eshef
et

al.
(2015b)

pointed
out,

the
estim

ator
D̂

[X
;Y

]
for

equitable
D

[X
;Y

]
is

m
ost

pow
erful

at
testing

the
hypothesis

if
the

signal
strength

exceeding
a

threshold
D

[X
;Y

]
≥
D

0 ,
rather

than
being

m
ostpow

erfulattesting
independence

D
[X

;Y
]

=
0.

B
esides

sim
ply

testing
for

independence,dependence
m

easures
serve

another
im

portantpurpose:
ranking

the
strength

of
the

dependence
relationships.Forexam

ple,in
the

W
orld

H
ealth

O
rganization

(W
H

O
)data

setin
R

eshef
etal.(2011)the

vastm
ajority

ofthe
hundredsofthe

variablesshow
dependence

w
ith

othervariables.
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Figure
3:

H
idden

in
background

noise
are

10%
(red

colored)
data

on
a

determ
inistic

curve
in

(a)
and

(b),on
a

narrow
strip

around
the

line
in

(c).

So
the

independence
tests

do
notprovide

m
uch

inform
ation

there.To
achieve

sparse
representation

(feature
selection),

it
is

im
portant

to
pick

out
the

strongest
dependence

relationships.
E

quitable
dependence

m
easure

ensures
thatthe

signalstrength
is

reflected,ratherthan
the

functionalform
.

T
he

robust-equitability
definitions

also
have

im
plications

on
the

estim
ation

errors.
Som

e
self-

equitable
m

easures
can

equalone
too

often,the
extrem

e
case

being
the

ID
C

.W
hen

the
dependence

m
easure

D
[X

;Y
]equals

one
fortoo

m
any

type
ofdistributions,itdoes

notdistinguish
dependence

strength
am

ong
them

,
and

also
m

akes
its

estim
ation

difficult.
R

obust-equitability
excludes

such
m

easures.
In

the
next

section,
w

e
theoretically

show
that

robust-equitable
R

C
D

is
intrinsically

m
uch

easier
to

estim
ate

than
non-robust-equitable

(butonly
self-equitable)

M
I

and
C

D
2 .

T
his

is
due

to
the

instability
in

the
theoreticalvalues

of
M

I
and

C
D

2 .
T

he
follow

ing
exam

ples
illustrate

the
difference

betw
een

self-equitability
(Figure

3:
a

versus
b)

and
robust-equitability

(Figure
3:

a
versus

c).T
he

self-equitable
m

easures(R
C

D
,M

I),unlike
ρ,have

the
sam

e
value

in
Figures

3(a)and
3(b)w

here
each

has
10%

determ
inistic

data
on

tw
o

differentcurves.In
Figure

3(c),10%
ofthe

data
fallaround

(ratherthan
exactly

on)the
line

in
a

very
sm

allstrip
ofarea

0
.1
/ex

p
(10)

=
4.5×

10 −
6,

w
hich

is
very

close
to

the
distribution

in
Figure

3(a).
T

he
robust-equitable

R
C

D
values

are
very

sim
ilar(differonly

in
10 −

6
order)in

Figures
3(a)and

3(c),butthe
M
I

values
changes

from
∞

to
1.

Since
these

tw
o

alm
ostindistinguishable

distributions
resultin

very
differenttheoretical

M
I

values
(∞

and
1),no

estim
atorcan

do
w

ell.

3.StatisticalE
stim

ation
E

rrors

In
this

section,
w

e
study

the
estim

ation
errors

theoretically,
and

provide
a

practical
estim

ator
for

R
C

D
.In

particular,w
e

analyze
the

statisticalestim
ation

error
D̂
−
D

.

3.1
T

he
Inconsistency

R
esultson

E
stim

ation
ofM

utualInform
ation

and
C

D
2

W
e

theoretically
show

that
M

I
and

C
D

2
are

m
uch

harder
to

estim
ate

com
pared

to
the

robust-
equitable

R
C

D
.W

e
form

ally
quantify

the
estim

ation
difficulty

through
the

m
inim

ax
convergence

rate
overa

fam
ily

C
.

12
JM

L
R

 18(71):1-46, 2017



R
O

B
U

S
T

C
O

P
U

L
A

D
E

P
E

N
D

E
N

C
E

M
E

A
S

U
R

E

D
en

ot
e
z

=
(u
,v

).
L

et
C

be
th

e
fa

m
ily

of
co

nt
in

uo
us

co
pu

la
s

w
ith

th
e

de
ns

ity
sa

tis
fy

in
g

th
e

fo
llo

w
in

g
H

öl
de

r
co

nd
iti

on
on

th
e

re
gi

on
w

he
re
c(
z
)

is
bo

un
de

d
ab

ov
e

by
so

m
e

co
ns

ta
nt
M

>
1

,
de

no
te

d
as
A
M

:
|c(

z
1
)
−
c(
z

2
)|
≤
M

1
‖z

1
−

z
2
‖ l 1
,

(7
)

fo
ra

co
ns

ta
nt
M

1
an

d
fo

ra
ll
z

1
∈
A
M

,z
2
∈
A
M

,a
nd
‖·
‖ l 1

de
no

te
s

th
e
l 1

no
rm

.
T

he
es

tim
at

io
n

of
M

Ih
as

be
en

st
ud

ie
d

ex
te

ns
iv

el
y

in
th

e
lit

er
at

ur
e.

O
ve

ra
ll

di
st

ri
bu

tio
ns

,e
ve

n
di

sc
re

te
on

es
,n

o
un

if
or

m
ra

te
of

co
nv

er
ge

nc
e

is
po

ss
ib

le
fo

r
M

I
(A

nt
os

an
d

K
on

to
yi

an
ni

s,
20

01
;

Pa
ni

ns
ki

,2
00

3)
.

O
n

th
e

ot
he

r
ha

nd
,m

an
y

es
tim

at
or

s
w

er
e

sh
ow

n
to

co
nv

er
ge

to
M

I
fo

r
ev

er
y

di
s-

tr
ib

ut
io

n.
T

he
se

re
su

lts
ar

e
no

tc
on

tr
ad

ic
to

ry
,b

ut
ra

th
er

co
m

m
on

ph
en

om
en

a
fo

rm
an

y
pa

ra
m

et
er

s.
T

he
fir

st
re

su
lt

is
ab

ou
tt

he
un

if
or

m
co

nv
er

ge
nc

e
ov

er
al

ld
is

tr
ib

ut
io

ns
,w

hi
le

th
e

se
co

nd
re

su
lt

is
ab

ou
tt

he
po

in
tw

is
e

co
nv

er
ge

nc
e

fo
r

ea
ch

di
st

ri
bu

tio
n.

T
he

fir
st

re
st

ri
ct

io
n

is
to

o
st

ro
ng

,w
hi

le
th

e
se

co
nd

re
st

ri
ct

io
n

is
to

o
w

ea
k.

T
he

di
ffi

cu
lty

of
es

tim
at

in
g

a
pa

ra
m

et
er

ne
ed

s
to

be
st

ud
ie

d
fo

r
un

if
or

m
co

nv
er

ge
nc

e
ov

er
a

pr
op

er
ly

ch
os

en
fa

m
ily

.
A

s
M

Ii
s

de
fin

ed
th

ro
ug

h
th

e
co

pu
la

de
ns

ity
,i

ti
s

na
tu

ra
lt

o
co

ns
id

er
th

e
fa

m
ili

es
ge

ne
ra

lly
us

ed
in

de
ns

ity
es

tim
at

io
n

lit
er

at
ur

e.
St

ar
tin

g
fr

om
Fa

rr
el

l
(1

97
2)

,i
t

is
st

an
da

rd
to

st
ud

y
th

e
m

in
im

ax
ra

te
of

co
nv

er
ge

nc
e

fo
r

de
ns

ity
es

tim
at

io
n

ov
er

th
e

cl
as

s
of

fu
nc

tio
ns

w
ho

se
m

-t
h

de
riv

at
iv

es
sa

t-
is

fy
th

e
H

öl
de

r
co

nd
iti

on
.

Si
nc

e
th

e
m

in
im

ax
co

nv
er

ge
nc

e
ra

te
us

ua
lly

is
ac

hi
ev

ed
by

th
e

ke
rn

el
de

ns
ity

es
tim

at
or

,i
ti

s
al

so
th

e
op

tim
al

co
nv

er
ge

nc
e

ra
te

of
de

ns
ity

es
tim

at
io

n
un

de
r

th
os

e
H

öl
de

r
cl

as
se

s.
G

en
er

al
ly

,
w

ith
th

e
H

öl
de

r
co

nd
iti

on
im

po
se

d
on

th
e
m

-t
h

de
riv

at
iv

es
,

th
e

op
tim

al
ra

te
of

co
nv

er
ge

nc
e

fo
rt

w
o-

di
m

en
si

on
al

ke
rn

el
de

ns
ity

es
tim

at
or

is
n
−

(m
+

1
)/

(2
m

+
4
)

(S
ilv

er
m

an
,1

98
6;

Sc
ot

t,
19

92
).

T
he

re
fo

re
,w

he
n

st
ud

yi
ng

th
e

co
nv

er
ge

nc
e

of
M

I
es

tim
at

or
s,

it
is

ve
ry

te
m

pt
in

g
to

im
po

se
th

e
H

öl
de

rc
on

di
tio

n
on

th
e

co
pu

la
de

ns
ity

.I
n

fa
ct

,i
m

po
si

ng
th

e
H

öl
de

rc
on

di
tio

n
(7

)o
n

th
e

w
ho

le
I

2
,

L
iu

et
al

.(
20

12
)

sh
ow

ed
th

at
th

e
ke

rn
el

de
ns

ity
es

tim
at

io
n

(K
D

E
)

ba
se

d
M

I
es

tim
at

or
co

nv
er

ge
s

at
th

e
pa

ra
m

et
ri

c
ra

te
of
n
−

1
/
2
.

Pá
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D
α
(C

)
−
C
D
α
(C

)|]
=
∞
,

fo
r

an
y
α
>

1.
(8

)

13
JM

L
R

 1
8(

71
):

1-
46

, 2
01

7

D
IN

G
,D

Y
,L

I,
A

N
D

C
H

A
N

G

T
he

de
ta

ile
d

pr
oo

f
is

pr
ov

id
ed

in
A

pp
en

di
xA

.T
hi

s
th

eo
re

m
st

at
es

th
at

M
I

an
d

C
D

2
ca

nn
ot

be
co

ns
is

te
nt

ly
es

tim
at

ed
ov

er
th

e
fa

m
ily

C
.

T
hi

s
re

su
lt

do
es

no
t

de
pe

nd
on

th
e

es
tim

at
io

n
m

et
ho

d
us

ed
,a

s
it

re
fle

ct
s

th
e

th
eo

re
tic

al
in

st
ab

ili
ty

of
th

es
e

qu
an

tit
ie

s.
T

he
re

ar
e

m
an

y
es

tim
at

or
s

fo
r

M
I:

ke
rn

el
de

ns
ity

es
tim

at
io

n
(K

D
E

)(
M

oo
n

et
al

.,
19

95
),

th
e
k

-n
ea

re
st

-n
ei

gh
bo

r(
K

N
N

)(
K

ra
sk

ov
et

al
.,

20
04

),
m

ax
im

um
lik

el
ih

oo
d

es
tim

at
io

n
of

de
ns

ity
ra

tio
(S

uz
uk

ie
ta

l.,
20

09
).

H
ow

ev
er

,p
ra

ct
iti

on
er

s
ar

e
of

te
n

fr
us

tr
at

ed
by

th
e

un
re

lia
bi

lit
y

of
th

es
e

es
tim

at
io

n
(F

er
na

nd
es

an
d

G
lo

or
,

20
10

;
R

es
he

f
et

al
.,

20
11

).
T

hi
s

th
eo

re
m

pr
ov

id
es

a
th

eo
re

tic
al

ex
pl

an
at

io
n.

N
ot

ic
e

th
at

th
e

in
co

ns
is

te
nc

y
re

su
lts

ov
er

th
is

fa
m

ily
C

is
no

td
ue

to
th

e
un

bo
un

de
dn

es
s

of
M

I
an

d
C

D
2
.

T
he

y
ca

n
be

tr
an

sf
or

m
ed

in
to

co
rr

el
at

io
n

m
ea

su
re

s
w

ith
va

lu
es

be
tw

ee
n

0
an

d
1

(J
oe

,
19

89
):
M
I
co
r

=
√

1
−
e−

2
M
I

an
d
φ
co
r

=
√
C
D

2
/(

1
+
C
D

2
).

T
he
M
I
co
r

is
kn

ow
n

as
th

e
L

in
fo

ot
co

rr
el

at
io

n
in

th
e

lit
er

at
ur

e
(S

pe
ed

,2
01

1)
.

W
e

us
e

th
e

na
m

e
M
I
co
r

to
in

di
ca

te
it

as
th

e
sc

al
ed

ve
rs

io
n

of
M

I.
T

he
ne

xt
th

eo
re

m
sh

ow
ed

th
at
M
I
co
r

ca
nn

ot
be

co
ns

is
te

nt
ly

es
tim

at
ed

ov
er

th
e

fa
m

ily
C

al
so

.

T
he

or
em

5
Le

tM̂
I
co
r

be
an

y
es

tim
at

or
of
M
I
co
r

ba
se

d
on

th
e

ob
se

rv
at

io
ns

Z
1

=
(U

1
,V

1
),

...
,

Z
n

=
(U

n
,V

n
)

fr
om

a
co

pu
la

di
st

ri
bu

tio
n
C
∈
C

.T
he

n

su
p

C
∈C
E

[|M̂
I
co
r(
C

)
−
M
I
co
r(
C

)|]
≥

a
2
>

0
,

(9
)

fo
r

a
po

si
tiv

e
co

ns
ta

nt
a

2
.

T
he

de
ta

ile
d

pr
oo

fi
s

pr
ov

id
ed

in
A

pp
en

di
x

B
.

T
he

es
tim

at
io

n
di

ffi
cu

lty
of

th
es

e
de

pe
nd

en
ce

m
ea

su
re

si
sd

ue
to

th
ei

rl
ac

k
of

sm
oo

th
ne

ss
re

la
te

d
to

be
in

g
no

t
w

ea
kl

y-
ro

bu
st

-e
qu

ita
bl

e.
R

es
he

f
et

al
.

(2
01

5a
,

Se
ct

io
n

4)
pr

ov
ed

a
si

m
ila

r
la

ck
of

sm
oo

th
ne

ss
of

M
Ia

nd
M
I
co
r,

w
hi

le
th

ei
rp

ro
po

se
d

st
at

is
tic
M
I
C

m
ay

be
co

ns
id

er
ed

a
sm

oo
th

ed
ve

rs
io

n
w

hi
ch

sh
ow

s
eq

ui
ta

bl
e

be
ha

vi
or

un
de

rt
he

ir
fr

am
ew

or
k.

O
ur

re
su

lts
ar

e
st

ro
ng

er
in

th
at

:(
a)

ou
rr

es
ul

ts
es

ta
bl

is
h

th
e

st
at

is
tic

al
di

ffi
cu

lty
of

es
tim

at
io

n
vi

a
m

in
im

ax
ra

te
,a

nd
(b

)o
ur

re
su

lts
ap

pl
y

to
a

br
oa

de
rc

la
ss

of
de

pe
nd

en
ce

m
ea

su
re

s.

3.
2

T
he

C
on

si
st

en
tE

st
im

at
io

n
of

R
C

D

T
he

eq
ui

ta
bi

lit
y

de
fin

iti
on

s
an

d
er

ro
r

an
al

ys
is

ab
ov

e
as

su
m

e
a

bi
va

ri
at

e
de

pe
nd

en
ce

m
ea

su
re

.
In

th
is

se
ct

io
n,

w
e

w
ill

st
at

e
th

e
es

tim
at

io
n

re
su

lts
fo

r
a

ge
ne

ra
ld

-d
im

en
si

on
al

R
C

D
in

eq
ua

tio
n

(5
):

R
C
D

=
1 2

∫ I
d
|c(

z
)−

1
|d
z

fo
rd

-d
im

en
si

on
al
z

.T
ha

ti
s,

fo
rz

=
(z

1
,.
..
,z
d
),

th
e

co
pu

la
tr

an
sf

or
m

a-
tio

n
ch

an
ge

s
ea

ch
di

m
en

si
on

to
un

if
or

m
ly

di
st

ri
bu

te
d

va
ri

ab
le

s
u
j

=
F
−

1
u

(z
j
),
j

=
1
,.
..
,d

.
T

he
n

∫
|c(

z
)
−

1|
d
z

:=
∫
..
.∫
|c(
u

1
,.
..
,u

d
)
−

1|
d
u

1
..
.d
u
d
.T

he
ro

bu
st

-e
qu

ita
bi

lit
y

de
fin

iti
on

ca
n

be
ea

s-
ily

ch
an

ge
d

to
th

e
d

-d
im

en
si

on
al

m
ix

tu
re

co
pu

la
w

ith
a

si
ng

ul
ar

co
m

po
ne

nt
an

d
th

e
d

-d
im

en
si

on
al

un
if

or
m

di
st

ri
bu

tio
n.

A
nd

,i
n

th
e
d

-d
im

en
si

on
al

ca
se

,t
he

ca
lc

ul
at

io
n

ab
ov

e
eq

ua
tio

n
(5

)s
til

lh
ol

ds
so

th
at

R
C

D
is

ro
bu

st
-e

qu
ita

bl
e.

N
ot

ic
e

th
at

ot
he

re
qu

ita
bi

lit
y

de
fin

iti
on

s
su

ch
as

se
lf

-e
qu

ita
bi

lit
y

is
on

ly
de

fin
ed

fo
rt

he
bi

va
ri

at
e

ca
se

,a
nd

th
e

fil
te

ri
ng

fe
at

ur
e

se
le

ct
io

n
m

et
ho

d
m

R
M

R
al

so
us

es
on

ly
th

e
bi

va
ri

at
e

de
pe

nd
en

ce
.

M
at

he
m

at
ic

al
ly

,M
I(

an
d
M
I
co
r)

is
un

st
ab

le
be

ca
us

e
it

ov
er

w
ei

gh
st

he
re

gi
on

w
ith

la
rg

e
de

ns
ity

c(
z
)

va
lu

es
.F

ro
m

eq
ua

tio
n

(3
),

M
Ii

s
th

e
ex

pe
ct

at
io

n
of

lo
g
[c

(z
)]

un
de

rt
he

tr
ue

co
pu

la
di

st
ri

bu
tio

n
c(
z
).

In
co

nt
ra

st
,R

C
D

in
(5

)t
ak

es
th

e
ex

pe
ct

at
io

n
at

th
e

in
de

pe
nd

en
ce

ca
se

Π
in

st
ea

d.
E

ve
n

if
c(
z
)

ca
nn

ot
be

co
ns

is
te

nt
ly

es
tim

at
ed

in
th

e
re

gi
on
A
c M

(t
he

co
m

pl
em

en
to

f
A
M

),
its

er
ro

r
co

nt
ri

bu
tio

n
to
R̂
C
D

ca
n

be
bo

un
de

d.
T

he
fo

llo
w

in
g

th
eo

re
m

,w
hi

ch
is

pr
ov

ed
in

A
pp

en
di

x
C

,s
ho

w
s

th
e

re
su

lt
fo

rt
he

K
D

E
es

tim
at

or
fo

rR
C

D
.
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R
O

B
U

S
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C
O

P
U

L
A

D
E

P
E

N
D

E
N

C
E

M
E

A
S

U
R

E

T
heorem

6
Let

the
K

D
E

estim
ator

of
the

d-dim
ensional

copula
density

based
on

observations
Z

1 ,···
,Z

n
be

ĉ
k
d
e (Z

)
=

1

n
h
d

n
∑i=

1

K
( Z

i −
Z

h
).

(10)

W
e

assum
e

the
follow

ing
conditions:

•
The

bandw
idth

h
→

0
and

n
h
d→

∞
.

•
The

kernel
K

is
non-negative

and
has

a
com

pact
support

in,B
0

=
{Z

:‖Z‖
l2
≤

1},
the

d-dim
ensionalunitballcentered

at
0.

•
The

kernel
K

is
bounded.

M
K

=
m

ax
s∈

B
0
K

(s), ∫B
0
K

(s)d
s

=
1,µ

22
=
∫B

0
K

2(s)d
s
<
∞

Then
the

plugged-in
estim

ator
R̂
C
D

=
R
C
D

(ĉ
k
d
e )

has
a

risk
bound

su
p

C
∈
C
E

[|R̂
C
D
−
R
C
D
|]≤

M
1 h

+

√
2µ

2
√
n
h
d2

+
O

(
1

n
h
d
).

(11)

In
addition

to
the

K
D

E
based

R
C

D
estim

ator,
w

e
can

estim
ate

R
C

D
consistently

by
plug-

ging
in

the
K

N
N

estim
ator

(L
oftsgaarden

and
Q

uesenberry,1965)
of

the
copula

density:
ĉ(z

)
=

k
/n
/A

r
(k
,n

)
using

copula
based

observations
Z

1 ,Z
2 ,···

,Z
n .

H
ere

r(k
,n

)
is

the
distance

from
(d-dim

ensional)
z

to
the

k-th
closestof

Z
1 ,Z

2 ,···
,Z

n ,and
A
r

is
the

volum
e

ofthe
d-dim

ensional
hyper-ballw

ith
radius

r.T
hen

R̂
C
D

=
R
C
D

(ĉ)
=
∑

ĉ(Z
i )>

1 [1−
1
/ĉ(Z

i )]/n.

T
heorem

7
A

ssum
ing

c
in

C
has

bounded
continuous

second
order

derivative
in
A
M

,
k
→
∞

and
(k
/
n

)→
0

w
hen

n
→
∞

.Then
the

plugged-in
K

N
N

estim
ator

R̂
C
D

=
R
C
D

(ĉ)
has

a
risk

bound

su
p

C
∈
C
E

[|R̂
C
D
−
R
C
D
|]≤

c̃
1 (
kn
ε
)
2d

+
c̃

2
√
k

+
2
ε,

(12)

for
som

e
finite

constants
c̃

1
and

c̃
2 ,and

ε
=
ε(n

)
is

any
sequence

converging
to

0
slow

er
than

k
/n

.

H
ere,the

extra
technicalassum

ption
on

the
second

orderderivative
allow

sa
sim

plerproof(provided
in

A
ppendix

D
)

by
citing

form
ulas

in
M

ack
and

R
osenblatt(1979).

W
ithoutit,R

C
D

can
stillbe

estim
ated

consistently
as

in
T

heorem
6.

T
he

error
bound

(12)
is

m
inim

ized
by

ε
=

(k
/n

)
2
/
(d

+
2
)

and
k

=
n

4
/
(d

+
6
).

H
ence,

in
the

bivariate
(d

=
2)

case,
w

e
have

k
=
O

( √
n

).
Sim

ulations
in

A
ppendix

E
suggests

a
practicalestim

atorw
ith

k
=

0.25 √
n.

W
hen

R
C

D
is

estim
ated

w
ellunder

a
sam

ple
size,further

increasing
the

sam
ple

size
does

not
change

its
estim

ation
value

m
uch.

In
contrast,the

estim
ated

M
I

and
C

D
2

values
can

continuously
change

by
a

large
m

argin
as

sam
ple

size
increases,altering

the
ranking

of
features,som

etim
es

to
the

w
rong

order.
C

om
putationalC

om
plexity

ofK
N

N
-based

R
C

D
E

stim
atorT

he
com

putation
ofK

N
N

-based
R

C
D

is
dom

inated
by

em
piricalranking

foreach
dim

ension
and

k-nearestneigbhorsearch
foreach

sam
-

ple.
T

he
ranking

can
be

solved
by

m
ergesort,

w
hich

costsO
(d
n

log
n

)
for

d
dim

ensions
(C

or-
m

en,
2009).

T
he

k-nearest
neighbor

search
can

be
solved

using
k-d

tree
construction,

w
hich

has
O

(k
d
n

lo
g
n

)
com

plexity
w

hen
d

is
sm

all
(no

larger
than

20)
(B

entley,
1975).

H
ow

ever,
the

com
plexity

can
increase

to
O

(k
d
n

2)
if
d

becom
es

large.
T

herefore,
the

overall
com

plexity
isO

(k
d
n

log
n

)
forlow

dim
ension

data
andO

(k
d
n

2)
forhigh

dim
ension

data.
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D
IN

G
,D

Y,L
I,

A
N

D
C

H
A

N
G

4.E
xperim

entalR
esults

In
this

section,w
e

em
pirically

verify
the

properties
ofR

C
D

in
ourtheoreticalanalysis.

W
e

firstcheck
the

estim
ation

errors
for

R
C

D
in

synthetic
experim

ents
w

ith
additive

noise
and

m
ixture

noise
respectively.Foreach

type
ofnoise,w

e
sim

ulate
data

w
ith

severaldifferentrelation-
ships

so
as

to
show

the
effectof

self-equitability
and

robust-equitability
respectively.

In
particular,

w
e

com
pare

the
R

C
D

estim
atorw

ith
an

M
Iestim

atorbased
on

the
sam

e
density

estim
ation.D

ue
to

the
non-robust-equitability

of
M

I,in
the

m
ixture

noise
cases,the

M
I

estim
ator

varies
w

idely
w

ith
the

sam
ple

sizes.In
contrast,R

C
D

converges
as

sam
ple

sizes
increases.T

herefore,M
Im

ay
provide

m
isleading

ranking
offeatures

w
ith

unequalsam
ple

sizes.
A

lso,the
ranking

betw
een

relationships
w

ith
the

tw
o

differentnoise
types

are
greatly

affected
by

the
sam

ple
sizes

underM
I,w

hile
ranking

underR
C

D
rem

ains
relatively

stable.
W

e
then

conductseveralsynthetic
experim

ents
to

illustrate
the

properties
in

feature
selection,

and
then

show
thatsim

ilar
patterns

existon
real-w

orld
data

sets.
In

Section
4.3,w

e
show

that:
(1)

N
on-self-equitable

dependence
m

easures
m

ay
provide

m
isleading

ranking
underadditive

noise;(2)
N

on-robust-equitable
dependence

m
easures

m
ay

provide
m

isleading
ranking

under
m

ixture
noise

w
hen

features
have

unequal
sam

ple
sizes;

(3)
T

he
ranking

by
non-robust-equitable

dependence
m

easures
betw

een
the

tw
o

types
of

noises
are

sensitive
to

sam
ple

size.
Section

4.4
show

s
that

sim
ilar

behavior
occurs

in
three

real
data

exam
ples.

T
his

confirm
s

that
the

advantages
of

self-
equitable

and
robust-equitable

dependence
m

easures
are

not
just

theoretical,but
are

real
in

som
e

practicalsituations.
Furtherm

ore,w
e

com
pare

the
perform

ance
offeature

selection
by

the
filterm

ethod
m

R
M

R
(Peng

etal.,2005)as
a

feature
search

strategy
and

using
various

dependence
m

easures
as

m
easures

ofrel-
evance

and
redundancy

(referto
E

quation
(6)).W

e
conducted

the
m

R
M

R
m

ethod
firston

synthetic
exam

ples
in

Section
4.5,to

illustrate
w

hy
non-self-equitability

ornon-robust-equitability
could

lead
to

m
isleading

results.
W

e
then

perform
m

R
M

R
on

nine
benchm

ark
data

sets
from

the
U

C
I

D
ata

R
epository

(L
ichm

an,
2013)

in
Section

4.6.
N

otice
that

the
feature

selection
perform

ance
on

a
particular

data
setis

affected
by

the
type

of
existing

relationships
and

the
type

of
predictors

used.
For

exam
ple,Pearson’s

correlation
w

ith
a

linear
regression

predictor
should

perform
bestif

linear
relationship

is
dom

inantin
a

data
set.

For
a

fair
com

parison,w
e

m
easure

perform
ance

by
10-fold

cross-validated
M

SE
ofspline

regression,a
generalnonlinearpredictor(Friedm

an,1991),using
the

selected
features.Self-equitability

and
robust-equitability

lead
to

equitable
and

robustfeature
selec-

tion.
H

ence
R

C
D

should
provide

stable
perform

ance
across

differenttypes
ofdata,notnecessarily

best
in

each
situation.

H
ow

ever,
over

m
any

data
sets

w
ith

different
types

of
nonlinear

relation-
ships,robust-equitable

R
C

D
w

ould
provide

bestaverage
perform

ance
as

confirm
ed

on
these

nine
benchm

ark
data

sets.
T

here
are

som
e

param
eters

to
be

setfor
com

puting
various

dependence
m

easures.
For

kernel
based

m
easures,

w
e

follow
the

settings
used

by
Fukum

izu
et

al.(2007).
For

H
SN

IC
,w

e
set

the
regularization

param
eter

ε
n

=
10 −

5n
−

3
.1

to
satisfy

the
convergence

guarantee
given

by
T

heorem
5

from
Fukum

izu
etal.(2007).

A
s

discussed
in

the
previous

section,w
e

set
k

=
0.25 √

n
for

the
k-N

N
estim

atorof
M

I,R
C

D
and

C
D

2 .

4.1
E

stim
ation

E
rrorsand

E
quitability

In
this

section,w
e

study
the

estim
ation

errors
ofourR

C
D

estim
ates

through
synthetic

experim
ents,

and
exam

ine
the

equitability
effectin

ranking
features.

W
e

firstgenerate
data

from
four

different
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Six
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isted

curve,
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lines,
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uniform
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idth
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=
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.2.
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background
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.5

signal
portion.
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ependence
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values
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sizes
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are
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E
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row
corresponds

to
one

type
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m
easure.
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M
SE

is
presented

in
the

lastrow
.
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Synthetic

D
ata

SetsI:R
anking
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w
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A
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A
.ProofofT

heorem
4

For
sim

plicity,w
e

focus
on

the
bivariate

case
(X

and
Y

are
each

one-dim
ensionalvariables).

T
he

extension
of

the
proof

to
the

m
ultivariate

case
is

straightforw
ard.

W
e

firstw
ork

on
m

utualinfor-
m

ation,
then

show
the

sim
ilar

argum
ents

on
the

copula
distances.

To
prove

the
theorem

,
w

e
use

L
e

C
am

(1973)’s
m

ethod
to

find
the

low
er

bound
on

the
m

inim
ax

risk
of

the
estim

ating
m

utual
inform

ation
M
I.

To
do

this,w
e

w
illuse

a
m

ore
convenientform

of
L

e
C

am
’s

m
ethod

developed
by

D
onoho

and
L

iu
(1991).D

efine
the

m
odule

ofcontinuity
ofa

functional
T

overthe
class

F
w

ith
respectto

H
ellingerdistance

as
in

equation
(1.1)ofD

onoho
and

L
iu

(1991):

w
(ε)

=
su

p{|T
(F

1 )−
T

(F
2 )|

:
H

(F
1 ,F

2 )≤
ε,F

i ∈
F}.

(13)

H
ere

H
(F

1 ,F
2 )

denotes
the

H
ellinger

distance
betw

een
F

1
and

F
2 .

T
hen

the
m

inim
ax

rate
of

convergence
forestim

ating
T

(F
)

overthe
class

F
is

bounded
below

by
w

(n
−

1
/
2).

W
e

now
look

for
a

pair
of

density
functions

c
1 (u

,v
)

and
c

2 (u
,v

)
on

the
unitsquare

for
distri-

butions
thatare

close
in

H
ellingerdistance

butfaraw
ay

in
theirm

utualinform
ation.

T
his

provides
a

low
er

bound
on

the
m

odule
of

continuity
for

m
utualinform

ation
M

I
over

the
class

C
,and

hence
leads

to
a

low
erbound

on
the

m
inim

ax
risk.W

e
outline

the
proofnext.

W
e

firstdivide
the

unitsquare
into

three
disjointregions

R
1 ,
R

2
and

R
3

w
ith

R
1 ∪

R
2 ∪

R
3

=
[0,1

]×
[0,1

].T
he

firstdensity
function

c
1 (u

,v
)putsprobability

m
asses

δ,a
and

1−
a−

δ
respectively

on
the

regions
R

1 ,
R

2
and

R
3

each
uniform

ly.T
he
a

is
an

arbitrary
sm

allfixed
value,forexam

ple,
a

=
0.0

1.
For

now
,w

e
take

δ
to

be
another

sm
all

fixed
value.

T
he

area
of

the
region

is
chosen

so
that

c
1 (u

,v
)

=
M

on
region

R
2

and
c

1 (u
,v

)
=
M
∗

on
region

R
1

for
a

very
big

M
∗.

T
he

second
density

function
c

2 (u
,v

),com
pared

to
c

1 (u
,v

),m
oves

a
sm

allprobability
m

ass
ε

from
R

1

to
R

2 .
W

e
w

illsee
thatthe

H
ellinger

distance
betw

een
c

1
and

c
2

is
of

the
sam

e
order

as
ε,butthe

change
in

M
Iis

unbounded
forbig

M
∗.H

ence
m

odule
ofcontinuity

w
(ε)

is
unbounded

form
utual

inform
ation

M
I.T

herefore
the

M
Ican

notbe
consistently

estim
ated

overthe
class

C
.

Specifically,the
region

R
1

is
chosen

to
be

a
narrow

strip
im

m
ediately

above
the

diagonal,R
1

=
{(u

,v
)

:−
δ

1
<
u−

v
<

0};and
R

2
is

chosen
to

be
a

narrow
strip

im
m

ediately
below

the
diagonal,

R
2

=
{(u

,v
)

:
0
≤
u−

v
<
δ

2 }.T
he

rem
aining

region
is
R

3
=

[0,1]×
[0,1]\

(R
1 ∪
R

2 ).T
he

values
of
δ

1
and

δ
2

are
chosen

so
that

the
areas

of
regions

R
1

and
R

2
are

δ/M
∗

and
a
/M

respectively.
T

hen
clearly

c
1 (u

,v
)

=
M
∗

on
R

1 ;c
1 (u

,v
)

=
M

on
R

2 ;c
1 (u

,v
)

=
(1−

a−
δ)/

(1−
a
/M
−
δ/M

∗)
on
R

3 .A
nd
c

2 (u
,v

)
=
M
∗−

ε(M
∗/δ)

on
R

1 ;
c

2 (u
,v

)
=
M

+
ε(M

/
a
)

on
R

2 ;
c

2 (u
,v

)
=
c

1 (u
,v

)
on
R

3 .See
the

Figure
12.

T
hen

w
e

have

2H
2(c

1 ,c
2 )

=
∫

( √
c

2 (u
,v

)−
√
c

1 (u
,v

))
2d
u
d
v

=
( √

M
∗−

ε(M
∗/δ)−

√
M
∗)

2δ/M
∗

+
( √

M
+
ε(M

/a
)−
√
M

)
2a
/M

=
δ( √

1−
ε/δ−

1)
2

+
a
( √

1
+
ε/a−

1)
2

=
δ(ε/2

δ)
2

+
a
(ε/

2a
)
2

+
o(ε

2)
=
ε

2(
14
δ

+
14
a
)

+
o(ε

2).
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Figure
12:

T
he

plotshow
s

the
regions

R
1 ,R

2
and

R
3 .T

he
othertw

o
narrow

strips
neighboring

R
1

and
R

2
are

forthe
continuity

correction
m

entioned
atthe

end
ofthe

proof.

H
ence

the
H

ellingerdistance
is

ofthe
sam

e
orderas

ε:

H
(c

1 ,c
2 )

=
ε √

18δ
+

18a
+
o(ε).

O
n

the
otherhand,the

difference
in

the
m

utualinform
ation

is

M
I(c

1 )−
M

I(c
2 )

=
δ

log
(M
∗)

+
a

log
(M

)−
(δ−

ε)
log

[M
∗−

ε(M
∗/δ)]−

(a
+
ε)

log
[M

+
ε(M

/a
)]

=
ε

log
(M
∗)−

ε
log

(M
)−

(δ−
ε)

log
(1−

ε/δ)−
(a

+
ε)

log
(1

+
ε/a

).
(14)

H
ere

M
,δ

and
a

are
fixed

constants.H
ence

w
hen

M
∗→
∞

,this
difference

in
M
I

also
goes

to∞
.

For
exam

ple,if
w

e
let
M
∗

=
e

1
/
(ε)

2,then
the

m
odule

of
continuity

w
(ε)≥

O
(1/ε).

T
hatm

eans,
the

rate
of

convergence
is

atleast
O

(w
(n
−

1
/
2))

=
O

(n
1
/
2)→

∞
.

In
other

w
ords,M

I
can

notbe
consistently

estim
ated.

N
ow

,letus
considerthe

C
D
α

=
∫
I
2 |c(u

,v
)−

1| α
d
u
d
v,for

α
>

1,w
here

I
2

is
the

unitsquare.

C
D
α
(c

1 )−
C

D
α
(c

2 )
=
|M
∗−

1| α
δ/M

∗
+
|M
−

1| α
a
/M
−
|M
∗−

1−
ε(M

∗/δ)| α
δ/M

∗
+
|M
−

1
+
ε(M

/a
)| α
a
/M

=
[|M

∗−
1| α−

|M
∗−

1−
ε(M

∗/δ)| α
]δ/M

∗
+

[|M
−

1| α−
|M
−

1
+
ε(M

/a
)| α

]a
/M

=
α

[(M
∗−

1)
α−

1M
∗/δ−

(M
−

1)
α−

1M
/α

]ε
+
o(ε

2).
(15)

A
gain,

M
,
δ

and
a

are
fixed

constants.
H

ence
w

hen
M
∗
→
∞

,
this

difference
in

C
D
α
,α

>
1

also
goes

to∞
.

Forexam
ple,if

w
e

let
M
∗

=
(ε −

2
+
M

α
)

1
α
−
1

+
1,then

the
m

odule
ofcontinuity

w
(ε)≥

O
(1/ε).

N
ote

that
α
>

1
is

essentialhere.
T

hatm
eans,the

rate
of

convergence
is

atleast
O

(w
(n
−

1
/
2))

=
O

(n
1
/
2)→

∞
.In

otherw
ords,C

D
α
,α

>
1

can
notbe

consistently
estim

ated.

28
JM

L
R

 18(71):1-46, 2017



R
O

B
U

S
T

C
O

P
U

L
A

D
E

P
E

N
D

E
N

C
E

M
E

A
S

U
R

E

T
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ov
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e
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ea
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ng
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m

e
m
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ic
al
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bt

le
tie

s.
O

ne
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at
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e

ex
am

pl
e

de
ns

iti
es
c 1

an
d
c 2

ar
e

on
ly

pi
ec

ew
is

e
co

nt
in

uo
us

on
th

e
th

re
e

re
gi

on
s,

bu
tn

ot
tr

ul
y

co
nt

in
uo

us
as

re
qu

ir
ed

fo
r

th
e

cl
as

s
C

.
T

hi
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ca
n

be
ea

si
ly

re
m

ed
ie

d
by

co
nn

ec
tin

g
th

e
th

re
e

pi
ec

es
lin

ea
rl

y.
Sp

ec
ifi

ca
lly

w
e

se
tt

he
de

ns
iti

es
c i

(u
,v

)
=
M

,i
=

1
,2

,o
n

th
e

bo
un

da
ry

be
tw

ee
n
R

1
an

d
R

3
,{

(u
,v

)
:
u
−
v

=
−
δ 1
},

an
d

on
th

e
bo

un
da

ry
be

tw
ee

n
R

2
an

d
R

3
,{

(u
,v

)
:
u
−
v

=
δ 2
}.

T
he

n
w

e
us

e
tw

o
na

rr
ow

st
ri

ps
w

ith
in
R

3
,{

(u
,v

)
:
−
δ 3
≤
u
−
v
≤
−
δ 1
}a

nd
{(
u
,v

)
:
δ 2
≤
u
−
v
≤
δ 4
}t

o
co

nn
ec

tt
he

co
ns

ta
nt
c i

(u
,v

)
va

lu
es

on
th

e
re

st
of

re
gi

on
R

3
w

ith
th

e
bo

un
da

ry
va

lu
e
c i

(u
,v

)
=
M

co
nt

in
uo

us
ly

th
ro

ug
h

lin
ea

r(
in
u
−
v

)c
i(
u
,v

)’
s

on
th

e
tw

o
st

ri
ps

th
at

sa
tis

fie
s

th
e

H
öl

de
rc

on
di

tio
n

(7
)

of
th

e
m

ai
n

te
xt

.
B

y
th

e
H

öl
de

r
co

nd
iti

on
,

th
e

co
nn

ec
tio

n
ca

n
be

m
ad

e
w

ith
st

ri
ps

of
w

id
th

at
m

os
t(
M
−

1
+
a

+
δ)
/M

1
.

T
hi

s
co

nt
in

ui
ty

m
od

ifi
ca

tio
n

do
es

no
ta

ff
ec

tt
he

ca
lc

ul
at

io
n

of
th

e
di

ff
er

en
ce

M
I(
c 1

)
−

M
I(
c 2

)
or

C
D
α
(c

1
)
−

C
D
α
(c

2
)

ab
ov

e
as
c 1

an
d
c 2

on
ly

di
ff

er
on

re
gi

on
s
R

1

an
d
R

2
.

W
ith

in
re

gi
on

s
R

1
an

d
R

2
,

th
e

de
ns

iti
es
c 1

an
d
c 2

ca
n

be
fu

rt
he

r
si

m
ila

rl
y

co
nn

ec
te

d
co

nt
in

uo
us

ly
lin

ea
rl

y
in
u
−
v

.
A

s
th

er
e

is
no

H
öl

de
r

co
nd

iti
on

on
A
c M

,t
he

co
nn

ec
tio

n
w

ith
in
R

1

an
d
R

2
ca

n
be

as
st

ee
p

as
w

e
w

an
t.

C
le

ar
ly

th
e

or
de

r
ob

ta
in

ed
th

ro
ug

h
ab

ov
e

ca
lc

ul
at

io
ns

w
ill

no
t

ch
an

ge
if

w
e

m
ak

e
th

es
e

co
nn

ec
tio

ns
ve

ry
st

ee
p

so
th

at
th

ei
re

ff
ec

ti
s

ne
gl

ig
ib

le
.

A
no

th
er

te
ch

ni
ca

l
su

bt
le

ty
is

th
at

th
e
c 1

an
d
c 2

de
fin

ed
ab

ov
e

ar
e

on
ly

de
ns

iti
es

on
th

e
un

it
sq

ua
re

bu
tn

ot
co

pu
la

de
ns

iti
es

w
hi

ch
re

qu
ir

e
un

if
or

m
m

ar
gi

na
ld

is
tr

ib
ut

io
ns

.
H

ow
ev

er
,i

ti
s

cl
ea

r
th

at
th

e
m

ar
gi

na
ld

en
si

tie
s

fo
r
c i

s
ar

e
un

if
or

m
ov

er
th

e
in

te
rv

al
(δ

3
,1
−
δ 4

)
an

d
lin

ea
r

in
th

e
re

st
of

in
te

rv
al

ne
ar

th
e

tw
o

en
d

po
in

ts
0

an
d

1.
T

he
co

pu
la

s
de

ns
iti

es
c∗ i

’s
co

rr
es

po
nd

in
g

to
c i

’s
ca

n
be

ca
lc

ul
at

ed
di

re
ct

ly
th

ro
ug

h
Sk

la
r’

s
de

co
m

po
si

tio
n

(1
)i

n
th

e
m

ai
n

te
xt

.I
ti

s
ea

sy
to

se
e

th
at

th
e

or
de

r
fo

r
th

e
m

od
ul

e
of

co
nt

in
ui

ty
w

(ε
)

re
m

ai
ns

th
e

sa
m

e
fo

r
us

in
g

th
e

co
rr

es
po

nd
in

g
co

pu
la

de
ns

iti
es

c∗ i
’s

.

A
pp

en
di

x
B

.P
ro

of
of

T
he

or
em

5

T
he

pr
oo

f
is

al
m

os
tt

he
sa

m
e

as
th

e
pr

oo
f

fo
r

M
I,

bu
tn

ee
d

so
m

e
m

od
ifi

ca
tio

n
of

th
e

pa
ir

of
le

as
t

fa
vo

ra
bl

e
c 1

an
d
c 2

ab
ov

e.
T

he
sm

al
l

di
ff

er
en

ce
in

H
el

lin
ge

r
di

st
an

ce
of
c 1

an
d
c 2

ca
n

le
ad

to
un

bo
un

de
d

di
ff

er
en

ce
in
M
I
(c

1
)

an
d
M
I
(c

2
)

si
nc

e
M
I

is
un

bo
un

de
d.

A
ft

er
th

e
tr

an
sf

or
m

at
io

n
M
I
co
r

=
√

1
−
e−

2
M
I

is
bo

un
de

d.
T

he
di

ff
er

en
ce

be
tw

ee
n
M
I
co
r(
c 1

)
an

d
M
I
co
r(
c 2

)
in

th
e

ab
ov

e
ex

am
pl

e
is

ac
tu

al
ly

sm
al

ls
in

ce
th

e
M
I

ar
e

bi
g

fo
r

bo
th
c 1

an
d
c 2

(l
ea

di
ng

to
co

rr
es

po
nd

in
g

M
I
co
rs

cl
os

e
to

ze
ro

).
H

ow
ev

er
,M

I
co
r

is
al

so
ve

ry
ha

rd
to

es
tim

at
e

ov
er

th
e

cl
as

s
C

.T
o

se
e

th
is

,
w

e
fo

llo
w

th
e

sa
m

e
re

as
on

in
g

ab
ov

e
bu

tm
od

if
y

th
e

ex
am

pl
e

of
c 1

an
d
c 2

.
Fi

rs
t,

w
e

no
tic

e
th

at
fo

r
an

y
pa

ir
of

de
ns

iti
es
c 1

an
d
c 2

,

|M
I
co
r(
c 1

)
−
M
I
co
r(
c 2

)|
=
|√

1
−
e−

2
M
I
(c

1
)
−
√

1
−
e−

2
M
I
(c

2
) |

=
|

[1
−
e−

2
M
I
(c

1
)
]−

[1
−
e−

2
M
I
(c

2
)
]

√
1
−
e−

2
M
I
(c

1
)
+
√

1
−
e−

2
M
I
(c

2
)
|

≥
1 2
|e−

2
M
I
(c

1
)
−
e−

2
M
I
(c

2
) |

=
1 2
e−

2
M
I
(c

1
) |1
−
e−

2
[M

I
(c

1
)−
M
I
(c

2
)]
|.

Fo
r

th
e

di
ff

er
en

ce
M
I
co
r(
c 1

)
−
M
I
co
r(
c 2

)
to

be
th

e
sa

m
e

or
de

r
of

th
e

di
ff

er
en

ce
M
I
(c

1
)
−

M
I
(c

2
),

w
e

ne
ed

to
se

tM
I
(c

1
)

at
co

ns
ta

nt
or

de
rw

he
n
ε
→

0.
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G

T
he

re
fo

re
,w

e
m

od
if

y
th

e
ab

ov
e
c 1

to
ha

ve
pr

ob
ab

ili
ty

m
as

s
δ

=
2
ε

in
re

gi
on
R

1
,v

ar
yi

ng
w

ith
th

e
ε

va
lu

e
in

st
ea

d
of

fix
ed

as
be

fo
re

.A
nd

w
e

se
tM

∗
=
e1
/
ε
,l

ea
di

ng
to

M
I
(c

1
)

=
δ

lo
g
(M
∗ )

+
a

lo
g
(M

)
+

(1
−
a
−
δ)

lo
g
[(

1
−
a
−
δ)
/(

1
−
a
/M
−
δ/
M
∗ )

]

=
2

+
a

lo
g
(M

)
+

(1
−
a
−

2ε
)

lo
g
[(

1
−
a
−

2
ε)
/
(1
−
a
/M
−

2
εe
−

1
/
ε
)]
,

w
hi

ch
co

nv
er

ge
s

to
a

fix
ed

co
ns

ta
nt
a

1
=

2
+
a

lo
g
(M

)
+

(1
−
a
)

lo
g
[(

1
−
a
)/

(1
−
a
/M

)]
as
ε
→

0
.

U
si

ng
(1

4)
,r

ec
al

lt
ha

tδ
=

2ε
an

d
M
∗

=
e1
/
ε
,w

e
ha

ve

M
I
(c

1
)
−
M
I
(c

2
)

=
ε

lo
g
(M
∗ )
−
ε

lo
g
(M

)
−

(δ
−
ε)

lo
g
(1
−
ε/
δ)
−

(a
+
ε)

lo
g
(1

+
ε/
a
)

=
1
−
ε

lo
g
(M

)
−
ε

lo
g
(1
/
2)
−

(a
+
ε)

lo
g
(1

+
ε/
a
),

w
hi

ch
co

nv
er

ge
s

to
1

as
ε
→

0
.H

en
ce

w
e

ha
ve

li
m

ε→
0
w

(ε
)
≥

li
m

ε→
0

1 2
e−

2
M
I
(c

1
) |1
−
e−

2
[M

I
(c

1
)−
M
I
(c

2
)]
|=

1 2
e−

2
a
1
(1
−
e−

2
(1

) ),

a
po

si
tiv

e
co

ns
ta

nt
a

2
=
e−

2
a
1
(1
−
e−

2
)/

2.
T

he
re

fo
re

,M
I
co
r

ca
n

no
tb

e
es

tim
at

ed
co

ns
is

te
nt

ly
ov

er
th

e
cl

as
s
C

ei
th

er
.

A
pp

en
di

x
C

.P
ro

of
of

T
he

or
em

6

T
he

fir
st

tw
o

te
rm

s
in

(1
1)

co
rr

es
po

nd
s

to
bi

as
an

d
st

an
da

rd
de

vi
at

io
n

of
ke

rn
el

de
ns

ity
es

tim
at

io
n

w
he

n
th

e
co

pu
la

de
ns

ity
is

bo
un

de
d.

W
he

n
th

e
co

pu
la

de
ns

ity
is

un
bo

un
de

d,
th

e
ke

rn
el

de
ns

ity
es

tim
at

io
n
ĉ(
Z

)
is

no
tc

on
si

st
en

t.
H

ow
ev

er
,a

sm
al

le
r

or
de

r
O

(
1
n
h
d
)

te
rm

bo
un

ds
th

e
ov

er
al

le
rr

or

co
nt

ri
bu

tio
n

to
R̂
C
D

re
su

lti
ng

fr
om

ĉ(
Z

)
in

th
e

un
bo

un
de

d
co

pu
la

de
ns

ity
re

gi
on

.
L

et
M

2
=

M
+

1
2

,A
M

2
=
{Z
|c(

Z
)
≤
M

2
},
T

1
(c

)
=
∫ A

M
2
(1
−
c(
Z

))
+
d
Z

,T
2
(c

)
=
∫ A

c M
2

(1
−

c(
Z

))
+
d
Z

,R
C
D

=
T

1
(c

)
+
T

2
(c

),
an

d
R̂
C
D

=
T

1
(ĉ

)
+
T

2
(ĉ

)

Fi
rs

tly
,w

e
co

ns
id

er
th

e
re

gi
on

A
M

2
w

ith
bo

un
de

d
co

pu
la

de
ns

ity
.

H
er

e
w

e
ca

lc
ul

at
e

th
e

bi
as

an
d

va
ri

an
ce

of
th

e
ke

rn
el

de
ns

ity
es

tim
at

or
us

in
g

st
an

da
rd

m
et

ho
ds

fir
st

.

c̄ n
(Z

)
=
E

[ĉ
k
d
e
(Z

)]
=

1 h
d

∫
K

(z
−

Z

h
)c

(z
)d
z

=

∫
K

(s
)c

(Z
+
sh

)d
s.

H
en

ce |B
ia
s(
Z

)|
=
|∫
K

(s
)c

(Z
+
sh

)d
s
−
c(
Z

)|
≤
∫ B 0

K
(s

)|c
(Z

+
sh

)
−
c(
Z

)|d
s

≤
∫ B 0

K
(s

)M
1
h
d
s

=
M

1
h
.

(1
6)

|V
a
r(
Z

)|
=

1 n
V
a
r[

1 h
d
K

(Z
1
−
Z

h
)]
≤

1 n
E

[
1
h
2
d
K

2
(Z

1
−
Z

h
)]

=
1
n
h
d

∫ B 0
K

2
(s

)c
(Z

+
sh

)d
s

≤
1
n
h
d

∫ B 0
K

2
(s

)[
c(
Z

)
+
M

1
h

]d
s

=
µ
2 2

n
h
d
[c

(Z
)

+
M

1
h

].

(1
7)
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R
O

B
U

S
T

C
O

P
U

L
A

D
E

P
E

N
D

E
N

C
E

M
E

A
S

U
R

E

H
ence

the
integrated

m
ean

square
errorofthe

density
estim

ator
ĉ
n
(Z

)
overregions

A
M

2
is

I
M
S
E

(Z
)

=
∫
A
M

2 [B
ia
s

2(Z
)

+
V
a
r(Z

)]d
Z

≤
∫
A
M

2 [M
21
h

2
+

µ
22

n
h
d
[c(Z

)
+
M

1 h
]d
Z
≤
M

21
h

2
+

µ
22

n
h
d
[1

+
M

1 h
]

≤
M

21
h

2
+

2
µ
22

n
h
d

(18)

H
ence

the
errorof

R̂
C
D

on
A
M

2
is

bounded
by

E
|T

1 (ĉ)−
T

1 (c)|
≤
E
∫
A
M

2 |(1−
ĉ
n
(Z

))
+
−

(1−
c(Z

))
+ |d

Z

≤
E
∫
A
M

2 |ĉ
n
(Z

)−
c(Z

)|d
Z

≤
√
E
∫
A
M

2 (ĉ
n
(Z

)−
c(Z

))
2d
Z

≤
√
d

2M
21
h

2
+

2
µ
22

n
h
d

≤
d
M

1 h
+
√

2
µ

2 (
1
n
h
d
)
1
/
2.

N
ow

w
e

considerthe
region

A
cM

2
w

ith
unbounded

copula
density.For

Z
∈
A
cM

2 ,ĉ(Z
)

does
not

have
a

finite
variance

bound
in

(17).
B

utw
e

can
bound

the
variance

by
the

expectation
c̄
n
(Z

)
=

E
[ĉ
n
(Z

)].L
et
M

3
=

M
2
+

1
2

,w
hen

h
sm

all,Z
∈
A
cM

2
im

plies
Z

+
sh
∈
A
cM

3 .H
ence

|V
a
r(Z

)|≤
1

n
h
d ∫

B
0

K
2(s)c(Z

+
sh

)d
s≤

M
K

n
h
d ∫

B
0

K
(s)c(Z

+
sh

)d
s

=
M
K

n
h
d
c̄
n
(Z

)

U
sing

C
hebyshev’s

inequality,

E
[1{

ĉ
n

(Z
)<

1} ]
=
P

(ĉ
n
(Z

)
<

1)≤
P

(|c̄
n
(Z

)−
ĉ
n
(Z

)|
>
c̄
n
(Z

)−
1)

≤
V
a
r[ĉ

n
(Z

)]

[c̄
n
(Z

)−
1] 2

≤
M
K

n
h
d

c̄
n
(Z

)

[c̄
n
(Z

)−
1] 2
≤
M
K
M

4

n
h
d

w
here

M
4

=
M

3
(M

3 −
1
)
2 .

H
ence

the
errorof

R̂
C
D

on
A
cM

2
is

bounded
by

E
|T

2 (ĉ)−
T

2 (c)|
=
E

[T
2 (ĉ)]≤

∫

A
cM

2

E
[1{

ĉ
n

(Z
)<

1} ]d
Z
≤
M
K
M

4

n
h
d

C
om

bining
the

above
results:

E
[|R̂

C
D
−
R
C
D
|]≤

M
1 h

+

√
2µ

2
√
n
h
d
/
2

+
M
K
M

4

n
h
d

.
(19)

T
his

finishes
the

proof.
N

ote
thatw

e
can

use
any

L
p

norm
(1
≤
p
≤
∞

)
in

the
H

ölder
condition:

equation
(7).

T
he

kernel
K

is
then

assum
ed

to
have

supportin
the

unitballB
0

corresponding
to

that
L
p

norm
.

T
he

proof
rem

ains
exactly

the
sam

e.
W

e
in

factw
illuse

L
∞

norm
in

our
estim

ator
for

com
putational

sim
plicity.In

thatcase,the
unitballB

0
=
{Z

:‖Z‖
l∞
≤

1}
is

in
factthe

d-dim
ensionalcube.
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D
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heorem
7

H
ere

for
R̂
C
D

=
R
C
D

(ĉ)
w

e
use

the
k-N

N
estim

ator
(L

oftsgaarden
and

Q
uesenberry,1965)

of
the

copula
density

ĉ
k
n
n
(Z

)
=

k
(n

)
n

A
r
(k

(n
),n

),Z
,

(20)

w
here

Z
1 ,Z

2 ,···
,Z

n
are

the
copula

based
observations,

r(k
(n

),n
)

is
the

distance
from

Z
to

the
k
th

closestof
Z

1 ,Z
2 ,···

,Z
n

and
A
r
(k

(n
),n

),Z
is

the
volum

e
of

the
d-dim

ensionalhyper-ballw
ith

radius
r(k

(n
),n

).
In

the
follow

ing,
w

ithout
am

biguity,
w

e
denote

r(k
(n

),n
)

by
r,

and
k
(n

)
by

k.
H

ence
the

volum
e
A
r,Z

is
v
d ·
r
d,w

here
v
d

is
the

volum
e

of
the

d-dim
ensionalunitballB

0 .
A

nd
ĉ
k
n
n
(Z

)
=

k
/
(v
d n
r
d).For

l2
norm

,v
d

=
π
d
/
2/Γ

[(d
+

2)/
2]w

here
Γ

(·)
denotes

the
G

am
m

a
function.

M
oore

and
Y

ackel(1977a)show
ed

that,forbounded
densities,there

is
equivalence

betw
een

the
consistency

of
the

K
D

E
density

estim
ator

and
the

consistency
of

the
k-N

N
estim

ator.
To

cite
the

results
of(M

oore
and

Y
ackel,1977a),w

e
assum

e
a

slightly
strongerversion

ofthe
H

öldercondition
than

(7).
T

hatis,w
e

assum
e

that
c

also
has

bounded
continuous

second
order

derivative
in
A
M

.
L

et
Q

(Z
)

=
tr[

∂
2
c(Z

)
∂
Z
2

]
denote

the
trace

of
the

H
essian

m
atrix

of
copula

density
c(Z

).
For

the
d-dim

ensionalvector
Z

=
(z

1 ,...,z
d ),the

H
essian

m
atrix

∂
2c(Z

)/∂
Z

2
has

entries

[ ∂
2c(Z

)

∂
Z

2
]ij

=
∂

2c(Z
)

∂
z
i ∂
z
j
.

T
hen

w
e

rew
rite

the
errorbound

in
T

heorem
7

explicitly
as

su
p

C
∈
C
E

[|R̂
C
D
−
R
C
D
|]≤

2Q̄
(
kn
ε
)
2d

+
2M√k

+
2
ε,

w
here

Q̄
=

1
2
(d

+
2
)π

Γ
2
/
d(
d
+

2
2

)
su

p
Z∈

A
M
Q

(Z
),

and
ε

=
ε(n

)
is

any
sequence

converging
to

0

slow
erthan

k
/n.W

e
suppress

the
n

from
the

notation
in
ε

w
ithoutam

biguity
as

in
k

and
r

above.
W

e
shalluse

the
follow

ing
asym

ptotic
resultson

k-N
N

density
estim

atorin
M

ack
and

R
osenblatt

(1979).D
enote

Q̃
(Z

)
=

1
2
(d

+
2
)π

Γ
2
/
d(
d
+

2
2

)Q
(Z

).T
hen

B
ia
s[ĉ

k
n
n
(Z

)]
=

Q̃
(Z

)

c(Z
)
2
/
d
(
kn

)
2
/
d

+
O

(
c(Z

)
k

)
+
o((

kn
)
2
/
d),

V
a
r[ĉ

k
n
n
(Z

)]
=

c
2
(Z

)
k

+
o(

1k
).

(21)

T
hese

expressions
provide

control
on

the
error

contribution
of
ĉ(Z

)
to
R̂
C
D

w
hen

c(Z
)

is
bounded

both
from

above
and

from
below

.Sim
ilarto

the
proofofK

D
E

-based
R̂
C
D

,w
e

prove
that

the
error

contribution
to
R̂
C
D

from
the

big
copula

density
region

is
of

a
sm

aller
order

O
(1/k

).
D

ifferent
from

the
K

D
E

,the
k-N

N
density

estim
ator

also
does

nothave
finite

bias
bound

in
(21)

w
hen

the
copula

density
c(Z

)
is

notbounded
below

.
T

herefore,w
e

also
need

to
controlthe

error
contribution

to
R̂
C
D

from
the

sm
all(<

ε)copula
density

region
separately.

A
s

before,let
M

2
be

a
constantbetw

een
1

and
M

,say,
M

2
=

M
+

1
2

.W
e

now
separate

the
three

regions
by

copula
density:

A
cM

2
=
{Z

:
c(Z

)
>
M

2 }
(big),

A
M

2
,ε

=
{Z

:
ε
≤
c(Z

)
≤
M

2 }
(m

iddle)
and

A
ε

=
{
Z

:
c(Z

)
<
ε}

(sm
all).

T
hen

w
e

can
separate

R
C
D

into
three

com
ponents
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R
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D
E

P
E

N
D

E
N

C
E

M
E

A
S

U
R

E

R
C
D

=
T

1
(c

)
+
T

2
(c

)
+
T

3
(c

):
T

1
(c

)
=
∫ A

M
c 2

[1
−
c(
Z

)]
+
d
Z

,T
2
(c

)
=
∫ A

M
2
,ε

[1
−
c(
Z

)]
+
d
Z

an
d

T
3
(c

)
=
∫ A

ε
[1
−
c(
Z

)]
+
d
Z

.
Fi

rs
tly

,
w

e
lo

ok
at

th
e

er
ro

r
bo

un
d

on
A
c M

2
,

th
e

re
gi

on
of

bi
g

co
pu

la
de

ns
ity

.
Si

m
ila

r
to

th
e

K
D

E
,t

he
er

ro
r

in
ĉ k
n
n
(Z

)
ca

n
be

ar
bi

tr
ar

ily
la

rg
e

fo
r
Z
∈
A
c M

2
.

H
ow

ev
er

,t
he

er
ro

r
on

ly
le

ad
s

to

th
e

er
ro

ri
n
R̂
C
D

if
ĉ k
n
n
(Z

)
<

1
.F

ro
m

eq
ua

tio
n

(2
0)

,ĉ
k
n
n
(Z

)
<

1
if

an
d

on
ly

if

r
>

(
k n
v d

)1
/
d

de
f

=
r̄.

T
hi

s
oc

cu
rs

w
he

n
at

m
os

tk
−

1
of

ob
se

rv
at

io
ns

Z
1
,Z

2
,·
··
,Z

n
fa

ll
in

to
th

e
ba

ll
B(

Z
;r̄

)
w

hi
ch

is
ce

nt
er

ed
at
Z

w
ith

ra
di

us
r̄.

L
et
N̄

(Z
)

de
no

te
s

th
e

nu
m

be
r

of
ob

se
rv

at
io

ns
fa

lli
ng

in
to

B(
Z

;r̄
).

T
he

n
N̄

(Z
)

fo
llo

w
s

a
bi

-
no

m
ia

l
di

st
ri

bu
tio

n
w

ith
m

ea
n
n
p̄

,
w

he
re
p̄

=
∫ B(

Z
;r̄

)
c(
z
)d
z

.
Si

nc
e
k
/n
→

0,
r̄
→

0.
H

en
ce

M
1
r̄
<

(M
2
−

1)
/2

w
he

n
n

is
la

rg
e

en
ou

gh
.T

he
n

th
e

w
ho

le
ba

ll
B(

Z
;r̄

)
is

co
nt

ai
ne

d
in
A
c M

3
w

ith
M

3
=

(M
2

+
1)
/2

as
be

fo
re

.H
en

ce
p̄

=
∫ B(

Z
;r̄

)
c(
z
)d
z
≥
M

3
v d
r̄d

=
M

3
k
/n

.U
si

ng
C

he
by

sh
ev

’s
in

eq
ua

lit
y,

P
r[
ĉ k
n
n
(Z

)
<

1]
=
E

[1
{N̄

(Z
)
<
k
}]
≤

V
a
r
[N̄

(Z
)]

{E
[N̄

(Z
)]
−
k
}2

=
n
p̄
(1
−
p̄
)

(n
p̄
−
k
)2

≤
1

n
p̄
[1
−
k
/
(n
p̄
)]
2
≤

1
M

3
k
[1
−

1
/M

3
]2

=
O

(
1 k
).

H
en

ce E
|T

1
(c

)
−
T

1
(ĉ
k
n
n
)|

=

∫ A
c M

2

E
[1
{ĉ
k
n
n

(Z
)<

1
}]
d
Z
≤

1

M
3
k
[1
−

1
/M

3
]2

=
O

(
1 k

).

Se
co

nd
ly

,w
e

lo
ok

at
th

e
er

ro
rb

ou
nd

on
A
M

2
,ε

,t
he

re
gi

on
of

m
id

dl
e

co
pu

la
de

ns
ity

.U
si

ng
(2

1)
,

fo
rZ
∈
A
M

2
,ε

,t
he

m
ea

n
sq

ua
re

d
er

ro
ro

fĉ
k
n
n
(Z

)
is

E
[(
ĉ n

(Z
)
−
c(
Z

))
2
]

=
bi
a
s2

(Z
)

+
V
a
r(
Z

)

=
[
Q̃

(Z
)

c(
Z

)2
/
d
(
k n

)2
/
d
]2

+
c2

(Z
)

k
+
o(

(
k n

)4
/
d

+
1 k

)

≤
(
Q̄

2

ε4
/
d
)(
k n

)4
/
d

+
M

2 2 k
+
o(

(
k n

)4
/
d

+
1 k

).

H
en

ce

E
|ĉ k

n
n
(Z

)
−
c(
Z

)|
≤
√
E

[(
ĉ n

(Z
)
−
c(
Z

))
2
]
≤
√

2[
Q̄

(
k n
ε
)2
/
d

+
M

2
√
k

][
1

+
o(

1)
].

W
e

ge
t

E
[T

2
(ĉ
k
n
n
)
−
T

2
(c

)]
≤
E

[∫ A
M

2
,ε

|ĉ k
n
n
(Z

)
−
c(
Z

)|d
Z

]
≤
√

2
[Q̄

(
k n
ε
)2
/
d

+
M

2
√
k

][
1

+
o(

1)
].

(2
2)

T
hi

rd
ly

,w
e

lo
ok

at
th

e
er

ro
r

bo
un

d
on

A
ε,

th
e

re
gi

on
of

sm
al

lc
op

ul
a

de
ns

ity
.

Fr
om

eq
ua

tio
n

(2
0)

,ĉ
k
n
n
(Z

)
≥

2ε
if

an
d

on
ly

if

r
≤

(
k

n
2
εv
d
)1
/
d

de
f

=
r∗
.
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D
IN

G
,D

Y
,L

I,
A

N
D

C
H

A
N

G

T
hi

s
oc

cu
rs

w
he

n
at

le
as

t
k

of
ob

se
rv

at
io

ns
Z

1
,Z

2
,·
··
,Z

n
fa

ll
in

to
th

e
ba

ll
B(

Z
;r
∗ )

.
Si

nc
e

k
/
(n
ε)
→

0,
r∗
→

0.
L

et
N
∗ (
Z

)
de

no
te

s
th

e
nu

m
be

r
of

ob
se

rv
at

io
ns

fa
lli

ng
in

to
B(

Z
;r
∗ )

.
T

he
n
N̄

(Z
)

fo
llo

w
s

a
bi

no
m

ia
ld

is
tr

ib
ut

io
n

w
ith

m
ea

n
n
p
∗ ,

w
he

re
p
∗

=
∫ B(

Z
;r
∗ )
c(
z
)d
z

.
U

si
ng

Ta
yl

or
ex

pa
ns

io
n,

w
e

ha
ve

(f
ro

m
la

st
lin

e
pa

ge
22

8
in

B
ia

u
et

al
.(

20
11

))
∫ B(

Z
;r

)
c(
z
)d
z

=
c(
Z

)v
d
rd

+
Q̃

(Z
)v
d
rd

+
2

+
o(
rd

+
2
).

T
he

re
fo

re
,

us
in

g
r∗
→

0,
w

e
ha

ve
p
∗

=
c(
Z

)v
d
(r
∗ )
d
[1

+
o(

1)
]
≤

εv
d
(r
∗ )
d
[1

+
o(

1
)]

w
hi

ch
co

nv
er

ge
s

to
k
/
(2
n

).
H

en
ce

fo
rn

bi
g,
p
∗
<

0
.6
k
/n

.U
si

ng
C

he
by

sh
ev

’s
in

eq
ua

lit
y,

P
r[
ĉ k
n
n
(Z

)
>

2ε
]

=
E

[1
{N
∗ (
Z

)
<
k
}]
≤

V
a
r
[N
∗ (
Z

)]
[k
−
E

(N
∗ (
Z

))
]2

=
n
p
∗ (

1
−
p
∗ )

(k
−
n
p
∗ )

2

≤
0
.6
k

(0
.4
k
)2
<

3 k

=
O

(
1 k
).

Si
nc

e
c(
Z

)
≤
ε,

if
ĉ k
n
n
(Z

)
≤

2ε
,t

he
n
|ĉ k

n
n
(Z

)
−
c(
Z

)|
≤

2ε
.H

en
ce

E
|T

3
(c

)
−
T

3
(ĉ
k
n
n
)|
≤
∫ A

ε
E
|ĉ k

n
n
(Z

)
−
c(
Z

)|d
Z
≤
∫ A

ε
{2
ε

+
P
r[
ĉ k
n
n
(Z

)
>

2
ε]
}d

Z

<
2ε

+
3 k

=
O

(ε
+

1 k
).

Fi
na

lly
,w

he
n

co
m

bi
ni

ng
th

e
th

re
e

pa
rt

s,
th

e
te

rm
s
O

(1
/k

)
=
o(

1/
√
k
)
<

(2
−
√

2
)/
√
k

.H
en

ce
w

e
ar

riv
e

at
su

p
C
∈C
E

[|R̂
C
D
−
R
C
D
|]
≤

2[
Q̄

(
k n
ε
)2
/
d

+
M

2
√
k

+
ε]
,

(2
3)

w
hi

ch
fin

is
he

d
th

e
pr

oo
f.

N
ot

e
th

at
w

e
ca

n
us

e
ot

he
rl
p

no
rm

s,
w

hi
ch

ch
an

ge
s

th
e
v d

in
th

e
pr

oo
ft

o
th

e
vo

lu
m

e
of

th
e

un
it

ba
ll

un
de

rt
he

co
rr

es
po

nd
in

g
no

rm
.T

he
ra

te
do

es
no

tc
ha

ng
e.

W
e

ca
n

al
so

pr
ov

e
th

e
co

ns
is

te
nc

y
un

de
rH

öl
de

rc
on

di
tio

n
w

ith
ou

ta
ss

um
in

g
co

nt
in

uo
us

se
co

nd
de

riv
at

iv
es

.H
ow

ev
er

,t
ha

ti
nv

ol
ve

te
di

ou
s

de
riv

at
io

n
of

bi
as

an
d

va
ri

an
ce

bo
un

ds
si

m
ila

rt
o

(2
1)

fo
r

k-
N

N
de

ns
ity

es
tim

at
or

s.
W

e
pr

ov
id

e
th

e
si

m
pl

e
pr

oo
fh

er
e

by
ci

tin
g

(2
1)

fr
om

M
ac

k
an

d
R

os
en

bl
at

t
(1

97
9)

.
To

m
in

im
iz

e
th

e
er

ro
r

bo
un

d
in

(1
2)

,
w

e
ge

t
ε

=
(k
/n

)2
/
(d

+
2
)

an
d
k

=
n

4
/
(d

+
6
) .

So
in

bi
va

ri
at

e
(d

=
2)

ca
se

,
w

e
ta

ke
k

=
O

(n
1
/
2
).

Ta
ki

ng
k

be
lo

w
th

e
n

4
/
(d

+
6
)

ra
te

w
ill

m
ak

e
th

e
O

(1
/
√
k
)

te
rm

do
m

in
an

t
in

th
e

er
ro

r
bo

un
d.

In
th

at
ca

se
,

th
e

as
ym

pt
ot

ic
re

su
lts

on
th

e
k-

N
N

de
ns

ity
es

tim
at

io
n

st
at

es
th

at
√
k
[ĉ

(Z
)
−
c(
Z

)]
/c

(Z
)

co
nv

er
ge

to
a

st
an

da
rd

G
au

ss
ia

n
di

st
ri

bu
tio

n.
T

he
n
√
k
[R̂
C
D
−
R
C
D

]
co

nv
er

ge
s

to
an

in
te

gr
al

of
a

G
au

ss
ia

n
pr

oc
es

s.

A
pp

en
di

x
E

.S
el

ec
tio

n
of

Tu
ni

ng
Pa

ra
m

et
er

in
th

e
Pr

ac
tic

al
E

st
im

at
or

Fo
r

a
pr

ac
tic

al
es

tim
at

or
fo

r
R̂
C
D

,w
e

ne
ed

to
de

ci
de

th
e

ba
nd

w
id

th
in

K
D

E
-b

as
ed

es
tim

at
or

or
th

e
nu

m
be

ro
fn

ei
gh

bo
rs
k

in
K

N
N

-b
as

ed
es

tim
at

or
.

T
he

or
em

4
an

d
T

he
or

em
5

pr
ov

id
es

th
e

ra
te

s.
Fo

r
bi

va
ri

at
e

ca
se

,h
=
O

(n
−

1
/
4
)

an
d
k

=
O

(√
n

).
To

de
ci

de
th

e
co

ns
ta

nt
co

ef
fic

ie
nt

,w
e

us
ed

em
pi

ri
ca

ls
im

ul
at

io
ns

.
Fi

rs
t,

fo
rK

D
E

es
tim

at
or

s,
w

e
te

st
ed
R̂
C
D

on
ni

ne
fu

nc
tio

ns
(l

is
te

d
in

Ta
bl

e
11

)w
ith

va
ri

ou
s

le
ve

ls
of

ad
di

tiv
e

no
is

es
.

Fo
ur

sa
m

pl
e

si
ze

s
of
n

=
10

2
,1

03
,1

04
an

d
10

5
ar

e
us

ed
.F

ig
ur

e
13

pl
ot

s
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E
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E

A
S

U
R

E

the
sim

ulation
results

using
h

=
0
.25n

−
1
/
4.

W
e

can
see

thatthe
perform

ance
of
R̂
C
D

im
proves

as
sam

ple
size

increases,and
gives

very
accurate

estim
ates

for
R
C
D

under
big

sam
ple

sizes.
For

illustration,
w

e
show

ed
the

plots
w

ith
bandw

idth
h

=
0
.1n
−

1
/
4

and
h

=
0
.5n
−

1
/
4

in
Figure

14
and

Figure
15

respectively.
T

hose
bandw

idth
choices

are
clearly

either
too

sm
all(h

=
0.1
n
−

1
/
4

estim
ator

overshoot
in

several
cases

w
hen

R
C
D

is
sm

all)
or

too
big

(h
=

0.5n
−

1
/
4

estim
ator

converges
slow

ly
w

hen
R
C
D

is
large).H

ence
the

bandw
idth

h
=

0.25n
−

1
/
4

is
a

good
choice.

A
L

inear
y

=
x

B
Q

uadratic
y

=
x
2

C
Square

R
oot

y
=
√
x

D
C

ubic
y

=
x
3

E
C

entered
C

ubic
y

=
4
(x
−

1
/2)

3

F
C

entered
Q

uadratic
y

=
4x

(1−
x

)
G

C
osine

(Period
1)

y
=

[co
s(2π

x
)

+
1]/2

H
C

ircle
(x
−

1/2)
2

+
y
2

=
1/4

I
C

ross
y

=
±

(x
−

1/2
)

Table
11:T

he
function

relationships
used

in
Figures

13
-18.

A
ccording

to
the

equivalence
results

betw
een

the
K

D
E

and
the

K
N

N
estim

ator
by

(M
oore

and
Y

ackel,1977b),the
k

in
the

K
N

N
density

estim
ation

correspondsto
the

bandw
idth

in
K

D
E

estim
ator

as
c(z

)(2h
)
2

=
k
/n.

A
s

the
m

ean
of

copula
density

c(α
)

is
one,

h
=

0
.25n

−
1
/
4

corresponds
to
k

=
n

(2h
)
2

=
0.25 √

n.
T

he
sim

ulation
results

for
K

N
N

-based
R̂
C
D

w
ith

k
=

0.25 √
n,

k
=

0.1 √
n

and
k

=
0.5 √

n
are

plotted
in

Figures
16

-
18.

Sim
ilar

pattern
as

in
K

D
E

-based
estim

atorare
observed.H

ence
w

e
propose

the
practicalK

N
N

-based
R̂
C
D

to
use

k
=

0.25 √
n.

Furtherm
ore,w

e
also

checked
the

K
N

N
-based

R̂
C
D

on
the

m
ixture

noise
setting

used
in

defi-
nition

2:
a

proportion
(p)

of
determ

inistic
function

is
hidden

in
independentcontinuous

noise.
Six

types
ofdeterm

inistic
function

are
used,as

listed
in

Table
12.W

hen
n

=
5000,the

R̂
C
D

is
close

to
the

true
value

p
in

the
sim

ulations.A
nd

com
pared

to
the

tw
o

choicesof
k

=
0.1 √

n
and

k
=

0.5 √
n,

k
=

0.2
5 √

n
provide

a
good

balance
ofapproxim

ating
the

true
values

w
hen

R
C
D

is
sm

allorlarge.

A
L

inear
y

=
x

B
C

entered
Q

uadratic
y

=
4
(x
−

1/
2
)
2

C
C

osine
y

=
cos(4π

x
)

D
C

ross
y

=
±
x

1{
0≤

x≤
1}

E
C

ircle
(2x
−

1)
2

+
y
2

=
1

F
C

ross
2

y
=
±

(x
−

1/2)1{
0≤

x≤
1}

Table
12:T

he
function

relationships
used

in
Figures

19.

35
JM

L
R

 18(71):1-46, 2017

D
IN

G
,D

Y,L
I,

A
N

D
C

H
A

N
G

0.0
0.5

1.0
1.5

2.0

0.0 0.2 0.4 0.6 0.8 1.0

A
: L

in
ear

N
oise Level

score

true
n=

10
2

n=
10

3

n=
10

4

n=
10

5

0.0
0.5

1.0
1.5

2.0

0.0 0.2 0.4 0.6 0.8 1.0

B
: Q

u
ad

ratic

N
oise Level

true
n=

10
2

n=
10

3

n=
10

4

n=
10

5

0.0
0.5

1.0
1.5

2.0

0.0 0.2 0.4 0.6 0.8 1.0

C
: S

q
u

are R
o

o
t

N
oise Level

true
n=

10
2

n=
10

3

n=
10

4

n=
10

5

0.0
0.5

1.0
1.5

2.0

0.0 0.2 0.4 0.6 0.8 1.0

D
: C

u
b

ic

N
oise Level

true
n=

10
2

n=
10

3

n=
10

4

n=
10

5

0.0
0.5

1.0
1.5

2.0

0.0 0.2 0.4 0.6 0.8 1.0

E
: C

en
tered

 C
u

b
ic

N
oise Level

true
n=

10
2

n=
10

3

n=
10

4

n=
10

5

0.0
0.5

1.0
1.5

2.0

0.0 0.2 0.4 0.6 0.8 1.0

F
: C

en
tered

 Q
u

ad
ratic

N
oise Level

true
n=

10
2

n=
10

3

n=
10

4

n=
10

5

0.0
0.5

1.0
1.5

2.0

0.0 0.2 0.4 0.6 0.8 1.0

G
: C

o
sin

e

N
oise Level

true
n=

10
2

n=
10

3

n=
10

4

n=
10

5

0.0
0.5

1.0
1.5

2.0

0.0 0.2 0.4 0.6 0.8 1.0

H
: C

ircle

N
oise Level

true
n=

10
2

n=
10

3

n=
10

4

n=
10

5

0.0
0.5

1.0
1.5

2.0

0.0 0.2 0.4 0.6 0.8 1.0

I: C
ro

ss

N
oise Level

true
n=

10
2

n=
10

3

n=
10

4

n=
10

5

scorescore

score score

score score score

score

Figure
13:

T
he

com
parison

of
R
C
D

w
ith

its
estim

ated
values

under
differentsam

ple
sizes.

T
his

estim
atoruses

the
square

kerneldensity
estim

atorw
ith

bandw
idth

h
=

0.25n
−

1
/
4.

36
JM

L
R

 18(71):1-46, 2017



R
O

B
U

S
T

C
O

P
U

L
A

D
E

P
E

N
D

E
N

C
E

M
E

A
S

U
R

E

0.
0

0.
5

1.
0

1.
5

2.
0

0.00.20.40.60.81.0

A
: 

L
in

ea
r

N
oi

se
 L

ev
el

score

tr
ue

n=
10

2

n=
10

3

n=
10

4

n=
10

5

0.
0

0.
5

1.
0

1.
5

2.
0

0.00.20.40.60.81.0

B
: 

Q
u

ad
ra

ti
c

N
oi

se
 L

ev
el

score

tr
ue

n=
10

2

n=
10

3

n=
10

4

n=
10

5

0.
0

0.
5

1.
0

1.
5

2.
0

0.00.20.40.60.81.0

C
: 

S
q

u
ar

e 
R

o
o

t

N
oi

se
 L

ev
el

score

tr
ue

n=
10

2

n=
10

3

n=
10

4

n=
10

5

0.
0

0.
5

1.
0

1.
5

2.
0

0.00.20.40.60.81.0

D
: 

C
u

b
ic

N
oi

se
 L

ev
el

score

tr
ue

n=
10

2

n=
10

3

n=
10

4

n=
10

5

0.
0

0.
5

1.
0

1.
5

2.
0

0.00.20.40.60.81.0

E
: 

C
en

te
re

d
 C

u
b

ic

N
oi

se
 L

ev
el

score

tr
ue

n=
10

2

n=
10

3

n=
10

4

n=
10

5

0.
0

0.
5

1.
0

1.
5

2.
0

0.00.20.40.60.81.0

F
: 

C
en

te
re

d
 Q

u
ad

ra
ti

c

N
oi

se
 L

ev
el

score

tr
ue

n=
10

2

n=
10

3

n=
10

4

n=
10

5

0.
0

0.
5

1.
0

1.
5

2.
0

0.00.20.40.60.81.0

G
: 

C
o

si
n

e

N
oi

se
 L

ev
el

score

tr
ue

n=
10

2

n=
10

3

n=
10

4

n=
10

5

0.
0

0.
5

1.
0

1.
5

2.
0

0.00.20.40.60.81.0

H
: 

C
ir

cl
e

N
oi

se
 L

ev
el

score

tr
ue

n=
10

2

n=
10

3

n=
10

4

n=
10

5

0.
0

0.
5

1.
0

1.
5

2.
0

0.00.20.40.60.81.0

I:
 C

ro
ss

N
oi

se
 L

ev
el

score

tr
ue

n=
10

2

n=
10

3

n=
10

4

n=
10

5

Fi
gu

re
14

:
T

he
co

m
pa

ri
so

n
of
R
C
D

w
ith

its
es

tim
at

ed
va

lu
es

un
de

r
di

ff
er

en
ts

am
pl

e
si

ze
s.

T
hi

s
es

tim
at

or
us

es
th

e
sq

ua
re

ke
rn

el
de

ns
ity

es
tim

at
or

w
ith

ba
nd

w
id

th
h

=
0.

1
n
−

1
/
4
.

37
JM

L
R

 1
8(

71
):

1-
46

, 2
01

7

D
IN

G
,D

Y
,L

I,
A

N
D

C
H

A
N

G

0.
0

0.
5

1.
0

1.
5

2.
0

0.00.20.40.60.81.0

A
: 

L
in

ea
r

N
oi

se
 L

ev
el

score

tr
ue

n=
10

2

n=
10

3

n=
10

4

n=
10

5

0.
0

0.
5

1.
0

1.
5

2.
0

0.00.20.40.60.81.0

B
: 

Q
u

ad
ra

ti
c

N
oi

se
 L

ev
el

score

tr
ue

n=
10

2

n=
10

3

n=
10

4

n=
10

5

0.
0

0.
5

1.
0

1.
5

2.
0

0.00.20.40.60.81.0

C
: 

S
q

u
ar

e 
R

o
o

t

N
oi

se
 L

ev
el

score

tr
ue

n=
10

2

n=
10

3

n=
10

4

n=
10

5

0.
0

0.
5

1.
0

1.
5

2.
0

0.00.20.40.60.81.0

D
: 

C
u

b
ic

N
oi

se
 L

ev
el

score

tr
ue

n=
10

2

n=
10

3

n=
10

4

n=
10

5

0.
0

0.
5

1.
0

1.
5

2.
0

0.00.20.40.60.81.0

E
: 

C
en

te
re

d
 C

u
b

ic

N
oi

se
 L

ev
el

score

tr
ue

n=
10

2

n=
10

3

n=
10

4

n=
10

5

0.
0

0.
5

1.
0

1.
5

2.
0

0.00.20.40.60.81.0

F
: 

C
en

te
re

d
 Q

u
ad

ra
ti

c

N
oi

se
 L

ev
el

score

tr
ue

n=
10

2

n=
10

3

n=
10

4

n=
10

5

0.
0

0.
5

1.
0

1.
5

2.
0

0.00.20.40.60.81.0

G
: 

C
o

si
n

e

N
oi

se
 L

ev
el

score

tr
ue

n=
10

2

n=
10

3

n=
10

4

n=
10

5

0.
0

0.
5

1.
0

1.
5

2.
0

0.00.20.40.60.81.0

H
: 

C
ir

cl
e

N
oi

se
 L

ev
el

score

tr
ue

n=
10

2

n=
10

3

n=
10

4

n=
10

5

0.
0

0.
5

1.
0

1.
5

2.
0

0.00.20.40.60.81.0

I:
 C

ro
ss

N
oi

se
 L

ev
el

score

tr
ue

n=
10

2

n=
10

3

n=
10

4

n=
10

5

Fi
gu

re
15

:
T

he
co

m
pa

ri
so

n
of
R
C
D

w
ith

its
es

tim
at

ed
va

lu
es

un
de

r
di

ff
er

en
ts

am
pl

e
si

ze
s.

T
hi

s
es

tim
at

or
us

es
th

e
sq

ua
re

ke
rn

el
de

ns
ity

es
tim

at
or

w
ith

ba
nd

w
id

th
h

=
0.

5
n
−

1
/
4
.

38
JM

L
R

 1
8(

71
):

1-
46

, 2
01

7



R
O

B
U

S
T

C
O

P
U

L
A

D
E

P
E

N
D

E
N

C
E

M
E

A
S

U
R

E

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●
●

●

●
●

●
●

5
10

15
20

0.0 0.2 0.4 0.6 0.8 1.0

A
: Linear

N
oise Level

Score

●
200
1000
3000
5000
true

●

●

●

●

●
●

●

●

●
●

●

●
●

●
●

●
●

●
●

●

●

5
10

15
20

0.0 0.2 0.4 0.6 0.8 1.0

B
: Q

uadratic

N
oise Level

Score

●
200
1000
3000
5000
true

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

5
10

15
20

0.0 0.2 0.4 0.6 0.8 1.0

C
: S

quare R
oot

N
oise Level

Score

●
200
1000
3000
5000
true

●

●

●

●

●

●

●
●

●

●
●

●

●
●

●

●

●
●

●

●

●

5
10

15
20

0.0 0.2 0.4 0.6 0.8 1.0

D
: C

ubic

N
oise Level

Score

●
200
1000
3000
5000
true

●

●

●

●

●

●
●

●
●

●

●
●

●
●

●
●

●

●
●

●
●

5
10

15
20

0.0 0.2 0.4 0.6 0.8 1.0

E
: C

entered C
ubic

N
oise Level

Score

●
200
1000
3000
5000
true

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●
●

●

●
●

5
10

15
20

0.0 0.2 0.4 0.6 0.8 1.0

F
: C

entered Q
uadratic

N
oise Level

Score

●
200
1000
3000
5000
true

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●
●

5
10

15
20

0.0 0.2 0.4 0.6 0.8 1.0

G
: C

osine

N
oise Level

Score

●
200
1000
3000
5000
true

●

●

●

●

●

●

●
●

●

●
●

●

●
●

●

●

●

●

●

●
●

5
10

15
20

0.0 0.2 0.4 0.6 0.8 1.0

H
: C

ircle

N
oise Level

Score

●
200
1000
3000
5000
true

●

●

●

●

●

●

●

●

●
●

●
●

●

●
●

●

●

●
●

●

●

5
10

15
20

0.0 0.2 0.4 0.6 0.8 1.0

I: C
ross

N
oise Level

Score

●
200
1000
3000
5000
true

Figure
16:A

dditive
noise

w
ith

k
=

0.25 √
n.

39
JM

L
R

 18(71):1-46, 2017

D
IN

G
,D

Y,L
I,

A
N

D
C

H
A

N
G

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●
●

●
●

5
10

15
20

0.0 0.2 0.4 0.6 0.8 1.0

A
: Linear

N
oise Level

Score

●
200
1000
3000
5000
true

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●
●

●

●

5
10

15
20

0.0 0.2 0.4 0.6 0.8 1.0

B
: Q

uadratic

N
oise Level

Score

●
200
1000
3000
5000
true

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●
●

●

●
●

●
●

5
10

15
20

0.0 0.2 0.4 0.6 0.8 1.0

C
: S

quare R
oot

N
oise Level

Score

●
200
1000
3000
5000
true

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●
●

●
●

●

●

5
10

15
20

0.0 0.2 0.4 0.6 0.8 1.0

D
: C

ubic

N
oise Level

Score

●
200
1000
3000
5000
true

●

●

●

●

●

●

●
●

●
●

●

●

●

●
●

●

●
●

●

●

●

5
10

15
20

0.0 0.2 0.4 0.6 0.8 1.0

E
: C

entered C
ubic

N
oise Level

Score

●
200
1000
3000
5000
true

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

5
10

15
20

0.0 0.2 0.4 0.6 0.8 1.0

F
: C

entered Q
uadratic

N
oise Level

Score

●
200
1000
3000
5000
true

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●
●

●

●
●

●

●

5
10

15
20

0.0 0.2 0.4 0.6 0.8 1.0

G
: C

osine

N
oise Level

Score

●
200
1000
3000
5000
true

●

●

●

●
●

●

●

●

●

●
●

●
●

●

●

●

●

●
●

●

●

5
10

15
20

0.0 0.2 0.4 0.6 0.8 1.0

H
: C

ircle

N
oise Level

Score

●
200
1000
3000
5000
true

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●
●

5
10

15
20

0.0 0.2 0.4 0.6 0.8 1.0

I: C
ross

N
oise Level

Score

●
200
1000
3000
5000
true

Figure
17:A

dditive
noise

w
ith

k
=

0.1 √
n.

40
JM

L
R

 18(71):1-46, 2017



R
O

B
U

S
T

C
O

P
U

L
A

D
E

P
E

N
D

E
N

C
E

M
E

A
S

U
R

E

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

5
10

15
20

0.00.20.40.60.81.0

A
: L

in
ea

r

N
oi

se
 L

ev
el

Score

●
20

0
10

00
30

00
50

00
tr

ue

●

●

●

●

●

●

●

●
●

●

●

●
●

●
●

●
●

●

●

●

●

5
10

15
20

0.00.20.40.60.81.0

B
: Q

ua
dr

at
ic

N
oi

se
 L

ev
el

Score

●
20

0
10

00
30

00
50

00
tr

ue

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

5
10

15
20

0.00.20.40.60.81.0

C
: S

qu
ar

e 
R

oo
t

N
oi

se
 L

ev
el

Score

●
20

0
10

00
30

00
50

00
tr

ue

●

●

●

●

●

●

●
●

●

●
●

●
●

●

●
●

●

●

●

●

●

5
10

15
20

0.00.20.40.60.81.0

D
: C

ub
ic

N
oi

se
 L

ev
el

Score

●
20

0
10

00
30

00
50

00
tr

ue

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●
●

●

5
10

15
20

0.00.20.40.60.81.0

E
: C

en
te

re
d 

C
ub

ic

N
oi

se
 L

ev
el

Score

●
20

0
10

00
30

00
50

00
tr

ue
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●
●

●
●

●

5
10

15
20

0.00.20.40.60.81.0

F
: C

en
te

re
d 

Q
ua

dr
at

ic

N
oi

se
 L

ev
el

Score

●
20

0
10

00
30

00
50

00
tr

ue

●

●

●

●

●

●

●
●

●
●

●
●

●
●

●
●

●
●

●

●

●

5
10

15
20

0.00.20.40.60.81.0

G
: C

os
in

e

N
oi

se
 L

ev
el

Score

●
20

0
10

00
30

00
50

00
tr

ue
●

●

●

●

●

●
●

●

●
●

●

●

●

●

●
●

●

●

●
●

●

5
10

15
20

0.00.20.40.60.81.0

H
: C

irc
le

N
oi

se
 L

ev
el

Score

●
20

0
10

00
30

00
50

00
tr

ue
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

5
10

15
20

0.00.20.40.60.81.0

I: 
C

ro
ss

N
oi

se
 L

ev
el

Score

●
20

0
10

00
30

00
50

00
tr

ue

Fi
gu

re
18

:A
dd

iti
ve

no
is

e
w

ith
k

=
0.

5
√
n

.

41
JM

L
R

 1
8(

71
):

1-
46

, 2
01

7

D
IN

G
,D

Y
,L

I,
A

N
D

C
H

A
N

G

●

●

●

●

●

● 0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

0.00.40.8

A
: L

in
ea

r

N
oi

se
 L

ev
el

score

●

●

●

●

●

●

● ●

0.
1

0.
25

0.
5y=

x

●

●

●

●

●

● 0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

0.00.40.8

B
: C

en
te

re
d 

Q
ua

dr
at

ic

N
oi

se
 L

ev
el

score

●

●

●

●

●

●

● ●

0.
1

0.
25

0.
5y=

x

●

●

●

●

●

● 0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

0.00.40.8

C
: C

os
in

e

N
oi

se
 L

ev
el

score

●

●

●

●

●

●

● ●

0.
1

0.
25

0.
5y=

x

●

●

●

●

●

● 0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

0.00.40.8

D
: C

ro
ss

N
oi

se
 L

ev
el

scorer

●

●

●

●

●

●

● ●

0.
1

0.
25

0.
5y=

x

●

●

●

●

●

● 0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

0.00.40.8

E
: C

irc
le

N
oi

se
 L

ev
el

score

●

●

●

●

●

●

● ●

0.
1

0.
25

0.
5y=

x

●

●

●

●

●

● 0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

0.00.40.8

F
: C

ro
ss

 2

N
oi

se
 L

ev
el

score

●

●

●

●

●

●

● ●

0.
1

0.
25

0.
5y=

x

Fi
gu

re
19

:M
ix

tu
re

no
is

e
w

ith
k

=
c√
n

,w
he

re
c

=
0.

1
,0
.2

5,
0.

5.

42
JM

L
R

 1
8(

71
):

1-
46

, 2
01

7



R
O

B
U

S
T

C
O

P
U

L
A

D
E

P
E

N
D

E
N

C
E

M
E

A
S

U
R

E

R
eferences

A
ndrásA

ntosand
IoannisK

ontoyiannis.C
onvergence

propertiesoffunctionalestim
atesfordiscrete

distributions.
R

andom
Structures

&
A

lgorithm
s,19(3-4):163–193,2001.

L
uca

B
agnato,

L
ucio

D
e

C
apitani,

and
A

ntonio
Punzo.

Testing
serial

independence
via

density-
based

m
easures

ofdivergence.
M

ethodology
and

C
om

puting
in

A
pplied

P
robability,pages

1–15,
2013.

ISSN
1387-5841.

doi:10.1007/s11009-013-9320-4.

Jon
L

ouis
B

entley.M
ultidim

ensionalbinary
search

trees
used

forassociative
searching.C

om
m

uni-
cations

ofthe
AC

M
,18(9):509–517,1975.

G
érard

B
iau,

Frédéric
C

hazal,
D

avid
C

ohen-Steiner,
L

uc
D

evroye,
and

C
arlos

R
odrı́guez.

A
w

eighted
k-nearest

neighbor
density

estim
ate

for
geom

etric
inference.

E
lectron.

J.
Statist.,

5:
204–237,2011.

doi:10.1214/11-E
JS606.

Y
ale

C
hang,Y

iL
i,A

dam
D

ing,and
Jennifer

D
y.

A
robust-equitable

copula
dependence

m
easure

for
feature

selection.
In

P
roceedings

of
the

N
ineteenth

International
C

onference
on

A
rtificial

Intelligence
and

Statistics.C
iteseer,2016.

T
hom

as
H

C
orm

en.
Introduction

to
algorithm

s.
M

IT
press,2009.

D
avid

L
.D

onoho
and

R
ichard

C
.L

iu.
G

eom
etrizing

rates
ofconvergence,ii.

The
A

nnals
ofStatis-

tics,19(2):pp.633–667,1991.
ISSN

00905364.

Jennifer
G

D
y

and
C

arla
E

B
rodley.

Feature
selection

for
unsupervised

learning.
The

Journalof
M

achine
Learning

R
esearch,5:845–889,2004.

M
agnus

E
kdahland

Tim
o

K
oski.

B
ounds

for
the

loss
in

probability
of

correctclassification
under

m
odelbased

approxim
ation.

J.M
ach.Learn.R

es.,7:2449–2480,D
ecem

ber
2006.

ISSN
1532-

4435.

R
.H

.Farrell.
O

n
the

best
obtainable

asym
ptotic

rates
of

convergence
in

estim
ation

of
a

density
function

at
a

point.
The

A
nnals

of
M

athem
atical

Statistics,
43(1):pp.

170–180,
1972.

ISSN
00034851.

A
ndrew

D
Fernandes

and
G

regory
B

G
loor.

M
utual

inform
ation

is
critically

dependent
on

prior
assum

ptions:
w

ould
the

correctestim
ate

of
m

utualinform
ation

please
identify

itself?
B

ioinfor-
m

atics,26(9):1135–1139,2010.

Jerom
e

H
Friedm

an.
M

ultivariate
adaptive

regression
splines.

The
annals

ofstatistics,pages
1–67,

1991.

K
enjiFukum

izu,A
rthur

G
retton,X

iaohaiSun,and
B

ernhard
Schölkopf.

K
ernelm

easures
of

con-
ditionaldependence.

In
N

IP
S,volum

e
20,pages

489–496,2007.

A
rthur

G
retton,

O
livier

B
ousquet,

A
lex

Sm
ola,

and
B

ernhard
Schölkopf.

M
easuring

statistical
dependence

w
ith

hilbert-schm
idtnorm

s.
In

A
lgorithm

ic
learning

theory,pages
63–77.Springer,

2005a.

43
JM

L
R

 18(71):1-46, 2017

D
IN

G
,D

Y,L
I,

A
N

D
C

H
A

N
G

A
rthurG

retton,R
alfH

erbrich,A
lexanderSm

ola,O
livierB

ousquet,and
B

ernhard
Schölkopf.

K
er-

nelm
ethods

form
easuring

independence.J.M
ach.Learn.R

es.,6:2075–2129,D
ecem

ber2005b.
ISSN

1532-4435.

Isabelle
G

uyon
and

A
ndré
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lo

cation
s.

T
h
e

classical
form

u
lation

b
y

M
on

ge
(1781)

con
sid

ers
th

e
m

in
im

ization
over

m
ass

p
reserv

in
g

m
ap

p
in

g
s.

L
ater

K
an

torov
itch

(195
8)

con
sid

ered
th

e
sam

e
p
rob

lem
b
u
t

as
a

m
in

im
ization

ov
er

cou
p
lin

gs
b

etw
een

th
e

tw
o

p
rob

ab
ility

m
easu

res,
w

h
ich

p
erm

its
to

sp
lit

m
ass

from
a

sin
gle

sou
rce

acro
ss

m
u
ltip

le
target

lo
cation

s.
M

ore
p
recisely,

for
tw

o
p
rob

ab
ility

m
easu

res
µ

an
d
ν

on
p
rob

ab
ility

sp
aces

X
an

d
Y

resp
ectively,

a
cou

p
lin

g
of
µ

an
d
ν

is
a

m
easu

re
π

on
X
×

Y
su

ch
th

at
th

e
m

argin
als

of
π

are
µ

an
d

ν
,

i.e.
π

(A
×

Y
)

=
µ

(A
)

for
all

(µ
-m

easu
rab

le)
sets

A
⊆

X
an

d
π

(X
×
B

)
=

ν
(B

)
for

all
(ν

-m
easu

rab
le)

sets
B
⊆

Y
.

W
e

d
en

ote
b
y
C

(µ
,ν

)
th

e
set

of
cou

p
lin

gs
b

etw
een

µ
an

d
ν

.
In

form
ally,

w
e

m
ay

th
in

k
of
d
π

(x
,y

)
as

th
e

am
ou

n
t

of
in

fi
n
itesim

al
m

ass
to

b
e

tran
sp

orted
from

sou
rce

x
to

d
estin

ation
y
,

w
ith

th
e

con
d
ition

th
at

π
is

a
cou

p
lin

g
gu

aran
teein

g
th

at
th

e
sou

rce
m

ass
is

d
istrib

u
ted

accord
in

g
to
µ

a
n
d

th
e

d
estin

ation
m

ass
is

d
istrib

u
ted

accord
in

g
to
ν

.
S
u
ch

cou
p
lin

gs
alw

ay
s

ex
ist:

w
e

alw
ay

s
h
ave

th
e

triv
ial

cou
p
lin

g
π

=
µ
×
ν

.
T

h
e

triv
ial

cou
p
lin

g
is

u
n
in

form
ative,

every
sou

rce
m

a
ss
d
µ

(x
)

is
tran

sp
orted

to
th

e
sam

e
target

d
istrib

u
tion

ν
.

In
M

on
ge’s

form
u
lation

th
e

cou
p
lin

g
is

restricted
to

th
e

sp
ecial

form
π

(x
,y

)
=
δ
T
(x

)
w

h
ere

δ
y

is
th

e
D

irac-δ
m

easu
re

w
ith

m
ass

at
y
∈

Y
,

an
d
T

is
a

fu
n
ction

X
→

Y
:

in
th

is
case

th
e

cou
p
lin

g
is

“m
ax

im
ally

in
form

ative”
in

th
e

sen
se

th
at

th
ere

is
a

fu
n
ction

m
ap

p
in

g
each

sou
rce

x
to

a
sin

gle
d
estin

ation
y
;

in
p
articu

lar
th

e
m

ass
d
µ

(x
)

at
x

is
n
ot

sp
lit

in
to

m
u
ltip

le
p

ortion
s

th
at

are
sh

ip
p

ed
to

d
iff

eren
t

target
y
’s.

T
o

d
efi

n
e

op
tim

al
tran

sp
ort

an
d

op
tim

al
cou

p
lin

gs,
w

e
n
eed

a
cost

fu
n
ction

c
(x
,y

)
on

X
×

Y
rep

resen
tin

g
th

e
w

ork
or

cost
n
eed

ed
to

m
ove

a
u
n
it

of
m

ass
from

x
to
y
.

T
h
en

for
every

cou
p
lin

g
π

w
e

m
ay

d
efi

n
e

th
e

cost
of
π

to
b

e

E
(X
,Y

)∼
π
[c

(X
,Y

)],
(1)

w
ith

(X
,Y

)
b

ein
g

a
p
air

of
ran

d
om

variab
les

d
istrib

u
ted

accord
in

g
to

π
.

A
n

op
tim

al
cou

p
lin

g
π

m
in

im
izes

th
is

cost
over

all
ch

oices
of

cou
p
lin

gs.
W

h
en

seek
in

g
an

op
tim

al
tran

sp
ortation

p
lan

,
th

e
ab

ov
e

b
ecom

es

E
X
∼
µ
[c

(X
,T

(X
))]

=

∫

X
c
(x
,T

(x
))d
µ

(x
)
,

an
d

on
e

m
in

im
izes

over
all

(m
easu

rab
le)

fu
n
ction

s
T

:
X
→

Y
.

O
n
e

often
d
esign

s
th

e
cost

fu
n
ction

c
in

an
ap

p
lication

-d
ep

en
d
en

t
fash

ion
,

an
d

th
e

ab
ov

e
fram

ew
o
rk

is
ex

trem
ely

gen
eral.

W
h
en

X
=

Y
is

a
m

etric
sp

ace
w

ith
resp

ect
to

a
d
istan

ce
ρ

(w
ith

su
itab

le
tech

n
ical

con
d
ition

s
relatin

g
th

e
m

etrics
an

d
th

e
m

easu
res

µ
,
ν

th
at

w
e

w
ill

n
ot

d
elve

in
to,

referrin
g

th
e

read
er

to
V

illan
i

(2009)),
th

en
d
istin

gu
ish

ed
ch

o
ices

for
th

e
cost

are
th

ose
th

at
are

related
to

th
e

m
etric

stru
ctu

re.
T

h
e

n
atu

ral
ch

oice
of

c
(x
,y

)
=
ρ
(x
,y

)
p,

for
som

e
p
>

0
lead

s
to

th
e

d
efi

n
ition

of
th

e
W

asserstein
-K

an
torov

ich
-R

u
b
in

stein
m

etric
on

th
e

sp
ace

of
p
rob

ab
ility

m
easu

res
on

X
:

W
p (µ

,ν
)

:=
m

in
π∈C

(µ
,ν
) (∫

X

∫

X
ρ
(x
,y

)
pd
π

(x
,y

) )
1p

.
(2)

C
om

p
u
tation

al
solu

tion
s

to
op

tim
al

tran
sp

ort
sp

lit
rou

gh
ly

in
tw

o
settin

gs:
A

p
p
roach

es
b
ased

on
th

e
solu

tion
of

p
artial

d
iff

eren
tial

eq
u
atio

n
s

d
eriv

ed
from

th
e

con
tin

u
ou

s
op

tim
al

4
JM

L
R

 18(72):1-32, 2017



M
u
lt

is
c
a
l
e
O
p
t
im

a
l
T
r
a
n
sp

o
r
t

tr
an

sp
or

t
fo

rm
u
la

ti
on

,
b
ri

efl
y

d
is

cu
ss

ed
in

S
ec

ti
on

2.
1

an
d
,

m
or

e
re

le
va

n
t

to
th

is
p
ap

er
,

co
m

b
in

at
or

ia
l

op
ti

m
iz

at
io

n
m

et
h
o
d
s

to
d
ir

ec
tl

y
so

lv
e

fo
r

a
d
is

cr
et

e
o
p
ti

m
al

tr
an

sp
or

t
p
la

n
d
is

cu
ss

ed
in

S
ec

ti
on

2.
2.

2
.1

C
o
n
ti

n
u

o
u

s
O

p
ti

m
a
l

T
ra

n
sp

o
rt

In
ca

se
th

at
at

le
as

t
th

e
so

u
rc

e
d
is

tr
ib

u
ti

on
ad

m
it

s
a

d
en

si
ty

,
an

d
w

h
en

th
e

co
st

fu
n
ct

io
n

is
th

e
sq

u
ar

ed
E

u
cl

id
ea

n
d
is

ta
n
ce

,
th

e
op

ti
m

al
co

u
p
li
n
g

is
d
et

er
m

in
is

ti
c,

i.
e.

th
er

e
ex

is
ts

a
tr

an
sp

or
t

m
ap

,
an

d
th

e
op

ti
m

al
so

lu
ti

on
is

th
e

gr
ad

ie
n
t

of
a

co
n
ve

x
fu

n
ct

io
n

(B
re

n
ie

r,
19

91
).

T
h
is

h
as

b
ee

n
ex

p
lo

it
ed

to
so

lv
e

th
e

op
ti

m
al

tr
an

sp
or

t
p
ro

b
le

m
b
y

n
u
m

er
ic

al
p
ar

ti
al

d
iff

er
en

ti
al

eq
u
at

io
n

ap
p
ro

ac
h
es

(B
en

am
ou

an
d

B
re

n
ie

r,
20

00
;

A
n
ge

n
en

t
et

al
.,

20
0
3;

H
ak

er
et

al
.,

20
04

;
Io

ll
o

an
d

L
om

b
ar

d
i,

20
11

;
P

ap
ad

ak
is

et
al

.,
20

13
;

B
en

am
ou

et
al

.,
20

14
).

A
n

al
te

rn
at

iv
e

fo
rm

u
la

ti
on

p
ro

p
o
se

d
b
y

A
u
re

n
h
am

m
er

et
al

.
(1

99
8)

sh
ow

s
th

at
th

e
op

ti
-

m
al

tr
an

sp
or

t
fr

om
a

so
u
rc

e
d
en

si
ty

to
a

ta
rg

et
d
is

tr
ib

u
ti

on
of

a
se

t
of

w
ei

gh
te

d
D

ir
a
c

d
el

ta
’s

ca
n

b
e

so
lv

ed
th

ro
u
gh

a
fi
n
it

e
d
im

en
si

on
al

u
n
co

n
st

ra
in

ed
co

n
ve

x
op

ti
m

iz
a
ti

on
.

M
ér

ig
ot

(2
01

1)
p
ro

p
os

es
a

m
u
lt

is
ca

le
ap

p
ro

ac
h

fo
r

th
e

fo
rm

u
la

ti
on

of
A

u
re

n
h
am

m
er

et
al

.
(1

99
8)

.

B
ot

h
th

e
n
u
m

er
ic

al
P

D
E

b
as

ed
ap

p
ro

ac
h
es

as
w

el
l

as
th

e
u
n
co

n
st

ra
in

ed
co

n
ve

x
op

ti
-

m
iz

at
io

n
re

q
u
ir

e
a

d
is

cr
et

iz
at

io
n

of
th

e
fu

ll
d
om

ai
n

w
h
ic

h
is

ge
n
er

al
ly

n
ot

fe
as

ib
le

fo
r

h
ig

h
er

d
im

en
si

on
al

d
om

ai
n
s.

F
or

ar
b
it

ra
ry

co
st

fu
n
ct

io
n
s

an
d

d
is

tr
ib

u
ti

on
s

th
e

o
p
ti

m
al

tr
an

sp
or

t
p
ro

b
le

m
d
o
es

ty
p
ic

al
ly

n
ot

re
su

lt
in

a
d
et

er
m

in
is

ti
c

co
u
p
li
n
g

an
d

ca
n

n
ot

b
e

so
lv

ed
th

ro
u
gh

P
D

E
b
as

ed
ap

p
ro

ac
h
es

.

2
.2

D
is

c
re

te
O

p
ti

m
a
l

T
ra

n
sp

o
rt

a
n

d
L

in
e
a
r

P
ro

g
ra

m
m

in
g

F
or

tw
o

d
is

cr
et

e
d
is

tr
ib

u
ti

on
s
µ

=
∑

n 1
w

(x
i)
δ(
x
i)

an
d
ν

=
∑

m 1
v
(y
i)
δ(
y i

)
w

it
h
∑
w

(x
i)

=
∑
v
(y
i)

=
1

th
e

op
ti

m
al

tr
an

sp
or

t
p
ro

b
le

m
is

eq
u
iv

al
en

t
to

th
e

li
n
ea

r
p
ro

g
ra

m

m
in π

∑

i=
1
,.
..
,n

j=
1
,.
..
,m

c
(x
i,
y j

)π
(x
i,
y j

)
s.

t.

    

∑
j
π

(x
i,
y j

)
=
µ

({
x
i}

)
=
w

(x
i)

∑
i
π

(x
i,
y j

)
=
ν

({
y j
})

=
v
(y
j
)

π
(x
i,
y j

)
≥

0

.
(3

)

T
h
e

so
lu

ti
on

is
ca

ll
ed

an
op

ti
m

al
co

u
p
li
n
g
π
∗ ,

an
d

th
e

m
in

im
u
m

va
lu

e
a
tt

ai
n
ed

at
π
∗ ,

is
ca

ll
ed

th
e

co
st

of
π
∗ ,

or
th

e
op

ti
m

al
co

st
of

th
e

tr
an

sp
or

t
p
ro

b
le

m
,

an
d

is
d
en

ot
ed

b
y

c
o
s
t
(π
∗ )

=
∑

i,
j
c
(x
i,
y j

)π
∗ (
x
i,
y j

).
T

h
e

co
n
st

ra
in

ts
en

fo
rc

e
th

at
π

is
a

co
u
p
li
n
g.

T
h
e

va
ri

ab
le

s
π

(x
i,
y j

)
co

rr
es

p
on

d
to

th
e

am
ou

n
t

of
m

as
s

tr
an

sp
or

te
d

fr
om

so
u
rc

e
x
i

to
ta

rg
et

y j
,

at
co

st
c
(x
i,
y j

).
T

h
e

li
n
ea

r
co

n
st

ra
in

ts
ar

e
of

ra
n
k
n

+
m
−

1:
w

h
en

n
+
m
−

1
of

th
e

co
n
st

ra
in

ts
ar

e
sa

ti
sfi

ed
,

ei
th

er
th

e
n

co
n
st

ra
in

ts
of

th
e

so
u
rc

e
d
en

si
ty

or
th

e
m

co
n
st

ra
in

ts
of

th
e

ta
rg

et
d
en

si
ty

ar
e

sa
ti

sfi
ed

.
S
in

ce
th

e
su

m
of

ou
tg

oi
n
g

m
as

s
is

eq
u
al

to
th

e
su

m
of

in
co

m
in

g
m

as
s,

i.
e.

µ
(X

)
=

ν
(Y

),
it

fo
ll
ow

s
th

at
al

l
co

n
st

ra
in

ts
m

u
st

b
e

sa
ti

sfi
ed

.
T

h
e

op
ti

m
al

so
lu

ti
on

li
es

,
b
ar

ri
n
g

d
eg

en
er

ac
ie

s,
on

a
co

rn
er

of
th

e
p

ol
y
to

p
e

d
efi

n
ed

b
y

th
e

co
n
st

ra
in

ts
,

i.
e.

is
a

b
as

ic
fe

as
ib

le
so

lu
ti

on
.

T
h
is

im
p
li
es

th
at

ex
ac

tl
y
n

+
m
−

1
en

tr
ie

s
of

th
e

op
ti

m
al

co
u
p
li
n
g
π

ar
e

n
on

-z
er

o,
i.
e.
π

is
a

sp
ar

se
m

at
ri

x
.

T
h
e

op
ti

m
al

co
u
p
li
n
g

is
a

M
on

ge
tr

an
sp

or
t

m
ap

if
an

d
on

ly
if

al
l

th
e

m
as

s
of

a
so

u
rc

e
x
i

is
tr

an
sp

or
te

d
to

ex
ac

tl
y

on
e

ta
rg

et
lo

ca
ti

on
.

A
M

on
ge

so
lu

ti
on

d
o
es

n
ot

ex
is

t
fo

r
ev

er
y

o
p
ti

m
al

tr
an

sp
or

t
p
ro

b
le

m
,

in
fa

ct
a

sm
al

l
p

er
tu

rb
at

io
n

of
µ

w
il
l

a
lw

ay
s

su
ffi

ce
to

m
a
ke

a
M

on
ge

so
lu

ti
on

im
p

os
si

b
le

.

5
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L
R

 1
8(

72
):

1-
32

, 2
01

7

G
e
r
b
e
r
a
n
d

M
a
g
g
io
n
i

F
or

so
u
rc

e
an

d
ta

rg
et

d
at

a
se

ts
w

it
h

th
e

sa
m

e
ca

rd
in

al
it

y
an

d
eq

u
al

ly
w

ei
g
h
te

d
δ-

fu
n
ct

io
n
s,

K
an

to
ro

v
ic

h
’s

op
ti

m
al

tr
an

sp
or

t
p
ro

b
le

m
re

d
u
ce

s
to

an
as

si
gn

m
en

t
p
ro

b
le

m
,

w
h
os

e
so

lu
ti

on
is

a
M

on
ge

op
ti

m
al

tr
an

sp
or

t
m

ap
.

In
th

is
sp

ec
ia

l
ca

se
,

th
e

o
p
ti

m
a
l

tr
a
n
s-

p
or

t
p
ro

b
le

m
ca

n
b

e
effi

ci
en

tl
y

so
lv

ed
b
y

th
e

H
u
n
ga

ri
an

al
go

ri
th

m
(K

u
h
n
,

1
9
5
5
).

T
h
e

as
si

gn
m

en
t

p
ro

b
le

m
re

su
lt

s
in

a
d
eg

en
er

at
e

li
n
ea

r
p
ro

gr
am

si
n
ce

on
ly
n

en
tr

ie
s

a
re

n
o
n
-z

er
o

(i
n
st

ea
d

of
2
n
−

1)
.

W
e

ca
n

th
er

ef
or

e
th

in
k

of
op

ti
m

al
tr

an
sp

or
t

as
a

ro
b
u
st

ve
rs

io
n

of
as

si
gn

m
en

ts
.

T
h
is

ca
n

al
so

b
e

se
en

fr
om

th
e

p
oi

n
t

of
v
ie

w
of

co
n
v
ex

it
y
:

in
th

e
a
ss

ig
n
m

en
t

p
ro

b
le

m
,
π

is
a

p
er

m
u
ta

ti
on

m
at

ri
x

d
ec

id
in

g
to

w
h
ic

h
y j

ea
ch
x
i

is
tr

an
sp

or
te

d
.

T
h
e

co
n
ve

x
h
u
ll

of
p

er
m

u
ta

ti
on

m
at

ri
ce

s
is

ex
ac

tl
y

th
e

se
t

of
d
ou

b
ly

-s
to

ch
as

ti
c

m
at

ri
ce

s,
to

w
h
ic

h
a

co
u
p
li
n
g
π

b
el

on
gs

as
a

co
n
se

q
u
en

ce
of

th
e

co
n
st

ra
in

ts
in

(3
).

F
or

p
oi

n
t

se
ts

w
it

h
d
iff

er
en

t
ca

rd
in

al
it

ie
s

an
d
/o

r
p

oi
n
ts

w
it

h
d
iff

er
en

t
m

as
se

s
th

e
o
p
ti

m
a
l

tr
an

sp
or

t
p
ro

b
le

m
ca

n
b

e
so

lv
ed

b
y

a
li
n
ea

r
p
ro

gr
am

an
d

is
a

sp
ec

ia
l

ca
se

of
th

e
m

in
im

u
m

co
st

n
et

w
or

k
fl
ow

p
ro

b
le

m
.

T
h
e

m
in

im
u
m

co
st

fl
ow

p
ro

b
le

m
is

w
el

l
st

u
d
ie

d
a
n
d

a
n
u
m

b
er

of
al

go
ri

th
m

s
(F

or
d

an
d

F
u
lk

er
so

n
,

19
56

;
K

le
in

,
19

67
;

C
u
n
n
in

gh
am

,
19

76
;

G
o
ld

b
er

g
a
n
d

T
ar

ja
n
,

19
87

;
B

er
ts

ek
as

an
d

T
se

n
g,

19
88

;
O

rl
in

,
19

97
)

ex
is

t
fo

r
it

s
so

lu
ti

on
.

T
h
is

d
is

cr
et

e
so

lu
ti

on
ap

p
ro

ac
h

is
n
ot

co
n
st

ra
in

ed
to

sp
ec

ifi
c

co
st

fu
n
ct

io
n
s

an
d

ca
n

w
or

k
w

it
h

a
rb

it
ra

ry
co

st
fu

n
ct

io
n
s.

H
ow

ev
er

,
th

e
li
n
ea

r
p
ro

gr
am

m
in

g
ap

p
ro

ac
h

n
eg

le
ct

s
p

os
si

b
ly

u
se

fu
l
ge

om
et

ri
c

p
ro

p
er

ti
es

of
th

e
m

ea
su

re
s

an
d

th
e

co
st

fu
n
ct

io
n
.

O
u
r

w
or

k
m

ak
es

as
su

m
p
ti

on
s

ab
ou

t
th

e
u
n
d
er

ly
in

g
ge

om
et

ry
of

th
e

m
ea

su
re

sp
ac

es
an

d
th

e
as

so
ci

at
ed

co
st

fu
n
ct

io
n
,

an
d

in
th

is
w

ay
is

a
m

ix
in

g
of

th
e

lo
w

-d
im

en
si

on
al

“g
eo

m
et

ri
c

P
D

E
”

ap
p
ro

ac
h
es

w
it

h
th

e
d
is

cr
et

e
n
o
n
-g

eo
m

et
ri

c
op

ti
m

iz
at

io
n

ap
p
ro

ac
h
es

.
It

ex
p
lo

it
s

th
e

ge
o
m

et
ri

c
as

su
m

p
ti

on
s

to
re

li
ev

e
th

e
sh

o
rt

co
m

in
gs

of
ei

th
er

ap
p
ro

ac
h
,

n
am

el
y

it
sc

al
es

to
h
ig

h
-d

im
en

si
on

al
d
at

a
,

p
ro

v
id

ed
th

a
t

th
e

in
tr

in
si

c
d
im

en
si

on
is

lo
w

in
a

su
it

ab
le

se
n
se

,
an

d
d
o
es

n
ot

re
q
u
ir

e
a

m
es

h
d
at

a
st

ru
ct

u
re

.
A

t
th

e
sa

m
e

ti
m

e
w

e
u
se

th
e

ge
om

et
ry

of
th

e
d
at

a
to

sp
ee

d
u
p

th
e

li
n
ea

r
p
ro

gr
am

,
w

h
ic

h
p

er
–
se

d
o
es

n
ot

le
v
er

ag
e

ge
om

et
ri

c
st

ru
ct

u
re

s.

T
h
e

re
fi
n
em

en
t

st
ra

te
gi

es
of

th
e

p
ro

p
os

ed
m

u
lt

is
ca

le
ap

p
ro

ac
h

ad
d

su
b
se

ts
o
f

p
a
th

s
am

on
g

al
l

p
ai

rw
is

e
p
at

h
s

at
ea

ch
su

b
se

q
u
en

t
sc

al
e

to
im

p
ro

ve
th

e
op

ti
m

al
tr

a
n
sp

o
rt

p
la

n
.

T
h
is

st
ra

te
gy

of
ad

d
in

g
p
at

h
s,

is
ak

in
to

co
lu

m
n

ge
n
er

at
io

n
ap

p
ro

ac
h
es

(D
es

ro
si

er
s

a
n
d

L
ü
b
b

ec
ke

,
20

05
).

C
ol

u
m

n
ge

n
er

at
io

n
,
fi
rs

t
d
ev

el
o
p

ed
b
y

D
an

tz
ig

an
d

W
ol

fe
(1

9
6
0
)

a
n
d

F
o
rd

an
d

F
u
lk

er
so

n
(1

9
56

),
re

d
u
ce

s
th

e
n
u
m

b
er

of
va

ri
ab

le
s

in
a

li
n
ea

r
p
ro

gr
am

b
y

so
lv

in
g

a
sm

al
le

r
li
n
ea

r
p
ro

gr
am

on
a

su
b
se

t
o
f

th
e

or
ig

in
al

va
ri

ab
le

s
an

d
in

tr
o
d
u
ci

n
g

n
ew

va
ri

a
b
le

s
on

d
em

an
d
.

H
ow

ev
er

,
th

e
p
ro

p
os

ed
ap

p
ro

ac
h

ex
p
lo

it
s

th
e

g
eo

m
et

ry
of

th
e

p
ro

b
le

m
in

-
st

ea
d

of
re

ly
in

g
on

an
au

x
il
ia

ry
li
n
ea

r
p
ro

gr
a
m

(D
an

tz
ig

an
d

W
ol

fe
,

19
60

)
or

sh
o
rt

es
t

p
a
th

co
m

p
u
ta

ti
on

s
(F

or
d

an
d

F
u
lk

er
so

n
,

19
56

)
to

d
et

ec
t

th
e

en
te

ri
n
g

va
ri

ab
le

s.

2
.3

A
p

p
ro

x
im

a
ti

o
n

S
tr

a
te

g
ie

s

In
th

e
co

m
p
u
te

r
v
is

io
n

li
te

ra
tu

re
,
th

e
E

ar
th

M
ov

er
s

d
is

ta
n
ce

or
eq

u
iv

al
en

tl
y

th
e

W
a
ss

er
st

ei
n
-

1
d
is

ta
n
ce

,
w

h
ic

h
is

si
m

p
ly

th
e

co
st

of
th

e
op

ti
m

al
co

u
p
li
n
g,

is
a

su
cc

es
sf

u
l
si

m
il
a
ri

ty
m

ea
su

re
fo

r
im

ag
e

re
tr

ie
va

l
(R

u
b
n
er

et
al

.,
19

98
).

In
th

is
a
p
p
li
ca

ti
on

th
e

tr
an

sp
or

t
p
la

n
is

n
o
t

o
f

in
te

re
st

b
u
t

on
ly

th
e

fi
n
al

tr
an

sp
or

t
co

st
.

F
or

th
is

p
u
rp

os
e

In
d
y
k

an
d

T
h
ap

er
(2

0
0
3
),

S
h
ir

d
-

h
on

ka
r

an
d

J
ac

ob
s

(2
00

8)
an

d
A

n
d
on

i
et

al
.

(2
00

8)
d
ev

el
op

ed
al

go
ri

th
m

s
th

a
t

co
m

p
u
te

an
ap

p
ro

x
im

at
e

co
st

b
u
t

d
o

n
ot

y
ie

ld
a

tr
an

sp
or

t
p
la

n
.

S
om

e
of

th
es

e
ap

p
ro

a
ch

es
a
re

b
a
se

d
on

th
e

d
u
al

fo
rm

u
la

ti
on

of
op

ti
m

al
tr

an
sp

or
t,

w
h
ic

h
in

vo
lv

es
te

st
in

g
ag

ai
n
st

L
ip

sc
h
it

z
fu

n
c-

6
JM

L
R

 1
8(

72
):

1-
32

, 2
01

7



M
u
lt

isc
a
l
e
O
p
t
im

a
l
T
r
a
n
sp

o
r
t

tio
n
s,

a
n
d

o
b
serv

in
g

th
at

L
ip

sch
itz

fu
n
ction

s
m

ay
b

e
ch

a
racterized

b
y

d
ecay

p
rop

erties
of

th
eir

w
avelet

co
effi

cien
ts.

In
th

is
sen

se
th

ese
ap

p
roach

es
are

m
u
ltiscale

as
w

ell.

T
o

sp
eed

u
p

com
p
u
tation

s
in

m
ach

in
e

learn
in

g
ap

p
lication

s
C

u
tu

ri
(2013)

p
rop

oses
to

sm
oo

th
tra

n
sp

ort
p
lan

s
b
y

ad
d
in

g
a

m
ax

im
u
m

en
trop

y
p

en
alty

to
th

e
o
p
tim

al
tra

n
sp

ort
fo

rm
u
la

tio
n
.

T
h
e

resu
ltin

g
op

tim
iza

tion
p
rob

lem
is

effi
cien

tly
solv

ed
th

rou
gh

m
atrix

scalin
g

w
ith

S
in

k
h
orn

fi
x
ed

-p
oin

t
iteration

s.
B

ecau
se

of
th

e
ad

d
ed

regu
la

rization
term

,
th

e
so

lu
tion

w
ill

in
gen

era
l

b
e

d
iff

eren
t

from
th

e
op

tim
al

tran
sp

ortation
.

It
m

ay
h
ow

ev
er

b
e

th
e

case
th

a
t

th
ese

p
a
rticu

lar
(or

p
erh

ap
s

oth
er)

regu
larized

solu
tio

n
s

are
b

etter
su

ited
for

certain
a
p
p
lica

tio
n
s.

2
.4

R
e
la

te
d

W
o
rk

V
ery

recen
tly

a
n
u
m

b
er

of
ap

p
roach

es
h
av

e
b

een
p
rop

osed
to

solve
th

e
op

tim
al

tran
sp

ort
in

a
m

u
ltisca

le
fa

sh
ion

(G
lim

m
an

d
H

en
sch

eid
,

2013;
S
ch

m
itzer

an
d

S
ch

n
örr,

2
013;

S
ch

m
itzer,

2
0
1
5
;

O
b

erm
an

an
d

R
u
an

,
2015).

G
lim

m
an

d
H

en
sch

eid
(2013)

d
esign

a
n

iterative
sch

em
e

to
so

lve
a

d
iscrete

op
tim

al
tran

sp
ort

p
rob

lem
in

refl
ector

d
esign

an
d

p
rop

ose
a

h
eu

ristic
for

th
e

itera
tive

refi
n
em

en
ts

b
ased

on
lin

ear
p
rogram

m
in

g
d
u
ality.

T
h
is

iterative
sch

em
e

can
b

e
in

terp
reted

as
a

m
u
ltiscale

d
ecom

p
o
sition

o
f

th
e

tran
sp

ort
p
rob

lem
b
ased

on
geom

etry
of

th
e

so
u
rce

a
n
d

target
sets.

T
h
e

p
rop

osed
p

oten
tia

l
refi

n
em

en
t

strategy
ex

ten
d
s

th
e

h
eu

ristic
p
ro

p
o
sed

b
y

G
lim

m
an

d
H

en
sch

eid
(2013)

to
gu

aran
tee

op
tim

al
solu

tion
s

an
d

ad
d
s

a
m

ore
effi

cien
t

co
m

p
u
tation

strategy
:

T
h
eir

ap
p
roach

req
u
ires

to
ch

eck
all

p
ossib

le
variab

les
at

th
e

n
ex

t
sca

le.
In

S
ection

3.4.1
w

e
in

tro
d
u
ce

a
variation

of
th

e
ap

p
roach

b
y

G
lim

m
a
n
d

H
en

sch
eid

(2
0
1
3)

b
y

ad
d
in

g
a

b
ran

ch
an

d
b

ou
n
d

strategy
to

avoid
ch

eck
in

g
all

variab
les,

a
n
d

a
n

itera
tiv

e
p
ro

ced
u
re

th
at

gu
aran

tees
op

tim
al

solu
tion

s.

S
ch

m
itzer

an
d

S
ch

n
örr

(2013)
p
rop

ose
a

m
u
ltiscale

ap
p
roach

on
grid

s
th

at
u
ses

a
re-

fi
n
em

en
t

stra
tegy

b
ased

on
sp

atial
n
eigh

b
orh

o
o
d
s,

ak
in

to
th

e
n
eigh

b
o
rh

o
o
d

refi
n
em

en
t

d
escrib

ed
in

S
ection

3.4.2.
S
ch

m
itzer

(2015)
u
ses

a
m

u
ltiscale

ap
p
roa

ch
to

d
ev

elop
a

m
o
d
-

ifi
ed

a
u
ction

a
lgorith

m
w

ith
gu

aran
teed

w
orst

case
com

p
lex

ity
an

d
op

tim
al

solu
tio

n
s.

W
e

u
se

d
a
ta

stru
ctu

res
th

at
en

ab
le

u
s

to
q
u
ick

ly
con

stru
ct

n
eigh

b
orh

o
o
d
s,

even
for

p
o
in

t
clou

d
s

th
a
t

live
in

h
ig

h
-d

im
en

sion
s,

b
u
t

h
ave

low
-in

trin
sic

d
im

en
sion

;
w

e
also

ex
p
loit

th
ese

stru
c-

tu
res

to
n
o
t

co
m

p
u
te

all
th

e
p
airw

ise
p

ossib
le

costs,
as

w
ell

as
th

e
ca

n
d
id

ate
n
eigh

b
orh

o
o
d
s

in
o
u
r

p
ro

p
a
g
a
tion

step
s.

T
h
is

can
resu

lt
in

su
b
stan

tia
l

sav
in

gs
in

th
e

scalin
g

of
th

e
algo-

rith
m

,
from

|X
| 3

to
ju

st|X
|log|X

|.
W

e
are

th
erefore

ab
le

to
scale

to
larger

p
rob

lem
,
solv

in
g

o
n

a
la

p
to

p
p
ro

b
lem

s
an

ord
er

of
m

ag
n
itu

d
e

larger
th

an
th

ose
in

O
b

erm
an

an
d

R
u
an

(2015)
fo

r
ex

a
m

p
le,

a
n
d

sh
ow

in
g

lin
ear

scalin
g

on
a

large
ran

ge
of

scales.
S
ch

m
itzer

(2015)
u
se

th
e

c–
cy

clica
l

m
on

oton
icity

p
rop

erty
of

op
tim

al
tran

sp
ort

p
lan

s
(V

illan
i,

2009,
C

h
a
p
ter

5)
to

co
n
stru

ct
“
sh

ield
in

g
n
eigh

b
orh

o
o
d
s”

th
at

p
erm

it
to

ex
clu

d
e

p
ath

s
from

fu
rth

er
con

sid
-

era
tio

n
.

T
h
e

id
ea

of
sh

ield
in

g
n
eigh

b
orh

o
o
d
s

is
com

b
in

ed
w

ith
a

m
u
ltiscale

strategy
th

at
p

erm
its

to
q
u
ick

ly
refi

n
e

in
itial

n
eigh

b
orh

o
o
d

estim
ates.

F
in

a
lly,

in
o
u
r

w
ork

w
e

em
p
h
asize

th
at

th
e

m
u
ltiscale

con
stru

ction
is

n
o
t

on
ly

m
o
tivated

b
y

its
co

m
p
u
ta

tion
al

ad
van

tage,
b
u
t

a
lso

a
s

a
w

ay
of

revealin
g

p
ossib

ly
im

p
ortan

t
featu

res
o
f

th
e

o
p
tim

a
l

tran
sp

ortation
m

ap
.

A
s

w
e

sh
ow

in
S
ection

5,
featu

res
collected

from
th

e
m

u
ltisca

le
op

tim
al

tran
sp

ortation
m

ap
s

lead
s

to
im

p
roved

p
red

ictors
for

b
rain

con
d
ition

s.
M

o
re

g
en

era
lly,

w
e

ex
p

ect
m

u
ltiscale

p
rop

erties
of

op
tim

al
tran

sp
ortation

m
a
p
s

to
b

e
u
sefu

l
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G
e
r
b
e
r
a
n
d

M
a
g
g
io
n
i

in
a

variety
of

learn
in

g
task

s;
th

e
con

n
ection

s
b

etw
een

learn
in

g
an

d
op

tim
al

tran
sp

ortation
are

still
a

very
op

en
fi
eld

,
to

b
e

ex
p
lored

an
d

ex
p
loited

.

3
.
M

u
ltisca

le
O
p
tim

a
l
T
ra

n
sp

o
rt

S
olv

in
g

th
e

op
tim

al
tran

sp
ort

p
rob

lem
for

tw
o

p
oin

t
sets

X
an

d
Y

d
irectly

req
u
ires|X

||Y
|

variab
les,

or
p
ath

s
to

con
sid

er.
In

oth
er

w
ord

s,
th

e
n
u
m

b
er

of
p
ath

s
alon

g
w

h
ich

m
ass

can
b

e
tran

sp
orted

grow
s

q
u
ad

ratically
in

th
e

n
u
m

b
er

of
p

oin
ts

an
d

q
u
ick

ly
y
ield

s
ex

ceed
in
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p
rob

lem
s.

T
h
e

b
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p
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of

th
e

m
u
ltiscale

strateg
y

is
to
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e

a
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u
en

ce
of

tran
sp

ort
p
rob

lem
s

b
ased
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in
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p
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im
ation

s
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th
e

sou
rce

an
d
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p

oin
t

set.
T

h
e

m
u
ltiscale

strategy
h
elp

s
to
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u
ce

th
e

p
rob

lem
size

at
each
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b
y

u
sin

g
th

e
solu

tion
from

th
e

p
rev

iou
s

scale
to

in
fo

rm
w

h
ich

p
ath

s
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in
clu

d
e

in
th

e
op

tim
ization

at
th

e
n
ex

t
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n
er

scale.
A

d
d
ition

ally,
th

e
solu

tion
at

th
e

p
rev

iou
s

scale
h
elp

s
to

fi
n
d

a
go

o
d

in
itialization

for
th

e
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t
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w

h
ich

resu
lts

in
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er
iteration

s
to

solv
e

th
e

red
u
ced

size
lin

ear
p
rogram

.
T

h
e

m
u
ltiscale

algorith
m

(see
A

lgorith
m

1
an

d
F

igu
re

2
fo

r
a

v
isu

al
illu

stration
)

com
-

p
rises

of
th

ree
key

elem
en

ts:

(I)
A

w
ay

of
co

a
rse

n
in

g
th

e
sets
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sou

rce
p

oin
ts

X
an

d
m

easu
re
µ

in
a

m
u
ltiscale

fash
ion

,
y
ield

in
g

a
ch

ain

(X
,µ

)
=

:
(X

J
,µ

J
)→

(X
J−

1 ,µ
J−

1 )→
···→

(X
j ,µ

j )→
···→

(X
0 ,µ

0 )
(4)

con
n
ectin

g
th

e
scales

from
fi
n
e

to
coarse,

w
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X
j

of
d
ecreasin

g
card

in
ality

as
th

e
scale

d
ecreases,

an
d

th
e

d
iscrete

m
easu

re
µ
j

“rep
resen

tin
g”

a
coarsifi

cation
of
µ

at
scale

j,
w

ith
su

p
p
(µ
j )

=
X
j

(th
e

su
p
p

o
rt

of
µ
j

is
th

e
set

of
p

o
in

ts
w

ith
p

ositive
m

easu
re).

S
im

ilarly
for

Y
an

d
ν

w
e

ob
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th
e

ch
ain

(Y
,µ

)
=

:
(Y

J
,ν
J
)→

(Y
J−

1 ,ν
J−

1 )→
···→

(Y
j ,ν

j )→
···→

(Y
0 ,ν

0 )
(5)

T
h
is

coarsen
in

g
step
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escrib

ed
in

S
ection

3.1
an

d
th

e
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ltin
g

m
u
ltiscale
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3.2.
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A
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p
a
g
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tin
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p
lin

g
π
j

solv
in

g
th

e
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ν
j

at
scale

j
to

a
cou

p
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h
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3.3.

(III)
A
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n
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g
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e

p
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n
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th
e
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tim

al
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p
lin

g
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j.

T
h
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d
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ed
in

S
ection

3.4.

3
.1

T
h

e
C

o
a
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n
in

g
S

te
p

:
M

u
ltisc

a
le

A
p

p
ro

x
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a
tio

n
s
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X

,
µ

a
n

d
c
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o
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erive

ap
p
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ation

b
ou

n
d
s

for
th

e
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e
m

u
ltiscale

tran
sp
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p
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lem
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e
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th
e
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otion
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a
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fam
ily
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m

u
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p
artition

s
form
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d
escrib
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S
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3.1.1.
T

h
e

m
u
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p
artition
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u
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d
efi

n
e

ap
p
rox

im
ation

s
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µ
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d
c

at
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A

n
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p
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of
th

e
d
efi

n
ition

s
is

th
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e

con
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s

ca
n

b
e

in
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a
tree,

w
ith

all
n
o
d
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at
a

fi
x
ed

h
eigh

t
corresp

on
d
in

g
to

on
e

scale
of

th
e

m
u
ltiscale

p
artition

in
g.
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p
t
im

a
l
T
r
a
n
sp

o
r
t

A
lg

o
ri

th
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p
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or
t

In
p

u
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p
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u
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p
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.

L
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b
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p
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l
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p
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p
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u
p
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W
e

st
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w
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e
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ot
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fo
r

th
e

d
efi

n
it
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e
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u
lt

is
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le
p
ar

ti
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et
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)
b
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m
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it
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of
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n
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y
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e
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=
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T
h
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m
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b
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l
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n
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r
z

an
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ra
d
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B
z
(r
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∈
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b
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b
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b
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c 1

su
ch
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r
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∈

X
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f
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th
er

ef
or

e
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si
m
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o
f
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u
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s
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p
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b
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h
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b
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n
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to
ch
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n
g

th
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ri
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u
iv

al
en

t
on

e,
on

e
m
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o
os

e
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e
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m
e
d

in
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e
d
ou

b
li
n
g
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n
d
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n
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r
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e

m
et

ri
c

an
d

in
th

at
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r
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e
m

ea
su

re
:

w
e
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su

m
e

th
is

h
as

b
ee

n
d
on

e
fr

om
n
ow

on
.

T
h
is

fa
m

il
y

of
sp

ac
es

is
ra

th
er

ge
n
er

al
,

it
in

cl
u
d
es

re
gu

la
r

d
om

ai
n
s

in
R
D

,
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w
el

l
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sm
o
ot

h
co

m
p
ac

t
m

an
if

ol
d
s
M

en
d
ow

ed
w

it
h

vo
lu

m
e

m
ea

su
re

s.

3
.1
.1

M
u
lt

is
c
a
l
e
A
p
p
r
o
x
im

a
t
io
n
s
t
o

X
a
n
d
µ

A
re

gu
la

r
fa

m
il
y

of
m

u
lt

is
ca

le
p
ar

ti
ti

on
s,

w
it

h
sc

al
in

g
p
ar

am
et

er
θ
>

1
,

is
a

fa
m

il
y

of
se

ts

{{
C
j,
k
}K

j

k
=
1
}J j

=
0
,

w
h
er

e
j

d
en

ot
es

th
e

sc
al

e
an

d
k

in
d
ex

es
th

e
se

ts
at

sc
al

e
j,

su
ch

th
at

:

(i
)

th
e

se
ts
{C

j,
k
}K

j

k
=
1

fo
rm

a
p
ar

ti
ti

on
o
f
X

,
i.
e.

th
ey

ar
e

d
is

jo
in

t
an

d
∪K

j

k
=
1
C
j,
k

=
X

;

(i
i)

ei
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er
C
j+

1
,k
′

d
o
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n
ot
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te
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ec

t
a
C
j,
k
,
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it
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m
p
le

te
ly
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n
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ed
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;

(i
ii
)

th
er

e
ex
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a
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n
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an
t
A
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0
su

ch
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at
fo

r
al

l
j,
k

w
e

h
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e
th

e
d
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m
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d
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m
(C

j,
k
)
≤

A
θ−

j
;

(i
v
)
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C
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k
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n
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s

a
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en
te

r”
p
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n
t
c j
,k

su
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th
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B
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,k

(θ
−
j
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⊆
C
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k
.

T
o
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th
e

n
ot
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n
w

e
w

il
l
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x
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=
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w

h
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fo
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b
u
t
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n
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n
s

an
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su
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s

h
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d
,

m
u
ta
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m
u
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n
d
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,
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r
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n
er

al
θ
>

1.
T

h
e

p
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p
er
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(i
)

an
d

(i
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ab
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e
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p
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th
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e
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a
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T

,
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it
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n
o
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e
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.
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d
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n
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j

fr
om

th
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b
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w
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+
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n
ta

in
ed

in
C
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p
ro

p
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an
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to
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th
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w
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h
th

e
p
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p
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ti
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of
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w
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h
a
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b
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n
g
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p
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p
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d
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n
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n
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⊆
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p
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.
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b
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p
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p
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=
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=
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p
ro

x
im

a
ti

on
s

is
il
lu

st
ra

te
d

in
F

ig
u
re

2.

X
j
+
1

X
j

Y
j

Y
j+

1

C
X j
+
1
,k

0

C
X j,

k
C

Y j,
k

⇡
j
+
1
(x

j
+
1
,k

0 ,
y j

+
1
,k

00
)

C
Y j
+
1
,k

00

⇡
j
(x

j,
k
00
0 ,
y j

,k
)

F
ig

u
re

2:
A

n
il
lu

st
ra

ti
on

of
th

e
m

u
lt

is
ca

le
fr

am
ew

or
k
.

T
h
e

co
ar

se
n
in

g
st

ep
co

n
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p
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p
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b
in

ed
p

oi
n
ts

.
T

h
e

o
p
ti

m
a
l

tr
an

sp
or

t
p
la

n
(g

re
en

ar
ro

w
s)

is
so

lv
ed

at
th

e
co

ar
se

r
sc

al
e
j,

th
en

p
ro

p
a
g
a
te

d
to

sc
al

e
j

+
1

an
d

re
fi
n
ed

.

T
h
e

sp
ac

e
X
j

w
il
l

b
e

th
e

p
ar

ti
ti

on
at

sc
al

e
j,

n
am

el
y

th
e

se
t
{C

X j,
k
}K

X j

k
=
1
,

o
f

ca
rd

in
a
li
ty

K
X j

.
T

h
e

m
ea

su
re

s
µ

an
d
ν

m
ay

b
e

co
ar

se
n
ed

in
th

e
n
at

u
ra

l
w

ay
,

b
y

le
tt

in
g
µ
j

b
e

d
efi

n
ed

1
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M
u
lt

isc
a
l
e
O
p
t
im

a
l
T
r
a
n
sp

o
r
t

recu
rsively

o
n

X
j

b
y

µ
j (C

Xj,k )
=

∑

(j+
1
,k ′)

ch
ild

o
f
(j,k

) µ
j+

1 (C
Xj+

1
,k ′ )

,
(6)

a
n
d

sim
ila

rly
fo

r
ν
j .

T
h
ese

are
in

fact
p
ro

jection
s

of
th

ese
m

easu
res,

an
d

m
ay

a
lso

b
e

in
ter-

p
reted

a
s

co
n
d
ition

al
ex

p
ectation

s
w

ith
resp

ect
to

th
e
σ

-algeb
ra

gen
erated

b
y

th
e

m
u
ltiscale

p
a
rtitio

n
s.

W
e

can
asso

ciate
a

p
oin

t
c
Xj,k

to
each

C
Xj,k

in
variou

s
w

ay
s,

b
y

“avera
gin

g”
th

e

p
o
in

ts
in
C

Xj+
1
,k ′ ,

for
(j

+
1,k ′)

a
ch

ild
of

(j,k
).

A
t

th
e

fi
n
est

scale
w

e
m

ay
let

c
XJ
,k

=
c
XJ
,k

(th
is

b
ein

g
a

“
cen

ter”
for

C
J
,k

as
in

item
(iv

)
in

th
e

d
efi

n
ition

of
m

u
ltiscale

p
artition

s),
an

d
th

en
recu

rsiv
ely

w
e

d
efi

n
ed

th
e

coarser
cen

ters
step

from
scale

j
+

1
to

scale
j

in
on

e
of

th
e

fo
llow

in
g

w
ay

s:

(i)
If

th
e

m
etric

sp
ace

is
also

a
vector

sp
ace

a
n
atu

ral
d
efi

n
itio

n
of
x
j,k

:=
c
Xj,k

is
a

w
eigh

ted

avera
g
e

o
f

th
e
c
Xj+

1
,k ′

corresp
on

d
in

g
to

ch
ild

ren
:

c
Xj,k

=
∑

(j+
1
,k ′)

ch
ild

o
f
(j,k

) µ
j+

1 ({c
Xj+

1
,k ′ }

)c
Xj+

1
,k ′ .

(ii)
In

g
en

era
l

w
e

can
d
efi

n
e
x
j,k

:=
c
Xj,k

as
th

e
p

oin
t

c
Xj,k

=
argm

in
c∈

X

∑

(j+
1
,k ′)

ch
ild

o
f
(j,k

) ρ
p(c,c

Xj+
1
,k ′ )

,

fo
r

so
m

e
p
≥

1,
ty

p
ically

p
=

1
(m

ed
ian

)
or
p

=
2

(F
réch

et
m

ean
).

O
f

co
u
rse

sim
ilar

con
stru

ction
s

ap
p
ly

to
th

e
sp

ace
Y
j ,

y
ield

in
g

p
oin

ts
y
j,k

:=
c
Yj,k .

W
e

d
iscu

ss
a
lg

o
rith

m
s

for
th

ese
con

stru
ction

s
in

S
ection

4.1.1.

3
.1
.2

C
o
a
r
se

n
in
g

t
h
e
c
o
st

f
u
n
c
t
io
n
c

T
h
e

m
u
ltiscale

p
artition

p
rov

id
es

several
w

ay
s

to
coarsen

th
e

cost
fu

n
ction

:
for

every
x
j,k

a
n
d
y
j,k ′

w
e

co
n
sid

er

(c
-i)

th
e

p
o
in

tw
ise

valu
e

c
j (c

Xj,k ,c
Yj,k ′ )

:=
c
(x

Xj,k ,y
Yj,k ′ )

,
(7)

w
h
ere

x
j,k

an
d
y
j,k ′

are
d
efi

n
ed

in
an

y
of

th
e

w
ay

s
ab

ove;

(c
-ii)

th
e

lo
cal

average

c
j (c

Xj,k ,c
Yj,k ′ )

:=
argm

in
α

∑

x∈
C

Xj,k
,y∈

C
Yj,k ′ (α

−
c
(x
,y

))
2

=

∑
x∈
C

Xj,k
,y∈

C
Yj,k ′

c
(x
,y

)

|C
Xj,k ||C

Yj,k ′ |
;

(8)

(c
-iii)

th
e

lo
ca

l
w

eigh
ted

av
erage

c
j (c

Xj,k ,c
Yj,k ′ )

:=
argm

in
α

∑

x∈
C

Xj,k
,y∈

C
Yj,k ′ (α

−
c
(x
,y

))
2
π
∗j−

1 (x
j−

1
,k

1 ,y
j−

1
,k ′1 )

=

∑
x∈
C

Xj,k
,y∈

C
Yj,k ′

c
(x
,y

)π
∗j−

1 (x
j−

1
,k

1 ,y
j−

1
,k ′1 )

∑
x∈
C

Xj,k
,y∈

C
Yj,k ′

π
∗j−

1 (x
j−

1
,k

1 ,y
j−

1
,k ′1 )

,
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G
e
r
b
e
r
a
n
d

M
a
g
g
io
n
i

w
h
ere

π
∗j−

1
is

th
e

op
tim

al
or

ap
p
rox

im
ate

tran
sp

ortation
p
lan

at
scale

j−
1,

d
efi

n
ed

in
(9);

k
1

is
th

e
u
n
iq

u
e

in
d
ex

for
w

h
ich

C
Xj,k ⊆

C
Xj−

1
,k

1
an

d
k ′1

is
th

e
u
n
iq

u
e

in
d
ex

for

w
h
ich

C
Yj,k ⊆

C
Yj−

1
,k ′1
.

3
.2

M
u

ltisc
a
le

F
a
m

ily
o
f

O
p

tim
a
l

T
ra

n
sp

o
rt

P
ro

b
le

m
s

W
ith

th
e

d
efi

n
ition

s
of

th
e

m
u
ltiscale

fam
ily

of
coarser

sp
aces

X
j

an
d

Y
j ,

corresp
on

d
in

g
m

easu
res

µ
j

an
d
ν
j ,

an
d

corresp
on

d
in

g
cost

c
j ,

w
e

m
ay

con
sid

er,
for

each
scale

j,
th

e
follow

in
g

op
tim

al
tran

sp
ort

p
rob

lem
:

π
∗j

:=
argm

in
π

∑

k
=
1
,...,K

Xj

k ′=
1
,...,K

Yj c
j (x

j,k ,y
j,k ′)π

(x
j,k ,y

j,k ′)
s.t.



∑
k ′ π

(x
j,k ,y

j,k ′)
=
µ
j ({
x
j,k }

)
∀
k
∈
K

Xj
∑

k
π

(x
j,k ,y

j,k ′)
=
ν
j ({
y
j,k ′})

∀
k ′∈

K
Yj

π
(x
j,k ,y

j,k ′)≥
0

(9)

T
h
e

p
rob

lem
s

in
th

is
fam

ily
are

related
to

each
oth

er,
an

d
to

th
e

op
tim

al
tran

sp
ortation

p
rob

lem
in

th
e

origin
al

sp
aces.

W
e

d
efi

n
e

th
e

cost
of

a
cou

p
lin

g
as

c
o
s
t
(π
j )

=
∑

k
=
1
,...,K

Xj

k ′=
1
,...,K

Yj

c
j (x

j,k ,y
j,k ′)π

j (x
j,k ,y

j,k ′)
.

(10)

T
h
e

cost
of

th
e

op
tim

al
cou

p
lin

g
π
∗j

at
scale

j
is

p
rovab

ly
an

ap
p
rox

im
ation

to
th

e
cost

of
th

e
op

tim
al

cou
p
lin

g
π
∗

(w
h
ich

is
eq

u
al

to
π
∗J
):

P
ro

p
o
sitio

n
1

L
et
π
∗

be
th

e
o
p
tim

a
l

co
u

p
lin

g,
i.e.

th
e

so
lu

tio
n

to
(3),

a
n

d
π
∗j

th
e

o
p
tim

a
l

co
u

p
lin

g
a
t

sca
le
j,

i.e.
th

e
so

lu
tio

n
to

(9).
D

efi
n

e

E
j (π
∗)

:=
∑

k
=
1
,...,K

Xj

k ′=
1
,...,K

Yj

∑x∈
C

Xj,k

y∈
C

Yj,k ′ (c
j (x

j,k ,y
j,k ′)−

c
(x
,y

) )
π
∗(x

,y
)
.

(11)

T
h
en

c
o
s
t
(π
∗j )≤

c
o
s
t
(π
∗)

+
E
j (π
∗)
,

(12)

a
n

d
if
c
j

=
c

a
n

d
c

is
L

ip
sch

itz
w

ith
co

n
sta

n
t||∇

c||∞
,

w
e

h
a
ve

c
o
s
t
(π
∗j )≤

c
o
s
t
(π
∗)

+
2 −

jA||∇
c||∞

,
(13)

w
h
ere

A
is

su
ch

th
a
t

m
ax

k
,k ′{

d
iam

(C
Xj,k ),d

iam
(C

Yj,k ′ )}
≤
A
·
2 −

j.

P
ro

o
f

C
on

sid
er

th
e

cou
p
lin

g
π
j

in
d
u
ced

at
scale

j
b
y

th
e

op
tim

al
cou

p
lin

g
π
∗,

d
efi

n
ed

b
y

π
j (x

j,k ,y
j,k ′)

=
∑

x∈
C

Xj,k
,y∈

C
Yj,k ′ π

∗(x
,y

)
.
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M
u
lt

is
c
a
l
e
O
p
t
im

a
l
T
r
a
n
sp

o
r
t

F
ir

st
of

al
l,

si
n
ce
{C

X j,
k
} k

an
d
{C

Y j,
k
′}
k
′

ar
e

p
ar

ti
ti

on
s,

it
is

im
m

ed
ia

te
ly

ve
ri

fi
ed

th
at
π
j

is
a

co
u
p
li
n
g.

S
ec

on
d
ly

,
ob

se
rv

e
th

at

c
o
s
t
(π
j
)

=
∑

k
=
1
,.
..
,K

X j

k
′ =

1
,.
..
,K

Y j

c
j
(x
j,
k
,y
j,
k
′ )
π
j
(x
j,
k
,y
j,
k
′ )

=
∑

k
=
1
,.
..
,K

X j

k
′ =

1
,.
..
,K

Y j

∑

x
∈C

X j
,k

y
∈C

Y j
,k
′

c
j
(x
j,
k
,y
j,
k
′ )
π
∗ (
x
,y

)

=
∑ x
∈X
y
∈Y

c
(x
,y

)π
∗ (
x
,y

)
+

∑

k
=
1
,.
..
,K

X j

k
′ =

1
,.
..
,K

Y j

∑

x
∈C

X j
,k

y
∈C

Y j
,k
′

( c
j
(x
j,
k
,y
j,
k
′ )
−
c
(x
,y

))
π
∗ (
x
,y

)

=
c
o
s
t
(π
∗ )

+
∑

k
=
1
,.
..
,K

X j

k
′ =

1
,.
..
,K

Y j

∑

x
∈C

X j
,k

y
∈C

Y j
,k
′

( c
j
(x
j,
k
,y
j,
k
′ )
−
c
(x
,y

))
π
∗ (
x
,y

)

︸
︷︷

︸
=
:E
j
(π
∗ )

.

S
in

ce
c
o
s
t
(π
∗ j)
≤

c
o
s
t
(π
j
)

(s
in

ce
π
∗ j

is
op

ti
m

al
),

w
e

ob
ta

in
(1

2)
.

W
h
en

c
j

=
c

an
d
c

is
L

ip
sc

h
it

z
w

it
h

co
n
st

an
t
||∇

c
|| ∞

,
w

e
h
av

e

E
j
(π
∗ )
≤

∑

k
:x
∈C

X j
,k

k
′ :
y
∈C

Y j
,k
′

∑

k
=
1
,.
..
,K

X j

k
′ =

1
,.
..
,K

Y j

||∇
c
|| ∞
·|
|(x

j,
k
,y
j,
k
′ )
−

(x
,y

)||
π
∗ (
x
,y

)

≤
∑

k
:x
∈C

X j
,k

k
′ :
y
∈C

Y j
,k
′

∑

k
=
1
,.
..
,K

X j

k
′ =

1
,.
..
,K

Y j

||∇
c
|| ∞

2
−
j
A
π
∗ (
x
,y

)

≤
2−

j
A
||∇

c
|| ∞

,

w
it

h
A

as
in

th
e

cl
ai

m
.

In
th

e
d
is

cr
et

e,
fi
n
it

e
ca

se
th

at
w

e
ar

e
co

n
si

d
er

in
g,
µ
j
→

µ
an

d
ν j
→

ν
tr

iv
ia

ll
y

si
n
ce

µ
J

=
µ

an
d
ν J

=
ν

b
y

co
n
st

ru
ct

io
n
.

If
µ

an
d
ν

w
er

e
co

n
ti

n
u
ou

s,
an

d
at

le
as

t
w

h
en

c
(x
,y

)
=
ρ
(x
,y

)p
fo

r
so

m
e
p
≥

1,
th

en
if
µ

an
d
ν

h
av

e
fi
n
it

e
p
-m

om
en

t
(i

.e
.
∫ X

ρ
(x
,x

0
)p
d
µ

an
d

si
m

il
ar

ly
fo

r
ν

),
w

e
w

ou
ld

ob
ta

in
co

n
ve

rg
en

ce
of

a
su

b
se

q
u
en

ce
of

c
(π
∗ j)

to
c
(π
∗ )

b
y

ge
n
er

al
re

su
lt

s
(e

.g
.

as
a

si
m

p
le

co
n
se

q
u
en

ce
of

L
em

m
a

4.
4.

in
(V

il
la

n
i,

20
09

))
.

N
ot

e
th

at
th

e
ap

p
ro

x
im

at
io

n
s

d
o

n
ot

gu
ar

an
te

e
th

at
th

e
tr

an
sp

or
t

p
la

n
s

a
re

cl
os

e
in

an
y

ot
h
er

se
n
se

b
u
t

th
ei

r
co

st
.

C
on

si
d
er

th
e

ar
ra

n
ge

m
en

t
in

F
ig

u
re

3,
th

e
tr

an
sp

or
t

p
la

n
s

ar
e
ε-

cl
os

e
in

co
st

b
u
t

th
e

d
is

ta
n
ce

s
b

et
w

ee
n

th
e

ta
rg

et
lo

ca
ti

on
s

of
th

e
so

u
rc

es
ar

e
fa

r
n
o

m
at

te
r

h
ow

sm
al

l
ε

ge
ts

.

3
.3

P
ro

p
a
g
a
ti

o
n

S
tr

a
te

g
ie

s

T
h
e

ap
p
ro

x
im

at
io

n
b

ou
n
d
s

in
S
ec

ti
on

3.
2

sh
ow

th
at

th
e

op
ti

m
al

so
lu

ti
o
n
π
j

at
sc

al
e
j

is
|E

j+
1
−
E
j
|c

lo
se

to
op

ti
m

al
so

lu
ti

on
π
∗ j+

1
at

sc
al

e
j

+
1.

T
h
is

su
gg

es
ts

th
a
t

th
e

so
lu

ti
on

at
sc

al
e
j

ca
n

p
ro

v
id

e
a

re
as

on
ab

ly
cl

os
e

to
op

ti
m

al
in

it
ia

li
za

ti
on

fo
r

sc
al

e
j

+
1.

A
s

p
ro

p
os

ed
b
y

G
li
m

m
an

d
H

en
sc

h
ei

d
(2

01
3)

th
e

so
lu

ti
on

at
a

gi
v
en

sc
al

e
ca

n
b

e
in

te
r-

p
ol

at
ed

at
th

e
n
ex

t
sc

al
e

(o
r

fi
n
er

d
is

cr
et

iz
at

io
n
).

T
h
e

m
os

t
d
ir

ec
t

ap
p
ro

ac
h

to
in

it
ia

li
ze

th
e
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G
e
r
b
e
r
a
n
d

M
a
g
g
io
n
i

1

1

Y
BZ

A

1

1

Y
BZ

A

(a
)

(b
)

F
ig

u
re

3:
A

n
ex

am
p
le

th
at

il
lu

st
ra

te
s

th
at

cl
os

en
es

s
in

co
st

d
o
es

n
ot

in
d
ic

a
te

cl
o
se

n
es

s
o
f

th
e

tr
an

sp
or

t
p
la

n
.

T
h
e

tr
an

sp
or

t
p
la

n
s

(g
re

en
ar

ro
w

s)
b

et
w

ee
n

th
e

so
u
rc

es
A

an
d

B
(p

u
rp

le
)

an
d

th
e

ta
rg

et
s

Y
an

d
Z

(o
ra

n
ge

)
in

(a
)

an
d

(b
)

a
re
ε-

cl
o
se

b
u
t

th
ei

r
re

sp
ec

ti
ve

ta
rg

et
lo

ca
ti

on
s

ar
e

v
er

y
fa

r.

tr
an

sp
or

t
p
ro

b
le

m
at

sc
al

e
j

+
1

gi
ve

n
th

e
so

lu
ti

on
π
∗ j

at
sc

al
e
j

is
to

d
is

tr
ib

u
te

th
e

m
a
ss

π
∗ j(
x
k
,y
k
′ )

eq
u
al

ly
to

al
l

co
m

b
in

at
io

n
s

of
p
at

h
s

b
et

w
ee

n
ch

il
d
re

n
(x
k
)

an
d

ch
il
d
re

n
(y
k
′ )

.

T
h
is

p
ro

p
ag

at
io

n
st

ra
te

gy
re

su
lt

s
in

a
re

d
u
ct

io
n

in
th

e
n
u
m

b
er

of
it

er
a
ti

o
n
s

re
q
u
ir

ed
to

fi
n
d

an
op

ti
m

al
so

lu
ti

on
at

th
e

su
b
se

q
u
en

t
sc

al
e.

T
h
is

w
ar

m
-s

ta
rt

in
g

al
o
n
e

is
o
ft

en
n
ot

su
ffi

ci
en

t,
h
ow

ev
er

.
A

t
th

e
fi
n
es

t
sc

a
le

th
e

p
ro

b
le

m
s

st
il
l

re
q
u
ir

es
th

e
so

lu
ti

o
n

o
f

a
p
ro

b
le

m
of

si
ze
O

(n
2
).

T
h
is

q
u
ic

k
ly

re
ac

h
es

m
em

or
y

co
n
st

ra
in

ts
w

it
h

Ω
(1

0
4
)

p
oi

n
ts

,
a
n
d

a
si

n
g
le

it
er

at
io

n
of

N
ew

to
n
’s

m
et

h
o
d

or
a

p
iv

ot
st

ep
of

a
li
n
ea

r
p
ro

gr
am

b
ec

om
es

p
ro

h
ib

it
iv

el
y

sl
ow

.
T

h
u
s,

w
e

co
n
si

d
er

re
d
u
ci

n
g

th
e

n
u
m

b
er

of
va

ri
ab

le
s,

w
h
ic

h
su

b
st

an
ti

a
ll
y

sp
ee

d
s

u
p

th
e

al
go

ri
th

m
,

al
b

ei
t

w
e

m
ay

lo
se

gu
ar

an
te

es
on

it
s

co
m

p
u
ta

ti
on

al
co

m
p
le

x
it

y
a
n
d
/
o
r

it
s

ab
il
it

y
to

ac
h
ie

v
e

ar
b
it

ra
ry

ac
cu

ra
cy

,
so

th
at

on
ly

n
u
m

er
ic

al
ex

p
er

im
en

ts
w

il
l

su
p
p

o
rt

o
u
r

co
n
st

ru
ct

io
n
s.

T
h
es

e
re

d
u
ct

io
n
s

ar
e

ac
h
ie

ve
d

b
y

co
n
si

d
er

in
g

on
ly

a
su

b
se

t
R
j+

1
o
f

a
ll

p
os

si
b
le

p
at

h
s

A
j+

1
at

sc
al

e
j

+
1.

T
o

d
is

ti
n
gu

is
h

th
e

op
ti

m
al

so
lu

ti
on

on
th

e
re

d
u
ce

d
se

t
of

p
at

h
s

at
sc

a
le
j

fr
o
m

th
e

op
ti

m
al

so
lu

ti
on

ov
er

al
l

p
at

h
s

w
e

in
tr

o
d
u
ce

so
m

e
n
ot

at
io

n
.

L
et

A
j+

1
b

e
th

e
se

t
o
f

a
ll

p
os

si
b
le

p
at

h
s

b
et

w
ee

n
so

u
rc

es
an

d
ta

rg
et

s
at

sc
al

e
j

+
1.

L
et

R
j+

1
⊆

A
j+

1
b

e
th

e
se

t
o
f

p
at

h
s

p
ro

p
ag

at
ed

fr
om

th
e

p
re

v
io

u
s

so
lu

ti
on

(e
.g

.
ch

il
d
re

n
of

m
as

s-
b

ea
ri

n
g

p
a
th

s
fo

u
n
d

at
sc

al
e
j)

.
L

et
π
∗ j+

1
| P

b
e

th
e

op
ti

m
al

so
lu

ti
on

to
th

e
tr

an
sp

or
t

p
ro

b
le

m
re

st
ri

ct
ed

to
a

se
t

o
f

p
at

h
s

P
⊂

A
j+

1
.

W
it

h
th

is
n
ot

at
io

n
,
π
∗ j+

1
| A

j
+
1

=
π
∗ j+

1
.

T
h
e

op
ti

m
a
l

co
u
p
li
n
g
π
∗ j+

1
| R

j
+
1

on
th

e
re

d
u
ce

d
se

t
of

p
at

h
s

p
ro

b
le

m
d
o
es

n
ot

n
ee

d
to

m
at

ch
th

e
op

ti
m

al
co

u
p
li
n
g
π
∗ j+

1
on

al
l

p
at

h
s.

H
ow

ev
er
π
∗ j+

1
| R

j+
1

d
o
es

p
ro

v
id

e
a

st
ar

ti
n
g

p
oi

n
t

fo
r

fu
rt

h
er

re
fi
n
em

en
ts

d
is

cu
ss

ed
in

S
ec

ti
on

3.
4.

3
.3
.1

S
im

p
l
e
P
r
o
pa

g
a
t
io
n

T
h
e

m
os

t
d
ir

ec
t

a
p
p
ro

ac
h

to
re

d
u
ce

th
e

n
u
m

b
er

of
p
at

h
s

co
n
si

d
er

ed
at

su
b
se

q
u
en

t
sc

a
le

s
is

to
in

cl
u
d
e

on
ly

p
at

h
s

at
sc

al
e
j

+
1

w
h
os

e
en

d
p

o
in

ts
ar

e
ch

il
d
re

n
of

en
d
p

o
in

ts
o
f

m
a
ss

-

14
JM

L
R

 1
8(

72
):

1-
32

, 2
01

7



M
u
lt

isc
a
l
e
O
p
t
im

a
l
T
r
a
n
sp

o
r
t

b
ea

rin
g

p
a
th

s
at

scale
j.

T
h
e

op
tim

al
solu

tio
n

at
scale

j
h
as

ex
actly

K
Xj

+
K

Yj
−

1
p
ath

s

w
ith

n
o
n
-zero

w
eigh

t.
T

h
u
s,

th
e

n
u
m

b
er

of
p
ath

s
at

scale
j
+

1
red

u
ces

to
O

(C
2(K

Xj
+
K

Yj
)),

w
h
ere

C
is

th
e

m
ax

im
al

n
u
m

b
er

of
ch

ild
ren

of
an

y
n
o
d
e

at
sca

le
j.

In
p
articu

lar,
C
�

2
d

for
a

d
o
u
b
lin

g
sp

a
ce

of
d
im

en
sion

d
.

T
h
is

red
u
ces

th
e

n
u
m

b
er

of
variab

les
from

“q
u
ad

ratic”,
O

(K
Xj
K

Yj
),

to
lin

ear,
O

(K
Xj

+
K

Yj
).

T
h
is

p
rop

agation
strategy

b
y

itself,
h
ow

ever,
often

lea
d
s

to
a

d
ra

m
atic

loss
of

accu
racy

in
b

oth
th

e
co

st
th

e
tran

sp
ortation

p
lan

,
an

d
th

e
tra

n
sp

o
rta

tio
n

p
lan

itself.

3
.3
.2

C
a
pa

c
it
y
C
o
n
st

r
a
in
t
P
r
o
pa

g
a
t
io
n

T
h
is

p
ro

p
a
ga

tion
strategy

solves
a

m
o
d
ifi

ed
m

in
im

u
m

fl
ow

p
rob

lem
at

scale
j

in
ord

er
to

in
clu

d
e

a
d
d
ition

al
p
ath

s
at

scale
j

+
1

th
at

are
likely

to
b

e
in

clu
d
ed

in
th

e
op

tim
al

solu
tion

π
∗j+

1 .
T

h
is

is
a
ch

ieved
b
y

ad
d
in

g
a

cap
acity

con
stra

in
t

to
th

e
m

ass
b

earin
g

p
ath

s
at

scale
j

in
th

e
o
p
tim

a
l

cou
p
lin

g
π
∗j |R

j :
T

h
e

am
ou

n
t

of
m

ass
of

a
m

ass
b

earin
g

p
ath

π
∗j |R

j (x
j,k ,y

j,k ′)
is

co
n
stra

in
ed

to
λ

m
in (µ

j (x
j,k ),ν

j (y
j,k ′) )

w
ith

λ
ran

d
om

u
n
iform

on
[0.1

,0
.9].

T
h
e

ran
d
om

-
n
ess

is
in

tro
d
u
ced

to
avoid

d
egen

erate
con

strain
ts.

T
h
e

solu
tion

of
th

is
m

o
d
ifi

ed
m

in
im

u
m

–
fl
ow

p
rob

lem
fo

rces
th

e
in

clu
sion

of
n
c

ad
d
ition

al
p
ath

s,
w

h
ere

n
c

is
th

e
n
u
m

b
er

of
con

-
stra

in
ts

a
d
d
ed

.
T

h
ere

are
variou

s
op

tion
s

for
ad

d
in

g
cap

acity
con

strain
ts,

w
e

p
rop

ose
to

co
n
stra

in
a
ll

m
ass

b
earin

g
p
ath

s
of

th
e

op
tim

al
solu

tion
at

scale
π
∗j |R

j .
T

h
e

cap
acity

con
-

stra
in

ed
p
ro

b
lem

th
u
s

resu
lts

in
a

solu
tion

w
ith

tw
ice

th
e

n
u
m

b
er

of
p
ath

s
as

in
th

e
cou

p
lin

g
π
∗j |R

j .
T

h
e

so
lu

tion
of

th
e

cap
acity

con
strain

ed
m

in
im

u
m

fl
ow

p
rob

lem
is

p
rop

agated
as

b
efo

re
to

th
e

n
ex

t
scale.

T
o

in
crea

se
th

e
likelih

o
o
d

of
in

clu
d
in

g
p
ath

s
req

u
ired

to
fi
n
d

an
op

tim
al

solu
tion

at
th

e
n
ex

t
scale,

th
e

cap
acity

con
strain

ed
p
ro

ced
u
re

can
b

e
iterated

m
u
ltip

le
tim

es.
E

ach
tim

e
th

e
m

ass
b

ea
rin

g
p
a
th

s
in

th
e

m
o
d
ifi

ed
solu

tion
are

con
strain

ed
an

d
a

n
ew

solu
tion

is
com

p
u
ted

.
E

a
ch

itera
tio

n
d
ou

b
les

th
e

n
u
m

b
er

of
m

ass
b

earin
g

p
ath

s
an

d
th

e
n
u
m

b
er

of
iteratio

n
s

co
n
tro

ls
h
ow

m
an

y
p
ath

s
are

p
rop

agated
to

th
e

n
ex

t
scale.

T
h
u
s,

th
e

ca
p
acity

co
n
stra

in
t

p
ro

p
a
g
a
tio

n
strategy

b
ou

n
d
s

th
e

n
u
m

b
er

of
p
ath

s
con

sid
ered

in
th

e
lin

ear
p
rogram

.
T

h
e

o
p
tim

a
l

tra
n
sp

o
rt

p
lan

on
a

sou
rce

set
X

an
d

Y
resu

lts
in

a
lin

ear
p
rogra

m
w

ith
|X
|+
|Y
|

co
n
stra

in
ts

a
n
d
|X
||Y
|

variab
les

an
d

th
e

op
tim

al
tran

sp
ort

p
la

n
h
as
|X
|

+
|Y
|−

1
m

ass
b

ea
rin

g
p
a
th

s.
It

follow
s

th
at

th
e

cap
acity

con
strain

t
p
rop

agation
strategy

con
sid

ers
lin

ear
p
ro

g
ra

m
s

w
ith

at
m

ost
O
(2
i(|X
|+
|Y
|) )

co
n
strain

ts,
w

h
ere

i
is

th
e

n
u
m

b
er

o
f

iteration
s

o
f

th
e

ca
p
acity

p
rop

agation
sch

em
e.

T
h
is

resu
lts

in
a

sign
ifi

can
t

red
u
ction

in
p
rob

lem
size,

sin
ce

a
t

ea
ch

scale
w

e
on

ly
con

sid
er

a
n
u
m

b
er

of
p
a
th

s
scalin

g
as
O

(|X
|
+
|Y
|)

in
stead

of
O

(|X
||Y
|).

3
.4

R
e
fi

n
e
m

e
n
t

S
tra

te
g
ie

s

S
o
lv

in
g

th
e

red
u
ced

tran
sp

ort
p
rob

lem
at

scale
j

+
1,

p
rop

agated
from

scale
j,

can
n
ot

gu
ar-

a
n
tee

a
n

o
p
tim

a
l
solu

tion
at

scale
j
+

1.
P

rop
agatin

g
a

su
b
-op

tim
al

solu
tion

fu
rth

er
m

ay
lead

to
a
n

a
ccu

m
u
la

tion
of

errors.
T

h
is

section
d
escrib

es
strategies

to
refi

n
e

th
e

red
u
ced

tran
s-

p
o
rt

p
ro

b
lem

to
fi
n
d

closer
ap

p
rox

im
ation

s
or

even
op

tim
al

tran
sp

ort
p
la

n
s

at
each

scale.
T

h
ese

refi
n
em

en
t

strategies
are

essen
tially

b
atch

colu
m

n
gen

eration
m

eth
o
d
s

(D
esau

ln
iers

et
a
l.,

20
0
2
),

th
at

take
ad

van
tage

of
th

e
m

u
ltiscale

stru
ctu

re.
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G
e
r
b
e
r
a
n
d

M
a
g
g
io
n
i

3
.4
.1

P
o
t
e
n
t
ia
l
R
e
f
in
e
m
e
n
t

T
h
is

refi
n
em

en
t

strategy
ex

p
loits

th
e

p
oten

tial
fu

n
ction

s,
or

d
u
al

solu
tion

,
to

d
eterm

in
e

ad
d
ition

al
p
ath

s
to

in
clu

d
e

given
th

e
cu

rren
tly

op
tim

al
solu

tion
on

th
e

red
u
ced

set
of

p
ath

s
from

th
e

p
rop

agation
.

T
h
e

d
u
al

form
u
lation

of
th

e
op

tim
al

tran
sp

ort
can

b
e

w
ritten

as:

m
ax

φ
,ψ

∑i=
1
,...,n

µ
({
x
i })φ

(x
i )−

∑

j=
1
,...,m

ν
({y

j }
)ψ

(y
j )

s.t.
φ

(x
i )−

ψ
(y
j )≤

c
(x
i ,y

j )
.

(14)

T
h
e

fu
n
ction

s
φ

an
d
ψ

are
called

d
u
al

variab
les

or
p

oten
tial

fu
n
ction

s.
F

rom
th

e
d
u
al

form
u
-

lation
it

follow
s

th
at

at
an

op
tim

al
solu

tion
th

e
red

u
ced

co
st
c
(x
,y

)−
φ

(x
)+

ψ
(y

)
is

larger
or

eq
u
al

to
zero.

T
h
is

also
follow

s
from

th
e

K
an

torov
ich

d
u
ality

of
op

tim
al

tran
sp

ort
(V

illan
i,

2009,
C

h
ap

ter
5).

T
h
e

p
oten

tial
refi

n
em

en
t

strategy
u
ses

th
e

p
oten

tial
fu

n
ction

s
φ

an
d
ψ

from
th

e
solu

tion
of

th
e

red
u
ced

p
rob

lem
to

d
eterm

in
e

w
h
ich

ad
d
ition

al
p
ath

s
to

in
clu

d
e.

If
th

e
solu

tion
on

th
e

red
u
ced

p
rob

lem
is

n
ot

op
tim

al
on

all
p
ath

s,
th

en
th

ere
ex

ist
p
ath

s
w

ith
n
egativ

e
red

u
ced

cost.
T

h
u
s,

w
e

ch
eck

th
e

red
u
ced

cost
b

etw
een

all
p
ath

s
an

d
in

clu
d
e

th
e

on
es

n
egative

red
u
ced

cost.
A

d
irect

im
p
lem

en
tation

of
th

is
strategy

w
ou

ld
req

u
ire

to
ch

eck
all

p
ossib

le
p
ath

s
b

etw
een

th
e

sou
rce

an
d

target
p

oin
ts.

T
o

avoid
ch

eck
in

g
all

p
airw

ise
p
ath

s
b

etw
een

sou
rce

an
d

target
p

oin
t

sets
at

th
e

cu
rren

t
scale,

w
e

in
tro

d
u
ce

a
b
ran

ch
an

d
b

ou
n
d

p
ro

ced
u
re

on
th

e
m

u
ltiscale

stru
ctu

re
th

at
effi

cien
tly

d
eterm

in
es

all
p
ath

s
w

ith
n
egative

red
u
ced

cost.

L
et
φ
∗j |P

an
d
ψ
∗j |P

th
e

d
u
al

variab
les,

i.e.,
th

e
p

oten
tial

fu
n
ction

s,
at

th
e

op
tim

al
solu

tio
n

π
∗j |P

on
th

e
set

of
p
ath

s
P

for
th

e
sou

rce
an

d
target

p
oin

ts,
resp

ectively.
D

efi
n
e

V
j (π
∗j |P

)
as

th
e

set
of

p
ath

s
w

ith
n
on

-p
ositive

red
u
ced

cost
w

ith
resp

ect
to
φ
∗j |P

an
d
ψ
∗j |P

V
j (π
∗j |P

)
=
{
π
j (x

k ,y
k ′)∈

A
j

:
c
(x
k ,y

k ′)−
φ
∗j |P

(x
k )−

ψ
∗j |P

(y
k ′)≤

0 }
.

T
h
e

po
ten

tia
l

refi
n
em

en
t

strategy
n
ow

refi
n
es

th
e

p
rop

agated
solu

tion
π
∗j |R

j
b
y

in
clu

d
in

g

all
n
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et
h
o
d
s

u
p

d
at

e
p

ol
ic

ie
s

or
va

lu
e

fu
n
ct

io
n
s

w
it

h
ou

t
re

ga
rd

to
th

e
sa

m
p
li
n
g

p
o
li
cy

.
S
in

ce
th

e
re

ce
n
tl

y
sa

m
p
le

d
st

at
e-

ac
ti

on
p
ai

rs
st

or
ed

in
,

e.
g.

,
a

m
in

i-
b
at

ch
or

re
p
la

y
m

em
o
ry

ar
e

u
su

al
ly

n
ot

su
ffi

ci
en

t
to

co
m

p
le

te
ly

ch
ar

ac
te

ri
ze

th
e

le
ar

n
in

g
p
ro

b
le

m
,

su
ch

u
p

d
a
te

s
ca

n
re

su
lt

in
a

cr
it

ic
al

lo
ss

of
es

se
n
ti

al
in

fo
rm

at
io

n
.

A
s

a
re

su
lt

,
ch

o
os

in
g

an
im

p
ro

ve
d

p
ol

ic
y

p
u
re

ly
b
as

ed
on

sa
m

p
le

d
re

tu
rn

s
o
ft

en
y
ie

ld
s

fa
st

b
u
t

p
re

m
at

u
re

co
n
v
er

ge
n
ce

to
a

su
b
-o

p
ti

m
al

p
ol

ic
y.

S
u
ch

u
p

d
a
te

s
fa

vo
r

b
ia

se
d

so
lu

ti
o
n
s

th
at

el
im

in
at

e
st

at
es

in
w

h
ic

h
,

b
y

ch
an

ce
,

on
ly

b
ad

ac
ti

on
s

h
av

e
b

ee
n

tr
ie

d
o
u
t.

T
h
is

p
ro

b
le

m
is

k
n
ow

n
as

op
ti
m
iz
at
io
n
b
ia
s

(M
an

n
or

et
al

.,
20

07
).

O
p
ti

m
iz

at
io

n
b
ia

se
s

m
ay

ap
p

ea
r

in
b

ot
h

on
-

an
d

off
-p

ol
ic

y
re

in
fo

rc
em

en
t

le
ar

n
in

g
m

et
h
o
d
s

d
u
e

to
u
n
d
er

-s
a
m

p
li
n
g

(e
.g

.,
if

w
e

ca
n
n
ot

sa
m

p
le

su
ffi

ci
en

tl
y

m
a
n
y

of
th

e
st

at
e-

ac
ti

on
p
ai

rs
p
re

sc
ri

b
ed

b
y

a
p

o
li
cy

,
w

e
w

il
l

ov
er

-fi
t)

,
m

o
d
el

er
ro

rs
or

ev
en

th
e

p
o
li
cy

u
p

d
at

e
st

ep
it

se
lf

.

In
an

on
-l

in
e

se
tt

in
g,

m
an

y
m

et
h
o
d
s

ad
d
re

ss
th

is
p
ro

b
le

m
im

p
li
ci

tl
y

b
y

st
ay

in
g

cl
o
se

to
th

e
p
re

v
io

u
s

p
ol

ic
y.

F
or

ex
am

p
le

,
p

ol
ic

y
gr

ad
ie

n
t

m
et

h
o
d
s

al
lo

w
on

ly
sm

a
ll

in
cr

em
en

ta
l

p
ol

ic
y

ch
an

ge
s.

T
h
e

F
is

h
er

in
fo

rm
at

io
n

m
et

ri
c—

th
at

o
cc

u
rs

in
p

ol
ic

y
u
p

d
a
te

s
u
si

n
g

th
e

n
at

u
ra

l
p

ol
ic

y
gr

ad
ie

n
ts

(K
ak

ad
e,

20
02

;
P

et
er

s
an

d
S
ch

aa
l,

20
08

)—
ca

n
b

e
se

en
a
s

a
T

ay
lo

r
ex

p
an

si
on

of
th

e
lo

ss
of

in
fo

rm
at

io
n

o
r
re
la
ti
ve

en
tr
op

y
b

et
w

ee
n

th
e

p
at

h
d
is

tr
ib

u
ti

o
n
s

ge
n
er

at
ed

b
y

th
e

or
ig

in
al

an
d

th
e

u
p

d
at

ed
p

ol
ic

y
(B

ag
n
el

l
an

d
S
ch

n
ei

d
er

,
2
0
0
3
a
).

In
st

ea
d

of
b

ou
n
d
in

g
th

is
T

ay
lo

r
ap

p
ro

x
im

at
io

n
,
w

e
ca

n
ex

p
li
ci

tl
y

b
ou

n
d

th
e

re
la

ti
v
e

en
tr

o
p
y

b
et

w
ee

n
su

cc
es

si
ve

st
at

e-
ac

ti
on

d
is

tr
ib

u
ti

on
s,

le
ad

in
g

to
ou

r
R

el
at

iv
e

E
n
tr

op
y

P
o
li
cy

S
ea

rc
h

(R
E

P
S
)

al
go

ri
th

m
.1

W
e

d
is

cu
ss

re
la

te
d

p
ol

ic
y

se
ar

ch
m

et
h
o
d
s

th
at

li
m

it
th

e
in

fo
rm

a
ti

o
n

lo
ss

in
S
ec

ti
on

4.
1

on
p
ag

e
29

.

1
.
T
h
is

p
a
p
er

d
ra
w
s
fr
o
m

o
u
r
ea
rl
ie
r
co
n
fe
re
n
ce

p
a
p
er
s
(P

et
er
s
et

a
l.
,
2
0
1
0
;
va
n
H
o
o
f
et

a
l.
,
2
0
1
5
a
,b
).

2
JM

L
R

 1
8(

73
):

1-
46

, 2
01
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N
o
n
-pa

r
a
m
e
t
r
ic

P
o
l
ic
y
S
e
a
r
c
h
w
it
h
L
im

it
e
d

In
f
o
r
m
a
t
io
n
L
o
ss

In
th

is
p
a
p

er,
w

e
p
rop

ose
a

m
eth

o
d

b
ased

on
th

is
in

sigh
t,

th
at

allow
s

u
s

to
com

p
u
te

n
ew

p
o
licies

g
iven

a
d
ata

d
istrib

u
tion

fo
r

b
oth

off
-p

olicy
an

d
on

-p
olicy

rein
forcem

en
t

learn
in

g.
W

e
sta

rt
fro

m
th

e
op

tim
al

con
trol

p
rob

lem
statem

en
t

su
b

ject
to

th
e

con
strain

t
th

at
th

e
loss

o
f

in
form

a
tio

n
is

b
ou

n
d
ed

.
F

or
con

tin
u
ou

s
d
om

ain
s,

w
h
ere

a
su

itab
le

set
o
f

featu
res

is
often

n
o
t

ava
ila

b
le,

w
e

d
evelop

a
n
on

-p
aram

etric
version

of
th

is
algorith

m
.

T
h
is

algorith
m

u
ses

g
en

era
l

kern
els

to
d
efi

n
e

(p
ossib

ly
in

fi
n
ite)

featu
re

sp
aces

im
p
licitly,

an
d

con
sid

ers
w

ay
s

to
effi

cien
tly

a
p
p
rox

im
ate

th
is

m
eth

o
d

to
m

ake
it

ap
p
licab

le
to

large
d
ata

sets.
In

o
u
r

ex
p

erim
en

ts,
w

e
sh

ow
th

at
ou

r
m

eth
o
d

ou
tp

erform
s

oth
er

n
on

-p
a
ram

etric
m

eth
-

o
d
s

o
n

a
rea

ch
in

g
task

an
d

an
u
n
d
er-p

ow
ered

sw
in

g-u
p

task
.

W
e

also
sh

ow
th

at
ou

r
m

eth
o
d

p
erfo

rm
s

w
ell

com
p
ared

to
n
eu

ral-n
etw

ork
b
ased

m
eth

o
d
s

on
a

varian
t

of
th

e
p
u
d
d
le

w
orld

ta
sk

w
ith

a
4
0
0
-d

im
en

sion
al

red
u
n
d
an

t
in

p
u
t

rep
resen

tation
.

F
u
rth

erm
ore,

w
e

evalu
ate

d
if-

feren
t

a
p
p
rox

im
ation

s
to

p
ro

cess
larger

d
a
ta

sets
effi

cien
tly.

F
in

ally,
w

e
sh

ow
th

at
u
sin

g
su

ch
a
n

a
p
p
rox

im
ation

,
a

real-rob
ot

p
en

d
u
lu

m
sw

in
g-u

p
task

can
b

e
learn

ed
fro

m
v
ision

d
a
ta

.

1
.1

P
ro

b
le

m
S

ta
te

m
e
n
t

a
n

d
N

o
ta

tio
n

In
a

M
a
rkov

d
ecision

p
ro

cess
(M

D
P

),
an

agen
t

in
state

s
selects

an
action

a
∼
π

(a|s)
a
cco

rd
in

g
to

a
(p

ossib
ly

sto
ch

astic)
p

olicy
π

an
d

receives
a

rew
ard
R

as ∈
R

.
W

e
w

ill
assu

m
e

co
n
tin

u
o
u
s

sta
te-action

sp
aces:

s
∈
S

=
R
D

s,
a
∈
A

=
R
D

a.
If

th
e

M
arkov

d
ecision

p
ro

cess
is

erg
o
d
ic,

for
each

p
olicy

π
,

th
ere

ex
ists

a
station

ary
d
istrib

u
tion

µ
π
(s)

su
ch

th
at

´S
´A
P

ass ′ π
(a|s)µ

π
(s)d

a
d
s

=
µ
π
(s ′),

w
h
ere
P

ass ′
=
p
(s ′|a

,s).
T

h
e

goal
of

a
rein

forcem
en

t
lea

rn
in

g
a
g
en

t
is

to
ch

o
ose

a
p

olicy
su

ch
th

at
th

e
join

t
state-action

d
istrib

u
tion

p
π
(s,a

)
=

µ
π
(s)π

(a|s)
m

a
x
im

izes
th

e
av

erage
rew

ard
J

(π
)

=
´S
´A

π
(a|s)µ

π
(s)R

as d
a

d
s.

T
h
e

g
o
a
l
o
f
relativ

e
en

trop
y

p
olicy

search
is

to
ob

tain
p

olicies
th

at
m

ax
im

ize
th

e
ex

p
ected

rew
a
rd

J
(π

)
w

h
ile

b
ou

n
d
in

g
th

e
in

form
atio

n
loss

w
ith

resp
ect

to
referen

ce
d
istrib

u
tion

q(s,a
),

i.e.,

m
ax

π
,µ
π

¨

S×
A π

(a|s)µ
π
(s)R

as d
a

d
s,

(1)

s.
t.

¨

S×
A π

(a|s)µ
π
(s)d

a
d
s

=
1,

(2)

∀
s ′
¨

S×
A π

(a|s)µ
π
(s)P

ass ′ d
a

d
s

=
µ
π
(s ′),

(3)

K
L

(π
(a|s)µ

π
(s)||q(s,a

))
≤
ε,

(4)

w
h
ere

E
q
s.

(1
)–(3)

sp
ecify

th
e

gen
eral

rein
forcem

en
t

learn
in

g
ob

jective
(E

q
.

1)
w

ith
th

e
co

n
stra

in
ts

th
a
t
π

(a|s)µ
π
(s)

is
a

d
istrib

u
tion

(E
q
.

2)
an

d
µ
π

is
th

e
statio

n
ary

d
istrib

u
tion

u
n
d
er

p
o
licy

π
(E

q
.

3).
E

q
u
ation

(4)
sp

ecifi
es

th
e

ad
d
ition

al
b

ou
n
d

on
th

e
K

L
d
ivergen

ce,
w

h
ere

K
L

(p
(x

)||q(x
))

=

ˆ

p
(x

)
log

(p
(x

)/q(x
))d

x
.

T
h
e

referen
ce

d
istrib

u
tion

q
is

u
su

ally
set

to
th

e
state-action

d
istrib

u
tion

in
d
u
ced

b
y

p
re-

v
io

u
s

p
o
licies,

w
h
ere

th
e

in
itial

ex
p
lorative

p
olicy

is
a

w
id

e,
u
n
in

form
ed

d
istrib

u
tion

su
ch

a
s

a
zero

-cen
tered

G
au

ssian
w

ith
a

larger
varian

ce.
In

each
iteration

,
th

e
p

olicy
is

a
d
ap

ted

3
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V
a
n
H
o
o
f
,
N
e
u
m
a
n
n
a
n
d

P
e
t
e
r
s

to
m

ax
im

ize
th

e
ex

p
ected

rew
ard

w
h
ile

resp
ectin

g
th

e
con

strain
t

on
th

e
K

L
d
ivergen

ce.
T

h
u
s,

as
learn

in
g

p
rogresses,

th
e

p
olicy

ty
p
ically

slow
ly

con
v
erges

tow
ard

s
a

d
eterm

in
istic

rew
ard

-m
ax

im
izin

g
p

olicy.

In
th

is
p
ap

er,
w

e
aim

at
d
evelop

in
g

a
rein

forcem
en

t
learn

in
g

alg
orith

m
for

con
tin

u
ou

s
state-action

M
D

P
s

w
ith

n
on

-lin
ear

an
d

red
u
n
d
an

t
state

rep
resen

tation
s.

W
e

assu
m

e
th

e
tran

sition
an

d
rew

ard
m

o
d
els

of
th

e
M

D
P

are
u
n
k
n
ow

n
.

F
u
rth

erm
ore,

w
e

w
ill

con
cen

trate
on

in
fi
n
ite-h

orizon
p
rob

lem
s.

2
.
S
ta
b
le

P
o
licy

U
p
d
a
te
s
fo
r
S
to

ch
a
stic

C
o
n
tin

u
o
u
s
M

D
P
s

T
h
e

relative
en

trop
y

p
olicy

search
o
p
tim

ization
p
rob

lem
in

E
q
s.

(1)–(4)
d
efi

n
es

con
tro

ller
u
p

d
ates

th
at

m
ax

im
ize

th
e

ex
p

ected
average

rew
ard

u
n
d
er

a
b

ou
n
d

on
th

e
in

form
ation

loss.
H

ow
ever,

for
con

tin
u
ou

s
sy

stem
s

w
ith

sto
ch

astic
d
y
n
am

ics
an

d
n
o
n
-p

aram
etric

con
trollers,

it
is

n
ot

straigh
tforw

ard
to

solve
th

e
op

tim
ization

p
ro

b
lem

d
irectly.

In
th

is
section

,
w

e
ex

p
lain

th
e

step
s

to
ob

tain
a

p
ractical

algorith
m

.
F

irst,
w

e
sh

ow
h
ow

to
fi
n
d

th
e

d
u
al

of
th

e
op

tim
ization

p
rob

lem
.

S
u
b
seq

u
en

tly,
w

e
d
iscu

ss
h
ow

th
is

p
rob

lem
can

b
e

solved
for

sto
ch

astic
sy

stem
s

th
at

are
con

tin
u
ou

s
an

d
n
on

-lin
ear.

A
fter

th
at,

w
e

d
iscu

ss
h
ow

to
relax

th
e

assu
m

p
tion

of
ergo

d
icity

of
th

e
M

D
P

b
y

tran
sform

in
g

th
e

average
rew

ard
M

D
P

in
to

a
d
iscou

n
ted

rew
ard

M
D

P
.

S
olv

in
g

th
e

o
p
tim

ization
p
rob

lem
resu

lts
in

a
n
ew

op
tim

al
p

olicy
th

at
is,

h
ow

ev
er,

on
ly

d
efi

n
ed

on
th

e
cu

rren
t

set
of

sam
p
les.

T
h
erefore,

w
e

d
iscu

ss
h
ow

th
e

sam
p
le-b

ased
op

tim
al

p
olicy

can
b

e
gen

eralized
to

th
e

en
tire

state
sp

ace.
F

in
ally,

w
e

d
iscu

ss
h
ow

to
set

th
e

h
y
p

er-p
aram

eters
of

th
e

d
iff

eren
t

step
s

of
ou

r
m

eth
o
d

w
ith

m
in

im
al

m
an

u
al

tu
n
in

g.

2
.1

F
in

d
in

g
th

e
D

u
a
l

P
ro

b
le

m

T
o

fi
n
d

th
e

d
u
al

to
th

e
op

tim
ization

p
rob

lem
in

E
q
s.

(1)–(4),
fi
rst,

w
e

form
u
late

th
e

L
a-

gran
gian

.
F

or
every

con
strain

t,
w

e
in

tro
d
u
ce

a
L

agra
n
gia

n
m

u
ltip

lier.
B

ecau
se

E
q
.
(3)

rep
re-

sen
ts

a
con

tin
u
u
m

of
con

strain
ts,

w
e

in
tro

d
u
ce

a
corresp

on
d
in

g
con

tin
u
ou

s
state-d

ep
en

d
en

t
L

agran
gian

m
u
ltip

lier
V

(s).
In

stead
of

su
m

m
in

g
th

e
con

trib
u
tion

s
for

each
con

strain
t

in
th

e
L

agran
gian

,
h
ere,

w
e

h
ave

to
in

tegrate
in

stead
.

A
n
alogou

sly
to

th
e

sam
p
lin

g
d
istrib

u
tion

q(s,a
),

w
e

w
ill

w
rite

p
π
(s,a

)
=
π

(a|s)µ
π
(s)

for
th

e
p
rop

osed
state-action

d
istrib

u
tion

to
keep

th
e

ex
p

osition
b
rief.

T
h
erefore,

th
e

L
ag

ran
gian

L
(p
,η
,V
,λ

)
=

¨

A
×
S p
π
(s,a

)R
as d

a
d
s

+

ˆS V
(s ′) (

¨

A
×
S p
π
(s,a

)P
ass ′ d

a
d
s−

µ
π
(s ′) )

d
s ′

+
λ (

1−
¨

A
×
S p
π
(s,a

)d
a

d
s )

+
η (

ε−
¨

A
×
S p
π
(s,a

)
log

p
π
(s,a

)

q(s,a
)

d
a

d
s )

.

U
sin

g
th

e
id

en
tity

µ
π
(s)

=
´

A
p
π
(s,a

)d
a

,
th

e
L

agran
gian

can
b

e
re-sh

ap
ed

in
th

e
m

ore
con

ven
ien

t
form

L
(p
,η
,V
,λ

)
=
λ−

E
p
π

(s,a
)
[V

(s)]+
η
ε+

E
p
π

(s,a
) [R

as −
λ

+

ˆS V
(s ′)P

ass ′ d
s ′−

η
log

p
π
(s,a

)

q(s,a
) ]

.
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N
o
n
-p
a
r
a
m
e
t
r
ic

P
o
l
ic
y
S
e
a
r
c
h
w
it
h
L
im

it
e
d

In
f
o
r
m
a
t
io
n
L
o
ss

T
o

fi
n
d

th
e

op
ti

m
al
p
,

w
e

ta
ke

th
e

d
er

iv
at

iv
e

of
L

w
it

h
re

sp
ec

t
to
p

an
d

se
t

it
to

ze
ro

∂
L

∂
p
π
(s
,a

)
=
R

a s
−
λ

+

ˆ

SV
(s
′ )
P

a ss
′d

s′
−
η

lo
g
p
π
(s
,a

)

q(
s,

a
)
−
η
−
V

(s
)

=
0.

T
h
er

ef
or

e,
w

e
ob

ta
in

th
e

n
ew

st
at

e-
ac

ti
on

d
is

tr
ib

u
ti

on

p
π
(s
,a

)
=
q(

s,
a

)
ex

p

(
R

a s
+
´

SV
(s
′ )
P

a ss
′d

s′
−
V

(s
)

η

)
ex

p

(
−
λ
−
η

η

)
.

(5
)

T
h
e

fu
n
ct

io
n
V

(s
)

re
se

m
b
le

s
a

va
lu

e
fu

n
ct

io
n
,

su
ch

th
at
δ(

s,
a
,V

)
=
R

a s
+
´

SV
(s
′ )
P

a ss
′d

s′
−

V
(s

)
ca

n
b

e
id

en
ti

fi
ed

as
a

B
el

lm
an

er
ro

r.
S
in

ce
p
π
(s
,a

)
is

a
p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
,

w
e

ca
n

id
en

ti
fy

ex
p

(−
λ
/η
−

1)
to

b
e

a
n
or

m
al

iz
at

io
n

fa
ct

or

ex
p

(−
λ
/η
−

1)
=

1
˜

A
×
S
q(

s,
a

)
ex

p
(δ

(s
,a
,V

)/
η
)

d
a

d
s

=
1

E q
(s
,a

)
ex

p
(δ

(s
,a
,V

)/
η
),

w
h
ic

h
y
ie

ld
s

th
e

p
ol

ic
y

π
(a
|s)
∝
q(

s,
a

)
ex

p

(
δ(

s,
a
,V

)

η

)
.

(6
)

T
o

ob
ta

in
th

e
d
u
al

fu
n
ct

io
n
,

w
e

re
-i

n
se

rt
th

e
st

at
e-

ac
ti

on
d
is

tr
ib

u
ti

on
p
π
(s
,a

)
in

th
e

L
a-

gr
an

gi
an

2

g
(η
,V
,λ

)
=
λ

+
η
ε

+
E p

π
(s
,a

)

[ δ(
s,

a
,V

)
−
λ
−
η

lo
g
p
π
(s
,a

)

q(
s,

a
)

]

=
η
ε

+
η

lo
g
( E

q
(s
,a

)
ex

p
(δ

(s
,a
,V

)/
η
))
.

W
e

ty
p
ic

al
ly

d
o

n
ot

k
n
ow

th
e

sa
m

p
li
n
g

d
is

tr
ib

u
ti

on
q,

as
it

d
ep

en
d
s

on
th

e
u
n
k
n
ow

n
sy

st
em

d
y
n
am

ic
s.

H
ow

ev
er

,
th

e
ex

p
ec

te
d

va
lu

e
ov

er
q

ca
n

b
e

ap
p
ro

x
im

at
ed

st
ra

ig
h
tf

or
w

ar
d
ly

b
y

ta
k
in

g
th

e
av

er
ag

e
of

sa
m

p
le

s
1
,.
..
,n

ta
ke

n
fr

om
q.

N
ot

e
th

at
λ

an
d
q

d
o

n
ot

ap
p

ea
r

in
th

e
fi
n
al

ex
p
re

ss
io

n
of

th
e

d
u
al

fu
n
ct

io
n

g
(η
,V

)
=
η
ε

+
η

lo
g

(
1 n

n ∑ i=
1

ex
p

(δ
(s
i,

a
i,
V

)/
η
))

.
(7

)

T
o

co
m

p
u
te

th
e

B
el

lm
an

er
ro

r
δ,

th
e

tr
an

si
ti

on
d
is

tr
ib

u
ti

on
is

re
q
u
ir

ed
.

A
s

th
is

d
is

tr
ib

u
-

ti
on

is
ge

n
er

al
ly

n
ot

k
n
ow

n
,
δ

n
ee

d
s

to
b

e
ap

p
ro

x
im

at
ed

.
T

h
e

d
u
al

fu
n
ct

io
n

(7
)

d
ep

en
d
s

im
p
li
ci

tl
y

on
re

fe
re

n
ce

d
is

tr
ib

u
ti

on
q

th
ro

u
gh

th
e

sa
m

p
le

s.

2
.2

S
o
lv

in
g

th
e

D
u

a
l

P
ro

b
le

m

T
o

so
lv

e
E

q
s.

(1
)–

(4
),

w
e

n
ee

d
to

fi
n
d

th
e

L
ag

ra
n
gi

an
p
ar

am
et

er
s

th
at

m
in

im
iz

e
th

e
d
u
al

fu
n
ct

io
n

in
E

q
.
(7

),
i.
e.

,
(η
∗ ,
V
∗ )

=
ar

g
m

in
g
(η
,V

).
V

is
a

fu
n
ct

io
n

w
it

h
d
om

ai
n
S,

h
en

ce
,
fo

r
co

n
ti

n
u
ou

s
d
om

ai
n
s,

w
e

w
il
l

su
re

ly
ov

er
-fi

t
w

it
h
ou

t
ad

d
it

io
n
al

as
su

m
p
ti

on
s.

O
n
e

p
os

si
b
il
it

y

2
.
A

d
et
a
il
ed

d
er
iv
a
ti
o
n
is

g
iv
en

in
A
p
p
en

d
ix

A
.
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V
a
n
H
o
o
f
,
N
e
u
m
a
n
n
a
n
d

P
e
t
e
r
s

w
ou

ld
b

e
to

as
su

m
e
V

a
fu

n
ct

io
n

li
n
ea

r
in

d
es

ig
n
ed

fe
at

u
re

s,
b
u
t

go
o
d

fe
a
tu

re
s

a
re

ta
sk

-
sp

ec
ifi

c
an

d
of

te
n

h
ar

d
to

d
efi

n
e.

W
e

w
il
l

th
er

ef
or

e
m

ak
e

th
e

m
or

e
ge

n
er

al
as

su
m

p
ti

o
n

th
a
t

V
∗

is
of

th
e

fo
rm

V
∗

=
∑ s̃∈
S̃
α
s̃
k

s(
s̃,
·),

(8
)

fo
r

so
m

e
se

t
of

st
at

es
S̃

an
d

sc
al

ar
s
α

,
an

d
a

ch
os

en
re

p
ro

d
u
ci

n
g

ke
rn

el
k

s.
In

o
th

er
w

o
rd

s,
w

e
as

su
m

e
V
∗
∈
F

fo
r

a
re

p
ro

d
u
ci

n
g

ke
rn

el
H

il
b

er
t

sp
a
ce

(R
K

H
S
)
F

w
it

h
ke

rn
el
k

s.
T

h
e

k
er

n
el

k
s

im
p
li
ci

tl
y

d
efi

n
es

a
(p

os
si

b
ly

in
fi
n
it

e
d
im

en
si

on
al

)
fe

at
u
re

m
ap
φ

(s
)

=
k

s(
s,
·)

(S
ch

ö
lk

o
p
f

et
al

.,
19

99
).

S
u
ch

an
im

p
li
ci

t
d
efi

n
it

io
n

h
as

th
e

ad
va

n
ta

ge
th

at
w

e
d
o

n
ot

n
ee

d
to

ex
p
li
ci

tl
y

co
m

p
u
te

a
fe

at
u
re

b
as

is
fo

r
V
∗

(H
of

m
an

n
et

al
.,

20
08

).
K

er
n
el

s
ar

e
in

m
os

t
ca

se
s

ea
si

er
to

ch
o
os

e
th

an
fe

at
u
re

ve
ct

or
s

as
th

e
co

m
p
le

x
it

y
of
V
∗

ca
n

gr
ow

w
it

h
th

e
am

o
u
n
t

o
f

tr
a
in

in
g

d
at

a.
In

th
e

fi
n
al

al
go

ri
th

m
,

w
e

w
il
l

o
n
ly

w
or

k
w

it
h

in
n
er

p
ro

d
u
ct

of
im

p
li
ci

t
fe

a
tu

re
s

th
at

ca
n

b
e

co
m

p
u
te

d
u
si

n
g

th
e

ke
rn

el
fu

n
ct

io
n
,
φ

(s
)T
φ

(s
′ )

=
k

s(
s,

s′
).

T
h
er

ef
o
re

,
w

e
d
o

n
ot

n
ee

d
to

ex
p
li
ci

tl
y

re
p
re

se
n
t

th
e

(p
os

si
b
ly

in
fi
n
it

e
d
im

en
si

on
al

)
fe

at
u
re

m
a
p
s

(H
o
fm

a
n
n

et
al

.,
20

08
;

S
ch

öl
ko

p
f

et
al

.,
19

99
).

2
.2
.1

E
m
b
e
d
d
in
g

t
h
e
T
r
a
n
si
t
io
n
M
o
d
e
l
.

S
in

ce
th

e
tr

an
si

ti
on

m
o
d
el
P

a ss
′
in

E
q
.
(5

)
is

u
n
k
n
ow

n
,
w

e
n
ee

d
to

ap
p
ro

x
im

at
e
E s
′ [
V

(s
′ )
|s,

a
].

O
n
e

w
ay

to
d
o

so
w

ou
ld

b
e

to
es

ti
m

at
e

th
e

jo
in

t
d
en

si
ty
p
(s
,a
,s
′ )

u
si

n
g,

e.
g.

,
ke

rn
el

d
en

si
ty

es
ti

m
at

io
n
,
an

d
so

lv
in

g
th

e
in

te
gr

al
´

S
V

(s
′ )
p
(s
,a
,s
′ )
d
s′

.
H

ow
ev

er
,
ke

rn
el

d
en

si
ty

es
ti

m
a
ti

o
n

in
S
×
A
×
S

re
q
u
ir

es
m

an
y

tr
ai

n
in

g
sa

m
p
le

s,
an

d
so

lv
in

g
th

e
in

te
gr

al
ge

n
er

a
ll
y

re
q
u
ir

es
a

ti
m

e-
co

n
su

m
in

g
n
u
m

er
ic

al
p
ro

ce
d
u
re

.
In

st
ea

d
,

as
su

gg
es

te
d

b
y

S
on

g
et

al
.

(2
0
0
9
),

w
e

ca
n

d
ir

ec
tl

y
es

ti
m

at
e

a
co

n
d
it

io
n
al

op
er

at
or

C
S
′ |S
,A

th
at

m
ap

s
fe

at
u
re

s
ψ

(s
,a

)
o
f

st
a
te

-a
ct

io
n

p
ai

rs
to

th
e

ex
p

ec
te

d
va

lu
e

of
im

p
li
ci

t
fe

at
u
re

s
φ

(s
′ )

=
k

s(
s′
,·)

.
T

h
e

re
su

lt
in

g
em

b
ed

d
in

g
µ
s′
|s,

a
=

E s
′ [
φ

(s
′ )
|s,

a
]

ca
n

su
b
se

q
u
en

tl
y

b
e

u
se

d
to

ap
p
ro

x
im

at
e

fu
n
ct

io
n
s

in
F

,
su

ch
a
s
V

.
U

si
n
g

su
ch

em
b

ed
d
in

gs
av

oi
d
s

es
ti

m
at

in
g

th
e

jo
in

t
d
en

si
ty

an
d

le
ad

s
to

go
o
d

re
su

lt
s

ev
en

fo
r

h
ig

h
-d

im
en

si
on

al
d
at

a,
an

d
re

n
d
er

s
ca

lc
u
la

ti
on

s
of

ex
p

ec
te

d
va

lu
es

ov
er

a
fu

n
ct

io
n

in
F

st
ra

ig
h
tf

or
w

ar
d

w
it

h
ou

t
n
u
m

er
ic

al
in

te
gr

at
io

n
(S

on
g

et
al

.,
20

13
).

In
or

d
er

to
le

ar
n

th
e

co
n
d
it

io
n
al

op
er

at
o
r,

w
e

w
il
l

u
se

a
ke

rn
el

ov
er

th
e

st
a
te

-a
ct

io
n

sp
ac

e
to

im
p
li
ci

tl
y

d
efi

n
e

st
at

e-
ac

ti
on

fe
at

u
re

s
ψ

(s
,a

)
=
k

s(
s,
·)k

a
(a
,·)

.
G

iv
en

a
sa

m
p
le

{(
s 1
,a

1
,s
′ 1
),
..
.,

(s
n
,a
n
,s
′ n)
},

th
e

em
p
ir

ic
al

co
n
d
it

io
n
al

em
b

ed
d
in

g
is

d
efi

n
ed

a
s

µ̂
S
′ |s
,a

=
Ĉ
S
′ |S
,A
ψ

(s
,a

)
=

Φ
β

(s
,a

),
(9

)

Ĉ
S
′ |S
,A

=
Φ

(K
sa

+
l C

I)
−

1
Ψ
T
,

(1
0)

w
h
er

e
Ĉ
S
′ |S
,A

is
a

le
ar

n
ed

co
n
d
it

io
n
al

op
er

at
or

th
at

al
lo

w
s

th
e

co
m

p
u
ta

ti
on

o
f

em
b

ed
d
in

g
st

re
n
gt

h
s
β

(s
,a

)
=

(K
sa

+
l C

I)
−

1
k

sa
(s
,a

),
as

su
gg

es
te

d
b
y

G
rü

n
ew

äl
d
er

et
al

.
(2

0
1
2
a
,b

).
In

th
is

eq
u
at

io
n
,
l C

is
a

re
gu

la
ri

za
ti

on
co

effi
ci

en
t,

th
e

m
at

ri
ce

s
Ψ

=
[ψ

(s
1
,a

1
),
..
.,
ψ

(s
n
,a
n
)]

an
d

Φ
=

[φ
(s
′ 1
),
..
.,
φ

(s
′ n)

]
co

n
si

st
of

im
p
li
ci

t
fe

at
u
re

fa
ct

or
s,

w
h
er

ea
s

m
at

ri
x

K
sa

=
Ψ
T
Ψ

an
d

ve
ct

or
k

sa
(s
,a

)
=

Ψ
T
ψ

(s
,a

)
co

n
ta

in
ke

rn
el

fu
n
ct

io
n

ev
al

u
at

io
n
s

b
et

w
ee

n
p
a
ir

s
o
f

d
at

a
p

oi
n
ts

.3
T

h
e

m
ea

n
em

b
ed

d
in

g
µ̂
S
′ |s
,a

ca
n

b
e

se
en

as
a

ve
ct

or
-v

al
u
ed

ke
rn

el
ri

d
g
e

re
g
re

ss
o
r

th
at

m
ap

s
s,

a
p
ai

rs
to

th
e

ex
p

ec
te

d
fu

n
ct

io
n
k

s(
s′
,·)

(G
rü

n
ew

äl
d
er

et
al

.,
2
0
1
2
a
).

3
.
T
h
is

m
ea
n
s
[K

sa
] i
j
=
k
s
(s
i
,s
j
)k

a
(a
i
,a
j
),

[k
sa
(s
,a

)]
i
=
k
s
(s
i
,s
)k

a
(a
i
,a

).
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N
o
n
-pa

r
a
m
e
t
r
ic

P
o
l
ic
y
S
e
a
r
c
h
w
it
h
L
im

it
e
d

In
f
o
r
m
a
t
io
n
L
o
ss

2
.2
.2

E
v
a
l
u
a
t
io
n
o
f
V
.

In
th

e
n
ex

t
step

,
w

e
w

an
t

to
u
se

th
e

con
d
ition

al
em

b
ed

d
in

g
to

evalu
ate

V
.

C
on

d
ition

al
em

b
ed

d
in

g
s

in
rep

ro
d
u
cin

g
k
ern

el
H

ilb
ert

sp
a
ces

h
av

e
th

e
p
rop

erty
th

at
con

d
ition

al
ex

p
ec-

ta
tio

n
s

o
f

fu
n
ction

s
in
F

can
b

e
calcu

lated
as

in
n
er

p
ro

d
u
ct

in
th

e
H

ilb
ert

sp
ace

(S
on

g
et

al.,
2
0
0
9
).

S
in

ce
V
∈
F

,
i.e.,

is
of

th
e

form
(8),

th
e

ex
p

ected
valu

e
of
V

can
b

e
ap

p
rox

im
a
ted

u
sin

g
th

e
em

b
ed

d
ed

d
istrib

u
tion

(S
on

g
et

al.,
2009;

G
rü

n
ew

äld
er

et
al.,

2012a,b
),

i.e.,

E
s ′[V

(s ′)|s,a
]

=
〈
V
,µ̂

S
′|s,a 〉

F
=

n
∑i=

1

β
i (s,a

)V
(s ′i ).

In
th

e
d
u
al

fu
n
ction

g
from

E
q
.

(7),
V

is
n
ow

on
ly

eva
lu

ated
at

sam
p
led

sta
tes

s
i

an
d

s ′i .
A

s
w

e
a
ssu

m
ed

V
∈
F

,
th

e
gen

eralized
rep

resen
ter

th
eorem

(S
ch

ölkop
f

et
al.,

2001)
tells

u
s

th
a
t

th
ere

is
at

least
on

e
op

tim
u
m

of
th

e
form

(8)
w

ith
S̃

th
e

set
of

all
sam

p
led

states. 4

C
o
n
seq

u
en

tly,E
s ′[V

(s ′)|s,a
]−
V

(s)
=
α
T
K̃

s β
(s,a

)−
α
T
k

s (s),
w

h
ere

K̃
s

is
th

e
G

ram
m

atrix
w

ith
en

tries
[K̃

s ]ji
=
k

s (̃s
j ,s ′i ),

an
d

[k
s (s)]j

=
k

s (s̃
j ,s).

2
.2
.3

F
in
d
in
g

a
N
u
m
e
r
ic
a
l
S
o
l
u
t
io
n
.

T
h
e

d
u
a
l

p
ro

b
lem

can
n
ow

b
e

restated
in

term
s

of
η

an
d
α

,
as

m
in

η
,α
g
(η
,α

)
=
η
ε

+
η

log (
n
∑i=

1

1n
ex

p (
δ(s

i ,a
i ,α

)

η

) )
,

s.t.
η
≥

0,
(11)

δ(s,a
,α

)
=
R

as
+
α
T
(
K̃

s β
(s,a

)−
k

s (s) )
.

(12)

T
h
is

o
b

jective
is

con
vex

,
an

d
sin

ce
th

e
an

aly
tic

grad
ien

t
an

d
H

essian
for

th
is

ob
jective

a
re

stra
ig

h
tfo

rw
ard

to
ob

tain
5,

w
e

em
p
loy

secon
d

ord
er

op
tim

ization
m

eth
o
d
s

to
fi
n
d

th
e

o
p
tim

a
l
η

a
n
d
α

.
J
oin

tly
op

tim
izin

g
for

η
an

d
α

is
rath

er
slow

b
ecau

se
of

th
e

n
eed

of
a

con
-

stra
in

ed
o
p
tim

ization
m

eth
o
d
.

A
s

p
rop

osed
b
y

L
iou

tikov
et

al.
(2014),

w
e

u
se

a
co

ord
in

ate-
d
escen

t-like
a
p
p
roach

w
h
ere,

iteratively,
η

an
d
α

are
m

in
im

ized
sep

arately,
k
eep

in
g

th
e

va
lu

e
o
f

th
e

oth
er

variab
le

fi
x
ed

.
T

h
u
s,

a
fast

u
n
con

strain
ed

con
vex

op
tim

iza
tion

algorith
m

ca
n

b
e

u
sed

to
m

in
im

ize
α

,
w

h
ereas

a
m

ore
ex

p
en

siv
e

con
strain

ed
m

in
im

izer
can

b
e

u
sed

fo
r
η
.

M
in

im
iza

tion
s

are
ru

n
for

a
fi
x
ed

n
u
m

b
er

of
u
p

d
ates

(in
stead

of
u
n
til

con
vergen

ce),
a
n
d

every
itera

tion
is

in
itialized

at
th

e
resu

lt
of

th
e

last
op

tim
ization

,
to

sp
eed

u
p

th
e

o
p
tim

iza
tion

.
Iteration

s
con

tin
u
e

u
n
til

th
e

con
strain

ts
are

fu
lfi

lled
w

ith
in

an
a
ccep

tab
le

to
lera

n
ce.

If
w

e
ch

o
o
se

kern
els

k
s (s

i ,s
j )

=
φ̃

(s
i )
T
φ̃

(s
j )

an
d

k
sa ((s

i ,a
i ),(s

j ,a
j ))

=
1
{
(s
i ,a

i )} ((s
j ,a

j )),
w

e
o
b
ta

in
th

e
o
rigin

al
R

E
P

S
form

u
lation

(P
eters

et
al.,

2010)
as

a
sp

ecial
case,

w
ith

corre-
sp

o
n
d
in

g
B

ellm
an

error

δ(s,a
,α

)
=
R

as
+
α
T

(φ̃
(s ′)−

φ̃
(s)).

(13)

In
th

ese
eq

u
a
tio

n
s,
1

is
th

e
in

d
icator

fu
n
ction

,
φ̃

is
a

set
of

h
an

d
-crafted

featu
res,

an
d

s ′is
th

e
o
b
served

o
u
tco

m
e

of
ap

p
ly

in
g

action
a

in
state

s.
O

u
r

gen
eralization

allow
s

th
e

selection

4
.
A

sk
etch

o
f
th
e
p
ro
o
f
fo
llow

in
g
S
ch
ö
lk
o
p
f
et

a
l.
(2
0
0
1
)
is

g
iv
en

in
A
p
p
en

d
ix

B
.

5
.
T
h
e
d
u
a
l
a
n
d

its
p
a
rtia

l
d
eriva

tiv
es

a
n
d

H
essia

n
s
a
re

g
iv
en

in
A
p
p
en

d
ix

A
,
to
g
eth

er
w
ith

a
p
ro
o
f
o
f

co
n
v
ex
ity

o
f
th
e
d
u
a
l
fu
n
ctio

n
.
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V
a
n
H
o
o
f
,
N
e
u
m
a
n
n
a
n
d

P
e
t
e
r
s

of
w

id
ely

ap
p
licab

le
kern

els
th

at
d
o

n
ot

d
ep

en
d

o
n

h
an

d
-crafted

featu
res.

F
u
rth

erm
ore,

avoid
in

g
th

e
id

en
tity

k
ern

el
fu

n
ction

over
th

e
state-action

sp
ace

allow
s

effi
cien

t
learn

in
g

in
sto

ch
astic

sy
stem

s.

2
.3

E
n

su
rin

g
a

S
ta

tio
n

a
ry

D
istrib

u
tio

n

T
h
e

R
E

P
S

form
u
lation

(E
q
s.

1–4)
assu

m
es

th
e

ex
isten

ce
of

a
sta

tion
ary

d
istrib

u
tion

.
H

ow
-

ever,
n
ot

all
M

D
P

s
h
av

e
a

station
ary

d
istrib

u
tion

for
every

p
olicy

π
.

F
or

sy
stem

s
th

at
d
o

h
av

e
a

station
ary

d
istrib

u
tion

,
stead

y
-state

b
eh

av
ior

m
igh

t
n
o
t

b
e

realizab
le

for
real

sy
stem

s
th

at
n
eed

to
b

e
started

an
d

stop
p

ed
.

F
u
rth

erm
ore,

tran
sien

t
b

eh
av

ior,
su

ch
as

th
e

sw
in

g-u
p

of
a

p
en

d
u
lu

m
,

m
igh

t
b

e
of

grea
ter

in
terest

th
an

stead
y
-state

b
eh

av
ior.

W
e

can
en

su
re

th
e

sy
stem

h
as

a
station

a
ry

d
istrib

u
tio

n
th

at
in

clu
d
es

su
ch

tran
sien

ts
b
y

resettin
g

th
e

sy
stem

w
ith

a
p
rob

ab
ility

1−
γ

at
each

tim
e

step
.

T
h
e

sy
stem

is
su

b
seq

u
en

tly
set

to
a

state
from

th
e

in
itial

state
d
istrib

u
tion

p
1 (s).

In
th

is
case,

th
e

ex
p

ected
valu

e
of
V

at
th

e
n
ex

t
tim

e
step

is
given

b
y

E
[V

(s ′)|s,a
]

=

ˆS
γP

ass ′ V
(s ′)

+
(1−

γ
)p

1 (s ′)V
(s ′)d

s ′,

=
γ
α
T
K̃

s β
(s,a

)
+

(1−
γ

)α
T
µ̂
S

1 ,
(14)

w
h
ere

µ̂
S

1
is

th
e

em
p
irical

(ob
served

)
em

b
ed

d
in

g
of

th
e

in
itial

sta
te

d
istrib

u
tion

an
d
P

ass ′
are

th
e

tran
sition

p
rob

ab
ilities

of
th

e
origin

al
M

D
P

.
S
u
ch

a
reset

p
ro

ced
u
re

en
ab

les
learn

in
g

b
y

rem
ov

in
g

th
e

im
p
racticab

le
req

u
irem

en
t

of
in

fi
n
ite

roll-ou
t

len
gth

.
In

th
is

w
ay,

w
e

ob
tain

a
d
iscou

n
ted

settin
g

sim
ilar

to
th

at
u
sed

in
R

L
m

eth
o
d
s

th
at

op
tim

ize
th

e
accu

m
u
lated

d
iscou

n
ted

rew
ard

.

2
.4

G
e
n

e
ra

liz
a
tio

n
o
f

th
e

S
a
m

p
le

-B
a
se

d
P

o
lic

y

T
h
e

p
aram

eters
resu

ltin
g

from
th

e
op

tim
ization

,
η

an
d
α

,
can

b
e

in
serted

b
ack

in
E

q
s.

(12)
an

d
(6)

to
y
ield

th
e

d
esired

p
rob

ab
ilities{

p
π
(s

1 ,a
1 ),...,p

π
(s
n
,a
n
)}

a
t

th
e

sam
p
led

(s,a
)

p
airs

(w
h
ere

p
π
(s,a

)
=
π

(a|s)µ
π
(s)

as
b

efore).
C

on
d
itio

n
in

g
on

th
e

cu
rren

t
state

y
ield

s
th

e
p

olicy
to

b
e

follow
ed

in
th

e
n
ex

t
iteration

.
H

ow
ever,

sin
ce

states
an

d
action

s
are

con
tin

u
ou

s,
w

e
n
eed

to
gen

eralize
from

th
ese

w
eigh

ted
sam

p
les

to
n
earb

y
d
ata

p
oin

ts.
T

o
th

is
en

d
,

w
e

w
an

t
to

fi
n
d

a
gen

eralizin
g

sto
ch

astic
p

olicy
π̃

(a|s)
con

d
ition

ed
on

th
e

ob
served

p
olicy

sam
p
les.

W
e

fi
rst

con
sid

er
p
aram

etric
p

olicies
π̃

(a|s;θ
)

lin
ea

r
in

featu
res
φ

(s)
w

ith
p
aram

eters
θ

.
L

ater,
w

e
w

ill
gen

eralize
ou

r
resu

lts
to

n
on

-p
aram

etric
p

olicies.
W

e
p
lace

a
G

au
ssian

p
rior

over
th

e
u
n
k
n
ow

n
p

olicy
p
aram

eters,
an

d
ch

o
ose

a
G

au
ssian

n
oise

m
o
d
el

for
th

e
con

d
ition

al
over

action
s.

C
o
n
seq

u
en

tly,
a

B
ayesian

m
o
d
el

is
sp

ecifi
ed

th
at

w
ill

allow
u
s

to
fi
n
d

a
p

osterior
over

p
aram

eters
θ

p
(θ

)
=
N

(0,α
−

1I),

π̃
(a|s;θ

)
=
N

(θ
T
φ

(s),β
−

1I).

B
y

con
d
ition

in
g

on
th

e
sam

p
led

state-action
p
airs,

w
e

o
b
tain

th
e

fam
ilia

r
u
p

d
ate

eq
u
a
tion

p
(θ|a

1 ,...,a
n
,s

1 ,...,s
n
)

=
z −

1p
(θ

)
n
∏i=

1

π̃
(a
i |s

i ;θ
)

(s
i ,a

i )∼
p
π
(a
,s).
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N
o
n
-p
a
r
a
m
e
t
r
ic

P
o
l
ic
y
S
e
a
r
c
h
w
it
h
L
im

it
e
d

In
f
o
r
m
a
t
io
n
L
o
ss

A
lg

o
ri

th
m

1
P

ol
ic

y
it

er
at

io
n

w
it

h
re

la
ti

ve
en

tr
op

y
p

ol
ic

y
se

ar
ch

(R
E

P
S
)

re
p

e
a
t

ge
n
er

at
e

ro
ll
-o

u
ts

ac
co

rd
in

g
to
π̃
i−

1

m
in

im
iz

e
d
u
al

η
∗ ,
α
∗
←

ar
g

m
in
g
(η
,α

)
E

q
.

11

ca
lc

u
la

te
B

el
lm

an
er

ro
rs

fo
r

ea
ch

sa
m

p
le

δ j
←
R
j

+
α
∗T
( φ̃

(s
′ j)
−
φ̃

(s
j
))

E
q
.

13

ca
lc

u
la

te
th

e
sa

m
p
le

w
ei

gh
ts

w
j
←

ex
p
(δ
j
/η
∗ )

S
ec

.
2.

4
fi
t

a
ge

n
er

al
iz

in
g

p
ol

ic
y

π̃
i(

a
|s)

=
N

(µ
(s

),
σ

2
(s

))
S
ec

.
2.

4
u

n
ti

l
co

n
ve

rg
en

ce

H
er

e,
z
−

1
is

a
n
or

m
al

iz
at

io
n

fa
ct

or
.

H
ow

ev
er

,
ou

r
sa

m
p
le

s
ar

e
d
ra

w
n

fr
om

q(
a
,s

)
an

d
n
ot

p
π
(a
,s

).
F

ro
m

a
lo

g
tr

an
sf

or
m

at
io

n
of

th
e

u
p

d
at

e
eq

u
at

io
n
,

w
e

se
e

th
at

w
e

ca
n

u
se

im
p

or
ta

n
ce

sa
m

p
li
n
g

to
es

ti
m

at
e
θ

u
si

n
g

th
e

ap
p
ro

x
im

at
io

n

lo
g
p
(θ
|a

1
,s

1
,.
..
,a
n
,s
n
)

=
lo

g
p
(θ

)
+

n ∑ i=
1

lo
g
π̃

(a
|s;
θ

)
+

co
n
st

.
(s
i,

a
i)
∼
p
π
(a
,s

),

≈
lo

g
p
(θ

)
+

n ∑ i=
1

p
π
(a
,s

)

q(
a
,s

)
lo

g
π̃

(a
|s;
θ

)
+

co
n
st

.
(s
i,

a
i)
∼
q(

a
,s

),

=
lo

g
p
(θ

)
+

n ∑ i=
1

lo
g
π̃

(a
|s;
θ

)p
π
(a
,s
)

q
(a
,s
)

+
co

n
st

.
(s
i,

a
i)
∼
q(

a
,s

),

A
s

th
e

n
ew

st
at

e-
ac

ti
on

d
is

tr
ib

u
ti

on
p
π

is
of

th
e

fo
rm

gi
ve

n
in

(6
),

w
e

ca
n

w
ri

te
th

e
im

p
or

-
ta

n
ce

w
ei

gh
ts

w
i

=
p
π
(s
i,

a
i)

q(
s i
,a
i)

=
ex

p

(
δ(

s i
,a
i,
V
∗ )

η
∗

)
.

S
in

ce
π̃

(a
|s;
θ

)
is

G
au

ss
ia

n
in

ou
r

m
o
d
el

,
ra

is
in

g
to

th
e

p
ow

er
of
w
i
si

m
p
ly

sc
al

es
th

e
va

ri
an

ce
b
y

1/
w
i.

B
y

ex
p

on
en

ti
at

in
g

b
ot

h
si

d
es

ag
ai

n
,

a
n
d

u
si

n
g

th
e

fa
m

il
ia

r
p
ro

ce
d
u
re

fo
r

w
ei

gh
te

d
B

ay
es

ia
n

li
n
ea

r
re

gr
es

si
on

(G
el

m
an

et
al

.,
20

04
),

w
e

fi
n
d

th
e

p
re

d
ic

ti
ve

d
is

tr
ib

u
ti

on

π̃
(a
|s)

=
N

(β
φ

(s
)T

S
n
Φ
T
D
−

1
A
,φ

(s
)T

S
n
φ

(s
)

+
β
−

1
),

S
n

=
(β

Φ
T
D
−

1
Φ

+
α

I)
−

1
,

(1
5)

w
h
er

e
D

is
a

d
ia

go
n
al

w
ei

gh
ti

n
g

m
at

ri
x

w
it

h
D
ii

=
1/
w
i

an
d

A
=

[a
1
,.
..
,a
n
]T

.
T

h
e

p
ol

ic
y

m
ea

n
is

of
th

e
fo

rm
o
f

th
e

lo
w

er
b

ou
n
d

in
tr

o
d
u
ce

d
b
y

D
ay

an
an

d
H

in
to

n
(1

99
7)

,
an

d
th

e
p

ol
ic

y
th

at
m

ax
im

iz
es

th
is

lo
w

er
b

ou
n
d

ca
n

b
e

fo
u
n
d

th
ro

u
gh

a
w

ei
gh

te
d

li
n
ea

r
re

gr
es

si
on

(P
et

er
s

an
d

S
ch

aa
l,

20
07

),
al

th
ou

gh
th

at
fr

am
ew

or
k

d
o
es

n
ot

em
p
lo

y
a

B
ay

es
ia

n
fo

rm
u
la

ti
on

an
d

th
er

ef
or

e
ca

n
n
ot

re
p
re

se
n
t

u
n
ce

rt
ai

n
ty

in
th

e
p
ar

am
et

er
s.

N
ot

e
th

at
in

st
ea

d
of

b
as

in
g

th
e

w
ei

gh
ts

on
a

tr
an

sf
or

m
at

io
n

of
th

e
re

w
ar

d
fu

n
ct

io
n
,

ou
r

ap
p
ro

ac
h

u
se

s
a

tr
an

sf
or

m
at

io
n

of
th

e
B

el
lm

an
er

ro
r,

w
h
ic

h
ta

ke
s

th
e

lo
n
g-

te
rm

ex
p

ec
te

d
re

w
ar

d
s

in
to

ac
co

u
n
t.

T
h
e

cr
it

ic
al

st
ep

of
ch

o
os

in
g

th
e

tr
an

sf
or

m
at

io
n

w
a
s

d
on

e
b
y

m
an

u
al

d
es

ig
n

in
ea

rl
ie

r
w

or
k

(P
et

er
s

an
d

S
ch

aa
l,

20
07

;
D

ay
a
n

an
d

H
in

to
n
,

19
97

))
,

w
h
il
e

h
er

e
th

e
tr

an
s-

fo
rm

at
io

n
d
ir

ec
tl

y
re

su
lt

s
fr

om
th

e
op

ti
m

iz
at

io
n

p
ro

b
le

m
(1

)–
(4

).
A

lg
o
ri

th
m

1
sh

ow
s

h
ow

th
e

d
iff

er
en

t
st

ep
s

of
ou

r
ap

p
ro

ac
h

fi
t

to
ge

th
er

in
th

e
sp

ec
ia

l
ca

se
of

li
n
ea

r
va

lu
e

fu
n
ct

io
n
s

an
d

p
ol

ic
y,

w
h
en

sa
m

p
le

d
ou

tc
om

es
ar

e
u
se

d
to

ap
p
ro

x
im

at
e

th
e

B
el

lm
an

er
ro

r.
T

h
is

fo
rm

of
th

e
al

go
ri

th
m

w
as

in
tr

o
d
u
ce

d
in

ou
r

ea
rl

ie
r

w
or

k
(P

et
er

s
et

al
.,

20
10

).
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V
a
n
H
o
o
f
,
N
e
u
m
a
n
n
a
n
d

P
e
t
e
r
s

A
lg

o
ri

th
m

2
P

ol
ic

y
it

er
at

io
n

w
it

h
n
on

-p
ar

am
et

ri
c

R
E

P
S

(N
P

-R
E

P
S
)

re
p

e
a
t

ge
n
er

at
e

ro
ll
-o

u
ts

ac
co

rd
in

g
to
π̃
i−

1

ca
lc

u
la

te
k
er

n
el

em
b

ed
d
in

g
st

re
n
gt

h
s

β
j
←

(K
sa

+
l C

I)
−

1
k

sa
(s
j
,a
j
)

S
ec

.
2.

2
m

in
im

iz
e

k
er

n
el

-b
as

ed
d
u
al

η
∗ ,
α
∗
←

ar
g

m
in
g
(η
,α

)
E

q
.

1
1

ca
lc

u
la

te
k
er

n
el

-b
as

ed
B

el
lm

an
er

ro
rs

δ j
←
R
j

+
α
∗T
( K̃

sβ
j
−

k
s(

s j
))

E
q
.

12

ca
lc

u
la

te
th

e
sa

m
p
le

w
ei

gh
ts

w
j
←

ex
p
(δ
j
/η
∗ )

S
ec

.
2.

4
fi
t

a
ge

n
er

al
iz

in
g

n
on

-p
ar

am
et

ri
c

p
ol

ic
y

π̃
i(

a
|s)

=
N

(µ
(s

),
σ

2
(s

))
S
ec

.
2
.5

u
n
ti

l
co

n
ve

rg
en

ce

2
.5

N
o
n

-P
a
ra

m
e
tr

ic
G

e
n
e
ra

li
z
in

g
P

o
li
c
ie

s

F
or

n
on

-p
ar

am
et

ri
c

p
ol

ic
ie

s,
E

q
.

(1
5)

ca
n

b
e

k
er

n
el

iz
ed

st
ra

ig
h
tf

or
w

ar
d
ly

,
to

y
ie

ld

π̃
(a
|s)

=
N

(µ
(s

),
σ

2
(s

))
,
µ

(s
)=

k
s(

s)
T

(K
s

+
lD

)−
1
A
,

(1
6
)

σ
2
(s

)
=
k
(s
,s

)
+
l
−

k
s(

s)
T

(K
s

+
lD

)−
1
k

s(
s)
,

(1
7
)

w
h
er

e
ke

rn
el

v
ec

to
r

k
s(

s)
=
φ

(s
)T

Φ
,

ke
rn

el
m

at
ri

x
K

s
=

Φ
T
Φ

,
an

d
l

is
a

fr
ee

re
g
u
la

ri
za

ti
o
n

h
y
p

er
-p

ar
am

et
er

.
T

og
et

h
er

w
it

h
ot

h
er

h
y
p

er
-p

ar
am

et
er

s,
su

ch
as

th
e

ke
rn

el
b
a
n
d
w

id
th

,
l

ca
n

b
e

se
t

b
y

p
er

fo
rm

in
g

cr
os

s-
va

li
d
at

io
n

on
a

m
ax

im
u
m

m
ar

gi
n
al

li
k
el

ih
o
o
d

o
b

je
ct

iv
e.

K
ob

er
et

al
.

(2
01

1)
d
er

iv
ed

an
E

M
-b

as
ed

p
ol

ic
y

se
ar

ch
ap

p
ro

ac
h

th
at

u
se

s
si

m
il
a
r

co
st

-
se

n
si

ti
ve

G
au

ss
ia

n
p
ro

ce
ss

es
(G

P
s)

.
T

h
e

re
gu

la
ri

za
ti

on
te

rm
in

th
es

e
G

P
s

is
m

o
d
u
la

te
d

w
it

h
th

e
in

ve
rs

e
of

th
e

w
ei

gh
t

at
ea

ch
d
at

a
p

oi
n
t.

H
ow

ev
er

,
th

er
e

ar
e

so
m

e
n
ot

a
b
le

d
iff

er
en

ce
s.

F
ir

st
of

al
l,

in
ou

r
ca

se
th

e
w

ei
gh

ts
w

ar
e

fo
u
n
d

b
y

tr
an

sf
or

m
in

g
th

e
a
d
va

n
ta

g
e

fu
n
ct

io
n

ra
th

er
th

an
th

e
re

w
ar

d
fu

n
ct

io
n
,

al
lo

w
in

g
d
ec

is
io

n
m

ak
in

g
in

lo
n
ge

r-
h
or

iz
on

p
ro

b
le

m
s.

F
u
r-

th
er

m
or

e,
th

at
ap

p
ro

ac
h

u
se

d
a

m
ax

im
u
m

li
ke

li
h
o
o
d

p
er

sp
ec

ti
ve

w
h
ic

h
al

lo
w

s
d
er

iv
a
ti

o
n

of
th

e
m

ea
n
,

b
u
t

n
ot

th
e

va
ri

an
ce

.
In

co
n
tr

as
t,

w
e

d
er

iv
e

ou
r

p
ol

ic
y

u
p

d
at

e
u
si

n
g

im
p

o
rt

a
n
ce

sa
m

p
li
n
g

fr
om

a
B

ay
es

ia
n

p
er

sp
ec

ti
ve

th
at

al
lo

w
s

a
p
ri

n
ci

p
le

d
d
er

iv
at

io
n

of
th

e
co

va
ri

a
n
ce

u
p

d
at

e.
A

lg
or

it
h
m

2
sh

ow
s

h
ow

th
e

d
iff

er
en

t
st

ep
s

of
ou

r
ap

p
ro

ac
h
,

n
on

-p
ar

a
m

et
ri

c
re

la
ti

v
e

en
tr

op
y

p
ol

ic
y

se
ar

ch
(N

P
-R

E
P

S
),

fi
t

to
ge

th
er

.

2
.6

H
y
p

e
r-

p
a
ra

m
e
te

r
O

p
ti

m
iz

a
ti

o
n

T
h
e

co
n
d
it

io
n
al

op
er

at
or

h
as

op
en

h
y
p

er
-p

a
ra

m
et

er
s,

n
am

el
y,

th
e

h
y
p

er
-p

ar
a
m

et
er

s
o
f

th
e

ke
rn

el
s

ov
er

s
an

d
a

as
w

el
l

as
th

e
re

gu
la

ri
za

ti
on

p
ar

am
et

er
l C

.
W

e
se

t
l C

a
n
d

th
e

h
y
p

er
-

p
ar

am
et

er
s

of
ke

rn
el
k

a
th

ro
u
gh

tw
o-

fo
ld

cr
os

s-
va

li
d
at

io
n

on
th

e
ob

je
ct

iv
e

n ∑ i=
1

∥ ∥ ∥φ
(s̃
i)
T
φ

(s
′ i)
−
φ

(s̃
i)
T
Ĉ
S
′ |S
,A
ψ

(s
i,

a
i)
∥ ∥ ∥2
,

w
h
ic

h
m

in
im

iz
es

th
e

d
iff

er
en

ce
b

et
w

ee
n

ac
tu

al
em

b
ed

d
in

g
st

re
n
gt

h
an

d
th

e
em

b
ed

d
in

g
st

re
n
gt

h
p
re

d
ic

te
d

u
si

n
g

th
e

co
n
d
it

io
n
al

op
er

at
or

Ĉ
S
′ |S
,A

in
tr

o
d
u
ce

d
in

E
q
.

(1
0
).

T
h
is

ob
je

ct
iv

e
is

b
as

ed
on

th
e

cr
os

s-
va

li
d
at

io
n

ob
je

ct
iv

e
p
ro

p
os

ed
b
y

G
rü

n
ew

äl
d
er

et
a
l.

(2
0
1
2
a
),

b
u
t

ex
p
lo

it
s

th
e

fa
ct

th
at

th
e

em
b

ed
d
in

g
w

il
l

o
n
ly

b
e

ev
al

u
at

ed
at

k
n
ow

n
fu

n
ct

io
n
s
φ

(s̃
).
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N
o
n
-pa

r
a
m
e
t
r
ic

P
o
l
ic
y
S
e
a
r
c
h
w
it
h
L
im

it
e
d

In
f
o
r
m
a
t
io
n
L
o
ss

T
h
e

h
y
p

er-p
aram

eters
of
k

s ,
th

e
k
ern

el
for

th
e

p
red

icted
variab

le
s ′,

can
n
ot

b
e

tu
n
ed

th
is

w
ay

a
s

triv
ial

solu
tion

s
ex

ist.
F

or
ex

am
p
le,

essen
tially

con
stan

t
featu

res
φ

(s ′)
w

ith
very

h
ig

h
b
a
n
d
w

id
th

m
in

im
ize

th
e

p
red

iction
error.

In
stead

,
w

e
set

th
e

h
y
p

er-p
aram

eters
o
f
k

s
th

ro
u
gh

m
in

im
ization

of
th

e
m

ean
sq

u
ared

T
D

error
in

a
tw

o-fold
cross-valid

ation
p
ro

ced
u
re.

W
e

ch
o
ose

th
is

ob
jective

sin
ce

th
e

(resid
u
al)

T
D

error
is

a
com

m
on

ob
jective

fo
r

fea
tu

re
selection

(P
arr

et
al.,

2008)
in

rein
forcem

en
t

learn
in

g.

W
e

op
tim

ize
th

e
h
y
p

er-p
aram

eters
of

th
e

G
au

ssian
p
ro

cess
p

olicy
sep

arately
from

fi
n
d
in

g
th

e
h
y
p

er-p
a
ra

m
eters

of
th

e
con

d
ition

al
op

erator.
T

h
e

em
p
loyed

op
tim

ization
ob

jectiv
e

is
th

e
w

eig
h
ted

m
argin

al
lik

elih
o
o
d
,
w

ith
w

eigh
ts
w
i

as
d
iscu

ssed
in

S
ection

2.5.
T

h
is

ob
jective

is
m

a
x
im

ized
in

a
cross-valid

ation
p
ro

ced
u
re

w
h
ere

every
roll-ou

t
is

u
sed

as
sep

arate
fold

.

2
.7

E
ffi

c
ie

n
t

A
p

p
ro

x
im

a
tio

n
s

fo
r

L
a
rg

e
D

a
ta

S
e
ts

T
h
e

p
ro

p
osed

a
lgorith

m
req

u
ires

in
vertin

g
several

n
×
n

m
atrices,

w
h
ere

n
is

th
e

n
u
m

b
er

o
f

sam
p
les.

If
op

en
h
y
p

er-p
aram

eters
(su

ch
as

regu
larization

p
aram

eters
or

kern
el

b
an

d
-

w
id

th
s)

n
eed

to
b

e
op

tim
ized

,
th

is
in

version
h
a
p
p

en
s

in
sid

e
th

e
op

tim
ization

lo
o
p
.

A
s

a
co

n
seq

u
en

ce,
learn

in
g

b
ecom

es
slow

if
m

ore
th

an
ap

p
rox

im
ately

5000
sam

p
les

a
re

u
sed

(on
cu

rren
t

com
p
u
tin

g
h
ard

w
are).

E
sp

ecially
for

com
p
lex

p
rob

lem
s

an
d

p
rob

lem
s

req
u
irin

g
a

h
ig

h
co

n
tro

l
freq

u
en

cy,
su

ch
a

soft
lim

it
can

b
e

p
roh

ib
itive.

In
o
rd

er
to

sca
le

ou
r

m
eth

o
d

to
la

rg
er

p
ro

b
lem

s,
ap

p
rox

im
ate

m
eth

o
d
s

w
ith

h
igh

tim
e

effi
cien

cy
h
av

e
to

b
e

con
sid

ered
.

In
th

is
sectio

n
,

w
e

w
ill

d
iscu

ss
tw

o
fam

ilies
of

su
ch

ap
p
rox

im
ation

m
eth

o
d
s:

sp
arsifi

cation
of

th
e

kern
el

m
atrix

,
an

d
ap

p
rox

im
ation

of
th

e
kern

el
fu

n
ction

u
sin

g
sto

ch
astic

featu
res.

R
e-

la
ted

w
o
rk

o
n

effi
cien

t
calcu

lation
s

for
n
on

-p
aram

etric
rein

forcem
en

t
learn

in
g

a
re

d
iscu

ssed
in

S
ectio

n
4.4

on
p
age

33.

2
.7
.1

S
pa

r
sif

ic
a
t
io
n
A
p
p
r
o
a
c
h
e
s.

O
n
e

w
ay

o
f

sca
lin

g
u
p

kern
el

m
eth

o
d
s

is
to

con
sid

er
sp

arsifi
cation

s,
w

h
ere

a
sm

all
n
u
m

b
er

o
f

p
seu

d
o
-in

p
u
ts

are
u
sed

rath
er

th
an

th
e

fu
ll

d
ata

set.
M

u
ltip

le
sp

arsifi
cation

sch
em

es
h
ave

b
een

p
ro

p
o
sed

in
th

e
con

tex
t

of
su

p
erv

ised
lea

rn
in

g,
n
otab

ly
th

e
likelih

o
o
d

ap
p
rox

im
atio

n
u
sed

in
th

e
p
ro

jected
laten

t
variab

les
(P

L
V

)
ap

p
roach

(S
eeger

et
al.,

2003)
an

d
th

e
B

ayesian
d
eriva

tio
n

o
f

sp
arse

p
seu

d
o-in

p
u
t

G
au

ssian
p
ro

cesses
(S

P
G

P
s)

b
y

S
n
elson

an
d

G
h
ah

ram
an

i
(2

0
0
6
).

S
u
ch

sp
a
rsifi

cation
s

h
ave

b
een

u
sed

in
a

n
u
m

b
er

of
R

L
algorith

m
s

(E
n
g
el

et
al.,

2
003;

X
u

et
a
l.,

2
0
1
4
;

J
u
n
g

an
d

P
olan

i,
2007

;
X

u
et

al.,
2007;

L
ever

an
d

S
taff

ord
,

2015
).

In
m

an
y

o
f

th
ese

a
lg

o
rith

m
s,

a
q
u
ad

ratic
p
rogram

is
op

tim
ized

to
learn

th
e

em
b

ed
d
in

g
stren

g
th

of
th

e
d
a
ta

p
oin

ts
in

th
e

active
set

m
.

T
h
is

ap
p
roach

ty
p
ically

resu
lts

in
an

ap
p
rox

im
ation

k
(x
,x
′)≈

k
m

(x
)
T
K
−

1
m
m

k
m

(x
′).

In
th

is
eq

u
ation

,
k
m

(x
)

an
d

K
m
m

are
a

vector
an

d
a

m
atrix

,
resp

ectively,
o
f

sim
ilarities

to
th

e
active

set
of
m

d
ata-p

oin
ts

(J
u
n
g

an
d

P
olan

i,
2007;

X
u

et
a
l.,

2
0
0
7
).

T
h
e

sam
e

eff
ective

k
ern

el
is

u
sed

in
th

e
P

L
V

ap
p
roach

(S
eeger

et
al.,

2003).
N

o
te

th
a
t,

eff
ectively,

a
n
on

-station
ary

kern
el

is
ob

tain
ed

,
th

at
is

p
aram

etrized
b
y

th
e

d
ata

p
o
in

ts
in

th
e

a
ctive

set
m

(J
u
n
g

an
d

P
olan

i,
2007

;
X

u
et

al.,
2007).

T
h
e

S
P

G
P

ap
p
roach

u
ses

a
very

sim
ilar

kern
el,

b
u
t

in
clu

d
es

a
state-d

ep
en

d
en

t
regu

lar-
iza

tio
n

term
.

T
h
is

term
p
rov

es
to

b
e

h
elp

fu
l

in
grad

ien
t-b

ased
h
y
p

er-p
aram

eter
op

tim
iza-

tio
n

(S
n
elson

a
n
d

G
h
ah

ram
an

i,
2006).

T
h
e

covarian
ce

of
ou

tp
u
t

p
oin

ts
is

th
en

given
b
y

K
n
m

K
−

1
m
m

K
m
n

+
lI

+
Λ

.
In

th
is

eq
u
ation

,
th

e
n
th

elem
en

t
on

th
e

d
iagon

al
of

Λ
is

giv
en

b
y
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V
a
n
H
o
o
f
,
N
e
u
m
a
n
n
a
n
d

P
e
t
e
r
s

k
(x
n
,x

n
)−

k
m

(x
n
)
T
K
−

1
m
m

k
m

(x
n
).
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15
00

m
at

ri
ce

s.

A
ft

er
ea

ch
u
p

d
at

e,
in

si
m

u
la

te
d

ru
n
s,

th
e

le
ar

n
in

g
p
ro

gr
es

s
is

ev
al

u
at

ed
b
y

ru
n
n
in

g
th

e
le

ar
n
ed

p
ol

ic
y

on
10

0
ro

ll
-o

u
ts

w
it

h
a

fi
x
ed

ra
n
d
om

se
ed

.
T

h
is

d
at

a
is

n
ot

u
se

d
fo

r
le

a
rn

in
g.

F
or

ev
er

y
m

et
h
o
d
,

w
e

p
er

fo
rm

ed
10

tr
ia

ls
,

ea
ch

co
n
si

st
in

g
of

20
it

er
at

io
n
s

so
th

a
t

2
20

ro
ll
-o

u
ts

w
er

e
p

er
fo

rm
ed

p
er

tr
ia

l
(3

0
in

it
ia

l
ro

ll
-o

u
ts

p
lu

s
10

p
er

it
er

at
io

n
).

In
re

a
l-

ro
b

ot
ru

n
s

w
e

ev
al

u
at

e
th

e
le

ar
n
ed

p
ol

ic
y

on
th

e
tr

ai
n
in

g
sa

m
p
le

s,
an

d
p

er
fo

rm
ed

6
tr

ia
ls

o
f

1
0

it
er

at
io

n
s

ea
ch

.
T

h
e

m
o
d
el

an
d

p
ol

ic
y

a
re

re
fi
n
ed

in
cr

em
en

ta
ll
y

in
ev

er
y

it
er

a
ti

o
n
.

3
.2

C
o
m

p
a
re

d
M

e
th

o
d

s

W
e

co
m

p
ar

ed
le

ar
n
in

g
p
ro

gr
es

s
of

th
e

p
ro

p
os

ed
ap

p
ro

ac
h

to
th

at
of

va
ri

o
u
s

o
th

er
a
p
-

p
ro

ac
h
es

.
O

n
th

e
on

e
h
an

d
,

w
e

co
n
si

d
er

th
e

n
on

-p
ar

am
et

ri
c

va
lu

e-
fu

n
ct

io
n

b
a
se

d
m

et
h
-

o
d
s

in
tr

o
d
u
ce

d
b
y

G
rü

n
ew

äl
d
er

et
al

.
(2

01
2b

)
an

d
P

az
is

an
d

P
ar

r
(2

01
1)

.
O

n
th

e
o
th

er
h
an

d
,

w
e

w
il
l

co
m

p
ar

e
to

th
e

p
er

fo
rm

an
ce

of
n
eu

ra
l-

n
et

w
or

k
b
as

ed
m

et
h
o
d
s

in
tr

o
d
u
ce

d
b
y

L
il
li
cr

ap
et

al
.

(2
01

6)
an

d
S
ch

u
lm

an
et

al
.

(2
01

5)
th

at
ar

e
w

el
l-

su
it

ed
fo

r
re

d
u
n
d
a
n
t

in
p
u
t

d
at

a.
W

e
al

so
co

m
p
ar

e
to

ve
rs

io
n
s

of
R

E
P

S
w

it
h

th
e

sa
m

p
le

-b
as

ed
m

o
d
el

a
p
p
ro

x
im

a
ti

o
n

u
se

d
b
y

P
et

er
s

et
al

.
(2

01
0)

an
d

D
an

ie
l

et
al

.
(2

01
6)

,
an

d
on

e
th

at
u
se

s
a

fi
x
ed

fe
a
tu

re
se

t.
T

h
e

re
la

ti
on

sh
ip

of
th

e
p
ro

p
os

ed
ap

p
ro

ac
h

to
ea

rl
ie

r
n
on

-p
ar

am
et

ri
c

re
in

fo
rc

em
en

t
le

a
rn

in
g

m
et

h
o
d
s

w
il
l

b
e

d
is

cu
ss

ed
in

S
ec

ti
on

4.
3

on
p
ag

e
32

.

3
.2
.1

S
a
m
p
l
e
B
a
se

d
M
o
d
e
l
.

R
E

P
S

on
ly

n
ee

d
s
E s
′
[V

(s
′ )
|s,

a
]

at
ob

se
rv

ed
st

at
e-

ac
ti

on
p
ai

rs
(s
i,

a
i)

.
T

h
er

ef
o
re

,
if

th
e

sy
st

em
is

d
et

er
m

in
is

ti
c,

th
is

ex
p

ec
ta

ti
on

is
si

m
p
ly
V

(s
′ i)

at
th

e
ob

se
rv

ed
va

lu
es

fo
r

(s
i,

a
i)

.
In

st
o
ch

as
ti

c
sy

st
em

s,
th

is
sa

m
p
le

-b
as

ed
m

et
h
o
d

is
u
se

d
as

ap
p
ro

x
im

a
ti

on
.

3
.2
.2

F
e
a
t
u
r
e
B
a
se

d
R
E
P
S
w
it
h
F
ix
e
d

B
a
si
s
F
u
n
c
t
io
n
s.

In
st

ea
d

of
th

e
n
on

-p
ar

am
et

ri
c

fo
rm

of
V

as
su

m
ed

in
th

is
p
ap

er
,

w
e

ca
n

fo
ll
ow

ea
rl

ie
r

w
o
rk

an
d

d
efi

n
e

a
fi
x
ed

fe
at

u
re

b
as

is
(P

et
er

s
et

al
.,

20
10

;
D

an
ie

l
et

al
.,

20
16

).
W

e
ch

o
o
se

to
u
se

a

6
.
A
s
a
co
n
se
q
u
en

ce
,
th
e
re
fe
re
n
ce

d
is
tr
ib
u
ti
o
n
q
is
a
m
ix
tu
re

o
f
th
e
p
re
v
io
u
s
th
re
e
st
a
te
-a
ct
io
n
d
is
tr
ib
u
ti
o
n
s

in
o
u
r
ex
p
er
im

en
ts
.

14
JM

L
R

 1
8(

73
):

1-
46

, 2
01
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N
o
n
-pa

r
a
m
e
t
r
ic

P
o
l
ic
y
S
e
a
r
c
h
w
it
h
L
im

it
e
d

In
f
o
r
m
a
t
io
n
L
o
ss

sim
ila

r
n
u
m

b
er

of
th

e
sam

e
rad

ial
b
asis

fu
n
ction

s
u
sed

in
th

e
n
on

-p
aram

etric
m

eth
o
d
,

b
u
t

d
istrib

u
te

th
ese

accord
in

g
to

a
regu

lar
grid

over
th

e
state-action

sp
ace.

3
.2
.3

A
p
p
r
o
x
im

a
t
e
V
a
l
u
e
It
e
r
a
t
io
n
.

In
th

is
a
p
p
ro

ach
b
y

G
rü

n
ew

äld
er

et
al.

(2012b
),

th
e

valu
e

fu
n
ction

is
assu

m
ed

to
b

e
an

elem
en

t
o
f

th
e

ch
osen

R
K

H
S
.

T
h
e

m
ax

im
ization

of
th

e
Q

fu
n
ction

req
u
ires

d
iscretizin

g
a

,
fo

r
w

h
ich

w
e

ch
o
ose

25
u
n
iform

b
in

s
in

th
e

allow
ab

le
ran

ge.
A

d
eterm

in
istic

p
olicy

selects
a ∗

=
arg

m
a
x
Q

(s
i ,·),

b
u
t

th
is

p
olicy

d
o
es

n
ot

ex
p
lore,

y
ield

in
g

b
ad

p
erform

an
ce

in
on

-
p

o
licy

lea
rn

in
g
.

T
o

ob
tain

an
ex

p
loration

-ex
p
loitation

trad
e-off

w
e

rep
lace

th
e

m
ax

im
u
m

b
y

th
e

so
ft-m

a
x

op
erator

a ∗∝
ex

p
(Q

(s
i ,·)c/std

ev
(Q

(s
i ,·))).

T
h
e

free
p
aram

eter
c

sp
ecifi

es
th

e
g
reed

in
ess

of
th

e
ex

p
loration

/ex
p
loitation

trad
e-off

on
n
orm

alized
Q

valu
es.

In
an

o
n

-
p

o
lic

y
sch

em
e,

th
e

n
ew

p
olicy

is
u
sed

to
ob

tain
sam

p
les

for
th

e
n
ex

t
iteration

.

A
s

a
co

m
p
a
rison

to
th

is
on

-p
olicy

sch
em

e,
w

e
also

com
p
are

u
sin

g
a

g
rid

of
state-action

p
a
irs

a
s

tra
in

in
g

d
ata.

F
or

a
d
en

se
grid

,
th

is
m

eth
o
d

h
as

a
rich

er
in

p
u
t

th
an

all
oth

er
m

eth
o
d
s,

a
s

th
ose

oth
er

m
eth

o
d
s

start
w

ith
u
n
in

form
ed

ro
ll-ou

ts
from

th
e

in
itial-state

d
istrib

u
tio

n
.

In
a

real
sy

stem
,

ob
tain

in
g

su
ch

a
grid

is
often

u
n
realistic

as
th

e
state

can
n
ot

b
e

set
a
rb

itra
rily.

3
.2
.4

N
o
n
-pa

r
a
m
e
t
r
ic

A
p
p
r
o
x
im

a
t
e
L
in
e
a
r
P
r
o
g
r
a
m
m
in
g
.

P
a
zis

a
n
d

P
a
rr

(2011)
in

tro
d
u
ced

a
n
o
n
-p

aram
etric

m
eth

o
d
,
N

P
A

L
P

,
th

at
assu

m
es

th
e

valu
e

fu
n
ctio

n
is

L
ip

sch
itz.

T
h
is

assu
m

p
tion

allow
s

th
e

R
L

p
rob

lem
to

b
e

form
alized

as
a

lin
ear

p
ro

g
ra

m
.

T
h
is

m
eth

o
d

assu
m

es
th

e
d
y
n
am

ics
are

d
eterm

in
istic.

A
greed

y
p

olicy
is

ob
ta

in
ed

th
a
t

is
o
p
tim

a
l
if

all
state-action

p
airs

h
av

e
b

een
v
isited

.
S
in

ce
v
isitin

g
all

state-action
p
airs

is
in

fea
sib

le
in

con
tin

u
ou

s
sy

stem
s,

w
e

in
clu

d
e

ex
p
loration

b
y

ad
d
in

g
G

au
ssian

d
istrib

u
ted

n
o
ise

to
th

e
a
ction

in
a

fraction
ε

of
th

e
selected

action
s.

3
.2
.5

T
r
u
st

R
e
g
io
n
P
o
l
ic
y
O
p
t
im

iz
a
t
io
n
.

T
h
is

m
eth

o
d
,
in

tro
d
u
ced

b
y

S
ch

u
lm

an
et

al.
(2015),

u
ses

a
b

ou
n
d

on
th

e
ex

p
ected

K
u
llb

ack
-

L
eib

ler
d
iverg

en
ce

b
etw

een
su

ccessive
p

olicies,
in

sp
ired

b
y

a
th

eoretica
l

p
o
licy

itera
tion

a
lg

o
rith

m
th

a
t

gu
aran

tees
n
on

-d
ecreasin

g
ex

p
ected

retu
rn

s.
T

h
e

m
eth

o
d
,

T
R

P
O

,
req

u
ires

a
p
a
ra

m
etric

p
olicy

to
b

e
d
efi

n
ed

,
b
u
t

h
a
s

b
een

sh
ow

n
to

w
ork

w
ell

w
ith

d
eep

n
eu

ral-
n
etw

o
rk

p
o
licies

th
at

can
b

e
u
sed

in
m

an
y

d
iff

eren
t

task
s,

th
an

k
s

to
th

eir
fl
ex

ib
ility.

W
e

u
se

th
e

referen
ce

im
p
lem

en
tation

p
rov

id
ed

in
th

e
R

L
lab

fram
ew

ork
(D

u
an

et
al.,

2016).
T

h
is

T
R

P
O

im
p
lem

en
tation

req
u
ires

a
fi
x
ed

tim
e

h
orizon

,
so

w
e

evalu
ate

th
is

m
o
d
el

on
a

m
o
d
ifi

ed
v
ersion

of
th

e
task

s
w

h
ere

th
e

ep
iso

d
es

are
of

fi
x
ed

len
gth

,
eq

u
a
l

to
th

e
ex

p
ected

ep
iso

d
e

len
g
th

u
sed

for
oth

er
m

eth
o
d
s.

3
.2
.6

D
e
e
p
D
e
t
e
r
m
in
ist

ic
P
o
l
ic
y
G
r
a
d
ie
n
t
s.

L
illicra

p
et

a
l.

(2016)
in

tro
d
u
ced

a
p

olicy
grad

ien
t

algorith
m

,
D

D
P

G
,

th
at

w
ork

s
w

ith
d
eterm

in
istic

p
olicies.

D
D

P
G

is
an

actor-critic
m

eth
o
d

th
at

u
ses

n
eu

ral
n
etw

ork
s

for
b

oth
th

e
Q

fu
n
ctio

n
an

d
th

e
p

olicy.
A

fter
each

tim
e

step
,

th
e

n
ew

ex
p

erien
ce

sam
p
le

is
stored

in
a
n

‘ex
p

erien
ce

rep
lay

’
b
u
ff

er,
a

ran
d
om

ly
sam

p
led

b
atch

from
th

is
b
u
ff

er
is

th
en

u
sed

to
ca

lcu
la

te
th

e
p

olicy
grad

ien
t.

T
h
is

tech
n
iq

u
e

d
im

in
ish

es
th

e
p
rob

lem
th

at
su

ccessive

1
5

JM
L

R
 18(73):1-46, 2017

V
a
n
H
o
o
f
,
N
e
u
m
a
n
n
a
n
d

P
e
t
e
r
s

sam
p
les

ten
d

to
b

e
h
igh

ly
correlated

.
W

e
again

u
se

th
e

R
L

lab
im

p
lem

en
tation

(D
u
an

et
al.,

2016)
w

ith
fi
x
ed

ep
iso

d
e

len
gth

.

3
.2
.7

L
in
e
a
r
L
e
a
st

S
q
u
a
r
e
s
P
o
l
ic
y
It
e
r
a
t
io
n

A
s

an
ex

am
p
le

of
a

lin
ear

m
eth

o
d
,

w
e

u
se

L
S
P

I
(L

agou
d
ak

is
an

d
P

arr,
2003).

T
h
is

m
eth

o
d

learn
s

a
Q

fu
n
ction

b
y

m
in

im
izin

g
tem

p
oral

d
iff

eren
ces.

W
e

on
ly

in
clu

d
e

th
is

m
eth

o
d

to
sh

ow
th

at
lin

ear
m

eth
o
d
s

in
gen

eral
d
o

n
ot

su
ffi

ce
on

ou
r

task
w

ith
p
ix

el
in

p
u
ts.

A
s

su
ggested

b
y

L
agou

d
ak

is
an

d
P

arr
(2003),

w
e

u
se

th
is

m
eth

o
d

off
-lin

e,
in

con
trast

to
th

e
oth

er
m

eth
o
d
s.

T
h
u
s,

all
d
ata

u
sed

in
th

is
m

eth
o
d

h
as

b
een

gath
ered

u
sin

g
th

e
in

itial
ex

p
loration

p
olicy.

3
.3

A
p

p
ro

x
im

a
tio

n
M

e
th

o
d

s

W
e

com
p
are

th
e

ap
p
rox

im
ation

m
eth

o
d
s

d
escrib

ed
in

S
ection

2.7
to

each
oth

er,
as

w
ell

as
to

a
n
aive

b
aselin

e.
T

h
is

com
p
arison

evalu
ates

th
e

trad
e-off

b
etw

een
a

b
etter

ap
p
rox

im
ation

q
u
ality

an
d

a
faster

com
p
u
tation

tim
e

across
a

ran
ge

of
d
iff

eren
t

n
u
m

b
ers

of
featu

res
an

d
in

d
u
cin

g
in

p
u
ts.

3
.3
.1

S
u
b
-sa

m
p
l
in
g

a
s
B
a
se

l
in
e
.

F
or

th
e

su
b
-sam

p
lin

g
b
aselin

e,
w

e
sim

p
ly

train
th

e
m

eth
o
d

as
d
escrib

ed
in

S
ection

2.2
w

ith
a

su
b
set

of
th

e
d
ata

p
oin

ts,
ign

orin
g

th
e

p
oin

ts
th

at
a
re

n
ot

in
th

e
ran

d
om

su
b
set.

3
.3
.2

S
pa

r
se

P
se

u
d
o
-in

p
u
t
G
a
u
ssia

n
P
r
o
c
e
sse

s
(S

P
G
P
).

W
e

u
se

th
e

m
eth

o
d

p
rop

osed
b
y

S
n
elson

an
d

G
h
ah

ram
an

i
(2006)

to
ap

p
rox

im
ate

th
e

G
au

s-
sian

p
ro

cess
p

olicy.
T

o
in

corp
orate

th
e

d
esirab

ility
of

d
ata

p
oin

ts,
w

e
u
se

th
e

m
o
d
ifi

cation
s

p
rop

osed
in

S
ection

2.7.
T

h
ere

is
n
o

straigh
tforw

ard
ex

ten
sion

of
th

is
m

eth
o
d

to
learn

th
e

B
ellm

an
error

term
s

(E
q
.

12).
T

h
erefore,

in
th

ese
step

s
of

th
e

algorith
m

w
e

in
terp

ret
th

e
m

atrix
K
n
m

in
tro

d
u
ced

in
S
ection

2.7
as

a
featu

re
m

atrix
.

S
u
b
seq

u
en

tly,
w

e
calcu

late
th

e
B

ellm
an

error
term

s
u
sin

g
th

e
featu

re-b
a
sed

form
u
lation

in
tro

d
u
ced

b
y

P
eters

et
al.

(2010).
In

con
trast

to
th

at
w

ork
,

w
e

d
o

n
ot

u
se

sin
gle

sam
p
le

roll-ou
ts,

b
u
t

calcu
la

te
th

e
em

b
ed

d
in

g
stren

gth
s
β

(S
ection

2.2)
u
sin

g
a

lin
ear

kern
el

w
ith

th
e

p
seu

d
o-featu

res
as

in
-

p
u
t.

S
n
elson

an
d

G
h
ah

ram
an

i
(2006)

su
ggest

ch
o
osin

g
th

e
active

su
b
set

b
y

m
ax

im
izin

g
th

e
m

argin
al

likelih
o
o
d
.

H
ow

ever,
th

is
m

ax
im

ization
is

a
com

p
u
tation

ally
in

ten
sive

p
ro-

cess,
an

d
for

th
e

valu
e

fu
n
ction

ap
p
rox

im
ation

,
th

ere
is

n
o

criterion
availab

le
eq

u
ivalen

t
to

th
e

m
ax

im
u
m

likelih
o
o
d

criterion
for

th
e

su
p

erv
ised

learn
in

g
set-u

p
.

T
h
erefore,

w
e

ch
o
ose

ran
d
om

su
b
sets

w
h
en

ap
p
ly

in
g

th
is

m
eth

o
d
.

3
.3
.3

P
r
o
je
c
t
e
d

L
a
t
e
n
t
V
a
r
ia
b
l
e
s
(L

P
V
).

A
d
d
ition

ally,
w

e
com

p
are

to
th

e
sp

arsifi
cation

m
eth

o
d

p
rop

osed
b
y

S
eeger

et
al.

(2003).
A

s
in

th
e

p
rev

iou
s

m
eth

o
d
,

w
e

in
terp

ret
th

e
K
n
m

m
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featu

res
an

d
u
se

th
ese

to
calcu

late
em

b
ed

d
in

g
stren

gth
s

an
d

B
ellm

an
error

term
s.
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e
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im
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r
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n
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ss

3
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R
e
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r
e
ss
io
n
-b
a
se

d
S
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r
se

G
P
s.

W
e
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n
si
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er

th
e

re
gr
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si

on
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ed
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ar

se
G

au
ss

ia
n

P
ro

ce
ss

es
p
ro

p
o
se

d
in

S
ec

ti
on

2.
7.

A
ga

in
,

th
e

K
n
m

m
at

ri
x

is
in

te
rp

re
te

d
as

d
es

ig
n

m
at

ri
x

fo
r

ca
lc

u
la

ti
on

o
f

th
e

em
b

ed
d
in

g
st

re
n
gt

h
s

an
d

B
el

lm
an

er
ro

r
te

rm
s.

3
.3
.5

F
o
u
r
ie
r
T
r
a
n
sf
o
r
m

B
a
se

d
A
p
p
r
o
x
im

a
t
io
n

T
h
e

la
st

m
et

h
o
d

w
e

co
n
si

d
er

is
b
as

ed
on

th
e

w
or

k
of

R
ah

im
i

an
d

R
ec

h
t

(2
00

7)
,

w
it

h
th

e
ex

te
n
si

on
to

d
es

ir
ab

il
it

y
-w

ei
gh

te
d

sa
m

p
le

s
as

d
es

cr
ib

ed
in

S
ec

ti
on

2.
7.

A
s

th
is

m
et

h
o
d

ap
p
ro

x
im

at
es

th
e

p
ol

ic
y

u
si

n
g

fe
at

u
re

s,
w

e
ca

n
u
se

th
es

e
fe

at
u
re

s
to

ca
lc

u
la

te
em

b
ed

d
in

g
st

re
n
gt

h
s

an
d

B
el

lm
an

er
ro

r
te

rm
s

in
th

e
fe

at
u
re

-b
as

ed
fo

rm
u
la

ti
on

in
tr

o
d
u
ce

d
b
y

P
et

er
s

et
al

.
(2

01
0)

.

3
.4

R
e
a
ch

in
g

T
a
sk

E
x
p

e
ri

m
e
n
t

In
th

e
re

ac
h
in

g
ta

sk
,

w
e

si
m

u
la

te
a

si
m

p
le

tw
o-

li
n
k

p
la

n
ar

ro
b

ot
.

In
th

is
ta

sk
,

th
e

ag
en

t’
s

ac
ti

on
s

d
ir

ec
tl

y
se

t
th

e
ac

ce
le

ra
ti

on
s

o
f

th
e

tw
o

jo
in

ts
.

E
ac

h
li
n
k

is
of

u
n
it

le
n
gt

h
an

d
m

as
s,

an
d

th
e

sy
st

em
is

co
m

p
le

te
ly

d
et

er
m

in
is

ti
c.

T
h
e

ag
en

t
ge

ts
n
eg

a
ti

ve
re

in
fo

rc
em

en
t

r(
s,

a
)

=
−

10
−

4
||a
||2 2
−
||x
−

x
d

es
||2 2

ac
co

rd
in

g
to

th
e

sq
u
ar

e
of

th
e

ap
p
li
ed

ac
ti

on
an

d
of

th
e

d
is

ta
n
ce

of
it

s
en

d
-e

ff
ec

to
r

to
th

e
C

ar
te

si
an

p
os

it
io

n
x

d
es

=
[0
.5
,

0]
.

N
ot

e
th

at
ac

ti
on

s
ar

e
tw

o
d
im

en
si

on
al

an
d

st
at

es
ar

e
fo

u
r

d
im

en
si

on
al

(j
oi

n
t

p
os

it
io

n
s

an
d

ve
lo

ci
ti

es
).

T
h
e

ro
b

ot
st

ar
ts

st
re

tc
h
ed

-o
u
t

w
it

h
th

e
en

d
-e

ff
ec

to
r

at
x

=
[0
,

2]
.

T
h
e

m
ax

im
u
m

ap
p
li
ed

ac
ce

le
ra

ti
on

is
50

m
s2

.
W

e
u
se
γ

=
0.

96
,

w
h
ic

h
re

se
ts

ro
ll
-o

u
ts

a
ft

er
24

sa
m

p
le

s,
on

av
er

ag
e.

W
e

u
se

th
e

co
m

m
on

ly
u
se

d
sq

u
ar

ed
-e

x
p

on
en

ti
al

(o
r

G
au

ss
ia

n
)

ke
rn

el
fo

r
an

gu
la

r
ve

-
lo

ci
ti

es
θ̇

an
d

ac
ti

on
s.

T
h
is

ke
rn

el
is

d
efi

n
ed

as
k

se
(x
i,

x
j
)

=
ex

p
(−

(x
i
−

x
j
)T

D
(x
i
−

x
j
))

(w
it

h
D

a
d
ia

go
n
al

m
at

ri
x

co
n
ta

in
in

g
fr

ee
b
an

d
w

id
th

p
ar

am
et

er
s)

.
H

ow
ev

er
,

fo
r

th
e

an
-

gl
es
θ

w
e

n
ee

d
a

ke
rn

el
th

at
re

p
re

se
n
ts

it
s

p
er

io
d
ic

it
y.

W
e

u
se

th
e

ke
rn

el
k

p
(x
i,
x
j
)

=

ex
p
(−
∑

d
si

n
((
x

(d
)

i
−
x

(d
)

j
)/

(2
π

))
2
/l

2 d
),

w
h
er

e
l

is
a

ve
ct

or
of

fr
ee

b
an

d
w

id
th

p
ar

am
et

er
s.

C
on

se
q
u
en

tl
y,

w
e

ob
ta

in
a

co
m

p
le

te
ke

rn
el

k
((
θ
i,
θ̇
i,
a
i)
,(
θ
j
,θ̇

j
,a
j
))

=
k

p
(θ
i,
θ
j
)k

se
(θ̇
i,
θ̇
j
)k

se
(a
i,

a
j
),

co
m

p
os

ed
of

th
re

e
si

m
p
le

r
ke

rn
el

fu
n
ct

io
n
s.

F
ea

tu
re

-b
as

ed
R

E
P

S
n
ee

d
s

a
gr

id
ov

er
th

e
co

m
p
le

te
st

a
te

-a
ct

io
n

sp
ac

e.
D

u
e

to
d
iffi

cu
l-

ti
es

w
it

h
th

e
si

x
-d

im
en

si
on

al
st

at
e-

ac
ti

on
sp

ac
e,

w
e

om
it

te
d

th
is

m
et

h
o
d
.

T
h
e

ex
p
lo

ra
ti

on
p
ar

am
et

er
ε

of
th

e
N

P
A

L
P

m
et

h
o
d

w
as

se
t

to
0.

1,
w

it
h

th
e

st
an

d
ar

d
d
ev

ia
ti

on
of

G
au

s-
si

an
n
oi

se
se

t
to

30
N

m
2
.

T
h
e

L
ip

sc
h
it

z
co

n
st

an
t

w
as

se
t

to
1

w
it

h
th

e
ve

lo
ci

ty
d
im

en
si

on
s

sc
al

ed
b
y

1/
5

fo
r

ca
lc

u
la

ti
n
g

d
is

ta
n
ce

s.
T

h
e

ex
p
lo

ra
ti

on
p
ar

am
et

er
c

of
th

e
ap

p
ro

x
im

at
e

va
lu

e
it

er
at

io
n

m
et

h
o
d

w
as

se
t

to
1.

5.
T

h
es

e
va

lu
es

w
er

e
m

an
u
al

ly
tu

n
ed

to
y
ie

ld
fa

st
an

d
co

n
si

st
en

t
le

ar
n
in

g
p
ro

gr
es

s.
F

or
R

E
P

S
,

w
e

u
se

a
K

L
b

ou
n
d
ε

of
0.

5
in

ou
r

ex
p

er
im

en
ts

,
as

th
is

va
lu

e
em

p
ir

ic
al

ly
y
ie

ld
ed

ac
ce

p
ta

b
ly

fa
st

le
ar

n
in

g
p
ro

gr
es

s
w

h
il
e

ke
ep

in
g

u
p

d
at

es
sm

o
ot

h
en

ou
gh

on
a

ra
n
ge

of
le

ar
n
in

g
p
ro

b
le

m
s.

3
.4
.1

R
e
su

lt
s
o
f
t
h
e
R
e
a
c
h
in
g

T
a
sk

.

T
h
e

re
su

lt
s

of
th

e
re

ac
h
in

g
ta

sk
ar

e
sh

ow
n

in
F

ig
u
re

1.
A

s
th

is
ta

sk
is

d
et

er
m

in
is

ti
c,

th
e

sa
m

p
le

-b
as

ed
m

o
d
el

is
op

ti
m

al
an

d
p
ro

v
id

es
an

u
p
p

er
b

ou
n
d

to
th

e
p

er
fo

rm
an

ce
w

e
ca

n
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1-
46

, 2
01

7

V
a
n
H
o
o
f
,
N
e
u
m
a
n
n
a
n
d

P
e
t
e
r
s

ex
p

ec
t

to
ge

t.
S
in

ce
n
on

-p
ar

am
et

ri
c

R
E

P
S

w
it

h
m

o
d
el

le
ar

n
in

g
n
ee

d
s

to
it

er
a
ti

ve
ly

le
a
rn

th
e

tr
an

si
ti

on
d
is

tr
ib

u
ti

on
,

it
s

co
n
ve

rg
en

ce
is

sl
ow

er
.

A
ft

er
in

sp
ec

ti
on

of
in

d
iv

id
u
a
l

tr
ia

ls
,

th
e

w
id

e
va

ri
an

ce
se

em
s

to
b

e
ca

u
se

d
b
y

o
cc

as
io

n
al

fa
il
u
re

s
to

fi
n
d

go
o
d

h
y
p

er
-p

a
ra

m
et

er
s

fo
r

th
e

st
at

e-
ac

ti
on

ke
rn

el
.

N
P
-R

E
P
S

, 
w

it
h

 m
o
d
e
l

N
P
-R

E
P
S

, 
sa

m
p
le

 b
a
se

d
N

PA
LP

V
a
lu

e
 i
te

ra
ti

o
n
 o

n
-p

o
lic

y
V
a
lu

e
 i
te

ra
ti

o
n
 g

ri
d

F
ig

u
re

1:
C

om
p
ar

is
on

of
le

ar
n
in

g
p
ro

g
re

ss
o
f

d
iff

er
en

t
m

et
h
o
d
s

on
th

e
re

a
ch

in
g

ta
sk

.
A

s
th

is
en

v
ir

on
m

en
t

is
d
et

er
-

m
in

is
ti

c,
sa

m
p
le

-b
as

ed
a
p
p
ro

x
im

a
-

ti
on

s
of

th
e

tr
an

si
ti

o
n

fu
n
ct

io
n
s

a
re

op
ti

m
al

.
E

rr
or

b
ar

s
sh

ow
tw

ic
e

th
e

st
an

d
a
rd

er
ro

r
of

th
e

m
ea

n
.

T
h
e

va
lu

e-
it

er
at

io
n

m
et

h
o
d

d
o
es

n
o
t

d
e-

p
en

d
on

ro
ll
-o

u
ts

,
it

s
p

er
fo

rm
a
n
ce

is
sh

ow
n

fo
r

co
m

p
ar

is
o
n
.

T
h
e

b
as

el
in

e
m

et
h
o
d
s

N
P

A
L

P
an

d
va

lu
e

it
er

at
io

n
u
si

n
g

R
K

H
S

em
b

ed
d
in

gs
ob

ta
in

go
o
d

p
er

fo
rm

an
ce

af
te

r
th

e
co

u
p
le

of
it

er
-

at
io

n
s.

H
ow

ev
er

,
if

w
e

it
er

at
e

p
er

fo
rm

in
g

ro
ll
-o

u
ts

an
d

p
ol

ic
y

u
p

d
at

es
af

te
r

th
os

e
fi
rs

t
st

ep
s,

th
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e
m

et
h
o
d
s

fa
il

to
im

p
ro

ve
th

e
p

ol
-

ic
y

co
n
si

st
en

tl
y.

T
h
e

gr
id

b
as

ed
va

lu
e

it
er

-
at

io
n

sc
h
em

e
fa

il
s

in
th

is
ca

se
:

d
u
e

to
m

em
-

or
y

li
m

it
at

io
n
s

th
e

m
ax

im
u
m

gr
id

si
ze

w
e

co
u
ld

u
se

w
as

[5
×

5
×

5
×

5
×

2
×

2]
in

th
e

6-
d
im

en
si

on
al

sp
ac

e,
w

h
ic

h
ap

p
ea

rs
to

b
e

in
su

ffi
ci

en
t

to
le

ar
n

th
e

ta
sk

.

3
.5

L
o
w

-D
im

e
n

si
o
n

a
l

S
w

in
g
-u

p
E

x
p

e
ri

m
e
n
t

In
th

is
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p
er

im
en

t,
w

e
si

m
u
la

te
a

p
en

d
u
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m
w

it
h

a
le

n
gt

h
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0
.5

m
an

d
a

m
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s
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=
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k
g

d
is

tr
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u
te

d
al

on
g

it
s

le
n
gt

h
.

A
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rq
u
e

a
ca

n
b

e
ap

p
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e
p
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ot
.

T
h
e

p
en

-
d
u
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m
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m
o
d
el

ed
b
y

th
e

d
y
n
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ic
s

eq
u
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=
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lm
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n
θ

+
a
−
k
θ̇)
/
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/
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,
w

h
er

e
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=
0.
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ti
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en
t
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d
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9
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1
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th
e
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it
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n
al
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n
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n
t.

T
h
e
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n
-
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m
p
li
n
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en
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w
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n
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m
ax

im
u
m

ad
m

is
si

b
le

to
rq

u
e

is
30

N
m

,
w

h
ic

h
p
re

v
en

ts
a

d
ir

ec
t

sw
in

g
-u

p
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d
d
it

iv
e

n
oi

se
w

it
h

a
va

ri
an

ce
of

1
/d
t

d
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g

in
a

st
an

d
ar

d
d
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5N
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p
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.

T
h
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d
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w
a
s

se
t

to
r(
s,
a
)

=
−

10
θ2
−
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a
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d
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w
is

e
an

d
co

u
n
te

r-
cl

o
ck

w
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u
p
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b
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y
ac

ce
ss

th
e

st
at

e
va

ri
ab

le
en

co
d
in

g
th

e
an

gl
e
θ

an
d

th
e

a
n
g
u
la

r
ve

lo
ci

ty
θ̇,

i.
e.

,
th

e
st

at
e

is
d
efi

n
ed

as
s

=
[θ
,θ̇

]T
.

T
h
e

sa
m

e
k
er

n
el

s
ar

e
u
se

d
as

in
th

e
re

a
ch

in
g

ta
sk

ex
p

er
im

en
t

(S
ec

ti
on

3.
4)

.
T

h
e

N
P

A
L

P
m

et
h
o
d

w
as

n
ot

d
es

ig
n
ed

fo
r

st
o
ch

a
st

ic
sy

st
em

s
an

d
is

co
n
se

q
u
en

tl
y

om
it

te
d
.

W
e

se
t

th
e

gr
id

si
ze

fo
r

fe
at

u
re

-b
as

ed
R

E
P

S
to

[1
0
×

1
0
×

1
0
]

an
d

fo
r

th
e

va
lu

e-
it

er
at

io
n

m
et

h
o
d

to
[1

9
×

11
×

11
].

T
h
e

gr
ee

d
in

es
s

p
ar

am
et

er
c

fo
r

o
n
-

p
ol

ic
y

va
lu

e-
it

er
at

io
n

w
as

se
t

to
2

af
te

r
m

an
u
al

tu
n
in

g.
W

e
co

m
p
ar

e
th

e
K

L
b

o
u
n
d
ε

u
se

d
in

th
e

p
re

v
io

u
s

ex
p

er
im

en
t,

0.
5,

to
tw

o
ex

tr
em

e
se

tt
in

gs
ε

=
5

an
d
ε

=
0.

05
to

il
lu

st
ra

te
th

e
eff

ec
t

of
th

is
b

ou
n
d
.
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N
o
n
-pa

r
a
m
e
t
r
ic

P
o
l
ic
y
S
e
a
r
c
h
w
it
h
L
im

it
e
d

In
f
o
r
m
a
t
io
n
L
o
ss

N
P

-R
E
P

S
, w

ith
 m

o
d
e
l

N
P

-R
E
P

S
, sa

m
p
le

 b
a
se

d
R

E
P

S
 feature-based +

 m
odel

V
alue iteration grid

V
alue iteration on-policy

(a)
C

om
p
a
rison

o
f

lea
rn

in
g

p
ro

gress
o
f

d
iff

eren
t

m
eth

o
d
s

on
th

e
sw

in
g-u

p
task

.

-1
2
0

-1
0
0

-8
0

-6
0

-4
0

-2
0 0

N
P-R

E
P
S
 w

ith
 m

o
d
e
l, ϵ =

5.0
N

P
-R

E
P
S

 w
ith

 m
o
d
e
l, ϵ =

0.5 
N

P
-R

E
P
S

 w
ith

 m
o
d
e
l, ϵ =

0.05
V
a
lu

e
-ite

ra
tio

n
 o

n
-p

o
licy

(b
)

C
om

p
arison

o
f

lea
rn

in
g

p
rogress

u
n
d
er

d
if-

feren
t

b
ou

n
d
s
ε

o
n

th
e

K
L

-d
ivergen

ce.

F
ig

u
re

2
:

R
esu

lts
of

th
e

low
-d

im
en

sion
al

sw
in

g-u
p

ex
p

erim
en

t.
O

u
r

n
on

-p
aram

etric
relative

en
tro

p
y

m
eth

o
d

ou
tp

erform
s

th
e

oth
er

on
-p

olicy
learn

ers.
E

rror
b
ars

sh
ow

tw
ice

th
e

stan
d
ard

error
of

th
e

m
ean

.

3
.5
.1

R
e
su

lt
s
o
f
t
h
e
L
o
w
-D

im
e
n
sio

n
a
l
S
w
in
g
-u
p
.

W
e

sh
ow

a
co

m
p
arison

of
th

e
d
iscu

ssed
m

eth
o
d
s

in
F

igu
re

2a.
T

h
e

valu
e

iteration
m

eth
o
d

sta
rts

o
u
t

co
m

p
etitively,

b
u
t

fails
to

k
eep

im
p
rov

in
g

th
e

p
olicy.

L
arge

varian
ce

in
d
ica

tes
th

e
lea

rn
in

g
p
ro

cess
is

u
n
stab

le.
T

h
e

b
ou

n
d
ed

p
olicy

u
p

d
ate

in
R

E
P

S
m

ak
es

th
e

learn
in

g
p
ro

g
ress

sm
o
o
th

b
y

lim
itin

g
in

form
ation

loss,
lim

itin
g

ex
p
loitation

to
retain

m
ore

ex
p
lo-

ra
tio

n
in

ea
rly

stages
of

th
e

learn
in

g
p
ro

cess.

0
π

2
π

3
π

4
π

−
1

0

−
5 0 5

1
0

1
5

a
n
g
le

angular velocity

 

 

−
3

0

−
2

0

−
1

0

0 1
0

2
0

3
0

F
ig

u
re

3:
M

ean
of

th
e

learn
ed

sto
ch

astic
p

ol-
icy.

S
u
p

erim
p

osed
are

15
tra

jecto-
ries

startin
g

at
th

e
x
-ax

is
b

etw
een

0
an

d
2π

.
M

ost
roll-ou

ts
reach

th
e

d
esired

in
verted

p
ose,

p
ossib

ly
af-

ter
o
n
e

sw
in

g
b
ack

an
d

forth
.

O
n
e

roll-ou
t

oversh
o
ots

an
d

m
ak

es
a

fu
ll

rotation
b

efore
stab

ilizin
g

th
e

p
en

-
d
u
lu

m
.

T
h
e

sa
m

p
le-b

ased
b
aselin

e
m

o
d
el

p
er-

fo
rm

s
co

n
sid

erab
ly

w
orse

in
th

is
ex

p
eri-

m
en

t,
as

it
ca

n
n
ot

accou
n
t

for
sto

ch
astic

tra
n
sitio

n
s.

T
h
e

varian
t

w
ith

fi
x
ed

featu
res

p
erfo

rm
s

w
ell

in
itially,

b
u
t

in
later

itera-
tio

n
s,

th
e

n
o
n
-p

aram
etric

m
eth

o
d

is
ab

le
to

fo
cu

s
its

rep
resen

tative
p

ow
er

on
freq

u
en

tly
v
isited

p
a
rts

o
f

th
e

state
sp

ace,
resu

ltin
g

in
a
n

im
p
rov

ed
p

erform
an

ce.

W
e

sh
ow

a
com

p
arison

for
d
iff

eren
t

val-
u
es

o
f

th
e

K
L

b
ou

n
d
ε

in
F

igu
re

2b
.

W
e

p
lo

tted
tw

o
rath

er
ex

trem
e

valu
es

for
ε.

F
or

a
la

rg
e

va
lu

e
o
f
ε

=
5,

w
e

ob
serve

b
eh

av
ior

th
a
t

is
sim

ila
r

to
th

e
greed

y
valu

e
iteration

sch
em

e.
In

itia
lly,

p
erform

an
ce

in
creases,

b
u
t

lea
rn

in
g

p
rogress

h
as

a
h
igh

varian
ce

a
n
d

is
n
o
t

sm
o
oth

.
S
u
b
-op

tim
al

p
erfor-

m
a
n
ce

to
b

o
th

th
e

p
rop

osed
valu

e
ε

=
0.5

a
n
d

th
e

g
reed

y
valu

e-iteration
is

cau
sed

b
y
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V
a
n
H
o
o
f
,
N
e
u
m
a
n
n
a
n
d

P
e
t
e
r
s

in
stab

ility
of

th
e

p
olicy

fi
ttin

g
d
escrib

ed
in

S
ectio

n
2.5

w
h
en

th
e

sam
p
le

w
eigh

ts
sp

an
sev

-
eral

ord
ers

of
m

agn
itu

d
e.

F
or

a
low

valu
e

of
ε

=
0
.05,

learn
in

g
p
rog

ress
is

very
stab

le
b
u
t

slow
.

W
e

fou
n
d

th
at

settin
g
ε

=
0.5

y
ield

ed
g
o
o
d

p
erform

an
ce

in
all

task
s

w
e

tried
.

In
con

trast
to

th
e

p
rev

iou
s

ex
p

erim
en

t,
h
ere,

th
e

grid
-b

ased
valu

e
itera

tion
m

eth
o
d

w
orked

w
ell,

as
sh

ow
n

in
F

igu
re

2a.
T

h
e

p
olicy

learn
ed

b
y

N
P

-R
E

P
S
,

sh
ow

n
in

F
igu

re
3,

som
etim

es
oversh

o
ots

th
e

in
verted

p
osition

,
w

h
ich

th
e

grid
b
ased

valu
e

iteratio
n

avoid
s.

H
ow

ever,
to

reach
th

is
p

erform
an

ce,
a

grid
of

train
in

g
sam

p
les

coverin
g

th
e

fu
ll

state-a
ction

sp
ace

w
as

n
eed

ed
.

P
rov

id
in

g
su

ch
a

grid
is

on
ly

feasib
le

in
sim

u
lation

,
as

w
ith

ou
t

an
ex

istin
g

con
troller,

it
is

gen
erally

n
ot

p
ossib

le
to

start
th

e
d
y
n
am

ical
sy

stem
w

ith
arb

itrary
p

osition
an

d
v
elo

city.
F

u
rth

erm
ore,

on
h
igh

er-d
im

en
sion

al
task

s,
a

grid
of

su
ffi

cien
t

resolu
tion

w
ou

ld
req

u
ire

im
p
racticab

ly
m

an
y

sam
p
les.

3
.6

Im
a
g
e
-b

a
se

d
P

u
d

d
le

W
o
rld

E
x
p

e
rim

e
n
t

In
th

is
ex

p
erim

en
t,

w
e

in
vestigated

a
m

o
d
ifi

ed
version

of
th

e
cla

ssical
p
u
d
d
le-w

orld
task

w
ith

a
400-d

im
en

sion
al

red
u
n
d
an

t
rep

resen
tation

.
In

th
e

p
u
d
d
le

w
orld

task
,

th
e

agen
t

h
as

to
n
av

igate
to

on
e

corn
er

of
a

tw
o-d

im
en

sion
al

w
o
rld

w
h
ile

avoid
in

g
h
igh

-cost
areas

(‘p
u
d
d
les’).

T
h
e

aim
of

th
is

ex
p

erim
en

t
is

to
con

fi
rm

th
e

ab
ility

of
ou

r
p
rop

osed
m

eth
o
d

to
h
an

d
le

su
ch

rep
resen

tation
,

an
d

to
com

p
are

ou
r

m
eth

o
d

to
oth

er
m

eth
o
d

th
at

h
ave

b
een

sh
ow

n
to

w
ork

w
ell

w
ith

raw
sen

sory
rep

resen
tation

s.
W

e
m

o
stly

follow
th

e
d
escrip

tion
for

th
e

p
u
d
d
le

w
orld

b
y

S
u
tton

(1996).
A

s
size

of
th

e
goal

region
w

e
u
se

th
e

area
ab

ov
e

th
e

lin
e
x

+
y

=
1.8.

W
e

rep
resen

t
th

e
state

b
y

a
sim

p
le

ren
d
ered

p
ix

el
im

age,
w

h
ere

th
e

agen
t

is
rep

resen
ted

b
y

a
circle

of
8%

of
th

e
im

age
size

(th
e

agen
t

d
o
es

n
ot

‘see’
th

e
p
u
d
d
les,

b
u
t

h
as

to
learn

w
h
ere

th
ey

are
from

ex
p

erien
ce).

W
e

fou
n
d

th
at

for
th

e
p

olicy
search

m
eth

o
d
s

w
e

stu
d
ied

,
a

relatively
low

d
iscou

n
t

factor
(γ

=
0.96)

or
corresp

o
n
d
in

g
reset

p
rob

ab
ility

(0.04)
p
rov

id
ed

low
er-varian

ce
resu

lts.
S
u
ch

a
d
iscou

n
t

factor
m

akes
lon

g-term
rew

ard
s

less
salien

t,
th

u
s

w
e

m
o
d
ifi

ed
th

e
p

er
tim

e
step

rew
ard

to
-10.

T
o

m
ak

e
th

e
task

sen
sib

le
in

an
average-rew

ard
settin

g,
w

e
d
o

n
ot

restart
w

h
en

th
e

goal
area

is
reach

ed
,

rath
er

req
u
irin

g
th

e
agen

t
to

learn
to

m
ain

tain
th

is
d
esired

p
osition

.

A
G

au
ssian

kern
el

d
irectly

on
p
ix

el
im

ages
w

ou
ld

b
e

very
sen

sitive
to

ev
en

sm
all

sh
ifts.

A
b

etter
ch

oice
is

a
kern

el
ex

p
on

en
tial

in
th

e
sq

u
ared

d
iff

eren
ce

b
etw

een
low

-p
ass

fi
ltered

im
ages.

T
o

th
is

en
d
,

w
e

con
v
olve

th
e

im
age

w
ith

a
G

au
ssian

k
ern

el
of

20%
of

th
e

im
age

size.
T

h
e

sam
e

rep
resen

tation
is

also
u
sed

for
th

e
oth

er
m

eth
o
d
s.

N
o
te,

th
at

m
eth

o
d
s

b
ased

on
n
eu

ral
n
etw

ork
s

w
ou

ld
b

e
ab

le
to

learn
th

is
an

d
oth

er
in

varian
ces,

b
u
t

th
is

ad
d
ition

al
ex

p
ressive

p
ow

er
com

es
at

th
e

cost
of

m
an

y
p
a
ram

eters
th

at
h
av

e
to

b
e

learn
ed

.
T

h
e

im
age

is
fi
n
ally

d
ow

n
-scaled

to
20×

20
p
ix

els
to

b
e

ab
le

to
red

u
ce

th
e

size
of

a
b
atch

of
im

ages
in

w
ork

in
g

m
em

ory.
T

h
is

d
o
es

n
ot

ch
a
n
ge

m
u
ch

for
n
on

-p
aram

etric
m

eth
o
d
s

(as
relative

d
istan

ce
b

etw
een

im
ages

sh
ou

ld
stay

rou
gh

ly
con

stan
t),

an
d

red
u
ces

th
e

n
u
m

b
er

of
w

eigh
ts

in
n
eu

ral
n
etw

ork
b
ased

m
eth

o
d
s.

W
e

again
p

erform
ed

10
sep

ara
te

trials
for

each
m

eth
o
d
,

u
sin

g
15

iteration
s

for
R

E
P

S
an

d
a
n

eq
u
ivalen

t
a
m

ou
n
t

of
train

in
g

ex
p

erim
en

ts
for

th
e

oth
er

m
eth

o
d
s.

In
each

iteration
,

20
roll-ou

ts
w

ere
p

erfo
rm

ed
,

retain
in

g
th

e
roll-o

u
ts

from
th

e
last

3
iteration

s
in

m
em

ory
as

b
efore.

T
h
e

m
eth

o
d
s

u
n
d
er

com
p
arison

w
ere

tu
n
ed

as
follow

s.
F

or
N

P
-R

E
P

S
,

w
e

set
th

e
b
an

d
-

w
id

th
of

th
e

valu
e

fu
n
ction

to
h
alf

th
e

m
ax

im
al

p
ix

el
in

ten
sity

an
d

ad
d
ed

a
l2

regu
larizer

10 −
9α

T
α

to
E

q
.

(11)
to

avoid
ov

er-fi
ttin

g
as

th
is

y
ield

ed
go

o
d

em
p
irical

p
erform

an
ce.
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N
o
n
-p
a
r
a
m
e
t
r
ic

P
o
l
ic
y
S
e
a
r
c
h
w
it
h
L
im

it
e
d

In
f
o
r
m
a
t
io
n
L
o
ss

O
th

er
h
y
p

er
-p

ar
am

et
er

s
w

er
e

op
ti

m
iz

ed
as

ex
p
la

in
ed

p
re

v
io

u
sl

y,
w

it
h

th
e

b
an

d
w

id
th

of
al

l
p
ix

el
s

fo
r

th
e

m
o
d
el

an
d

p
ol

ic
y

ti
ed

to
ge

th
er

to
sp

ee
d

u
p

op
ti

m
iz

at
io

n
.

T
h
e

K
L

-b
ou

n
d
ε

w
as

ag
ai

n
se

t
to

0.
5.

F
or

L
S
P

I,
w

e
d
is

cr
et

iz
ed

th
e

ac
ti

on
s

in
h
or

iz
o
n
ta

l
an

d
ve

rt
ic

a
l

d
ir

ec
ti

on
s

to
th

re
e

va
lu

es
:

th
e

m
ax

im
u
m

in
ei

th
er

d
ir

ec
ti

on
or

0.

F
or

th
e

n
eu

ra
l-

n
et

w
or

k
b
as

ed
m

et
h
o
d
s,

w
e

st
ar

te
d

fr
o
m

th
e

d
ef

au
lt

va
lu

es
in

th
e

R
L

la
b

im
p
le

m
en

ta
ti

on
(D

u
an

et
al

.,
20

16
).

W
e

ad
ap

te
d

th
e

b
at

ch
si

ze
/

ep
o
ch

le
n
gt

h
to

th
e

20
ro

ll
-o

u
ts

p
er

fo
rm

ed
p

er
it

er
at

io
n
.

W
e

m
an

u
al

ly
tu

n
ed

ot
h
er

p
ar

am
et

er
s

to
m

ax
im

iz
e

em
p
ir

ic
al

p
er

fo
rm

an
ce

.
T

h
is

p
ro

ce
d
u
re

re
su

lt
ed

in
a

K
L

b
ou

n
d

of
0.

05
fo

r
T

R
P

O
(m

u
ch

h
ig

h
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m

al
re

gr
et

in
an

ad
ve

rs
ar

ia
l

M
ar

k
ov

d
ec

is
io

n
p
ro

ce
ss

(M
D

P
)

se
tt

in
gs

fo
r

d
is

cr
et

e
fi
n
it

e
h
or

iz
on

p
ro

b
le

m
s

(Z
im

in
an

d
N

eu
,

2
01

3)
.
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N
o
n
-pa

r
a
m
e
t
r
ic

P
o
l
ic
y
S
e
a
r
c
h
w
it
h
L
im

it
e
d

In
f
o
r
m
a
t
io
n
L
o
ss

In
o
u
r

p
rev

iou
s

w
ork

(P
eters

et
al.,

2010
),

th
e

R
elative

E
n
trop

y
P

olicy
S
earch

(R
E

P
S
)

a
lg

o
rith

m
w

a
s

d
erived

b
ased

on
su

ch
a

b
ou

n
d

on
th

e
relative

en
trop

y
b

etw
een

su
ccessive

sta
te-a

ctio
n

d
istrib

u
tion

s.
P

olicies
learn

ed
u
sin

g
R

E
P

S
re-w

eigh
t

th
e

p
rev

iou
s

state-action
d
istrib

u
tion

u
sin

g
a

soft-m
ax

of
th

e
ad

van
tage

fu
n
ction

.
T

h
is

soft-m
ax

p
olicy

is
rem

in
is-

cen
t

o
f

th
e

co
m

m
on

ad
-h

o
c

ex
p
loration

-ex
p
loitation

trad
e-off

u
sin

g
B

oltzm
an

n
ex

p
loration

(K
a
elb

lin
g

et
a
l.,

1996;
S
u
tton

,
1990;

L
in

,
199

3),
ex

p
ectation

-m
ax

im
ization

b
ased

u
p

d
a
tes

(P
eters

a
n
d

S
ch

aal,
2007;

K
ob

er
et

al.,
2011),

an
d

th
e

p
rev

iou
sly

d
iscu

ssed
algorith

m
s

b
y

A
za

r
et

a
l.

(2
0
1
1)

an
d

R
aw

lik
et

al.
(2013b

).
T

h
e

ad
van

tage
of

R
E

P
S

is,
th

at
th

e
‘tem

p
er-

a
tu

re’
p
a
ra

m
eter

th
at

gov
ern

s
ex

p
loration

is
set

d
irectly

b
y

th
e

algorith
m

.
A

s
a

resu
lt,

th
e

a
lg

o
rith

m
is

in
varian

t
to

re-scalin
g

of
th

e
rew

ard
fu

n
ctio

n
,

an
d

th
e

tem
p

era
tu

re
au

tom
ati-

ca
lly

d
ecrea

ses
as

th
e

p
olicy

con
verges.

A
ltern

a
tive

tech
n
iq

u
es

search
an

op
tim

al
p

olicy
w

ith
in

th
e

sp
ace

of
p

olicies
of

sim
ilar

ex
p

o
n
en

tial
fo

rm
(L

ever
an

d
S
taff

ord
,

2015;
B

agn
ell

an
d

S
ch

n
eid

er,
2003b

).
In

R
E

P
S
,

th
e

ex
p

o
n
en

tial
form

d
o
es

n
ot

resu
lt

from
an

im
p

osed
search

-sp
ace

of
th

e
p

olicy,
b
u
t

is
a

d
irect

co
n
seq

u
en

ce
o
f

solv
in

g
th

e
b

ou
n
d
ed

op
tim

ization
p
rob

lem
.

U
n
d
er

sp
ecifi

c
assu

m
p
tion

s
o
n

th
e

en
v
iro

n
m

en
t

an
d

th
e

rew
ard

fu
n
ction

s,
ex

p
on

en
tial

tran
sform

ation
s

of
th

e
valu

e
fu

n
ctio

n
s

a
re

a
lso

u
sed

in
th

e
d
efi

n
ition

of
th

e
op

tim
al

p
olicy

in
th

e
n
on

-p
a
ram

etric
m

eth
o
d

b
y

R
aw

lik
et

a
l.

(2013a).
T

h
e

em
b

ed
d
in

g
of

th
e

ex
p

on
en

tiated
valu

e
fu

n
ction

,
h
ow

ev
er,

su
ff

ers
fro

m
n
u
m

erical
p
rob

lem
s

w
h
ere

th
e

valu
e

fu
n
ction

is
low

.

E
a
rlier

a
p
p
roach

es
b
ased

on
th

e
R

E
P

S
form

u
latio

n
(L

iou
tikov

et
a
l.,

201
4;

K
u
p

csik
et

a
l.,

20
1
3
;

P
eters

et
al.,

2010;
D

an
iel

et
al.,

2016)
h
av

e
sh

ow
n

to
b

e
su

ccessfu
l

on
a

variety
o
f

p
ro

b
lem

s.
In

all
th

ese
ap

p
roach

es,
a

fu
n
ction

-valu
ed

L
agran

gian
m

u
ltip

lier
V

em
erges

fro
m

th
e

resu
ltin

g
op

tim
ization

p
rob

lem
,

w
h
ich

can
b

e
seen

as
a

valu
e

fu
n
ction

(P
eters

et
al.,

2
0
1
0
).

H
ow

ev
er,

th
ese

ap
p
roach

es
a
ssu

m
e

th
e

L
agran

gian
m

u
ltip

lier
V

is
lin

ear
in

m
a
n
u
a
lly

-d
efi

n
ed

featu
res,

m
ak

in
g

it
h
ard

to
ap

p
ly

th
e

algorith
m

to
d
om

ain
s

w
ith

h
igh

-
d
im

en
sio

n
a
l

n
o
n
-lin

ear
sen

sor
rep

resen
tation

s.
W

e
relax

ed
th

is
assu

m
p
tion

,
b
y

req
u
irin

g
V

to
b

e
a

m
em

b
er

of
a

n
on

-lin
ear

R
K

H
S
,

allow
in

g
im

p
licit

in
fi
n
ite

featu
re

rep
resen

tatio
n
s.

In
co

n
tra

st
to

earlier
ap

p
roach

es
b
ased

on
th

e
R

E
P

S
op

tim
ization

p
rob

lem
,

ou
r

m
eth

o
d

can
n
a
tu

ra
lly

h
a
n
d
le

n
on

-p
aram

etric
p

olicies,
su

ch
as

G
au

ssian
p
ro

cess
p

olicies.

R
E

P
S

req
u
ires

th
e

estim
ation

of
th

e
B

ellm
an

error.
T

h
is

estim
ation

can
,
for

ex
am

p
le,

b
e

p
erfo

rm
ed

u
sin

g
a

learn
ed

tran
sition

m
o
d
el.

T
h
u
s

far,
w

ork
on

learn
ed

tran
sition

m
o
d
els

for
R

E
P

S
h
a
s

b
een

lim
ited

.
T

h
e

tran
sition

d
y
n
am

ics
h
ave

b
een

ap
p
rox

im
ated

b
y

d
eterm

in
istic

sin
g
le-sa

m
p
le

o
u
tcom

es
(D

an
iel

et
al.,

2016;
P

eters
et

al.,
2010)

w
h
ich

on
ly

w
ork

s
w

ell
for

d
eterm

in
istic

en
v
iron

m
en

ts,
or

b
y

tim
e-d

ep
en

d
en

t
lin

ear
m

o
d
els

(L
iou

tik
ov

et
al.,

2014).
G

a
u
ssia

n
p
ro

cess
m

o
d
els

h
av

e
b

een
u
sed

in
th

e
b
an

d
it

settin
g

(K
u
p

csik
et

a
l.,

2
013)

to
lea

rn
a

sim
u
lator

th
at

p
red

icts
th

e
ou

tcom
e

of
n
ew

roll-ou
ts.

In
stead

,
sim

ila
r

to
p
rev

iou
s

va
lu

e
fu

n
ction

m
eth

o
d
s

(G
rü

n
ew

äld
er

et
al.,

2012b
;

B
o
o
ts

et
al.,

2013;
N

ish
iyam

a
et

al.,
2
01

2
),

w
e

w
ill

em
p
loy

em
p
irical

con
d
ition

al
R

K
H

S
em

b
ed

d
in

gs
to

ob
tain

n
on

-lin
ear

m
o
d
els

fo
r

step
-b

a
sed

rein
forcem

en
t

learn
in

g.

4
.2

R
e
in

fo
rc

e
m

e
n
t

L
e
a
rn

in
g

fo
r

H
ig

h
-d

im
e
n

sio
n

a
l

S
ta

te
R

e
p

re
se

n
ta

tio
n

s.

R
ecen

tly,
several

research
ers

h
ave

started
to

ad
d
ress

th
e

p
rob

lem
of

rein
forcem

en
t

learn
in

g
w

ith
h
ig

h
-d

im
en

sion
al

state
rep

resen
tation

s
su

ch
as

cam
era

im
ages.

In
m

an
y

of
th

ese
w

ork
s,

lea
rn

in
g

con
sists

of
tw

o
fu

lly
sep

arate
step

s:
learn

in
g

a
rep

resen
tation

an
d
,

su
b
seq

u
en

tly,
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V
a
n
H
o
o
f
,
N
e
u
m
a
n
n
a
n
d

P
e
t
e
r
s

learn
in

g
a

p
olicy

or
valu

e
fu

n
ction

.
O

n
e

p
ossib

le
ap

p
roach

is
to

v
iew

th
e

p
rob

lem
as

red
u
cin

g
th

e
d
im

en
sion

ality
of

th
e

h
igh

-d
im

en
sion

al
states

w
h
ile

losin
g

as
little

in
form

ation
as

p
ossib

le.
F

or
su

ch
a

p
u
rp

ose,
d
eep

n
eu

ral
n
etw

ork
s

su
ch

as
d
eep

au
to-en

co
d
ers

h
av

e
b

ecom
e

p
op

u
lar.

F
or

ex
am

p
le,

L
an

ge
et

al.
(2012)

an
d

M
attn

er
et

a
l.

(2012)
u
sed

su
ch

n
etw

ork
s

to
learn

state
rep

resen
tation

s
th

at
w

ere
su

b
seq

u
en

tly
ex

p
loited

to
learn

v
isu

al
task

s
u
sin

g
fi
tted

Q
-iteration

or
n
on

-p
aram

etric
ap

p
rox

im
ate

d
y
n
am

ic
p
rogram

m
in

g,
resp

ectively.
F

in
n

et
al.

(2016)
u
sed

sp
atial

au
to-en

co
d
ers,

th
a
t

ex
p
loit

th
e

sp
atial

coh
eren

ce
of

im
ages,

to
learn

v
isu

al
p
u
sh

in
g

task
s

u
sin

g
gu

id
ed

p
olicy

search
.

T
h
e

d
iscu

ssed
m

eth
o
d
s

d
o

n
ot

ex
p
licitly

m
ake

u
se

of
th

e
stru

ctu
re

of
rein

forcem
en

t
learn

in
g

p
rob

lem
s.

In
d
om

ain
s

w
h
ere

salien
t

sen
sory

d
istractors

o
ccu

r,
tak

in
g

su
ch

stru
ctu

re
in

to
accou

n
t

can
h
elp

avoid
rep

resen
tin

g
th

ose
d
istractors.

J
on

sch
kow

sk
i

an
d

B
ro

ck
(2015)

p
rop

osed
a

m
eth

o
d

th
at

takes
ob

served
tran

sition
s

an
d

rew
ard

s
in

to
accou

n
t

u
sin

g
a

set
of

rob
otic

p
riors,

to
learn

rep
resen

tation
s

for,
am

on
g

oth
ers,

a
v
isu

al
n
av

igation
task

.
A

n
oth

er
w

ay
to

take
th

e
d
y
n
am

ics
in

to
accou

n
t

is
to

u
se

slow
-featu

re
an

aly
sis,

w
h
ich

en
co

d
es

d
iff

u
sion

d
istan

ces
b
ased

on
th

e
tran

sition
kern

el
(B

öh
m

er
et

al.,
2013).

T
h
e

learn
ed

rep
resen

tation
s

w
ere

u
sed

in
an

L
S
P

I
ap

p
roach

to
learn

v
isu

al
n
av

igation
.

A
v
isu

al
n
av

igation
task

w
as

also
ad

d
ressed

b
y

B
o
ots

et
al.

(2011),
w

h
o

select
featu

res
b
ased

on
th

eir
ab

ility
to

p
red

ict
ch

aracteristics
of

p
ossib

le
fu

tu
re

even
ts.

F
orcin

g
th

e
d
y
n
am

ics
to

b
e

lin
ear

in
th

e
laten

t
sp

ace
is

an
oth

er
w

ay
of

en
forcin

g
a

task
-relevan

t
rep

resen
tation

.
W

atter
et

al.
(2015)

sh
ow

ed
th

is
p
rin

cip
le

to
b

e
su

ccessfu
l

at
learn

in
g

rep
resen

tation
s

for
m

o
d
el-p

red
ictive

con
trol

of
several

d
y
n
am

ical
sy

stem
s

in
an

off
-p

olicy
settin

g.

T
h
e

goal
of

fi
n
d
in

g
a

state
rep

resen
tation

th
at

takes
th

e
task

stru
ctu

re
in

to
accou

n
t

can
also

b
e

reach
ed

b
y

d
irectly

learn
in

g
n
eu

ral
n
etw

ork
p

olicies
th

a
t

m
ap

from
h
igh

-d
im

en
sion

al
sen

sory
in

form
ation

to
con

trol
action

s
(L

ev
in

e
et

al.,
20

16).
In

th
is

ap
p
roach

,
th

e
h
id

d
en

n
eu

ron
s

act
as

featu
re

rep
resen

tation
.

A
s

th
e

n
etw

ork
is

train
ed

to
rep

ro
d
u
ce

correct
ac-

tion
s,

th
ose

n
eu

ron
s

are
op

tim
ized

to
p
rov

id
e

a
rep

resen
tation

th
at

h
elp

s
th

e
learn

in
g

agen
t

su
cceed

at
its

task
.

T
h
is

m
eth

o
d

req
u
ires

h
av

in
g

a
low

-d
im

en
sion

al
task

rep
resen

tation
availab

le
at

train
tim

e.
It

gu
id

es
th

e
n
eu

ral
n
etw

ork
train

in
g

u
sin

g
lo

cally
op

tim
ized

tra-
jectories.

M
n
ih

et
al.

(2015)
in

stead
d
irectly

u
sed

a
n
eu

ral
n
etw

ork
as

an
ap

p
rox

im
ate

Q
fu

n
ction

,
as

su
ch

an
ap

p
roach

is
ab

le
to

scale
to

large
n
etw

ork
s

an
d

d
ata

sets.
T

h
eir

m
eth

o
d

ob
tain

ed
su

p
erb

p
erform

an
ce

on
p
lay

in
g

A
tari

gam
es,

b
u
t

is
lim

ited
to

p
rob

lem
s

w
ith

a
d
is-

crete
set

of
action

s.
O

th
er

m
eth

o
d
s

h
av

e
u
sed

n
eu

ral
n
etw

ork
s

th
at

rep
resen

t
p

olicies
an

d
h
ave

ach
iev

ed
im

p
ressiv

e
resu

lts
on

sim
u
lated

d
y
n
am

ical
sy

stem
s,

in
clu

d
in

g
b
ip

ed
al

lo
co-

m
otion

an
d

a
d
riv

in
g

sim
u
lator

(S
ch

u
lm

an
et

al.,
2015;

M
n
ih

et
al.,

201
6;

L
illicrap

et
al.,

2016).
T

h
ese

m
eth

o
d
s,

h
ow

ever,
ten

d
to

req
u
ire

d
ata

sets
w

ith
a

m
illion

tran
sition

s
or

m
ore

to
ach

iev
e

th
ese

resu
lts.

S
u
ch

large
d
ata

sets
are

im
p
ractical

to
ob

tain
for

real
p
h
y
s-

ical
sy

stem
s,

e.g.,
rob

ots.
F

u
rth

erm
ore,

all
n
eu

ral-n
etw

ork
b
ased

learn
in

g
m

eth
o
d
s

rely
on

n
on

-con
vex

op
tim

ization
of

all
th

e
n
etw

ork
w

eigh
ts.
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N
o
n

-p
a
ra

m
e
tric

R
e
in

fo
rc

e
m

e
n
t

L
e
a
rn

in
g

M
e
th

o
d

s.

N
on

-p
aram

etric
kern

el
m

eth
o
d
s

u
se

an
im

p
licit

rep
resen

tation
of

th
e

d
ata,

an
d

th
erefore

avoid
th

e
ex

p
licit

ch
oice

of
a

featu
re

rep
resen

tation
.

M
an

y
d
iff

eren
t

ap
p
roach

es
in

rein
-

forcem
en

t
learn

in
g

h
ave

b
een

re-form
u
lated

to
u
se

n
on

-p
aram

etric
m

eth
o
d
s.

F
or

ex
am

p
le,

n
on

-p
aram

etric
va

lu
e

iteration
m

eth
o
d
s

h
ave

b
een

p
rop

osed
fo

r
(p

artially
ob

serva
b
le)
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e
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d
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(G
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n
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d
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et
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.,
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;

N
is

h
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et
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),

an
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ar
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et
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p
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b

ee
n

p
ro

p
os

ed
b
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P
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.
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∑
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b
er

s
an

d
th

u
s

n
on

-n
eg

at
iv

e.
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≥
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≥
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P
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p
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at
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p
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b
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b
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p
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.
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b
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b
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b
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∑
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b
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ra
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b
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d
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b
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h
is

m
ea

n
s

th
at

fo
r

an
y

o
p
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p
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p
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p
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p
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p
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b
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b
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u
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=
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τ
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m
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p
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m
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b
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d
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d
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0
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5/
4π
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−
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−
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−
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−
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<
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b
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p
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reven

t
th

e
velo

city
from

ex
ceed

in
g

th
e

velo
city

lim
it,

ad
d
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m
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a
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0
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(t)
m
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p
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b
y

grav
ity.

T
h
e

term
lin

ea
r

in
θ̇

is
a

lin
ear

d
am

p
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d
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m
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u
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b
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P
e
t
e
r
s

R
e
fe
re
n
ce

s

M
.

G
.

A
zar,

V
.

G
óm
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l
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.
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.
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l
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.A

.
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.
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arreto,
D

.
P

recu
p
,
an

d
J
.
P

in
eau

.
R

ein
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.
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.
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rü

n
ew

äl
d
er

,
G

.
L

ev
er

,
L

.
B

al
d
as

sa
rr

e,
S
.

P
at

te
rs

on
,

A
.

G
re

tt
on

,
an

d
M

.
P

on
ti

l.
C

on
-

d
it

io
n
al

m
ea

n
em

b
ed

d
in

gs
as

re
gr

es
so

rs
.

In
P

ro
ce

ed
in

gs
o
f

th
e

In
te

rn
a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

M
a
ch

in
e

L
ea

rn
in

g
(I

C
M

L
),

p
ag

es
18

23
–1

83
0,

20
12

a.

S
.

G
rü
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